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A general scheme for the operator realization of inˇnite series of Wick powers of the indeˇnite
metric free ˇeld is developed. It is based on new results in the theory of analytic functionals
which reduce the problem of ˇnding the functional domain of deˇnition of the Wick series to an
elementary estimation of the infrared and ultraviolet behavior of the Hilbert majorant form associated
with the indeˇnite metric and enables us to prove that their sums satisfy all requirements of the
pseudo-Wightman formalism in the most general situation when the PoincarAe group is implemented
by unbounded pseudounitary operators.

We intend to outline some recent results concerning properties of analytic
functionals, i.e., of the linear continuous functionals deˇned on analytic test
functions, which may be useful for the nonperturbative study of gauge models.
Their efˇciency will be demonstrated by rigorous constructing inˇnite series
of Wick powers of the free ˇelds whose correlation functions exhibit infrared
singularities violating the positivity condition. Objects of this kind enter as
building blocks into the exact solutions of some simple gauge models and a more
deep insight into their operator realization may be instructive for constructing a
consistent Euclidean version of indeˇnite metric QFT. The choice of adequate
test function space and the formulation of the spectral condition for infrared
singular ˇelds turn out to be nontrivial problems which were ˇrst raised in [1,2].
The presented results develop the approach proposed in [3] and, as it seems to
us, give a complete answer to such questions. They reveal those properties of
ultradistributions and hyperfunctions that hold for wider classes of generalized
functions. We show that the structural theorems of distribution theory exploited
in the Wightman axiomatic approach have analogues for functionals of arbitrarily
severe singularity. We consider arbitrary Wick-ordered power series and make
use of generalized GelfandÄShilov's test function spaces of type S. Let us recall
that the space Sba in this class is determined by two nondecreasing sequences ak
and bl of positive numbers and consists of those smooth functions on Rn that
satisfy the bounds

sup
x

sup
|κ|≤k

sup
|λ|≤l

|xk∂lf(x)| ≤ CAkBlakbl,
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with constants A,B,C depending on f . From the standpoint of functional analysis
it is reasonable to impose the conditions

a2
k ≤ ak−1ak+1, ak+l ≤ C1h

k+l
1 akal, b2k ≤ bk−1bk+1, bk+l ≤ C2h

k+l
2 bkbl,

where C1,2 and h1,2 are constants. The indicator functions a(r) = supk rk/ak
and b(s) = supk s

k/bk characterize the behavior of the test functions and of
their Fourier transforms at inˇnity and, in the context of QFT, they indicate the
infrared and ultraviolet behavior of the ˇelds deˇned on Sba. We consider local
ˇeld theory and assume that there is no lack of test functions of compact support
in conˇguration space, which is equivalent to the condition

∑
k

b
−1/k
k < ∞. (1)

On the contrary, in momentum space the operator realization of gauge models
in a generic covariant gauge is possible, as a rule, only on a space consisting of
analytic test functions, see [1,2]. So we do not impose such a restriction on ak.
In order to construct a Wick power series we ˇrst need to ˇnd the test function
space on which the series is convergent. In the case of an indeˇnite metric, for
this purpose we make use of the following theorem proven in [4].
Theorem 1. Let V be an open convex cone and let (vK) be a countable family of
tempered distributions which are the boundary values of functions vK(z) holo-
morphic in the tubular domain T V = {z : Im z ∈ V }. If there exists a vector
η ∈ V such that

∑
K

inf
0<t<δ

est
∫ |vK(x + itη)|

a(|x|/A) dx ≤ Cδ,ε,Ab(εs)

for every positive δ, ε and A, then the family (vK) is unconditionally summable
in the space S′b

a dual to Sba.
Let φ(x) be a neutral scalar free ˇeld acting in a pseudo-Hilbert space H of

states. In order to show how Theorem 1 can be applied for constructing the Wick
series

