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‹ ¡µ· Éµ·¨Ö É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¨ ¨³. �. �. �µ£µ²Õ¡µ¢ 

„ ´ ±· É±¨° µ¡§µ· ¤¢Ê³¥·´ÒÌ ¨ µ¤´µ³¥·´ÒÌ É¥µ·¨° ¤¨² Éµ´´µ° £· ¢¨É Í¨¨, ¢§ ¨³µ¤¥°¸É¢Ê-
ÕÐ¥° ¸ ¶µ²Ö³¨ ³ É¥·¨¨. �¡¸Ê¦¤ ÕÉ¸Ö µ¸´µ¢´Ò¥ ±² ¸¸Ò ¨´É¥£·¨·Ê¥³ÒÌ ³µ¤¥²¥°, ´ °¤¥´´ÒÌ ¨
¨§ÊÎ¥´´ÒÌ §  ¶µ¸²¥¤´¨¥ ¶ÖÉÓ ²¥É. �Î¥´Ó ±· É±µ · ¸¸³µÉ·¥´Ò ´µ¢Ò¥ ¨´É¥£·¨·Ê¥³Ò¥ ³µ¤¥²¨,
¸¢µ¤ÖÐ¨¥¸Ö ± Ê· ¢´¥´¨Ö³ ‹¨Ê¢¨²²Ö ¨ µ¶¨¸Ò¢ ÕÐ¨¥ · §´µµ¡· §´Ò¥ µ¡Ñ¥±ÉÒ ¢ É¥µ·¨ÖÌ ¸Ê¶¥·£· -
¢¨É Í¨¨ ¨ ¸Ê¶¥·¸É·Ê´.

The 1+1 and 0+1 dimensional dilation gravity interacting with matter ˇelds is brie�y reviewed
and main classes of intergrable models, found and investigated in the last ˇve years, are discussed.
The new integrable models related to the Liouville equations and describing different objects in
supergravity and superstring theory are brei�y considered.

�·µ¡²¥³  ±¢ ´Éµ¢ ´¨Ö £· ¢¨É Í¨¨, ´¥¸³µÉ·Ö ´  £¥·µ¨Î¥¸±¨¥ Ê¸¨²¨Ö ´¥-
¸±µ²Ó±¨Ì ¶µ±µ²¥´¨° É¥µ·¥É¨±µ¢, ´¥ ¡Ò²  ·¥Ï¥´  ¢ XX ¢¥±¥ ¨ ¶¥·¥Ï²  ¢
XXI ¢¥±. ‚ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ±¢ ´Éµ¢ ´¨Õ £· ¢¨É Í¨¨ ¶·¥¶ÖÉ¸É¢Ê¥É ´¥-
¶¥·¥´µ·³¨·Ê¥³µ¸ÉÓ. �¤´ ±µ ¸ÊÐ¥¸É¢ÊÕÉ ¢¥¸±¨¥ µ¸´µ¢ ´¨Ö ¤Ê³ ÉÓ, ÎÉµ ´ 
³ ²ÒÌ · ¸¸ÉµÖ´¨ÖÌ ¶µ·Ö¤±  ¶² ´±µ¢¸±µ° ¤²¨´Ò lp É·Ê¤´µ¸É¨ ¨³¥ÕÉ ¥Ð¥ ¡µ-
²¥¥ ËÊ´¤ ³¥´É ²Ó´Ò° Ì · ±É¥· ¨ ¢·Ö¤ ²¨ ³µ¦´µ ´ ¤¥ÖÉÓ¸Ö ´  ¨Ì ¶·¥µ¤µ²¥´¨¥
¸ ¶µ³µÐÓÕ ± ±µ£µ-²¨¡µ Ê²ÊÎÏ¥´¨Ö É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¨²¨ ´¥ ¸²¨Ï±µ³ Ô±¸-
É· ¢ £ ´É´µ° ³µ¤¨Ë¨± Í¨¨ É¥µ·¨¨ �°´ÏÉ¥°´ .

’¥³ ´¥ ³¥´¥¥ XX ¢¥± µ¸É ¢¨² ¢ ´ ¸²¥¤¸É¢µ XXI ¢¥±Ê ´¥ Éµ²Ó±µ ¶·µ-
¡²¥³Ò, ´µ ¨ ´¥±µÉµ·Ò¥ ¨¤¥¨ ¤²Ö ¨Ì ·¥Ï¥´¨Ö. ‡  ¶µ¸²¥¤´¨¥ 15 ²¥É ´ ¨¡µ²¥¥
¸¥·Ó¥§´Ò¥ ´ ¤¥¦¤Ò ´  ·¥Ï¥´¨¥ ¶·µ¡²¥³Ò ±¢ ´Éµ¢ ´¨Ö £· ¢¨É Í¨¨ ¸¢Ö§ ´Ò ¸
É¥µ·¨¥° ¸Ê¶¥·¸É·Ê´, ±µÉµ· Ö ¥¸É¥¸É¢¥´´µ µ¡Ñ¥¤¨´Ö¥É ± ²¨¡·µ¢µÎ´Ò¥ É¥µ·¨¨
¨ £· ¢¨É Í¨Õ. ‚ · ³± Ì ¸Ê¶¥·¸É·Ê´´µ° É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¢µ§´¨±²¨ ´µ¢Ò¥
¢µ§³µ¦´µ¸É¨ ¢ÒÎ¨¸²¥´¨Ö ±¢ ´Éµ¢ÒÌ µ¤´µ¶¥É²¥¢ÒÌ £· ¢¨É Í¨µ´´ÒÌ ¶µ¶· -
¢µ±, ¶·¨Î¥³ ³µ¤¨Ë¨± Í¨Ö É¥µ·¨¨ �°´ÏÉ¥°´  ¨ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° ¸ ÉµÎ±¨
§·¥´¨Ö ¸É ´¤ ·É´ÒÌ ¶·¥¤¸É ¢²¥´¨° É¥µ·¨¨ ¶µ²Ö ¢¥¸Ó³  Ô±¸É· ¢ £ ´É´ .

