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�μ²ÊÎ¥´μ μ¡μ¡Ð¥´¨¥ ¤¨´ ³¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¢ μ¤´μμ¸´ÒÌ ¨ ¤¢ÊÌμ¸´ÒÌ ´¥³ É¨Î¥¸±¨Ì
¦¨¤±¨Ì ±·¨¸É ²² Ì, ÊÎ¨ÉÒ¢ ÕÐ¥¥ ¤¥Ëμ·³ Í¨Õ ¸É·Ê±ÉÊ·´ÒÌ Ô²¥³¥´Éμ¢ É ±¨Ì ¸·¥¤. � ¸¸Î¨É ´Ò
¸¶¥±É·Ò ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨°, ¨ Ê¸É ´μ¢²¥´  ¨Ì Ê£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ. �·¥¤¸± § ´  ¢μ§-
³μ¦´μ¸ÉÓ · ¸¶·μ¸É· ´¥´¨Ö μÉ μ¤´μ° ¤μ É·¥Ì  ±Ê¸É¨Î¥¸±¨Ì ¢μ²´ ¢ ´¥³ É¨± Ì, ¨ ¢ÒÖ¸´¥´Ò ¨Ì
Ô±¸É·¥³ ²Ó´Ò¥ Ê£²μ¢Ò¥ Ì · ±É¥·¨¸É¨±¨. �¥§Ê²ÓÉ ÉÒ ¨¸¸²¥¤μ¢ ´¨° ¸μ¶μ¸É ¢²¥´Ò ¸ ¨³¥ÕÐ¨³¨¸Ö
¤ ´´Ò³¨ Ô±¸¶¥·¨³¥´Éμ¢, ¨ ¶μ± § ´μ ¨Ì Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ¥ ¸μ¢¶ ¤¥´¨¥. ‚ÒÎ¨¸²¥´Ò ´¨§±μÎ -
¸ÉμÉ´Ò¥  ¸¨³¶ÉμÉ¨±¨ ¤¢ÊÌ¢·¥³¥´´ÒÌ ËÊ´±Í¨° ƒ·¨´  μ¤´μμ¸´ÒÌ ´¥³ É¨±μ¢. ‚ÒÖ¸´¥´μ, ÎÉμ ¨Ì
¸É·Ê±ÉÊ·  ¸ÊÐ¥¸É¢¥´´μ § ¢¨¸¨É μÉ Ì · ±É¥·  ¶·μ¸É· ´¸É¢¥´´μ°  ´¨§μÉ·μ¶¨¨ · ¸¸³ É·¨¢ ¥³μ°
±μ´¤¥´¸¨·μ¢ ´´μ° ¸·¥¤Ò ¨ Ëμ·³Ò ³μ²¥±Ê². ˆ¸¸²¥¤μ¢ ´Ò ¶μ²Ö·¨§ Í¨μ´´Ò¥ μ¸μ¡¥´´μ¸É¨  ±Ê¸É¨-
Î¥¸±¨Ì ¢μ²´ μ¤´μμ¸´ÒÌ ´¥³ É¨±μ¢. �μ± § ´μ, ÎÉμ ¶¥·¢Ò° ¨ ¢Éμ·μ° §¢Ê±¨ Ö¢²ÖÕÉ¸Ö ¸Ê¶¥·¶μ§¨-
Í¨¥° ¶·μ¤μ²Ó´μ° ¨ ¶μ¶¥·¥Î´μ° ±μ³¶μ´¥´É. “¸É ´μ¢²¥´μ μÉ´μÏ¥´¨¥  ³¶²¨ÉÊ¤ ÔÉ¨Ì ±μ³¶μ´¥´É
± ± ËÊ´±Í¨¨ Ê£²  ³¥¦¤Ê ¢μ²´μ¢Ò³ ¢¥±Éμ·μ³ ¨ μ¸ÓÕ  ´¨§μÉ·μ¶¨¨.

The generalization of the dynamic equations in uniaxial and biaxial nematic liquid crystals taking
into account deformation of structural elements of such condensed matter is obtained. The spectra of
collective excitations are calculated and their angular dependence is established. The possibility of
distribution from one up to three acoustic waves in nematics is predicted and their extreme angular
characteristics are clariˇed. The results of investigations are compared to the available experimental
data and their satisfactory coincidence is shown. The low-frequency asymptotics of two-temporary
Green functions of uniaxial nematics are calculated. It is found out that their structure depends
essentially on the character of spatial anisotropy of considered condensed matter and on the molecules
shape. The polarization features of acoustic waves in uniaxial nematics are investigated. It is shown
that the ˇrst and second sounds are superposition of the longitudinal and transversal components. The
ratio of the amplitudes of these components is established as the function of an angle between a wave
vector and an axis of anisotropy.

PACS: 61.30.-v
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‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¡μ²ÓÏμ° ¨´É¥·¥¸ ¢Ò§Ò¢ ¥É ¨§ÊÎ¥´¨¥ ¦¨¤±μ±·¨¸É ²-
²¨Î¥¸±¨Ì ¸·¥¤. ’ ±¨¥ ±μ´¤¥´¸¨·μ¢ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö μ¡² ¤ ÕÉ ¸¢μ°¸É¢μ³ ¦¨¤-
±μ¸É¨ Å É¥±ÊÎ¥¸ÉÓÕ ¨  ´¨§μÉ·μ¶¨¥° Å ¸¢μ°¸É¢μ³, Ì · ±É¥·´Ò³ ¤²Ö É¢¥·¤μ£μ
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É¥²  [1Ä10]. �¡Ð¨³¨ ¨Ì μ¸μ¡¥´´μ¸ÉÖ³¨ Ö¢²ÖÕÉ¸Ö ´ ²¨Î¨¥ ¢´ÊÉ·¥´´¥° ¸É·Ê±-
ÉÊ·Ò ³¥§μ¸±μ¶¨Î¥¸±¨Ì ¨²¨ ´ ´μ¸±μ¶¨Î¥¸±¨Ì · §³¥·μ¢, ±μÉμ·Ò¥ ¶·μÖ¢²ÖÕÉ¸Ö
´  ³ ±·μÊ·μ¢´¥ ¢ ¢¨¤¥ μ¶·¥¤¥²¥´´ÒÌ Ë¨§¨Î¥¸±¨Ì Ö¢²¥´¨° ¨ ¶·μÍ¥¸¸μ¢.

•μ·μÏμ ¨§¢¥¸É´μ, ÎÉμ ¤μ¸É ÉμÎ´μ ¸²μ¦´Ò° ¸μ¸É ¢ Ô²¥³¥´Éμ¢, μ¡· §ÊÕ-
Ð¨Ì ¦¨¤±¨¥ ±·¨¸É ²²Ò, ¶·¨¢μ¤¨É ± ¨¥· ·Ì¨¨ ¸É·Ê±ÉÊ·´ÒÌ Ê·μ¢´¥° ¨Ì μ·-
£ ´¨§ Í¨¨. �¡ÒÎ´μ ¢Ò¤¥²ÖÕÉ ²μ± ²Ó´Ò° (³μ²¥±Ê²Ö·´Ò°), ±μμ·¤¨´ Í¨μ´´Ò°
(³¥¦³μ²¥±Ê²Ö·´Ò°) ¨ ³ ±·μ¸±μ¶¨Î¥¸±¨° (¤ ²Ó´¨°) ¶μ·Ö¤±¨ [8, 11, 12]. Š -
¦¤μ³Ê Ê·μ¢´Õ Ê¶μ·Ö¤μÎ¥´¨Ö ¸μμÉ¢¥É¸É¢Ê¥É ¸¢μ° ´ ¡μ· ¶ · ³¥É·μ¢, Ì · ±É¥-
·¨§ÊÕÐ¨Ì ¸¨³³¥É·¨Õ ¨ ¸É·Ê±ÉÊ·Ê ¦¨¤±¨Ì ±·¨¸É ²²μ¢. ‚ · ¡μÉ Ì [11Ä15]
¶μ± § ´μ, ÎÉμ ´  ³ ¸ÏÉ ¡ Ì ¶μ·Ö¤±  ³μ²¥±Ê²Ö·´μ£μ · §³¥·  ´¥μ¡Ìμ¤¨³μ ¢¢¥-
¤¥´¨¥ ¶ · ³¥É·μ¢ ±μ´Ëμ·³ Í¨μ´´μ£μ ¸μ¸ÉμÖ´¨Ö. �É´μ¸¨É¥²Ó´ Ö ¸² ¡μ¸ÉÓ ¸¨²
¶·¨ÉÖ¦¥´¨Ö ¢ ¦¨¤±μ±·¨¸É ²²¨Î¥¸±¨Ì ¸·¥¤ Ì, ´ ²¨Î¨¥ ¢ ´¨Ì ³¥§μ¸±μ¶¨Î¥¸±¨Ì
 ´¨§μÉ·μ¶´ÒÌ ¸É·Ê±ÉÊ·´ÒÌ Ô²¥³¥´Éμ¢ ¶·μÖ¢²ÖÕÉ¸Ö ¢ ¡μ²ÓÏμ³ · §´μμ¡· §¨¨
¨Ì ¢μ§³μ¦´ÒÌ ¸μ¸ÉμÖ´¨°, ¢ ¸¨²Ó´μ° ·μ²¨ É¥¶²μ¢ÒÌ Ë²Ê±ÉÊ Í¨° ¨ ¢ ²¥£±μ¸É¨
¨§³¥´¥´¨Ö ¢´ÊÉ·¥´´¥£μ ¸μ¸ÉμÖ´¨Ö ¶μ¤ ¢´¥Ï´¨³ ¢μ§¤¥°¸É¢¨¥³. � ¢´μ¢¥¸´Ò¥
¸¢μ°¸É¢  ¨ Ë §μ¢Ò¥ ¶¥·¥Ìμ¤Ò ¢ É ±¨Ì ±μ´¤¥´¸¨·μ¢ ´´ÒÌ ¸·¥¤ Ì μ¡ÒÎ´μ μ¶¨-
¸Ò¢ ÕÉ ¢§ ¨³μ¸μ£² ¸μ¢ ´´Ò³ μ¡· §μ³, ¨¸¶μ²Ó§ÊÖ ¶·¥¤¸É ¢²¥´¨¥ μ ±μ´Ëμ·³ -
Í¨μ´´ÒÌ ¶ · ³¥É· Ì ¶μ·Ö¤±  ¨ ¶ · ³¥É· Ì μ·¨¥´É Í¨μ´´μ£μ ¶μ·Ö¤± .

‚ ¨¸¸²¥¤μ¢ ´¨¨ Ë¨§¨Î¥¸±¨Ì ¸¢μ°¸É¢ ¦¨¤±¨Ì ±·¨¸É ²²μ¢ ¨³¥ÕÉ¸Ö ¤¢¥
ËÊ´¤ ³¥´É ²Ó´Ò¥ ¶·μ¡²¥³Ò. �¤´  ¨§ ´¨Ì Å ¨§ÊÎ¥´¨¥ · ¢´μ¢¥¸´ÒÌ ¸μ¸Éμ-
Ö´¨° É ±¨Ì ¸·¥¤. �¸´μ¢μ° É ±μ£μ μ¶¨¸ ´¨Ö Ö¢²Ö¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ μ ¸¶μ´-
É ´´μ³ ´ ·ÊÏ¥´¨¨ ¸¨³³¥É·¨¨ ¸μ¸ÉμÖ´¨Ö · ¢´μ¢¥¸¨Ö [16Ä18]. �μ·³ ²Ó´μ¥
¸μ¸ÉμÖ´¨¥ · ¢´μ¢¥¸¨Ö ¨§ÊÎ ¥³ÒÌ ±μ´¤¥´¸¨·μ¢ ´´ÒÌ ¸·¥¤ ¶·¥¤¸É ¢²Ö¥É ¸μ-
¡μ° ¨§μÉ·μ¶´ÊÕ ¦¨¤±μ¸ÉÓ, ´¥¸³μÉ·Ö ´  ´ ²¨Î¨¥  ´¨§μÉ·μ¶´ÒÌ ¸É·Ê±ÉÊ·´ÒÌ
Ô²¥³¥´Éμ¢. �·¨ Ê³¥´ÓÏ¥´¨¨ É¥³¶¥· ÉÊ·Ò, Ê¢¥²¨Î¥´¨¨ ±μ´Í¥´É· Í¨¨ ¨²¨ ¨§-
³¥´¥´¨¨ ¤·Ê£¨Ì É¥·³μ¤¨´ ³¨Î¥¸±¨Ì ¶ · ³¥É·μ¢ ¶·μ¨¸Ìμ¤¨É Ë §μ¢Ò° ¶¥·¥-
Ìμ¤ ¢ ¸μ¸ÉμÖ´¨¥ ¸ ¤·Ê£μ° ¸¨³³¥É·¨¥° Å ¢μ§´¨± ¥É ³ ±·μ¸±μ¶¨Î¥¸± Ö μ¤´μ-
μ¸´ Ö ¨²¨ ¤¢ÊÌμ¸´ Ö  ´¨§μÉ·μ¶¨Ö, Ì · ±É¥·´ Ö ¤²Ö ¦¨¤±¨Ì ±·¨¸É ²²μ¢. ‚
ÔÉμ³ ¸²ÊÎ ¥ ¨³¥¥É ³¥¸Éμ ¸¶μ´É ´´μ¥ ´ ·ÊÏ¥´¨¥ ¸¨³³¥É·¨¨ μÉ´μ¸¨É¥²Ó´μ
¶μ¢μ·μÉμ¢ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ¶·¨ ¸μÌ· ´¥´¨¨ É· ´¸²ÖÍ¨-
μ´´μ° ¨´¢ ·¨ ´É´μ¸É¨. ‚μ§³μ¦´μ É ±¦¥ μ¤´μ¢·¥³¥´´μ¥ ´ ·ÊÏ¥´¨¥ ¢· Ð -
É¥²Ó´μ° ¨ É· ´¸²ÖÍ¨μ´´μ° ¸¨³³¥É·¨¨, ÎÉμ ¶·¨¢μ¤¨É ± μ¤´μ-, ¤¢ÊÌ- ¨ É·¥Ì-
³¥·´Ò³ ¶¥·¨μ¤¨Î¥¸±¨³ ¸É·Ê±ÉÊ· ³. ’¨¶¨Î´Ò³¨ ¶·¨³¥· ³¨ É ±¨Ì ¦¨¤±¨Ì
±·¨¸É ²²μ¢ Ö¢²ÖÕÉ¸Ö ¸³¥±É¨±¨, ¤¨¸±μÉ¨±¨, Ìμ²¥¸É¥·¨±¨. ‘μ¸ÉμÖ´¨Ö ¸μ ¸¶μ´-
É ´´μ ´ ·ÊÏ¥´´μ° ¸¨³³¥É·¨¥°, ¢μ§´¨± ÕÐ¨¥ ¢ ·¥§Ê²ÓÉ É¥ Ë §μ¢ÒÌ ¶¥·¥Ìμ-
¤μ¢, ³μ¦´μ μ¶¨¸ ÉÓ ¢ · ³± Ì Ìμ·μÏμ ¨§¢¥¸É´μ° Ë¥´μ³¥´μ²μ£¨Î¥¸±μ° É¥μ-
·¨¨ ‹ ´¤ Ê [19]. ‚ É ±μ³ ¶μ¤Ìμ¤¥ ¨¸¸²¥¤μ¢ ´ ·Ö¤ ¦¨¤±μ±·¨¸É ²²¨Î¥¸±¨Ì
¸·¥¤ [1, 3, 6, 9]. ‘É É¨¸É¨Î¥¸±¨° ¶μ¤Ìμ¤ ƒ¨¡¡¸ , ¶·¨£μ¤´Ò° ¤²Ö ´μ·³ ²Ó´ÒÌ
¸μ¸ÉμÖ´¨° · ¢´μ¢¥¸¨Ö ³´μ£μÎ ¸É¨Î´ÒÌ ¸μ¸ÉμÖ´¨° [20Ä22], ´¥ μ¶¨¸Ò¢ ¥É ¶· -
¢¨²Ó´μ · ¢´μ¢¥¸´Ò¥ ¸μ¸ÉμÖ´¨Ö ±μ´¤¥´¸¨·μ¢ ´´ÒÌ ¸·¥¤, ¤²Ö ±μÉμ·ÒÌ · ¢´μ-
¢¥¸´Ò° ¶ · ³¥É· ¶μ·Ö¤±  μÉ²¨Î¥´ μÉ ´Ê²Ö. ’¥μ·¥É¨Î¥¸±¨³ ËÊ´¤ ³¥´Éμ³
¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¨, μ¶¨¸Ò¢ ÕÐ¥° · ¢´μ¢¥¸´Ò¥ ¸μ¸ÉμÖ´¨Ö ±μ´¤¥´¸¨·μ-
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¢ ´´ÒÌ ¸·¥¤ ¸μ ¸¶μ´É ´´μ ´ ·ÊÏ¥´´μ° ¸¨³³¥É·¨¥°, Ö¢²Ö¥É¸Ö ±μ´Í¥¶Í¨Ö ±¢ -
§¨¸·¥¤´¨Ì [16, 23, 24].

„·Ê£ Ö ¶·μ¡²¥³  ¢ ¨¸¸²¥¤μ¢ ´¨¨ ¦¨¤±¨Ì ±·¨¸É ²²μ¢ Å ¨§ÊÎ¥´¨¥ ¨Ì ¤¨-
´ ³¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ¨ ¸¶¥±É·μ¢ ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨°. �¸´μ¢´Ò³
¶·¨§´ ±μ³ ¦¨¤±¨Ì ±·¨¸É ²²μ¢ Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ ³ ±·μ¸±μ¶¨Î¥¸±μ£μ μ·¨¥´-
É Í¨μ´´μ£μ Ê¶μ·Ö¤μÎ¥´¨Ö, μ¡Ê¸²μ¢²¥´´μ£μ  ´¨§μÉ·μ¶¨¥° ³μ²¥±Ê². ”¨§¨Î¥-
¸±¨³¨ ¢¥²¨Î¨´ ³¨, ±μÉμ·Ò¥ μÉ· ¦ ÕÉ ÔÉÊ μ¸μ¡¥´´μ¸ÉÓ ¤²Ö ´¥³ É¨Î¥¸±¨Ì
¦¨¤±¨Ì ±·¨¸É ²²μ¢, Ö¢²ÖÕÉ¸Ö ¥¤¨´¨Î´Ò° ¢¥±Éμ· ¶·μ¸É· ´¸É¢¥´´μ°  ´¨§μÉ·μ-
¶¨¨ (¤¨·¥±Éμ·) ¢ μ¤´μμ¸´μ³ ¸²ÊÎ ¥ [25Ä31] ¨ ¤¢  ¢¥±Éμ·  ¶·μ¸É· ´¸É¢¥´´μ°
 ´¨§μÉ·μ¶¨¨ ¤²Ö ¤¢ÊÌμ¸´ÒÌ ´¥³ É¨±μ¢ [32Ä34]. �É¨ ¢¥²¨Î¨´Ò ¸É ´μ¢ÖÉ¸Ö ¤μ-
¶μ²´¨É¥²Ó´Ò³¨ ³ ±·μ¸±μ¶¨Î¥¸±¨³¨ ¶ · ³¥É· ³¨, ¸ÊÐ¥¸É¢¥´´Ò³¨ ¶·¨ Ëμ·-
³Ê²¨·μ¢±¥ ¢Éμ·μ£μ ´ Î ²  É¥·³μ¤¨´ ³¨±¨ ¨ ¶μ²ÊÎ¥´¨¨ Ê· ¢´¥´¨° ¤¨´ ³¨±¨.
�μ³¨³μ ÔÉ¨Ì ¶ · ³¥É·μ¢ · ¸¸³ É·¨¢ ²¨¸Ó É ±¦¥ ¡μ²¥¥ μ¡Ð¨¥ ¸Ì¥³Ò ¤¨´ ³¨-
Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ¦¨¤±¨Ì ±·¨¸É ²²μ¢, ±μÉμ·Ò¥ ÊÎ¨ÉÒ¢ ÕÉ ¢¨¤ ¶ · ³¥É·  ¶μ-
·Ö¤±  [35Ä37] ¨ Ëμ·³Ê ¸É·Ê±ÉÊ·´ÒÌ Ô²¥³¥´Éμ¢ ¸·¥¤Ò [38Ä41]. �É³¥É¨³, ÎÉμ
Ë¨§¨Î¥¸±¨³¨ ¶·¨³¥· ³¨ ¢²¨Ö´¨Ö £¥μ³¥É·¨¨ ³μ²¥±Ê² ´  ³ ±·μ¸±μ¶¨Î¥¸±¨¥
¸¢μ°¸É¢  ¦¨¤±¨Ì ±·¨¸É ²²μ¢ Ö¢²ÖÕÉ¸Ö · §´Ò° §´ ± ·¥ ±É¨¢´μ£μ ±μÔËË¨Í¨-
¥´É  ¢ Ê· ¢´¥´¨ÖÌ £¨¤·μ¤¨´ ³¨±¨ [42], · §²¨Î´Ò¥ ¢μ§³μ¦´μ¸É¨ ·¥ ²¨§ Í¨¨
Ë¥··μÔ²¥±É·¨Î¥¸±μ£μ ¸μ¸ÉμÖ´¨Ö [43, 44], ¸¶¥±É· ²Ó´Ò¥ μ¸μ¡¥´´μ¸É¨ ¶μ²Ö·¨-
§μ¢ ´´μ£μ ¶μ£²μÐ¥´¨Ö ¸¢¥É  [45].


² £μ¤ ·Ö ¨¸¸²¥¤μ¢ ´¨Ö³ ¶μ ·Ô²¥¥¢¸±μ³Ê ¨ ±μ³¡¨´ Í¨μ´´μ³Ê · ¸¸¥Ö´¨Õ
¸¢¥É  [46, 47], · ¸¶·μ¸É· ´¥´¨Õ §¢Ê±  ¨ É¥Î¥´¨Õ ¸·¥¤ ¸ ¤¥Ëμ·³¨·Ê¥³Ò³¨ Î -
¸É¨Í ³¨ [48] ¢μ§´¨±²  ¶μÉ·¥¡´μ¸ÉÓ ¢ · §¢¨É¨¨ É¥μ·¨¨ ±μ´¤¥´¸¨·μ¢ ´´ÒÌ ¸·¥¤
¸ ÊÎ¥Éμ³ ¢´ÊÉ·¥´´¨Ì ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò, ±μÉμ· Ö μ¶¨¸Ò¢ ²  ¡Ò ±μ²²¥±É¨¢´Ò¥
¤¢¨¦¥´¨Ö ¢ ¸·¥¤¥ ¸ ÊÎ¥Éμ³ ¸É·Ê±ÉÊ·Ò ³μ²¥±Ê² ¨ ¨¸± ¦¥´¨Ö ¨Ì Ëμ·³Ò. ˆ¸-
¸²¥¤μ¢ ´¨Ö ¶μ ¸μ§¤ ´¨Õ Ë¥´μ³¥´μ²μ£¨Î¥¸±μ£μ ¨²¨ ¸É É¨¸É¨Î¥¸±μ£μ ¶μ¤Ìμ¤ 
¤²Ö ·¥Ï¥´¨Ö ÔÉμ° § ¤ Î¨ ¶·μ¢μ¤¨²¨¸Ó · ´¥¥ ¢ · ¡μÉ Ì [49Ä53].

� §¢¨É¨¥ ¨ ¶·¨³¥´¥´¨¥ ±μ´Í¥¶Í¨¨ ±¢ §¨¸·¥¤´¨Ì ± μ¶¨¸ ´¨Õ ¦¨¤±μ±·¨-
¸É ²²¨Î¥¸±¨Ì ±μ´¤¥´¸¨·μ¢ ´´ÒÌ ¸·¥¤ ¸ É¥´§μ·´Ò³ ¶ · ³¥É·μ³ ¶μ·Ö¤±  μ¸Ê-
Ð¥¸É¢²Ö²μ¸Ó ¢ · ¡μÉ Ì [54Ä56]. „¥É ²Ó´μ¥ ¨§²μ¦¥´¨¥ ³¨±·μ¸±μ¶¨Î¥¸±μ£μ
¶μ¤Ìμ¤  ± μ¶¨¸ ´¨Õ ¦¨¤±¨Ì ±·¨¸É ²²μ¢ ¶·¥¤¸É ¢²¥´μ ¢ ³μ´μ£· Ë¨¨ [7].
�¥§Ê²ÓÉ ÉÒ ¨¸¸²¥¤μ¢ ´¨° ¸¶¥±É·μ¢ ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨° ¢ ´¥³ É¨± Ì
¶·¨¢¥¤¥´Ò ¢ [4].

„¢ÊÌμ¸´Ò¥ ´¥³ É¨±¨ Ô±¸¶¥·¨³¥´É ²Ó´μ μÉ±·ÒÉÒ ¢ 1980 £. [57] ¤²Ö ²¨μ-
É·μ¶´ÒÌ ¦¨¤±¨Ì ±·¨¸É ²²μ¢. ‘μμ¡Ð¥´¨Ö μ¡ Ô±¸¶¥·¨³¥´É ²Ó´μ³ μÉ±·ÒÉ¨¨
¡¨ ±¸¨ ²Ó´ÒÌ ´¥³ É¨±μ¢ ¢ É¥·³μÉ·μ¶´ÒÌ ¦¨¤±¨Ì ±·¨¸É ²² Ì ¶μÖ¢¨²¨¸Ó ¢
2004 £. ¢ · ¡μÉ Ì [58, 59]. ’·Ê¤´μ¸É¨ ¢ ¨¤¥´É¨Ë¨± Í¨¨ É ±¨Ì ¸μ¸ÉμÖ´¨° ¨
¤·Ê£¨¥ ¢μ§³μ¦´μ¸É¨ ¢ ¨´É¥·¶·¥É Í¨¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ É ±¨Ì ¦¨¤-
±¨Ì ±·¨¸É ²²μ¢ μ¡¸Ê¦¤¥´Ò ¢ · ¡μÉ¥ [60]. ‚ É¥μ·¥É¨Î¥¸±¨Ì · ¡μÉ Ì [61Ä64]
· ¸¸³μÉ·¥´  É¥·³μ¤¨´ ³¨±  ¨ £¨¤·μ¤¨´ ³¨±  ÔÉ¨Ì ±μ´¤¥´¸¨·μ¢ ´´ÒÌ ¸·¥¤.
„²Ö ÔÉμ£μ ±² ¸¸  ¦¨¤±¨Ì ±·¨¸É ²²μ¢ Ö¢²Ö¥É¸Ö Ì · ±É¥·´Ò³ ¶μ²´μ¥ ¸¶μ´-
É ´´μ¥ ´ ·ÊÏ¥´¨¥ ¸¨³³¥É·¨¨ μÉ´μ¸¨É¥²Ó´μ ¶μ¢μ·μÉμ¢ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³
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¶·μ¸É· ´¸É¢¥. �¤´ ±μ ¢ ÔÉ¨Ì · ¡μÉ Ì ´¥ ¢Ò¶¨¸ ´Ò ¢ Ö¢´μ³ ¢¨¤¥ ¢Ò· ¦¥´¨Ö
¤²Ö ¢¸¥Ì ·¥ ±É¨¢´ÒÌ ¶²μÉ´μ¸É¥° ¶μÉμ±μ¢  ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ¢
É¥·³¨´ Ì ËÊ´±Í¨μ´ ²  Ô´¥·£¨¨ ¨ ´¥ ¢ÒÖ¢²¥´ Ì · ±É¥· ¢²¨Ö´¨Ö Ëμ·³Ò ³μ-
²¥±Ê² ´  ¤¨´ ³¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¤²Ö ÔÉμ£μ ±² ¸¸  ¦¨¤±¨Ì ±·¨¸É ²²μ¢. � 
¶·¨³¥·¥ μ¤´μμ¸´ÒÌ ¨ ¤¢ÊÌμ¸´ÒÌ ´¥³ É¨±μ¢ ¤ ²¥¥ ³Ò ¶μ± ¦¥³, ± ± ÔÉμ ³μ¦´μ
¸¤¥² ÉÓ. ‚ ¤¢ÊÌμ¸´ÒÌ ´¥³ É¨Î¥¸±¨Ì ¦¨¤±¨Ì ±·¨¸É ²² Ì É ±¦¥ ¨³¥¥É ³¥¸Éμ
¸¢Ö§Ó Ëμ·³Ò ³μ²¥±Ê² ¨ ¸É·Ê±ÉÊ·Ò Ê· ¢´¥´¨° ¤¨´ ³¨±¨ [65, 66].

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¨§¢¥¸É´Ò É ±¨¥ ¢¨¤Ò ¸É·Ê±ÉÊ·´ÒÌ Ô²¥³¥´Éμ¢ ´¥³ É¨-
Î¥¸±¨Ì ¦¨¤±¨Ì ±·¨¸É ²²μ¢: ´¥¡μ²ÓÏ¨¥ μ·£ ´¨Î¥¸±¨¥ ³μ²¥±Ê²Ò (l ≈ 10−8 ³);
´ ¤³μ²¥±Ê²Ö·´Ò¥ ¸É·Ê±ÉÊ·Ò Å ¸¨´É¥É¨Î¥¸±¨¥ ¶μ²¨¶¥¶É¨¤Ò, ¢¨·Ê¸Ò (l ≈
10−6 ³); ¦¥¸É±¨¥ ¶μ²¨³¥·Ò (l ≈ 10−4 ³) [1]. �μÔÉμ³Ê ¶·¨ ¨§ÊÎ¥´¨¨ ¤¨-
´ ³¨±¨ ´¥³ É¨±μ¢ Ëμ·³  ¸É·Ê±ÉÊ·´μ£μ Ô²¥³¥´É  ±μ´¤¥´¸¨·μ¢ ´´μ° ¸·¥¤Ò
´ ³¨ ³μ¤¥²¨·μ¢ ² ¸Ó ¢ ¢¨¤¥ Ô²²¨¶¸μ¨¤  ¨²¨ ¤¨¸±μ¨¤  ¸μ ¸Éμ·μ´ ³¨ l, d, h.
„¥É ²Ó´μ ¨§ÊÎ¥´Ò Î¥ÉÒ·¥ ¸²ÊÎ Ö.

1. �¤´μμ¸´ Ö ¸É¥·¦´¥¶μ¤μ¡´ Ö ³μ²¥±Ê² . ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥ÕÉ ³¥¸Éμ
¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö Ì · ±É¥·´ÒÌ · §³¥·μ¢ ³μ²¥±Ê² ±μ´¤¥´¸¨·μ¢ ´´ÒÌ
¸·¥¤:

l � d, h, d = h.

2. �¤´μμ¸´ Ö ¤¨¸±μ¶μ¤μ¡´ Ö ³μ²¥±Ê² . • · ±É¥·´Ò¥ · §³¥·Ò ³μ²¥±Ê²

l � d, h, d = h.

3. „¢ÊÌμ¸´ Ö Ô²²¨¶¸μ¨¤ ²Ó´ Ö ³μ²¥±Ê² . • · ±É¥·´Ò¥ · §³¥·Ò ³μ²¥±Ê²

l > d > h, d ≈ h.

4. „¢ÊÌμ¸´ Ö ¤¨¸±μ¨¤´ Ö ³μ²¥±Ê² . • · ±É¥·´Ò¥ · §³¥·Ò ³μ²¥±Ê²

l � d, h, d �= h.