∑
k

dk : φk : (x), (2)

we recall [5] that H is provided with an auxiliary positive scalar product (·, ·) re-
lated to the indeˇnite metric 〈·, ·〉 by the relation 〈Φ,Ψ〉 = (Φ, θΨ) (Φ,Ψ ∈ H),
where θ is a self-adjoint involutory operator called Krein operator. Convergence
of the series (2) should be established in the topology deˇned by the form (·, ·).
This form is consistent with the Fock structure of H and is completely determined
by presetting at the one-particle level, where it appears as a positive majorant of
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the two-point correlation function of the ˇeld φ(x). In particular, the following
formulas are valid:

〈φ(f)Ψ0, φ(g)Ψ0〉 =
∫

w(x − x′)f̄(x)g(x′) dxdx′,

(φ(f)Ψ0, φ(g)Ψ0) =
∫

wmaj(x, x′)f̄(x)g(x′) dxdx′,

where Ψ0 is the vacuum state and f , g are test functions. The majorant is, in
general, a more singular distribution than w itself. That is why the operator
realization of Wick series is possible only under some additional restrictions
on test functions as compared to those ensuring the existence of the Wightman
functions of their sums. For example, the series (2) smeared with a test function
f converges on the vacuum vector if and only if the number series

∑
k

‖dk : φk : (f)Ψ0‖2 =
∑
k

k!|dk|2
∫

wmaj(x, x′)kf̄(x)f(x′)dxdx′

is convergent, while the two-point function of the ˇeld ϕ deˇned by (2) is of the
form

∑
k

k!d2
k

∫
w(x− x′)kf(x)g(x′)dxdx′. (3)

The locality condition imposes on the coefˇcients of the series the restriction

lim
k→∞

|dk|1/k = 0 (4)

which ensures the analyticity of the vacuum expectation value (3) in the usual
domain of local theory because (3) is the composition of an entire function
and the Wightman function w. The majorant should not necessarily be trans-
lation invariant, but by its sense it inherits the spectral properties of w, i.e.,
supp w̃maj(p, p′) ⊂ V̄+ × V̄−. This implies that in conˇguration space the
majorant is the boundary value of a function wmaj holomorphic in the tube
{z, z′ : Im z ∈ V−, Im z′ ∈ V+}. From Theorem 1, it follows that the series (2)
smeared with test functions in Sba converges on the vacuum vector if there exists
η ∈ V+ such that

inf
0<t<δ

est sup
x,x′

∑
k

k!dk |wmaj(x − itη, x′ + itη)|k/a(ε(|x|+ |x′|)) ≤ Cδ,εb(εs)

for every δ, ε > 0. In order to obtain the complete operator realization of ϕ
with a dense and invariant domain in H, we need to examine convergence of the
multiple series ∑

{kj}
d
(1)
k1

. . . d
(n)
kn

: φk1 : (f1) . . . : φkn : (fn)Ψ0,
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where the coefˇcients d(j)
k are subordinated to those of the series under study in

the sense that |d(j)
k | ≤ C|dk|. This vector series is unconditionally convergent in

the Hilbert norm if the number series

∑
k1,... ,kn
l1,... ,ln

(
∏

1≤j≤n
dkj : φkj : (fj)Ψ0,

∏
1≤j≤n

dlj : φ
lj : (fj)Ψ0)=

∑
K

DK WK(f̄ ⊗ f)

(5)

is absolutely convergent. Here f = f1 ⊗ . . . ⊗ fn, K is a multi-index with the
components kj,m, 1 ≤ j < m ≤ 2n, and the following designations are used:

WK =
∏

1≤j<m≤n
w(xm − xj)kjm

∏
n+1≤j<m≤2n

w(xj − xm)kjm×

×
∏

1≤j≤n
n+1≤m≤2n

wmaj(xj , xm)kjm ,

DK =
κ!
K!

∏
1≤j≤n

d̄κj

∏
n≤j≤2n

dκj , κj = k1,j+ . . .+kj−1,j+kj,j+1+ . . .+kj,2n.