’ ±µ° ¶µ¤Ìµ¤ ´¥ ·¥Ï ¥É, µ¤´ ±µ, ËÊ´¤ ³¥´É ²Ó´ÊÕ ¶·µ¡²¥³Ê ´¥¸µ¢³¥-
¸É¨³µ¸É¨ ¸É ´¤ ·É´µ° ±¢ ´Éµ¢µ° ³¥Ì ´¨±¨ ¸ £· ¢¨É Í¨¥° ´  ³ ²ÒÌ · ¸¸Éµ-
Ö´¨ÖÌ. �  ¤µ¸É ÉµÎ´µ ´ £²Ö¤´µ³ Ê·µ¢´¥ ÔÉ  ´¥¸µ¢³¥¸É¨³µ¸ÉÓ ¸¢Ö§ ´  ¸ É¥³,
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ÎÉµ ²Õ¡ Ö ¶µ¶ÒÉ±  ¨§³¥·¥´¨Ö · ¸¸ÉµÖ´¨° ¶µ·Ö¤±  lp É·¥¡Ê¥É (¶µ ¸µµÉ´µÏ¥-
´¨Õ ´¥µ¶·¥¤¥²¥´´µ¸É¥°) ²µ± ²¨§ Í¨¨ ¢ ÔÉµ° µ¡² ¸É¨ ¶² ´±µ¢¸±µ° Ô´¥·£¨¨
∼ 1/lp, ÎÉµ ´¥¨§¡¥¦´µ ¶µ·µ¦¤ ¥É £µ·¨§µ´É (Î¥·´ÊÕ ¤Ò·Ê) ¸ · ¤¨Ê¸µ³ ∼ lp.
�É¨ ³¨±·µ¸±µ¶¨Î¥¸±¨¥ Î¥·´Ò¥ ¤Ò·Ò ¤µ²¦´Ò ¡ÒÉÓ ±¢ ´Éµ¢Ò³¨ µ¡Ñ¥±É ³¨
¢¥¸Ó³  ¸É· ´´µ°, ´¥ µÎ¥´Ó ¶µ´ÖÉ´µ° ¶µ±  ¶·¨·µ¤Ò (Œ. �. Œ ·±µ¢).

Œ ±·µ¸±µ¶¨Î¥¸±¨¥ Î¥·´Ò¥ ¤Ò·Ò, ¢µ§´¨± ÕÐ¨¥ ¶·¨ ±µ²² ¶¸¥ ¡µ²ÓÏ¨Ì
³ ¸¸ ¢¥Ð¥¸É¢  ¢µ ‚¸¥²¥´´µ°, ¶·¨¢²¥± ²¨ ¢´¨³ ´¨¥ ¸ ¶¥·¢ÒÌ ¤´¥° ¸ÊÐ¥¸É¢µ-
¢ ´¨Ö ·¥²ÖÉ¨¢¨¸É¸±µ° É¥µ·¨¨ £· ¢¨É Í¨¨. ‘µµÉ¢¥É¸É¢ÊÕÐ¨¥ ÉµÎ´Ò¥ ·¥Ï¥-
´¨Ö Ê· ¢´¥´¨° �°´ÏÉ¥°´  (·¥Ï¥´¨¥ ˜¢ ·ÍÏ¨²Ó¤ , � °¸´¥· Ä�µ·¤¸É·¥³ ,
Š¥·· ) ¨§¢¥¸É´Ò ¤ ¢´µ, ´µ ¨Ì ¶ · ¤µ±¸ ²Ó´Ò¥ ±¢ ´Éµ¢Ò¥ ¨ É¥·³µ¤¨´ ³¨Î¥-
¸±¨¥ ¸¢µ°¸É¢  ¡Ò²¨ µ¡´ ·Ê¦¥´Ò ¸· ¢´¨É¥²Ó´µ ´¥¤ ¢´µ. �¤¨´ ¨§ ¶ · ¤µ±¸µ¢
¸µ¸Éµ¨É ¢ Éµ³, ÎÉµ ¸É É¨Î¥¸± Ö Î¥·´ Ö ¤Ò·  µ¶·¥¤¥²Ö¥É¸Ö ²¨ÏÓ ³ ¸¸µ° M ,
§ ·Ö¤µ³ Q ¨ ¸¶¨´µ³ J , ¨ ¢ Éµ ¦¥ ¢·¥³Ö ¨§³¥´¥´¨Ö ¥¥ ¸µ¸ÉµÖ´¨Ö µ¶¨¸Ò¢ ÕÉ¸Ö
É¥·³µ¤¨´ ³¨Î¥¸±¨³¨ ¸µµÉ´µÏ¥´¨Ö³¨, ¢ Î ¸É´µ¸É¨, Ô´É·µ¶¨Ö SBH = A/4GN

(£¤¥ GN Å £· ¢¨É Í¨µ´´ Ö ¶µ¸ÉµÖ´´ Ö; A Å ¶²µÐ ¤Ó £µ·¨§µ´É ) ³µ¦¥É
Éµ²Ó±µ ¢µ§· ¸É ÉÓ (	¥±¥´ÏÉ¥°´). ŒÒ §´ ¥³, ÎÉµ Ô´É·µ¶¨Ö ¤µ²¦´  ¡ÒÉÓ ¶·µ-
¶µ·Í¨µ´ ²Ó´  log N(M, Q, J), £¤¥ N Å Î¨¸²µ ³¨±·µ¸±µ¶¨Î¥¸±¨Ì ¸µ¸ÉµÖ´¨°.
‚µ¶·µ¸, ÎÉ
µ ÔÉµ §  ¸µ¸ÉµÖ´¨Ö, ´¥ ¨³¥¥É ¶·µ¸Éµ£µ ¨ µ¤´µ§´ Î´µ£µ µÉ¢¥É . „·Ê-
£¨¥ ¶·µ¡²¥³Ò ¸¢Ö§ ´Ò ¸ Ô¢µ²ÕÍ¨¥° Î¥·´ÒÌ ¤Ò· ¨ ¨Ì ±¢ ´Éµ¢Ò³ ¨§²ÊÎ¥´¨¥³
(•µ±¨´£).