Œ É¥³ É¨Î¥¸±μ° μ¸´μ¢μ° ´ Ï¥£μ ¨¸¸²¥¤μ¢ ´¨Ö ¢Ò¡· ´ £ ³¨²ÓÉμ´μ¢ ¶μ¤-
Ìμ¤, Ö¢²ÖÕÐ¨°¸Ö ÔËË¥±É¨¢´Ò³ ³¥Éμ¤μ³ ¶μ²ÊÎ¥´¨Ö ¨ ¨¸¸²¥¤μ¢ ´¨Ö ´¥²¨´¥°-
´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì Ê· ¢´¥´¨°, μ¶¨¸Ò¢ ÕÐ¨Ì Ö¢²¥´¨Ö ¶¥·¥´μ¸  ¢ · §²¨Î´ÒÌ
±μ´¤¥´¸¨·μ¢ ´´ÒÌ ¸·¥¤ Ì. Š²ÕÎ¥¢Ò³ ¢ É ±μ³ ¶μ¤Ìμ¤¥ Ö¢²Ö¥É¸Ö Ê¸É ´μ¢²¥-
´¨¥ Ö¢´μ£μ ¢¨¤  ¸±μ¡μ± �Ê ¸¸μ´  ¤²Ö ¢¸¥£μ ´ ¡μ·  ¶ · ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ
μ¶¨¸ ´¨Ö. ‘²¥¤Ê¥É ¨³¥ÉÓ ¢ ¢¨¤Ê, ÎÉμ, ¢ μÉ²¨Î¨¥ μÉ ¶ · ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ
μ¶¨¸ ´¨Ö, ¸¢Ö§ ´´ÒÌ ¸μ ¸¢μ°¸É¢ ³¨ ¸¨³³¥É·¨¨ £ ³¨²ÓÉμ´¨ ´ , ¤²Ö ±μÉμ·ÒÌ
¸±μ¡±¨ �Ê ¸¸μ´  Ìμ·μÏμ ¨§¢¥¸É´Ò (¸³. [4, 29, 39]), ¸±μ¡±¨ �Ê ¸¸μ´  ¤²Ö ¤μ-
¶μ²´¨É¥²Ó´ÒÌ ¤¨´ ³¨Î¥¸±¨Ì ¶ · ³¥É·μ¢, μÉ· ¦ ÕÐ¨Ì μ¸μ¡¥´´μ¸É¨ Ëμ·³Ò ¨
· §³¥·  ³μ²¥±Ê², ¨³¥ÕÉ ´¥É·¨¢¨ ²Ó´ÊÕ ¸É·Ê±ÉÊ·Ê ¨ ¨Ì ´ Ìμ¦¤¥´¨¥ ¶·¥¤¸É -
¢²Ö¥É ¸μ¡μ° μ¸´μ¢´ÊÕ ¶·μ¡²¥³Ê. „²Ö ¥¥ ·¥Ï¥´¨Ö ¨¸¶μ²Ó§μ¢ ´  ¨¤¥Ö ¶·¥¤¸É -
¢²¥´¨Ö ¢¸¥Ì ¤μ¶μ²´¨É¥²Ó´ÒÌ ¶ · ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ μ¶¨¸ ´¨Ö ¢ É¥·³¨´ Ì
É¥´§μ·  ¤¨¸Éμ·¸¨¨ [30, 39], ±μÉμ· Ö ¡Ò²  · ´¥¥ ·¥ ²¨§μ¢ ´  ¢ ÔÉ¨Ì · ¡μÉ Ì
¤²Ö μ¤´μμ¸´ÒÌ ´¥³ É¨±μ¢ ¡¥§ ÊÎ¥É  ¤¥Ëμ·³ Í¨¨ ³μ²¥±Ê².
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� ¸¸³μÉ·¨³ ¶·μ¸É· ´¸É¢¥´´μ-´¥μ¤´μ·μ¤´Ò¥ ¸μ¸ÉμÖ´¨Ö ±μ´¤¥´¸¨·μ¢ ´-
´ÒÌ ¸·¥¤ ´  £¨¤·μ¤¨´ ³¨Î¥¸±μ³ ÔÉ ¶¥ Ô¢μ²ÕÍ¨¨, ±μÉμ·Ò° Ì · ±É¥·¨§Ê¥É¸Ö
É¥³, ÎÉμ ¢ ± ¦¤μ° ÉμÎ±¥ ¶·μ¸É· ´¸É¢  ¡Ò¸É·μ, §  ¢·¥³Ö Ì μÉ¨§ Í¨¨ τr, Ê¸É -
´ ¢²¨¢ ¥É¸Ö ²μ± ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¸ ³¥¤²¥´´μ ¨§³¥´ÖÕÐ¨³¨¸Ö μÉ ÉμÎ±¨
± ÉμÎ±¥ É¥·³μ¤¨´ ³¨Î¥¸±¨³¨ ¶ · ³¥É· ³¨ A. • · ±É¥·´μ¥ ¢·¥³Ö ¨§³¥´¥-
´¨Ö ÔÉ¨Ì ¶ · ³¥É·μ¢ τm ≈ A/Ȧ · ¸É¥É ¸ Ê¢¥²¨Î¥´¨¥³ Ì · ±É¥·´ÒÌ · §³¥·μ¢
´¥μ¤´μ·μ¤´μ¸É¥° L ≈ A/ |∇A| ¨ ¶·¨ ¡μ²ÓÏ¨Ì L §´ Î¨É¥²Ó´μ ¶·¥¢μ¸Ìμ¤¨É
¢·¥³Ö Ì μÉ¨§ Í¨¨: L |∇A| /Ȧ ≈ τm � τr, ±μÉμ·μ¥ ´¥ § ¢¨¸¨É μÉ L. • · ±-
É¥·´Ò¥ · §³¥·Ò ¶·μ¸É· ´¸É¢¥´´ÒÌ ´¥μ¤´μ·μ¤´μ¸É¥° ´  £¨¤·μ¤¨´ ³¨Î¥¸±μ³
ÔÉ ¶¥ Ô¢μ²ÕÍ¨¨ ¢¥²¨±¨ ¶μ ¸· ¢´¥´¨Õ ¸ ³¨±·μ¸±μ¶¨Î¥¸±¨³¨ · ¸¸ÉμÖ´¨Ö³¨,
É. ¥. ¶μ ¸· ¢´¥´¨Õ ¸ ³¥¦ Éμ³´Ò³¨ · ¸¸ÉμÖ´¨Ö³¨ ¤²Ö ±μ´¤¥´¸¨·μ¢ ´´ÒÌ ¸·¥¤
L � l, £¤¥ l Å ¤²¨´  ¸¢μ¡μ¤´μ£μ ¶·μ¡¥£  Î ¸É¨Í ¨²¨ ¸·¥¤´¥¥ · ¸¸ÉμÖ´¨¥
³¥¦¤Ê Î ¸É¨Í ³¨.

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ μ¡Ð¨³ ¶μ¤Ìμ¤μ³ ³¥Ì ´¨±¨ ¸¶²μÏ´ÒÌ ¸·¥¤ ¸É·Ê±ÉÊ· 
² £· ´¦¨ ´  ¶·μ¨§¢μ²Ó´μ° Ë¨§¨Î¥¸±μ° ¸¨¸É¥³Ò ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥ [39]

L = Lk(ϕ, ϕ̇) − H(ϕ) =
∫

d3xFα(x, ϕ(x′))ϕ̇α(x) − H(ϕ),

£¤¥ Lk(ϕ, ϕ̇) Å ±¨´¥³ É¨Î¥¸± Ö Î ¸ÉÓ ² £· ´¦¨ ´ ; H(ϕ) =
∫

d3xε(x, ϕ) Å

£ ³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò. �²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¸·¥¤Ò ε (x, ϕ (x′)) ¨ ¢¥²¨Î¨´Ò
Fα(x, ϕ(x′)) Å ´¥±μÉμ·Ò¥ μ¶·¥¤¥²¥´´Ò¥ ËÊ´±Í¨μ´ ²Ò ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥-
³¥´´ÒÌ ϕα (x). ‚¥²¨Î¨´Ò ϕα (x) ³ ±·μ¸±μ¶¨Î¥¸±¨ ¶μ²´μ § ¤ ÕÉ É¥·³μ¤¨´ -
³¨±Ê ¨ μ¶¨¸Ò¢ ÕÉ ¤¨´ ³¨Î¥¸±¨¥ ¶·μÍ¥¸¸Ò ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨°. �¡Ð¥¥
ËÊ´±Í¨μ´ ²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ε (x, ϕ (x′)) ¶μ§¢μ²Ö¥É μ¶¨¸Ò-
¢ ÉÓ ¤¨´ ³¨±Ê ¸¶²μÏ´ÒÌ ¸·¥¤ ¢ ¸²ÊÎ ¥ ¶·μ¨§¢μ²Ó´μ£μ Ì · ±É¥·  ¶·μ¸É· ´-
¸É¢¥´´ÒÌ ´¥μ¤´μ·μ¤´μ¸É¥°. �·¨ ÔÉμ³ ¢μ§´¨± ÕÉ ËÊ´±Í¨μ´ ²Ó´Ò¥ Ê· ¢´¥´¨Ö
¤¢¨¦¥´¨Ö, ±μÉμ·Ò¥ ¢¥¸Ó³  ¸²μ¦´Ò ¤²Ö  ´ ²¨§ . ˆ¸¸²¥¤μ¢ ´¨¥ ¤¨´ ³¨Î¥¸±¨Ì
Ê· ¢´¥´¨° §´ Î¨É¥²Ó´μ Ê¶·μÐ ¥É¸Ö ¢ ¤²¨´´μ¢μ²´μ¢μ³ ¶·¥¤¥²¥, ±μ£¤  Ì · ±-
É¥·´Ò¥ · §³¥·Ò ¶·μ¸É· ´¸É¢¥´´ÒÌ ´¥μ¤´μ·μ¤´μ¸É¥° ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´-
´ÒÌ L ³´μ£μ ¡μ²ÓÏ¥ ¸·¥¤´¥£μ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê Î ¸É¨Í ³¨ l (£¨¤·μ¤¨´ ³¨Î¥-
¸±μ¥ ¶·¨¡²¨¦¥´¨¥ L � l). ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¶²μÉ´μ¸É¨ Ô´¥·£¨¨
± ± ËÊ´±Í¨¨ ´ ¡μ·  ¶ · ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ μ¶¨¸ ´¨Ö ¸É ´μ¢¨É¸Ö ²μ± ²Ó-
´Ò³ ε (x, ϕ (x′)) ≈ ε (ϕ (x) ,∇ϕ (x)), ¨ ËÊ´±Í¨μ´ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¤¨´ ³¨±¨
¶¥·¥Ìμ¤ÖÉ ¢ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö.

ˆ§ ¶·¨´Í¨¶  ¸É Í¨μ´ ·´μ£μ ¤¥°¸É¢¨Ö ¸²¥¤ÊÕÉ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö
¢¥²¨Î¨´ ϕα (x):

ϕ̇α(x) =
∫

d3x′J−1
αβ (x,x′, ϕ)

δH(ϕ)
δϕβ(x′)

≡ {ϕα(x), H}. (1)
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Œ É·¨Í  Jαβ (x,x′; ϕ) μ¶·¥¤¥²Ö¥É¸Ö · ¢¥´¸É¢μ³

Jαβ(x,x′; ϕ) ≡ δFβ(x′; ϕ)
δϕα(x)

− δFα(x; ϕ)
δϕβ(x′)

(2)

¨ ¸¢Ö§ ´  ¸μ ¸±μ¡±μ° �Ê ¸¸μ´  ¢¥²¨Î¨´ ϕα (x) ¸μμÉ´μÏ¥´¨¥³

{ϕα(x), ϕβ(x′)} = J−1
αβ (x,x′; ϕ).

‘ ÊÎ¥Éμ³ μ¶·¥¤¥²¥´¨Ö (2) ÔÉ¨ ¸±μ¡±¨  ´É¨¸¨³³¥É·¨Î´Ò μÉ´μ¸¨É¥²Ó´μ ¶¥·¥-
¸É ´μ¢±¨ α ↔ β, x ↔ x′ ¨ Ê¤μ¢²¥É¢μ·ÖÕÉ Éμ¦¤¥¸É¢ ³ ‹¥°¡´¨Í  ¨ Ÿ±μ¡¨

{ϕα(x), ϕβ(x′)} = −{ϕβ(x′), ϕα(x)} ,

{ϕα(x)ϕβ(x′), ϕγ(x′′)} = ϕα(x) {ϕβ(x′), ϕγ(x′′)}+
+ ϕβ(x′) {ϕα(x), ϕγ(x′′)} ,

{ϕα(x), {ϕβ(x′), ϕγ(x′′)}} + {ϕβ(x′), {ϕγ(x′′), ϕα(x)}}+
+ {ϕγ(x′′), {ϕα(x), ϕβ(x′)}} = 0.

�¶·¥¤¥²¨³ ¸±μ¡±¨ �Ê ¸¸μ´  ¶·μ¨§¢μ²Ó´ÒÌ ËÊ´±Í¨μ´ ²μ¢ A(ϕ), B(ϕ) · ¢¥´-
¸É¢μ³

{A, B} =
∫

d3x

∫
d3x′ δA

δϕα(x)
J−1

αβ (x,x′)
δB

δϕβ(x′)
.

‚ ´ ¡μ· ¶ · ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ μ¶¨¸ ´¨Ö ¤²Ö ±² ¸¸¨Î¥¸±¨Ì ¸¶²μÏ´ÒÌ
¸·¥¤ ¢Ìμ¤ÖÉ ¶²μÉ´μ¸É¨ ¨³¶Ê²Ó¸  πk (x), Ô´É·μ¶¨¨ σ (x) ¨ ¢¥±Éμ· ¸³¥Ð¥´¨Ö
ui (x): ϕα ≡ {πk (x) , σ (x) , ui (x)}. ‚¥±Éμ· ¸³¥Ð¥´¨Ö ui (x) ¸¢Ö§Ò¢ ¥É ² -
£· ´¦¥¢Ê ±μμ·¤¨´ ÉÊ ξk ¸ Ô°²¥·μ¢μ° ±μμ·¤¨´ Éμ° xk: xk ≡ ξk + uk (x).
’¥´§μ· ¤¨¸Éμ·¸¨¨ μ¶·¥¤¥²¨³ · ¢¥´¸É¢μ³

bki(x) = ∇iξk (x) ≡ δik −∇iuk (x) , (3)

£¤¥ δik Å ¸¨³¢μ² Š·μ´¥±¥· . ’¥´§μ· ¤¨¸Éμ·¸¨¨ bki(x) ¨£· ¥É ËÊ´¤ ³¥´É ²Ó-
´ÊÕ ·μ²Ó ¶·¨ μ¶¨¸ ´¨¨ ¤¥Ëμ·³ Í¨° ¸¶²μÏ´ÒÌ ¸·¥¤. �´ § ¤ ¥É μ·¨¥´É -
Í¨μ´´Ò¥ ¨ É· ´¸²ÖÍ¨μ´´Ò¥ ¸μ¸ÉμÖ´¨Ö · ¢´μ¢¥¸¨Ö, Ê¸É ´ ¢²¨¢ ¥É μ¸´μ¢´Ò¥
£¥μ³¥É·¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨ ¨ μ¶·¥¤¥²Ö¥É £·Ê¶¶Ê ¤¢¨¦¥´¨° ´¥· ¢´μ¢¥¸-
´μ£μ ¸μ¸ÉμÖ´¨Ö ¤²Ö É¢¥·¤μ£μ É¥² , ¦¨¤±μ¸É¥° ¨ ¦¨¤±¨Ì ±·¨¸É ²²μ¢. ‚¢¥¤¥³
¢ · ¸¸³μÉ·¥´¨¥ ¶²μÉ´μ¸ÉÓ ³ ¸¸Ò ¢¥Ð¥¸É¢  ¸¶²μÏ´μ° ¸·¥¤Ò ρ (x) = mn (x),
£¤¥ m Å ³ ¸¸  Î ¸É¨ÍÒ ¨ n (x) Å ¶²μÉ´μ¸ÉÓ Î¨¸²  Î ¸É¨Í. �²μÉ´μ¸ÉÓ ³ ¸¸Ò
¢¥Ð¥¸É¢  ρ (x) ¸¢Ö§ ´  ¸ É¥´§μ·μ³ ¤¨¸Éμ·¸¨¨ bki(x) · ¢¥´¸É¢μ³

ρ (x) = ρ det |bij (x)| , (4)
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£¤¥ ρ Å ¶²μÉ´μ¸ÉÓ ³ ¸¸Ò ¢¥Ð¥¸É¢  ¢ ´¥¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨. ˆ§-
¢¥¸É´μ, ÎÉμ ´¥É·¨¢¨ ²Ó´Ò¥ ¸±μ¡±¨ �Ê ¸¸μ´  ¤²Ö ¶²μÉ´μ¸É¥° ¨³¶Ê²Ó¸ , Ô´É·μ-
¶¨¨ ¨ ¢¥±Éμ·  ¸³¥Ð¥´¨Ö ¨³¥ÕÉ ¢¨¤ [4, 29, 39]

{πi(x), σ(x′)} = −σ(x)∇iδ(x − x′),
{ui(x), πk(x′)} = bik(x)δ(x − x′),
{πi(x), πj(x′)} = πj(x)∇′

iδ(x − x′) − πi(x′)∇jδ(x − x′).
(5)

‚¥²¨Î¨´  δ(x − x′) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° δ-ËÊ´±Í¨Õ „¨· ± . ‘²¥¤¸É¢¨¥³
ÔÉ¨Ì Ëμ·³Ê² ¨ μ¶·¥¤¥²¥´¨° (3), (4) Ö¢²ÖÕÉ¸Ö ¸±μ¡±¨ �Ê ¸¸μ´  ¤²Ö ¶²μÉ´μ¸É¨
¨³¶Ê²Ó¸  ¸ É¥´§μ·μ³ ¤¨¸Éμ·¸¨¨ ¨ ¶²μÉ´μ¸ÉÓÕ Î¨¸²  Î ¸É¨Í

{πi(x), bkj(x′)} = −bki(x)∇jδ(x − x′),
{πi(x), ρ(x′)} = ρ(x)∇′

iδ(x − x′).
(6)

‚Ò¶¨¸ ´´Ò¥ ¸±μ¡±¨ �Ê ¸¸μ´  (5), (6) ¸²Ê¦ É μ¸´μ¢μ° ¶μ¸É·μ¥´¨Ö ´¥²¨´¥°-
´ÒÌ Ê· ¢´¥´¨° ¤¨´ ³¨±¨ ±² ¸¸¨Î¥¸±¨Ì ¸¶²μÏ´ÒÌ ¸·¥¤. � §²¨Î´Ò¥ μ¸μ¡¥´-
´μ¸É¨ ¤¨´ ³¨Î¥¸±μ£μ μ¶¨¸ ´¨Ö ¦¨¤±¨Ì ±·¨¸É ²²μ¢ ¢ · ³± Ì £ ³¨²ÓÉμ´μ¢ 
¶μ¤Ìμ¤  ¶·μÖ¢²ÖÕÉ¸Ö ¢ · §´μ° § ¢¨¸¨³μ¸É¨ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ μÉ É¥´§μ· 
¤¨¸Éμ·¸¨¨.

� ¸¸³ É·¨¢ ¥³ Ö ±μ´¤¥´¸¨·μ¢ ´´ Ö ¸·¥¤  Ì · ±É¥·¨§Ê¥É¸Ö ¶ÖÉÓÕ  ¤¤¨-
É¨¢´Ò³¨ ¨´É¥£· ² ³¨ ¤¢¨¦¥´¨Ö γa ≡ H, Pk, N , {H, γa} = 0. ‡¤¥¸Ó Pk =∫

d3xπk (x) Å ¨³¶Ê²Ó¸ ¸¨¸É¥³Ò, N =
∫

d3xn (x) Å Î¨¸²μ Î ¸É¨Í ¸¨¸É¥³Ò.
‘¢μ°¸É¢μ ¨´¢ ·¨ ´É´μ¸É¨ £ ³¨²ÓÉμ´¨ ´  ¸¶²μÏ´μ° ¸·¥¤Ò μÉ´μ¸¨É¥²Ó´μ ¶μ-
¢μ·μÉμ¢ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ¨³¥¥É ¢¨¤

{Li, ε(x)} = εiklxk∇lε(x), Li =
∫

d3xεiklxkπl(x). (7)

‡¤¥¸Ó Li Å μ·¡¨É ²Ó´Ò° ³μ³¥´É. „²Ö ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ É ±¦¥ ¸¶· ¢¥¤²¨¢Ò
¸μμÉ´μÏ¥´¨Ö

{Pl, ε(x)} = ∇lε(x), Pl =
∫

d3xπl (x) ,
(8)

{M, ε(x)} = 0, M =
∫

d3xρ(x),

μÉ· ¦ ÕÐ¨¥ Ë §μ¢ÊÕ ¨ É· ´¸²ÖÍ¨μ´´ÊÕ ¨´¢ ·¨ ´É´μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  · ¸-
¸³ É·¨¢ ¥³μ° ±μ´¤¥´¸¨·μ¢ ´´μ° ¸·¥¤Ò.

�¥·¥°¤¥³ ± Ëμ·³Ê²¨·μ¢±¥ Ê· ¢´¥´¨° ¤¨´ ³¨±¨ ±² ¸¸¨Î¥¸±μ° ¸¶²μÏ´μ°
¸·¥¤Ò. „¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö ¶²μÉ´μ¸É¥°  ¤¤¨É¨¢´ÒÌ
¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ¸ ÊÎ¥Éμ³ (7), (8) ¨³¥ÕÉ ¢¨¤

ς̇a(x) = −∇kζak(x), (9)
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£¤¥ ζa(x) ≡ ε(x), πk(x), n(x) Å ¶²μÉ´μ¸É¨  ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥-
´¨Ö. ‚ ¶· ¢Ò¥ ¸Éμ·μ´Ò Ê· ¢´¥´¨° (9) ¢Ìμ¤ÖÉ ¢¥²¨Î¨´Ò ζak(x) ≡ qk(x),
tik(x), jk(x), Ö¢²ÖÕÐ¨¥¸Ö ¶²μÉ´μ¸ÉÖ³¨ ¶μÉμ±μ¢  ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢ ¤¢¨-
¦¥´¨Ö: ζ0k(x) ≡ qk(x) Å ¶²μÉ´μ¸ÉÓ ¶μÉμ±  Ô´¥·£¨¨, ζik(x) ≡ tik(x) Å
¶²μÉ´μ¸ÉÓ ¶μÉμ±  ¨³¶Ê²Ó¸ , ζ4k(x) ≡ jk(x) Å ¶²μÉ´μ¸ÉÓ ¶μÉμ±  Î¨¸²  Î -
¸É¨Í. ‚ É¥·³¨´ Ì ¸±μ¡μ± �Ê ¸¸μ´  μÉ ¶²μÉ´μ¸É¥°  ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢
¤¢¨¦¥´¨Ö ¢ · ¡μÉ¥ [39] ¶μ²ÊÎ¥´Ò ¢Ò· ¦¥´¨Ö ¤²Ö ÔÉ¨Ì ¶²μÉ´μ¸É¥° ¶μÉμ±μ¢

jk(x) =
∫

d3x′ x′
k

1∫
0

dλ{n(x + λx′), ε(x− (1 − λ)x′)},

tik(x) = −ε(x)δik +
∫

d3x′ x′
k

1∫
0

dλ{πi(x + λx′), ε(x− (1 − λ)x′)},

qk(x) =
1
2

∫
d3x′ x′

k

1∫
0

dλ{ε(x + λx′), ε(x − (1 − λ)x′)}.

(10)

�μ² £ ¥³, ÎÉμ £ ³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò H = H0 +V (σ(x′), ρ(x′), bij(x′)) μ¡² -
¤ ¥É ¸¢μ°¸É¢μ³ £ ²¨²¥¥¢¸±μ° ¨´¢ ·¨ ´É´μ¸É¨

H0 =
∫

d3x
π2(x)
2ρ(x)

, V =
∫

d3x
′
Φ (ρ (x′) , σ (x′) , bij (x′)) .

„²Ö £ ²¨²¥¥¢μ-¨´¢ ·¨ ´É´ÒÌ ¸·¥¤ ¶²μÉ´μ¸ÉÓ ¶μÉμ±  ³ ¸¸Ò ¸μ¢¶ ¤ ¥É ¸ ¶²μÉ-
´μ¸ÉÓÕ ¶μÉμ±  ¨³¶Ê²Ó¸  mjk(x) = πk(x).

‚ ¡¥¸¸É·Ê±ÉÊ·´μ° ±μ´¤¥´¸¨·μ¢ ´´μ° ¸·¥¤¥ £ ³¨²ÓÉμ´¨ ´ Ö¢²Ö¥É¸Ö ËÊ´±-
Í¨μ´ ²μ³ ´ ¡μ·  £¨¤·μ¤¨´ ³¨Î¥¸±¨Ì ¶ · ³¥É·μ¢, ± ±μÉμ·Ò³ μÉ´μ¸ÖÉ¸Ö ¶²μÉ-
´μ¸ÉÓ Ô´É·μ¶¨¨, ¶²μÉ´μ¸ÉÓ ¨³¶Ê²Ó¸  ¨ ¶²μÉ´μ¸ÉÓ ³ ¸¸Ò H = H(σ(x′), πi(x′),
ρ(x′)). �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ¤²Ö ¤¨ËË¥·¥´Í¨ ²  ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¸¶· ¢¥¤-
²¨¢μ ¸μμÉ´μÏ¥´¨¥

dε =
∂ε

∂σ
dσ +

∂ε

∂πi
dπi +

∂ε

∂ρ
dρ ≡ Tdσ + vkdπk + μdρ.

‡¤¥¸Ó T Å É¥³¶¥· ÉÊ· ; vk Å ³ ±·μ¸±μ¶¨Î¥¸± Ö ¸±μ·μ¸ÉÓ; μ Å Ì¨³¨Î¥¸±¨°
¶μÉ¥´Í¨ ², ±μÉμ·Ò¥ ¸¢Ö§ ´Ò ¸ É¥·³μ¤¨´ ³¨Î¥¸±¨³¨ ¸¨² ³¨ Ya · ¢¥´¸É¢ ³¨

∂ε

∂σ
=

1
Y0

≡ T,
∂ε

∂πk
= −Yk

Y0
≡ vk,

∂ε

∂ρ
= −Y4

Y0
≡ μ.

‚¢¥¤¥³ ¢ · ¸¸³μÉ·¥´¨¥ É¥·³μ¤¨´ ³¨Î¥¸±¨° ¶μÉ¥´Í¨ ² ω (Ya) ≡ Yaςa − σ.
’¥·³μ¤¨´ ³¨Î¥¸±¨¥ ¸¨²Ò Ya ¸¢Ö§ ´Ò ¸ ¶²μÉ´μ¸ÉÖ³¨  ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢
¤¢¨¦¥´¨Ö ¸μμÉ´μÏ¥´¨Ö³¨

∂ω

∂Ya
= ζa. (11)
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ˆ¸¶μ²Ó§ÊÖ ¶·¥¤¸É ¢²¥´¨¥ ¶²μÉ´μ¸É¥° ¶μÉμ±μ¢ (10) ¨ Ëμ·³Ê²Ò (5), (6), ´ °¤¥³
¢Ò· ¦¥´¨Ö ¶²μÉ´μ¸É¥° ¶μÉμ±μ¢  ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ¢ É¥·³¨´ Ì
É¥·³μ¤¨´ ³¨Î¥¸±μ£μ ¶μÉ¥´Í¨ ² 

ςak = − ∂

∂Ya

(
ωYk

Y0

)
. (12)

�·¨ ÔÉμ³ ³Ò ¨¸¶μ²Ó§μ¢ ²¨ ¸¢Ö§Ó ¶²μÉ´μ¸É¥° ¶μÉμ±μ¢  ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢
¤¢¨¦¥´¨Ö · ¡μÉÒ [24] Ya (Ykζa + Y0ζak) = 0. ‘μμÉ´μÏ¥´¨Ö (11) ¨ (12) ¶μ± -
§Ò¢ ÕÉ, ÎÉμ ¶²μÉ´μ¸É¨  ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥
¨³ ¶μÉμ±¨ ¶·¥¤¸É ¢²¥´Ò ¢ É¥·³¨´ Ì ¶²μÉ´μ¸É¨ É¥·³μ¤¨´ ³¨Î¥¸±μ£μ ¶μÉ¥´-
Í¨ ²  ¨ É¥³ ¸ ³Ò³ § ³Ò± ÕÉ Ê· ¢´¥´¨Ö (9), ¶·¨¢μ¤Ö ± Ê· ¢´¥´¨Ö³ ¨¤¥ ²Ó´μ°
£¨¤·μ¤¨´ ³¨±¨ ´μ·³ ²Ó´μ° ¦¨¤±μ¸É¨ ‹. �°²¥· . ‹¨´¥ ·¨§ Í¨Ö Ê· ¢´¥´¨° (9)
¢¥¤¥É ±  ±Ê¸É¨Î¥¸±μ³Ê ¸¶¥±É·Ê

ω2 = k2c2, c =

√
∂P

∂ρ

∣∣∣∣
s

. (13)

‡¤¥¸Ó k Å ¢μ²´μ¢μ° ¢¥±Éμ·; c Å ¸±μ·μ¸ÉÓ §¢Ê± ; P Å ¤ ¢²¥´¨¥ ¨ s ≡ σ/ρ Å
¶²μÉ´μ¸ÉÓ Ô´É·μ¶¨¨ ¥¤¨´¨ÍÒ ³ ¸¸Ò. �ÉμÉ ¸¶¥±É· ²¨´¥¥´ ¨ ¨§μÉ·μ¶¥´.

