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Recently it was found that quantum mechanics on noncommutative plane possesses, in the
presence of constant magnetic ˇeld, a ®critical point¯, where the system becomes effectively one-
dimensional, and two different ®phases¯ with qualitatively different properties, which the phases of
the planar system originate from, speciˇed by the sign of the parameter κ = 1 − Bθ. Later on,
this observation was generalized for the quantum mechanics on the sphere and hyperboloid. Here we
review these results and present some new observations on subject.
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É¥³¥.

INTRODUCTION

Noncommutative quantum ˇeld theories have been studied intensively dur-
ing the last several years owing to their relationship with M theory compact-
iˇcations [1], string theory in nontrivial backgrounds [2], and quantum Hall
effect [3] (see, e. g., [4] for a recent review). At low energies, the one-particle
sectors become relevant, which prompted an interest in the study of noncommu-
tative quantum mechanics (NCQM) [5Ä22] (for some earlier studies of NCQM
see [23Ä25]). In these studies some attention was paid to two-dimensional NCQM
in the presence of a constant magnetic ˇeld: such systems were considered on
a plane [10, 13], torus [11], sphere [10], pseudosphere (Lobachevsky plane, or
AdS2) [19,22].

∗Talk presented by A. N. at the IX International Conference on Symmetry Methods in Physics,
Yerevan, Armenia, July 3Ä8, 2001.
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NCQM on a plane has a critical point, speciˇed by the zero value of the
dimensionless parameter

κ = 1 − Bθ, (1)

where the system becomes effectively one-dimensional [10,13]. Out of the critical
point, the rotational properties of the model become qualitatively dependent on
the sign of κ: for κ > 0 the system could have an inˇnite number of states with
a given value of the angular momentum, while for κ < 0 the number of such
states is ˇnite [13] (see also [14]). The NCQM on a (pseudo)sphere originates,
in some sense, the ®phases¯ of planar NCQM [15]. An interesting point in the
different phases is that the ®monopole number¯ corresponding to the constant
magnetic ˇeld, is deˇned in the different way. However, in the planar limit the
NCQM on (pseudo)sphere results in ®nonconventional¯, or the so-called ®exotic¯
NCQM [12], where the magnetic ˇeld is introduced via ®minimal¯, or symplectic
coupling.

The ®conventional¯ two-dimensional noncommutative quantum mechanical
system with arbitrary central potential in the presence of a constant magnetic ˇeld
B, suggested by Nair and Polychronakos, is given by the Hamiltonian [10],

Hplane =
p2

2
+ V (q2), (2)

and the operators p,q which obey the commutation relations

[q1, q2] = iθ, [qα, pβ] = iδαβ, [p1, p2] = iB, α, β = 1, 2, (3)

where the noncommutativity parameter θ > 0 has the dimension of length.
The difference of the ®exotic¯ NCQM suggested by Duval and Horvathy [12]

from the ®conventional¯ planar NCQM lies in the coupling of an external mag-
netic ˇeld. Instead of a naive, or algebraic approach, used in conventional NCQM,
the minimal, or symplectic, coupling is used there, in the spirit of Souriau [26].
This coupling assumes that the closed two-form describing the magnetic ˇeld is
added to the symplectic structure of the underlying Hamiltonian mechanics(

Hplane, ω0 = θdp1 ∧ dp2 + dq ∧ dp
)
→ (Hplane, ω0 + Bdq1 ∧ dq2). (4)

The corresponding quantum-mechanical commutators (out of the point κ = 0)
read

[q1, q2] = i
θ

κ
, [qα, pβ ] = i

δαβ

κ
, [p1, p2] = i

B

κ
. (5)

The Hamiltonian is the same as in the ®conventional¯ NCQM, (2).
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It is convenient to represent these systems as follows:

Hplane =
(π + q/θ)2

2
+ V (q2), (6)

where the operators π and q are given by the expressions

π1 = p2 −
q1

θ
, −π2 = p1 +

q2

θ
, [πα, qβ ] = 0,

(7){
[π1, π2] = −iκ/θ, [q1, q2] = iθ conventional,

[π1, π2] = −i/θ, [q1, q2] = iθ/κ exotic.