� ¨¡µ²¥¥ ¶µ¸²¥¤µ¢ É¥²Ó´Ò¥ ¶µ¶ÒÉ±¨ ·¥Ï¥´¨Ö ¢¸¥Ì ÔÉ¨Ì ¶·µ¡²¥³ ¸¢Ö§ ´Ò
¸ ´µ¢Ò³¨ ¨¤¥Ö³¨ ¢ É¥µ·¨¨ ¸É·Ê´, ¢µ§´¨±Ï¨³¨ ¢ ¶µ¸²¥¤´¥¥ ¤¥¸ÖÉ¨²¥É¨¥. �Éµ
p-¡· ´Ò ¢ É¥µ·¨ÖÌ ¸Ê¶¥·£· ¢¨É Í¨¨, ¨Ì ¨´É¥·¶·¥É Í¨Ö ¢ É¥µ·¨¨ ¸É·Ê´ ¨ ¸¢Ö§Ó
¸ D-¡· ´ ³¨, · §²¨Î´Ò¥ ¢¨¤Ò · §³¥·´µ° ·¥¤Ê±Í¨¨ ¸Ê¶¥·£· ¢¨É Í¨¨ (±µ³¶ ±-
É¨Ë¨± Í¨Ö, ·¥¤Ê±Í¨Ö ¶µ ¸¨³³¥É·¨¨, ¤Ê ²Ó´µ¸ÉÓ, AdS/CFT -¸µµÉ¢¥É¸É¢¨¥).
�Éµ ¶µ§¢µ²¨²µ ¤ ÉÓ ¨´É¥·¶·¥É Í¨Õ Ô±¸É·¥³ ²Ó´ÒÌ Î¥·´ÒÌ ¤Ò· (±µÉµ·Ò¥
Ö¢²ÖÕÉ¸Ö ¸Ê¶¥·¸¨³³¥É·¨Î´Ò³¨ ¸µ²¨Éµ´ ³¨) ´  Ö§Ò±¥ · §³¥·´µ° ·¥¤Ê±Í¨¨
´¥±µÉµ·ÒÌ ±µ´Ë¨£Ê· Í¨° p-¡· ´. ‘¢Ö§Ó É ±¨Ì Î¥·´ÒÌ ¤Ò· ¸ D-¡· ´ ³¨ ¶µ-
§¢µ²¨²  ´ °É¨ ¸É É¨¸É¨Î¥¸±µ¥ ¨¸Éµ²±µ¢ ´¨¥ Ô´É·µ¶¨¨ ´¥±µÉµ·ÒÌ Ô±¸É·¥³ ²Ó-
´ÒÌ Î¥·´ÒÌ ¤Ò·∗.

’µÎ´ Ö ±¢ ´Éµ¢ Ö É¥µ·¨Ö Î¥·´ÒÌ ¤Ò· ´¥ ³µ¦¥É ¡ÒÉÓ ¶µ¸É·µ¥´  ¡¥§ ±¢ ´-
Éµ¢µ° £· ¢¨É Í¨¨, ±µÉµ·µ° ´  ¸¥£µ¤´Ö ´¥É. �¤´ ±µ ¸ÊÐ¥¸É¢ÊÕÉ Ê¶·µÐ¥´´Ò¥
³µ¤¥²¨ £· ¢¨É Í¨¨, ±µÉµ·Ò¥ ³µ¦´µ ÉµÎ´µ ·¥Ï¨ÉÓ ¢ ±² ¸¸¨Î¥¸±µ³ ¶·¥¤¥²¥,  
¢ ´¥±µÉµ·ÒÌ ¸²ÊÎ ÖÌ ¨Ì Ê¤ ²µ¸Ó ÉµÎ´µ ¶·µ±¢ ´Éµ¢ ÉÓ. �Éµ ¤¨² Éµ´´ Ö £· ¢¨-
É Í¨Ö ¢ 1 + 1-³¥·´µ³ ¶·µ¸É· ´¸É¢¥. „µ¸É ÉµÎ´µ µ¡ÐÊÕ É¥µ·¨Õ ³µ¦´µ § ¤ ÉÓ

∗�·µ¸É¥°Ï¨° ¶·¨³¥· Ô±¸É·¥³ ²Ó´µ° Î¥·´µ° ¤Ò·Ò ¤ ¥É ·¥Ï¥´¨¥ � °¸´¥· Ä�µ·¤¸É·¥³  (P�)
¶·¨ M = Q. Š ¸µ¦ ²¥´¨Õ, Î¥·´ Ö ¤Ò·  ˜¢ ·ÍÏ¨²Ó¤ , ´ ¨¡µ²¥¥ ¢ ¦´ Ö ¤²Ö  ¸É·µË¨§¨±¨,
¶µ¤µ¡´µ³Ê ¶µ¤Ìµ¤Ê ¶µ±  ´¥ ¶µ¤¤ ¥É¸Ö.
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¸²¥¤ÊÕÐ¨³ ² £· ´¦¨ ´µ³:

L =
√
−g

[
φR(g) + V (φ, ψ) +

K∑
k=1

Z(k)(φ; ψ)gijψ
(k)
i ψ

(k)
j

]
, (1)

£¤¥ φ, ψ(k) Å ¸± ²Ö·´Ò¥ ¶µ²Ö (φ Å ¤¨² Éµ´); gij Å ¤¢Ê³¥·´ Ö ³¥É·¨± ;