2. „ˆ��ŒˆŠ� �„���‘�›• �…Œ�’ˆŠ�‚.
‘’…�†�…��„���›… Œ�‹…Š“‹›

‡´ Î¨É¥²Ó´ Ö Î ¸ÉÓ ¦¨¤±¨Ì ±·¨¸É ²²μ¢ ¸μ¸Éμ¨É ¨§ ³μ²¥±Ê² ¸É¥·¦´¥-
μ¡· §´μ° Ëμ·³Ò. ‚ ´¥³ É¨Î¥¸±μ° Ë §¥ ¦¨¤±¨Ì ±·¨¸É ²²μ¢ ´ ·Ö¤Ê ¸ ¤¨´ ³¨-
Î¥¸±¨³¨ ¶¥·¥³¥´´Ò³¨, μ¶¨¸Ò¢ ÕÐ¨³¨ ¸μ¸ÉμÖ´¨¥ ¨§μÉ·μ¶´μ° ¦¨¤±μ¸É¨, Å
¶²μÉ´μ¸ÉÖ³¨ ³ ¸¸Ò, ¨³¶Ê²Ó¸  ¨ Ô´É·μ¶¨¨, ¢¢μ¤ÖÉ ¢ · ¸¸³μÉ·¥´¨¥ ¤μ¶μ²´¨-
É¥²Ó´Ò° ¶ · ³¥É· Å ¥¤¨´¨Î´Ò° ¢¥±Éμ· ¶·μ¸É· ´¸É¢¥´´μ°  ´¨§μÉ·μ¶¨¨ (¤¨-
·¥±Éμ·) n(x), ¸¢Ö§ ´´Ò° ¸ ´ ·ÊÏ¥´¨¥³ ¢· Ð É¥²Ó´μ° ¸¨³³¥É·¨¨. ‚ · ¡μ-
É Ì [30, 39] ¶μ± § ´μ, ÎÉμ ÔÉμÉ ¢¥±Éμ·  ´¨§μÉ·μ¶¨¨ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´
¢ É¥·³¨´ Ì É¥´§μ·  ¤¨¸Éμ·¸¨¨ bij(x). �·¨ ÔÉμ³ ¸ÊÐ¥¸É¢ÊÕÉ ¤¢¥ ¢μ§³μ¦-
´μ¸É¨. �¤´  ¨§ ´¨Ì ¸μμÉ¢¥É¸É¢Ê¥É ´¥³ É¨±Ê ¸ ³μ²¥±Ê² ³¨ ¸É¥·¦´¥μ¡· §´μ°
Ëμ·³Ò, ¤·Ê£ Ö Å ´¥³ É¨±Ê ¸ ¤¨¸±μμ¡· §´Ò³¨ ³μ²¥±Ê² ³¨. � ¸¸³μÉ·¨³ Î -
¸É¨ÍÒ ¸·¥¤Ò, ¸μ¸ÉμÖÐ¨¥ ¨§ ³μ²¥±Ê² ¸É¥·¦´¥μ¡· §´μ° Ëμ·³Ò (´¥³ É¨±¨ ± ² -
³¨É´μ£μ É¨¶ ). ‚ ´¥¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨ ³μ¦´μ § ¤ ÉÓ ´¥±μÉμ·μ¥ ¸¥-
³¥°¸É¢μ ²¨´¨°, ± ¸ É¥²Ó´Ò¥ ± ±μÉμ·Ò³ ¢ ± ¦¤μ° ÉμÎ±¥ ¸μ¢¶ ¤ ÕÉ ¸ ´ ¶· ¢²¥-
´¨¥³ ¸É¥·¦´¥°. �Ê¸ÉÓ ξi = ξi(α) Å ¶ · ³¥É·¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö μ¤´μ° ¨§ ²¨-
´¨° ÔÉμ£μ ¸¥³¥°¸É¢ . � ¶· ¢²¥´¨¥ ¸É¥·¦´¥° ¢ ± ¦¤μ° ÉμÎ±¥ Ì · ±É¥·¨§Ê¥É¸Ö
¢¥±Éμ·μ³ ¸ ±μμ·¤¨´ É ³¨ li ≡ dξi/dα. �ÉμÉ ¢¥±Éμ· μ¶¨¸Ò¢ ¥É μ·¨¥´É Í¨μ´-
´Ò° ¨ ±μ´Ëμ·³ Í¨μ´´Ò° ¶μ·Ö¤μ± ´¥¤¥Ëμ·³¨·μ¢ ´´μ£μ ¦¨¤±μ£μ ±·¨¸É ²²  ¨
¨³¥¥É ¸³Ò¸² ² £· ´¦¥¢μ° ¶¥·¥³¥´´μ°. Œμ¤Ê²Ó ÔÉμ£μ ¢¥±Éμ·  l ≡

√
l2i § ¤ ¥É
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¤²¨´Ê ¸É¥·¦´¥¶μ¤μ¡´μ° ³μ²¥±Ê²Ò ¢ ´¥¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨. …¤¨´¨Î-
´Ò° ¢¥±Éμ· ni ≡ li/l μ¶·¥¤¥²Ö¥É ´ ¶· ¢²¥´¨¥ μ¸¨  ´¨§μÉ·μ¶¨¨ ³μ²¥±Ê²Ò
¢ ´¥¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨. �·¨ ¤¥Ëμ·³ Í¨¨ ¸·¥¤Ò ²¨´¨¨ ¸¥³¥°¸É¢ 
É ±¦¥ ¤¥Ëμ·³¨·ÊÕÉ¸Ö, ¶·μ¨¸Ìμ¤¨É ¨§³¥´¥´¨¥ ´ ¶· ¢²¥´¨Ö μ¸¨  ´¨§μÉ·μ¶¨¨
¨ ¤²¨´Ò ¸É¥·¦´Ö. �Ê¸ÉÓ xi = xi(α) Å ´μ¢Ò¥ ¶ · ³¥É·¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö
Ê¦¥ · ¸¸³μÉ·¥´´μ° ²¨´¨¨ ¸¥³¥°¸É¢  ¶μ¸²¥ ¤¥Ëμ·³ Í¨¨, ±μÉμ·Ò¥ Ì · ±É¥·¨-
§ÊÕÉ¸Ö ¢¥±Éμ·μ³ li(x) = dxi/dα. ‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¢¥±Éμ·Ò li ¨ li(x) ¸¢Ö§ ´Ò
¸μμÉ´μÏ¥´¨¥³

li(x) = b−1
ij (x) lj . (14)

‚¢¥¤¥³ ¥¤¨´¨Î´Ò° ¢¥±Éμ· ¨ ³μ¤Ê²Ó ¤¥Ëμ·³¨·μ¢ ´´μ£μ ¢¥±Éμ·  li(x) ¤²Ö ¶·μ-
¨§¢μ²Ó´μ£μ ¤¥Ëμ·³¨·μ¢ ´´μ£μ ¸μ¸ÉμÖ´¨Ö

ni (x) = li (x) /l (x) , l (x) ≡
(
l2i (x)

)1/2
. (15)

ˆ¸¶μ²Ó§ÊÖ ¸±μ¡±Ê �Ê ¸¸μ´  (8), ²¥£±μ ´ °É¨ ¸±μ¡±¨ �Ê ¸¸μ´  ¤²Ö ¢¥²¨Î¨´
πi(x) ¨ nj(x′):

{πλ(x), nj(x′)} = δ (x − x′)∇λnj(x) − δ⊥λj (n (x′))nk(x′)∇′
kδ (x − x′) ,

(16)

δ⊥ij (n (x)) ≡ δij − ni(x)nj(x).

‡ ³¥É¨³, ÎÉμ ¸±μ¡±¨ �Ê ¸¸μ´  (16) ¸μ¢³¥¸É´Ò ¸ Ê¸²μ¢¨¥³ n2
i (x) = 1.

‘¤¥² ¥³ É¥¶¥·Ó ¶μÖ¸´¥´¨¥, μ¡μ¸´μ¢Ò¢ ÕÐ¥¥ ´¥μ¡Ìμ¤¨³μ¸ÉÓ · ¸Ï¨·¥´¨Ö
´ ¡μ·  ¶ · ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ μ¶¨¸ ´¨Ö ¤²Ö ¦¨¤±¨Ì ±·¨¸É ²²μ¢, ±μÉμ-
·μ¥ μ¡Ê¸²μ¢²¥´μ ±μ´Ëμ·³ Í¨μ´´μ° ´¥¦¥¸É±μ¸ÉÓÕ ³μ²¥±Ê². �μ¢ Ö ¢μ§³μ¦-
´μ¸ÉÓ ¶·μÖ¢²¥´¨Ö £·Ê¶¶Ò ¶·μ¨§¢μ²Ó´ÒÌ ¤¥Ëμ·³ Í¨° ·¥ ²¨§Ê¥É¸Ö ¢ ¤¢ÊÌμ¸-
´μ³ ´¥³ É¨±¥, £¤¥ ¶ · ³¥É·μ³ ¸μ±· Ð¥´´μ£μ μ¶¨¸ ´¨Ö Ö¢²Ö¥É¸Ö ¢¥²¨Î¨´ 
≈ bike1kbile2l, ¨³¥ÕÐ Ö Ë¨§¨Î¥¸±¨° ¸³Ò¸² Ê£²  ³¥¦¤Ê μ¸Ö³¨ [65, 66], £¤¥
e1, e2 Å ² £· ´¦¥¢Ò ¢¥±Éμ·Ò, μ¶¨¸Ò¢ ÕÐ¨¥ ´¥¤¥Ëμ·³¨·μ¢ ´´Ò¥ μ¸¨
(¸³. · §¤. 4, 5). „²Ö μ¤´μμ¸´μ£μ ´¥³ É¨±  ¥¸É¥¸É¢¥´´μ° ¢¥²¨Î¨´μ°, ¨³¥ÕÐ¥°
Ë¨§¨Î¥¸±¨° ¸³Ò¸² ±μ´Ëμ·³ Í¨μ´´μ£μ ¶μ·Ö¤± , Ö¢²Ö¥É¸Ö ¸¢¥·É±  ≈ bikekbilel,
£¤¥ e Å ² £· ´¦¥¢ ¢¥±Éμ·, § ¤ ÕÐ¨° ´¥¤¥Ëμ·³¨·μ¢ ´´ÊÕ μ¸Ó ´¥³ É¨± . “Î¥É
±μ´Ëμ·³ Í¨μ´´ÒÌ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ¶·¨ μ¶¨¸ ´¨¨ ¤¨´ ³¨±¨ μ¤´μμ¸´ÒÌ ´¥-
³ É¨±μ¢ ³Ò ¶·μ¢μ¤¨³ ¶ÊÉ¥³ ¢±²ÕÎ¥´¨Ö ¢ ´ ¡μ· ¶ · ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ
μ¶¨¸ ´¨Ö ¤μ¶μ²´¨É¥²Ó´μ° ¶¥·¥³¥´´μ° Å ³μ¤Ê²Ö ¢¥±Éμ·  l(x) = |l(x)| (15),
¶·¨¤ ¢ Ö ¥³Ê Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ ±μ´Ëμ·³ Í¨μ´´μ£μ ¸É·Ê±ÉÊ·´μ£μ
Ô²¥³¥´É . ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ÔÉ¨³ μ¶·¥¤¥²¥´¨¥³ ¨ ¸ ÊÎ¥Éμ³ ¸¢Ö§¨ ¤¥Ëμ·³¨·μ-
¢ ´´μ£μ ¨ ´¥¤¥Ëμ·³¨·μ¢ ´´μ£μ ¢¥±Éμ·μ¢ (14) ¶μ²ÊÎ¨³ ¸±μ¡±Ê �Ê ¸¸μ´  ¤²Ö
¢¥²¨Î¨´ πi(x) ¨ l(x′):

{πi(x), l (x′)} = δ (x − x′)∇il(x) + l (x′) δ⊥iλ (n (x′))∇′
λδ (x − x′) . (17)

‘±μ¡±¨ �Ê ¸¸μ´  (5), (6) ¸μ¢³¥¸É´μ ¸ (16), (17) μ¡· §ÊÕÉ § ³±´ÊÉÊÕ  ²£¥¡·Ê
¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ´¥³ É¨±  ¸μ ¸É¥·¦´¥¶μ¤μ¡´Ò³¨ ³μ²¥±Ê² ³¨ ¶·¨
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´ ²¨Î¨¨ ±μ´Ëμ·³ Í¨μ´´μ° ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò ¨ ¶μ§¢μ²ÖÕÉ ¶μ²ÊÎ¨ÉÓ ´¥²¨´¥°-
´Ò¥ Ê· ¢´¥´¨Ö ¤¨´ ³¨±¨ ¢  ¤¨ ¡ É¨Î¥¸±μ³ ¶·¨¡²¨¦¥´¨¨.

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¢¢¥¤¥´´Ò³ ´ ¡μ·μ³ £¨¤·μ¤¨´ ³¨Î¥¸±¨Ì ¶ · ³¥É·μ¢
¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° ¶ · ³¥É·μ¢ ε(x) = ε(ρ(x), πi(x), σ(x),
ni(x),∇ni(x), l(x)). ‚ · ¸¸³ É·¨¢ ¥³μ° ±μ´¤¥´¸¨·μ¢ ´´μ° ¸·¥¤¥ ¶²μÉ´μ¸ÉÓ
É¥·³μ¤¨´ ³¨Î¥¸±μ£μ ¶μÉ¥´Í¨ ²  ω = ω(Y,n,∇n, l) § ¢¨¸¨É É¥¶¥·Ó É ±¦¥ μÉ
μ¸¨  ´¨§μÉ·μ¶¨¨ ¨ ±μ´Ëμ·³ Í¨μ´´μ£μ ¶ · ³¥É· . �μÔÉμ³Ê

dω = ζadYa +
∂ω

∂ni
dni +

∂ω

∂∇jni
d∇jni +

∂ω

∂l
dl. (18)

�¡· É¨³¸Ö É¥¶¥·Ó ± ´ Ìμ¦¤¥´¨Õ ¶²μÉ´μ¸É¥° ¶μÉμ±μ¢  ¤¤¨É¨¢´ÒÌ ¨´É¥£· -
²μ¢ ¤¢¨¦¥´¨Ö. Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ¶²μÉ´μ¸É¨ ¶μÉμ±μ¢  ¤¤¨É¨¢´ÒÌ ¨´É¥-
£· ²μ¢ ¤¢¨¦¥´¨Ö ¶·¨μ¡·¥ÉÊÉ ¢¨¤ ¢ É¥·³¨´ Ì É¥·³μ¤¨´ ³¨Î¥¸±μ£μ ¶μÉ¥´Í¨-
 ²  [41]

ζak = − ∂

∂Ya

ωYk

Y0
+
[

∂ω

∂∇knj
∇inj − nkδ⊥iλ (n) ×

×
(

∂ω

∂nλ
−∇j

∂ω

∂∇jnλ

)
+

∂ω

∂l
lδ⊥ik (n)

]
∂

∂Ya

Yi

Y0
. (19)

‚ ÔÉμ° Ëμ·³Ê²¥ ¶¥·¢μ¥ ¸² £ ¥³μ¥ ¢ ¶· ¢μ° Î ¸É¨ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¢±² ¤
¢ ¶²μÉ´μ¸ÉÓ ¶μÉμ±   ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö, ±μÉμ·Ò°  ´ ²μ£¨Î¥´
¶²μÉ´μ¸É¨ ¶μÉμ±  ¢ ¨§μÉ·μ¶´μ° Ë §¥ ±μ´¤¥´¸¨·μ¢ ´´μ° ¸·¥¤Ò. ‚Éμ·μ¥ ¸² -
£ ¥³μ¥ ¢ ¶· ¢μ° Î ¸É¨ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¢±² ¤ ¢ ¶²μÉ´μ¸ÉÓ ¶μÉμ±   ¤¤¨É¨¢-
´ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö, μ¡Ê¸²μ¢²¥´´Ò° ¤¥Ëμ·³ Í¨¥° μ¸¨  ´¨§μÉ·μ¶¨¨ ¨
¤²¨´Ò ³μ²¥±Ê²Ò. ”μ·³Ê²Ò (18), (19) ¶μ§¢μ²ÖÕÉ ¸Ëμ·³Ê²¨·μ¢ ÉÓ § ³±´ÊÉÒ¥
Ê· ¢´¥´¨Ö £¨¤·μ¤¨´ ³¨Î¥¸±μ£μ É¨¶  ¤²Ö · ¸¸³ É·¨¢ ¥³μ° ±μ´¤¥´¸¨·μ¢ ´´μ°
¸·¥¤Ò.

„²Ö · §²¨Î´μ£μ ·μ¤  ¶·¨²μ¦¥´¨° Î ¸Éμ Ê¤μ¡´μ ¨¸¶μ²Ó§μ¢ ÉÓ ³μ¤¥²Ó´μ¥
¢Ò· ¦¥´¨¥ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ ¢¨¤¥

Φ (x) = Φ0 (ρ (x) , σ (x) , l (x)) + εf (ρ (x) , σ (x) , ni (x) ,∇ni (x) , l (x)) ,

£¤¥

εf (ρ (x) , σ (x) , ni (x) ,∇ni(x), l (x)) =

=
1
2
Kijkl (ρ, σ)∇jni∇lnk +

1
2
M (ρ, σ) (l (x) − l)2 (20)

Å Ô´¥·£¨Ö ”· ´±  ¨ Kijkl Å É¥´§μ· ³μ¤Ê²¥° Ê¶·Ê£μ¸É¨, ±μÉμ·Ò° ¢ ¸¨²Ê
¸¢μ°¸É¢ ¸¨³³¥É·¨¨ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ εf (n) = εf (−n) Ê¶·μÐ ¥É¸Ö ¨ ¶·¨-
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μ¡·¥É ¥É ¢¨¤ [31]

Kijkl (ρ, σ) ≡ K1 (ρ, σ) δ⊥ij (n) δ⊥kl (n) + K2 (ρ, σ)×
×
[
δ⊥jl (n) δ⊥ik (n) − δ⊥jk (n) δ⊥il (n)

]
+ K3 (ρ, σ)njnlδ

⊥
ik (n) ,

§¤¥¸Ó K1 (ρ, σ) , K2 (ρ, σ) , K3 (ρ, σ) Å ³μ¤Ê²¨ Ê¶·Ê£μ¸É¨ ”· ´± , ±μÉμ·Ò¥
Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ ¶²μÉ´μ¸É¨ ³ ¸¸Ò ¨ Ô´É·μ¶¨¨. ‚¥²¨Î¨´  M (ρ, σ) Å
ÔÉμ ³μ¤Ê²Ó Ê¶·Ê£μ¸É¨, ¸¢Ö§ ´´Ò° ¸ ¤¥Ëμ·³ Í¨¥° ¤²¨´Ò ¸É¥·¦´¥¶μ¤μ¡´μ° ³μ-
²¥±Ê²Ò, ¨ l Å ¤²¨´  ³μ²¥±Ê²Ò ¢ ¸μ¸ÉμÖ´¨¨ · ¢´μ¢¥¸¨Ö. „²Ö Ê¸Éμ°Î¨¢μ¸É¨
μ¤´μ·μ¤´μ£μ ¸μ¸ÉμÖ´¨Ö · ¢´μ¢¥¸¨Ö É·¥¡Ê¥É¸Ö, ÎÉμ¡Ò εf > 0. �É¸Õ¤  ¶μ²ÊÎ¨³
¸μμÉ´μÏ¥´¨Ö K1 > 0, K2 > 0, K3 > 0, M > 0.

�¡· Ð Ö¸Ó ± Ëμ·³Ê² ³ (1), (16), ´ °¤¥³ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¤²Ö ¥¤¨-
´¨Î´μ£μ ¢¥±Éμ·  n(x)

ṅj(x) = −vs(x)∇snj(x) + δ⊥ij (n(x))nλ(x)∇λvi(x). (21)

�´ ²μ£¨Î´Ò³ μ¡· §μ³ ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¤²Ö ±μ´Ëμ·³ Í¨μ´´μ°
¸É¥¶¥´¨ ¸¢μ¡μ¤Ò l(x)

l̇(x) = −vs (x)∇sl(x) − l (x) δ⊥ij (n (x))∇jvi(x). (22)

”μ·³Ê²Ò (9), (19), (21), (22) ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¶μ²´Ò° ´ ¡μ· Ê· ¢´¥´¨°
¨¤¥ ²Ó´μ° £¨¤·μ¤¨´ ³¨±¨ μ¤´μμ¸´μ£μ ´¥³ É¨± , ¸μ¸ÉμÖÐ¥£μ ¨§ ¸É¥·¦´¥¶μ-
¤μ¡´ÒÌ ³μ²¥±Ê², ¸ ÊÎ¥Éμ³ ¤¥Ëμ·³ Í¨° ³μ²¥±Ê²Ò ¸·¥¤Ò.

ˆ¸¸²¥¤Ê¥³ ¸¶¥±É·Ò ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨° ´  μ¸´μ¢¥ ¶μ²ÊÎ¥´´ÒÌ
Ê· ¢´¥´¨° μ¤´μμ¸´μ£μ ´¥³ É¨±  ¸ ³μ²¥±Ê² ³¨ ¸É¥·¦´¥¶μ¤μ¡´μ° Ëμ·³Ò. �μ-
² £ ¥³, ÎÉμ ¸μ¸ÉμÖ´¨¥ · ¢´μ¢¥¸¨Ö É ±μ° ¸·¥¤Ò μ¤´μ·μ¤´μ ¨ ¸·¥¤  ± ± Í¥²μ¥
¶μ±μ¨É¸Ö: πk = vk = 0. Š·μ³¥ Éμ£μ, ÊÎÉ¥³, ÎÉμ ¢Ò· ¦¥´¨¥ ¤²Ö Ô´¥·£¨¨ Ö¢²Ö-
¥É¸Ö Î¥É´μ° ËÊ´±Í¨¥° ¢¥±Éμ·  n: ε(n) = ε(−n) ¨ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¢¨¤μ³
Ô´¥·£¨¨ ”· ´±  (20) Ô´¥·£¨Ö ¢ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥ Å ±¢ ¤· É¨Î´ Ö ËÊ´±Í¨Ö
¶μ £· ¤¨¥´É ³ ÔÉμ£μ ¢¥±Éμ· . “ÎÉ¥³ É ±¦¥, ÎÉμ ¢ ´¥¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸Éμ-
Ö´¨¨ ¶·¨ l = l0 ·¥ ²¨§Ê¥É¸Ö ³¨´¨³Ê³ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ε: (∂ε/∂l)l=l0

= 0,(
∂2ε/∂l2

)
l=l0

> 0.
Š·μ³¥ Éμ£μ, ¸² £ ¥³μ¥ ∂2ε/∂l∂n ¶μ² £ ²μ¸Ó ³ ²Ò³ ¶μ ¸· ¢´¥´¨Õ

¸ ∂2ε/∂l2. ‚ ·¥§Ê²ÓÉ É¥ ¶·¨Ìμ¤¨³ ± ¸¨¸É¥³¥ ²¨´¥°´ÒÌ ¨ μ¤´μ·μ¤´ÒÌ Ê· ¢-
´¥´¨°

Dij (k, ω) δvj (k, ω) = 0, (23)

Dij (k, ω) = ω2δij − kikj
∂P

∂ρ
− Ti (k) Tj (k) ,

£¤¥ ¢¥²¨Î¨´  Ti(k) μ¶·¥¤¥²Ö¥É¸Ö · ¢¥´¸É¢μ³ Ti(k) ≡ c
√

λδ⊥il (n)kl, ¡¥§· §-

³¥·´ Ö ¢¥²¨Î¨´  λ ≡ l2

ρc2

∂2ε

∂l2
> 0 ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° μÉ´μÏ¥´¨¥ ¶²μÉ´μ¸É¨
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Ê¶·Ê£μ° Ô´¥·£¨¨ ¤¥Ëμ·³ Í¨¨ ¸É¥·¦´Ö ± ¶²μÉ´μ¸É¨ ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨,
c Å ¸±μ·μ¸ÉÓ  ±Ê¸É¨Î¥¸±¨Ì ¢μ²´ ¢ ¨§μÉ·μ¶´μ° Ë §¥ (13). “· ¢´¥´¨Ö (23)
¨³¥ÕÉ ´¥É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥ ¶·¨ μ¡· Ð¥´¨¨ ¢ ´Ê²Ó ¤¥É¥·³¨´ ´É 

det
∣∣ω2δij − kikjc

2 − Ti (k) Tj (k)
∣∣ = ω6 + ω4I4 + ω2I2 = 0. (24)

‡¤¥¸Ó

I4 = −k2c2 − c2λ
(
k2 − (kn)2

)
< 0,

I2 = c4λ
(
k2 − (kn)2

)
(kn)2 > 0.

’ ±¨³ μ¡· §μ³, ¢¨¤¨³, ÎÉμ ¢ μ¤´μμ¸´μ³ ´¥³ É¨±¥ ± ² ³¨É´μ£μ É¨¶  ¢ ¡¥§-
¤¨¸¸¨¶ É¨¢´μ³ ¶·¨¡²¨¦¥´¨¨ ¸ÊÐ¥¸É¢Ê¥É ·¥Ï¥´¨¥ ω = 0 ¨ ¢μ§³μ¦´μ · ¸-
¶·μ¸É· ´¥´¨¥ ¤¢ÊÌ  ±Ê¸É¨Î¥¸±¨Ì ¢¥É¢¥° ±μ²¥¡ ´¨° ω2

±(k) = c2
±(k/k)k2, ¸μ-

μÉ¢¥É¸É¢ÊÕÐ¨Ì ¶¥·¢μ³Ê ¨ ¢Éμ·μ³Ê §¢Ê±Ê. �¥Ï¥´¨¥ ¸μ §´ ±μ³ ®+¯ μÉ¢¥Î ¥É
¢¥É¢¨,  ´ ²μ£¨Î´μ° ¶¥·¢μ³Ê §¢Ê±Ê, ±μÉμ·Ò° ¨³¥¥É¸Ö ¨ ¢ ¨§μÉ·μ¶´μ° ¦¨¤±μ¸É¨.
�¥Ï¥´¨¥ ¸μ §´ ±μ³ ®−¯ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ´μ¢ÊÕ ¢¥É¢Ó ¢μ§¡Ê¦¤¥´¨°, μ¡Ê-
¸²μ¢²¥´´ÊÕ ÊÎ¥Éμ³ ±μ´Ëμ·³ Í¨μ´´μ£μ Ë ±Éμ·  ¦¨¤±μ£μ ±·¨¸É ²²  Å ¤²¨´Ò
¸É¥·¦´¥¶μ¤μ¡´μ° ³μ²¥±Ê²Ò. ‘ÊÐ¥¸É¢μ¢ ´¨¥ ÔÉμ° ³μ¤Ò μ¡Ê¸²μ¢²¥´μ ¤¥Ëμ·-
³ Í¨Ö³¨ ³μ²¥±Ê² ¸·¥¤Ò. ‚ ¸Ë¥·¨Î¥¸±μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É kn = k cos θ, £¤¥
θ Å ¶μ²Ö·´Ò° Ê£μ², § ¤ ÕÐ¨° ´ ¶· ¢²¥´¨¥ ¢μ²´μ¢μ£μ ¢¥±Éμ·  k. ‚ É¥·³¨´ Ì
ÔÉμ£μ Ê£²  ¸±μ·μ¸É¨ c± ¨³¥ÕÉ ¢¨¤ [41]

c± (θ) =
c√
2

{
1 + λ sin2 θ ±

[(
1 + λ sin2 θ

)2 − λ sin2 2θ
]1/2

}1/2

(25)

¨ ¸ÊÐ¥¸É¢ÊÕÉ ¶·¨ ¶·μ¨§¢μ²Ó´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  λ � 0 ¨ ¶μ²Ö·´μ£μ
Ê£² . Šμ³¶ÓÕÉ¥·´ Ö £· Ë¨±  · ¸±·Ò¢ ¥É Ì · ±É¥·  ´¨§μÉ·μ¶¨¨ ¸¶¥±É·μ¢ (25)
(¸³. ·¨¸. 1, a, ¡), ´  ±μÉμ·ÒÌ Ë·μ´É · ¸¶·μ¸É· ´¥´¨Ö ¢μ²´ ¶·¨¢¥¤¥´ ¢ ¢¨¤¥
¸·¥§  ¢¤μ²Ó μ¸¨ ¶·μ¸É· ´¸É¢¥´´μ°  ´¨§μÉ·μ¶¨¨).

“¢¥²¨Î¥´¨¥ ¶ · ³¥É·  λ ¶·¨¢μ¤¨É ± μ¶·¥¤¥²¥´´μ³Ê Ê³¥´ÓÏ¥´¨Õ ¸±μ·μ-
¸É¨ c+ ¢¡²¨§¨ §´ Î¥´¨° ¶μ²Ö·´μ£μ Ê£²  θ = 0 ¨ θ = π. „²Ö §¢Ê±  c− ¨§³¥´¥-
´¨¥ É¥·³μ¤¨´ ³¨Î¥¸±μ£μ ¶ · ³¥É·  λ ´¥ ¶·¨¢μ¤¨É ± ± Î¥¸É¢¥´´μ³Ê ¨§³¥´¥-
´¨Õ ¢¨¤  Ë·μ´É  · ¸¶·μ¸É· ´¥´¨Ö ÔÉμ£μ §¢Ê± . � ¸Î¥É´Ò¥ Ê£²μ¢Ò¥ §´ Î¥´¨Ö
ÉμÎ¥± Ô±¸É·¥³Ê³  (θ = π/4) ¤²Ö ¸±μ·μ¸É¨ §¢Ê±  c− ¸μ¢¶ ¤ ÕÉ ¸ ¤ ´´Ò³¨
¢Ò¶μ²´¥´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¤²Ö ÔÉμ£μ §¢Ê±  [68, 69].

�·μ¸É· ´¸É¢¥´´ Ö  ´¨§μÉ·μ¶¨Ö ¶¥·¢μ£μ §¢Ê±  ¨§ÊÎ ² ¸Ó ¢ · ¡μÉ Ì [70]
¤²Ö ´¥³ É¨Î¥¸±¨Ì · ¸É¢μ·μ¢ ¶μ²¨³¥·μ¢. �μ± § ´μ ¡μ²ÓÏμ¥ (20 %) ¨§³¥´¥´¨¥
¢¥²¨Î¨´Ò ¸±μ·μ¸É¨ ¶¥·¢μ£μ §¢Ê±  ¤²Ö É ±μ° ¸·¥¤Ò. ˆ¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ê (25)
¤²Ö ¸±μ·μ¸É¨ §¢Ê±  c+ (θ) ¶·¨ Ê£² Ì 0, π/2, ³μ¦´μ μÍ¥´¨ÉÓ ¢¥²¨Î¨´Ê λ:
c+ (π/2) /c+ (0) = 1,2 =

√
1 + λ. �É¸Õ¤  λ = 0,44. �ÉμÉ ·¥§Ê²ÓÉ É ¸μ-

£² ¸Ê¥É¸Ö ¸ ¤ ´´Ò³¨ · ¡μÉÒ [4], ¢ ±μÉμ·μ° Ì · ±É¥·´Ò¥ ³ ¸ÏÉ ¡Ò ¨§³¥´¥´¨Ö
¶ · ³¥É·  λ É ±μ¢Ò: 10−2 < λ < 1.
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�¨¸. 1. ‡ ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¥° c± μÉ ¶μ²Ö·´μ£μ Ê£²  ¶·¨ λ = 1

‚Ò¶¨Ï¥³ ¢Ò· ¦¥´¨Ö ¸±μ·μ¸É¥° §¢Ê±μ¢ c± ¢ μ¡² ¸É¨ ³ ²ÒÌ §´ Î¥´¨°
¶ · ³¥É·  λ � 1:

c+ ≈ c

(
1 +

λ

2
sin4 θ

)
, c− ≈ c

2

√
λ |sin 2θ| . (26)

Œ ² Ö ¤μ¡ ¢±  ¢ ¸±μ·μ¸É¨ ¶¥·¢μ£μ §¢Ê±  ¶·¨¢μ¤¨É ± ¸² ¡μ° ¥£μ  ´¨§μÉ·μ-
¶¨¨. ‘±μ·μ¸ÉÓ ¢Éμ·μ£μ §¢Ê±  ¸ÊÐ¥¸É¢¥´´μ  ´¨§μÉ·μ¶´ Ö ¨ ¶·¨ ¸É·¥³²¥´¨¨
¶ · ³¥É·  λ → 0 ¨¸Î¥§ ¥É: c− → 0. ‚ ÔÉμ° μ¡² ¸É¨ §´ Î¥´¨° ¶ · ³¥-
É·  ²¥£±μ ¶·μ ´ ²¨§¨·μ¢ ÉÓ ´  Ô±¸É·¥³Ê³ ¢Ò· ¦¥´¨Ö ¤²Ö ¸±μ·μ¸É¥° ¶¥·-
¢μ£μ ¨ ¢Éμ·μ£μ §¢Ê±μ¢ (26). „²Ö ¶¥·¢μ£μ §¢Ê±  ¶μ²ÊÎ¨³ min c+ = c ¶·¨
θ0 = 0, π ¨ max c+ = c (1 + λ/2) ¶·¨ θ0 = π/2. �´ ²μ£¨Î´μ ¤²Ö ¢Éμ-
·μ£μ §¢Ê±  ¨³¥¥³ min c− = 0 ¶·¨ θ0 = 0; π/2; π ¨ max c− = c

√
λ/2 ¶·¨

θ0 = π/4; 3π/4.
ˆ¸¸²¥¤Ê¥³ ¶μ²Ö·¨§ Í¨μ´´ÊÕ ¸É·Ê±ÉÊ·Ê ¶μ²ÊÎ¥´´ÒÌ  ±Ê¸É¨Î¥¸±¨Ì ¸¶¥±-

É·μ¢. � ¸¸³μÉ·¨³ ·¥Ï¥´¨¥ ¤²Ö ¢¥±Éμ·  δv
(0)
j (k), ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ³μ¤¥ ω = 0.

