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For polarized γγ and γe− high-energy collisions we present the differential cross sections
for two different kinematics: emission in large angle for ˇnal state of two and three particles and
quasi-peripherical ˇnal state of three and four particles.
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A new laboratory for studying the hadron processes as well as ones with heavy
vector beams will be opened with planned linear e+e− high-energy colliders [1].
It will provide a possibility (using the backward laser Compton scattering) of
obtaining the photonÄelectron as well as photonÄphoton colliding beams.

The problem of calibration as well as the problem of measurement of the
degree of polarization of photon beams is important for this kind of colliders. The
QED processes at γe± collisions are relevant for these purposes. For colliding
high-energy electronÄphoton beams with detections of large-angle emitted ˇnal
particles, the totally differential cross sections can be useful.

This type of colliders can also investigate similar processes in γγ collisions.
The general theory of polarization phenomena in colliding photon beams was
developed in [2]. The polarization phenomena turn out to be essential in our
analysis also.

1. EMISSIONS IN LARGE ANGLES

In this section we will consider photonÄphoton(electron) collisions with emis-
sion of particles into large angles in c.m.s. (Mi/

√
s � θi � 1, where

√
s is the

total c.m.s. energy and mi are the masses of particles)

γ(k1, λ1) + γ(k2, λ2) → µ+(q+) + µ−(q−), (1)
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γ(k1, λ1) + γ(k2, λ2) → µ+(q+) + µ−(q−) + γ(k, λ), (2)

γ(k, λγ) + e−(p, λe) → e−(p′, λe) + γ(k1, λ1), (3)

γ(k, λγ) + e−(p, λe) → e−(p′, λ′) + a(q−, λ−) + ā(q+, λ+), a = e−, µ−, (4)

γ(k, λγ) + e−(p, λe) → e−(p′, λ′) + π−(q−) + π+(q+), (5)

γ(k, λγ) + e−(p, λe) → e−(p′, λ′) + γ(k1, λ1) + γ(k2, λ2). (6)

For the matrix elements of processes (1)Ä(6) we use notation

M δ
λ1λ2

, Mλδ
λ1λ2

, M
λγλ1
λe

, M
λ−λ+λ′

λγλ , Mλ′

λγλ, Mλ1λ2λ′

λγλ ,

λ, λ′, λ1, λ2, λ+, λ−, λγ , δ = ±1,
(7)

with scalar products

s = 2p · p′, s1 = 2q− · q+, t = −2p · q−, t1 = −2p′ · q+,

u = −2p · q+, u1 = −2p′ · q−, χ = 2k · p, χ′ = 2k · p′,
χ1± = 2k1 · q± , χ2± = 2k2 · q± ,

χ± = 2k · q±, χj = 2kj · p, χ′
j = 2kj · p′, j = 1, 2.

(8)

Photon polarization 4-vectors with the deˇnite chirality λ, ελ
µ(k), ε̂λ = γµελ

µ can
be put in representation [3]

ε̂λ(k) = N [q̂−q̂+k̂ω−λ − k̂q̂−q̂+ωλ] , N = [s1χ−χ+/2]−1/2. (9)

For calculation of the cross sections for processes (1), (2) in the case of
partially polarized photon beams with momentum ki (i = 1, 2) we will use po-
larization matrices of density ρi = ρi(ki) in the helical representation determined
by Stokes parameters ξ(i) in the following way [4]

ρi = ρi(ki) =
1
2

(
1 + ξ

(i)
2 i ξ

(i)
1 − ξ

(i)
3

−i ξ
(i)
1 − ξ

(i)
3 1 − ξ

(i)
2

)
, Tr (ρi) = 1. (10)

Let us introduce 2 × 2 matrix building from the amplitudes of process (1)

Mδ
1 =

(
M δ

++ M δ
+−

M δ
−+ M δ

−−

)
. (11)

Then the probability of process (1) will be reduced to calculation of a trace from

the product of the next matrices [2] |M δ
λ1λ2

|2 → Tr (ρT
1 Mδ

1 ρ2 Mδ
1
†).
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The cross section in general case has the form [5]

dσγγ→µµ̄

ξ1ξ2δ

dΩµ−

=
α2

4s

{
(1− ξ

(1)
2 ξ

(2)
2 )R+ − 2 (ξ(1)

1 ξ
(2)
1 + ξ

(1)
3 ξ

(2)
3 )+ δ(ξ(2)

2 − ξ
(1)
2 )R−

}
,

(12)
where

R± =
χ2

1+ ± χ2
1−

χ1−χ1+
, χ1± = χ2∓. (13)

For the case of completely circularly polarized photons (right (R): ξ
(1,2)
2 =

+1, left (L): ξ
(1,2)
2 = −1) we will have

dσγγ→µµ̄
LL

dΩµ−

=
dσγγ→µµ̄

RR

dΩµ−

= 0 ,
dσγγ→µµ̄

LR

dΩµ−

=
dσγγ→µµ̄

RL

dΩµ−

=
α2

s
R+ .