R Å ¸± ²Ö·´ Ö ±·¨¢¨§´ ; g = g00g11 − g01; ψ
(k)
i = ∂iψ

(k); V , Z(k) Å ´¥±µ-
Éµ·Ò¥ ËÊ´±Í¨¨ (¶µÉ¥´Í¨ ²Ò), ±µÉµ·Ò¥ µ¶·¥¤¥²ÖÕÉ Ë¨§¨Î¥¸±µ¥ ¸µ¤¥·¦ ´¨¥
É¥µ·¨¨. Š É ±µ³Ê ² £· ´¦¨ ´Ê, ¢ Î ¸É´µ¸É¨, ¶·¨¢µ¤¨É ¸Ë¥·¨Î¥¸± Ö ·¥¤Ê±Í¨Ö
d-³¥·´µ° É¥µ·¨¨ �°´ÏÉ¥°´ ÄŒ ±¸¢¥²²  (�Œ) (¸µ ¸± ²Ö·´Ò³¨ ¶µ²Ö³¨):

V = 2[αφ−ν + Λφν − βQ2φν−2]; Z(k) = −γkφ , (2)

£¤¥ ν = 1/n; n = d−2; α = n(n−1); Q Å Ô²¥±É·¨Î¥¸±¨° § ·Ö¤∗; Λ Å ±µ¸³µ-
²µ£¨Î¥¸± Ö ¶µ¸ÉµÖ´´ Ö; β, γk Å ´¥±µÉµ·Ò¥ Î¨¸²µ¢Ò¥ ¶µ¸ÉµÖ´´Ò¥. ‡ ³¥É¨³,
ÎÉµ ¶µ¸²¥ ·¥¤Ê±Í¨¨ ¨¸¶µ²Ó§µ¢ ²µ¸Ó ¶·¥µ¡· §µ¢ ´¨¥ ‚¥°²Ö gij → Ω(φ)gij , ¶µ-
§¢µ²ÖÕÐ¥¥ ¨¸±²ÕÎ¨ÉÓ ¨§ L ±¨´¥É¨Î¥¸±ÊÕ Ô´¥·£¨Õ ¤¨² Éµ´ . �´  ´¥ ¨³¥¥É
µ¶·¥¤¥²e´´µ£µ §´ ± , É ± ± ± ¤¨² Éµ´ Å Î ¸ÉÓ d-³¥·´µ° ³¥É·¨±¨

ds2 = gijdxidxj + φ2νdΩ2
n , (3)

£¤¥ dΩ2
n Å ³¥É·¨±  ´  ¥¤¨´¨Î´µ° n-³¥·´µ° ¸Ë¥·¥. Š ¤¢Ê³¥·´Ò³ É¥µ·¨Ö³ (1)

¸¢µ¤¨É¸Ö É ±¦¥ É¥µ·¨Ö �°´ÏÉ¥°´ ÄŸ´£ ÄŒ¨²²¸  (�ŸŒ).
‚ É¥µ·¨¨ ¸Ê¶¥·¸É·Ê´ ¶¥·¢µ´ Î ²Ó´µ · ¸¸³ É·¨¢ ²¨ ¸ ³ÊÕ ¶·µ¸ÉÊÕ ³µ-

¤¥²Ó V = g, Z(k) = −γ, µ¶¨¸Ò¢ ÕÐÊÕ ´ ¨¡µ²¥¥ ¶·µ¸ÉÒ¥ ±µ´Ë¨£Ê· Í¨¨
µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö (‚¨ÉÉ¥´, Š ²² ´ ¨ ¤·.). •µÉÖ Îe·´Ò¥ ¤Ò·Ò ¢ ÔÉµ° ¶·µ-
¸É¥°Ï¥° É¥µ·¨¨ ³µ¤¥²¨·ÊÕÉ ´¥±µÉµ·Ò¥ ¸¢µ°¸É¢  ³´µ£µ³¥·´ÒÌ Îe·´ÒÌ ¤Ò·,
¥e £¥µ³¥É·¨Î¥¸±¨¥ ¸¢µ°¸É¢  ¸²¨Ï±µ³ ¶·µ¸ÉÒ (R ≡ 0). ‚ ¶µ¸²¥¤´¨¥ ¶ÖÉÓ ²¥É
¡Ò²¨ ¨§ÊÎ¥´Ò ¡µ²¥¥ ¸²µ¦´Ò¥ µ¡Ñ¥±ÉÒ Å ³´µ£µ³¥·´Ò¥ µ¡µ¡Ð¥´¨Ö Îe·´ÒÌ
¤Ò· (¸³. [1Ä3]) ¢ ¸Ê¶¥·£· ¢¨É Í¨¨, ±µÉµ· Ö µ¶¨¸Ò¢ ¥É ¢µ§³µ¦´Ò¥ µ¸´µ¢´Ò¥
¸µ¸ÉµÖ´¨Ö ¸Ê¶¥·¸É·Ê´. ‚ ·¥§Ê²ÓÉ É¥ ±µ³¶ ±É¨Ë¨± Í¨¨ ¨¸Ìµ¤´µ° ¸Ê¶¥·£· ¢¨-
É Í¨¨ ¶µ²ÊÎ ¥É¸Ö É¥µ·¨Ö (1), ¢ ±µÉµ·µ° V ¸ÊÐ¥¸É¢¥´´µ § ¢¨¸¨É µÉ φ ¨ ψ,  
Î¨¸²µ ¶µ²¥° K ¨ ¨Ì ¢§ ¨³µ¤¥°¸É¢¨¥ µ¶·¥¤¥²ÖÕÉ¸Ö ¸¶µ¸µ¡µ³ ±µ³¶ ±É¨Ë¨± -
Í¨¨ (¤²Ö ¡µ²ÓÏ¨´¸É¢  ¨§ÊÎ¥´´ÒÌ ³µ¤¥²¥° Z(k) ∼ φ,   V Ö¢²Ö¥É¸Ö ¸Ê³³µ°
²¨´¥°´ÒÌ Ô±¸¶µ´¥´É ¶µ ¶µ²Ö³ ψ(k)).