The angular momentum of these systems is deˇned by the operator (out of the
point κ = 0)

L =

{
q2/2θ − θπ2/2κ conventional,

κq2/2θ − θπ2/2 exotic.
(8)

Its eigenvalues are given by the expression

l = ±(n1 − sgn κ n2), n1, n2 = 0, 1, . . . , (9)

where (n1, n2) deˇne, respectively, the eigenvalues of the operators (q2, π2) for
the ®conventional¯ NCQM and of the (π2,q2) for the ®exotic¯ one, the upper
sign corresponds to the ®conventional¯ system, and the lower sign to the ®exotic¯
one. Hence, the rotational properties of NCQM qualitatively depend on the sign
of κ.

At the ®critical point¯, i. e., for κ = 0, these systems become effectively
one-dimensional [12,13]

[q1, q2] = iθ, Hplane
0 =

{
q2/2θ2 + V (q2) conventional,

V (q2) exotic.
(10)

Let us remind [12] that for nonconstant B the Jacobi identities failed in the
®conventional¯ model, while in the ®exotic¯ model the Jacobi identities hold for
any B = A[1,2], by deˇnition. This re�ects the different origin of magnetic ˇelds
B appearing in these two models. In the ®conventional¯ model, B appears as
the strength of a noncommutative magnetic ˇeld, while in the ®exotic¯ model,
B appears as a commutative magnetic ˇeld, obtained by the SeibergÄWitten map
from the noncommutative one. In the quantum-mechanical context this question
was considered in [5].

Notice, that the above ®phases¯ correspond to the diamagnetic and paramag-
netic properties of noncommutative electronic gas [14]. While the noncommuta-
tivity itself has a straight relation with ®conventional¯ physics. For example, the
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system under consideration, that is the two-dimensional noncommutative mechan-
ics with constant magnetic ˇeld, could be viewed as a nonrelativistic anyone with
large spin coupled with electric and constant magnetic ˇelds (compare with [27]).

OSCILLATOR ON NONCOMMUTATIVE PLANE

Let us exemplify the arising of ®phases¯, on the simplest exactly-solvable
systems of the mentioned type, that is the harmonic oscillator.

For nonzero κ it is convenient to introduce the operators

a± =
x1 ∓ ıx2

√
2θ

, b± =

√
θ

�

π1 ∓ ıπ2√
2|κ|

, (11)

with the following nonzero commutators

[a−, a+] = 1, [b−, b+] = −sgnκ. (12)

In terms of these operators the Hamiltonian (6) is of the form

H =
�

2

2µθ

(
|κ|{b+b−} − 2i

√
|κ|(b+a− − a+b−) + {a+a−}

)
+

+ V (θ{a+a−}). (13)

The rotational symmetry of the system corresponds to the conserved angular
momentum given by the operator,

L =
a+a− + a+a−

2
− sgnκ

b+b− + b+b−

2
, [H, L] = 0. (14)

Let us introduce the orthonormal basis in the Hilbert space consisting of
states

|na, nb〉 =
(a+)na(b−sgn κ)nb

√
na!nb!

|0, 0〉 , a− |0, n1〉 = b−sgn κ |n2, 0〉 = 0, (15)

where b−sgn κ = b− for κ > 0, and b−sgn κ = b+ for κ < 0.
Hence, the angular momentum corresponds to the total occupation number

l = na +
1
2
− sgnκ

(
nb +

1
2

)
, na, nb = 0, 1, . . . (16)

One can see that the spectrum has different structure depending on the sign
of κ: the angular momentum l and the occupation number na take the values

na = 0, 1, . . . , l = na, na + 1, . . . for κ < 0,
(17)

na = 0, 1, . . . , l = −∞, . . . ,−1, 0, . . . , na for κ > 0.
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Let us consider how these phases appear in the noncommutative circular
oscillator, i. e., when

V =
µω2x2

2
. (18)

At the critical point κ = 0, the system reduces to one-dimensional oscillator with
the energy spectrum

Eosc
(0)n =

�
2E
µθ

(n + 1/2), n = 0, 1, 2, . . . , (19)

where we have used the notation

E = 1 + (µωθ/�)2. (20)

For κ �= 0 let us diagonalize the Hamiltonian, performing the appropriate
(pseudo)unitary transformation: (

a
b

)
→ U

(
a
b

)
, (21)

where the matrix U belongs to SU(1, 1) for κ > 0 and to SU(2) for κ < 0,

U =




(
cosh χ eiφ sinh χ eiψ

sinh χ e−iψ cosh χ e−iφ

)
for κ > 0,

(
cos χ eiφ sin χ eiψ

− sin χ e−iψ cos χ e−iφ

)
for κ < 0.