The corresponding cross sections for process (2) for deˇnite chiral states of
initial photons are

dσγγ→µ−µ+γ
RR(LL)

dΓ
=

α3s1

π2s

χ−χ+(χ2
− + χ2

+)
D

,

dσγγ→µ−µ+γ
RL(LR)

dΓ
=

α3s1

π2s

χ1−χ1+(χ2
1− + χ2

1+) + χ2−χ2+(χ2
2− + χ2

2+)
D

.

(14)

For (3)Ä(6), the matrix elements of the chiral matrix mij are constructed

from the chiral amplitudes of the process M
λ−λ+λ′

λγλe
as

m11 =
∑

λ−λ+λ′

∣∣Mλ−λ+λ′

++

∣∣2, m22 =
∑

λ−λ+λ′

∣∣Mλ−λ+λ′

−+

∣∣2,
m12 =

∑
λ−λ+λ′

M
λ−λ+λ′

++

(
M

λ−λ+λ′

−+

)∗
, m21 = m∗

12.
(15)

We put here only half of all chiral amplitudes which correspond to λe = +1.
The other half can be obtained from these ones by a space parity operation.

For the case of muon pair production we have

m11 =4[s+][s−]
u2 + t2

ss1
, m22 = 4[s+][s−]

u2
1 + t21
ss1

,

m12 = − 4[s+]2

(ss1)2
[
(ss1)2 + (tt1)2 + (uu1)2 − 2tt1uu1− (16)

− ss1(tt1 + uu1) + 4i(tt1 − uu1)A
]
,

where A = εµνρσqµ
+qν

−pρp′
σ and [s±] = sNp + s1Nq e±iϕq .
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For the electron pair production we have

m11 =
4[s+][s−]
ss1tt1

[
t3t1 + u3u1 + s3s1

]
, m22 =

4[s+][s−]
ss1tt1

[
t31t + u3

1u + s3
1s

]
,

(17)

m12 =
4[s+]2

(ss1tt1)2
[
(uu1)2 − (ss1)2 − (tt1)2

][1
2
((uu1)2 + (ss1)2 + (tt1)2−

− 2uu1(ss1 + tt1)) + 2iA(uu1 − ss1 − tt1)
]
.

For pions one gets

m11 = [s+][s−]tu, m22 = [s+][s−]t1u1,

m12 =
[s+]2

ss1

[1
2
(uu1 − tt1)2 − ss1(uu1 + tt1) + 2i(tt1 − uu1)A

]
.

(18)

For the double Compton scattering we have

m11 =
8s

D

[
χ3

1χ
′
1 + χ3

2χ
′
2 + χ′3χ

]
, m22 =

8s

D

[
χ′

1
3
χ1 + χ′

2
3
χ2 + χ3χ′

]
,

m12 =
8s

D

{
1
2
(χ1χ

′
2 + χ2χ

′
1)

[
χ1χ

′
2 + χ2χ

′
1 + s(s + χ′ − χ)

]
+ (19)

+ 2iB(χ2χ
′
1 − χ1χ

′
2)

}
,

with D = χχ′χ1χ
′
1χ2χ

′
2 and B = εµνρσkµ

2 kν
1pρp′

σ .
The differential cross section of the Compton scattering process (3) has the

form

dσγe−→γe−

λeξ
=

α2

4χ

[
χ2 + χ′2

χχ′ + ξ2λe
χ2 − χ′2

χχ′

]
dOγ . (20)

The cross section of processes (4), (5) has the form

dσ

dΓ
=

α3

2π2χ

[
m11 + m22 + ξ2λe(m11 − m22) − 2ξ3 Re (m12) + 2ξ1 Im (m12)

]
,

dΓ =
d3p′

p′0

d3q−
q−0

d3q+

q+0

δ4(p + k − p′ − q+ − q−).

(21)



160 BARTO�S E. ET AL.

The cross section of processes (6) has the form

dσ

dΓγ
=

1
2!

α3s

2π2χD

[
χχ′(χ2 + χ′2) + χ1χ

′
1(χ

2
1 + χ′

1
2) + χ2χ

′
2(χ

2
2 + χ′

2
2)+

+ 4ξ1B(χ1χ
′
2 − χ2χ

′
1) − ξ3(χ1χ

′
2 + χ2χ

′
1)(χχ′ − χ1χ

′
1 − χ2χ

′
2)+

+ λeξ2[χχ′(χ′2 − χ2) + χ1χ
′
1(χ

2
1 − χ′

1
2) + χ2χ

′
2(χ

2
2 − χ′

2
2)

]
, (22)

dΓγ =
d3p′

p′0

d3k1

ε1

d3k2

ε2
δ4(p + k − p′ − k1 − k2).