–¥´´µ¸ÉÓ ¤¢Ê³¥·´ÒÌ ³µ¤¥²¥° µ¶·¥¤¥²Ö¥É¸Ö ¢µ§³µ¦´µ¸ÉÓÕ ¨Ì ÉµÎ´µ£µ ·¥-
Ï¥´¨Ö (¨´É¥£·¨·Ê¥³µ¸ÉÓÕ). �¡Ð¨¥ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö É¥µ·¨¨ (1) ¸ ¶µÉ¥´-
Í¨ ² ³¨ (2) ´¥¨§¢¥¸É´Ò, ¨ µ´¨, ¶µ-¢¨¤¨³µ³Ê, ´¥¨´É¥£·¨·Ê¥³Ò. ‚ ´ Î ²¥
90-Ì £µ¤µ¢ ¡Ò²¨ ¨§¢¥¸É´Ò µ¡Ð¨¥ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö É¥µ·¨° ¸ V = g0 + g1φ ¨

∗‚ ¤¢Ê³¥·´µ³ ¶·µ¸É· ´¸É¢¥ Ô²¥±É·µ³ £´¨É´µ¥ ¶µ²¥ ´¥ · ¸¶·µ¸É· ´Ö¥É¸Ö ¨ ¥£µ ³µ¦´µ ¨¸-
±²ÕÎ¨ÉÓ. �Éµ ¤ ¥É Q2-Î²¥´ ¢ ¶µÉ¥´Í¨ ²¥.
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Z(k) = −γk (É ± ´ §Ò¢ ¥³µ¥ ®³¨´¨³ ²Ó´µ¥¯ ¢§ ¨³µ¤¥°¸É¢¨¥ ¸± ²Ö·´ÒÌ ¶µ-
²¥° ¸ £· ¢¨É Í¨¥°). �¤´ ±µ ¥¸²¨ Z(k) = 0 ¨ V = V (φ), Éµ É¥µ·¨Ö ¨´É¥£·¨·Ê-
¥³  ¶·¨ ²Õ¡µ³ V (φ) (¸³. [4, 5]). 	µ²¥¥ Éµ£µ, µ´  ¸¢µ¤¨É¸Ö ± 0+1-³¥·´µ° ± ²¨-
¡·µ¢µÎ´µ° É¥µ·¨¨, ¨ ¶·¨ ²Õ¡µ³ ¶µÉ¥´Í¨ ²¥ V (φ) ¥e ·¥Ï¥´¨¥ ¨³¥¥É µ¤¨´ ¨²¨
¡µ²¥¥ £µ·¨§µ´Éµ¢. ‚ ¤¢Ê³¥·´µ³ ¸²ÊÎ ¥ £µ·¨§µ´Éµ³ ´ §Ò¢ ¥É¸Ö ´Ê²Ó ³¥É·¨±¨,
f(u, v) = 0, ¢ ±µ´Ëµ·³´ÒÌ ±µµ·¤¨´ É Ì ds2 = −4f(u, v)dudv,   ·¥¤Ê±Í¨Ö
± · §³¥·´µ¸É¨ 0 + 1 µ§´ Î ¥É, ÎÉµ φ(u, v) = φ(τ), f(u, v) = h(τ)a′(u)b′(v),
£¤¥ τ = a(u) + b(v). �Éµ, ¢ Î ¸É´µ¸É¨, ¤ eÉ ÉµÎ´Ò¥ ·¥Ï¥´¨Ö ¤²Ö ¸Ë¥·¨Î¥-
¸±¨Ì Îe·´ÒÌ ¤Ò· ¢ É¥µ·¨¨ �Œ (¶µÉ¥´Í¨ ² (2) ¶·¨ Λ = 0). „·Ê£ Ö µ¡² ¸ÉÓ
¶·¨³¥´¥´¨Ö ÔÉ¨Ì ¨ µ¡¸Ê¦¤ ¥³ÒÌ ´¨¦¥ ÉµÎ´ÒÌ ·¥Ï¥´¨° Å ±µ¸³µ²µ£¨Î¥¸±¨¥
³µ¤¥²¨ (¸³., ´ ¶·¨³¥·, [6]; §¤¥¸Ó ³Ò ÔÉ¨ ¢µ§³µ¦´µ¸É¨ ´¥ µ¡¸Ê¦¤ ¥³).

’µÎ´Ò¥ ·¥Ï¥´¨Ö É¥µ·¨¨ (1) ¸ Z(k) = 0 ¢µ§³µ¦´Ò ¶µÉµ³Ê, ÎÉµ µ´  ´  ¸ -
³µ³ ¤¥²¥ ¥¸ÉÓ Éµ¶µ²µ£¨Î¥¸± Ö ± ²¨¡·µ¢µÎ´ Ö É¥µ·¨Ö. ‚§ ¨³µ¤¥°¸É¢¨¥ ¸µ ¸± -
²Ö·´Ò³¨ ¶µ²Ö³¨ ¶·¥¢· Ð ¥É ¥¥ ¢ ´¥²¨´¥°´ÊÕ ± ²¨¡·µ¢µÎ´ÊÕ É¥µ·¨Õ ¶µ²Ö,
±µÉµ· Ö ¢ µ¡Ð¥³ ¸²ÊÎ ¥ ´¥¨´É¥£·¨·Ê¥³ . ‚ µ¡Ð¥³ ¸²ÊÎ ¥ ´¥¨´É¥£·¨·Ê¥³Ò
¨ ¤¨´ ³¨Î¥¸±¨¥ ¸¨¸É¥³Ò, µ¶¨¸Ò¢ ÕÐ¨¥ ¸É É¨Î¥¸±¨¥ ¸µ¸ÉµÖ´¨Ö (¨²¨ ±µ¸³µ-
²µ£¨Î¥¸±¨¥ ³µ¤¥²¨). ˆ¸¶µ²Ó§ÊÖ ±µ´Ëµ·³´Ò¥ ±µµ·¤¨´ ÉÒ ¢ É¥µ·¨¨ ¶µ²Ö (1),
³µ¦´µ § ¶¨¸ ÉÓ ² £· ´¦¨ ´ É ±µ° ¤¨´ ³¨Î¥¸±µ° ¸¨¸É¥³Ò ¢ ¢¨¤¥

Lst = − 1
l(τ)

[
φ̇Ḟ +

K∑
k=1

Z(k)ψ̇2
(k)

]
+ l(τ) exp (F )V (φ, ψ) , (4)

£¤¥ ÉµÎ±  µ¡µ§´ Î ¥É ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ τ ,   l(τ) Å ² £· ´¦¥¢¸±¨° ³´µ-
¦¨É¥²Ó.

