
”ˆ‡ˆŠ� �‹…Œ…�’���›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„��
2011. ’. 42. ‚›�. 3

���…„…‹…�ˆ… Œ�‘‘�‚�ƒ� ‘�…Š’��
‘‚Ÿ‡����ƒ� ‘�‘’�Ÿ�ˆŸ ‚ ��ŒŠ�•

�…‹Ÿ’ˆ‚ˆ‘’‘Š�ƒ� ƒ�Œˆ‹œ’��ˆ����ƒ�
��„•�„�

Œ. „¨´¥°Ì ´ a, ‘. �. † Ê£ Ï¥¢  ¡

a �¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 
¡ Š § Ì¸±¨° ´ Í¨μ´ ²Ó´Ò° Ê´¨¢¥·¸¨É¥É ¨³.  ²Ó-” · ¡¨, �²³ -�É , Š § Ì¸É ´

‚‚…„…�ˆ… 730

‘‚Ÿ‡����… ‘�‘’�Ÿ�ˆ… ‚ ”“�Š–ˆ���‹œ��Œ ��„-
•�„… 733

‘�…Š’� �’�Œ�›• ‘ˆ‘’…Œ 742

Œ�‘‘�‚›‰ ‘�…Š’� ƒ‹�	�‹�‚ 758

‘�…Š’� Œ…‡���‚ ‘ ��	ˆ’�‹œ�›Œ ˆ ��„ˆ�‹œ�›Œ
‚�‡	“†„…�ˆŸŒˆ 769

‡�Š‹�—…�ˆ… 790

‘�ˆ‘�Š ‹ˆ’…��’“�› 799



”ˆ‡ˆŠ� �‹…Œ…�’���›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„��
2011. ’. 42. ‚›�. 3

���…„…‹…�ˆ… Œ�‘‘�‚�ƒ� ‘�…Š’��
‘‚Ÿ‡����ƒ� ‘�‘’�Ÿ�ˆŸ ‚ ��ŒŠ�•

�…‹Ÿ’ˆ‚ˆ‘’‘Š�ƒ� ƒ�Œˆ‹œ’��ˆ����ƒ�
��„•�„�

Œ. „¨´¥°Ì ´ a, ‘. �. † Ê£ Ï¥¢  ¡

a �¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 
¡ Š § Ì¸±¨° ´ Í¨μ´ ²Ó´Ò° Ê´¨¢¥·¸¨É¥É ¨³.  ²Ó-” · ¡¨, �²³ -�É , Š § Ì¸É ´