(22)

The Hamiltonian becomes diagonal, when φ, ψ, χ obey the conditions

cos (φ + ψ) = 0,{
(E + κ) sinh 2χ − 2

√
κ cosh 2χ sin (φ + ψ) = 0 for κ > 0,

(E + κ) sin 2χ + 2
√
−κ cos 2χ sin (φ + ψ) = 0 for κ < 0.

(23)

In that case the Hamiltonian takes the form

Hosc =
1
2

�ω−(b+b− + b−b+) +
1
2

�ω+(a+a− + a−a+), (24)

where

2µθω±
�

=

=

{
±(κ − E) + (E + κ) cosh 2χ − 2

√
κ sinh 2χ sin (φ + ψ) for κ > 0,

(E − κ) ±
[
(E + κ) cos 2χ − 2

√
−κ sin 2χ sin (φ + ψ)

]
for κ < 0.

(25)
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Then, after some work we get

2µθω±
�

=

{
±(E − κ) +

√
(E + κ)2 − 4κ for κ > 0,

(E − κ) ±
√

(E + κ)2 − 4κ for κ < 0.
(26)

Consequently, the spectrum is of the form

Eosc
na,nb

= �ω+(na + 1/2) + �ω−(nb + 1/2) =

=
�

2

µθ

[(√
(E − κ)2 + 4κ(E − 1)(na + 1/2)

)
−

−
(√

(E − κ)2 + 4κ(E − 1) + κ − E
)

l
]
. (27)

Since the transformation (22) belongs to the symmetry group of the rotational
momentum L, the magnetic number is given by the same equation as above, (16).

It is seen, that in the κ → 0 limit we get the expression (19), with n = na

and nb = 0. The expressions (17) can be obtained from the requirement of the
positivity of the energy spectrum.

Let us remind, that na deˇnes the eigenvalue of the operator |x|2/2θ, and has
a meaning of quantized radius of the system r2

n = θ(2na +1). Hence, at the given
point, an increasing/decreasing of the angular momentum l decreases/increases the
energy value both for κ > 0 and for κ < 0.

We conclude this consideration by the following remarks:
• In the case of the Landau problem, E = 1 (equivalently, ω = 0), one of

the frequencies vanishes, and the spectrum reads

En =
e|B|
cµ�

(
n +

1
2

)
, l = na − sgnκnb, n =

{
nb = 0, 1, . . . for κ > 0,
na = 0, 1, . . . for κ < 0.

Hence, though the energy spectrum of the Landau problem does not depend
on the noncommutativity parameter, its dependence on the angular momentum
essentially depends on sgnκ.

• There is an ®isotropic point¯ there, E = κ > 1, where the frequencies

become equal to each other ωisotr
± = ω

√
1 + (µωθ/�)2, and the system has a

symmetry of an ordinary circular oscillator. In that case the spectrum reads

En = ω

√
1 + (µωθ/�)2(n + 1), l = na − nb, n = na + nb.

• At the commutative limit, θ → 0, the effective frequencies read

ω0
± = ± eB

2cµ�
+

√
ω2 +

(
eB

2cµ�

)2

. (28)

Hence, we recovered the standard expression for the circular oscillator in a
constant magnetic ˇeld.
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PHASES ON NONCOMMUTATIVE (PSEUDO)SPHERE

The Hamiltonian of the axially-symmetric NCQM on the sphere [10, 18, 20]
and pseudosphere [19, 22] in the presence of a constant magnetic ˇeld, looks
precisely as in the commutative case (up to the dimensionless parameter γ)

H = ±γ
J2 − s2

2r2
0

+ V (x2), (29)

where the rotation and position operators Ji = (J, J3), xi = (x, x3) obey com-
mutation relations

[Ji, Jj ] = iεijkJk, [Ji, xj ] = iεijkxk,

[xi, xj ] = iλεijkxk, i, j, k = 1, 2, 3.
(30)