Š² ¸¸ ¨´É¥£·¨·Ê¥³ÒÌ ¸± ²Ö·´ÒÌ É¥µ·¨° (4) ¸ µ¤´¨³ ¸± ²Ö·´Ò³ ¶µ²¥³
¡Ò² ´ °¤¥´ ¢ [5] (µ´ ¢±²ÕÎ ¥É ¶µÉ¥´Í¨ ² (2) ¶·¨ Λ = 0). �¥¤ ¢´µ  ¢Éµ·
¶µ²ÊÎ¨² µ¡µ¡Ð¥´¨¥ ÔÉµ£µ ·¥§Ê²ÓÉ É  ´  ¸²ÊÎ ° ²Õ¡µ£µ Î¨¸²  ¸± ²Ö·´ÒÌ ¶µ-
²¥° [8]. ˆ³¥ÕÉ¸Ö ¤¢  ¨´É¥£·¨·Ê¥³ÒÌ ±² ¸¸ :

V =
M∑

m=1

gmφlm exp Lm(ψ), Z(k) = −γkφ , (5)

V =
M∑

m=1

gm exp Lm(ψ, φ), Z(k) = −γk , (6)

£¤¥ gm Å Î¨¸² ; Lm Å ²¨´¥°´Ò¥ ËÊ´±Í¨¨; Î¨¸²µ Î²¥´µ¢ ¢ V ´¥ ¤µ²¦´µ
¶·¥¢ÒÏ ÉÓ ¶µ·Ö¤µ± ¸¨¸É¥³Ò (4) (É. ¥. K +2, £¤¥ K Å Î¨¸²µ ¸± ²Ö·´ÒÌ ËÊ´±-
Í¨°). �·¨ µ¶·¥¤¥²e´´ÒÌ µ£· ´¨Î¥´¨ÖÌ ´  Z, lm ¨ ±µÔËË¨Í¨¥´ÉÒ ²¨´¥°´ÒÌ
ËÊ´±Í¨°, Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¸¢µ¤ÖÉ¸Ö ± K + 2 ´¥§ ¢¨¸¨³Ò³ µ¤´µ³¥·´Ò³
Ê· ¢´¥´¨Ö³ ‹¨Ê¢¨²²Ö: Ψ̈ + 2g exp (Ψ) = 0. ‚Ò¶µ²´¥´¨¥ ÔÉ¨Ì Ê¸²µ¢¨° ²¥£±µ
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¶·µ¢¥·Ö¥É¸Ö. � ¶·¨³¥·, ¤²Ö ¶µÉ¥´Í¨ ²µ¢ (2) ÔÉ¨ Ê¸²µ¢¨Ö ¢¸¥£¤  ¢Ò¶µ²´¥´Ò.
‘ ¤·Ê£µ° ¸Éµ·µ´Ò, ³µ¦´µ ´ °É¨ ¢¸¥ ¶µÉ¥´Í¨ ²Ò, ¤µ¶Ê¸± ÕÐ¨¥ É ±ÊÕ ·¥¤Ê±-
Í¨Õ. “¶µ³¨´ ¢Ï¨¥¸Ö ¢ÒÏ¥ ±µ³¶ ±É¨Ë¨± Í¨¨ ¨ · §³¥·´Ò¥ ·¥¤Ê±Í¨¨ ¸Ê¶¥·-
£· ¢¨É Í¨¨ É ±¦¥ ¶·¨¢µ¤ÖÉ ± ¨´É¥£·¨·Ê¥³Ò³ ¶µÉ¥´Í¨ ² ³ É¨¶  (5).

