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‚ μ¡§μ·¥ ¨¸¶μ²Ó§μ¢ ´Ò ¨ · §¢¨ÉÒ ¶μ¤Ìμ¤Ò ˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢  ± ·¥Ï¥´¨Õ § ¤ Î¨ É·¥Ì
±¢ ´Éμ¢ÒÌ Î ¸É¨Í ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥. ‚ · ³± Ì ÔÉ¨Ì ¶μ¤Ìμ¤μ¢ ¤ ´μ μ¶¨¸ ´¨¥
¨ ¸· ¢´¥´¨¥ · §²¨Î´ÒÌ ³¥Éμ¤μ¢ ¶μ¸É·μ¥´¨Ö μ¡μ¡Ð¥´¨° ËÊ´±Í¨μ´ ²Ó´ÒÌ · §²μ¦¥´¨° ”μ±  ¨
Š Éμ ´  ¸²ÊÎ ° Í¥´É· ²Ó´ÒÌ ¨²¨ ´¥Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¡μ²¥¥ μ¡Ð¥£μ ¢¨¤ ,
Î¥³ ±Ê²μ´μ¢¸±¨¥ ¶μÉ¥´Í¨ ²Ò. �¸μ¡μ¥ ¢´¨³ ´¨¥ Ê¤¥²¥´μ ¶·¨²μ¦¥´¨Ö³ É ±¨Ì μ¡μ¡Ð¥´¨° ¤²Ö
±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ ¨ Î¨¸²¥´´μ£μ  ´ ²¨§  ¸É·μ¥´¨Ö É·¥ÌÎ ¸É¨Î´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¨
¨Ì Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É ¢¡²¨§¨ ÉμÎ¥± É·μ°´μ£μ ¨ ¶ ·´ÒÌ ¸μÊ¤ ·¥´¨° ¨ ¢ ¶·¥¤¥²¥ ²¨´¥°´μ°
±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í.

In the review, the Schréodinger and Faddeev approaches to the solving of three-body quantum
problem in the conˇguration space are implemented and developed. Within these approaches, the
various methods for generalizations of Fock and Kato functional expansions to the case of two-body
central or noncentral interactions of more general type as Coulomb ones are described and compared.
Special attention is paid to applications of these generalizations for quantum mechanical and numerical
analysis of the structure of wave functions and their Faddeev components near two- and three-body
collision points and in the limit of three-body linear conˇguration.

PACS: 03.65.Ge

‘¢¥É²μ° ¶ ³ÖÉ¨ A. M. …·³μ² ¥¢  ¶μ¸¢ÖÐ ¥É¸Ö

‚‚…„…�ˆ…

� ¸ÉμÖÐ¨° μ¡§μ· Ê¸É·μ¥´ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‚μ ¢¢¥¤¥´¨¨ ¸´ Î ²  ¤ -
ÕÉ¸Ö ¨¸¶μ²Ó§Ê¥³Ò¥ μ¶·¥¤¥²¥´¨Ö μ¶É¨³ ²Ó´μ° Ëμ·³Ê²¨·μ¢±¨ § ¤ Î¨ ´¥¸±μ²Ó-
±¨Ì ±¢ ´Éμ¢ÒÌ Î ¸É¨Í ¨ ËÊ´±Í¨μ´ ²Ó´μ£μ · §²μ¦¥´¨Ö, § É¥³ ±· É±μ μ¡¸Ê¦¤ -
¥É¸Ö ¸μ¢·¥³¥´´μ¥ ¸μ¸ÉμÖ´¨¥ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ‹. „.” ¤-
¤¥¥¢ . ‚ · §¤. 1 ¶μÖ¸´ÖÕÉ¸Ö μ¸´μ¢´Ò¥ μ¶·¥¤¥²¥´¨Ö, ¶·¨´ÖÉÒ¥ ¢ ÔÉμ° É¥μ·¨¨,
¨ ¶·¨¢μ¤ÖÉ¸Ö ±²ÕÎ¥¢Ò¥ Ëμ·³Ê²Ò. ‡ É¥³ ¢ · §¤. 2  ´ ²¨§¨·ÊÕÉ¸Ö ¨§¢¥¸É´Ò¥
³μ¤¨Ë¨± Í¨¨ · §²μ¦¥´¨Ö ‚.�.”μ±  ¤²Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨° £¥²¨μ¶μ¤μ¡´ÒÌ
¸¨¸É¥³, ¸μ¸ÉμÖÐ¨Ì ¨§ ÉÖ¦¥²μ£μ Ö¤·  ¨ ¤¢ÊÌ Ô²¥±É·μ´μ¢, ¨ ¤¥É ²Ó´μ ¨§² £ -
¥É¸Ö  ²ÓÉ¥·´ É¨¢´Ò° ¶μ¤Ìμ¤ ± ¢Ò¢μ¤Ê ¨  ´ ²¨§Ê · §²μ¦¥´¨° Ëμ±μ¢¸±μ£μ É¨¶ 
¤²Ö ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢ , μ¶¨¸Ò¢ ÕÐ¨Ì
¸¨¸É¥³Ò É·¥Ì ±¢ ´Éμ¢ÒÌ Î ¸É¨Í ¸ ¶ ·´Ò³¨ Í¥´É· ²Ó´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨
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¡μ²¥¥ Ï¨·μ±μ£μ ±² ¸¸ , Î¥³ ±Ê²μ´μ¢¸±¨¥ ¶μÉ¥´Í¨ ²Ò. „ ²¥¥ ¢ · §¤. 3 ¶·¨-
¢μ¤ÖÉ¸Ö ¶·¨³¥·Ò ±² ¸¸¨Î¥¸±μ£μ Ê¸²μ¢¨Ö ’. Š Éμ ¨ ¶μ¤·μ¡´μ μ¶¨¸Ò¢ ¥É¸Ö ´μ-
¢Ò° ¶μ¤Ìμ¤ ± ¶μ¸É·μ¥´¨Õ · §²μ¦¥´¨° É¥Ì ¦¥ ·¥Ï¥´¨°, ´μ Ê¦¥ ¢¡²¨§¨ ÉμÎ±¨
¸Éμ²±´μ¢¥´¨Ö ¤¢ÊÌ Î ¸É¨Í. ‚ · §¤. 4 ÔÉμÉ ¶μ¤Ìμ¤  ¤ ¶É¨·Ê¥É¸Ö ¤²Ö ¢Ò¢μ¤  ¨
 ´ ²¨§  · §²μ¦¥´¨° ¢ ¶·¥¤¥²¥ ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í. ‚ · §¤. 5
 ´ ²¨§¨·ÊÕÉ¸Ö ´¥±μÉμ·Ò¥ μ¸μ¡Ò¥ ¸²ÊÎ ¨, ¢ ±μÉμ·ÒÌ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö
¢ ¸¨¸É¥³ Ì ¤¢ÊÌ ¨ É·¥Ì Î ¸É¨Í ²¨¡μ ¢±²ÕÎ¥´Ò ¢ ±μ´¥Î´μ³ Î¨¸²¥ ¶ ·Í¨ ²Ó´ÒÌ
¢μ²´, ²¨¡μ Ö¢²ÖÕÉ¸Ö ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ Í¥´É·μ¡¥¦´μ£μ É¨¶  ¨²¨ ¦¥ § ¶¨· -
ÕÐ¨³¨ ¶μÉ¥´Í¨ ² ³¨. ‚ § ±²ÕÎ¥´¨¨ ¸Ëμ·³Ê²¨·μ¢ ´Ò μ¸´μ¢´Ò¥ ¢Ò¢μ¤Ò.

� ¨¡μ²¥¥ Ê¤μ¡´ Ö ¨ ¤²Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ ¨ ³ É¥³ É¨Î¥¸±μ£μ  ´ -
²¨§ , ¨ ¤²Ö ¶· ±É¨Î¥¸±¨Ì · ¸Î¥Éμ¢ Ëμ·³Ê²¨·μ¢±  § ¤ Î¨ ´¥¸±μ²Ó±¨Ì ±¢ ´Éμ-
¢ÒÌ Î ¸É¨Í ´ §Ò¢ ¥É¸Ö ¤ ²¥¥ μ¶É¨³ ²Ó´μ°.

�μ¤ ËÊ´±Í¨μ´ ²Ó´Ò³ · §²μ¦¥´¨¥³ ¶μ´¨³ ¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨
¢ ¢¨¤¥ ¸Ê³³Ò ¤¢ÊÌ ¨²¨ ¡μ²¥¥ ¸² £ ¥³ÒÌ, ´ §Ò¢ ¥³ÒÌ ±μ³¶μ´¥´É ³¨. �¸μ¡μ
§´ Î¨³Ò³¨ ¸ É¥μ·¥É¨Î¥¸±μ° ¨ ¶·¨±² ¤´μ° ÉμÎ¥± §·¥´¨Ö Ö¢²ÖÕÉ¸Ö Ë ±Éμ·¨§μ-
¢ ´´Ò¥ · §²μ¦¥´¨Ö ËÊ´±Í¨° ³´μ£¨Ì ¶¥·¥³¥´´ÒÌ ¶μ ËÊ´±Í¨Ö³ ³¥´ÓÏ¥£μ Î¨-
¸²  ¶¥·¥³¥´´ÒÌ, · §²μ¦¥´¨Ö ¢ ±μ´¥Î´Ò¥ ¸Ê³³Ò Ô²¥³¥´É ·´ÒÌ ¨²¨ ¨§¢¥¸É´ÒÌ
¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨°,   É ±¦¥ Ëμ·³ ²Ó´Ò¥  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ ¨  ¸¨³¶ÉμÉ¨-
Î¥¸±¨¥ ËÊ´±Í¨μ´ ²Ó´Ò¥ · §²μ¦¥´¨Ö.

”Ê´±Í¨μ´ ²Ó´Ò¥ · §²μ¦¥´¨Ö Ï¨·μ±μ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¢μ ³´μ£¨Ì · §¤¥² Ì
³ É¥³ É¨±¨ [1Ä12], É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ [13Ä22] ¨ ±¢ ´Éμ¢μ° Ì¨³¨¨ [23,24].

‚¸¥ μ¡¸Ê¦¤ ¥³Ò¥ ¢ ´ ¸ÉμÖÐ¥³ μ¡§μ·¥ É¥μ·¥É¨Î¥¸±¨¥ ¶μ¤Ìμ¤Ò ± ·¥Ï¥-
´¨Õ  ±ÉÊ ²Ó´ÒÌ ¶·μ¡²¥³ É¥μ·¨¨ · ¸¸¥Ö´¨Ö ¤²Ö ¸¨¸É¥³ ´¥¸±μ²Ó±¨Ì ±¢ ´Éμ-
¢ÒÌ Î ¸É¨Í [14,15] ´¥ ¸²ÊÎ °´μ μ¸´μ¢ ´Ò ´  É¥Ì ¨²¨ ¨´ÒÌ ËÊ´±Í¨μ´ ²Ó´ÒÌ
· §²μ¦¥´¨ÖÌ. „¥²μ ¢ Éμ³, ÎÉμ Ê´¨¢¥·¸ ²Ó´Ò³ ¸¶μ¸μ¡μ³ ·¥Ï¥´¨Ö ³´μ£¨Ì ¶·μ-
¡²¥³ ÔÉμ° É¥μ·¨¨ Ö¢²Ö¥É¸Ö Ê¤ Î´μ ¢Ò¡· ´´μ¥ ËÊ´±Í¨μ´ ²Ó´μ¥ · §²μ¦¥´¨¥
¨¸¸²¥¤Ê¥³μ° ËÊ´±Í¨¨ ¨ ¶μ¸²¥¤ÊÕÐ Ö μ¶É¨³ ²Ó´ Ö Ëμ·³Ê²¨·μ¢±  § ¤ Î¨ ¤²Ö
¨¸±μ³ÒÌ ±μ³¶μ´¥´É ¢Ò¡· ´´μ£μ · §²μ¦¥´¨Ö. „¢  ¤ ´´ÒÌ ´¨¦¥ ¶·¨³¥·  Å
Ê¡¥¤¨É¥²Ó´μ¥ ¤μ± § É¥²Ó¸É¢μ ÔÉμ£μ ÊÉ¢¥·¦¤¥´¨Ö.

�·¨³¥· 1. ”Ê´±Í¨μ´ ²Ó´μ¥ · §²μ¦¥´¨¥ T = T1 + T2 + T3 É·¥ÌÎ ¸É¨Î-
´μ° T -³ É·¨ÍÒ ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥ ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í ¸ ¶ ·´Ò³¨
Í¥´É· ²Ó´Ò³¨ ¨ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³¨ ¶μÉ¥´Í¨ ² ³¨ μ± § ²μ¸Ó ±²ÕÎ¥¢Ò³
¤²Ö ¢¶¥·¢Ò¥ ¶·¥¤²μ¦¥´´μ° ‹. „.” ¤¤¥¥¢Ò³ ¢ [25] ³ É¥³ É¨Î¥¸±¨ ±μ··¥±É-
´μ° Ëμ·³Ê²¨·μ¢±¥ § ¤ Î¨ É·¥Ì ±¢ ´Éμ¢ÒÌ Î ¸É¨Í ¢ ¢¨¤¥ ¸¨¸É¥³Ò μ¤´μ§´ Î´μ
· §·¥Ï¨³ÒÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¨¸±μ³ÒÌ ±μ³¶μ´¥´É T1, T2 ¨ T3.
�μ¸²¥¤μ¢ ¢Ï¥¥ μ¡μ¡Ð¥´¨¥ ÔÉμ£μ ¶μ¤Ìμ¤  ¤²Ö ¸¨¸É¥³ Î¥ÉÒ·¥Ì ±¢ ´Éμ¢ÒÌ Î -
¸É¨Í ¢¶¥·¢Ò¥ ¤ ´μ �. Ÿ. Ÿ±Ê¡μ¢¸±¨³ ¢ [26] ¨ É ±¦¥ μ¸´μ¢ ´μ ´  ËÊ´±Í¨μ-
´ ²Ó´ÒÌ · §²μ¦¥´¨ÖÌ ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥. ˆ¸¸²¥¤μ¢ ´¨Ö ” ¤¤¥¥¢ 
¨ Ÿ±Ê¡μ¢¸±μ£μ μ± § ²¨¸Ó ËÊ´¤ ³¥´Éμ³ ¤²Ö ¸É ´μ¢²¥´¨Ö ³ É¥³ É¨Î¥¸±¨ ±μ·-
·¥±É´μ° É¥μ·¨¨ · ¸¸¥Ö´¨Ö ¤²Ö ¸¨¸É¥³ ´¥¸±μ²Ó±¨Ì Î ¸É¨Í [14, 15], ¶μ¤Î¨-
´ÖÕÐ¨Ì¸Ö § ±μ´ ³ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ [13]. „¢¥ ¶·μ¡²¥³Ò É¥μ·¨¨ ¨´É¥-
£· ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢ ÄŸ±Ê¡μ¢¸±μ£μ, § ³¥É´μ ¸Ê¦ ÕÐ¨¥ μ¡² ¸ÉÓ ¥¥
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¶·¨²μ¦¥´¨Ö, μ¸É ²¨¸Ó ´¥·¥Ï¥´´Ò³¨: ¤μ ¸¨Ì ¶μ· ´¥¨§¢¥¸É´μ ¨¸Î¥·¶Ò¢ ÕÐ¥¥
¨ Ê¤μ¡´μ¥ ¤²Ö ¶· ±É¨Î¥¸±¨Ì · ¸Î¥Éμ¢ · ¸Ï¨·¥´¨¥ ÔÉμ° É¥μ·¨¨ ¤²Ö ¸¨¸É¥³,
¸μ¤¥·¦ Ð¨Ì § ·Ö¦¥´´Ò¥ Î ¸É¨ÍÒ, ¨ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¶·¨´Í¨-
¶¨ ²Ó´μ ´¥¢μ§³μ¦´μ° ·¥¤Ê±Í¨Ö ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° ± ¨Ì μ¶É¨³ ²Ó´Ò³
¤²Ö Î¨¸²¥´´μ£μ  ´ ²¨§  ¤¨¸±·¥É´Ò³  ´ ²μ£ ³, ±μÉμ·Ò³¨ Ö¢²ÖÕÉ¸Ö ¸¨¸É¥³Ò
²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¸ · §·¥¦¥´´Ò³¨ ³ É·¨Í ³¨ ´¥¡μ²ÓÏμ° · §³¥·´μ¸É¨ ¨
²¥£±μ ¢ÒÎ¨¸²Ö¥³Ò³¨ Ô²¥³¥´É ³¨.

�·¨³¥· 2. ‘²¥¤ÊÕÐ¨° ÔÉ ¶ · §¢¨É¨Ö É¥μ·¨¨ · ¸¸¥Ö´¨Ö ¤²Ö ¸¨¸É¥³ É·¥Ì
Î ¸É¨Í ´ Î ²¸Ö ¸ ¨¸¶μ²Ó§μ¢ ´¨Ö ËÊ´±Í¨μ´ ²Ó´μ£μ · §²μ¦¥´¨Ö Ψ = Ψ1+Ψ2+
Ψ3 É·¥ÌÎ ¸É¨Î´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψ ¨ ¢Ò¢μ¤  ¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ” ¤¤¥¥¢  [15] ¤²Ö Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É Ψ1, Ψ2 ¨ Ψ3.

�·¨´Í¨¶¨ ²Ó´ Ö ¶·μ¡²¥³  ÔÉμ£μ ÔÉ ¶  § ±²ÕÎ ² ¸Ó ¢ Ëμ·³Ê²¨·μ¢±¥ Ë¨-
§¨Î¥¸±¨Ì £· ´¨Î´ÒÌ Ê¸²μ¢¨° ¤²Ö É ±¨Ì ±μ³¶μ´¥´É ¶·¨ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ
³¥¦¤Ê Î ¸É¨Í ³¨, £ · ´É¨·ÊÕÐ¨Ì ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¨ ¥¤¨´¸É¢¥´´μ¸ÉÓ ·¥Ï¥´¨°
Ë ¤¤¥¥¢¸±¨Ì ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¨ ¨Ì Ô±¢¨¢ ²¥´É´μ¸ÉÓ ¨¸Ìμ¤´μ³Ê
É·¥ÌÎ ¸É¨Î´μ³Ê Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· . �¸´μ¢´μ° ¢±² ¤ ¢ ¶μ²´μ¥ ·¥Ï¥´¨¥
ÔÉμ° ¸²μ¦´¥°Ï¥° ¶·μ¡²¥³Ò ¤²Ö ¸¨¸É¥³ ± ± ¨§ ´¥°É· ²Ó´ÒÌ, É ± ¨ ¨§ § ·Ö-
¦¥´´ÒÌ Î ¸É¨Í ¤ ´ ‘.�.Œ¥·±Ê·Ó¥¢Ò³. �μ²´Ò° ¸¶¨¸μ± ¨¸¸²¥¤μ¢ ´¨° Œ¥·-
±Ê·Ó¥¢ , ¶·¨¢¥¤¥´´Ò° ¢ ³μ´μ£· Ë¨¨ [15], ¤μ¶μ²´ÖÕÉ ´¥ ³¥´¥¥ ¨§¢¥¸É´Ò¥
ËÊ´¤ ³¥´É ²Ó´Ò¥ · ¡μÉÒ [27Ä30]. ‘ÊÐ¥¸É¢¥´´Ò³ ¡Ò² ¨ ¢±² ¤ Œ¥·±Ê·Ó¥¢ 
¢ ¸É ´μ¢²¥´¨¥ ¨ · §¢¨É¨¥ μ¸´μ¢ ´´ÒÌ ´  ±μ´¥Î´μ-· §´μ¸É´μ°  ¶¶·μ±¸¨³ -
Í¨¨ [9] ³¥Éμ¤μ¢ [27,31Ä35] Î¨¸²¥´´μ£μ  ´ ²¨§  ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
” ¤¤¥¥¢ .

‚ μÉ²¨Î¨¥ μÉ Ë ¤¤¥¥¢¸±μ° ¨´É¥£· ²Ó´μ° Ëμ·³Ê²¨·μ¢±¨ § ¤ Î¨ É·¥Ì Î -
¸É¨Í, ¥¥ ¤¨ËË¥·¥´Í¨ ²Ó´ Ö Ëμ·³Ê²¨·μ¢±  ¢ ¢¨¤¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥-
´¨° ” ¤¤¥¥¢  ¸ ´ °¤¥´´Ò³¨ Œ¥·±Ê·Ó¥¢Ò³ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¶·¨ ¡μ²Ó-
Ï¨Ì · ¸¸ÉμÖ´¨ÖÌ ³¥¦¤Ê Î ¸É¨Í ³¨ ¨³¥¥É ¶μ ±· °´¥° ³¥·¥ É·¨ ¸ÊÐ¥¸É¢¥´´ÒÌ
¶·¥¨³ÊÐ¥¸É¢ : ³μ¤¨Ë¨± Í¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ´  ¢¸¥
¸²ÊÎ ¨ ¸¨¸É¥³ É·¥Ì Î ¸É¨Í, ¸μ¤¥·¦ Ð¨Ì § ·Ö¦¥´´Ò¥ Î ¸É¨ÍÒ, ¨§¢¥¸É´ ; ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  Ê¤μ¡´Ò ¤²Ö  ´ ²¨§  ¸É·μ¥´¨Ö ¨Ì ¨¸±μ³ÒÌ
·¥Ï¥´¨°; ¤²Ö É ±¨Ì Ê· ¢´¥´¨° ´¥¸²μ¦´μ ¢Ò¢¥¸É¨ μ¶É¨³ ²Ó´Ò¥ ¤²Ö Î¨¸²¥´-
´μ£μ  ´ ²¨§  ¤¨¸±·¥É´Ò¥  ´ ²μ£¨.

’¥μ·¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨ ³¥Éμ¤¨±  ¨Ì ¶·¨²μ-
¦¥´¨Ö ¤²Ö · ¸Î¥Éμ¢ ·¥ ²Ó´ÒÌ Ë¨§¨Î¥¸±¨Ì ¸¨¸É¥³ ¡² £μ¤ ·Ö ¶¥·¥Î¨¸²¥´´Ò³
¢ÒÏ¥ ¶·¥¨³ÊÐ¥¸É¢ ³ ¡Ò²  ¸ÊÐ¥¸É¢¥´´μ · §¢¨É  ¢ ¨¸¸²¥¤μ¢ ´¨ÖÌ, ¢Ò¶μ²´¥´-
´ÒÌ ±μ²²¥£ ³¨ ¨ ÊÎ¥´¨± ³¨ Œ¥·±Ê·Ó¥¢  ¨²¨ ¶·¨ ¨Ì ÊÎ ¸É¨¨. ’ ±¨³¨ ¨¸¸²¥-
¤μ¢ ´¨Ö³¨ Ö¢²ÖÕÉ¸Ö: μ¶·¥¤¥²¥´¨¥ ±Ê²μ´-Ö¤¥·´μ° ¤²¨´Ò · ¸¸¥Ö´¨Ö ¶·μÉμ´ 
´  ¤¥°É·μ´¥ [36, 37],  ´ ²¨§  ¸¨³¶ÉμÉ¨± Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É ¢ ¶μ²´μ³
¨ μ¡·¥§ ´´μ³ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸ Ì [38], Ëμ·³Ê²¨·μ¢±  Ê· ¢´¥´¨° ” ¤-
¤¥¥¢  ¢ ³μ¤¥²¨ £· ´¨Î´ÒÌ Ê¸²μ¢¨° [39,40], ³¥Éμ¤ ¸¨²Ó´μ° ¸¢Ö§¨ ± ´ ²μ¢ ¤²Ö
Ê· ¢´¥´¨° ” ¤¤¥¥¢  [41], ³¥Éμ¤ ±² ¸É¥·´μ° ·¥¤Ê±Í¨¨ [42Ä44],  ´ ²¨§ μ¸μ¡ÒÌ
¸¶¥±É· ²Ó´ÒÌ ¸¢μ°¸É¢ μ¶¥· Éμ·  ” ¤¤¥¥¢  [45, 46], ±μ³¶²¥±¸´Ò° ¸±¥°²¨´£
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Ê· ¢´¥´¨° ” ¤¤¥¥¢  [47],  ²£μ·¨É³Ò [48Ä52] Î¨¸²¥´´μ£μ  ´ ²¨§  Ê· ¢´¥´¨°
” ¤¤¥¥¢ , ¨¸¶μ²Ó§ÊÕÐ¨¥ ±μ´¥Î´μ-· §´μ¸É´ÊÕ  ¶¶·μ±¸¨³ Í¨Õ [9], ¨  ²£μ-
·¨É³Ò [53Ä60], μ¸´μ¢ ´´Ò¥ ´  · §²μ¦¥´¨ÖÌ ¨¸±μ³ÒÌ ·¥Ï¥´¨° ¶μ ¡ §¨¸´Ò³
±¢¨´É¥É´Ò³ ¸¶² °´ ³ [10,11].

�·¨³¥´¥´¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢  ¤²Ö
¤μ¸Éμ¢¥·´μ£μ · ¸Î¥É  ¸Éμ²±´μ¢¥´¨° ¢ ¸¨¸É¥³¥ É·¥Ì Î ¸É¨Í ¢ ¶·¥¤¥²¥ ´¨§±¨Ì
Ô´¥·£¨°, · ¸Î¥É  ¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°, ¤²Ö ¢ÒÎ¨¸²¥´¨Ö  ¸É·μË¨§¨Î¥-
¸±¨Ì S-Ë ±Éμ·μ¢, ¸¥Î¥´¨° É·¥ÌÎ ¸É¨Î´ÒÌ Ö¤¥·´ÒÌ,  Éμ³´ÒÌ ¨ ³μ²¥±Ê²Ö·´ÒÌ
·¥ ±Í¨° ¶·¥¦¤¥ ¢¸¥£μ É·¥¡Ê¥É ¤¥É ²Ó´μ£μ  ´ ²¨§  ¸É·Ê±ÉÊ·Ò ÔÉ¨Ì Ê· ¢´¥´¨°,
¨Ì μ¸μ¡ÒÌ ·¥Ï¥´¨°, ¨¸¸²¥¤μ¢ ´¨Ö · §²¨Î´ÒÌ ËÊ´±Í¨μ´ ²Ó´ÒÌ · §²μ¦¥´¨°
¨¸±μ³ÒÌ ·¥Ï¥´¨°, Ëμ·³Ê²¨·μ¢±¨ £· ´¨Î´ÒÌ Ê¸²μ¢¨° ¢ ¶·¥¤¥²¥ ³ ²ÒÌ · ¸-
¸ÉμÖ´¨° ³¥¦¤Ê Î ¸É¨Í ³¨ ´¥ Éμ²Ó±μ ¤²Ö ¨¸±μ³ÒÌ ·¥Ï¥´¨°, ´μ ¨ ¤²Ö ¨Ì Î ¸É-
´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¨, ´ ±μ´¥Í, · §· ¡μÉ±¨ Ô±μ´μ³¨Î´ÒÌ ¸¶μ¸μ¡μ¢ ¢ÒÎ¨¸²¥´¨Ö,
¢±²ÕÎ ÕÐ¨Ì É ±¨¥ Ê¸²μ¢¨Ö.

�¥Ï¥´¨Õ ¶¥·¥Î¨¸²¥´´ÒÌ ¢ÒÏ¥ § ¤ Î ¶μ¸¢ÖÐ¥´  ¸¥·¨Ö  ¢Éμ·¸±¨Ì ¨¸¸²¥-
¤μ¢ ´¨° [61Ä84], ¢Ò¶μ²´¥´´ÒÌ ³¥Éμ¤ ³¨ ËÊ´±Í¨μ´ ²Ó´ÒÌ · §²μ¦¥´¨° ¤²Ö
¸¨¸É¥³ ´¥¸±μ²Ó±¨Ì ±¢ ´Éμ¢ÒÌ Î ¸É¨Í [85].

‚ [61Ä65] ¤ ´  ´ ²¨§ ±¨´¥³ É¨Î¥¸±μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ¢ § ¤ Î¥ É·¥Ì
Î ¸É¨Í; ¶·¥¤²μ¦¥´  ·¥¤Ê±Í¨Ö Ï¥¸É¨³¥·´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
” ¤¤¥¥¢  ± Ê¤μ¡´Ò³ ¤²Ö ± Î¥¸É¢¥´´μ£μ ¨ Î¨¸²¥´´μ£μ ¨¸¸²¥¤μ¢ ´¨Ö ¸¨¸É¥³ ³
É·¥Ì-, ¤¢Ê- ¨ μ¤´μ³¥·´ÒÌ Ê· ¢´¥´¨°; ¶μ²ÊÎ¥´Ò  ¤ ¶É¨·μ¢ ´´Ò¥ ¤²Ö  ´ ²¨§ 
± ± ËÊ´±Í¨° ±¨´¥³ É¨Î¥¸±μ£μ Ê£²  ¨ Ô±μ´μ³¨Î´μ£μ ¢ÒÎ¨¸²¥´¨Ö ¶·¥¤¸É ¢²¥-
´¨Ö Ö¤¥· ¨´É¥£· ²Ó´ÒÌ μ¶¥· Éμ·μ¢ ¸¨¸É¥³ ¤¢Ê³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨
±μÔËË¨Í¨¥´Éμ¢ �¥°´ ² Ä�¥¢ ¨ [17], ¸μ¤¥·¦ Ð¨Ì¸Ö ¢ ¸¨¸É¥³ Ì μ¤´μ³¥·´ÒÌ
Ê· ¢´¥´¨° ” ¤¤¥¥¢ .

�¸μ¡¥´´μ¸É¨ ¨ ´μ¢¨§´  ¶·¥¤²μ¦¥´´μ£μ ¢ [61Ä65] ¶μ¤Ìμ¤  § ±²ÕÎ ²¨¸Ó ¢μ
¢¢¥¤¥´¨¨ ¢ É¥μ·¨Õ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  μ¶¥· Éμ·  ±¨´¥-
³ É¨Î¥¸±μ£μ ¶·¥μ¡· §μ¢ ´¨Ö; ¢Ò¢μ¤¥ ¨ ¶·¨³¥´¥´¨¨ μ¶¥· Éμ·´ÒÌ ¶·¥¤¸É ¢²¥-
´¨° ¶ ·´ÒÌ ¨ ¶μ²´μ£μ ¢§ ¨³μ¤¥°¸É¢¨°, ¸¢μ¡μ¤´μ£μ ¨ ¶μ²´μ£μ É·¥ÌÎ ¸É¨Î´ÒÌ
£ ³¨²ÓÉμ´¨ ´μ¢ ¢ ¡ §¨¸ Ì ¨§ Dσ-ËÊ´±Í¨°, £¨¶¥·£ ·³μ´¨±, ¡¨¸Ë¥·¨Î¥¸±¨Ì
£ ·³μ´¨± ¨ ¶·¨¸μ¥¤¨´¥´´ÒÌ ¶μ²¨´μ³μ¢ ‹¥¦ ´¤·  ¨ ¢ Ï¨·μ±μ³ ¨¸¶μ²Ó§μ-
¢ ´¨¨ ´¥É· ¤¨Í¨μ´´ÒÌ ®¶μ¤¢¨¦´ÒÌ¯ ¸¨¸É¥³ ±μμ·¤¨´ É c μ¸ÓÕ ±¢ ´Éμ¢ ´¨Ö,
´ ¶· ¢²¥´´μ° ¢¤μ²Ó ¢¥±Éμ· , ¸μ¥¤¨´ÖÕÐ¥£μ É·¥ÉÓÕ Î ¸É¨ÍÊ ¸ Í¥´É·μ³ ³ ¸¸
¶ ·Ò ¤·Ê£¨Ì Î ¸É¨Í.

‚ [66Ä72] ¤μ± § ´Ò ±·¨É¥·¨¨ ¸ÊÐ¥¸É¢μ¢ ´¨Ö, ¸μ§¤ ´Ò ³¥Éμ¤Ò  ´ ²¨§  ¨
¢ÒÎ¨¸²¥´¨Ö Ë¨§¨Î¥¸±¨Ì ¸² £ ¥³ÒÌ Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° [66,
67] ¨ ¤¢ÊÌ ±² ¸¸μ¢ ÉμÎ´ÒÌ ·¥Ï¥´¨° ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤-
¤¥¥¢ : ±² ¸¸  ¢¸¥Ì ²μ¦´ÒÌ ·¥Ï¥´¨° [68,69] ¨ ±² ¸¸  Ë ±Éμ·¨§μ¢ ´´ÒÌ ·¥Ï¥-
´¨° [70Ä72] ¢ ¸²ÊÎ ¥ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° Í¥´É·μ¡¥¦´μ£μ É¨¶ .

�·¥¤¸É ¢²¥´´Ò¥ ¢ [66Ä72] ³¥Éμ¤Ò ¶μ¸É·μ¥´¨Ö ¨  ´ ²¨§  ²μ¦´ÒÌ ¸² £ -
¥³ÒÌ ¨ ÉμÎ´ÒÌ ·¥Ï¥´¨° μ¸´μ¢ ´Ò ´  · §²μ¦¥´¨ÖÌ ¶μ £¨¶¥·£ ·³μ´¨± ³ ¨
¨¸±²ÕÎ¨É¥²Ó´μ ¶·μ¸ÉÒ, ¶μÉμ³Ê ÎÉμ ¨¸Ìμ¤´ Ö § ¤ Î  ¸¢μ¤¨É¸Ö ±  ´ ²¨§Ê ³ -
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É·¨Î´ÒÌ Ê· ¢´¥´¨° AB = 0 ¸ ²¥£±μ ¢ÒÎ¨¸²Ö¥³μ° ³ É·¨Í¥° A ¨ ±μ´¥Î´Ò³
¸Éμ²¡Íμ³ B ¨¸±μ³ÒÌ ±μ´¸É ´É.

‚ ¨Éμ£¥ ¢Ò¶μ²´¥´´μ£μ ¢ [70Ä72]  ´ ²¨§  ¢¶¥·¢Ò¥ ´ °¤¥´ ¨ ¨¸¸²¥¤μ¢ ´
±² ¸¸ ÉμÎ´ÒÌ Ë ±Éμ·¨§μ¢ ´´ÒÌ ·¥Ï¥´¨°, ¶·¥¤¸É ¢¨³ÒÌ ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨°
§ ¢¨¸ÖÐ¥° μÉ £¨¶¥·· ¤¨Ê¸  ËÊ´±Í¨¨ 	¥¸¸¥²Ö ¨ ËÊ´±Í¨¨ £¨¶¥·Ê£² , ¶μ¤Î¨´¥´-
´μ° ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´μ° ±· ¥¢μ° § ¤ Î¥ ¸ μ¤´μ·μ¤´Ò³¨ £· ´¨Î´Ò³¨
Ê¸²μ¢¨Ö³¨, ¨ ¤μ± § ´  É¥μ·¥³  ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¨ ¥¤¨´¸É¢¥´´μ¸É¨ ÉμÎ´ÒÌ ·¥-
Ï¥´¨° É ±μ£μ ±² ¸¸ ,   ÎÉμ¡Ò ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ³μ¦´μ ¡Ò²μ ¡Ò ¨¸¶μ²Ó§μ¢ ÉÓ
± ± ÔÉ ²μ´´Ò¥, ±μÔËË¨Í¨¥´ÉÒ ¨Ì · §²μ¦¥´¨° § É ¡Ê²¨·μ¢ ´Ò.

‚ · ¡μÉ Ì [73Ä75] ¤ ´  ´ ²¨§ ¤μ¸É ÉμÎ´μ£μ Ê¸²μ¢¨Ö ±μ²² ¶¸  ¨ ¸É·μ¥´¨Ö
´ °¤¥´´μ£μ Ë¨§¨Î¥¸±¨ ¶·¨¥³²¥³μ£μ ±² ¸¸  ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¸¢Ö§ ´´ÒÌ ¸μ-
¸ÉμÖ´¨° É·¥Ì Éμ¦¤¥¸É¢¥´´ÒÌ ¡μ§μ´μ¢ ¢ ¸²ÊÎ ¥ ´Ê²¥¢μ£μ ¶μ²´μ£μ ³μ³¥´É  ¨
S-¢μ²´μ¢ÒÌ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° Í¥´É·μ¡¥¦´μ£μ É¨¶ . ‚ ÔÉ¨Ì ¦¥ · ¡μÉ Ì
¤²Ö É ±¨Ì É·¥ÌÎ cÉ¨Î´ÒÌ ¸¨¸É¥³ ¶·¥¤²μ¦¥´ ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö ±² ¸¸  Ë ±Éμ-
·¨§μ¢ ´´ÒÌ ±μ²² ¶¸¨·ÊÕÐ¨Ì (²μ± ²¨§ÊÕÐ¨Ì¸Ö ¢ ³ ²μ° μ±·¥¸É´μ¸É¨ ÉμÎ±¨
É·μ°´μ£μ Ê¤ · ) ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢ .

�É¨³ ³¥Éμ¤μ³ ¢¶¥·¢Ò¥ ¤μ± § ´μ, ÎÉμ ±μ²² ¶¸ É·¥Ì ¡μ§μ´μ¢ ¢μ§³μ¦¥´ ¶·¨
²Õ¡μ° μÉ·¨Í É¥²Ó´μ° ±μ´¸É ´É¥ ¶ ·´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö; ¶μ²ÊÎ¥´μ ¨ ¨¸¸²¥-
¤μ¢ ´μ ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±μ¥ (¶ · ³¥É·Ò: ±μ´¸É ´É  · §¤¥²¥´¨Ö  ·£Ê³¥´Éμ¢ ¨
¶μ²´ Ö Ô´¥·£¨Ö) ¸¥³¥°¸É¢μ Ë¨§¨Î¥¸±¨ ¶·¨¥³²¥³ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° É·¥Ì-
¡μ§μ´´ÒÌ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°; ¶μ¶ÊÉ´μ ¤ ´ ± Î¥¸É¢¥´´Ò° ¨ Î¨¸²¥´´Ò°  ´ -
²¨§ ¸¶¥±É·  ¨ ±μ²² ¶¸  Î ¸É¨ÍÒ ¢ ¶μ²¥, ¶·μ¶μ·Í¨μ´ ²Ó´μ³ ±¢ ¤· ÉÊ ¸¥± ´¸ 
· ¸¸ÉμÖ´¨Ö [74], ¨ ¢ ´¥²μ± ²Ó´μ³ ¶μ²¥ Í¥´É·μ¡¥¦´μ£μ É¨¶  [75].

‚ ¸¥·¨¨ · ¡μÉ [67] ¨ [76Ä81] ¶·¥¤²μ¦¥´Ò μ¶É¨³ ²Ó´Ò¥ ³¥Éμ¤Ò ¶μ¸É·μ¥-
´¨Ö Ëμ·³ ²Ó´ÒÌ  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì · §²μ¦¥´¨° ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° É·¥Ì- ¨
¤¢Ê³¥·´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢  ¢¡²¨§¨ ÉμÎ¥± É·μ°´μ£μ [67,76Ä
78] ¨ ¶ ·´ÒÌ [79, 80] Ê¤ ·μ¢ ¨ ¢ ¶·¥¤¥²¥ ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î -
¸É¨Í [81] ¢ ¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ ¨²¨ ´¥Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°,
¶·¥¤¸É ¢¨³ÒÌ ·Ö¤ ³¨ ¶μ Í¥²Ò³ (n = −1, 0, . . .) ¸É¥¶¥´Ö³ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê
Î ¸É¨Í ³¨.

�É¨³¨ ³¥Éμ¤ ³¨ ¢¶¥·¢Ò¥ ¢Ò¢¥¤¥´Ò ²¨´¥°´Ò¥ ¸μμÉ´μÏ¥´¨Ö (¸¢Ö§¨) ³¥¦¤Ê
Î ¸É´Ò³¨ ¶·μ¨§¢μ¤´Ò³¨ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨°
˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢  ¢ ÉμÎ± Ì ¶ ·´μ£μ ¨ É·μ°´μ£μ Ê¤ ·μ¢ ¨ ¢ ¶·¥¤¥²¥
²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í ¨ É ±¦¥ ¢¶¥·¢Ò¥ ¢¸¥ ¢Ò¢¥¤¥´´Ò¥ · §²μ-
¦¥´¨Ö μ¶·¥¤¥²¥´Ò ¢ ¢¨¤¥ ¡¥¸±μ´¥Î´ÒÌ ·Ö¤μ¢, ¸É·μ¥´¨¥ ±μÉμ·ÒÌ ¨¸¸²¥¤μ¢ ´μ
¢ É·¥Ì É¨¶¨Î´ÒÌ ¤²Ö Ö¤¥·´μ° Ë¨§¨±¨ [18] ¸²ÊÎ ÖÌ: ¢ ¶·¥¤¥²¥ ´Ê²¥¢ÒÌ  ·-
£Ê³¥´Éμ¢ ¶μÉ¥´Í¨ ²Ò ¨³¥ÕÉ ¸¨´£Ê²Ö·´μ¸ÉÓ ±Ê²μ´μ¢¸±μ£μ É¨¶  (¸²ÊÎ ° A)),
¶·μ¶μ·Í¨μ´ ²Ó´Ò ¶¥·¢μ° ¸É¥¶¥´¨ ¨Ì  ·£Ê³¥´Éμ¢ (¸²ÊÎ ° B)) ¨²¨ ¦¥ Ö¢²Ö-
ÕÉ¸Ö ·Ö¤ ³¨ Éμ²Ó±μ ¶μ Î¥É´Ò³ ¸É¥¶¥´Ö³ ¨Ì  ·£Ê³¥´Éμ¢ (¸²ÊÎ ° C)).

‚ [82Ä84] ¸μ§¤ ´ ³¥Éμ¤ ¸¶² °´-· §²μ¦¥´¨° ¤²Ö Î¨¸²¥´´μ£μ  ´ ²¨§ 
É·¥Ì-, ¤¢Ê- ¨ μ¤´μ³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢ : ¶·¥¤²μ¦¥´Ò ¤μ¢μ²Ó´μ ¶·μ¸ÉÒ¥
¸¶² °´- ²£μ·¨É³Ò Î¨¸²¥´´μ£μ  ´ ²¨§  É ±¨Ì Ê· ¢´¥´¨° ¨ ³¥Éμ¤¨±  É¥¸É¨·μ-
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¢ ´¨Ö ¸¶² °´- ²£μ·¨É³μ¢ ´  ¶μÉμÎ¥Î´ÊÕ ¸Ìμ¤¨³μ¸ÉÓ ¶·¨ ¨§³¥²ÓÎ¥´¨¨ ¸¥É±¨,
¢±²ÕÎ ÕÐ Ö μ¶¨¸ ´¨¥ · §²¨Î´ÒÌ ¸¶μ¸μ¡μ¢ ¶·¨³¥´¥´¨Ö ´ °¤¥´´ÒÌ ¢ [68Ä72]
ÉμÎ´ÒÌ ·¥Ï¥´¨° ± ± ÔÉ ²μ´´ÒÌ.

�¸´μ¢´Ò¥ ¶·¥¨³ÊÐ¥¸É¢  ¸μ§¤ ´´μ£μ ³¥Éμ¤  É ±μ¢Ò: ¶μÉμÎ¥Î´ Ö ¸¶² °´-
 ¶¶·μ±¸¨³ Í¨Ö ¨ ¨¸±μ³μ£μ ·¥Ï¥´¨Ö, ¨ ¥£μ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¢¶²μÉÓ ¤μ
¶·μ¨§¢μ¤´ÒÌ Î¥É¢¥·Éμ£μ ¶μ·Ö¤± ; ¶·μ¸ÉμÉ , μ¡Ê¸²μ¢²¥´´ Ö É¥³, ÎÉμ ¶·¥¤²μ-
¦¥´´Ò¥ ¤¨¸±·¥É´Ò¥ ¸¶² °´- ´ ²μ£¨ Ê· ¢´¥´¨° ” ¤¤¥¥¢  Å ²¨´¥°´Ò¥ ¸¨-
¸É¥³Ò ¸ ¸ÊÐ¥¸É¢¥´´μ · §·¥¦¥´´Ò³¨ ³ É·¨Í ³¨ ¡²μÎ´μ° ¸É·Ê±ÉÊ·Ò; Ô±μ´μ-
³¨Î´μ¸ÉÓ  ²£μ·¨É³μ¢ Î¨¸²¥´´μ£μ  ´ ²¨§  É ±¨Ì  ´ ²μ£μ¢, μ¡¥¸¶¥Î¥´´ Ö ¶·¨-
³¥´¥´¨¥³ ¶·¥¤²μ¦¥´´μ£μ ¡²μÎ´μ£μ  ´ ²μ£  ¸Ì¥³Ò ¨¸±²ÕÎ¥´¨Ö ƒ Ê¸¸ .

�¡¸Ê¦¤ ¥³Ò° ³¥Éμ¤ ¸¶² °´-· §²μ¦¥´¨° [82Ä84] Ö¢²Ö¥É¸Ö ´ ¨¡μ²¥¥ ¶μ²-
´Ò³ ¨§ ¢¸¥Ì ¨§¢¥¸É´ÒÌ, ¨¡μ ¸μ¤¥·¦¨É ´ ¡μ· ¶·μ¸ÉÒÌ ¸¶² °´- ²£μ·¨É³μ¢
μ¡ÒÎ´μ° ¨ ¶μ¢ÒÏ¥´´μ° ÉμÎ´μ¸É¨; μ¶¨¸ ´´Ò¥ ¸¶μ¸μ¡Ò ¶·¨³¥´¥´¨Ö ´ °¤¥´-
´ÒÌ ÉμÎ´ÒÌ ·¥Ï¥´¨° ± ± ÔÉ ²μ´´ÒÌ;   É ±¦¥ μ·¨£¨´ ²Ó´ÊÕ ³¥Éμ¤¨±Ê É¥-
¸É¨·μ¢ ´¨Ö ¸¶² °´- ²£μ·¨É³μ¢ ´  ¶μÉμÎ¥Î´ÊÕ ¸Ìμ¤¨³μ¸ÉÓ ¶·¨ ¨§³¥²ÓÎ¥´¨¨
¸¥É±¨ ¨ Î¨¸²¥´´μ£μ μ¶·¥¤¥²¥´¨Ö ¶μ·Ö¤±μ¢  ¶¶·μ±¸¨³ Í¨¨ ·¥Ï¥´¨Ö ·¥¤ÊÍ¨-
·μ¢ ´´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨ ¥£μ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¢ Ê§² Ì ¨ ¢´¥ Ê§²μ¢
¢Ò¡· ´´μ° ¸¥É±¨.

C²μ¦´¥°Ï¥° ¶·μ¡²¥³μ° ¸μ¢·¥³¥´´μ° É¥μ·¨¨ · ¸¸¥Ö´¨Ö ¤²Ö ´¥¸±μ²Ó±¨Ì
±¢ ´Éμ¢ÒÌ Î ¸É¨Í Ö¢²Ö¥É¸Ö · ¸Ï¨·¥´¨¥ ¶μ¤Ìμ¤  ” ¤¤¥¥¢  ¤²Ö μ¶¨¸ ´¨Ö ³´μ-
£μ± ´ ²Ó´μ£μ · ¸¸¥Ö´¨Ö ¸ ¶μ£²μÐ¥´¨¥³ ¢ ¸¨¸É¥³¥ É·¥Ì Î ¸É¨Í. �¥¤ ¢´μ ¢ [86]
¶·¥¤²μ¦¥´μ μ¡μ¡Ð¥´¨¥ ÔÉμ£μ ¶μ¤Ìμ¤  ´  ¸²ÊÎ ° ±μ³¶²¥±¸´ÒÌ ¶ ·´ÒÌ ¢§ ¨-
³μ¤¥°¸É¢¨° ¨ ¤ ´μ ±μ··¥±É´μ¥ μ¶·¥¤¥²¥´¨¥ ¸¥Î¥´¨Ö ¶μ£²μÐ¥´¨Ö ¢ ¸²ÊÎ ¥
· ¸c¥Ö´¨Ö ¸ ¶¥·¥¸É·μ°±μ°.

„·Ê£μ°, ´¥ ³¥´¥¥ §´ Î¨³μ° ¸ ÉμÎ±¨ §·¥´¨Ö ¶· ±É¨Î¥¸±¨Ì ¶·¨²μ¦¥´¨°,
¶·μ¡²¥³μ° ¸μ¢·¥³¥´´μ° É¥μ·¨¨ · ¸¸¥Ö´¨Ö ¤²Ö ´¥¸±μ²Ó±¨Ì ±¢ ´Éμ¢ÒÌ Î ¸É¨Í
Ö¢²Ö¥É¸Ö ¢Ò¢μ¤ ¨  ´ ²¨§  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì · §²μ¦¥´¨° ¢μ²´μ¢μ° ËÊ´±Í¨¨
¨ ¥¥ Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É ¢¡²¨§¨ ÉμÎ¥± É·μ°´μ£μ ¨ ¶ ·´μ£μ ¸μÊ¤ ·¥´¨°
¨ ¢ ¶·¥¤¥²¥ ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í. �¶É¨³ ²Ó´μ¥ ¨ ¶μ²´μ¥
·¥Ï¥´¨¥ ÔÉμ° ¸²μ¦´μ° § ¤ Î¨ § ±²ÕÎ ¥É¸Ö ¢ ·¥¤Ê±Í¨¨ Ê· ¢´¥´¨° ˜·¥¤¨´-
£¥·  ¨ ” ¤¤¥¥¢  ± ´ ¨¡μ²¥¥ ¶·μ¸ÉÒ³ ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¨ · ¸Î¥É  ±²ÕÎ¥¢Ò³
·¥±Ê··¥´É´Ò³ Í¥¶μÎ± ³ Ê· ¢´¥´¨° ³¨´¨³ ²Ó´μ ¢μ§³μ¦´μ° · §³¥·´μ¸É¨, ¢
¶μ¸²¥¤ÊÕÐ¥³ ¤μ± § É¥²Ó¸É¢¥ μ¤´μ§´ Î´μ° · §·¥Ï¨³μ¸É¨ É ±¨Ì Í¥¶μÎ¥± ¨ ¢
 ´ ²¨§¥ ¨Ì ¸É·μ¥´¨Ö μÉ ËÊ´±Í¨μ´ ²Ó´μ£μ ¢¨¤  ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°.

’ ±μ¥ ¶μ²´μ¥ ·¥Ï¥´¨¥ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ¸²¥¤ÊÖ ¨§¢¥¸É´μ³Ê ¢ É¥μ·¨¨ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [2] ¶μ¤Ìμ¤Ê [3], ¢ ¤¢  ÔÉ ¶ . �¥·¢Ò° ¨§ ´¨Ì Å
¢Ò¢μ¤ Ëμ·³ ²Ó´ÒÌ  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì · §²μ¦¥´¨°,   ¢Éμ·μ° Å ¤μ± § É¥²Ó¸É¢μ
ÌμÉÖ ¡Ò  ¸¨³¶ÉμÉ¨Î¥¸±μ° ¸Ìμ¤¨³μ¸É¨ ¨ ¤¨ËË¥·¥´Í¨·Ê¥³μ¸É¨ · §²μ¦¥´¨°,
¶μ²ÊÎ¥´´ÒÌ ´  ¶¥·¢μ³ ÔÉ ¶¥. Š ± ¶μÖ¸´Ö²μ¸Ó ¢ ¶·¥¤Ò¤ÊÐ¥³ μ¡§μ·¥ [67], ¤²Ö
¸¨¸É¥³  Éμ³´μ£μ É¨¶  [19,20] ¸ Î¨¸Éμ ±Ê²μ´μ¢¸±¨³¨ ¶ ·´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨-
Ö³¨ ¨§¢¥¸É´Ò ³´μ£μÎ¨¸²¥´´Ò¥ ·¥ ²¨§ Í¨¨ ¶¥·¢μ£μ ÔÉ ¶ . �¥ ²¨§ Í¨¨ ¢Éμ·μ£μ
ÔÉ ¶  ¤μ ¸¨Ì ¶μ· ´¥¨§¢¥¸É´Ò.
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�·μ¡²¥³  ¶μ¸É·μ¥´¨Ö  ¸¨³¶ÉμÉ¨± ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¢¡²¨§¨ ÉμÎ¥± É·μ°-
´μ£μ ¨ ¶ ·´ÒÌ ¸μÊ¤ ·¥´¨° ¨¸¸²¥¤μ¢ ² ¸Ó ³´μ£¨³¨  ¢Éμ· ³¨.

�¤´ ±μ ¢ ¸μ¢·¥³¥´´μ° Ë¨§¨Î¥¸±μ° ²¨É¥· ÉÊ·¥ μÉ¸ÊÉ¸É¢Ê¥É
• ¢μ-¶¥·¢ÒÌ, ¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ · §²¨Î´ÒÌ ¶μ¤Ìμ¤μ¢ ± ·¥Ï¥´¨Õ ÔÉμ°

¶·μ¡²¥³Ò ¢ · ³± Ì É·¥ÌÎ ¸É¨Î´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´-
£¥·  [13] ¨²¨ ” ¤¤¥¥¢  [15];

• ¢μ-¢Éμ·ÒÌ, ¶μ¤·μ¡´μ¥ ¨ ¥¤¨´μμ¡· §´μ¥ μ¶¨¸ ´¨¥ μ¡μ¡Ð¥´¨° · §²μ¦¥-
´¨° ”μ±  ¨ Š Éμ ¤²Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨° É·¥ÌÎ ¸É¨Î´ÒÌ ¸¨¸É¥³ Ö¤¥·´μ£μ [18]
¨ ³μ²¥±Ê²Ö·´μ£μ [23, 24] É¨¶μ¢ ¸ ¶ ·´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨, ´¥ Ö¢²ÖÕÐ¨-
³¨¸Ö ±Ê²μ´μ¢¸±¨³¨ ¶μÉ¥´Í¨ ² ³¨;

• ¢-É·¥ÉÓ¨Ì,  ´ ²¨§ ¶¥·¸¶¥±É¨¢´ÒÌ ¶μ¤Ìμ¤μ¢ ± ¢Ò¢μ¤Ê · §²μ¦¥´¨° ¢μ²-
´μ¢ÒÌ ËÊ´±Í¨° ¢ ¶·¥¤¥²¥ ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í.

‚μ¸¶μ²´¨ÉÓ Ê± § ´´Ò° ¶·μ¡¥² Å £² ¢´ Ö Í¥²Ó ´ ¸ÉμÖÐ¥£μ μ¡§μ· .

1. �‘��‚�›… ���…„…‹…�ˆŸ ˆ Š‹�—…‚›… ‘��’��˜…�ˆŸ

‚ ´ ¸ÉμÖÐ¥³ · §¤¥²¥ ¶¥·¥Î¨¸²¥´Ò Éμ²Ó±μ É¥ ¨§¢¥¸É´Ò¥ μ¶·¥¤¥²¥´¨Ö ¨ ¸μ-
μÉ´μÏ¥´¨Ö, ±μÉμ·Ò¥ ¶μÉ·¥¡ÊÕÉ¸Ö ´ ³ ¤ ²¥¥. ‚Ò¢μ¤ ± ¦¤μ£μ ¨§ ¶·¨¢¥¤¥´´ÒÌ
¸μμÉ´μÏ¥´¨° ¤¥É ²Ó´μ ¨§²μ¦¥´ ¨ ¶μÖ¸´¥´ ¶·¨³¥· ³¨ ¢ [65,69,79].

1.1. Šμμ·¤¨´ ÉÒ. ˆ¸¶μ²Ó§Ê¥³ ¸¨¸É¥³Ê ¥¤¨´¨Í, ¢ ±μÉμ·μ° § ·Ö¤ e Ô²¥±-
É·μ´  e− ¨ ±μ´¸É ´É  �² ´±  � · ¢´Ò ¥¤¨´¨Í¥. ‚ É·¥Ì³¥·´μ³ ±μμ·¤¨´ É´μ³
¶·μ¸É· ´¸É¢¥ R3 Ë¨±¸¨·Ê¥³ ¶· ¢ÊÕ ¤¥± ·Éμ¢Ê ¸¨¸É¥³Ê ±μμ·¤¨´ É S3 ¸ ´ -
¶· ¢²ÖÕÐ¨³¨ ±μ¢ ·¨ ´É´Ò³¨ μ·É ³¨ e1, e2 ¨ e3 = e1 × e2 ¨ ´ Î ²Ó´μ°
ÉμÎ±μ° O, ¸μ¢¶ ¤ ÕÐ¥° ¸ Í¥´É·μ³ ³ ¸¸ ¨¸¸²¥¤Ê¥³μ° ¸¨¸É¥³Ò {p1, p2, p3}
É·¥Ì Î ¸É¨Í p1, p2 ¨ p3 ¸ ³ ¸¸ ³¨ m1, m2 ¨ m3 ¨ ´Ê²¥¢Ò³¨ ²¨¡μ ´¥´Ê²¥¢Ò³¨
Ô²¥±É·¨Î¥¸±¨³¨ § ·Ö¤ ³¨ z1, z2, z3. �Ê¸ÉÓ ¢ ÔÉμ° ¸¨¸É¥³¥ ±μμ·¤¨´ É aij Å
· §´μ¸ÉÓ · ¤¨Ê¸μ¢-¢¥±Éμ·μ¢ ai ¨ aj Î ¸É¨Í pi ¨ pj ,   xk ¨ yk Å ¶·¨¢¥¤¥´´Ò¥
¢¥±Éμ·Ò Ÿ±μ¡¨ [15]:

xk ≡
√

2μij(aj − ai), μij ≡ mi mj/(mi + mj);
(1.1)

yk ≡
√

2μk,ij

(
miai + mjaj

mi + mj
− ak

)
, μk,ij ≡ mk (mi + mj)

m1 + m2 + m3
,

£¤¥ ¨´¤¥±¸Ò i, j, k μ¡· §ÊÕÉ Í¨±²¨Î¥¸±ÊÕ ¶¥·¥¸É ´μ¢±Ê É·¨ ¤Ò ¨´¤¥±¸μ¢
{1, 2, 3}: ¨´¤¥±¸ i ¶¥·¥Ìμ¤¨É ¢ k, j Å ¢ i,   k Å ¢ j. �μÔÉμ³Ê {i, j, k} =
{1, 2, 3}, {2, 3, 1}, {3, 1, 2}.

‚¥±Éμ·Ò xi ¨ yi μ¡Ñ¥¤¨´¨³ ¢ ¤¢ÊÌ±μ³¶μ´¥´É´Ò° ¢¥±Éμ·-¸Éμ²¡¥Í (xi,yi)T

¨ ¢ Ï¥¸É¨³¥·´Ò° ¢¥±Éμ· ri ≡ (xi,yi) ∈ R6 ¸ μ¡ÒÎ´Ò³¨ £¨¶¥·¸Ë¥·¨Î¥-
¸±¨³¨ ±μμ·¤¨´ É ³¨ (r, Ωi), £¤¥ r ≡ (x2

i + y2
i )1/2 Å £¨¶¥·· ¤¨Ê¸,   Ωi ≡

(x̂i, ŷi, ϕi) Å ´ ¡μ· ¨§ ¶ÖÉ¨ Ê£²μ¢: x̂i ≡ (θxi , ϕxi) ¨ ŷi ≡ (θyi , ϕyi) Å ¶ ·Ò
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¸Ë¥·¨Î¥¸±¨Ì Ê£²μ¢ ¢¥±Éμ·μ¢ xi, yi ¢ ¸¨¸É¥³¥ S3,   ϕi ≡ arctg (yi/xi). �Ê¸ÉÓ
ui ≡ cos θi, £¤¥ θi Å Ê£μ² ³¥¦¤Ê ¢¥±Éμ· ³¨ xi ¨ yi.

’ ±¨³ μ¡· §μ³, ¢ R6 ¨³¥¥É¸Ö É·¨ (i = 1, 2, 3) Ö±μ¡¨¥¢¸±¨¥ ¨²¨ ¤¥± ·Éμ¢Ò
(〈ri| = 〈xi,yi|) ¨ É·¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ (〈ri| = 〈r, Ωi|)
±μμ·¤¨´ É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö. �¥·¥Ìμ¤ μÉ ¶·¥¤¸É ¢²¥´¨Ö 〈ri| ± ¤·Ê£μ³Ê ¶·¥¤-
¸É ¢²¥´¨Õ 〈rk|, k �= i, ´ §Ò¢ ¥É¸Ö ±¨´¥³ É¨Î¥¸±¨³ ¶·¥μ¡· §μ¢ ´¨¥³ [65]. „²Ö
¸Éμ²¡Íμ¢, ¸μ¸É ¢²¥´´ÒÌ ¨§ ¢¥±Éμ·μ¢ Ÿ±μ¡¨, ÔÉμ ¶·¥μ¡· §μ¢ ´¨¥ ¨³¥¥É ¢¨¤(

xk

yk

)
= −

(
+cki ski

−ski cki

) (
xi

yi

)
,

(
cki

ski

)
≡

(
cos γki

sin γki

)
, (1.2)

£¤¥ §´ Î¥´¨¥ ±¨´¥³ É¨Î¥¸±μ£μ Ê£²  γki μ¶·¥¤¥²Ö¥É¸Ö Éμ²Ó±μ μÉ´μÏ¥´¨¥³ ³ ¸¸
Î ¸É¨Í ¨ Î¥É´μ¸ÉÓÕ ¶¥·¥¸É ´μ¢±¨ É·¨ ¤Ò ¨´¤¥±¸μ¢ {i, j, k}. ‚¸²¥¤¸É¢¨¥ ±¨-
´¥³ É¨Î¥¸±μ° ¸¢Ö§¨ ¢¥±Éμ·Ò xk ¨ yk Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ ¢¥±Éμ·μ¢ xi, yi ¨
¶ · ³¥É·  γki,   ¢¸¥ £¨¶¥·Ê£²Ò ´ ¡μ·  Ωk ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± ËÊ´±Í¨¨
£¨¶¥·Ê£²μ¢ ´ ¡μ·  Ωi ¨ ¶ · ³¥É·  γki. �É³¥É¨³ ÔÉμÉ Ë ±É ¸μμÉ´μÏ¥´¨Ö³¨

xk = xk(xi,yi; γki), yk = yk(xi,yi; γki), Ωk = Ωk(Ωi; γki)

¨ ¶·¨¢¥¤¥³ ¤¢  ¶·¨³¥· : ¢ ¶·¥¤¸É ¢²¥´¨¨ 〈xi,yi| ¤²¨´Ò xk ¨ yk ¢¥±Éμ·μ¢
xk ¨ yk Å ËÊ´±Í¨¨ ¤²¨´ xi, yi ¢¥±Éμ·μ¢ ¨ ±μ¸¨´Ê¸  ui Ê£²  θi ³¥¦¤Ê ´¨³¨,
¢Ò· ¦¥´´μ£μ Î¥·¥§ ¸Ë¥·¨Î¥¸±¨¥ Ê£²Ò x̂i ¨ ŷi:

〈xi, yi|xk〉 = xk(xi, yi, ui; γki) =
[
(cki xi)2 + 2 ckiski xiyi ui + (ski yi)2

]1/2
,

(1.3)

〈xi,yi|yk〉 = yk(xi, yi, ui; γki) = [(ski xi)2 − 2 ckiski xiyi ui + (cki yi)2 ]1/2,

  ¢ ¶·¥¤¸É ¢²¥´¨¨ 〈r, Ωi| Ê£μ² ϕk Å ËÊ´±Í¨Ö ¶¥·¥³¥´´ÒÌ ϕi ¨ ui:

ϕk(ϕi, ui; γki) =

= arccos
{
[cos (γki − ϕi)]2 + (1/2)(ui − 1) sin 2γki sin 2ϕi

}1/2
. (1.4)

�·¥¤¶μ²μ¦¨³, ÎÉμ ui �= ±1. „²Ö ± ¦¤μ£μ i = 1, 2, 3 ¢¢¥¤¥³ ¢ R3 ¤¢¥
(t = xi, yi) ¶· ¢Ò¥, ¤¥± ·Éμ¢Ò ¨ ®¶μ¤¢¨¦´Ò¥¯ ¸¨¸É¥³Ò ±μμ·¤¨´ É St

3 ¸ μ·-
É ³¨ et

1, e
t
2, e

t
3. �Ê¸ÉÓ ´ Î ²Ó´Ò¥ ÉμÎ±¨ Ot ¢¸¥Ì (t = xi, yi,   i = 1, 2, 3) Ï¥¸É¨

¶μ¤¢¨¦´ÒÌ ¸¨¸É¥³ St
3 ¸μ¢¶ ¤ ÕÉ ¸ ´ Î ²Ó´μ° ÉμÎ±μ° O Ë¨±¸¨·μ¢ ´´μ° ¸¨-

¸É¥³Ò ±μμ·¤¨´ É S3 ¨ ¶·¨ t = xi

(yi · et
1) > 0, (yi · et

2) = 0, (xi · et
3) = xi,

  ¶·¨ t = yi

(xi · et
1) < 0, (xi · et

2) = 0, (yi · et
3) = yi.
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’μ£¤  μ·ÉÒ exi
2 ¨ eyi

2 ±μ²²¨´¥ ·´Ò ´μ·³ ²¨ N ≡ xi × yi ± ¶²μ¸±μ¸É¨ P É·¥Ì
Î ¸É¨Í ¨ ÔÉ  ¶²μ¸±μ¸ÉÓ ¸μ¢¶ ¤ ¥É ¸ ¶²μ¸±μ¸ÉÖ³¨ Pt

13 μ·Éμ¢ et
1 ¨ et

3, t = xi, yi.
‘¨¸É¥³  Syi

3 ¶μ²ÊÎ ¥É¸Ö ¶μ¢μ·μÉμ³ ¸¨¸É¥³Ò Sxi
3 ¢μ±·Ê£ μ·É  exi

2 = eyi

2 ´ 
Ê£μ² θi ³¥¦¤Ê ¢¥±Éμ· ³¨ xi ¨ yi,   ¶¥·¥Ìμ¤ S3 → St

3 μ¶·¥¤¥²Ö¥É¸Ö ¸μ¢μ±Ê¶-
´μ¸ÉÓÕ ωt = (ϕt, θt, γ

t) Ê£²μ¢ �°²¥·  [16], ¢ ±μÉμ·μ°

cos γt = ctg θi cos θt − cosec θi cos θt′ , t, t′ = xi, yi, t′ �= t.

1.2. “£²μ¢Ò¥ ¡ §¨¸Ò. ‚ ± Î¥¸É¢¥ Ê£²μ¢ÒÌ ¡ §¨¸´ÒÌ ËÊ´±Í¨° ¢ § ¤ Î¥
É·¥Ì Î ¸É¨Í ´ ¨¡μ²¥¥ Î ¸Éμ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¸Ë¥·¨Î¥¸±¨¥ ËÊ´±Í¨¨ [16]

Ycδ(q̂) = (2π)−1/2 exp (iδϕq)Θcδ(cos θq), q̂ = x̂, ŷ, (1.5)

¡¨¸Ë¥·¨Î¥¸±¨¥ ËÊ´±Í¨¨ (¡¨¶μ²Ö·´Ò¥ £ ·³μ´¨±¨) [16]

〈x̂, ŷ|�mab〉 ≡ Y�m
ab (x̂, ŷ) ≡

∑
α

C�m
aαbβYaα(ŷ)Ybβ(x̂), (1.6)

£¨¶¥·£ ·³μ´¨±¨ [17]

Y �m
Lab(Ωi) ≡ 2 cosec (2ϕi) W̃Lab(ϕi)Y�m

ab (x̂i, ŷi), (1.7)

  É ±¦¥ ¢¢¥¤¥´´Ò¥ ¢ [65] ËÊ´±Í¨¨

W̃Lab(ϕi) ≡ NLab(sin ϕi)a+1(cosϕi)b+1P (a+1/2,b+1/2)
n (cos 2ϕi), (1.8)

Ìμ·μÏμ ¨§¢¥¸É´Ò¥ D-ËÊ´±Í¨¨ ‚¨£´¥·  D�∗
mm′ ¨ Dσ-ËÊ´±Í¨¨ [87]:

D�σ∗
mn′(ωt) ≡

[
2� + 1

16π2(1 + δn′0)

]1/2

×

×
[
D�∗

mn′(ωt) + σ(−1)�−n′
D�∗

m,−n′(ωt)
]
. (1.9)

‚ Ëμ·³Ê² Ì (1.5)Ä(1.9) μ¡μ§´ Î¥´¨Ö ¸É ´¤ ·É´Ò¥: Θaα Å ´μ·³¨·μ¢ ´´Ò¥

¶·¨¸μ¥¤¨´¥´´Ò¥ ¶μ²¨´μ³Ò ‹¥¦ ´¤· ; P
(a,b)
n Å ¶μ²¨´μ³Ò Ÿ±μ¡¨; C�m

aαbβ Å
±μÔËË¨Í¨¥´ÉÒ Š²¥¡Ï Äƒμ·¤ ´ ; NLab Å ¨§¢¥¸É´Ò¥ ³´μ¦¨É¥²¨; δab Å ¸¨³-
¢μ² Š·μ´¥±¥· ;   ¨´¤¥±¸Ò ³μ£ÊÉ ¶·¨´¨³ ÉÓ Éμ²Ó±μ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö:

� = 0, 1, . . . ; m = −�,−� + 1, . . . , �; |a − b| � � � a + b;
L = a + b + 2n, n = 0, 1, . . . ; α = −a,−a + 1, . . . a;

σ = ± (−1)�, μ(σ) ≡ [1 − (−1)�σ]/2, n′ = μ(σ), μ(σ) + 1, . . . , �.

�μÔÉμ³Ê ¶·¨ ¤ ´´ÒÌ §´ Î¥´¨ÖÌ ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  � ¨ ¶μ²´μ° ¶·μ-
¸É· ´¸É¢¥´´μ° Î¥É´μ¸É¨ σ ³¨´¨³ ²Ó´μ¥ §´ Î¥´¨¥ Lmin £¨¶¥·³μ³¥´É  L · ¢´μ
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� + μ(σ) = a + b,   μ(σ) = 0 ¤²Ö ´μ·³ ²Ó´μ° Î¥É´μ¸É¨ σ = (−1)� ¨ μ(σ) = 1
¤²Ö  ´μ³ ²Ó´μ° Î¥É´μ¸É¨ σ = (−1)�+1.

Œ´μ¦¥¸É¢μ
{
W̃Lab(ϕi)

}∞

L=a+b
ËÊ´±Í¨° W̃Lab c Ë¨±¸¨·μ¢ ´´Ò³¨ a ¨ b

μ·Éμ´μ·³¨·μ¢ ´μ ´  μÉ·¥§±¥ 0 � ϕi � π/2:

〈W̃Lab(ϕi)|W̃L′ab(ϕi)〉 ≡
π/2∫
0

W̃Lab(ϕi) W̃L′ab(ϕi) dϕi = δLL′ . (1.10)

‚ Dσ-¡ §¨¸¥ ¶·μ¨§¢¥¤¥´¨¥ Yaα(ŷi)Ybβ(x̂i) ¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨° ³μ¦´μ
¶·¥¤¸É ¢¨ÉÓ ±μ´¥Î´μ° ¸Ê³³μ° [79]:

Yaα(ŷi)Ybβ(x̂i) =
�∑

m′=μ(σ)

〈D�σ∗
mm′(ωt

i)|Yaα(ŷi)Ybβ(x̂i)〉D�σ∗
mm′(ωt

i),

〈D�σ∗
mm′(ωt

i)|Yaα(ŷi)Ybβ(x̂i)〉 =
[
1 + σ(−1)a+b

1 + δm′0

]1/2

(−1)m+m′×

× C�−m
aαbβ

{
(−1)a Cb0

a−m′�m′Θam′(ui), t = xi,

(−1)b+m′
Ca0

b−m′�m′Θbm′(ui), t = yi,
(1.11)

  ¡¨¸Ë¥·¨Î¥¸±ÊÕ £ ·³μ´¨±Ê Å ±μ´¥Î´μ° ¸Ê³³μ° [88]:

Y�m
ab (x̂i, ŷi) =

�∑
m′=μ(σ)

〈D�σ∗
mm′(ωt

i)|Y�m
ab (x̂i, ŷi)〉D�σ∗

mm′(ωt
i),

(1.12)

〈D�σ∗
mm′(ωt

i)|Y�m
ab (x̂i, ŷi)〉 =

{
T �m′

ab Θam′(ui), t = xi,

(−1)m′
T �m′

ba Θbm′(ui), t = yi,

£¤¥ T �m′

ab Å ±μÔËË¨Í¨¥´ÉÒ —¥´£ Ä” ´μ [88].
„²Ö ²Õ¡μ° £¨¶¥·£ ·³μ´¨±¨ Y �m

La′b′ , § ¢¨¸ÖÐ¥° μÉ £¨¶¥·Ê£²μ¢ Ωk, ¢Ò· -
¦¥´´ÒÌ Î¥·¥§ £¨¶¥·Ê£²Ò Ωi ¨ Ê£μ² γki, ¢¥·´μ ¶·¥¤¸É ¢²¥´¨¥ [17,65]

Y �m
La′b′(Ωk(Ωi; γki)) = Y �m

La′b′(Ω
′(Ω; γ)) =

=
∑
ab

〈ab|K(γ)|a′b′〉L� Y �m
Lab(Ωi), (1.13)

£¤¥ 〈ab|K(γki)|a′b′〉L� Å ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ μ¶¥· Éμ·  ±¨´¥³ É¨Î¥¸±μ£μ
¶·¥μ¡· §μ¢ ´¨Ö K(γki) ¢ μ¡±² ¤± Ì £¨¶¥·£ ·³μ´¨± Y �m

Lab(Ωi) ¨ Y �m
La′b′(Ωi).

Š ± ¶μ± § ´μ ¢ [65], ÔÉ¨ Ô²¥³¥´ÉÒ ¶·μ¶μ·Í¨μ´ ²Ó´Ò ±μÔËË¨Í¨¥´É ³ �¥°-
´ ² Ä�¥¢ ¨ [17].
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1.3. �¶¥· Éμ·Ò ¨ ¨Ì ¸¢μ°¸É¢ . �Ê¸ÉÓ lxi ¨ lyi Å μ¶¥· Éμ·Ò Ê£²μ¢ÒÌ
³μ³¥´Éμ¢, ¸μ¶·Ö¦¥´´Ò¥ ¢¥±Éμ· ³ xi ¨ yi,   l ≡ lxi + lyi = l1e1 + l2e2 + l3e3 ¨
L Å μ¶¥· Éμ·Ò ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  ¨ £¨¶¥·³μ³¥´É ,   P Å μ¶¥· Éμ·
¨´¢¥·¸¨¨ ri = (xi,yi) → −ri = (−xi,−yi).

„ ²¥¥ · ¸¸³ É·¨¢ ÕÉ¸Ö Éμ²Ó±μ ·¥£Ê²Ö·´Ò¥ (μ£· ´¨Î¥´´Ò¥ ¶·¨ ¢¸¥Ì §´ -
Î¥´¨ÖÌ ¨Ì  ·£Ê³¥´Éμ¢) ËÊ´±Í¨¨. Š² ¸¸ É ±¨Ì ËÊ´±Í¨°, § ¤ ´´ÒÌ ¢ R6, μ¡μ-
§´ Î ¥É¸Ö ¸¨³¢μ²μ³ A. �μ μ¶·¥¤¥²¥´¨Õ ¶μ¤³´μ¦¥¸É¢μ Aε, ε ≡ {�, m, σ},
ÔÉμ£μ ±² ¸¸  ¸μ¸Éμ¨É ¨§ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° μ¶¥· Éμ·μ¢ l2, �3 ¨ P : ¥¸²¨

[l2 − �(� + 1) ] Ψε = 0, (l3 − m)Ψε = 0, (P − σ)Ψε = 0, (1.14)

Éμ Ψε ∈ Aε ∈ A. �μ¤³´μ¦¥¸É¢μ Aε Ö¢²Ö¥É¸Ö Ë¨§¨Î¥¸±¨ ¢ ¦´Ò³ ¶μ ¸²¥-
¤ÊÕÐ¥° ¶·¨Î¨´¥. …¸²¨ ¢ ¸¨¸É¥³¥ É·¥Ì Î ¸É¨Í ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Í¥´-
É· ²Ó´Ò¥ ¨²¨ ´¥Í¥´É· ²Ó´Ò¥, ´μ ¢±²ÕÎ¥´´Ò¥ ¢ ±μ´¥Î´μ³ Î¨¸²¥ ¶ ·Í¨ ²Ó´ÒÌ
¢μ²´, Éμ ¶μ²´Ò° £ ³¨²ÓÉμ´¨ ´ H ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í ±μ³³ÊÉ¨·Ê¥É ¸ μ¶¥-
· Éμ· ³¨ l2, l3 ¨ P , ¨ ¶μÔÉμ³Ê ¶μ²´Ò° ´ ¡μ· ε ¸μÌ· ´ÖÕÐ¨Ì¸Ö ±¢ ´Éμ¢ÒÌ
Î¨¸¥² ¸μcÉμ¨É ¨§ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ÔÉ¨Ì É·¥Ì μ¶¥· Éμ·μ¢: ε = {�, m, σ}.

�·μ¥±Éμ· Πε = (Πε)2 ´  ¶μ¤³´μ¦¥¸É¢μ Aε ¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥ Ö¢²Ö-
¥É¸Ö ¡¥¸±μ´¥Î´Ò³ ·Ö¤μ³:

Πε(x̂i, ŷi) = (1/2)
∑

a+b=l

[
1 + σ(−1)a+b

]
|Y�m

ab (x̂i, ŷi)〉 〈Y�m
ab (x̂i, ŷi)| =

=
∞∑

b=μ(σ)

∑
a

|Y�m
ab (x̂i, ŷi)〉 〈Y�m

ab (x̂i, ŷi)|, (1.15)

¢ £¨¶¥·¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¡¥¸±μ´¥Î´Ò³ ·Ö¤μ³

Πε(Ωi) =
∞∑

b=μ(σ)

∑
a

∞∑
L=�+μ(σ)

|Y �m
Lab(Ωi)〉 〈Y �m

Lab(Ωi)|, (1.16)

  ¢ Dσ-¡ §¨¸¥ Å ±μ´¥Î´μ° ¸Ê³³μ°

Πε(ωt
i) ≡ Πεt =

�∑
m′=μ(σ)

|D�σ∗
mm′(ωt

i)〉 〈D�σ∗
mm′(ωt

i)|, t = xi, yi. (1.17)

�·μ¥±Í¨μ´´Ò° μ¡· § Ψε = ΠεΨ ²Õ¡μ° ËÊ´±Í¨¨ Ψ ±² ¸¸  A Å ËÊ´±Í¨Ö Ψε

±² ¸¸  Aε.
‘¢μ¡μ¤´Ò° £ ³¨²ÓÉμ´¨ ´ H0 ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í ¢ ¤¥± ·Éμ¢μ³ ¶·¥¤¸É -

¢²¥´¨¨ 〈ri| = 〈xi,yi| ¢Ò· ¦ ¥É¸Ö ¸Ê³³μ° ¤¢ÊÌ μ¶¥· Éμ·μ¢ ‹ ¶² ¸ :

H0(xi,yi) ≡ −(�xi + �yi) =

= −x−2
i ∂xi(x

2
i ∂xi) + x−2

i l2xi
(x̂i) − y−2

i ∂yi(y
2
i ∂yi) + y−2

i l2yi
(ŷi), (1.18)
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  ¢ £¨¶¥·¸Ë¥·¨Î¥¸±μ³ ¶·¥¤¸É ¢²¥´¨¨ 〈ri| = 〈r, Ωi| Å ¸Ê³³μ°

H0(r, Ωi) = −r−5∂r(r5∂r) + r−2L2(Ωi), (1.19)

£¤¥ L2 Å ±¢ ¤· É Ï¥¸É¨³¥·´μ£μ μ¶¥· Éμ·  £¨¶¥·³μ³¥´É  L:

L2(Ωi) ≡ −∂2
ϕi

− 4 ctg 2ϕi ∂ϕi +
l2xi

(cos ϕi)2
+

l2yi

(sin ϕi)2
. (1.20)

‚ Dσ-¡ §¨¸¥ ¤²Ö μ¶¥· Éμ·  H0 ¢¥·´Ò ¤¢  (t = xi, yi) ¶·¥¤¸É ¢²¥´¨Ö:

H0(xi,yi) =
∑
�mσ

m′+1∑
m′′=m′−1

|D�σ∗
mm′(ωt

i)〉H�σt
0m′′m′(xi, yi, θi)〈D�σ∗

mm′′(ωt
i)|. (1.21)

„μ± § É¥²Ó¸É¢μ ¢ ¸²ÊÎ ¥ t = xi, ±μ£¤  Sxi
3 Å ¶μ¤¢¨¦´ Ö ¸¨¸É¥³ , ¤¥É ²Ó´μ

μ¶¨¸ ´μ ¢ [87] ¨ μ¸´μ¢ ´μ ´  ¶·¥¤¸É ¢²¥´¨¨ lxi = l− lyi . ‚ ¸²ÊÎ ¥ t = yi, ±μ-
£¤  Syi

3 Å ¶μ¤¢¨¦´ Ö ¸¨¸É¥³ , ¤μ± § É¥²Ó¸É¢μ ¤ ¥É¸Ö  ´ ²μ£¨Î´Ò³ ¸¶μ¸μ¡μ³,
´μ ¨¸¶μ²Ó§Ê¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ lyi = l − lxi . ‚ μ¡μ¨Ì (t = xi, yi) ¸²ÊÎ ÖÌ

H�σt
0mm(xi, yi, θi) = −∂2

xi
−

(
2
xi

)
∂xi − ∂2

yi
−

(
2
yi

)
∂yi+

+
(

r

xiyi

)2

Qmm(θi) +
�(� + 1) − m2

t2
, (1.22)

H�σt
0mm′(xi, yi, θi) =

(
γ�σ

mm′

t2

)
Qmm′(θi), m′ = m ± 1;

£¤¥ ¤²Ö ¸μ±· Ð¥´¨Ö § ¶¨¸¨ ¢¢¥¤¥´Ò ±μÔËË¨Í¨¥´ÉÒ

γ�σ
m′,m′+1 ≡

{[
1 + δm′0σ(−1)�

]
[�(� + 1) − m′(m′ + 1)]

}1/2
,

(1.23)

γ�σ
m′,m′−1 ≡ (1 − δm′0)

{[
1 + δm′1σ(−1)�

]
[�(� + 1) − m′(m′ − 1)]

}1/2

¨ μ¶¥· Éμ·Ò

Qm′m′(θi) ≡ −(sin θi)−1 ∂θi(sin θi ∂θi) + (m′/ sin θi)
2
,

(1.24)
Qm′,m′±1(θi) ≡ ∓∂θi + (m′ ∓ 1) ctg θi.

�É¨ μ¶¥· Éμ·Ò μÉμ¡· ¦ ÕÉ ËÊ´±Í¨Õ Θam′(ui), ui = cos θi, ¶μ ¶· ¢¨² ³ [16]:

[Qm′m′(θi) − a(a + 1) ] Θam′(ui) = 0;
Qm′m′′(θi)Θam′′ = qa

m′m′′ Θam′(ui), (1.25)

qa
m′m′′ ≡ [a(a + 1) − m′m′′ ]1/2

, m′′ = m′ ± 1,
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¨ ¶μÔÉμ³Ê ¢Ò¶μ²´Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥

[∂θ − m′ ctg θ ] Θam′(u) = [a(a + 1) − m′(m′ + 1)]1/2Θa,m′+1(u). (1.26)

‚ £¨¶¥·¸Ë¥·¨Î¥¸±μ³ ¶·¥¤¸É ¢²¥´¨¨ 〈r, Ωi| μ¶¥· Éμ·

L̃2
ab(ϕi) ≡ −∂2

ϕi
+

a(a + 1)
(sin ϕi)2

+
b(b + 1)
(cos ϕi)2

(1.27)

¶μ·μ¦¤ ¥É¸Ö ±¢ ¤· Éμ³ (1.20) μ¶¥· Éμ·  £¨¶¥·³μ³¥´É  L. ‚¸¥ ËÊ´±Í¨¨ (1.8)
Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ¤²Ö μ¶¥· Éμ·  L̃2

ab(ϕi):

[L̃2
ab(ϕi) − (L + 2)2 ] W̃Lab(ϕi) = 0; L = a + b, a + b + 2, . . . (1.28)

ˆ§¢¥¸É´Ò° ¢ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  [15] £¥μ³¥-
É·¨Î¥¸±¨° μ¶¥· Éμ· h�

aba′b′(γki) ¶μ·μ¦¤ ¥É¸Ö ¢¢¥¤¥´´Ò³ ¢ [64] ¨ ¨¸¸²¥¤μ¢ ´-
´Ò³ ¢ [65] μ¶¥· Éμ·μ³ ±¨´¥³ É¨Î¥¸±μ£μ ¶·¥μ¡· §μ¢ ´¨Ö K(γki) ¨ μÉμ¡· ¦ ¥É
¢¸¥ ËÊ´±Í¨¨ W̃La′b′(ϕk) c L = a′ + b′, a′ + b′ + 2, . . . ¶μ ¶· ¢¨²Ê [64]

〈ϕi|h�
aba′b′(γki)|W̃La′b′(ϕk)〉 ≡

C+(ϕi;γki)∫
C−(ϕi;γki)

h�
aba′b′(ϕi, ϕk; γki) W̃Lab(ϕk) dϕk =

= 〈ab|K(γki)|a′b′〉L� W̃Lab(ϕi), (1.29)

£¤¥ ¶·¥¤¥²Ò ¨´É¥£·¨·μ¢ ´¨Ö C± Å ²μ³ ´Ò¥ ²¨´¨¨:

C−(ϕi; γki) ≡ |ϕi − |γki||, C+(ϕi; γki) ≡ min {ϕi + |γki|, π − ϕ − |γki|},

  Ö¤·  h�
aba′b′(ϕi, ϕk; γki) ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¤¢μ°´Ò³¨ ±μ´¥Î´Ò³¨ ¸Ê³³ ³¨ [64,

65] ¶μ ¶·¨¸μ¥¤¨´¥´´Ò³ ¶μ²¨´μ³ ³ ‹¥¦ ´¤· .
‚¸Õ¤Ê ¤ ²¥¥, ¶μ±  ´¥ μ£μ¢μ·¥´μ, ¢¸¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Vk , k =

1, 2, 3, ¸Î¨É ÕÉ¸Ö μ¶¥· Éμ· ³¨ Ê³´μ¦¥´¨Ö ´  Í¥´É· ²Ó´Ò¥ (¸Ë¥·¨Î¥¸±¨-¸¨³-
³¥É·¨Î´Ò¥) ¶μÉ¥´Í¨ ²Ò Vk(xk). Š ´¨³ μÉ´μ¸ÖÉ¸Ö ±Ê²μ´μ¢¸±¨¥ ¶μÉ¥´Í¨ ²Ò

Vk(xk) = qk/xk, qk ≡ zizj

√
2μij , k = 1, 2, 3, (1.30)

¨ ¶μÉ¥´Í¨ ²Ò ¡μ²¥¥ μ¡Ð¥£μ ¢¨¤ 

Vk(xk) = qk/xk + V̄k(xk) =
∞∑

n=−1

Vkn xn
k , k = 1, 2, 3, (1.31)

£¤¥ qk ≡ Vk,−1 ¨ ¶μ ¶·¥¤¶μ²μ¦¥´¨Õ V̄k Å  ´ ²¨É¨Î¥¸± Ö ËÊ´±Í¨Ö, Ê¡Ò¢ Õ-
Ð Ö ¶·¨ xk → ∞ ´¥ ³¥¤²¥´´¥¥, Î¥³ O(x3

k).
„²Ö ±¢ ´Éμ¢μ° É¥μ·¨¨ · ¸¸¥Ö´¨Ö É¨¶¨Î´Ò³¨ Ö¢²ÖÕÉ¸Ö É·¨ ¸²ÊÎ Ö:

A)Vk,−1 �= 0; B)Vk,−1 = 0, Vk1 �= 0; C)Vk,2n−1 = 0, ∀n. (1.32)
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1.4. ‘É·μ¥´¨¥ ¨ ·¥¤Ê±Í¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . C¢μ¡μ¤´Ò³ Ê· ¢´¥-
´¨¥³ ˜·¥¤¨´£¥·  ¤²Ö ¸¨¸É¥³Ò {p1, p2, p3} É·¥Ì Î ¸É¨Í, μ¡² ¤ ÕÐ¥° ¶μ²´μ°
Ô´¥·£¨¥° E, ´ §Ò¢ ¥É¸Ö Ê· ¢´¥´¨¥ [13]

H0(ri)Ψ(ri) = EΨ(ri), ri ∈ R6. (1.33)

‹Õ¡ Ö £¨¶¥·£ ·³μ´¨±  Y �m
Lab Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¥° [17] μ¶¥· Éμ· 

H0. �μÔÉμ³Ê ËÊ´¤ ³¥´É ²Ó´μ¥ ·¥Ï¥´¨¥ Ψ = Ψε
0 Ê· ¢´¥´¨Ö (1.33)

Ψε
0(ri) = r−2 ZL+2(z)Y �m

Lab(Ωi), z ≡ r
√

E, ε = {L, a, b, �, m, σ}, (1.34)

μ¡² ¤ ¥É É¥³ ¦¥ ´ ¡μ·μ³ ±¢ ´Éμ¢ÒÌ Î¨¸¥² ε, ÎÉμ ¨ £¨¶¥·£ ·³μ´¨±  Y �m
Lab,

¨ ¸μ¤¥·¦¨É ¢ ± Î¥¸É¢¥ ³´μ¦¨É¥²Ö ·¥Ï¥´¨¥ Zν , ν = L + 2, Ê· ¢´¥´¨Ö 	¥¸-
¸¥²Ö [4] (

z2 ∂2
z + z ∂z + z2 − ν2

)
Zν(z) = 0. (1.35)

‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ E < 0 ´¥ ¸ÊÐ¥¸É¢Ê¥É ´¨± ±μ£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö Ψ,
μÉ²¨Î´μ£μ μÉ É·¨¢¨ ²Ó´μ£μ,   ¶·¨ E � 0 ËÊ´¤ ³¥´É ²Ó´μ¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥-
´¨¥ ¤ ¥É¸Ö Ëμ·³Ê²μ° (1.34), ¢ ±μÉμ·μ° ZL+2 Å ·¥£Ê²Ö·´ Ö ËÊ´±Í¨Ö 	¥¸¸¥²Ö
JL+2. ‹Õ¡μ¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.33) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ²¨-
´¥°´μ° ±μ³¡¨´ Í¨¥° ËÊ´±Í¨° (1.34) ¨ ´¥±μÉμ·ÒÌ ±μÔËË¨Í¨¥´Éμ¢ BL

ab. � -
¶·¨³¥·, ·¥Ï¥´¨¥ Ψ = Ψε

0 ¸ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ ε = {L, �, m, σ} Å ±μ´¥Î´ Ö
¸Ê³³ 

Ψε
0(r) = r−2 JL+2(z)

∑
ab

BL
ab Y �m

Lab(Ωi), (−1)a+b = σ, (1.36)

  ·¥Ï¥´¨¥ Ψε ¸ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ ε = {�, m, σ} Å ¡¥¸±μ´¥Î´Ò° ·Ö¤

Ψε
0(r) = r−2

∞∑
L=�+μ(σ)

∑
ab

BL
ab JL+2(z)Y �m

Lab(Ω), (−1)a+b = σ. (1.37)

“· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¤²Ö ¸¨¸É¥³Ò {p1, p2, p3} É·¥Ì ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì
Î ¸É¨Í μ¡ÒÎ´μ ¶·¨¢μ¤¨É¸Ö ¢ μ¶¥· Éμ·´μ° Ëμ·³¥ [13]:

(H − E)Ψ = 0, H ≡ H0 + V, V ≡ V1 + V2 + V3, (1.38)

´μ ¶·¨ ÔÉμ³ ¶μ¤· §Ê³¥¢ ¥É¸Ö, ÎÉμ ¢¸¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö § ¤ ´Ò ¢ ¸¢μ¨Ì
¸μ¡¸É¢¥´´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ,   ¢¸¥ μ¶¥· Éμ·Ò ¨ ¨¸±μ³μ¥ ·¥Ï¥´¨¥ Ψ Å
¢ ± ±μ³-Éμ μ¤´μ³ ¶·¥¤¸É ¢²¥´¨¨ 〈ri|, ±μÉμ·μ¥ ¢¸¥£¤  μ± §Ò¢ ¥É¸Ö ´¥¸μ¡-
¸É¢¥´´Ò³ ¤²Ö μ¶¥· Éμ·μ¢ Vj ¨ Vk . �μÔÉμ³Ê ¢ ¢Ò¡· ´´μ³ ¶·¥¤¸É ¢²¥´¨¨
〈ri| μ¶¥· Éμ·´μ¥ Ê· ¢´¥´¨¥ (1.38) ¸É ´μ¢¨É¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥-
´¨¥³ ¢ R6.
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’ ±μ¥ Ê· ¢´¥´¨¥ ¢ ¶·¥¤¸É ¢²¥´¨¨ 〈ri| = 〈xi,yi| § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥[
H0(xi,yi) + Vi(xi) +

∑
k �=i

Vk(xk(xi, yi, ui; γki)) − E

]
Ψ(xi,yi) = 0, (1.39)

£¤¥ xk Å ËÊ´±Í¨Ö (1.3) ¶¥·¥³¥´´ÒÌ xi, yi ¨ ui,   H0(xi,yi) Å μ¶¥· -
Éμ· (1.18).