„²Ö ÔÉμ£μ · §²μ¦¨³ ÔÉμÉ ¢¥±Éμ· ¶μ É·μ°±¥ μ·Éμ£μ´ ²Ó´ÒÌ ¢¥±Éμ·μ¢

δv
(0)
j (k) = kjδv

(0)
|| (k) + [k × n]j δv

(0)
1⊥ (k) +

[[k × n] × k]j
k

δv
(0)
2⊥ (k) . (27)

“Î¨ÉÒ¢ Ö Ö¢´Ò° ¢¨¤ ¢¥±Éμ·  Ti(k) ¨ Ëμ·³Ê²Ê (23), ¢¨¤¨³, ÎÉμ δv
(0)
|| = δv

(0)
2⊥ =

0, ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¢¥±Éμ· δv
(0)
j (k) = [k × n]j δv

(0)
1⊥(k) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°

¶μ¶¥·¥Î´μ-¶μ²Ö·¨§μ¢ ´´Ò° §¢Ê± ¸ ´¥Î¥É´μ° ¶μ²Ö·¨§ Í¨¥° ¶μ ¢μ²´μ¢μ³Ê ¢¥±-
Éμ·Ê k → −k.

� ¸¸³μÉ·¨³ É¥¶¥·Ó ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (23), ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ³μ¤ ³ ω =
kc±. ‚Ò· ¦¥´¨¥ ¤²Ö δv

(±)
j (k) ¨Ð¥³ ¢ ¢¨¤¥,  ´ ²μ£¨Î´μ³ (27). ˆ§ (23) ´ °¤¥³,
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ÎÉμ δv
(±)
1⊥ (k) = 0. �É±Ê¤ 

δv
(±)
j (k) = kjδv

(±)
|| (k) +

[[k × n] × k]j
k

δv⊥2 (k) .

�É¨ ¤¢  ·¥Ï¥´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶¥·¢μ³Ê ¨ ¢Éμ·μ³Ê §¢Ê± ³, Ö¢²ÖÕÉ¸Ö ¸Ê-
¶¥·¶μ§¨Í¨¥° ¶·μ¤μ²Ó´μ° ¨ ¶μ¶¥·¥Î´μ° ±μ³¶μ´¥´É, ¶·¨Î¥³ ¸¢Ö§Ó ÔÉ¨Ì  ³¶²¨-
ÉÊ¤ ±μ²¥¡ ´¨° ¨³¥¥É ¢¨¤

δv
(±)
2⊥ (k)

δv
(±)
|| (k)

=
−k5

(
c2
± − c2

)
+ λc2kk4

⊥
λc2k||k

4
⊥

, (28)

£¤¥ k|| ≡ kn, k⊥ ≡
√

k2 − k2
||.

� ¸¸³μÉ·¨³ ¢²¨Ö´¨¥ ¢´¥Ï´¥£μ ¶¥·¥³¥´´μ£μ ¶μ²Ö ´  ¤¨´ ³¨±Ê ¨§ÊÎ ¥-
³μ° ¸·¥¤Ò. ƒ ³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò ¢ ÔÉμ³ ¸²ÊÎ ¥ H = H + V ¸μ¸Éμ¨É ¨§
£ ³¨²ÓÉμ´¨ ´  ¸·¥¤Ò H ¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ ¢´¥Ï´¨³ ¶μ²¥³

H =
∫

d3xε
(
ζ

a
(x), ni (x) ,∇ni (x) , l(x)

)
,

V =
∫

d3xξ (x, t) b
(
ζ

a
(x) , ni (x) ,∇ni (x) , l (x)

)
,

(29)

§¤¥¸Ó ξ(x, t) Å ¢´¥Ï´¥¥ ¶μ²¥, ¤μ¸É ÉμÎ´μ ³¥¤²¥´´μ ¨§³¥´ÖÕÐ¥¥¸Ö ¢ ¶·μ-
¸É· ´¸É¢¥ ¨ ¢·¥³¥´¨; b(ζ

a
, ni,∇ni, l) Å ¶·μ¨§¢μ²Ó´ Ö ²μ± ²Ó´ Ö Ë¨§¨Î¥¸± Ö

¢¥²¨Î¨´ , ±μÉμ· Ö ¢ μ¡² ¸É¨ ¡μ²ÓÏ¨Ì ¢·¥³¥´ ¸É ´μ¢¨É¸Ö ËÊ´±Í¨¥° ¶ · ³¥-
É·μ¢ ¸μ±· Ð¥´´μ£μ μ¶¨¸ ´¨Ö. ‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ £ ³¨²ÓÉμ´μ¢  ¶μ¤Ìμ¤  ´ ³¨
¶μ²ÊÎ¥´Ò Ê· ¢´¥´¨Ö ¤¨´ ³¨±¨ μ¤´μμ¸´μ£μ ´¥³ É¨±  ¸ ³μ²¥±Ê² ³¨ ¸É¥·¦´¥-
¶μ¤μ¡´μ° Ëμ·³Ò ¢μ ¢´¥Ï´¥³ ¶¥·¥³¥´´μ³ ¶μ²¥ [67]:

ρ̇ = −∇iπi + ηρ, π̇i = −∇ktik + ηπi , σ̇ = −∇k (σvk) + ησ,
(30)

l̇ = −vs∇sl − lδ⊥ij (n)∇jvi + ηl, ṅj = −vs∇snj + δ⊥ij (n)nk∇kvi + ηnj ,

£¤¥ η Å ¨¸ÉμÎ´¨±¨, μ¡Ê¸²μ¢²¥´´Ò¥ ¢´¥Ï´¨³ ¶μ²¥³. ˆ¸¶μ²Ó§ÊÖ Ö¢´Ò° ¢¨¤
¸±μ¡μ± �Ê ¸¸μ´  (5), (6), (16), (17) ¨ ¸É·Ê±ÉÊ·Ê £ ³¨²ÓÉμ´¨ ´  (29), ´ °¤¥³
Ö¢´Ò° ¢¨¤ ÔÉ¨Ì ¨¸ÉμÎ´¨±μ¢

ηρ = −ρ
∂b

∂πi
∇iξ, ηnj = nkδ⊥ij (n)

∂b

∂πi
∇kξ,

ηl = −lδ⊥ji (n)
∂b

∂πi
∇jξ, ησ = −σ

∂b

∂πi
∇iξ,

ηπj = −ζ
a

∂b

∂ζ
a

∇jξ − lδ⊥jk (n)
∂b

∂l
∇kξ +

(
∂b

∂ni
−∇λ

∂b

∂∇λni

)
δ⊥ji (n)nk∇kξ.
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•μ·μÏμ ¨§¢¥¸É´μ, ÎÉμ μÉ±²μ´¥´¨¥ μÉ ¸μ¸ÉμÖ´¨Ö · ¢´μ¢¥¸¨Ö ¶·μ¨§¢μ²Ó´μ°
²μ± ²Ó´μ° ¤¨´ ³¨Î¥¸±μ° ¢¥²¨Î¨´Ò δaξ, ²¨´¥°´μ¥ ¶μ ¶μ²Õ ξ, ¨³¥¥É ¢¨¤

δaξ (x, t) =
∫

d3x′
∞∫

−∞

d t′ξ (x′, t′) Gab (x − x′, t − t′) .

‡¤¥¸Ó Gab(x − x′, t − t′) Å ¤¢ÊÌ¢·¥³¥´´ Ö ËÊ´±Í¨Ö ƒ·¨´ . �¥·¥Ìμ¤Ö ± ËÊ·Ó¥-
±μ³¶μ´¥´É ³ ¶μ Ëμ·³Ê² ³

a (x, t) = (2π)−4
∫

d3k

∫
dω e−i(ωt−kx) a (k, ω),

¶μ²ÊÎ¨³ · ¢¥´¸É¢μ

δaξ (k, ω) = Gab (k, ω) δ ξ (k, ω) . (31)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¢¥²¨Î¨´Ê δaξ(x, t) ¢ μ¡² ¸É¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì ¢·¥³¥´
(t � τr , τr Å ¢·¥³Ö ·¥² ±¸ Í¨¨) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

δaξ (x, t) =
∂a

∂ζ
α

δζ
α

(x, t) +
∂a

∂nk
δnk (x, t) +

∂a

∂l
δl (x, t) , (32)

£¤¥ δζ
a
≡ δσ, δπk, δρ ¨ δl, δnk Å μÉ±²μ´¥´¨Ö ¢¥²¨Î¨´ σ, πk , ρ, l, nk

μÉ ¨Ì · ¢´μ¢¥¸´ÒÌ §´ Î¥´¨°. �É±²μ´¥´¨Ö δζ
a
, δl, δnk ³μ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò

¢ ·¥§Ê²ÓÉ É¥ ·¥Ï¥´¨Ö ²¨´¥ ·¨§μ¢ ´´ÒÌ Ê· ¢´¥´¨° (30). „ ²¥¥, ¸· ¢´¨¢ Ö
Ëμ·³Ê²Ê (31) ¸ (32), ´ °¤¥³ ËÊ·Ó¥-±μ³¶μ´¥´ÉÒ ËÊ´±Í¨° ƒ·¨´  Gab(k, ω) ¢
μ¡² ¸É¨ ³ ²ÒÌ ¢μ²´μ¢ÒÌ ¢¥±Éμ·μ¢ ¨ Î ¸ÉμÉ. ‚Ò¶μ²´ÖÖ Ê± § ´´Ò¥ ¤¥°¸É¢¨Ö,
³Ò ¶μ²ÊÎ¨²¨ ¢¨¤ ´¨§±μÎ ¸ÉμÉ´ÒÌ  ¸¨³¶ÉμÉ¨± ËÊ´±Í¨° ƒ·¨´ 

Gab (k, ω) = −La
i (k, ω)

D−1
ij (k, ω)

ρ
Lb

j (−k,−ω) − ρ
∂a

∂πi

∂b

∂πi
, (33)

£¤¥ ¢¢¥¤¥´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

La
i (k, ω) = ζ

a

∂a

∂ζ
a

ki + l
∂a

∂l
δ⊥ji (n) kj + ωρ

∂a

∂πi
+

+
(

∂a

∂nj
− ikλ

∂a

∂∇λnj

)
δ⊥ij (n)nkkk. (34)
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‚Ò¶¨Ï¥³ ¢ Ö¢´μ³ ¢¨¤¥ ´¥±μÉμ·Ò¥  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨° ƒ·¨´ 

Gρρ = ρ
ω2

(
k2
|| + k2

⊥

)
− λc2k2

||k
2
⊥

ω4 − c2ω2
((

k2
|| + k2

⊥

)
+ λk2

⊥

)
+ λc4k2

||k
2
⊥

,

Gll =
l2

ρ

k2
⊥

(
ω2 − c2k2

||

)
ω4 − c2ω2

((
k2
|| + k2

⊥

)
+ λk2

⊥

)
+ λc4k2

||k
2
⊥

,

(35)

Gninj =
k2
||

ω2
(
ω4 − c2ω2

((
k2
|| + k2

⊥

)
+ λk2

⊥

)
+ λc4k2

||k
2
⊥

)×
×
{

δ⊥ijω
2
(
ω2 − c2

(
k2
|| + k2

⊥

)
− λc2k2

⊥

)
+

+ ω2c2 (1 + λ)
(
ki − nik||

) (
kj − njk||

)
+ λc4k2

|| (k × n)i (k × n)j

}
.

�·¨ ¶·¥¤¥²Ó´μ³ ¶¥·¥Ìμ¤¥ ± ¨§μÉ·μ¶´μ° ¦¨¤±μ¸É¨ ¤²Ö ËÊ´±Í¨¨ ƒ·¨´  ®¶²μÉ-
´μ¸ÉÓÄ¶²μÉ´μ¸ÉÓ¯ ¶μ²ÊÎ¨³ ¨§¢¥¸É´Ò¥ ¢Ò· ¦¥´¨Ö, ¶·¨¢¥¤¥´´Ò¥ ¢ [21].

„²Ö ËÊ´±Í¨° ƒ·¨´  ³μ¦´μ ¶μ²ÊÎ¨ÉÓ  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö ¢ ¸²Ê-
Î ÖÌ ¶·¥¤¥²Ó´ÒÌ ¶¥·¥Ìμ¤μ¢ ¸ ³ ²Ò³¨ ¢μ²´μ¢Ò³¨ ¢¥±Éμ· ³¨ ¨ Î ¸ÉμÉ ³¨
k||, k⊥, ω. �É³¥É¨³, ÎÉμ ¢¢¨¤Ê ¸¨²Ó´μ° ¶·μ¸É· ´¸É¢¥´´μ°  ´¨§μÉ·μ¶¨¨ · ¸-
¸³ É·¨¢ ¥³μ° ±μ´¤¥´¸¨·μ¢ ´´μ° ¸·¥¤Ò ¢¨¤  ¸¨³¶ÉμÉ¨± ËÊ´±Í¨° ƒ·¨´  ¡Ê¤¥É
§ ¢¨¸¥ÉÓ μÉ ¶μ·Ö¤±  ¶·¥¤¥²Ó´ÒÌ ¶¥·¥Ìμ¤μ¢. �·μ¨²²Õ¸É·¨·Ê¥³ ÔÉμ ÊÉ¢¥·¦¤¥-
´¨¥ ´  ¶·¨³¥·¥ ´¥±μÉμ·ÒÌ ËÊ´±Í¨° ƒ·¨´ 

lim
k||→0

lim
ω→0

lim
k⊥→0

Gρρ

(
k||, k⊥, ω

)
= − ρ

c2
,

lim
ω→0

lim
k||→0

lim
k⊥→0

Gρρ

(
k||, k⊥, ω

)
= 0,

lim
k⊥→0

lim
ω→0

lim
k||→0

Gρρ = − ρ

c2 (1 + λ)
,

lim
k||→0

lim
k⊥→0

lim
ω→0

Gll

(
k||, k⊥, ω

)
= − l2

ρc2λ
,

lim
k⊥→0

lim
ω→0

lim
k||→0

Gll = − l2

ρc2 (1 + λ)
,

lim
ω→0

lim
k⊥→0

lim
k||→0

Gll = 0.

(36)

�·¨¢¥¤¥´´Ò¥ ´¨§±μÎ ¸ÉμÉ´Ò¥  ¸¨³¶ÉμÉ¨±¨ (36) ´¥ ¸μ¤¥·¦ É · ¸Ìμ¤¨³μ-
¸É¨ É¨¶  1/k2, 1/k. �·¨Î¨´  ÔÉμ£μ ¸¢Ö§ ´  ¸ É¥³, ÎÉμ ¢ μÉ²¨Î¨¥ μÉ · ¸-
¸³μÉ·¥´´ÒÌ ¸²ÊÎ ¥¢ ¸¢¥·ÌÉ¥±ÊÎ¨Ì ¨ ³ £´¨É´ÒÌ ¸¨¸É¥³ (¸³., ´ ¶·¨³¥·, · -
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¡μÉÒ [23, 24]) ¢ ´ ¡μ· ¶ · ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ μ¶¨¸ ´¨Ö ´¥ ¢Ìμ¤¨É ¶²μÉ-
´μ¸ÉÓ £¥´¥· Éμ·  ´ ·ÊÏ¥´´μ° ¸¨³³¥É·¨¨. ‚ ¤ ´´μ³ ¸²ÊÎ ¥ ÔÉμ° ¢¥²¨Î¨´μ°
Ö¢²Ö¥É¸Ö μ·¡¨É ²Ó´Ò° ³μ³¥´É, Ö¢²ÖÕÐ¨°¸Ö ¸μ¶·Ö¦¥´´Ò³ ¶μ μÉ´μÏ¥´¨Õ ±
μ¸¨  ´¨§μÉ·μ¶¨¨. ‚ Ê± § ´´ÒÌ · ¡μÉ Ì ´ ¡μ· £¨¤·μ¤¨´ ³¨Î¥¸±¨Ì ¶ · ³¥É·μ¢
¸μ¤¥·¦ ² ± ± ¶²μÉ´μ¸ÉÓ £¥´¥· Éμ·  ´ ·ÊÏ¥´´μ° ¸¨³³¥É·¨¨ (¶²μÉ´μ¸É¨ ³ ¸¸Ò
¨²¨ ¸¶¨´ ), É ± ¨ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ¸μ¶·Ö¦¥´´ÊÕ ¢¥²¨Î¨´Ê, ÎÉμ ¨ ¶·¨¢μ¤¨²μ
¢ ±μ´¥Î´μ³ ¨Éμ£¥ ± ¢ÒÏ¥Ê± § ´´Ò³ · ¸Ìμ¤¨³μ¸ÉÖ³.

3. „ˆ��Œˆ—…‘Šˆ… ���–…‘‘› ‚ �„���‘�›• �…Œ�’ˆŠ�•
‘ „ˆ‘Š���„���›Œˆ Œ�‹…Š“‹�Œˆ

•μ·μÏμ ¨§¢¥¸É´Ò ¦¨¤±¨¥ ±·¨¸É ²²Ò, ¸μ¸ÉμÖÐ¨¥ ¨§ ³μ²¥±Ê² ¤¨¸±μ¶μ¤μ¡-
´μ° Ëμ·³Ò ¨ É ±¦¥ μ¡² ¤ ÕÐ¨¥ μ¤´μμ¸´μ° ¸¨³³¥É·¨¥°. � ¶· ¢²¥´¨¥ μ·¨¥´-
É Í¨¨ É ±¨Ì ¦¨¤±¨Ì ±·¨¸É ²²μ¢ μ¶·¥¤¥²Ö¥É¸Ö ¥¤¨´¨Î´Ò³ ¢¥±Éμ·μ³ ´μ·³ ²¨
± ¶²μ¸±μ¸É¨ É ±¨Ì ³μ²¥±Ê². ˆ§ÊÎ¥´¨¥ ¤¨´ ³¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ±μ´¤¥´¸¨-
·μ¢ ´´μ° ¸·¥¤Ò ¸ ¤¨¸±μ¶μ¤μ¡´μ° Ëμ·³μ° ³μ²¥±Ê² ³Ò ¶·μ¢¥¤¥³  ´ ²μ£¨Î´μ
· ´¥¥ · ¸¸³μÉ·¥´´μ³Ê ¸²ÊÎ Õ ¸·¥¤Ò ¸μ ¸É¥·¦´¥¶μ¤μ¡´Ò³¨ ³μ²¥±Ê² ³¨. „²Ö
ÔÉμ£μ ¢¢¥¤¥³ ¸¥³¥°¸É¢μ ¶μ¢¥·Ì´μ¸É¥°, ± ¸ É¥²Ó´Ò¥ ¶μ¢¥·Ì´μ¸É¨ ± ±μÉμ·Ò³
¢ ± ¦¤μ° ÉμÎ±¥ ¸μ¢¶ ¤ ÕÉ ¸ ¶²μ¸±μ¸ÉÖ³¨ ¤¨¸±μ¢. „¢  ´¥±μ²²¨´¥ ·´ÒÌ ¢¥±-
Éμ·  li(x), fi(x), μ¶·¥¤¥²ÖÕÐ¨Ì ¤¥Ëμ·³¨·μ¢ ´´μ¥ ¶μ²μ¦¥´¨¥ ¶²μ¸±μ¸É¨, ³μ-
£ÊÉ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò ¢ ¢¨¤¥

li (x) = b−1
ij (x) lj , fi (x) = b−1

ij (x)fj , (37)

£¤¥ li, fi Å ¶μ¸ÉμÖ´´Ò¥ ´¥±μ²²¨´¥ ·´Ò¥ ¢¥±Éμ·Ò, μ¶·¥¤¥²ÖÕÐ¨¥ ¶μ²μ¦¥´¨¥
¶²μ¸±μ¸É¨ ´¥¤¥Ëμ·³¨·μ¢ ´´μ£μ ¸μ¸ÉμÖ´¨Ö. ’μ£¤  ¢¥±Éμ· ´μ·³ ²¨ ± ¶²μ¸±μ-
¸É¨, ´ ÉÖ´ÊÉμ° ´  ¢¥±Éμ·Ò li(x), fi(x), · ¢¥´

di (x) = dk
∂ξk

∂xi
≡ dkbki (x) . (38)

‡¤¥¸Ó d = l × f Å ¢¥±Éμ·, μ¶·¥¤¥²ÖÕÐ¨° ´ ¶· ¢²¥´¨¥ ¶·μ¸É· ´¸É¢¥´´μ°
 ´¨§μÉ·μ¶¨¨ ni = di/d ¨ ¤¨ ³¥É· ¤¨¸±μ¶μ¤μ¡´μ° ³μ²¥±Ê²Ò d =

√
d2

i ¢ ´¥-
¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨. …¤¨´¨Î´Ò° ¢¥±Éμ· ´μ·³ ²¨ ± ¶²μ¸±μ¸É¨ ¤¨¸-
±μ¶μ¤μ¡´μ° ³μ²¥±Ê²Ò ¨ ³μ¤Ê²Ó ¢¥±Éμ·  di(x), ¨³¥ÕÐ¨° Ë¨§¨Î¥¸±¨° ¸³Ò¸²
¤¨ ³¥É·  ¤¨¸±μ¶μ¤μ¡´μ° ³μ²¥±Ê²Ò ¢ ¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨, μ¶·¥¤¥-
²¨³ Ëμ·³Ê²μ°

ni (x) =
di (x)
d (x)

, d (x) =
(
d2

i (x)
)1/2

. (39)

ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥ ¢¥±Éμ·   ´¨§μÉ·μ¶¨¨ ni(x) (39) ¨ Ëμ·³Ê²Ò (6), (37),
(38) ¤²Ö ¢¥²¨Î¨´ πi(x), ni(x), d(x) ≡ |d(x)|, ¶μ²ÊÎ¨³ ¸±μ¡±¨ �Ê ¸¸μ´ 

{πi (x) , nj (x′)} = δ (x − x′)∇inj (x) + δ⊥jk (n (x′))ni (x′)∇′
kδ (x − x′) ,

(40)

{πi(x), d(x′)} = δ(x − x′)∇id(x) + d(x′)ni(x′)nj(x′)∇′
jδ(x − x′).
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‚¨¤¨³, ÎÉμ ¸±μ¡±¨ �Ê ¸¸μ´  (16), (17), ´ °¤¥´´Ò¥ ¤²Ö μ¤´μμ¸´μ£μ ´¥³ É¨± 
¸ ³μ²¥±Ê² ³¨ ¸É¥·¦´¥¶μ¤μ¡´μ° Ëμ·³Ò, μÉ²¨Î ÕÉ¸Ö μÉ ¸±μ¡μ± �Ê ¸¸μ´  (40),
¶μ²ÊÎ¥´´ÒÌ ¤²Ö μ¤´μμ¸´μ£μ ´¥³ É¨±  ¸ ³μ²¥±Ê² ³¨ ¤¨¸±μ¶μ¤μ¡´μ° Ëμ·³Ò.

�²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ Ö¢²Ö¥É¸Ö
ËÊ´±Í¨¥° ¶²μÉ´μ¸É¥°  ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö, μ·¨¥´É Í¨μ´´μ£μ
¨ ±μ´Ëμ·³ Í¨μ´´μ£μ ¶ · ³¥É·μ¢ Φ(x) = Φ(ρ(x), σ(x), ni(x),∇ni(x), d(x)).
�²μÉ´μ¸É¨ ¶μÉμ±μ¢  ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ¢ÒÎ¨¸²ÖÕÉ¸Ö  ´ ²μ-
£¨Î´μ ¶·¥¤Ò¤ÊÐ¥³Ê · §¤¥²Ê. �·¨¢¥¤¥³ ·¥§Ê²ÓÉ É [41]:

ζak = − ∂

∂Ya

ωYk

Y0
+
[

∂ω

∂∇knj
∇inj + niδ

⊥
kλ (n)×

×
(

∂ω

∂nλ
−∇j

∂ω

∂∇jnλ

)
+

∂ω

∂d
dnink

]
∂

∂Ya

Yi

Y0
. (41)

“· ¢´¥´¨Ö, μÉ· ¦ ÕÐ¨¥ § ±μ´Ò ¸μÌ· ´¥´¨Ö Î¨¸²  Î ¸É¨Í, ¨³¶Ê²Ó¸  ¨ Ô´¥·-
£¨¨ ¢ ¤¨ËË¥·¥´Í¨ ²Ó´μ° Ëμ·³¥ ¤²Ö ¨§ÊÎ ¥³μ° ¸·¥¤Ò, ¨³¥ÕÉ ¢¨¤ (9), (41).
�μ²ÊÎ¨³ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¤²Ö ¥¤¨´¨Î´μ£μ ¢¥±Éμ·  nj(x). �¡· Ð Ö¸Ó ±
Ê· ¢´¥´¨Õ (1), ¨³¥¥³

ṅj (x) = −vs (x)∇snj (x) − ni (x) δ⊥jλ (n (x))∇λvi (x) .

�´ ²μ£¨Î´Ò³ μ¡· §μ³ ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö ¤²Ö ±μ´Ëμ·³ Í¨μ´´μ°
¸É¥¶¥´¨ ¸¢μ¡μ¤Ò d(x)

ḋ (x) = −vs (x)∇sd (x) − d (x)nk (x)nl (x)∇kvl (x) .

ˆ¸¸²¥¤Ê¥³ ¸¶¥±É·Ò ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨° ´  μ¸´μ¢¥ ¶μ²ÊÎ¥´´ÒÌ
Ê· ¢´¥´¨° μ¤´μμ¸´μ£μ ´¥³ É¨±  ¸ ³μ²¥±Ê² ³¨ ¤¨¸±μ¶μ¤μ¡´μ° Ëμ·³Ò. ‹¥£±μ
¢¨¤¥ÉÓ, ÎÉμ ¤¨¸¶¥·¸¨μ´´μ¥ Ê· ¢´¥´¨¥ ¨³¥¥É ¢¨¤ (24), ¢ ±μÉμ·μ³

I4 = −k2c2 − c2λ (kn)2 � 0, I2 = c4λ
(
k2 − (kn)2

)
(kn)2 � 0,

Ti (k) ≡ c
√

λ (kn)ni, λ =
d2

ρc2

∂2ε

∂d2
> 0.

�É¸Õ¤  ¶·¨Ìμ¤¨³ ±  ±Ê¸É¨Î¥¸±¨³ ¸¶¥±É· ³ ω±(k) = c±(k/k)k. ‚ ÔÉμ³
¸²ÊÎ ¥ É ±¦¥ ¶μ²ÊÎ ÕÉ¸Ö ¤¢¥  ´¨§μÉ·μ¶´Ò¥ ¸±μ·μ¸É¨  ±Ê¸É¨Î¥¸±¨Ì ¢μ²´ [41]

c± (θ) =
c√
2

{
1 + λ cos2 θ ±

[(
1 + λ cos2 θ

)2 − λ sin2 2θ
]1/2

}1/2

. (42)

‚¨¤¨³, ÎÉμ  ´ ²¨É¨Î¥¸±μ¥ ¢Ò· ¦¥´¨¥ (42) ¤²Ö ¸±μ·μ¸É¥° ¤¢ÊÌ  ±Ê¸É¨Î¥¸±¨Ì
¢μ²´ ¢ ¸²ÊÎ ¥ ¤¨¸±μ¶μ¤μ¡´ÒÌ ³μ²¥±Ê² μÉ²¨Î ¥É¸Ö μÉ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¢Ò-
· ¦¥´¨Ö (25), ¸¶· ¢¥¤²¨¢μ£μ ¤²Ö ¸É¥·¦´¥¶μ¤μ¡´ÒÌ ³μ²¥±Ê². • · ±É¥·  ´¨§μ-
É·μ¶¨¨ ¸¶¥±É·μ¢ (42) ¶·¥¤¸É ¢²¥´ ´  ·¨¸. 2, £¤¥, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥
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�¨¸. 2. ‡ ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¥° c± μÉ ¶μ²Ö·´μ£μ Ê£²  ¶·¨ λ = 1

μ¤´μμ¸´ÒÌ ¸É¥·¦´¥¶μ¤μ¡´ÒÌ ´¥³ É¨±μ¢, Ë·μ´É · ¸¶·μ¸É· ´¥´¨Ö ¢μ²´ ¶·¨-
¢¥¤¥´ ¢ ¢¨¤¥ ¸·¥§  ¢¤μ²Ó μ¸¨ ¶·μ¸É· ´¸É¢¥´´μ°  ´¨§μÉ·μ¶¨¨. „μ¶μ²´¨É¥²Ó-
´ Ö ³μ¤  μ¡Ê¸²μ¢²¥´  ¤¥Ëμ·³ Í¨¥° ¶²μÐ ¤±¨ ¤¨¸±μ¶μ¤μ¡´μ£μ ¦¨¤±μ£μ ±·¨-
¸É ²² . ‘· ¢´¨¢ Ö Ëμ·³Ê²Ò (25), (42) ¸ ·¥§Ê²ÓÉ É ³¨ · ¡μÉÒ [4], μÉ³¥É¨³,
ÎÉμ ¢ ¶μ¸²¥¤´¨Ì ¤μ¶μ²´¨É¥²Ó´Ò¥ ³μ¤Ò ¢ μ¤´μμ¸´ÒÌ ´¥³ É¨Î¥¸±¨Ì ¦¨¤±¨Ì
±·¨¸É ²² Ì, ¸¢Ö§ ´´Ò¥ ¸ ´ ·ÊÏ¥´´μ° ¸¨³³¥É·¨¥° μÉ´μ¸¨É¥²Ó´μ ¶μ¢μ·μÉμ¢
¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥, ¨³¥²¨ Î¨¸Éμ ¤¨¸¸¨¶ É¨¢´Ò° Ì · ±É¥·.
“Î¥É ±μ´Ëμ·³ Í¨μ´´μ° ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò, ± ± ³Ò Ê¢¨¤¥²¨, ¶·¨¢μ¤¨É ± ¢μ§-
³μ¦´μ¸É¨ · ¸¶·μ¸É· ´¥´¨Ö ¢Éμ·μ£μ §¢Ê±  Ê μ¡μ¨Ì É¨¶μ¢ μ¤´μμ¸´ÒÌ ´¥³ É¨-
±μ¢ Ê¦¥ ¢  ¤¨ ¡ É¨Î¥¸±μ³ ¶·¨¡²¨¦¥´¨¨. �·¨ ÔÉμ³  ´¨§μÉ·μ¶¨Ö ¢Éμ·μ£μ §¢Ê± 
¨³¥¥É £μ· §¤μ ¡μ²¥¥ ·¥§±¨° Ì · ±É¥· ¶μ ¸· ¢´¥´¨Õ ¸ ¶¥·¢Ò³ §¢Ê±μ³. ‘¨ÉÊ-
 Í¨Ö ¢ ´¥±μÉμ·μ° ¸É¥¶¥´¨  ´ ²μ£¨Î´  Éμ°, ±μÉμ· Ö ¨³¥¥É ³¥¸Éμ ¢ ¸³¥±É¨Î¥-
¸±¨Ì ¦¨¤±¨Ì ±·¨¸É ²² Ì, £¤¥ ¢μ§´¨±´μ¢¥´¨¥ ¢Éμ·μ£μ §¢Ê±  ¸¢Ö§ ´μ ¸ ¶μÖ¢²¥-
´¨¥³ ¢ ´ ¡μ·¥ £¨¤·μ¤¨´ ³¨Î¥¸±¨Ì ¶ · ³¥É·μ¢ ¤μ¶μ²´¨É¥²Ó´μ° ¸³¥±É¨Î¥¸±μ°
¶¥·¥³¥´´μ°.