2. QUASI-PERIPHERICAL COLLISIONS

In this section we will considered quasi-peripherical photonÄphoton(electron)
collisions

γ(k, λγ) + e−(p, λe) → e−(p′, λ′) + a(q−, λ−) + ā(q+, λ+), (23a)

γ(k, λγ) + e−(p, λe) → e−(p′, λ′) + a(q−, λ−) + ā(q+, λ+) + γ(k1, λ), (23b)

a = e−, µ−,

γ(k1, λ1) + γ(k2, λ2) → ā(p+) + a(p−) + b̄(q+) + b(q−), (23c)

a, b = e−, µ−, π−,

it means, in the case when the aā, b b̄ pairs move close to the direction of initial
photons. Besides the latter, we will restrict ourselves by the case when the
invariant masses aā and b b̄ are large in comparison with the mass of muon and
much less than the centre of mass total energy

√
s

m2
µ � s1, s2 � s, χ± ∼ s1, χ′

± ∼ s2. (24)

The corresponding matrix elements have a factorized form

M(γe− → aāe−(γ)) = is
2(4πα)3/2

q2
m

λ1λγ

A mλe

B , m+
B =

1
s
ū(p′)k̂ω+u(p),

M(γγ → e+e−µ+µ−) = is
2(4πα)2

q2

[
mλ1λe

1 m
λ2λµ

2 + mλ2λe
1 m

λ1λµ

2

]
, (25)

mλ1λe
1 =

1
s
kµ
2 εν

1(k1)M1µν , m
λ2λµ

2 =
1
s
kσ
1 ερ

2(k2)M2σρ.

The cross section of process (23a) will be

dσ =
(2π)4

q4
|m+

B|2 Tr (ρm
λ1λγ

A )d2qdsAdΦAdsBΦB (26)

with sA = (q + k)2 ≈ sα, sB = (p − q)2 ≈ sβ.
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For the elastic subprocess e− → e−γ∗ one has the integral form
∫

dsBdΦB =
(2π)−3 and |m+

B|2 = 1. For the subprocess e− → e−γγ∗ (in the process

γe− → aāe−γ) one has the integral form

∫
dsBdΦB =

dα1d
2k

2(2π)6α1ᾱ1
and

|m+
B|2 =

2q2

χ1χ′
1

(1 + ᾱ2
1), χ1 =

k2
1

α1
, χ′

1 =
(ᾱ1k1 − α1p′)2

α1ᾱ1
. (27)

For the upper block the integral equals

∫
dsAdΦA =

dβ−d2q−
2(2π)6x−x+

and the

trace Tr (ρm
λ1λγ

A ) has the form

Tr (ρm
λ1λγ

A ) =
2

χ+χ−

{
q2(x2

+ + x2
−) − ξ3

[
q2x−x+ + 2

(q ·Q)2

s1

]
+

+ 2ξ1(x− − x+)(q · Q)
[q ·Q]z

s1

}
(28)

with
q± = α±p + β±k + q⊥, Q = β−q+ − β+q−,

s1 = 2q+q− =
Q2

β+β−
, x± =

q2
±

sα±
.

(29)

In the case of (25) let us assume that the pair a(p−)ā(p+) belongs to the jet
moving along direction of photon k1 so we have

p± = α±k2 + x±k1 + p⊥±, (p⊥±)2 = −p2
±, p⊥± · k1 = p⊥± · k2 = 0,

α± ≈ χ1±
s

=
p2
±

sx±
, s1 = (p+ + p−)2 =

Qa
2

x+x−
, Qa = x+p− − x−p+,

(30)

where p± are 2-dimensional Euclidean vectors (p−+p++q = 0); x± = 2k2p±/s
are energy fractions of pair components (x++x− = 1), and s1 is squared invariant
mass of the pair.

The similar relations are valid for the pair b(q−) b̄(q+) from the opposite jet
moving in the direction of the photon k2

q± = y±k2 + β±k1 + q⊥± , q⊥± = −q2
± , q⊥± · k1 = q⊥± · k2 = 0 ,

β± ≈
χ′

2±
s

=
q2
±

sy±
, s2 = (q+ + q−)2 =

Qb
2

y+y−
, Qb = y+q− − y−q+ ,

(31)

where energy fractions y± = 2k1q±/s, (y+ + y− = 1) and q− + q+ − q = 0.
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It is useful to construct 2×2 matrices (see [6])

M±
1(e) = N2

1Qa
2q2

(
x±/x∓ exp {±2iϕa}

exp {∓2iϕa} x∓/x±

)
, (32a)

M1(π) = N2
1Qa

2q2

(
1 exp {2iϕa}

exp {−2iϕa} 1

)
, ϕa = Q̂aq. (32b)

For the cross section of two different pairs production (i.e., a �= b) one
obtains

dσ(γγ → aābb̄) =
α4

π
x+x−y+y−

dx−dy−d2p−d2q−d2q

p2
−q2

−
×

×
[

S1(a)S2(b)

(q + q−)2(q − p−)2
+

S1(b)S2(a)

(q − q−)2(q + p−)2

]
, (33)

and for the case a = b

dσ(γγ → aāaā) =
α4

π
x+x−y+y−

dx−dy−d2q−d2p−d2q

p2
−q2

−
×

×
S1(a)S2(a)

(q + q−)2(q − p−)2
, (34)

where

S1(a) =
Tr (ρ1 M1(a))

q2Q2N2
1

, S2(a) =
Tr (ρ2 M2(a))

q2Q2N2
2

. (35)
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