�¡Ð¥¥, ´¥ μ¡² ¤ ÕÐ¥¥ ´¨± ±¨³¨ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨, ±·μ³¥ ¶μ²´μ°
Ô´¥·£¨¨ E, ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ Ψ(xi,yi) ∈ A Ê· ¢´¥´¨Ö (1.39) ³μ¦´μ ¶·¥¤-
¸É ¢¨ÉÓ ¡¥¸±μ´¥Î´Ò³¨ ¸Ë¥·¨Î¥¸±¨³¨ ¨²¨ ¡¨¸Ë¥·¨Î¥¸±¨³¨ ·Ö¤ ³¨ ¸μ ¸Ë¥·¨-
Î¥¸±¨³¨ ¨²¨ ¡¨¸Ë¥·¨Î¥¸±¨³¨ ±μ³¶μ´¥´É ³¨ Ψbβ ¨²¨ Ψab:

Ψ =
∑
bβ

Ψbβ(x,yi)Ybβ(x̂i), Ψ =
∑
�m

∑
ab

Ψ�m
ab (xi, yi)Y�m

ab (x̂i, ŷi). (1.40)

‡´ ´¨¥ μ¡Ð¥£μ ·¥Ï¥´¨Ö Ψ ÌμÉÖ ¡Ò ¢ ´¥±μÉμ·μ° μ¡² ¸É¨ K ¶·μ¸É· ´¸É¢ 
R6 ¶·¥¤¸É ¢²Ö¥É¸Ö ¨¸±²ÕÎ¨É¥²Ó´μ ¢ ¦´Ò³, ¶μÉμ³Ê ÎÉμ ¢ K Î ¸É´μ¥ ·¥£Ê-
²Ö·´μ¥ ·¥Ï¥´¨¥ Ψε Ê· ¢´¥´¨Ö (1.39) ¸ ²Õ¡Ò³ ´ ¶¥·¥¤ § ¤ ´´Ò³ ´ ¡μ·μ³
¸μÌ· ´ÖÕÐ¨Ì¸Ö ±¢ ´Éμ¢ÒÌ Î¨¸¥² ε = {�, m, σ} ³μ¦´μ ´ °É¨, ¶μ¤¥°¸É¢μ¢ ¢
¶·μ¥±Éμ· ³¨ (1.15)Ä(1.17) ´  ·¥Ï¥´¨¥ Ψ. ’ ±¨³ μ¡· §μ³ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ
¡¨¸Ë¥·¨Î¥¸±¨° ·Ö¤ Î ¸É´μ£μ ·¥Ï¥´¨Ö ¸ ¡¨¸Ë¥·¨Î¥¸±¨³¨ ±μ³¶μ´¥´É ³¨ Ψε

ab:

Ψε(xi,yi) =
∑
ab

Ψε
ab(xi, yi)Y�m

ab (x̂i, ŷi), (−1)a+b = σ, (1.41)

¨ Dσ-·Ö¤ ÔÉμ£μ ¦¥ ·¥Ï¥´¨Ö, ´μ Ê¦¥ ¸ Dσ-±μ³¶μ´¥´É ³¨ Ψεt
m′ :

Ψε(xi,yi) =
�∑

m′=μ(σ)

Ψεt
m′(xi, yi, θi)D�σ∗

mm′(ωt
i), t = xi, yi. (1.42)

‚ ¸²ÊÎ ¥ Ψ = Ψε ∈ Aε ¨ ¢ ¶·¥¤¸É ¢²¥´¨¨ 〈ri| = 〈r, Ωi| μ¶¥· Éμ·´μ¥
Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (1.38) § ¶¨¸Ò¢ ¥É¸Ö É ±:[

H0(r, Ωi) + Vi(r cosϕi)+

+
∑
k �=i

Vk(r cosϕk(ϕi, ui; γki)) − E

]
Ψε(r, Ωi) = 0, (1.43)

£¤¥ ϕk Å ËÊ´±Í¨Ö (1.4) ¶¥·¥³¥´´ÒÌ ϕi ¨ ui,   H0(r, Ωi) Å μ¶¥· Éμ· (1.19).
„²Ö  ´ ²¨§  Ê· ¢´¥´¨Ö (1.43) ´ ¨¡μ²¥¥ Î ¸Éμ ¨¸¶μ²Ó§ÊÕÉ¸Ö É·¨ · §²μ¦¥-

´¨Ö: ¡¥¸±μ´¥Î´Ò° ¡¨¸Ë¥·¨Î¥¸±¨° ·Ö¤

Ψε(r, Ωi) = 2 [r2 sin 2ϕi]−1
∑
ab

U �
ab(r, ϕi)Y�m

ab (x̂i, ŷi), (−1)a+b = σ, (1.44)
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¡¥¸±μ´¥Î´Ò° £¨¶¥·¸Ë¥·¨Î¥¸±¨° ·Ö¤

Ψε(r, Ωi) = r−2
∞∑

L=�+μ(σ)

∑
ab

U �
Lab(r)Y �m

Lab(Ωi), (−1)a+b = σ, (1.45)

¨ ±μ´¥Î´ Ö Dσ-¸Ê³³  ¸ ¨´¤¥±¸μ³ t = xi ¨²¨ t = yi

Ψε(r, Ωi) = 2 [r2 sin 2ϕi (1−u2
i )

1/2]−1
�∑

m′=μ(σ)

U �t
m′(r, ϕi, θi)D�σ∗

mm′(ωt
i). (1.46)

”Ê´±Í¨¨ U �t
m′ , U �

ab ¨ U �
Lab ´ §Ò¢ ÕÉ¸Ö ¶·¨¢¥¤¥´´Ò³¨ Dσ-, ¡¨¸Ë¥·¨Î¥¸±¨³¨

¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨³¨ ¨ ±μ³¶μ´¥´É ³¨ Î ¸É´μ£μ ·¥Ï¥´¨Ö Ψε.
�μ μ¶·¥¤¥²¥´¨Õ (1.7) £¨¶¥·£ ·³μ´¨±¨ · ¢´Ò ¶·μ¨§¢¥¤¥´¨Ö³ ËÊ´±Í¨°

2 cosecϕi Y�m
ab ¨ W̃Lab, a ¸μ£² ¸´μ (1.10) ³´μ¦¥¸É¢μ

{
W̃Lab(ϕi)

}∞

L=a+b
ËÊ´±-

Í¨° W̃Lab c Ë¨±¸¨·μ¢ ´´Ò³¨ a ¨ b μ·Éμ´μ·³¨·μ¢ ´μ. �μÔÉμ³Ê ÔÉμ ³´μ¦¥¸É¢μ
Ö¢²Ö¥É¸Ö ¶μ²´Ò³ ¨ μ·Éμ´μ·³¨·μ¢ ´´Ò³ ¡ §¨¸μ³ ¤²Ö · §²μ¦¥´¨Ö ±μ³¶μ´¥´ÉÒ
U �

ab,   ¥¥ ¶·μ¥±Í¨Ö ´  ËÊ´±Í¨Õ W̃Lab · ¢´  ±μ³¶μ´¥´É¥ U �
Lab:

U �
ab(r, ϕi) =

∞∑
L=a+b

U �
Lab(r) W̃Lab(ϕi), U �

Lab(r) = 〈W̃Lab(ϕi)|U �
ab(ϕi)〉.

(1.47)
…¸²¨ ¶·¨· ¢´ÖÉÓ · §²μ¦¥´¨Ö (1.44) ¨ (1.46) ËÊ´±Í¨¨ Ψε,   § É¥³ ¶·¨³¥-

´¨ÉÓ Ëμ·³Ê²Ò (1.12), Éμ ¶μ²ÊÎ É¸Ö ¶·¥¤¸É ¢²¥´¨Ö Dσ-±μ³¶μ´¥´É U �t
m′ Î¥·¥§

¡¨¸Ë¥·¨Î¥¸±¨¥ ±μ³¶μ´¥´ÉÒ U �
ab. � ¶·¨³¥·, ¢ ¸²ÊÎ ¥ t = xi

U �t
m′(r, ϕi, ui) = (1 − u2

i )
−1/2

∑
ab

T �m′

ab U �
ab(r, ϕi)Θam′(ui). (1.48)

’¥·³¨´ ®¶·μ¥Í¨·μ¢ ´¨¥¯ § ¤ ´´μ£μ ¢ R6 Ê· ¢´¥´¨Ö ´  ¢Ò¡· ´´Ò° Ê£²μ-
¢μ° ¡ §¨¸ ¤ ²¥¥ ¶μ´¨³ ¥É¸Ö ¢ μ¡ÒÎ´μ³ ¸³Ò¸²¥, ± ± ¸²¥¤ÊÕÐ Ö ¶μ¸²¥¤μ¢ -
É¥²Ó´μ¸ÉÓ μ¶¥· Í¨°. C´ Î ²  ´  ÔÉμ Ê· ¢´¥´¨¥ ¤¥°¸É¢Ê¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³
¶·μ¥±Éμ·μ³ (1.15), (1.16) ¨²¨ (1.17). �μ²ÊÎ¥´´μ¥ ¸μμÉ´μÏ¥´¨¥ μ± §Ò¢ ¥É¸Ö
· ¢´μ° ´Ê²Õ ¸Ê³³μ°, ± ¦¤μ¥ ¸² £ ¥³μ¥ ±μÉμ·μ° Å ¶·μ¨§¢¥¤¥´¨¥ ¡ §¨¸´μ°
Ê£²μ¢μ° ËÊ´±Í¨¨ ´  ´¥±μÉμ·μ¥ ¸μμÉ´μÏ¥´¨¥ ¶μ ¶¥·¥³¥´´Ò³, ´¥ Ö¢²ÖÕÐ¨³¸Ö
¥¥  ·£Ê³¥´É ³¨. ’ ± ± ± ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò ¶μ ¢¸¥³
¸¢μ¨³ ¨´¤¥±¸ ³, Éμ É ± Ö ¸Ê³³  · ¢´  ´Ê²Õ Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ± -
¦¤μ¥ ¨§ Ê¶μ³Ö´ÊÉÒÌ ¸μμÉ´μÏ¥´¨° · ¢´μ ´Ê²Õ. �Éμ Ê¸²μ¢¨¥ ¶μ§¢μ²Ö¥É ·¥¤Ê-
Í¨·μ¢ ÉÓ ¨¸Ìμ¤´μ¥ Ê· ¢´¥´¨¥, É. ¥. ¸¢¥¸É¨ ¥£μ ± ¸¨¸É¥³¥ Ê· ¢´¥´¨° ¸ ³¥´ÓÏ¨³
Î¨¸²μ³  ·£Ê³¥´Éμ¢.

’·¨ ¸¶μ¸μ¡  ·¥¤Ê±Í¨¨ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.43) ·¥ ²¨§ÊÕÉ¸Ö ¶μ μ¤-
´μÉ¨¶´μ° ¸Ì¥³¥: ¢ ÔÉμ³ Ê· ¢´¥´¨¨ ¨¸±μ³μ¥ ·¥Ï¥´¨¥ Ψε § ³¥´Ö¥É¸Ö ¥£μ ·Ö-
¤μ³ (1.44) ¨²¨ (1.45), ¨²¨ ¦¥ (1.46), ¶μ²ÊÎ¨¢Ï¥¥¸Ö Ê· ¢´¥´¨¥ ¶·μ¥Í¨·Ê¥É¸Ö ´ 
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¸μμÉ¢¥É¸É¢ÊÕÐ¨° Ê£²μ¢μ° ¡ §¨¸ ¡¨¸Ë¥·¨Î¥¸±¨Ì ¨²¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì £ ·³μ-
´¨± ¨²¨ ¦¥ Dσ-ËÊ´±Í¨°. ‚ ·¥§Ê²ÓÉ É¥ ¢Ò¢μ¤ÖÉ¸Ö ¸¨¸É¥³Ò μ¤´μ-, ¤¢Ê- ¨²¨ ¦¥
É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¤²Ö ¡¥¸±μ´¥Î´ÒÌ ¸μ¢μ±Ê¶´μ¸É¥° {U �

Lab}
¨ {U �

ab} ¢¸¥Ì ±μ³¶μ´¥´É U �
Lab ¨ U �

ab ¨²¨ ±μ´¥Î´μ° ¸μ¢μ±Ê¶´μ¸É¨ {U �t
m′} ¢¸¥Ì

±μ³¶μ´¥´É U �t
m′ .

1.5. ‘É·μ¥´¨¥ ¨ ·¥¤Ê±Í¨Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢ . ‚ ±¢ ´Éμ¢μ° É¥μ·¨¨
· ¸¸¥Ö´¨Ö ¤²Ö ¸¨¸É¥³Ò ´¥¸±μ²Ó±¨Ì Î ¸É¨Í [15] Î ¸É´μ³Ê ·¥Ï¥´¨Õ Ψ = Ψε,
ε = {�, m, σ}, Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.38) Ëμ·³Ê²μ°

Ψε = Ψε
1 + Ψε

2 + Ψε
3 (1.49)

¸μ¶μ¸É ¢²Ö¥É¸Ö ·¥Ï¥´¨¥ {Ψε
1, Ψ

ε
2, Ψ

ε
3} ¸¨¸É¥³Ò É·¥Ì Ê· ¢´¥´¨° ” ¤¤¥¥¢ 

(H0 − E)Ψε
i = −Vi Ψε = −Vi [Ψε

1 + Ψε
2 + Ψε

3 ] , i = 1, 2, 3. (1.50)

�μ μ¶·¥¤¥²¥´¨Õ ¢ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ R6 ± ¦¤ Ö Ë ¤¤¥¥¢¸± Ö ±μ³-
¶μ´¥´É  Ψε

i ¸Ê³³Ò Ψε ¨ ¸ ³μ Ê· ¢´¥´¨¥ (1.50), ¢ ±μÉμ·μ³ ¸μ¤¥·¦¨É¸Ö ¢§ ¨-
³μ¤¥°¸É¢¨¥ Vi, § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¨Ì ¸μ¡¸É¢¥´´μ³ ¶·¥¤¸É ¢²¥´¨¨ 〈ri|. �μÔÉμ³Ê
¢ ± ¦¤μ³ (i = 1, 2, 3) ¤¥± ·Éμ¢μ³ ¶·¥¤¸É ¢²¥´¨¨ 〈ri| = 〈xi,yi| Ë ¤¤¥¥¢¸±¨¥
±μ³¶μ´¥´ÉÒ ¸±² ¤Ò¢ ÕÉ¸Ö ¢ ¸Ê³³Ê (1.49) ¶μ ¶· ¢¨²Ê

Ψε(xi,yi) = Ψε
i (xi,yi) +

∑
k �=i

Ψε
k(xk(xi,yi; γki),yk(xi,yi; γki)) (1.51)

¨ ¶μ¤Î¨´¥´Ò ¸¨¸É¥³¥ É·¥Ì (i = 1, 2, 3) ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°

[H0(xi,yi) − E] Ψε
i (xi,yi) = −Vi(xi)Ψε(xi,yi) =

= −Vi(xi)
[
Ψε

i (xi,yi) +
∑
k �=i

Ψε
k(xk(xi,yi; γki),yk(xi,yi; γki))

]
, (1.52)

£¤¥ H0(xi,yi) Å μ¶¥· Éμ· (1.18). ˆ¸±μ³Ò¥ ±μ³¶μ´¥´ÉÒ Ψε
i , i = 1, 2, 3,

Ê¤μ¡´μ ¶·¥¤¸É ¢²ÖÉÓ ·Ö¤ ³¨ É¨¶  (1.41) ¨ (1.42),   ¨³¥´´μ ¡¨¸Ë¥·¨Î¥¸±¨³
·Ö¤μ³ ¸ Ë ¤¤¥¥¢¸±¨³¨ ¡¨¸Ë¥·¨Î¥¸±¨³¨ ±μ³¶μ´¥´É ³¨ Ψε

iab ¨ Dσ-·Ö¤μ³ ¸
Ë ¤¤¥¥¢¸±¨³¨ Dσ-±μ³¶μ´¥´É ³¨ Ψεt

im′ :

Ψε
i =

∑
ab

Ψε
iab(xi, yi)Y�m

ab (x̂i, ŷi),

Ψε
i =

�∑
m′=μ(σ)

D�σ∗
mm′(ωt

i)Ψ
εt
im′(xi, yi, θi).

(1.53)
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“· ¢´¥´¨Õ ˜·¥¤¨´£¥·  (1.43) ¢ £¨¶¥·cË¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì μÉ¢¥Î ¥É
¸¨¸É¥³  É·¥Ì (i = 1, 2, 3) ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢ 

[H0(r, Ωi) − E] Ψε
i (r, Ωi) = −Vi(r cosϕi)Ψε(r, Ωi),

Ψε(r, Ωi) = Ψε
i (r, Ωi) +

∑
k �=i Ψε

k(r, Ωk(Ωi; γki)),
(1.54)

£¤¥ ϕk Å ËÊ´±Í¨Ö (1.4) ¶¥·¥³¥´´ÒÌ ϕi ¨ ui,   H0(r, Ωi) Å μ¶¥· Éμ· (1.19).
” ¤¤¥¥¢¸±¨¥ ±μ³¶μ´¥´ÉÒ Ψε

i (r, Ωi) ¶·¥¤¸É ¢¨³ ¡¨¸Ë¥·¨Î¥¸±¨³¨ ·Ö¤ ³¨

Ψε
i (r, Ωi) = 2 [r2 sin 2ϕi]−1

∑
ab

U �
iab(r, ϕi)Y�m

ab (x̂i, ŷi), (1.55)

£¨¶¥·¸Ë¥·¨Î¥¸±¨³¨ ·Ö¤ ³¨

Ψε
i (r, Ωi) = r−2

∞∑
L=�+μ(σ)

∑
ab

U �
iLab(r)Y �m

Lab(Ωi) (1.56)

¨ Dσ-·Ö¤ ³¨ ¸ ¨´¤¥±¸μ³ t = xi ¨²¨ ¦¥ t = yi:

Ψε
i (r, Ωi) = 2

[
r2 sin 2ϕi (1 − u2

i )
1/2

]−1

×

×
�∑

m′=μ(σ)

U �x
im′(r, ϕi, ui)D�σ∗

mm′(ωt
i). (1.57)

” ¤¤¥¥¢¸±¨¥ ¶·¨¢¥¤¥´´Ò¥ Dσ-, ¡¨¸Ë¥·¨Î¥¸±¨¥ ¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ±μ³¶μ-
´¥´ÉÒ U �x

im′ , U �
iab ¨ U �

iLab · §²μ¦¥´¨° (1.55)Ä(1.57) ¶μ¤Î¨´ÖÕÉ¸Ö  ´ ²μ£ ³
¸μμÉ´μÏ¥´¨° (1.47) ¨ (1.48): ±μ³¶μ´¥´ÉÒ U �

iab ¨ U �
iLab ¢§ ¨³μ¸¢Ö§ ´Ò:

U �
iab(r, ϕi) =

∞∑
L=a+b

U �
iLab(r) W̃Lab(ϕi),

U �
iLab(r) = 〈W̃Lab(ϕi)|U �

iab(ϕi)〉,
(1.58)

  ¢¸²¥¤¸É¢¨¥ (1.12) ±μ³¶μ´¥´ÉÒ U �x
im′ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ±μ³¶μ´¥´ÉÒ U �

iab:

U �x
im′(r, ϕi, ui) = (1 − u2

i )
1/2

∑
ab

T �m′

ab U �
iab(r, ϕi)Θam′(ui), t = xi. (1.59)

� §²μ¦¥´¨Ö³ (1.55)Ä(1.57) Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É Ψε
1, Ψε

2 ¨ Ψε
3 μÉ¢¥Î ÕÉ

¸²¥¤ÊÕÐ¨¥ · §²μ¦¥´¨Ö ¨Ì ¶μ¤Î¨´¥´´μ° Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥·  (1.43) ¸Ê³³Ò
Ψε(r, Ωi): ¡¨¸Ë¥·¨Î¥¸±¨° ·Ö¤ (1.44) ¸ ±μ³¶μ´¥´É ³¨

U �
ab(r, ϕi) = U �

iab(r, ϕi) +
∑
k �=i

∑
a′b′

〈r, ϕi|h�
aba′b′(γki)|U �

ka′b′(r, ϕk)〉, (1.60)
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¸μ¤¥·¦ Ð¨³¨ ¨´É¥£· ²Ò É¨¶  (1.29),

〈r, ϕi|h�
aba′b′(γki)|U �

ka′b′(r, ϕk)〉 =

=

C+(ϕi;γki)∫
C−(ϕi;γki)

h�
aba′b′(ϕi, ϕk; γki)U �

ka′b′(r, ϕk) dϕk,

£¨¶¥·¸Ë¥·¨Î¥¸±¨° ·Ö¤ (1.45) ¸ ±μ³¶μ´¥´É ³¨

U �
Lab(r) ≡ U �

iLab(r) +
∑
k �=i

∑
a′b′

〈ab|K(γki)|a′b′〉L� U �
kLa′b′(r) (1.61)

¨ Dσ-·Ö¤ (1.46) ¸ ±μ³¶μ´¥´É ³¨ [69]

Uεt
m′(r, ϕi, ui) ≡

≡ Uεt
im′(r, ϕi, ui)+(−1)m′

[
2� + 1

16π2(1 + δm′0)

]1/2 ∑
k �=i

[
sin 2ϕi

sin 2ϕk

] [
1 − u2

i

1 − u2
k

]1/2

×

×
�∑

m′′=μ(σ)

(−1)m′′
D�σ∗

m′′m′(0, θki, 0)Uεt
km′′(r, ϕk, uk), (1.62)

£¤¥ t = xi,   ¶¥·¥³¥´´Ò¥ ϕk ¨ uk ¨ Ê£μ² θki ³¥¦¤Ê ¢¥±Éμ· ³¨ xi ¨ xk

¢Ò· ¦¥´Ò Î¥·¥§  ·£Ê³¥´ÉÒ ϕi ¨ ui ¨ ±¨´¥³ É¨Î¥¸±¨° Ê£μ² γki.
’·¨ ¸¶μ¸μ¡  ·¥¤Ê±Í¨¨ ¸¨¸É¥³Ò (1.54) ·¥ ²¨§ÊÕÉ¸Ö ¶μ μ¤´μÉ¨¶´μ° ¸Ì¥-

³¥: c´ Î ²  ¢¸¥ ±μ³¶μ´¥´ÉÒ Ψε
i § ³¥´ÖÕÉ¸Ö μ¤´μÉ¨¶´Ò³¨ ·Ö¤ ³¨ (1.55)

¨²¨ (1.56), ¨²¨ ¦¥ (1.57),   § É¥³ ¶μ²ÊÎ¥´´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¶·μ¥Í¨·ÊÕÉ¸Ö
´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨° Ê£²μ¢μ° ¡ §¨¸. ‚ ¨Éμ£¥ ¶μ²ÊÎ ÕÉ¸Ö ¤¢Ê³¥·´Ò¥ ¨´É¥-
£·μ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ¡¥¸±μ´¥Î´μ° ¸μ¢μ±Ê¶´μ¸É¨ {U �

iab} ¢¸¥Ì
±μ³¶μ´¥´É U �

iab, μ¤´μ³¥·´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ¡¥¸±μ´¥Î´μ°
¸μ¢μ±Ê¶´μ¸É¨ {U �

iLab} ¢¸¥Ì ±μ³¶μ´¥´É U �
iLab ¨ É·¥Ì³¥·´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó-

´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ±μ´¥Î´μ° ¸μ¢μ±Ê¶´μ¸É¨ {U �t
im′} ¢¸¥Ì ±μ³¶μ´¥´É U �t

im′ .
„ ²¥¥ ´ ³ ¶μÉ·¥¡ÊÕÉ¸Ö Éμ²Ó±μ ¤¢Ê³¥·´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢ 

[H̃0ab(r, ϕi) + E]U �
iab(r, ϕi) = Vi(r cosϕi)U �

ab(r, ϕi) =

= Vi(r cosϕi)
[
U �

iab(r, ϕi) +
∑
k �=i

∑
a′b′

〈r, ϕi|h�
aba′b′(γki)|U �

ka′b′(r, ϕk)〉
]
. (1.63)

‚ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ r ∈ [0,∞),   ϕi ∈ [0, π/2] ¤²Ö ± ¦¤μ£μ i = 1, 2, 3; μ¶¥· Éμ·

H̃0ab(r, ϕi) ≡ ∂2
r + r−1 ∂r − r−2 L̃2

ab(ϕi)
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¶μ·μ¦¤¥´ ¸¢μ¡μ¤´Ò³ £ ³¨²ÓÉμ´¨ ´μ³ H0 ¨ ¸μ¤¥·¦¨É μ¶¥· Éμ· L̃2
ab(ϕi), § -

¤ ´´Ò° Ëμ·³Ê²μ° (1.27), ¨´¤¥±¸Ò a, b ¨ a′, b′ ¶·¨´¨³ ÕÉ ²Õ¡Ò¥ ¤μ¶Ê¸É¨³Ò¥
¶·¨ ¤ ´´ÒÌ � ¨ σ §´ Î¥´¨Ö, ¶·¨Î¥³ Ê¸²μ¢¨¥³ (−1)a+b = (−1)a′+b′ = σ μ¡¥¸-
¶¥Î¨¢ ¥É¸Ö ¸μÌ· ´¥´¨¥ ¸μ¡¸É¢¥´´μ£μ Î¨¸²  σ μ¶¥· Éμ·  ¨´¢¥·¸¨¨ P ,   ¤²Ö
Éμ£μ ÎÉμ¡Ò ·Ö¤Ò (1.55) ¡Ò²¨ μ£· ´¨Î¥´Ò ´  ²ÊÎ Ì {r ∈ [0,∞), ϕi = 0} ¨
{r ∈ [0,∞), ϕi = π/2}, ¢¸¥ ¨¸±μ³Ò¥ ËÊ´±Í¨¨ U �

iab(r, ϕi) ¶μ¤Î¨´ÖÕÉ¸Ö ¸²¥¤Ê-
ÕÐ¨³ μ¤´μ·μ¤´Ò³ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³:

U �
iab = 0, r = 0, ϕi ∈ [0, π/2];

U �
iab = 0, r ∈ (0,∞), ϕi = 0, π/2.

(1.64)

‡ ³¥Î ´¨Ö. ‚ ¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¶μ¸É ´μ¢± 
±· ¥¢μ° § ¤ Î¨ É·¥Ì Î ¸É¨Í ¢ ¢¨¤¥ ¡¥¸±μ´¥Î´μ° ¸¨¸É¥³Ò ¤¢Ê³¥·´ÒÌ Ê· ¢´¥-
´¨° ” ¤¤¥¥¢  (1.63) ¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥ ¸ Ê¸²μ¢¨Ö³¨ (1.64) ¨ ¨§¢¥¸É´Ò³¨
£· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¶·¨ r → ∞ (¸³. [15]) ´¥ § ¢¥·Ï¥´  ¢ ¸²¥¤ÊÕÐ¥³
¸³Ò¸²¥. �  ¶· ±É¨±¥ ¢μ§³μ¦´μ Î¨¸²¥´´μ¥ ¨´É¥£·¨·μ¢ ´¨¥ ²¨ÏÓ ±μ´¥Î´μ°
¶μ¤¸¨¸É¥³Ò ¡¥¸±μ´¥Î´μ° ¸¨¸É¥³Ò É ±¨Ì Ê· ¢´¥´¨°. ‚μ¶·μ¸ μ ¸Ìμ¤¨³μ¸É¨
¢ÒÎ¨¸²Ö¥³μ£μ ¸¶¥±É·  ± ÉμÎ´μ³Ê ¶·¨ Ê¢¥²¨Î¥´¨¨ · §³¥·´μ¸É¨ ¶μ¤¸¨¸É¥³Ò,
É. ¥. Î¨¸²  Nab ÊÎ¨ÉÒ¢ ¥³ÒÌ ¶ ·´ÒÌ ¶ ·Í¨ ²Ó´ÒÌ ¢μ²´, É¥μ·¥É¨Î¥¸±¨ ´¥ ¨¸-
¸²¥¤μ¢ ´. ‚ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ · ¸Î¥ÉÒ É·¥ÌÎ ¸É¨Î´ÒÌ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¨
Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ ´  ¸¢Ö§ ´´μ° ¶ ·¥ ¤¢ÊÌ ¤·Ê£¨Ì Î ¸É¨Í ¤¥³μ´-
¸É·¨·ÊÕÉ ¤μ¢μ²Ó´μ ¡Ò¸É·ÊÕ ¸Ìμ¤¨³μ¸ÉÓ ¶μ Nab. �¤´  ¨§ £· ´¥° Ê¶μ³Ö´ÊÉμ£μ
¢μ¶·μ¸  Å ¸· ¢´¥´¨¥ ÉμÎ´ÒÌ  ¸¨³¶ÉμÉ¨± ¶·¨ r → ∞ ·¥Ï¥´¨° ¨¸Ìμ¤´μ°
¡¥¸±μ´¥Î´μ° ¨ μ¡·¥§ ´´μ° ¸¨¸É¥³. ’ ±μ³Ê ¸· ¢´¥´¨Õ ¡Ò²  ¶μ¸¢ÖÐ¥´  ²¨ÏÓ
· ¡μÉ  [38], ¢ ±μÉμ·μ° ¡Ò²μ ¤μ± § ´μ, ÎÉμ ¢ ¸²ÊÎ ¥ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨Ì
¢§ ¨³μ¤¥°¸É¢¨°  ¸¨³¶ÉμÉ¨±¨ μ¡μ¨Ì ·¥Ï¥´¨° ËÊ´±Í¨μ´ ²Ó´μ μ¤¨´ ±μ¢Ò¥ ¨
ËÊ´±Í¨μ´ ²Ó´μ · §´Ò¥, ¥¸²¨ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸μ¤¥·¦ É ¢ ± Î¥¸É¢¥ ¸² -
£ ¥³ÒÌ ±Ê²μ´μ¢¸±¨¥ ¶μÉ¥´Í¨ ²Ò.

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¸¨¸É¥³  μ¤´μ³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ £¨¶¥·¸Ë¥·¨-
Î¥¸±μ³ ¡ §¨¸¥ ´¥Ê¤μ¡´  ¤²Ö Î¨¸²¥´´μ£μ  ´ ²¨§  ¨§-§  ¥¥ ¡¥¸±μ´¥Î´μ£μ · ´£ .
„²Ö É ±¨Ì ¸¨¸É¥³ ¢μ¶·μ¸ μ ¸Ìμ¤¨³μ¸É¨ ¢ÒÎ¨¸²Ö¥³μ£μ ¸¶¥±É·  ±μ´¥Î´μ° ¶μ¤-
¸¨¸É¥³Ò ± ÉμÎ´μ³Ê Ö¢²Ö¥É¸Ö μÉ±·ÒÉÒ³. „μ¸Éμ¢¥·´Ò° Î¨¸²¥´´Ò°  ´ ²¨§ É ±μ°
¸Ìμ¤¨³μ¸É¨ ¥Ð¥ ´¥ ¢Ò¶μ²´¥´, ´μ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢¶μ²´¥ ¢μ§³μ¦´Ò³ ¢ · ³± Ì
´¥¤ ¢´μ ¶·¥¤²μ¦¥´´μ£μ ¶μ¤Ìμ¤  [89Ä91] ± ¨´É¥£·¨·μ¢ ´¨Õ ¡μ²ÓÏ¨Ì ¸¨¸É¥³
μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. �ÉμÉ ¶μ¤Ìμ¤ Å ¨§ÖÐ´μ¥ μ¡Ñ-
¥¤¨´¥´¨¥ ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶  ˜¢¨´£¥·  [7] ¨ ´¥¶·¥·Ò¢´μ£μ  ´ ²μ£ 
³¥Éμ¤  �ÓÕÉμ´  [92].

„²Ö É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ Dσ-¡ §¨¸¥ Ê¶μ³Ö´ÊÉ Ö ¶·μ¡²¥³ 
¸Ìμ¤¨³μ¸É¨ ´¥ ¢μ§´¨± ¥É, ´μ  ´ ²¨§ ÔÉ¨Ì Ê· ¢´¥´¨° § ³¥É´μ μ¸²μ¦´Ö¥É¸Ö
É¥³, ÎÉμ ¨Ì ¶· ¢Ò¥ Î ¸É¨ ¸μ¤¥·¦ É ¨¸±μ³Ò¥ ËÊ´±Í¨¨ ¸μ ¸³¥Ð¥´´Ò³¨  ·£Ê-
³¥´É ³¨, Î¨¸²μ ±μÉμ·ÒÌ · ¢´μ É·¥³ ¨ ¤μ¢μ²Ó´μ ¢¥²¨±μ.
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�¥·¸¶¥±É¨¢´Ò³¨ ¤²Ö Î¨¸²¥´´μ£μ  ´ ²¨§  ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
” ¤¤¥¥¢  ¶·¥¤¸É ¢²ÖÕÉ¸Ö ´¥¤ ¢´μ ¶·¥¤²μ¦¥´´Ò¥ ¶μ¤Ìμ¤Ò: ±μ³¶²¥±¸´Ò°
¸±¥°²¨´£ [47] ¨ μ¸´μ¢ ´´Ò° ´  ¢¥°¢²¥É- ´ ²¨§¥ [93] ³¥Éμ¤ ¶ ±¥É´μ° ¤¨¸-
±·¥É¨§ Í¨¨ ±μ´É¨´ÊÊ³  [94Ä98].

1.6. �¸μ¡Ò¥ ±μ´Ë¨£Ê· Í¨¨, ¸¢Ö§¨ ¨ Ëμ·³ ²Ó´Ò¥ · §²μ¦¥´¨Ö. ‚ ±μ-
μ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ R6 ¸¨¸É¥³Ò {p1, p2, p3} É·¥Ì Î ¸É¨Í ¨³¥ÕÉ¸Ö É·¨
Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´Ò¥ ¨ ¶·¨´Í¨¶¨ ²Ó´μ · §´Ò¥ Ï¥¸É¨³¥·´Ò¥ μ¡² ¸É¨ F , G
¨ H. —Éμ¡Ò ¤ ÉÓ μ¶·¥¤¥²¥´¨Ö ÔÉ¨Ì μ¡² ¸É¥°, c´ Î ²  ¢Ò¡¥·¥³ μ¤´μ ¨§ É·¥Ì
· §¡¨¥´¨° ¸¨¸É¥³Ò {pi, pj , pk} ´  Î ¸É¨ÍÊ pi ¨ ¶μ¤¸¨¸É¥³Ê {pj, pk},   ¤²Ö
±· É±μ¸É¨ § ¶¨¸¨ ¶μ²μ¦¨³ r ≡ ri, x ≡ xi, y ≡ yi.

�μ¤ μ±·¥¸É´μ¸ÉÓÕ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ ·  (x = 0, y > 0) Î ¸É¨Í pj ¨ pk

¶μ¤· §Ê³¥¢ ¥É¸Ö μ¡² ¸ÉÓ F ≡ {r : x  1, y > 0}, ¢ ±μÉμ·μ° ÔÉ¨ Î ¸É¨ÍÒ
¡²¨§±¨ ¤·Ê£ ± ¤·Ê£Ê, ´μ μÉ¤¥²¥´Ò μÉ Î ¸É¨ÍÒ pi.

‹¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¥° É·¥Ì Î ¸É¨Í ¨²¨ μ¸¥¢Ò³ ¢Ò·μ¦¤¥´¨¥³, μÉ¢¥-
Î ÕÐ¨³ Ê¶μ³Ö´ÊÉμ³Ê ¢ÒÏ¥ · §¡¨¥´¨Õ, ´ §Ò¢ ¥É¸Ö ±μ´Ë¨£Ê· Í¨Ö, ¢ ±μÉμ·μ°
¢¸¥ Î ¸É¨ÍÒ ²¥¦ É ´  μ¤´μ° ¶·Ö³μ° (μ¸¨) L ≡ {r : x > 0, y = 0}. �μ¤ ³ ²μ°
μ±·¥¸É´μ¸ÉÓÕ ÔÉμ° ¶·Ö³μ° ¶μ¤· §Ê³¥¢ ¥É¸Ö μ¡² ¸ÉÓ G ≡ {r : x > 0, y  1}, ¢
±μÉμ·μ° Î ¸É¨ÍÒ pj ¨ pk μÉ¤¥²¥´Ò ¤·Ê£ μÉ ¤·Ê£  (x > 0),   Î ¸É¨Í  pi ¡²¨§± 
(y  1) ± ¶·Ö³μ° L, ¶·μÌμ¤ÖÐ¥° Î¥·¥§ ´¨Ì.

Œ ²μ° μ±·¥¸É´μ¸ÉÓÕ ÉμÎ±¨ É·μ°´μ£μ ¸μÊ¤ ·¥´¨Ö r = 0 ´ §Ò¢ ¥É¸Ö Ï¥-
¸É¨³¥·´Ò° Ï · H ≡ {r : r  1}, ¢ ±μÉμ·μ³ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ²Õ¡Ò³¨
¤¢Ê³Ö Î ¸É¨Í ³¨ ³ ²Ò.

Ÿ¢´Ò° ¢¨¤ μ¡Ð¥£μ ·¥Ï¥´¨Ö Ψ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.38), ± ± ¶· -
¢¨²μ, ´¥¨§¢¥¸É¥´. �μÔÉμ³Ê ¸Ê¤¨ÉÓ μ ¥£μ ¶μ¢¥¤¥´¨¨ (¸É·μ¥´¨¨) ¢ F , G ¨ H
³μ¦´μ ²¨ÏÓ ¶μ  ¸¨³¶ÉμÉ¨Î¥¸±¨³ · §²μ¦¥´¨Ö³. ‚Ò¢μ¤ ¨  ´ ²¨§  ¸¨³¶ÉμÉ¨-
Î¥¸±¨Ì · §²μ¦¥´¨° μ¡Ð¥£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö Ψ ¶·¥¤¸É ¢²Ö¥É¸Ö É¥μ·¥É¨Î¥-
¸±¨ ¢ ¦´Ò³ ¨ ¨´É¥·¥¸´Ò³, ¶μÉμ³Ê ÎÉμ, §´ Ö É ±¨¥ · §²μ¦¥´¨Ö, ³μ¦´μ ²¥£±μ
´ °É¨ · §²μ¦¥´¨¥ ²Õ¡μ£μ ·¥£Ê²Ö·´μ£μ Î ¸É´μ£μ ·¥Ï¥´¨Ö. � ¶·¨³¥·, ·¥Ï¥-
´¨Ö Ψε, μ¡² ¤ ÕÐ¥£μ, ¢ μÉ²¨Î¨¥ μÉ Ψ, ¶μ²´Ò³ ´ ¡μ·μ³ ε ¸μÌ· ´ÖÕÐ¨Ì¸Ö
±¢ ´Éμ¢ÒÌ Î¨¸¥². ‚Ò¢μ¤ · §²μ¦¥´¨Ö ¤²Ö Ψε ¸¢μ¤¨É¸Ö ± ¶·μ¥±É¨·μ¢ ´¨Õ ´ °-
¤¥´´μ£μ · §²μ¦¥´¨Ö ¤²Ö Ψ ´  ¡ §¨¸ ¨§ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° ¢¸¥Ì μ¶¥· Éμ·μ¢,
±μ³³ÊÉ¨·ÊÕÐ¨Ì ¸ ¶μ²´Ò³ £ ³¨²ÓÉμ´¨ ´μ³ H .

‡´ ´¨¥ Ö¢´ÒÌ  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì · §²μ¦¥´¨° ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψε ´¥-
μ¡Ìμ¤¨³μ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¸ ¢Ò¸μ±μ° ÉμÎ´μ¸ÉÓÕ ¥¥ ¶·¨¡²¨¦¥´¨Ö Ψ̃ε ¨, ¸²¥-
¤μ¢ É¥²Ó´μ, ¤²Ö ¶μ¸²¥¤ÊÕÐ¥£μ ¤μ¸Éμ¢¥·´μ£μ μ¶·¥¤¥²¥´¨Ö ¢¸¥Ì ´ ¡²Õ¤ ¥³ÒÌ
¢¥²¨Î¨´. „¥²μ ¢ Éμ³, ÎÉμ ÊÎ¥É ¢¸¥Ì μ¸μ¡¥´´μ¸É¥° ¶μ¢¥¤¥´¨Ö ¨¸±μ³μ£μ ·¥Ï¥-
´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö (¢ ´ Ï¥³ ¸²ÊÎ ¥ Ψε) Ê²ÊÎÏ ¥É ¶μÉμÎ¥Î´ÊÕ
¸Ìμ¤¨³μ¸ÉÓ ²Õ¡μ£μ Î¨¸²¥´´μ£μ ³¥Éμ¤  [7Ä9].

� ¶μ³´¨³, ÎÉμ ¢ μ¤´μ³ ¨§ É ±¨Ì ³¥Éμ¤μ¢,   ¨³¥´´μ ¢ ¶μ¤Ìμ¤¥ �Ô²¥ÖÄ
�¨ÉÍ  [7], ·¥Ï¥´¨¥ Ψε ¨¸¸²¥¤Ê¥³μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (H − E)Ψε = 0
¤²Ö ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¶·¨¡²¨¦ ¥É¸Ö ¶·μ¡´μ° ËÊ´±Í¨¥° (¢ ·¨ Í¨μ´´Ò³
 ´§ Í¥³) Ψ̃ε ≈ Φε

1 + Φε
2 + . . ., ¢¸¥ ±μ³¶μ´¥´ÉÒ ±μÉμ·μ£μ (μ¶μ·´Ò¥ ËÊ´±Í¨¨



784 �“�›˜…‚ ‚.‚.

Φε
n, n = 1, 2, . . .) μ¶·¥¤¥²ÖÕÉ¸Ö ¢ Ö¢´μ³ ¢¨¤¥ ¢¸Õ¤Ê ¢ R6, ´μ ¸μ¤¥·¦ É ´¥±μÉμ-

·Ò¥ § · ´¥¥ ´¥¨§¢¥¸É´Ò¥ (¢ ·¨ Í¨μ´´Ò¥) ±μÔËË¨Í¨¥´ÉÒ. �É¨ ±μÔËË¨Í¨¥´ÉÒ
¨ ¢¥·Ì´ÖÖ ¢ ·¨ Í¨μ´´ Ö μÍ¥´±  Ẽ Ô´¥·£¨¨ E ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ´ Ìμ¤ÖÉ¸Ö
¨§ Ê¸²μ¢¨Ö ³¨´¨³Ê³  ËÊ´±Í¨μ´ ²  �Ô²¥ÖÄ�¨ÉÍ :

Ẽ = min 〈Ψ̃ε|H |Ψ̃ε〉/〈Ψ̃ε|Ψ̃ε〉. (1.65)

�·¨ ·¥ ²¨§ Í¨¨ ³¥Éμ¤  �Ô²¥ÖÄ�¨ÉÍ  ÊÎ¥É μ¸μ¡¥´´μ¸É¥° ¶μ¢¥¤¥´¨Ö Ψε ¢
F μ¸μ¡¥´´μ ¢ ¦¥´ ¨ ÔËË¥±É¨¢¥´ ¨§-§  Éμ£μ, ÎÉμ ±μμ·¤¨´ É´ÊÕ § ¢¨¸¨³μ¸ÉÓ
¢¸¥Ì μ¶μ·´ÒÌ ËÊ´±Í¨° Φε

n ¶·¨Ìμ¤¨É¸Ö μ¶·¥¤¥²ÖÉÓ § · ´¥¥ ¨ ¢¸Õ¤Ê ¢ R6.
‘ ¤·Ê£μ° ¸Éμ·μ´Ò, É ±¨¥ ´ ¡²Õ¤ ¥³Ò¥ Ì · ±É¥·¨¸É¨±¨ É·¥ÌÎ ¸É¨Î´ÒÌ

¸¨¸É¥³, ± ± ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶μ¶· ¢±¨, γ-Ë ±Éμ·Ò, ±μÔËË¨Í¨¥´ÉÒ ·¥±μ³¡¨-
´ Í¨¨ ¨ ¸¥Î¥´¨Ö  ¸É·μË¨§¨Î¥¸±¨Ì Ö¤¥·´ÒÌ ¶·μÍ¥¸¸μ¢ [18], ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§
¨´É¥£· ²Ò, ¸μ¤¥·¦ Ð¨¥ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ Ψ̃ε. �μÔÉμ³Ê ÉμÎ´μ¸ÉÓ ¢ÒÎ¨¸²¥-
´¨Ö É ±¨Ì Ì · ±É¥·¨¸É¨±, ´ ¶·¨³¥·, ¸±μ·μ¸É¨ dtμ-± É ²¨§ , É¥³ ²ÊÎÏ¥, Î¥³
²ÊÎÏ¥  ¶¶·μ±¸¨³ Í¨Ö Ψε ≈ Ψ̃ε ¢μ ¢¸¥° μ¡² ¸É¨ F .

‚ ¶μ¤Ìμ¤¥ �Ô²¥ÖÄ�¨ÉÍ  [7], ¢ ¢ ·¨ Í¨μ´´μ-· §´μ¸É´ÒÌ ¨ ¶·μ¥±Í¨μ´´μ-
¸¥ÉμÎ´ÒÌ ¸Ì¥³ Ì [9], ¢ ³¥Éμ¤¥ ¸¶² °´-±μ²²μ± Í¨° [10, 11] ¨ ¢ ¸μ¢·¥³¥´´ÒÌ
³¥Éμ¤ Ì ¢ ·¨ Í¨μ´´μ° ¸¶² °´- ¶¶·μ±¸¨³ Í¨¨ [12] § ¤ ÎÊ É ±μ£μ ¶·¨¡²¨¦¥-
´¨Ö ³μ¦´μ ·¥Ï¨ÉÓ, ¶μ¤Î¨´¨¢ Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¨¸±μ³μ° ËÊ´±Í¨¨ Ψ̃ε

¨²¨ ¥¥ ¶·μ¥±Í¨° ´  ¡ §¨¸Ò (1.5)Ä(1.9) É¥³ ¦¥ ²¨´¥°´Ò³ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³
(¸¢Ö§Ö³ ¶·¨ x = 0, y > 0), ±μÉμ·Ò³ Ê¤μ¢²¥É¢μ·ÖÕÉ Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ÉμÎ-
´μ£μ ·¥Ï¥´¨Ö Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.39) ¨²¨ ¥£μ ¶·μ¥±Í¨¨. �·¨³¥·
É ±μ° ¸¢Ö§¨ Å · ¢¥´¸É¢μ

n′<∞∑
n=0

An(x̂,y) ∂n
x Ψε(x,y) = 0, x = 0, y > 0, (1.66)

£¤¥ An Å ¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ ¨²¨ ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ ¨§¢¥¸É´ÒÌ ËÊ´±Í¨°
¨ μ¶¥· Éμ·μ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¶μ  ·£Ê³¥´É ³ x̂ ¨ y. ‡´ ´¨¥ ¸¢Ö§¥°
É¨¶  (1.66) ¶μ§¢μ²Ö¥É ·¥Ï¨ÉÓ ¨ μ¡· É´ÊÕ § ¤ ÎÊ: ¶μ ¢¥²¨Î¨´¥ ´¥¢Ö§±¨ χ,

χ =
n′<∞∑
n=0

An(x̂,y) ∂n
x Ψ̃ε(x,y), x = 0, y > 0,

μÍ¥´¨ÉÓ, ´ ¸±μ²Ó±μ ¶·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨¥ Ψ̃ε, ¶μ²ÊÎ¥´´μ¥ ± ±¨³-Éμ ¸¶μ¸μ-
¡μ³, ¡²¨§±μ ± ÉμÎ´μ³Ê ·¥Ï¥´¨Õ Ψ ¢ μ±·¥¸É´μ¸É¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ · .

‡´ ´¨¥ Ö¢´ÒÌ · §²μ¦¥´¨° ËÊ´±Í¨¨ Ψε ¨ ¥¥ Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É ¢
μ¡² ¸É¨ G ¶·¥¤¸É ¢²Ö¥É¸Ö μ¸μ¡μ ¶μ²¥§´Ò³ ¤²Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ  ´ -
²¨§  ¨ · ¸Î¥É  ¸ ¶·¥Í¨§¨μ´´μ° ÉμÎ´μ¸ÉÓÕ ¸¢μ°¸É¢ ¤¢ÊÌ ¤μ¢μ²Ó´μ Ï¨·μ±¨Ì
±² ¸¸μ¢ ·¥ ²Ó´ÒÌ É·¥ÌÎ ¸É¨Î´ÒÌ ¸¨¸É¥³. Š ¶¥·¢μ³Ê ¨ ¤ ¢´μ ¨§¢¥¸É´μ³Ê ¢
 Éμ³´μ° Ë¨§¨±¥ [20] ±² ¸¸Ê μÉ´μ¸ÖÉ¸Ö É·¥ÌÎ ¸É¨Î´Ò¥ ¸¨¸É¥³Ò, ¸μ¸ÉμÖÐ¨¥
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¨§ ¨μ´  ¨ ¤¢ÊÌ ³¥¤²¥´´ÒÌ Ô²¥±É·μ´μ¢ ¨ μ¡· §μ¢ ¢Ï¨¥¸Ö ¢ ·¥§Ê²ÓÉ É¥ μ¤-
´μ±· É´μ° ¨μ´¨§ Í¨¨  Éμ³  ¨²¨ ¨μ´  Ô²¥±É·μ´μ³. Šμ´Ë¨£Ê· Í¨Ö É ±¨Ì ¸¨-
¸É¥³ ¡²¨§±  ± ²¨´¥°´μ°. ‚Éμ·μ° ±² ¸¸ Å Ìμ·μÏμ ¨§¢¥¸É´Ò° ¢ ±¢ ´Éμ¢μ°
Ì¨³¨¨ [23] ±² ¸¸ ²¨´¥°´ÒÌ É·¥Ì Éμ³´ÒÌ ³μ²¥±Ê². …£μ μ¡· §ÊÕÉ ¢¸¥ É·¥Ì-
 Éμ³´Ò¥ sp-£¨¡·¨¤¨§¨·μ¢ ´´Ò¥ ³μ²¥±Ê²Ò. Œμ²¥±Ê²Ò CO2, HCN ¨ BeCl2
Ö¢²ÖÕÉ¸Ö É ±μ¢Ò³¨. Š·μ³¥ Ê± § ´´ÒÌ ±² ¸¸μ¢ É·¥ÌÎ ¸É¨Î´ÒÌ ¸¨¸É¥³, · ¸¸³ -
É·¨¢ ¥³ÒÌ ¢´¥ ± ±μ°-²¨¡μ ¸·¥¤Ò, ¨³¥ÕÉ¸Ö ·¥ ²Ó´Ò¥ É·¥ÌÎ ¸É¨Î´Ò¥ ¸¨¸É¥³Ò,
±μ´Ë¨£Ê· Í¨Õ ±μÉμ·ÒÌ ³μ¦´μ ¶·¨¡²¨§¨ÉÓ ± ²¨´¥°´μ° ¶·¨ ± ´ ²¨·μ¢ ´¨¨
Î ¸É¨Í ¢ ±·¨¸É ²² Ì [21] ¨²¨ ¦¥ ¢μ§¤¥°¸É¢¨¥³ ¸¨²Ó´μ£μ μ¤´μ·μ¤´μ£μ ³ £´¨É-
´μ£μ ¶μ²Ö. �É¨ ¸²ÊÎ ¨ μ¡¸Ê¦¤ ÕÉ¸Ö ¢ · §¤. 5.

‡´ ´¨¥ ¸É·μ¥´¨Ö ËÊ´±Í¨¨ Ψε ¨ ¥¥ Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É ¢ H ´¥μ¡-
Ìμ¤¨³μ ¤²Ö ±μ··¥±É´μ£μ μ¶¨¸ ´¨Ö ¨ · ¸Î¥É   ¸É·μË¨§¨Î¥¸±¨ ¨´É¥·¥¸´ÒÌ
·¥ ±Í¨° É·μ°´μ£μ · §¢ ²  ¨ É·μ°´μ£μ ¸²¨Ö´¨Ö Ö¤¥·, ´ ¶·¨³¥·, ·¥ ±Í¨¨
3 4

2He →12
6C.

� §²μ¦¥´¨Ö ·¥Ï¥´¨° Ψ ¨ Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢ H ¨ ¢ F ¤²Ö
É·¥ÌÎ ¸É¨Î´ÒÌ ¸¨¸É¥³ ¸ Î¨¸Éμ ±Ê²μ´μ¢¸±¨³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ (1.30) ¨¸-
¸²¥¤μ¢ ²¨¸Ó ³´μ£¨³¨  ¢Éμ· ³¨. � ¶·¨³¥·, · §²μ¦¥´¨Ö³ Ψ ¢ H ¶μ¸¢ÖÐ¥´Ò
· ¡μÉÒ [99Ä126],   · §²μ¦¥´¨Ö³ ¢ F Å ¸É ÉÓ¨ [127Ä131].

‚ Ö¤¥·´μ° ¨ ³μ²¥±Ê²Ö·´μ° Ë¨§¨±¥ ´ ·Ö¤Ê ¸ Î¨¸Éμ ±Ê²μ´μ¢¸±¨³¨ ¶μÉ¥´-
Í¨ ² ³¨ (1.30) Î ¸Éμ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¶μÉ¥´Í¨ ²Ò ¡μ²¥¥ Ï¨·μ±μ£μ ±² ¸¸  (1.31)
¨ É¨¶¨Î´Ò³¨ Ö¢²ÖÕÉ¸Ö É·¨ ¸²ÊÎ Ö (1.32). �μÔÉμ³Ê ¶μ¸É·μ¥´¨¥ ¨  ´ ²¨§ · §-
²μ¦¥´¨° ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢  ¢ F , G ¨
H ¢ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²μ¢ É ±μ£μ ±² ¸¸  ¶·¥¤¸É ¢²Ö¥É¸Ö  ±ÉÊ ²Ó´Ò³ ¨ ¢ ¦´Ò³.

‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ¤μ · ¡μÉ [76Ä80] É ±μ³Ê μ¡μ¡Ð¥´¨Õ ¤²Ö Ê· ¢´¥´¨°
” ¤¤¥¥¢  ¡Ò²  ¶μ¸¢ÖÐ¥´  ²¨ÏÓ · ¡μÉ  [29],   ¤μ · ¡μÉÒ [81] ¢ ¶·¥¤¥²¥ ²¨-
´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í ¤²Ö ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ˜·¥-
¤¨´£¥·  ¨ ” ¤¤¥¥¢  ¸ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ (1.31) ´¥ ¡Ò²¨ ¨§¢¥¸É´Ò ´¥ Éμ²Ó±μ
 ¸¨³¶ÉμÉ¨Î¥¸±¨¥, ´μ ¤ ¦¥ ´ ¨¡μ²¥¥ ¶·μ¸ÉÒ¥ Ëμ·³ ²Ó´Ò¥ · §²μ¦¥´¨Ö ¢ ¢¨¤¥
¡¥¸±μ´¥Î´ÒÌ ·Ö¤μ¢ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ · ¸¸ÉμÖ´¨Ö oÉ μ¤´μ° Î ¸É¨ÍÒ ¤μ Í¥´-
É·  ³ ¸¸ ¤¢ÊÌ ¤·Ê£¨Ì Î ¸É¨Í ¨ ¨¸±μ³Ò³ ËÊ´±Í¨Ö³ ¤·Ê£¨Ì É·¥ÌÎ ¸É¨Î´ÒÌ
±μμ·¤¨´ É.

’¥¶¥·Ó ´ ¶μ³´¨³ ¸Ì¥³Ê ¨§¢¥¸É´μ£μ ¢ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥-
´¨° [2]  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ³¥Éμ¤  [3].

�Ê¸ÉÓ F (ξ1, ξ2, . . . , ξp) Å ¨¸±μ³μ¥ ·¥Ï¥´¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥-
´¨Ö ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¶·¨ ξ1 → 0 ¨ μ¶·¥¤¥²¥´´ÒÌ μ£· ´¨Î¥´¨ÖÌ ´ 
μ¸É ²Ó´Ò¥  ·£Ê³¥´ÉÒ ξ2, . . . , ξp. �¥·¢Ò° ÔÉ ¶ Å ¢Ò¡μ·  ´§ Í 

F (ξ1, ξ2, . . . , ξp) =
∞∑

n=1

gn(ξ1)Fn(ξ2, . . . , ξp), (1.67)

£¤¥ ¢¸¥ gn Å ¨§¢¥¸É´Ò¥, ¤μ¸É ÉμÎ´μ ¶·μ¸ÉÒ¥ ËÊ´±Í¨¨, ¶·¨Î¥³ É ±¨¥, ÎÉμ
gn(ξ1) → 0 ¶·¨ ξ1 → 0. ‚Éμ·μ° ÔÉ ¶ Å ¢Ò¢μ¤ ¨§ ¨¸Ìμ¤´μ£μ Ê· ¢´¥´¨Ö



786 �“�›˜…‚ ‚.‚.

Ê· ¢´¥´¨° ¤²Ö ¨¸±μ³ÒÌ ËÊ´±Í¨° Fn ¨ ¤μ± § É¥²Ó¸É¢μ · §·¥Ï¨³μ¸É¨ ÔÉ¨Ì
Ê· ¢´¥´¨° ¶·¨ ²Õ¡μ³ n. ‚Ò¡μ·  ´§ Í  É·¥¡Ê¥É ¨§¢¥¸É´μ° ¨´ÉÊ¨Í¨¨ ¨ ¶·¥¤-
¸É ¢²Ö¥É¸Ö Ê¤ Î´Ò³, ¥¸²¨ ËÊ´±Í¨¨ gn ²¥£±μ ¢ÒÎ¨¸²ÖÕÉ¸Ö,   ¸μ¢μ±Ê¶´μ¸ÉÓ ¢¸¥Ì
Ê· ¢´¥´¨° ¤²Ö ËÊ´±Í¨° Fn μ± §Ò¢ ¥É¸Ö Í¥¶μÎ±μ° ·¥±Ê··¥´É´ÒÌ ¶μ ¨´¤¥±¸Ê
n Ê· ¢´¥´¨°, ¶¥·¢Ò¥ ¨§ ±μÉμ·ÒÌ ´¥É·Ê¤´μ ·¥Ï¨ÉÓ ¢ Ö¢´μ³ ¢¨¤¥,   μ¸É ²Ó´Ò¥
¨¸¸²¥¤μ¢ ÉÓ Î¨¸²¥´´μ. Š ´ ¨¡μ²¥¥ ¶·μ¸ÉÒ³ Ê· ¢´¥´¨Ö³ μÉ´μ¸ÖÉ¸Ö μ¡Ò±´μ-
¢¥´´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¸ μ¤´μ·μ¤´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨
¨  ²£¥¡· ¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö. …¸²¨ Ê¤ ¥É¸Ö ³¨´μ¢ ÉÓ ¤¢  Ê± § ´´ÒÌ ÔÉ ¶ , Éμ
·Ö¤ (1.67) ´ §Ò¢ ÕÉ Ëμ·³ ²Ó´Ò³ ·¥Ï¥´¨¥³ ¨¸Ìμ¤´μ£μ Ê· ¢´¥´¨Ö ¨²¨ Ëμ·-
³ ²Ó´Ò³  ¸¨³¶ÉμÉ¨Î¥¸±¨³ · §²μ¦¥´¨¥³ (”��) ·¥Ï¥´¨Ö F ¶·¨ ξ1 → 0. ‡ -
±²ÕÎ¨É¥²Ó´Ò° ¨ μ¡ÒÎ´μ ¸ ³Ò° ¸²μ¦´Ò° ÔÉ ¶ Å ¤μ± § É¥²Ó¸É¢μ  ¸¨³¶ÉμÉ¨-
Î¥¸±μ° ¸Ìμ¤¨³μ¸É¨ ·Ö¤  (1.67), É. ¥. ¸μμÉ´μÏ¥´¨Ö

F (ξ1, . . . , ξp) =
∑N

n=1 gn(ξ1)Fn(ξ2, . . . , ξp) + O(gN+1(ξ1)),

ξ1 → 0, N < ∞,
(1.68)

£ · ´É¨·ÊÕÐ¥£μ ÉμÉ Ë ±É, ÎÉμ  ¸¨³¶ÉμÉ¨±  ÔÉμ£μ ·Ö¤  Å ¶μ¤¸Ê³³  ´¥¸±μ²Ó-
±¨Ì ¥£μ ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¸² £ ¥³ÒÌ.

‚ ´ ¸ÉμÖÐ¥³ μ¡§μ·¥ ·¥ ²¨§ÊÕÉ¸Ö ¶¥·¢Ò¥ ¤¢  ÔÉ ¶  ¶μ¸É·μ¥´¨Ö  ¸¨³¶Éμ-
É¨Î¥¸±¨Ì · §²μ¦¥´¨° ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ ” ¤-
¤¥¥¢  ¢ F , H ¨ G: ¤²Ö É ±¨Ì ·¥Ï¥´¨° ¢Ò¢μ¤ÖÉ¸Ö ”��, ¢μ¶·μ¸ μ ¸Ìμ¤¨³μ¸É¨
±μÉμ·ÒÌ ¢ ± ±μ³-²¨¡μ ¸³Ò¸²¥ μ¸É ¥É¸Ö μÉ±·ÒÉÒ³. „μ± § É¥²Ó¸É¢μ ¸Ìμ¤¨³μ-
¸É¨ ¶·¨´Í¨¶¨ ²Ó´μ § É·Ê¤´Ö¥É¸Ö ´ ²¨Î¨¥³ ¢ ”�� ¶·μ¨§¢μ²Ó´ÒÌ ¶μ¸ÉμÖ´´ÒÌ
¨ ËÊ´±Í¨°. � §²μ¦¥´¨Ö, ´¥ ¸μ¤¥·¦ Ð¨¥ ´¨ É¥Ì, ´¨ ¤·Ê£¨Ì, ¤μ ¸¨Ì ¶μ· ´¥
¨§¢¥¸É´Ò. �μ¸²¥ ¢Ò¢μ¤  ”�� ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¶μ²ÊÎ¥´´Ò¥ ·Ö¤Ò  ¸¨³-
¶ÉμÉ¨Î¥¸±¨¥ ¨ ¤¨ËË¥·¥´Í¨·Ê¥³Ò,   ¢¸¥ ´¥μ¶·¥¤¥²¥´´Ò¥ ¶μ¸ÉμÖ´´Ò¥ ¨ ËÊ´±-
Í¨¨ μÉ²¨Î´Ò μÉ ´Ê²Ö. „ ²¥¥ ¢Ò¢μ¤ÖÉ¸Ö Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ É ±¨Ì ·Ö¤μ¢ ± ±
¶μ¤¸Ê³³Ò ¨Ì ´¥¸±μ²Ó±¨Ì ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¸² £ ¥³ÒÌ,   ¨§
 ¸¨³¶ÉμÉ¨± ´ Ìμ¤ÖÉ¸Ö ¸¢Ö§¨ É¨¶  (1.66), É. ¥. ²¨´¥°´Ò¥ ¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê
Î ¸É´Ò³¨ ¶·μ¨§¢μ¤´Ò³¨ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¨²¨ ·¥Ï¥´¨° Ê· ¢-
´¥´¨° ” ¤¤¥¥¢  ¢ ÉμÎ± Ì É·μ°´μ£μ ¨²¨ ¶ ·´μ£μ Ê¤ ·μ¢ ¨ ¢ ¶·¥¤¥²¥ ²¨´¥°´μ°
±μ´Ë¨£Ê· Í¨¨, É. ¥. ´  ¶·Ö³μ°, ¶·μÌμ¤ÖÐ¥° Î¥·¥§ É·¨ Î ¸É¨ÍÒ.

1.7. ƒ¥²¨μ¶μ¤μ¡´Ò¥ ¸¨¸É¥³Ò. ƒ¥²¨μ¶μ¤μ¡´μ° ´ §Ò¢ ¥É¸Ö ¸¨¸É¥³  {p1,
p2, p3} É·¥Ì Î ¸É¨Í, ¢ ±μÉμ·μ° μ¤¨´ ±μ¢Ò¥ Î ¸É¨ÍÒ p1 ¨ p2 ¨³¥ÕÉ ±μ´¥Î´Ò¥
³ ¸¸Ò m1 = m2 ¨ ±Ê²μ´μ¢¸±¨¥ § ·Ö¤Ò z1, z2 = 1, Î ¸É¨Í  p3 ¸Î¨É ¥É¸Ö ¡¥¸±μ-
´¥Î´μ ÉÖ¦¥²Ò³ Ö¤·μ³ (m3 = ∞) c § ·Ö¤μ³ z3,   ¢¸¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö
Ö¢²ÖÕÉ¸Ö ±Ê²μ´μ¢¸±¨³¨. �·¨³¥· £¥²¨μ¶μ¤μ¡´μ° ¸¨¸É¥³Ò Å  Éμ³ £¥²¨Ö 3He,
¢ ±μÉμ·μ³ p1 ¨ p2 Å Ô²¥±É·μ´Ò,   p3 Å Ö¤·μ 3

2He £¥²¨Ö ¸ § ·Ö¤μ³ z3 = 2.
‚ £¥²¨μ¶μ¤μ¡´ÒÌ ¸¨¸É¥³ Ì ±·μ³¥ ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  l ¸μÌ· ´Ö¥É¸Ö
¶μ²´Ò° ³μ³¥´É J ≡ l + s1 + s2 + s3, £¤¥ si Å μ¶¥· Éμ· ¸¶¨´  Î ¸É¨ÍÒ pi,  
i = 1, 2, 3.
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‘¨³¢μ²μ³ Ψε,J μ¡μ§´ Î¨³ ¶·μ¸É· ´¸É¢¥´´ÊÕ Î ¸ÉÓ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¤²Ö 2J+1S0-¸μ¸ÉμÖ´¨Ö £¥²¨μ¶μ¤μ¡´μ° ¸¨¸É¥³Ò ¸ ±¢ ´-
Éμ¢Ò³¨ Î¨¸² ³¨ ε = {�, m, σ} = {0, 0, 1} ¨ J = 0 ¨²¨ J = 1. � ¶μ³´¨³, ÎÉμ
ËÊ´±Í¨Ö Ψε,0 ¸¨³³¥É·¨Î´  μÉ´μ¸¨É¥²Ó´μ ¶¥·¥¸É ´μ¢±¨ Ô²¥±É·μ´μ¢,   ËÊ´±-
Í¨Ö Ψε,1  ´É¨¸¨³³¥É·¨Î´ .

„²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¸¢μ°¸É¢ £¥²¨μ¶μ¤μ¡´ÒÌ ¸¨¸É¥³ Ê¤μ¡´μ ¶μ³¥¸É¨ÉÓ Ö¤·μ
p3 ¢ ´ Î ²Ó´ÊÕ ÉμÎ±Ê O ´¥¶μ¤¢¨¦´μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É S3 ¨ ¨¸¶μ²Ó§μ¢ ÉÓ
¶¥·¨³¥É·¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ (a1, a2, a12), £¤¥ a1 ¨ a2 Å ¤²¨´Ò · ¤¨Ê¸μ¢-
¢¥±Éμ·μ¢ a1 ¨ a2 Î ¸É¨Í p1 ¨ p2,   a12 Å ¤²¨´  ¢¥±Éμ·  a12 ≡ a1 − a2.
‚μ ³´μ£¨Ì ¸²ÊÎ ÖÌ ¡μ²¥¥ Ê¤μ¡´Ò £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ (ra, θa, αa):
£¨¶¥·· ¤¨Ê¸ ra ≡ (a2

1 + a2
2)

1/2, Ê£μ² θa ³¥¦¤Ê ¢¥±Éμ· ³¨ a1 ¨ a2 ¨ Ê£μ²
αa ≡ (1/2) arctg (a2/a1).

„ ²¥¥ ±·μ³¥ ¶¥·¥Î¨¸²¥´´ÒÌ ±μμ·¤¨´ É ¶μÉ·¥¡ÊÕÉ¸Ö ¶¥·¨³¥É·¨Î¥¸±¨¥ ±μ-
μ·¤¨´ ÉÒ bi ≡ m1ai, i = 1, 2, ¨ b12 = m1a12, ¨§³¥·Ö¥³Ò¥ ¢  Éμ³´ÒÌ ¥¤¨´¨Í Ì
(a. e.),   É ±¦¥ £¨¶¥·· ¤¨Ê¸ rb ≡ (b2

1 + b2
2)1/2 ¨ ¥£μ ±¢ ¤· É Rb ≡ r2

b .

2. ����™…�ˆŸ �	‡‹�†…�ˆŸ ”�Š	

‚ ¶¥·¢μ³ ¶Ê´±É¥ ´ ¸ÉμÖÐ¥£μ · §¤¥²  ¸´ Î ²  ¶μÖ¸´ÖÕÉ¸Ö μ¸μ¡μ §´ Î¨³Ò¥
·¥§Ê²ÓÉ ÉÒ · ¡μÉ [99Ä126], ¶μ¸¢ÖÐ¥´´ÒÌ · §²μ¦¥´¨Ö³ ¢¡²¨§¨ ÉμÎ±¨ É·μ°´μ£μ
Ê¤ ·  ¤²Ö ¸¨¸É¥³ ¸ ±Ê²μ´μ¢¸±¨³¨ ¶ ·´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ (1.30). ‡ É¥³
¸Ì¥³ É¨Î´μ μ¶¨¸Ò¢ ÕÉ¸Ö ¤¢   ²ÓÉ¥·´ É¨¢´ÒÌ ¶μ¤Ìμ¤  ± μ¡μ¡Ð¥´¨Ö³ É ±¨Ì
· §²μ¦¥´¨° ´  ¸²ÊÎ ¨ ¢§ ¨³μ¤¥°¸É¢¨° ¡μ²¥¥ μ¡Ð¥£μ É¨¶  (1.31), Î¥³ ±Ê²μ´μ¢-
¸±¨¥. �¥·¢Ò° ¶μ¤Ìμ¤ ¶·¥¤²μ¦¥´ ¢ [29] ¨ ¤¥É ²Ó´μ μ¡¸Ê¦¤ ²¸Ö ¢ μ¡§μ·¥ [67],
¢Éμ·μ° ¶μ¤Ìμ¤, ¶·¥¤²μ¦¥´´Ò° ¨ · §¢¨ÉÒ° ¢ [76Ä78], ¶μ¸²¥¤μ¢ É¥²Ó´μ ¨§² £ -
¥É¸Ö ¢ ¶. 2.2Ä2.5.

2.1. �·¨³¥·Ò · §²μ¦¥´¨° Ëμ±μ¢¸±μ£μ É¨¶ . � §²μ¦¥´¨Ö Ëμ·³ ²Ó´ÒÌ
·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨²¨ ” ¤¤¥¥¢ , ¸μ¤¥·¦ Ð¨¥ ¢¡²¨-
§¨ ÉμÎ±¨ É·μ°´μ£μ Ê¤ ·  Í¥²Ò¥ ¸É¥¶¥´¨ £¨¶¥·· ¤¨Ê¸  ¨ ¥£μ ²μ£ ·¨Ë³ , ´ §Ò-
¢ ÕÉ¸Ö · §²μ¦¥´¨Ö³¨ Ëμ±μ¢¸±μ£μ É¨¶ .

‚ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥  ´ ²¨§ ¸É·μ¥´¨Ö ³´μ£μÎ ¸É¨Î´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±-
Í¨° ¢¡²¨§¨ ÉμÎ±¨ É·μ°´μ£μ Ê¤ ·  ´ Î ²¸Ö ¸ ¨¸¸²¥¤μ¢ ´¨Ö · §²μ¦¥´¨° ·¥£Ê-
²Ö·´μ£μ ·¥Ï¥´¨Ö Ψε,0 Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¤²Ö £¥²¨μ¶μ¤μ¡´ÒÌ ¸¨¸É¥³.

…Ð¥ ¢ 1935 £. ¢ · ¡μÉ¥ 	 ·É²¥ÉÉ  ¨ ¤·. [99] ¡Ò²μ ¢¶¥·¢Ò¥ ¶μ± § ´μ, ÎÉμ
É ±μ¥ ·¥Ï¥´¨¥ ´¥²Ó§Ö ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ·Ö¤ 

Ψε,0(a1, a2, a12) =
∞∑

n=0

∞∑
m=0

∞∑
p=0

Cnmp an
1 am

2 ap
12, (2.1)

¸μ¤¥·¦ Ð¥£μ Î¨¸²μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ Cnmp ¨ Í¥²Ò¥ ´¥μÉ·¨Í É¥²Ó´Ò¥ ¸É¥-
¶¥´¨ ¶¥·¥³¥´´ÒÌ a1, a2 ¨ a12.
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—Éμ¡Ò ¤μ± § ÉÓ ÔÉμ ¢ ¦´μ¥ ÊÉ¢¥·¦¤¥´¨¥, ¤μ¸É ÉμÎ´μ § ³¥´¨ÉÓ ¢ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¥³ Ê· ¢´¥´¨¨ ˜·¥¤¨´£¥·  ËÊ´±Í¨Õ Ψε,0 ¥¥ ¨¸±μ³Ò³ ·Ö¤μ³ (2.1),
§ É¥³ ¨§ ¶μ²ÊÎ¨¢Ï¥£μ¸Ö Ê· ¢´¥´¨Ö ¢Ò¢¥¸É¨ Í¥¶μÎ±Ê ·¥±Ê··¥´É´ÒÌ  ²£¥¡· ¨-
Î¥¸±¨Ì Ê· ¢´¥´¨° ¤²Ö ´¥¨§¢¥¸É´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ Cnmp ¨ Ê¡¥¤¨ÉÓ¸Ö ¢ Éμ³,
ÎÉμ É ± Ö Í¥¶μÎ±  ´¥ ¨³¥¥É ´¥É·¨¢¨ ²Ó´μ£μ ·¥Ï¥´¨Ö.

�μ§¦¥ ¢ 1937 £. 	 ·É²¥ÉÉ ¢ [100] Ê± § ² ´  ¸ÊÐ¥¸É¢μ¢ ´¨¥ Ëμ·³ ²Ó´μ£μ
·¥Ï¥´¨Ö Ψε,0 ¢ ¢¨¤¥ ·Ö¤ , ¸μ¤¥·¦ Ð¥£μ ´¥ Éμ²Ó±μ Í¥²Ò¥ ¸É¥¶¥´¨ · ¸¸ÉμÖ´¨°
³¥¦¤Ê Î ¸É¨Í ³¨, ´μ ¨ Í¥²Ò¥ ¸É¥¶¥´¨ ²μ£ ·¨Ë³μ¢ É ±¨Ì · ¸¸ÉμÖ´¨°.

� §²μ¦¥´¨¥ Ëμ·³ ²Ó´μ£μ ·¥Ï¥´¨Ö Ψε,0 Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¤²Ö 1S0-
¸μ¸ÉμÖ´¨Ö  Éμ³  3He ¢¡²¨§¨ ÉμÎ±¨ É·μ°´μ£μ Ê¤ ·  ¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´μ ”μ±μ³
¢ · ¡μÉ¥ [101]. �É  · ¡μÉ  ¡Ò²  ¢Ò¶μ²´¥´  ¶μ ¸²¥¤ÊÕÐ¥° ¸Ì¥³¥. �·μÉμ´
¸Î¨É ²¸Ö ´¥¶μ¤¢¨¦´Ò³ ±Ê²μ´μ¢¸±¨³ Í¥´É·μ³, ¶μ³¥Ð¥´´Ò³ ¢ ´ Î ²μ O ´¥-
¶μ¤¢¨¦´μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É S3. „¢¨¦¥´¨¥ ¤¢ÊÌ Ô²¥±É·μ´μ¢ μ¶¨¸Ò¢ ²μ¸Ó
É·¥Ì³¥·´Ò³ Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥· , § ¶¨¸ ´´Ò³ ¢ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±μ-
μ·¤¨´ É Ì (ra, θa, αa). �¡Ð¥¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ Ψε,0 ÔÉμ£μ Ê· ¢´¥´¨Ö § -
³¥´Ö²μ¸Ó ¨¸±μ³Ò³ ¤¢μ°´Ò³ ·Ö¤μ³ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ £¨¶¥·· ¤¨Ê¸  ra, ¥£μ
²μ£ ·¨Ë³  sa ≡ ln ra ¨ ´¥¨§¢¥¸É´Ò³ ËÊ´±Í¨Ö³ Ψε

nm ¤¢ÊÌ £¨¶¥·Ê£²μ¢:

Ψε,0(ra, θa, αa) =
∞∑

n=0

rn
a

M(n)∑
m=0

sm
a Ψnm(θa, αa). (2.2)

„ ²¥¥ ¤²Ö ËÊ´±Í¨° Ψε
nm ¢Ò¢μ¤¨² ¸Ó ·¥±Ê··¥´É´ Ö Í¥¶μÎ±  ¤¨ËË¥·¥´Í¨ ²Ó-

´ÒÌ Ê· ¢´¥´¨° ¢Éμ·μ£μ ¶μ·Ö¤± , ¸μ¤¥·¦ Ð Ö ±¢ ¤· É ¤¢Ê³¥·´μ£μ μ¶¥· Éμ· 
£¨¶¥·³μ³¥´É  Λ2(θa, αa), ¤²Ö ±μÉμ·μ£μ ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ Ö¢²ÖÕÉ¸Ö
¨§¢¥¸É´Ò¥ ¢ Ö¢´μ³ ¢¨¤¥ £¨¶¥·£ ·³μ´¨±¨ Yλn(θa, αa). ‡ É¥³ ¸ ¶μ³μÐÓÕ · §-
²μ¦¥´¨° ¨¸±μ³ÒÌ ËÊ´±Í¨° Ψnm ¶μ É ±¨³ £¨¶¥·£ ·³μ´¨± ³ ¤μ± §Ò¢ ²μ¸Ó,
ÎÉμ ¶μ²ÊÎ¥´´ Ö Í¥¶μÎ±  · §·¥Ï¨³ ,   ¢¥·Ì´¨° ¶·¥¤¥² ¸Ê³³¨·μ¢ ´¨Ö M(n)
§ ¢¨¸¨É μÉ ¨´¤¥±¸  n ¨ · ¢¥´ Í¥²μ° Î ¸É¨ [n/2] Î¨¸²  n/2. �·¨ ¤μ± § É¥²Ó-
¸É¢¥ μ± § ²μ¸Ó, ÎÉμ ± ¦¤ Ö ËÊ´±Í¨Ö Ψnm ¸μ¤¥·¦¨É M(n) + 1 ´¥¨§¢¥¸É´ÒÌ
Î¨¸²μ¢ÒÌ ±μÔËË¨Í¨¥´Éμ¢ Cp

nm, p = 1, 2, . . . , [n/2] + 1.
�μÔÉμ³Ê ¶μ¸É·μ¥´´μ¥ ”μ±μ³ · §²μ¦¥´¨¥ (2.2) Ö¢²Ö¥É¸Ö ¶·¥¤¸É ¢²¥´¨-

¥³ μ¡Ð¥£μ ·¥£Ê²Ö·´μ£μ, ´μ Ëμ·³ ²Ó´μ£μ ·¥Ï¥´¨Ö ¨¸¸²¥¤μ¢ ´´μ£μ Ê· ¢´¥´¨Ö
˜·¥¤¨´£¥· . …¸²¨ ÔÉμ · §²μ¦¥´¨¥ ¶¥·¥¶¨¸ ÉÓ ¢ ±μμ·¤¨´ É Ì (a1, a2, a12), Éμ
¶μ²ÊÎ¨É¸Ö ·Ö¤

Ψε,0(a1, a2, a12) =
∞∑

n=0

M(n)∑
m=0

Cpqtm ap
1 aq

2 at
12 sm

a , (2.3)

¢ ±μÉμ·μ³ M(n) = [n/2], ¨´¤¥±¸Ò p, q, t Î¨¸²μ¢ÒÌ ±μÔËË¨Í¨¥´Éμ¢ Cpqtm

¶μ¤Î¨´¥´Ò Ê¸²μ¢¨Õ p + q + t = n ¨, ¢ μÉ²¨Î¨¥ μÉ ·Ö¤  (2.1), ¸μ¤¥·¦ É¸Ö
Í¥²Ò¥ ¸É¥¶¥´¨ ²μ£ ·¨Ë³  sa £¨¶¥·· ¤¨Ê¸  ra.
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Š ± μÉ³¥Î ²μ¸Ó ”μ±μ³, ¶·¨ ¢Ò±²ÕÎ¥´¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö V12 ³¥¦¤Ê Ô²¥±-
É·μ´ ³¨ · §²μ¦¥´¨Ö (2.2) ¨ (2.3) ¢Ò·μ¦¤ ÕÉ¸Ö ¢ μ¤´μ±· É´Ò¥ (M(n) = 0)
·Ö¤Ò, ´¥ ¸μ¤¥·¦ Ð¨¥ ²μ£ ·¨Ë³¨Î¥¸±¨Ì ËÊ´±Í¨°. ‘²¥¤μ¢ É¥²Ó´μ, Ë¨§¨Î¥¸± Ö
¶·¨Î¨´ , ¨§-§  ±μÉμ·μ° ÔÉ¨ ·Ö¤Ò ¸μ¤¥·¦ É ¸É¥¶¥´¨ ²μ£ ·¨Ë³ , ¤μ¢μ²Ó´μ ¶·μ-
¸É Ö ¨ § ±²ÕÎ ¥É¸Ö ¢ ´ ²¨Î¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö V12.

�´ ²¨§ ”μ±  ¡Ò² ¶·μ¤μ²¦¥´ �.Œ. …·³μ² ¥¢Ò³. …£μ ¢±² ¤ [102Ä108] ¢
¨¸¸²¥¤μ¢ ´¨¥ ¸É·μ¥´¨Ö ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° μ¶¥· Éμ·  ˜·¥¤¨´£¥·  ¤²Ö £¥-
²¨μ¶μ¤μ¡´ÒÌ ¸¨¸É¥³ Ö¢²Ö¥É¸Ö ËÊ´¤ ³¥´É ²Ó´Ò³. …·³μ² ¥¢ ¶·¥¤²μ¦¨² ¶·¥¤-
¸É ¢²¥´¨Ö [102]

Ψε,J =
∞∑
n

Rn−1
b

[n−J−1]∑
m=0

(ln Rb)mΦJ
nm(θa, αa),

{
n = 1, 3/2, 2, . . . , J = 0,
n = 2, 5/2, 3, . . . , J = 1,

(2.4)
¤ ² ¨¸Î¥·¶Ò¢ ÕÐ¨°  ´ ²¨§ ·¥±Ê··¥´É´μ° Í¥¶μÎ±¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨° ¤²Ö Ê£²μ¢ÒÌ ËÊ´±Í¨° ΦJ

nm, ¤μ± § ² ¥¥ · §·¥Ï¨³μ¸ÉÓ, ¸μ§¤ ² ³¥Éμ¤
¶μ¸É·μ¥´¨Ö É ±¨Ì ËÊ´±Í¨°, ¶μ§¢μ²ÖÕÐ¨° ¢Ò¤¥²¨ÉÓ ¢ Ö¢´μ³ ¢¨¤¥ ¨Ì μ¸μ¡¥´-
´μ¸É¨ ¢ ÉμÎ± Ì ¶ ·´ÒÌ ¸μÊ¤ ·¥´¨° ¤¢ÊÌ Ô²¥±É·μ´μ¢ (αa = π) ¨ ± ¦¤μ£μ
Ô²¥±É·μ´  ¸ ´¥¶μ¤¢¨¦´Ò³ Ö¤·μ³ (αa = 0) ¨ ¢¶¥·¢Ò¥ ¶μ¸É·μ¨² É¥μ·¨Õ ¢μ§³Ê-
Ð¥´¨° [103, 104] ¶μ ¢§ ¨³μ¤¥°¸É¢¨Õ ³¥¦¤Ê Ô²¥±É·μ´ ³¨, ¢ ±μÉμ·μ° ± ¦¤μ¥
¶·¨¡²¨¦¥´¨¥ ¸É·μ¨É¸Ö ¢ ¢¨¤¥ ¤¢μ°´μ£μ ·Ö¤  ¶μ ¸É¥¶¥´Ö³ Rn

b ¨ (ln Rb)m.
� §²¨Î¨¥ ¸É·μ¥´¨Ö ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨°, μ¡² ¤ ÕÐ¨Ì · §´μ° ¶¥·¥¸É -

´μ¢μÎ´μ° ¸¨³³¥É·¨¥°, ´ £²Ö¤´μ ¤¥³μ´¸É·¨·ÊÕÉ ¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´´Ò¥ …·³μ-
² ¥¢Ò³ Ö¢´Ò¥ ¶μ¤¸Ê³³Ò ·Ö¤μ¢ (2.4):

Ψε,0(b1, b2, b12) = 1 − z3(b1 + b2) + b12/2−

− (z3/6) (1/π − 2) (b2
1 + b2

2 − b2
12) ln(b2

1 + b2
2) + . . . ,

Ψε,1(b1, b2, b12) = b2
1 − b2

2 − (z3/3)(b1 − b2)(2b2
1 + 5b1b2 + 2b2

2)+

+(b12/4)b12(b2
1−b2

2)−(z3/8) (7/π−2)(b2
1−b2

2)(b
2
1+b2

2−b2
12) ln (b2

1+b2
2)+ . . .

‘²¥¤ÊÕÐ¨° ¨ ´¥¨§¡¥¦´Ò° ÔÉ ¶  ´ ²¨§  Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¤²Ö 1S0-
¸μ¸ÉμÖ´¨Ö  Éμ³  3He § ±²ÕÎ ²¸Ö ¢ ¶μ¸²¥¤μ¢ É¥²Ó´μ³ ·¥Ï¥´¨¨ ¤¢ÊÌ § ¤ Î:
¤μ± § É¥²Ó¸É¢¥ ¸Ìμ¤¨³μ¸É¨ · §²μ¦¥´¨Ö (2.2) μ¡Ð¥£μ ·¥Ï¥´¨Ö Ψε,0 ¨ ¢Ò¤¥²¥-
´¨¨ ¨§ ÔÉμ£μ ·¥Ï¥´¨Ö Î ¸É´μ£μ (Ë¨§¨Î¥¸±μ£μ) ·¥Ï¥´¨Ö Ψε,0

phys, ¶μ¤Î¨´¥´´μ£μ
¢¶μ²´¥ μ¶·¥¤¥²¥´´Ò³ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³ ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ £¨¶¥·· -
¤¨Ê¸  rb ¨ ¶μÔÉμ³Ê Ö¢²ÖÕÐ¥£μ¸Ö ¢μ²´μ¢μ° ËÊ´±Í¨¥°. ’ ±¨¥ Ê¸²μ¢¨Ö ¢ § ¤ Î¥
´  ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö, ±μ£¤  ¶μ²´ Ö Ô´¥·£¨Ö E μÉ·¨Í É¥²Ó´ Ö, μ¡¥¸¶¥Î¨-
¢ ÕÉ ±¢ ¤· É¨Î´ÊÕ ¨´É¥£·¨·Ê¥³μ¸ÉÓ ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψε,0

phys(ra, θa, αa) ¶μ
¢¸¥³ ¥¥  ·£Ê³¥´É ³.

Œ Í¥± ¢ [109] ¢¶¥·¢Ò¥ ¶μ± § ², ÎÉμ ¶·¨ ra < (−8E)1/2 · §²μ¦¥´¨¥ (2.2)
Ö¢²Ö¥É¸Ö ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³μ° ¶μ ¶¥·¥³¥´´Ò³ θa ¨ αa ËÊ´±Í¨¥°. �μ-
ÉμÎ¥Î´ Ö ¸Ìμ¤¨³μ¸ÉÓ ÔÉμ£μ · §²μ¦¥´¨Ö ¶·¨ ²Õ¡μ° ±μ³¶²¥±¸´μ° Ô´¥·£¨¨ E,
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´μ ¶·¨ ±μ´¥Î´μ³ §´ Î¥´¨¨ £¨¶¥·· ¤¨Ê¸  ra ¢¶¥·¢Ò¥ ¤μ± § ´  Œμ·£ ´μ³
¢ [110].

Š ± μÉ³¥Î ²μ¸Ó ¢ [105],   § É¥³ ¢ [111], ¢μ²´μ¢ Ö ËÊ´±Í¨Ö  Éμ³  3He
Ö¢²Ö¥É¸Ö Ëμ±μ¢¸±¨³ ·Ö¤μ³ (2.2) ¶·¨ ¢¶μ²´¥ μ¶·¥¤¥²¥´´ÒÌ §´ Î¥´¨ÖÌ ¥£μ ´¥-
¨§¢¥¸É´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ Cp

nm, ±μÉμ·Ò¥ ¢ ¶·¨´Í¨¶¥ ³μ¦´μ μ¶·¥¤¥²¨ÉÓ, ¨¸-
¶μ²Ó§ÊÖ ¨§¢¥¸É´Ò¥ Ô±¸¶μ´¥´Í¨ ²Ó´μ Ê¡Ò¢ ÕÐ¨¥ ¢ ¶·¥¤¥²¥ ¡μ²ÓÏ¨Ì §´ Î¥´¨°
¶¥·¥³¥´´ÒÌ a1, a2 ¨ a12  ¸¨³¶ÉμÉ¨±¨ ÔÉμ° ËÊ´±Í¨¨.

�¤´ ±μ ÔÉμÉ ¶μ¤Ìμ¤ ¤μ ¸¨Ì ¶μ· ´¥ ·¥ ²¨§μ¢ ´,   ´ ¨¡μ²¥¥ ¶·μ¸ÉÒ³ ¸¶μ-
¸μ¡μ³ ¢ÒÎ¨¸²¥´¨Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° £¥²¨μ¶μ¤μ¡´ÒÌ
¸¨¸É¥³ μ± § ²¸Ö ¢ ·¨ Í¨μ´´Ò° ³¥Éμ¤ �Ô²¥ÖÄ�¨ÉÍ  [7].

•¨²²¥·  ¸ ¢ · ¡μÉ¥ [112], ¸É ¢Ï¥° ±² ¸¸¨Î¥¸±μ°, ¶·¥¤²μ¦¨² ¨¸¶μ²Ó§μ-
¢ ÉÓ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° £¥²¨μ¶μ¤μ¡´ÒÌ
¸¨¸É¥³ ¢ ·¨ Í¨μ´´Ò°  ´§ Í ¢ ¢¨¤¥ ±μ´¥Î´μ£μ · §²μ¦¥´¨Ö ¶μ Ô±¸¶μ´¥´Í¨ ²Ó-
´Ò³ ¨ ¶μ²¨´μ³¨ ²Ó´Ò³ ËÊ´±Í¨Ö³ · ¸¸ÉμÖ´¨° a1, a2, a12. ’ ±μ¥ · §²μ¦¥´¨¥
¸¢μ¤¨É¸Ö ± ·Ö¤Ê (2.1), ±μÉμ·Ò° ´¥ Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· .
�μÔÉμ³Ê ¶μ§¦¥ ¢ ¸¥·¨¨ · ¡μÉ [113Ä116] Ì¨²²¥·  ¸μ¢¸±¨°  ´§ Í ¡Ò² ³μ¤¨Ë¨-
Í¨·μ¢ ´ ¤μ¡ ¢²¥´¨¥³ ³´μ¦¨É¥²¥°, Ö¢²ÖÕÐ¨Ì¸Ö Í¥²Ò³¨ ¸É¥¶¥´Ö³¨ ²μ£ ·¨Ë-
³¨Î¥¸±μ° ËÊ´±Í¨¨ ln(a1 + a2).