‚ Ëμ·³ ²¨§³¥ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ¶·¥¤² £ ¥É¸Ö Ëμ·³Ê²  ÊÎ¥É  ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· -
¢μ± ± ³ ¸¸¥ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¶·¨ ¨§¢¥¸É´μ³ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶μÉ¥´Í¨ ²¥ ¶ ·´μ£μ ¢§ ¨-
³μ¤¥°¸É¢¨Ö ´  μ¸´μ¢¥ ¢ÒÎ¨¸²¥´¨Ö  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ±μ··¥²ÖÍ¨μ´´ÒÌ ËÊ´±Í¨° ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨Ì ¶μ²¥¢ÒÌ Éμ±μ¢ ¸ ´¥μ¡Ìμ¤¨³Ò³¨ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨. Šμ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö
¶·¥¤¸É ¢²Ö¥É¸Ö ¢ Ëμ·³¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ² , ÎÉμ ¶μ§¢μ²Ö¥É ¢Ò¤¥²¨ÉÓ ´¥μ¡Ìμ¤¨³ÊÕ  ¸¨³-
¶ÉμÉ¨±Ê. ˆ¸±²ÕÎ¥´¨¥ ¢·¥³¥´´ÒÌ ¶¥·¥³¥´´ÒÌ ¶μ§¢μ²Ö¥É μ¶·¥¤¥²¨ÉÓ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ ¤μ¡ ¢±Ê
± ¶μÉ¥´Í¨ ²Ê ¢§ ¨³μ¤¥°¸É¢¨Ö. ‚ · ³± Ì ¶·¥¤² £ ¥³μ£μ ³¥Éμ¤  ¶μ²ÊÎ¥´Ò ¸²¥¤ÊÕÐ¨¥ ·¥§Ê²ÓÉ ÉÒ.
�¶·¥¤¥²¥´  § ¢¨¸¨³μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í μÉ ³ ¸¸Ò ¸¢μ¡μ¤´μ£μ ¸μ-
¸ÉμÖ´¨Ö,   É ±¦¥ μÉ μ·¡¨É ²Ó´ÒÌ ¨ · ¤¨ ²Ó´ÒÌ ±¢ ´Éμ¢ÒÌ Î¨¸¥². ‚ÒÎ¨¸²¥´Ò · ¸Ð¥¶²¥´¨Ö Ô´¥·-
£¥É¨Î¥¸±μ£μ Ê·μ¢´Ö ³Õμ´´μ£μ ¢μ¤μ·μ¤  ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±¨. �´ ²¨É¨Î¥¸±¨ μ¶·¥-
¤¥²¥´ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨ ¤²Ö Ï¨·μ±μ£μ ±² ¸¸ 
¶μÉ¥´Í¨ ²μ¢, ±μÉμ·Ò¥ μ¶¨¸Ò¢ ÕÉ ¸¢μ°¸É¢  ±Ê²μ´μ¢¸±μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö. �´ ²¨É¨Î¥¸±¨
μ¶·¥¤¥²¥´Ò ³ ¸¸μ¢Ò° ¸¶¥±É· £²Õ¡μ²μ¢ ¨ ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò £²Õμ´  ¸ ÊÎ¥Éμ³ ¸¶¨´-¸¶¨´μ¢ÒÌ,
¸¶¨´-μ·¡¨É ²Ó´ÒÌ ¨ É¥´§μ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°. � Ï¨ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¤²Ö
· §²¨Î´ÒÌ ¸¶¨´μ¢ÒÌ ¨ μ·¡¨É ²Ó´ÒÌ ¸μ¸ÉμÖ´¨° £²Õ¡μ²μ¢, Ìμ·μÏμ ¸μ£² ¸ÊÕÉ¸Ö ¸ ·¥§Ê²ÓÉ É ³¨ ·¥-
Ï¥ÉμÎ´ÒÌ ¤ ´´ÒÌ. �¶·¥¤¥²¥´Ò ³ ¸¸μ¢Ò¥ ¸¶¥±É·Ò μ·¡¨É ²Ó´μ ¢μ§¡Ê¦¤¥´´μ£μ ¸μ¸ÉμÖ´¨Ö ³¥§μ´μ¢,
¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±μ-²¥£±¨Ì ¨ ²¥£±μ-ÉÖ¦¥²ÒÌ ±¢ ·±μ¢, ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±μ£μ ¨ ´¥²μ± ²Ó´μ£μ
Ì · ±É¥·μ¢ ¢§ ¨³μ¤¥°¸É¢¨°. � Ï¨ ·¥§Ê²ÓÉ ÉÒ ¶μ± §Ò¢ ÕÉ, ÎÉμ Éμ²Ó±μ ÊÎ¥É ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ
¨ ´¥²μ± ²Ó´μ£μ Ì · ±É¥·μ¢ ¢§ ¨³μ¤¥°¸É¢¨° ¶μ§¢μ²Ö¥É ¤μ¸É¨ÎÓ ¤²Ö ³ ¸¸μ¢μ£μ ¸¶¥±É·  ³¥§μ´μ¢
Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ£μ ¸μ£² ¸¨Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨. �¶·¥¤¥²¥´  § ¢¨¸¨³μ¸ÉÓ ±μ´¸É¨-
ÉÊ¥´É´μ° ³ ¸¸Ò ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í μÉ ³ ¸¸Ò ¸¢μ¡μ¤´μ£μ ¸μ¸ÉμÖ´¨Ö. �μ± § ´μ, ÎÉμ ¢ ¸²ÊÎ ¥
²¥£±¨Ì ±¢ ·±μ¢ · §´μ¸ÉÓ Éμ±μ¢ÒÌ ¨ ±μ´¸É¨ÉÊ¥´É´ÒÌ ³ ¸¸ ¢ ´¥¸±μ²Ó±μ · § ¡μ²ÓÏ¥, Î¥³ Éμ±μ¢Ò¥
³ ¸¸Ò ±¢ ·±μ¢,   ¥¸²¨ ±¢ ·±¨ Ö¢²ÖÕÉ¸Ö ÉÖ¦¥²Ò³¨, Éμ · §´μ¸ÉÓ ÔÉ¨Ì ³ ¸¸ ´¥§´ Î¨É¥²Ó´ . �·¥¤²μ-
¦¥´ μ¤¨´ ¨§ ¢ ·¨ ´Éμ¢ ÊÎ¥É  ´¥²μ± ²Ó´μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¨ μ¶·¥¤¥²¥´¨¨ ¸¢μ°¸É¢
 ¤·μ´μ¢ ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ. �¶·¥¤¥²¥´  § ¢¨¸¨³μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´ÒÌ ³ ¸¸ μÉ · ¤¨Ê¸ 
±μ´Ë °´³¥´É .