Here and after, for squaring the operators and for rising/lowing the indices, we
use the diagonal metric diag (1, 1, 1) for the sphere and diag (−1,−1, 1) for the
pseudosphere. The upper sign corresponds to a sphere, and the lower one to a
pseudosphere. The noncommutativity parameter λ has the dimension of length
and is assumed to be positive, λ > 0. The values of the Casimir operators of the
algebra are ˇxed by the equations

C0 ≡ x2 = r2
0 > 0, C1 ≡ Jx − λJ2

2
= −r0S(s, r0), (31)

where r0 is the radius of the (pseudo)sphere and s is the ®monopole number¯. In
the commutative limit λ → 0 the parameters S and γ should have a limit

λ → 0 ⇒ γ → 1, S(s, r0) → s = Br2
0 , (32)

where B is a strength of the magnetic ˇeld.
The angular momentum of the system is deˇned by the operator J3:

[H, J3] = 0.
The algebra (30) can be split in two independent copies of SU(2)/SU(1, 1),

Ki = Ji −
xi

λ
: [Ki, xj ] = 0,

(33)
[Ki, Kj] = iεijkKk, [xi, xj ] = iλεijkxk.

In these terms the Casimir operators read C0 = x2 and C1 = λ(x2 − K2)/2.
For the NCQM on a sphere, the Casimir operators C0, K2 are positive. For a
pseudosphere C1 is positive, whereas another Casimir operator, i. e., K2, could
get positive, zero or negative values. We restrict ourselves to the case of positive
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K2 which is responsible for the description of the discrete part of the energy
spectrum. Hence, the Casimir operators take the following values:

r2
0 = λ2m(m ± 1), 2sr0 + . . . = λ[k(k ± 1) − m(m ± 1)], (34)

where m, k are non-negative (half)integers ˇxing the representation of SU(2), in
the case of sphere, and m, k > 1 are real numbers, ˇxing the representation of
SU(1, 1), in the case of pseudosphere.

To obtain the planar limit of the NCQM on the (pseudo)sphere out of the
point κ = 0, we shoud take the limits [10]

k → ∞, m → ∞, (35)

and consider small neighborhoods of the ®poles¯ of ®coordinate and momentum
spheres¯

x3 ≈ ε1

(
r0 ∓

x2

2r0

)
= ε1λ

(
m̃ ∓ x2

2λ2m̃

)
,

k3 ≈ ε2

(
k̃ ∓ K2

2k̃

)
, ε1, ε2 = ±1.

(36)

In these neighborhoods the commutation relations

[x1, x2] ≈ iε1λ
2m̃, [K1, K2] ≈ iε2k̃ (37)

hold, while the Hamiltonian looks as follows:

H = ±γ
k̃2 ± 2xK/λ + 2k3x3/λ + m̃2 − s2

2r2
0

+ V (x2) ≈

≈ E0 − εγ
(νK− εx/λν)2

2r2
0

+ V (x2). (38)

Here we introduced the notation

m̃ =
√

m(m ± 1), k̃ =
√

k(k ± 1), ν =
√

m̃/k̃, ε = ε1ε2,

and

E0 = ±γ
(k̃ + εm̃)2 − s2

2r0
. (39)

In order to get the planar Hamiltonian with a positively deˇned kinetic term, we
should put

sgnγ = −ε. (40)
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For a correspondence with the planar Hamiltonian (6), we redeˇne the coordinates
and momenta of the resulting system as follows:

π =

√
|γ|νK
r0

,
q
θ

=

√
|γ|x

νλr0
. (41)

Then, comparing their commutators with (7), we get the following expressions
for the θ parameters:

θ =

{
λ2m̃2/γk̃ conventional,

λ2m̃/γ exotic,
(42)

and the same value of κ for both systems

κ = −ε
m̃

k̃
. (43)

Naively, it seems that the planar NCQM with κ < 0 and positive kinetic term
corresponds to a (pseudo)spherical system with negative kinetic term. Fortunately,
thanks to the additional term −γs2/2r2

0 the kinetic term of the Hamiltonian (29)
remains positively deˇned! Indeed, one can identify the monopole number s as
follows:

s =
{

m̃ + εk̃ conventional,
−(m̃ + εk̃) exotic,

(44)

which yields the vanishing of the ®vacuum energy¯ (39), and the following
expressions for the magnetic ˇeld, which are in agreement with (32):

B̃ =
B

1 − Bθ
=

1 − κ

θκ
=

{
γs/κr2

0 conventional,

γs/r2
0 exotic.