‚ [103] …·³μ² ¥¢ ¶·¥¤²μ¦¨² ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö μ¸´μ¢´ÒÌ 1S0-
¸μ¸ÉμÖ´¨° £¥²¨μ¶μ¤μ¡´ÒÌ ¸¨¸É¥³ ¢ ·¨ Í¨μ´´μ¥ ¶·¥¤¸É ¢²¥´¨¥, ¢μ¸¶·μ¨§¢μ-
¤ÖÐ¥¥ ¢ Ö¢´μ³ ¢¨¤¥ ±μ´¥Î´ÊÕ ¶μ¤¸Ê³³Ê · §²μ¦¥´¨Ö (2.4):

Ψ̃ε,0 = exp
[
−K f(αa)

√
Rb

] N+1∑
n=1,3/2,2,...

Rn−1
b

[n−1]∑
m=0

(ln Rb)mΦ̃0
nm(θa, αa);

(2.5)
N < ∞, K > 0, f(αa) ≡ sin (αa/2) + cos (αa/2).

‚ ÔÉμ³ ¶·¥¤¸É ¢²¥´¨¨ Ô±¸¶μ´¥´Í¨ ²Ó´Ò° ³´μ¦¨É¥²Ó μ¡¥¸¶¥Î¨¢ ² ±¢ ¤· É¨Î-
´ÊÕ ¨´É¥£·¨·Ê¥³μ¸ÉÓ ¨¸±μ³μ° ËÊ´±Í¨¨ Ψ̃ε,0 ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ¶¥·¥-
³¥´´μ° Rb, c ¶μ³μÐÓÕ ËÊ´±Í¨¨ f ÊÎ¨ÉÒ¢ ²¨¸Ó μ¸μ¡¥´´μ¸É¨, ¶μ·μ¦¤¥´´Ò¥
¶ ·´Ò³¨ ¸μÊ¤ ·¥´¨Ö³¨,   ±μÔËË¨Í¨¥´É K ¨ ¢¸¥ ´¥μ¶·¥¤¥²¥´´Ò¥ ±μÔËË¨Í¨-
¥´ÉÒ Cp

nm, ¸μ¤¥·¦ Ð¨¥¸Ö ¢ ¶·¥¤¢ ·¨É¥²Ó´μ ¢ÒÎ¨¸²¥´´ÒÌ Ê£²μ¢ÒÌ ËÊ´±Í¨ÖÌ
Φ̃0

nm, ¸Î¨É ²¨¸Ó ¢ ·¨ Í¨μ´´Ò³¨ ¶ · ³¥É· ³¨.
‚ ¶μ¸²¥¤μ¢ ¢Ï¨Ì · ¡μÉ Ì [106Ä108] ¶·¥¤¸É ¢²¥´¨¥ (2.5) ¸ N = 37 ¨¸-

¶μ²Ó§μ¢ ²μ¸Ó ¤²Ö ¢ÒÎ¨¸²¥´¨Ö Ô´¥·£¨° μ¸´μ¢´ÒÌ 1S0-¸μ¸ÉμÖ´¨° £¥²¨μ¶μ¤μ¡-
´ÒÌ  Éμ³μ¢ ¸ z3 = 2, 3, . . . , 12; 15, 20.

‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ¢ÒÎ¨¸²¥´´ Ö ¢ ÔÉ¨Ì ¤ ¢´¨Ì · ¡μÉ Ì ¢¥·Ì´ÖÖ ¢ ·¨ -
Í¨μ´´ Ö μÍ¥´±  Ẽ = −2,9037238  . ¥. ¤²Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö  Éμ³ 
3He ¸ ÉμÎ´μ¸ÉÓÕ ¤μ Ï¥¸É¨ §´ ±μ¢ ¸μ¢¶ ¤ ¥É ¸ ²ÊÎÏ¨³¨ ´  ¸¥£μ¤´ÖÏ´¨° ¤¥´Ó
μÍ¥´± ³¨, ±μÉμ·Ò³¨ ¸Î¨É ÕÉ¸Ö ¶μ²ÊÎ¥´´ Ö ¢ [117] μÍ¥´± 

Ẽ = −2, 903724377034119598297  . ¥., ¨ ¶μ¤É¢¥·¦¤ ÕÐ Ö ¥¥ μÍ¥´± 

Ẽ = −2, 903724377034119598159  . ¥., ¢ÒÎ¨¸²¥´´ Ö ¶μ§¦¥ ¢ [118].
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�¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢, ¢Ò¶μ²´¥´´ÒÌ ¢ Ê¶μ³Ö´ÊÉÒÌ ¢ÒÏ¥ · ¡μÉ Ì [106Ä108]
¨ [113Ä116], ¨ Ö¢²ÖÕÉ¸Ö Ê¡¥¤¨É¥²Ó´Ò³ ¤μ± § É¥²Ó¸É¢μ³ ¸²¥¤ÊÕÐ¥£μ ÊÉ¢¥·¦¤¥-
´¨Ö: ¢±²ÕÎ¥´¨¥ ²μ£ ·¨Ë³¨Î¥¸±¨Ì ËÊ´±Í¨° ¢ ¢ ·¨ Í¨μ´´Ò¥ ¶·μ¡´Ò¥ ËÊ´±-
Í¨¨ ¸ÊÐ¥¸É¢¥´´μ Ê³¥´ÓÏ ¥É Î¨¸²μ ´¥μ¡Ìμ¤¨³ÒÌ ¤²Ö · ¸Î¥É  ¢ ·¨ Í¨μ´´ÒÌ
¶ · ³¥É·μ¢ ¨ § ³¥É´μ Ê¸±μ·Ö¥É ¸Ìμ¤¨³μ¸ÉÓ ¢ÒÎ¨¸²Ö¥³μ° Ô´¥·£¨¨ ¸¢Ö§ ´´μ£μ
¸μ¸ÉμÖ´¨Ö £¥²¨μ¶μ¤μ¡´μ£μ  Éμ³  ± ¥¥ ÉμÎ´μ³Ê §´ Î¥´¨Õ.

„ ²¥¥ · §²μ¦¥´¨Ö Ëμ·³ ²Ó´ÒÌ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ˜·¥¤¨´-
£¥·  ¨²¨ ” ¤¤¥¥¢ , ¸μ¤¥·¦ Ð¨¥ ¢¡²¨§¨ ÉμÎ±¨ É·μ°´μ£μ Ê¤ ·  Í¥²Ò¥ ¸É¥¶¥´¨
£¨¶¥·· ¤¨Ê¸  ¨ ¥£μ ²μ£ ·¨Ë³ , ´ §Ò¢ ÕÉ¸Ö · §²μ¦¥´¨Ö³¨ Ëμ±μ¢¸±μ£μ É¨¶ .
�Ö¤Ò (2.2) ¨ (2.3) Å ¶·¨³¥·Ò É ±¨Ì · §²μ¦¥´¨°.

‚ · ¡μÉ Ì [103, 105] ¢¶¥·¢Ò¥ ¢Ò¶μ²´¥´μ μ¡μ¡Ð¥´¨¥ Ëμ±μ¢¸±μ£μ · §²μ-
¦¥´¨Ö (2.2) ¤²Ö ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , μ¶¨¸Ò¢ ÕÐ¥£μ
³´μ£μÔ²¥±É·μ´´Ò°  Éμ³, ¨ ¶μ± § ´μ, ÎÉμ ²Õ¡μ¥ É ±μ¥ ·¥Ï¥´¨¥ ¢ μ¡² ¸É¨,
£¤¥ · ¸¸ÉμÖ´¨¥ ai μÉ ²Õ¡μ£μ (i = 1, 2, . . . , N > 2) Ô²¥±É·μ´  ¤μ Ö¤·  ³ ²μ,
¸μ¤¥·¦¨É Í¥²Ò¥ ¸É¥¶¥´¨ £¨¶¥·· ¤¨Ê¸  rN ≡ (a2

1 + a2
2 + . . . + a2

n)1/2 ¨ ¥£μ
²μ£ ·¨Ë³ . �¡μ¡Ð¥´¨Ö É ±μ£μ É¨¶  ¤¥É ²Ó´μ ¨¸¸²¥¤μ¢ ²¨¸Ó ¢μ ³´μ£¨Ì ¶μ-
¸²¥¤μ¢ ¢Ï¨Ì · ¡μÉ Ì (¸³. ¸É ÉÓÕ [119] ¨ ¸¸Ò²±¨ ¢ ´¥°).

‚ ¨§¢¥¸É´μ³ μ¡§μ·¥, ¶·¥¤¸É ¢²¥´´μ³ ¢ ¢¨¤¥ É·¥Ì ¸É É¥° [120Ä122], ¤ ´
¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ μ£·μ³´μ£μ Î¨¸²  · ¡μÉ ¶μ ¨¸¸²¥¤μ¢ ´¨Õ ¨ μ¡μ¡Ð¥-
´¨Õ Ëμ±μ¢¸±μ£μ · §²μ¦¥´¨Ö ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¤²Ö  Éμ³´ÒÌ
¸¨¸É¥³ ¨§ É·¥Ì ¨ ¡μ²¥¥ Î ¸É¨Í ¸ ¶ ·´Ò³¨ Î¨¸Éμ ±Ê²μ´μ¢¸±¨³¨ ¢§ ¨³μ¤¥°-
¸É¢¨Ö³¨ ¨ · §²¨Î´Ò³¨ É¨¶ ³¨ ¸¨³³¥É·¨¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨. 	μ²ÓÏ¨´¸É¢μ
· ¡μÉ, ¶·μÍ¨É¨·μ¢ ´´ÒÌ ¢ ÔÉμ³ μ¡§μ·¥, ¢Ò¶μ²´¥´Ò ¶μ ¶·¥¤¸É ¢²¥´´μ° ¢ÒÏ¥
¨ ¸É ¢Ï¥° ±² ¸¸¨Î¥¸±μ° Ëμ±μ¢¸±μ° ¸Ì¥³¥, ¢ ±μÉμ·μ° ¨§´ Î ²Ó´μ ¶·¥¤¶μ² -
£ ¥É¸Ö ´ ²¨Î¨¥ Í¥²ÒÌ ¸É¥¶¥´¥° ²μ£ ·¨Ë³  £¨¶¥·· ¤¨Ê¸  ¢ · §²μ¦¥´¨¨ ¨¸±μ-
³μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨,   ±²ÕÎ¥¢Ò³¨ Ö¢²ÖÕÉ¸Ö ¤¢Ê³¥·´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥
Ê· ¢´¥´¨Ö.

�²ÓÉ¥·´ É¨¢´Ò° ¶μ¤Ìμ¤ [123Ä125] ±  ´ ²¨§Ê Ëμ±μ¢¸±¨Ì · §²μ¦¥´¨° μ¸-
´μ¢ ´ ´  ¨§¢¥¸É´μ³ ¢ É¥μ·¨¨ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [1,
2] ¶·¥¤¸É ¢²¥´¨¨ μ¡Ð¥£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö ±μ´¥Î´μ° ¸¨¸É¥³Ò ¤¨ËË¥·¥´-
Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ ¢¨¤¥ ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ ¢¸¥Ì Î ¸É´ÒÌ ·¥Ï¥´¨°,
μ¡· §ÊÕÐ¨Ì ËÊ´¤ ³¥´É ²Ó´ÊÕ ¸¨¸É¥³Ê ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° (”‘��).

‚ ÔÉμ³ ¶μ¤Ìμ¤¥ ¸É ·Éμ¢μ° Ö¢²Ö¥É¸Ö ¡¥¸±μ´¥Î´ Ö ¸¨¸É¥³  μ¤´μ³¥·´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¢ £¨¶¥·¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥, ´μ
¢³¥¸Éμ É ±μ° ¸¨¸É¥³Ò ¨¸¸²¥¤Ê¥É¸Ö ¥¥ ±μ´¥Î´ Ö ¶μ¤¸¨¸É¥³ . ‘´ Î ²  ¥¥ ± -
¦¤μ¥ ËÊ´¤ ³¥´É ²Ó´μ¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¤¢μ°´Ò³ ·Ö¤μ³,
¸μ¤¥·¦ Ð¨³ Í¥²Ò¥ ¸É¥¶¥´¨ £¨¶¥·· ¤¨Ê¸  r, ¥£μ ²μ£ ·¨Ë³  s = ln r ¨ ´¥-
¨§¢¥¸É´Ò¥ Î¨¸²μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ. ‡ É¥³ ¤²Ö É ±¨Ì ±μÔËË¨Í¨¥´Éμ¢ ¢Ò-
¢μ¤¨É¸Ö ¨ ¨¸¸²¥¤Ê¥É¸Ö ´  μ¤´μ§´ Î´ÊÕ · §·¥Ï¨³μ¸ÉÓ ·¥±Ê·p¥´É´ Ö Í¥¶μÎ± 
³ É·¨Î´ÒÌ Ê· ¢´¥´¨°. �μ¸²¥ ÔÉμ£μ μ¡Ð¥¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ Ψ ¨¸Ìμ¤´μ£μ
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ ¢¸¥Ì
´ °¤¥´´ÒÌ · §²μ¦¥´¨° ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨°, Ê³´μ¦¥´´ÒÌ ´  ¸μμÉ¢¥É¸É¢Ê-
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ÕÐ¨¥ £¨¶¥·£ ·³μ´¨±¨. ‡ ¤ Î  ¸Ê³³¨·μ¢ ´¨Ö ¶μ²ÊÎ¥´´μ£μ ¢ ¨Éμ£¥ ¸²μ¦´μ£μ
³´μ£μ±· É´μ£μ ·Ö¤  ¢ § ³±´ÊÉμ¥ ¢Ò· ¦¥´¨¥ ¤²Ö Ψ ¶·¥¤¸É ¢²Ö¥É¸Ö ´¥· §·¥-
Ï¨³μ°.

�¥μ¡Ìμ¤¨³μ ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ¢ ´¥¤ ¢´¥° · ¡μÉ¥ [126], ± ± ¨ ¢ μ¡¸Ê-
¦¤ ¥³ÒÌ ´¨¦¥ · ¡μÉ Ì [77, 78], É¨¶¨Î´μ¥ ¤²Ö ³´μ£¨Ì ¨¸¸²¥¤μ¢ ´¨° ¶·¥¤-
¶μ²μ¦¥´¨¥ μ ´ ²¨Î¨¨ Í¥²ÒÌ ¸É¥¶¥´¥° ²μ£ ·¨Ë³  £¨¶¥·· ¤¨Ê¸  ¢ · §²μ¦¥-
´¨ÖÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ ·  ´¥ É·¥¡Ê¥É¸Ö,   ¤μ± -
§Ò¢ ¥É¸Ö.

�μÖ¸´¨³ ¸Ì¥³Ê ¶·¥¤²μ¦¥´´μ£μ ¢ [126] ¶μ¤Ìμ¤  ± ¨¸¸²¥¤μ¢ ´¨Õ  ¸¨³-
¶ÉμÉ¨± ·¥Ï¥´¨Ö Ψε,0(b1, b2, b12) Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¤²Ö ¸¨¸É¥³Ò ¨§ ¤¢ÊÌ
Ô²¥±É·μ´μ¢ ¨ Ö¤·  3

2He ¢ ¶·¥¤¥²¥ ³ ²ÒÌ ¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨° £¨¶¥·· ¤¨Ê¸ 
rb =

√
Rb. ‚ ÔÉμ³ ¶μ¤Ìμ¤¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö ±μμ·¤¨´ ÉÒ (rb, αa, θa),   ¨¸Ìμ¤´μ¥

Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸¢μ¤¨É¸Ö ± ¸¨¸É¥³¥ ¤¢ÊÌ Ê· ¢´¥´¨° ¶μ¤¸É ´μ¢±μ°

Ψε,0 = A(rb, ϕa, θa) exp [−rb χ(ϕa, θa)] . (2.6)

�¥·¢μ¥ Ê· ¢´¥´¨¥ ¸μ¤¥·¦¨É Éμ²Ó±μ ËÊ´±Í¨Õ χ,   ¢Éμ·μ¥ Ê· ¢´¥´¨¥ Å μ¡¥
¨¸±μ³Ò¥ ËÊ´±Í¨¨ A ¨ χ. ’·¨ Ë¨§¨Î¥¸±¨ ¶·¨¥³²¥³ÒÌ ·¥Ï¥´¨Ö ¶¥·¢μ£μ
Ê· ¢´¥´¨Ö ´ Ìμ¤ÖÉ¸Ö ¢ Ö¢´μ³ ¢¨¤¥,   ·¥Ï¥´¨¥ A ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ¸É·μ¨É¸Ö
¢ ¢¨¤¥ ¡¥¸±μ´¥Î´μ£μ ·Ö¤ , ¸μ¤¥·¦ Ð¥£μ ¨¸±μ³Ò¥ ËÊ´±Í¨¨ ak

nm(rb) ¨ ¨§¢¥¸É-

´Ò¥ Ê£²μ¢Ò¥ ËÊ´±Í¨¨ fnm, ¢Ò· ¦¥´´Ò¥ Î¥·¥§ ¶μ²¨´μ³Ò Ÿ±μ¡¨ P
(m,0)
n . „ ²¥¥

¤²Ö ËÊ´±Í¨° ak
nm(rb) ¢Ò¢μ¤¨É¸Ö ·¥±Ê··¥´É´ Ö ¶μ ¨´¤¥±¸Ê k ¨ ¡¥¸±μ´¥Î´ Ö

¶μ ¨´¤¥±¸ ³ n ¨ m Í¥¶μÎ±  ´¥μ¤´μ·μ¤´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
¢Éμ·μ£μ ¶μ·Ö¤± . �É¨ Ê· ¢´¥´¨Ö Ê¸É·μ¥´Ò ¤μ¢μ²Ó´μ ¸²μ¦´μ, ¶μÉμ³Ê ÎÉμ ¨Ì
¶· ¢Ò¥ Î ¸É¨ ¸μ¤¥·¦ É Î¨¸²μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ, ¶·¥¤¸É ¢²¥´´Ò¥ ¡¥¸±μ´¥Î-
´Ò³¨ ·Ö¤ ³¨, ¸² £ ¥³Ò³¨ ±μÉμ·ÒÌ Ö¢²ÖÕÉ¸Ö ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¤¨ËË¥-
·¥´Í¨ ²Ó´ÒÌ μ¶¥· Éμ·μ¢. ‚¸¥ ¨¸±μ³Ò¥ ËÊ´±Í¨¨ ak

nm(rb) ¢ ¶·¨´Í¨¶¥ ³μ¦´μ
¢Ò· §¨ÉÓ Î¥·¥§ É ±¨¥ ·Ö¤Ò, ´μ ¶·μ¡²¥³  ¸Ê³³¨·μ¢ ´¨Ö ¶μ²ÊÎ¥´´ÒÌ É ±¨³
μ¡· §μ³ ¶·¥¤¸É ¢²¥´¨° ËÊ´±Í¨¨ (2.6) ¢ § ³±´ÊÉμ¥ ¢Ò· ¦¥´¨¥ μ¸É ¥É¸Ö μÉ-
±·ÒÉμ°.

�É³¥É¨³, ÎÉμ ¶·¥¤¸É ¢²¥´¨¥ (2.6) ¸¶· ¢¥¤²¨¢μ ¶·¨ ¢¸¥Ì §´ Î¥´¨ÖÌ  ·-
£Ê³¥´Éμ¢ ¨ Ê¸É·μ¥´μ ¡μ²¥¥ ¶·μ¸Éμ, Î¥³ ¤ ¢´μ ¨§¢¥¸É´Ò°  ´§ Í �. �¥É¥·-
±μ¶  [20]

Ψε,0 = r
−5/2
b exp[igr + if(ϕa, θa) ln(grb) ]

∑
nm

Ψnm(ϕa, θa) (grb)n [ln(grb)]m,

¢ ±μÉμ·μ³ §´ Î¥´¨Ö ±μ´¸É ´ÉÒ g ¨ ËÊ´±Í¨° f ¨ Ψnm ¶μ¤²¥¦ É μ¶·¥-
¤¥²¥´¨Õ.

�¢Éμ·Ò · ¡μÉÒ [29] ´ Î ²¨ μ¡μ¡Ð¥´¨¥ Ëμ±μ¢¸±μ£μ · §²μ¦¥´¨Ö ¢ · ³± Ì
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ´  ¸²ÊÎ ° ¶·μ¨§¢μ²Ó´ÒÌ ³ ¸¸ Î -
¸É¨Í ¨ Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°, ¶·¥¤¸É ¢¨³ÒÌ ·Ö¤ ³¨ ¶μ Í¥²Ò³
¸É¥¶¥´Ö³ xn, n = −1, 0, . . ., · ¸¸ÉμÖ´¨Ö x ³¥¦¤Ê ¤¢Ê³Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨
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Î ¸É¨Í ³¨. �·¥¤²μ¦¥´´Ò°  ¢Éμ· ³¨ ¢Ò¢μ¤ · §²μ¦¥´¨Ö Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ-
´¥´É Ψ1, Ψ2, Ψ3, ¶μ¤Î¨´¥´´ÒÌ ¸¨¸É¥³¥ É·¥Ì Ï¥¸É¨³¥·´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢ , ¢Ò¶μ²´¥´ ¶μ Ëμ±μ¢¸±μ° ¸Ì¥³¥. �É¨ ±μ³¶μ´¥´ÉÒ
¸É·μ¨²¨¸Ó ¢ ¢¨¤¥ Ëμ±μ¢¸±¨Ì ·Ö¤μ¢ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ rn ¨ sm ¶¥·¥³¥´´ÒÌ
r ¨ s ≡ ln r ¨ ËÊ´±Í¨Ö³ Ψnm

i (Ωi), i = 1, 2, 3, § ¢¨¸ÖÐ¨³ μÉ ¸μ¢μ±Ê¶´μ-
¸É¥° Ωi ¶ÖÉ¨ £¨¶¥·Ê£²μ¢ ¨ ¶μ¤Î¨´¥´´Ò³ ·¥±Ê··¥´É´μ° Í¥¶μÎ±¥ ¤¨ËË¥·¥´-
Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. �¥Ï¥´¨Ö ¥¥ ¶¥·¢ÒÌ É·¥Ì Ê· ¢´¥´¨°  ¢Éμ·Ò ¶μ²ÊÎ¨²¨
¢ Ö¢´μ³ ¢¨¤¥.

’μÎ´μ¥ ·¥Ï¥´¨¥ ¸²¥¤ÊÕÐ¨Ì Ê· ¢´¥´¨° Å μÎ¥´Ó É·Ê¤´ Ö § ¤ Î , ¶μÉμ³Ê
ÎÉμ ¨Ì ¶· ¢Ò¥ Î ¸É¨ Ê¸É·μ¥´Ò ¤μ¢μ²Ó´μ ¸²μ¦´μ,   Î¨¸²μ ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥-
³¥´´ÒÌ, · ¢´μ¥ ¶ÖÉ¨, ¸²¨Ï±μ³ ¢¥²¨±μ. —¨¸²¥´´Ò°  ´ ²¨§ É ±¨Ì Ê· ¢´¥´¨°
¶·¨´Í¨¶¨ ²Ó´μ ´¥¢μ§³μ¦¥´ ¶μ ¶·μ¸Éμ° ¶·¨Î¨´¥: ¨¸±μ³Ò¥ ËÊ´±Í¨¨ Ψnm

i ¸μ-
¤¥·¦ É ¢ ± Î¥¸É¢¥ ¸² £ ¥³ÒÌ μ¡Ð¨¥ ·¥Ï¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì μ¤´μ·μ¤´ÒÌ
Ê· ¢´¥´¨°, ÔÉ¨ ¸² £ ¥³Ò¥ μ¶·¥¤¥²¥´Ò ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶·μ¨§¢μ²Ó´ÒÌ ³´μ¦¨-
É¥²¥°,   § Ë¨±¸¨·μ¢ ÉÓ ¨Ì §´ Î¥´¨Ö ¡¥§ ¶μÉ¥·¨ μ¡Ð´μ¸É¨ ´¥²Ó§Ö.

‚¸¥ ¶¥·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥ É·Ê¤´μ¸É¨ Ê¤ ²μ¸Ó ¶·¥μ¤μ²¥ÉÓ ¢ · ³± Ì ¤·Ê-
£μ£μ ¶μ¤Ìμ¤  [77] ± ¢Ò¢μ¤Ê · §²μ¦¥´¨° Ëμ±μ¢¸±μ£μ É¨¶ , ´μ ²¨ÏÓ ¢ ¸²ÊÎ ¥
É·¥Ì Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í ¸ S-¢μ²´μ¢Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨. ‚ ÔÉμ³ ¶μ¤-
Ìμ¤¥ ¨¸Ìμ¤´Ò³¨ Ö¢²ÖÕÉ¸Ö ¤¢Ê³¥·´Ò¥ ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö
” ¤¤¥¥¢ ,   ¨Ì μ¡Ð¥¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ²¨´¥°´μ° ±μ³¡¨-
´ Í¨¥° ¶·μ¨§¢μ²Ó´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ ¨ ËÊ´¤ ³¥´É ²Ó´ÒÌ ·¥Ï¥´¨°. Š ¦¤μ¥
ËÊ´¤ ³¥´É ²Ó´μ¥ ·¥Ï¥´¨¥ ¸É·μ¨É¸Ö ¢ ¢¨¤¥ ·Ö¤  ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ rn ¨ sm ¨
ËÊ´±Í¨Ö³ UL�

nm(ϕ), § ¢¨¸ÖÐ¨³ ²¨ÏÓ μÉ μ¤´μ£μ £¨¶¥·Ê£²  ϕ = ϕ1 ¨ ¶μ¤Î¨´¥´-
´Ò³ ·¥±Ê··¥´É´μ° Í¥¶μÎ±¥ μ¡Ò±´μ¢¥´´ÒÌ ´¥μ¤´μ·μ¤´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ¢Éμ·μ£μ ¶μ·Ö¤±  ¸ μ¤´μ·μ¤´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨. ’ ± Ö ·¥-
±Ê··¥´É´ Ö ±· ¥¢ Ö § ¤ Î  ¤μ¢μ²Ó´μ ¶·μ¸É  ¨, ÎÉμ ¸ ³μ¥ £² ¢´μ¥, ´¥ ¸μ¤¥·¦¨É
´¨± ±¨Ì ´¥μ¶·¥¤¥²¥´´ÒÌ ±μÔËË¨Í¨¥´Éμ¢. �μÔÉμ³Ê ·¥Ï¥´¨¥ ¤μ¢μ²Ó´μ ¡μ²Ó-
Ïμ£μ Î¨¸²  ¥¥ ¶¥·¢ÒÌ Ê· ¢´¥´¨° ´¥ ¢Ò§Ò¢ ¥É ¶·¨´Í¨¶¨ ²Ó´ÒÌ § É·Ê¤´¥´¨°.
„²Ö ·¥Ï¥´¨Ö ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¨ ¨§¢¥¸É´Ò¥ Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò [9], ¨ ¶·¥¤-
²μ¦¥´´Ò° ¢ [77] ¸¶μ¸μ¡ ¶μ¸É·μ¥´¨Ö ËÊ´±Í¨° UL�

nm ¢ ¢¨¤¥ ·Ö¤μ¢ ¶μ § ¤ ´´Ò³
Ëμ·³Ê² ³¨ (1.8) ¸μ¡¸É¢¥´´Ò³ ËÊ´±Í¨Ö³ W̃Lab ¨´É¥£· ²Ó´ÒÌ μ¶¥· Éμ·μ¢, ¸μ-
¤¥·¦ Ð¨Ì¸Ö ¢ ¤¢Ê³¥·´ÒÌ Ë ¤¤¥¥¢¸±¨Ì Ê· ¢´¥´¨ÖÌ.

‚ [67] ±· É±μ μ¡¸Ê¦¤ ²μ¸Ó μ¡μ¡Ð¥´¨¥ [76] μ¶¨¸ ´´μ£μ ¢ÒÏ¥ ³¥Éμ¤ 
´  ¸²ÊÎ ° É·¥Ì · §´ÒÌ Î ¸É¨Í ¸ Í¥´É· ²Ó´Ò³¨ ¶ ·´Ò³¨ ¢§ ¨³μ¤¥°-
¸É¢¨Ö³¨. ˆ¸Î¥·¶Ò¢ ÕÐ¥¥ μ¶¨¸ ´¨¥ É ±μ£μ μ¡μ¡Ð¥´¨Ö ¨ ¥£μ ¶·¨²μ¦¥´¨°
¤ ´μ ¢ [78].

�¨¦¥ ¢ ¶. 2.2Ä2.5 ¸Ê³³¨·ÊÕÉ¸Ö ·¥§Ê²ÓÉ ÉÒ · ¡μÉ [76Ä78]. Š ± ¨ ¢ ÔÉ¨Ì · -
¡μÉ Ì, cÎ¨É ¥É¸Ö, ÎÉμ ¢ ¸¨¸É¥³¥ É·¥Ì Î ¸É¨Í ¢¸¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Ö¢²Ö-
ÕÉ¸Ö Í¥´É· ²Ó´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ ¡μ²¥¥ μ¡Ð¥£μ ¢¨¤  (1.31), Î¥³ ±Ê²μ-
´μ¢¸±¨¥. ‘´ Î ²  ¨¸¸²¥¤ÊÕÉ¸Ö ·¥£Ê²Ö·´Ò¥ Ë ¤¤¥¥¢¸±¨¥ ¡¨¸Ë¥·¨Î¥¸±¨¥ ±μ³-
¶μ´¥´ÉÒ U �

iab, ¶μ¤Î¨´¥´´Ò¥ ¸¨¸É¥³ ³ ¤¢Ê³¥·´ÒÌ ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° (1.63). „μ± §Ò¢ ¥É¸Ö, ÎÉμ ¢¸¥ ËÊ´¤ ³¥´É ²Ó´Ò¥ ·¥£Ê²Ö·´Ò¥ ·¥Ï¥-
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´¨Ö ΦL
iab ÔÉ¨Ì Ê· ¢´¥´¨° Ö¢²ÖÕÉ¸Ö ¤¢μ°´Ò³¨ ¡¥¸±μ´¥Î´Ò³¨ ·Ö¤ ³¨ ¶μ Í¥²Ò³

¸É¥¶¥´Ö³ £¨¶¥·· ¤¨Ê¸  r, ¥£μ ²μ£ ·¨Ë³  s ¨ ¨¸±μ³Ò³ ËÊ´±Í¨Ö³ ΦLnm
iab (ϕi)

μ¤´μ£μ £¨¶¥·Ê£²  ϕi. �μ¸É·μ¥´¨¥ ËÊ´±Í¨° ΦLnm
iab ¸¢μ¤¨É¸Ö ± ·¥Ï¥´¨Õ ·¥-

±Ê··¥´É´μ° Í¥¶μÎ±¨ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¸ μ¤´μ-
·μ¤´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¢ ÉμÎ± Ì ϕi = 0, π/2. ‡ É¥³ Ë ¤¤¥¥¢¸±¨¥
¡¨¸Ë¥·¨Î¥¸±¨¥ ±μ³¶μ´¥´ÉÒ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¸Ê³³ ³¨ ¢¸¥Ì ËÊ´¤ ³¥´É ²Ó´ÒÌ
·¥Ï¥´¨°. � °¤¥´´Ò¥ · §²μ¦¥´¨Ö ÔÉ¨Ì ±μ³¶μ´¥´É ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö ¢μ¸¸É -
´μ¢²¥´¨Ö · §²μ¦¥´¨° ¶·μ¥±Í¨° ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ï¥¸É¨³¥·´ÒÌ Ê· ¢´¥-
´¨° ˜·¥¤¨´£¥·  (1.43) ¨ ” ¤¤¥¥¢  (1.54) ´  Ê£²μ¢Ò¥ ¡ §¨¸Ò, μ¡· §μ¢ ´´Ò¥
¡¨¸Ë¥·¨Î¥¸±¨³¨ £ ·³μ´¨± ³¨ (1.6), £¨¶¥·£ ·³μ´¨± ³¨ (1.7) ¨²¨ ¸¨³³¥É·¨-
§μ¢ ´´Ò³¨ D-ËÊ´±Í¨Ö³¨ ‚¨£´¥·  (1.9). „²Ö ¢¸¥Ì É ±¨Ì ¶·μ¥±Í¨° ¢Ò¢μ¤ÖÉ¸Ö
£· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¢ ÉμÎ±¥ É·μ°´μ£μ Ê¤ ·  r = 0.

Š²ÕÎ¥¢Ò³¨ ¤²Ö ¶μ¸É·μ¥´¨Ö ¢¸¥Ì · §²μ¦¥´¨° μ± § ²¨¸Ó ¢Ò¡μ· ¡ §¨¸  ¨§
ËÊ´±Í¨° W̃Lab ¨ ¢Ò¢¥¤¥´´ Ö ·¥±Ê··¥´É´ Ö ¸¨¸É¥³  μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥-
·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¨¸±μ³ÒÌ ËÊ´±Í¨° ΦLnm

iab (ϕi) μ¤´μ° ¶¥·¥³¥´´μ°.
�´ ²¨É¨Î¥¸±¨° ¨ Î¨¸²¥´´Ò°  ´ ²¨§ É ±μ° ¸¨¸É¥³Ò ´¥ ¢Ò§Ò¢ ¥É ¶·¨´Í¨¶¨-
 ²Ó´ÒÌ § É·Ê¤´¥´¨°. „¢Ê³¥·´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  (1.63),   ´¥ ¤¢Ê³¥·´Ò¥
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢Ò¡· ´Ò ¢ ± Î¥¸É¢¥ ¨¸Ìμ¤´ÒÌ ´¥ ¸²ÊÎ °´μ. “· ¢´¥´¨Ö
” ¤¤¥¥¢  ¸μ¤¥·¦ É ¶ ·´Ò¥ ¶μÉ¥´Í¨ ²Ò Vi(r cosϕi), · §²μ¦¥´¨Ö ±μÉμ·ÒÌ ¶μ
ËÊ´±Í¨Ö³ W̃Lab(ϕi) Éμ£μ ¦¥ £¨¶¥·Ê£²  ϕi ¤μ¢μ²Ó´μ ¶·μ¸ÉÒ,   ¢ Ê· ¢´¥´¨Ö
˜·¥¤¨´£¥·  ¢Ìμ¤ÖÉ ¨´É¥£· ²Ò μÉ ¸Ê³³Ò É·¥Ì ¶μÉ¥´Í¨ ²μ¢, · §²μ¦¥´¨Ö ÔÉ¨Ì
¨´É¥£· ²μ¢ ¶μ ËÊ´±Í¨Ö³ W̃Lab(ϕi) ¤μ¢μ²Ó´μ ¸²μ¦´Ò¥.

„ ²¥¥ Ê ¢¸¥Ì  ·£Ê³¥´Éμ¢ μ¶ÊÐ¥´ ¨´¤¥±¸ i ¨ ¸Î¨É ¥É¸Ö, ÎÉμ

x ≡ xi, y ≡ yi, ϕ ≡ ϕi, Ω ≡ Ωi,

u ≡ ui, θ ≡ θi, (1 − u2
i )

1/2 = sin θ,

 ¸¨³¶ÉμÉ¨±μ° ¨ ¸¢Ö§ÓÕ ´ §Ò¢ ÕÉ¸Ö  ¸¨³¶ÉμÉ¨±  ¶·¨ r → 0 ¨ ¸¢Ö§Ó ¶·¨
r = 0.

2.2. ”Ê´¤ ³¥´É ²Ó´ Ö ¸¨¸É¥³  ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¤¢Ê³¥·´ÒÌ Ê· ¢´¥-
´¨° ” ¤¤¥¥¢ . �Ê¸ÉÓ ¢¸¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Å ·Ö¤Ò (1.31) μ¤´μ£μ ¨ É·¥Ì
É¨¶μ¢ (1.32),   ¶μ²´Ò° ´ ¡μ· ¸μÌ· ´ÖÕÐ¨Ì¸Ö ±¢ ´Éμ¢ÒÌ Î¨¸¥² ε = {�, m, σ}
§ ¤ ´.

‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ ¨¸Ìμ¤´μ° Ö¢²Ö¥É¸Ö ±· ¥¢ Ö § ¤ Î  (1.63), (1.64). …£μ
·¥ ²¨§ Í¨Õ ´ Î´¥³ ¸ μ¡¸Ê¦¤¥´¨Ö ±²ÕÎ¥¢ÒÌ Ëμ·³Ê².

� ¸¸³μÉ·¨³ ¸¨¸É¥³Ê (1.63). �Ê¸ÉÓ {a, b} Å ¢Ò¡· ´´ Ö ¶ ·  ¨´¤¥±¸μ¢
a ¨ b. „²Ö  ´ ²¨§  Ê· ¢´¥´¨Ö ÔÉμ° ¸¨¸É¥³Ò, ¸μ¤¥·¦ Ð¥£μ ¢ ²¥¢μ° Î ¸É¨
±μ³¶μ´¥´ÉÊ U �

iab c É ±¨³¨ ¨´¤¥±¸ ³¨ a ¨ b, ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ± ± ¶μ²´Ò°
Ê£²μ¢μ° ¡ §¨¸ ´ ¡μ· {W̃Lab(ϕ)}∞L=a+b ËÊ´±Í¨° (1.8). �ÉμÉ ¡ §¨¸ ¨¸±²ÕÎ¨-
É¥²Ó´μ Ê¤μ¡¥´, ¶μÉμ³Ê ÎÉμ ¸μ£² ¸´μ ¸¶¥±É· ²Ó´Ò³ Ëμ·³Ê² ³ (1.28) ¨ (1.29)
ËÊ´±Í¨¨ W̃Lab Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ¨ ¤²Ö μ¶¥· Éμ·  L̃2

ab, ¨ ¤²Ö μ¶¥· Éμ· 
h�

aba′b′(γki).
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Š·μ³¥ ÔÉ¨Ì Ëμ·³Ê² ±²ÕÎ¥¢Ò³¨ ¡Ê¤ÊÉ · §²μ¦¥´¨Ö

(cosϕ)g W̃Lab(ϕ) =
∑

L′=a+b

ALg
L′ab W̃L′ab(ϕ), g = −1, 0, . . . (2.7)

‚¸¥ ±μÔËË¨Í¨¥´ÉÒ ALg
L′ab ÔÉ¨Ì · §²μ¦¥´¨° Å μ¤´μ±· É´Ò¥ ¨´É¥£· ²Ò:

ALg
L′ab ≡ NLab NL′ab

π/2∫
0

(sin ϕ)2a+2 (cos ϕ)2b+2+g×

× P (a+1/2,b+1/2)
n (cos 2ϕ)P

(a+1/2,b+1/2)
n′ (cos 2ϕ) dϕ.

Š ¦¤Ò° ¨§ É ±¨Ì ¨´É¥£· ²μ¢ ¶μ¤¸É ´μ¢±μ° z = cos 2ϕ ¨ § ³¥´μ° ¶μ²¨´μ³ 

P
(a+1/2,b+1/2)
n′ (z) ¨²¨ P

(a+1/2,b+1/2)
n (z) £¨¶¥·£¥μ³¥É·¨Î¥¸±¨³ ·Ö¤μ³ [4] ¸¢¥-

¤¥³ ± ¸Ê³³¥ É ¡²¨Î´ÒÌ ¨´É¥£· ²μ¢ [6]. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ ¨´¢ ·¨ ´É´μ¥ μÉ-
´μ¸¨É¥²Ó´μ § ³¥´Ò n ↔ n′ ¨´¤¥±¸μ¢ n ¨ n′ ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ±μ´¥Î´μ°
¸Ê³³Ò

ALg
L′ab = NLab NL′ab

(−1)n+n′

2 n! n′!
(b + 3/2)n×

×
n∑

p=0

(−n)p

(b + 3/2)p

(a + b + n + 2)p

Γ(p + 1)

(
−g

2
− p

)
n′
×

× B

(
a + n′ +

3
2
, b + p +

g

2
+

3
2

)
, (2.8)

�É  ¸Ê³³  ¸μ¤¥·¦¨É £ ³³ - ¨ ¡¥É -ËÊ´±Í¨¨ Γ ¨ B ¨ ¸¨³¢μ² �μÌ£ ³³¥· 
(−g/2 − p)n′ , ±μÉμ·Ò° ¶·¨ § ³¥´¥ n ↔ n′ ¶¥·¥Ìμ¤¨É ¢ ¸¨³¢μ² (−g/2 − p)n.
ˆ§-§  ÔÉ¨Ì ¸¨³¢μ²μ¢ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ ALg

L′ab · §²μ¦¥´¨Ö (2.7) μÉ²¨Î´Ò μÉ
´Ê²Ö, ¥¸²¨ g Å ´¥Î¥É´μ¥ Î¨¸²μ, ¨ · ¢´Ò ´Ê²Õ, ¥¸²¨ g Å Î¥É´μ¥ Î¨¸²μ ¨
L′ > L + g ¨²¨ ¦¥ L′ < max {a + b, L − g}.

�·¨¸ÉÊ¶¨³ ± ¶μ¸É·μ¥´¨Õ ËÊ´¤ ³¥´É ²Ó´μ° ¸¨¸É¥³Ò ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨°
±· ¥¢μ° § ¤ Î¨ (1.63), (1.64). Š ¦¤μ¥ ¨§ ¥¥ ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ·¥£Ê²Ö·-
´ÒÌ ·¥Ï¥´¨° ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ Ëμ·³ ²Ó´ÒÌ  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì ¶·¨ r → 0
·Ö¤μ¢. ‘´ Î ²  μ¶·¥¤¥²¨³ ¢¨¤ ¸É ·Ï¨Ì ¸² £ ¥³ÒÌ ¨¸±μ³ÒÌ ·Ö¤μ¢. �μ Ê¸²μ-
¢¨Õ (1.31) ¢ ¨¸¸²¥¤Ê¥³ÒÌ Ê· ¢´¥´¨ÖÌ (1.63) ¶μÉ¥´Í¨ ²Ò ´¥ ³μ£ÊÉ ¢μ§· ¸É ÉÓ
¶·¨ r → 0 ¡Ò¸É·¥¥ ¸² £ ¥³ÒÌ r−2 L̃2

ab(ϕ) μ¶¥· Éμ·μ¢ H̃0ab. �μÔÉμ³Ê ¸É ·Ï¨°
Î²¥´  ¸¨³¶ÉμÉ¨±¨ ± ¦¤μ° ±μ³¶μ´¥´ÉÒ ΦL

iab ¨¸±μ³μ£μ ·¥Ï¥´¨Ö μ¶·¥¤¥²Ö¥É¸Ö
¸μμÉ¢¥É¸É¢ÊÕÐ¨³ Ì · ±É¥·¨¸É¨Î¥¸±¨³ (¸³. [2]) Ê· ¢´¥´¨¥³ H̃0ab ΦL

iab = 0.
ˆ¸¶μ²Ó§ÊÖ (1.28), ¨§ É ±¨Ì Ê· ¢´¥´¨° ´ Ìμ¤¨³

ΦL
iab(r, ϕ) = XL

iab rL+2 W̃Lab(ϕ) + o(rL+2), r → 0. (2.9)
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‡¤¥¸Ó ¨ ¤ ²¥¥, ± ± ¨ ¢ ¸¨¸É¥³¥ (1.63), i = 1, 2, 3, ¨´¤¥±¸Ò a ¨ b ¶μ¤Î¨-
´¥´Ò Ê¸²μ¢¨Ö³ a + b � L ¨ (−1)a+b = σ,   XL

iab Å ¶·μ¨§¢μ²Ó´Ò¥ ±μÔË-
Ë¨Í¨¥´ÉÒ.

‘μ¢μ±Ê¶´μ¸ÉÓ {ΦL
iab} ¢¸¥Ì ±μ³¶μ´¥´É ΦL

iab ¸  ¸¨³¶ÉμÉ¨± ³¨ (2.9) ¨ μ¤-
´¨³ ¨ É¥³ ¦¥ §´ Î¥´¨¥³ L � Lmin, ´μ ²Õ¡Ò³¨ ¢μ§³μ¦´Ò³¨ ¶·¨ É ±μ³ L
¨´¤¥±¸ ³¨ i, a ¨ b ´ §μ¢¥³ L-·¥Ï¥´¨¥³. Šμ³¶μ´¥´ÉÒ ΦL

iab ¨ ΦL′

ia′b′ , L- ¨
L′-·¥Ï¥´¨°, L �= L′, ¨³¥ÕÉ · §´ÊÕ  ¸¨³¶ÉμÉ¨±Ê (2.9), ÎÉμ μ¡¥¸¶¥Î¨¢ ¥É ²¨-
´¥°´ÊÕ ´¥§ ¢¨¸¨³μ¸ÉÓ ¢¸¥Ì L-·¥Ï¥´¨° ¶μ  ·£Ê³¥´ÉÊ r. Šμ³¶μ´¥´ÉÒ ΦL

iab ¨
ΦL

ia′b′ μ¤´μ£μ ¨ Éμ£μ ¦¥ L-·¥Ï¥´¨Ö ¸ · §´Ò³¨ ¨´¤¥±¸ ³¨ a ¨ a′ ¨ (¨²¨) · §-
´Ò³¨ ¨´¤¥±¸ ³¨ b ¨ b′ É ±¦¥ ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò, ¶μÉμ³Ê ÎÉμ ¸μ£² ¸´μ (1.8)
¨ (2.9)  ¸¨³¶ÉμÉ¨±¨ ²Õ¡μ° ¨§ ±μ³¶μ´¥´É ΦL

iab ¶·¨ ϕ → 0 ¨²¨ ϕ → π/2
§ ¢¨¸ÖÉ μÉ ¨´¤¥±¸  a ¨²¨ b:

ΦL
iab = O(ϕa+1

i ), r → 0, ϕ → 0;

ΦL
iab = O

(
(π/2 − ϕ)b+1

)
, r → 0, ϕ → π/2.

‚Ò¡¥·¥³ ´¥±μÉμ·μ¥ §´ Î¥´¨¥ L ¨ ´ Î´¥³ ¶μ¸É·μ¥´¨¥ ± ¦¤μ° ±μ³¶μ´¥´ÉÒ
L-·¥Ï¥´¨Ö ¢ ¢¨¤¥ ·Ö¤ 

ΦL
iab(r, ϕ) ≡ rL+2

∞∑
n=0

exp (ns)ΦLn
iab(s, ϕ), s ≡ ln r, (2.10)

£¤¥ ¶μ ¶·¥¤¶μ²μ¦¥´¨Õ ¢¸¥ ËÊ´±Í¨¨ rn = exp (ns) ¨ ΦLn
iab ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò

¨, ±·μ³¥ Éμ£μ, ΦLn
iab = 0 ¶·¨ r = 0 ¨ ϕ = 0, π/2. —Éμ¡Ò ¶·¥¤¸É ¢²¥´¨Ö (2.10)

´¥ ¶·μÉ¨¢μ·¥Î¨²¨ ¸μμÉ´μÏ¥´¨Ö³ (2.9), ¶μ²μ¦¨³

ΦL0
iab(s, ϕ) ≡ XL

iab W̃Lab(ϕ). (2.11)

‡ ³¥´μ° r → s ≡ ln r ¨ ¶μ¤¸É ´μ¢±μ° � = exp (s) cosϕ ¢Ò¢¥¤¥³ ¨§ ¸¨-
¸É¥³Ò (1.63) ¡μ²¥¥ Ê¤μ¡´ÊÕ ¤²Ö ´ Ï¥° Í¥²¨ ¸¨¸É¥³Ê

[
∂2

s − L̃2
ab(ϕ)

]
U �

iab(s, ϕ) = −E U �
iab(s, ϕ)+

+ exp (2s)Vi(�)

⎡
⎣U �

iab(s, ϕ) +
∑
k �=i

∑
a′b′

〈s, ϕ|h�
aba′b′(γki)|U �

ka′b′(s, ϕk)〉

⎤
⎦.

‚ ÔÉμ° ¸¨¸É¥³¥ § ³¥´¨³ ¢¸¥ ¶μÉ¥´Í¨ ²Ò Vi ·Ö¤ ³¨ (1.31),   ËÊ´±Í¨¨ U �
iab Å

±μ³¶μ´¥´É ³¨ ΦL
iab ¨¸±μ³μ£μ L-·¥Ï¥´¨Ö, ¢§ÖÉÒ³¨ ¢ ¢¨¤¥ (2.10). ‚ ¶μ²Ê-

Î¥´´ÒÌ Ê· ¢´¥´¨ÖÌ ¶·¨¢¥¤¥³ ¶μ¤μ¡´Ò¥ ¸² £ ¥³Ò¥ ¸ μ¤¨´ ±μ¢Ò³¨ ¸É¥¶¥´Ö³¨
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 ·£Ê³¥´É  r = exp (s) ¨ ¶·¨· ¢´Ö¥³ ± ¦¤μ¥ É ±μ¥ ¸² £ ¥³μ¥ ± ´Ê²Õ. ‚ ¨Éμ£¥
¶μ²ÊÎ¨É¸Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¤²Ö ËÊ´±Í¨° ΦLn

iab:

DLn
ab (s, ϕ)ΦLn

iab(s, ϕ) = RLn
iab(s, ϕ),

RLn
iab(s, ϕ) ≡ −E ΦL,n−2

iab (s, ϕ) +
n−1∑
m=0

Vi,n−m−2 (cos ϕ)n−m−2× (2.12)

×
[
ΦLm

iab (s, ϕ) +
∑
k �=i

∑
a′b′

〈s, ϕ|h�
aba′b′(γki)|ΦLm

ka′b′(s, ϕk)〉
]
,

£¤¥ a + b, a′ + b′ � L ¨ ¶μ μ¶·¥¤¥²¥´¨Õ ΦLn
iab ≡ 0 ¶·¨ n < 0,  

DLn
ab (s, ϕ) ≡ (∂s + L + n + 2)2 − L̃2

ab(ϕ). (2.13)

‘¨¸É¥³  (2.12) Å ·¥±Ê··¥´É´ Ö Í¥¶μÎ±  n-¶μ¤¸¨¸É¥³, n = 0, 1, . . . Š ¦¤ Ö
n-¶μ¤¸¨¸É¥³  Å ¸μ¢μ±Ê¶´μ¸ÉÓ ´¥μ¤´μ·μ¤´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¢¸¥Ì ËÊ´±Í¨°
ΦLn

iab ¸ ¤ ´´Ò³ §´ Î¥´¨¥³ ¨´¤¥±¸  n ¨ ¨´¤¥±¸ ³¨ i, a, b, É ±¨³¨, ÎÉμ i =
1, 2, 3; (−1)a+b = σ ¨ a + b � L. ‚¸¥ Ê· ¢´¥´¨Ö ²Õ¡μ° n-¶μ¤¸¨¸É¥³Ò
´¥ § Í¥¶²ÖÕÉ¸Ö ´¨ ¶μ ¨´¤¥±¸Ê i, ´¨ ¶μ ¨´¤¥±¸ ³ a, b ¨ ¸μ¤¥·¦ É ¢ ¶· -
¢ÒÌ Î ¸ÉÖÌ RLn

iab ±μ³¶μ´¥´ÉÒ ΦLm
iab ·¥Ï¥´¨° ¢¸¥Ì ¶·¥¤Ò¤ÊÐ¨Ì m-¶μ¤¸¨¸É¥³,

m = 0, 1, . . . , n − 1.
ˆ¸¸²¥¤Ê¥³ Ê· ¢´¥´¨¥ ´¥±μÉμ·μ° n-¶μ¤¸¨¸É¥³Ò ¤²Ö ËÊ´±Í¨¨ ΦLn

iab ¸ ¢Ò-
¡· ´´Ò³¨ §´ Î¥´¨Ö³¨ ¨´¤¥±¸μ¢ i, a, b. �¡Ð¥¥ ·¥Ï¥´¨¥ ΦLn

iab É ±μ£μ ´¥μ¤´μ-
·μ¤´μ£μ Ê· ¢´¥´¨Ö Å ¸Ê³³  ¥£μ Î ¸É´μ£μ ·¥Ï¥´¨Ö ¨ μ¡Ð¥£μ ·¥Ï¥´¨Ö ZL′n

iab

¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö. �¥Ï¥´¨¥ ZL′n
iab Å ¸Ê³³ 

ZL′n
iab (s, ϕ) =

[
C+ exp (L′

+s) + C− exp (L′
−s)

]
W̃L′ab(ϕ),

£¤¥ C± Å ¶·μ¨§¢μ²Ó´Ò¥ ±μ´¸É ´ÉÒ; L′ = a + b + 2n′, n′ = 0, 1, . . .,  
L′
± ≡ ±L′ − L − n. ‘² £ ¥³Ò¥ ± ¦¤μ° É ±μ° ¸Ê³³Ò ³μ¦´μ μÉ´¥¸É¨ ²¨¡μ ±

±μ³¶μ´¥´É ³ ´¥·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨°, ²¨¡μ ± ±μ³¶μ´¥´É ³ ¤·Ê£μ£μ (L′ �= L)
L′-·¥Ï¥´¨Ö ¨¸Ìμ¤´μ° ±· ¥¢μ° § ¤ Î¨ (1.63), (1.64). �μÔÉμ³Ê ¤ ²¥¥ ¡¥§ ¶μÉ¥·¨
μ¡Ð´μ¸É¨ ¶μ² £ ¥³ ¢¸¥ ËÊ´±Í¨¨ ZL′n

iab · ¢´Ò³¨ ´Ê²Õ ¨ ¨¸¸²¥¤Ê¥³ ²¨ÏÓ Î ¸É-
´Ò¥ ·¥Ï¥´¨Ö ´¥μ¤´μ·μ¤´μ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° (2.12), · ¢´Ò¥ ´Ê²Õ ¢ ÉμÎ± Ì
ϕi = 0, π/2.

�·¥¤¶μ²μ¦¨³, ÎÉμ ¶· ¢ Ö Î ¸ÉÓ RLn
iab ¨¸¸²¥¤Ê¥³μ£μ Ê· ¢´¥´¨Ö (2.12) ¤²Ö

±μ³¶μ´¥´ÉÒ ΦLn
iab Å ¶μ²¨´μ³ ¶μ s ±μ´¥Î´μ° ¸É¥¶¥´¨ M ′(n):

RLn
iab(s, ϕ) =

M ′(n)∑
m=0

sm RLnm
iab (ϕ), M ′(n) < ∞. (2.14)

‡ ³¥´¨³ ¢ ÔÉμ³ Ê· ¢´¥´¨¨ ¨¸±μ³ÊÕ ±μ³¶μ´¥´ÉÊ ΦLn
iab ¥¥ · §²μ¦¥´¨¥³

ΦLn
iab(s, ϕ) =

∑
L′=a+b

GLn
iL′ab(s) W̃L′ab(ϕ) (2.15)
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¶μ ¶μ²´μ³Ê ¡ §¨¸Ê {W̃L′ab(ϕi)}∞L′=a+b. ˆ¸¶μ²Ó§ÊÖ (1.28) ¨ (2.13), ¸¶·μ¥Í¨-
·Ê¥³ ¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ ´  ÔÉμÉ ¡ §¨¸ ¨ É ±¨³ ¸¶μ¸μ¡μ³ ¢Ò¢¥¤¥³ ¤²Ö
¨¸±μ³ÒÌ ËÊ´±Í¨° GLn

iL′ab, L′ = a + b, a + b + 2, . . ., ¡¥¸±μ´¥Î´ÊÕ Í¥¶μÎ±Ê
´¥§ Í¥¶²ÖÕÐ¨Ì¸Ö ´¨ ¶μ ± ±¨³ ¨´¤¥±¸ ³ Ê· ¢´¥´¨° ƒ Ê¸¸  ¸ ¶μ¸ÉμÖ´´Ò³¨
±μÔËË¨Í¨¥´É ³¨

[
∂2

s + 2(L + 2 + n) ∂s + DLn
L′ab

]
GLn

iL′ab(s) =

= 〈W̃L′ab(ϕ)|RLn
iab(s, ϕ)〉 =

M ′(n)∑
m=0

sm 〈W̃L′ab(ϕ)|RLnm
iab (ϕ)〉. (2.16)

‘μ£² ¸´μ μ¶·¥¤¥²¥´¨Õ (1.8) ËÊ´±Í¨° W̃Lab ¨´¤¥±¸Ò L ¨ L′ ³μ£ÊÉ ¶·¨´¨³ ÉÓ
μ¤´μ¢·¥³¥´´μ Éμ²Ó±μ Î¥É´Ò¥ ¨²¨ ´¥Î¥É´Ò¥ §´ Î¥´¨Ö, ¥¸²¨ ¸Ê³³  a + b Å
Î¥É´μ¥ ¨²¨ ´¥Î¥É´μ¥ Î¨¸²μ, É. ¥. ¥¸²¨ σ = +1 ¨²¨ ¦¥ σ = −1. �μÔÉμ³Ê
±μÔËË¨Í¨¥´É

DLn
L′ab ≡ (L + 2 + n)2 − (L′ + 2)2

· ¢¥´ ´Ê²Õ Éμ²Ó±μ ¶·¨ Î¥É´μ³ n ¨ L′ = L + n. ‚ ÔÉμ³ ¸²ÊÎ ¥ ·¥Ï¥´¨¥
GLn

iL′ab(s) Ê· ¢´¥´¨Ö (2.16) Å ¶μ²¨´μ³ ¸É¥¶¥´¨ M ′(n)+1 ¸μ ¸É ·Ï¨³ Î²¥´μ³
BLn

iab sM ′(n)+1, ¥¸²¨, ±μ´¥Î´μ, ´¥ · ¢¥´ ´Ê²Õ ±μÔËË¨Í¨¥´É

BLn
iab ≡ 〈W̃L+n,ab(ϕ)|RLn

iab(ϕ)〉
2 (L + 2 + n) (M ′(n) + 1)

. (2.17)

‚μ ¢¸¥Ì μ¸É ²Ó´ÒÌ ¸²ÊÎ ÖÌ, ±μ£¤  L′ �= L + n ¨²¨ BLn
iab = 0, ·¥Ï¥´¨¥

GLn
iL′ab(s) Å ¶μ²¨´μ³ ¸É¥¶¥´¨ M ′(n). ‡´ Î¨É, ¢¥·´Ò ¸²¥¤ÊÕÐ¨¥ ¶· ¢¨² :

¥¸²¨ ¶· ¢ Ö Î ¸ÉÓ RLn
iab Ê· ¢´¥´¨Ö n-¶μ¤¸¨¸É¥³Ò (2.12) ¤²Ö ËÊ´±Í¨¨ ΦLn

iab Å
¶μ²¨´μ³ ¶μ s ¸É¥¶¥´¨ M ′(n), Éμ ·¥Ï¥´¨¥ ΦLn

iab Å ¶μ²¨´μ³ ¶μ s ¸É¥¶¥´¨
M ′(n) ¨²¨ M ′(n)+1, ¥¸²¨ n Å ´¥Î¥É´μ¥ ¨²¨, ¸μμÉ¢¥É¸É¢¥´´μ, Î¥É´μ¥ Î¨¸²μ.
‚ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ ¸μ£² ¸´μ (2.15) ¸É ·Ï¥¥ ¸² £ ¥³μ¥ ·¥Ï¥´¨Ö-¶μ²¨´μ³ 
ΦLn

iab Å ËÊ´±Í¨Ö BLn
iab sM ′(n)+1 W̃L+n,ab(ϕ).

ˆ¸¶μ²Ó§ÊÖ ¸Ëμ·³Ê²¨·μ¢ ´´Ò¥ ¢ÒÏ¥ ¶· ¢¨² , ¤μ± ¦¥³, ÎÉμ ¶·¥¤¶μ²μ¦¥-
´¨¥ (2.14) ¢¥·´μ, ¨ μ¶·¥¤¥²¨³ M ′(n) ¢ ± ¦¤μ³ ¨§ É·¥Ì ¸²ÊÎ ¥¢ (1.32).

� Î´¥³ ¸ ´ ¨¡μ²¥¥ μ¡Ð¥£μ ¸²ÊÎ Ö A. ˆ¸¸²¥¤Ê¥³ ¶¥·¢ÊÕ (n = 1) ¶μ¤¸¨-
¸É¥³Ê (2.12). …¥ ¶· ¢ Ö Î ¸ÉÓ ¸μ¤¥·¦¨É Éμ²Ó±μ ËÊ´±Í¨¨ (2.11) ¨ ¶μÔÉμ³Ê ´¥
§ ¢¨¸¨É μÉ s. �·¨³¥´¨¢ ¶· ¢¨²μ (1.29), ¶·¥¤¸É ¢¨³ · ¸¸³ É·¨¢ ¥³ÊÕ ¶μ¤¸¨-
¸É¥³Ê ¢ ¢¨¤¥ ¸μ¢μ±Ê¶´μ¸É¨ ´¥¸¢Ö§ ´´ÒÌ Ê· ¢´¥´¨°:

DLp
ab (s, ϕ)ΦLp

iab(ϕ) = RLp
iab(s, ϕ) = Vi,p−2 BL1

iab(cosϕ)p−2 W̃Lab(ϕ), (2.18)

£¤¥ p = 1,   BL1
iab Å ±μ³¡¨´ Í¨¨ ´¥μ¶·¥¤¥²¥´´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ XL

ka′b′ :

BL1
iab ≡ XL

iab +
∑
k �=i

∑
a′b′

〈ab|K(γki)|a′b′〉L� XL
ka′b′ . (2.19)
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„²Ö ¶μ²´μÉÒ ¤μ± ¦¥³, ÎÉμ Ê· ¢´¥´¨¥ (2.18) ¸ ¤ ´´Ò³¨ §´ Î¥´¨Ö³¨
L, a, b, i ¨ ²Õ¡Ò³ ´¥Î¥É´Ò³ p ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥. ‡ ³¥-
´¨³ ¶·μ¨§¢¥¤¥´¨¥ (cosϕ)p−2 W̃Lab(ϕ) ¢ ¶· ¢μ° Î ¸É¨ ¨¸¸²¥¤Ê¥³μ£μ Ê· ¢´¥´¨Ö
¡¥¸±μ´¥Î´Ò³ ·Ö¤μ³ (2.7) c ±μÔËË¨Í¨¥´É ³¨ (2.8). ‡ É¥³, ¨¸¶μ²Ó§ÊÖ (1.28)
¨ (1.29), Ê¡¥¤¨³¸Ö ¶μ¤¸É ´μ¢±μ° ¢ Éμ³, ÎÉμ ¨¸±μ³Ò³ ¨ ¥¤¨´¸É¢¥´´Ò³, ´μ ¶μ± 
Ëμ·³ ²Ó´Ò³, ·¥Ï¥´¨¥³ ¶μ²ÊÎ¥´´μ£μ Ê· ¢´¥´¨Ö ¡Ê¤¥É ¡¥¸±μ´¥Î´Ò° ·Ö¤

ΦLp
iab(ϕ) = Vi,p−2 BL1

iab

∑
L′=a+b

AL,p−2
L′ab

p (2L′ + p + 4)
W̃L′ab(ϕ). (2.20)

’¥¶¥·Ó ¤μ± ¦¥³, ÎÉμ ÔÉμÉ ·Ö¤ ¢¸Õ¤Ê · ¢´μ³¥·´μ ¸Ìμ¤¨É¸Ö ± ±μ´¥Î´μ° ¸Ê³³¥

ΦLp
iab(ϕ) = Vi,p−2 BL1

iab (cosϕ)p
L∑

L′=a+b

CLp
L′ab W̃L′ab(ϕ). (2.21)

„²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ ¶μ± § ÉÓ, ÎÉμ ¶·¨ ¢¶μ²´¥ μ¶·¥¤¥²¥´´ÒÌ ±μÔËË¨Í¨-
¥´É Ì CLp

L′ab ÔÉ  ¸Ê³³  Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ (2.18). �μ¤¸É ¢¨³ ¢ ´¥£μ

ËÊ´±Í¨¨ W̃L′ab ¨ ΦLp
iab ¢ ¢¨¤¥ (1.8) ¨ (2.21). ‚ ¶μ²ÊÎ¥´´μ³ Ê· ¢´¥´¨¨ ¶¥-

·¥°¤¥³ ± ¶¥·¥³¥´´μ° z = cos 2ϕ,   ËÊ´±Í¨¨ zP
(a+1/2, b+1/2)
n′ (z) ¨ (1 −

z2) ∂zP
(a+1/2, b+1/2)
n′ (z) ¶·¥¤¸É ¢¨³ ¨§¢¥¸É´Ò³¨ ±μ³¡¨´ Í¨Ö³¨ [4] ²¨´¥°´μ

´¥§ ¢¨¸¨³ÒÌ ¶μ²¨´μ³μ¢ P
(a+1/2, b+1/2)
n (z) c ¨´¤¥±¸ ³¨ n = n′, n′ ± 1. �μ²μ-

¦¨¢ ±μÔËË¨Í¨¥´É ¶·¨ ± ¦¤μ³ (n = 0, 1, . . . , (L − a − b)/2) É ±μ³ ¶μ²¨´μ³¥
· ¢´Ò³ ´Ê²Õ, ¶μ²ÊÎ ¥³ ²¨´¥°´ÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¸ É·¥Ì¤¨ £μ´ ²Ó´μ° ³ -
É·¨Í¥° M:

ML′,L′−2 CLp
L′−2,ab + ML′L′ CLp

L′ab + ML
L′,L′+2 CLp

L′+2,ab = δLL′ , (2.22)

£¤¥ L′ = a+b, a+b+2, . . . , L,   Ô²¥³¥´ÉÒ ML′L′ , ML′−2,L′ ≡ Z−
L′ ¨ ML′,L′+2 ≡

Z+
L′ £² ¢´μ°, ´¨¦´¥° ¨ ¢¥·Ì´¥° ¤¨ £μ´ ²¥° ³ É·¨ÍÒ M Ê¤μ¡´μ ¢ÒÎ¨¸²ÖÉÓ ¢

¸²¥¤ÊÕÐ¥³ ¶μ·Ö¤±¥:

dL′ = NL′ab/NLab, d±L′ =
[
(L + p + 2)2 − (L′ ± p + 2)2

]
,

ML′L′ = dL′

{
p

[
L′ + p + 1 − (a − b)(a + b + 1)

L′ + 1

]
+

+
1
2

d+
L′

[
1 − (a − b)(a + b + 1)

(L′ + 1)(L′ + 3)

]}
,

Z±
L′ = dL′ d±L′

[2L′ − 2(a ± b) + 3 ± 1][2L′ + 2(a ± b) + 5 ± 3]
16(L′ + 2)(L′ + 2 ± 1)

.

(2.23)

’ ± ± ± ³ É·¨Í  M ¨³¥¥É ¤μ³¨´¨·ÊÕÐÊÕ ¤¨ £μ´ ²Ó, Éμ ¸¨¸É¥³  (2.22) μ¤-
´μ§´ Î´μ · §·¥Ï¨³ , ¶μÔÉμ³Ê ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ CLp

L′ab ¸Ê³³Ò (2.21) μ¶·¥¤¥-
²ÖÕÉ¸Ö ÔÉμ° ¸¨¸É¥³μ° ¥¤¨´¸É¢¥´´Ò³ μ¡· §μ³, ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¶μ± § ÉÓ.
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…¸²¨ · §³¥·´μ¸ÉÓ (L−a− b)/2+1 ³ É·¨ÍÒ M ´¥¢¥²¨± , Éμ ¢¸¥ ±μÔËË¨-
Í¨¥´ÉÒ CLp

L′ab ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¨³ ·¥Ï¥´¨¥ (2.21) Ê· ¢´¥´¨Ö (2.18) ³μ¦´μ
´ °É¨ ¢ Ö¢´μ³ ¢¨¤¥. � ¶·¨³¥·, ¢ ¸ ³μ³ ¶·μ¸Éμ³ ¸²ÊÎ ¥, ±μ£¤  L = a + b,

ΦLp
iab(s, ϕ) = ΦLp0

iab (ϕ) ≡ Vi,p−2

p (2b + p + 1)
BL1

iab (cosϕ)p W̃Lab(ϕ). (2.24)

ˆÉ ±, ¢¸¥ ËÊ´±Í¨¨ ΦL1
iab, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ¶¥·¢μ° (n = 1) ¶μ¤¸¨¸É¥-

³¥ (2.12), μ¶·¥¤¥²¥´Ò Ö¢´μ Ëμ·³Ê² ³¨ (2.8), (2.20) ¨²¨ (2.21)Ä(2.24), ¢ ±μÉμ-
·ÒÌ p = 1.

ˆ¸¸²¥¤Ê¥³ ¢Éμ·ÊÕ (n = 2) ¶μ¤¸¨¸É¥³Ê (2.12). ’ ± ± ± ¢¸¥ ËÊ´±Í¨¨ ΦL0
iab

¨ ΦL1
iab ´¥ § ¢¨¸ÖÉ μÉ s, Éμ ¨ ¶· ¢Ò¥ Î ¸É¨ RL2

iab Ê· ¢´¥´¨° ÔÉμ° ¶μ¤¸¨¸É¥³Ò ´¥
§ ¢¨¸ÖÉ μÉ s ¨ Ö¢²ÖÕÉ¸Ö ·Ö¤ ³¨ (2.14) ¸ n = 2 ¨ M ′(n) = 0. ‘²¥¤μ¢ É¥²Ó´μ,
¢¸¥ ¨¸±μ³Ò¥ ±μ³¶μ´¥´ÉÒ ΦL2

iab ·¥Ï¥´¨Ö {ΦL2
iab} Å ²¨´¥°´Ò¥ ¶μ s ËÊ´±Í¨¨:

ΦL2
iab(s, ϕ) = BL2

iab s W̃L+2,ab(ϕ) + GL2
iab(ϕ), (2.25)

£¤¥ BL2
iab ¨ GL2

iab Å ¶μ±  ´¥¨§¢¥¸É´Ò¥ ¶μ¸ÉμÖ´´Ò¥ ¨ ËÊ´±Í¨¨. �μ¤¸É ¢¨¢ ¨¸-
±μ³Ò¥ ËÊ´±Í¨¨ ΦL2

iab ¢ ¢¨¤¥ (2.25) ¢μ ¢Éμ·ÊÕ ¶μ¤¸¨¸É¥³Ê (2.12), ¶μ²ÊÎ ¥³
Ê· ¢´¥´¨Ö[

L̃2
ab(ϕ) − (L + 4)2

]
GL2

iab(ϕ) = 2(L + 4)BL2
iab W̃L+2,ab(ϕ) − RL2

iab(ϕ). (2.26)

�¥Ï¥´¨¥ ± ¦¤μ£μ (²Õ¡Ò¥ ¤μ¶Ê¸É¨³Ò¥ i, a ¨ b) É ±μ£μ Ê· ¢´¥´¨Ö ¸ÊÐ¥¸É¢Ê¥É
Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¥£μ ¶· ¢ Ö Î ¸ÉÓ μ·Éμ£μ´ ²Ó´  ¸μ¡¸É¢¥´´μ° ËÊ´±-
Í¨¨ W̃L+2,ab μ¶¥· Éμ·  DL2

ab , § ¤ ´´μ£μ Ëμ·³Ê²μ° (2.13) ¸ n = 2. �É¨³

Ê¸²μ¢¨¥³ μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É¸Ö ±μÔËË¨Í¨¥´É BL,2p
iab , p = 1. �·¨ ²Õ¡μ³ L

BL,2p
iab = (2L + 8)−1 Vi,−1

[
〈(cos ϕ)p−2 W̃L+2p,ab(ϕ)|ΦLp

iab(ϕ)〉+

+
∑
k �=i

∑
a′b′

〈(cos ϕ)p−2W̃L+2p,ab(ϕ)|h�
aba′b′(γki)|ΦLp

ka′b′(ϕk)〉
]
, (2.27)

  ¢ Î ¸É´μ³ ¸²ÊÎ ¥, ±μ£¤  L = a + b ¨ ΦLp
iab Å ËÊ´±Í¨Ö (2.24),

BL,2p
iab = [2p (L + 4)]−1 Vi,−1

∑
k �=i

Vk,p−2

∑
a′b′

BL1
ka′b′ (2b′ + p + 1)−1×

× 〈W̃L+2,ab(ϕ) (cos ϕ)p−2|h�
aba′b′(γki)|(cos ϕk)p W̃La′b′(ϕk)〉. (2.28)

‡ ³¥´¨³ ¢ μ¶·¥¤¥²¥´¨¨ (2.27) ±μÔËË¨Í¨¥´É  BL,2p
iab ËÊ´±Í¨Õ ΦLp

iab ¥¥
·Ö¤μ³ (2.20),   § É¥³ ¶·¨³¥´¨³ ¶· ¢¨²  (1.29) ¨ (2.7). ’ ± ± ± ·Ö¤ (2.20)
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¡¥¸±μ´¥Î´Ò°, Éμ ¨ ±μÔËË¨Í¨¥´É BL,2p
iab ¶·¥¤¸É ¢¨É¸Ö ¡¥¸±μ´¥Î´μ° ¸Ê³³μ°,

¸μ¤¥·¦ Ð¥° Éμ²Ó±μ ±μÔËË¨Í¨¥´ÉÒ ALg
L′ab, g = p, p − 2, ¨ 〈ab|K(γki)|a′b′〉L�.

’ ± Ö ¡¥¸±μ´¥Î´ Ö ¸Ê³³  ³μ¦¥É μ± § ÉÓ¸Ö · ¢´μ° ´Ê²Õ ²¨ÏÓ ¢ ¨¸±²ÕÎ¨É¥²Ó-
´μ³ ¸²ÊÎ ¥, ¢ μ¡Ð¥³ ¸²ÊÎ ¥ BL,2p

iab �= 0, ¥¸²¨ p = 1, 3, 5, . . .
„²Ö ¶·¨³¥·  ¨¸¸²¥¤Ê¥³ ¸ ³Ò° ¶·μ¸Éμ° ¸²ÊÎ °. �Ê¸ÉÓ p = 1, a � = 0 ¨ L =

Lmin = 0. ’μ£¤  ¨´¤¥±¸Ò a, b ¨ a′, b′ ¶·¨´¨³ ÕÉ Éμ²Ó±μ ´Ê²¥¢Ò¥ §´ Î¥´¨Ö,  
Ö¤·μ h0

0000(ϕ, ϕ′; γki) · ¢´μ ±μ´¸É ´É¥ |cosec 2γki|. Cμ£² ¸´μ (2.19) ¨ (2.28)

B01
i00 =

3∑
k=1

X0
k00,

B02
i00 =

Vi,−1

12π
B01

i00

∑
k �=i

Vk,−1 (2|γki| − π)
(sin γki)2

cos γki

(2.29)

¨ ¶μÔÉμ³Ê B02
i00 = 0 Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  B01

i00 = 0 ¨ (¨²¨) Vi,−1 =
0. ’¥¶¥·Ó ·¥Ï¨³ Ê· ¢´¥´¨¥ (2.26). ˆ¸¶μ²Ó§ÊÖ (1.61) ¨ (2.24), ¶·¥¤¸É ¢¨³
¥£μ ¶· ¢ÊÕ Î ¸ÉÓ ¸Ê³³μ° É·¥Ì ¸² £ ¥³ÒÌ. �¤´μ ¨§ ´¨Ì ¶·μ¶μ·Í¨μ´ ²Ó´μ
ËÊ´±Í¨¨ W̃000, ¤·Ê£μ¥ Å ËÊ´±Í¨¨ W̃200. �μÔÉμ³Ê ¨¸±μ³μ¥ ·¥Ï¥´¨¥ G02

i00

Ö¢²Ö¥É¸Ö ²¨´¥°´μ° ±μ³¡¨´ Í¨¥° É ±¨Ì ËÊ´±Í¨° ¨ ·¥Ï¥´¨Ö f ´¥μ¤´μ·μ¤´μ£μ
Ê· ¢´¥´¨Ö

[
∂2

ϕ + 16
]
f(ϕ) =

2B01
i00

3
√

π

Vi,−1

cos(ϕ)

∑
k �=i

Vk,−1

| sin γki|
×

×
{
[cosC−(ϕ; γki)]

3 − [cosC+(ϕ; γki)]
3
}

¸ Ê¸²μ¢¨Ö³¨ 〈W̃200(ϕ)|f(ϕ)〉 = 0 ¨ f = 0 ¶·¨ ϕ = 0, π/2. ”Ê´¤ ³¥´É ²Ó´ÊÕ
¸¨¸É¥³Ê μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö, μÉ¢¥Î ÕÐ¥£μ É ±μ³Ê Ê· ¢´¥´¨Õ, μ¡· §ÊÕÉ
ËÊ´±Í¨¨ W̃000 ∼ sin 4ϕ ¨ Z̃000 ∼ cos 4ϕ. ˆ¸¶μ²Ó§ÊÖ ¨Ì, ´ °¤¥³ ·¥Ï¥´¨¥
f , ¶μ¤Î¨´¥´´μ¥ Ê± § ´´Ò³ Ê¸²μ¢¨Ö³, ³¥Éμ¤μ³ ¢ ·¨ Í¨¨ ¶μ¸ÉμÖ´´ÒÌ ±μÔË-
Ë¨Í¨¥´Éμ¢ [2]. ‡ É¥³ § ¶¨Ï¥³ ·¥Ï¥´¨¥ G02

i00 ¨¸Ìμ¤´μ£μ Ê· ¢´¥´¨Ö (2.26) ¢
¢¨¤¥

G02
i00(ϕ) = −(1/12)

[
EX0

i00 − (Vi,0 + (1/2)V 2
i,−1)B01

i00

]
W̃000(ϕ)−

− (2/3)B02
i00 W̃200(ϕ) − (6

√
π)−1 B01

i00 Vi,−1

∑
k �=i

g(ϕ; γki), (2.30)

£¤¥ ËÊ´±Í¨Ö g(ϕ; γ) ¸μ¤¥·¦¨É ËÊ´±Í¨¨ s̃ ≡ | sin γ| ¨ c ≡ cos γ ¶ · ³¥É· 
γ = γki ¨ ³¥´Ö¥É ¸¢μ° ¢¨¤ ¶·¨ ¶¥·¥Ìμ¤¥ Î¥·¥§ ÉμÎ±Ê ϕ̃ ≡ π/2 − |γ|: ¥¸²¨
ϕ ∈ [0, ϕ̃], Éμ

g(ϕ; γ) ≡
3 + s̃2

[
18 (sinϕ)2 + sin 4ϕ ln(cosϕ) − ϕ cos 4ϕ − 1

]
6c

,
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¥¸²¨ ¦¥ ϕ ∈ [ϕ̃, π/2], Éμ

g(ϕ; γ) ≡ 4(3 − 4c2) cos 2ϕ + (21 − 22c2) cos 4ϕ − 3(1 − 2c2)
24s̃

.

�É³¥Î¥´´μ¥ ¨§³¥´¥´¨¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¢¨¤  Å ¸²¥¤¸É¢¨¥ § ¢¨¸¨³μ¸É¨
¶·¥¤¥²μ¢ C± ¨´É¥£· ²  (1.61) μÉ ϕ ¨ γki. ‚ μ¡Ð¥³ ¸²ÊÎ ¥ (� �= 0) ¨§-§  É ±μ°
§ ¢¨¸¨³μ¸É¨ ¸²¥¤Ê¥É μ¦¨¤ ÉÓ, ÎÉμ ¤¢¥ ÉμÎ±¨ ϕ = γki ¨ ϕ = π/2 − γki, k �= i,
¡Ê¤ÊÉ μ¸μ¡Ò³¨ ¤²Ö ¢¸¥Ì ËÊ´±Í¨° ΦLn

iab: ¶·¨ ¶¥·¥Ìμ¤¥ Î¥·¥§ É ±¨¥ ÉμÎ±¨ ÔÉ¨
ËÊ´±Í¨¨ ³μ£ÊÉ ³¥´ÖÉÓ ¸¢μ° ËÊ´±Í¨μ´ ²Ó´Ò° ¢¨¤.

�·μ¤μ²¦¨³  ´ ²¨§ n-¶μ¤¸¨¸É¥³ (2.12) c n � 3. �μ ¨´¤Ê±Í¨¨ ¤μ± -
¦¥³, ÎÉμ ¶· ¢Ò¥ Î ¸É¨ RLn

iab Ê· ¢´¥´¨° ± ¦¤μ° É ±μ° n-¶μ¤¸¨¸É¥³Ò Å ¶μ-
²¨´μ³Ò (2.14) ¶μ s ¸É¥¶¥´¨ ´¥ ¢ÒÏ¥, Î¥³ M ′(n) = [(n − 1)/2],   ·¥Ï¥´¨Ö
ΦLn

iab É ±¨Ì Ê· ¢´¥´¨° Å ¶μ²¨´μ³Ò ¶μ s Éμ° ¦¥ ¸É¥¶¥´¨, ¥¸²¨ n Å ´¥Î¥É´μ¥
Î¨¸²μ, ¨ ¶μ²¨´μ³Ò ¸É¥¶¥´¨ ´¥ ¢ÒÏ¥, Î¥³ [n/2], ¥¸²¨ n Å Î¥É´μ¥ Î¨¸²μ. ‘²¥-
¤μ¢ É¥²Ó´μ, ¶·¥¤¶μ²μ¦¥´¨¥ (2.14) ¢¥·´μ,   ± ¦¤ Ö ±μ³¶μ´¥´É  L-·¥Ï¥´¨°
¸¨¸É¥³Ò (1.63) Å ¤¢μ°´ Ö ¸Ê³³ 

ΦL
iab(s, ϕ) = rL+2

∞∑
n=0

rn

M(n)∑
m=0

sm ΦLnm
iab (ϕ), (2.31)

£¤¥ M(n) = [n/2] ¨ ¸μ£² ¸´μ ¸μμÉ´μÏ¥´¨Ö³ (2.11) ¨ (2.25)

ΦLn0
iab (ϕ) ≡ ΦLn

iab(ϕ), n = 0, 1;

ΦL20
iab (ϕ) ≡ GL2

iab(ϕ), ΦL21
iab (ϕ) ≡ BL2

iab W̃L+2,ab(ϕ).
(2.32)

‚ Ê· ¢´¥´¨ÖÌ (1.63) § ³¥´¨³ ±μ³¶μ´¥´ÉÒ U �
iab ±μ³¶μ´¥´É ³¨ ΦL

iab, ¢§Ö-
ÉÒ³¨ ¢ ¢¨¤¥ (2.31). �μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ËÊ´±Í¨° ΦLnm

iab § ¶¨Ï¥³
± ± ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ n-¶μ¤¸¨¸É¥³, · ¸¶μ²μ¦¥´´ÒÌ ¢ ¶μ·Ö¤±¥ ¢μ§· ¸É ´¨Ö
¨´¤¥±¸  n ¨ ¢ ¶μ·Ö¤±¥ Ê¡Ò¢ ´¨Ö ¨´¤¥±¸  m ¤²Ö ± ¦¤μ£μ n:[

L̃2
ab(ϕ) − (L + n + 2)2

]
ΦLnm

iab (ϕ) = EΦL,n−2,m
iab (ϕ)+

+ (m + 1)
[
2(L + n + 2)ΦLn,m+1

iab (ϕ) + (m + 2)ΦLn,m+2
iab (ϕ)

]
−

−
n−1∑
p=0

Vi,n−p−2(cos ϕ)n−p−2

[
ΦLpm

iab (ϕ) +
∑
k �=i

∑
a′b′

〈ϕ|h�
aba′b′(γki)|ΦLpm

ka′b′(ϕk)〉
]
.

(2.33)

‘¨¸É¥³  (2.33) Ö¢²Ö¥É¸Ö ·¥±Ê··¥´É´μ° Í¥¶μÎ±μ° ´¥μ¤´μ·μ¤´ÒÌ μ¡Ò±´μ¢¥´-
´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢Éμ·μ£μ ¶μ·Ö¤± . „μ¶μ²´¨³ ¥¥ ¤μ ±· ¥-
¢μ° § ¤ Î¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ΦLpm

iab (ϕ) = 0 ¶·¨ ϕ = 0, π/2 ¤²Ö ¢¸¥Ì
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ËÊ´±Í¨° ΦLpm
iab (ϕ). ‹Õ¡ Ö ±μ´¥Î´ Ö ¶μ¤¸¨¸É¥³  ¸¨¸É¥³Ò (2.33) ¸ É ±¨³¨ μ¤-

´μ·μ¤´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¨ ´ ¶¥·¥¤ § ¤ ´´Ò³¨ ±μ´¸É ´É ³¨ XL
iab

 ¸¨³¶ÉμÉ¨± (2.9) μ¤´μ§´ Î´μ · §·¥Ï¨³  ¨ ³μ¦¥É ¡ÒÉÓ ¶·μ¨´É¥£·¨·μ¢ ´  Î¨-
¸²¥´´μ ¨§¢¥¸É´Ò³¨  ²£μ·¨É³ ³¨ ·¥Ï¥´¨Ö ¸¨¸É¥³ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥-
´¨° [9].

�²ÓÉ¥·´ É¨¢´Ò° ¸¶μ¸μ¡ ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨° ΦLnm
iab § ±²ÕÎ ¥É¸Ö ¢ ¸Ê³-

³¨·μ¢ ´¨¨ ¨Ì · §²μ¦¥´¨° ¶μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³ W̃Lab:

ΦLnm
iab (ϕ) =

∑
L′=a+b

ZLnm
iL′ab W̃L′ab(ϕ).

	² £μ¤ ·Ö ¸¢μ°¸É¢Ê (1.29) μ¶¥· Éμ·μ¢ h�
aba′b′ ¸¨¸É¥³  (2.33) § ³¥´μ° ¨¸±μ³ÒÌ

ËÊ´±Í¨° ΦLnm
iab É ±¨³¨ ·Ö¤ ³¨ ¸¢μ¤¨É¸Ö ± ·¥±Ê··¥´É´μ° ¨  ²£¥¡· ¨Î¥¸±μ°

¸¨¸É¥³¥ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¨¸±μ³ÒÌ ±μÔËË¨Í¨¥´Éμ¢ ZLnm
iL′ab.

ˆ¸¸²¥¤Ê¥³ ¸²¥¤ÊÕÐ¨° ¸²ÊÎ ° B. ’ ± ± ± É¥¶¥·Ó Vk,−1 = 0, k = 1, 2, 3, Éμ
¸μ£² ¸´μ (2.18) ¨ (2.27) ¨³¥¥³ ΦL1

iab ≡ 0 ¨ BL2
iab = 0. �μÔÉμ³Ê ¢Éμ· Ö (n = 2)

¶μ¤¸¨¸É¥³  (2.12) Å ¸μ¢μ±Ê¶´μ¸ÉÓ ´¥¸¢Ö§ ´´ÒÌ Ê· ¢´¥´¨°:[
L̃2

ab(ϕ) − (L + 4)2
]

ΦL2
iab(ϕ) = RL2

iab(ϕ) =
[
Vi0 BL1

iab − E XL
iab

]
W̃Lab(ϕ).

ˆÌ ¶· ¢Ò¥ Î ¸É¨ RL2
iab ¨ ·¥Ï¥´¨Ö ΦL2

iab ´¥ § ¢¨¸ÖÉ μÉ s:

ΦL2
iab(s, ϕ) = ΦL20

iab (ϕ) ≡ FL2
iLab W̃Lab(ϕ), (2.34)

£¤¥ ¶μ¸ÉμÖ´´Ò¥ FL2
iLab ¸¢Ö§ ´Ò ¸ ±μÔËË¨Í¨¥´É ³¨ (2.19) Ëμ·³Ê² ³¨

FL2
iL′ab ≡

δLL′
(
Vi0 BL1

iab − E XL
iab

)
4L + 12

. (2.35)

’·¥ÉÓÖ (n = 3) ¶μ¤¸¨¸É¥³  (2.12) ¸μ¸Éμ¨É ¨§ Ê· ¢´¥´¨° (2.18) ¸ p = 3.
ˆÌ ·¥Ï¥´¨Ö Å ËÊ´±Í¨¨ (2.24) ¸ p = 3. �·μ¤μ²¦ Ö  ´ ²¨§ É¥³ ¦¥ ¸¶μ-
¸μ¡μ³, ÎÉμ ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥ A, ¶μ¸²¥¤μ¢ É¥²Ó´μ ¤μ± §Ò¢ ¥³ ¸²¥¤Ê-
ÕÐ¨¥ ÊÉ¢¥·¦¤¥´¨Ö: ¢¸¥ ËÊ´±Í¨¨ ΦLn

iab, n < 6, ´¥ § ¢¨¸ÖÉ μÉ s, ¢¸¥ ËÊ´±-
Í¨¨ ΦLn

iab ¸ n = 6 ²¨´¥°´Ò ¶μ s ¨ ¸μ¤¥·¦ É ¢ ± Î¥¸É¢¥ ¸² £ ¥³ÒÌ ËÊ´±Í¨¨
s BL6

iab W̃L+6,ab c ±μÔËË¨Í¨¥´É ³¨ BL6
iab, μ¶·¥¤¥²¥´´Ò³¨ Ëμ·³Ê²μ° (2.27) ¸

¨´¤¥±¸μ³ p = 3; ¸Ê³³Ò (2.14) ¨ (2.31) ¨³¥ÕÉ ¶·¥¤¥²Ò M ′(n) = [(n − 1)/6] ¨
M(n) = [n/6].

ˆ¸¸²¥¤Ê¥³ ¶μ¸²¥¤´¨° ¸²ÊÎ ° C. �μ μ¶·¥¤¥²¥´¨Õ Vk,p−2 = 0, £¤¥ k =
1, 2, 3,   p = 1, 3. �μÔÉμ³Ê ¨§ (2.18) ¨ (2.27) ¸²¥¤Ê¥É, ÎÉμ ¢¸¥ ±μ³¶μ-
´¥´ÉÒ ·¥Ï¥´¨° ¶¥·¢μ° ¨ É·¥ÉÓ¥° ¶μ¤¸¨¸É¥³ (2.12) Éμ¦¤¥¸É¢¥´´μ · ¢´Ò ´Ê²Õ:
ΦLp

iab ≡ 0, p = 1, 3, ¨ BL2
iab = 0. ‘²¥¤μ¢ É¥²Ó´μ, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥ B,

¢¸¥ ±μ³¶μ´¥´ÉÒ ·¥Ï¥´¨Ö ¢Éμ·μ° (n = 2) ¶μ¤¸¨¸É¥³Ò (2.12) μ¶·¥¤¥²¥´Ò Ëμ·-
³Ê² ³¨ (2.34) ¨ (2.35). ˆ¸¶μ²Ó§ÊÖ (1.29), (2.11) ¨ (2.34), ¶μ± ¦¥³, ÎÉμ ¶· ¢Ò¥
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Î ¸É¨ RL4
iab ¢¸¥Ì Ê· ¢´¥´¨° Î¥É¢¥·Éμ° (n = 4) ¶μ¤¸¨¸É¥³Ò (2.12) ´¥ § ¢¨¸ÖÉ

μÉ s ¨ Ö¢²ÖÕÉ¸Ö ¸Ê³³ ³¨

RL4
iab(ϕ) = F̃L2

iLab W̃Lab(ϕ) + Vi2 BL1
iab (cos ϕ)2 W̃Lab(ϕ),

F̃L2
iLab ≡ (Vi0 − E)FL2

iLab + Vi0

∑
k �=i

∑
a′b′

〈ab|K(γki)|a′b′〉L� FL2
kLa′b′ .