Because of consistency of the Krein operator with the Fock structure, the series
(5) has the same form as the vacuum expectation values of ϕ, where a part of
functions w, however, should be substituted by majorants. If the coefˇcients dk
obey the condition

dkdl ≤ Chk+ldk+l, (6)

then the restrictions on test functions that guarantee the existence of the complete
operator realization are practically the same as those ensuring convergence of
the series (2) on the vacuum state. In order to get a convenient criterion, let us
characterize the infrared and ultraviolet behavior of wmaj by a pair of monotone
nonnegative functions wIR, wUV increasing as their arguments tend to inˇnity and
to zero, respectively, so that

|wmaj(z, z′)| ≤ C0 + C1 wIR(|z|+ |z′|) + C2 wUV (|y|+ |y′|), (7)

with y being in the negative part of the y0-axis and y′ lying in its positive part.
Applying Theorem 1, we get the following result.
Theorem 2. Let φ(x) be a free ˇeld acting in a pseudo-Hilbert space H and let the
positive majorant of its correlation function satisfy the estimate (7) with monotone
wIR, wUV . If moreover the conditions (4) and (6) are met, then the Wick-ordered
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power series (2) and every series subordinated to it are well-deˇned as operator-
valued generalized functions on every space Sba whose indicator functions satisfy
the inequalities
∑
k

Lkk!d2kwIR(r)k ≤ CL,ε a(εr), inf
0<t<1

esτ
∑
k

Lkk!d2kwUV (t)k ≤ CL,ε b(εs)

for arbitrarily large L > 0 and arbitrarily small ε > 0.
Under the conditions stated above, the linear span of all vectors of the form∏

1≤j≤n ϕ
(j)(fj)Ψ0, with fj ∈ Sba, n = 1, 2, . . . , can be taken as an invariant

domain D(ϕ) ⊂ H. We have constructed the operator realization of the series in
the space of states of the initial ˇeld φ and therefore a part of the requirements
of pseudo-Wightman formalism [5] are obviously satisˇed for the ˇelds deˇned
by them. In particular, they are local, and moreover, they are mutually local. Let
the PoincarAe group be implemented by pseudounitary operators U(ξ,Λ). These
operators are closable and, taking into account the transformation law of φ(x),
we see that they can be uniquely extended to D(ϕ) and

U(ξ,Λ)ϕ(f)U(ξ,Λ)−1Ψ = ϕ(f(ξ,Λ))Ψ

for every Ψ ∈ D(ϕ). Because of the density of Sba(Rd)⊗n in Sba(Rnd), the mul-
tilinear vector-valued functional ϕ(f1) . . . ϕ(fn)Ψ0 uniquely deˇnes the vector-
valued generalized function

Ψ(f) =
∫

ϕ(x1) . . . ϕ(xn) f(x1, . . . , xn) dx1 . . . dxnΨ0, f ∈ Sba(R
nd).

(8)

If the sequence ak satisˇes a condition analogous to (1), then the spectral condi-
tion

supp
∫
〈Φ, U(ξ, I)Ψ〉 e−ipξ dξ ⊂ V̄+ (9)

holds not only on the initial domain D0 of the ˇeld φ, but also for all Φ,Ψ ∈
D(ϕ). In this case, however, the integrand is not necessarily polynomially
bounded and may increase like a(ε|ξ|). The Fourier transform of (8) is de-
ˇned on the space Sba = S̃ab , and by using (9), we ˇnd in the ordinary way that
its support is contained in the cone

{p ∈ Rnd : pm + . . .+ pn ∈ V̄− ∀ m = 1, . . . , n}. (10)

This support property makes no sense, however, if the operator realization is
possible only on test functions analytic in momentum space. Its natural general-
ization was proposed in [6]. For formulating this generalized spectral condition
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we need a redeˇnition of the momentum-spaces test functions Sba. Namely, we
will use spaces similar to those of type W introduced by B.L.Gurevich.