Š ± ¢¨¤´μ ¨§ ¶·¨¢¥¤¥´´ÒÌ ·¨¸Ê´±μ¢, ¢¡²¨§¨ Ê£²μ¢ θ = π/2 ¸±μ·μ¸ÉÓ
c+ Ê³¥´ÓÏ ¥É¸Ö ¸ ·μ¸Éμ³ ¡¥§· §³¥·´μ£μ É¥·³μ¤¨´ ³¨Î¥¸±μ£μ ¶ · ³¥É·  λ.
„²Ö ¸±μ·μ¸É¨ c− ·¨¸Ê´±¨ ± Î¥¸É¢¥´´μ ¶μ¤μ¡´Ò  ´ ²μ£¨Î´Ò³ ·¨¸Ê´± ³ ¤²Ö
¸É¥·¦´¥¶μ¤μ¡´ÒÌ ´¥³ É¨Î¥¸±¨Ì ¦¨¤±¨Ì ±·¨¸É ²²μ¢, ¶·¨¢¥¤¥´´Ò³ ¢ · §¤. 2.

� ¸¸³μÉ·¨³ ¶μ¢¥¤¥´¨¥ ¸±μ·μ¸É¥° §¢Ê±  ¶·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ É¥·³μ¤¨´ -
³¨Î¥¸±μ£μ ¶ · ³¥É·  λ � 1. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ëμ·³Ê²μ° (42) ¨³¥¥³

c+ ≈ c

(
1 +

λ

2
cos4 θ

)
, c− ≈ c

2

√
λ |sin 2θ| . (43)

‚¨¤¨³, ÎÉμ ³ ² Ö ¤μ¡ ¢±  ¶·¨¢μ¤¨É ± ¸² ¡μ°  ´¨§μÉ·μ¶¨¨ ¸±μ·μ¸É¨ ¶¥·¢μ£μ
§¢Ê±  c+. ‘±μ·μ¸ÉÓ ¢Éμ·μ£μ §¢Ê±  c−  ´¨§μÉ·μ¶´ Ö. Š ± ¸²¥¤Ê¥É ¨§ Ëμ·-
³Ê² (26) ¨ (43), ¶·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  λ � 1 ¢¨¤ ¸±μ·μ¸É¨ ¢Éμ·μ£μ
§¢Ê±  c− ¢ ¨§ÊÎ ¥³ÒÌ μ¤´μμ¸´ÒÌ ´¥³ É¨± Ì ´¥ § ¢¨¸¨É μÉ Ëμ·³Ò ³μ²¥±Ê².
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�¡· É¨³ ¢´¨³ ´¨¥, ÎÉμ Ê£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¥° c+ ¨ c− μÉ ¶μ²Ö·-
´μ£μ Ê£²  ¸μ¢¶ ¤ ¥É ¸  ´ ²μ£¨Î´Ò³¨ ¢Ò· ¦¥´¨Ö³¨ ¤²Ö Ê£²μ¢μ° § ¢¨¸¨³μ¸É¨
¸±μ·μ¸É¥° §¢Ê±  μ¤´μμ¸´μ£μ ´¥³ É¨±  ¢¡²¨§¨ ÉμÎ±¨ Ë §μ¢μ£μ ¶¥·¥Ìμ¤  ¢ ¸³¥±-
É¨Î¥¸±ÊÕ Ë §Ê [71] ¶·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ ¡¥§· §³¥·´μ£μ É¥·³μ¤¨´ ³¨Î¥¸±μ£μ
¶ · ³¥É·  λ � 1. ‚ ÔÉμ° · ¡μÉ¥ ¤ ´μ ¨´μ¥ μ¡ÑÖ¸´¥´¨¥ Ô±¸¶¥·¨³¥´É ²Ó-
´ÒÌ ¤ ´´ÒÌ ¶μ ¸¶¥±É· ³ ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨° · ¡μÉÒ [72]. �·¨ ÔÉμ³
´¥ ÊÉμÎ´¥´  Ëμ·³  ³μ²¥±Ê²Ò, ¨ ¢μ§´¨±´μ¢¥´¨¥ ¢Éμ·μ£μ §¢Ê±  ¸¢Ö§Ò¢ ²μ¸Ó
¸ ¡²¨§μ¸ÉÓÕ ¸μ¸ÉμÖ´¨Ö ±μ´¤¥´¸¨·μ¢ ´´μ° ¸·¥¤Ò ¸ ¥¥ ¸³¥±É¨Î¥¸±¨³ Ê¶μ·Ö-
¤μÎ¥´¨¥³.

�·μ ´ ²¨§¨·Ê¥³ ´  Ô±¸É·¥³Ê³ ¢Ò· ¦¥´¨Ö ¤²Ö ¸±μ·μ¸É¥° ¶¥·¢μ£μ ¨ ¢Éμ-
·μ£μ §¢Ê±μ¢ ¢ μ¡² ¸É¨ §´ Î¥´¨° ¶ · ³¥É·  λ � 1. ‘μ£² ¸´μ (43) ¤²Ö ¶¥·¢μ£μ
§¢Ê±  ¶μ²ÊÎ¨³ min c+ = c ¶·¨ θ0 = π/2; max c+ = c(1 + λ/2) ¶·¨ θ0 = 0; π.
„²Ö ¢Éμ·μ£μ §¢Ê±  ¨³¥¥³ min c− = 0 ¶·¨ θ0 = 0; π/2; π; max c− = c

√
λ/2

¶·¨ θ0 = π/4; 3π/4, ¸μ¢¶ ¤ ÕÐ¨¥ ¸  ´ ²μ£¨Î´Ò³¨ Ëμ·³Ê² ³¨ ¤²Ö μ¤´μμ¸´ÒÌ
¸É¥·¦´¥¶μ¤μ¡´ÒÌ ´¥³ É¨±μ¢.

’ ± ¦¥, ± ± ¨ ¢ · ´¥¥ · ¸¸³μÉ·¥´´μ³ ¸²ÊÎ ¥, ¶μ²Ö·¨§ Í¨μ´´ Ö ¸É·Ê±ÉÊ· 
¶μ²ÊÎ¥´´ÒÌ ¸¶¥±É·μ¢ ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨° ¨³¥¥É ¢¨¤

δv
(0)
j (k) = [k × n]j δv

(0)
1⊥ (k) ,

δv
(±)
j (k) = kjδv

(±)
|| +

[[k × n] × k]j
k

δv
(±)
2⊥ ,

¶·¨Î¥³ ¸¢Ö§Ó  ³¶²¨ÉÊ¤ ±μ²¥¡ ´¨° ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

δv
(±)
2⊥

δv
(±)
||

=
−k5

(
c2
± − c2

)
+ λc2kk4

||
λc2k3

||k
2
⊥

. (44)

‘· ¢´¨¢ Ö Ëμ·³Ê²Ò (28) ¨ (44), ¢¨¤¨³, ÎÉμ ¢Ò· ¦¥´¨Ö ¤²Ö ¸μμÉ´μÏ¥´¨Ö
 ³¶²¨ÉÊ¤ ¶·μ¤μ²Ó´μ° ¨ ¶μ¶¥·¥Î´μ° ±μ³¶μ´¥´É · §²¨Î´Ò ¤²Ö ´¥³ É¨±μ¢ ¸
³μ²¥±Ê² ³¨ ¸É¥·¦´¥- ¨ ¤¨¸±μ¶μ¤μ¡´μ° Ëμ·³Ò.

„¨´ ³¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ´¥³ É¨±  ¸ ¤¨¸±μ¶μ¤μ¡´μ° Ëμ·³μ° ³μ²¥±Ê² ¢μ
¢´¥Ï´¥³ ¶¥·¥³¥´´μ³ ¶μ²¥ ¨§ÊÎ¥´μ  ´ ²μ£¨Î´μ · ´¥¥ · ¸¸³μÉ·¥´´μ³Ê ¸²ÊÎ Õ.
“· ¢´¥´¨Ö ¤¨´ ³¨±¨ É ±μ° ¸·¥¤Ò ¢ ÔÉμ³ ¶μ²¥ ¨³¥ÕÉ ¢¨¤

ρ̇ = −∇iπi + ηρ, π̇i = −∇ktik + ηπi , σ̇ = −∇k (σvk) + ησ, (45)

ḋ = −vs∇sd − dnknl∇kvl + ηd, ṅj = −vs∇snj − niδ
⊥
jλ (n)∇λvi + ηnj ,
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£¤¥ d Å ¤¨ ³¥É· ¤¨¸± ,   ¨¸ÉμÎ´¨±¨ ¢Ò£²Ö¤ÖÉ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ηρ = −ρ
∂b

∂πi
∇iξ, ηnj = −nkδ⊥ij (n)

∂b

∂πi
∇kξ,

ηd = −dninj
∂b

∂πi
∇jξ, ησ = −σ

∂b

∂πi
∇iξ, (46)

ηπj = −ζ
a

∂b

∂ζ
a

∇jξ − dninj
∂b

∂d
∇iξ −

(
∂b

∂ni
−∇λ

∂b

∂∇λni

)
δ⊥ji (n)nk∇kξ.

‘ ¶μ³μÐÓÕ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (45), (46) ¶μ²ÊÎ¥´ μ¡Ð¨° ¢¨¤ ´¨§±μÎ ¸ÉμÉ´ÒÌ
 ¸¨³¶ÉμÉ¨± ËÊ´±Í¨° ƒ·¨´ 

Gab (k, ω) = −La
i (k, ω)

D−1
ij (k, ω)

ρ
Lb

j (−k,−ω) − ρ
∂a

∂πi

∂b

∂πi
, (47)

£¤¥ ¢¢¥¤¥´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

La
i (k, ω) = ζ

a

∂a

∂ζ
a

ki + d
∂a

∂d
ninjkj + ωρ

∂a

∂πi
+

+
(

∂a

∂nj
− ikλ

∂a

∂∇λnj

)
δ⊥ij (n)nkkk,

Dij = ω2δij − c2kikj − c2λ (kn)2 ninj ,

±μÉμ·Ò¥ μÉ²¨Î ÕÉ¸Ö μÉ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¢Ò· ¦¥´¨° (34) ¤²Ö ¸É¥·¦´¥¶μ¤μ¡-
´ÒÌ ³μ²¥±Ê². �μ¸ÉÊ¶ Ö  ´ ²μ£¨Î´μ ¶·¥¤Ò¤ÊÐ¥³Ê ¸²ÊÎ Õ, ¶·¨¢¥¤¥³ ¢ Ö¢´μ³
¢¨¤¥ ´¥±μÉμ·Ò¥ ËÊ´±Í¨¨ ƒ·¨´  ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ

Gρρ = ρ
ω2

(
k2
|| + k2

⊥

)
− λc2k2

||k
2
⊥

ω4 − ω2
(
c2
(
k2
|| + k2

⊥

)
+ λc2k2

||

)
+ λc4k2

||k
2
⊥

,

Gdd =
d2

ρ

k2
⊥

(
ω2 − k2

||c
2 (1 + λ)

)
ω4 − ω2

(
c2
(
k2
|| + k2

⊥

)
+ λc2k2

||

)
+ λc4k2

||k
2
⊥

, (48)

Gninj =
k2
||

ω2
(
ω4 − c2ω2

((
k2
|| + k2

⊥

)
+ λk2

||

)
+ λc4k2

||k
2
⊥

)×
× {δ⊥ijω2

(
ω2 − c2

(
k2
|| + k2

⊥

)
− λc2k2

||

)
+

+ ω2c2
(
ki − nik||

) (
kj − njk||

)
+ λc4k2

|| (k × n)i (k × n)j}.
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‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ É ±¦¥ ¨³¥¥É ³¥¸Éμ § ¢¨¸¨³μ¸ÉÓ  ¸¨³¶ÉμÉ¨± ´¥±μ-
Éμ·ÒÌ ËÊ´±Í¨° ƒ·¨´  (48) μÉ ¶μ·Ö¤±  ¶·¥¤¥²Ó´ÒÌ ¶¥·¥Ìμ¤μ¢

lim
ω→0

Gρρ = − ρ

c2
, lim

k||→0
Gρρ = ρ

k2
⊥

ω2 − c2k2
⊥

,

lim
k⊥→0

Gρρ = ρ
k2
||

ω2 − k2
||c

2 (1 + λ)
, lim

ω→0
lim

k||→0
Gρρ = − ρ

c2
,

lim
k⊥→0

lim
k||→0

Gρρ = 0, lim
ω→0

lim
k⊥→0

Gρρ = − ρ

c2 (1 + λ)
,

lim
k||→0

lim
k⊥→0

Gρρ = 0, lim
ω→0

Gdd = −d2

ρ

1 + λ

λc2
, (49)

lim
k||→0

Gdd =
d2

ρ

k2
⊥

ω2 − k2
⊥c2

, lim
k⊥→0

Gdd = 0,

lim
ω→0

lim
k||→0

Gdd = − d2

ρc2
, lim

k⊥→0
lim

k||→0
Gdd = 0.

‘· ¢´¨¢ Ö Ëμ·³Ê²Ò (35) ¨ (48), ¢¨¤¨³, ÎÉμ ´¨§±μÎ ¸ÉμÉ´Ò¥  ¸¨³¶ÉμÉ¨±¨
ËÊ´±Í¨° ƒ·¨´  ¨³¥ÕÉ · §²¨Î´Ò° ¢¨¤ ¢ ¸²ÊÎ ¥ μ¤´μμ¸´ÒÌ ´¥³ É¨±μ¢ ¸ ³μ-
²¥±Ê² ³¨ ¸É¥·¦´¥¶μ¤μ¡´μ° ¨ ¤¨¸±μ¶μ¤μ¡´μ° Ëμ·³Ò. ’ ±¦¥ ²¥£±μ ¢¨¤¥ÉÓ,
ÎÉμ ¨ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ´¥ ¢Ò¶μ²´Ö¥É¸Ö É¥μ·¥³  
μ£μ²Õ¡μ¢  μ¡ μ¸μ¡¥´´μ¸É¨
É¨¶  1/k2, ¶μ¸±μ²Ó±Ê ¢ ´ ¡μ· ¶ · ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ μ¶¨¸ ´¨Ö ´¥ ¢Ìμ¤¨É
μ·¡¨É ²Ó´Ò° ³μ³¥´É.

4. „ˆ��Œˆ—…‘Šˆ… ���–…‘‘› ‚ „‚“•�‘�›• �…Œ�’ˆŠ�•.
�‹‹ˆ�‘�ˆ„�‹œ�›… Œ�‹…Š“‹›

„²Ö ¤¢ÊÌμ¸´ÒÌ ³μ²¥±Ê² ¢ ¸μ¸ÉμÖ´¨¨ · ¢´μ¢¥¸¨Ö ¢μ§³μ¦´μ ¶·μ¸É· ´¸É¢¥´-
´μ¥ Ê¶μ·Ö¤μÎ¥´¨¥ ¤²¨´´ÒÌ μ¸¥° ³μ²¥±Ê². �·¨ ÔÉμ³ ´ ¶· ¢²¥´¨Ö ±μ·μÉ±¨Ì
μ¸¥° ´¥Ê¶μ·Ö¤μÎ¥´Ò. ’ ±μ¥ ¸μ¸ÉμÖ´¨¥ ¸μμÉ¢¥É¸É¢Ê¥É μ¤´μμ¸´μ³Ê ´¥³ É¨±Ê.
ŒÒ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ É¥¶¥·Ó ¤·Ê£μ° ¸²ÊÎ °, ¢ ¸μ¸ÉμÖ´¨¨ · ¢´μ¢¥¸¨Ö ±μ-
Éμ·μ£μ μ¤´μ¢·¥³¥´´μ Ê¶μ·Ö¤μÎ¥´Ò ¤²¨´´Ò¥ ¨ ±μ·μÉ±¨¥ μ¸¨ ³μ²¥±Ê² (¤¢ÊÌμ¸-
´Ò° ´¥³ É¨±). ‚ ¸²ÊÎ ¥ Ô²²¨¶¸μ¨¤ ²Ó´ÒÌ ³μ²¥±Ê² ¥¤¨´¨Î´Ò¥ ¨ μ·Éμ£μ´ ²Ó-
´Ò¥ μ¸¨  ´¨§μÉ·μ¶¨¨ n(x), m(x), Ì · ±É¥·¨§ÊÕÐ¨¥ ´ ·ÊÏ¥´¨¥ ¢· Ð É¥²Ó´μ°
¨´¢ ·¨ ´É´μ¸É¨, μ¶·¥¤¥²¨³ · ¢¥´¸É¢ ³¨

ni (x) =
A (x) Bi(x) + B (x) Ai (x)
|A (x)B (x) + B (x)A (x)| ,

mi (x) =
A (x) Bi (x) − B (x) Ai (x)
|A (x)B (x) − B (x)A (x)| .

(50)
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‡¤¥¸Ó ¢¥±Éμ·Ò Ak(x) ¨ Bk(x) ¨ ¨Ì ³μ¤Ê²¨ μ¶·¥¤¥²¥´Ò · ¢¥´¸É¢ ³¨

Ak (x) = b−1
kj (x) e1j , Bk (x) = b−1

kj (x) e2j , (51)

A (x) = |A (x)| , B (x) = |B (x)| .

�É¨ ¢¥²¨Î¨´Ò, ± ± ¨ ¢ ¸²ÊÎ ¥ μ¤´μμ¸´ÒÌ ´¥³ É¨±μ¢, § ¤ ´Ò ¢ É¥·³¨´ Ì É¥´-
§μ·  ¤¨¸Éμ·¸¨¨. �μ¸ÉμÖ´´Ò¥ ¨ μ·Éμ£μ´ ²Ó´Ò¥ ¢¥±Éμ·Ò e1 ¨ e2 § ¤ ÕÉ · §-
³¥·Ò ¨ μ·¨¥´É Í¨Õ ¤¢ÊÌμ¸´μ° ³μ²¥±Ê²Ò ¢ ´¥¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨.
“Î¨ÉÒ¢ Ö (6), ´ °¤¥³ ¸±μ¡±¨ �Ê ¸¸μ´  ¤¢ÊÌ μ¸¥°  ´¨§μÉ·μ¶¨¨ ¸ ¶²μÉ´μ¸ÉÓÕ
¨³¶Ê²Ó¸ 

{πi (x) , nj (x′)} = δ (x − x′)∇inj (x) + Fiλj (x′)∇′
λδ (x − x′) ,

{πi (x) , mj (x′)} = δ (x − x′)∇imj (x) + Giλj (x′)∇′
λδ (x− x′) ,

(52)

£¤¥ ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö

Fiλj (x) = −nλ (x) δ⊥ij (n (x))+

+ p (x)mj (x) [ni (x)mλ (x) + nλ (x) mi (x)] ,

Giλj (x) = −mλ (x) δ⊥ij (m (x))+

+ (1 − p (x))nj (x) [ni (x) mλ (x) + nλ (x)mi (x)] .

(53)

�¡· É¨³ ¢´¨³ ´¨¥, ÎÉμ ¢ ¸¨²Ê Ö¢´μ£μ ¢¨¤  Ëμ·³Ê² (50)Ä(53) ¸±μ¡±¨ �Ê ¸¸μ´ 
¤²Ö ¤¢ÊÌ μ¸¥°  ´¨§μÉ·μ¶¨¨ ¸ ¶²μÉ´μ¸ÉÓÕ ¨³¶Ê²Ó¸  ´¥ § ³Ò± ÕÉ¸Ö. ‚ ¶· -
¢ÊÕ ¸Éμ·μ´Ê ¸±μ¡μ± �Ê ¸¸μ´  (52) ¢Ìμ¤¨É ¢¥²¨Î¨´  p(x), ±μÉμ·ÊÕ ³Ò ¡Ê¤¥³
´ §Ò¢ ÉÓ Ë ±Éμ·μ³ Ëμ·³Ò ¨²¨ ±μ´Ëμ·³ Í¨μ´´Ò³ ¶ · ³¥É·μ³:

p (x) =
1
2

(
1 − A (x)B (x)

A (x)B (x)

)
. (54)

‚ ¸¨²Ê μ¶·¥¤¥²¥´¨Ö (54) ¢¥²¨Î¨´  p(x) μ£· ´¨Î¥´´ : 0 � p(x) � 1. ‚
´¥¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨ p = 1/2. ˆ§ ¸μμÉ´μÏ¥´¨° (6), (50), (51), (54)
´ °¤¥³

{πi (x) , p (x′)} = δ (x − x′)∇ip (x) + Hij (x′)∇′
jδ (x − x′) , (55)

£¤¥

Hij (x) = 2p (x) (1 − p (x)) [ni (x)nj (x) − mi (x)mj (x)] . (56)

‚¨¤¨³, ÎÉμ ¢±²ÕÎ¥´¨¥ ¢ ´ ¡μ· ¶ · ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ μ¶¨¸ ´¨Ö (¶μ³¨³μ
μ¸¥°  ´¨§μÉ·μ¶¨¨ n(x), m(x)) ±μ´Ëμ·³ Í¨μ´´μ° ¢¥²¨Î¨´Ò p(x) ¶·¨¢μ¤¨É
± § ³Ò± ´¨Õ  ²£¥¡·Ò ¸±μ¡μ± �Ê ¸¸μ´ . �¥μ¡Ìμ¤¨³μ¸ÉÓ · ¸Ï¨·¥´¨Ö ´ ¡μ· 
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¶ · ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ μ¶¨¸ ´¨Ö ¶ÊÉ¥³ ¢±²ÕÎ¥´¨Ö ±μ´Ëμ·³ Í¨μ´´μ° ¸É¥-
¶¥´¨ ¸¢μ¡μ¤Ò ¢¶¥·¢Ò¥ μÉ³¥Î¥´  ¢ · ¡μÉ¥ [70]. � ·Ö¤Ê ¸μ ¸± ²Ö·´μ° ¢¥-
²¨Î¨´μ° p(x) ¢ ´ ¡μ· ³ ±·μ¸±μ¶¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ¶μ  ´ ²μ£¨¨ ¸ · ¸-
¸³μÉ·¥´´Ò³ · ´¥¥ ¸²ÊÎ ¥³ μ¤´μμ¸´ÒÌ ´¥³ É¨±μ¢ ¢¢¥¤¥³ ¥Ð¥ ¤¢¥ ¸± ²Ö·-
´Ò¥ ¢¥²¨Î¨´Ò u(x), v(x), ±μÉμ·Ò¥ ÊÎ¨ÉÒ¢ ÕÉ · §³¥·Ò ¤²¨´´μ° ¨ ±μ·μÉ±μ°
μ¸¥° ³μ²¥±Ê². Šμ´Ëμ·³ Í¨μ´´Ò¥ ¶ · ³¥É·Ò u(x), v(x) μ¶·¥¤¥²¨³ ¢ É¥·-
³¨´ Ì ¢¥±Éμ·μ¢ Ai(x), Bi(x) ¨²¨, ÊÎ¨ÉÒ¢ Ö (51), (54), ¢ É¥·³¨´ Ì É¥´§μ· 
¤¨¸Éμ·¸¨¨

u(x) = A(x)

√
1 − p(x)

2
, v(x) = B(x)

√
p(x)

2
. (57)

‚ ´¥¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨ bki(x) ≡ δki ¨ ¶μÔÉμ³Ê, ¸μ£² ¸´μ (51), (54),
(57) u = A = |e1|, v = B = |e2|, É. ¥. ÔÉ¨ ±μ´Ëμ·³ Í¨μ´´Ò¥ ¶ · ³¥É·Ò
¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¤²¨´Ê ¡μ²ÓÏμ° ¨ ³ ²μ° μ¸¥° ³μ²¥±Ê²Ò. ‚ ¸¨²Ê μ¶·¥¤¥-
²¥´¨° (51), (54) ¨ Ëμ·³Ê² (57) ¶μ²ÊÎ¨³

{πi (x) , u (x′)} = δ (x − x′)∇iu (x) + Fij (x′)∇′
jδ (x− x′) ,

{πi (x) , v (x′)} = δ (x − x′)∇iv (x) + Gij (x′)∇′
jδ (x − x′) ,

(58)

£¤¥ ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö

Fik (x) = u (x)
[
δ⊥ik (n (x))+

+
√

p (x) (1 − p (x)) (ni (x) mk (x) + nk (x) mi (x))
]
,

Gik (x) = v (x)
[
δ⊥ik (m (x))−

−
√

p (x) (1 − p (x)) (ni (x) mk (x) + nk (x) mi (x))
]
.

(59)

‡ ³¥É¨³, ÎÉμ ¸±μ¡±¨ �Ê ¸¸μ´  (52) ¸μ¢³¥¸É´Ò ¸ Ê¸²μ¢¨Ö³¨ n2
i (x) = 1,

m2
i (x) = 1, n(x)m(x) = 0. �μ²ÊÎ¥´´Ò¥ ¢Ò· ¦¥´¨Ö ¸±μ¡μ± �Ê ¸¸μ´  (52),

(55), (58) ´ ·Ö¤Ê ¸ (5), (6) ¶μ§¢μ²ÖÕÉ ´ °É¨ ¶²μÉ´μ¸É¨ ¶μÉμ±μ¢  ¤¤¨É¨¢´ÒÌ
¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö.

� ¸¸³μÉ·¨³ É¥·³μ¤¨´ ³¨±Ê ¤¢ÊÌμ¸´ÒÌ ´¥³ É¨±μ¢ ¸ ³μ²¥±Ê² ³¨ Ô²²¨-
¶¸μ¨¤ ²Ó´μ° Ëμ·³Ò. � ¡μ· ¶ · ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ μ¶¨¸ ´¨Ö ¸μ¸Éμ¨É
¨§ ¶²μÉ´μ¸É¥°  ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö, ¤¢ÊÌ μ¸¥° ¶·μ¸É· ´-
¸É¢¥´´μ°  ´¨§μÉ·μ¶¨¨ ¨ É·¥Ì ±μ´Ëμ·³ Í¨μ´´ÒÌ ¶ · ³¥É·μ¢ ϕα(x) ≡
{ςa(x),n(x),m(x), p(x), u(x), v(x)}. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¢¢¥¤¥´´Ò³ ´ ¡μ·μ³
£¨¤·μ¤¨´ ³¨Î¥¸±¨Ì ¶ · ³¥É·μ¢ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö Ö¢²Ö¥É¸Ö
ËÊ´±Í¨¥° ÔÉ¨Ì ¶ · ³¥É·μ¢

Φ(x) = Φ(ρ(x), σ(x), ni(x),∇ni(x), mi(x),∇mi(x), p(x), u(x), v(x)).
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�¡· É¨³¸Ö É¥¶¥·Ó ± ´ Ìμ¦¤¥´¨Õ ¶²μÉ´μ¸É¥° ¶μÉμ±μ¢  ¤¤¨É¨¢´ÒÌ ¨´É¥-
£· ²μ¢ ¤¢¨¦¥´¨Ö. ‚ÒÎ¨¸²¥´¨¥ ¶²μÉ´μ¸É¨ ¶μÉμ±μ¢  ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢
¤¢¨¦¥´¨Ö μ¸ÊÐ¥¸É¢²Ö¥É¸Ö  ´ ²μ£¨Î´μ · ´¥¥ · ¸¸³μÉ·¥´´Ò³ ¸²ÊÎ Ö³. ‚ ·¥-
§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³ [67, 73]

ζak = − ∂

∂Ya

ωYk

Y0
+
[

∂ω

∂∇knj
∇inj + Fikλ

(
∂ω

∂nλ
−∇j

∂ω

∂∇jnλ

)]
∂

∂Ya

Yi

Y0
+

+
[

∂ω

∂∇kmj
∇imj + Gikλ

(
∂ω

∂mλ
−∇j

∂ω

∂∇jmλ

)]
∂

∂Ya

Yi

Y0
+

+
[
∂ω

∂p
Hik +

∂ω

∂u
Fik +

∂ω

∂v
Gik

]
∂

∂Ya

Yi

Y0
. (60)

‚ Ëμ·³Ê²¥ (60) ¶¥·¢μ¥ ¸² £ ¥³μ¥ ¢ ¶· ¢μ° Î ¸É¨ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¢±² ¤
¢ ¶²μÉ´μ¸ÉÓ ¶μÉμ±   ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö, ±μÉμ·Ò°  ´ ²μ£¨Î¥´
¶²μÉ´μ¸É¨ ¶μÉμ±  ¢ ¨§μÉ·μ¶´μ° Ë §¥ ±μ´¤¥´¸¨·μ¢ ´´μ° ¸·¥¤Ò. ‚Éμ·μ¥ ¨
¸²¥¤ÊÕÐ¨¥ ¸² £ ¥³Ò¥ ¶· ¢μ° Î ¸É¨ Ëμ·³Ê²Ò (60) ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¢±² ¤ ¢
¶²μÉ´μ¸ÉÓ ¶μÉμ±   ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö, μ¡Ê¸²μ¢²¥´´Ò° ´ ²¨Î¨¥³
μ¸¥°  ´¨§μÉ·μ¶¨¨ ¨ ±μ´Ëμ·³ Í¨μ´´ÒÌ ¶ · ³¥É·μ¢.

Œμ¤¥²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¤²Ö · ¸¸³ -
É·¨¢ ¥³μ£μ É¨¶  ¤¢ÊÌμ¸´ÒÌ ´¥³ É¨Î¥¸±¨Ì ¦¨¤±¨Ì ±·¨¸É ²²μ¢ ¸ ³μ²¥±Ê² ³¨
Ô²²¨¶¸μ¨¤ ²Ó´μ° Ëμ·³Ò ¨³¥¥É ¢¨¤

Φ(x) = Φ(ρ(x), σ(x), ni(x),∇ni(x), mi(x),∇mi(x), p(x), u(x), v(x)) =
= Φ0(ρ(x), σ(x))+

+ εf(ρ(x), σ(x), ni(x),∇ni(x), mi(x),∇mi(x), p(x), u(x), v(x)),

£¤¥

εf (ρ(x), σ(x), ni(x),∇ni(x), mi(x),∇mi(x), p(x), u(x), v(x)) =

=
1
2
Kijkl (ρ, σ)∇jni∇lnk +

1
2
Lijkl (ρ, σ)∇jmi∇lmk+

+
1
2
Tijkl (ρ, σ)∇jni∇lmk +

1
2
Mp (ρ, σ) (p(x) − p)2 +

+
1
2
Mu (ρ, σ) (u(x) − u)2 +

1
2
Mv (ρ, σ) (v(x) − v)2
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Å Ô´¥·£¨Ö ”· ´±  ¨ Kijkl, Lijkl, Tijkl Å É¥´§μ·Ò ³μ¤Ê²¥° Ê¶·Ê£μ¸É¨, ±μ-
Éμ·Ò¥ ¢ ¸¨²Ê ¸¢μ°¸É¢ ¸¨³³¥É·¨¨ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ ε (n,m) = ε (−n,m) =
ε (n,−m) Ê¶·μÐ ÕÉ¸Ö ¨ ¶·¨μ¡·¥É ÕÉ ¢¨¤

Kijkl ≡ A1δ
⊥
ijδ

⊥
kl + A2mimjmkml + A3δ

⊥
ijmkml + A4δ

⊥
jlmimk+

+ A5δ
⊥
ikmjml + A6δ

⊥
il mjmk + A7δ

⊥
iknjnl + A8njnlmimk,

Lijkl (ρ, σ) ≡ A9δ
⊥
ikδ⊥jl + A10δ

⊥
iknjnl + A11δ

⊥
ikmjml,

Tijkl ≡ A12δ
⊥
ljnkmi + A13δ

⊥
kjnlmi + A14δ

⊥
iknlmj + A15δ

⊥
iknjml,

δ⊥ik ≡ δ⊥ik (n,m) = δik − nink − mimk.