“¶·μ¸É¨³ ÔÉ¨ ¶·¥¤¸É ¢²¥´¨Ö, § ³¥´¨¢ ¢ ´¨Ì ¶·μ¨§¢¥¤¥´¨¥ (cosϕ)2 W̃Lab ¸Ê³-
³μ° (2.7) ¸ ¨´¤¥±¸μ³ p = 2 ¨ ±μÔËË¨Í¨¥´É ³¨ (2.8). �É  ¸Ê³³ ,   §´ -
Î¨É ¨ ËÊ´±Í¨¨ RL4

iab(ϕ) Ö¢²ÖÕÉ¸Ö ²¨´¥°´Ò³¨ ±μ³¡¨´ Í¨Ö³¨ ¤¢ÊÌ ËÊ´±Í¨°
W̃Lab ¨ W̃L+2,ab, ¥¸²¨ L = a + b, ¨ É·¥Ì ËÊ´±Í¨° W̃Lab ¨ W̃L±2,ab, ¥¸²¨
L > a + b. �μÔÉμ³Ê ¨¸¸²¥¤Ê¥³μ° ¶μ¤¸¨¸É¥³¥ (2.12) ¸ n = 4 Ê¤μ¢²¥É¢μ·ÖÕÉ
±μ³¡¨´ Í¨¨ ΦL4

iab ÔÉ¨Ì ¦¥ ËÊ´±Í¨° ¨ μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥³ÒÌ ±μÔËË¨Í¨-
¥´Éμ¢ FL4

iL′ab:

ΦL4
iab(s, ϕ) = ΦL40

iab (ϕ) =
L′+2∑

L′=L−2

FL4
iL′ab W̃L′ab(ϕ);

FL4
iLab =

Vi2 AL2
Lab + F̃L2

iLab

8(L + 4)
, (2.36)

FL4
i,L±2,ab =

1
4

Vi2 AL2
L±2,ab BL1

iab

{
(L + 5)−1,

(3L + 9)−1.

„ ²¥¥ ¶μ ¨´¤Ê±Í¨¨ ´¥¸²μ¦´μ ¤μ± § ÉÓ ¸²¥¤ÊÕÐ¨¥ ÊÉ¢¥·¦¤¥´¨Ö. …¸²¨ n ´¥-
Î¥É´μ, Éμ n-¶μ¤¸¨¸É¥³  (2.12) ¨³¥¥É Éμ²Ó±μ É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥ (∀ΦLn

iab ≡ 0),
  ¶·¨ Î¥É´μ³ n ¢¸¥ ¶· ¢Ò¥ Î ¸É¨ RLn

iab ¡² £μ¤ ·Ö ¶· ¢¨² ³ (1.29) ¨ (2.7) Ö¢²Ö-
ÕÉ¸Ö ²¨´¥°´Ò³¨ ±μ³¡¨´ Í¨Ö³¨ ËÊ´±Í¨° W̃L′ab, L′ � L+n−2. ’ ± ± ± É ± Ö
±μ³¡¨´ Í¨Ö μ·Éμ£μ´ ²Ó´  ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¨ W̃L+n,ab μ¶¥· Éμ·  DLn

ab , Éμ
²Õ¡ Ö ±μ³¶μ´¥´É  ΦLn

iab ´¥ § ¢¨¸¨É μÉ s ¨ Ö¢²Ö¥É¸Ö ±μ³¡¨´ Í¨¥° Éμ£μ É¨¶ ,
ÎÉμ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¶· ¢ Ö Î ¸ÉÓ RLn

iab:

ΦLn
iab(ϕ) =

L+(L,n)∑
L′=L−(L,n)

FLn
iL′ab W̃Lab(ϕ),

L±(L, n) ≡ max {L ± n ∓ 2, a + b},

£¤¥ n = 0, 2, . . .,   FLn
iL′ab Å ¢¶μ²´¥ μ¶·¥¤¥²¥´´Ò¥ Î¨¸²μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ,

¤²Ö ±μÉμ·ÒÌ ³μ¦´μ ¢Ò¢¥¸É¨ ·¥±Ê··¥´É´Ò¥ ¶μ ¨´¤¥±¸Ê n ¸μμÉ´μÏ¥´¨Ö.
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ˆÉ ±, ¢ · ¸¸³μÉ·¥´´μ³ ¸²ÊÎ ¥ C ¢ ¸Ê³³ Ì (2.14) ¨ (2.31) ¨´¤¥±¸ n Å
Î¥É´μ¥ Î¨¸²μ, M ′(n) = 0 ¨ M(n) = 0 ¶·¨ ²Õ¡μ³ n. �μÔÉμ³Ê ¢¸¥ ±μ³-
¶μ´¥´ÉÒ ΦL

iab ²Õ¡μ£μ L-·¥Ï¥´¨Ö Å μ¤´μ±· É´Ò¥ ·Ö¤Ò ¶μ Î¥É´Ò³ ¸É¥¶¥´Ö³
£¨¶¥·· ¤¨Ê¸ .

‘Ê³³¨·Ê¥³ ¤μ± § ´´Ò¥ ¢ÒÏ¥ ÊÉ¢¥·¦¤¥´¨Ö ¢ ¢¨¤¥ É¥μ·¥³Ò.

’¥μ·¥³  2.1. “· ¢´¥´¨Ö (1.63) ¨³¥ÕÉ Ëμ·³ ²Ó´ÊÕ ËÊ´¤ ³¥´É ²Ó´ÊÕ ¸¨-
¸É¥³Ê ·¥£Ê²Ö·´ÒÌ L-·¥Ï¥´¨°, μ¶·¥¤¥²¥´´ÒÌ ·Ö¤ ³¨ (2.31), ¢ ±μÉμ·ÒÌ
M(n) = [n/2], [n/6], 0, ¸μμÉ¢¥É¸É¢¥´´μ, ¢ ¸²ÊÎ ¥ A, B, C,   ËÊ´±Í¨¨ ΦLnm

iab (ϕ)
¶μ¤Î¨´¥´Ò μ¤´μ§´ Î´μ · §·¥Ï¨³μ° ·¥±Ê··¥´É´μ° Í¥¶μÎ±¥ Ê· ¢´¥´¨° (2.33) ¸
μ¤´μ·μ¤´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¢ ÉμÎ± Ì ϕ = 0, π/2.

’¥¶¥·Ó μ¡¸Ê¤¨³ ¤·Ê£μ° ¸¶μ¸μ¡ ¶μ¸É·μ¥´¨Ö L-·¥Ï¥´¨° {ΦL
iab} ¨¸Ìμ¤´μ°

¸¨¸É¥³Ò (1.63). ‚ ÔÉμ³ ¸¶μ¸μ¡¥ ±²ÕÎ¥¢μ° Ö¢²Ö¥É¸Ö ¸¨¸É¥³  Ê· ¢´¥´¨° (2.33).
�·¨ ²Õ¡ÒÌ ¤ ´´ÒÌ n ¨ m ²¥¢Ò¥ ¨ ¶· ¢Ò¥ Î ¸É¨ ÔÉ¨Ì Ê· ¢´¥´¨° ²¨´¥°´Ò μÉ-
´μ¸¨É¥²Ó´μ ¢¸¥Ì ¨¸±μ³ÒÌ ËÊ´±Í¨° ΦLnm

iab ¨ Ê¦¥ ´ °¤¥´´ÒÌ ËÊ´±Í¨° ΦLn′m′

ka′b′

¸ ¨´¤¥±¸ ³¨ n′ � n ¨ m′ > m. �μÔÉμ³Ê, ´ Î¨´ Ö ¸ n = 1, ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ,
´ ¶·¨³¥·, BL1

iab, BL2
iab, FL2

iL′ab, ¨ ¢¸¥ ËÊ´±Í¨¨, ¢ Î ¸É´μ¸É¨, ΦL10
iab , ΦL20

iab , ΦL21
iab ,

μ¡² ¤ ÕÉ ¨¸±²ÕÎ¨É¥²Ó´μ ¢ ¦´Ò³ ¸¢μ°¸É¢μ³ Å μ´¨ Ö¢²ÖÕÉ¸Ö ²¨´¥°´Ò³¨
ËÊ´±Í¨Ö³¨, ¢μμ¡Ð¥ £μ¢μ·Ö, ¢¸¥Ì ´¥μ¶·¥¤¥²¥´´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ XL

iab. ’ -
±¨³ μ¡· §μ³, ¶·¨ ²Õ¡ÒÌ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥´¨ÖÌ ¨´¤¥±¸μ¢ i, a, b, n ¨ m
¶· ¢ Ö Î ¸ÉÓ RLnm

iab ²Õ¡μ£μ Ê· ¢´¥´¨Ö (2.33) ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥ ±μ´¥Î´μ°
¸Ê³³Ò

RLnm
iab (ϕ) =

3∑
k=1

∑
a′b′

XL
ka′b′ RLnm

iab,ka′b′(ϕ),

¨ ¶μÔÉμ³Ê ¤²Ö ·¥Ï¥´¨Ö ΦLnm
iab ÔÉμ£μ Ê· ¢´¥´¨Ö ¢¥·´μ ¶·¥¤¸É ¢²¥´¨¥

ΦLnm
iab (ϕ) =

3∑
k=1

∑
a′b′

XL
ka′b′ ΦLnm

iab,ka′b′(ϕ). (2.37)

‘²¥¤μ¢ É¥²Ó´μ, ¥¸²¨ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ XL
iab, ±·μ³¥ ±μÔËË¨Í¨¥´É  XL

ka′b′

c ¢Ò¡· ´´Ò³¨ §´ Î¥´¨Ö³¨ ¨´¤¥±¸μ¢ k, a′ ¨ b′, · ¢´Ò ´Ê²Õ, Éμ ¨¸¸²¥¤Ê¥³μ¥
Ê· ¢´¥´¨¥ ¢Ò·μ¦¤ ¥É¸Ö ¢ Ê· ¢´¥´¨¥, ´¥ ¸μ¤¥·¦ Ð¥¥ ´¨± ±¨Ì ´¥μ¶·¥¤¥²¥´´ÒÌ
±μÔËË¨Í¨¥´Éμ¢:[

L̃2
ab(ϕ) − (L + n + 2)2

]
ΦLnm

iab,ka′b′(ϕ) = RLnm
iab,ka′b′(ϕ), ϕ ∈ [0, π/2]. (2.38)

�μ μ¶·¥¤¥²¥´¨Õ ±μ³¶μ´¥´É  ΦLnm
iab = 0, É. e. ¸Ê³³  (2.37) · ¢´  ´Ê²Õ ¢ ÉμÎ-

± Ì ϕ = 0, π/2. �Éμ Ê¸²μ¢¨¥ ¡Ê¤¥É ¢Ò¶μ²´ÖÉÓ¸Ö ¶·¨ ²Õ¡ÒÌ ±μÔËË¨Í¨¥´É Ì
XL

iab Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ± ¦¤μ¥ ¨§ Ê· ¢´¥´¨° (2.38) ¤μ¶μ²´¥´μ ¤μ
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±· ¥¢μ° § ¤ Î¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ΦLnm
iab,ka′b′ = 0 ¶·¨ ϕ = 0, π/2. ’ ±ÊÕ

±· ¥¢ÊÕ § ¤ ÎÊ ¤ ¦¥ ¶·¨ ¸· ¢´¨É¥²Ó´μ ¡μ²ÓÏμ³ n ³μ¦´μ ·¥Ï¨ÉÓ ¨§¢¥¸É´Ò³¨
Î¨¸²¥´´Ò³¨ ³¥Éμ¤ ³¨ [9], ´ ¶·¨³¥·, ³¥Éμ¤μ³ ¢ ·¨ Í¨¨ ¶μ¸ÉμÖ´´ÒÌ ±μÔËË¨-
Í¨¥´Éμ¢ [2]. �ÉμÉ ³¥Éμ¤ ´¥¸²μ¦´μ ·¥ ²¨§μ¢ ÉÓ, ¶μÉμ³Ê ÎÉμ ËÊ´¤ ³¥´É ²Ó´Ò¥
·¥Ï¥´¨Ö [4] μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö, μÉ¢¥Î ÕÐ¥£μ Ê· ¢´¥´¨Õ (2.38), ¨§¢¥¸É´Ò
¢ Ö¢´μ³ ¢¨¤¥. �¥£Ê²Ö·´Ò³ ·¥Ï¥´¨¥³ Ö¢²Ö¥É¸Ö ËÊ´±Í¨Ö W̃Lab,   ´¥·¥£Ê²Ö·´μ¥

·¥Ï¥´¨¥ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ËÊ´±Í¨Õ Ÿ±μ¡¨ ¢Éμ·μ£μ ·μ¤  Q
(a+1/2,b+1/2)
n :

(sin ϕ)a+1 (cosϕ)b+1 Q(a+1/2,b+1/2)
n (cos 2ϕ), n = (L − a − b)/2.

‡ ³¥Î ´¨¥. —¨¸²¥´´Ò°  ´ ²¨§ ±² ¸¸¨Î¥¸±μ° Í¥¶μÎ±¨ ·¥±Ê··¥´É´ÒÌ Ê· ¢-
´¥´¨° ”μ±  ¨ Í¥¶μÎ±¨ (2.33) ¢μ§³μ¦¥´ ²¨ÏÓ ¶μ¸²¥ μ¶·¥¤¥²¥´¨Ö ¢¸¥Ì ¸μ¤¥·-
¦ Ð¨Ì¸Ö ¢ ´¨Ì Î¨¸²μ¢ÒÌ ±μÔËË¨Í¨¥´Éμ¢. �·¥¤²μ¦¥´´Ò° ¢ÒÏ¥ ¶μ¤Ìμ¤ ²¨-
Ï¥´ ÔÉμ£μ ´¥¤μ¸É É± : ¢ ´¥³ ¸´ Î ²  ¢ÒÎ¨¸²ÖÕÉ¸Ö ËÊ´±Í¨¨ ΦLnm

iab,ka′b′ , ¶μ¤Î¨-
´¥´´Ò¥ ·¥±Ê··¥´É´μ° ¶μ ¨´¤¥±¸ ³ n ¨ m Í¥¶μÎ±¥ μ¤´μ·μ¤´ÒÌ ±· ¥¢ÒÌ § ¤ Î,
´¥ ¸μ¤¥·¦ Ð¨Ì ´¨± ±¨Ì ´¥μ¶·¥¤¥²¥´´ÒÌ ±μÔËË¨Í¨¥´Éμ¢,   § É¥³ ¡¥§ ¶μÉ¥·¨
μ¡Ð´μ¸É¨ ¢μ¸¸É ´ ¢²¨¢ ÕÉ¸Ö ¢¸¥ ±μ³¶μ´¥´ÉÒ ΦLnm

iab ²Õ¡μ£μ L-·¥Ï¥´¨Ö ± ±
¸Ê³³Ò (2.37) ¸ ¶·μ¨§¢μ²Ó´Ò³¨ ±μÔËË¨Í¨¥´É ³¨ XL

iab.

2.3. � §²μ¦¥´¨Ö ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢ . ‘μ£² ¸´μ
É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [2] μ¡Ð¥¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ ¤¨ËË¥-
·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö · ¢´μ ¸Ê³³¥ ¢¸¥Ì ¥£μ ·¥£Ê²Ö·´ÒÌ ËÊ´¤ ³¥´É ²Ó´ÒÌ
·¥Ï¥´¨°, Ê³´μ¦¥´´ÒÌ ´  ¶·μ¨§¢μ²Ó´Ò¥ ±μÔËË¨Í¨¥´ÉÒ. ‚ ¶·¥¤Ò¤ÊÐ¥³ · §-
¤¥²¥ ¢¸¥ ·¥£Ê²Ö·´Ò¥ ËÊ´¤ ³¥´É ²Ó´Ò¥ L-·¥Ï¥´¨Ö {ΦL

iab}, L = � + μ(σ), � +
μ(σ) + 2, . . ., ¸¨¸É¥³Ò (1.63) ¶·¥¤¸É ¢²¥´Ò ·Ö¤ ³¨ (2.31), Ê¦¥ ¸μ¤¥·¦ Ð¨³¨
´¥±μÉμ·Ò¥ ±μÔËË¨Í¨¥´ÉÒ XL

iab. �μÔÉμ³Ê ¡¥§ ¶μÉ¥·¨ μ¡Ð´μ¸É¨ ±μ³¶μ´¥´ÉÒ
U �

iab μ¡Ð¥£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö {U �
iab} ÔÉμ° ¸¨¸É¥³Ò ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ

¸Ê³³ ³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ±μ³¶μ´¥´É ΦL
iab ¢¸¥Ì L-·¥Ï¥´¨°:

U �
iab(r, ϕ) =

∞∑
L=a+b

ΦL
iab(r, ϕ) =

∞∑
L=a+b

rL+2
∞∑

n=0

rn

M(n)∑
m=0

sm ΦLnm
iab (ϕ). (2.39)

‡ ³¥´¨¢ ËÊ´±Í¨¨ U �
iab É ±¨³¨ ¸Ê³³ ³¨ ¢ (1.58), (1.59) ¨ ¢ (1.55), ¶μ²Ê-

Î¨³ Ëμ·³ ²Ó´Ò¥ · §²μ¦¥´¨Ö ¤²Ö ¶·¨¢¥¤¥´´ÒÌ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É
U �

iL′ab:

U �
iL′ab(r) =

∞∑
L=a+b

rL+2
∞∑

n=0

rn

M(n)∑
m=0

sm ΦLnm
iL′ab,

(2.40)

ΦLnm
iL′ab ≡ 〈WL′ab(ϕ)|ΦLnm

iab (ϕ)〉,
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¤²Ö ¶·¨¢¥¤¥´´ÒÌ Dσ-±μ³¶μ´¥´É U �x
im′ :

U �x
im′(r, ϕ, u) =

∞∑
L=�+μ(σ)

rL+2
∞∑

n=0

rn

M(n)∑
m=0

sm ΦLnm
im′ (ϕ, u),

ΦLnm
im′ (ϕ, u) ≡ sin θ

∑
ab

T �m′

ab Θam′(u)ΦLnm
iab (ϕ);

(2.41)

¨ ¤²Ö Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É Ψε
i :

Ψε
i (r, Ω) =

∞∑
L=�+μ(σ)

rL
∞∑

n=0

rn

M(n)∑
m=0

sm ΨLnm
i (Ω),

ΨLnm
i (Ω) ≡

∑
ab

[
ΦLnm

iab (ϕ)/(sin ϕ cosϕ)
]
Y�m

ab (x̂, ŷ).

(2.42)

�μ ¤μ± § ´´μ° ¢ÒÏ¥ É¥μ·¥³¥ 2.1 ¸É·μ¥´¨¥ ÔÉ¨Ì ·Ö¤μ¢, ¢ Î ¸É´μ¸É¨,
¨´¤¥±¸ M(n), μ¶·¥¤¥²Ö¥É¸Ö É¨¶μ³ (1.32) · §²μ¦¥´¨° (1.31) ¶ ·´ÒÌ ¶μÉ¥´-
Í¨ ²μ¢.

�·¥¤¶μ²μ¦¨¢, ÎÉμ ¢¸¥ ·Ö¤Ò (2.31) ¨ (2.39)Ä(2.42)  ¸¨³¶ÉμÉ¨Î¥¸±¨¥,   ¢¸¥
±μÔËË¨Í¨¥´ÉÒ XL0

iab, L = a + b + 2n, n = 0, 1, 2, ´¥´Ê²¥¢Ò¥, ´ °¤¥³ Ö¢´Ò¥
 ¸¨³¶ÉμÉ¨±¨ ÔÉ¨Ì ·Ö¤μ¢,   § É¥³ ¨§  ¸¨³¶ÉμÉ¨± ¢Ò¢¥¤¥³ ¸¢Ö§¨.

�¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (2.39) ¨ (2.40) ¶·¥¤¸É ¢¨³ ¶μ¤¸Ê³³ ³¨ ¨Ì É·¥Ì ´ ¨-
¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¶·¨ r → 0 ¸² £ ¥³ÒÌ, ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ
¸²¥¤ÊÕÐ¨³ ¶· ¢¨² ³: ¢ ¸²ÊÎ ¥ A ÔÉ¨ ¸² £ ¥³Ò¥ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ É·¨ ¸² -
£ ¥³ÒÌ ·Ö¤μ¢ (2.31) ¸ ³¨´¨³ ²Ó´Ò³ L, · ¢´Ò³ a + b; ¢ ¸²ÊÎ ¥ B Å Î¥·¥§
É·¨ ¸² £ ¥³ÒÌ ·Ö¤μ¢ (2.31) ¸ L = a + b ¨ ¸É ·Ï¨¥ Î²¥´Ò (2.9) ·Ö¤μ¢ (2.31) ¸
L = a+ b+2; ¢ ¸²ÊÎ ¥ C Å Î¥·¥§ É·¨ ¸² £ ¥³ÒÌ ·Ö¤μ¢ (2.31) ¸ L = a+ b, ¤¢ 
¸² £ ¥³ÒÌ ·Ö¤μ¢ (2.31) ¸ L = a+ b+2 ¨ ¸É ·Ï¨¥ ¸² £ ¥³Ò¥ (2.9) ·Ö¤μ¢ (2.31)
¸ L = a + b + 4.

�μ Ëμ·³Ê² ³ (2.11), (2.24), (2.32) ¨ (2.34)Ä(2.36) ¢Ò· §¨³ Ö¢´μ ¢¸¥ ´Ê¦-
´Ò¥ ´ ³ ËÊ´±Í¨¨ ΦLnm

iab , L = a+b+2n, n = 0, 1, 2, Î¥·¥§ ËÊ´±Í¨¨ W̃Lab. ‘²¥-
¤ÊÖ ¸Ëμ·³Ê²¨·μ¢ ´´Ò³ ¢ÒÏ¥ ¶· ¢¨² ³ ¨ ¨¸¶μ²Ó§ÊÖ ÔÉ¨ ¢Ò· ¦¥´¨Ö, ¢Ò¢μ¤¨³
Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (2.39), É. ¥. ¡¨¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É U �

iab(r, ϕ):

A) U �
iab = rL+2

{[
XL

iab + (r cosϕ)Vi,−1 BL1
iab/(2b + 2)

]
W̃Lab(ϕ)+

+r2 s BL2
iab W̃L+2,ab(ϕ) + O(r2)

}
,
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B) U �
iab = rL+2

{
XL

iab W̃Lab(ϕ) + r2
[
FL2

iLabW̃Lab(ϕ) + XL+2
iab W̃L+2,ab(ϕ)

]
+

+ (r cosϕ)3
[
BL1

iab Vi1/(6b + 12)
]

W̃Lab(ϕ) + O(r4)
}
, (2.43)

C) U �
iab = rL+2

{
XL

iab W̃Lab(ϕ) + r2
[
FL2

iLabW̃Lab(ϕ) + XL+2
iab W̃L+2,ab(ϕ)

]
+

+r4
[
FL4

iLab WLab(ϕ) +
(

FL4
i,L+2,ab + FL+2

i,L+2,ab

)
W̃L+2,ab(ϕ)+

+XL+4
iab W̃L+4,ab(ϕ)

]
+ O(r2)

}
.

„ ²¥¥, ¶μ¤¸É ¢¨¢ ´ °¤¥´´Ò¥ ËÊ´±Í¨¨ ΦLnm
iab ¢ Ëμ·³Ê²Ò (2.40) ¨ ¨¸¶μ²Ó§ÊÖ

· §²μ¦¥´¨¥ (2.7) ¸ g = 1 ¢ ¸²ÊÎ ¥ A ¨ ¸ g = 3 ¢ ¸²ÊÎ ¥ B, ´ Ìμ¤¨³ Ö¢´Ò¥
 ¸¨³¶ÉμÉ¨±¨ ¢¸¥Ì £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É U �

iL′ab(r):

A) U �
iL′ab = rL+2

[
XL

iabδLL′ +
rVi,−1

2(b + 1)
AL1

L′ab BL1
iab+

+ r2s BL2
iab δL′,L+2 + O(r2)

]
,

B) U �
iL′ab = rL+2

{[
XL

iab + r2 FL2
iLab

]
δLL′ + r2XL+2

iab δL′,L+2+

+r3Vi1 AL3
L′abB

L1
iab/(6b + 12) + O(r4)

}
, (2.44)

C) U �
iL′ab = rL+2

[
XL

iab + r2 FL2
iLab + r4 FL4

iLab

]
δLL′+

+ rL+4
[
XL+2

iab + r2
(
FL4

i,L+2,ab + FL+2
i,L+2,ab

)]
δL′,L+2+

+ rL+6 XL+4
iab δL′,L+4 + O(rL+8).

’¥¶¥·Ó ´ °¤¥³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (2.41) ¨ (2.42) ¢ ¢¨¤¥ ¶μ¤¸Ê³³
¨Ì É·¥Ì ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¶·¨ r → 0 ¸² £ ¥³ÒÌ. ‚ ¸²ÊÎ ¥ A
¨³¨ Ö¢²ÖÕÉ¸Ö É·¨ ¸² £ ¥³ÒÌ ÔÉ¨Ì ·Ö¤μ¢ ¸ ³¨´¨³ ²Ó´μ ¢μ§³μ¦´Ò³ L = Lmin;
¢ ¸²ÊÎ ¥ B Å ¸² £ ¥³Ò¥ ¸ L = Lmin, n = 0, 2, 3 ¨ L = Lmin + 2, n = 0; ¢
¸²ÊÎ ¥ C Å É¥ ¦¥ ¸² £ ¥³Ò¥, ÎÉμ ¨ ¢ ¸²ÊÎ ¥ ‚, ¨ ¸² £ ¥³Ò¥ ¸ L = Lmin + 4,
n = 0.
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‡ ³¥´¨¢ ¢μ ¢¸¥Ì Ê¶μ³Ö´ÊÉÒÌ ¸² £ ¥³ÒÌ ËÊ´±Í¨¨ ΦLnm
iab ¨Ì ´ °¤¥´´Ò³¨

¶·¥¤¸É ¢²¥´¨Ö³¨, ¶μ²ÊÎ¨³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ Dσ-±μ³¶μ´¥´É U �x
im′(r, ϕ, u):

A) U �x
im′ = rL+2 sin θ

∑
a+b=L

T �m′

ab Θam′(u)×

×
{[

XL
iab +

rVi,−1

2(b + 1)
BL1

iab cosϕ

]
W̃Lab(ϕ) + r2sBL2

iabW̃L+2,ab(ϕ) + O(r2)
}

,

B) U �x
im′ = rL+2 sin θ

∑
a+b=L

T �m′

ab Θam′(u) W̃Lab(ϕ)×

×
[
XL

iab + r2 FL2
iLab + (r cosϕ)3 BL1

iab Vi1/(6b + 12)
]
+

+ rL+4 sin θ

L+2∑
a+b=L

XL+2
iab T �m′

ab Θam′(u) W̃L+2,ab(ϕ) + O(rL+6), (2.45)

C) U �x
im′ = rL+2 sin θ

∑
a+b=L

T �m′

ab Θam′(u) W̃Lab(ϕ)×

×
[
XL

iab + r2 FL2
iLab + r4 FL4

iLab

]
+ rL+4 sin θ

L+2∑
a+b=L

T �m′

ab Θam′(u)W̃L+2,ab(ϕ)×

×
[
XL+2

iab + r2
(
FL4

i,L+2,ab + FL+2
i,L+2

)]
+

+ rL+6 sin θ

L+4∑
a+b=L

XL+4
iab T �m′

ab Θam′(u) W̃L+4,ab(ϕ) + O(rL+8)

¨ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É Ψε
i (r, Ω):

A) Ψε
i = rL

∑
a+b=L

{[
XL

iab + (r cosϕ)Vi,−1 BL1
iab/(2b + 2)

]
Y �m

Lab(Ω)+

+r2s BL2
iabYL+2,ab(Ω) + O(r2)

}
,

B) Ψε
i = rL

∑
a+b=L

[
XL

iab + r2FL2
iLab + (r cosϕ)3 Vi1B

L1
iab/(6b + 12)

]
Y �m

Lab(Ω)+

+ rL+2
L+2∑

a+b=L

XL+2
iab Y �m

L+2,ab(Ω) + O(rL+4), (2.46)
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C) Ψε
i = rL

∑
a+b=L

[
XL

iab + r2 FL2
iLab + r4 FL4

iLab

]
Y �m

ab (Ω)+

+ rL+4
L+2∑

a+b=L

[
XL+2

iab + r2
(
FL4

i,L+2,ab + FL+2
i,L+2

) ]
Y �m

L+2,ab(Ω)+

+ rL+6
L+4∑

a+b=L

XL+4
iab Y �m

L+4,ab(Ω) + O(rL+8).

�·¨¸ÉÊ¶¨³ ± ¢Ò¢μ¤Ê ¸¢Ö§¥° ¶·¨ r = 0. ‚Ò¢μ¤ ·¥ ²¨§Ê¥³ ¢ ¤¢  ÔÉ ¶ :
¸´ Î ²  ¢Ò· §¨³ ´¥μ¶·¥¤¥²¥´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ XL

iab ¨ ¨Ì ±μ³¡¨´ Í¨¨ BL1
iab

¨ FL2
iLab Î¥·¥§ Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥  ¸¨³¶ÉμÉ¨± (2.43)Ä(2.45) ¶μ  ·£Ê³¥´ÉÊ r

¶·¨ r = 0,   § É¥³ § ³¥´¨³ ¢ μ¶·¥¤¥²¥´¨ÖÌ (2.19) ¨ (2.35) ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ
XL

iab, BL1
iab ¨ FL2

iLab ¨Ì ¶μ²ÊÎ¥´´Ò³¨ ¢Ò· ¦¥´¨Ö³¨.
ˆ§ (2.43) ¢ ¸²ÊÎ ¥ A ¸²¥¤ÊÕÉ ¤¢  ¶·¥¤¸É ¢²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ XL

iab ¨
BL1

iab Î¥·¥§ Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ËÊ´±Í¨¨ U �
iab ¶·¨ r = 0:

XL
iab =

[
(L + 2)! W̃Lab(ϕ)

]−1

∂L+2
r U �

iab(r, ϕ),

BL1
iab =

{
(2b + 2)/

[
(L + 3)! Vi,−1 W̃Lab(ϕ)

] }
∂L+3

r U �
iab(r, ϕ).

ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ ¶·¥¤¸É ¢²¥´¨Ö ¨ ¶μ²μ¦¨¢ p = 1, ¶¥·¥¶¨Ï¥³ · ¢¥´¸É¢μ (2.19)
¢ ¢¨¤¥ ¸¢Ö§¨ ³¥¦¤Ê Î ¸É´Ò³¨ ¶·μ¨§¢μ¤´Ò³¨ Qjab(ϕ) ≡ ∂L+2

r U �
iab|r=0 É·¥Ì

ËÊ´±Í¨° U �
jab(r, ϕ), j = i, j �= i:

∂p
r Qiab(ϕ) = MLp

b Vi,p−2 (cosϕ)p

[
Qiab(ϕ)+

+ W̃Lab(ϕ)
∑
k �=i

∑
a′b′

〈ab|K(γki)|a′b′〉L�Qkab(ϕk)/W̃La′b′(ϕk)
]
. (2.47)

‡¤¥¸Ó ¨ ¢¸Õ¤Ê ¤ ²¥¥

MLp
b ≡ (L + p + 2)!

p (2b + p + 1) (L + 2)!
.

’¥³ ¦¥ ¸¶μ¸μ¡μ³ ¤μ± §Ò¢ ¥³, ÎÉμ ¢ ¸²ÊÎ ¥ B ¨³¥ÕÉ¸Ö ¸¢Ö§¨ (2.47) ¸ p = 3.
‘²ÊÎ ° C Å ¨¸±²ÕÎ¨É¥²Ó´Ò°. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸² £ ¥³μ¥ ¸Ê³³Ò (2.43)

¶·¨ ²Õ¡μ³ n > 0 Ö¢²Ö¥É¸Ö ¶·μ¨§¢¥¤¥´¨¥³ ËÊ´±Í¨¨ r2n ¨ Ê£²μ¢μ° ËÊ´±Í¨¨,
±μÉμ· Ö ¢ μÉ²¨Î¨¥ μÉ ¸²ÊÎ ¥¢ A ¨ B ¢¸¥£¤  ¸μ¤¥·¦¨É ¨ ´¥μ¶·¥¤¥²¥´´Ò¥ ±μ-
ÔËË¨Í¨¥´ÉÒ XL′

iab c L′ = L + 2n, ¨ ±μÔËË¨Í¨¥´ÉÒ FL′n
iab , ¢Ò· ¦¥´´Ò¥ Î¥·¥§

±μÔËË¨Í¨¥´ÉÒ XL′

iab ¸ L′ < L + 2n. �μÔÉμ³Ê ¨§ ²Õ¡μ° ±μ´¥Î´μ° ¸μ¢μ±Ê¶-
´μ¸É¨ ¸μμÉ´μÏ¥´¨°, ¶μ²ÊÎ¥´´ÒÌ ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥³  ¸¨³¶ÉμÉ¨± ËÊ´±Í¨°
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U �
iab ¢ ÉμÎ±¥ r = 0, ´¥²Ó§Ö ¨¸±²ÕÎ¨ÉÓ ¢¸¥ ´¥μ¶·¥¤¥²¥´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¨

¶μ²ÊÎ¨ÉÓ ¸¢Ö§¨ ¤²Ö Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ÔÉ¨Ì ËÊ´±Í¨° ¢ ÔÉμ° ÉμÎ±¥.
’¥¶¥·Ó ¨§ (2.44) ¢Ò¢¥¤¥³ ¸¢Ö§¨ ¤²Ö ËÊ´±Í¨° QjLab(r) ≡ ∂L+2

r U �
jLab(r).

‚ ¸²ÊÎ ÖÌ A ¨ B ¶·¨ ²Õ¡μ³ L′ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥³ p = 1 ¨ p = 3
±μÔËË¨Í¨¥´ÉÒ XL

iab ¨ BL1
iab ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¶·μ¨§¢μ¤´Ò¥ ∂L+2

r U �
iLab ¨

∂L+2+p
r U �

iL′ab ¢ ÉμÎ±¥ r = 0. ‡ ³¥´¨¢ XL
iab ¨ BL1

iab ¢ (2.19) É ±¨³¨ ¢Ò· -
¦¥´¨Ö³¨, ¶μ²ÊÎ¨³ ¸¢Ö§¨

∂p
r QiL′ab = ALp

LabM
Lp
b Vi,p−2×

×
(

QiLab +
∑
k �=i

∑
a′b′

〈ab|K(γki)|a′b′〉L�QkLa′b′

)
. (2.48)

‚ ¸²ÊÎ ÖÌ B ¨ C ±μÔËË¨Í¨¥´ÉÒ XL
iab ¨ FL2

iLab ¶·μ¶μ·Í¨μ´ ²Ó´Ò ¶·μ¨§¢μ¤´Ò³
∂L+2

r U �
iLab ¨ ∂L+4

r U �
iLab ¢ ÉμÎ±¥ r = 0. ˆ¸¶μ²Ó§ÊÖ É ±¨¥ ¸μμÉ´μÏ¥´¨Ö ¨

Ëμ·³Ê²Ò (2.19) ¨ (2.35), ¢Ò¢μ¤¨³ ¸¢Ö§¨

∂2
rQiLab =

(
1 +

L

4

)
×

×
[
(Vi0 − E)QiLab +

∑
k �=i

Vk0

∑
a′b′

〈ab|K(γki)|a′b′〉L� QkLa′b′

]
. (2.49)

‚ ¸²ÊÎ ÖÌ ‚ ¨ C ±μÔËË¨Í¨¥´ÉÒ FL2
iab ¨ XL+2

iab ¶·μ¶μ·Í¨μ´ ²Ó´Ò ¶·μ¨§-
¢μ¤´Ò³ ∂L+4

r U �
iLab ¨ ∂L+4

r U �
i,L+2,ab ¶·¨ r = 0, ¨ ¶μÔÉμ³Ê ¨³¥ÕÉ¸Ö ¶·μ¸ÉÒ¥

¸¢Ö§¨:

∂L+4
r

[
U �

iLab(r) − U �
i,L+2,ab(r)

]
= 0, r = 0. (2.50)

�¸É ²μ¸Ó ¢Ò¢¥¸É¨ ¸¢Ö§¨ ¨§ · ¢¥´¸É¢ (2.45). ˆ³¥ÕÉ¸Ö ¤¢  ¨¸±²ÕÎ¨É¥²Ó´ÒÌ
¨ · ¸¸³μÉ·¥´´ÒÌ ´¨¦¥ ¸²ÊÎ Ö �, σ = 0 ¨ �, σ = 1. ’μ²Ó±μ ¶·¨ É ±¨Ì §´ Î¥-
´¨ÖÌ � ¨ σ ¢ ¸²ÊÎ ÖÌ A ¨ B ¸Ê³³Ò (2.45) ¸μ¤¥·¦ É ²¨ÏÓ μ¤¨´ Î²¥´, ¨ ¶μÔÉμ³Ê
¤²Ö ±μ³¶μ´¥´É U �x

im′ ¨³¥ÕÉ¸Ö ¸¢Ö§¨ ¶·¨ r = 0. �·¨ ¢¸¥Ì ¨´ÒÌ � ¨ σ ¨²¨ ¦¥
¢ ¸²ÊÎ ¥ C ÔÉ¨ ¸Ê³³Ò ¸μ¤¥·¦ É ¤¢  ¨ ¡μ²¥¥ ¸² £ ¥³ÒÌ, ¶·¨Î¥³ ¢¸¥ ±μÔËË¨-
Í¨¥´ÉÒ XL

iab, BL1
iab ¨ (¨²¨) FL2

iLab ¸Ê³³¨·ÊÕÉ¸Ö ¶μ a ¨ b. �μÔÉμ³Ê ¨Ì ´¥²Ó§Ö
¶·¥¤¸É ¢¨ÉÓ ± ± Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ±μ³¶μ´¥´É U �x

im′ ¶μ r ¢ ÉμÎ±¥ r = 0.
‘²¥¤μ¢ É¥²Ó´μ, ¸¢Ö§¨ ³¥¦¤Ê É ±¨³¨ ¶·μ¨§¢μ¤´Ò³¨ ´¥ ¸ÊÐ¥¸É¢ÊÕÉ. ‘¶·μ¥Í¨-
·μ¢ ¢ ÔÉ¨  ¸¨³¶ÉμÉ¨±¨ ´  ËÊ´±Í¨¨ Θam′ , ¶μ²ÊÎ¨³  ¸¨³¶ÉμÉ¨±¨ ¶·μ¥±Í¨°
U �x

im′a ≡ T �m′

ab U �
iab. ‚ ÔÉ¨Ì  ¸¨³¶ÉμÉ¨± Ì ´¥¨§¢¥¸É´Ò¥ ±μÔËË¨Í¨¥´ÉÒ ´¥

¸Ê³³¨·ÊÕÉ¸Ö, ¨ ¶μÔÉμ³Ê ¤²Ö ËÊ´±Í¨° Qjab ≡ ∂L+2
r U �x

jm′a/T �m′

ab |r=0 ¨³¥ÕÉ¸Ö
¸¢Ö§¨ (2.47).

�¡¸Ê¤¨³ ± Î¥¸É¢¥´´Ò¥ ¸²¥¤¸É¢¨Ö Ëμ·³Ê² (2.43)Ä(2.46). � ¶μ³´¨³, ÎÉμ ¢
ÔÉ¨Ì Ëμ·³Ê² Ì L = a + b.
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‘´ Î ²  ¶μÖ¸´¨³ Ê£²μ¢ÊÕ § ¢¨¸¨³μ¸ÉÓ ¸² £ ¥³ÒÌ ¸Ê³³ (2.43). ˆÌ ¶¥·¢Ò¥
¸² £ ¥³Ò¥ ¢ ²Õ¡μ³ ¸²ÊÎ ¥ A, B ¨²¨ C § ¢¨¸ÖÉ μÉ £¨¶¥·Ê£²  ϕ É ± ¦¥, ± ±
ËÊ´±Í¨Ö

W̃Lab(ϕ) = NLab(sin ϕ)a+1(cosϕ)b+1,

NLab =
[

(2L + 4)Γ(L + 2)
Γ(a + 3/2) Γ(b + 3/2)

]1/2

.

“£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¢Éμ·ÒÌ ¸² £ ¥³ÒÌ ¸Ê³³ (2.43) ¢ ¸²ÊÎ ¥ A μ¶¨¸Ò¢ ¥É¸Ö
¶·μ¨§¢¥¤¥´¨¥³ cosϕW̃Lab(ϕ),   ¢ ¸²ÊÎ ÖÌ B ¨ C Å ²¨´¥°´μ° ±μ³¡¨´ Í¨¥°
±μÔËË¨Í¨¥´Éμ¢ XL

iab ¨ FL2
iLab ¨ ¤¢ÊÌ ËÊ´±Í¨°: ËÊ´±Í¨¨ W̃Lab(ϕ) ¨ ËÊ´±Í¨¨

W̃L+2,ab(ϕ) = NL+2,ab (sin ϕ)a+1(cosϕ)b+1 (1/2) [a − b + (L + 3) cos 2ϕ ] ,

NL+2,ab = NLab (1/2) [(2a + 3)(2b + 3)(L + 4)]1/2 .

’·¥ÉÓ¨ ¸² £ ¥³Ò¥ ¸Ê³³ (2.43) ¢ ¸²ÊÎ ¥ A § ¢¨¸ÖÉ μÉ Ê£²  ϕ É ± ¦¥, ± ±
ËÊ´±Í¨Ö W̃L+2,ab(ϕ), ¢ ¸²ÊÎ ¥ B Å ± ± ËÊ´±Í¨Ö

(cosϕ)3 W̃Lab(ϕ) = NLab(sin ϕ)a+1 (cosϕ)b+4,

  ¢ ¸²ÊÎ ¥ C Å ± ± ²¨´¥°´ Ö ±μ³¡¨´ Í¨Ö ±μÔËË¨Í¨¥´Éμ¢ FL4
iLab, (FL2

i,L+2,ab +
XL+4

iab ) ¨ ¤¢ÊÌ ËÊ´±Í¨°: ËÊ´±Í¨¨ W̃L+2,ab(ϕ) ¨ ËÊ´±Í¨¨

WL+4,ab(ϕ) = NL+4,ab (sin ϕ)a+1 (cosϕ)b+1×

× (1/8)
[
(L + 4)(L + 5)(cos 2ϕ)2 + 2(L + 4) cos 2ϕ + a − b

]
.

’¥¶¥·Ó μ¶¨Ï¥³ § ¢¨¸¨³μ¸ÉÓ ¸² £ ¥³ÒÌ ¸Ê³³ (2.44) μÉ ¨´¤¥±¸  L′. …¸²¨
L′ = L, Éμ ¢ ²Õ¡μ³ ¸²ÊÎ ¥ A, B ¨²¨ C ¸É ·Ï¨¥ (¶¥·¢Ò¥) ¸² £ ¥³Ò¥ Ê¡Ò¢ ÕÉ
μ¤¨´ ±μ¢Ò³ μ¡· §μ³: U �

iL′ab = O(rL+2). ‚ ¸²ÊÎ ¥ A ¶·¨ ²Õ¡μ³ L′ ¢Éμ·μ¥
¸² £ ¥³μ¥ Ê¡Ò¢ ¥É ± ± rL+3. ‚ ¸²ÊÎ ÖÌ B ¨ C ¢Éμ·Ò¥ ¸² £ ¥³Ò¥ Ê¡Ò¢ ÕÉ
± ± rL+4, Éμ²Ó±μ ¥¸²¨ L′ = L, L + 2. ‚ ¸²ÊÎ ¥ B ¢Éμ·μ¥ ¸² £ ¥³μ¥ Ê¡Ò¢ ¥É
± ± rL+5 ¶·¨ ¢¸¥Ì L′ �= L, L + 2,   ¢ ¸²ÊÎ ¥ C Å ± ± rL+6, ¥¸²¨ L′ =
L, L + 2, L + 4.

� ¸¸³μÉ·¨³ ¸Ê³³Ò (2.45) ¨ (2.46). ‚ ´¨Ì ¶μ μ¶·¥¤¥²¥´¨Õ L = � + μ(σ).
�μÔÉμ³Ê  ¸¨³¶ÉμÉ¨±¨ ¶·¨ r → 0 ±μ³¶μ´¥´É U �

im′ ¨ Ψε
i ¢μ ¢¸¥Ì ¸²ÊÎ ÖÌ A,

B ¨ C § ¢¨¸ÖÉ μÉ ¶μ²´μ° Î¥É´μ¸É¨ σ: ¥¸²¨ Î¥É´μ¸ÉÓ ´μ·³ ²Ó´ Ö, Éμ U �x
im′ =

O(r�+2) ¨ Ψε
i = O(r�), ¥¸²¨ ¦¥ Î¥É´μ¸ÉÓ  ´μ³ ²Ó´ Ö, Éμ U �x

im′ = O(r�+3),  
Ψε

i = O(r�+1).
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”μ·³Ê²Ò (2.43)Ä(2.46) ´¥¸²μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ ¶¥·¥³¥´´ÒÌ x = r cosϕ ¨
y = r sin ϕ. �μ²ÊÎ¥´´Ò¥ ¸μμÉ´μÏ¥´¨Ö, ´ ¶·¨³¥·, μ¡· §Ò Ëμ·³Ê² (2.43)

A) U �
iab = NLab xb+1 ya+1

{
XL

iab +
xVi,−1

2b + 2
BL1

iab+

+
NL+2,ab

2NLab
BL2

iab ln (x2 + y2)
[
(a + 1)x2 − (b + 1)y2

]
+ O(r2)

}
,

B) U �
iab = NLab xb+1 ya+1

{
XL

iab + FL2
iLab (x2 + y2)+

+
NL+2,ab

NLab
XL+2

iab

[
(a + 1)x2 − (b + 1)y2)

]
+

x3Vi1

6(b + 2)
BL1

iab + O(r4)
}

,

(2.51)

¶·¥¤² £ ¥É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö · ¢´μ³¥·´μ£μ ¸· Ð¨¢ ´¨Ö  ¸¨³¶ÉμÉ¨± Ë ¤¤¥-
¥¢¸±¨Ì ±μ³¶μ´¥´É Ψε

i ¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ ·  (x → 0, y > 0) ¸ ¨Ì  ¸¨³-
¶ÉμÉ¨± ³¨ ¢ ¶·¥¤¥²¥ ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í (x > 0, y → 0).
�¥Ï¥´¨¥ ÔÉμ° ¶·μ¡²¥³Ò ¶·¥¤¶μ² £ ¥É¸Ö ¤ ÉÓ ¢ μÉ¤¥²Ó´μ° · ¡μÉ¥.

‚ (2.43)Ä(2.46) ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ BL1
iab, BL2

iab ¨ FL2
iLab Å ²¨´¥°´Ò¥ ËÊ´±-

Í¨¨ (2.19), (2.28) ¨ (2.35) ´¥¨§¢¥¸É´ÒÌ ±μ´¸É ´É XL
iab. �·¨ ¤ ´´ÒÌ XL

iab

¢ÒÎ¨¸²¥´¨¥ ±μÔËË¨Í¨¥´Éμ¢ BL1
iab ¸¢μ¤¨É¸Ö ± ¢ÒÎ¨¸²¥´¨Õ ±μÔËË¨Í¨¥´Éμ¢

�¥°´ ² Ä�¥¢ ¨, §´ Î¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ BL2
iab ´¥É·Ê¤´μ ¢ÒÎ¨¸²¨ÉÓ, ¨¸¶μ²Ó§ÊÖ

¨§¢¥¸É´Ò¥ ±μ³¶ ±É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö [65] Ö¤¥· h�
aba′b′(ϕ, ϕk; γki), ¢ÒÎ¨¸²¥-

´¨¥ ±μÔËË¨Í¨¥´Éμ¢ FL2
iLab Å ´¥¸²μ¦´ Ö § ¤ Î . �·¨ ´¥¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ �

¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  cÊ³³Ò (2.43)Ä(2.46) ¤μ¢μ²Ó´μ ¶·μ¸ÉÒ. „²Ö ¶·¨³¥· 
¶·¨¢¥¤¥³ ¸Ê³³Ê (2.45) ¢ ¸²ÊÎ ¥ A ¶·¨ � = 0,   § É¥³ ¶·¨ � = 1.

�Ê¸ÉÓ � = 0, σ = 1, Éμ£¤  L, a, b, m′ = 0 ¨ ¸ ÉμÎ´μ¸ÉÓÕ O(r3s)

U0x
i0 =

√
2
π

xy sin θ

[
X0

i00 +
x

2
Vi,−1 B01

i00+

+ 2B02
i00 ln(x2 + y2) (x2 − y2) +

√
π

2
G02

i00(ϕ)(x2 + y2)
]
, (2.52)

£¤¥ B01
i00 ¨ B02

i00 Å ±μÔËË¨Í¨¥´ÉÒ (2.29),   G02
i00(ϕ) Å ËÊ´±Í¨Ö (2.30) ¶¥-

·¥³¥´´μ° ϕ = arctg (y/x). ’ ± ± ± B01
i00 Å ¸Ê³³  ±μÔËË¨Í¨¥´Éμ¢ X0

k00 ¶μ
¨´¤¥±¸Ê k = 1, 2, 3, Éμ ±μ³¶μ´¥´ÉÒ U0x

i0 , i = 1, 2, 3, ¶μ¤Î¨´ÖÕÉ¸Ö ¸¢Ö§Ö³

∂2
r

[
2 ∂rU

0x
i0 (r, ϕ, u) − 3 Vi,−1 cosϕ

3∑
k=1

U0x
k0 (r, ϕk, uk)

sin 2ϕ sin θ

sin 2ϕk sin θk

]
= 0.
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�Ê¸ÉÓ É¥¶¥·Ó � = 1. …¸²¨ σ = −1, Éμ μ(σ) = 0, ¶μÔÉμ³Ê L = �+μ(σ) = 1;
{a, b} = {1, 0}, {0, 1},   m′ = 0, 1 ¨ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¸² £ ¥³ÒÌ O(r5)

U1x
i1 = − 4√

π
x (y sin θ)2

[
X1

i10 +
x

2
Vi,−1 B11

i10 + B12
i10

s√
3
(5x2 − 3y2)

]
,

U1x
i0 = U1x

i1 ctg θ +
4√
π

x2 y sin θ× (2.53)

×
[
X1

i01 +
x

4
Vi,−1 B11

i01 + B12
i01

s√
3

(3x2 − 5y2)
]
,

£¤¥ s ≡ (1/2) ln (x2 + y2), B11
iab Å ¸²¥¤ÊÕÐ¨¥ ±μ³¡¨´ Í¨¨ ±μÔËË¨Í¨¥´Éμ¢

X1
iab:

B11
i10 = X1

i10 −
∑
k �=i

(
X1

k10 cos γki − X1
k01 sinγki

)
,

B11
i01 = X1

i01 −
∑
k �=i

(
X1

k10 sin γki + X1
k01 cos γki

)
,

  ±μÔËË¨Í¨¥´ÉÒ B21
iab ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ±μÔËË¨Í¨¥´ÉÒ B11

kab ¨ ËÊ´±Í¨¨
s̃ ≡ | sinγ| ¨ c ≡ cos γ ±¨´¥³ É¨Î¥¸±μ£μ Ê£²  γ ≡ γki:

B12
iab =

√
3

60 π
Vi,−1

∑
k �=i

Vk,−1

∑
a′+b′=1

B11
ka′b′

b′ + 1
gab

a′b′(γki);

g10
10(γ) = (s̃/c)2 (1 + 4c2)(π − 2|γ|) − 2s̃3/c,

g10
10(γ) = 4(s̃3/c) (π − 2|γ|) signγ,

g01
10(γ) = (s̃/c)

[
(4c2 − 3)(π − 2|γ|) + 2s̃c

]
signγ,

g01
01(γ) = 2(s̃/c)2 (2c2 − 1)(π − 2|γ|) + 4s̃3/c.

…¸²¨ ¦¥ �, σ = 1, Éμ μ(σ) = 1, ¶μÔÉμ³Ê L = 2, {a, b} = {1, 1}, a m′ = 1 ¨

U1x
i1 = (8/

√
π)x2y2 sin θ×

×
[
X2

i11 +
x

4
Vi,−1B

21
i11 +

√
6B22

i11s(x
2 − y2)

]
+ O(r6). (2.54)

‡¤¥¸Ó B21
i11 Å ¸Ê³³  É·¥Ì ±μÔËË¨Í¨¥´Éμ¢ X2

k11 ¶μ ¨´¤¥±¸Ê k = 1, 2, 3,  

B22
i11 = (

√
6/120)π−1 Vi,−1 B21

i11

∑
k �=i

Vk,−1 tg2γki×

× [(π − 2|γki|) cos 2γki/ cosγki + 2 sin |γki|] ,
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¶μÔÉμ³Ê ¤²Ö ±μ³¶μ´¥´É U1x
i1 , i = 1, 2, 3, ¨³¥ÕÉ¸Ö ¶·μ¸ÉÒ¥ ¸¢Ö§¨:

∂4
r

[
4∂rU

1x
i1 (r, ϕ, u) − 5Vi,−1 cosϕ

3∑
k=1

U1x
i1 (r, ϕk, uk)

(
sin 2ϕ

sin 2ϕk

)2 sin θ

sin θk

]
= 0.

�·¨²μ¦¥´¨Ö. �μÖ¸´¨³ ¢ÒÎ¨¸²¨É¥²Ó´Ò¥ ¶·¨²μ¦¥´¨Ö Ëμ·³Ê² (2.43)Ä
(2.50). ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ Ëμ·³Ê²Ò, ³μ¦´μ ¤¢Ê³Ö ¶·μ¸ÉÒ³¨ ¸¶μ¸μ¡ ³¨ Ê²ÊÎ-
Ï¨ÉÓ ¶μÉμÎ¥Î´ÊÕ ¸Ìμ¤¨³μ¸ÉÓ ¢ÒÎ¨¸²Ö¥³ÒÌ ·¥Ï¥´¨° μ¤´μ-, ¤¢Ê- ¨ É·¥Ì³¥·-
´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ± ¨Ì ÉμÎ´Ò³ ·¥Ï¥´¨Ö³ ¢¡²¨§¨ ÉμÎ±¨ r = 0. �¶¨Ï¥³
μ¡  ¸¶μ¸μ¡  ´  ¶·¨³¥·¥ ¤¨¸±·¥É´ÒÌ (¸¥ÉμÎ´ÒÌ)  ´ ²μ£μ¢ Ê· ¢´¥´¨° (1.63) ¸
Ê¸²μ¢¨Ö³¨ (1.64) ¨ ¢¶μ²´¥ μ¶·¥¤¥²¥´´Ò³¨ Ë¨§¨Î¥¸±¨³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨-
Ö³¨ [15] ¶·¨ r → ∞.

�¥·¢Ò° ¸¶μ¸μ¡ ¸μ¸Éμ¨É ¢ ¨¸¶μ²Ó§μ¢ ´¨¨ ¸¢Ö§¥° (2.47) ± ± £· ´¨Î´ÒÌ
Ê¸²μ¢¨°, ¤μ¶μ²´¨É¥²Ó´ÒÌ ± Ê¸²μ¢¨Ö³ (1.64).

‚Éμ·μ° ¸¶μ¸μ¡ ·¥ ²¨§Ê¥É¸Ö ¶μ ¸²¥¤ÊÕÐ¥° ¸Ì¥³¥. ‘´ Î ²  § ¤ ¥É¸Ö ¤¢Ê-
³¥·´ Ö ¸¥É±  Δ Ê§²μ¢, ²¥¦ Ð¨Ì ´  ¤Ê£¥ L0 ¤μ¸É ÉμÎ´μ ³ ²μ£μ · ¤¨Ê¸  r0 ¨
¢´¥ ±·Ê£μ¢μ£μ ¸¥±Éμ·  S0, ±μÉμ·Ò° μ´  μ£· ´¨Î¨¢ ¥É:

L0 ≡ {r : r = r0, 0 � ϕ � π/2}, S0 ≡ {r : r < r0, 0 � ϕ � π/2}.

‚ ¸¥±Éμ·¥ S0 ËÊ´±Í¨¨ U �
iab ¶·¨¡²¨¦ ÕÉ¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸²ÊÎ Õ A, B

¨²¨ C ¸Ê³³ ³¨ (2.43) ¸ ´¥¨§¢¥¸É´Ò³¨ ±μÔËË¨Í¨¥´É ³¨ ¨ μÉ¡·μÏ¥´´Ò³¨
μ¸É ÉμÎ´Ò³¨ Î²¥´ ³¨. ‚´¥ ¸¥±Éμ·  S0 ËÊ´±Í¨¨ U �

iab ¶μ¤Î¨´ÖÕÉ¸Ö ¤¨¸±·¥É-
´Ò³  ´ ²μ£ ³ Ê· ¢´¥´¨° (1.63), Ê¸²μ¢¨° (1.64) ¨ Ê¸²μ¢¨° ¶·¨ r → ∞,   ¢
Ê§² Ì ¸¥É±¨ Δ, ²¥¦ Ð¨Ì ´  ¤Ê£¥ L0, Å Ê¸²μ¢¨Ö³ ´¥¶·¥·Ò¢´μ¸É¨ (®¸Ï¨¢±¨¯).
‚ ¨Éμ£¥ ¤²Ö ¸μ¢μ±Ê¶´μ¸É¨ ´¥¨§¢¥¸É´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ ¨ §´ Î¥´¨° ¨¸±μ³ÒÌ
ËÊ´±Í¨° U �

iab ¢ Ê§² Ì ±μ²²μ± Í¨¨ ¶μ²ÊÎ ¥É¸Ö ²¨´¥°´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¸
±¢ ¤· É´μ° ³ É·¨Í¥°. �É  ¸¨¸É¥³  ·¥Ï ¥É¸Ö Î¨¸²¥´´μ.

�¡  ¸¶μ¸μ¡  ´¥É·Ê¤´μ ·¥ ²¨§μ¢ ÉÓ ¤²Ö Ê²ÊÎÏ¥´¨Ö ¢¸¥Ì ¨§¢¥¸É´ÒÌ ¤¨¸-
±·¥É´ÒÌ ¸¶² °´- ´ ²μ£μ¢ ¤¢Ê³¥·´ÒÌ Ë ¤¤¥¥¢¸±¨Ì ±· ¥¢ÒÌ § ¤ Î. ’ ±¨¥  ´ -
²μ£¨ μ¸´μ¢ ´Ò ´  ³¥Éμ¤ Ì ¸¶² °´-ËÊ´±Í¨° [12], ¶μ¤·μ¡´μ ¶·¥¤¸É ¢²¥´Ò
¢ [83] ¨ ²¥£±μ μ¡μ¡Ð ÕÉ¸Ö ´  ¸²ÊÎ ° É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ¤²Ö Dσ-±μ³¶μ-
´¥´É U �x

im′ , ¶μ¤Î¨´¥´´ÒÌ ¶μ²ÊÎ¥´´Ò³ ¢ [29] Ë¨§¨Î¥¸±¨³ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³
¶·¨ r → ∞.

…Ð¥ μ¤´μ ¨ ´¥³ ²μ¢ ¦´μ¥ ¶·¨²μ¦¥´¨¥ ¢Ò¢¥¤¥´´ÒÌ ¸¢Ö§¥° Å É¥¸É¨·μ¢ -
´¨¥ ²Õ¡ÒÌ  ²£μ·¨É³μ¢ Î¨¸²¥´´μ£μ  ´ ²¨§  μ¤´μ-, ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ Ê· ¢-
´¥´¨° ” ¤¤¥¥¢  ´  ¸Ìμ¤¨³μ¸ÉÓ ¢¡²¨§¨ ÉμÎ±¨ r = 0. ‘ ÔÉμ° Í¥²ÓÕ ¢ ¸¢Ö§¨
¶μ¤¸É ¢²ÖÕÉ¸Ö ¢ÒÎ¨¸²¥´´Ò¥ ·¥Ï¥´¨Ö ¢³¥¸Éμ ÉμÎ´ÒÌ ¨ ¶μ ¢¥²¨Î¨´ ³ ¶μ²ÊÎ¨¢-
Ï¨Ì¸Ö ´¥¢Ö§μ± (¶μ£·¥Ï´μ¸É¥°) μÍ¥´¨¢ ¥É¸Ö ¤μ¸É¨£´ÊÉ Ö ²μ± ²Ó´ Ö ÉμÎ´μ¸ÉÓ.

2.4. � §²μ¦¥´¨Ö ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ˜·¥¤¨´£¥· . �μ± -
¦¥³, ÎÉμ ¤μ± § ´´ÒÌ · §²μ¦¥´¨° (2.39) ¢¸¥Ì ±μ³¶μ´¥´É U �

iab μ¡Ð¥£μ ·¥£Ê²Ö·-
´μ£μ ·¥Ï¥´¨Ö {U �

iab} Ë ¤¤¥¥¢¸±¨Ì Ê· ¢´¥´¨° (1.63) ¢¶μ²´¥ ¤μ¸É ÉμÎ´μ, ÎÉμ¡Ò
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¢μ¸¸É ´μ¢¨ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ · §²μ¦¥´¨Ö ¢¸¥Ì Ï·¥¤¨´£¥·μ¢¸±¨Ì ¶·¨¢¥¤¥´-
´ÒÌ ¶ ·Í¨ ²Ó´ÒÌ ±μ³¶μ´¥´É U �

ab, U �
Lab ¨ U �x

m′ μ¡Ð¥£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö
Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.43) ¨ ¸ ³μ£μ ·¥Ï¥´¨Ö Ψε.

�μ¤¸É ¢¨¢ ¢ (1.60) Ë ¤¤¥¥¢¸±¨¥ ±μ³¶μ´¥´ÉÒ U �
iab ¢ ¢¨¤¥ ·Ö¤μ¢ (2.39),

¶μ²ÊÎ¨³ · §²μ¦¥´¨Ö ¶·¨¢¥¤¥´´ÒÌ ¡¨¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É U �
ab:

U �
ab(r, ϕ) =

∞∑
L=a+b

rL+2
∞∑

n=0

rn

M(n)∑
m=0

sm ΦLnm
ab (ϕ),

ΦLnm
ab (ϕ) = ΦLnm

iab (ϕ) +
∑
k �=i

∑
a′b′

〈ϕ|h�
aba′b′(γki)|ΦLnm

ka′b′(ϕk)〉.
(2.55)

‡ ³¥´¨¢ ËÊ´±Í¨¨ U �
iab É ±¨³¨ ¸Ê³³ ³¨ ¢ (1.47), (1.48) ¨ ¢ (1.60), ¢Ò¢¥¤¥³ ¸μ-

μÉ¢¥É¸É¢ÊÕÐ¨¥ · §²μ¦¥´¨Ö ¶·¨¢¥¤¥´´ÒÌ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É U �
L′ab:

U �
L′ab(r) =

∞∑
L′=a+b

rL+2
∞∑

n=0

rn

M(n)∑
m=0

sm ΦLnm
L′ab ,

ΦLnm
L′ab = 〈W̃L′ab(ϕ)|ΦLnm

ab (ϕ)〉,

(2.56)

· §²μ¦¥´¨Ö ¶·¨¢¥¤¥´´ÒÌ Dσ-±μ³¶μ´¥´É U �x
m′ :

U �x
im′(r, ϕ, u) =

∞∑
L=�+μ(σ)

∞∑
n=0

rL+2+n

M(n)∑
m=0

sm ΦLnm
m′ (ϕ, u),

ΦLnm
m′ (ϕ, u) = sin θ

∑
ab

T �m′

ab Θam′(u)ΦLnm
ab (ϕ)

(2.57)

¨ · §²μ¦¥´¨¥ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.43):

Ψε(r, Ω) =
∞∑

L=�+μ(σ)

rL
∞∑

n=0

rn

M(n)∑
m=0

sm ΨLnm(Ω),

ΨLnm(Ω) ≡
∑
ab

[
ΦLnm

ab (ϕ)
sin ϕ cosϕ

]
Y�m

ab (x̂, ŷ).

(2.58)

� °¤¥³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ¶μ²ÊÎ¥´´ÒÌ ·Ö¤μ¢ (2.55)Ä(2.58) ¢ ¢¨¤¥ ¶μ¤-
¸Ê³³ ¨Ì É·¥Ì ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¸² £ ¥³ÒÌ ¨ ¶μ¶ÊÉ´μ ¶μ± ¦¥³,
ÎÉμ ¤²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ §´ ÉÓ ²¨ÏÓ  ¸¨³¶ÉμÉ¨±¨ (2.43) ¢¸¥Ì Ë ¤¤¥¥¢¸±¨Ì
±μ³¶μ´¥´É U �

iab. C´ Î ²  · ¸¸³μÉ·¨³ ¸²ÊÎ ¨ A ¨ B.
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‡ ³¥´¨¢ ¢ (1.60) ±μ³¶μ´¥´ÉÒ U �
iab ¨Ì  ¸¨³¶ÉμÉ¨± ³¨ (2.43), ¶μ²ÊÎ ¥³

¨¸±μ³Ò¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (2.55), É. ¥.  ¸¨³¶ÉμÉ¨±¨ ±μ³¶μ´¥´É U �
ab(r, ϕ):

A) U �
ab = rL+2

[
XL

abW̃Lab(ϕ) + r fL1
ab (ϕ) + r2sBL2

ab W̃L+2,ab(ϕ) + O(r2)
]
,

B) U �
ab = rL+2

{
XL

abW̃Lab(ϕ) + r2

[
FL2

Lab W̃Lab(ϕ)+ (2.59)

+ XL+2
ab W̃L+2,ab(ϕ)

]
+ r3 QL3

ab (ϕ) + O(r4)
}

.

‡¤¥¸Ó ¨ ¤ ²¥¥ ËÊ´±Í¨¨ fLp
ab (ϕ), p = 1, 3, μ¶·¥¤¥²¥´Ò Ëμ·³Ê² ³¨

fLp
ab (ϕ) ≡ Vi,p−2 BL1

iab

p (2b + p + 1)
(cosϕ)p W̃Lab(ϕ)+

+
∑
k �=i

∑
a′+b′=L

Vk,p−2 BL1
ka′b′

p (2b′ + p + 1)
〈ϕ|h�

aba′b′(γki)|(cos ϕk)p W̃La′b′(ϕk)〉, (2.60)

  ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ ZL′

ab = XL′

ab , FL′2
ab , fLp

L′ab ¡¥§ ´¨¦´¥£μ ¨´¤¥±¸  i, ´Ê³¥-
·ÊÕÐ¥£μ Ë ¤¤¥¥¢¸±¨¥ ±μ³¶μ´¥´ÉÒ Ψε

i , ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥
±μÔËË¨Í¨¥´ÉÒ ZL′

iab = XL′

iab, F
L′2
iab , fLp

iL′ab ¸ ¨´¤¥±¸μ³ i = 1, 2, 3 ¶μ ¶· ¢¨²Ê

ZL′

ab ≡ ZL′

iab +
∑
k �=i

∑
a′b′

〈ab|K�
aba′b′(γki)|a′b′〉L′� ZL′

ka′b′ . (2.61)

�É³¥É¨³, ÎÉμ ¸μ£² ¸´μ μ¶·¥¤¥²¥´¨Õ (2.19) ¨ ÔÉμ³Ê ¶· ¢¨²Ê XL
ab = BL1

iab.
’¥¶¥·Ó ¢ (1.47) ¶μ¤¸É ¢¨³ ËÊ´±Í¨¨ U �

ab ¢ ¢¨¤¥ (2.59). ‚ ¨Éμ£¥ ¶μ²Ê-
Î¨³  ¸¨³¶ÉμÉ¨±¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É U �

L′ab(r), É. ¥.  ¸¨³¶ÉμÉ¨±¨
·Ö¤μ¢ (2.56):

A) U �
L′ab = rL+2

[
XL

ab δLL′ + r fL1
L′ab + r2s BL2

ab δL′,L+2 + O(r2)
]
,

B) U �
L′ab = rL+2

{[
XL

ab + r2 FL2
Lab

]
δLL′+ (2.62)

+ r2XL+2
ab δL′,L+2 + r3fL3

L′ab + O(r4)
}

,

£¤¥ ¸¨³¢μ²μ³ fLp
L′ab μ¡μ§´ Î¥´  ±μ³¡¨´ Í¨Ö (2.61) É·¥Ì ±μÔËË¨Í¨¥´Éμ¢

fLp
iL′ab ≡ Vi,p−2 ALp

L′ab BL1
iab

p (2b + p + 1)
, i = 1, 2, 3.



818 �“�›˜…‚ ‚.‚.

�¸É ²μ¸Ó ´ °É¨ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ¢¸¥Ì Dσ-±μ³¶μ´¥´É U �x
m′ ¨ ·¥Ï¥´¨Ö

Ψε, É. ¥.  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (2.57) ¨ (2.58). „²Ö ÔÉμ£μ ¢ ¸Ê³³ Ì (1.59) ¨ (1.60)
μ¸É ¢¨³ ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨¥ ¶·¨ r → 0 ±μ³¶μ´¥´ÉÒ U �

ab c ¨´¤¥±-
¸ ³¨ a ¨ b, ¶μ¤Î¨´¥´´Ò³¨ ¢ ¸²ÊÎ ¥ A Ê¸²μ¢¨Õ a + b = L, £¤¥ L = Lmin,   ¢
¸²ÊÎ ¥ B Å Ê¸²μ¢¨Õ a + b � L + 2. ‡ ³¥´¨¢ ¢ (1.59) ¨ (1.60) É ±¨¥ ±μ³¶μ-
´¥´ÉÒ ¨Ì ¶·¥¤¸É ¢²¥´¨Ö³¨ (2.59), ¶μ²ÊÎ¨³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ Dσ-±μ³¶μ´¥´É
U �x

m′(r, ϕ, u):

A) U �x
m′ = rL+2 sin θ

∑
a+b=L

T �m′

ab Θam′(u)×

×
{
XL

ab WL,ab(ϕ) + rfL1
ab (ϕ) + r2 s BL2

ab W̃L+2,ab(ϕ) + O(r2)
}

,

B) U �x
m′ = rL+2 sin θ

∑
a+b=L

T �m′

ab Θam′(u)× (2.63)

×
{[

XL
ab + r2 FL2

Lab

]
W̃Lab(ϕ) + r3 fL3

ab (ϕ)
}

+

+ rL+4 sin θ

L+2∑
a+b=L

XL+2
ab T �m′

ab Θam′(u) W̃L+2,ab(ϕ) + O(rL+6)

¨ Ö¢´ÊÕ  ¸¨³¶ÉμÉ¨±Ê ËÊ´±Í¨¨ Ψε(r, Ω)

A) Ψε = rL
∑

a+b=L

[
XL

ab Y �m
Lab(Ω) + 2 r cosec 2ϕfL1

ab (ϕ)Y�m
ab (x̂, ŷ)+

+r2s BL2
ab YL+2,ab(Ω) + O(r2)

]
,

B) Ψε = rL
∑

a+b=L

{[
XL

ab + r2 FL2
Lab

]
Y �m

Lab(Ω)+ (2.64)

+ 2 r3cosec2ϕfL3
ab (ϕ)Y�m

ab (x̂, ŷ)
}

+

+ rL+2
L+2∑

a+b=L

XL+2
ab Y �m

L+2,ab(Ω) + O(rL+4).

� ¸¸³μÉ·¨³ μ¸É ¢Ï¨°¸Ö ¸²ÊÎ ° C. ˆ¸¶μ²Ó§ÊÖ (1.29), (2.19), (2.61) ¨ · -
¢¥´¸É¢  XL

ab = BL1
iab, ¤μ± §Ò¢ ¥³ ¸²¥¤ÊÕÐ¥¥ ¶· ¢¨²μ: ÎÉμ¡Ò ¶μ²ÊÎ¨ÉÓ Ö¢´Ò¥

 ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨° U �
ab, U �

Lab, U �x
m′ ¨ Ψε, ¤μ¸É ÉμÎ´μ ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì

¸μμÉ´μÏ¥´¨ÖÌ (2.43)Ä(2.46) ¤²Ö ËÊ´±Í¨° U �
iab, U �

iLab, U �x
im′ Ψε

i μ¶Ê¸É¨ÉÓ ¨´-
¤¥±¸ i.
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Š ± ¸²¥¤Ê¥É ¨§ (2.39)Ä(2.45) ¨ (2.55)Ä(2.63), Ë ¤¤¥¥¢¸±¨¥ ¨ ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨¥ ¨³ Ï·¥¤¨´£¥·μ¢¸±¨¥ ¶ ·Í¨ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ Å ËÊ´±Í¨μ´ ²Ó´μ μ¤¨-
´ ±μ¢Ò¥ ·Ö¤Ò ¶μ ¶¥·¥³¥´´Ò³ r, s ¨ Ê£²μ¢Ò³ ËÊ´±Í¨Ö³. �¤´ ±μ Ë ¤¤¥¥¢¸±¨¥
Ê£²μ¢Ò¥ ËÊ´±Í¨¨ Ê¸É·μ¥´Ò £μ· §¤μ ¡μ²¥¥ ¶·μ¸Éμ, Î¥³ μÉ¢¥Î ÕÐ¨¥ ¨³ Ï·¥-
¤¨´£¥·μ¢¸±¨¥ Ê£²μ¢Ò¥ ËÊ´±Í¨¨. ˆ³¥´´μ ¶μ ÔÉμ° ¶·¨Î¨´¥ ¢ ± Î¥¸É¢¥ ¸É ·Éμ-
¢ÒÌ Ê· ¢´¥´¨° ¨¸¶μ²Ó§μ¢ ²¨¸Ó Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  (1.63) ¢ ¡¨¸Ë¥·¨Î¥¸±μ³
¡ §¨¸¥,   ´¥ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¨³ ¸¨¸É¥³  Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¢ Éμ³ ¦¥
¡ §¨¸¥.

�·¨¸ÉÊ¶¨³ ± ¢Ò¢μ¤Ê ¸¢Ö§¥°. ˆ¸¸²¥¤Ê¥³ · ¢¥´¸É¢μ (2.59) ¢ ¸²ÊÎ ¥ A.
�μ²μ¦¨³ ¢ ´¥³ p = 1 ¨ XL

ab = BL1
iab. � °¤¥³ ¶·μ¨§¢μ¤´ÊÕ ∂L+3

r ¶μ-
²ÊÎ¨¢Ï¥£μ¸Ö ¸μμÉ´μÏ¥´¨Ö ¶·¨ r = 0. ‚ ¶μ²ÊÎ¥´´μ³ · ¢¥´¸É¢¥, ¸μ¤¥·¦ -
Ð¥³ ËÊ´±Í¨Õ (2.60), § ³¥´¨³ ±μÔËË¨Í¨¥´ÉÒ BL1

iab ¨Ì ¢Ò· ¦¥´¨Ö³¨ Î¥·¥§
¶·μ¨§¢μ¤´Ò¥ ∂L+2

r U �
iab|r=0 ¨ É ±¨³ μ¡· §μ³ ¶μ²ÊÎ¨³ ¸¢Ö§¨ ¤²Ö ËÊ´±Í¨°

Qab(r, ϕ) ≡ ∂L+2
r U �

ab(r, ϕ):

∂p
r Qab(r, ϕ) = Vi,p−2 (cosϕ)p

[
MLp

b Qab(r, ϕ)+

+
∑
k �=i

∑
a′b′

MLp
b′ 〈ϕ|h�

aba′b′(γki)|(cosϕk)p Qa′b′(r, ϕk)〉
]
. (2.65)

�·¨ p = 3 ÔÉ¨ ¸¢Ö§¨ ¸¶· ¢¥¤²¨¢Ò ¢ ¸²ÊÎ ¥ B.

‚Ò¢μ¤ ¸¢Ö§¥° ¤²Ö ËÊ´±Í¨° QLab(r) ≡ ∂L+2
r U �

Lab(r) ¨§ ¸μμÉ´μÏ¥´¨° (2.62)
¶·¨´Í¨¶¨ ²Ó´μ ´¨Î¥³ ´¥ μÉ²¨Î ¥É¸Ö μÉ ¢Ò¢μ¤  ¸¢Ö§¥° (2.48)Ä(2.50). �μÔÉμ³Ê
¶·¨¢¥¤¥³ Éμ²Ó±μ μ±μ´Î É¥²Ó´Ò¥ ¢Ò· ¦¥´¨Ö: ¢ ¸²ÊÎ ÖÌ A ¨ B ¢¥·´Ò ¸¢Ö§¨

∂p
r QL′ab = ALp

Lab MLp
b Vi,p−2 QLab, ∀L′, (2.66)

£¤¥ p = 1 ¢ ¸²ÊÎ ¥ A ¨ p = 3 ¢ ¸²ÊÎ ¥ B,   ¢ ¸²ÊÎ ÖÌ B ¨ C ¨³¥ÕÉ¸Ö ¸¢Ö§¨

∂2
rQLab =

(
1 +

L

4

)[
(Vi0 − E)QLab+

+
∑
k �=i

Vk0

∑
a′b′

〈ab|K(γki)|a′b′〉L�QLa′b′

]
. (2.67)

‡ ¢¥·Ï Ö μ¶¨¸ ´¨Ö ¸¢Ö§¥°, μÉ³¥É¨³, ÎÉμ ¢¸²¥¤¸É¢¨¥ ¸μμÉ´μÏ¥´¨° (2.63)
¸¢Ö§Ö³ (2.65) ¶μ¤Î¨´ÖÕÉ¸Ö ËÊ´±Í¨¨ Qab(ϕ) ≡ ∂L+2

r U �x
am′/T �m′

ab |r=0,
£¤¥ U �x

am′ Å ¶·μ¥±Í¨Ö Dσ-±μ³¶μ´¥´ÉÒ U �x
m′(r, ϕ, u) ´  ËÊ´±Í¨Õ Θam′(u).

�·¨³¥·. �·¨¢¥¤¥³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨¨ Ψε(r, Ωi) ¸ ±¢ ´Éμ¢Ò³¨
Î¨¸² ³¨ � = 0 ¨ σ = 1. „²Ö ÔÉμ£μ ¢ (2.64) ¶μ²μ¦¨³ a, b, L = 0.
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‚ ¸²ÊÎ ¥ A ¶μ²ÊÎ¨³

Ψε = (2π3/2)−1

{
X0

00

[
2 + xVi,−1 +

∑
k �=i

Vk,−1 g(x, y; γki)
]
+

+ 2B20
00 (x2 − y2) ln (x2 + y2)

}
+ O(r2), r → 0. (2.68)

£¤¥ B20
00 Å ±μ³¡¨´ Í¨Ö ±μÔËË¨Í¨¥´Éμ¢ (2.29):

B20
00 = B20

i00 +
∑
k �=i

B20
k00 cos 2γki,

  ËÊ´±Í¨Ö g ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ËÊ´±Í¨¨ s̃ ≡ | sin γ| ¨ c ≡ cos γ:

g(x, y; γ) ≡
{ cx + (s̃y)2/(3cx), y � x ctg γ;

s̃y + (cx)2/(3s̃y), y � x ctg γ.

�μÔÉμ³Ê ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  μ¸μ¡ÒÌ ²ÊÎ  ϕ = γki, k �= i, ¶·¨ ¶¥·¥Ìμ¤¥ Î¥·¥§
±μÉμ·Ò¥ ³¥´Ö¥É¸Ö ËÊ´±Í¨μ´ ²Ó´Ò° ¢¨¤  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨¨ Ψε(r, Ωi).

’ ± Ö ¦¥ μ¸μ¡¥´´μ¸ÉÓ ¨³¥¥É¸Ö ¨ ¢ ¸²ÊÎ ¥ B, ±μ£¤ 

Ψε = (12π3/2)−1X0
00

[
12 + x3 Vi1+

+
∑
k �=i

Vk1 g(x, y; γki)
]

+ O(r4), r → 0, (2.69)

  ËÊ´±Í¨Ö g(x, y; γ) ¢Ò· ¦ ¥É¸Ö Î¥·¥§ É¥ ¦¥ ËÊ´±Í¨¨ s̃ ¨ c Ëμ·³Ê² ³¨

g(x, y; γ) =
{ c3x3 + 2cs̃2xy2 + (s̃y)4/(5cx), y � x ctg γ;

s̃3y3 + 2c2s̃x2y + (cx)4/(5s̃y), y � x ctg γ.

2.5. �·¨²μ¦¥´¨Ö ¨ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ. �·¥¤¸É ¢²¥´´Ò¥ ¢ ´ ¸ÉμÖÐ¥³
· §¤¥²¥ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ (2.43)Ä(2.46), (2.51)Ä(2.54) ¨ (2.59)Ä(2.64) ·¥£Ê-
²Ö·´ÒÌ ·¥Ï¥´¨° μ¤´μ-, ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨ ˜·¥¤¨´£¥· 
¨ ¸¢Ö§¨ (2.47)Ä(2.50) ¨ (2.65), (2.67) ¶·¥¤² £ ¥É¸Ö ¢±²ÕÎ ÉÓ ¢ ¤¨¸±·¥É´Ò¥  ´ -
²μ£¨ É ±¨Ì Ê· ¢´¥´¨° ¤²Ö Ê¸±μ·¥´¨Ö ¶μÉμÎ¥Î´μ° ¸Ìμ¤¨³μ¸É¨ ¢ÒÎ¨¸²Ö¥³ÒÌ
·¥Ï¥´¨° ± ÉμÎ´Ò³ ¢¡²¨§¨ ÉμÎ±¨ É·μ°´μ£μ Ê¤ · .

�¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ ¸ÉμÖÐ¥£μ · §¤¥²  ¸Ëμ·³Ê²¨·Ê¥³ ¢ ¢¨¤¥ ¤μ± § ´-
´μ° ¢ ´¥³ É¥μ·¥³Ò ¸ÊÐ¥¸É¢μ¢ ´¨Ö, μ¡μ¡Ð ÕÐ¥° · §²μ¦¥´¨¥ ”μ±  ¤²Ö É·¥Ì-
Î ¸É¨Î´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢  ´  ¸²ÊÎ ° ¶ ·´ÒÌ ¢§ ¨³μ¤¥°-
¸É¢¨° ¡μ²¥¥ μ¡Ð¥£μ ¢¨¤ , Î¥³ ±Ê²μ´μ¢¸±¨¥ ¶μÉ¥´Í¨ ²Ò.
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’¥μ·¥³  2.2. �Ê¸ÉÓ Í¥´É· ²Ó´Ò¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Å ¸É¥¶¥´´Ò¥
·Ö¤Ò (1.31) μ¤´μ£μ ¨§ É·¥Ì É¨¶μ¢ (1.32). ’μ£¤  ¶·¨ r → 0 ·Ö¤Ò (2.40)Ä
(2.42) ¨ (2.55)Ä(2.58) Ö¢²ÖÕÉ¸Ö Ëμ·³ ²Ó´Ò³¨ ·¥Ï¥´¨Ö³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
μ¤´μ-, ¤¢Ê-, É·¥Ì- ¨ Ï¥¸É¨³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨ ˜·¥¤¨´£¥· . ‚ ÔÉ¨Ì
·Ö¤ Ì M(n) = [n/2], [n/6], 0 ¢ ¸²ÊÎ ¥ A, B ¨ C ¸μμÉ¢¥É¸É¢¥´´μ. CÉ ·Éμ-
¢μ° ¨ ±²ÕÎ¥¢μ° ¤²Ö ¶μ¸É·μ¥´¨Ö ¢¸¥Ì ¢ÒÏ¥Ê¶μ³Ö´ÊÉÒÌ ·¥Ï¥´¨° Ö¢²Ö¥É¸Ö
μ¤´μ§´ Î´μ · §·¥Ï¨³ Ö ·¥±Ê··¥´É´ Ö Í¥¶μÎ±  ´¥μ¤´μ·μ¤´ÒÌ μ¡Ò±´μ¢¥´´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (2.33) ¢Éμ·μ£μ ¶μ·Ö¤±  ¸ É·¨¢¨ ²Ó´Ò³¨ £· -
´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨.

3. ����™…�ˆŸ �	‡‹�†…�ˆŸ Š	’�

‚ ´ ¸ÉμÖÐ¥³ · §¤¥²¥ ¸´ Î ²  ¶μÖ¸´ÖÕÉ¸Ö μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ±² ¸¸¨-
Î¥¸±μ° · ¡μÉÒ [127] Š Éμ ¨ ¨Ì ´ ¨¡μ²¥¥ ¨´É¥·¥¸´Ò¥ ¸²¥¤¸É¢¨Ö, μ¡μ¡Ð¥´¨Ö
¨ ¶·¨²μ¦¥´¨Ö. ‡ É¥³ ¶μ¸²¥¤μ¢ É¥²Ó´μ ¨¸¸²¥¤ÊÕÉ¸Ö Ï¥¸É¨³¥·´Ò¥ Ê· ¢´¥-
´¨Ö ˜·¥¤¨´£¥·  (1.38), (1.39) ¨ ” ¤¤¥¥¢  (1.52) ¤²Ö ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í ¸
Í¥´É· ²Ó´Ò³¨ ¶ ·´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ ¡μ²¥¥ μ¡Ð¥£μ ¢¨¤  (1.31), Î¥³ ±Ê-
²μ´μ¢¸±¨¥. �¥£Ê²Ö·´Ò¥ μ¡Ð¥¥ ¨ Î ¸É´Ò¥ ·¥Ï¥´¨Ö Ψ ¨ Ψε, {Ψε

1, Ψε
2, Ψε

3} É ±¨Ì
Ê· ¢´¥´¨° ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¡¥¸±μ´¥Î´Ò³¨ ·Ö¤ ³¨ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ · ¸¸Éμ-
Ö´¨Ö ³¥¦¤Ê ¤¢Ê³Ö Î ¸É¨Í ³¨ ¨ ¨¸±μ³Ò³ ËÊ´±Í¨Ö³ ¤·Ê£¨Ì É·¥ÌÎ ¸É¨Î´ÒÌ
±μμ·¤¨´ É. �μ¸É·μ¥´¨¥ É ±¨Ì ËÊ´±Í¨° ¢ Ê£²μ¢ÒÌ ¡ §¨¸ Ì, μ¡· §μ¢ ´´ÒÌ
¸Ë¥·¨Î¥¸±¨³¨ (1.5) ¨ ¡¨¸Ë¥·¨Î¥¸±¨³¨ (1.6) £ ·³μ´¨± ³¨ ¨²¨ ¸¨³³¥É·¨§μ-
¢ ´´Ò³¨ D-ËÊ´±Í¨Ö³¨ ‚¨£´¥·  (1.9), ¸¢μ¤¨É¸Ö ± ·¥Ï¥´¨Õ ¶·μ¸ÉÒÌ  ²£¥¡· -
¨Î¥¸±¨Ì ·¥±Ê··¥´É´ÒÌ Ê· ¢´¥´¨°. „²Ö ¶·μ¥±Í¨° Î ¸É´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨°
˜·¥¤¨´£¥·  (1.39) ¨ ” ¤¤¥¥¢  (1.52) ´  Ê£²μ¢Ò¥ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ ¢Ò¢μ¤ÖÉ¸Ö
£· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¢ ÉμÎ±¥ ¶ ·´μ£μ Ê¤ · .

�¸μ¡¥´´μ¸ÉÓÕ ¨¸¸²¥¤μ¢ ´¨Ö, μ¡¥¸¶¥Î¨¢ ÕÐ¥° ¥£μ ¨¸±²ÕÎ¨É¥²Ó´ÊÕ ¶·μ-
¸ÉμÉÊ ¨ μ¶É¨³ ²Ó´μ¸ÉÓ, Ö¢²Ö¥É¸Ö ¢Ò¡· ´´ Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ¶μ¸É·μ¥´¨Ö
· §²μ¦¥´¨°: ¸´ Î ²  ¸É·μÖÉ¸Ö · §²μ¦¥´¨Ö ¤²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´-
£¥· ,   § É¥³ ¶μ É ±¨³ · §²μ¦¥´¨Ö³ ¢μ¸¸É ´ ¢²¨¢ ÕÉ¸Ö · §²μ¦¥´¨Ö ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥£μ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° ” ¤¤¥¥¢ .

3.1. “¸²μ¢¨¥ Š Éμ ¨ ¶μ¸É ´μ¢±  § ¤ Î¨. ‚ [127] Š Éμ ¨¸¸²¥¤μ¢ ² ¸¢μ°-
¸É¢  ´¥¶·¥·Ò¢´μ¸É¨ ¨ μ£· ´¨Î¥´´μ¸É¨ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  ¤²Ö ¸¨¸É¥³Ò ¨§ ´¥¸±μ²Ó±¨Ì Î ¸É¨Í ¸ ¶ ·´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨,
¶μ¤Î¨´¥´´Ò³¨ ¤μ¢μ²Ó´μ μ¡Ð¨³ μ£· ´¨Î¥´¨Ö³.

„²Ö ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í ¸ ¤¥°¸É¢¨É¥²Ó´Ò³¨ Í¥´É· ²Ó´Ò³¨ ¶ ·´Ò³¨ ¢§ -
¨³μ¤¥°¸É¢¨Ö³¨ Vk(xk), k = 1, 2, 3, É ±¨¥ μ£· ´¨Î¥´¨Ö Ê¸²μ¢¨Ö ³μ¦´μ ¸Ëμ·-
³Ê²¨·μ¢ ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �Ê¸ÉÓ ¸ÊÐ¥¸É¢ÊÕÉ · §¡¨¥´¨Ö Vk = Ak + Bk,
k = 1, 2, 3, É ±¨¥, ÎÉμ ¸Ê³³  ¢¸¥Ì ¸² £ ¥³ÒÌ Ak Å μ£· ´¨Î¥´´ Ö ¢ R6 ËÊ´±-
Í¨Ö, ± ¦¤μ¥ ¸² £ ¥³μ¥ Bk(xk) μ¡· Ð ¥É¸Ö ¢ Éμ¦¤¥¸É¢¥´´Ò° ´Ê²Ó ¢´¥ ´¥±μÉμ-
·μ£μ ±μ´¥Î´μ£μ ¸¥£³¥´É  [0, d] ¨ ¶·¨ ´¥±μÉμ·μ³ g � 2 ± ¦¤ Ö ËÊ´±Í¨Ö |Bk|g
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¸Ê³³¨·Ê¥³  ´  ÔÉμ³ ¸¥£³¥´É¥ ¸ ¢¥¸μ³ x2
k:

∀k = 1, 2, 3, ∃Vk = Ak(xk) + Bk(xk) :
∣∣∣∣

3∑
k=1

Ak(xk)
∣∣∣∣ < ∞;

Bk ≡ 0, xk > d;

d∫
0

x2
k |Bk(xk)|g dxk

< ∞, g � 2.

(3.1)

ŠÊ²μ´μ¢¸±¨¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö (1.30) ¶μ¤Î¨´ÖÕÉ¸Ö ¢¸¥³ ¸μμÉ´μÏ¥-
´¨Ö³ (3.1) ¶·¨ Ê¸²μ¢¨¨ 2 � g < 3. —Éμ¡Ò Ê¡¥¤¨ÉÓ¸Ö ¢ ÔÉμ³, ¨¸¶μ²Ó§Ê¥³
ËÊ´±Í¨Õ Θ, ¢Ò¡¥·¥³ ´¥±μÉμ·μ¥ ±μ´¥Î´μ¥ d > 0 ¨ ¶μ²μ¦¨³

Ak =
[
(1 − Θ(d − xk)

](
qk

xk

)
, Bk(xk) = Θ(d − xk)

(
qk

xk

)
; k = 1, 2, 3.

’ ±¨³ ¦¥ ¸¶μ¸μ¡μ³ ´¥¸²μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¢¸¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö, ¶·¥¤-
¸É ¢¨³Ò¥ ¸É¥¶¥´´Ò³¨ ·Ö¤ ³¨ (1.31), ¶μ¤Î¨´ÖÕÉ¸Ö μ£· ´¨Î¥´¨Ö³ (3.1) ¢ ²Õ-
¡μ³ ¨§ É·¥Ì ¸²ÊÎ ¥¢ (1.32). Š Éμ ¨¸¸²¥¤μ¢ ² ²¨ÏÓ ¸²ÊÎ ° A. C²¥¤¸É¢¨¥³
¤μ± § ´´μ° ¨³ É¥μ·¥³Ò II Ö¢²Ö¥É¸Ö ¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥.