Let γ and β be nonnegative monotone functions on semi-axis, γ being convex
and growing no worse than linearly, while β increasing faster than logarithmically.
Let us denote by Eγβ the space of all entire functions on d satisfying the bound

|g(p+ iq)| ≤ C exp{γ(A|q|)− β(|p|/B)}

with constants depending on f . It is easily veriˇed that if the function β(s) is
convex in respect to ln s and satisˇes the restriction 2β(s) ≤ C+β(hs) with some
constants C, h, then Eγβ is identiˇed with Sab , where ak = k!/ supr>0 r

ke−γ(r) and

bk = sups>0 s
ke−β(s). This subclass of the spaces of type S will be referred to as

the GelfandÄShilovÄGurevich spaces. The condition (4) implies that β(s) has less
than linear growth and we assume it to be concave. The crucial point is that the
analytic functionals belonging to the dual space E ′γ

β have an angular localizability
property which substitutes for the notion of support. More speciˇcally, for every
open cone U ⊂ Rd, we deˇne Eγβ (U) to be the space of all entire functions
satisfying

|g(p+ iq)| ≤ C exp{γ(A|q|) + γ ◦ δU (Ap)− β(|p|/B)},

where δU (p) is the distance from the point p to the cone U . A closed cone
K ⊂ Rn is said to be a carrier cone of u ∈ E ′γ

β , if u can be continuously
extended to every space Eγβ (U), where U ⊃ K \ {0}, or in other words, if u has
a continuous extension to the union

Eγβ (K) =
⋃

U⊃K\{0}
Eγβ (U)

endowed with the inductive limit topology. Under the assumption that Eγγ is non-
trivial, which is sufˇcient for the applications of interest, the following theorems
have been proved.
Theorem 3. The space Eγβ is dense in every space Eγβ (K), where K is a closed
cone.
Theorem 4. Every functional u ∈ E ′γ

β (K1 ∪K2) allows a decomposition of the

form u = u1 + u2, where uj ∈ E ′γ
β (Kj), j = 1, 2.

Theorem 5. If K1, K2 are carrier cones of u ∈ E ′γ
β , then so is the cone K1∩K2.

As a consequence, there is a unique minimal closed cone K such that
u ∈ E ′γ

β (K). It may be called the quasisupport of u. These results can be
derived in the same manner as for the particular case considered in [7], where
γ(s) = sλ, β(s) = sµ and λ > 1, 0 < µ < 1.

Let us denote α(r) = sups>0(rs − γ(s)) and ϑ(t) = − infs>0(ts − β(s)).
These functions are nonnegative convex and monotone increasing as s → ∞ and
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t → 0, respectively. It is easy to see that every u ∈ E ′γ
β carried by a properly

convex cone K has the Laplace transform v(z) = (u, ei(z,·)) holomorphic in
the tubular domain whose base is the interior of the dual cone K∗={y : py≥0,
∀p ∈ K}. Moreover v(z) satisˇes the estimate

|v(x + iy)| ≤ Cε(V ′) exp{α(ε|x|) + ϑ(|y|/ε)} (y ∈ V ′) (11)

for every ε > 0 and for each cone V ′ such that V̄ ′ \ {0} ⊂ intK∗.
Now, let V be an open connected cone and let Aϑ

α(V ) be a space of functions
holomorphic in {z : Im z ∈ V } and, for any subcone V ′ of V , satisfying (11),
where α is nonnegative convex and monotone increasing faster than linearly,
while ϑ(t) indeˇnitely increases with decreasing t but is not presupposed to be
convex. Under the condition 2ϑ(t) ≤ C + ϑ(t/h), this space is an algebra with
respect to the pointwise multiplication. Theorems 3Ä5 enable us to obtain the
following result.
Theorem 6. The algebra Aϑ

α(V ) is exactly the Laplace transformed space
Eα∗
(−ϑ)∗(V

∗), where asterisks signify the dual cone of V and the convex and
concave functions that are conjugate of α and −ϑ.

From this it follows that if the hypotheses of Theorem 2 are fulˇlled for
a space Sba whose Fourier transform is in the GelfandÄShilovÄGurevich class,
then the cone (10) is a carrier of the vector-valued generalized function (8) in
momentum space. Thus, under the proper choice of the functional domain of
deˇnition, the sum of the Wick series (2) satisˇes all requirements of the pseudo-
Wightman formalism including the generalized spectral condition which, in our
opinion, may form a basis for a consistent Euclidean formulation of quantum ˇeld
theory without positivity.
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