(45)

One can redeˇne the parameters s, κ as follows:

κ = −ε
m ± 1/2
k ± 1/2

, s =

{
k ± 1/2 + ε(m ± 1/2) conventional,

−(k ± 1/2)− ε(m ± 1/2) exotic.
(46)

In this case the monopole number is quantized on a sphere, and it remains not
quantized on a pseudosphere, as in the commutative case. The constant energy
term E0 vanishes upon this choice, too.

Taking into account that the maximal value of J2 is (k + m)(k + m ± 1),
and the minimal one is |k − m|(|k − m| ± 1), we obtain

±ε
J2 − s2

2r2
0

≥ 0. (47)
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Hence, the kinetic part of the (pseudo)spherical Hamiltonian is positively deˇned
for any γ. Expanding (pseudo)spherical NCQM near the upper/lower bound of
J2, we shall get the planar NCQM with κ > 0/κ < 0.

In order to avoid the rescaling of the potential in the planar limit, we should
take

γ =

{
κ ⇒ λ = θ/r0 conventional,

1/κ ⇒ λ = θ/κr0 exotic.
(48)

Upon this choice, the expression (45) reads

s

r2
0

=
{

B̃ conventional,
B exotic.

(49)

In the ®conventional¯ picture B̃ plays the role of the strength of a (commutative)
magnetic ˇeld obtained by the SeibergÄWitten map from the noncommutative
one [10]. In the ®exotic¯ picture the same role is played by B. Hence, in
both pictures we get the standard expression for the strength of the constant
commutative magnetic ˇeld on the (pseudo)sphere, and the quantization of the
�ux of the commutative magnetic ˇeld on the sphere, as well.

We did not consider yet the planar limit of the critical point of the
(pseudo)spherical NCQM, and did not establish yet, whether the latter results
in the ®conventional¯ or in the ®exotic¯ planar NCQM, in this limit. For this
purpose let us notice, that our speciˇcation of the ®monopole number¯ s and of
the γ parameter yields the following values of the ˇrst Casimir operator:

C0 = r2
0 = λ2m̃2 ⇒ r2

0 =
{

θm̃ conventional,
θk̃ exotic.

(50)

Thus, in the ®conventional¯ picture, the (pseudo)spherical NCQM becomes one-
dimensional for k̃ = 0, i. e., for κ → ∞; in the ®exotic¯ picture we have, instead,
m̃ = 0, i. e., κ = 0.

In the ®exotic¯ picture the (pseudo)spherical NCQM in the κ → 0 limit
results in the system

H0 = V (x2), [x1, x2] = iθ
√

1 ± x2/r2
0, (51)

which reduces, immediately, to the ®exotic¯ planar NCQM at the critical point.
Hence, the ®critical point¯ and ®phases¯ of (pseudo)spherical NCQM reduce,

in the planar limit, to the respective ®critical point¯ and ®phases¯ of ®exotic¯
NCQM, with the symplectic coupling of the (commutative) magnetic ˇeld.
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The eigenvalues of the angular momentum of the (pseudo)spherical NCQM
are given by the expression

j3 = k3 + m3 ×

×
{

k3 = 0,±1, . . . ,±k, m3 = 0,±1/2, . . . ,±m sphere,
k3 = ±k,±(k + 1), . . . , m3 = ±m,±(m + 1), . . . pseudosphere.

(52)

Introducing m3 = ε1(m ∓ n1), k3 = ε1(k ∓ n2), we get

j3 = ε1(m ∓ n1) + ε2(k ∓ n2) = ε1((m + εk) ∓ (n1 + εm2)), (53)

which is in agreement with the angular momentum of the planar NCQM (9).
As is known, there is a well-known LeviÄCivitaÄBohlin transformation w =

z2 which connects planar/pseudospherical circular oscillator with two-dimensional
planar/pseudospherical Coulomb problem [28]. It seems to be attractive, perform-
ing similar transformation to noncommutative oscillator, to obtain the exactly-
solvable noncommutative two-dimensional Coulomb system. Unfortunately, it is
easy to see, that the resulting system could not be reduced to the two-dimensional
Coulomb system with a constant noncommutativity parameter.
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