’¥μ·¥³  3.1. ‚ ¸²ÊÎ ¥ A ²Õ¡ Ö ·¥£Ê²Ö·´ Ö ¸μ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö Ψ Ê· ¢-
´¥´¨Ö ˜·¥¤¨´£¥·  (1.39) ¤²Ö ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í ´¥¶·¥·Ò¢´  ¢ R6 ¨ ¨³¥¥É
μ£· ´¨Î¥´´Ò¥ Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¶¥·¢μ£μ ¶μ·Ö¤±  ¢¸Õ¤Ê, §  ¨¸±²ÕÎ¥´¨¥³
¸¨´£Ê²Ö·´ÒÌ ÉμÎ¥± xk = 0, ±Ê²μ´μ¢¸±¨Ì ¸² £ ¥³ÒÌ qk/xk ¶ ·´ÒÌ ¢§ ¨³μ¤¥°-
¸É¢¨° Vk, £¤¥ k = 1, 2, 3.

’¥¶¥·Ó ´  ¶·μ¸ÉÒÌ ¶·¨³¥· Ì ¶μÖ¸´¨³ Ê¸²μ¢¨¥ Š Éμ, μ¡¸Ê¤¨³ ¸¶μ¸μ¡Ò
¶·¨³¥´¥´¨Ö ÔÉμ£μ Ê¸²μ¢¨Ö ´  ¶· ±É¨±¥ ¨ ¸Ëμ·³Ê²¨·Ê¥³ μ¸´μ¢´ÊÕ § ¤ ÎÊ
´ ¸ÉμÖÐ¥£μ · §¤¥² .

�·¨³¥· 1. � ¸¸³μÉ·¨³ ¢μ¤μ·μ¤μ¶μ¤μ¡´Ò°  Éμ³, É. ¥. ¤¢ÊÌÎ ¸É¨Î´ÊÕ ¸¨-
¸É¥³Ê, ¸μ¸ÉμÖÐÊÕ ¨§ Ö¤·  ¸ § ·Ö¤μ³ z3 ¨ Ô²¥±É·μ´ . �Ê¸ÉÓ Ö¤·μ ´ Ìμ¤¨É¸Ö
¢ ´ Î ²Ó´μ° ÉμÎ±¥ O Ë¨±¸¨·μ¢ ´´μ° ¢ R3 ¤¥± ·Éμ¢μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É
S3 ¨ ¸Î¨É ¥É¸Ö ´¥¶μ¤¢¨¦´Ò³ ±Ê²μ´μ¢¸±¨³ Í¥´É·μ³,   Ô²¥±É·μ´ ¨³¥¥É ¢ ÔÉμ°
¸¨¸É¥³¥ · ¤¨Ê¸-¢¥±Éμ· b1 c ¤¥± ·Éμ¢Ò³¨ ±μμ·¤¨´ É ³¨ (c1, c2, c3) ¨ ¸Ë¥·¨-
Î¥¸±¨³¨ ±μμ·¤¨´ É ³¨ (b1, b̂1). ’μ£¤  ´¥´μ·³¨·μ¢ ´´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö

Ψ(b1) = exp (−z3 b1)Y00(b̂1)

μ¸´μ¢´μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö · ¸¸³ É·¨¢ ¥³μ° ¸¨¸É¥³Ò ¶μÌμ¦  ´  ®Ï -
É¥·¯. �ÉμÉ Ï É¥· ¨³¥¥É ®μ¶μ·Ê¯ ¢ ÉμÎ±¥ O = (0, 0, 0), É. ¥. ¢ ÉμÎ±¥ ¶ ·´μ£μ
Ê¤ ·  (b1 = 0) Ô²¥±É·μ´  ¸ Ö¤·μ³, ¨ ´¨¸¶ ¤ ¥É ¶·¨ Ê¤ ²¥´¨¨ μÉ ÔÉμ° ÉμÎ±¨ ¢
²Õ¡μ³ ´ ¶· ¢²¥´¨¨ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨, ¶¥·¶¥´¤¨±Ê²Ö·´μ° μ¶μ·¥. Œ É¥³ -
É¨Î¥¸±¨ É ± Ö μ¸μ¡¥´´μ¸ÉÓ ¸É·μ¥´¨Ö ËÊ´±Í¨¨ Ψ(b1) μ¡ÑÖ¸´Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³
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μ¡· §μ³. ‚ ÉμÎ±¥ (b1 = 0) ËÊ´±Í¨Ö Ψ(b1) ¤¨ËË¥·¥´Í¨·Ê¥³  ¶μ ¢¸¥³ ¥¥
 ·£Ê³¥´É ³, ´μ ¶·¨ ci �= 0 ¥¥ Î ¸É´ Ö ¶·μ¨§¢μ¤´ Ö ¶μ  ·£Ê³¥´ÉÊ ci

∂ciΨ(b1) = −z3

(
ci

b1

)
Ψ(b1), i = 1, 2, 3, (3.2)

¨³¥¥É μ¸μ¡¥´´μ¸ÉÓ: ¥¸²¨ cj , ck = 0, Éμ É ± Ö ¶·μ¨§¢μ¤´ Ö ¸± Î±μ³ ³¥´Ö¥É
§´ ± ¶·¨ ¶¥·¥Ìμ¤¥  ·£Ê³¥´É  ci Î¥·¥§ ¥£μ ´Ê²¥¢μ¥ §´ Î¥´¨¥. ‘³¥´  §´ ± 
¶·μ¨§¢μ¤´ÒÌ ∂ci Ψ, i = 1, 2, 3, Ö¢²Ö¥É¸Ö ¶·¨Î¨´μ°, ¨§-§  ±μÉμ·μ° ¶μ¢¥·Ì´μ¸ÉÓ,
μ¶¨¸Ò¢ ¥³ Ö ËÊ´±Í¨¥° Ψ, ¶μÌμ¦  ´  Ï É¥·. Šμ²¥¡ ´¨¥ [1] (¢¥²¨Î¨´  ¸± Î± )
É ±¨Ì ¶·μ¨§¢μ¤´ÒÌ

∂ci Ψ(b1)|ci=0− − ∂ci Ψ(b1)|ci=0+ = −2z3, cj , ck = 0,

μ¶·¥¤¥²Ö¥É¸Ö §´ ±μ³ ¨ ¢¥²¨Î¨´μ° § ·Ö¤  z3 Ö¤· . ‘ÊÐ¥¸É¢μ¢ ´¨¥ É ±μ£μ ±μ²¥-
¡ ´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨  Éμ³  ¢μ¤μ·μ¤  (z3 = 1) ¶μ·μ¦¤¥´μ ¸¨´£Ê²Ö·´μ¸ÉÓÕ
±Ê²μ´μ¢¸±μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¨ ¢¶¥·¢Ò¥ Ê¶μ³Ö´ÊÉμ ¢ [127].

�·¨³¥· 2. �¡¸Ê¤¨³ ¨§¢¥¸É´Ò¥ μ¸μ¡¥´´μ¸É¨ ¸É·μ¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨
Ψ ¸¨¸É¥³Ò N § ·Ö¦¥´´ÒÌ Î ¸É¨Í {p1, p2, . . . , pN}. �Ê¸ÉÓ mi ¨ zi Å ³ ¸¸ 
¨ ±Ê²μ´μ¢¸±¨° § ·Ö¤ Î ¸É¨ÍÒ pi,   μij ¨ aij Å ¶·¨¢¥¤¥´´ Ö ³ ¸¸  ¨ · §-
´μ¸ÉÓ · ¤¨Ê¸μ¢-¢¥±Éμ·μ¢ ai ¨ aj Î ¸É¨Í pi ¨ pj ¢ ¸¨¸É¥³¥ ±μμ·¤¨´ É S3.
‘Î¨É ¥³, ÎÉμ ¢§ ¨³μ¤¥°¸É¢¨¥ Vij ¢ ²Õ¡μ° ¶ ·¥ {pi, pj} Î ¸É¨Í ±Ê²μ´μ¢¸±μ¥:
Vij = zizj/aij . „²Ö ±· É±μ¸É¨ § ¶¨¸¨ ¢¢¥¤¥³ ¢¥±Éμ· a ≡ {a1, a2, . . . ,aN},  
¸¨³¢μ²μ³ 〈ξ〉 ¡Ê¤¥³ μ¡μ§´ Î ÉÓ ·¥§Ê²ÓÉ É Ê¸·¥¤´¥´¨Ö ¨¸¸²¥¤Ê¥³μ° ËÊ´±Í¨¨
ξ ¶μ § · ´¥¥ μ¶·¥¤¥²¥´´μ° ¤¢Ê³¥·´μ° ¸Ë¥·¥ ¢ ¶·¥¤¥²¥ ¥¥ ´Ê²¥¢μ£μ · ¤¨Ê¸ .
’μÎ±μ° ¶ ·´μ£μ Ê¤ ·  Î ¸É¨Í pi ¨ pj ´ §Ò¢ ¥É¸Ö ±μ´Ë¨£Ê· Í¨Ö N Î ¸É¨Í, ¢
±μÉμ·μ° aij = 0, ´μ aik > 0 ¨ ajk > 0 ¤²Ö ¢¸¥Ì k �= i, j.

Š ± ¢¶¥·¢Ò¥ ¶μ± § ² Š Éμ ¢ [127], ¢μ²´μ¢ Ö ËÊ´±Í¨Ö Ψ · ¸¸³ É·¨¢ ¥³μ°
¸¨¸É¥³Ò N Î ¸É¨Í ¨³¥¥É Ëμ·³Ê Ï É·  ¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ ·  Î ¸É¨Í pi

¨ pj ¨ ¢ ÔÉμ° ÉμÎ±¥ ¶μ¤Î¨´Ö¥É¸Ö Ê¸²μ¢¨Õ

∂aij 〈Ψ(a)〉 = μijzizj Ψ(a), aij = 0, (3.3)

¥¸²¨ Ê¸·¥¤´¥´¨¥ ¢Ò¶μ²´¥´μ ¶μ ¸Ë¥·¥ ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ aij = 0,   ¢ ¶·μÉ¨¢-
´μ³ ¸²ÊÎ ¥, ±μ£¤  ÉμÎ±  aij ´¥ ¶·¨´ ¤²¥¦¨É ¸Ë¥·¥, Å Ê¸²μ¢¨Õ

∂aij 〈Ψ(a)〉 = 0, aij �= 0. (3.4)

�μ¸²¥ · ¡μÉÒ [127] Ê¸²μ¢¨¥ (3.3) ¸É ²¨ ´ §Ò¢ ÉÓ Ê¸²μ¢¨¥³ Š Éμ, ± ¸¶μ¢Ò³
Ê¸²μ¢¨¥³ ¨²¨ Ê¸²μ¢¨¥³ ®§ μ¸É·¥´¨Ö¯.

�·¨³¥· 3. �Ê¸ÉÓ · ¸¸³μÉ·¥´´ Ö ¢ ¶·¥¤Ò¤ÊÐ¥³ ¶·¨³¥·¥ ¸¨¸É¥³  Ö¢²Ö¥É¸Ö
N -Ô²¥±É·μ´´μ° ³μ²¥±Ê²μ°. �Ê¸ÉÓ μ¤´μ ¨§ Ö¤¥· Éμ° ³μ²¥±Ê²Ò ¨³¥¥É § ·Ö¤ Z
¨ ¶μ³¥Ð¥´μ ¢ ´ Î ²μ O ¸¨¸É¥³Ò ±μμ·¤¨´ É S3,   Ô²¥±É·μ´´ Ö ¶μ¤¸¨¸É¥³ 
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μ¶¨¸Ò¢ ¥É¸Ö ¢μ²´μ¢μ° ËÊ´±Í¨¥° Ψ ¨ Ô²¥±É·μ´´μ° ¶²μÉ´μ¸ÉÓÕ [23]

ρ(a1) ≡ N

∫
|Ψ(a)|2 da2 da3 · · ·daN .

ˆ§ (3.3) ¨ (3.4) ¸²¥¤Ê¥É, ÎÉμ ∂a1 ln〈ρ〉 = −m1 Z, ¥¸²¨ ÉμÎ±  a1 = 0 Ö¢²Ö-
¥É¸Ö Í¥´É·μ³ ¤¢Ê³¥·´μ° ¸Ë¥·Ò ¸ ±μμ·¤¨´ É ³¨ â1,   ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥
∂a1 ln〈ρ〉 = 0. �É¨ ¸μμÉ´μÏ¥´¨Ö Ï¨·μ±μ ¶·¨³¥´ÖÕÉ¸Ö ¢ ±¢ ´Éμ¢μ° Ì¨-
³¨¨ [23, 24], ·¥´É£¥´μ£· Ë¨¨ ¨ Ô²¥±É·μ´μ£· Ë¨¨. ‚ ±¢ ´Éμ¢μ° Ì¨³¨¨  ´ -
²¨§ ËÊ´±Í¨¨ ∂a1 ln(ρ̄) ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ¥¥  ·£Ê³¥´É  ¶μ³μ£ ¥É É¥μ·¥-
É¨Î¥¸±¨ Ê¸É ´μ¢¨ÉÓ, £¤¥ ´ Ìμ¤ÖÉ¸Ö Ö¤·  ¨¸¸²¥¤Ê¥³μ° ³μ²¥±Ê²Ò ¨ ± ±¨¥ μ´¨
¨³¥ÕÉ § ·Ö¤Ò. �¥´É£¥´μ£· Ë¨Ö ¨ Ô²¥±É·μ´μ£· Ë¨Ö ¶μ§¢μ²ÖÕÉ Ô±¸¶¥·¨³¥´-
É ²Ó´μ μ¶·¥¤¥²¨ÉÓ ËÊ·Ó¥-μ¡· § · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·μ´´μ° ¶²μÉ´μ¸É¨ ρ, ÎÉμ
¤¥² ¥É ¢μ§³μ¦´Ò³ μ¶·¥¤¥²¨ÉÓ ³¥¸É  ´ ¨¡μ²¥¥ ¢¥·μÖÉ´μ£μ · ¸¶μ²μ¦¥´¨Ö Ö¤¥·
¢ ³μ²¥±Ê²¥ ¨ É ±¨³ μ¡· §μ³ · ¸¶μ§´ ÉÓ £¥μ³¥É·¨Î¥¸±ÊÕ ±μ´Ë¨£Ê· Í¨Õ ¥¥
Ö¤¥·´μ° ¶μ¤¸¨¸É¥³Ò.

�·¨³¥· 4. ‚¥·´¥³¸Ö ±  ´ ²¨§Ê ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í ¨ ¨§ ¨§¢¥¸É´ÒÌ
· §²μ¦¥´¨° [127Ä130] ·¥Ï¥´¨Ö Ψε, ε = {�, m, σ}, ¢ μ±·¥¸É´μ¸É¨ F ÉμÎ±¨
¶ ·´μ£μ Ê¤ ·  ¢Ò¢¥¤¥³  ´ ²μ£¨ Ê¸²μ¢¨Ö Š Éμ Å ¸¢Ö§¨ É¨¶  (1.66).

�Ê¸ÉÓ ¸¨¸É¥³  {p1, p2, p3} ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ Ô²¥±É·μ´μ¢ p1, p2 ¨ Ö¤·  p3,
±μÉμ·Ò° ¸Î¨É ¥É¸Ö ¡¥¸±μ´¥Î´μ ÉÖ¦¥²μ° Î ¸É¨Í¥° (m3 = ∞), ¶μ³¥Ð¥´´μ°
¢ ´ Î ²μ O ¸¨¸É¥³Ò ±μμ·¤¨´ É S3. ’μ£¤  ¨§ · ¡μÉÒ [127] Š Éμ ¸²¥¤Ê¥É,
ÎÉμ S-¢μ²´μ¢ Ö (� = 0) ËÊ´±Í¨Ö Ψε(a1, a2, a12) É ±μ° ¸¨¸É¥³Ò ¸μμÉ¢¥É¸É¢Ê¥É
´¥²μ± ²Ó´μ³Ê £· ´¨Î´μ³Ê Ê¸²μ¢¨Õ

∂c〈Ψε(a1, a2, a12)〉 = λΨε(a1, a2, a12), c = 0, (3.5)

£¤¥ Ê¸·¥¤´¥´¨¥ ¢Ò¶μ²´¥´μ ¶μ ¤¢Ê³¥·´μ° ¸Ë¥·¥ ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ c = 0, É. ¥.
¶μ ¢¸¥³ ¸Ë¥·¨Î¥¸±¨³ Ê£² ³ ĉ ¢¥±Éμ·  c,   λ = m1z3 ¶·¨ c = ai, i = 1, 2 ¨
λ = μ12 = m1/2 ¶·¨ c = a12.

�μ§¦¥ ¢ [128] ¤²Ö Éμ° ¦¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¡Ò²  ¶μ²ÊÎ¥´   ¸¨³¶ÉμÉ¨± 

Ψε(a1, a2, a12) =
[
1 + m1z3a1

]
Ψε(0, a2, a12)+

+ (a1 · A) + O(a2
1), a1 → 0, (3.6)

£¤¥ A Å ´¥μ¶·¥¤¥²¥´´Ò° ¢¥±Éμ· ¨§ R3. �·μ¥±Í¨Ö Ψε
00 ≡ 〈Y00(â1)|Ψε〉

´  ¸Ë¥·¨Î¥¸±ÊÕ ËÊ´±Í¨Õ Y00(â1) ´¥ ¸μ¤¥·¦¨É A ¨ Ê¤μ¢²¥É¢μ·Ö¥É ¸¢Ö§¨
É¨¶  (1.66):

(∂a1 − m1z3)Ψε
00(a1, a2, a12) = 0, a1 = 0, a2, a12 > 0.
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�¢Éμ·Ò · ¡μÉÒ [129] § ¶¨¸ ²¨ N -Î ¸É¨Î´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸
±Ê²μ´μ¢¸±¨³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ ¢  ¸¨³¶ÉμÉ¨Î¥¸±μ³ ¢¨¤¥[

−�R

2μ12
+

z1z2

R
+ O(1)

]
Ψ(a) = 0, R = a12 → 0,

ÎÉμ ¶μ§¢μ²¨²μ ¨³ μ¶·¥¤¥²¨ÉÓ  ¸¨³¶ÉμÉ¨±Ê μ¡Ð¥£μ ·¥Ï¥´¨Ö Ψ, ´μ ²¨ÏÓ ¸
ÉμÎ´μ¸ÉÓÕ ¶μ·Ö¤±  O(R2). ‚ ¸²ÊÎ ¥ N = 3 É ± Ö  ¸¨³¶ÉμÉ¨±  ¨³¥¥É ¢¨¤

Ψ = f0
00Y00(R̂) [1 + μ12z1z2R] +R

1∑
β=−1

f1
1βY1β(R̂) + O(R2), R → 0. (3.7)

…¸²¨ ¥¥ ¶·μ¤¨ËË¥·¥´Í¨·μ¢ ÉÓ ¶μ R ¨ ·¥§Ê²ÓÉ É ¸¶·μ¥±É¨·μ¢ ÉÓ ´  ËÊ´±Í¨Õ
Y00(R̂), Éμ ¤²Ö ¶·μ¥±Í¨¨ Ψ00 ≡ 〈Y00(R̂)|Ψ〉 ¶μ²ÊÎ¨É¸Ö ¸¢Ö§Ó, ´¥ ¸μ¤¥·¦ Ð Ö
´¥μ¶·¥¤¥²¥´´ÒÌ ¨ ´¥ § ¢¨¸ÖÐ¨Ì μÉ R ³´μ¦¨É¥²¥° f0

00 ¨ f1
1β:

(∂R − μ12z1z2)Ψ00(a) = 0, R = 0.

�¶¨Ï¥³ μ¡μ§´ Î¥´¨Ö R, ρ ¨ SR
3 , ¨¸¶μ²Ó§μ¢ ´´Ò¥ ¢ [130, 131]. ‚ ¸²ÊÎ ¥

x = x3, i = 3 ´ Ï  ¸¨¸É¥³  ±μμ·¤¨´ É Sx
3 ¸μ¢¶ ¤ ¥É ¸ ¸¨¸É¥³μ° SR, μ·É eR

3

±μÉμ·μ° ±μ²²¨´¥ ·¥´ ¢¥±Éμ·Ê R ≡ a12 ↑↑ x3, ¸μ¥¤¨´ÖÕÐ¥³Ê Î ¸É¨ÍÒ p1 ¨ p2,
  μ·É eR

1 · ¸¶μ²μ¦¥´ ¢ ¶²μ¸±μ¸É¨ P É·¥Ì Î ¸É¨Í ¨ ´ ¶· ¢²¥´ ± Î ¸É¨Í¥ p3, a
¢¥±Éμ· ρ ↑↑ y3 ¸μ¥¤¨´Ö¥É É·¥ÉÓÕ Î ¸É¨ÍÊ p3 c Í¥´É·μ³ ³ ¸¸ ¶ ·Ò {p1, p2}.

‚ · ¡μÉ¥ [130] ¤²Ö Dσ-±μ³¶μ´¥´É ΨεR
m′ É·¥ÌÎ ¸É¨Î´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨

Ψε(R, ρ) =
�∑

m′=0

D�σ∗
mm′(ωR)ΨεR

m′(R, ρ, θ), cos θ =
(

R · ρ
Rρ

)
, σ = (−1)�,

¢ ¸²ÊÎ ¥ ±Ê²μ´μ¢¸±¨Ì ¢§ ¨³μ¤¥°¸É¢¨° (1.30) ¡Ò²¨ ¤μ± § ´Ò  ¸¨³¶ÉμÉ¨±¨

Ψε
m′(R, ρ, θ) = f0

�m′(ρ)Y�m′(θ, 0)
[
1 + μ12z1z2R

]
+

+ R
∑

a=|�±1|
f1

am′(ρ)Yam′(θ, 0) + O(R2), R → 0, ρ > 0. (3.8)

„¨ËË¥·¥´Í¨·ÊÖ ¨Ì ¶μ R ¨ ¶·μ¥±É¨·ÊÖ ¶μ²ÊÎ¥´´Ò¥ · ¢¥´¸É¢  ´  ËÊ´±Í¨¨
Θ�m′(θ), ¨¸±²ÕÎ ¥³ ¢¸¥ ´¥¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ f0

�m′, f1
am′ ¨ ¶·¨Ìμ¤¨³

± ¸¢Ö§Ö³

(∂R − μ12z1z2)ΨεR
�m′(R, ρ) = 0, ΨεR

�m′(R, ρ) ≡ 〈Θ�m′(θ)|ΨεR
m′〉, R = 0, ρ > 0.

‚ [131] ¶μ¤Î¥·±¨¢ ²μ¸Ó, ÎÉμ ÊÎ¥É É ±¨Ì ¸¢Ö§¥° ¢ ÉμÎ±¥ ¶ ·´μ£μ Ê¤ ·  § ³¥É´μ
Ê²ÊÎÏ ¥É ¸Ìμ¤¨³μ¸ÉÓ ³¥Éμ¤  �Ô²¥ÖÄ�¨ÉÍ .
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�·¨³¥· 5. ‚ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ³¥Éμ¤ Ì Ô²¥±É·μ´´μ° ¨³¶Ê²Ó¸´μ° ¸¶¥±-
É·μ¸±μ¶¨¨ [132] ¢ ±μ´¥Î´μ³ ¸μ¸ÉμÖ´¨¨ ¨¸¸²¥¤Ê¥³μ° ·¥ ±Í¨¨ ¨§³¥·ÖÕÉ¸Ö ´ 
¸μ¢¶ ¤¥´¨¥ ± ± ³¨´¨³Ê³ ¤¢  ¡Ò¸É·ÒÌ Ô²¥±É·μ´ , ÎÉμ ¶μ§¢μ²Ö¥É ¢Ò¶μ²´¨ÉÓ
±¨´¥³ É¨Î¥¸±¨ ¶μ²´Ò¥ ¨¸¸²¥¤μ¢ ´¨Ö ¸²μ¦´ÒÌ  Éμ³´ÒÌ ¸μÊ¤ ·¥´¨°. �·¨³¥·
É ±μ£μ ¸μÊ¤ ·¥´¨Ö Å ¤¢μ°´ Ö ¨μ´¨§ Í¨Ö  Éμ³  £¥²¨Ö: e + 3He → 3e + 3

2He.
�±¸¶¥·¨³¥´É ²Ó´Ò¥ ¨¸¸²¥¤μ¢ ´¨Ö ÔÉμ° ·¥ ±Í¨¨ ¶·¨´ÖÉμ ´ §Ò¢ ÉÓ (e, 3e)- ¨²¨
(e, (3 − 1))e-Ô±¸¶¥·¨³¥´É ³¨, ¥¸²¨ ´  ¸μ¢¶ ¤¥´¨¥ ¨§³¥·ÖÕÉ¸Ö É·¨ Ô²¥±É·μ´ 
¨²¨ ¦¥ Éμ²Ó±μ ´ ²¥É ÕÐ¨° ¨ μ¤¨´ ¨§ ¨¸¶ÊÐ¥´´ÒÌ Ô²¥±É·μ´μ¢.

‚ ¶¥·¢μ³ (e, 3e)-Ô±¸¶¥·¨³¥´É¥ [133] ¨§³¥·Ö²μ¸Ó ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥-
Î¥´¨¥ σ3e ¢ ¸²¥¤ÊÕÐ¥° ±¨´¥³ É¨±¥: É·¨ Ô²¥±É·μ´  ·¥£¨¸É·¨·μ¢ ²¨¸Ó ¢ μ¤´μ°
¶²μ¸±μ¸É¨, ¶ ¤ ÕÐ¨° ¨ · ¸¸¥Ö´´Ò° Ô²¥±É·μ´ ¨³¥²¨ Ô´¥·£¨¨ E0 = 5599 ¨
Es = 5500 Ô‚, ´ ³´μ£μ ¶·¥¢ÒÐ ÕÐ¨¥ Ô´¥·£¨¨ Ea = 10 ¨ Eb = 10 Ô‚ Ô²¥±-
É·μ´μ¢, ¢Ò¡¨ÉÒÌ ¨§  Éμ³  3He,  §¨³ÊÉ ²Ó´Ò° Ê£μ² · ¸¸¥Ö´´μ£μ Ô²¥±É·μ´  ¡Ò²
´¥¡μ²ÓÏ¨³: θs = 0,45 ◦.

�¥¤ ¢´μ ¢ (e, (3 − 1)e)-Ô±¸¶¥·¨³¥´É¥ [134] ¡Ò²μ ¨§³¥·¥´μ ¤¨ËË¥·¥´Í¨-
 ²Ó´μ¥ ¸¥Î¥´¨¥ dσ(3−1)e. „²Ö ÔÉμ£μ ¤¥É¥±É¨·μ¢ ²¨¸Ó · ¸¸¥Ö´´Ò° ¨ μ¤¨´ ¨§
¢Ò¡¨ÉÒÌ Ô²¥±É·μ´μ¢, ¨³¥¢Ï¨Ì μ¤¨´ ±μ¢Ò¥  §¨³ÊÉ ²Ó´Ò¥ Ê£²Ò θs, θa = 45 ◦ ¨
Ô´¥·£¨¨ Es, Ea = 1000 Ô‚, ´ ³´μ£μ ¡μ²ÓÏ¨¥, Î¥³ Ô´¥·£¨Ö Eb = 10 Ô‚ ¤·Ê£μ£μ
Ô²¥±É·μ´ , ¢Ò¡¨Éμ£μ ¨§  Éμ³  3He.

‚ ·¥§Ê²ÓÉ É¥ ¶¥·¢μ£μ É¥μ·¥É¨Î¥¸±μ£μ ¨¸¸²¥¤μ¢ ´¨Ö [135] ¡Ò²μ ¶μ± § ´μ,
ÎÉμ ¢¥²¨Î¨´  ¨ Ê£²μ¢ Ö § ¢¨¸¨³μ¸ÉÓ ¸¥Î¥´¨Ö dσ3e ÎÊ¢¸É¢¨É¥²Ó´Ò ¨ ± ¢Ò¡μ·Ê
¶·¨¡²¨¦¥´¨Ö Ψ̃ ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψε,0

phys  Éμ³  3He, ¨ ± ¢Ò¡μ·Ê ³μ¤¥²Ó´μ°

ËÊ´±Í¨¨ Ψ̃3e, ± Î¥¸É¢¥´´μ μ¶¨¸Ò¢ ÕÐ¥° ±μ´¥Î´μ¥ ¸μ¸ÉμÖ´¨¥ 3e + 3
2He.

‘μ¢·¥³¥´´Ò¥ ³¥Éμ¤Ò ¢ÒÎ¨¸²¥´¨Ö ¶·¨¡²¨¦¥´¨Ö Ψ̃ ¨ · §²¨Î´Ò¥ É¥μ·¥-
É¨Î¥¸±¨¥ μÍ¥´±¨ ¸¥Î¥´¨° dσ3e ¨ dσ(3−1)e Ê¦¥ μ¡¸Ê¦¤ ²¨¸Ó ¢ ´¥¤ ¢´¥³ μ¡-
§μ·¥ [136]. �μÔÉμ³Ê ´¨¦¥ ¶¥·¥Î¨¸²¥´Ò Éμ²Ó±μ £² ¢´Ò¥ ¢Ò¢μ¤Ò · ¡μÉ [137Ä
142] μ ± Î¥¸É¢¥ ´¥±μÉμ·ÒÌ ¶·¨¡²¨¦¥´¨° Ψ̃ ¨ ·μ²¨ Ê¸²μ¢¨Ö Š Éμ ¢ É¥μ·¥É¨-
Î¥¸±μ³ μ¶¨¸ ´¨¨ ¸¥Î¥´¨° dσ3e ¨ dσ(3−1)e.

„μ ¸¨Ì ¶μ· ÔÉ¨ ¸¥Î¥´¨Ö Ê¤ ¥É¸Ö μÍ¥´¨ÉÓ ²¨ÏÓ ¢ ¶¥·¢μ³ ¡μ·´μ¢¸±μ³ ¶·¨-
¡²¨¦¥´¨¨. “¦¥ ¢ ÔÉμ³ ¶·¨¡²¨¦¥´¨¨ ³ É·¨Î´Ò° Ô²¥³¥´É ·¥ ±Í¨° (e, 3e) ¨
(e, (3 − 1)e) Ö¢²Ö¥É¸Ö É·Ê¤´μ¢ÒÎ¨¸²Ö¥³Ò³ ³´μ£μ±· É´Ò³ ¨´É¥£· ²μ³ I , ¢ ±μ-
Éμ·μ³ ¸μ¸ÉμÖ´¨¥ e + 3He ¸¨¸É¥³Ò ¶·¥¤¸É ¢²Ö¥É¸Ö ¶·μ¨§¢¥¤¥´¨¥³ ¶²μ¸±μ°
¢μ²´Ò exp [i(k0 ·b0)], μ¶¨¸Ò¢ ÕÐ¥° ¤¢¨¦¥´¨¥ Ô²¥±É·μ´ , ´ ²¥É ÕÐ¥£μ ¸ ¨³-
¶Ê²Ó¸μ³ k0 ´   Éμ³ £¥²¨Ö, ¨ ¶·¨¡²¨¦¥´¨Ö Ψ̃ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ÔÉμ£μ  Éμ³ .
‚ÒÎ¨c²¥´¨¥ ¨´É¥£· ²  I § ³¥É´μ Ê¸±μ·Ö¥É¸Ö, ¥¸²¨ ËÊ´±Í¨Ö Ψ̃ ¨³¥¥É ¶·μ¸Éμ°
¢¨¤ ¨ § ¤ ´  Ö¢´μ ¶·¨ ¢¸¥Ì §´ Î¥´¨ÖÌ ¥¥  ·£Ê³¥´Éμ¢.

’ ±¨³ Ê¸²μ¢¨Ö³ Ê¤μ¢²¥É¢μ·ÖÕÉ ¨ ¤ ¢´μ ¨§¢¥¸É´μ¥ ¶·¨¡²¨¦¥´¨¥ [137]

Ψ̃P = 1,535 exp [−z3 (b1 + b2)] F0

(
kb12,

1
2k

)
, (3.9)
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¤¥É ²Ó´μ μ¡¸Ê¦¤ ¢Ï¥¥¸Ö ¢ [138,139], ¨ ´¥¤ ¢´μ ¶·¥¤²μ¦¥´´Ò¥ ËÊ´±Í¨¨ [140]

Ψ̃0 = 1,343 exp [−z3(b1 + b2)] exp (b12/2),

Ψ̃1 = 1,429 exp [−z3(b1 + b2)] exp (b12/4)(1 + b12/4).
(3.10)

‚ ÔÉ¨Ì Ëμ·³Ê² Ì z3 = 2 Å § ·Ö¤ Ö¤·  £¥²¨Ö, F0 Å ·¥£Ê²Ö·´ Ö ËÊ´±Í¨Ö
ŠÊ²μ´  [5], μ¶¨¸Ò¢ ÕÐ Ö · ¸¸¥Ö´¨¥ ¤¢ÊÌ Ô²¥±É·μ´μ¢ ¸ μÉ´μ¸¨É¥²Ó´Ò³ ¨³-
¶Ê²Ó¸μ³ k. …£μ §´ Î¥´¨¥ k = 0,41  . ¥. ´ °¤¥´μ ¨§ Ê¸²μ¢¨Ö ³¨´¨³Ê³  ËÊ´±-
Í¨μ´ ²  �Ô²¥ÖÄ�¨ÉÍ  (1.65), μ¶·¥¤¥²ÖÕÐ¥£μ ¢¥·Ì´ÕÕ ¢ ·¨ Í¨μ´´ÊÕ μÍ¥´±Ê
Ẽ Ô´¥·£¨¨ μ¸´μ¢´μ£μ 1S0-¸μ¸ÉμÖ´¨Ö  Éμ³  £¥²¨Ö.

’ ±¨¥ μÍ¥´±¨ ¤²Ö μ¡¸Ê¦¤ ¥³ÒÌ ËÊ´±Í¨° Ψ̃P , Ψ̃0 ¨ Ψ̃1 ¸μμÉ¢¥É¸É¢¥´´μ
· ¢´Ò −2,8788, −2,8561 ¨ −2,8721  . ¥. ¨ § ³¥É´μ μÉ²¨Î ÕÉ¸Ö μÉ ²ÊÎÏ¨Ì
¨§ ¨§¢¥¸É´ÒÌ ´  ¸¥£μ¤´ÖÏ´¨° ¤¥´Ó μÍ¥´μ± [117, 118], ¸μ£² ¸´μ ±μÉμ·Ò³ ¸
ÉμÎ´μ¸ÉÓÕ ¤μ ¸¥³¨ §´ ±μ¢ Ẽ = −2,903724  . ¥.

‚ ±μμ·¤¨´ É Ì (b1, b2, b12) Ê¸²μ¢¨¥ Š Éμ ¤²Ö ÉμÎ´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨
Ψε,0

phys μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö  Éμ³  £¥²¨Ö ¢ ÉμÎ± Ì ¸μÊ¤ ·¥´¨Ö Ô²¥±É·μ´  ¸
Ö¤·μ³ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ ¸¢Ö§¥°

(∂bi − z3)Ψε,0
phys(b1, b2, b12) = 0, i �= j = 1, 2, bi = 0, bj , b12 > 0, (3.11)

  ¢ ÉμÎ±¥ ¸μÊ¤ ·¥´¨Ö ¤¢ÊÌ Ô²¥±É·μ´μ¢ § ¤ ¥É¸Ö ¸¢Ö§ÓÕ

(2∂b12 − 1)Ψε,0
phys(b1, b2, b12) = 0, b12 = 0; b1, b2 > 0. (3.12)

”Ê´±Í¨Ö (3.9) ¶μ¤Î¨´Ö¥É¸Ö ¸¢Ö§Ö³ (3.11), ´μ ´¥ ¶μ¤Î¨´Ö¥É¸Ö ¸¢Ö§¨ (3.12). �¡¥
ËÊ´±Í¨¨ (3.10) Ê¤μ¢²¥É¢μ·ÖÕÉ ¢¸¥³ Ê¸²μ¢¨Ö³ (3.11) ¨ (3.12).

‚ · ¡μÉ¥ [141] ¢¶¥·¢Ò¥ ¢ÒÎ¨¸²¥´μ ¤μ¢μ²Ó´μ ¶·μ¸Éμ¥ ¢ ·¨ Í¨μ´´μ¥ ¶·¨-
¡²¨¦¥´¨¥ Ψ̃C , Ê¤μ¢²¥É¢μ·ÖÕÐ¥¥ Ê¸·¥¤´¥´´Ò³ Ê¸²μ¢¨Ö³ Š Éμ (3.11), (3.12), ¨
¢ ¸²ÊÎ ¥ Ï¥¸É¨¤¥¸ÖÉ¨ ¢ ·¨ Í¨μ´´ÒÌ ¶ · ³¥É·μ¢ ³¨´¨³¨§¨·ÊÕÐ¥¥ ËÊ´±Í¨μ-
´ ² �Ô²¥ÖÄ�¨ÉÍ  (1.65) ¸ ¸¥³¨§´ Î´μ° ÉμÎ´μ¸ÉÓÕ: Ẽ = −2,903724 . . .  . ¥.

Š ± μÉ³¥Î ²μ¸Ó ¨ ¢ μ¡§μ·¥ [136], ¨ ¢ ¤μ±² ¤¥ [142], Ê¤μ¢²¥É¢μ·¨É¥²Ó-
´μ¥ ¸μ£² ¸¨¥ ¨§³¥·¥´´ÒÌ ¢ Ô±¸¶¥·¨³¥´É Ì [133, 134] ¸¥Î¥´¨° σ3e ¨ σ3(e−1)

¸ ¨Ì ³´μ£μÎ¨¸²¥´´Ò³¨ É¥μ·¥É¨Î¥¸±¨³¨ μÍ¥´± ³¨ ´¥ ¤μ¸É¨£ ¥É¸Ö ¤ ¦¥ ¢ É¥Ì
¸²ÊÎ ÖÌ [138Ä141], ±μ£¤  ¨¸¶μ²Ó§ÊÕÉ¸Ö ¶·¨¡²¨¦¥´¨Ö Ψ̃P , Ψ̃0, Ψ̃1 ¨ Ψ̃C , ¢μ¸-
¶·μ¨§¢μ¤ÖÐ¨¥ ¸¢Ö§¨ (3.11) ¨ (3.12) ¤²Ö ÉμÎ´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψε,0

phys.
‚μ§³μ¦´μ¥ ·¥Ï¥´¨¥ ÔÉμ° ¶·μ¡²¥³Ò Å ¢±²ÕÎ¥´¨¥ ¢ ¢ÒÎ¨¸²¨É¥²Ó´Ò¥

¸Ì¥³Ò ¡μ²¥¥ ¶μ¤·μ¡´μ°, Î¥³ Ê¸²μ¢¨Ö Š Éμ, ¨´Ëμ·³ Í¨¨ μ ¸É·μ¥´¨¨ ËÊ´±Í¨¨
Ψε,0

phys ¨ ËÊ´±Í¨¨ ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö Ψ̃3e É·¥Ì Ô²¥±É·μ´μ¢ ¨ Ö¤·  £¥²¨Ö ¢μ
¢¸¥Ì ÉμÎ± Ì ¶ ·´ÒÌ ¸μÊ¤ ·¥´¨°. ’ ±ÊÕ ¨´Ëμ·³ Í¨Õ ¤ ÕÉ ¸¢Ö§¨ ¤²Ö Î ¸É-
´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ËÊ´±Í¨° Ψε,0

phys ¨ Ψ̃3e ¡μ²¥¥ ¢Ò¸μ±¨Ì, Î¥³ ¢ Ê¸²μ¢¨¨ Š Éμ,
¶μ·Ö¤±μ¢. “¦¥ ¶μÔÉμ³Ê ¢Ò¢μ¤ É ±¨Ì ¸¢Ö§¥° ¢ ÉμÎ± Ì ¶ ·´ÒÌ ¸μÊ¤ ·¥´¨° ¶·¥¤-
¸É ¢²Ö¥É¸Ö ¨´É¥·¥¸´Ò³ ¨  ±ÉÊ ²Ó´Ò³.
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�μ¸É ´μ¢±  § ¤ Î¨. � §²μ¦¥´¨Ö³¨ Š Éμ ¤ ²¥¥ ´ §Ò¢ ÕÉ¸Ö ¶·¥¤¸É ¢²¥´¨Ö
·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ψ, Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.39) ¨²¨ ¦¥ ¶·¥¤¸É ¢²¥-
´¨Ö ¶·μ¥±Í¨° É ±¨Ì ·¥Ï¥´¨° ´  ¢Ò¡· ´´Ò° Ê£²μ¢μ° ¡ §¨¸ ¢ ¢¨¤¥ ¶μ¤¸Ê³³
¤¢ÊÌ ¶¥·¢ÒÌ ¸² £ ¥³ÒÌ ¨Ì, ¢μμ¡Ð¥ £μ¢μ·Ö, ¡¥¸±μ´¥Î´ÒÌ · §²μ¦¥´¨° ¢ ³ ²μ°
μ±·¥¸É´μ¸É¨ F ÉμÎ±¨ ¶ ·´μ£μ Ê¤ · . �·¨³¥· É ±μ£μ · §²μ¦¥´¨Ö Å ¢ÒÉ¥± Õ-
Ð¥¥ ¨§ (3.7) ¶·¥¤¸É ¢²¥´¨¥

Ψ00(a) = (1 + μ12z1z2R )Ψ00(a)|R=0 + O(R2), R → 0.

‡ ³¥É¨³, ÎÉμ ¨§ (3.6)Ä(3.8) ´¥²Ó§Ö ¶μ²ÊÎ¨ÉÓ ´¨± ±¨Ì ¤·Ê£¨Ì ¸¢Ö§¥°
É¨¶  (1.66), ¶μÉμ³Ê ÎÉμ Ö¢´Ò° ¢¨¤ ¸² £ ¥³ÒÌ, Ê¡Ò¢ ÕÐ¨Ì ± ± O(R2), ´¥¨§-
¢¥¸É¥´. „²Ö ¢Ò¢μ¤  £· ´¨Î´ÒÌ Ê¸²μ¢¨°, ¸¢Ö§Ò¢ ÕÐ¨Ì ¶·μ¨§¢μ¤´Ò¥ ·¥Ï¥´¨°
Ψ ¨²¨ Ψε ¡μ²¥¥ ¢Ò¸μ±μ£μ ¶μ·Ö¤± , ´¥μ¡Ìμ¤¨³μ §´ ÉÓ ¢ μ¡² ¸É¨ F ¨Ì ¶μ²´Ò¥
 ¸¨³¶ÉμÉ¨Î¥¸±¨¥ · §²μ¦¥´¨Ö (¡¥¸±μ´¥Î´Ò¥ ·Ö¤Ò). ‚Ò¢μ¤ ¨  ´ ²¨§ ¶μ²´ÒÌ
· §²μ¦¥´¨° ¢ ¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¡μ²¥¥ μ¡Ð¥£μ ¢¨¤  (1.31),
Î¥³ ±Ê²μ´μ¢¸±¨¥ ¢§ ¨³μ¤¥°¸É¢¨Ö, ¢¶¥·¢Ò¥ ¤ ´ ¢ [79] ¤²Ö Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  (1.39),   ¤²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¥³Ê Ê· ¢´¥´¨° ” ¤¤¥¥¢  (1.52) Å
¢ [80]. �ÉμÉ  ´ ²¨§ Ö¢²Ö¥É¸Ö μ¡μ¡Ð¥´¨¥³ · §²μ¦¥´¨° Š Éμ ¨ ¸μ¸É ¢²Ö¥É
μ¸´μ¢´μ¥ ¸μ¤¥·¦ ´¨¥ ¶μ¸²¥¤ÊÕÐ¨Ì ¶Ê´±Éμ¢ ´ ¸ÉμÖÐ¥£μ · §¤¥² . ‚ ´¨Ì ¶μ-
¤·μ¡´μ ¨¸¸²¥¤Ê¥É¸Ö ´ ¨¡μ²¥¥ μ¡Ð¨° ¨§ É·¥Ì ¸²ÊÎ ¥¢ (1.32),   ¨³¥´´μ ¸²ÊÎ °
A, ¨c¶μ²Ó§Ê¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ 〈x,y| ≡ 〈xi,yi| ¨ ¶μ² £ ¥É¸Ö

x ≡ xi → 0, y ≡ yi > 0, u ≡ cos θ =
x · y
xy

, k �= i, q ≡ qi.

�¸μ¡¥´´μ¸É¨ ¢¸¥Ì ¤μ± § ´´ÒÌ ¸μμÉ´μÏ¥´¨° ¢ ¸²ÊÎ ÖÌ B ¨ C μ£μ¢ ·¨¢ ÕÉ¸Ö
μÉ¤¥²Ó´μ ¢ ¢¨¤¥ § ³¥Î ´¨°.

3.2. � §²μ¦¥´¨Ö ¶ ·´ÒÌ ¨ ¶μ²´μ£μ ¢§ ¨³μ¤¥°¸É¢¨°. ‚¸²¥¤¸É¢¨¥ ¸μμÉ-
´μÏ¥´¨° (1.3) ¢¥±Éμ·Ò xk ¨ yk ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± ËÊ´±Í¨¨  ·£Ê³¥´Éμ¢
x ≡ xi, y ≡ yi ¨ u ≡ ui ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

〈x,y|xk〉 = xk(x, y, u) =
|ski|y
g(vx)

, 〈x,y|yk〉 = yk(x, y, u) =
ckiy

g(vy)
;

g(v) ≡ (1 − 2uv + v2)−1/2, vx ≡ − ckix
skiy

, vy ≡ skix

ckiy
.

(3.13)

‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨Ö 1/xk(x, y, u) ¶·μ¶μ·Í¨μ´ ²Ó´  ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±-
Í¨¨ g(vx) ¤²Ö ¶μ²¨´μ³μ¢ ‹¥¦ ´¤·  Pn(u) (¸³. [4]), ¶μÔÉμ³Ê

1
xk

=
1

|ski|y

∞∑
n=0

(
− ckix

ski y

)n

Pn(u), k �= i. (3.14)
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ˆ§ (3.13) ¨ (3.14) ¸²¥¤Ê¥É Ëμ·³Ê²  ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö

∂n
x xk|x=0 = cki

ski

|ski|
n!

2n− 1

(
− cki

skiy

)n−1

×

× [Pn(u) − Pn−2(u)] , n = 0, 1, . . . (3.15)

�´ ²μ£¨Î´Ò³ μ¡· §μ³ ¤μ± §Ò¢ ¥É¸Ö Ëμ·³Ê²  ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö

∂n
x yk|x=0 = ski

n!
2n − 1

(
ski

ckiy

)n−1

×

× [Pn(u) − Pn−2(u)] , n = 0, 1, . . . (3.16)

	² £μ¤ ·Ö Ëμ·³Ê²¥ (3.15) ± ¦¤Ò° Î²¥´ Tp ·Ö¤  ’¥°²μ·  ËÊ´±Í¨¨
V̄k(xk(x, y, u)) ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ x = 0 Å ¸Ê³³  ¶μ ¶μ²¨´μ³ ³ Ps(u) ¸
s � p:

Tp(y, u) =
xp

p!
∂p

xV̄k(xk(x, y, u))
∣∣∣∣
x=0

=
xp

p!

p∑
s=0

V̄ ps
k (|ski|y)Ps(u).

…¸²¨ Px ¨ Pu Å μ¶¥· Éμ·Ò ¨´¢¥·¸¨¨ x → −x ¨ u → −u, Éμ

PuPs(u) = (−1)sPs(u), Pxxp = (−1)pxp,

PxPuxk = xk, (1 − PxPu)V̄k(xk) = 0.

ˆ§ ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° ¨ ²¨´¥°´μ° ´¥§ ¢¨¸¨³μ¸É¨ ËÊ´±Í¨° x0, x1, . . . ¸²¥¤Ê¥É,
ÎÉμ PxPuTp = Tp ¤²Ö ¢¸¥Ì p. �μÔÉμ³Ê ·Ö¤ ’¥°²μ·  ¤²Ö V̄k ¸¢μ¤¨É¸Ö ± ¸Ê³³¥
¶μ ¨´¤¥±¸ ³ p ¨ s, É ±¨³, ÎÉμ p + s Å Î¥É´μ¥ Î¨¸²μ:

V̄k(xk(x, y, u)) =
∞∑

p=0

xp

p∑
s=0

V̄ ps
k (|ski|y)Ps(u), (−1)p+s = 1. (3.17)

‚¸²¥¤¸É¢¨¥ ¶·¥¤¸É ¢²¥´¨Ö (1.31) ¤²Ö V̄i ¨ ¶·¥¤¸É ¢²¥´¨° (3.14), (3.17) ¶μ²´μ¥
¢§ ¨³μ¤¥°¸É¢¨¥ V = V1 + V2 + V3 · ¸±² ¤Ò¢ ¥É¸Ö ¢ ¤¢μ°´μ° ·Ö¤:

V (x, y, u) = q/x + V 00(y) +
∞∑

p=1

xp

p∑
s=0

V ps(y)Ps(u), q ≡ qi,

V ps(y) ≡ Vip δs0 + δps

∑
k �=i

qk

|ski|y

(
− cki

skiy

)p

+
∑
k �=i

V̄ ps
k (y),

(3.18)
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£¤¥ μÉ²¨Î´Ò μÉ ´Ê²Ö Éμ²Ó±μ ±μ´¸É ´ÉÒ V p0 = Vip ¸ ´¥Î¥É´Ò³ p ¨ ËÊ´±Í¨¨
V ps(y) c Î¥É´μ° ¸Ê³³μ° p + s. �·¨ p � 2 ¨Ì ³μ¦´μ ´ °É¨ ¶μ Ëμ·³Ê² ³

V 00(y) = Vi0 +
∑
k �=i

[
qk

(|ski| y)
+ V̄k(|ski|y)

]
, V 10(y) = Vi1,

V 11(y) =
∑
k �=i

cki

(
ski

|ski|

) [
V̄ ′

k(|ski|y) − qk

(ski y)2

]
,

V 20(y) = Vi2 + (1/6)
∑
k �=i

c2
ki

[
V̄ ′′

k (|ski|y) +
2V̄ ′

k(|ski|y)
(|ski|y)

]
,

V 22(y) =
∑
k �=i

{
qkc2

ki

(|ski|y)3
+ (1/3) c2

ki

[
V̄ ′′

k (|ski|y) − V̄ ′
k(|ski|y)
(|ski|y)

]}
,

£¤¥ V̄ ′
k ¨ V̄ ′′

k Å ¶¥·¢ Ö ¨ ¢Éμ· Ö ¶·μ¨§¢μ¤´Ò¥ ËÊ´±Í¨¨ V̄k(xk) ¶μ  ·£Ê³¥´ÉÊ
xk ¢ ÉμÎ±¥ xk = |ski|y, É. ¥. ¶·¨ x = 0. ˆ§ ¢¸¥Ì É·¥Ì ¸²ÊÎ ¥¢ (1.32) ¸²ÊÎ °
C Å μ¸μ¡Ò°. ’ ± ± ± ¢ ÔÉμ³ ¸²ÊÎ ¥ q, qk = 0 ¨ V p0 = 0, p = 1, 3, . . ., Éμ
·Ö¤ (3.18) ¨´¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ § ³¥´Ò x → x, u → −u:

V (x, y, u) = V (−x, y,−u) =

=
∞∑

p=1

xp

p∑
s=0

(1 − δp1δs0)V ps(y), (−1)p+s = 1. (3.19)

„²Ö ¶·μ¥Í¨·μ¢ ´¨Ö ·Ö¤  (3.18) ¶μÉ·¥¡ÊÕÉ¸Ö ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¶μ²¨´μ³ 
Ps ¢ ¡ §¨¸ Ì (1.5) ¨ (1.6). ˆ¸¶μ²Ó§ÊÖ ¨§¢¥¸É´Ò¥ Ëμ·³Ê²Ò [16]

Ps(u) =
[

4π

2s + 1

] s∑
α=−s

Y ∗
sα(ŷ)Ysα(x̂),

〈Ycγ(x̂)|Yaα(x̂)Ybβ(x̂)〉 = (−1)a

[
2a + 1

4π

]1/2

Cb0
a0c0 Ccγ

aαbβ

¨ ¶·¥¤¸É ¢²¥´¨¥ (1.5), ´ Ìμ¤¨³ ¨¸±μ³Ò¥ ¢Ò· ¦¥´¨Ö

〈Ybβ(x̂)|Ps(u)|Yb′β′(x̂)〉 = (−1)s

[
4π

2s + 1

]1/2

Cb′0
s0b0C

bβ
sαb′β′Y

∗
sα(ŷ), (3.20)

〈Y�m
ab (x̂, ŷ)|Ps(u)|Y�m

a′b′(x̂, ŷ)〉 = (−1)a+b−�+s Ca0
s0a′0 Cb0

s0b′0×

× [(2a′ + 1)(2b′ + 1)]1/2
{

a a′ s
b′ b �

}
, (3.21)
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〈Θbβ(u)|Ps(u)|Θb′β′(u)〉 = δββ′(−1)sCb′0
s0b0C

bβ
s0b′β (3.22)

¨ § ³¥Î ¥³, ÎÉμ ¨Ì ¶· ¢Ò¥ Î ¸É¨ · ¢´Ò ´Ê²Õ, ¥¸²¨ ´¥ ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥
É·¥Ê£μ²Ó´¨±  b = b′ + s ¨²¨ ¥¸²¨ (b + s − b′) Å ´¥Î¥É´μ¥ Î¨¸²μ.

3.3. � §²μ¦¥´¨Ö ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . �μ¸É·μ¨³ · §²μ-
¦¥´¨Ö μ¡Ð¥£μ,   § É¥³ Î ¸É´μ£μ ·¥Ï¥´¨° Ψ ¨ Ψε Ï¥¸É¨³¥·´μ£μ Ê· ¢´¥´¨Ö
˜·¥¤¨´£¥·  (1.39) ¢ ´ ¨¡μ²¥¥ μ¡Ð¥³ ¸²ÊÎ ¥ A.

� §²μ¦¥´¨¥ μ¡Ð¥£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö. „μ± ¦¥³, ÎÉμ μ¡Ð¥¥ ·¥£Ê-
²Ö·´μ¥ ·¥Ï¥´¨¥ Ψ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.39) ¸ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ (1.31) Å
Ëμ·³ ²Ó´Ò° ·Ö¤ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ x:

Ψ(x,y) =
∞∑

n=0

xnΨn(x̂,y), (3.23)

  ± ¦¤ Ö ±μ³¶μ´¥´É  Ψn ÔÉμ£μ ·Ö¤  μ·Éμ£μ´ ²Ó´  ²Õ¡μ° ËÊ´±Í¨¨ Ybβ(x̂) c
b > n, É. ¥. · ¸±² ¤Ò¢ ¥É¸Ö ¢ ±μ´¥Î´Ò° ¸Ë¥·¨Î¥¸±¨° ·Ö¤ ¸, ¢μμ¡Ð¥ £μ¢μ·Ö,
´¥´Ê²¥¢Ò³¨ ¸Ë¥·¨Î¥¸±¨³¨ ±μ³¶μ´¥´É ³¨ Ψn

bβ, b � n:

Ψn(x̂,y) =
n∑

b=0

b∑
β=−b

Ψn
bβ(y)Ybβ(x̂), Ψn

bβ(y) ≡ 〈Ybβ(x̂)|Ψ(x̂,y)〉. (3.24)

‚¸²¥¤¸É¢¨¥ · §²μ¦¥´¨Ö (3.18) ¤²Ö μ¶¥· Éμ·  H ¢¥·´μ ¶·¥¤¸É ¢²¥´¨¥

H(x,y) = −∂2
x − 2

x
∂x +

l2x
x2

+
q

x
+

+
∞∑

p=1

xp

p∑
s=0

V ps(y)Ps(u) + h(y) + E, (3.25)

h(y) ≡ −∂2
y − (2/y)∂y + l2yy

−2 + V 00(y) − E, (3.26)

  Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (1.39) ¶μ¤¸É ´μ¢±μ°  ´§ Í  (3.23) ¸¢μ¤¨É¸Ö ± ·¥±Ê·-
·¥´É´μ° ¶μ ¨´¤¥±¸Ê n Í¥¶μÎ±¥ Ê· ¢´¥´¨°

l2xΨ0(x̂,y) = 0, (3.27)(
l2x − 2

)
Ψ1(x̂,y) = −qΨ0(x̂,y), (3.28)

[
l2x − (n + 2)(n + 3)

]
Ψn+2(x̂,y) = −qΨn+1(x̂,y) − h(y)Ψn(x̂,y)−

−
n∑

p=1

p∑
s=0

V ps(y)Ps(u)Ψn−p(x̂,y), n = 0, 1, . . . (3.29)
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�μÔÉμ³Ê ¤μ± § É¥²Ó¸É¢μ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¶·¥¤¸É ¢²¥´¨Ö (3.23) ¸¢μ¤¨É¸Ö ± ¤μ-
± § É¥²Ó¸É¢Ê · §·¥Ï¨³μ¸É¨ É ±μ° Í¥¶μÎ±¨. ‘μ£² ¸´μ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ Ê· ¢´¥´¨° [1] Ê· ¢´¥´¨¥ ¤²Ö Ψn+2, n � −2, · §·¥Ï¨³μ Éμ£¤  ¨ Éμ²Ó±μ
Éμ£¤ , ±μ£¤  ¥£μ ¶· ¢ Ö Î ¸ÉÓ μ·Éμ£μ´ ²Ó´  μ¡Ð¥³Ê ·¥Ï¥´¨Õ ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¥£μ μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö, É. ¥. ¢¸¥³ £ ·³μ´¨± ³ Yn+2,β(x̂) c |β| � n + 2.
„μ± ¦¥³ É ±ÊÕ μ·Éμ£μ´ ²Ó´μ¸ÉÓ ¶μ ¨´¤Ê±Í¨¨. �¡Ð¥¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥
Ê· ¢´¥´¨Ö (3.27) Å ¶·μ¨§¢¥¤¥´¨¥ £ ·³μ´¨±¨ Y00(x̂) ¨, ¢μμ¡Ð¥ £μ¢μ·Ö, ¶·μ-
¨§¢μ²Ó´μ° ËÊ´±Í¨¨ Ψ0

00  ·£Ê³¥´É  y:

Ψ0(x̂,y) = Ψ0
00(y)Y00(x̂). (3.30)

�μÔÉμ³Ê ¶· ¢ Ö Î ¸ÉÓ Ê· ¢´¥´¨Ö (3.28) ¤²Ö ´¥¨§¢¥¸É´μ° ËÊ´±Í¨¨ Ψ1 μ·Éμ-
£μ´ ²Ó´  £ ·³μ´¨± ³ Y1β(x̂), β = 0,±1. ‡´ Î¨É, ·¥Ï¥´¨¥ Ψ1 ¸ÊÐ¥¸É¢Ê¥É ¨
· ¢´μ ¸Ê³³¥ Î ¸É´μ£μ ·¥Ï¥´¨Ö qΨ0/2 ¨¸¸²¥¤Ê¥³μ£μ ´¥μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö
¨ μ¡Ð¥£μ ·¥Ï¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö:

Ψ1(x̂,y) = (q/2)Ψ0
00(y)Y00(x̂) +

∑
β=0,±1

Ψ1
1β(y)Y1β(x̂). (3.31)

ˆÉ ±, Ψ0 ¨ Ψ1 Å ·Ö¤Ò (3.24) ¸ ¶·μ¨§¢μ²Ó´Ò³¨ ±μ³¶μ´¥´É ³¨ Ψ0
00 ¨ Ψ1

1β .
‘²¥¤μ¢ É¥²Ó´μ, ¶¥·¢Ò° ÔÉ ¶ ¤μ± § É¥²Ó¸É¢  ¶μ ¨´¤Ê±Í¨¨ ¢Ò¶μ²´¥´. �¥·¥°¤¥³
±μ ¢Éμ·μ³Ê ÔÉ ¶Ê. �·¥¤¶μ²μ¦¨³, ÎÉμ ¶·¨ ´¥±μÉμ·μ³ n ¢¸¥ ËÊ´±Í¨¨ Ψn′

¸
n′ � n + 1 Å ¨§¢¥¸É´Ò¥ ±μ´¥Î´Ò¥ ¸Ê³³Ò (3.24), ´μ ¨¸±μ³μ¥ ·¥Ï¥´¨¥ Ψn+2,
¢μμ¡Ð¥ £μ¢μ·Ö, ¡¥¸±μ´¥Î´Ò° ¸Ë¥·¨Î¥¸±¨° ·Ö¤. ‚ Ê· ¢´¥´¨¨ (3.29) § ³¥´¨³
¢¸¥ ËÊ´±Í¨¨ Ψn′

¸ n′ � n + 2 ¨Ì ·Ö¤ ³¨. C ¶μ³μÐÓÕ (3.20) ¸¶·μ¥±É¨·Ê¥³
¶μ²ÊÎ¨¢Ï¥¥¸Ö Ê· ¢´¥´¨¥ ´  ¸Ë¥·¨Î¥¸±¨° ¡ §¨¸ (1.5). ‚ ¨Éμ£¥ ¤²Ö ¨¸±μ³ÒÌ
¶·μ¥±Í¨° Ψn+2

bβ (y) ¶μ²ÊÎ É¸Ö  ²£¥¡· ¨Î¥¸±¨¥ ¨ ´¥§ Í¥¶²ÖÕÐ¨¥¸Ö ´¨ ¶μ ¨´-
¤¥±¸Ê b = 0, 1, . . ., ´¨ ¶μ ¨´¤¥±¸Ê β = −b, . . . , b Ê· ¢´¥´¨Ö

[b(b + 1) − (n + 2)(n + 3)] Ψn+2
bβ (y) =

= −qΨn+1
bβ (y) − h(y)Ψn

bβ(y) −
n∑

p=1

p∑
s=0

(−1)s

[
4π

2s + 1

]1/2

×

× V ps(y)
n−p∑
b′=0

b′∑
β′=−b′

Cb′0
s0b0 Cbβ

sαb′β′ Y ∗
sα(ŷ)Ψn−p

b′β′ (y). (3.32)

‚ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ b′ � n − p, a s � p, ¸²¥¤μ¢ É¥²Ó´μ, b′ + s � n, ¨ ¶μÔÉμ³Ê
¶·¨ b > n ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ Cb′0

s0b0,   §´ Î¨É ¨ ¸Ê³³  ¶μ ¨´¤¥±¸ ³ b′, β′,
μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ b > n + 2, ±μ£¤  ¶μ ¶·¥¤¶μ²μ¦¥´¨Õ
¨´¤Ê±Í¨¨ Ψn+1

bβ , Ψn
bβ = 0, Ê· ¢´¥´¨Ö (3.32) ¸É ´μ¢ÖÉ¸Ö μ¤´μ·μ¤´Ò³¨ ¨ ¨³¥ÕÉ

Éμ²Ó±μ É·¨¢¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö: Ψn+2
bβ ≡ 0, |β| � b. �·¨ b = n + 2 ¨ ²Õ¡μ³
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β = −b, . . . , b ÔÉ¨ Ê· ¢´¥´¨Ö Å Éμ¦¤¥¸É¢  É¨¶  0 Ψn+2
n+2,β = 0. ˆ³ ¶μ¤Î¨´Ö-

ÕÉ¸Ö ¶·μ¨§¢μ²Ó´Ò¥ ËÊ´±Í¨¨ Ψn+2
n+2,β(y). ’ ± ± ± ¶·¨ b � n + 1 ¨¸¸²¥¤Ê¥³Ò¥

Ê· ¢´¥´¨Ö (3.32) ¢¸¥£¤  ¨³¥ÕÉ ´¥É·¨¢¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö Ψn+2
bβ , |β| � b, Éμ

Ψn+2 Å ±μ´¥Î´ Ö ¸Ê³³  É¨¶  (3.24). ‘²¥¤μ¢ É¥²Ó´μ, ¢¸Ö Í¥¶μÎ±  ¨¸Ìμ¤´ÒÌ
Ê· ¢´¥´¨° (3.27)Ä(3.29) · §·¥Ï¨³ ,   ¤²Ö ¢¸¥Ì ¥¥ ·¥Ï¥´¨° Ψn ¢¥·´Ò ¶·¥¤-
¸É ¢²¥´¨Ö (3.24), ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ. �μ¶ÊÉ´μ ¡Ò²μ ¶μ± § ´μ, ÎÉμ
¢¸¥ ¸Ë¥·¨Î¥¸±¨¥ ±μ³¶μ´¥´ÉÒ Ψn

bβ, |β| � b, ¸ ³ ±¸¨³ ²Ó´μ ¢μ§³μ¦´Ò³ ¶·¨
¤ ´´μ³ n §´ Î¥´¨¨ b = n Å ¶·μ¨§¢μ²Ó´Ò¥ ËÊ´±Í¨¨ ¶¥·¥³¥´´μ° y, Î¥·¥§ ±μ-
Éμ·Ò¥ μ¤´μ§´ Î´μ ¢Ò· ¦ ÕÉ¸Ö ¢¸¥ μ¸É ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ Ψn

bβ c b < n. ‚Ò¢μ¤
É ±¨Ì ¶·¥¤¸É ¢²¥´¨° ´¥¸²μ¦¥´ ¨ § ±²ÕÎ ¥É¸Ö ¢ ·¥Ï¥´¨¨ Ê· ¢´¥´¨° (3.32) ¢
¶μ·Ö¤±¥ ¢μ§· ¸É ´¨Ö ¨´¤¥±¸  n ¨ Ê¡Ò¢ ´¨Ö ¨´¤¥±¸  b ¶·¨ ¤ ´´μ³ n.

�μÖ¸´¨³ ¢Ò¢μ¤ ¶·¨³¥·μ³. �μ¤¸É ¢¨³ ±μ³¶μ´¥´ÉÒ Ψn
bβ , n = 0, 1, ËÊ´±-

Í¨° (3.30) ¨ (3.31) ¢ ¶· ¢Ò¥ Î ¸É¨ Ê· ¢´¥´¨° (3.32) c n = 0 ¨ ´ °¤¥³
·¥Ï¥´¨Ö:

Ψ2
1β(y) = (q/4)Ψ1

1β(y), Ψ2
00(y) = (1/12)

[
2h(y) + q2

]
Ψ0

00(y). (3.33)

„ ²¥¥, ¨¸¶μ²Ó§ÊÖ ÔÉ¨ ¢Ò· ¦¥´¨Ö, ·¥Ï¨³ Ê· ¢´¥´¨Ö (3.32) ¸ n = 1:

Ψ3
2β(y) = (q/6)Ψ2

2β(y),

Ψ3
1β(y) = (1/40)

[
4h(y) + q2

]
Ψ1

1β(y)+

+ (
√

π/15)V 11(y)Ψ0
00(y)Y ∗

1β(ŷ),

Ψ3
00(y) = (1/144)

[
q(8h(y) + q2) + 12V 10

]
Ψ0

00(y).

(3.34)

�É³¥É¨¢, ÎÉμ  ¸¨³¶ÉμÉ¨±  ËÊ´±Í¨¨ Ψ, ¶μ²ÊÎ¥´´ Ö ¶μ¤¸É ´μ¢±μ° (3.30) ¨
(3.31) ¢ (3.23), ¸μ¢¶ ¤ ¥É ¸  ¸¨³¶ÉμÉ¨±μ° (3.7), ¤μ± § ´´μ° ¢ [129], ¶¥·¥°¤¥³
± ¶·μ¡²¥³¥ ¶μ¸É·μ¥´¨Ö ¸¢Ö§¥° (1.66) ¤²Ö Ψ. Š ¦¤Ò° (n = 0, 1, . . .) ·Ö¤ (3.24)
¤²Ö ËÊ´±Í¨¨ Ψn ¸μ¤¥·¦¨É n(n+2) ´¥¨§¢¥¸É´ÒÌ ±μ³¶μ´¥´É Ψn′

bβ(y), b = n′ �
n, |β| � b. �μÔÉμ³Ê ´¥ ¸ÊÐ¥¸É¢Ê¥É ±μ´¥Î´μ° ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ ËÊ´±Í¨°
Ψn, ´¥ ¸μ¤¥·¦ Ð¥° ´¨ μ¤´μ° ´¥¨§¢¥¸É´μ° ±μ³¶μ´¥´ÉÒ ¨ · ¢´μ° ´Ê²Õ ¶·¨
¢¸¥Ì x̂ ¨ y. ’ ± ± ± ∂n

x Ψ|x=0 = (n!)Ψn, Éμ ¢ ¨¸¸²¥¤Ê¥³μ³ μ¡Ð¥³ ¸²ÊÎ ¥, ±μ£¤ 
¸·¥¤¨ Î ¸É¨Í p1, p2, p3 ´¥É Éμ¦¤¥¸É¢¥´´ÒÌ, É ±ÊÕ ²¨´¥°´ÊÕ ±μ³¡¨´ Í¨Õ, É. ¥.
¸¢Ö§Ó (1.66), ´¥²Ó§Ö ¶μ¸É·μ¨ÉÓ ¨ ¤²Ö Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ËÊ´±Í¨¨ Ψ.

� §²μ¦¥´¨Ö Î ¸É´μ£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö ¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥.
�·¨¸ÉÊ¶¨³ ±  ´ ²¨§Ê ¸É·μ¥´¨Ö Î ¸É´μ£μ ·¥Ï¥´¨Ö Ψε, ε = {�, m, σ}, Ê· ¢-
´¥´¨Ö ˜·¥¤¨´£¥·  ¢ ¸²ÊÎ ¥ A. ’μ¦¤¥¸É¢¥´´μ¸ÉÓ ¤¢ÊÌ Î ¸É¨Í ´¥ Ö¢²Ö¥É¸Ö
μ¡Ö§ É¥²Ó´μ°. ’ ± ± ± ¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥ (1.6) μ¶¥· Éμ· Πε(x̂, ŷ), ¶·μ-
¥±É¨·ÊÕÐ¨° Ψ ´  Ψε, Å ¸Ê³³  (1.15), Éμ μ¡· § Ψε = ΠεΨ ·Ö¤  (3.23) Å
¸É¥¶¥´´μ° ·Ö¤

Ψε(x,y) =
∞∑

n=0

xnΨnε(x̂,y), Ψnε(x̂,y) ≡ ΠεΨn(x̂,y), (3.35)
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¢ ±μÉμ·μ³ ¢¸²¥¤¸É¢¨¥ · §²μ¦¥´¨° (3.24) ËÊ´±Í¨¨ Ψnε Å ±μ´¥Î´Ò¥ ¸Ê³³Ò:

Ψnε(x̂,y) =
n∑

b=μ(σ)

∑
a

Ψnε
ab (y)Y�m

ab (x̂, ŷ),

Ψnε
ab (y) ≡ 〈Y�m

ab (x̂, ŷ)|Ψn(x̂,y)〉,
(3.36)

  ¨Ì ±μ³¶μ´¥´ÉÒ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¶·μ¥±Í¨¨ ËÊ´±Í¨° Ψn
bβ ¨ Ψn:

Ψnε
ab (y) =

a∑
α=−a

C�m
aαbβ〈Yaα(ŷ)|Ψn

bβ(y)〉 =

=
a∑

α=−a

C�m
aαbβ〈Yaα(ŷ)Ybβ(x̂)|Ψn(x̂,y)〉. (3.37)

�¡· § Ψε ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± · §²μ¦¥´¨¥ ·¥Ï¥´¨Ö Ψε ¶μ ¡ §¨¸Ê (1.6):

Ψε(x,y) =
∑
ab

Ψε
ab(x, y)Y�m

ab (x̂, ŷ),

Ψε
ab(x, y) ≡ 〈Y�m

ab (x̂, ŷ)|Ψ(x,y)〉 =
∞∑

n=b�μ(σ)

xnΨnε
ab (y)

(3.38)

¨ É¥³ ¸ ³Ò³ ¤μ± § ÉÓ, ÎÉμ ¡¨¸Ë¥·¨Î¥¸±¨¥ ±μ³¶μ´¥´ÉÒ Ψε
ab É ±μ£μ · §²μ¦¥-

´¨Ö Å ¸É¥¶¥´´Ò¥ ·Ö¤Ò ¸  ¸¨³¶ÉμÉ¨± ³¨ Ψε
ab = O(xb), b = μ(σ), ¶·¨ x → 0.

Š ± ¡Ò²μ ¶μ± § ´μ, ËÊ´±Í¨¨ Ψn
bβ ¸ b = n = 0, 1, . . . ´¥²Ó§Ö μ¶·¥¤¥²¨ÉÓ,

´μ Î¥·¥§ ´¨Ì ³μ¦´μ ¢Ò· §¨ÉÓ ¢¸¥ ËÊ´±Í¨¨ Ψn
bβ c b � n. �μÔÉμ³Ê ¶·¨ b = n

¨ ²Õ¡μ³ a ¸Ê³³Ò (3.37) Å ¶·μ¨§¢μ²Ó´Ò¥ ËÊ´±Í¨¨ Ψnε
an, Î¥·¥§ ±μÉμ·Ò¥ μ¤´μ-

§´ Î´μ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¢¸¥ μ¸É ²Ó´Ò¥ ËÊ´±Í¨¨ Ψnε
ab c b � n. �Éμ ÊÉ¢¥·¦¤¥´¨¥

³μ¦´μ ¤μ± § ÉÓ ¨ ¤·Ê£¨³ ¸¶μ¸μ¡μ³,   ¨³¥´´μ, ¶·¨³¥´¨¢ ³¥Éμ¤ ¨´¤Ê±Í¨¨ ±
·¥±Ê··¥´É´μ° ¶μ ¨´¤¥±¸Ê n Í¥¶μÎ±¥  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°, ¶μ²ÊÎ¥´´μ°
¶·μ¥±É¨·μ¢ ´¨¥³ Í¥¶μÎ±¨ (3.27)Ä(3.29) c ¶μ³μÐÓÕ Ëμ·³Ê² (3.21) ¨ (1.15):

[b(b + 1) − (n + 2)(n + 3)] Ψn+2,ε
ab (y) = −qΨn+1,ε

ab (y)−

− ha(y)Ψnε
ab (y) − (−1)a+b−�

n∑
p=1

p∑
s=0

(−1)sV ps(y)
n−p∑

b′=μ(σ)

(2b′ + 1)1/2×

×
∑
a′

(2a′ + 1)1/2Ca0
s0a′0 Cb0

s0b′0

{
a a′ s
b′ b �

}
Ψn−p,ε

a′b′ (y),

n = −2,−1, . . . ; b = μ(σ), 1, . . . , n, (3.39)
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£¤¥ ha Å ¤¨ £μ´ ²Ó´Ò° ³ É·¨Î´Ò° Ô²¥³¥´É μ¶¥· Éμ·  (3.26) ¢ ¡ §¨¸¥ (1.6):

〈Y�m
ab |h(y)|Y�m

a′b′〉 = δaa′δbb′ha(y),

ha(y) ≡− ∂2
y − (2/y)∂y + a(a + 1)y−2 + V 00(y) − E.

(3.40)

„μ± § É¥²Ó¸É¢μ · §·¥Ï¨³μ¸É¨ Í¥¶μÎ±¨ (3.39) ¶·¨´Í¨¶¨ ²Ó´μ ´¥ μÉ²¨Î ¥É¸Ö
μÉ ¤ ´´μ£μ ¢ÒÏ¥  ´ ²¨§  ¸¨¸É¥³Ò (3.29) ¨ ¶μÔÉμ³Ê μ¶Ê¸± ¥É¸Ö.

Šμ³¶μ´¥´ÉÒ Ψnε · §²μ¦¥´¨Ö (3.35) Ë¨§¨Î¥¸±μ£μ ·¥Ï¥´¨Ö Ψε ³μ¦´μ
´ °É¨, ¥¸²¨ ¨§¢¥¸É´Ò ±μ³¶μ´¥´ÉÒ Ψn ¨²¨ Ψn

bβ μ¡Ð¥£μ ·¥Ï¥´¨Ö Ψ. � ¶·¨³¥·,
¶μ¤¥°¸É¢μ¢ ¢ ¶·μ¥±Éμ·μ³ (1.15) ´  ËÊ´±Í¨¨ (3.30) ¨ (3.31), ¨³¥¥³

Ψ0ε(x̂,y) = Ψ0ε
�0(y)Y�m

�0 (x̂, ŷ),

Ψ1ε(x̂,y) = (q/2)Ψ0ε(x̂,y) +
∑

a=|�±1|
Ψ1ε

a1(y)Y�m
a1 (x̂, ŷ), σ = (−1)�; (3.41)

Ψ0ε(x̂,y) = Ψ0ε
�0(y) ≡ 0, Ψ1ε(x̂,y) = Ψ1ε

�1(y)Y�m
�1 (x̂, ŷ), σ = (−1)�+1,

  ¶μ¤¸É ¢¨¢ ¸Ë¥·¨Î¥¸±¨¥ ±μ³¶μ´¥´ÉÒ (3.33) ¨ (3.34) ¢ ¸Ê³³Ò (3.37) ¨ § É¥³
Ê¶·μ¸É¨¢ ·Ö¤Ò (3.36), ¤μ± §Ò¢ ¥³, ÎÉμ ¶·¨ ²Õ¡μ³ σ

Ψ2ε =
1
12

(2h� + q2)Ψ0ε +
q

4

∑
a

Ψ1ε
a1Y�m

a1 +
∑

a

Ψ2ε
�2Y�m

a2 ,

Ψ3ε =
1

144
[
q(8h� + q2) + 12V 10

]
Ψ0ε +

1
40

∑
a

(4ha + q2)Ψ1ε
a1Y�m

a1 − (3.42)

− V 11

10
√

3
Ψ0ε

�0

∑
a=|�±1|

Ca0
�010Y�m

a1 +
q

6

∑
a

Ψ2ε
a2Y�m

a2 +
∑

a

Ψ3ε
a3Y�m

a3 .

’·¥É¨° ¸¶μ¸μ¡ ¶μ¸É·μ¥´¨Ö ËÊ´±Í¨° Ψnε ·¥ ²¨§Ê¥É¸Ö ¶μ¤¸É ´μ¢±μ° ·¥Ï¥´¨°
Ψnε

ab ¸¨¸É¥³Ò (3.39) ¢ ¸Ê³³Ò (3.36). �·¨ ÔÉμ³ ±μ³¶μ´¥´ÉÒ Ψn ¨²¨ Ψn
bβ ´¥

É·¥¡ÊÕÉ¸Ö. �μÔÉμ³Ê É ±μ° ¸¶μ¸μ¡ ¶·¥¤¸É ¢²Ö¥É¸Ö μ¶É¨³ ²Ó´Ò³ ¨ ¤²Ö ¢Ò¢μ¤ 
 ¸¨³¶ÉμÉ¨±¨ ·Ö¤  (3.35) ¨  ¸¨³¶ÉμÉ¨± ±μ³¶μ´¥´É Ψε

ab ·Ö¤  (3.38).
‚Ò· §¨¢ ·¥Ï¥´¨Ö Ψnε

ab , n � 4, Í¥¶μÎ±¨ (3.39) Î¥·¥§ ´¥¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨
∂n

x Ψε
ab|x=0 = (n!)Ψnε

ab c b = n, ¤μ± §Ò¢ ¥³  ¸¨³¶ÉμÉ¨±Ê ±μ³¶μ´¥´ÉÒ Ψε
�0:

Ψε
�0(x, y) =

{
1 +

qx

2
+

x2

12
[2h� + q2] +

x3

144
[q(8h� + q2) + 12V 10]+

+
x4

20

[
1
36

h� [6h� + 5q2] +
q4

144
+ V 20 +

7q

12
V 10

]}
Ψε

�0(0, y)−

−
√

3
60

x4V 11
∑

a′=|�±1|
Ca′0

�010∂xΨε
a′1(x, y)|x=0 + O(x5), (3.43)
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 ¸¨³¶ÉμÉ¨±¨ ±μ³¶μ´¥´É Ψε
a1 ¸ ¨´¤¥±¸μ³ a = |� ± (1 − μ(σ))|:

Ψε
a1(x, y) = x

{
1 +

qx

4
+

x2

40
[4ha + q2]+

+
x3

720
[q(14ha + q2) + 40V 10]

}
∂xΨε

a1(x, y)|x=0−

−
√

3V 11

270
Ca0

�010(9 + 2qx)x3Ψε
�0(0, y) + O(x5) (3.44)

¨  ¸¨³¶ÉμÉ¨±¨ ±μ³¶μ´¥´É Ψε
a2 ¸ ¨´¤¥±¸μ³ a = |� ± μ(σ)|, |� ± (2 − μ(σ))|:

Ψε
a2(x, y) =

x2

2

{
1 +

qx

6
+

x2

84
[6ha + q2]

}
∂2

xΨε
a2(x, y)|x=0−

− (−1)�+a x4

7
V 11

∑
a′=|a±1|

(2a′ + 1)1/2 Ca0
a′010

{
a a′ 1

1 2 �

}
∂xΨε

a′1(x, y)|x=0+

+
[

x4

14
√

5

]
V 22 Ca0

�020Ψ
ε
�0(0, y) + O(x5). (3.45)

‚ÒÎ¨¸²ÖÖ Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ∂n
x , n � 4, μÉ ÔÉ¨Ì  ¸¨³¶ÉμÉ¨±, ¶μ²ÊÎ ¥³

¸²¥¤ÊÕÐ¨¥ ¸¢Ö§¨ (1.66) ¶·¨ x = 0 ¨ y > 0: ¤²Ö ±μ³¶μ´¥´ÉÒ Ψε
�0

(2∂x − q)Ψε
�0 = 0, (6∂2

x − 2h� − q2)Ψε
�0 = 0,[

24∂3
x − q(8h� + q2) − 12V 10

]
Ψε

�0 = 0,[
120(6V 20 − ∂4

x) + 5h�

(
6h� + 5q2

)
+ q4 + 84qV 10

]
Ψε

�0 = (3.46)

= 48
√

3V 11
∑

a′=|�±1|
Ca′0

�010∂xΨε
a′1,

¤²Ö ±μ³¶μ´¥´É Ψε
a1, a = |� ± (1 − μ(σ))|,

∂x(2∂x − q)Ψε
a1 = 0,[

20∂3
x − 3(4ha + q2)∂x

]
Ψε

a1 = −4
√

3V 11Ca0
�010Ψ

ε
�0, (3.47){

30∂4
x −

[
q(14ha + q2) + 40V 10

]
∂x

}
Ψε

a1 = −(16/
√

3) qV 11 Ca0
�010Ψ

ε
�0,
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  ¤²Ö ±μ³¶μ´¥´É Ψε
a2, a = |� ± μ(σ)|, |� ± (2 − μ(σ))|,

∂2
x(2∂x − q)Ψε

a2 = 0,

√
5∂2

x(7∂2
x − 6ha − q2)Ψε

a2 = 12 V 22 Ca0
�020Ψ

ε
�0−

− 24
√

5(−1)�+aV 11
∑

a′=|a±1|
(2a′ + 1)1/2 Ca0

a′010

{
a a′ 1
1 2 �

}
∂xΨε

a′1.

(3.48)

—Éμ¡Ò ¢μ¸¶·μ¨§¢¥¸É¨ ¸μμÉ´μÏ¥´¨Ö (3.5) ¨ (3.6), · ¸¸³μÉ·¨³  ¸¨³¶ÉμÉ¨±Ê
Ψε ∼ Ψε0 + xΨε1 ·Ö¤  (3.35) ¸ ±μ³¶μ´¥´É ³¨ (3.41) ¢ Î ¸É´μ³ ¸²ÊÎ ¥ � =
0, m3 = ∞, x ≡ x2, ±μ£¤  ¸μ£² ¸´μ (1.1) ¨ (1.30) x = a1

√
2m1 ¨ q =

z3

√
2m1. �·¥¤¸É ¢¨³ ¢Éμ·μ¥ ¸² £ ¥³μ¥ ¸Ê³³Ò Ψε1 (¸³. (3.41)) ¸± ²Ö·´Ò³

¶·μ¨§¢¥¤¥´¨¥³ (a1A) ¸ ´¥μ¶·¥¤¥²¥´´Ò³ ¢¥±Éμ·μ³ A:

Ψ1ε(y)Y00
11 (x̂, ŷ) = −

√
3

4π
Ψ1ε

11(y)u = (a1A),

A ≡ −
√

3
4π

Ψ1ε
11(y)y/(a1y).

’μ£¤  ¨¸¸²¥¤Ê¥³ Ö  ¸¨³¶ÉμÉ¨±  ¸¢¥¤¥É¸Ö ± · ¢¥´¸É¢Ê (3.6), ¤μ± § ´´μ³Ê
¢ [128],   ¶μ¸²¥ ¥¥ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ¢¸¥³ Ê£² ³ x̂, ŷ ¶μ²ÊÎ¨É¸Ö Ê¸²μ¢¨¥
Š Éμ [127] ¢ ¥£μ ¨§´ Î ²Ó´μ° Ëμ·³¥ (3.5).

‡ ³¥Î ´¨Ö. ‘μμÉ´μÏ¥´¨Ö (3.35)Ä(3.48) ¢¥·´Ò ¢μ ¢¸¥Ì ¸²ÊÎ ÖÌ (1.32),
´μ ´ ¨¡μ²¥¥ ¶·μ¸ÉÒ ¢ μ¸μ¡μ³ ¸²ÊÎ ¥ C. ’ ± ± ± ¢ ÔÉμ³ ¸²ÊÎ ¥ q = 0,  
V Å ¸Ê³³  (3.19) ¸ Î¥É´Ò³ (p + s), Éμ ¢ Ê· ¢´¥´¨ÖÌ (3.32) ¤²Ö ±μ³¶μ´¥´É
Ψn

bβ ¢¸¥ Cb′0
s0b0 ¨ V ps · ¢´Ò ´Ê²Õ ¶·¨ ´¥Î¥É´ÒÌ (b′ + s + b) ¨ (p + s) ¨

¶μ ¨´¤Ê±Í¨¨ ´¥¸²μ¦´μ ¤μ± § ÉÓ ¶· ¢¨²  μÉ¡μ·  Ψn
bβ ≡ 0 ¶·¨ (−1)n+b �= 1.

	² £μ¤ ·Ö ¨³ ±μ³¶μ´¥´ÉÒ Ψnε
ab ¸ ´¥Î¥É´μ° ¸Ê³³μ° n + b ¨´¤¥±¸μ¢ n ¨ b

· ¢´Ò ´Ê²Õ. �μÔÉμ³Ê · §²μ¦¥´¨Ö (3.38) ¨ (3.37) ·¥Ï¥´¨Ö Ψε ¨ ±²ÕÎ¥¢Ò¥ ¤²Ö
¥£μ ¶μ¸É·μ¥´¨Ö Ê· ¢´¥´¨Ö (3.39) ¸μ¤¥·¦ É Éμ²Ó±μ ËÊ´±Í¨¨ Ψnε

ab (y) ¸ Î¥É´μ°
¸Ê³³μ° n + b.

� §²μ¦¥´¨¥ Î ¸É´μ£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö ¢ Dσ-¡ §¨¸¥. ˆ¸¸²¥¤Ê¥³ Éμ
¦¥ ¸ ³μ¥ Î ¸É´μ¥ ·¥Ï¥´¨¥ Ψε ¢ ¸²ÊÎ ¥ A, ´μ ¢ Dσ-¡ §¨¸¥ (1.9). ˆ¸¶μ²Ó§Ê¥³
¤¢¥ ®¶μ¤¢¨¦´Ò¥¯ ¸¨¸É¥³Ò ±μμ·¤¨´ É St, t = x, y. ‚ Dσ-¡ §¨¸¥ (1.9) μ¶¥· Éμ·
Πεt, ¶·μ¥±É¨·ÊÕÐ¨° Ψ ´  Ψε, Å ¸Ê³³  (1.17). � §²μ¦¥´¨Ö (1.11) ¨ (1.12)
ËÊ´±Í¨° Yaα(ŷ)Ybβ(x̂) ¨ Y�m

ab (x̂, ŷ) ¶μ ËÊ´±Í¨Ö³ D�σ∗
mm′ ¡Ê¤ÊÉ ±²ÕÎ¥¢Ò³¨ ¤²Ö

¶μ¸É·μ¥´¨Ö Dσ-±μ³¶μ´¥´É Ψεt
m′ μ¡· §  Ψε = ΠεtΨ,

Ψε(x,y) =
�∑

m′=μ(σ)

Ψεt
m′(x, y, θ)D�σ∗

mm′(ωt), (3.49)
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± ± ¶·μ¥±Í¨°
Ψεt

m′(x, y, θ) ≡ 〈D�σ∗
mm′(ωt)|Ψ(x,y)〉

¸Ë¥·¨Î¥¸±μ£μ ¨ ¡¨¸Ë¥·¨Î¥¸±μ£μ ·Ö¤μ¢ (3.23), (3.24) ¨ (3.36).
�·¨¸ÉÊ¶¨³ ±  ´ ²¨§Ê ¸É·μ¥´¨Ö Dσ-±μ³¶μ´¥´É Ψεt

m′ ·Ö¤  (3.49). �·¨-
³¥´ÖÖ (1.17) ¨ (1.11), ¶μ¸É·μ¨³ μ¡· § Ψε = P εtΨ ·Ö¤  (3.23) ¸ ±μ³¶μ´¥´-
É ³¨ (3.24) ¨ É ±¨³ μ¡· §μ³ ¤μ± ¦¥³, ÎÉμ Dσ-±μ³¶μ´¥´ÉÒ Ψεt

m′ Å ·Ö¤Ò ¶μ
Í¥²Ò³ ¸É¥¶¥´Ö³ x ¨ ±μ´¥Î´Ò³ ¸Ê³³ ³ Ψnεt

m′ ¶·μ¥±Í¨° 〈Yaα|Ψn
bβ〉 ±μ³¶μ´¥´É

Ψn
bβ μ¡Ð¥£μ ·¥Ï¥´¨Ö:

Ψεt
m′(x, y, θ) =

∞∑
n=μ(σ)

xnΨnεt
m′ (y, θ), m′ = μ(σ), . . . , �, t = x, y, (3.50)

Ψnεt
m′ (y, θ) =

n∑
b=μ(σ)

∑
a

a∑
α=−a

〈D�σ∗
mm′(ωt)|Yaα(ŷ)Ybβ(x̂)〉〈Yaα(ŷ)|Ψn

bβ(y)〉. (3.51)

‘²¥¤μ¢ É¥²Ó´μ,  ¸¨³¶ÉμÉ¨±¨ Dσ-±μ³¶μ´¥´É Ψεt
m′ , É. ¥. ±μ´¥Î´Ò¥ ¶μ¤¸Ê³³Ò

(n = μ(σ), . . . , n′ < ∞) ·Ö¤μ¢ (3.50), ³μ¦´μ ´ °É¨, § ³¥´¨¢ ËÊ´±Í¨¨ Ψn
bβ

¢ ¸Ê³³ Ì (3.51) ¨Ì Ö¢´Ò³¨ ¢Ò· ¦¥´¨Ö³¨, ´ ¶·¨³¥·, ¶·¨ n � 3 Å ¶· ¢Ò³¨
Î ¸ÉÖ³¨ · ¢¥´¸É¢ (3.30), (3.31), (3.33) ¨ (3.34).