ˆ´É¥£·¨·Ê¥³Ò¥ ¨ ´¥¨´É¥£·¨·Ê¥³Ò¥ É¥µ·¨¨, ¢ ±µÉµ·ÒÌ V = V (φ) ¨ Z =
Z(φ), ´¥ ¨³¥ÕÉ £µ·¨§µ´Éµ¢, ¥¸²¨ ÌµÉÖ ¡Ò µ¤´µ ¸± ²Ö·´µ¥ ¶µ²¥ ´¥ ¶µ¸Éµ-
Ö´´µ. �Éµ ²µ± ²Ó´µ¥ µ¡µ¡Ð¥´¨¥ É¥µ·¥³Ò µ¡ ®µÉ¸ÊÉ¸É¢¨¨ ¢µ²µ¸¯ Ê Îe·´ÒÌ
¤Ò· ¡Ò²µ ¤µ± § ´µ ¢ · ¡µÉ¥ [5]. �¥¤ ¢´µ Ê¤ ²µ¸Ó ¶µ± § ÉÓ, ÎÉµ ¶·¨ Ê¸²µ¢¨¨
∂ψV �= 0 ÌµÉÖ ¡Ò µ¤¨´ £µ·¨§µ´É (¶·¨ ´¥¶µ¸ÉµÖ´´ÒÌ ¶µ²ÖÌ ψ) µ¡Ö§ É¥²Ó´µ
¸ÊÐ¥¸É¢Ê¥É [7]. ‚ ÔÉµ° ¦¥ · ¡µÉ¥ ¶µ¸É·µ¥´µ ·¥Ï¥´¨¥ ¢¡²¨§¨ £µ·¨§µ´É  ¢
¢¨¤¥ ·Ö¤µ¢ ¶µ ¸É¥¶¥´Ö³ h. ‚ ¨´É¥£·¨·Ê¥³ÒÌ ³µ¤¥²ÖÌ (5) ¨ (6) ¢¸¥£¤  ¸ÊÐ¥-
¸É¢Ê¥É ·¥Ï¥´¨¥ ¸ ¤¢Ê³Ö £µ·¨§µ´É ³¨, ±µÉµ·Ò¥ ³µ£ÊÉ ¸²¨ÉÓ¸Ö ¢ µ¤¨´ (Ô±¸É·¥-
³ ²Ó´ Ö Îe·´ Ö ¤Ò· ). �¡Ð¥¥ ·¥Ï¥´¨¥ µ¶·¥¤¥²¥´µ £²µ¡ ²Ó´µ ¨ ¥£µ ³µ¦´µ
³ ±¸¨³ ²Ó´µ · ¸Ï¨·¨ÉÓ (¤µ ¸¨´£Ê²Ö·´µ¸É¥°). �´µ µ¶·¥¤¥²¥´µ 2K + 2 ¸ÊÐ¥-
¸É¢¥´´Ò³¨ ¨´É¥£· ² ³¨ ¤¢¨¦¥´¨Ö. �¥Ï¥´¨¥ ¸ £µ·¨§µ´Éµ³ § ¢¨¸¨É µÉ K + 2
¸ÊÐ¥¸É¢¥´´ÒÌ ¨´É¥£· ²µ¢. ‚¸¥ ·¥Ï¥´¨Ö ¢¥¸Ó³  ¶·µ¸Éµ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¨§-
¢¥¸É´Ò¥ Ô²¥³¥´É ·´Ò¥ ËÊ´±Í¨¨, ¨ ¨Ì ¸¢µ°¸É¢  ²¥£±µ ¨¸¸²¥¤ÊÕÉ¸Ö ¶·¨ ²Õ-
¡µ³ K .

’¥µ·¨¨ ¶µ²Ö (1), ¢ ±µÉµ·ÒÌ ¶µÉ¥´Í¨ ²Ò ¶·¨´ ¤²¥¦ É ± ¨´É¥£·¨·Ê¥³µ³Ê
±² ¸¸Ê (6), ¸¢µ¤ÖÉ¸Ö ± ´¥§ ¢¨¸¨³Ò³ ¤¢Ê³¥·´Ò³ Ê· ¢´¥´¨Ö³ ‹¨Ê¢¨²²Ö Ψuv +
2g exp Ψ = 0. �¥·¢Ò° ¶·¨³¥· É ±µ° É¥µ·¨¨, ¸¢µ¤ÖÐ¥°¸Ö ± ¤¢Ê³ Ê· ¢´¥´¨Ö³
‹¨Ê¢¨²²Ö, ¡Ò² ¶µ¸É·µ¥´ ¢ · ¡µÉ¥ [5]. •µÉÖ Ê· ¢´¥´¨Ö ‹¨Ê¢¨²²Ö Ëµ·³ ²Ó´µ
´¥§ ¢¨¸¨³Ò, ¨Ì ·¥Ï¥´¨Ö ¤µ²¦´Ò Ê¤µ¢²¥É¢µ·ÖÉÓ ¤¢Ê³ Ê· ¢´¥´¨Ö³ ¸¢Ö§¨

φii − φiFi =
K∑

k=1

Z(k)ψ2
(k),i . (7)

“¤¨¢¨É¥²Ó´Ò³ µ¡· §µ³ ÔÉ¨ ¸¢Ö§¨ ³µ¦´µ ·¥Ï¨ÉÓ ¢ Ö¢´µ³  ´ ²¨É¨Î¥-
¸±µ³ ¢¨¤¥. ’¥³ ¸ ³Ò³ ³µ¦´µ  ´ ²¨É¨Î¥¸±¨ µ¶¨¸ ÉÓ Ô¢µ²ÕÍ¨Õ ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´ÒÌ · ¸¶·¥¤¥²¥´¨° ³ É¥·¨¨ ¨, ¢ Î ¸É´µ¸É¨, ±µ²² ¶¸ Î¥·´ÒÌ ¤Ò· ¨
p-¡· ´ ¢ ¤µ¸É ÉµÎ´µ µ¡Ð¥° £¥µ³¥É·¨¨.

‚µ ¢¸¥Ì Ê¶µ³Ö´ÊÉÒÌ ¤¢Ê³¥·´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ É¥µ·¨ÖÌ ¶µ²Ö ¢§ ¨³µ¤¥°-
¸É¢¨¥ ¸± ²Ö·´ÒÌ ¶µ²¥° ¸ £· ¢¨É Í¨¥° ³¨´¨³ ²Ó´µ (Z(k) = const). ‘ÊÐ¥-
¸É¢Ê¥É ±² ¸¸ ´¥³¨´¨³ ²Ó´ÒÌ ¨´É¥£·¨·Ê¥³ÒÌ É¥µ·¨°, ¢ ±µÉµ·ÒÌ V ≡ 0,  
ËÊ´±Í¨¨ Z(n)(φ) ¶µ¤µ¡· ´Ò É ±¨³ µ¡· §µ³, ÎÉµ Ê· ¢´¥´¨Ö ¤²Ö ψ(k) ³µ¦´µ
·¥Ï¨ÉÓ ¢ Ö¢´µ³  ´ ²¨É¨Î¥¸±µ³ ¢¨¤¥ [12]. •µÉÖ ´¥¶µ¸·¥¤¸É¢¥´´ Ö ¸¢Ö§Ó ÔÉ¨Ì
É¥µ·¨° ¶µ²Ö ¸ £· ¢¨É Í¨¥° ¨²¨ ¸Ê¶¥·¸É·Ê´ ³¨ ´¥¨§¢¥¸É´  ¨ ¢ ´¨Ì ´¥É £µ·¨-
§µ´Éµ¢, µ´¨ ³µ£ÊÉ ¡ÒÉÓ ¶µ²¥§´Ò³¨ ¤²Ö  ´ ²¨É¨Î¥¸±µ£µ µ¶¨¸ ´¨Ö ¤µ¸É ÉµÎ´µ
·¥ ²¨¸É¨Î¥¸±¨Ì ±µ¸³µ²µ£¨Î¥¸±¨Ì ³µ¤¥²¥°.