‡¤¥¸Ó An (ρ, σ) ¨ Mp > 0, Mu > 0, Mv > 0 Å ³μ¤Ê²¨ Ê¶·Ê£μ¸É¨ ”· ´± , ¸¢Ö-
§ ´´Ò¥ ¸ ¤¥Ëμ·³ Í¨¥° ±μ´Ëμ·³ Í¨μ´´ÒÌ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ¨ Ö¢²ÖÕÐ¨¥¸Ö
ËÊ´±Í¨Ö³¨ ¶²μÉ´μ¸É¨ ³ ¸¸Ò ¨ Ô´É·μ¶¨¨. Šμ´Ëμ·³ Í¨μ´´Ò¥ ¢¥²¨Î¨´Ò Ì -
· ±É¥·¨§ÊÕÉ · ¢´μ¢¥¸´Ò¥ §´ Î¥´¨Ö ¶ · ³¥É·μ¢, § ¤ ÕÐ¨¥ Ëμ·³Ê ¤¢ÊÌμ¸´μ°
³μ²¥±Ê²Ò ¢ ´¥¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨.

‚Ò· ¦¥´¨¥ (60), ¶μ²ÊÎ¥´´μ¥ ¤²Ö ¶²μÉ´μ¸É¥° ¶μÉμ±μ¢  ¤¤¨É¨¢´ÒÌ ¨´É¥-
£· ²μ¢ ¤¢¨¦¥´¨Ö, Ê¸É ´ ¢²¨¢ ¥É ¸¢Ö§Ó ÔÉ¨Ì ¢¥²¨Î¨´ ¸ É¥·³μ¤¨´ ³¨Î¥¸±¨³¨
¶ · ³¥É· ³¨. �μÔÉμ³Ê Ëμ·³Ê²Ò (52), (55), (58) ¶μ§¢μ²ÖÕÉ ¸Ëμ·³Ê²¨·μ¢ ÉÓ
§ ³±´ÊÉÒ¥ Ê· ¢´¥´¨Ö £¨¤·μ¤¨´ ³¨Î¥¸±μ£μ É¨¶  ¤²Ö · ¸¸³ É·¨¢ ¥³μ° ±μ´¤¥´-
¸¨·μ¢ ´´μ° ¸·¥¤Ò. “· ¢´¥´¨Ö ¤²Ö ¶²μÉ´μ¸É¥° ³ ¸¸Ò, ¨³¶Ê²Ó¸  ¨ Ô´¥·£¨¨
¨³¥ÕÉ ¢¨¤ (9), £¤¥ ¶²μÉ´μ¸É¨ ¶μÉμ±μ¢ μ¶·¥¤¥²ÖÕÉ¸Ö Ëμ·³Ê² ³¨ (60). „²Ö
¤¢ÊÌ μ¸¥°  ´¨§μÉ·μ¶¨¨ ¸μ£² ¸´μ Ëμ·³Ê² ³ (1), (52) ¶μ²ÊÎ¨³ Ê· ¢´¥´¨Ö ¤¨´ -
³¨±¨

ṅj(x) = −vs(x)∇snj(x) − Fiλj(x)∇λvi(x),
ṁj(x) = −vs(x)∇smj(x) − Giλj(x)∇λvi(x).

(61)

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ ¸±μ¡±¨ �Ê ¸¸μ´  (6), (55), (58), ¶·¨Ìμ¤¨³ ± Ê· ¢-
´¥´¨Ö³ ¤¨´ ³¨±¨ ¤²Ö É·¥Ì ±μ´Ëμ·³ Í¨μ´´ÒÌ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò

u̇(x) = −vi(x)∇iu(x) − Fij(x)∇jvi(x),
v̇(x) = −vi(x)∇iv(x) − Gij(x)∇jvi(x),
ṗ(x) = −vs(x)∇sp(x) − Hij(x)∇ivj(x).

(62)

„²Ö ´ Ìμ¦¤¥´¨Ö ¸¶¥±É·μ¢ ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨° ²¨´¥ ·¨§Ê¥³ Ê· ¢-
´¥´¨Ö (9), (61), (62) μ±μ²μ ¸μ¸ÉμÖ´¨Ö · ¢´μ¢¥¸¨Ö. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³
²¨´¥ ·¨§μ¢ ´´Ò¥ Ê· ¢´¥´¨Ö
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δvj (k, ω)Aij (k, ω) = 0, (63)

Aij (k, ω) ≡ (ω2δij − kikjc
2 − Fi (k) Fj (k) − Gi (k) Gj (k) − Hi (k) Hj (k)).

‡¤¥¸Ó ¢¢¥¤¥´Ò ¢¥±Éμ·Ò Fi(k), Gi(k), Hi(k)

Fi (k) = c
√

λ1

[
ki − nink +

1
2

(nimk + mink)
]

,

Gi (k) = c
√

λ2

[
ki − mimk− 1

2
(nimk + mink)

]
,

Hi (k) = c
√

λ3 [nink − mimk] .

(64)


¥§· §³¥·´Ò¥ ¢¥²¨Î¨´Ò λα ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° μÉ´μÏ¥´¨¥ ¶²μÉ´μ¸É¨ Ê¶·Ê-
£μ° Ô´¥·£¨¨ ¤¥Ëμ·³ Í¨¨ ¤²¨´ ³μ²¥±Ê²Ò ¨ Ê£²  ³¥¦¤Ê ´¨³¨ ± ¶²μÉ´μ¸É¨
±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨

λ1 ≡ u2

ρc2

∂2ε

∂u2
> 0, λ2 ≡ v2

ρc2

∂2ε

∂v2
> 0, λ3 ≡ p2

ρc2

∂2ε

∂p2
> 0.

“¸²μ¢¨¥³ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ´¥É·¨¢¨ ²Ó´μ£μ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° (63)
Ö¢²Ö¥É¸Ö μ¡· Ð¥´¨¥ ¢ ´Ê²Ó ¤¥É¥·³¨´ ´É  ³ É·¨ÍÒ det Â (k, ω) = 0. � ¸-
±·Ò¢ Ö ¢Ò· ¦¥´¨¥ ¤²Ö ÔÉμ£μ ¤¥É¥·³¨´ ´É  ³ É·¨ÍÒ, ¶μ²ÊÎ¨³ det Â = ω6 +
ω4I4 + ω2I2 + I0 = 0, £¤¥

I4 = −k2c2 − F 2
i (k) − G2

i (k) − H2
i (k) � 0,

I2 = c2
{
[k × F]2+ [k × G]2+ [k × H]2

}
+ [F× H]2+ [F× G]2+ [H × G]2,

I0 = −c2
{
[k (F × G)]2 + [k (F × H)]2 + [k (G × H)]2

}
+ [F (G × H)]2 .

‚ ¸Ë¥·¨Î¥¸±μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É μ¶·¥¤¥²¨³ ¶μ²Ö·´Ò° ¨  §¨³ÊÉ ²Ó´Ò° Ê£²Ò
· ¢¥´¸É¢ ³¨ em = sin θ cosϕ, en = sin θ sin ϕ, el = cos θ, £¤¥ θ, ϕ Å ¸μμÉ-
¢¥É¸É¢¥´´μ ¶μ²Ö·´Ò° ¨  §¨³ÊÉ ²Ó´Ò° Ê£²Ò, § ¤ ÕÐ¨¥ ´ ¶· ¢²¥´¨¥ ¢μ²´μ¢μ£μ
¢¥±Éμ·  e ≡ k/k μÉ´μ¸¨É¥²Ó´μ μ¸¥°  ´¨§μÉ·μ¶¨¨. ‚¥±Éμ·Ò m,n, l μ¡· §ÊÕÉ
¶·Ö³μÊ£μ²Ó´ÊÕ ¤¥± ·Éμ¢Ê ¸¨¸É¥³Ê ±μμ·¤¨´ É, £¤¥ ¤¢¥ μ¸¨  ´¨§μÉ·μ¶¨¨ m,n
¸μ¢¶ ¤ ÕÉ ¸ ´ ¶· ¢²¥´¨¥³ μ¸¥° · ¸¸³ É·¨¢ ¥³ÒÌ ´¥³ É¨Î¥¸±¨Ì ¦¨¤±¨Ì ±·¨-
¸É ²²μ¢ ¢ ´¥¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨. �·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ ¤ ²¥¥ Ëμ·-
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³Ê²Ò (64), ¶μ²ÊÎ¨³ ¢Ò· ¦¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ Ia ¢ É¥·³¨´ Ì ÔÉ¨Ì Ê£²μ¢:

I4 (k,m,n) ≡ I4 (θ, ϕ)k2 = −k2c2 {1 + λαΦα (θ, ϕ)} ,

I2 (k,m,n) ≡ I
0

2 (θ, ϕ)k4 + I
1

2 (θ, ϕ)k4 =

= k4c4

⎧⎨
⎩λαΨα (θ, ϕ) +

1
2

∑
α�=β

λαλβΨαβ (θ, ϕ)

⎫⎬
⎭ , (65)

I0 (k,m,n) ≡ I
0

0 (θ, ϕ)k6 + I
1

0 (θ, ϕ)k6 =

= −k6c6

⎧⎨
⎩1

2

∑
α�=β

λαλβΦαβ + λ1λ2λ3 cos2 θ sin4 θ

⎫⎬
⎭ .

‡¤¥¸Ó É ±¦¥ ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö

Φ1 (θ, ϕ) = 1 − sin2 θ

(
sin2 ϕ − 1

4
− 1

2
sin 2ϕ

)
,

Φ2 (θ, ϕ) = 1 − sin2 θ

(
cos2 ϕ − 1

4
+

1
2

sin 2ϕ

)
, Φ3 (θ) = sin2 θ,

Ψ1 (θ, ϕ) =
[
1
4

+ sin2 ϕ cos2 θ +
1
2

sin 2ϕ

]
sin2 θ,

Ψ2 (θ, ϕ) =
[
1
4

+ cos2 ϕ cos2 θ − 1
2

sin 2ϕ

]
sin2 θ,

Ψ3 (θ, ϕ) =
[
1 − sin2 θ cos2 2ϕ

]
sin2 θ,

Ψ12 (θ, ϕ) = sin2 θ

(
2 − 1

4
sin2 θ (7 + sin 4φ − sin 2ϕ)

)
,

Ψ13 (θ, ϕ) = sin2 θ

(
1 + sin2 θ

(
1
4

+ sin φ cosφ − sin2 φ − cos4 φ

))
,

Ψ23 (θ, ϕ) = sin2 θ

(
1 + sin2 θ

(
1
4
− sin φ cosφ − cos2 φ − sin4 φ

))
,

Φ12 (θ, ϕ) =
1
2

sin4 θ cos2 θ sin2
(π

4
− 2ϕ

)
,

Φ13 (θ, ϕ) = sin4 θ cos2 θ sin4
(π

4
− ϕ

)
,

Φ23 (θ, ϕ) = sin4 θ cos2 θ cos4
(π

4
− ϕ

)
.

‚ ·¥§Ê²ÓÉ É¥ ¶·¨Ìμ¤¨³ ± ¡¨±Ê¡¨Î¥¸±μ³Ê ¤¨¸¶¥·¸¨μ´´μ³Ê Ê· ¢´¥´¨Õ

ω6 + I4 (k, θ, ϕ)ω4 + I2 (k, θ, ϕ)ω2 + I0 (k, θ, ϕ) = 0. (66)
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‘μ¢¥·Ï Ö § ³¥´Ê ¶¥·¥³¥´´μ° y = ω2 + I4/3, ¶μ²ÊÎ ¥³ ¶·¨¢¥¤¥´´μ¥ ±Ê-
¡¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ y3 + wy + z = 0. ‡¤¥¸Ó

w = I2 −
I2
4

3
, z =

2I3
4

27
− I4I2

3 + I0
. (67)

’·¨ ¤¥°¸É¢¨É¥²Ó´ÒÌ ·¥Ï¥´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ É·¥³ §´ Î¥´¨Ö³ ¸±μ·μ-
¸É¥° ±μ²¥¡ ´¨°, ¸ÊÐ¥¸É¢ÊÕÉ, ¥¸²¨ ¢Ò¶μ²´Ö¥É¸Ö ´¥· ¢¥´¸É¢μ ¤²Ö ¤¨¸±·¨³¨-
´ ´É  D:

D =
(w

3

)3

+
(z

2

)2

� 0. (68)

„¥°¸É¢¨É¥²Ó´Ò¥ ·¥Ï¥´¨Ö ±Ê¡¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö ¨³¥ÕÉ ¸μ£² ¸´μ [74] ¢¨¤

yn = 2 3
√

ρ cos
ϕ + 2 (n − 1)π

3
,

£¤¥ Î¨¸²μ n = 1, 2, 3 ´Ê³¥·Ê¥É É·¨ ·¥Ï¥´¨Ö ¤¨¸¶¥·¸¨μ´´μ£μ Ê· ¢´¥´¨Ö ¨ ¢¢¥-
¤¥´Ò μ¡μ§´ Î¥´¨Ö cosϕ ≡ −z/2ρ, ρ ≡

√
−w3/27. �¥Ï¥´¨Ö ¨¸Ìμ¤´μ£μ Ê· ¢-

´¥´¨Ö (66) ¸μμÉ¢¥É¸É¢¥´´μ ¶·¨³ÊÉ ¢¨¤ ω2
n ≡ c2

n (θ, ϕ)k2. ‡¤¥¸Ó cn (θ, ϕ) Å
É·¨ ¸±μ·μ¸É¨ · ¸¶·μ¸É· ´¥´¨Ö ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨° ¢ ¤ ´´μ° ±μ´¤¥´-
¸¨·μ¢ ´´μ° ¸·¥¤¥. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ëμ·³Ê² ³¨ (65) ¶·¨¢¥¤¥³ ¤²Ö ´¨Ì μ±μ´-
Î É¥²Ó´μ¥ ¢Ò· ¦¥´¨¥

cn (θ, ϕ) =

√
yn (θ, ϕ) − I4 (θ, ϕ)

3
, (69)

£¤¥ yn (k, θ, ϕ) ≡ yn (θ, ϕ)k2. ‚¨¤¨³, ÎÉμ Ê£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¤²Ö ¸±μ·μ¸É¥°
cn (θ, ϕ) ¤μ¸É ÉμÎ´μ ¸²μ¦´ Ö. �·μ ´ ²¨§¨·Ê¥³ ¸¶¥±É·Ò (69) ¢ ¶·¨¡²¨¦¥´¨¨
c1 � c2 � c3. ‚ ÔÉμ³ ¸²ÊÎ ¥ ω6 −ω4k2c2

1 + ω2k4c2
1c

2
2 −k6c2

1c
2
2c

2
3 = 0 ¨ ±μÔË-

Ë¨Í¨¥´ÉÒ Ia ¸²¥¤ÊÕÐ¨³ μ¡· §μ³ ¸¢Ö§ ´Ò ¸ É·¥³Ö ¸±μ·μ¸ÉÖ³¨  ±Ê¸É¨Î¥¸±¨Ì
¢μ²´:

I4 = −k2c2
1, I2 = k4c2

1c
2
2, I0 = −k6c2

1c
2
2c

2
3.

�É±Ê¤  ¸²¥¤ÊÕÉ ¸μμÉ´μÏ¥´¨Ö

c2
1 (θ, ϕ) = c2 (1 + λαΦα (θ, ϕ)) ,

c2
2 (θ, ϕ) = c2

λαΨα (θ, ϕ) +
1
2

∑
α�=β

λαλβΨαβ (θ, ϕ)

1 + λβΨβ (θ, ϕ)
, (70)

c2
3 (θ, ϕ) = c2

1
2

∑
α�=β

λαλβΦαβ (θ, ϕ) + λ1λ2λ3 cos2 θ sin4 θ

λβΨβ (θ, ϕ) +
1
2

∑
α�=β

λαλβΨαβ (θ, ϕ)
.
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‘· ¢´¨¢ Ö ¶μ²ÊÎ¥´´Ò¥ ¨§μ¡· ¦¥´¨Ö Ê£²μ¢μ° § ¢¨¸¨³μ¸É¨ ¸±μ·μ¸É¨ c1, ¢¨¤¨³,
ÎÉμ ¢ μ¶·¥¤¥²¥´´μ° ¸É¥¶¥´¨ μ´¨ ¶μ¢Éμ·ÖÕÉ ¢¨¤ ¸¶¥±É·  ¤²Ö c+ ¸²ÊÎ Ö μ¤´μμ¸-
´ÒÌ ¸É¥·¦´¥¶μ¤μ¡´ÒÌ ´¥³ É¨±μ¢ Å ¶·μ¨¸Ìμ¤¨É Ê³¥´ÓÏ¥´¨¥ ¸±μ·μ¸É¨ §¢Ê± 
¢ ¶μ²Õ¸´ÒÌ μ¡² ¸ÉÖÌ ¶·¨ ¢μ§· ¸É ´¨¨ ¡¥§· §³¥·´μ£μ É¥·³μ¤¨´ ³¨Î¥¸±μ£μ
¶ · ³¥É·  λ3, É. ¥. ¢¡²¨§¨ §´ Î¥´¨° ¶μ²Ö·´μ£μ Ê£²  θ = 0, π ¶·¨ Ë¨±¸¨·μ¢ ´-
´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ λ1 ¨ λ2 (¸³. ·¨¸. 3). �¡· É¨³ ¢´¨³ ´¨¥, ÎÉμ ¶·¨
λ1 = λ2 ´¥É § ¢¨¸¨³μ¸É¨ ¸±μ·μ¸É¨ c1 μÉ  §¨³ÊÉ ²Ó´μ£μ Ê£² . �·¨ λ1 > λ2 ¨²¨
λ2 > λ1 ¶·μ¨¸Ìμ¤¨É ¸¶²ÕÐ¨¢ ´¨¥ §¢Ê±  ¶μ  §¨³ÊÉ ²Ó´μ³Ê Ê£²Ê ¢μ ¢§ ¨³´μ
¶¥·¶¥´¤¨±Ê²Ö·´ÒÌ ´ ¶· ¢²¥´¨ÖÌ (¸³. ·¨¸. 4).

‚ ·Ó¨·μ¢ ´¨¥ ¶ · ³¥É·  λ3 ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢
λ1 ¨ λ2, ± ± ¢¨¤¨³, ´¥ ¶·¨¢μ¤¨É ± ¸ÊÐ¥¸É¢¥´´Ò³ ¨§³¥´¥´¨Ö³ Ëμ·³Ò Ë·μ´É 
· ¸¶·μ¸É· ´¥´¨Ö ¢Éμ·μ£μ §¢Ê±  (¸³. ·¨¸. 5). �É³¥É¨³ ´ ¡²Õ¤ ÕÐÊÕ¸Ö ³μ¤Ê-
²ÖÍ¨Õ ¸±μ·μ¸É¨ c2 ¸ ¶¥·¨μ¤μ³ π/2 ¶μ  §¨³ÊÉ ²Ó´μ³Ê Ê£²Ê. �·¨ ¸ÊÐ¥¸É¢¥´-
´μ³ · §²¨Î¨¨ §´ Î¥´¨° ¶ · ³¥É·μ¢ λ1 ¨ λ2 ¶·μ¨¸Ìμ¤¨É Ê³¥´ÓÏ¥´¨¥ ¶ ·Ò
±μ²²¨´¥ ·´ÒÌ ²¥¶¥¸É±μ¢ ¸¶¥±É·  (¸³. ·¨¸. 6).

“¢¥²¨Î¥´¨¥ ¶ · ³¥É·  λ3 ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ λ1

¨ λ2 ¶·¨¢μ¤¨É ± ¢ÒÉÖ£¨¢ ´¨Õ Ë·μ´É  · ¸¶·μ¸É· ´¥´¨Ö §¢Ê±  c3 ¸ ¶¥·¨μ¤μ³
π/2 (¸³. ·¨¸. 7); ¶·¨ λ1 > λ2 ¨ Ë¨±¸¨·μ¢ ´´μ³ λ3 μ¡· §ÊÕÉ¸Ö ¤¢  ²¥¶¥¸É± ,
¶μ¢¥·´ÊÉÒÌ μÉ´μ¸¨É¥²Ó´μ ¤·Ê£ ¤·Ê£  ´  Ê£μ² π ¢ ¢¥·Ì´¥° ¨ ´¨¦´¥° ¶²μ¸±μ¸ÉÖÌ
μÉ´μ¸¨É¥²Ó´μ ´ Î ²  ±μμ·¤¨´ É (¸³. ·¨¸. 8,  ); ¶·¨ λ2 > λ1 ¨ Ë¨±¸¨·μ¢ ´´μ³
λ3 μ¡· §ÊÕÉ¸Ö Î¥ÉÒ·¥ ²¥¶¥¸É± , ¶μ¢¥·´ÊÉÒÌ μÉ´μ¸¨É¥²Ó´μ ¤·Ê£ ¤·Ê£  ´  Ê£μ²
π/2 ¢ ¢¥·Ì´¥° ¨ ´¨¦´¥° ¶²μ¸±μ¸ÉÖÌ (¸³. ·¨¸. 8, ¡).

‚ μ¡² ¸É¨ ¨§³¥´¥´¨Ö É¥·³μ¤¨´ ³¨Î¥¸±¨Ì ¶ · ³¥É·μ¢, £¤¥ ¸¶· ¢¥¤²¨¢Ò
´¥· ¢¥´¸É¢  λ3 � λ1, λ2, Ëμ·³Ê²Ò (70) Ê¶·μÐ ÕÉ¸Ö ¨ ¶·¨μ¡·¥É ÕÉ ¢¨¤

�¨¸. 3. “£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ c1 ¶·¨ λ1 = 0,001, λ2 = 0,001: a) λ3 = 0,1;
¡) λ3 = 1
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�¨¸. 4. “£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ c1 ¶·¨ λ1 = 0,01, λ2 = 1, λ3 = 1 (a); λ1 = 1,
λ2 = 0,01, λ3 = 1 (¡)

�¨¸. 5. “£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ §¢Ê±  c2 ¶·¨ λ1 = 0,001, λ2 = 0,001: a) λ3 =
0,1; ¡) λ3 = 1

�¨¸. 6. “£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ §¢Ê±  c2 ¶·¨ λ1 = 0,0001, λ2 = 1, λ3 = 1 (a);
λ1 = 1, λ2 = 0,0001, λ3 = 1 (¡)
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c2
1 (θ, ϕ) = c2 (1 + λ3Φ3 (θ)) ,

c2
2 (θ, ϕ) = c2 λ3Ψ3 (θ, ϕ)

1 + λ3Ψ3 (θ)
,

c2
3 (θ, ϕ) = c2 λ1λ3Φ31 (θ, ϕ) + λ2λ3Φ32 (θ, ϕ)

λ1Ψ1 (θ, ϕ) + λ2Ψ2 (θ, ϕ) + λ3Ψ3 (θ, ϕ)
.

(71)

‚ Ëμ·³Ê²¥ (71) ¤²Ö É·¥ÉÓ¥£μ §¢Ê±  ³Ò μ¸É ¢¨²¨ ¢ §´ ³¥´ É¥²¥ ¸² £ ¥³Ò¥,
¶·μ¶μ·Í¨μ´ ²Ó´Ò¥ λ1, λ2, É ± ± ± É·¥ÉÓ¥ ¸² £ ¥³μ¥ Ψ3(θ, ϕ) = [1−
− sin2 θ cos2 2ϕ] sin2 θ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¢ μ±·¥¸É´μ¸É¨ ÉμÎ¥± θ = π/2;

�¨¸. 7. “£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ §¢Ê±  c3 ¶·¨ λ1 = 0,01, λ2 = 0,01: a) λ3 = 0,01;
¡) λ3 = 0,03

�¨¸. 8. “£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ §¢Ê±  c3 ¶·¨ λ1 = 0,1, λ2 = 0,02, λ3 = 0,05
(a); λ1 = 0,02, λ2 = 0,1, λ3 = 0,05 (¡)
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ϕ = nπ/2. �·¨¢¥¤¥³ ¨§μ¡· ¦¥´¨Ö Ë·μ´Éμ¢ · ¸¶·μ¸É· ´¥´¨Ö ¢Ò¶¨¸ ´´ÒÌ
¸¶¥±É·μ¢ ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨° (·¨¸. 9Ä11).

”·μ´ÉÒ · ¸¶·μ¸É· ´¥´¨Ö, ¨§μ¡· ¦¥´´Ò¥ ´  ·¨¸. 9Ä11, ± Î¥¸É¢¥´´μ ¸μ-
¢¶ ¤ ÕÉ ¸ ·¨¸. 3, 5, 7.

� ¸¸³μÉ·¨³ É¥¶¥·Ó ¸²ÊÎ °, ±μ£¤  ¤¢ÊÌμ¸´Ò° ´¥³ É¨± Ì · ±É¥·¨§Ê¥É¸Ö
Éμ²Ó±μ μ¤´μ° ±μ´Ëμ·³ Í¨μ´´μ° ¸É¥¶¥´ÓÕ ¸¢μ¡μ¤Ò. ‘μ£² ¸´μ ¸μμÉ´μÏ¥-
´¨Ö³ (54) ÔÉ  ¢¥²¨Î¨´  Å ±μ´Ëμ·³ Í¨μ´´ Ö ¸É¥¶¥´Ó ¸¢μ¡μ¤Ò p, ±μÉμ· Ö
Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° Ê£²  ³¥¦¤Ê ¡μ²ÓÏμ° ¨ ³ ²μ° μ¸Ö³¨ ³μ²¥±Ê²Ò. � ¡μ· ¶ -
· ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ μ¶¨¸ ´¨Ö ¸μ¸Éμ¨É ¨§ ¶²μÉ´μ¸É¥°  ¤¤¨É¨¢´ÒÌ ¨´É¥£· -
²μ¢ ¤¢¨¦¥´¨Ö, ¤¢ÊÌ μ¸¥°  ´¨§μÉ·μ¶¨¨ ¨ μ¤´μ£μ ±μ´Ëμ·³ Í¨μ´´μ£μ ¶ · ³¥É· 
ϕa(x) ≡ {ςa(x),n(x),m(x), p(x)}. „²Ö  ´ ²¨§  ¸¶¥±É·μ¢ ±μ²²¥±É¨¢´ÒÌ ¢μ§-

�¨¸. 9. “£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ §¢Ê±  c1 ¶·¨ λ1 = 0, λ2 = 0: a) λ3 = 0,1;
¡) λ3 = 1

�¨¸. 10. “£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ §¢Ê±  c2 ¶·¨ λ1 = 0, λ2 = 0: a) λ3 = 0,1;
¡) λ3 = 1
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¡Ê¦¤¥´¨° § ³¥É¨³, ÎÉμ ¨¸±μ³Ò¥ Ê· ¢´¥´¨Ö ¤¨´ ³¨±¨ ¶μ²ÊÎ ÕÉ¸Ö Ëμ·³ ²Ó´μ
¨§ Ê· ¢´¥´¨° (61), (62), ¢ ±μÉμ·ÒÌ ¶μ²μ¦¥´Ò · ¢´Ò³¨ ´Ê²Õ ¤²¨´Ò ¡μ²ÓÏμ° ¨
³ ²μ° μ¸¥°  ´¨§μÉ·μ¶¨¨ u = v = 0. ‘¶¥±É· ²Ó´Ò¥ Ì · ±É¥·¨¸É¨±¨ ¶μ²ÊÎ¨³
¨§ (66), £¤¥ λ1 = λ2 = 0. �·¨ ÔÉμ³ ±μÔËË¨Í¨¥´ÉÒ ¡¨±Ê¡¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö
Ê¶·μÐ ÕÉ¸Ö ¨ ¶·¨μ¡·¥É ÕÉ ¢¨¤

I0 (θ, ϕ) = 0, I4 (k, θ, ϕ) ≡ I4 (θ, ϕ)k2 = −k2c2
{
1 + λ3 sin2 θ

}
, (72)

I2 (k, θ, ϕ) = I2 (θ, ϕ)k4 = k4c4λ3

[
1 − sin2 θ cos2 2ϕ

]
sin2 θ,

¢ ·¥§Ê²ÓÉ É¥ Î¥£μ ¶μ²ÊÎ ¥³ ¤¨¸¶¥·¸¨μ´´μ¥ Ê· ¢´¥´¨¥

ω2
(
ω4 + I4 (k, θ, ϕ)ω2 + I2 (k, θ, ϕ)

)
= 0.