„·Ê£μ° ¢Ò¢μ¤ ¶·¥¤¸É ¢²¥´¨Ö (3.50) ·¥ ²¨§Ê¥³ ¶·μ¥±É¨·μ¢ ´¨¥³ ¡¨¸Ë¥·¨-
Î¥¸±μ£μ ·Ö¤  (3.36) ¸ ¶μ³μÐÓÕ Ëμ·³Ê² (1.17) ¨ (1.12) ´  Dσ-¡ §¨¸ (1.9). ‚
¨Éμ£¥ ¶·¨ t = x ËÊ´±Í¨Ö Ψnεt

m′ ¶·¥¤¸É ¢¨É¸Ö ±μ´¥Î´μ° ¸Ê³³μ° ¶μ ¨´¤¥±¸Ê a:

Ψnεx
m′ (y, θ) =

�+n−μ(σ)∑
a=m′

Ψnεx
am′(y)Θam′(u) (3.52)

c Θ-±μ³¶μ´¥´É ³¨

Ψnεx
am′(y) ≡ 〈Θam′(u)|Ψnεx

m′ (y, θ)〉 =
n∑

b=|�−a+μ(σ)|
T �m′

ab Ψnε
ab (y), (3.53)

  ¶·¨ t = y Å ±μ´¥Î´μ° ¸Ê³³μ° ¨´¤¥±¸Ê b:

Ψnεy
m′ (y, θ) =

n∑
b=m′

Ψnεy
bm′(y)Θbm′(u) (3.54)

¸ Θ-±μ³¶μ´¥´É ³¨

Ψnεy
bm′(y) ≡ 〈Θbm′(u)|Ψnεy

m′ (θ, y)〉 =
�+b−μ(σ)∑

a=|�−b+μ(σ)|
(−1)m′

T �m′

ba Ψnε
ab (y). (3.55)
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‚ ÔÉ¨Ì ¸Ê³³ Ì a � � + n − μ(σ), ¶μ¸±μ²Ó±Ê a = l − b, (−1)a+b = σ ¨ b � n.
„ ²¥¥, a � m′ ¨ b � m′, ¶μÉμ³Ê ÎÉμ ¸μ£² ¸´μ (1.12) T �m′

ab = 0 ¶·¨ a < m′

¨ T �m′

ba = 0 ¶·¨ b < m′. �μ Éμ° ¦¥ ¶·¨Î¨´¥ Ψnεx
am′ ≡ 0 ¶·¨ m′ > a ¨

Ψnεy
bm′ ≡ 0 ¶·¨ m′ > b. ’ ± ± ± n � b � m′, Éμ Ψnεy

bm′ ≡ 0, ¥¸²¨ m′ > n, ´μ,
¢μμ¡Ð¥ £μ¢μ·Ö, Ψnεx

am′ �= 0 ¶·¨ m′ > n. �μÔÉμ³Ê ·Ö¤ (3.52) ¡μ²¥¥ ¸²μ¦´Ò°,
Î¥³ ·Ö¤ (3.54).

‚ μÉ²¨Î¨¥ μÉ ¸¨¸É¥³Ò ËÊ´±Í¨° Θcm′(u), m′ = −c, . . . , c, ¸¨¸É¥³  ËÊ´±-
Í¨° Θcm′(u), c = m′, m′ + 1, . . ., μ·Éμ´μ·³¨·μ¢ ´  ´  μÉ·¥§±¥ u ∈ [−1, 1]:

〈Θcm′(u)|Θcm′′(u)〉 �= δm′m′′ , 〈Θcm′(u)|Θc′m′(u)〉 = δcc′ .

‘²¥¤μ¢ É¥²Ó´μ, Ëμ·³Ê²Ò (3.52) ¨ (3.54) μ§´ Î ÕÉ, ÎÉμ ±μ³¶μ´¥´ÉÒ Ψnεx
m′ ¨

Ψnεy
m′ · §²μ¦¨³Ò ¢ ±μ´¥Î´Ò¥ ¸Ê³³Ò ¶μ μ·Éμ´μ·³¨·μ¢ ´´Ò³ ¸¨¸É¥³ ³ ËÊ´±-

Í¨° Θam′(u) ¨ Θbm′(u) ¸ ¨´¤¥±¸ ³¨ a, b � m′. 	² £μ¤ ·Ö ±μ´¥Î´μ¸É¨ É ±¨Ì
· §²μ¦¥´¨°  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (3.50), É. ¥. Dσ-±μ³¶μ´¥´É Ψεt

m′ , ³μ¦´μ ¶μ-
¸É·μ¨ÉÓ § ³¥´μ° ¢ (3.53) ¨²¨ (3.55) ¡¨¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É Ψnε

ab ¨Ì Ö¢´Ò³¨
¢Ò· ¦¥´¨Ö³¨ (´ ¶·¨³¥·, (3.41) ¨ (3.42)) Î¥·¥§ ´¥μ¶·¥¤¥²¥´´Ò¥ ¡¨¸Ë¥·¨Î¥-
¸±¨¥ ±μ³¶μ´¥´ÉÒ Ψn′ε

ab , b = n′ � n. ‘μ£² ¸´μ (3.53) ¨ (3.55) ¶·¨ É ±μ° § ³¥´¥
ËÊ´±Í¨¨ Ψnεx

m′ ¨ Ψnεy
m′ ¸ ¤ ´´Ò³ n ¢Ò· §ÖÉ¸Ö Î¥·¥§ ¶·μ¨§¢μ²Ó´Ò¥ ËÊ´±Í¨¨

fn′x
am′ ¨ fn′y

m′ :

fn′x
am′(y) = T �m′

ab fn′x
a (y), fn′x

a (y) ≡ Ψn′ε
ab (y),

fn′y
m′ (y) =

�+n−μ(σ)∑
a=m′

(−1)m′
T �m′

ba Ψn′ε
ab (y), b = n′ � n.

(3.56)

’·¥É¨° ¸¶μ¸μ¡ ¶μ¸É·μ¥´¨Ö  ¸¨³¶ÉμÉ¨± ±μ³¶μ´¥´É Ψεt
m′ ¸Ê³³Ò (3.49) μ¶¨-

Ï¥³ ¡μ²¥¥ ¶μ¤·μ¡´μ. �ÉμÉ ¸¶μ¸μ¡ ¶·¥¤¸É ¢²Ö¥É¸Ö μ¶É¨³ ²Ó´Ò³, ¶μÉμ³Ê ÎÉμ
¢ ´¥³, ¢ μÉ²¨Î¨¥ μÉ ¤¢ÊÌ Ê¶μ³Ö´ÊÉÒÌ ¢ÒÏ¥ ¸¶μ¸μ¡μ¢, ´¥ ´Ê¦´Ò ´¨ ËÊ´±-
Í¨¨ Ψn

bβ, ´¨ ËÊ´±Í¨¨ Ψnε
ab ,   ±²ÕÎ¥¢Ò³¨ Ö¢²ÖÕÉ¸Ö ¤μ± § ´´Ò¥ ¶·¥¤¸É ¢²¥-

´¨Ö (3.50), (3.52) ¨ (3.54). 	² £μ¤ ·Ö ¨³ ¤²Ö ·¥Ï¥´¨Ö (3.49) ¢¥·´Ò ¤¢  · §²μ-
¦¥´¨Ö

Ψε(x,y) =
�∑

m′=μ(σ)

D�σ∗
mm′(ωx)

∞∑
n=μ(σ)

xn

�+n−μ(σ)∑
a=m′

Ψnεx
am′(y)Θam′(u), (3.57)

Ψε(x,y) =
�∑

m′=μ(σ)

D�σ∗
mm′(ωy)

∞∑
n=m′

xn
n∑

b=m′

Ψnεy
bm′(y)Θbm′(u) (3.58)

¶μ É·¥³ ¸¨¸É¥³ ³ ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ËÊ´±Í¨°:

(x0, x1, . . .), (D�σ∗
mm′ , m′ = μ(σ), . . . , �) ¨ (Θam′ , a� m′) ¨²¨ (Θbm′ , b� m′).
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�μÔÉμ³Ê ´¥¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ Ψnεt
am′(y) Ê¤ ¥É¸Ö ¶μ¤Î¨´¨ÉÓ ²¨´¥°´Ò³ ¸¨¸É¥-

³ ³ Ê· ¢´¥´¨°. „²Ö ¸· ¢´¥´¨Ö ¢Ò¢¥¤¥³ ¨Ì ¢ ¤¢ÊÌ ¸²ÊÎ ÖÌ t = x ¨ t = y.
�Ê¸ÉÓ t = x, É. ¥. ¢Ò¡· ´  ¸¨¸É¥³  Sx. ’μ£¤  ¤¥°¸É¢¨¥ ¶·μ¥±Éμ·  (1.17)

c t = x ´  Í¥¶μÎ±Ê (3.27)Ä(3.29) ¤ ¥É ·¥±Ê··¥´É´ÊÕ ¶μ ¨´¤¥±¸Ê n Í¥¶μÎ±Ê
¸¨¸É¥³ Ê· ¢´¥´¨° ¤²Ö ¨¸±μ³ÒÌ ±μ³¶μ´¥´É Ψnεx

m′ ·Ö¤  (3.50):

[
�(� + 1) − 2(m′)2 + Qm′m′(θ) − (n + 2)(n + 3)

]
Ψn+2,εx

m′ (y, θ)−

−
∑

m′′=m′±1

γ�σ
m′m′′Qm′m′′(θ)Ψn+2,εx

m′′ (y, θ) = −qΨn+1,εx
m′ (y, θ)−

− hx
m′(y, θ)Ψnεx

m′ (y, θ) −
n∑

p=1

p∑
s=0

V ps(y)Ps(u)Ψn−p,εx
m′ (y, θ). (3.59)

‡¤¥¸Ó Ψnεx
m′ ≡ 0 ¶·¨ n < 0; m′ = μ(σ), . . . , � ¶·¨ ± ¦¤μ³ n = −2, 1, . . .; μ¶¥-

· Éμ·Ò Qm′m′′(θ) ¨ ±μÔËË¨Í¨¥´ÉÒ γ�σ
m′,m′±1 μ¶·¥¤¥²¥´Ò Ëμ·³Ê² ³¨ (1.24) ¨

(1.22),   μ¶¥· Éμ· hx
m′(y, θ) ¶μ·μ¦¤¥´ μ¶¥· Éμ·μ³ (3.26):

hx
m′(y, θ) ≡ 〈D�σ∗

mm′(ωx)|h(y)|D�σ∗
mm′ (ωx)〉 =

= −y−2∂y(y2∂y) + y−2Qm′m′(θ) + V 00(y) − E. (3.60)

�·¨ ¤¥°¸É¢¨¨ ´  ËÊ´±Í¨Õ Θam′ μ¶¥· Éμ· Qm′m′ ¨ μ¶¥· Éμ· (3.22) Ê³´μ-
¦¥´¨Ö ´  Ps(u) ¸μÌ· ´ÖÕÉ ¨´¤¥±¸ m′,   ¢ ¸¨²Ê (1.3) μ¡· §Ò Qm′,m′±1Θa,m′±1

¶μ¤μ¡´Ò ËÊ´±Í¨¨ Θam′ . �μÔÉμ³Ê ¶·¨ ¤ ´´μ³ n ± ¦¤μ¥ (m′ = μ(σ), . . . , �)
Ê· ¢´¥´¨¥ ¸¨¸É¥³Ò (3.59) § ³¥´μ° ¢¸¥Ì ËÊ´±Í¨° Ψn′εx

m′′ , n′ = 0, . . . , n + 2;
m′′ = m′, m′ ± 1, ¨Ì  ´§ Í ³¨ (3.52) ¸¢μ¤¨É¸Ö ± Ê· ¢´¥´¨Õ, ¸μ¤¥·¦ Ð¥³Ê
ËÊ´±Í¨¨ Θam′′ ¸ · §´Ò³¨ a, ´μ μ¤´¨³ ¨ É¥³ ¦¥ m′′, · ¢´Ò³ m′. ’ ± ± ±
É ±¨¥ ËÊ´±Í¨¨ ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò, Éμ · ¸¸³ É·¨¢ ¥³μ¥ Ê· ¢´¥´¨¥ ¨³¥¥É
·¥Ï¥´¨¥ Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ®±μÔËË¨Í¨¥´É¯ ¶¥·¥¤ ± ¦¤μ° ¨§ ´¨Ì
· ¢¥´ ´Ê²Õ, É. ¥. ±μ£¤  ¤²Ö ²Õ¡μ£μ ¤μ¶Ê¸É¨³μ£μ a

[
�(� + 1) − 2(m′)2 − (n + 2)(n + 3)

]
Ψn+2,εx

am′ (y)−

−
∑

m′′=m′±1

γ�σ
m′m′′ qa

m′m′′Ψn+2,εx
am′′ (y) = −qΨn+1,εx

am′ (y) − hx
am′(y)Ψnεx

am′(y)−

−
n∑

p=1

p∑
s=0

(−1)s V ps(y)
�+n−p−μ(σ)∑

a′=m′

Ca′0
s0a0 Cam′

s0a′m′ Ψn−p,εx
a′m′ (y), (3.61)
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£¤¥ Ψnεx
am′ ≡ 0 ¶·¨ n < 0 ¨²¨ a < m′ ¨²¨ ¦¥ ¶·¨ a > � + n − μ(σ) ¨, ± ±

¸²¥¤Ê¥É ¨§ (3.40), (3.60) ¨ (1.3),

hx
am′(y) ≡ 〈Θam′(u)|hx

m′(y, θ)|Θam′(u)〉 = ha(y).

’ ±¨³ μ¡· §μ³ Í¥¶μÎ±  ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (3.59) ¸¢μ¤¨É¸Ö ±
·¥±Ê··¥´É´μ° ¶μ ¨´¤¥±¸Ê n Í¥¶μÎ±¥ ¸¨¸É¥³ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° (3.61) ¤²Ö
¨¸±μ³ÒÌ Θ-±μ³¶μ´¥´É Ψnεx

am′ ·Ö¤μ¢ (3.52). �É¨ ¸¨¸É¥³Ò ´Ê³¥·ÊÕÉ¸Ö ¨´¤¥±-
¸ ³¨ n ¨ a. ‘¨¸É¥³  ¸ ¤ ´´Ò³¨ n ¨ a ¸μ¸Éμ¨É ¨§ Ê· ¢´¥´¨° ¤²Ö ´¥¨§¢¥¸É´ÒÌ
Ψn+2,εx

am′ , ¶·¨Î¥³ m′ = μ(σ), . . . , �, ¥¸²¨ a > � ¨ m′ = a, . . . , �, ¥¸²¨ a � �.
Œ É·¨Í  É ±μ° ¸¨¸É¥³Ò Å É·¥Ì¤¨ £μ´ ²Ó´ Ö,   ¥¥ ´¥¨§¢¥¸É´Ò¥ § Í¥¶²¥´Ò ¶μ
¨´¤¥±¸Ê m′, ÎÉμ ¸ÊÐ¥¸É¢¥´´μ § É·Ê¤´Ö¥É ¨Ì ´ Ìμ¦¤¥´¨¥ ¢ Ö¢´μ³ ¢¨¤¥. Š²ÕÎ¥-
¢Ò³¨ ¤²Ö ¶μ¸É·μ¥´¨Ö ·¥Ï¥´¨Ö Fn+2,x

am′ , m′ � a, μ¤´μ·μ¤´μ° ¸¨¸É¥³Ò ¸ É ±μ°
³ É·¨Í¥° Ö¢²ÖÕÉ¸Ö ¨§¢¥¸É´Ò¥ ¸¢Ö§¨ [16] ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ Š²¥¡Ï Äƒμ·¤ ´ 
¸ ¨´¤¥±¸ ³¨ ¶·μ¥±Í¨° ³μ³¥´Éμ¢, μÉ²¨Î ÕÐ¨Ì¸Ö ´  ¥¤¨´¨ÍÊ, ¨ ¸²¥¤ÊÕÐ¨° ¨§
¶·¥¤¸É ¢²¥´¨° (3.53) ¨ (3.56)  ´§ Í

Fn+2,x
am′ (y) = T �m′

a,n+2 fn+2,x
a (y), fn+2,x

a (y) ≡ Ψn+2,ε
a,n+2(y), m′ � a.

�¡Ð¨¥ ·¥Ï¥´¨Ö Ψnεx
am′(y), n � 3, Í¥¶μÎ±¨ (3.61) ¢Ò£²Ö¤ÖÉ ´¥ ¸Éμ²Ó ¸²μ¦´μ,

± ± Ê¦¥ ¶·¨ n = 4, ÎÉμ ¶μ§¢μ²Ö¥É ¶μ Ëμ·³Ê² ³ (3.52) ¢Ò· §¨ÉÓ ±μ³¶μ´¥´ÉÒ
Ψnεx

m′ (y, θ), n � 3, ∀m′, ·Ö¤μ¢ (3.50) Î¥·¥§ ´¥μ¶·¥¤¥²¥´´Ò¥ ËÊ´±Í¨¨ fnx
a (y),

¨§¢¥¸É´Ò¥ μ¶¥· Éμ·Ò hx
am′(y) ¨ ËÊ´±Í¨¨ V ps(y) ¨ Θam′(u):

Ψ0εx
m′ = T �m′

�0 f0x
� Θ�m′ , Ψ1εx

m′ =
q

2
Ψ0εx

m′ +
�+1∑

a=|�−1|
T �m′

a1 f1x
a Θam′ ,

Ψ2εx
m′ =

1
12

(2hx
�m′ + q2)Ψ0εx

m′ +
q

4

�+1∑
a=|�−1|

T �m′

a1 f1x
a Θam′ +

�+2∑
a=|�−2|

T �m′

a2 f2x
a Θam′ ,

Ψ3εx
m′ =

1
144

[
q(8hx

�m′ + q2) + 12V 10
]
Ψ0εx

m′ +

+
1
40

�+1∑
a=|�−1|

(4hx
�m′+q2)T �m′

a1 f1x
a Θam′− V 11

10
√

3
f0x

�

∑
a=|�±1|

Ca0
�010T

�m′

a1 Θam′+

+
q

6

�+2∑
a=|�−2|

T �m′

a2 f2x
a Θam′(u) +

�+3∑
a=|�−3|

T �m′

a3 f3x
a Θam′ .



842 �“�›˜…‚ ‚.‚.

ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ ¶·¥¤¸É ¢²¥´¨Ö, ¨ ¶·¥¤¶μ²μ¦¨¢, ÎÉμ fnx
a (y) �= 0 ¶·¨ n � 3,  

·Ö¤Ò (3.50)  ¸¨³¶ÉμÉ¨Î¥¸±¨¥, ¤μ± §Ò¢ ¥³ ¨Ì Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨

Ψεx
m′(x, y, θ) =

[
1 +

qx

2
+

x2

12
(
2hx

�m′ + q2
)]

Ψεx
m′(0, y, θ)+

+
x3

144
[
q(8hx

�m′ + q2) + 12V 10
]
Ψεx

m′(0, y, θ)+

+ x2
∑

a=�,|�±2|

(
1 +

qx

6

)
T �m′

a2 f2x
a (y)Θam′(u)+

+ x
∑

a=|�±1|

[
1 +

qx

4
+

x2

40
(
4hx

am′ + q2
)]

T �m′

am′f1x
a (y)Θam′(u)+

+ x3
∑

a=|�±1|

[
T �m′

a3 f3x
a (y) −

[
V 11

10
√

3

]
Ca0

�010T
�m′

a1 f0x
� (y)

]
Θam′(u)+

+ x3
∑

a=|�±3|
T �m′

a3 f3x
a (y)Θ3m′(u) + O(x4), σ = (−1)�; (3.62)

Ψεx
m′(x, y, θ) = x

[
1 +

qx

4
+

x2

40
(
4hx

�m′ + q2
)]

∂xΨεx
m′(x, y, θ)|x=0+

+ x2
∑

a=|�±1|

(
1 +

qx

6

)
T �m′

a2 f2x
a (y)Θam′(u)+

+ x3
∑

a=�,|�±2|
T �m′

a3 f3x
3 (y)Θam′(u) + O(x4), σ = (−1)�+1.

�·¨ x = 0 ¶·μ¨§¢μ¤´Ò¥ ∂n
x Ψεx

m′ = (n!)Ψnεx
m′ , n = 0, 1, 2, 3,  ¸¨³¶ÉμÉ¨± (3.62)

¸μ¤¥·¦ É · §´μ¥ Î¨¸²μ ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° fn′x
a , n′ � n. �μÔÉμ³Ê ´¥ ¸Ê-

Ð¥¸É¢Ê¥É ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ ¶·μ¨§¢μ¤´ÒÌ · §´ÒÌ ¶μ·Ö¤±μ¢, ´¥ ¸μ¤¥·¦ -
Ð¥° ´¨ μ¤´μ° ËÊ´±Í¨¨ fn′x

a . „²Ö ¶·μ¥±Í¨° ∂n
x Ψεx

am′ ¶·μ¨§¢μ¤´ÒÌ ∂n
x Ψεx

m′ ´ 
ËÊ´±Í¨¨ Θam′(u) É ±¨¥ ±μ³¡¨´ Í¨¨, É. ¥. ¸¢Ö§¨ (1.66), ¨³¥ÕÉ¸Ö. � ¶·¨³¥·,
¢ ¸²ÊÎ ¥ a = � ¶·¨ σ = (−1)� ¨ n = 0 ¨²¨ σ = (−1)�+1 ¨ n = 1:

∂n
x (2∂x − q)Ψεx

�m′(x, y, θ) = 0, (3.63)[
12∂2+n

x (2∂x − q) − q(4hx
�m′ − q2) − (12 + 20n)V 10

]
Ψεx

�m′(x, y, θ) = 0.
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�É³¥É¨³, ÎÉμ  ¸¨³¶ÉμÉ¨±  (3.8), ¤μ± § ´´ Ö ¢ [130], ¸²¥¤Ê¥É ¨§ (3.62) ¶·¨
σ = (−1)�. —Éμ¡Ò ¢ ÔÉμ³ Ê¡¥¤¨ÉÓ¸Ö, ¢ ÔÉμ° ¸Ê³³¥ ´Ê¦´μ ¶μ²μ¦¨ÉÓ x = x3

¨ q = z1z2

√
2μ12, § É¥³ ¶μ Ëμ·³Ê² ³ (1.1) ¢Ò· §¨ÉÓ x3 ¨ y3 Î¥·¥§ R ¨ ρ ¨,

´ ±μ´¥Í, μ¸É ¢¨ÉÓ ¸² £ ¥³Ò¥, Ê¡Ò¢ ÕÐ¨¥ ³¥¤²¥´´¥¥, Î¥³ O(R2).
�Ê¸ÉÓ É¥¶¥·Ó t = y, É. ¥. ¢Ò¡· ´  ¸¨¸É¥³  Sy. ‚¸¥ ¶μ¸É·μ¥´¨Ö ¢ ÔÉμ³

¸²ÊÎ ¥ ·¥ ²¨§Ê¥³ ¢ Éμ° ¦¥ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨, ÎÉμ ¨ ¢ ¸²ÊÎ ¥ t = x. ‘´ -
Î ²  ¤¥°¸É¢¨¥³ ¶·μ¥±Éμ·  (1.17) c t = y ´  ¸¨¸É¥³Ê (3.27)Ä(3.29) ¶μ¤Î¨´¨³
´¥¨§¢¥¸É´Ò¥ Ψnεy

m′ ·Ö¤  (3.50) ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨Ö³

[Qm′m′(θ) − (n + 2)(n + 3)] Ψn+2,εy
m′ (y, θ) = −qΨn+1,εy

m′ (y)+

+ y−2
∑

m′′=m′±1

γ�σ
m′m′′Qm′m′′(θ)Ψnεy

m′′ (y, θ)−

− hy
m′(y, θ)Ψnεy

m′ (y, θ) −
n∑

p=1

p∑
s=0

V ps(y)Ps(u)Ψn−p,εy
m′ (y, θ), (3.64)

£¤¥ Ψnεy
m′ ≡ 0 ¶·¨ n < 0 ¨²¨ n < m′ = μ(σ), . . . , �; Qm′m′′ Å μ¶¥-

· Éμ·Ò (1.24),   hy
m′ Å μ¶¥· Éμ· h(y) (¸³. (3.26)) ¢ μ¡±² ¤± Ì ËÊ´±Í¨°

D�σ∗
mm′(ωy):

hy
m′(y, θ) ≡ −y2∂y(y2∂y)+

+ y−2Qm′m′(θ) + y−2
[
�(� + 1) − 2(m′)2

]
+ V 00(y) − E.

‡ ³¥´μ° (3.54) ¸¢¥¤¥³ Ê· ¢´¥´¨Ö (3.64) ±  ²£¥¡· ¨Î¥¸±¨³ Ê· ¢´¥´¨Ö³

[b(b + 1) − (n + 2)(n + 3)] Ψn+2,εy
bm′ (y) = −qΨn+1,εy

bm′ (y)+

+ y−2
∑

m′′=m′±1

γ�σ
m′m′′qb

m′m′′Ψnεy
bm′′(y) − hy

bm′(y)Ψnεy
bm′(y)−

−
n∑

p=1

p∑
s=0

(−1)s V ps(y)
n−p∑

b′=m′

Cb′0
s0b0 Cbm′

s0b′m′Ψn−p,εy
b′m′ (y), (3.65)

£¤¥ m′ = μ(σ), . . . ,min{b, n + 2}, ¨ Ψnεy
bm′ = 0, ¥¸²¨ n < 0 ¨²¨ m′ > b ¨²¨ ¦¥

n > b,   hy
bm′ Å μ¶¥· Éμ· hy

m′ ¢ μ¡±² ¤± Ì μ¤¨´ ±μ¢ÒÌ ËÊ´±Í¨° Θbm′(θ):

hy
bm′(y) ≡ −y−2∂y(y2∂y)+

+ y−2
[
�(� + 1) + b(b + 1) − 2(m′)2

]
+ V 00(y) − E.
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�·¨ ¤ ´´ÒÌ n ¨ b ´¥¨§¢¥¸É´Ò¥ Ψn+2,εy
bm′ , m′ = μ(σ), . . . ,min{b, n + 2}, ¸¨-

¸É¥³Ò (3.65), ¢ μÉ²¨Î¨¥ μÉ ·¥Ï¥´¨° Ψn+2,εy
am′ Ê· ¢´¥´¨° (3.61), ´¥ § Í¥¶²¥´Ò

¶μ ¨´¤¥±¸Ê m′. �¥É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥ Fn+2,y
bm′ , ∀m′, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° μ¤´μ-

·μ¤´μ° ¸¨¸É¥³Ò ¸ÊÐ¥¸É¢Ê¥É Éμ²Ó±μ ¶·¨ b = n + 2 ¨ Ô²¥³¥´É ·´μ ¢Ò· ¦ ¥É¸Ö
(Fn+2,y

bm′ = fn+2,y
m′ ) Î¥·¥§ ¶·μ¨§¢μ²Ó´Ò¥ ËÊ´±Í¨¨ fn+2,y

m′ (y), · ¢´Ò¥ ²¨´¥°´Ò³
±μ³¡¨´ Í¨Ö³ (3.56) ¶·μ¨§¢μ²Ó´ÒÌ ¡¨¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É Ψn+2,ε

a,n+2. �μ

Ê± § ´´Ò³ ¶·¨Î¨´ ³ ¶μ¸É·μ¥´¨¥ μ¡Ð¥£μ ·¥Ï¥´¨Ö Ψn+2,εy
bm′ , m′ � b � n + 2,

Í¥¶μÎ±¨ ¸¨¸É¥³ (3.65) ¢ ¶μ·Ö¤±¥ ¢μ§· ¸É ´¨Ö n ¨ Ê¡Ò¢ ´¨Ö b ¶·¨ ± ¦¤μ³ n
´¥ ¢Ò§Ò¢ ¥É § É·Ê¤´¥´¨°:

Ψn+2,εy
n+2,m′(y) = fn+2,y

m′ (y), Ψn+2,εy
n+1,m′(y) = [q/(2n + 4)]fn+1,y

m′ (y),

Ψn+2,εy
nm′ (y) =

[
1

4n + 6

] [(
hy

nm′(y) +
q2

2n + 2

)
fny

m′ (y) −

− y−2
∑

m′′=m′±1

γ�σ
m′m′′ qn

m′m′′ fny
m′′(y) − Cn−10

10n0 Cnm′

10n−1m′ V 11(y) fn−1,y
m′ (y)+

+ Cn−20
20n0 Cnm′

20n−2m′ V 22(y) fn−2,y
m′ (y)

]
, . . .

‚ ¨Éμ£¥ Θ-±μ³¶μ´¥´ÉÒ Ψnεy
bm′(y),   § É¥³ ¨ ËÊ´±Í¨¨ Ψnεy

m′ (y, θ) (¸Ê³³Ò (3.54))

¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¶·μ¨§¢μ²Ó´Ò¥ ËÊ´±Í¨¨ fn′y
m′ (y) ¸ n′ � n, ¨§¢¥¸É´Ò¥ μ¶¥· -

Éμ·Ò hy
bm′(y) ¨ ËÊ´±Í¨¨ V ps(y) ¨ Θbm′(u). � ¶·¨³¥·,

Ψ0εy
m′ = Ψ0εy

m′ = f0y
0 Θ00δm′0 = 2−1/2 f0y

0 ,

Ψ1εy
m′ =

q

2
Ψ0εy

m′ + f1y
m′Θ1m′ ,

Ψ2εy
m′ =

1
12

(
2hy

00 + q2
)
Ψ0εy

m′ +
q

4
f1y

m′Θ1m′ + f2y
m′Θ2m′ ,

Ψ3εy
0 =

1
144

[
q(8hy

00 + q2) + 12V 10
]
Ψ0εy

m′ +
q

6
f2y
0 Θ20 + f3y

0 Θ30+ (3.66)

+
1
40

[(
4hy

10 + q2
)

f1y
0 − 4y−2γ�σ

01q1
01 f1y

1 +
4√
3

V 11 f0y
0

]
Θ10,

Ψ3εy
1 =

[(
4hy

11 + q2
)

f1y
1 − 4y−2γ�σ

10 q1
10f

1y
0

] Θ11

40
+

qf2y
1 Θ21

6
+ f3y

1 Θ31,

Ψ3εy
2 =

q

6
f2y
2 Θ22 + f3y

2 Θ32,

Ψ3εy
3 = f3y

3 Θ33,
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£¤¥ fny
0 (y) ≡ 0 ¶·¨ ²Õ¡μ³ n, ¥¸²¨ σ = (−1)�+1. ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ ¶·¥¤¸É ¢²¥´¨Ö

¨ ¶·¥¤¶μ² £ Ö, ÎÉμ fny
m′ �= 0 ¶·¨ n � 3,   ·Ö¤Ò (3.50)  ¸¨³¶ÉμÉ¨Î¥¸±¨¥,

´ Ìμ¤¨³ ¨Ì Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨, É. ¥.  ¸¨³¶ÉμÉ¨±¨ Dσ-±μ³¶μ´¥´É Ψεy
m′ :

Ψεy
0 (x, y, θ) =

{
1 +

qx

2
+

x2

12
(2hy

00 + q2)+

+
x3

144
[
q(8hy

00 + q2) + 12V 10
]}

f0y
0 (y)Θ00(u)+

+ x

[
1 +

qx

4
+

x2

40
(4hy

10 + q2)
]

f1y
0 (y)Θ10(u)+

+
[

x3

10
√

3y2

] {
y2V 11f0y

0 (y)−

− [6�(� + 1)(1 + σ(−1)�)]1/2f1y
1 (y)

}
Θ10(u)+ (3.67)

+ x2

(
1 +

qx

6

)
f2y
0 (y)Θ20(u) + x3 f3y

0 (y)Θ30(u) + O(x4),

Ψεy
1 (x, y, θ) = x

[
1 +

qx

4
+

x2

40
(4hy

11 + q2)
]

f1y
1 (y)Θ11(u)−

−
[

x3

5y2

]
[�(� + 1)]1/2

f1y
0 (y)Θ11(u)+

+ x2

(
1 +

qx

6

)
f2y
1 (y)Θ21(u) + x3 f3y

1 (y)Θ31(u) + O(x4),

Ψεy
2 (x, y, θ) = x2

[
1 +

qx

6

]
f2y
2 (y)Θ22(u) + x3 f3y

2 (y)Θ32(u) + O(x4).

‡ É¥³ ¨§ ÔÉ¨Ì  ¸¨³¶ÉμÉ¨± ¢Ò¢μ¤¨³ ¸¢Ö§¨ (1.66) ¶·¨ x = 0, y > 0 ¤²Ö ¶·μ¥±Í¨°
∂n

x Ψεy
bm′ ≡ (n!)Ψεy

bm′ ¶·μ¨§¢μ¤´ÒÌ ∂n
x Ψεy

m′ ´  ËÊ´±Í¨¨ Θbm′(u):

∂b
x (2∂x − q)Ψεy

bm′(x, y) = 0, b � m′ = 0, 1, 2,[
6∂2

x − 2hy
00 − q2

]
Ψεy

00(x, y) = 0,[
24∂3

x − q(8hy
00 + q2) − 12V 10

]
Ψεy

00(x, y) = 0, (3.68)

∂x

[
20∂2

x − 3(4hy
10 + q2)

]
Ψεy

10(x, y) =

= 4
{√

3V 11Ψεy
00(x, y) − 3y−2

[
2�(� + 1)(1 + σ(−1)�)

]1/2
∂xΨεy

11(x, y)
}

,

∂x

[
20∂2

x − 3(4hy
11 + q2)

]
Ψεy

11(x, y) = −24
y2

√
�(� + 1)∂xΨεy

10(x, y).
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Š ± ¢¨¤´μ ¨§ (3.38), (3.62) ¨ (3.67), μ¦¨¤ ¥³Ò¥  ¸¨³¶ÉμÉ¨±¨ ¡¨¸Ë¥·¨-
Î¥¸±¨Ì ¨ Dσ-±μ³¶μ´¥´É Ψε

ab, Ψεt
m′ § ¢¨¸ÖÉ μÉ b, m′, σ ¨ t: Ψε

ab = O(xb),
b � μ(σ); ¥¸²¨ t = y, Éμ Ψεt

m′ = O(xm′
) ¶·¨ ²Õ¡μ³ σ; ¥¸²¨ ¦¥ t = x, Éμ

Ψεt
m′ = O(1) ¶·¨ σ = (−1)� ¨ Ψεt

m′ = O(x) ¶·¨ σ = (−1)�. �É¨ ¸μμÉ´μÏ¥´¨Ö
¶μ¤É¢¥·¦¤ ÕÉ £² ¢´Ò¥ ± Î¥¸É¢¥´´Ò¥ ¢Ò¢μ¤Ò · ¡μÉÒ [130].

‡ ³¥Î ´¨Ö. Š ± μÉ³¥Î ²μ¸Ó ¢ ¶·¥¤Ò¤ÊÐ¥³ ¶ · £· Ë¥, ¢ ¸²ÊÎ ¥ C ±μ³¶μ-
´¥´ÉÒ Ψnε

ab ¸ ´¥Î¥É´μ° ¸Ê³³μ° n + b · ¢´Ò ´Ê²Õ. �μÔÉμ³Ê ¸Ê³³Ò (3.55), É. ¥.
Θ-±μ³¶μ´¥´ÉÒ Ψnεy

bm′ , · ¢´Ò ´Ê²Õ ¶·¨ ´¥Î¥É´μ³ §´ Î¥´¨¨ ¸Ê³³Ò n + b. ’ ±
± ± ¢ · §²μ¦¥´¨¨ (3.54) ±μ³¶μ´¥´ÉÒ Ψnεy

m′ ≡ 0 ¸ ¤ ´´Ò³¨ n ¨ m′ ¸Ê³³ 
n + b Å Î¥É´μ¥ Î¨¸²μ, Éμ b = m′, m′ + 2, . . . , n ¶·¨ Î¥É´μ³ n + m′ ¨
b = m′ + 1, m′ + 3, . . . , n ¶·¨ ´¥Î¥É´μ³ n + m′, ¸²¥¤μ¢ É¥²Ó´μ,

Ψnεx
m′ (x, θ) = (−1)n+m′

Ψnεx
m′ (x, π − θ).

�·¨²μ¦¥´¨Ö ¨ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ. Š ± ¨§¢¥¸É´μ, Ï¥¸É¨³¥·´μ¥
Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (1.39) ¸¢μ¤¨É¸Ö ¶μ¤¸É ´μ¢±μ° (3.49) c t = x ¨²¨ t = y
± ±μ´¥Î´μ° ¸¨¸É¥³¥ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¨¸±μ³ÒÌ Dσ-±μ³¶μ´¥´É Ψεx

m′

¨²¨ Ψεy
m′ ËÊ´±Í¨¨ Ψε. �·¨ ¶μ¸É·μ¥´¨¨ ¤¨¸±·¥É´ÒÌ  ´ ²μ£μ¢ É ±¨Ì ¸¨¸É¥³

¶·¥¤² £ ¥É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ ¸¢Ö§¨ (3.63) ¨²¨ (3.68) ± ± ¤μ¶μ²´¨É¥²Ó´Ò¥ £· -
´¨Î´Ò¥ Ê¸²μ¢¨Ö. ’ ±¨³ ¸¶μ¸μ¡μ³ ³μ¦´μ Ê²ÊÎÏ¨ÉÓ ¶μÉμÎ¥Î´ÊÕ ¸Ìμ¤¨³μ¸ÉÓ
¢ÒÎ¨¸²Ö¥³ÒÌ Dσ-±μ³¶μ´¥´É ± ÉμÎ´Ò³ ¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ · .

�¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ ¸ÉμÖÐ¥£μ · §¤¥²  Å ¤μ± § É¥²Ó¸É¢μ ¸²¥¤ÊÕÐ¥°
É¥μ·¥³Ò ¸ÊÐ¥¸É¢μ¢ ´¨Ö.

’¥μ·¥³  3.2. �Ê¸ÉÓ ¢¸¥ Í¥´É· ²Ó´Ò¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Å ¸É¥¶¥´-
´Ò¥ ·Ö¤Ò (1.31). ’μ£¤  ¢ ²Õ¡μ³ ¨§ É·¥Ì ¸²ÊÎ ¥¢ (1.32) Ê· ¢´¥´¨¥ ˜·¥¤¨´-
£¥·  (1.39) ¶·¨ x → 0 ¨ y > 0 ¨³¥¥É Ëμ·³ ²Ó´Ò¥ ·¥£Ê²Ö·´Ò¥ ·¥Ï¥´¨Ö Ψ ¨ Ψε,
¶·¥¤¸É ¢¨³Ò¥ ·Ö¤ ³¨ (3.23), (3.35) ¨ (3.38), (3.57), (3.58) ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³
x. Šμ³¶μ´¥´ÉÒ Ψn

bβ, Ψnε
ab ¨ Ψnεy

bm′ ÔÉ¨Ì ·Ö¤μ¢ ¶μ¤Î¨´¥´Ò ¶·μ¸ÉÒ³ ¨ · §·¥Ï¨-
³Ò³ Í¥¶μÎ± ³  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° (3.32), (3.39) ¨ (3.65), ·¥±Ê··¥´É´ÒÌ
¶μ ¨´¤¥±¸Ê n ¨ ´¥§ Í¥¶²ÖÕÐ¨Ì¸Ö ¶·¨ ¤ ´´μ³ n ¶μ ¨´¤¥±¸Ê b, ¨´¤¥±¸ ³ a, b
¨²¨ b, m′.

3.4. � §²μ¦¥´¨Ö ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢ . ‘²¥¤ÊÖ · ¡μÉ¥ [80],
±· É±μ μ¶¨Ï¥³ ¢ ´ ¨¡μ²¥¥ μ¡Ð¥³ ¸²ÊÎ ¥ A ¨¸±²ÕÎ¨É¥²Ó´μ ¶·μ¸Éμ° ¸¶μ¸μ¡
¶μ¸É·μ¥´¨Ö · §²μ¦¥´¨Ö ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨°
” ¤¤¥¥¢  ¢ ÉμÎ±¥ ¶ ·´μ£μ Ê¤ · . ‘´ Î ²  ·¥£Ê²Ö·´Ò¥ ·¥Ï¥´¨Ö ¶·¥¤¸É ¢¨³
¡¥¸±μ´¥Î´Ò³¨ ·Ö¤ ³¨ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ¤¢Ê³Ö Î ¸É¨Í ³¨
¨ ¨¸±μ³Ò³ ËÊ´±Í¨Ö³ ¤·Ê£¨Ì É·¥ÌÎ ¸É¨Î´ÒÌ ±μμ·¤¨´ É. ‡ É¥³ ÔÉ¨ ËÊ´±Í¨¨
¶μ¤Î¨´¨³ Í¥¶μÎ±¥  ²£¥¡· ¨Î¥¸±¨Ì ·¥±Ê··¥´É´ÒÌ Ê· ¢´¥´¨°. ˆ¸¶μ²Ó§ÊÖ É ±ÊÕ
Í¥¶μÎ±Ê, ¤²Ö ¨¸¸²¥¤Ê¥³ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢Ò¢¥¤¥³ £· ´¨Î´Ò¥
Ê¸²μ¢¨Ö ¢ ÉμÎ±¥ ¶ ·´μ£μ Ê¤ · .

� §²μ¦¥´¨Ö ¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥. ˆ¸¸²¥¤Ê¥³ ¸É·μ¥´¨¥ Ë ¤¤¥¥¢¸±μ°
±μ³¶μ´¥´ÉÒ Ψε

i ¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥.
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�Ê¸ÉÓ ·¥Ï¥´¨¥ Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¶·¥¤¸É ¢²¥´μ ·Ö¤μ³ (3.38) ¸
¨§¢¥¸É´Ò³¨ ±μ³¶μ´¥´É ³¨ Ψnε

ab (y). „μ± ¦¥³, ÎÉμ É ±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶μ·μ-
¦¤ ¥É  ´ ²μ£¨Î´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö Ë ¤¤¥¥¢¸±μ° ±μ³¶μ´¥´ÉÒ Ψε

i :

Ψε
i (x,y) =

∑
ab

Ψε
iab(x, y)Y�m

ab (x̂, ŷ), (−1)a+b = σ, (3.69)

¨ ¥¥ ¡¨¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É Ψε
iab:

Ψε
iab(x, y) ≡ 〈Y�m

ab (x̂, ŷ)|Ψε
i (x,y)〉 =

∞∑
n=b�μ(σ)

xnΨnε
iab(y). (3.70)

„²Ö ÔÉμ£μ ¨¸¸²¥¤Ê¥³ Éμ²Ó±μ μ¤´μ Ê· ¢´¥´¨¥ Ë ¤¤¥¥¢¸±μ° ¸¨¸É¥³Ò (1.52),
  ¨³¥´´μ, Ê· ¢´¥´¨¥, ¸μ¤¥·¦ Ð¥¥ ¢ ²¥¢μ° Î ¸É¨ ±μ³¶μ´¥´ÉÊ Ψε

i . ‚ ÔÉμ³ Ê· ¢-
´¥´¨¨ ¶·¥¤¸É ¢¨³ μ¶¥· Éμ·Ò Vi, H0 ¨ ·¥Ï¥´¨¥ Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 
¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸Ê³³ ³¨ (1.31), (1.18) ¨ (3.38). �· ¢ Ö Î ¸ÉÓ ¶μ²ÊÎ¨¢Ï¥-
£μ¸Ö Ê· ¢´¥´¨Ö Å ·Ö¤ ¶μ ¸É¥¶¥´Ö³ x ¨ ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³ Y�m

ab . �μÔÉμ³Ê
¨¸±μ³μ¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ Ψε

i ³μ¦¥É ¡ÒÉÓ Éμ²Ó±μ ·Ö¤μ³ Éμ£μ ¦¥ É¨¶ , ´μ
¶μ±  ¡¥§ ¤μ¶μ²´¨É¥²Ó´ÒÌ μ£· ´¨Î¥´¨° ´  ¨´¤¥±¸Ò a, b ¨ n:

Ψε
i (x,y) =

∞∑
n=0

xn
∑
ab

Ψnε
iab(y)Y�m

ab (x̂, ŷ). (3.71)

‡ ³¥´¨³ Ψε
i É ±¨³ ·Ö¤μ³. ‘¶·μ¥Í¨·Ê¥³ ¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ ´  ËÊ´±Í¨¨

Y�m
ab (x̂, ŷ) ¨ ¢Ò¢¥¤¥³ ¤²Ö ± ¦¤μ° ¶ ·Ò {a, b}  ²£¥¡· ¨Î¥¸±ÊÕ ¨ ·¥±Ê··¥´É´ÊÕ

¶μ ¨´¤¥±¸Ê n Í¥¶μÎ±Ê Ê· ¢´¥´¨°

[b(b + 1) − (n + 2)(n + 3)] Ψn+2,ε
iab (y) = −

[
ha(y) − V 00(y)

]
Ψnε

iab(y)−

− qΨn+1,ε
ab (y) −

n∑
p=0

VipΨ
n−p,ε
ab (y), n = −2,−1, . . . , (3.72)

£¤¥ ha Å μ¶¥· Éμ· (3.40).
�Ê¸ÉÓ ¢ ÔÉμ° Í¥¶μÎ±¥ n < b ¨²¨ b < μ(σ), Éμ£¤  Ψnε

ab (y) ≡ 0 ¨ ¶μÔÉμ³Ê
Ψnε

iab(y) ≡ 0. „ ²¥¥ ¶μ² £ ¥³ n � b � μ(σ). �·¨ É ±¨Ì μ£· ´¨Î¥´¨ÖÌ ¶·μ¡-
´Ò° ·Ö¤ (3.71) ¸É ´μ¢¨É¸Ö ·Ö¤μ³ (3.69),   ¨¸¸²¥¤Ê¥³ Ö Í¥¶μÎ±  μ¤´μ§´ Î´μ
· §·¥Ï¨³ : ¶·¨ ¤ ´´ÒÌ a ¨ b ¢¸¥ ¨¸±μ³Ò¥ ËÊ´±Í¨¨ Ψnε

iab ¸ n > b ¢Ò· ¦ ÕÉ¸Ö
Î¥·¥§ ´¥μ¶·¥¤¥²¥´´ÊÕ ËÊ´±Í¨Õ Ψnε

iab(y) ¸ n = b ¨ ¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ Ψnε
ab .

‘²¥¤μ¢ É¥²Ó´μ, · §²μ¦¥´¨Ö (3.69) ¨ (3.70) ¸ÊÐ¥¸É¢ÊÕÉ, ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó
¤μ± § ÉÓ.

’¥¶¥·Ó ¶μ¸É·μ¨³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (3.70) ¸ b � 2 ± ± ¶μ¤¸Ê³³Ò
¨Ì É·¥Ì ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¶·¨ x → 0 ¸² £ ¥³ÒÌ,   § É¥³ ¶μ²Ê-
Î¨³ ¸¢Ö§¨ ¶·¨ x = 0 ¤²Ö ¶·μ¨§¢μ¤´ÒÌ ∂n

x Ψε
iab. ‘´ Î ²  ¢ Ê· ¢´¥´¨ÖÌ (3.72)
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§ ³¥´¨³ ËÊ´±Í¨¨ Ψnε
ab (y) ¸ n � 3 ¨Ì Ö¢´Ò³¨ ¢Ò· ¦¥´¨Ö³¨, ´ °¤¥´´Ò³¨

¢ ¶·¥¤Ò¤ÊÐ¥³ ¶Ê´±É¥. �¥Ï¨³ ¶μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö ¨ ¢Ò· §¨³ ËÊ´±Í¨¨
Ψnε

iab(y) ± ± ±μ³¡¨´ Í¨¨ ´¥μ¶·¥¤¥²¥´´ÒÌ ËÊ´±Í¨° Ψnε
ab ¨ Ψnε

iab ¸ n = b, · ¢-
´ÒÌ ¶·μ¨§¢μ¤´Ò³ (n!)−1∂n

x Ψε
ab(x, y) ¨ (n!)−1∂n

x Ψε
iab(x, y) ¶·¨ x = 0 ¨ n = b.

ˆ¸¶μ²Ó§ÊÖ É ±¨¥ ±μ³¡¨´ Í¨¨, ¢Ò¢¥¤¥³ ¨¸±μ³Ò¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (3.70),  
¨³¥´´μ,  ¸¨³¶ÉμÉ¨±Ê ±μ³¶μ´¥´ÉÒ Ψε

i�0:

Ψε
i�0(x, y) =

{
1 +

x2

6
(h� − V 00)

[
1 +

x2

20
(h� − V 00)

]}
Ψε

i�0(0, y)+

+
x

2

{
q +

x

6
(2Vi0 + q2) +

x2

72
[
q3 + 2q(4h� + 3Vi0 − 3V 00) + 12Vi1

]
+

+
x3

1440
[
q4 + 4q2 (5h� + 3Vi0 − 3V 00)+

+ 84q Vi1 + 24 (6Vi2 + Vi0(2h� − V 00))
] }

Ψε
�0(0, y) + O(x5), (3.73)

 ¸¨³¶ÉμÉ¨±¨ ±μ³¶μ´¥´É Ψε
ia1 ¸ ¨´¤¥±¸μ³ a = |� ± (1 − μ(σ))|:

Ψε
ia1(x, y) = x

[
1 +

x2

10
(ha − V 00)

]
∂xΨε

ia1(x, y)|x=0+

+
x2

4

{
q +

x

10
(4Vi0 + q2) +

x2

180
[
q3 + 2q (7ha + 5Vi0 − 5V 00) + 40Vi1

]}
×

× ∂xΨε
a1(x, y)|x=0 −

x4

180
√

3
qV 11 Ca0

�010Ψ
ε
�0(0, y) + O(x5) (3.74)

¨  ¸¨³¶ÉμÉ¨±¨ ±μ³¶μ´¥´É Ψε
ia2 ¸ ¨´¤¥±¸μ³ a = |� + μ(σ)|, |� ± (2 − μ(σ)|:

Ψε
ia2(x, y) =

x2

2

[
1 +

x2

14
(ha − V 00)

]
∂2

xΨε
i2a(x, y)|x=0+

+
x3

12

[
q +

x

14
(6Vi0 + q2)

]
∂2

xΨε
2a(x, y)|x=0 + O(x5). (3.75)

‚ÒÎ¨¸²¨¢ ¶·μ¨§¢μ¤´Ò¥ ∂n
x , n � 4, ÔÉ¨Ì  ¸¨³¶ÉμÉ¨±, ¶μ²ÊÎ ¥³ ¸¥·¨Õ ¸¢Ö§¥°

¶·¨ x = 0 ¨ y > 0 ¤²Ö ±μ³¶μ´¥´É Ψε
iab ¨ Ψε

ab. ‚ ÔÉμ° ¸¥·¨¨ ¶·¨ ²Õ¡μ³ q
¨³¥ÕÉ¸Ö ¸¢Ö§¨

∂b
x [2∂xΨε

iab(x, y) − qΨε
ab(x, y)] = 0, b � n = 0, 1, 2. (3.76)

ˆ§ É ±¨Ì ¸¢Ö§¥° ¢ ¸²ÊÎ ¥ q �= 0 ¸²¥¤ÊÕÉ · ¢¥´¸É¢ 

∂b
xΨε

ab(x, y) =
2
q
∂b+1

x Ψε
ab(x, y), b = 0, 1, 2; x = 0, y > 0.
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ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ · ¢¥´¸É¢ , ¨¸±²ÕÎ¨³ ¶·μ¨§¢μ¤´Ò¥ ∂b
xΨε

ab ¨§ ¤·Ê£¨Ì ¸¢Ö§¥° ¨¸-
¸²¥¤Ê¥³μ° ¸¥·¨¨ ¨ ¢ ·¥§Ê²ÓÉ É¥ ¢Ò¢¥¤¥³ ¸¢Ö§¨, ´μ Ê¦¥ Éμ²Ó±μ ¤²Ö Ë ¤¤¥¥¢¸±¨Ì
±μ³¶μ´¥´É Ψε

iab:[
3q∂2

x − (2Vi0 + q2)∂x − q(h� − V 00)
]
Ψε

i�0(x, y) = 0,

∂x

{
12q∂2

x − [q3 + 2q(4h� + 3Vi0 − 3V 00) + 12Vi1]
}

Ψε
i�0(x, y) = 0,

{
60q∂4

x −
[
q4 + 4q2(5h� + 3Vi0 − 3V 00) + 84qVi1+

+ 24(6Vi2 + Vi0(2h� − V 00))
]
∂x − 12q(h� − V 00)2

}
Ψε

i�0(x, y) = 0, (3.77)

∂x

[
10q∂2

x − 3(4Vi0 + q2)∂x − 3(ha − V 00)
]
Ψεy

ia1(x, y) = 0,

√
3∂2

x

[
15q∂2

x −
[
q2 + 2q(7ha + 5Vi0 − 5V 00) + 40Vi1

]}
Ψεy

ia1(x, y) =

= 4qV 11 Ca0
�010∂xΨεy

i�0(x, y) = 0,

∂2
x

[
7q∂2

x − 2∂x − 6(ha − V 00)
]
Ψε

ia2(x, y) = 0.

‚ ¸²ÊÎ ÖÌ B ¨ C, ±μ£¤  q = 0, ¢¸¥ ¸¢Ö§¨ (3.76) ¨ (3.77) ¸É ´μ¢ÖÉ¸Ö
É·¨¢¨ ²Ó´Ò³¨: ∂b+1

x Ψε
iab = 0, b = 0, 1, 2; ³¥¦¤Ê ±μ³¶μ´¥´É ³¨ Ψε

iab ¨ Ψε
ab

¨³¥ÕÉ¸Ö ¸¢Ö§¨

(3∂2
x + V 00 − h�)Ψε

i�0(x, y) = Vi0Ψε
�0(x, y),

∂x

[
5∂2

x − 3(ha − V 00)
]
Ψε

ia1(x, y) = 3Vi0∂xΨε
a1(x, y),

∂2
x

[
7∂2

x − 6(ha − V 00)
]
Ψε

ia2(x, y) = 6∂2
xΨε

a2(x, y),

(3.78)

  ±μ³¶μ´¥´ÉÒ Ψε
iab, b = 0, 1, Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ ¸¢Ö§Ö³:

[
2Vi0∂

3
x − Vi1(3∂2

x + V 00 − h�)
]
Ψε

i�0(x, y) = 0,

{
5Vi0∂

4
x − 3

[
6Vi2 + Vi0(2h� − V 00)

]
∂2

x+ (3.79)

+ (6Vi2 + Vi0h�)(h� − V 00)
}

Ψε
i�0(x, y) = 0,

∂x

[
9∂3

x − 20 ∂2
x + 12(ha − V 00)

]
Ψε

ia1(x, y) = 0.
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� §²μ¦¥´¨Ö ¢ Dσ-¡ §¨¸¥. ’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ¸É·μ¥´¨¥ Ë ¤¤¥¥¢¸±μ° ±μ³-
¶μ´¥´ÉÒ Ψε

i ¢ Dσ-¡ §¨¸¥.
� ¶μ³´¨³, ÎÉμ · §²μ¦¥´¨¥ ·¥Ï¥´¨Ö Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¶μ Dσ-

¡ §¨¸Ê Å ±μ´¥Î´ Ö ¸Ê³³  (3.49),   ¢¸²¥¤¸É¢¨¥ ¶·¥¤¸É ¢²¥´¨° (3.57) ¨ (3.58)
¢¸¥ Dσ-±μ³¶μ´¥´ÉÒ Ψεt

m′ ÔÉμ° ¸Ê³³Ò ¢ ¸²ÊÎ ¥ t = x Ö¢²ÖÕÉ¸Ö ·Ö¤ ³¨

Ψεx
m′(x, y, θ) =

∞∑
n=m′

xn

�+n−μ(σ)∑
a=m′

Ψnεx
am′(y)Θam′(u), (3.80)

  ¢ ¸²ÊÎ ¥ t = y Å ·Ö¤ ³¨

Ψεy
m′(x, y, θ) =

∞∑
n=μ(σ)

xn
n∑

b=m′

Ψnεy
bm′(y)Θbm′(u). (3.81)

�Ê¸ÉÓ ·¥Ï¥´¨¥ Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¶·¥¤¸É ¢²¥´μ ·Ö¤μ³ (3.49) ¸
Dσ-±μ³¶μ´¥´É ³¨ (3.80) ¨²¨ ·Ö¤μ³ (3.49) ¸ Dσ-±μ³¶μ´¥´É ³¨ (3.81),   ¢¸¥
±μ³¶μ´¥´ÉÒ ÔÉ¨Ì ·Ö¤μ¢ Ψnεt

im′(y), £¤¥ t = x ¨²¨ t = y, ¨§¢¥cÉ´Ò. ˆ¸¶μ²Ó§ÊÖ
É¥ ¦¥ ¶·¨¥³Ò, ÎÉμ ¨ ¶·¨ ¤μ± § É¥²Ó¸É¢¥ Ëμ·³Ê² (3.69), ´¥É·Ê¤´μ ¶μ± § ÉÓ,
ÎÉμ μ¡μ¨³ (t = x, y) ¶·¥¤¸É ¢²¥´¨Ö³ ËÊ´±Í¨¨ Ψε μÉ¢¥Î ÕÉ  ´ ²μ£¨Î´Ò¥
¶μ ¸É·μ¥´¨Õ · §²μ¦¥´¨Ö Ë ¤¤¥¥¢¸±μ° ±μ³¶μ´¥´ÉÒ Ψε

i ¨ · §²μ¦¥´¨Ö ¥¥ Dσ-
±μ³¶μ´¥´É Ψεt

im′ : ¶·¨ t = x

Ψε
i (x,y) =

�∑
m′=μ(σ)

D�σ∗
mm′(ωx)Ψεx

im′(x, y, θ), (3.82)

Ψεx
im′(x, y, θ) =

∞∑
n=μ(σ)

xn

�+n−μ(σ)∑
a=m′

Ψnεx
iam′(y)Θam′(u), (3.83)

  ¢ ¸²ÊÎ ¥ t = y

Ψε
i (x,y) =

�∑
m′=μ(σ)

D�σ∗
mm′(ωy)Ψεy

im′(x, y, θ), (3.84)

Ψεy
im′(x, y, θ) =

∞∑
n=μ(σ)

xn
n∑

b=m′

Ψnεy
ibm′(y)Θbm′(u). (3.85)

‚Ò¢μ¤ Ê· ¢´¥´¨° ¤²Ö ´¥¨§¢¥¸É´ÒÌ Θ-±μ³¶μ´¥´É Ψnεx
iam′ ¨ Ψnεy

ibm′ ¨§ Ê· ¢´¥-
´¨Ö (1.52), ¸μ¤¥·¦ Ð¥£μ ¢ ²¥¢μ° Î ¸É¨ ±μ³¶μ´¥´ÉÊ Ψε

i , ´¥¸²μ¦¥´. ‘´ Î ² 
Vi, H0 ¨ Ψε § ³¥´ÖÕÉ¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸Ê³³ ³¨ (1.31), (1.18) ¨ (3.49),
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(3.80) ¨²¨ (3.49), (3.81),   Ψε
i Å ¨¸±μ³Ò³ ·Ö¤μ³ (3.82) ¨²¨ (3.84). ‡ É¥³ ¶μ-

²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö ¶·μ¥Í¨·ÊÕÉ¸Ö ¸´ Î ²  ´  ËÊ´±Í¨¨ D�σ∗
mm′(ωt) c t = x ¨²¨

t = y,   § É¥³ ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ Θam′(u) ¨²¨ Θbm′(u).
‚¸¥ ¶· ¢¨²  ¤²Ö É ±μ£μ ¶μ¸²¥¤μ¢ É¥²Ó´μ£μ ¶·μ¥Í¨·μ¢ ´¨Ö ¶μ¤·μ¡´μ μ¶¨¸ ´Ò
¢ · ¡μÉ¥ [79].

‚ ¨Éμ£¥ ¤²Ö ¨¸±μ³ÒÌ Θ-±μ³¶μ´¥´É Ψnεt
iam′(y), t = x, y, ¶μ²ÊÎ ÕÉ¸Ö ·¥±Ê·-

·¥´É´Ò¥ ¶μ ¨´¤¥±¸Ê n Í¥¶μÎ±¨  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°. ‚ ¸²ÊÎ ¥ t = x
¶·¨ ²Õ¡ÒÌ n > μ(σ) ¨ m′ Ê· ¢´¥´¨Ö Í¥¶μÎ±¨ ¤²Ö ´¥¨§¢¥¸É´ÒÌ Ψnεx

iam′′(y)
§ Í¥¶²ÖÕÉ¸Ö ¶μ ¨´¤¥±¸Ê m′′ = m′, m′ ± 1, ¨ ¶μÔÉμ³Ê Í¥¶μÎ±  ´¥Ê¤μ¡´ 
¤²Ö ¥¥  ´ ²¨§  ¨ ¤ ²¥¥ ´¥ · ¸¸³ É·¨¢ ¥É¸Ö. ‚ ¸²ÊÎ ¥ t = y ¤²Ö ± ¦¤μ£μ
m′ = μ(σ), μ(σ)+1, . . . , � ¶μ²ÊÎ ¥É¸Ö ¶·μ¸É Ö ·¥±Ê··¥´É´ Ö (n = −2,−1, . . .)
Í¥¶μÎ± 

[b(b + 1) − (n + 2)(n + 3)] Ψn+2,εy
ibm′ (y) =

= −qΨn+1,εy
bm′ (y) −

n∑
p=0

VipΨn−p,εy
b′m′ (y)+

+ y−2
∑

m′′=m′±1

γ�σ
m′m′′ qb

m′m′′Ψnεy
ibm′′(y) −

[
hy

bm′(y) − V 00(y)
]
Ψnεy

ibm′(y), (3.86)

£¤¥ Ψnεx
ibm′ ≡ 0 ¶·¨ n < b ¨ ¶·¨ b < m′, hy

bm′(y) Å ¤¨ËË¥·¥´Í¨ ²Ó´Ò°
μ¶¥· Éμ·:

hy
bm′(y) ≡ − 1

y2
∂y(y2∂y) +

1
y2

[
�(� + 1) + b(b + 1) − 2m′2

]
+ V 00(y) − E,

  ±μÔËË¨Í¨¥´ÉÒ γ�σ
m′m′′ ¨ qb

m′m′′ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³ (1.23) ¨ (1.3).
�¥Ï¥´¨Ö Ψn+2,εy

ibm′ Ê· ¢´¥´¨° (3.86) Ê¤μ¡´μ ¨¸± ÉÓ ¢ ¶μ·Ö¤±¥ ¢μ§· ¸É -
´¨Ö (n = −2,−1, . . .) ¨´¤¥±¸  n ¨ Ê¡Ò¢ ´¨Ö (b = n, n − 1, . . .) ¨´¤¥±¸  b
¶·¨ ± ¦¤μ³ n. “· ¢´¥´¨¥ c b = n + 2 ¨³¥¥É ¢¨¤ 0 Ψn+2,εy

ibm′ = 0, ¶μÔÉμ³Ê
Ψn+2,εy

im′ (y) = gn+2,y
im′ (y), £¤¥ gn+2,y

im′ (y) Å ´¥±μÉμ· Ö ´¥É·¨¢¨ ²Ó´ Ö ËÊ´±Í¨Ö.
ˆ¸±²ÕÎ¥´¨¥ ¸μ¸É ¢²Ö¥É ¸²ÊÎ ° σ = (−1)�+1, m′ = 0, ±μ£¤  ¸μ£² ¸´μ (3.85)
Ψnεy

im′ = 0 ¶·¨ ¢¸¥Ì n. �μÔÉμ³Ê ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶μ² £ ¥³ gny
i0 (y) ≡ 0 ¶·¨

¢¸¥Ì n.
’¥¶¥·Ó ¶μ¸É·μ¨³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (3.85) ¸ m′ � 2 ¢ ¢¨¤¥

¶μ¤¸Ê³³ ¨Ì É·¥Ì ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¶·¨ x → 0 ¸² £ ¥³ÒÌ
¨ ¢Ò¢¥¤¥³ ¸¢Ö§¨ ¤²Ö Θ-±μ³¶μ´¥´É Ψεy

ibm′ . ‘´ Î ²  ¢ Ê· ¢´¥´¨ÖÌ (3.86) ¸
m′ � 2 § ³¥´¨³ ËÊ´±Í¨¨ Ψnε

bm′(y) ¸ n � 3 ¨Ì Ö¢´Ò³¨ ¢Ò· ¦¥´¨Ö³¨, ´ °-
¤¥´´Ò³¨ ¢ · ¡μÉ¥ [79]. ‡ É¥³ ·¥Ï¨³ ¶μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö ¨ ¢Ò· §¨³
·¥Ï¥´¨Ö Ψnεy

ibm′(y) Î¥·¥§ ´¥μ¶·¥¤¥²¥´´Ò¥ ËÊ´±Í¨¨ fny
m′ ≡ Ψnεy

bm′ ¨ gny
im′ ≡
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Ψnεy
ibm′ , · ¢´Ò¥ ¶·μ¨§¢μ¤´Ò³ (n!)−1∂n

xΨεy
m′(x, y) ¨ (n!)−1∂n

x Ψεy
im′(x, y) ¶·¨ x =

0 ¨ n = b. ˆ¸¶μ²Ó§ÊÖ ¶μ²ÊÎ¥´´Ò¥ ¢Ò· ¦¥´¨Ö, ¶·¥¤¸É ¢¨³  ¸¨³¶ÉμÉ¨±¨
·Ö¤μ¢ (3.85) c m′ � 2, É. ¥.  ¸¨³¶ÉμÉ¨±¨ Dσ-±μ³¶μ´¥´É Ψεy

im′ , m′ � 2,
¢ μ¡μ¨Ì ¸²ÊÎ ÖÌ σ = ±(−1)� ¢ ¢¨¤¥

Ψεy
i0 (x, y, θ) =

{
g0y

i0 +
qx

2
f0y
0 +

x2

12
[(2Vi0 + q2)f0y

0 + 2(hy
00 − V 00)g0y

i0 ]+

+
x3

144
[
q3 + 2q(4hy

00 + 3Vi0 − 3V 00) + 12Vi1

]
f0y
0

}
Θ00(u)+

+ x

[
g1y

i0 +
qx

4
f1y
0 +

x2

40
(4Vi0 + q2) f1y

0

]
Θ10(u)+

+
x3

10y2

{
y2[hy

10 − V 00] g1y
i0 − [2�(� + 1)(1 + σ(−1)�)]1/2g1y

i1

}
Θ10(u)+

+ x2
[
g2y

i1 +
qx

6
f2y
0

]
Θ20(u) + x3 g3y

i0 Θ30(u) + O(x4); (3.87)

Ψεy
i1 (x, y, θ) = x

[
g1y

i1 +
qx

4
f1y
1 +

x2

40
(4Vi0 + q2) f1y

1

]
Θ11(u)+

+
x3

10y2

{
y2(hy

11 − V 00) g1y
i1 − 2 [�(� + 1)]1/2

g1y
i0

}
Θ11(u)+

+ x2
[
g2y

i1 +
qx

6
f2y
1

]
Θ21(u) + x3 g3y

i1 Θ31(u) + O(x4);

Ψεy
i2 (x, y, θ) = x2

[
g2y

i2 +
qx

6
f2y
2

]
Θ22(u) + x3 g3y

i2 Θ32(u) + O(x4),

£¤¥ fny
m′ (y), gny

im′(y) Å ¶·μ¨§¢μ²Ó´Ò¥ ËÊ´±Í¨¨, ´μ fny
0 , gny

i0 ≡ 0 ¶·¨
σ = (−1)�+1.

’¥¶¥·Ó ´ °¤¥³ ¶·μ¨§¢μ¤´Ò¥ ∂n
x ¶μ²ÊÎ¥´´ÒÌ  ¸¨³¶ÉμÉ¨± ¨ É ±¨³ μ¡· -

§μ³ ¢Ò¢¥¤¥³ ¸¢Ö§¨ ¶·¨ x = 0, y > 0 ¤²Ö ¶·μ¥±Í¨° ∂n
x Ψεy

ibm′ ≡ (n!)Ψnεy
ibm′

¶·μ¨§¢μ¤´ÒÌ ∂n
x Ψεy

m′ ´  ËÊ´±Í¨¨ Θbm′(u). �·¨ x = 0 ¨ q �= 0 ¶·μ¥±Í¨¨
Ψεy

ibm′ Ë ¤¤¥¥¢¸±μ° ±μ³¶μ´¥´ÉÒ Ψε
i ¸¢Ö§ ´Ò ¸ ¶·μ¥±Í¨Ö³¨ Ψεy

bm′ ËÊ´±Í¨¨ Ψε

¸μμÉ´μÏ¥´¨Ö³¨

∂b
x [2∂xΨεy

ibm′(x, y) − qΨεy
bm′(x, y)] = 0, b � m′ = 0, 1, 2, (3.88)
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  ¤²Ö ¶·μ¥±Í¨° Ψεy
ibm′ ¨³¥ÕÉ¸Ö ¸¢Ö§¨[

3q∂2
x − (2Vi0 + q2)∂x − q(hy

00 − V 00)
]
Ψεy

i00(x, y) = 0,

∂x

{
12q∂2

x − [q3 + 2q(4hy
00 + 3Vi0 − 3V 00) + 12Vi1]

}
Ψεy

i00(x, y) = 0,

∂x

[
10q∂2

x − 3(4Vi0 + q2)∂x − 6q(hy
10 − V 00)

]
Ψεy

i10(x, y) = (3.89)

= −6q

y2

[
2�(� + 1)(1 + σ(−1)�)

]1/2
∂xΨεy

i11(x, y),

∂x

[
10q∂2

x − 3(4Vi0 + q2)∂x − 6q(hy
11 − V 00)

]
Ψεy

i11(x, y) =

= −12q[�(� + 1)]1/2∂xΨεy
i10(x, y).

‚ ¸²ÊÎ ÖÌ B ¨ C, ±μ£¤  q = 0, ¢¸¥ ÔÉ¨ ¸¢Ö§¨ ¢Ò·μ¦¤ ÕÉ¸Ö ¢ · ¢¥´¸É¢ 

∂a+1
x Ψεy

iam′(x, y)|x=0 = 0, a = 0, 1,

¨, ±·μ³¥ Éμ£μ, ¨³¥ÕÉ¸Ö ¸¢Ö§¨[
3∂2

x − (hy
00 − V 00)

]
Ψε

i00(x, y) = Vi0Ψ
εy
00(x, y);

{
2Vi0∂

3
x − Vi1

[
3∂2

x − (hy
00 − V 00)

]}
Ψεy

i00(x, y) = 0;

∂x

[
5∂2

x − 3(hy
10 − V 00)

]
Ψεy

i10(x, y)+ (3.90)

+
3
y2

[
2�(� + 1)(1 + σ(−1)�

]1/2
∂xΨεy

i11(x, y) = 3Vi0∂xΨε
10(x, y),

∂x

[
5∂2

x − 3(hy
11 − V 00)

]
Ψεy

i11(x, y)+

+
6
y2

[�(� + 1)]1/2 ∂xΨεy
i10(x, y) = 3Vi0 ∂xΨε

11(x, y).

‡ ³¥Î ´¨Ö. ‚ÒÏ¥ ¡Ò²μ ¶μ± § ´μ, ± ± ¶μ¸É·μ¨ÉÓ · §²μ¦¥´¨Ö μ¤´μ° Ë ¤-
¤¥¥¢¸±μ° ±μ³¶μ´¥´ÉÒ Ψε

i ¨ ¥¥ ¶ ·Í¨ ²Ó´ÒÌ ±μ³¶μ´¥´É Ψε
iab ¨ Ψεy

im′ ¢¡²¨§¨
ÉμÎ±¨ ¶ ·´μ£μ Ê¤ ·  ¤¢ÊÌ ¢Ò¡· ´´ÒÌ Î ¸É¨Í pj ¨ pk. �μ² £ Ö ¶μ¸²¥¤μ¢ -
É¥²Ó´μ i = 1, 2, 3 ¨ ¶μ¢Éμ·ÖÖ ± ¦¤Ò° · § ¢¸¥ ¶μ¸É·μ¥´¨Ö, ´¥É·Ê¤´μ ´ °É¨
· §²μ¦¥´¨Ö ¢¸¥Ì ¶ ·Í¨ ²Ó´ÒÌ ±μ³¶μ´¥´É Ψε

iab ¨ Ψεy
im′ , i = 1, 2, 3, ¢¡²¨§¨
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ÉμÎ¥± ¸Éμ²±´μ¢¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Î ¸É¨Í pj ¨ pk. ’ ±¨³ μ¡· §μ³ § ¢¥·-
Ï ¥É¸Ö ¶μ¸É·μ¥´¨¥ · §²μ¦¥´¨° ·¥Ï¥´¨° {Ψε

jab} ¨ {Ψεy
jm′} ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ

Ê· ¢´¥´¨° ” ¤¤¥e¢  ¢¡²¨§¨ ²Õ¡μ° ¨§ É·¥Ì ÉμÎ¥± ¶ ·´ÒÌ Ê¤ ·μ¢.
�·¨²μ¦¥´¨Ö ¨ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ. C· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ¤¨¸±·¥É-

´ÒÌ ¸¶² °´- ´ ²μ£μ¢ ¤¢Ê³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¤ ´ ¢ μ¡§μ·¥ [83]. ‚μ
¢¸¥ É ±¨¥  ´ ²μ£¨ ´¥¸²μ¦´μ ¢±²ÕÎ¨ÉÓ ¸¢Ö§¨ (3.76)Ä(3.79), ÎÉμ¡Ò Ê²ÊÎÏ¨ÉÓ
¶μÉμÎ¥Î´ÊÕ ¸Ìμ¤¨³μ¸ÉÓ ¢ÒÎ¨¸²Ö¥³μ£μ ·¥Ï¥´¨Ö ± ÉμÎ´μ³Ê ·¥Ï¥´¨Õ {Ψε

jab}
¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ · . �·¨³¥· É ±μ£μ ¢±²ÕÎ¥´¨Ö ¤ ´ ¢ [74].

Š ± ¡Ò²μ ¶μ± § ´μ ¢ÒÏ¥, ¢Ò¡μ· ¸¨¸É¥³Ò Sy ¢ ± Î¥¸É¢¥ ®¶μ¤¢¨¦´μ°¯
Ö¢²Ö¥É¸Ö ¶·¥¤¶μÎÉ¨É¥²Ó´Ò³, ¶μÉμ³Ê ÎÉμ ¶·¨ É ±μ³ ¢Ò¡μ·¥ Ë ¤¤¥¥¢¸±¨¥ Dσ-
±μ³¶μ´¥´ÉÒ Ψεy

im′ , m′ � μ(σ), ¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ ·  Î ¸É¨Í pj ¨ pk

Ê¸É·μ¥´Ò ¤μ¢μ²Ó´μ ¶·μ¸Éμ. �μÔÉμ³Ê ¤²Ö μ¶É¨³¨§ Í¨¨ Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢
¶·¥¤² £ ¥É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ ¢Ò¢¥¤¥´´Ò¥ ¢ [69] É·¥Ì³¥·´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢ 
¢ ¸²ÊÎ ¥ t = y. „μ± § ´´Ò¥ ¸¢Ö§¨ (3.88)Ä(3.90) ¸Éμ¨É ¢±²ÕÎ ÉÓ ¢ ¤¨¸±·¥É´Ò¥
¸¶² °´- ´ ²μ£¨ É ±¨Ì Ê· ¢´¥´¨° ¤²Ö Ê¸±μ·¥´¨Ö ¶μÉμÎ¥Î´μ° ¸Ìμ¤¨³μ¸É¨ ¢ÒÎ¨-
¸²Ö¥³ÒÌ Ë ¤¤¥¥¢¸±¨Ì Dσ-±μ³¶μ´¥´É Ψεy

im′ ± ÉμÎ´Ò³ ¢¡²¨§¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
(i = 1, 2, 3) ÉμÎ¥± ¶ ·´ÒÌ ¸μÊ¤ ·¥´¨°.

�¸´μ¢´μ° ¨Éμ£ ¤ ´´μ£μ ¢ÒÏ¥  ´ ²¨§  Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢¡²¨§¨ ÉμÎ±¨
¶ ·´μ£μ Ê¤ ·  Å ¤μ± § É¥²Ó¸É¢μ ¸²¥¤ÊÕÐ¥° É¥μ·¥³Ò ¸μμÉ¢¥É¸É¢¨Ö.

’¥μ·¥³  3.3. …¸²¨ ¢¸¥ Í¥´É· ²Ó´Ò¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Å
·Ö¤Ò (1.31), Éμ ¶·¨ x → 0 ¨ y > 0 ¶·¥¤¸É ¢²¥´¨Ö³ (3.35), (3.37) ¨ (3.49),
(3.52), (3.54) Ëμ·³ ²Ó´μ£μ ·¥Ï¥´¨Ö Ψε(x,y) Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.39) ¸μ-
μÉ¢¥É¸É¢ÊÕÉ  ´ ²μ£¨Î´Ò¥ ¶μ ¸É·μ¥´¨Õ · §²μ¦¥´¨Ö (3.69)Ä(3.70) ¨
(3.82)Ä(3.85) Ë ¤¤¥¥¢¸±μ° ±μ³¶μ´¥´ÉÒ Ψε

i (x,y) ÔÉμ£μ ·¥Ï¥´¨Ö. Šμ³¶μ´¥´ÉÒ
Ψnε

iab ¨ Ψnεy
ibm′ ÔÉ¨Ì · §²μ¦¥´¨° ¶μ¤Î¨´¥´Ò · §·¥Ï¨³Ò³ ¢ Ö¢´μ³ ¢¨¤¥ ·¥±Ê·-

·¥´É´Ò³ Í¥¶μÎ± ³  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° (3.72) ¨ (3.86).

4. �	‡‹�†…�ˆŸ ‚ ��…„…‹… ‹ˆ�…‰��‰ Š��”ˆƒ“�	–ˆˆ

� ¸ÉμÖÐ¨° · §¤¥² ¶μ¸¢ÖÐ¥´  ´ ²¨§Ê ¸É·μ¥´¨Ö ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ê· ¢-
´¥´¨° ˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢  ¢ ¶·¥¤¥²¥ ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î -
¸É¨Í. ‚ ÔÉμ³ ¶·¥¤¥²¥ ¨¸¸²¥¤ÊÕÉ¸Ö Ï¥¸É¨³¥·´Ò¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.39)
¨ ” ¤¤¥¥¢  (1.52) ¤²Ö ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í ¸ Í¥´É· ²Ó´Ò³¨ ¶ ·´Ò³¨ ¢§ ¨-
³μ¤¥°¸É¢¨Ö³¨ (1.31) ¡μ²¥¥ μ¡Ð¥£μ ¢¨¤ , Î¥³ ±Ê²μ´μ¢¸±¨¥. �¥£Ê²Ö·´Ò¥ μ¡Ð¨¥
¨ Î ¸É´Ò¥ ·¥Ï¥´¨Ö É ±¨Ì Ê· ¢´¥´¨° ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¡¥¸±μ´¥Î´Ò³¨ ·Ö¤ ³¨
¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ · ¸¸ÉμÖ´¨Ö oÉ μ¤´μ° Î ¸É¨ÍÒ ¤μ Í¥´É·  ³ ¸¸ ¤¢ÊÌ ¤·Ê£¨Ì
Î ¸É¨Í ¨ ¨¸±μ³Ò³ ËÊ´±Í¨Ö³ ¤·Ê£¨Ì É·¥ÌÎ ¸É¨Î´ÒÌ ±μμ·¤¨´ É. �μ¸É·μ¥-
´¨¥ É ±¨Ì ËÊ´±Í¨° ¢ Ê£²μ¢ÒÌ ¡ §¨¸ Ì, μ¡· §μ¢ ´´ÒÌ ¸Ë¥·¨Î¥¸±¨³¨ (1.5) ¨
¡¨¸Ë¥·¨Î¥¸±¨³¨ (1.6) £ ·³μ´¨± ³¨ ¨²¨ ¸¨³³¥É·¨§μ¢ ´´Ò³¨ D-ËÊ´±Í¨Ö³¨
‚¨£´¥·  (1.9), ¸¢μ¤¨É¸Ö ± ·¥Ï¥´¨Õ ¶·μ¸ÉÒÌ  ²£¥¡· ¨Î¥¸±¨Ì ·¥±Ê··¥´É´ÒÌ
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Ê· ¢´¥´¨°. „²Ö ¶·μ¥±Í¨° Î ¸É´ÒÌ ·¥Ï¥´¨° Ψε ¨ {Ψε
1, Ψε

2, Ψε
3} Ê· ¢´¥´¨°

˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢  ´  Ê£²μ¢Ò¥ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ ¢Ò¢μ¤ÖÉ¸Ö £· ´¨Î´Ò¥
Ê¸²μ¢¨Ö ¢ ¶·¥¤¥²¥ ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í.

‚¶¥·¢Ò¥ ¶·¥¤²μ¦¥´´Ò¥ ¢ ´¥¤ ¢´¥° · ¡μÉ¥ [81] ¸¶μ¸μ¡Ò ¶μ¸É·μ¥´¨Ö · §-
²μ¦¥´¨° μ¡Ð¥£μ ¨ Î ¸É´μ£μ ·¥Ï¥´¨° Ψ ¨ Ψε Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ Ë ¤-
¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É É ±¨Ì ·¥Ï¥´¨° ¶·¨ x > 0 ¨ y → 0 ¶·¨´Í¨¶¨ ²Ó´μ ´¨Î¥³
´¥ μÉ²¨Î ÕÉ¸Ö μÉ ¨¸¶μ²Ó§μ¢ ´´ÒÌ ¤²Ö ¢Ò¢μ¤  · §²μ¦¥´¨° ¶·¨ x → 0 ¨ y > 0
¨ ·¥ ²¨§ÊÕÉ¸Ö ¶μ  ´ ²μ£¨Î´Ò³ ¸Ì¥³ ³. �μÔÉμ³Ê ´¨¦¥ ¶·¨¢μ¤ÖÉ¸Ö Éμ²Ó±μ
μ¸´μ¢´Ò¥ Ëμ·³Ê²Ò ¡¥§ ¨Ì ¶μ¤·μ¡´μ£μ ¤μ± § É¥²Ó¸É¢ . „²Ö É ±μ£μ ±· É±μ£μ
¨§²μ¦¥´¨Ö ¨³¥¥É¸Ö ¥Ð¥ μ¤´  ¶·μ¸É Ö ¶·¨Î¨´ . —Éμ¡Ò ¥¥ ¶μÖ¸´¨ÉÓ ¢ ¢¨¤¥ § -
³¥Î ´¨°, § ¢¥·Ï ÕÐ¨Ì ¸²¥¤ÊÕÐ¨° ¶Ê´±É, ¢Ò¢¥¤¥³ ¢ ´¥³ · §²μ¦¥´¨Ö ¶ ·´ÒÌ
¨ ¶μ²´μ£μ ¢§ ¨³μ¤¥°¸É¢¨°.

4.1. � §²μ¦¥´¨Ö ¶ ·´ÒÌ ¨ ¶μ²´μ£μ ¢§ ¨³μ¤¥°¸É¢¨°. �Ê¸ÉÓ ¶μÉ¥´Í¨ ²Ò
Vk, k �= i, Å ·Ö¤Ò (1.31). �μÉ¥´Í¨ ² Vi(x) ´¥ § ¢¨¸¨É μÉ y, ¶μÔÉμ³Ê ´¨± ±μ¥
¥£μ · §²μ¦¥´¨¥ ¤ ²¥¥ ´¥ ¶μÉ·¥¡Ê¥É¸Ö. ‚³¥¸Éμ (3.13) ¨¸¶μ²Ó§Ê¥³ ¶·¥¤¸É ¢-
²¥´¨¥

〈x,y|xk〉 = xk(x, y, u) =
cki x

(1 − 2uv + v2)−1/2
, v ≡ −yski

ckix
, (4.1)

¶μÔÉμ³Ê ¢³¥¸Éμ ·Ö¤μ¢ (3.14) ¤²Ö ¸² £ ¥³ÒÌ qk/xk ¸Ê³³ (1.31) ¶μ²ÊÎ ¥³

qk

xk
=

qk

ckix

∞∑
n=0

(
−ski y

ckix

)n

Pn(u), k �= i, (4.2)

¨ ¢Ò¢μ¤¨³ Ëμ·³Ê²Ê ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö

∂n
y xk

∣∣
y=0

= ski
n!

2n − 1

(
− ski

cki x

)n−1

[Pn(u) − Pn−2(u)] , n = 0, 1, . . .

	² £μ¤ ·Ö ¥° ·Ö¤ ’¥°²μ·  ¤²Ö V̄k, k �= i, ¸¢μ¤¨É¸Ö ±  ´ ²μ£Ê ¸Ê³³Ò (3.17)

V̄k(xk(x, y, u)) =
∞∑

p=0

yp

p∑
s=0

V̄ ps
k (cki x)Ps(u), (−1)p+s = 1. (4.3)

‚¸²¥¤¸É¢¨¥ (4.2), (4.3) ¶μ²´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ V = V1 + V2 + V3 ¢ ²Õ¡μ³ ¨§
É·¥Ì ¸²ÊÎ ¥¢ (1.32) Å ¤¢μ°´μ° ·Ö¤ Éμ£μ ¦¥ É¨¶ , ÎÉμ ¨ ¸Ê³³  (3.19)

V (x, y, u) = V (x,−y,−u) = V 00(x) +
∞∑

p=1

yp

p∑
s=0

V ps(x)Ps(u),

V ps(x) ≡ δps

∑
k �=i

qk

ckix

(
− ski

ckix

)p

+
∑
k �=i

V̄ ps
k (x), (−1)p+s = 0.

(4.4)
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‚ Î ¸É´μ¸É¨, ÔÉμÉ ·Ö¤ ´¥ ¨³¥¥É ¸¨´£Ê²Ö·´ÒÌ ¶·¨ y → 0 ¸² £ ¥³ÒÌ, ¨§-§ 
¶· ¢¨²  μÉ¡μ·  (−1)p+s = 1 ÔÉμÉ ·Ö¤ ¨´¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ § ³¥´Ò y →
−y, u → −u,   ¥£μ ®±μÔËË¨Í¨¥´ÉÒ¯ V ps(x) c p � 2 É ±μ¢Ò:

V 00(x) = Vi(x) +
∑
k �=i

[
qk

cki x
+ V̄k(ckix)

]
;

V 10(x) ≡ 0, V 11(x) =
∑
k �=i

ski

[
V̄ ′

k − qk

(cki x)2

]
;

V 20(x) =
1
6

∑
k �=i

s2
ki

[
V̄ ′′

k +
2V̄ ′

k

cki x

]
,

V 22(x) =
1
3

∑
k �=i

s2
ki

[
V̄ ′′

k − V̄ ′
k

cki x
+

3qk

(ckix)3

]
,

£¤¥ V̄ ′
k ¨ V̄ ′′

k Å ¶·μ¨§¢μ¤´Ò¥ ¶μ xk ¢ ÉμÎ±¥ xk = cki x, É. ¥. ¶·¨ y = 0.
ˆ§-§  Ê¶μ³Ö´ÊÉÒÌ ¸¢μ°¸É¢ ·Ö¤  (4.4) ±μ³¶μ´¥´ÉÒ ¢¸¥Ì μ¡¸Ê¦¤ ¥³ÒÌ ´¨¦¥
· §²μ¦¥´¨° ¶μ¤Î¨´ÖÉ¸Ö ¶·μ¸ÉÒ³ ¶· ¢¨² ³ μÉ¡μ· .

‡ ³¥Î ´¨Ö. �·¥¤¥² ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í (x > 0, y → 0)
¶μ²ÊÎ ¥É¸Ö ¨§ ¶·¥¤¥²  ¶ ·´μ£μ Ê¤ ·  (x → 0, y > 0) § ³¥´μ° x ↔ y. �·¨
É ±μ° § ³¥´¥ ¸¢μ¡μ¤´Ò° £ ³¨²ÓÉμ´¨ ´ H0(x,y) ´¥ ¨§³¥´Ö¥É¸Ö. � ¸¸³μÉ·¨³
· §²μ¦¥´¨¥ (3.18) ¶μ²´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö V ¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ ·  ¢
¸²ÊÎ ¥ C, ±μ£¤  q = 0 ¨ Vi1 = 0. �μ¸²¥ § ³¥´ cki ↔ ski, x ↔ y É ±μ¥ · §-
²μ¦¥´¨¥ ¶·¨³¥É ¢¨¤ · §²μ¦¥´¨Ö (4.4) ¶μ²´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö V ¢ ¶·¥¤¥²¥
²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í. ‘²¥¤μ¢ É¥²Ó´μ, Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· 
¢ ¶·¥¤¥²¥ (x > 0, y → 0) ¶μ²ÊÎ ¥É¸Ö ¨§ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢ ¶·¥¤¥²¥
(x → 0, y > 0) ¶μ¤¸É ´μ¢±μ° q, Vi1 = 0 ¨ § ³¥´ ³¨ cki ↔ ski, x ↔ y. ‚
¡¨¸Ë¥·¨Î¥¸±¨Ì £ ·³μ´¨± Ì (1.6) ¶·¨ É ±μ° § ³¥´¥ ¨´¤¥±¸Ò a ¨ b ³¥´ÖÕÉ¸Ö
³¥¸É ³¨,   ¶μ¤¢¨¦´ Ö ¸¨¸É¥³  ±μμ·¤¨´ É Sx ¸É ´μ¢¨É¸Ö ¸¨¸É¥³μ° Sy ¨ ´ μ-
¡μ·μÉ. �μÔÉμ³Ê ¢¸¥ · §²μ¦¥´¨Ö ·¥Ï¥´¨° Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢ 
¢ ¨¸¸²¥¤Ê¥³μ³ ´¨¦¥ ¶·¥¤¥²¥ ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í, ¢¸¥ Ê· ¢-
´¥´¨Ö ¤²Ö ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° É ±¨Ì · §²μ¦¥´¨°, ¢¸¥  ¸¨³¶ÉμÉ¨±¨ ¨ ¸¢Ö§¨
´¥¸²μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨§ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶μ ¸³Ò¸²Ê Ëμ·³Ê² ¶·¥¤Ò¤ÊÐ¥£μ · §-
¤¥²  ¸μ¢μ±Ê¶´μ¸ÉÓÕ § ³¥´

x ↔ y, cki ↔ ski, q → 0, Vi1 → 0, a ↔ b, a′ ↔ b′, Sx ↔ Sy.

4.2. � §²μ¦¥´¨Ö ·¥Ï¥´¨° Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . �μ¸É·μ¨³ · §²μ-
¦¥´¨Ö μ¡Ð¥£μ,   § É¥³ Î ¸É´μ£μ ·¥Ï¥´¨° Ψ ¨ Ψε Ï¥¸É¨³¥·´μ£μ Ê· ¢´¥´¨Ö
˜·¥¤¨´£¥·  (1.39) ¢ ´ ¨¡μ²¥¥ μ¡Ð¥³ ¸²ÊÎ ¥ A.
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� §²μ¦¥´¨¥ μ¡Ð¥£μ ·¥Ï¥´¨Ö. ˆ¸¸²¥¤Ê¥³ μ¡Ð¥¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ Ψ
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.39). ‚³¥¸Éμ (3.18) ¨ (3.25) ¨¸¶μ²Ó§Ê¥³ ·Ö¤ (4.4) ¨
¶·¥¤¸É ¢²¥´¨Ö

H(x,y) = −∂2
y − 2

y
∂y +

l2y
y2

+
∞∑

p=1

yp

p∑
s=0

V ps(x)Ps(u) + h(x) + E,

h(x) ≡ −∂2
x − 2

x
∂x +

l2x
x2

+ V 00(x) − E,

(4.5)

  ¢³¥¸Éμ ¶·¥¤¸É ¢²¥´¨° (3.23) ¨ (3.24) ¤²Ö Ψ ¶·¥¤¶μ² £ ¥³ · §²μ¦¥´¨Ö

Ψ(x,y) =
∞∑

n=0

ynΨn(x, ŷ), (4.6)

Ψn(x, ŷ) =
n∑

a=0

a∑
α=−a

Ψn
aα(x)Yaα(ŷ), Ψn

aα(x) ≡ 〈Yaα(ŷ)|Ψ(x, ŷ)〉. (4.7)

ˆ¸¶μ²Ó§ÊÖ (4.5)Ä(4.7), ¢Ò¢¥¤¥³ ¨§ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.39)  ´ ²μ£ Í¥-
¶μÎ±¨ (3.32),   ¨³¥´´μ Í¥¶μÎ±Ê ·¥±Ê··¥´É´ÒÌ ¶μ n Ê· ¢´¥´¨°

[a(a + 1) − (n + 2)(n + 3)] Ψn+2
aα (x) =

= −h(x)Ψn
aα(x) −

n∑
p=1

p∑
s=0

(−1)s

[
4π

2s + 1

]1/2

×

× V ps(x)
n−p∑
a′=0

a′∑
α′=−a′

Ca′0
s0a0 Caα

sβa′α′ Y ∗
sβ(x̂)Ψn−p

a′α′ (x), (4.8)

£¤¥ n = −2,−1, . . . ¨ ¶μ μ¶·¥¤¥²¥´¨Õ Ψn
aα ≡ 0 ¶·¨ n < 0. ‚ ÔÉμ° Í¥¶μÎ±¥

V ps ≡ 0, ¥¸²¨ (p + s) ´¥Î¥É´μ¥ ¨ Ca′0
s0a0 = 0, ¥¸²¨ (a′ + s + a) ´¥Î¥É´μ¥.