‚ § ±²ÕÎ¥´¨¥ ±· É±µ µ¡·¨¸Ê¥³ ¸µ¸ÉµÖ´¨¥ ¤¥² ¸ ¶·µ¡²¥³µ° ±¢ ´Éµ¢ -
´¨Ö ¤¨² Éµ´´µ° £· ¢¨É Í¨¨. …Ð¥ ¶ÖÉÓ ²¥É ´ § ¤ µ´µ ¶·¥¤¸É ¢²Ö²µ¸Ó ¢¥¸Ó³ 
¶·µÉ¨¢µ·¥Î¨¢Ò³. � ²¨Î¨¥  ´µ³ ²¨°, ± § ²µ¸Ó, ¶·¨¢µ¤¨²µ ± Éµ³Ê, ÎÉµ ¤ ¦¥
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¶·µ¸É¥°Ï¨¥ ±¢ ´Éµ¢Ò¥ É¥µ·¨¨ ·¥§±µ µÉ²¨Î ²¨¸Ó µÉ ±² ¸¸¨Î¥¸±¨Ì [9]. ’ ±,
¢ Î¨¸Éµ ¤¨² Éµ´´µ° £· ¢¨É Í¨¨ (¡¥§ ¸± ²Ö·´ÒÌ ¶µ²¥°) ¢ ±² ¸¸¨Î¥¸±µ³ ¸²Ê-
Î ¥ ¶µ¸²¥ Ë¨±¸ Í¨¨ ± ²¨¡·µ¢±¨ µ¸É ¥É¸Ö ²¨ÏÓ µ¤´  ¸É¥¶¥´Ó ¸¢µ¡µ¤Ò. �Éµ
¶µ§¢µ²¨²µ ¶µ¸²¥¤µ¢ É¥²Ó´µ ¶·µ±¢ ´Éµ¢ ÉÓ Î¥·´Ò¥ ¤Ò·Ò [10]. ‚ Éµ ¦¥ ¢·¥³Ö
±¢ ´Éµ¢ ´¨¥ ¢ ¤ÊÌ¥ ®¸É·Ê´´µ£µ ±¢ ´Éµ¢ ´¨Ö¯ ¶·¨¢µ¤¨É ± ¡
µ²ÓÏ¥³Ê Î¨¸²Ê
¸É¥¶¥´¥° ¸¢µ¡µ¤Ò [9]. �ÉµÉ ¶ · ¤µ±¸ ¡Ò² ¢¶¥·¢Ò¥ · §·¥Ï¥´ ¢ · ¡µÉ¥ [11]
¨ ¶µ§¤´¥¥ ¶µ¤É¢¥·¦¤¥´ ¢ ¤·Ê£¨Ì · ¡µÉ Ì. �± § ²µ¸Ó, ÎÉµ ¢ Î¨¸Éµ ¤¨² Éµ´-
´µ° É¥µ·¨¨ ¶µ²Ö ¸ÊÐ¥¸É¢Ê¥É ±¢ ´Éµ¢ ´¨¥ ¡¥§  ´µ³ ²¨°, ¶·¨ ±µÉµ·µ³ Î¨¸²µ
Ë¨§¨Î¥¸±¨Ì ¸É¥¶¥´¥° ¸¢µ¡µ¤Ò É ±µ¥ ¦¥, ± ± ¨ ¢ ±² ¸¸¨Î¥¸±µ° É¥µ·¨¨. Š ¸µ-
¦ ²¥´¨Õ, ¶·¨ ´ ²¨Î¨¨ ¸± ²Ö·´ÒÌ ¶µ²¥° ³ É¥·¨¨ ¶·µ¡²¥³   ´µ³ ²¨° ¶µ± 
´¥ ·¥Ï¥´ . ‚µ§³µ¦´µ, ÎÉµ ±²ÕÎ ± ¶µ¸²¥¤µ¢ É¥²Ó´µ³Ê ±¢ ´Éµ¢ ´¨Õ ¨´É¥-
£·¨·Ê¥³ÒÌ ³µ¤¥²¥° Å ±¢ ´Éµ¢ Ö É¥µ·¨Ö Ê· ¢´¥´¨Ö ‹¨Ê¢¨²²Ö. �´  ¶µ±  ´¥
§ ¢¥·Ï¥´ , ´µ ´¥¤ ¢´µ ¢ ´¥° ´ ³¥É¨²µ¸Ó ¸ÊÐ¥¸É¢¥´´µ¥ ¶·µ¤¢¨¦¥´¨¥. � ¡µÉ 
¢ ÔÉµ³ ´ ¶· ¢²¥´¨¨ µÎ¥´Ó ¢ ¦´ , É ± ± ± É¥¶¥·Ó ¥¸ÉÓ µ¸´µ¢ ´¨Ö ¤Ê³ ÉÓ, ÎÉµ
É¥µ·¨Ö ‹¨Ê¢¨²²Ö ¢ £· ¢¨É Í¨¨ ³µ¦¥É ¸Ò£· ÉÓ É ±ÊÕ ¦¥ ·µ²Ó, ± ± É¥µ·¨Ö
µ¸Í¨²²ÖÉµ·  ¢ µ¡ÒÎ´µ° É¥µ·¨¨ ¶µ²Ö.
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