’ ±¨³ μ¡· §μ³, ¢¨¤¨³, ÎÉμ ¢ ¤¢ÊÌμ¸´μ³ ´¥³ É¨±¥ ¸ ³μ²¥±Ê² ³¨ ¸É¥·¦´¥¶μ-
¤μ¡´μ° Ëμ·³Ò ¢ ¸²ÊÎ ¥ μ¤´μ° ±μ´Ëμ·³ Í¨μ´´μ° ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò ¢μ§³μ¦´μ
· ¸¶·μ¸É· ´¥´¨¥ ¤¢ÊÌ  ±Ê¸É¨Î¥¸±¨Ì ¢¥É¢¥° ±μ²¥¡ ´¨°

ω2
± (k) =

1
2

(
−I4 (k) ±

√
I2
4 (k) − 4I2 (k)

)
≡ c2

±

(
k
k

)
k2, (73)

¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶¥·¢μ³Ê ¨ ¢Éμ·μ³Ê §¢Ê±Ê. ‘· ¢´¨³ Ê£²μ¢Ò¥ Ì · ±É¥·¨¸É¨±¨
ÔÉ¨Ì ¸¶¥±É·μ¢ ¸ Ê£²μ¢Ò³¨ Ì · ±É¥·¨¸É¨± ³¨ ¸¶¥±É·μ¢ μ¤´μμ¸´μ£μ ´¥³ É¨± 
¸ ³μ²¥±Ê² ³¨ ¸É¥·¦´¥¶μ¤μ¡´μ° Ëμ·³Ò. „²Ö ÔÉμ£μ ¶·¨¢¥¤¥³ ¢Ò· ¦¥´¨Ö (73)
¤²Ö ¸±μ·μ¸É¥° c2

± ¢ É¥·³¨´ Ì ¶μ²Ö·´μ£μ ¨  §¨³ÊÉ ²Ó´μ£μ Ê£²μ¢. ‘μ£² ¸´μ

�¨¸. 11. “£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ §¢Ê±  c3 ¶·¨ λ1 = 0,01, λ2 = 0,02, λ3 = 0,05
( ); λ1 = 0,01, λ2 = 0,1, λ3 = 0,5 (¡)
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Ö¢´μ³Ê ¢¨¤Ê ¢Ò· ¦¥´¨° I2 ¨ I4 (72) ¨³¥¥³

c± (θ, ϕ) =
c√
2

{
1 + λ3 sin2 θ±

±
[(

1 − λ3 sin2 θ
)2

+ 4λ3 sin4 θ cos2 2ϕ
]1/2 }1/2

. (74)

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¶μ¤±μ·¥´´μ¥ ¢Ò· ¦¥´¨¥ ´¥μÉ·¨Í É¥²Ó´μ, ¨ ¶μÔÉμ³Ê ¸±μ·μ-
¸É¨ c2

± ¸ÊÐ¥¸É¢ÊÕÉ ¶·¨ ¶·μ¨§¢μ²Ó´ÒÌ ¶μ²Ö·´μ³ ¨  §¨³ÊÉ ²Ó´μ³ Ê£² Ì. �¡· -
É¨³ ¢´¨³ ´¨¥, ÎÉμ ¢ μÉ²¨Î¨¥ μÉ μ¤´μμ¸´ÒÌ ´¥³ É¨±μ¢, ¤²Ö ±μÉμ·ÒÌ Ê£²μ¢ Ö
§ ¢¨¸¨³μ¸ÉÓ ¸¶¥±É·μ¢ μ¶·¥¤¥²Ö² ¸Ó Éμ²Ó±μ ¶μ²Ö·´Ò³ Ê£²μ³, ¢ · ¸¸³ É·¨¢ ¥-
³μ³ ¸²ÊÎ ¥ ¢μ§´¨± ¥É ´μ¢μ¥ Ë¨§¨Î¥¸±μ¥ Ö¢²¥´¨¥ Å ¶μÖ¢²Ö¥É¸Ö § ¢¨¸¨³μ¸ÉÓ
¸±μ·μ¸É¨ · ¸¶·μ¸É· ´¥´¨Ö ¢μ§¡Ê¦¤¥´¨° μÉ  §¨³ÊÉ ²Ó´μ£μ Ê£²  ¸ ¶¥·¨μ¤μ³
π/2. �·¥¤¸É ¢¨³ ±μ³¶ÓÕÉ¥·´ÊÕ £· Ë¨±Ê ÔÉ¨Ì ¸¶¥±É·μ¢(·¨¸. 12, 13).

�¨¸. 12. “£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ §¢Ê±  c+ ¶·¨ λ3 = 0,1 (a); λ3 = 1 (¡)

�¨¸. 13. “£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ §¢Ê±  c− ¶·¨ λ3 = 0,1 (a); λ3 = 1 (¡)
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�¨¸. 13 ¤²Ö ¸±μ·μ¸É¨ c−  ´ ²μ£¨Î¥´ ·¨¸. 5 ¤²Ö ¸±μ·μ¸É¨ c2.
� ¸¸³μÉ·¨³ ¢Ò· ¦¥´¨¥ ¤²Ö ¸±μ·μ¸É¥° §¢Ê±μ¢ (74) ¶·¨ λ3 � 1. ‘ ÉμÎ´μ-

¸ÉÓÕ ¤μ ²¨´¥°´ÒÌ ¸² £ ¥³ÒÌ ¤²Ö ¸±μ·μ¸É¨ c+ ¨³¥¥³

c+ ≈ c

(
1 +

λ3

2
sin4 θ cos2 2ϕ

)
.

�´ ²μ£¨Î´μ ¤²Ö ¸±μ·μ¸É¨ c− ¶μ²ÊÎ¨³ ¶·¨¡²¨¦¥´´μ¥ · ¢¥´¸É¢μ

c− ≈ c
√

λ3 |sin θ|
√

1 − sin2 θ cos2 2ϕ.

ˆ§ ¶·¨¢¥¤¥´´ÒÌ ¢Ò· ¦¥´¨° ´ °¤¥³ ¤²Ö ¸±μ·μ¸É¨ c+: min c+ = c ¶·¨ θ = 0, π,
ϕ Å ²Õ¡μ¥; ¶·¨ ϕ = nπ/2, θ Å ²Õ¡μ¥; max c+ = c (1 + λ3/2) ¶·¨ θ = π/2,
ϕ = nπ/2. „²Ö ¸±μ·μ¸É¨ c− ¶μ²ÊÎ¨³: min c− = 0 ¶·¨ θ = 0, π, ϕ Å ²Õ¡μ¥;
¶·¨ ϕ = π/4 + nπ/2; θ = π/2; max c− = c

√
λ3 ¶·¨ θ = π/2, ϕ = nπ/2.

� ¸¸³μÉ·¨³, ´ ±μ´¥Í, ¸²ÊÎ °, ±μ£¤  D > 0. ŠÊ¡¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ¨³¥¥É
μ¤´μ ¤¥°¸É¢¨É¥²Ó´μ¥ ·¥Ï¥´¨¥ ¨ ¤¢  ±μ³¶²¥±¸´μ-¸μ¶·Ö¦¥´´ÒÌ. �¥³ É¨± Ì -
· ±É¥·¨§Ê¥É¸Ö μ¤´μ° ¢¥É¢ÓÕ ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨°. „¥°¸É¢¨É¥²Ó´μ¥ ·¥-
Ï¥´¨¥ ¨³¥¥É ¢¨¤

y1 (k, θ, ϕ) = 3

√
−z

2
+
√

D + 3

√
−z

2
−
√

D. (75)

‚Ìμ¤ÖÐ¨¥ ¸Õ¤  ¢¥²¨Î¨´Ò μ¶·¥¤¥²ÖÕÉ¸Ö Ëμ·³Ê² ³¨ (67), (68). Šμ³¶ÓÕÉ¥·´μ¥
³μ¤¥²¨·μ¢ ´¨¥ ¸¶¥±É·  (75) ¶·¥¤¸É ¢²¥´μ ´  ·¨¸. 14.

�·¨¢¥¤¥´´Ò° ·¨¸Ê´μ±  ´ ²μ£¨Î¥´ ¢¨¤Ê Ë·μ´É  · ¸¶·μ¸É· ´¥´¨Ö §¢Ê± 
c+ (¸³. ·¨¸. 12). � ¡²Õ¤ ¥É¸Ö ³μ¤Ê²ÖÍ¨Ö ¸±μ·μ¸É¨ ¶μ  §¨³ÊÉ ²Ó´μ³Ê Ê£²Ê.

�¨¸. 14. “£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ §¢Ê±  c1 ¶·¨ λ1 = 0,001, λ2 = 0,001: a) λ3 =
0,1; ¡) λ3 = 1
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’ ±¨³ μ¡· §μ³, ³μ¦¥³ § ±²ÕÎ¨ÉÓ, ÎÉμ ¢ ´¥³ É¨±¥ ¸ ³μ²¥±Ê² ³¨ Ô²²¨-
¶¸μ¨¤ ²Ó´μ° Ëμ·³Ò ¶·¨ ´ ²¨Î¨¨ É·¥Ì ±μ´Ëμ·³ Í¨μ´´ÒÌ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò
¢μ§³μ¦´μ · ¸¶·μ¸É· ´¥´¨¥ μÉ μ¤´μ° ¤μ É·¥Ì ¢¥É¢¥° ¸¶¥±É·μ¢ ±μ²²¥±É¨¢´ÒÌ
¢μ§¡Ê¦¤¥´¨° ω2

n, μ¶·¥¤¥²ÖÕÐ¨Ì, ¸μμÉ¢¥É¸É¢¥´´μ, ¶¥·¢Ò°, ¢Éμ·μ° ¨ É·¥É¨°
§¢Ê±¨.

”μ·³Ê²Ò (70)Ä(75) ·¥Ï ÕÉ § ¤ ÎÊ Ê¸É ´μ¢²¥´¨Ö Ê£²μ¢ÒÌ Ì · ±É¥·¨¸É¨±
¸¶¥±É·μ¢ ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨°.

5. „ˆ��Œˆ—…‘Šˆ… ���–…‘‘› ‚ „‚“•�‘�›• �…Œ�’ˆŠ�•.
„ˆ‘Š�ˆ„�›… Œ�‹…Š“‹›

�¶·¥¤¥²¨³ ¥¤¨´¨Î´Ò¥ ¨ μ·Éμ£μ´ ²Ó´Ò¥ μ¸¨  ´¨§μÉ·μ¶¨¨ n(x),m(x), Ì -
· ±É¥·¨§ÊÕÐ¨¥ ´ ·ÊÏ¥´¨¥ ¢· Ð É¥²Ó´μ° ¨´¢ ·¨ ´É´μ¸É¨ ¨§ÊÎ ¥³μ° ±μ´¤¥´-
¸¨·μ¢ ´´μ° ¸·¥¤Ò, · ¢¥´¸É¢ ³¨

ni(x) =
a(x)bi(x) + b(x)ai(x)
|a(x)b(x) + b(x)a(x)| ,

mi(x) =
a(x)bi(x) − b(x)ai(x)
|a(x)b(x) − b(x)a(x)| .

(76)

‡¤¥¸Ó ¢¥±Éμ·Ò a(x) ¨ b(x) ¨ ¨Ì ³μ¤Ê²¨ ¶·¥¤¸É ¢²¥´Ò ¢ É¥·³¨´ Ì É¥´§μ· 
¤¨¸Éμ·¸¨¨

aj(x) ≡ e1kbkj(x), bj(x) ≡ e2kbkj(x), (77)

¨ a(x) = |a(x)|, b(x) = |b(x)|. �μ¸ÉμÖ´´Ò¥ ¨ μ·Éμ£μ´ ²Ó´Ò¥ ¢¥±Éμ·Ò e1, e2

§ ¤ ÕÉ ´ ¶· ¢²¥´¨Ö μ¸¥°  ´¨§μÉ·μ¶¨¨ ¨ · §³¥·Ò ¤¨¸±μ¨¤´ÒÌ ³μ²¥±Ê² ´¥-
¤¥Ëμ·³¨·μ¢ ´´μ£μ ¦¨¤±μ£μ ±·¨¸É ²² . �·¨ ¤¥Ëμ·³ Í¨¨ ¸·¥¤Ò ¶·μ¨¸Ìμ¤¨É
¨§³¥´¥´¨¥ ´ ¶· ¢²¥´¨° μ¸¥°  ´¨§μÉ·μ¶¨¨ ¨ ¤²¨´ ³μ²¥±Ê², μ¶¨¸Ò¢ ¥³μ¥ É¥´-
§μ·μ³ ¤¥Ëμ·³ Í¨¨. �·¨ ÔÉμ³ ¢ ¸¨²Ê μ¶·¥¤¥²¥´¨Ö (76) ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ ¤¥-
Ëμ·³¨·μ¢ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¢Ò¶μ²´ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö n2

k(x) = 1, m2
k(x) = 1,

n(x)m(x) = 0. ‘μ£² ¸´μ Ëμ·³Ê² ³ (6), (76), (77) ¶μ²ÊÎ¨³ ¸±μ¡±¨ �Ê ¸¸μ´ 
¤²Ö ¶²μÉ´μ¸É¨ ¨³¶Ê²Ó¸  πk(x) ¨ μ¸¥°  ´¨§μÉ·μ¶¨¨ nk(x), mk(x):

{πi(x), nj (x′)} = δ (x − x′)∇inj(x) + fiλj (x′)∇′
λδ (x − x′) ,

{πi(x), mj (x′)} = δ (x − x′)∇imj(x) + giλj (x′)∇′
λδ (x − x′) ,

(78)

£¤¥ ËÊ´±Í¨¨ fiλj , giλj ¢ ¶· ¢μ° ¸Éμ·μ´¥ ¸±μ¡μ± �Ê ¸¸μ´  (78) ¨³¥ÕÉ ¢¨¤

fiλj(x) = nλ(x)δ⊥ij (n(x)) − p(x)mj(x) [ni(x)mλ(x) + nλ(x)mi(x)] ,
(79)

giλj(x) = mλ(x)δ⊥ij (m(x)) − (1 − p(x))nj (x) [ni(x)mλ (x) + nλ(x)mi (x)] .
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‚¨¤ ¸±μ¡μ± �Ê ¸¸μ´  (78) ¤²Ö ¸²ÊÎ Ö ¤¢ÊÌμ¸´ÒÌ ´¥³ É¨±μ¢ ¤¨¸±μ¨¤´μ° Ëμ·-
³Ò μÉ²¨Î ¥É¸Ö μÉ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¸±μ¡μ± �Ê ¸¸μ´  (52), ¢Ò¶¨¸ ´´ÒÌ ¤²Ö
¸²ÊÎ Ö ¤¢ÊÌμ¸´ÒÌ ³μ²¥±Ê² Ô²²¨¶¸μ¨¤ ²Ó´μ° Ëμ·³Ò. ‚¥²¨Î¨´ 

p(x) ≡ 1
2

(
1 − a(x)b(x)

a(x)b(x)

)
, (80)

¢μ§´¨± ÕÐ Ö ¢ ¶· ¢μ° ¸Éμ·μ´¥ ¸±μ¡μ± �Ê ¸¸μ´  (78) ¶μ¸·¥¤¸É¢μ³ ËÊ´±Í¨°
fiλj(x), giλj(x), μ¶·¥¤¥²Ö¥É Ê£μ² ³¥¦¤Ê μ¸Ö³¨  ´¨§μÉ·μ¶¨¨ ¢ ¤¥Ëμ·³¨·μ¢ ´-
´μ³ ¸μ¸ÉμÖ´¨¨. ‚ ¸μ¸ÉμÖ´¨¨ · ¢´μ¢¥¸¨Ö ¢ ¸¨²Ê μ·Éμ£μ´ ²Ó´μ¸É¨ ¢¥±Éμ·μ¢
e1, e2 ¢¥²¨Î¨´  p = 1/2. ‚¨¤¨³, ÎÉμ ¤²Ö § ³Ò± ´¨Ö  ²£¥¡·Ò ¸±μ¡μ± �Ê ¸-
¸μ´  ¢¸¥£μ ´ ¡μ·  £¨¤·μ¤¨´ ³¨Î¥¸±¨Ì ¶ · ³¥É·μ¢ · ¸¸³ É·¨¢ ¥³ÒÌ ¦¨¤±¨Ì
±·¨¸É ²²μ¢ ´¥¤μ¸É ÉμÎ´μ ¢¢¥¤¥´¨Ö Éμ²Ó±μ μ¸¥°  ´¨§μÉ·μ¶¨¨. �¥μ¡Ìμ¤¨³μ
· ¸Ï¨·¥´¨¥ ´ ¡μ·  ¶ · ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ μ¶¨¸ ´¨Ö ¶ÊÉ¥³ ¢±²ÕÎ¥´¨Ö ¢
ÔÉμÉ ´ ¡μ· ¢¥²¨Î¨´Ò p(x). �É  ¢¥²¨Î¨´  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ±μ´Ëμ·³ -
Í¨μ´´ÊÕ ¸É¥¶¥´Ó ¸¢μ¡μ¤Ò ¨²¨ ±μ´Ëμ·³ Í¨μ´´Ò° ¶ · ³¥É·, ±μÉμ·Ò° § ¤ ¥É
Ê£μ² ³¥¦¤Ê μ¸Ö³¨ ¢ ¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨ ¤²Ö ¤¨¸±μ¨¤´ÒÌ ³μ²¥±Ê².
‚ ¸¨²Ê μ¶·¥¤¥²¥´¨Ö (80) ¸±μ¡±  �Ê ¸¸μ´  ¤²Ö ÔÉμ° ¢¥²¨Î¨´Ò ¸ ¨³¶Ê²Ó¸μ³
¨³¥¥É ¢¨¤

{πi(x), p (x′)} = δ (x − x′)∇ip(x) + hij (x′)∇′
jδ (x − x′) , (81)

£¤¥
hij(x) = 2p(x) (1 − p(x)) [mi(x)mj(x) − ni(x)nj(x)] . (82)

� ¡μ· ¶ · ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ μ¶¨¸ ´¨Ö σ(x), πk(x), ρ(x),m(x),n(x),
p(x) ¸μ£² ¸´μ (5), (6), (78), (81) μ¡· §Ê¥É § ³±´ÊÉÊÕ  ²£¥¡·Ê ¸±μ¡μ± �Ê ¸¸μ´ .
„²Ö ¤¢ÊÌμ¸´ÒÌ ¦¨¤±¨Ì ±·¨¸É ²²μ¢ ¶μ³¨³μ ¢¥²¨Î¨´Ò p(x) ¢μ§³μ¦´μ ¢¢¥¤¥´¨¥
¥Ð¥ ¤¢ÊÌ ±μ´Ëμ·³ Í¨μ´´ÒÌ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò, ¶·¥¤¸É ¢¨³ÒÌ ¢ É¥·³¨´ Ì
É¥´§μ·  ¤¨¸Éμ·¸¨¨:

q(x) = a(x)
√

(1 − p(x)) /2, t(x) = b(x)
√

p(x)/2. (83)

�É¨ ¢¥²¨Î¨´Ò ¸¢Ö§ ´Ò ¸ ¨§³¥´¥´¨¥³ μ¡¥¨Ì ¤²¨´ μ¸¥°  ´¨§μÉ·μ¶¨¨ ³μ²¥±Ê²Ò
¦¨¤±μ£μ ±·¨¸É ²²  ¢ ¤¥Ëμ·³¨·μ¢ ´´μ³ ¸μ¸ÉμÖ´¨¨. ˆ§ μ¶·¥¤¥²¥´¨° (83) ¸ ÊÎ¥-
Éμ³ (6), (77), (81) ¸²¥¤ÊÕÉ ¸±μ¡±¨ �Ê ¸¸μ´  ¤²Ö ±μ´Ëμ·³ Í¨μ´´ÒÌ ¸É¥¶¥´¥°
¸¢μ¡μ¤Ò q(x) ¨ t(x) ¸ ¶²μÉ´μ¸ÉÓÕ ¨³¶Ê²Ó¸ 

{πi(x), q (x′)} = δ (x − x′)∇iq(x) + fij (x′)∇′
jδ (x − x′) ,

{πi(x), t (x′)} = δ (x − x′)∇it(x) + gij (x′)∇′
jδ (x − x′) ,

(84)

£¤¥ ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö

fik(x) = q(x)
[
ni(x)nk(x) −

√
p(x) (1 − p(x)) (ni(x)mk(x) + nk(x)mi(x))

]
,

gik(x) = t(x)
[
mi(x)mk(x) +

√
p(x)(1 − p(x)) (ni(x)mk(x) + nk(x)mi(x))

]
.
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�·¨¥´É Í¨μ´´Ò¥ m(x),n(x) ¨ ±μ´Ëμ·³ Í¨μ´´Ò¥ q(x), t(x), p(x) ¸É¥¶¥´¨
¸¢μ¡μ¤Ò Ö¢²ÖÕÉ¸Ö ²μ± ²Ó´Ò³¨ ËÊ´±Í¨Ö³¨ É¥´§μ·  ¤¨¸Éμ·¸¨¨ ¨ · ¸¸³ É·¨-
¢ ÕÉ¸Ö ± ± ´¥§ ¢¨¸¨³Ò¥ ¶¥·¥³¥´´Ò¥. � ¡μ· ³ ±·μ¸±μ¶¨Î¥¸±¨Ì ¶ · ³¥É·μ¢
¤²Ö ´¥³ É¨Î¥¸±μ£μ ¦¨¤±μ£μ ±·¨¸É ²²  ¸ ¤¨¸±μ¨¤´Ò³¨ ³μ²¥±Ê² ³¨ ¸μ¸Éμ¨É
¨§ ¶²μÉ´μ¸É¥°  ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö, ¤¢ÊÌ μ¸¥°  ´¨§μÉ·μ¶¨¨
¨ É·¥Ì ±μ´Ëμ·³ Í¨μ´´ÒÌ ¶ · ³¥É·μ¢ ϕa(x) ≡ {ζa(x),n(x),m(x), q(x),
t(x)p(x)}. ‘±μ¡±¨ �Ê ¸¸μ´  (5), (6), (78), (81), (84) μ¡· §ÊÕÉ § ³±´ÊÉÊÕ  ²-
£¥¡·Ê £¨¤·μ¤¨´ ³¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ¤¢ÊÌμ¸´μ£μ ´¥³ É¨±  ¸ ¤¨¸±μ¨¤´Ò³¨
³μ²¥±Ê² ³¨. �²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¨§ÊÎ ¥³μ° ±μ´¤¥´¸¨·μ¢ ´´μ° ¸·¥¤Ò Ö¢²Ö¥É¸Ö
ËÊ´±Í¨μ´ ²μ³ ÔÉ¨Ì ¢¥²¨Î¨´

ε(x) ≡ ε(σ(x), πi(x), ρ(x),n(x),∇n(x),m(x),∇m(x), q(x), t(x)p(x)). (85)

„²Ö ¶²μÉ´μ¸É¥° ¶μÉμ±μ¢  ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö ¶μ²ÊÎ¥´Ò ¢Ò· -
¦¥´¨Ö

ζak = − ∂

∂Ya

ωYk

Y0
+
[

∂ω

∂∇knj
∇inj + fikλ

(
∂ω

∂nλ
−∇j

∂ω

∂∇jnλ

)]
∂

∂Ya

Yi

Y0
+

+
[

∂ω

∂∇kmj
∇imj + gikλ

(
∂ω

∂mλ
−∇j

∂ω

∂∇jmλ

)]
∂

∂Ya

Yi

Y0
+

+
[
∂ω

∂p
hik +

∂ω

∂u
fik +

∂ω

∂v
gik

]
∂

∂Ya

Yi

Y0
. (86)

‘ ÊÎ¥Éμ³ ¢¨¤  ¸±μ¡μ± �Ê ¸¸μ´  (5), (6) ¨ Ëμ·³Ê²Ò (86) ¨§ Ê· ¢´¥´¨Ö
¤¢¨¦¥´¨Ö ¢ £ ³¨²ÓÉμ´μ¢μ° Ëμ·³¥ (1) ¶μ²ÊÎ¨³ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤¢ÊÌμ¸´μ°
Ë §Ò ´¥³ É¨±  ¸ ¤¨¸±μ¨¤´Ò³¨ ³μ²¥±Ê² ³¨ ¢ Ëμ·³¥ (9), £¤¥ ¶²μÉ´μ¸ÉÓ ¶μÉμ± 
¨³¶Ê²Ó¸  ¶·¥¤¸É ¢²¥´  ¢Ò· ¦¥´¨¥³ (86). „ ²¥¥, ¸μ£² ¸´μ (6), (78) ´ °¤¥³
Ê· ¢´¥´¨Ö ¤¨´ ³¨±¨ ¤²Ö ¤¢ÊÌ μ¸¥°  ´¨§μÉ·μ¶¨¨

ṅj(x) = −vs(x)∇snj(x) − fiλj(x)∇λvi(x),
ṁj(x) = −vs(x)∇smj(x) − giλj(x)∇λvi(x).

(87)

� ±μ´¥Í, ¶·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ (81), (84), ¶μ²ÊÎ¨³ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö
É·¥Ì ±μ´Ëμ·³ Í¨μ´´ÒÌ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò

ṗ(x) = −vi(x)∇ip(x) − hij(x)∇jvi(x),
q̇(x) = −vi(x)∇iq(x) − fij(x)∇jvi(x),

ṫ(x) = −vs(x)∇st(x) − gij(x)∇ivj(x).

(88)

”μ·³Ê²Ò (86)Ä(88) ¸μ¢³¥¸É´μ ¸ ¸μμÉ´μÏ¥´¨Ö³¨, μ¶·¥¤¥²ÖÕÐ¨³¨ ËÊ´±Í¨¨
fiλj(x), giλj(x) ¨ fij(x), gij(x), hij(x), ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¶μ²´Ò° ´ -
¡μ· Ê· ¢´¥´¨° ¨¤¥ ²Ó´μ° £¨¤·μ¤¨´ ³¨±¨ ¤¢ÊÌμ¸´μ£μ ´¥³ É¨± , ¸μ¸ÉμÖÐ¥£μ
¨§ ¤¨¸±μ¨¤´ÒÌ ³μ²¥±Ê² ¸ É·¥³Ö ±μ´Ëμ·³ Í¨μ´´Ò³¨ ¸É¥¶¥´Ö³¨ ¸¢μ¡μ¤Ò.
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‹¨´¥ ·¨§ Í¨Ö Ê· ¢´¥´¨° ¤¢ÊÌμ¸´μ£μ ´¥³ É¨±  ¶·¨¢μ¤¨É ± ¤¨¸¶¥·¸¨μ´-
´μ³Ê Ê· ¢´¥´¨Õ

∣∣ω2δij − kikjc
2 − Dα

i (k)Dα
j (k)

∣∣ = ω6 + ω4I4 + ω2I2 + I0 = 0, (89)

£¤¥ Dα
i (k) ≡ (fi(k), gi(k), hi(k)). ‡¤¥¸Ó ¢¥±Éμ· ³¨ fi(k), gi(k), hi(k) μ¡μ§´ -

Î¥´Ò ¢¥²¨Î¨´Ò

fi (k) = c
√

λ1

[
nink − 1

2
(nimk + mink)

]
,

gi (k) = c
√

λ2

[
mimk +

1
2

(nimk + mink)
]

,

hi (k) = c
√

λ3 [mimk − nink] .


¥§· §³¥·´Ò¥ ¢¥²¨Î¨´Ò λα ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° μÉ´μÏ¥´¨¥ ¶²μÉ´μ¸É¨ Ê¶·Ê-
£μ° Ô´¥·£¨¨ ¤¥Ëμ·³ Í¨¨ ¤²¨´ ³μ²¥±Ê²Ò ¨ Ê£²  ³¥¦¤Ê ´¨³¨ ± ¶²μÉ´μ¸É¨
±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨

λ1 ≡ q2

ρc2

∂2ε

∂q2
> 0, λ2 ≡ t2

ρc2

∂2ε

∂t2
> 0, λ3 ≡ p2

ρc2

∂2ε

∂p2
> 0.

‚Ò· ¦¥´¨Ö ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ Ia Ê· ¢´¥´¨Ö (89) ¶μ²ÊÎ¥´Ò ¢ É¥·³¨´ Ì  §¨-
³ÊÉ ²Ó´μ£μ ¨ ¶μ²Ö·´μ£μ Ê£²μ¢:

I4 (k,m,n) ≡ I4 (θ, ϕ)k2 = −k2c2
{
1 + λαΦα (θ, ϕ)

}
,

I2 (k,m,n) ≡ I
0

2 (θ, ϕ)k4+ I
1

2 (θ, ϕ)k4 =

= k4c4

{
λαΨα (θ, ϕ) +

1
8

∑
α�=β

λαλβΨαβ (θ, ϕ)

}
, (90)

I0 (k,m,n) ≡ I
0

0 (θ, ϕ)k6 = −1
2
k6c6

∑
α�=β

λαλβΦαβ .
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‡¤¥¸Ó É ±¦¥ ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö

Φ1 (θ, ϕ) = sin2 θ

[
1
4

+ sin2 ϕ − 1
2

sin 2ϕ

]
,

Φ2 (θ, ϕ) = sin2 θ

[
1
4

+ cos2 ϕ +
1
2

sin 2ϕ

]
, Φ3 (θ) = sin2 θ,

Ψ12 (θ, ϕ) =
1
4

sin4 θ (1 − sin 4ϕ) ,

Ψ13 (θ, ϕ) =
1
4

sin4 θ (1 − sin 2ϕ)2 ,

Ψ23 (θ, ϕ) =
1
4

sin4 θ (1 + sin 2ϕ)2 ,

Ψ1 (θ, ϕ) = sin2 θ

[
1
4

+ sin2 ϕ cos2 θ +
1
2

sin 2ϕ

]
,

Ψ2 (θ, ϕ) = sin2 θ

[
1
4

+ cos2 ϕ cos2 θ − 1
2

sin 2ϕ

]
,

Ψ3 (θ, ϕ) = sin2 θ
[
1 − cos2 2ϕ sin2 θ

]
,

Φ12 (θ, ϕ) =
1
2

sin4 θ cos2 θ sin2
(π

4
− 2ϕ

)
,

Φ13 (θ, ϕ) = sin4 θ cos2 θ sin4
(π

4
− ϕ

)
,

Φ23 (θ, ϕ) = sin4 θ cos2 θ cos4
(π

4
− ϕ

)
.