�μÔÉμ³Ê ´¥¸²μ¦´μ ¤μ± § ÉÓ ¶μ ¨´¤Ê±Í¨¨ ¸²¥¤ÊÕÐ¨¥ ÊÉ¢¥·¦¤¥´¨Ö Ψn
aα ≡ 0,

¥¸²¨ a > n ¨²¨ (n + a) ´¥Î¥É´μ¥, ËÊ´±Í¨¨ Ψn
aα ¸ a = n Å ¶·μ¨§¢μ²Ó´Ò¥,

  ¢¸¥ μ¸É ²Ó´Ò¥ ËÊ´±Í¨¨ Ψn
aα ≡ 0 ¸ a < n ¢Ò· ¦ ÕÉ¸Ö Ö¢´μ Î¥·¥§ ´¨Ì.

� ¶·¨³¥·,  ´ ²μ£¨ Ëμ·³Ê² (3.33), (3.34) Å ¤μ¢μ²Ó´μ ¶·μ¸ÉÒ¥ ¢Ò· ¦¥´¨Ö

Ψ2
1α(x) = 0, Ψ2

00(x) =
1
6
h(x)Ψ0

00(x);

Ψ3
2α(x) ≡ 0, Ψ3

00(x) = 0, (4.9)

Ψ3
1α(x) =

1
10

h(x)Ψ1
1α(x) +

√
π

15
V 11(x)Ψ0

00(x)Y ∗
1α(x̂).

� §²μ¦¥´¨Ö Î ¸É´μ£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö ¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥.
�μ¸É·μ¨³ · §²μ¦¥´¨Ö ¡¨¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É Ψε

ab ·Ö¤  (1.40) Î ¸É´μ£μ
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·¥Ï¥´¨Ö Ψε. ˆ¸¶μ²Ó§ÊÖ ¶·μ¥±Éμ· (1.15), ¤μ± §Ò¢ ¥³, ÎÉμ μ¡· § Ψε = ΠεΨ
·Ö¤  (4.6) Å ¸É¥¶¥´´μ° ·Ö¤

Ψε(x,y) =
∞∑

n=μ(σ)

ynΨnε(x, ŷ), Ψnε(x̂,y) ≡ ΠεΨn(x̂,y), (4.10)

¢ ±μÉμ·μ³ ¢¸²¥¤¸É¢¨¥ Ëμ·³Ê² (4.7) ËÊ´±Í¨¨ Ψnε Å ±μ´¥Î´Ò¥ ¸Ê³³Ò

Ψnε(x, ŷ) =
n∑

a=μ(σ)

∑
b

Ψnε
ab (x)Y�m

ab (x̂, ŷ),

Ψnε
ab (x) ≡ 〈Y�m

ab (x̂, ŷ)|Ψn(x, ŷ)〉,
(4.11)

  ¨Ì ±μ³¶μ´¥´ÉÒ Ψnε
ab ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¶·μ¥±Í¨¨ ËÊ´±Í¨° Ψn ¨ Ψn

aα:

Ψnε
ab (x) =

b∑
β=−b

C�m
aαbβ〈Yaα(ŷ)Ybβ(x̂)|Ψn(x, ŷ)〉 =

=
b∑

β=−b

C�m
aαbβ〈Ybβ(x̂)|Ψn

aα(x)〉, (4.12)

£¤¥ Ψnε
ab ≡ 0 ¶·¨ ´¥Î¥É´μ³ (n + a), É ± ± ± ¢ ÔÉμ³ ¸²ÊÎ ¥ Ψnε

aα ≡ 0.
’¥¶¥·Ó μ¡· § Ψε = ΠεΨ ·Ö¤  (4.6) ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ

¡¨¸Ë¥·¨Î¥¸±μ³Ê ¡ §¨¸Ê (1.6):

Ψε(x,y) =
∑
ab

Ψε
ab(x, y)Y�m

ab (x̂, ŷ),

Ψε
ab(x, y) ≡ 〈Y�m

ab (x̂, ŷ)|Ψ(x,y)〉 =
∞∑

n=a�μ(σ)

ynΨnε
ab (x), (−1)n+a = 1,

(4.13)

¨ ¢Ò¢¥¤¥³ ¤²Ö ¨¸±μ³ÒÌ ±μ³¶μ´¥´É Ψn
ab  ´ ²μ£ ·¥±Ê··¥´É´μ° Í¥¶μÎ±¨ (3.39):

[a(a + 1) − (n + 2)(n + 3)] Ψn+2,ε
ab (x) = −hb(x)Ψnε

ab (x)−

− (−1)a+b−�
n∑

p=1

p∑
s=0

(−1)sV ps(x)
n−p∑
a′=0

(2a′ + 1)1/2×

×
�+a∑

b′=|�−a′|
(2b′ + 1)1/2 × Ca0

s0a′0 Cb0
s0b′0

{
a a′ s
b′ b �

}
Ψn−p,ε

a′b′ (x),

n = −2,−1, . . . ; a = 0, 1, . . . , n, (4.14)
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£¤¥ hb Å ¤¨ £μ´ ²Ó´Ò° ³ É·¨Î´Ò° Ô²¥³¥´É μ¶¥· Éμ·  h(x) ¢ ¡ §¨¸¥ (1.6):

〈Y�m
ab |h(x)|Y�m

a′b′〉 = δaa′δbb′hb(x),

hb(x) ≡ −∂2
x − (2/x)∂x + b(b + 1)/x2 + V 00(x) − E,

(4.15)

¸Ê³³Ò (n + b) ¨ (� + μ(σ)) Å Î¥É´Ò¥ ¨²¨ ´¥Î¥É´Ò¥ μ¤´μ¢·¥³¥´´μ, n � a � 0
¨ (n+a) Å Î¥É´μ¥,   ËÊ´±Í¨¨ Ψnεx

ab ¸ ¨´Ò³¨ ¨´¤¥±¸ ³¨ Éμ¦¤¥¸É¢¥´´μ · ¢´Ò
´Ê²Õ. �·¨ n = a Í¥¶μÎ±¥ (4.14) Ê¤μ¢²¥É¢μ·ÖÕÉ ¶·μ¨§¢μ²Ó´Ò¥ ËÊ´±Í¨¨ Ψnεx

ab ,
Î¥·¥§ ±μÉμ·Ò¥ ¢Ò· ¦ ÕÉ¸Ö ¢¸¥ μ¸É ²Ó´Ò¥ ËÊ´±Í¨¨ Ψnεx

ab c a < n.
�Ê¸ÉÓ Ψnε

ab �= 0 ¶·¨ n = a � 4. ‚Ò· §¨¢ ·¥Ï¥´¨Ö Ψnε
ab , n � 4, Í¥-

¶μÎ±¨ (4.14) Î¥·¥§ ´¥¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ ∂n
y Ψε

ab|y=0 = (n!)Ψnε
ab c a = n,

¤μ± §Ò¢ ¥³  ¸¨³¶ÉμÉ¨±Ê ±μ³¶μ´¥´ÉÒ Ψε
0�:

Ψε
0�(x, y) =

{
1 +

y2

6
h�(x) +

y4

120
[
h2

�(x) + 6V 20(x)
]}

Ψε
�0(x, 0)−

−
√

3
60

y4 V 11(x)
∑

b′=|�±1|
Cb′0

�010∂yΨε
1b′(x, y)|y=0 + O(y6), (4.16)

 ¸¨³¶ÉμÉ¨±¨ ±μ³¶μ´¥´É Ψε
1b ¸ ¨´¤¥±¸μ³ b = |� ± (1 − μ(σ))|:

Ψε
1b(x, y) = y

[
1 +

y2

10
hb(x)

]
∂yΨε

1b(x, y)|y=0−

−
√

3
30

y3 V 11(x)Cb0
�010Ψ

ε
0�(x, 0) + O(y5) (4.17)

¨  ¸¨³¶ÉμÉ¨±¨ ±μ³¶μ´¥´É Ψε
2b ¸ ¨´¤¥±¸μ³ b = |� ± μ(σ)|, |� ± (2 − μ(σ))|:

Ψε
2b(x, y) =

y2

2

[
1 +

y2

14
hb(x)

]
∂2

yΨε
2b(x, y)|y=0 −

(−1)�+b

7
√

2
y4V 11(x)×

×
∑

b′=|b±1|
(2b′ + 1)1/2 Cb0

b′010

{
2 1 1

b′ b �

}
∂yΨε

1b′(x, y)|y=0+

+
[

y4

14
√

5

]
V 22(x)Cb0

�020Ψ
ε
0�(x, 0) + O(y6). (4.18)

‡ É¥³ ´ Ìμ¤¨³ ¸¢Ö§¨ ¶·¨ y = 0 ¨ x > 0: ¤²Ö ±μ³¶μ´¥´ÉÒ Ψε
�0[

3∂2
y − h�(x)

]
Ψε

0�(x, y) = 0,
(4.19)[

5∂4
y − h2

� (x) − 6V 20(x)
]
Ψε

0�(x, y) = −2
√

3V 11(x)
∑

b′=|�±1|
Cb′0

�010∂yΨε
1b′(x, y),
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¤²Ö ±μ³¶μ´¥´É Ψε
1b ¸ ¨´¤¥±¸μ³ b = |� ± (1 − μ(σ))|

∂y

[
5∂2

y − 3hb(x)
]
Ψε

1b(x, y) = −
√

3V 11(x)Cb0
�010Ψ

ε
0�(x, y) (4.20)

¨ ¤²Ö ±μ³¶μ´¥´É Ψε
2b ¸ ¨´¤¥±¸μ³ b = |� ± μ(σ)|, |� ± (2 − μ(σ))|,

√
10∂2

y

[
7∂2

x − 6hb(x)
]
Ψε

2b(x, y) =

= 12
√

2V 22(x)Cb0
�020Ψ

ε
0�(x, y) − 24

√
5 (−1)�+b V 11(x)×

×
∑

b′=|b±1|
(2b′ + 1)1/2 Cb0

b′010

{
2 1 1

b′ b �

}
∂yΨε

1b′(x, y). (4.21)

‡ ³¥Î ´¨Ö. “± ¦¥³ ¢ ¦´Ò¥ ¸²¥¤¸É¢¨Ö ¶· ¢¨²  μÉ¡μ·  (−1)n+a = 1 ¤²Ö
·Ö¤  (4.13). Š ¦¤ Ö ¥£μ ±μ³¶μ´¥´É  Ψε

ab Å ¸É¥¶¥´´μ° ·Ö¤ ¶μ Î¥É´Ò³ (´¥Î¥É-
´Ò³) ¸É¥¶¥´Ö³  ·£Ê³¥´É  y, ¥¸²¨ a Î¥É´μ¥ (´¥Î¥É´μ¥),   Ψε

ab(x, y) = O(ya)
¶·¨ y → 0 ¨ x > 0. �μÔÉμ³Ê ¢¸¥ ±μ³¶μ´¥´ÉÒ Ψε

ab ¶μ¤Î¨´ÖÕÉ¸Ö ¶·¨ y = 0
¨ x > 0 É·¨¢¨ ²Ó´Ò³ ¸¢Ö§Ö³: ∂n

y Ψε
ab = 0, £¤¥ n Å Î¥É´μ¥, a Å ´¥Î¥É´μ¥

¨²¨ ´ μ¡μ·μÉ. �μ Éμ° ¦¥ ¶·¨Î¨´¥ ¨ ¢ ¸¨²Ê · ¢¥´¸É¢ (4.10)Ä(4.13) ¢¥·´μ
¶·¥¤¸É ¢²¥´¨¥

Ψε(x,y) =
∞∑

n=μ(σ)

yn
n∑

a=μ(σ)

∑
b

Ψnε
ab (x)Y�m

ab (x̂, ŷ), (−1)n+a = 1, (4.22)

¨§ ±μÉμ·μ£μ ¸²¥¤Ê¥É ¸μμÉ´μÏ¥´¨¥ Ψε(x,y) = O(yμ(σ)) ¶·¨ y → 0 ¨ x > 0.

� §²μ¦¥´¨Ö Î ¸É´μ£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö ¢ Dσ-¡ §¨¸¥. �μ²ÊÎ¨³
· §²μ¦¥´¨Ö Dσ-±μ³¶μ´¥´É Ψεt

m′ ·Ö¤  (3.49). „¥°¸É¢ÊÖ ¶·μ¥±Éμ·μ³ (1.17) ´ 
¡¨¸Ë¥·¨Î¥¸±¨° ·Ö¤ (4.11) ¨ ¶·¨³¥´ÖÖ Ëμ·³Ê²Ò (1.12), ¢Ò¢μ¤¨³  ´ ²μ£¨ ¶·¥¤-
¸É ¢²¥´¨° (3.50)Ä(3.55),   ¨³¥´´μ ¤μ± §Ò¢ ¥³, ÎÉμ

Ψεt
m′(x, y, θ) =

∞∑
n=0

ynΨnεt
m′ (x, θ), m′ = μ(σ), . . . , �, t = x, y, (4.23)

£¤¥ ¶·¨ t = x ¨´¤¥±¸ n � m′,   Ψnεt
m′ Å ±μ´¥Î´ Ö ¸Ê³³  ¶μ ¨´¤¥±¸Ê a:

Ψnεx
m′ (x, θ) =

n∑
a=m′

Ψnεx
am′(x)Θam′(u), (−1)n+a = 1, (4.24)

c Θ-±μ³¶μ´¥´É ³¨

Ψnεx
am′(x) ≡ 〈Θam′(u)|Ψnεx

m′ (x, θ)〉 =
�+a−μ(σ)∑

b=|�−a+μ(σ)|
T �m′

ab Ψnε
ab (x), (4.25)
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  ¶·¨ t = y Å ±μ´¥Î´ Ö ¸Ê³³  ¨´¤¥±¸Ê b:

Ψnεy
m′ (x, θ) =

�+n−μ(σ)∑
b=m′

Ψnεy
bm′(x)Θbm′(u), (4.26)

¸ Θ-±μ³¶μ´¥´É ³¨

Ψnεy
bm′(x) ≡ 〈Θbm′(u)|Ψnεy

m′ (x, θ)〉 =
n∑

a=|�−b+μ(σ)|
(−1)m′

T �m′

ba Ψnε
ab (x). (4.27)

� ¸¸³μÉ·¨³ ¸Ê³³Ò (4.24) ¨ (4.25). �Ê¸ÉÓ n = a, Éμ£¤  ¢¸¥ ±μ³¶μ´¥´ÉÒ
Ψnε

ab ¸Ê³³Ò (4.25) Å ´¥μ¶·¥¤¥²¥´´Ò¥ ËÊ´±Í¨¨, §´ Î¨É, ¨ ÔÉ  ¸Ê³³ , É. ¥. ËÊ´±-
Í¨Ö Ψnεx

am′ ¸ a = n, Ö¢²Ö¥É¸Ö ´¥μ¶·¥¤¥²¥´´μ° ËÊ´±Í¨¥°  ·£Ê³¥´É  x. „ ²¥¥, ¢
¸Ê³³ Ì (4.24) ¨ (4.25) ¢¸¥£¤  a � m′, ¶μÉμ³Ê ÎÉμ ¸μ£² ¸´μ μ¶·¥¤¥²¥´¨Õ (1.12)
T �m′

ab = 0 ¶·¨ a < m′. �μ Éμ° ¦¥ ¶·¨Î¨´¥ Ψnεx
am′ ≡ 0, ¥¸²¨ m′ > a. ’ ± ± ±

n + a Å Î¥É´μ¥, Éμ ¢ ¸Ê³³¥ (4.24) a = m′, m′ + 2, . . . , n ¶·¨ Î¥É´μ³ n + m′ ¨
a = m′ + 1, m′ + 3, . . . , n ¶·¨ ´¥Î¥É´μ³ n + m′. ‚ ¸Ê³³¥ (4.25) Ψnε

ab ≡ 0, ¥¸²¨
a > n, ¶μÔÉμ³Ê Ψnεx

am′ ≡ 0 ¶·¨ a > n,   ¢ ¸Ê³³ Ì (4.24) ¨ (4.25) ¨´¤¥±¸Ò É -
±μ¢Ò, ÎÉμ n � a � m′. ‘²¥¤μ¢ É¥²Ó´μ, É ±¨³ ¦¥ μ£· ´¨Î¥´¨Ö³ ¶μ¤Î¨´ÖÕÉ¸Ö
¨´¤¥±¸Ò n, a ¨ m′ ¨ ¢ ¶μ²ÊÎ¥´´μ³ ¨§ (4.23) ¨ (4.24) · §²μ¦¥´¨¨

Ψεx
m′(x, y, θ) =

∞∑
n=m′

yn
n∑

a=m′

Ψnεx
am′Θam′(u), m′ = μ(σ), μ(σ) + 1, . . . , �. (4.28)

�μÔÉμ³Ê ¤¢  ¶¥·¢ÒÌ ¸² £ ¥³ÒÌ  ¸¨³¶ÉμÉ¨±¨ ± ¦¤μ° ±μ³¶μ´¥´ÉÒ Ψεx
m′ ¶·¨

y → 0, x > 0 ¸μ¤¥·¦ É Éμ²Ó±μ ´¥μ¶·¥¤¥²¥´´Ò¥ ËÊ´±Í¨¨ Ψnεx
nm′ , n = m′,

m′ + 1:

Ψεx
m′(x, y, θ) = ym′

[
Ψm′εx

m′m′(x)Θm′m′(u)+

+ yΨm′+1,εx
m′+1,m′(x)Θm′+1,m′(u) + O(y2)

]
. (4.29)

‡´ Î¨É, ± ¦¤ Ö ±μ³¶μ´¥´É  Ψεx
m′(x, y, θ) ¶·¨ y → 0 ¨ x > 0 ¤μ²¦´  ¨³¥ÉÓ

 ¸¨³¶ÉμÉ¨±Ê Ψεx
m′ = O(ym′

). �ÉμÉ Ë ±É ¡Ò² ¤μ± § ´ · ´¥¥ ¢ · ¡μÉ¥ [130].
’¥¶¥·Ó · ¸¸³μÉ·¨³ ¸Ê³³Ò (4.26) ¨ (4.27). ‚ ´¨Ì b � m′, ¶μÉμ³Ê ÎÉμ

¸μ£² ¸´μ μ¶·¥¤¥²¥´¨Õ (1.12) T �m′

ba = 0 ¶·¨ b < m′. �μ Éμ° ¦¥ ¶·¨Î¨´¥
Ψnεx

bm′ ≡ 0, ¥¸²¨ m′ > b. �¤´ ±μ Ψnεy
bm′ �= 0 ¶·¨ b > n, ¨ ¶μÔÉμ³Ê ¸Ê³³  (4.26)

¡μ²¥¥ ¸²μ¦´ Ö, Î¥³ ¸Ê³³  (4.24), ¢ ±μÉμ·μ° Ψnεx
am′ ≡ 0 ¶·¨ a > n.

“± ¦¥³ ¢ ¦´Ò¥ ¸¢μ°¸É¢  ¸¨³³¥É·¨¨ ±μ³¶μ´¥´É Ψnεx
m′ ¨ Ψnεy

m′ . ’ ± ± ± ¢
¶·¥¤¸É ¢²¥´¨¨ (4.24) cÊ³³  (n + a) Å Î¥É´μ¥ Î¨¸²μ, Éμ a = m′, m′ + 2, . . . , n
¶·¨ Î¥É´μ³ n + m′ ¨ a = m′ + 1, m′ + 3, . . . , n ¶·¨ ´¥Î¥É´μ³ n + m′, ¶μÔÉμ³Ê

Ψnεx
m′ (x, θ) = (−1)n+m′

Ψnεx
m′ (x, π − θ).
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�μ Éμ° ¦¥ ¶·¨Î¨´¥ ¢ ¶·¥¤¸É ¢²¥´¨¨ (4.26) ¸Ê³³Ò (a + b) ¨ (� + μ(σ)) μ¤´μ-
¢·¥³¥´´μ Î¥É´Ò¥ ¨²¨ ´¥Î¥É´Ò¥. �μÔÉμ³Ê (n + b) ¨ (� + μ(σ)) μ¤´μ¢·¥³¥´´μ
Î¥É´Ò¥ ¨²¨ ´¥Î¥É´Ò¥, ¸²¥¤μ¢ É¥²Ó´μ,

Ψnεy
m′ (x, θ) = (−1)�+μ(σ)Ψnεy

m′ (x, π − θ).

‚ ¸¨²Ê (4.23), (4.24) ¨ (4.26) ¤²Ö ·¥Ï¥´¨Ö (3.49) ¢³¥¸Éμ ·Ö¤μ¢ (3.52) ¨
(3.54) ¢¥·´Ò ¤¢  · §²μ¦¥´¨Ö:

Ψε(x,y) =
∞∑

n=μ(σ)

yn
�∑

m′=μ(σ)

D�σ∗
mm′(ωx)

n∑
a=m′

Ψnεx
am′(x)Θam′(u), (4.30)

Ψε(x,y) =
∞∑

n=μ(σ)

yn
�∑

m′=μ(σ)

D�σ∗
mm′(ωy)

�+n−μ(σ)∑
b=m′

Ψnεy
bm′(x)Θbm′ (u) (4.31)

¶μ É·¥³ ¸¨¸É¥³ ³ ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ËÊ´±Í¨°:

(y0, y1, . . .), (D�σ∗
mm′ , m′ = μ(σ), . . . , �) ¨ (Θam′ , a � m′) ¨²¨ (Θbm′ , b � m′).

�μÔÉμ³Ê ´¥¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ Ψnεx
am′(x) ¨ Ψnεy

bm′(x) Ê¤ ¥É¸Ö ¶μ¤Î¨´¨ÉÓ ²¨-
´¥°´Ò³ ¸¨¸É¥³ ³ Ê· ¢´¥´¨°. �·¨ t = y ¶μ²ÊÎ ¥É¸Ö ´¥Ê¤μ¡´ Ö ¤²Ö  ´ ²¨§ 
¸¨¸É¥³  ¸ É·¥Ì¤¨ £μ´ ²Ó´μ° ³ É·¨Í¥°,   ¶·¨ t = x Å ¤μ¢μ²Ó´μ ¶·μ¸É Ö
¸¨¸É¥³  ´¥§ Í¥¶²ÖÕÐ¨Ì¸Ö ¶μ m′ ¨ ·¥±Ê··¥´É´ÒÌ ¶μ n Ê· ¢´¥´¨°

[a(a + 1) − (n + 2)(n + 3)] Ψn+2,εx
am′ (x) =

= x−2
∑

m′′=m′±1

γ�σ
m′m′′ qa

m′m′′Ψnεx
am′′(x) − hx

am′(x)Ψnεx
am′(x)−

−
n∑

p=1

p∑
s=0

(−1)s V ps(x) (1 − δp1δs0)
n−p∑

a′=m′

Ca′0
s0a0 Cam′

s0a′m′Ψn−p,εx
a′m′ (x), (4.32)

£¤¥ ±μÔËË¨Í¨¥´ÉÒ γ�σ
m′m′′ ¨ qa

m′m′′ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³ (1.22) ¨ (1.3),
¢¢¥¤¥´μ μ¡μ§´ Î¥´¨¥

hx
am′(x) ≡ −x−2∂x(x2∂x)+

+ x−2
[
�(� + 1) + a(a + 1) − 2(m′)2

]
+ V 00(x) − E, (4.33)

¨´¤¥±¸Ò n, a, m′ É ±¨¥, ÎÉμ n � a � m′ � μ(σ) ¨ (n + a) Î¥É´μ¥, ¨ ¶μÔÉμ³Ê
Ψnεx

am′ = 0, ¥¸²¨ n < 0 ¨²¨ m′ > a ¨²¨ ¦¥ ¥¸²¨ (n + a) ´¥Î¥É´μ¥. �·¨
n = a ¨ ¢¸¥Ì m′ � μ(σ) Ê· ¢´¥´¨Ö³ (4.32) Ê¤μ¢²¥É¢μ·ÖÕÉ ²Õ¡Ò¥ ËÊ´±Í¨¨
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Ψnεx
am′ ≡ fnx

m′ (x)  ·£Ê³¥´É  x. —¥·¥§ ´¨Ì ¢Ò· ¦ ÕÉ¸Ö ¢¸¥ μ¸É ²Ó´Ò¥ ËÊ´±Í¨¨
Ψnεx

am′ ¸ n > a ¨ a � m′ � μ(σ). � ¶·¨³¥·, ¶·¨ n � 3 ¨ ²Õ¡μ³ σ

Ψ0εx
00 = f0x

0 ; Ψ1εx
1m′ = f1x

m′ , m′ = 0, 1;

Ψ2εx
00 =

1
6

hx
00 f0x

0 , Ψ2εx
2m′ = f2x

m′ , m′ = 0, 1, 2;

Ψ3εx
10 =

1
10

hx
10 f1x

0 +
√

3
30

V 11 f0x
0 − (4.34)

− 1
10x2

{
2�(� + 1)[1 + σ(−1)�]

}1/2
f1x
1 ,

Ψ3εx
11 =

1
10

hx
11 f1x

1 − [�(� + 1)]1/2
f1x
0 /(5x2),

¥¸²¨ σ = (−1)�+1, Éμ fnx
0 ≡ 0 ¶·¨ ¢¸¥Ì n,   ¢¸¥ μ¸É ²Ó´Ò¥ ËÊ´±Í¨¨ Ψnεx

am′ ¸
n � 3 ¢¸¥£¤  Éμ¦¤¥¸É¢¥´´μ · ¢´Ò ´Ê²Õ.

�Ê¸ÉÓ ¢ ·Ö¤ Ì (4.30) ËÊ´±Í¨¨ fnx
m′ ¸ n � 3 ¨ m′ � 2 μÉ²¨Î´Ò μÉ ´Ê²Ö.

’μ£¤ , ¨¸¶μ²Ó§ÊÖ (4.34), ´ Ìμ¤¨³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ÔÉ¨Ì ·Ö¤μ¢:

Ψεx
0 (x, y, θ) =

[
1 +

y2

6
hx

00(x)
]

f0x
0 (x)Θ00(u)+

+ y

[
1 +

y2

10
hx

10(x)
]

f1x
0 (x)Θ10(u)+

+
y3

10
√

3x2

{
x2V 11(x)f0x

0 (x) −
[
6�(� + 1)(1 + σ(−1)�)

]1/2
f1x
1 (x)

}
×

× Θ10(u) + y2 f2x
0 (x)θ20(u) + O(y4); (4.35)

Ψεx
1 (x, y, θ) = y2 f2x

1 (x)Θ21(u) + y

[
1 +

y2

10
hx

11(x)
]

f1x
1 (x)Θ11(u)−

−
[

y3

5x2

]
[�(� + 1)]1/2 f1x

0 (x)Θ11(u) + O(y4);

Ψεx
2 (x, y, θ) = y2 f2x

2 (x)Θ22(u) + O(y4)

¨ ¸²¥¤ÊÕÐ¨¥ ¨§ ´¨Ì ¸¢Ö§¨ ¤²Ö Θ-±μ³¶μ´¥´É Ψεx
am′ ¶·¨ y = 0, ´μ x > 0:

∂a
yΨεx

am′(x, y) = 0, a � m′ = μ(σ), 1, 2;[
3∂2

y − hx
00(x)

]
Ψε

00(x, y) = 0;

∂y

[
5∂2

y − 3hx
10(x)

]
Ψε

10(x, y) −
√

3V 11(x)Ψεx
00(x, y) = (4.36)

= −3x−2
{
2�(� + 1)[1 + σ(−1)�]

}1/2
∂yΨεx

11(x, y);

∂y

[
5∂2

y − 3hx
11(x)

]
Ψεx

11(x, y) = − 6
x2

[�(� + 1)]1/2∂yΨεx
10(x, y).
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‡ ³¥Î ´¨¥. ‚¸²¥¤¸É¢¨¥ ¶·¥¤¸É ¢²¥´¨Ö (4.29) ¨ Ëμ·³Ê²Ò (1.26) ¶·¨ y = 0,
x > 0 ¨ ¢¸¥Ì m′ ¨³¥ÕÉ¸Ö Ê´¨¢¥·¸ ²Ó´Ò¥ (´¥ § ¢¨¸ÖÐ¨¥ μÉ Ëμ·³Ò ¶ ·´ÒÌ
¢§ ¨³μ¤¥°¸É¢¨°) ¸¢Ö§¨, ¸μ¤¥·¦ Ð¨¥ ¶·μ¨§¢μ¤´ÊÕ ¶μ Ê£²Ê:

∂m′

y [sin θ∂θ − m′ cos θ] Ψεx
m′(x, y, θ) = 0,

∂m′+1
y {sin θ Θm′+1,m′(u) [∂θ − m′ cos θ]− (4.37)

−
√

2(m′ + 1) sin θ Θm′+1,m′+1(u)
}

Ψεx
m′(x, y, θ) = 0.

�·¨²μ¦¥´¨Ö ¨ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ. ˜¥¸É¨³¥·´μ¥ Ê· ¢´¥´¨¥ ˜·¥-
¤¨´£¥·  (1.38) ¶μ¤¸É ´μ¢±μ° (3.49) c t = x ¸¢μ¤¨É¸Ö ± ±μ´¥Î´μ° ¸¨¸É¥³¥
É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¨¸±μ³ÒÌ Dσ-±μ³¶μ´¥´É Ψεx

m′ ËÊ´±Í¨¨ Ψε. �·¨
¶μ¸É·μ¥´¨¨ ¤¨¸±·¥É´ÒÌ  ´ ²μ£μ¢ É ±μ° ¸¨¸É¥³Ò ¶·¥¤² £ ¥É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ
¸¢Ö§¨ (4.36) ¨ (4.37) ± ± ¤μ¶μ²´¨É¥²Ó´Ò¥ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö. ’ ±¨³ ¸¶μ¸μ-
¡μ³ ³μ¦´μ Ê²ÊÎÏ¨ÉÓ ¶μÉμÎ¥Î´ÊÕ ¸Ìμ¤¨³μ¸ÉÓ ¢ÒÎ¨¸²Ö¥³ÒÌ Dσ-±μ³¶μ´¥´É ±
ÉμÎ´Ò³ ¢¡²¨§¨ ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í.

‘Ëμ·³Ê²¨·Ê¥³ μ¸´μ¢´μ° ·¥§Ê²ÓÉ É ´ ¸ÉμÖÐ¥£μ · §¤¥²  ¢ ¢¨¤¥ ¤μ± § ´´μ°
É¥μ·¥³Ò ¸μμÉ¢¥É¸É¢¨Ö, Ö¢²ÖÕÐ¥°¸Ö  ´ ²μ£μ³ É¥μ·¥³Ò 3.2.

’¥μ·¥³  4.1. �Ê¸ÉÓ ¢¸¥ Í¥´É· ²Ó´Ò¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Å ·Ö-
¤Ò (1.31). ’μ£¤  ¢ ²Õ¡μ³ ¨§ É·¥Ì ¸²ÊÎ ¥¢ (1.32) Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (1.39)
¶·¨ x > 0 ¨ y → 0 ¨³¥¥É Ëμ·³ ²Ó´Ò¥ ·¥£Ê²Ö·´Ò¥ ·¥Ï¥´¨Ö Ψ ¨ Ψε, ¶·¥¤-
¸É ¢¨³Ò¥ ·Ö¤ ³¨ (4.6), (4.13) ¨ (3.38), (4.30), (4.31) ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ y.
Šμ³¶μ´¥´ÉÒ Ψn

aα, Ψnε
ab ¨ Ψnεx

am′ ÔÉ¨Ì ·Ö¤μ¢ ¶μ¤Î¨´¥´Ò ¶·μ¸ÉÒ³ ¨ · §·¥Ï¨-
³Ò³ Í¥¶μÎ± ³  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° (4.8), (4.14) ¨ (4.32), ·¥±Ê··¥´É´ÒÌ
¶μ ¨´¤¥±¸Ê n ¨ ´¥§ Í¥¶²ÖÕÐ¨Ì¸Ö ¶·¨ ¤ ´´μ³ n ¶μ ¨´¤¥±¸Ê b, ¨´¤¥±¸ ³ a, b
¨²¨ a, m′.

4.3. � §²μ¦¥´¨Ö ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢ . ‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²Ê-
Î ¥ x > 0, y → 0, ¢ μÉ²¨Î¨¥ μÉ · ´¥¥ · ¸¸³μÉ·¥´´μ£μ ¸²ÊÎ Ö x → 0, y > 0,
· §²μ¦¥´¨¥ ¶μÉ¥´Í¨ ²  Vi(x) ¢ ¸É¥¶¥´´μ° ·Ö¤ ¶μ ¶¥·¥³¥´´μ° x ≡ xi ´¥ É·¥¡Ê-
¥É¸Ö. �μÔÉμ³Ê · §²μ¦¥´¨Ö Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É Ψε

iab(x, y), Ψεt
im′(x, y) ¶·¨

x ≡ xi > 0 ¨ y ≡ yi → 0 Ö¢²ÖÕÉ¸Ö ¤μ¢μ²Ó´μ ¶·μ¸ÉÒ³¨ ·Ö¤ ³¨ ¶μ Í¥²Ò³ ¸É¥-
¶¥´Ö³  ·£Ê³¥´É  y ¨ ¢Ò¢μ¤ÖÉ¸Ö  ´ ²μ£¨Î´Ò³¨ μ¶¨¸ ´´Ò³ ¢ ¶. 3.4 ¸¶μ¸μ¡ ³¨.
„²Ö ¨§²μ¦¥´´μ£μ ¢ÒÏ¥ ¢Ò¢μ¤  ±²ÕÎ¥¢Ò³¨ ¡Ê¤ÊÉ · §²μ¦¥´¨Ö (3.49), (4.10)
¨ (4.30) Î ¸É´μ£μ ·¥Ï¥´¨Ö Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.39). ˆ¸¸²¥¤Ê¥³ ´ ¨-
¡μ²¥¥ μ¡Ð¨° ¸²ÊÎ ° A.

� §²μ¦¥´¨Ö ¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥. „μ± ¦¥³, ÎÉμ ¶·¥¤¸É ¢²¥-
´¨¥ (4.10) ·¥Ï¥´¨Ö Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥ ¶μ-
·μ¦¤ ¥É  ´ ²μ£¨Î´μ¥ ¶μ ¸É·μ¥´¨Õ · §²μ¦¥´¨¥ Ë ¤¤¥¥¢¸±μ° ±μ³¶μ´¥´ÉÒ Ψε

i :
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ÔÉ  ±μ³¶μ´¥´É  Å ¡¨¸Ë¥·¨Î¥¸±¨° ·Ö¤

Ψε
i (x,y) =

∑
ab

Ψε
iab(x, y)Y�m

ab (x̂, ŷ), (4.38)

¡¨¸Ë¥·¨Î¥¸±¨¥ ±μ³¶μ´¥´ÉÒ Ψε
iab É ±μ£μ ·Ö¤  Å ¸Ê³³Ò

Ψε
iab(x, y) =

∞∑
n=a

ynΨnε
iab(x), (−1)n+a = 1, (4.39)

¨ ¶μÔÉμ³Ê ¨³¥¥É ³¥¸Éμ ¶·¥¤¸É ¢²¥´¨¥

Ψε
i (x,y) =

∞∑
n=μ(σ)

yn
n∑

a=μ(σ)

�+a+μ(σ)∑
b=|�−a+μ(σ)|

Ψnε
iab(x)Y�m

ab (x̂, ŷ). (4.40)

„²Ö ¤μ± § É¥²Ó¸É¢  ¨¸¸²¥¤Ê¥³ Ê· ¢´¥´¨¥ Ë ¤¤¥¥¢¸±μ° ¸¨¸É¥³Ò (1.52), ¸μ-
¤¥·¦ Ð¥¥ ¢ ²¥¢μ° Î ¸É¨ ¨¸±μ³ÊÕ ±μ³¶μ´¥´ÉÊ Ψε

i . ‡ ³¥´¨³ ¢ ÔÉμ³ Ê· ¢´¥´¨¨
·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  Ψε ·Ö¤μ³ (4.10). �· ¢ Ö Î ¸ÉÓ ¶μ²ÊÎ¨¢Ï¥-
£μ¸Ö Ê· ¢´¥´¨Ö Å ·Ö¤ ¶μ ¸É¥¶¥´Ö³  ·£Ê³¥´É  y ¨ ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³ Y�m

ab .
�μÔÉμ³Ê ¨¸±μ³μ¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ Ψε

i ³μ¦¥É ¡ÒÉÓ Éμ²Ó±μ ·Ö¤μ³ Éμ£μ ¦¥
É¨¶ , ´μ ¶μ±  ¡¥§ ¤μ¶μ²´¨É¥²Ó´ÒÌ μ£· ´¨Î¥´¨° ´  ¨´¤¥±¸Ò a, b ¨ n, ±·μ³¥
Ê¸²μ¢¨° É·¥Ê£μ²Ó´¨±  a + b = l ¨ Î¥É´μ¸É¨ (−1)a+b = σ:

Ψε
i (x,y) =

∞∑
n=0

yn
∑
ab

Ψnε
iab(x)Y�m

ab (x̂, ŷ). (4.41)

‚ ¨¸¸²¥¤Ê¥³μ³ Ê· ¢´¥´¨¨ § ³¥´¨³ Ψε
i É ±¨³ ·Ö¤μ³. ˆ¸¶μ²Ó§ÊÖ ¶·μ¥±Éμ·

(1.15), c¶·μ¥Í¨·Ê¥³ ¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ ´  ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ Y�m
ab (x̂, ŷ).

‚ ·¥§Ê²ÓÉ É¥ ¤²Ö ± ¦¤μ° Ë¨±¸¨·μ¢ ´´μ° ¶ ·Ò ¨´¤¥±¸μ¢ a ¨ b ¨¸±μ³Ò¥ ±μ³-
¶μ´¥´ÉÒ Ψnε

iab(x), n = 0, 1, . . ., ¶μ¤Î¨´ÖÉ¸Ö  ²£¥¡· ¨Î¥¸±μ° ¨ ·¥±Ê··¥´É´μ° ¶μ
¨´¤¥±¸Ê n Í¥¶μÎ±¥ Ê· ¢´¥´¨°

[a(a + 1) − (n + 2)(n + 3)] Ψn+2,ε
iab (x) =

= −
[
hb(x) − V 00(x)

]
Ψnε

iab(x) − Vi(x)Ψnε
ab (x), n = −2,−1, . . . , (4.42)

£¤¥ hb Å μ¶¥· Éμ· (4.15),   Ψnε
ab (x) Å ËÊ´±Í¨¨, ¨¸¸²¥¤μ¢ ´´Ò¥ ¢ · §¤. 4.

�Ê¸ÉÓ ¢ ÔÉμ° Í¥¶μÎ±¥ a > n ¨²¨ n < μ(σ), ¨²¨ ¦¥ n+a Å ´¥Î¥É´μ¥. ’μ£¤ 
Ψnε

ab (x) ≡ 0 ¸μ£² ¸´μ (4.10) ¨ ¶μÔÉμ³Ê Ψnε
iab(x) ≡ 0. „ ²¥¥ ¶μ² £ ¥³ a � n,

a � μ(σ),   ¸Ê³³Ê n + a ¸Î¨É ¥³ Î¥É´Ò³ Î¨¸²μ³. �·¨ É ±¨Ì μ£· ´¨Î¥´¨ÖÌ ´ 
¨´¤¥±¸Ò ¶·μ¡´Ò° ·Ö¤ (4.41) ¸É ´μ¢¨É¸Ö ·Ö¤μ³ (4.40),   ¨¸¸²¥¤Ê¥³ Ö Í¥¶μÎ± 
Ê¸É·μ¥´  É ± ¦¥, ± ± ¨ Í¥¶μÎ±  (4.14) ¤²Ö ËÊ´±Í¨° Ψnε

ab , ¨ ¶μÔÉμ³Ê · §·¥Ï¨³ :
¶·¨ ¤ ´´ÒÌ a ¨ b ¢¸¥ ¨¸±μ³Ò¥ ËÊ´±Í¨¨ Ψnε

iab ¸ n > a ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§
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´¥μ¶·¥¤¥²¥´´ÊÕ ËÊ´±Í¨Õ Ψnε
iab(x) ¸ n = a ¨ ¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ Ψnε

ab . ‡´ Î¨É,
·Ö¤Ò (4.39) ¨ (4.40) ¸ÊÐ¥¸É¢ÊÕÉ, ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ.

�É³¥É¨³, ÎÉμ ¸μ£² ¸´μ (4.39) Ë ¤¤¥¥¢¸±¨¥ ±μ³¶μ´¥´ÉÒ Ψε
iab(x, y) ¸ Î¥É-

´Ò³ (´¥Î¥É´Ò³) ¨´¤¥±¸μ³ a Å ·Ö¤Ò ¶μ Î¥É´Ò³ (´¥Î¥É´Ò³) ¸É¥¶¥´Ö³  ·£Ê-
³¥´É  y.

�μ²ÊÎ¨³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (4.39) ¸ a � 2 ¢ ¢¨¤¥ ¶μ¤¸Ê³³ ¨Ì
Î¥ÉÒ·¥Ì ¨²¨ É·¥Ì ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¶·¨ y → 0 ¸² £ ¥³ÒÌ.
‡ É¥³ ¢Ò¢¥¤¥³ ¸¢Ö§¨ ¶·¨ y = 0 ¨ x > 0 ¤²Ö ¶·μ¨§¢μ¤´ÒÌ ∂n

y Ψε
iab.

‘´ Î ²  ´ °¤¥³ ËÊ´±Í¨¨ Ψnε
ab (x) ¸ n � 4 ± ± Ö¢´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥-

´¨° (4.14). ‡ É¥³ ¢ Ê· ¢´¥´¨ÖÌ (4.42) § ³¥´¨³ ËÊ´±Í¨¨ Ψnε
ab (x) ¸ n � 4

¨Ì ´ °¤¥´´Ò³¨ ¢Ò· ¦¥´¨Ö³¨. „ ²¥¥ ·¥Ï¨³ ¶μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö ¨ ¢Ò· -
§¨³ ËÊ´±Í¨¨ Ψnε

iab(x) ± ± ±μ³¡¨´ Í¨¨ ´¥μ¶·¥¤¥²¥´´ÒÌ ËÊ´±Í¨° Ψnε
ab ¨ Ψnε

iab

¸ n = a, · ¢´ÒÌ ¶·μ¨§¢μ¤´Ò³ (n!)−1∂n
y Ψε

ab(x, y) ¨ (n!)−1∂n
y Ψε

iab(x, y) ¶·¨
y = 0 ¨ n = a. ˆ¸¶μ²Ó§ÊÖ É ±¨¥ ±μ³¡¨´ Í¨¨, ¢Ò¢¥¤¥³ ¨¸±μ³Ò¥  ¸¨³¶ÉμÉ¨±¨
·Ö¤μ¢ (4.39) ¸ a � 2,   ¨³¥´´μ,  ¸¨³¶ÉμÉ¨±Ê ±μ³¶μ´¥´ÉÒ Ψε

i0�:

Ψε
i0�(x, y) =

{
1 +

y2

6
(h� − V 00)

[
1 +

y2

20
(h� − V 00)

]}
Ψε

i0�(x, 0)+

+
y2

6

{
Vi +

y2

20
[
(h� − V 00)Vi + Vi h�

]}
Ψε

0�(x, 0) + O(y6), (4.43)

 ¸¨³¶ÉμÉ¨±¨ ±μ³¶μ´¥´É Ψε
i1b ¸ ¨´¤¥±¸μ³ b = |� ± (1 − μ(σ))|:

Ψε
i1b(x, y) = y

[
1 +

y2

10
(hb − V 00)

]
∂yΨε

i1b(x, y)|y=0 +

+
y3

10
Vi∂yΨε

1b(x, y)|y=0 + O(y5) (4.44)

¨  ¸¨³¶ÉμÉ¨±¨ ±μ³¶μ´¥´É Ψε
i2b ¸ ¨´¤¥±¸μ³ b = |� + μ(σ)|, |� ± (2 − μ(σ)|:

Ψε
i2b(x, y) =

y2

2

[
1 +

y2

14
(hb − V 00)

]
∂2

yΨε
i2b(x, y)|y=0 +

+
y4

28
Vi∂

2
yΨε

2b(x, y)|y=0 + O(y6). (4.45)

‚ÒÎ¨¸²¨¢ ¶·μ¨§¢μ¤´Ò¥ ∂n
y , n � 4, μÉ ÔÉ¨Ì  ¸¨³¶ÉμÉ¨±, ¶μ²ÊÎ ¥³ ¸¢Ö§¨ ¶·¨

y = 0 ¨ x > 0 ³¥¦¤Ê ±μ³¶μ´¥´É ³¨ Ψε
iab ¨ Ψε

ab:[
3∂2

y − h�(x) + V 00(x)
]
Ψε

i0�(x, y) = Vi(x)Ψε
0�(x, y),

∂y

{
5∂2

y − 3
[
hb(x) − V 00(x)

]}
Ψε

i1b(x, y) = 3Vi(x)∂yΨε
1b(x, y), (4.46)

∂2
y

{
7∂2

y − 6
[
hb(x) − V 00(x)

]}
Ψε

i2b(x, y) = 6 Vi(x)∂2
yΨε

2b(x, y)
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¨ ¸¢Ö§¨ ¤²Ö ±μ³¶μ´¥´É Ψε
iab:

∂a+1
y Ψε

iab(x, y) = 0, a = 0, 1, 2;[
5∂4

y −
(
h� − V 00

)2
]
Ψε

i0�(x, y) = (4.47)

=
[
(h� − V 00)Vi + Vi h�

]
V −1

i (3∂2
y − h� + V 00)Ψε

i0�(x, y).

� §²μ¦¥´¨Ö ¢ Dσ-¡ §¨¸¥. ˆ¸¸²¥¤Ê¥³ · §²μ¦¥´¨Ö Ë ¤¤¥¥¢¸±μ° ±μ³¶μ-
´¥´ÉÒ Ψε

i ¢ Dσ-¡ §¨¸¥. �£· ´¨Î¨³¸Ö ´ ¨¡μ²¥¥ ¶·μ¸ÉÒ³ ¸²ÊÎ ¥³ t = x.
�Ê¸ÉÓ ·¥Ï¥´¨¥ Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¶·¥¤¸É ¢²¥´μ ·Ö¤ ³¨ (3.49) ¨

(4.30) ¸ ¨§¢¥¸É´Ò³¨ Θ-±μ³¶μ´¥´É ³¨ Ψnεx
am′ . ˆ¸¶μ²Ó§ÊÖ É¥ ¦¥ ¶·¨¥³Ò, ÎÉμ

¨ ¶·¨ ¢Ò¢μ¤¥ ¡¨¸Ë¥·¨Î¥¸±μ£μ ·Ö¤  (4.40), ´¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ É ±μ³Ê
¶·¥¤¸É ¢²¥´¨Õ μÉ¢¥Î ÕÉ  ´ ²μ£¨Î´Ò¥ ¶μ ¸É·μ¥´¨Õ · §²μ¦¥´¨Ö Ë ¤¤¥¥¢¸±μ°
±μ³¶μ´¥´ÉÒ Ψε

i ¨ ¥¥ Dσ-±μ³¶μ´¥´É Ψεx
im′ :

Ψε
i (x,y) =

�∑
m′=μ(σ)

D�σ∗
mm′(ωx)Ψεx

im′(x, y, θ), (4.48)

Ψεx
im′(x, y, θ) =

∞∑
n=m′

yn
n∑

a=m′

Ψnεx
iam′(x)Θam′(u), (−1)n+a = 1. (4.49)

‚Ò¢μ¤ Ê· ¢´¥´¨° ¤²Ö ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° Ψnεx
iam′ ´¥¸²μ¦¥´. „²Ö ÔÉμ£μ ¨¸-

¶μ²Ó§Ê¥É¸Ö Éμ²Ó±μ μ¤´μ Ê· ¢´¥´¨¥ Ë ¤¤¥¥¢¸±μ° ¸¨¸É¥³Ò (1.52), ¸μ¤¥·¦ Ð¥¥
¢ ²¥¢μ° Î ¸É¨ ¨¸±μ³ÊÕ ±μ³¶μ´¥´ÉÊ Ψε

i . ‘´ Î ²  ¢ ÔÉμ³ Ê· ¢´¥´¨¨ ËÊ´±-
Í¨Ö Ψε § ³¥´Ö¥É¸Ö ·Ö¤μ³ (4.30),   Ë ¤¤¥¥¢¸± Ö ±μ³¶μ´¥´É  Ψε

i Å ¨¸±μ³Ò³
·Ö¤μ³ (4.48) c Dσ-±μ³¶μ´¥´É ³¨ (4.49). ‡ É¥³ ¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ ¶μ-
¸²¥¤μ¢ É¥²Ó´μ ¶·μ¥Í¨·Ê¥É¸Ö ´  ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ D�σ∗

mm′(ωx) ¨ Θam′(u). ‚
¨Éμ£¥ ¤²Ö ¨¸±μ³ÒÌ Θ-±μ³¶μ´¥´É Ψnεx

iam′(x) ¢Ò¢μ¤¨É¸Ö ¶·μ¸É Ö ¨ ·¥±Ê··¥´É´ Ö
¶μ ¨´¤¥±¸Ê n = −2,−1, . . . Í¥¶μÎ±   ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°

[a(a + 1) − (n + 2)(n + 3)] Ψn+2,εx
iam′ (x) = −Vi(x)Ψnεx

am′ (x)+

+ x−2
∑

m′′=m′±1

γ�σ
m′m′′ qa

m′m′′Ψnεx
iam′′(x) −

[
hx

am′(x) − V 00(x)
]
Ψnεx

iam′(x), (4.50)

£¤¥ n + a Å Î¥É´μ¥, n � a � m′,   hx
am′(x) Å μ¶¥· Éμ· (4.33). �É  Í¥¶μÎ± 

Ê¸É·μ¥´  É ± ¦¥, ± ± ¨ Í¥¶μÎ±  (4.32) ¤²Ö ±μ³¶μ´¥´É Ψεx
am′ , ¨ ¶μÔÉμ³Ê ËÊ´±-

Í¨¨ Ψn+2,εx
iam′ Ê¤μ¡´μ ¢ÒÎ¨¸²ÖÉÓ ¢ ¶μ·Ö¤±¥ ¢μ§· ¸É ´¨Ö ¨´¤¥±¸  n = −2,−1, . . .

¨ Ê¡Ò¢ ´¨Ö ¨´¤¥±¸  a = n, n − 1, . . . ¶·¨ ± ¦¤μ³ n. �¥·¢μ¥ Ê· ¢´¥´¨¥
(a = n + 2) ¨³¥¥É ¢¨¤ 0Ψn+2,εx

iam′ = 0. …£μ ·¥Ï¥´¨¥ Ψn+2,εx
iam′ (x) = gn+2,x

im′ (x) Å
´¥±μÉμ· Ö ´¥É·¨¢¨ ²Ó´ Ö ËÊ´±Í¨Ö  ·£Ê³¥´É  x. ˆ¸±²ÕÎ¥´¨¥ ¸μ¸É ¢²Ö¥É ¸²Ê-
Î ° σ = (−1)�+1 ¨ m′ = 0, ±μ£¤  Ψnεx

in0 ≡ 0 ¶·¨ ¢¸¥Ì n. �μÔÉμ³Ê ¢ ÔÉμ³
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¸²ÊÎ ¥ gnx
im′(x) ≡ 0 ¶·¨ m′ = 0 ¨ ¢¸¥Ì n. �¡¸Ê¦¤ ¥³ Ö Í¥¶μÎ±  Ê· ¢´¥-

´¨° (4.50) μ¤´μ§´ Î´μ · §·¥Ï¨³ : ¢¸¥ ËÊ´±Í¨¨ Ψnεx
iam′ c n > a ¢Ò· ¦ ÕÉ¸Ö

Î¥·¥§ ´¥μ¶·¥¤¥²¥´´Ò¥ ËÊ´±Í¨¨ gnx
im′ ¨ ËÊ´±Í¨¨ Ψnεx

am′ , ¤²Ö ±μÉμ·ÒÌ § É¥³
¨¸¶μ²Ó§Ê¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ Î¥·¥§ ¶·μ¨§¢μ²Ó´Ò¥ ËÊ´±Í¨¨ fnx

m′ (x).
‘¶μ¸μ¡μ³, ¨¸¶μ²Ó§μ¢ ´´Ò³ ¶·¨ ¢Ò¢μ¤¥ ¸μμÉ´μÏ¥´¨Ö (4.29), ´¥É·Ê¤´μ ¤μ-

± § ÉÓ ¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥: É ± ± ± ¢ ·Ö¤Ê (4.49) ¸Ê³³  n + a Å Î¥É´μ¥
Î¨¸²μ, Éμ ¤¢  ¶¥·¢ÒÌ ¸² £ ¥³ÒÌ  ¸¨³¶ÉμÉ¨±¨ ± ¦¤μ° ±μ³¶μ´¥´ÉÒ Ψεx

m′ ¶·¨
y → 0, x > 0 ¸μ¤¥·¦ É Éμ²Ó±μ ´¥μ¶·¥¤¥²¥´´Ò¥ ËÊ´±Í¨¨ gnx

in c n = m′, m′+1:

Ψεx
im′(x, y, θ) = ym′

[
gm′x

im′ (x)Θm′m′(u)+

+ y gm′+1,x
i,m′+1 (x)Θm′+1,m′(u) + O(y2)

]
. (4.51)

’¥¶¥·Ó ¢Ò¢¥¤¥³ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (4.49) ¸ m′ � 2 ± ± ¶μ¤¸Ê³³Ò
¨Ì É·¥Ì ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨Ì ¶·¨ y → 0 ¸² £ ¥³ÒÌ,   § É¥³ ¶μ-
²ÊÎ¨³ ¸¢Ö§¨ ¤²Ö Θ-±μ³¶μ´¥´É Ψεx

iam′ . ‘´ Î ²  ´ °¤¥³ ËÊ´±Í¨¨ Ψnε
am′(x) ¸

n � 3 ± ± ¶·μ¥±Í¨¨ ¸Ê³³ (3.66) ´  ËÊ´±Í¨¨ Θam′(u). ‚ Ê· ¢´¥´¨ÖÌ (4.50)
¸ m′ � 2 § ³¥´¨³ ÔÉ¨ ËÊ´±Í¨¨ ¨Ì ´ °¤¥´´Ò³¨ ¢Ò· ¦¥´¨Ö³¨. �¥Ï¨¢ ¶μ²Ê-
Î¥´´Ò¥ Ê· ¢´¥´¨Ö, ¢Ò· §¨³ ËÊ´±Í¨¨ Ψnεx

iam′(x) Î¥·¥§ ´¥μ¶·¥¤¥²¥´´Ò¥ ËÊ´±-
Í¨¨ fnx

m′ ≡ Ψnεx
am′ ¨ gnx

im′ ≡ Ψnεy
iam′ , · ¢´Ò¥ ¶·μ¨§¢μ¤´Ò³ (n!)−1∂n

y Ψεx
m′(x, y)

¨ (n!)−1∂n
y Ψεx

im′(x, y) ¶·¨ y = 0 ¨ n = a. ˆ¸¶μ²Ó§ÊÖ É ±¨¥ ¶·¥¤¸É ¢²¥´¨Ö,

§ ¶¨Ï¥³  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (4.49) c m′ � 2 ¢ μ¡μ¨Ì ¸²ÊÎ ÖÌ σ = ±(−1)� ¢
¢¨¤¥

Ψεx
i0 (x, y, θ) =

{
g0x

i0 +
y2

6
[
(hx

00 − V 00)g0x
i0 + Vif

0x
0

]}
Θ00(u)+

+ y

[
g1x

i0 +
y2

10
Vi f1x

0

]
Θ10(u)+

+
y3

10x2

{
x2[hx

10 − V 00] g1x
i0 − [2�(� + 1)(1 + σ(−1)�)]1/2g1x

i1

}
Θ10(u)+

+ y2 g2x
i0 Θ20(u) + y3g3x

i0 Θ30(u) + O(y4), (4.52)

Ψεx
i1 (x, y, θ) = y

{
g1x

i1 +
y2

10

[
(hx

11 − V 00) g1x
i1 + Vi f1y

1

]}
Θ11(u)−

− y3

5x2
[�(� + 1)]1/2 g1x

i0 Θ11(u) + y2 g2x
i1 Θ21(u) + y3 g3x

i1 Θ31(u) + O(y4);

Ψεx
i2 (x, y, θ) = y2 g2x

i2 Θ22(u) + y3 g3x
i3 Θ32(u) + O(y4).
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‚ÒÎ¨¸²¨¢ ¶·μ¨§¢μ¤´Ò¥ ∂n
y μÉ ¶μ²ÊÎ¥´´ÒÌ  ¸¨³¶ÉμÉ¨±, ¢Ò¢μ¤¨³ ¸¢Ö§¨

¶·¨ y = 0, x > 0 ¤²Ö ¶·μ¥±Í¨° ∂n
y Ψεx

iam′ ≡ (n!)Ψnεx
iam′ ¶·μ¨§¢μ¤´ÒÌ ∂n

y Ψεx
m′ ´ 

ËÊ´±Í¨¨ Θam′(u). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³, ÎÉμ ¶·¨ y = 0 ¨ x > 0 ¶·μ¥±Í¨¨
Ψεx

iam′ Ë ¤¤¥¥¢¸±μ° ±μ³¶μ´¥´ÉÒ Ψε
i ¸¢Ö§ ´Ò ¸ ¶·μ¥±Í¨Ö³¨ Ψεx

am′ ·¥Ï¥´¨Ö Ψε

Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸μμÉ´μÏ¥´¨Ö³¨[
3∂2

y − (hx
00 − V 00)

]
Ψεx

i00(x, y) = Vi(x)Ψεx
00(x, y),

∂y

{
5∂2

y + 3x−2
[
2�(� + 1)(1 + σ(−1)�

]1/2
}

Ψεx
i10(x, y)+

+ 3(hx
10 − V 00)∂yΨεx

i00(x, y) = 3Vi(x)∂yΨεx
10(x, y), (4.53)

∂y

{
5∂2

y − 3
[
hx

11(x) − V 00(x)
]}

Ψεx
i11(x, y)+

+ 6x−2 [�(� + 1)]1/2 ∂yΨεx
i00(x, y) = 3Vi(x)∂yΨεx

11(x, y).

‡ ³¥Î ´¨¥. ‚¸²¥¤¸É¢¨¥ Ëμ·³Ê² (1.26) ¨ (4.51) ¶·¨ y = 0, x > 0 ¨ ¢¸¥Ì
m′ ¨³¥ÕÉ¸Ö Ê´¨¢¥·¸ ²Ó´Ò¥ ¸¢Ö§¨, ¸μ¤¥·¦ Ð¨¥ ¶·μ¨§¢μ¤´ÊÕ ¶μ Ê£²Ê:

∂m′

y [sin θ∂θ − m′ cos θ] Ψεx
im′(x, y, θ) = 0,

∂m′+1
y {sin θΘm′+1,m′(u) [∂θ − m′ cos θ]− (4.54)

−
√

2(m′ + 1) sin θΘm′+1,m′+1(u)
}

Ψεx
im′(x, y, θ) = 0.

�·¨²μ¦¥´¨Ö ¨ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ. ‚μ ¢¸¥ ¨§¢¥¸É´Ò¥ ¤¨¸±·¥É´Ò¥
¸¶² °´- ´ ²μ£¨ [83] ¸¨¸É¥³ ¤¢Ê³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¶·¥¤² £ ¥É¸Ö
¢±²ÕÎ¨ÉÓ ¶μ²ÊÎ¥´´Ò¥  ¸¨³¶ÉμÉ¨±¨ (4.43)Ä(4.45) ¨¸±μ³ÒÌ ±μ³¶μ´¥´É Ψε

iab ¨
¤μ± § ´´Ò¥ ¸¢Ö§¨ (4.47). ˆ¸¶μ²Ó§μ¢ ´¨¥ ÔÉ¨Ì  ¸¨³¶ÉμÉ¨± ¨ ¸¢Ö§¥° ¶μ§¢μ²¨É
Ê²ÊÎÏ¨ÉÓ ¶μÉμÎ¥Î´ÊÕ ¸Ìμ¤¨³μ¸ÉÓ ¢ÒÎ¨¸²Ö¥³ÒÌ ·¥Ï¥´¨° ± ÉμÎ´Ò³ ¢ ¶·¥¤¥²¥
²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í.

”μ·³Ê²Ò (4.52) ¨ (4.53) ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¶μ²¥§´Ò³¨ ¢ ¢ÒÎ¨¸²¨É¥²Ó´μ°
¶· ±É¨±¥: cμμÉ´μÏ¥´¨Ö (4.52) ¤ ÕÉ ¶·¥¤¸É ¢²¥´¨¥ μ Ö¢´μ° § ¢¨¸¨³μ¸É¨ ¨¸-
±μ³ÒÌ Dσ-±μ³¶μ´¥´É Ψεx

im′ μÉ ¶¥·¥³¥´´ÒÌ y ¨ θ,   c¢Ö§¨ (4.53) ¶μ§¢μ²ÖÕÉ
¢μ¸¸É ´μ¢¨ÉÓ ¶·μ¨§¢μ¤´Ò¥ ¶ ·Í¨ ²Ó´ÒÌ Ë ¤¤¥¥¢¸±¨Ì Θ-±μ³¶μ´¥´É Ψεx

iam′ ¶μ
¶·μ¨§¢μ¤´Ò³ Θ-±μ³¶μ´¥´É Ψεx

am′ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¨ ´ μ¡μ·μÉ.
‘¢Ö§¨ (4.54) ¶·¥¤² £ ¥É¸Ö ÊÎ¨ÉÒ¢ ÉÓ ¶·¨ ¶μ¸É·μ¥´¨¨ ¤¨¸±·¥É´ÒÌ  ´ ²μ-

£μ¢ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¤²Ö Ê¸±μ·¥´¨Ö ¶μÉμÎ¥Î´μ° ¸Ìμ¤¨³μ¸É¨
¢ÒÎ¨¸²Ö¥³μ£μ ·¥Ï¥´¨Ö É ±¨Ì Ê· ¢´¥´¨° ± ÉμÎ´μ³Ê ¢¡²¨§¨ ²¨´¥°´μ° ±μ´Ë¨-
£Ê· Í¨¨ É·¥Ì Î ¸É¨Í.

ˆÉμ£ ¢Ò¶μ²´¥´´μ£μ ¢ÒÏ¥  ´ ²¨§  Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ¶·¥¤¥²¥ ²¨´¥°-
´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í Å ¤μ± § É¥²Ó¸É¢μ ¸²¥¤ÊÕÐ¥° É¥μ·¥³Ò ¸μμÉ-
¢¥É¸É¢¨Ö, Ö¢²ÖÕÐ¥°¸Ö  ´ ²μ£μ³ É¥μ·¥³Ò 3.3.

’¥μ·¥³  4.2. …¸²¨ Í¥´É· ²Ó´Ò¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Vk, k �= i, Å
·Ö¤Ò (1.31), Éμ ¶·¨ x > 0 ¨ y → 0 ¶·¥¤¸É ¢²¥´¨Ö³ (3.35), (4.12) ¨ (3.49),
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(4.24), (4.26) Ëμ·³ ²Ó´μ£μ ·¥Ï¥´¨Ö Ψε(x,y) Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.39)
¸μμÉ¢¥É¸É¢ÊÕÉ  ´ ²μ£¨Î´Ò¥ ¶μ ¸É·μ¥´¨Õ · §²μ¦¥´¨Ö (4.39), (4.40) ¨ (4.48),
(4.49) Ë ¤¤¥¥¢¸±μ° ±μ³¶μ´¥´ÉÒ Ψε

i (x,y) ÔÉμ£μ ·¥Ï¥´¨Ö. Šμ³¶μ´¥´ÉÒ Ψnε
iab ¨

Ψnεx
iam′ ÔÉ¨Ì · §²μ¦¥´¨° ¶μ¤Î¨´¥´Ò · §·¥Ï¨³Ò³ ¢ Ö¢´μ³ ¢¨¤¥ ·¥±Ê··¥´É´Ò³

Í¥¶μÎ± ³  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° (4.42) ¨ (4.50).

5. �‘��›E ‘‹“—	ˆ

‚ ´ ¸ÉμÖÐ¥³ · §¤¥²¥ ¤²Ö ¶μ²´μÉÒ μ¡¸Ê¦¤ ¥É¸Ö ¸É·μ¥´¨¥ ´¥±μÉμ·ÒÌ ·¥-
£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨ ˜·¥¤¨´£¥·  ¢¡²¨§¨ ÉμÎ¥± É·μ°´μ£μ
¨ ¶ ·´μ£μ Ê¤ ·μ¢ ¢ Î¥ÉÒ·¥Ì μ¸μ¡ÒÌ ¸²ÊÎ ÖÌ. ‚ ÔÉ¨Ì ¸²ÊÎ ÖÌ ¶ ·´Ò¥ ¢§ ¨-
³μ¤¥°¸É¢¨Ö ´¥ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ·Ö¤ ³¨ (1.31) ¨²¨ ¦¥ ´¥ Ö¢²ÖÕÉ¸Ö Í¥´É· ²Ó-
´Ò³¨. �¸μ¡μ¥ ¢´¨³ ´¨¥ Ê¤¥²Ö¥É¸Ö ¢ÒÎ¨¸²¨É¥²Ó´Ò³ ¨ Ë¨§¨Î¥¸±¨³ ¶·¨²μ¦¥-
´¨Ö³ μ¸´μ¢´ÒÌ ·¥§Ê²ÓÉ Éμ¢ μ¡¸Ê¦¤¥´¨Ö.

5.1. ‹μ¦´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢ . ˆ¸¶μ²Ó§Ê¥³μ¥ ´ ³¨ μ¶·¥¤¥-
²¥´¨¥ ²μ¦´μ£μ ·¥Ï¥´¨Ö É ±μ¢μ: ´¥É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥ {Ψ1, Ψ2, Ψ3} Ê· ¢-
´¥´¨° ” ¤¤¥¥¢  (1.50), ¸Ê³³  (1.49) ¢¸¥Ì ±μ³¶μ´¥´É ±μÉμ·μ£μ Éμ¦¤¥¸É¢¥´´μ
· ¢´  ´Ê²Õ,   ± ¦¤ Ö ¨§ ´¨Ì ¶·¨´ ¤²¥¦¨É ¢Ò¡· ´´μ³Ê ±² ¸¸Ê ËÊ´±Í¨°, ´ -
§Ò¢ ¥É¸Ö ²μ¦´Ò³ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ÔÉμ³ ±² ¸¸¥.

—Éμ¡Ò μÉ²¨Î ÉÓ ²μ¦´Ò¥ ·¥Ï¥´¨Ö μÉ ¢¸¥Ì μ¸É ²Ó´ÒÌ, ±μ³¶μ´¥´ÉÒ Ψ1, Ψ2

¨ Ψ3 ²μ¦´μ£μ ·¥Ï¥´¨Ö μ¡μ§´ Î¨³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸¨³¢μ² ³¨ S1, S2 ¨
S3. �μ μ¶·¥¤¥²¥´¨Õ ¢ ¤ ´´μ³ ±² ¸¸¥ ËÊ´±Í¨° ²μ¦´μ³Ê ·¥Ï¥´¨Õ Ê· ¢´¥´¨°
” ¤¤¥¥¢  μÉ¢¥Î ¥É É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥ (Ψ ≡ 0) Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . �μ-
ÔÉμ³Ê Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  (1.50) ¤²Ö ²μ¦´ÒÌ ·¥Ï¥´¨° · ¸Ð¥¶²ÖÕÉ¸Ö ´  ¸μ¢μ-
±Ê¶´μ¸ÉÓ É·¥Ì ´¥¸¢Ö§ ´´ÒÌ ¤·Ê£ ¸ ¤·Ê£μ³ ¸¢μ¡μ¤´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥· 
¤²Ö ±μ³¶μ´¥´É ²μ¦´μ£μ ·¥Ï¥´¨Ö ¨ · ¢¥´¸É¢μ ´Ê²Õ ¸Ê³³Ò É ±¨Ì ±μ³¶μ´¥´É:

[H0(r, Ωi) − E] Si(r, Ωi) = 0, i = 1, 2, 3; (5.1)

Si(r, Ωi) +
∑
k �=i

Sk(r, Ωk(Ωi; γki)) = 0, i = 1, 2, 3. (5.2)

’¥¶¥·Ó ¶μÖ¸´¨³, § Î¥³ ´¥μ¡Ìμ¤¨³μ §´ ´¨¥ ²μ¦´ÒÌ ·¥Ï¥´¨° ¢ Ö¢´μ³ ¢¨¤¥.
„²Ö ÔÉμ£μ μ¡¸Ê¤¨³ Î¥ÉÒ·¥ ¶·μ¡²¥³Ò.

�¥·¢ Ö ¨§ ´¨Ì Å · ¸Î¥É Î¥ÉÒ·¥ÌÎ ¸É¨Î´ÒÌ ¸¨¸É¥³ ³¥Éμ¤μ³ ±² ¸É¥·´μ°
·¥¤Ê±Í¨¨ [42Ä44]. ‚ ÔÉμ³ ³¥Éμ¤¥ ±μ³¶μ´¥´ÉÒ Î¥ÉÒ·¥ÌÎ ¸É¨Î´μ° ¢μ²´μ¢μ°
ËÊ´±Í¨¨ ¶μ¤Î¨´ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³ ” ¤¤¥¥¢ ÄŸ±Ê¡μ¢¸±μ£μ,   § É¥³ § ³¥´Ö-
ÕÉ¸Ö ±μ´¥Î´Ò³¨ ¶μ¤¸Ê³³ ³¨ ¨Ì ·Ö¤μ¢ ¶μ ¨§¡· ´´Ò³ ¸μ¡¸É¢¥´´Ò³ ËÊ´±Í¨Ö³
£ ³¨²ÓÉμ´¨ ´μ¢ É·¥ÌÎ ¸É¨Î´ÒÌ ¶μ¤¸¨¸É¥³. Š É ±¨³ ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³ μÉ-
´μ¸ÖÉ¸Ö ¨ ²μ¦´Ò¥ ·¥Ï¥´¨Ö É·¥ÌÎ ¸É¨Î´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢ .

‚Éμ· Ö ¨ ³ ²μ¨§ÊÎ¥´´ Ö ¶·μ¡²¥³  Å  ´ ²¨§  ¸¨³¶ÉμÉ¨± ·¥Ï¥´¨° Ê· ¢-
´¥´¨° ” ¤¤¥¥¢  ¢ ¶·¥¤¥² Ì μ¤´μ°, ¤¢ÊÌ ¨ É·¥Ì ¡μ²ÓÏ¨Ì ¶μ ³μ¤Ê²Õ ±μ´¸É ´É
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¸¢Ö§¨ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°. „²Ö ¶·¨³¥·  · ¸¸³μÉ·¨³ ¸²ÊÎ ° É·¥Ì μ¤¨´ -
±μ¢ÒÌ ±μ´¸É ´É, · ¢´ÒÌ ¶ · ³¥É·Ê λ. �Ê¸ÉÓ Vi = λ vi, Éμ£¤  ¸¨¸É¥³  (1.50)
Ô±¢¨¢ ²¥´É´  ¸¨¸É¥³¥

1
λ

(H0 − E)Ψi = viΨ = vi

3∑
k=1

Ψk.

�·¥¤¶μ²μ¦¨³, ÎÉμ ¶·¨ ²Õ¡μ³ λ ¨³¥ÕÉ¸Ö ·¥£Ê²Ö·´Ò¥ ·¥Ï¥´¨Ö, ¤²Ö ±μÉμ-
·ÒÌ |H0Ψi| � ∞, i = 1, 2, 3. ’μ£¤  · ¸¸³ É·¨¢ ¥³μ¥ ¸¥³¥°¸É¢μ Ê· ¢´¥´¨°
³μ¦¥É ¢Ò·μ¦¤ ÉÓ¸Ö ¢ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (5.1), (5.2), μ¶·¥¤¥²ÖÕÐÊÕ ²μ¦´μ¥
·¥Ï¥´¨¥:

(H0 − E)Ψi → 0, Ψ1 + Ψ2 + Ψ3 → 0, |λ| → ∞.

‚ ÔÉμ³ ¸²ÊÎ ¥ Ψi → Si, i = 1, 2, 3, ¸²¥¤μ¢ É¥²Ó´μ, Si Å ¸É ·Ï¨° Î²¥´  ¸¨³-
¶ÉμÉ¨±¨ ±μ³¶μ´¥´ÉÒ Ψi ¶·¨ |λ| → ∞. �·¨³¥·Ò É ±μ° ¸¨ÉÊ Í¨¨ μ¶¨¸ ´Ò
¢ · ¡μÉ Ì [71, 72], ¶μ¸¢ÖÐ¥´´ÒÌ ÉμÎ´Ò³ ·¥Ï¥´¨Ö³ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¸
¶ ·´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ Í¥´É·μ¡¥¦´μ£μ É¨¶ .

’·¥ÉÓÖ ¶·μ¡²¥³  Å É¥¸É¨·μ¢ ´¨¥  ²£μ·¨É³μ¢ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö Ê· ¢-
´¥´¨° ” ¤¤¥¥¢  ¶ÊÉ¥³ ·¥Ï¥´¨Ö ±· ¥¢ÒÌ § ¤ Î ¤²Ö ¨§¢¥¸É´ÒÌ ¢ Ö¢´μ³ ¢¨¤¥
²μ¦´ÒÌ ·¥Ï¥´¨° ¨ ¶μ¸²¥¤ÊÕÐ¥£μ ¸· ¢´¥´¨Ö ¢ÒÎ¨¸²¥´´ÒÌ ·¥Ï¥´¨° ¸ ²μ¦-
´Ò³¨ ± ± ¸ ÔÉ ²μ´´Ò³¨. ’ ± ± ± ²μ¦´Ò¥ ·¥Ï¥´¨Ö ´¥ § ¢¨¸ÖÉ μÉ Ëμ·³Ò ¶ ·-
´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°, Éμ ¨Ì ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ± ± ÔÉ ²μ´´Ò¥ ¶·¨ ²Õ¡ÒÌ
¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨ÖÌ. ‚ ÔÉμ³ ¸³Ò¸²¥ ²μ¦´Ò¥ ·¥Ï¥´¨Ö μ¸μ¡μ §´ Î¨³Ò
± ± Ê´¨¢¥·¸ ²Ó´Ò¥ ÔÉ ²μ´´Ò¥ ·¥Ï¥´¨Ö. �·¨³¥·Ò ¨¸¶μ²Ó§μ¢ ´¨Ö ²μ¦´ÒÌ ·¥-
Ï¥´¨° ¢ ± Î¥¸É¢¥ ÔÉ ²μ´´ÒÌ ¶·¨¢¥¤¥´Ò ¢ [84].

—¥É¢¥·É Ö ¶·μ¡²¥³  Å Ëμ·³Ê²¨·μ¢±  ¶·μ¸ÉÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨°, ¨¸-
±²ÕÎ ÕÐ¨Ì ²μ¦´Ò¥ ·¥Ï¥´¨Ö ¶·¨ ¢ÒÎ¨¸²¥´¨¨ Ë¨§¨Î¥¸±¨Ì Ë ¤¤¥¥¢¸±¨Ì ±μ³-
¶μ´¥´É, ¶μ¤Î¨´¥´´ÒÌ ·¥¤ÊÍ¨·μ¢ ´´Ò³ Ê· ¢´¥´¨Ö³ ” ¤¤¥¥¢  ¨ μ¡² ¤ ÕÐ¨Ì
Ë¨§¨Î¥¸±¨³¨  ¸¨³¶ÉμÉ¨± ³¨ ¶·¨ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ ³¥¦¤Ê Î ¸É¨Í ³¨.

‹μ¦´Ò¥ ·¥Ï¥´¨Ö ´¥μ¤´μ±· É´μ μ¡¸Ê¦¤ ²¨¸Ó ¢ μ¡§μ· Ì [65,83] ¨ ¢μ ³´μ-
£¨Ì Ê¶μ³Ö´ÊÉÒÌ ¢ ´¨Ì μ·¨£¨´ ²Ó´ÒÌ · ¡μÉ Ì.

�·μ¸ÉÒ¥ ³¥Éμ¤Ò ¶μ¸É·μ¥´¨Ö ¢¸¥Ì ²μ¦´ÒÌ ·¥Ï¥´¨° ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ
Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ±² ¸¸¥ Aε ¢ ¸ ³μ³ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥Éμ¦¤¥¸É¢¥´´ÒÌ
Î ¸É¨Í ¨ ¶·μ¨§¢μ²Ó´μ£μ ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  � ¶·¥¤²μ¦¥´Ò ¢ [68,69] ¨
·¥ ²¨§ÊÕÉ¸Ö ¶μ μ¤´μÉ¨¶´μ° ¸Ì¥³¥. � ¶μ³´¨³ ¥¥.

‚ ± Î¥¸É¢¥ ËÊ´¤ ³¥´É ²Ó´μ£μ ·¥Ï¥´¨Ö ± ¦¤μ£μ (i = 1, 2, 3) ¨§ Ê· ¢´¥-
´¨° (5.1) ¨¸¶μ²Ó§Ê¥É¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ËÊ´±Í¨Ö (1.36):

SL
i (r, Ωi) = r−2 JL+2(r

√
E)

∑
ab

BL
iab Y �m

Lab(Ωi), (5.3)

£¤¥ ±μÔËË¨Í¨¥´ÉÒ BL
iab ¶μ±  ´¥ μ¶·¥¤¥²¥´Ò,   ¨´¤¥±¸Ò a ¨ b ¶·μ¡¥£ ÕÉ

¢¸¥ ¢μ§³μ¦´Ò¥ ¶·¨ ¤ ´´ÒÌ L, �, m ¨ σ §´ Î¥´¨Ö. ‚¸²¥¤¸É¢¨¥ ¶· ¢¨²  (1.13)
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¨§ ¢¸¥Ì ËÊ´±Í¨° (5.3) ¸¨¸É¥³¥ (5.2) Ê¤μ¢²¥É¢μ·ÖÕÉ Éμ²Ó±μ É¥ ËÊ´±Í¨¨, ÎÓ¨
±μÔËË¨Í¨¥´ÉÒ BL

iab ¶μ¤Î¨´ÖÕÉ¸Ö μ¤´μ·μ¤´μ° ¸¨¸É¥³¥ ²¨´¥°´ÒÌ Ê· ¢´¥´¨°

BL
iab +

∑
k �=i

∑
a′b′

〈ab|K(γki)|a′b′〉L� BL
ka′b′ = 0, i = 1, 2, 3. (5.4)

£¤¥ Î¨¸²μ ¶ · {a, b} ¨ ¶ · {a′, b′} · ¢´μ N . �μÔÉμ³Ê ³ É·¨Í  ML ÔÉμ°
¸¨¸É¥³Ò ¨³¥¥É ±μ´¥Î´ÊÕ · §³¥·´μ¸ÉÓ: dimML = 3N < ∞.

’ ±¨³ μ¡· §μ³, ¶μ¸É·μ¥´¨¥ ²Õ¡μ£μ ËÊ´¤ ³¥´É ²Ó´μ£μ ²μ¦´μ£μ ·¥Ï¥´¨Ö
¸¢μ¤¨É¸Ö ± ·¥Ï¥´¨Õ ±μ´¥Î´μ° ¸¨¸É¥³Ò ²¨´¥°´ÒÌ Ê· ¢´¥´¨° (5.4). ‹Õ¡μ¥
²μ¦´μ¥ ·¥Ï¥´¨¥ ¸ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ ε = {�, m, σ} ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥
²¨´¥°´ÒÌ ±μ³¡¨´ Í¨° ËÊ´¤ ³¥´É ²Ó´ÒÌ ²μ¦´ÒÌ ·¥Ï¥´¨° (5.3) ¨ ´¥±μÉμ·ÒÌ
Î¨¸²μ¢ÒÌ ±μÔËË¨Í¨¥´Éμ¢ CL:

Sε
i (r, Ωi) = r−2

∑
L

CL JL+2(r
√

E)
∑
ab

BL
iab Y �m

Lab(Ωi). (5.5)

�·μ¥Í¨·μ¢ ´¨¥ É ±μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¸ ¶μ³μÐÓÕ ¸μμÉ´μÏ¥´¨° (1.7) ¨ (1.12)
¤ ¥É Ö¢´Ò¥ Ëμ·³Ê²Ò ¤²Ö ¡¨¸Ë¥·¨Î¥¸±¨Ì ±μ³¶μ´¥´É

Sε
iab(r, ϕi) = 2cosec 2ϕi

∑
L

CL JL+2(r
√

E)
∑
ab

BL
iabW̃Lab(ϕi)

¨ Dσ-±μ³¶μ´¥´É

Sεt
im′(r, θi, ϕi) = 2 [sin 2ϕi (1 − u2

i )
1/2]−1

∑
L

CL JL+2(r
√

E)×

×
∑
ab

BL
iab 〈D�σ∗

mm′(ωt)|Y�m
ab (x̂i, ŷi)〉, t = xi, yi.

�·¨ ²Õ¡ÒÌ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨ÖÌ ±μ³¶μ´¥´ÉÒ Sε
iab ¨ Sεt

im′ Ê¤μ¢²¥É¢μ·ÖÕÉ
¸μμÉ¢¥É¸É¢¥´´μ ¤¢Ê³¥·´Ò³ (1.63) ¨ É·¥Ì³¥·´Ò³ Ê· ¢´¥´¨Ö³ ” ¤¤¥¥¢  [69].

Š ± ¨§¢¥¸É´μ [5], ËÊ´±Í¨Ö 	¥¸¸¥²Ö JL+2(r
√

E) ¸ Í¥²Ò³ ¨´¤¥±¸μ³ L +
2 Ö¢²Ö¥É¸Ö ·Ö¤μ³ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ ¥¥  ·£Ê³¥´É . �μÔÉμ³Ê ¡²¨§¨ ÉμÎ¥±
É·μ°´μ£μ ¨ ¶ ·´ÒÌ ¸μÊ¤ ·¥´¨° ¨ ¢ ¶·¥¤¥²¥ ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì
Î ¸É¨Í ¢¸¥ ±μ³¶μ´¥´ÉÒ Sε

iab ¨ Sεt
im′ ²Õ¡μ£μ ²μ¦´μ£μ ·¥Ï¥´¨Ö ¶·¥¤¸É ¢²ÖÕÉ¸Ö

·Ö¤ ³¨ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ  ·£Ê³¥´É  r, xi ¨²¨ yi ¨ ´¥
Ê¤μ¢²¥É¢μ·ÖÕÉ ´¨ μ¤´μ° ¨§ ¸¢Ö§¥° (2.47), (3.8)Ä(3.79), (3.88)Ä(3.90), (4.46),
(4.47) ¨²¨ (4.53). ‚¸¥ ÔÉ¨ ¸¢Ö§¨ ¸μ¤¥·¦ É ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨° ¶ ·´ÒÌ
¢§ ¨³μ¤¥°¸É¢¨°.

„²Ö ¨¸±²ÕÎ¥´¨Ö ²μ¦´ÒÌ ·¥Ï¥´¨° ¶·¨ Î¨¸²¥´´μ³ ¨´É¥£·¨·μ¢ ´¨¨ ¤¢Ê-
¨²¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¶·¥¤² £ ¥É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ É ±¨¥ § ¢¨-
¸ÖÐ¨¥ μÉ ¢§ ¨³μ¤¥°¸É¢¨° ¸¢Ö§¨ ¢ ± Î¥¸É¢¥ £· ´¨Î´ÒÌ Ê¸²μ¢¨°.
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5.2. ‘²ÊÎ ° ´¥Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°. ‘Éμ¨É μ¸μ¡μ μÉ³¥-
É¨ÉÓ, ÎÉμ ¶·¥¤¸É ¢²¥´´Ò¥ ¢ · §¤. 3 ¨ 4  ¢Éμ·¸±¨¥ ³¥Éμ¤Ò  ´ ²¨§  ·¥£Ê²Ö·´ÒÌ
·¥Ï¥´¨° ¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ ·  ¨ ¢ ¶·¥¤¥²¥ ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨
É·¥Ì Î ¸É¨Í ¸É ·ÉÊÕÉ ¸ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.39) ¨ ·¥ ²¨§ÊÕÉ¸Ö ¨¸±²ÕÎ¨-
É¥²Ó´μ ¶·μ¸Éμ ¡² £μ¤ ·Ö Éμ³Ê, ÎÉμ ¤²Ö  ´ ²¨§  ÔÉμ£μ Ê· ¢´¥´¨Ö ¨ ²¨ÏÓ μ¤´μ£μ
¨§ Ê· ¢´¥´¨° ¸¨¸É¥³Ò ” ¤¤¥¥¢  (1.52) ¨¸¶μ²Ó§Ê¥É¸Ö Éμ²Ó±μ ¸μ¡¸É¢¥´´μ¥ ¤²Ö
ÔÉ¨Ì Ê· ¢´¥´¨° ±μμ·¤¨´ É´μ¥ ¶·¥¤¸É ¢²¥´¨¥ 〈x,y| ≡ 〈xi,yi|.

�²ÓÉ¥·´ É¨¢´Ò° ´ Ï¥³Ê ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö · §²μ¦¥´¨° Ë ¤¤¥¥¢¸±¨Ì ¶ ·-
Í¨ ²Ó´ÒÌ ±μ³¶μ´¥´É ¢ ÉμÎ±¥ ¶ ·´μ£μ Ê¤ ·  ¢¶¥·¢Ò¥ ¶·¥¤²μ¦¥´ ¢ [29]. ‚ ÔÉμ³
³¥Éμ¤¥ ·¥Ï¥´¨¥ Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¢μ¢¸¥ ´¥ ¨¸¶μ²Ó§Ê¥É¸Ö,   ±²ÕÎ¥-
¢Ò³¨ Ö¢²ÖÕÉ¸Ö μ¤´μ¢·¥³¥´´μ ¢¸¥ É·¨ Ï¥¸É¨³¥·´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  (1.52)
¨ · §²μ¦¥´¨Ö ¢¸¥Ì (k = 1, 2, 3) ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° Vk(xk) ¨ ¢¸¥Ì ¨¸±μ-
³ÒÌ ±μ³¶μ´¥´É Ψε

k ¢ ·Ö¤Ò ’¥°²μ·  ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ x = xi = 0:

Ψε
k(xk,yk) =

∞∑
n=0

xnΨnε
k (x̂,y), Ψn

k(x̂,y) = (n!)−1∂n
x Ψε

k(xk,yk)|x=0.

�¥·¥³¥´´Ò¥ xk ¨ yk Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ (1.3)  ·£Ê³¥´Éμ¢ x ¨ y, ¶μÔÉμ³Ê
Ê¦¥ ¶·¨ n = 3 ¶·μ¨§¢μ¤´Ò¥ ∂n

x Ψε
k(xk,yk) Å ¤μ¢μ²Ó´μ ¸²μ¦´Ò¥ ±μ³¡¨´ Í¨¨

¶·μ¨§¢μ¤´ÒÌ ∂p
xxk ¨ ∂p

xyk ¨ ¶·μ¨§¢μ¤´ÒÌ ËÊ´±Í¨¨ Ψε
k ¶μ  ·£Ê³¥´É ³ xk ¨

yk. ’ ± ± ± ËÊ´±Í¨Ö Ψε ¸Î¨É ¥É¸Ö ´¥¨§¢¥¸É´μ°, Éμ ¶·¨Ìμ¤¨É¸Ö ·¥Ï ÉÓ ¢¸¥
É·¨ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ¨ ¢Ò¢μ¤¨ÉÓ μ¤´μ¢·¥³¥´´μ · §²μ¦¥´¨Ö ¶·¨ xi → 0
¨ yi > 0 ¤²Ö ¢¸¥Ì É·¥Ì ±μ³¶μ´¥´É Ψε

i ¨ Ψε
k, k �= i. �¥Ï¥´¨¥ ¸ÊÐ¥¸É¢¥´´μ

Ê¸²μ¦´Ö¥É¸Ö É¥³, ÎÉμ ¨¸±μ³Ò¥ · §²μ¦¥´¨Ö ´¥μ¡Ìμ¤¨³μ § ¶¨¸Ò¢ ÉÓ ¢ ± ¦¤μ³
¨§ É·¥Ì ±μμ·¤¨´ É´ÒÌ ¶·¥¤¸É ¢²¥´¨° 〈xk,yk|, k = 1, 2, 3. �μ Éμ° ¦¥ ¶·¨-
Î¨´¥ ¸²μ¦´Ò³ μ± §Ò¢ ¥É¸Ö ¨ ·¥Ï¥´¨¥ § ±²ÕÎ¨É¥²Ó´μ° § ¤ Î¨ ¢μ¸¸É ´μ¢²¥´¨Ö
· §²μ¦¥´¨° ËÊ´±Í¨¨ Ψε ¶μ ´ °¤¥´´Ò³ · §²μ¦¥´¨Ö³ ¥¥ ±μ³¶μ´¥´É Ψε

i .
‚ ¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ´ Ï ¶μ¤Ìμ¤ ¡μ²¥¥ Ô±μ´μ-

³¨Î¥´ ¨ ¶·μ¸É ¶μ ¸· ¢´¥´¨Õ ¸  ²ÓÉ¥·´ É¨¢´Ò³ ¶μ¤Ìμ¤μ³ · ¡μÉÒ [29].
‚ Ö¤¥·´μ° Ë¨§¨±¥ ´¨§±¨Ì Ô´¥·£¨° [18] ´ ·Ö¤Ê ¸ Í¥´É· ²Ó´Ò³¨ ±Ê²μ´μ¢-

¸±¨³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ Î ¸Éμ ¨¸¶μ²Ó§ÊÕÉ¸Ö ´¥Í¥´É· ²Ó´Ò¥ ¶ ·´Ò¥ ¢§ ¨³μ-
¤¥°¸É¢¨Ö, ¢±²ÕÎ¥´´Ò¥ ¢ ±μ´¥Î´μ³ Î¨¸²¥ ¶ ·´ÒÌ ¶ ·Í¨ ²Ó´ÒÌ ¢μ²´. Š ´¨³
μÉ´μ¸ÖÉ¸Ö S-¢μ²´μ¢Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö

Vk(xk) = Vk(xk) I0
k , I0

k ≡ |Y00(x̂k)〉〈Y00(x̂k)|, k = 1, 2, 3, (5.6)

£¤¥ I0
k Å ¶·μ¥±Éμ· ´  S-¢μ²´μ¢μ¥ ¸μ¸ÉμÖ´¨¥ ¶μ¤¸¨¸É¥³Ò {pi, pj}.
…¸²¨ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢±²ÕÎ¥´Ò ¢ ±μ´¥Î´μ³ Î¨¸²¥ ¶ ·Í¨ ²Ó´ÒÌ

¢μ²´, Éμ ¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥ ¸¨¸É¥³  Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¡¥¸±μ´¥Î-
´ Ö,   ¸¨¸É¥³  ¤¢Ê³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ±μ´¥Î´ Ö. �μÔÉμ³Ê ¢ ÔÉμ³
¸²ÊÎ ¥ ¢Ò£μ¤´¥¥ ¸´ Î ²  ¢Ò¢¥¸É¨ · §²μ¦¥´¨Ö ¡¨¸Ë¥·¨Î¥¸±¨Ì Ë ¤¤¥¥¢¸±¨Ì
±μ³¶μ´¥´É Ψε

iab, É. ¥. ¶·¨³¥´¨ÉÓ ³¥Éμ¤ μ¡¸Ê¦¤¥´´μ° ¢ÒÏ¥ · ¡μÉÒ [29], ´μ ´¥
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± Ï¥¸É¨³¥·´Ò³,   ± ¤¢Ê³¥·´Ò³ Ê· ¢´¥´¨Ö³ ” ¤¤¥¥¢ ,   § É¥³ ¶μ ´ °¤¥´´Ò³
¶·¥¤¸É ¢²¥´¨Ö³ ¢μ¸¶·μ¨§¢¥¸É¨ · §²μ¦¥´¨Ö ±μ³¶μ´¥´É Ψε

i ¨ ¨Ì ¸Ê³³Ò Ψε,
¶μ¤Î¨´¥´´μ° Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· .

‚ ¸²ÊÎ ¥ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°, ¢±²ÕÎ¥´´ÒÌ ¢ ±μ´¥Î´μ³ Î¨¸²¥ ¶ ·-
Í¨ ²Ó´ÒÌ ¢μ²´, É ±μ° ¶μ¤Ìμ¤ ¶·¥¤¸É ¢²Ö¥É¸Ö ´ ¨¡μ²¥¥ ¶·μ¸ÉÒ³ ¨ ¶¥·¸¶¥±-
É¨¢´Ò³ ¤²Ö ¢Ò¢μ¤  ¨  ´ ²¨§  · §²μ¦¥´¨° ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° μ¤´μ- ¨ ¤¢Ê-
³¥·´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢  ¢¡²¨§¨ ÉμÎ¥± É·μ°´μ£μ ¨ ¶ ·´ÒÌ
Ê¤ ·μ¢ ¨ ¢ ¶·¥¤¥²¥ ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í. „²Ö ¸¨¸É¥³ ¨§ É·¥Ì
Éμ¦¤¥¸É¢¥´´ÒÌ ¡μ§μ´μ¢ ¸ S-¢μ²´μ¢Ò³¨ ¶ ·´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨, ¶·¥¤¸É -
¢¨³ÒÌ ·Ö¤ ³¨ (1.31),  ´ ²¨§ É ±¨Ì ·¥Ï¥´¨° ¢¡²¨§¨ ÉμÎ¥± É·μ°´μ£μ ¨ ¶ ·´μ£μ
Ê¤ ·μ¢ ¢Ò¶μ²´¥´, ¸μμÉ¢¥É¸É¢¥´´μ, ¢ [77] ¨ ¢ [80].

‚ [77] ¢¶¥·¢Ò¥ ¨¸¸²¥¤μ¢ ´  § ¢¨¸¨³μ¸ÉÓ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨°
” ¤¤¥¥¢  ¨ ˜·¥¤¨´£¥·  ¶·¨ r → 0 μÉ ¸É·μ¥´¨Ö (1.32) ¶ ·´ÒÌ S-¢μ²´μ¢ÒÌ
¢§ ¨³μ¤¥°¸É¢¨°. ‚ ¸²ÊÎ ¥ ´Ê²¥¢μ£μ ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  (� = 0) É ± Ö
§ ¢¨¸¨³μ¸ÉÓ ·¥Ï¥´¨Ö Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  μ¶¨¸Ò¢ ¥É¸Ö Ëμ·³Ê² ³¨

A) Ψε(r, Ωi) = 1 +
3
2

V1,−1 r

(
cosϕi +

∑
k �=i

cosϕk

)
+ O(r2),

B) Ψε(r, Ωi) = 1 +
3V10 − E

12
r2 +

V11

4
r3

[
(cosϕi)3 +

∑
k �=i

(cosϕk)3
]

+ O(r4),

C) Ψε(r, Ωi) = 1 +
3V10 − E

12π3/2
r2 + O(r4),

£¤¥ r → 0,   ϕk Å ËÊ´±Í¨Ö (1.4)  ·£Ê³¥´Éμ¢ ϕi ¨ ui.
‚ [80] ¤²Ö ¸¨¸É¥³Ò É·¥Ì Éμ¦¤¥¸É¢¥´´ÒÌ ¡μ§μ´μ¢ ¸ S-¢μ²´μ¢Ò³¨ ¶ ·-

´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ ¢¶¥·¢Ò¥ ¤μ± § ´μ, ÎÉμ ¢ ¸²ÊÎ ¥ A ¶·¨ ²Õ¡μ³ ¶μ²´μ³
Ê£²μ¢μ³ ³μ³¥´É¥ � ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ Ψε Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  μ¡² ¤ ¥É
¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ ·  (x ≡ xi → 0, y ≡ yi > 0) ¸¢μ°¸É¢μ³

Ψε(x,y) = Ψε
�0(x, y)Y�m

�0 (x̂, ŷ) [1 + o(1)] =
(
1 +

qx

2

)
Ψε(x,y)|x=0 + O(x2)

¨ ¶μÔÉμ³Ê ¶μ¤Î¨´Ö¥É¸Ö ¸¢Ö§¨

(2∂x − q)Ψε(x,y) = 0, x = 0, y > 0, q ≡ qi.

�·¨ q �= 0 ¨ � = 0 ÔÉ  ¸¢Ö§Ó Ö¢²Ö¥É¸Ö  ´ ²μ£μ³ Ê¸²μ¢¨Ö Š Éμ, ¤ ¢´μ ¤μ± § ´-
´μ£μ ¢ [127], ´μ ¢ ¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ ±Ê²μ´μ¢¸±¨Ì ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°.

5.3. Šμ²² ¶¸¨·ÊÕÐ¨¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨. ‚ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ [13]
¶μ¤ ±μ²² ¶¸μ³ (§ Ì¢ Éμ³, ¸ÉÖ£¨¢ ´¨¥³) Î ¸É¨ÍÒ ¢ ¸¨²μ¢μ³ ¶μ²¥ ¶μ¤· §Ê³¥-
¢ ¥É¸Ö ²μ± ²¨§ Í¨Ö ¥¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢ ¡¥¸±μ´¥Î´μ ³ ²μ° μ±·¥¸É´μ¸É¨
Í¥´É·  ÔÉμ£μ ¶μ²Ö. ‹μ± ²¨§ Í¨Ö Ë¨§¨Î¥¸±¨ ¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ± ¶ ¤¥´¨¥
Î ¸É¨ÍÒ ¢ ÔÉμÉ Í¥´É·.
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‚μ²´μ¢ Ö ËÊ´±Í¨Ö ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò ´¥¸±μ²Ó±¨Ì Î ¸É¨Í ¸
¶μ²´μ° Ô´¥·£¨¥° E < 0, ¸μ¸·¥¤μÉ Î¨¢ ÕÐ Ö¸Ö ¶·¨ E → −∞ ¢ μ±·¥¸É´μ-
¸É¨ ÌμÉÖ ¡Ò μ¤´μ° ÉμÎ±¨, ¶·¨´ ¤²¥¦ Ð¥° μ¡² ¸É¨ ¨§³¥´¥´¨Ö ¥¥  ·£Ê³¥´Éμ¢,
´ §Ò¢ ¥É¸Ö ¤²Ö ±· É±μ¸É¨ ±μ²² ¶¸¨·ÊÕÐ¥°.

„²Ö ¶·¨³¥·  ´ ¶μ³´¨³ § ¤ ÎÊ μ ¤¢¨¦¥´¨¨ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ ¸¨²μ¢μ³
¶μ²¥ V (x) = c/x2 ¸ ´Ê²¥¢Ò³ Ê£²μ¢Ò³ ³μ³¥´Éμ³ ¨ ¶μ²´μ° Ô´¥·£¨¥° e. ‚ ÔÉμ³
¸²ÊÎ ¥ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö Î ¸É¨ÍÒ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ Ψ(x) = x−1ψ(x),
Ë¨§¨Î¥¸±¨ ¤μ¶Ê¸É¨³ Ö · ¤¨ ²Ó´ Ö ËÊ´±Í¨Ö ψ ¶μ¤Î¨´Ö¥É¸Ö ±· ¥¢μ° § ¤ Î¥
˜·¥¤¨´£¥· (

−∂2
x + c/x2

)
ψ(x) = e ψ(x), ψ(0) = 0, x ∈ R1

+ = {x : 0 � x < ∞} ,
(5.7)

  ¨§¢¥¸É´μ¥ Ê¸²μ¢¨¥ ±μ²² ¶¸  ¨ ¥£μ ³ É¥³ É¨Î¥¸±ÊÕ ¨ Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥-
É Í¨Õ [13] ³μ¦´μ ¸Ëμ·³Ê²¨·μ¢ ÉÓ ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¥° É¥μ·¥³Ò.

’¥μ·¥³  5.1. �·¨ ²Õ¡μ³ c < −1/4 § ¤ Î  (5.7) ¨³¥¥É ¸¶²μÏ´μ° ¨ ´¥μ£· -
´¨Î¥´´Ò° ¸´¨§Ê ¸¶¥±É· {e} μÉ·¨Í É¥²Ó´ÒÌ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°, ± ¦¤μ³Ê
¨§ ±μÉμ·ÒÌ μÉ¢¥Î ¥É μ¤´  ±¢ ¤· É¨Î´μ-¸Ê³³¨·Ê¥³ Ö ´  ¶μ²Êμ¸¨ R1

+ ¢μ²´μ-
¢ Ö ËÊ´±Í¨Ö ψ(x). ‚ μ¸´μ¢´μ³ (´μ·³ ²Ó´μ³) ¸μ¸ÉμÖ´¨¨ Î ¸É¨Í  μ¡² ¤ ¥É
Ô´¥·£¨¥° e = −∞ ¨ ¶μÔÉμ³Ê ²μ± ²¨§μ¢ ´  ¢ ¡¥¸±μ´¥Î´μ ³ ²μ° μ±·¥¸É´μ¸É¨
ÉμÎ±¨ x = 0.

„²Ö ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í ¸ Í¥´É· ²Ó´Ò³¨ ¶ ·´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨
Í¥´É·μ¡¥¦´μ£μ É¨¶  Vk(xk) = ck/x2

k, £¤¥ ck Å ±μ´¸É ´ÉÒ,   k = 1, 2, 3,
É¥μ·¥³Ò ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¨ ¥¤¨´¸É¢¥´´μ¸É¨ Ë¨§¨Î¥¸±¨ ¶·¨¥³²¥³ÒÌ ·¥Ï¥´¨°
Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢  ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥¨§¢¥¸É´Ò.

‚ [71, 72] ¢¶¥·¢Ò¥ ¤μ± § ´μ, ÎÉμ ÔÉ¨ Ê· ¢´¥´¨Ö ¶·¨ E > 0 ¨ ¢¶μ²´¥
μ¶·¥¤¥²¥´´ÒÌ §´ Î¥´¨ÖÌ ¤¥°¸É¢¨É¥²Ó´ÒÌ ±μ´¸É ´É ck ¨³¥ÕÉ ÉμÎ´Ò¥ ·¥£Ê²Ö·-
´Ò¥ ·¥Ï¥´¨Ö, ¶·¥¤¸É ¢¨³Ò¥ ¶·μ¨§¢¥¤¥´¨Ö³¨ ËÊ´±Í¨¨ 	¥¸¸¥²Ö JL+2(r

√
E) ¨

±μ´¥Î´Ò³¨ ²¨´¥°´Ò³¨ ±μ³¡¨´ Í¨Ö³¨ £¨¶¥·£ ·³μ´¨± (1.7). ’ ±¨¥ ·¥Ï¥´¨Ö,
± ± ¨ ²μ¦´Ò¥ ·¥Ï¥´¨Ö (5.5), ´¥ μ¶¨¸Ò¢ ÕÉ ´¨± ±μ¥ Ë¨§¨Î¥¸±μ¥ ¸μ¸ÉμÖ´¨¥
¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í,   ¢¡²¨§¨ ÉμÎ¥± É·μ°´μ£μ ¨ ¶ ·´ÒÌ Ê¤ ·μ¢ ¨²¨ ¢ ¶·¥¤¥²¥
²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í Ö¢²ÖÕÉ¸Ö ·Ö¤ ³¨ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³  ·-
£Ê³¥´Éμ¢ r, xi ¨²¨ yi.

�μ¸É·μ¨³ ±μ²² ¶¸¨·ÊÕÐ¨¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¤²Ö ¸¨¸É¥³Ò É·¥Ì Éμ¦¤¥-
¸É¢¥´´ÒÌ ¡μ§μ´μ¢ ¢ ¸²ÊÎ ¥ � = 0 ¨ S-¢μ²´μ¢ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° (5.6) c ¶μ-
É¥´Í¨ ² ³¨ Vk(xk) = (c/x2

k) Í¥´É·μ¡¥¦´μ£μ É¨¶ , £¤¥ k = 1, 2, 3,   c Å
¤¥°¸É¢¨É¥²Ó´ Ö ±μ´¸É ´É .

‘´ Î ² , c²¥¤ÊÖ [73], ¢Ò¢¥¤¥³ Ê¸²μ¢¨Ö, ¤μ¸É ÉμÎ´Ò¥ ¤²Ö ±μ²² ¶¸  É·¥Ì
¡μ§μ´μ¢. „²Ö ÔÉμ£μ ¶μ¤¸É ´μ¢±μ°

Ψε
i (r, Ωi) = 2 r−5/2 cosec 2ϕi Rp(r; E) f(ϕi; p2), i = 1, 2, 3, (5.8)
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¸¢¥¤¥³ Ë ¤¤¥¥¢¸±¨¥ Ê· ¢´¥´¨Ö (1.54) ± ¤¢Ê³ μ¤´μ³¥·´Ò³ ¨ μ¤´μ·μ¤´Ò³ ±· -
¥¢Ò³ § ¤ Î ³ Ï·¥¤¨´£¥·μ¢¸±μ£μ É¨¶ . ‘¶¥±É· ¶¥·¢μ° § ¤ Î¨ ¤²Ö ËÊ´±Í¨¨ f
¶·¨ Ê¸²μ¢¨ÖÌ f = 0, ¥¸²¨ ϕi = 0, π/2, ¤¥É ²Ó´μ ¨¸¸²¥¤μ¢ ´ ¢ [74,75]. ‚Éμ· Ö
§ ¤ Î  Ö¢²Ö¥É¸Ö · ¤¨ ²Ó´μ° (r ∈ R1

+) § ¤ Î¥° ˜·¥¤¨´£¥·  ¸ Í¥´É·μ¡¥¦´Ò³
¶μÉ¥´Í¨ ²μ³ (p2 − 1/4) r−2 ¨ ¨¸±μ³Ò³¨ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ E ¨ μÉ¢¥Î -
ÕÐ¥° ¥³Ê ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¥° Rp(r; E):[

−∂2
r + (p2 − 1/4)r−2

]
Rp(r; E) = ERp(r; E);

Rp(0; E) = 0; |Rp(r; E)| < ∞, r ∈ R1
+ ≡ {r : 0 � r < ∞}.

(5.9)

‚ ¸²ÊÎ ¥ ¤¥°¸É¢¨É¥²Ó´μ£μ p2 ¨¸¸²¥¤Ê¥³ Ö § ¤ Î  (5.9) ¶μ²ÊÎ ¥É¸Ö ¨§ § ¤ -
Î¨ (5.7) § ³¥´μ°  ·£Ê³¥´É  ¨ ¶ · ³¥É·μ¢: x → r,   c → p2−1/4 ¨ e → E. �μ-
ÔÉμ³Ê É¥μ·¥³  5.1 ¸¶· ¢¥¤²¨¢  ¨ ¤²Ö § ¤ Î¨ (5.9). ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ Ê¸²μ¢¨¨
p2−1/4 < −1/4, É. ¥. p2 < 0, ÔÉ  § ¤ Î  ¨³¥¥É ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥³μ¥ ´ 
¶μ²Êμ¸¨ R+

1 ·¥Ï¥´¨¥, μ¶¨¸Ò¢ ÕÐ¥¥ £¨¶¥·· ¤¨ ²Ó´ÊÕ § ¢¨¸¨³μ¸ÉÓ ¢μ²´μ¢μ°
ËÊ´±Í¨¨ É·¥Ì¡μ§μ´´μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¸ ¡¥¸±μ´¥Î´μ ¡μ²ÓÏμ° Ô´¥·-
£¨¥° ¸¢Ö§¨ (−E = ∞). „·Ê£¨³¨ ¸²μ¢ ³¨, ¢¸¥ É·¨ ¡μ§μ´  ³μ£ÊÉ ¸ÉÖ£¨¢ ÉÓ¸Ö ¢
¨Ì Í¥´É· ³ ¸¸, ¥¸²¨ p Å Î¨¸Éμ ³´¨³μ¥ Î¨¸²μ (p = i|p|). Š ± ¤μ± § ´μ ¢ [75],
¶·¨ É ±μ³ Ê¸²μ¢¨¨ § ¤ Î  ¤²Ö ËÊ´±Í¨¨ f ¨³¥¥É ·¥Ï¥´¨¥, ¥¸²¨ ¢ ´¥° c < 0.
‘²¥¤μ¢ É¥²Ó´μ, ¸μ¢μ±Ê¶´μ¸ÉÓ ´¥· ¢¥´¸É¢ c < 0, p2 < 0 ¨ E < 0 Ö¢²Ö¥É¸Ö
¤μ¸É ÉμÎ´Ò³ Ê¸²μ¢¨¥³ ±μ²² ¶¸  É·¥Ì ¡μ§μ´μ¢.

’¥¶¥·Ó ¶·¨ É ±¨Ì Ê¸²μ¢¨ÖÌ ´ °¤¥³ ¢¥Ð¥¸É¢¥´´μ¥, ¢¸Õ¤Ê μ£· ´¨Î¥´´μ¥
·¥Ï¥´¨¥ § ¤ Î¨ (5.9). �μ¤¸É ´μ¢±μ° Rp(r; E) =

√
z Zp(z), z ≡ r

√
E, ¸¢¥¤¥³

¥¥ ± Ê· ¢´¥´¨Õ 	¥¸¸¥²Ö (1.35) c Î¨¸Éμ ³´¨³Ò³¨ ν ¨ z ¨ Ê¸²μ¢¨Ö³¨

lim
|z|→0

√
z Zν(z) = 0, |

√
z Zν(z)| < ∞, ∀|z|.

…¤¨´¸É¢¥´´Ò³ μ£· ´¨Î¥´´Ò³ ¶·¨ |z| → ∞ ·¥Ï¥´¨¥³ ÔÉμ° § ¤ Î¨ Ö¢²Ö-

¥É¸Ö ËÊ´±Í¨Ö • ´±¥²Ö H
(1)
i|p|(z). �μÔÉμ³Ê ¨¸Ìμ¤´μ° § ¤ Î¥ (5.9) ¶·¨ ²Õ¡ÒÌ

¤ ´´ÒÌ p2 < 0 ¨ E < 0 Ê¤μ¢²¥É¢μ·Ö¥É ¥¤¨´¸É¢¥´´ Ö ¢¥Ð¥¸É¢¥´´ Ö ËÊ´±Í¨Ö

Rp(r; E) = C(p)
√

z H
(1)
i|p|(z), C(p) ≡

(
π

2

)1/2

exp
(

iπ

4
− π|p|

2

)
. (5.10)

”Ê´±Í¨Ö Rp Ô±¸¶μ´¥´Í¨ ²Ó´μ Ê¡Ò¢ ¥É ¶·¨ r → ∞:

Rp(r; E) ∼ exp(−|z|), |z| = r
√

|E| → ∞,

¨ ¶μÔÉμ³Ê ²μ± ²¨§Ê¥É¸Ö ¢¡²¨§¨ ÉμÎ±¨ r = 0, ¥¸²¨ E → ∞. ”Ê´±Í¨Ö Rp

¨³¥¥É ¡Ò¸É·μμ¸Í¨²²¨·ÊÕÐÊÕ  ¸¨³¶ÉμÉ¨±Ê ¶·¨ r → 0:

Rp(r; E) = −
(

2|z|
|p|sh (π|p|)

)1/2

sin [|p|ln |z/2| − arg Γ(1 + i|p|)] (5.11)
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¨ ¶μÔÉμ³Ê μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¢ ÉμÎ±¥ r = 0,   ¢¸¥ ¥¥ μ¸É ²Ó´Ò¥ ´Ê²¨ rn

Ô±¸¶μ´¥´Í¨ ²Ó´μ ¸£ÊÐ ÕÉ¸Ö ¸ ·μ¸Éμ³ n ± ÔÉμ° ÉμÎ±¥:

rn ≈ 2√
|E|

exp
{
−|p|−1 [πn − arg Γ(1 + i|p|)]

}
, n = N, N + 1, . . . ,

£¤¥ Í¥²μ¥ N ´ ¸Éμ²Ó±μ ¢¥²¨±μ, ÎÉμ rn

√
|E|  1 Ê¦¥ ¶·¨ n = N .

‘μ£² ¸´μ (5.8) ËÊ´±Í¨¨ (5.10) μÉ¢¥Î ÕÉ Ë ¤¤¥¥¢¸±¨¥ ±μ³¶μ´¥´ÉÒ

Ψε
i (r, Ωi) = r−5/2 C(p)

√
z H

(1)
i|p|(z) cosec 2ϕi f(ϕi; p2), i = 1, 2, 3. (5.12)

‘Ê³³  É·¥Ì É ±¨Ì ±μ³¶μ´¥´É ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥

Ψε(r, Ωi; p2, E) =
3∑

k=1

Ψε
k(r, Ωk) = r−5/2 C(p)

√
z H

(1)
i|p|(z)×

×
{

f(ϕi; p2)
sin 2ϕi

+
∑
k �=i

f(ϕk(ϕi, ui; γki); p2)
sin 2ϕk(ϕi, ui; γki)

}
, (5.13)

£¤¥ ϕk Å ËÊ´±Í¨¨ (1.4) ¶¥·¥³¥´´ÒÌ ϕi, ui ¨ ¶ · ³¥É·  γki = ±π/3.
Šμ³¶μ´¥´ÉÒ (5.12),   §´ Î¨É ¨ ¨Ì ¸Ê³³  (5.13), ±¢ ¤· É¨Î´μ-¨´É¥£·¨·Ê¥-

³Ò ¢ R6 ¸ ¢¥¸μ³ r5 (sin ϕi cosϕi)2. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ ²Õ¡μ³ p2 < 0 É -
±ÊÕ ¸Ê³³Ê ³μ¦´μ ¸Î¨É ÉÓ ¢μ²´μ¢μ° ËÊ´±Í¨¥° ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö É·¥Ì
¡μ§μ´μ¢ ¸ ¶μ²´μ° Ô´¥·£¨¥° E < 0. �μÔÉμ³Ê ¸μ¢μ±Ê¶´μ¸ÉÓ (5.12) É·¥Ì Ë ¤-
¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É Ö¢²Ö¥É¸Ö Ë¨§¨Î¥¸±¨ ¶·¨¥³²¥³Ò³ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨°
” ¤¤¥¥¢  (1.54). „ ´´Ò³ μÉ·¨Í É¥²Ó´Ò³ p2 ¨ E μÉ¢¥Î ¥É ¥¤¨´¸É¢¥´´ Ö ¢μ²-
´μ¢ Ö ËÊ´±Í¨Ö (5.13). �·¨ Ë¨±¸¨·μ¢ ´´μ³ p2 ¨ E → −∞ μ´  ²μ± ²¨§Ê¥É¸Ö ¢
ÉμÎ±¥ r = 0, ÎÉμ Ë¨§¨Î¥¸±¨ ¨´É¥·¶·¥É¨·Ê¥É¸Ö ± ± ±μ²² ¶¸ ¸¨¸É¥³Ò É·¥Ì ¡μ§μ-
´μ¢, μ¸´μ¢´Ò³ ¸μ¸ÉμÖ´¨¥³ ±μÉμ·μ° Ö¢²Ö¥É¸Ö ¸μ¸ÉμÖ´¨¥ ¸ ¡¥¸±μ´¥Î´μ ¡μ²ÓÏμ°
Ô´¥·£¨¥° ¸¢Ö§¨ (−E = ∞).

‚§ ¨³μ¤¥°¸É¢¨Ö Í¥´É·μ¡¥¦´μ£μ É¨¶  ´¥ ¶·¨´ ¤²¥¦ É ±² ¸¸Ê ¢§ ¨³μ¤¥°-
¸É¢¨° (1.31) ¨ ´¥ ¶μ¤Î¨´ÖÕÉ¸Ö μ£· ´¨Î¥´¨Ö³ Š Éμ (3.1). �μÔÉμ³Ê ¢¡²¨§¨
ÉμÎ¥± É·μ°´μ£μ (r → 0) ¨ ¶ ·´ÒÌ (xi → 0, yi > 0) ¸μÊ¤ ·¥´¨° ¨²¨ ¢ ¶·¥¤¥²¥
²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ (xi > 0, yi → 0) É·¥Ì ¡μ§μ´μ¢ ´ °¤¥´´Ò¥ ·¥Ï¥-
´¨Ö (5.12) ¨ (5.13) Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨ ˜·¥¤¨´£¥·  ´¥²Ó§Ö ¶·¥¤¸É ¢¨ÉÓ
·Ö¤ ³¨ Ëμ±μ¢¸±μ£μ É¨¶ , ¨²¨ ¦¥ ·Ö¤ ³¨ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ ¶¥·¥³¥´´ÒÌ xi

¨²¨ yi. „¥°¸É¢¨É¥²Ó´μ, ÔÉ¨ ·¥Ï¥´¨Ö ¸μ¤¥·¦ É ¢ ± Î¥¸É¢¥ ³´μ¦¨É¥²Ö ËÊ´±Í¨Õ
Rp c μ¸Í¨²²¨·ÊÕÐ¥°  ¸¨³¶ÉμÉ¨±μ° (5.11) ¨ ¶μÔÉμ³Ê ¡Ò¸É·μ μ¸Í¨²²¨·ÊÕÉ ¨
¶·¨ r → 0, ¨ ¢ ¸²ÊÎ ¥ xi → 0, yi > 0, ¨ ¢ ¸²ÊÎ ¥ yi → 0, xi > 0.

’ ± ± ± ¸¥³¥°¸É¢μ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° (5.13) μ¶·¥¤¥²Ö¥É¸Ö ¤¢Ê³Ö ¶ · ³¥-
É· ³¨ p2 ¨ E, Éμ ¨³¥¥É¸Ö Ê´¨± ²Ó´ Ö ¢μ§³μ¦´μ¸ÉÓ ³μ¤¥²¨·μ¢ ´¨Ö Ë¨§¨Î¥¸±¨
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· §´ÒÌ É·¥ÌÎ ¸É¨Î´ÒÌ ±μ´Ë¨£Ê· Í¨°. � ¶·¨³¥·, ¶Ê¸ÉÓ §´ Î¥´¨¥ p2 < 0 § -
Ë¨±¸¨·μ¢ ´μ, Éμ£¤  ¶·¨ ´¥¡μ²ÓÏμ³ §´ Î¥´¨¨ |E| ËÊ´±Í¨Ö (5.13) ¡Ê¤¥É ¢μ²´μ-
¢μ° ËÊ´±Í¨¥° ¸² ¡μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö É·¥Ì ¡μ§μ´μ¢,   ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥
¡μ²ÓÏμ£μ §´ Î¥´¨Ö |E| Å ²μ± ²¨§μ¢ ´´μ° (±μ²² ¶¸¨·ÊÕÐ¥°) ¢¡²¨§¨ ÉμÎ±¨
r = 0 ¢μ²´μ¢μ° ËÊ´±Í¨¥° ¸¨²Ó´μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö.

5.4. Š ´ ²¨·μ¢ ´¨¥ Î ¸É¨Í ¢ ±·¨¸É ²²¥. �ËË¥±É ± ´ ²¨·μ¢ ´¨Ö [21,22]
§ ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ § ·Ö¦¥´´ Ö ¨²¨ ´¥°É· ²Ó´ Ö Î ¸É¨Í , ¨´¦¥±É¨·μ¢ ´-
´ Ö ¢ ±·¨¸É ²² ¶μ¤ ³ ²Ò³ Ê£²μ³ ± μ¤´μ° ¨§ ±·¨¸É ²²μ£· Ë¨Î¥¸±¨Ì μ¸¥°,
¶μ¸²¥ ¸¥·¨¨ ± ¸ É¥²Ó´ÒÌ ¸Éμ²±´μ¢¥´¨° ¸  Éμ³ ³¨, ¡²¨§±¨³¨ ± ÔÉμ° μ¸¨,
´¥ ³¥´Ö¥É ¸¢μ¥£μ ´ ¶· ¢²¥´¨Ö ¨ ¤¢¨¦¥É¸Ö ¸ ³¨´¨³ ²Ó´μ° ¶μÉ¥·¥° Ô´¥·£¨¨.
Š ´ ²¨·μ¢ ´¨¥ ¢μ§³μ¦´μ ¨ ³¥¦¤Ê ¤¢Ê³Ö ¸³¥¦´Ò³¨ ±·¨¸É ²²μ£· Ë¨Î¥¸±¨³¨
¶²μ¸±μ¸ÉÖ³¨.

Ÿ¢²¥´¨¥ ± ´ ²¨·μ¢ ´¨Ö ¡Ò¸É·ÒÌ § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ±·¨¸É ²²¥ ¢¶¥·-
¢Ò¥ ¶·¥¤¸± § ´μ ¢ 1912 £. ¢ · ¡μÉ¥ [143]. 	μ²¥¥ Î¥³ Î¥·¥§ ¶μ²¢¥± ,   ¨³¥´´μ
¢ 1963 £., ÔÉμ Ö¢²¥´¨¥ ¡Ò²μ ¶μ¤É¢¥·¦¤¥´μ ¢ [144] · ¸Î¥É ³¨ ¸ ¶μ³μÐÓÕ ±μ³-
¶ÓÕÉ¥·´μ£μ ³μ¤¥²¨·μ¢ ´¨Ö,   ¢ 1968 £. Å ¶¥·¢Ò³¨ Ô±¸¶¥·¨³¥´É ³¨ [145,146].
‚ 1969 £. ‹¨´Ì ·¤ ¶·¥¤¸É ¢¨² ¢ [147] ¸μ§¤ ´´ÊÕ ¨³ ¶¥·¢ÊÕ É¥μ·¨Õ ± ´ ²¨-
·μ¢ ´¨Ö. ‘μ£² ¸´μ ÔÉμ° É¥μ·¨¨ ¶ÊÎμ± Î ¸É¨Í, ± ´ ²¨·Ê¥³ÒÌ ¢ ±·¨¸É ²²¥,
Ëμ±Ê¸¨·Ê¥É¸Ö ¨ Ö¢²Ö¥É¸Ö ´ ´μÉ·Ê¡±μ°, ¶μÉμ³Ê ÎÉμ ¥£μ ¶μ¶¥·¥Î´Ò° · §³¥·
(∼ 10−8 ¸³) ¸· ¢´¨³ ¶μ ¶μ·Ö¤±Ê ¢¥²¨Î¨´Ò ¸ · §³¥·μ³  Éμ³´ÒÌ ÖÎ¥¥± ±·¨-
¸É ²² . �μÔÉμ³Ê ÔËË¥±É¨¢´μ¸ÉÓ ¢§ ¨³μ¤¥°¸É¢¨Ö ¤¢ÊÌ ¶ÊÎ±μ¢ Î ¸É¨Í ¨²¨ ¦¥
¶ÊÎ±  ¨ ´¥¶μ¤¢¨¦´μ° ³¨Ï¥´¨, ¶·μ¶μ·Í¨μ´ ²Ó´ Ö ¶²μÉ´μ¸É¨ ¶μÉμ±  Î ¸É¨Í,
¸ÊÐ¥¸É¢¥´´μ ¢μ§· ¸É ¥É, ¥¸²¨ ·¥ ±Í¨Ö ¢§ ¨³μ¤¥°¸É¢¨Ö μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¢ ±·¨-
¸É ²²¥.

‚ ¸¥·¥¤¨´¥ 1970-Ì ££. ¶μÖ¢¨²¨¸Ó · ¡μÉÒ (¸³. ³μ´μ£· Ë¨Õ [22]), Ê± §Ò-
¢ ÕÐ¨¥ ´  ¢μ§³μ¦´μ¸ÉÓ ± ´ ²¨·μ¢ ´¨Ö ·¥²ÖÉ¨¢¨¸É¸±¨Ì Î ¸É¨Í ¸ Ô´¥·£¨¥° ¢
´¥¸±μ²Ó±μ ƒÔ‚ ¨ ¢ÒÏ¥, ¶·¨Î¥³ ´¥ Éμ²Ó±μ ¶·μÉμ´μ¢, ´μ ¨ μÉ·¨Í É¥²Ó´μ § -
·Ö¦¥´´ÒÌ Ô²¥±É·μ´μ¢, ¤¢¨¦ÊÐ¨Ì¸Ö, ¢ μÉ²¨Î¨¥ μÉ ¶μ²μ¦¨É¥²Ó´μ § ·Ö¦¥´´ÒÌ
Î ¸É¨Í, ¢ ´¥¶μ¸·¥¤¸É¢¥´´μ° ¡²¨§μ¸É¨ ± Í¥¶μÎ± ³  Éμ³μ¢ ±·¨¸É ²² .

‚ 1976 £. �.�.–Ò£ ´μ¢ ¢ [148] ¶·¥¤²μ¦¨² ¨¸¶μ²Ó§μ¢ ÉÓ Ö¢²¥´¨¥ ± ´ ²¨-
·μ¢ ´¨Ö Î ¸É¨Í ¢ ¨§μ£´ÊÉÒÌ ±·¨¸É ²² Ì ¤²Ö Ê¶· ¢²¥´¨Ö É· ¥±Éμ·¨Ö³¨ Î ¸É¨Í
¢Ò¸μ±¨Ì Ô´¥·£¨°. ‚¸¥ ¶μ²ÊÎ¥´´Ò¥ ¶μ§¦¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ [149]
¶μ¤É¢¥·¤¨²¨ ÔËË¥±É¨¢´μ¸ÉÓ ¨¸¶μ²Ó§μ¢ ´¨Ö ¨§μ£´ÊÉÒÌ ±·¨¸É ²²μ¢ ¢ ± Î¥¸É¢¥
É¥Ì´¨Î¥¸±¨Ì Ô²¥³¥´Éμ¢ ¤²Ö ¢Ò¢μ¤  ¶ÊÎ±μ¢ Î ¸É¨Í ¨§ ± ³¥· Ê¸±μ·¨É¥²¥° ¨ ¤²Ö
· §¢μ¤±¨ ¶ÊÎ±μ¢ ³¥¦¤Ê Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ Ê¸É ´μ¢± ³¨.

‚ 1980-Ì ££. Œ. �.ŠÊ³ Ìμ¢ [22] μ¡μ¡Ð¨² · ´¥¥ ¸μ§¤ ´´ÊÕ É¥μ·¨Õ ± ´ -
²¨·μ¢ ´¨Ö ¨ ¶·¥¤²μ¦¨² ³¥Éμ¤Ò Ê¶· ¢²¥´¨Ö ¤¢¨¦¥´¨¥³ ´¥°É·μ´μ¢ ¨ ¦¥¸É±¨Ì
ËμÉμ´μ¢ ¸ ¶μ³μÐÓÕ É·Ê¡μ±, ¨¸±Ê¸¸É¢¥´´μ ¸±μ´¸É·Ê¨·μ¢ ´´ÒÌ ¨§ ¶ · ²²¥²Ó´μ
¨§μ£´ÊÉÒÌ ¶² ¸É¨´. ‚ ÔÉμ° É¥μ·¨¨ ¢¶¥·¢Ò¥ Ê± §Ò¢ ²μ¸Ó ´  ¶¥·¥· ¸¶·¥¤¥²¥-
´¨¥ ¶²μÉ´μ¸É¨ ¶μÉμ±  Î ¸É¨Í ¢´ÊÉ·¨ ±·¨¸É ²²  ¢ ¶·μÍ¥¸¸¥ ± ´ ²¨·μ¢ ´¨Ö
¨ Ê¸É ´ ¢²¨¢ ² ¸Ó § ¢¨¸¨³μ¸ÉÓ ³ ±¸¨³Ê³μ¢ ¨ ³¨´¨³Ê³μ¢ ¨´É¥´¸¨¢´μ¸É¨ ¶μ-
Éμ±  μÉ ¥£μ ¶·μ¤μ²Ó´μ° ±μμ·¤¨´ ÉÒ. ˆ§¢¥¸É´Ò° ÔËË¥±É ŠÊ³ Ìμ¢  § ±²ÕÎ -
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¥É¸Ö ¢ ¸¶μ´É ´´μ³ ¨§²ÊÎ¥´¨¨ § ·Ö¦¥´´Ò³¨ Î ¸É¨Í ³¨ ¶·¨ ± ´ ²¨·μ¢ ´¨¨ ¢
´ ¶· ¢²¥´¨¨ ¨Ì ¤¢¨¦¥´¨Ö. ˆ¸¶μ²Ó§μ¢ ´¨¥ ÔÉμ£μ ÔËË¥±É  ´  ¶¥·¨μ¤¨Î¥¸±¨
¨§μ£´ÊÉÒÌ ±·¨¸É ²² Ì ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¶μ²ÊÎ¥´¨Ö ´μ¢μ£μ ¨¸ÉμÎ´¨±  ¢Ò¸μ±μ-
Ô´¥·£¥É¨Î¥¸±μ£μ £ ³³ -¨§²ÊÎ¥´¨Ö [150,151]. �μ¤μ¡´Ò¥ Ê¸É·μ°¸É¢  £¥´¥· Í¨¨
±μ£¥·¥´É´ÒÌ ËμÉμ´μ¢ ± ´ ²¨·Ê¥³Ò³¨ Î ¸É¨Í ³¨ ´ §Ò¢ ÕÉ¸Ö ±·¨¸É ²²¨Î¥-
¸±¨³¨ μ´¤Ê²ÖÉμ· ³¨ ¨ Ï¨·μ±μ ¨¸¶μ²Ó§ÊÕÉ¸Ö.

‚Ò¶μ²´¥´´Ò¥ ¢ 1986 £. ¶¥·¢Ò¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¨¸¸²¥¤μ¢ ´¨Ö [152]
¶μ¶¥·¥Î´ÒÌ ¨³¶Ê²Ó¸μ¢ Î ¸É¨Í ¢ ± ´ ²¥ ¶μ± § ²¨, ÎÉμ É ±¨¥ · ¸¶·¥¤¥²¥´¨Ö
¶μ¤μ¡´Ò · ¤Ê£¥ ¨²¨ ± Ê¸É¨± ³.

Š ± μÉ³¥Î ²μ¸Ó ¢ [153], ´¥¤ ¢´μ 
. �. „¥³±μ¢ μ¡Ñ¥¤¨´¨² ¢ É¥μ·¥É¨Î¥-
¸±μ³ · ¸¸³μÉ·¥´¨¨ § ¢¨¸¨³μ¸ÉÓ ³ ±¸¨³Ê³μ¢ ¨ ³¨´¨³Ê³μ¢ ¨´É¥´¸¨¢´μ¸É¨ ± -
´ ²¨·Ê¥³μ£μ ¶μÉμ±  μÉ ¥£μ ¶·μ¤μ²Ó´μ° ±μμ·¤¨´ ÉÒ ¨ ¶μ¶¥·¥Î´ÒÌ ¨³¶Ê²Ó¸μ¢
Î ¸É¨Í ¢ ± ´ ²¥. ƒ² ¢´Ò³ ·¥§Ê²ÓÉ Éμ³ É ±μ£μ μ¡Ñ¥¤¨´¥´¨Ö [154, 155] ¸É ²μ
¶·¥¤¸± § ´¨¥ ÔËË¥±É  ¸¢¥·ÌËμ±Ê¸¨·μ¢±¨, § ±²ÕÎ ÕÐ¥£μ¸Ö ¢ Éμ³, ÎÉμ ¢ ¶μ-
Éμ±¥ ± ´ ²¨·Ê¥³ÒÌ Î ¸É¨Í ¨³¥ÕÉ¸Ö Ëμ±Ê¸¨·ÊÕÐ¨¥ μ¡² ¸É¨, £¤¥ ¥£μ ¶²μÉ-
´μ¸ÉÓ ¢μ§· ¸É ¥É ¢ ¸μÉ´¨ · § ¶μ ¸· ¢´¥´¨Õ ¸ ¶²μÉ´μ¸ÉÓÕ ¶μÉμ±  Î ¸É¨Í,
¢Ìμ¤ÖÐ¨Ì ¢ ±·¨¸É ²². �·¥¤¸± § ´´Ò° ÔËË¥±É ¶μ¤É¢¥·¦¤¥´ · ¸Î¥É ³¨ [156]
¶μ ³¥Éμ¤Ê Œμ´É¥-Š ·²μ ¨ ¶·¥¤²μ¦¥´ ¢ [154] ± ± ¨¤¥°´ Ö μ¸´μ¢  ¤²Ö ¸μ§¤ -
´¨Ö ¸Ê¡ Éμ³´μ£μ ³¨±·μ¸±μ¶  ¨ £¥´¥· Í¨¨ ±μ´É·μ²¨·Ê¥³ÒÌ ·¥ ±Í¨° Ö¤¥·´μ£μ
¸¨´É¥§ . ‘μ£² ¸´μ ÔÉμ° ¨¤¥¥ ÔËË¥±É ¸¢¥·ÌËμ±Ê¸¨·μ¢±¨ ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ
¤²Ö ¸ÊÐ¥¸É¢¥´´μ£μ Ê¢¥²¨Î¥´¨Ö ÔËË¥±É¨¢´μ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö Î ¸É¨Í, ¶μ³¥-
Ð Ö μ¤¨´ ¨§ μ¡Ñ¥±Éμ¢ ¢§ ¨³μ¤¥°¸É¢¨Ö (¨³¶² ´É¨·μ¢ ´´μ¥ ¢ ±·¨¸É ²² Ö¤·μ-
³¨Ï¥´Ó) ¢ § · ´¥¥ · ¸¸Î¨É ´´Ò¥ ¶μ²μ¦¥´¨Ö Ëμ±Ê¸μ¢ ²¨¡μ μ¸ÊÐ¥¸É¢²ÖÖ ¶·μ-
Í¥¸¸ ¢¸É·¥Î´μ£μ ± ´ ²¨·μ¢ ´¨Ö Î ¸É¨Í É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ÉμÎ±  ¢¸É·¥Î¨
¤²Ö μ¡μ¨Ì ¶ÊÎ±μ¢ ¸μ¢¶ ¤ ²  ¸ ¨Ì Ëμ±Ê¸ ³¨.

Šμ´±·¥É´Ò¥ ¶·¥¤²μ¦¥´¨Ö ¶μ ¸É¨³Ê²¨·μ¢ ´¨Õ Ö¤¥·´ÒÌ ·¥ ±Í¨° ¸¨´É¥§ 
´  ± ´ ²¨·Ê¥³ÒÌ ¢ ³μ´μ±·¨¸É ²²¥ ¶ÊÎ± Ì ¨μ´μ¢ ¢Ò¸± § ´Ò �.†. ’ ±¨¡ ¥¢Ò³
¢ [157] ¨ μ¡¸Ê¦¤ ²¨¸Ó ¶μ§¦¥ ¢ [158Ä161].

�¥·¢Ò° ¢ ·¨ ´É [158] ·¥ ²¨§ Í¨¨ Ö¤¥·´μ£μ ¸¨´É¥§  μ¸´μ¢ ´ ´  ± ´ ²¨-
·μ¢ ´¨¨ ¢ ±·¨¸É ²²¥ ¢¸É·¥Î´ÒÌ ¶ÊÎ±μ¢ ¨μ´μ¢, ´ ¶·¨³¥·, ¶ÊÎ±μ¢ ¤¥°É¥·¨Ö ¨
É·¨É¨Ö ¨²¨ ¦¥ ¶ÊÎ±μ¢ ¤¥°É¥·¨Ö ¨ £¥²¨Ö:

2
1H + 3

1H → 1
0n + 4

2He + 17,6 MÔ‚, 2
1H + 3

2He → 1
1p + 4

2He + 18,3 MÔ‚.

‘μ£² ¸´μ ¤ ´´Ò³ ¢ [159] μÍ¥´± ³ ¢ÒÌμ¤ ÔÉ¨Ì Ö¤¥·´ÒÌ ·¥ ±Í¨° ³μ¦¥É ¡ÒÉÓ
¸ÊÐ¥¸É¢¥´´μ Ê¢¥²¨Î¥´ ¶μ¤¡μ·μ³ ±·¨¸É ²²  ¨ ³¨±·μËμ±Ê¸¨·μ¢±μ° ¢¸É·¥Î´ÒÌ
¶ÊÎ±μ¢ ´  ¢Ìμ¤¥ ¢ ±·¨¸É ²².

„·Ê£μ° ¢ ·¨ ´É [158] ·¥ ²¨§ Í¨¨ Ö¤¥·´μ£μ ¸¨´É¥§  É·¥¡Ê¥É ¶·¥¤¢ ·¨É¥²Ó-
´μ° ¨³¶² ´É Í¨¨ ¢ ±·¨¸É ²² Ö¤¥·-³¨Ï¥´¥°. �·¨³¥· É ±μ° ·¥ ²¨§ Í¨¨ Å
·¥ ±Í¨Ö ¤¥°É·μ´μ¢, ± ´ ²¨·Ê¥³ÒÌ ¢ ±·¨¸É ²²¥, ¸ ¨³¶² ´É¨·μ¢ ´´Ò³¨ ¢ ´¥£μ
Ö¤· ³¨ ²¨É¨Ö:

2
1H + 6

3Li → 4
2He + 4

2He + 22,4 MÔ‚.
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…Ð¥ μ¤¨´ ¶¥·¸¶¥±É¨¢´Ò° ¸¶μ¸μ¡ [160] Ö¤¥·´μ£μ ¸¨´É¥§  μ¸´μ¢ ´ ´  ¨¸-
¶μ²Ó§μ¢ ´¨¨ Ö¤· -¨³¶² ´É ´É , ´ Ìμ¤ÖÐ¥£μ¸Ö ¢ É ±μ³ ·¥§μ´ ´¸´μ³ ¸μ¸ÉμÖ-
´¨¨, ¸·¥¤´¨° · §³¥· ±μÉμ·μ£μ ¸ÊÐ¥¸É¢¥´´μ ¶·¥¢ÒÏ ¥É · §³¥· ¥£μ μ¸´μ¢´μ£μ
¸μ¸ÉμÖ´¨Ö.

ˆ§ ¶·¥¤¸É ¢²¥´´μ£μ ¢ÒÏ¥ ±· É±μ£μ Ì·μ´μ²μ£¨Î¥¸±μ£μ μ¡§μ·  ¸²¥¤Ê¥É, ÎÉμ
¨¸¶μ²Ó§μ¢ ´¨¥ ¶·¨´Í¨¶  ¤¢¨¦¥´¨Ö Î ¸É¨Í ¢´ÊÉ·¨ ´ ´μÉ·Ê¡μ±, ¶μ²ÊÎ ¥³ÒÌ ¢
±·¨¸É ²² Ì, ¨³¥¥É ³´μ¦¥¸É¢μ ¶·¨²μ¦¥´¨° ¢ ¡Ê·´μ · §¢¨¢ ÕÐ¥°¸Ö ¢ ´ ¸ÉμÖ-
Ð¥¥ ¢·¥³Ö μ¡² ¸É¨ ´ ´μÉ¥Ì´μ²μ£¨°. �μÔÉμ³Ê É¥μ·¥É¨Î¥¸±μ¥ μ¶¨¸ ´¨¥ ¶·μÍ¥¸-
¸μ¢ ± ´ ²¨·μ¢ ´¨Ö ¨ ¸Éμ²±´μ¢¥´¨° Î ¸É¨Í ¢ ±·¨¸É ²² Ì Ö¢²Ö¥É¸Ö  ±ÉÊ ²Ó´μ°
§ ¤ Î¥° ¸μ¢·¥³¥´´μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ · ¸¸¥Ö´¨Ö.

�¡¸Ê¤¨³,   § É¥³ ¤μ¶μ²´¨³ ´¥¤ ¢´¥¥ É¥μ·¥É¨Î¥¸±μ¥ μ¶¨¸ ´¨¥ [161] ¸Éμ²±-
´μ¢¥´¨Ö ¤¢ÊÌ ± ´ ²¨·Ê¥³ÒÌ ¶μ²μ¦¨É¥²Ó´μ § ·Ö¦¥´´ÒÌ Î ¸É¨Í pj ¨ pk. ‚
ÔÉμ³ μ¶¨¸ ´¨¨ ¸´ Î ²  ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ Î ¸É¨ÍÒ pj ¨ pk ¢§ ¨³μ¤¥°¸É¢ÊÕÉ
¸μ ¢¸¥³¨  Éμ³ ³¨ Éμ²Ó±μ μ¤´μ£μ, ¶·¨Î¥³ ¡²¨¦ °Ï¥£μ ± ± ´ ²Ê, ·Ö¤   Éμ³μ¢
¶μ¸·¥¤¸É¢μ³ ¸Ê³³ ·´ÒÌ ±Ê²μ´μ¢¸±¨Ì ¶μÉ¥´Í¨ ²μ¢ Uj ¨ Uk,   ¢§ ¨³μ¤¥°¸É¢¨¥
³¥¦¤Ê Î ¸É¨Í ³¨ μ¶¨¸Ò¢ ¥É¸Ö ´¥±μÉμ·Ò³ Í¥´É· ²Ó´Ò³ ¶μÉ¥´Í¨ ²μ³ Vi(xi).
„ ²¥¥ ¢Ò¡¨· ¥É¸Ö ¸¨¸É¥³  ¤¥± ·Éμ¢ÒÌ ±μμ·¤¨´ É S3 ¸ μ·Éμ³ e3, ´ ¶· ¢²¥´-
´Ò³ ¢¤μ²Ó ± ´ ² , ¨ ¶μ¸²¥ · §²μ¦¥´¨Ö Ê¸·¥¤´¥´´ÒÌ ¶μ ±μμ·¤¨´ É ³ ¢¸¥Ì
 Éμ³μ¢ Ê± § ´´μ£μ ·Ö¤  ¢§ ¨³μ¤¥°¸É¢¨° Uj ¨ Uk ¢ ·Ö¤Ò ’¥°²μ·  ¸ Í¥´É· ³¨,
²¥¦ Ð¨³¨ ´  ± ´ ²¥ (θx = 0), ¶μ²ÊÎ ¥É¸Ö Ï¥¸É¨³¥·´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´-
£¥· , ±μÉμ·μ¥ ¢ Î ¸É´μ³ ¸²ÊÎ ¥ mjzk = mkzj · ¸¶ ¤ ¥É¸Ö ´  ¤¢  Ê· ¢´¥´¨Ö.
�¥·¢μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  μ¶¨¸Ò¢ ¥É ¤¢¨¦¥´¨¥ Í¥´É·  ³ ¸¸ Î ¸É¨Í ¢
É·¥Ì³¥·´μ³ μ¸Í¨²²ÖÉμ·´μ³ ¶μÉ¥´Í¨ ²¥,   ¢Éμ·μ¥ Ê· ¢´¥´¨¥ § ¶¨¸Ò¢ ¥É¸Ö ¢
¸¨¸É¥³¥ Í¥´É·  ³ ¸¸ Î ¸É¨Í pj ¨ pk ¢ ¢¨¤¥ ¤¢Ê³¥·´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 
¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ψ μÉ´μ¸¨É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö ÔÉ¨Ì Î ¸É¨Í ¸ Ô´¥·£¨¥° e.

�·¥¤¸É ¢¨³ ÔÉμ Ê· ¢´¥´¨¥ ¢ ¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì (x, θx, ϕx) ¢¥±-
Éμ·  Ÿ±μ¡¨ x ≡ xi, ¸μ¥¤¨´ÖÕÐ¥£μ Î ¸É¨ÍÒ pj ¨ pk. �¡¸Ê¤¨³ ¶μ²ÊÎ¨¢Ï¥¥¸Ö
Ê· ¢´¥´¨¥

[
−x−2∂x(x2∂x) + l2x(x̂)x−2 + Vchan(x) + Vi(x) − e

]
ψ(x) = 0. (5.14)

„¢¨¦¥´¨¥ Î ¸É¨Í ¢μ ¢¸¥Ì ´ ¶· ¢²¥´¨ÖÌ, ´¥ ¸μ¢¶ ¤ ÕÐ¨Ì ¸ ± ´ ²μ³ (θx �= 0),
μ£· ´¨Î¨¢ ¥É¸Ö ²μ¢ÊÏ¥Î´Ò³ (§ ¶¨· ÕÐ¨³) ¶μÉ¥´Í¨ ²μ³

Vchan(x) ≡ γ2 (x sin θx)2, γ2 = 1/4.

�ÉμÉ ¶μÉ¥´Í¨ ² ¡¥¸±μ´¥Î´μ ¢μ§· ¸É ¥É ¶·¨ θx �= 0 ¨ x → ∞ ¨ ¶μÔÉμ³Ê ´¥
¶μ¤Î¨´Ö¥É¸Ö μ£· ´¨Î¥´¨Ö³ Š Éμ (3.1). 	μ²¥¥ Éμ£μ, ¶μ²´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥
Vi + Vchan Å ´¥Í¥´É· ²Ó´μ¥, ¶μÔÉμ³Ê ¶μ²´Ò° Ê£²μ¢μ° ³μ³¥´É ¸¨¸É¥³Ò ¤¢ÊÌ
± ´ ²¨·Ê¥³ÒÌ Î ¸É¨Í ´¥ ¸μÌ· ´Ö¥É¸Ö. ’¥³ ´¥ ³¥´¥¥ ¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ
Ê¤ ·  ²Õ¡μ¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ μ¡¸Ê¦¤ ¥³μ£μ Ê· ¢´¥´¨Ö Ö¢²Ö¥É¸Ö ·Ö¤μ³ ¶μ
Í¥²Ò³ ¸É¥¶¥´Ö³ ¶¥·¥³¥´μ° x. „μ± ¦¥³ ÔÉμ ÊÉ¢¥·¦¤¥´¨¥, ¶·¥¤¶μ²μ¦¨¢, ÎÉμ
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¢§ ¨³μ¤¥°¸É¢¨¥ Vi ¶μ¤Î¨´Ö¥É¸Ö Ê¸²μ¢¨Ö³ (1.31) ¢ ¸ ³μ³ μ¡Ð¥³ ¸²ÊÎ ¥ A ¨
¶μ² £ Ö ¤²Ö ±· É±μ¸É¨ q ≡ qi > 0.

‘´ Î ²  ¤μ± ¦¥³, ÎÉμ μ¡Ð¥¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ ψ Ê· ¢´¥´¨Ö (5.14)
¶·¥¤¸É ¢²¥É¸Ö Ëμ·³ ²Ó´Ò³ ·Ö¤μ³ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ x:

ψ(x) =
∞∑

n=0

xnψn(x̂), (5.15)

  ± ¦¤ Ö ±μ³¶μ´¥´É  ψn ÔÉμ£μ ·Ö¤  μ·Éμ£μ´ ²Ó´  ²Õ¡μ° ¸Ë¥·¨Î¥¸±μ° ËÊ´±-
Í¨¨ Ybβ(x̂) c b > n, É. ¥. · ¸±² ¤Ò¢ ¥É¸Ö ¢ ±μ´¥Î´Ò° ¸Ë¥·¨Î¥¸±¨° ·Ö¤ ¸,
¢μμ¡Ð¥ £μ¢μ·Ö, ´¥´Ê²¥¢Ò³¨ ¸Ë¥·¨Î¥¸±¨³¨ ±μ³¶μ´¥´É ³¨ fn

bβ , b � n:

ψn(x̂) =
n∑

b=0

b∑
β=−b

fn
bβ Ybβ(x̂), fn

bβ ≡ 〈Ybβ(x̂)|Ψ(x̂)〉. (5.16)

�μ²μ¦¨³ ¶μ μ¶·¥¤¥²¥´¨Õ ψm ≡ 0 ¶·¨ m < 0. ˆ¸¶μ²Ó§ÊÖ (1.31), (5.16) ¨
¸μμÉ´μÏ¥´¨¥

(sin θx)2 =
2
3

[1 − P2(cos θx)] ,

¸¢¥¤¥³ Ê· ¢´¥´¨¥ (5.14) ± ·¥±Ê··¥´É´μ° ¶μ ¨´¤¥±¸Ê n = −2,−1, . . . Í¥¶μÎ±¥
Ê· ¢´¥´¨°[

l2x − (n + 2)(n + 3)
]
ψn+2(x̂) = −qψn+1(x̂)+

+ eψn(x̂) −
n∑

p=0

V̄ipψ
n−p(x̂) − 2

3
γ [1 − P2(cos θx)] ψn−2(x̂). (5.17)

…¸²¨ ÔÉ  Í¥¶μÎ±  ´¥É·¨¢¨ ²Ó´μ · §·¥Ï¨³ , Éμ ¶·¥¤¸É ¢²¥´¨¥ (5.15) ¸ÊÐ¥-
¸É¢Ê¥É. “· ¢´¥´¨¥ ¤²Ö ψn+2, n � −2, ¨³¥¥É ·¥Ï¥´¨¥ Éμ£¤  ¨ Éμ²Ó±μ Éμ-
£¤ , ±μ£¤  ¥£μ ¶· ¢ Ö Î ¸ÉÓ μ·Éμ£μ´ ²Ó´  μ¡Ð¥³Ê ·¥Ï¥´¨Õ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ
μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö, É. ¥. ¢¸¥³ ËÊ´±Í¨Ö³ Yn+2,β(x̂) c |β| � n + 2. „μ± -
¦¥³ É ±ÊÕ μ·Éμ£μ´ ²Ó´μ¸ÉÓ ¶μ ¨´¤Ê±Í¨¨. �¡Ð¥¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ ¶¥·¢μ£μ
(n = −2) Ê· ¢´¥´¨Ö (5.17) Å ¶·μ¨§¢¥¤¥´¨¥ ËÊ´±Í¨¨ Y00(x̂) ¨ ¶·μ¨§¢μ²Ó´μ£μ
Î¨¸²μ¢μ£μ ±μÔËË¨Í¨¥´É  f0

00:

ψ0(x̂) = f0
00 Y00(x̂). (5.18)

�μÔÉμ³Ê ¶· ¢ Ö Î ¸ÉÓ ¢Éμ·μ£μ (n = −1) Ê· ¢´¥´¨Ö (5.17) ¤²Ö ´¥¨§¢¥¸É´μ°
ËÊ´±Í¨¨ ψ1 μ·Éμ£μ´ ²Ó´  ËÊ´±Í¨Ö³ Y1β(x̂), β = 0,±1. ‡´ Î¨É, ·¥Ï¥´¨¥ ψ1

¸ÊÐ¥¸É¢Ê¥É ¨ · ¢´μ ¸Ê³³¥ Î ¸É´μ£μ ·¥Ï¥´¨Ö qψ0/2 ¨¸¸²¥¤Ê¥³μ£μ ´¥μ¤´μ·μ¤-
´μ£μ Ê· ¢´¥´¨Ö ¨ μ¡Ð¥£μ ·¥Ï¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö

ψ1(x̂) =
q

2
f0
00 Y00(x̂) +

∑
β=0,±1

f1
1β Y1β(x̂). (5.19)
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ˆÉ ±, ψ0 ¨ ψ1 Å ·Ö¤Ò (5.16) ¸ ¶·μ¨§¢μ²Ó´Ò³¨ ±μ´¸É ´É ³¨ f0
00 ¨ f1

1β . ‘²¥-
¤μ¢ É¥²Ó´μ, ¶¥·¢Ò° ÔÉ ¶ ¤μ± § É¥²Ó¸É¢  ¶μ ¨´¤Ê±Í¨¨ ¢Ò¶μ²´¥´. �¥·¥°¤¥³
±μ ¢Éμ·μ³Ê ÔÉ ¶Ê. �·¥¤¶μ²μ¦¨³, ÎÉμ ¶·¨ ´¥±μÉμ·μ³ n ¢¸¥ ËÊ´±Í¨¨ ψn′

¸
n′ � n + 1 Å ¨§¢¥¸É´Ò¥ ±μ´¥Î´Ò¥ ¸Ê³³Ò (5.16), ´μ ¨¸±μ³μ¥ ·¥Ï¥´¨¥ ψn+2,
¢μμ¡Ð¥ £μ¢μ·Ö, ¡¥¸±μ´¥Î´Ò° ¸Ë¥·¨Î¥¸±¨° ·Ö¤. ‚ Ê· ¢´¥´¨¨ (5.17) § ³¥´¨³
¢¸¥ ËÊ´±Í¨¨ Ψn′

¸ n′ � n + 2 ¨Ì ·Ö¤ ³¨. C ¶μ³μÐÓÕ (3.20) ¸¶·μ¥±É¨·Ê¥³
¶μ²ÊÎ¨¢Ï¥¥¸Ö Ê· ¢´¥´¨¥ ´  ¸Ë¥·¨Î¥¸±¨° ¡ §¨¸ (1.5). ‚ ¨Éμ£¥ ¤²Ö ¨¸±μ³ÒÌ
¶·μ¥±Í¨° fn+2

bβ ¶μ²ÊÎ É¸Ö  ²£¥¡· ¨Î¥¸±¨¥ ¨ ´¥§ Í¥¶²ÖÕÐ¨¥¸Ö ´¨ ¶μ ¨´¤¥±¸Ê
b = 0, 1, . . ., ´¨ ¶μ ¨´¤¥±¸Ê β = −b, . . . , b Ê· ¢´¥´¨Ö

[b(b + 1) − (n + 2)(n + 3)] fn+2
bβ = −qfn+1

bβ + efn
bβ −

n∑
p=0

V̄ipf
n−p
bβ −

− 2
3
γfn−2

bβ − (−1)b

√
5

6π
γ

∑
b′=b,b±2

(2b′ + 1)1/2C20
b′0b0C

bβ
b′β′20f

n−p
b′β′ . (5.20)

‚ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ b′ � n − p, a s � p, ¸²¥¤μ¢ É¥²Ó´μ, b′ + 2 � n, ¨ ¶μÔÉμ³Ê
¶·¨ b > n ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ Cb′0

s0b0,   §´ Î¨É ¨ ¸Ê³³  ¶μ ¨´¤¥±¸ ³ b′, β′,
μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ b > n + 2, ±μ£¤  ¶μ ¶·¥¤¶μ²μ¦¥´¨Õ
¨´¤Ê±Í¨¨ fn+1

bβ , fn
bβ = 0, Ê· ¢´¥´¨Ö (5.20) ¸É ´μ¢ÖÉ¸Ö μ¤´μ·μ¤´Ò³¨ ¨ ¨³¥ÕÉ

Éμ²Ó±μ É·¨¢¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö: fn+2
bβ ≡ 0, |β| � b. �·¨ b = n + 2 ¨ ²Õ¡μ³

β = −b, . . . , b ÔÉ¨ Ê· ¢´¥´¨Ö Å Éμ¦¤¥¸É¢  É¨¶  0 fn+2
n+2,β = 0. ˆ³ ¶μ¤Î¨´ÖÕÉ¸Ö

¶·μ¨§¢μ²Ó´Ò¥ ±μ´¸É ´ÉÒ fn+2
n+2,β. ’ ± ± ± ¶·¨ b � n + 1 ¨¸¸²¥¤Ê¥³Ò¥ Ê· ¢´¥-

´¨Ö (5.20) ¢¸¥£¤  ¨³¥ÕÉ ´¥É·¨¢¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö fn+2
bβ , |β| � b, Éμ ψn+2 Å

±μ´¥Î´ Ö ¸Ê³³  É¨¶  (5.16). ‘²¥¤μ¢ É¥²Ó´μ, ¢¸Ö Í¥¶μÎ±  ¨¸Ìμ¤´ÒÌ Ê· ¢´¥-
´¨° (5.17) · §·¥Ï¨³ ,   ¤²Ö ¢¸¥Ì ¥¥ ·¥Ï¥´¨° ψn ¢¥·´Ò ¶·¥¤¸É ¢²¥´¨Ö (5.16),
ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ.

’¥¶¥·Ó ¶μ¸É·μ¨³ · §²μ¦¥´¨Ö Î ¸É´ÒÌ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ψε Ê· ¢´¥-
´¨Ö (5.14), μ¡² ¤ ÕÐ¨Ì ¶μ²´Ò³ ´ ¡μ·μ³ ±¢ ´Éμ¢ÒÌ Î¨¸¥² ε. �¶·¥¤¥²¨³ É -
±μ° ´ ¡μ·. C £ ³¨²ÓÉμ´¨ ´μ³ ¨¸¸²¥¤Ê¥³μ£μ Ê· ¢´¥´¨Ö ±μ³³ÊÉ¨·ÊÕÉ Éμ²Ó±μ
¤¢  μ¶¥· Éμ· :  §¨³ÊÉ ²Ó´ Ö ±μ³¶μ´¥´É  lϕx = i∂ϕx μ¶¥· Éμ·  Ê£²μ¢μ£μ ³μ-
³¥´É  lx ¨ μ¶¥· Éμ· Pθ § ³¥´Ò θx → π−θx. �μÔÉμ³Ê ´ ¡μ· ε ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ
Î¨¸¥²: ε = {β, v}. ˆ³¨ Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´μ¥ Î¨¸²μ β = 0, 1, . . . μ¶¥· Éμ· 
lϕx ¨ ¸μ¡¸É¢¥´´μ¥ Î¨¸²μ v = ±1 μ¶¥· Éμ·  Pθ. ‘Ë¥·¨Î¥¸±¨¥ ËÊ´±Í¨¨ Ybβ(x̂)
Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ μ¡μ¨Ì μ¶¥· Éμ·μ¢:

(lϕx − β)Ybβ(x̂) = 0,
[
Pθ − (−1)b

]
Ybβ(x̂) = 0.

�μÔÉμ³Ê μ¡Ð¥¥ ·¥Ï¥´¨¥ ψ ¸É ´¥É ¨¸±μ³Ò³ Î ¸É´Ò³ ·¥Ï¥´¨¥³ ψε, ¥¸²¨ ¢
·Ö¤ Ì (5.15) ¨ (5.16) μ¸É ¢¨ÉÓ Éμ²Ó±μ É¥ ¸² £ ¥³Ò¥, ±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö ¸μ¡-
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¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ μ¶¥· Éμ·μ¢ lϕx ¨ Pθ. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨É¸Ö ¶·¥¤¸É -
¢²¥´¨¥

ψε(x) =
∞∑

n=0

xn
n∑
b

fn
bβ Ybβ(x̂), (5.21)

¢ ±μÉμ·μ³ ¨´¤¥±¸ β Å ±¢ ´Éμ¢μ¥ Î¨¸²μ,   ¨´¤¥±¸ b ¶·¨´¨³ ¥É Éμ²Ó±μ Î¥É-
´Ò¥ ¨²¨ ´¥Î¥É´Ò¥ §´ Î¥´¨Ö, ¥¸²¨ v = 1 ¨²¨ v = −1. ŠμÔËË¨Í¨¥´ÉÒ fn

bβ

·Ö¤  (5.21) ¶μ¤Î¨´ÖÕÉ¸Ö Í¥¶μÎ±¥ Ê· ¢´¥´¨° (5.17), ¢ ±μÉμ·μ° É¥¶¥·Ó β′ = β.
�¥É·Ê¤´μ ´ °É¨ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ fn

bβ ¸ n � 4,   § É¥³ ¶μ²ÊÎ¨ÉÓ Ö¢´ÊÕ
 ¸¨³¶ÉμÉ¨±Ê ËÊ´±Í¨¨ ψε ¶·¨ x → 0 ¨ ¨§ ´¥¥ ¢Ò¢¥¸É¨ ¸¢Ö§¨ ¶·¨ x = 0.

„²Ö ¶·¨³¥·  · ¸¸³μÉ·¨³ ¸²ÊÎ ° β = 0. …¸²¨ v = 1, Éμ ¶·¨ x → 0

ψε(x, x̂) =
[
1 +

qx

2
+

x2

12
(q2 + 2V̄i0 − 2e)+

+
x3

144
(q3 + 4qV̄i0 − 4eq + 12V̄i1)

]
ψε(0, x̂)+

+ x2(1 +
qx

6
)f2

20 Y20(x̂) + O(x4), (5.22)

£¤¥ ψε(0, x̂) = f0
00Y00(x̂),   ¶·¨ x = 0 ¨³¥ÕÉ¸Ö ¸¢Ö§¨

(2∂x − q)ψε(x, x̂) = 0,
[
12(2∂x − q) + q3 − 12V̄i1)

]
ψε(x, x̂) = 0. (5.23)

…¸²¨ ¦¥ v = −1, Éμ ¶·¨ x → 0

ψε(x, x̂) = x

{
1 +

qx

4
+

x2

40
(q2 + 4V̄i0 − 4e)+

+
x

7200
[
q3 + 14q(V̄i0 − e) + 40V̄i0

]}
∂xψε|x=0+

+ x3

(
1 − qx

8

)
f3
30 Y30(x̂) + O(x5), (5.24)

£¤¥ ∂xψε|x=0 = f1
10Y10(x̂),   ¶·¨ x = 0 ¢Ò¶μ²´ÖÕÉ¸Ö ¸¢Ö§¨

(2∂x − q)∂xψε(x, x̂) = 0,[
60(2∂x − q) + 13q2 − 47q (e − V̄i0) + 40V̄i1)

]
∂xψε(x, x̂) = 0.

(5.25)

�É³¥É¨³, ÎÉμ ¶¥·¢ Ö ¨§ ¸¢Ö§¥° (5.22) ¢μ¸¶·μ¨§¢μ¤¨É ±² ¸¸¨Î¥¸±μ¥ Ê¸²μ-
¢¨¥ Š Éμ (3.3) ¤²Ö ¤¢ÊÌ § ·Ö¦¥´´ÒÌ Î ¸É¨Í, ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì ¶μ¸·¥¤¸É¢μ³
¶μÉ¥´Í¨ ²  Vi ¢´¥ ±·¨¸É ²² , É. e. ¢ ¸²ÊÎ ¥ γ = 0.

‡ ³¥Î ´¨Ö. �¨ ¢ μ¤´μ° ¨§ Ê¶μ³Ö´ÊÉÒÌ · ¡μÉ [153Ä161] ¶·¨ μ¡¸Ê¦¤¥´¨¨
Ö¤¥·´μ£μ ¸¨´É¥§  ¢ ±·¨¸É ²² Ì ´¥ ¤ ´μ ¸· ¢´¥´¨Ö Ô´¥·£μ§ É· É ´  ·¥ ²¨§ Í¨Õ
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¶·μÍ¥¸¸  ± ´ ²¨·μ¢ ´¨Ö ¸ ¶μ²¥§´μ° Ô´¥·£¨¥°, ¢Ò¤¥²Ö¥³μ° ¶·¨ ¸¨´É¥§¥, ¨ ´¥
¶·¥¤²μ¦¥´μ ¶· ±É¨Î¥¸±¨Ì ¸¶μ¸μ¡μ¢ ¥¥ ¨¸¶μ²Ó§μ¢ ´¨Ö. �μÔÉμ³Ê ´¨ μ¤´Ê ¨§
¨§¢¥¸É´ÒÌ ´  ¸¥£μ¤´ÖÏ´¨° ¤¥´Ó É¥μ·¥É¨Î¥¸±¨ ¢μ§³μ¦´ÒÌ ¸Ì¥³ Ö¤¥·´μ£μ ¸¨´-
É¥§  ¢ ±·¨¸É ²² Ì ´¥²Ó§Ö ¸Î¨É ÉÓ ¨´´μ¢ Í¨μ´´Ò³ ¶·μ¥±Éμ³ Ö¤¥·´μ° Ô´¥·£¥-
É¨±¨, ¸μ¢·¥³¥´´Ò¥ É¥´¤¥´Í¨¨ · §¢¨É¨Ö ±μÉμ·μ°, ¢ Î ¸É´μ¸É¨, ¨´´μ¢ Í¨μ´´Ò¥
¶·μ¥±ÉÒ Ö¤¥·´ÒÌ ·¥ ±Éμ·μ¢, μ¡¸Ê¦¤¥´Ò ¢ ´¥¤ ¢´¥³ μ¡§μ·¥ [162].

‘Ê³³ ·´μ¥ ¢μ§¤¥°¸É¢¨¥  Éμ³μ¢ ±·¨¸É ²²  ´  ± ´ ²¨·Ê¥³ÊÕ ¸¨¸É¥³Ê ¤¢ÊÌ
Î ¸É¨Í ¶·¨¢μ¤¨É ± ²μ± ²¨§ Í¨¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¢¡²¨§¨ μ¸¨ ± ´ ² . �μ-
ÔÉμ³Ê ¸¨¸É¥³  É·¥Ì Î ¸É¨Í, ¸μ¸ÉμÖÐ Ö ¨§ ¨³¶² ´É¨·μ¢ ´´μ£μ ¢ ±·¨¸É ²² Ö¤· -
³¨Ï¥´¨ ¨ ¤¢ÊÌ ± ´ ²¨·Ê¥³ÒÌ Î ¸É¨Í, ¸ ¡μ²ÓÏμ° ¢¥·μÖÉ´μ¸ÉÓÕ ´ Ìμ¤¨É¸Ö ¢
±μ´Ë¨£Ê· Í¨¨, ¡²¨§±μ° ± ²¨´¥°´μ°. „²Ö ¶·¨¡²¨¦¥´´μ£μ μ¶¨¸ ´¨Ö ¸μ¸ÉμÖ´¨°
É ±μ° ¸¨¸É¥³Ò ¢ · ³± Ì Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¶·¥¤² £ ¥É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ ±μ-
´¥Î´Ò¥ ¶μ¤¸Ê³³Ò · §²μ¦¥´¨° ¥£μ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¢ ¶·¥¤¥²¥ ²¨´¥°´μ°
±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í ¢ ±·¨¸É ²²¥. Œ¥Éμ¤ ¶μ¸É·μ¥´¨Ö É ±¨Ì · §²μ¦¥´¨°
¶·¨´Í¨¶¨ ²Ó´μ ´¨Î¥³ ´¥ μÉ²¨Î ¥É¸Ö μÉ ³¥Éμ¤ , ¶·¥¤¸É ¢²¥´´μ£μ ¢ · §¤. 4.

Š ± ¨§¢¥¸É´μ [66, 67], ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö Vk ¢ ¸¨¸É¥³¥ É·¥Ì Î ¸É¨Í
³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ · §¡¨¥´¨°

Vk = V u
k + V s

k , k = 1, 2, 3; V =
3∑

k=1

V u
k �= 0,

3∑
k=1

V s
k ≡ 0

´  Ë¨§¨Î¥¸±¨¥ ¨ ²μ¦´Ò¥ ¸² £ ¥³Ò¥. ‘Ê³³  Ë¨§¨Î¥¸±¨Ì ¸² £ ¥³ÒÌ V u
k ¶μ

¢¸¥³ ¶ · ³ Î ¸É¨Í μÉ²¨Î´  μÉ ´Ê²Ö, ¢ Éμ ¢·¥³Ö ± ± ¸Ê³³  ²μ¦´ÒÌ ¸² £ ¥³ÒÌ
V s

k ¶μ ¢¸¥³ ¶ · ³ Î ¸É¨Í Éμ¦¤¥¸É¢¥´´μ · ¢´  ´Ê²Õ. ‚ [66] ¤μ± § ´ ±·¨É¥-
·¨° ¸ÊÐ¥¸É¢μ¢ ´¨Ö ´¥É·¨¢¨ ²Ó´ÒÌ (V s

k �= 0) ²μ¦´ÒÌ ¸² £ ¥³ÒÌ ¨ ¶μ± § ´μ,
ÎÉμ ¤μ¸É ÉμÎ´μ¥ Ê¸²μ¢¨¥ ÔÉμ£μ ±·¨É¥·¨Ö · ¢´μ¸¨²Ó´μ § ±μ´Ê ¸μÌ· ´¥´¨Ö ´¥-
±μÉμ·μ£μ ±¢ ´Éμ¢μ£μ Î¨¸² . Š·μ³¥ Éμ£μ, ¢ [66] ¢¶¥·¢Ò¥ ¶μ± § ´μ, ÎÉμ ¶·¨
Ê¸²μ¢¨¨

z1z2

√
m1m2

m1 + m2
+ z2z3

√
m2m3

m2 + m3
+ z1z3

√
m1m3

m1 + m3
= 0 (5.26)

±Ê²μ´μ¢¸±¨¥ ¶ ·´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ¨³¥ÕÉ ²μ¦´Ò¥ ¸² £ ¥³Ò¥ ¨ ¶μÔÉμ³Ê ±Ê-
²μ´μ¢¸±μ¥ μÉÉ ²±¨¢ ´¨¥ V u

i ¤¢ÊÌ μ¤´μ¨³¥´´μ § ·Ö¦¥´´ÒÌ Î ¸É¨Í pj ¨ pk

μ¸² ¡²Ö¥É¸Ö ¢ ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨ É·¥Ì Î ¸É¨Í ¶·¨³¥·´μ ´  40 % ¶μ
¸· ¢´¥´¨Õ ¸ ±Ê²μ´μ¢¸±¨³ μÉÉ ²±¨¢ ´¨¥³ Vi ¢ μÉ¸ÊÉ¸É¢¨¥ É·¥ÉÓ¥° Î ¸É¨ÍÒ:
V u

i /Vi ≈ 0,4. Œμ¦´μ μ¦¨¤ ÉÓ, ÎÉμ ÔÉμÉ ÔËË¥±É Ê¢¥²¨Î¨É ¢ÒÌμ¤ ·¥ ±Í¨¨
Ö¤¥·´μ£μ ¸¨´É¥§  ¢ ¸¨¸É¥³¥, ¸μ¸ÉμÖÐ¥° ¨§ ¨³¶² ´É¨·μ¢ ´´μ£μ ¢ ±·¨¸É ²²
Ö¤· -³¨Ï¥´¨ pi ¨ ¤¢ÊÌ μ¤´μ¨³¥´´μ § ·Ö¦¥´´ÒÌ ¨ ± ´ ²¨·Ê¥³ÒÌ ´ ¢¸É·¥ÎÊ
¤·Ê£ ¤·Ê£Ê Î ¸É¨Í pj ¨ pk, ¥¸²¨, ±μ´¥Î´μ, ³ ¸¸Ò ¨ § ·Ö¤Ò Ö¤·  ¨ Î ¸É¨Í
¶μ¤Î¨´ÖÕÉ¸Ö Ê¸²μ¢¨Õ (5.26). ‚ [67] ¤ ´μ ¤¥É ²Ó´μ¥ ¨¸¸²¥¤μ¢ ´¨¥ ÔÉμ£μ Ê¸²μ-
¢¨Ö ¨ § É ¡Ê²¨·μ¢ ´Ò §´ Î¥´¨Ö ´¥±μÉμ·ÒÌ ³ ¸¸ ¨ § ·Ö¤μ¢, ¶·¨ ±μÉμ·ÒÌ μ´μ
¢Ò¶μ²´Ö¥É¸Ö.
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“· ¢´¥´¨¥ (5.14) μ¶¨¸Ò¢ ¥É ¤¨´ ³¨±Ê [163] ¸¨¸É¥³Ò ¨§ ¶·μÉμ´  pj ¨
Ô²¥±É·μ´  pk ¢ ¸¨²Ó´μ³ μ¤´μ·μ¤´μ³ ³ £´¨É´μ³ ¶μ²¥ ¶·¨ ¸²¥¤ÊÕÐ¨Ì Ê¸²μ-
¢¨ÖÌ: ¶·μÉμ´ ¶μ³¥Ð¥´ ¢ ´ Î ²μ ¸¨¸É¥³Ò ±μμ·¤¨´ É S3, ¢ ±μÉμ·μ° ¢¥±Éμ· x
¨³¥¥É ¸³Ò¸² · ¤¨Ê¸ -¢¥±Éμ·  Ô²¥±É·μ´ , ¨§³¥·Ö¥³μ£μ ¢  Éμ³´ÒÌ ¥¤¨´¨Í Ì;
Vi = q/x Å ±Ê²μ´μ¢¸±μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ³¥¦¤Ê ¶·μÉμ´μ³ ¨ Ô²¥±É·μ´μ³,
q = −2; ¢¥±Éμ· ´ ¶·Ö¦¥´´μ¸É¨ ³ £´¨É´μ£μ ¶μ²Ö B ´ ¶· ¢²¥´ ¢¤μ²Ó μ·É 
e3,   γ2 = B/(4B0), £¤¥ B0 = 2,35 · 105 ’². ‘É·μ¥´¨¥ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥-
´¨° É ±μ£μ Ê· ¢´¥´¨Ö ¢¡²¨§¨ ÉμÎ±¨ Ê¤ ·  Ô²¥±É·μ´  ¸ ¶·μÉμ´μ³ § ¢¨¸¨É μÉ
±¢ ´Éμ¢ÒÌ Î¨¸¥² β ¨ v, ¨ ¢ ¸²ÊÎ ¥ β = 0 μ¶¨¸Ò¢ ¥É¸Ö Ëμ·³Ê² ³¨ (5.22)Ä
(5.25). �É¨ ¸μμÉ´μÏ¥´¨Ö ¶·¥¤² £ ¥É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö Ê²ÊÎÏ¥´¨Ö ¨ ±μ´-
É·μ²Ö ÉμÎ´μ¸É¨ ¢ÒÎ¨¸²¥´¨Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨°  Éμ³  ¢μ¤μ·μ¤  ¨ ¸¥Î¥´¨° ¥£μ
¨μ´¨§ Í¨¨ ¢ ³ £´¨É´μ³ ¶μ²¥. � ¨¡μ²¥¥  ¤ ¶É¨·μ¢ ´´Ò³¨ ¨ ¤μ¸Éμ¢¥·´Ò³¨
¤²Ö É ±¨Ì · ¸Î¥Éμ¢ Ö¢²ÖÕÉ¸Ö ´¥¤ ¢´μ ¶·¥¤²μ¦¥´´Ò¥ ¸¨³¢μ²Ó´μ-Î¨¸²¥´´Ò¥
 ²£μ·¨É³Ò [163Ä168], μ¸´μ¢ ´´Ò¥ ´  ³¥Éμ¤¥ Š ´Éμ·μ¢¨Î  [8].

�²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ ¸¨¸É¥³Ò ´¥¸±μ²Ó±¨Ì ±¢ ´Éμ¢ÒÌ Î ¸É¨Í, ´¥ ¢§ ¨-
³μ¤¥°¸É¢ÊÕÐ¨Ì ´¨ ¸ ± ±μ° ¸·¥¤μ°, ¸É ´μ¢¨É¸Ö § ³¥É´μ ¡μ²ÓÏμ° ¢¡²¨§¨ ³ -
²ÒÌ μ±·¥¸É´μ¸É¥° ÉμÎ¥± É·μ°´μ£μ ¨ ¶ ·´ÒÌ ¸μÊ¤ ·¥´¨° ²¨ÏÓ ¶·¨ ¤μ¢μ²Ó´μ
¢Ò¸μ±¨Ì Ô´¥·£¨ÖÌ ¸Éμ²±´μ¢¥´¨Ö. ‘¨¸É¥³Ò ´¥¸±μ²Ó±¨Ì Î ¸É¨Í ¸ ´¥¡μ²ÓÏμ°
¶μ²´μ° Ô´¥·£¨¥°, ´μ ´ Ìμ¤ÖÐ¨¥¸Ö ¢ ±·¨¸É ²²¥ ¨²¨ ¢ μ¤´μ·μ¤´μ³ ³ £´¨É-
´μ³ ¶μ²¥, ¸ ¡μ²ÓÏ¥° ¢¥·μÖÉ´μ¸ÉÓÕ ²μ± ²¨§ÊÕÉ¸Ö ²μ¢ÊÏ¥Î´Ò³¨ ¶μÉ¥´Í¨ ² ³¨
¢¡²¨§¨ ÉμÎ¥± É·μ°´μ£μ ¨ ¶ ·´ÒÌ ¸μÊ¤ ·¥´¨° ¨ ¢¤μ²Ó ¢Ò¤¥²¥´´μ° ¶·Ö³μ°:
±·¨¸É ²²μ£· Ë¨Î¥¸±μ° μ¸¨ ¨²¨ ´ ¶· ¢²¥´¨Ö ³ £´¨É´μ£μ ¶μ²Ö. �μÔÉμ³Ê ¨¸-
¸²¥¤μ¢ ´¨Ö ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì ¸Éμ²±´μ¢¥´¨° ´¥¸±μ²Ó±¨Ì ±¢ ´Éμ¢ÒÌ Î ¸É¨Í
¢ ±·¨¸É ²²¥ ¨ ¢ ³ £´¨É´ÒÌ ²μ¢ÊÏ± Ì, ¢ Î ¸É´μ¸É¨, μ¡μ¡Ð¥´¨Ö · §²μ¦¥´¨°
”μ±  ¨ Š Éμ ¤²Ö É ±¨Ì ¸Éμ²±´μ¢¥´¨°, ¶·¥¤¸É ¢²ÖÕÉ¸Ö  ±ÉÊ ²Ó´Ò³¨ ¨ ¢ ¦-
´Ò³¨ ± ± ¤²Ö · §¢¨É¨Ö É¥μ·¨¨ · ¸¸¥Ö´¨Ö, É ± ¨ ¤²Ö ¶· ±É¨Î¥¸±¨Ì ¶·¨²μ¦¥´¨°
¢ ´ ´μÉ¥Ì´μ²μ£¨ÖÌ.

‡	Š‹�—…�ˆ…

�·¥¤¸É ¢²¥´´Ò° ¢ · §¤. 2 ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö [76Ä78] · §²μ¦¥´¨° ¢¡²¨§¨
ÉμÎ±¨ É·μ°´μ£μ Ê¤ ·  Ö¢²Ö¥É¸Ö ¤μ¢μ²Ó´μ μ¡Ð¨³ ¨ Ê´¨¢¥·¸ ²Ó´Ò³: ¥£μ ³μ¦´μ
¥¤¨´μμ¡· §´μ ¶·¨³¥´¨ÉÓ ¤²Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ£μ ¶μ¸É·μ¥´¨Ö ¨  ´ ²¨§  · §²μ-
¦¥´¨° ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° μ¤´μ-, ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨
˜·¥¤¨´£¥·  ¢¡²¨§¨ ÉμÎ±¨ É·μ°´μ£μ Ê¤ ·  ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ ¶μ²´μ£μ Ê£²μ-
¢μ£μ ³μ³¥´É  ¨ ¶·μ¸É· ´¸É¢¥´´μ° Î¥É´μ¸É¨ ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í c ²Õ¡Ò³¨
Í¥´É· ²Ó´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨, ¶·¥¤¸É ¢¨³Ò³¨ ¸É¥¶¥´´Ò³¨ ·Ö¤ ³¨ (1.31)
¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ¤¢Ê³Ö Î ¸É¨Í ³¨.

�¥¸μ³´¥´´μ¥ ¶·¥¨³ÊÐ¥¸É¢μ ³¥Éμ¤  Å ¶·μ¸ÉμÉ  ¥£μ ·¥ ²¨§ Í¨¨ Å μ¡Ê-
¸²μ¢²¥´μ É¥³, ÎÉμ ¸É ·Éμ¢μ° ¨ ±²ÕÎ¥¢μ° ¤²Ö ¢¸¥Ì ¶μ¸É·μ¥´¨° Ö¢²Ö¥É¸Ö ·¥-
±Ê··¥´É´ Ö Í¥¶μÎ±  ´¥μ¤´μ·μ¤´ÒÌ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨° (2.33) ¢Éμ·μ£μ ¶μ·Ö¤±  ¸ É·¨¢¨ ²Ó´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨.
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�·¥¤²μ¦¥´´Ò³ ³¥Éμ¤μ³ ¢¶¥·¢Ò¥ ¨¸¸²¥¤μ¢ ´  § ¢¨¸¨³μ¸ÉÓ ¸É·μ¥´¨Ö · §-
²μ¦¥´¨° ¢¡²¨§¨ ÉμÎ±¨ É·μ°´μ£μ Ê¤ ·  ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¤¢Ê- ¨ É·¥Ì³¥·-
´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨ ˜·¥¤¨´£¥·  μÉ ¸É·μ¥´¨Ö (1.32) · §²μ¦¥´¨° (1.31)
Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°. ‚ Î ¸É´μ¸É¨, ¤μ± § ´μ, ÎÉμ · §²μ¦¥´¨Ö
¢¸¥Ì ÔÉ¨Ì ·¥Ï¥´¨° ¢¡²¨§¨ ÉμÎ±¨ É·μ°´μ£μ Ê¤ ·  Ö¢²ÖÕÉ¸Ö ·Ö¤ ³¨ ¶μ Í¥²Ò³
¸É¥¶¥´Ö³ £¨¶¥·· ¤¨Ê¸  Éμ²Ó±μ Éμ£¤ , ±μ£¤  · §²μ¦¥´¨Ö ¶ ·´ÒÌ ¢§ ¨³μ¤¥°-
¸É¢¨° ¸μ¤¥·¦ É ²¨ÏÓ Î¥É´Ò¥ ¸É¥¶¥´¨ ¨Ì  ·£Ê³¥´Éμ¢.

ˆ§²μ¦¥´´Ò¥ ¢ · §¤. 3 ¨ 4 μ¤´μÉ¨¶´Ò¥ ³¥Éμ¤Ò ¶μ¸É·μ¥´¨Ö ¨  ´ ²¨§  Ëμ·-
³ ²Ó´ÒÌ · §²μ¦¥´¨° ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ˜·¥-
¤¨´£¥·  ¨ ” ¤¤¥¥¢  ¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ ·  [79,80] ¨ ¢ ¶·¥¤¥²¥ ²¨´¥°´μ°
±μ´Ë¨£Ê· Í¨¨ [81] Ö¢²ÖÕÉ¸Ö ¤μ¢μ²Ó´μ μ¡Ð¨³¨ ¨ ¨¸±²ÕÎ¨É¥²Ó´μ ¶·μ¸ÉÒ³¨ ¶μ
¸²¥¤ÊÕÐ¨³ ¶·¨Î¨´ ³.

‚μ-¶¥·¢ÒÌ, ÔÉ¨ ³¥Éμ¤Ò ¶·¨³¥´¨³Ò ¤²Ö ¸¨¸É¥³Ò É·¥Ì · §´ÒÌ Î cÉ¨Í ¸
Í¥´É· ²Ó´Ò³¨ ¶ ·´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ ¤μ¢μ²Ó´μ μ¡Ð¥£μ ¤²Ö § ¤ Î  Éμ³-
´μ° ¨ ³μ²¥±Ê²Ö·´μ° Ë¨§¨±¨ É¨¶  (1.31) ¨ ¶·¨ ²Õ¡ÒÌ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨ÖÌ
¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  ¨ ¶·μ¸É· ´¸É¢¥´´μ° Î¥É´μ¸É¨.

‚μ-¢Éμ·ÒÌ, ÔÉ¨ ³¥Éμ¤Ò ¶μ§¢μ²ÖÕÉ ¨¸¸²¥¤μ¢ ÉÓ ¶μ²´Ò¥ (¡¥¸±μ´¥Î´Ò¥) · §-
²μ¦¥´¨Ö ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¤¢Ê- ¨ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨
” ¤¤¥¥¢  ¢¡²¨§¨ ÉμÎ±¨ ¶ ·´μ£μ Ê¤ ·  ¨ ¢ ¶·¥¤¥²¥ ²¨´¥°´μ° ±μ´Ë¨£Ê· Í¨¨
É·¥Ì Î ¸É¨Í.

‚-É·¥ÉÓ¨Ì, ¢ μ¡μ¨Ì ³¥Éμ¤ Ì ¶μ¸É·μ¥´¨¥ · §²μ¦¥´¨° ¢¸¥Ì ¨¸¸²¥¤Ê¥³ÒÌ
ËÊ´±Í¨° ¸¢μ¤¨É¸Ö ± ·¥Ï¥´¨Õ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¤μ¢μ²Ó´μ ¶·μ¸ÉÒÌ ·¥±Ê··¥´É-
´ÒÌ Í¥¶μÎ¥±  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°.

�¡¸Ê¦¤¥´´Ò¥ ¢ · §¤. 5 μ¸μ¡Ò¥ ¸²ÊÎ ¨ Ê± §Ò¢ ÕÉ ´  ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¨
 ±ÉÊ ²Ó´μ¸ÉÓ ¤ ²Ó´¥°Ï¨Ì ¨¸¸²¥¤μ¢ ´¨° ¸É·μ¥´¨Ö ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¢¡²¨§¨
μ¸μ¡ÒÌ ±μ´Ë¨£Ê· Í¨° ¸¨¸É¥³ ´¥¸±μ²Ó±¨Ì ±¢ ´Éμ¢ÒÌ Î ¸É¨Í.

�¢Éμ· ¶·¨§´ É¥²¥´ C.ˆ. ‚¨´¨Í±μ³Ê §  ¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥´¨Ö ¨ Í¥´´Ò¥
§ ³¥Î ´¨Ö.
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