Š ± ¨ ¢ ¸²ÊÎ ¥ ¤¢ÊÌμ¸´ÒÌ ´¥³ É¨±μ¢ ¸ ³μ²¥±Ê² ³¨ Ô²²¨¶¸μ¨¤ ²Ó´μ° Ëμ·³Ò,
¢ Ëμ·³Ê²¥ (90) ¢ ¢Ò· ¦¥´¨¨ ¤²Ö ±μÔËË¨Í¨¥´É  I2 ¶·¥´¥¡·¥£ ¥³ ¸² £ ¥³Ò³¨,
±¢ ¤· É¨Î´Ò³¨ ¶μ ³ ²Ò³ ¶ · ³¥É· ³ λi(i = 1, 2, 3). ’μ£¤ , ¸· ¢´¨¢ Ö ±μ-
ÔËË¨Í¨¥´ÉÒ Ia, ¢Ìμ¤ÖÐ¨¥ ¢ ¤¨¸¶¥·¸¨μ´´μ¥ Ê· ¢´¥´¨¥ (89), ¸  ´ ²μ£¨Î´Ò³¨
±μÔËË¨Í¨¥´É ³¨ Ê· ¢´¥´¨Ö (66), ¢¨¤¨³, ÎÉμ  ´ ²¨É¨Î¥¸±¨° ¢¨¤ ±μÔËË¨Í¨-
¥´Éμ¢ I0, I2 ± ± ËÊ´±Í¨° ¶μ²Ö·´μ£μ ¨  §¨³ÊÉ ²Ó´μ£μ Ê£²μ¢ · §²¨Î¥´ ¤²Ö ¤¢ÊÌ
¢ÒÏ¥Ê± § ´´ÒÌ É¨¶μ¢ ³μ²¥±Ê². �μ¤¸É ´μ¢±  y = ω2 + I4/3 Ê¶·μÐ ¥É Ê· ¢´¥-
´¨¥ (89) ¨ ¶·¨¢μ¤¨É ± ±Ê¡¨Î¥¸±μ³Ê Ê· ¢´¥´¨Õ y3 + qy + t = 0, £¤¥

q = I2 − I2
4/3, t =

2
27

I3
4 − I4I2

3
+ I0. (91)

„¥°¸É¢¨É¥²Ó´Ò¥ ·¥Ï¥´¨Ö ¶·¨¢¥¤¥´´μ£μ ±Ê¡¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö ¨³¥ÕÉ ¢¨¤

yk = 2 3
√

ρ cos
ψ + 2 (k − 1)π

3
, k = 1, 2, 3,

cosψ = − t

2ρ
, ρ =

√
−q3/27,
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  ·¥Ï¥´¨Ö ¨¸Ìμ¤´μ£μ Ê· ¢´¥´¨Ö (89) ¡Ê¤ÊÉ, ¸μμÉ¢¥É¸É¢¥´´μ, ¢Ò£²Ö¤¥ÉÓ ¸²¥¤Ê-
ÕÐ¨³ μ¡· §μ³:

ω2
k = yk − I4

3
= c2

k (θ, ϕ)k2, k = 1, 2, 3. (92)

‚¨¤¨³, ÎÉμ ¢ ´¥³ É¨±¥ ¸ ³μ²¥±Ê² ³¨ ¤¨¸±μ¨¤´μ° Ëμ·³Ò ¢μ§³μ¦´μ · ¸¶·μ-
¸É· ´¥´¨¥ É·¥Ì ¢¥É¢¥° ¸¶¥±É·μ¢ ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨° ω2

k (k = 1, 2, 3),
μ¶·¥¤¥²ÖÕÐ¨Ì, ¸μμÉ¢¥É¸É¢¥´´μ, ¶¥·¢Ò°, ¢Éμ·μ° ¨ É·¥É¨° §¢Ê±¨, ¥¸²¨ ¢Ò¶μ²-
´Ö¥É¸Ö ´¥· ¢¥´¸É¢μ ¤²Ö ¤¨¸±·¨³¨´ ´É 

D =
(q

3

)3

+
(

t

2

)2

� 0. (93)

‡ ³¥É¨³, ÎÉμ ¤²Ö ¢¸¥Ì É·¥Ì ·¥Ï¥´¨° ¸ÊÐ¥¸É¢¥´´  §´ Î¨É¥²Ó´ Ö  ´¨§μÉ·μ¶¨Ö
¸±μ·μ¸É¥° §¢Ê±μ¢. ‚¨¤¨³, ÎÉμ Ê£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¤²Ö ¸±μ·μ¸É¥° ck (θ, ϕ) ¤μ-
¸É ÉμÎ´μ ¸²μ¦´ Ö. �μÔÉμ³Ê ¤ ²¥¥ ³Ò Ê¶·μ¸É¨³  ´ ²¨É¨Î¥¸±¨¥ Ëμ·³Ê²Ò ¸¶¥±-
É·μ¢ ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨° ¨ ¶·¥¤¸É ¢¨³ ±μ³¶ÓÕÉ¥·´ÊÕ £· Ë¨±Ê ÔÉ¨Ì
¸¶¥±É·μ¢. „²Ö ÔÉμ£μ ³Ò ¨§ÊÎ¨³ ¸¶¥±É·Ò (92) ¢ ¶·¨¡²¨¦¥´¨¨ c1 � c2 � c3. ‚
¸μμÉ¢¥É¸É¢¨¨ ¸ (90) ±μÔËË¨Í¨¥´ÉÒ Ê· ¢´¥´¨Ö Ia ¸²¥¤ÊÕÐ¨³ μ¡· §μ³ ¸¢Ö§ ´Ò
¸ É·¥³Ö ¸±μ·μ¸ÉÖ³¨  ±Ê¸É¨Î¥¸±¨Ì ¢μ²´:

I4 = −k2c2
1, I2 = k4c2

1c
2
2, I0 = −k6c2

1c
2
2c

2
3.

�É¸Õ¤  ¸²¥¤ÊÕÉ ¸μμÉ´μÏ¥´¨Ö

c2
1 (θ, ϕ) = c2

(
1 + λαΦα (θ, ϕ)

)
,

c2
2 (θ, ϕ) = c2

λαΨα (θ, ϕ) +
1
2

∑
α�=β

λαλβΨαβ (θ, ϕ)

1 + λβΦβ (θ, ϕ)
,

c2
3 (θ, ϕ) = c2

1
2

∑
α�=β

λαλβΦαβ (θ, ϕ)

λβΨβ (θ, ϕ) +
1
2

∑
α�=β

λαλβΨαβ (θ, ϕ)
.

(94)

‘· ¢´¨¢ Ö ¢Ò· ¦¥´¨Ö ¤²Ö ¸±μ·μ¸É¨ §¢Ê±  c3 (71) ¨ (94), ¢¨¤¨³, ÎÉμ μ´¨
¸μ¢¶ ¤ ÕÉ. �μÔÉμ³Ê ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ÔÉμ³Ê ¸²ÊÎ Õ ·¨¸Ê´±¨ ³Ò ´¥ ¶·¨¢μ¤¨³.

ˆ§ ¶·μ¢¥¤¥´´μ£μ ±μ³¶ÓÕÉ¥·´μ£μ  ´ ²¨§  ¸¶¥±É·μ¢ ³μ¦´μ ¸¤¥² ÉÓ ¢Ò¢μ¤,
ÎÉμ ¶ · ³¥É· λ3 μÉ¢¥Î ¥É §  ¨§³¥´¥´¨¥ Ë·μ´É  · ¸¶·μ¸É· ´¥´¨Ö ¢μ²´ ¢ ¶μ-
²Õ¸´ÒÌ μ¡² ¸ÉÖÌ,   ¨§³¥´¥´¨¥ ¶ · ³¥É·μ¢ λ1 ¨ λ2 ¶·¨¢μ¤¨É ± ¤¥Ëμ·³ Í¨¨
Ë·μ´É  · ¸¶·μ¸É· ´¥´¨Ö ¢μ²´ ¢  §¨³ÊÉ ²Ó´μ³ ´ ¶· ¢²¥´¨¨ ¸ ¶¥·¨μ¤μ³ π/2
²¨¡μ π.
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�¨¸. 15. “£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ c1 ¶·¨ λ1 = 1, λ2 = 0,01, λ3 = 1 (a); λ1 =
0,01, λ2 = 1, λ3 = 1 (¡); λ1 = 1, λ2 = 0, λ3 = 0 (¢); λ1 = 0, λ2 = 1, λ3 = 0 (£)

‚ μ¡² ¸É¨ ¨§³¥´¥´¨Ö É¥·³μ¤¨´ ³¨Î¥¸±¨Ì ¶ · ³¥É·μ¢, £¤¥ ¸¶· ¢¥¤²¨¢Ò
´¥· ¢¥´¸É¢  λ3 � λ1, λ2, Ëμ·³Ê²Ò (94) Ê¶·μÐ ÕÉ¸Ö ¨ ¶·¨μ¡·¥É ÕÉ ¢¨¤

c2
1 (θ, ϕ) = c2

(
1 + λ3Φ3 (θ, ϕ)

)
,

c2
2 (θ, ϕ) = c2 λ3Ψ3 (θ, ϕ)

1 + λ3Φ3 (θ, ϕ)
,

c2
3 (θ, ϕ) = c2 λ1Φ31 (θ, ϕ) + λ2Φ32 (θ, ϕ)

Ψ3 (θ, ϕ)
.

(95)

� ¸¸³μÉ·¨³ É¥¶¥·Ó ¸²ÊÎ °, ±μ£¤  ¤¢ÊÌμ¸´Ò° ´¥³ É¨± Ì · ±É¥·¨§Ê¥É¸Ö
Éμ²Ó±μ μ¤´μ° ±μ´Ëμ·³ Í¨μ´´μ° ¸É¥¶¥´ÓÕ ¸¢μ¡μ¤Ò. ‘μ£² ¸´μ ¸μμÉ´μÏ¥-
´¨Ö³ (80), (83) ÔÉμ° ¢¥²¨Î¨´μ° Ö¢²Ö¥É¸Ö ±μ´Ëμ·³ Í¨μ´´ Ö ¸É¥¶¥´Ó ¸¢μ¡μ¤Ò
p(x), ±μÉμ· Ö Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° Ê£²  ³¥¦¤Ê ¡μ²ÓÏμ° ¨ ³ ²μ° μ¸Ö³¨ ³μ-
²¥±Ê²Ò. � ¡μ· ¶ · ³¥É·μ¢ ¸μ±· Ð¥´´μ£μ μ¶¨¸ ´¨Ö ¸μ¸Éμ¨É ¨§ ¶²μÉ´μ¸É¥°
 ¤¤¨É¨¢´ÒÌ ¨´É¥£· ²μ¢ ¤¢¨¦¥´¨Ö, ¤¢ÊÌ μ¸¥°  ´¨§μÉ·μ¶¨¨ ¨ μ¤´μ£μ ±μ´Ëμ·-
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³ Í¨μ´´μ£μ ¶ · ³¥É·  ϕa(x) = {ζa(x),n(x),m(x), p(x)}. „²Ö  ´ ²¨§  ¸¶¥±-
É·μ¢ ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨° § ³¥É¨³, ÎÉμ ¨¸±μ³Ò¥ Ê· ¢´¥´¨Ö ¤¨´ ³¨±¨
¶μ²ÊÎ ÕÉ¸Ö Ëμ·³ ²Ó´μ ¨§ Ê· ¢´¥´¨Ö (89), ¢ ±μÉμ·μ³ ¶μ²μ¦¥´Ò · ¢´Ò³¨ ´Ê²Õ
¤²¨´Ò ¡μ²ÓÏμ° ¨ ³ ²μ° μ¸¥°  ´¨§μÉ·μ¶¨¨ u = v = 0. ‘¶¥±É· ²Ó´Ò¥ Ì · ±-
É¥·¨¸É¨±¨ ¶μ²ÊÎ¨³ ¨§ (90), £¤¥ λ1 = λ2 = 0. �·¨ ÔÉμ³ ±μÔËË¨Í¨¥´ÉÒ
¡¨±Ê¡¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö Ê¶·μÐ ÕÉ¸Ö ¨ ¶·¨μ¡·¥É ÕÉ ¢¨¤

I0 (θ, ϕ) = 0,

I4 (k, θ, ϕ) ≡ I4 (θ, ϕ)k2 = −k2c2
{
1 + λ3 sin2 θ

}
,

I2 (k, θ, ϕ) ≡ I2 (θ, ϕ)k4 = k4c4λ3

[
1 − sin2 θ cos2 2ϕ

]
sin2 θ,

(96)

¢ ·¥§Ê²ÓÉ É¥ Î¥£μ ¶μ²ÊÎ ¥³ ¤¨¸¶¥·¸¨μ´´μ¥ Ê· ¢´¥´¨¥

ω2
(
ω4 + I4 (k, θ, ϕ)ω2 + I2 (k, θ, ϕ)

)
= 0.

�¨¸. 16. “£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ §¢Ê±  c2 ¶·¨ λ1 = 1, λ2 = 0,01, λ3 = 1 (a);
λ1 = 0,01, λ2 = 1, λ3 = 1 (¡); λ1 = 1, λ2 = 0, λ3 = 0 (¢); λ1 = 0, λ2 = 0,001,
λ3 = 0 (£)
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’ ±¨³ μ¡· §μ³, ¢¨¤¨³, ÎÉμ ¢ ¤¢ÊÌμ¸´μ³ ´¥³ É¨±¥ ¸ ³μ²¥±Ê² ³¨ ¤¨¸±μ¶μ-
¤μ¡´μ° Ëμ·³Ò ¢ ¸²ÊÎ ¥ μ¤´μ° ±μ´Ëμ·³ Í¨μ´´μ° ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò ¢μ§³μ¦´μ
· ¸¶·μ¸É· ´¥´¨¥ ¤¢ÊÌ  ±Ê¸É¨Î¥¸±¨Ì ¢¥É¢¥° ±μ²¥¡ ´¨°

ω2
± (k) =

1
2

(
−I4 (k) ±

√
I2
4 (k) − 4I2 (k)

)
≡ c2

±

(
k
k

)
k2, (97)

¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶¥·¢μ³Ê ¨ ¢Éμ·μ³Ê §¢Ê±Ê. ‘· ¢´¨³ Ê£²μ¢Ò¥ Ì · ±É¥·¨¸É¨±¨
ÔÉ¨Ì ¸¶¥±É·μ¢ ¸ Ê£²μ¢Ò³¨ Ì · ±É¥·¨¸É¨± ³¨ ¸¶¥±É·μ¢ μ¤´μμ¸´μ£μ ´¥³ É¨± 
¸ ³μ²¥±Ê² ³¨ ¸É¥·¦´¥¶μ¤μ¡´μ° Ëμ·³Ò. „²Ö ÔÉμ£μ ¶·¨¢¥¤¥³ ¢Ò· ¦¥´¨Ö (97)
¤²Ö ¸±μ·μ¸É¥° c2

± ¢ É¥·³¨´ Ì ¶μ²Ö·´μ£μ ¨  §¨³ÊÉ ²Ó´μ£μ Ê£²μ¢. ‘μ£² ¸´μ
Ö¢´μ³Ê ¢¨¤Ê ¢Ò· ¦¥´¨° I2 ¨ I4 (96), ¨³¥¥³

�¨¸. 17. “£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ §¢Ê±  c1 ¶·¨ λ1 = 1, λ2 = 0,001, λ3 = 1 (a);
λ1 = 0,001, λ2 = 1, λ3 = 1 (¡); λ1 = 0,5, λ2 = 0,01, λ3 = 1 (¢); λ1 = 1, λ2 = 1,
λ3 = 1 (£)
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c± (θ, ϕ) =
c√
2

{
1 + λ3 sin2 θ±

±
[(

1 − λ3 sin2 θ
)2

+ 4λ3 sin4 θ cos2 2ϕ
]1/2 }1/2

. (98)

�μ¤±μ·¥´´μ¥ ¢Ò· ¦¥´¨¥ ´¥μÉ·¨Í É¥²Ó´μ, ¨ ¶μÔÉμ³Ê ¸±μ·μ¸É¨ c2
± ¸ÊÐ¥¸É¢ÊÕÉ

¶·¨ ¶·μ¨§¢μ²Ó´ÒÌ ¶μ²Ö·´μ³ ¨  §¨³ÊÉ ²Ó´μ³ Ê£² Ì. ‚ μÉ²¨Î¨¥ μÉ μ¤´μμ¸´ÒÌ
´¥³ É¨±μ¢ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ¶μÖ¢²Ö¥É¸Ö § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ · ¸-
¶·μ¸É· ´¥´¨Ö ¢μ§¡Ê¦¤¥´¨° ¨ μÉ  §¨³ÊÉ ²Ó´μ£μ Ê£²  (c³. ·¨¸. 15, 16). ‚ ´ Ï¥³
¶·¨¡²¨¦¥´¨¨ Ëμ·³Ê²Ò (74) ¨ (98) ¸μ¢¶ ¤ ÕÉ, ÎÉμ μ§´ Î ¥É μÉ¸ÊÉ¸É¢¨¥ § ¢¨-
¸¨³μ¸É¨ ¸¶¥±É·μ¢ ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨° μÉ Ëμ·³Ò ¤¢ÊÌμ¸´μ° ³μ²¥±Ê²Ò
¨§ÊÎ ¥³ÒÌ ´¥³ É¨±μ¢.

�·¨ D > 0 ¶·¨¢¥¤¥´´μ¥ ±Ê¡¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ¨³¥¥É μ¤´μ ¤¥°¸É¢¨É¥²Ó-
´μ¥ ·¥Ï¥´¨¥ ¨ ¤¢  ±μ³¶²¥±¸´μ-¸μ¶·Ö¦¥´´ÒÌ. ‚ ÔÉμ³ ¸²ÊÎ ¥ ´¥³ É¨± Ì · ±É¥-
·¨§Ê¥É¸Ö μ¤´μ° ¢¥É¢ÓÕ ±μ²²¥±É¨¢´ÒÌ ¢μ§¡Ê¦¤¥´¨°. „¥°¸É¢¨É¥²Ó´μ¥ ·¥Ï¥´¨¥
¨³¥¥É ¢¨¤

y1 (k, θ, ϕ) = 3

√
− t

2
+
√

D + 3

√
− t

2
−
√

D, (99)

¨ ¢Ìμ¤ÖÐ¨¥ ¸Õ¤  ¢¥²¨Î¨´Ò μ¶·¥¤¥²ÖÕÉ¸Ö Ëμ·³Ê² ³¨ (91) ¨ (93). Šμ³¶ÓÕ-
É¥·´μ¥ ³μ¤¥²¨·μ¢ ´¨¥ ¸¶¥±É·  (99) ¶·¥¤¸É ¢²¥´μ ´  ·¨¸. 17.

� ¸¸³μÉ·¨³ ¢ § ±²ÕÎ¥´¨¥ ¸²ÊÎ °, ±μ£¤  λ1 = 0, λ2 = 0 ¨ λ3 �= 0. �·¨
ÔÉμ³, μÎ¥¢¨¤´μ, I0(θ, ϕ) = 0 ¨ ±μÔËË¨Í¨¥´ÉÒ I2(θ, ϕ), I4(θ, ϕ) ¸μ¢¶ ¤ ÕÉ ¸
 ´ ²μ£¨Î´Ò³¨ ¢ ¸²ÊÎ ¥ Ô²²¨¶¸μ¨¤ ²Ó´ÒÌ ³μ²¥±Ê² (¸³. Ëμ·³Ê²Ò (73)). ‚ ÔÉμ³
¸²ÊÎ ¥ ¢μ§³μ¦´μ · ¸¶·μ¸É· ´¥´¨¥ ¤¢ÊÌ  ±Ê¸É¨Î¥¸±¨Ì ¸¶¥±É·μ¢ ¸μ ¸±μ·μ¸ÉÖ³¨
c2
±, Ö¢´Ò° ¢¨¤ ±μÉμ·ÒÌ ¸μ¢¶ ¤ ¥É ¸ ¢Ò· ¦¥´¨¥³ (74).

‘�ˆ‘�Š ‹ˆ’…��’“�›

1. de Gennes P.G. J., Prost J. The Physics of Liquid Crystals. Oxford: Oxford Univ.
Press, 1995. 400 p.

2. — ´¤· ¸¥± · ‘. †¨¤±¨¥ ±·¨¸É ²²Ò. Œ.: Œ¨·, 1980. 344 ¸.

3. �¨±¨´ ‘. �. ‘É·Ê±ÉÊ·´Ò¥ ¶·¥¢· Ð¥´¨Ö ¢ ¦¨¤±¨Ì ±·¨¸É ²² Ì. Œ.: � Ê± , 1981.
336 ¸.

4. ‹¥¡¥¤¥¢ ‚. ‚., Š Í …. Œ. „¨´ ³¨±  ¦¨¤±¨Ì ±·¨¸É ²²μ¢. Œ.: � Ê± , 1988. 144 ¸.

5. ƒ·¥¡¥´±¨´ Œ. ”., ˆ¢ Ð¥´±μ �. ‚. †¨¤±μ±·¨¸É ²²¨Î¥¸±¨¥ ³ É¥·¨ ²Ò. Œ.: •¨³¨Ö,
1989. 288 ¸.

6. Chaikin P. M., Lubensky T. C. Principles of Condensed Matter Physics. Cambridge:
Cambridge Univ. Press, 1995. 699 p.

7. �¥³Íμ¢ ‚. �. �¥· ¢´μ¢¥¸´ Ö ¸É É¨¸É¨Î¥¸± Ö ³¥Ì ´¨±  ¸¨¸É¥³ ¸ μ·¨¥´É Í¨μ´´Ò³
¶μ·Ö¤±μ³. Œ¨´¸±: ’¥Ì´μ²μ£¨Ö, 1997. 265 ¸.



ˆ‘‘‹…„�‚��ˆ… ‚‹ˆŸ�ˆŸ „…”��Œ�–ˆˆ Œ�‹…Š“‹ 751

8. �¢¥·ÓÖ´μ¢ …. Œ. �ËË¥±ÉÒ ²μ± ²Ó´μ£μ ¶μ²Ö ¢ μ¶É¨±¥ ¦¨¤±¨Ì ±·¨¸É ²²μ¢. �μ¢μ¸¨-
¡¨·¸±: � Ê± , 1999. 552 ¸.

9. Š²¥³ ´ Œ., ‹ ¢·¥´Éμ¢¨Î �.„. �¸´μ¢Ò Ë¨§¨±¨ Î ¸É¨Î´μ Ê¶μ·Ö¤μÎ¥´´ÒÌ ¸·¥¤. Œ.:
”¨§³ É²¨É, 2007. 679 ¸.

10. Warner M., Terentjev E. M. Liquid Crystals Elastomers. Oxford: Clarendon Press,
2003. 424 p.

11. Nuclear Magnetic Resonance of Liquid Crystals // NATO Sci. Ser. C / Ed. Ems-
ley J. W. 1985. P. 592.

12. Zannoni C. // Proc. of NATO Adv. Study Inst. 1988. P. 57Ä83.

13. Tarroni R., Zannoni C. // J. Chem. Phys. 1991. V. 95, No. 6. P. 4550Ä4564.

14. Ferrarini A., Moro G. J., Nordio P. L. // Liquid Crystals. 1990. V. 8, No. 5. P. 593Ä621.

15. �¢¥·ÓÖ´μ¢ …. Œ. // ”¨§¨±  É¢¥·¤μ£μ É¥² . 1982. ’. 24, º9. ‘. 2839Ä2841.

16. Bogolubov N. N. // Physica. 1960. V. S26. P. 1Ä16.

17. Goldstone J., Salam A., Weinberg S. // Phys. Rev. 1962. V. 127. P. 965Ä970.

18. “³¥¤§ ¢  •., Œ ÍÊ³μÉμ •., ’ É¨±¨ Œ. ’¥·³μ¶μ²¥¢ Ö ¤¨´ ³¨±  ¨ ±μ´¤¥´¸¨·μ¢ ´-
´Ò¥ ¸μ¸ÉμÖ´¨Ö. Œ.: Œ¨·, 1985. 504 ¸.

19. ‹ ´¤ Ê ‹. „. // †�’”. 1937. T. 7. C. 19Ä32; 627Ä632.

20. ‡Ê¡ ·¥¢ „. �. �¥· ¢´μ¢¥¸´ Ö ¸É É¨¸É¨Î¥¸± Ö É¥·³μ¤¨´ ³¨± . Œ.: � Ê± , 1971.
415 ¸.

21. �Ì¨¥§¥· �. ˆ., �¥²¥É³¨´¸±¨° ‘. ‚. Œ¥Éμ¤Ò ¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¨. Œ.: � Ê± ,
1977. 377 ¸.

22. �μ£μ²Õ¡μ¢ �.�. (³².), …·³¨²μ¢ �. �., ŠÊ·¡ Éμ¢ �.Œ. ‚¢¥¤¥´¨¥ ¢  ´ ²¨É¨Î¥¸±¨°
 ¶¶ · É ¸É É¨¸É¨Î¥¸±μ° ³¥Ì ´¨±¨. Š¨¥¢: � Ê±. ¤Ê³± , 1988. 175 ¸.

23. �μ£μ²Õ¡μ¢ �.�. (³².), ‘ ¤μ¢´¨±μ¢ �. ˆ., ˜Ê³μ¢¸±¨° �. ‘. Œ É¥³ É¨Î¥¸±¨¥ ³¥Éμ¤Ò
³¥Ì ´¨±¨ ³μ¤¥²Ó´ÒÌ ¸¨¸É¥³. Œ.: ”¨§³ É²¨É, 1989. 296 ¸.

24. Šμ¢ ²¥¢¸±¨° Œ.�., �¥²¥É³¨´¸±¨° ‘. ‚. ‘É É¨¸É¨Î¥¸± Ö ³¥Ì ´¨±  ±¢ ´Éμ¢ÒÌ ¦¨¤-
±μ¸É¥° ¨ ±·¨¸É ²²μ¢. Œ.: ”¨§³ É²¨É, 2006. 368 ¸.

25. Ericksen J. L. // Archive for Rational Mechanics and Analysis. 1960. V. 4. P. 231.

26. Leslie F. M. // Quart. J. Mech. Appl. Math. 1966. V. 19. P. 357Ä370.

27. Leslie F. M. // Advances in Liquid Crystals. 1979. V. 4. P. 1Ä81.

28. Martin P. C., Parodi O., Pershan P. J. // Phys. Rev. A. 1972. V. 6. P. 2401Ä2420.

29. Dzyaloshinsky I. E., Volovick G. E. // Ann. Phys. 1980. V. 125. P. 67Ä97.

30. Isayev A., Kovalevsky M., Peletminsky S. // Mod. Phys. Lett. B. 1994. V. 8. P. 677.

31. Pleiner H., Brand H. R. // Pattern Formation in Liquid Crystals / Eds. A. Buka and
L. Kramer. N.Y., 1996. Ch. 2. P. 15Ä69.

32. Brand H., Pleiner H. // Phys. Rev. A. 1981. V. 24, No. 5. P. 2777Ä2788.

33. Liu M. // Ibid. P. 2720Ä2726.



752 Š�‚�‹…‚‘Šˆ‰ Œ. 	., ‹�ƒ‚ˆ��‚� ‹.‚., Œ�–Š…‚ˆ— ‚. ’.

34. Saslow W.M. // Phys. Rev. A. 1982. V. 25. P. 3350Ä3359.

35. Olmsted P. D., David Lu C. Y. // Phys. Rev. E. 1999. V. 60. P. 4397.

36. Stark H., Lubensky T. C. // Phys. Rev. E. 2003. V. 67. P. 061709.

37. Qian T., Sheng P. // Phys. Rev. E. 1998. V. 58, No. 6. P. 7475Ä7485.

38. ‚μ²μ¢¨± ƒ. …. // �¨¸Ó³  ¢ †�’”. 1980. ’. 31. ‘. 297Ä300.

39. ˆ¸ ¥¢ �. �., Šμ¢ ²¥¢¸±¨° Œ.�., �¥²¥É³¨´¸±¨° ‘. ‚. // �—�Ÿ. 1996. ’. 27, ¢Ò¶. 2.
‘. 431Ä492.

40. Šμ¢ ²¥¢¸±¨° Œ. �., ŠÊ§´¥Íμ¢ ‚. ‚. // „μ±². �� “±· ¨´Ò. 1999. º 12. ‘. 90Ä95.

41. Kovalevsky M. Y., Shishkin A. L. // J. of Mol. Liquids. 2003. V. 105, No. 2Ä3. P. 197Ä
200.

42. Carlsson T. // J. de Phys. (Fr.). 1983. V. 44, No. 8. P. 909Ä911.

43. Pallfy-Muhoray P., Lee V. A., Petschek R. G. // Phys. Rev. Lett. 1988. V. 60, No. 22.
P. 2303Ä2306.

44. Ayton C., Patey G.N. // Phys. Rev. Lett. 1996. V. 60, No. 22. P. 239Ä242.

45. �¢¥·ÓÖ´μ¢ …. Œ. // �¨¸Ó³  ¢ †�’”. 1997. ’. 66, º12. ‘. 805Ä810.

46. Keyes T., Kivelson D. // J. of Chem. Phys. 1972. V. 56, No. 3. P. 1057Ä1065.

47. ‘ÊÐ¨´¸±¨° Œ.Œ. ‘¶¥±É·Ò ±μ³¡¨´ Í¨μ´´μ£μ · ¸¸¥Ö´¨Ö ³μ²¥±Ê² ¨ ±·¨¸É ²²μ¢. Œ.:
� Ê± , 1969. 576 c.

48. �μ±·μ¢¸±¨° ‚. �. // “”�. 1971. ’. 105, ¢Ò¶. 4. ‘. 625Ä643.

49. Daller J. S., Scriven L. E. // Proc. Roy. Soc. A. 1963. V. 275. P. 504Ä527.

50. Leonov A. I. // J. Non-Newtonian Fluid Mech. 1992. V. 42. P. 323Ä350.

51. Beris A. N., Edwards B. J. Thermodynamics of Flowing Systems with Internal Mi-
crostructure. Oxford: Oxford Univ. Press, 1994. 704 p.

52. Nemtsov V.B., Kamluk A.N. // J. Nonlin. Phenomena in Complex Systems. 2001. V. 4.
P. 58Ä63.

53. Pasquali M., Scriven L. E. // J. Non-Newtonian Fluid Mech. 2004. V. 120. P. 101Ä135.

54. �¥³Íμ¢ ‚. �. // ’Œ”. 1975. ’. 25, º1. ‘. 118Ä131.

55. � § ·μ¢ ˆ.�., ƒ¥¢μ·±Ö´ 	. ‚. ‘É É¨¸É¨Î¥¸± Ö É¥μ·¨Ö É¢¥·¤ÒÌ ¨ ¦¨¤±¨Ì ±·¨¸É ²-
²μ¢. Œ.: ˆ§¤-¢μ Œμ¸±. £μ¸. Ê´-É , 1983. 261 ¸.

56. Kovalevsky M. Y., Kuznetsov V. V. // �—�Ÿ. 2000. ’. 31, ¢Ò¶. 7¡. ‘. 221Ä226.

57. Yu L. J., Saupe A. // Phys. Rev. Lett. 1980. V. 45. P. 1000Ä1003.

58. Madsen L. A. et al. // Phys. Rev. Lett. 2004. V. 92. P. 145505.

59. Acharya B. R., Primak A., Kumar S. // Ibid. P. 145506.

60. Apreutesei D., Mehl G.H. // Chem. Commun. 2006. P. 609Ä611.

61. Macmillan E. H. On Hydrodynamics of Biaxial Nematic Liquid Crystals // Arch.
Rational Mech. Anal. 1992. V. 117. P. 193Ä239; 241Ä294.



ˆ‘‘‹…„�‚��ˆ… ‚‹ˆŸ�ˆŸ „…”��Œ�–ˆˆ Œ�‹…Š“‹ 753

62. Zapotocky M., Goldbard P.M., Goldenfeld N. // Phys. Rev. E. 1995. V. 51. P. 1216.

63. Priezjev N. V., Pelcovits R. cond-mat/0202218. 2002. V. 2.

64. Papenfub C., Verhas J., Muschik W. // Z. Naturforsch. 1995. V. 50. P. 795Ä804.

65. ˆ¢ Ï¨´ �. �., Šμ¢ ²¥¢¸±¨° Œ.�., ‹μ£¢¨´μ¢  ‹. ‚. // TŒ”. 2004. ’. 140, º3.
‘. 500Ä512.

66. Ivashin A. P., Kovalevsky M. Y., Logvinova L. V. // J. Quant. Chem. 2004. V. 100,
Iss. 4. P. 636Ä644.

67. Šμ¢ ²¥¢¸±¨° Œ.�., ‹μ£¢¨´μ¢  ‹. ‚., Œ Í±¥¢¨Î ‚. ’. // ‚μ¶·.  Éμ³´μ° ´ Ê±¨ ¨
É¥Ì´. 2007. º3. ‘. 380Ä384.

68. Selinger J. V. et al. // Phys. Rev. E. 2002. V. 66. P. 051708/1-7.

69. Greanya V. A. et al. // Liquid Crystals. 2005. V. 32, No. 7. P. 933Ä941.

70. Hu Z. et al. // J. Chem. Phys. 1992. V. 97. P. 568Ä571.

71. Liu M. // Phys. Rev. A. 1979. V. 19. P. 2090Ä2094.

72. Bhattacharya S., Sarma B. K., Ketterson J. B. // Phys. Rev. Lett. 1978. V. 40, No. 40.
P. 1582Ä1585.

73. ˆ¢ Ï¨´ �.�., Šμ¢ ²¥¢¸±¨° Œ.�., ‹μ£¢¨´μ¢  ‹. ‚. // “±·. Ë¨§. ¦Ê·´. 2004. ’. 49,
º1. ‘. 38Ä45.

74. �·μ´ÏÉ¥°´ ˆ.�., ‘¥³¥´¤Ö¥¢ Š. �. ‘¶· ¢μÎ´¨± ¶μ ³ É¥³ É¨±¥ ¤²Ö ¨´¦¥´¥·μ¢ ¨
ÊÎ Ð¨Ì¸Ö ¢ÉÊ§μ¢. Œ.: � Ê± , 1986. 544 ¸.