We propose one of the versions of calculation of the energy spectrum of bound state systems with
relativistic corrections. In the framework of quantum ˇeld theory the expression that takes into account
relativistic corrections to the mass of the bound state with a known nonrelativistic pair interaction
potential is proposed on the basis of calculating the asymptotic behaviour of correlation functions of
the corresponding ˇeld currents with the necessary quantum numbers. Excluding the time variables
allows one to determine nonperturbative corrections to the interaction potential. In the framework of
the given approach the following results are obtained. The nonperturbative corrections arising due to



730 „ˆ�…‰•�� Œ., †�“ƒ�˜…‚� ‘.�.

the relativistic nature of a system to the interaction Hamiltonian are determined. The dependence of
the constituent mass, of bound-state forming particles, on the free state mass and on the orbital and
radial quantum numbers is analytically derived. The energy level shift of muonic hydrogen taking
into account relativistic corrections is calculated. The energy spectrum of wide class of potentials,
which describe the Coulomb bound state, is analytically derived with relativistic corrections. The mass
spectrum of the glueballs and the constituent masses of the gluons are analytically calculated taking
into account spin-orbit, spin-spin and tensor interactions. Our numerical results have shown very
good agreement with the lattice data. Taking into account nonperturbative and nonlocality characters
of interactions, the mass spectrum of the mesons consisting of the light-light and light-heavy quarks
with orbital and radial excitations is determined. Our results show that good agreement with the
experimental data for the slope and the intercept of the Regge trajectory can be obtained only taking
into account the nonperturbative and the nonlocal characters of interactions. Dependence of the
constituent masses of constituent particles on the masses of a free state is certain. When quarks are
light, the difference of current and valent masses of quarks is greater than valent masses of quarks,
and when quarks are heavy the difference of these masses is insigniˇcant. One of the alternative
variants of the accounting of nonlocality is suggested for the deˇnition of properties of hadrons at
large distances. The dependence of the constituent masses of constituent particles on the radius of
conˇnement is determined.

PACS: 36.10.Dr; 12.20.Ds; 31.30.Jv; 11.10.St
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‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö μ ¸É·Ê±ÉÊ·¥ ¨ ³¥Ì ´¨§³¥ Ëμ·³¨·μ¢ ´¨Ö ±¢ ´Éμ¢ÒÌ
μ¡Ñ¥±Éμ¢ ¸ÊÐ¥¸É¢ÊÕÉ ¸²¥¤ÊÕÐ¨¥ ¶·¥¤¸É ¢²¥´¨Ö: ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö ¸μ-
¸ÉμÖÉ ¨§ Ë¥·³¨μ´μ¢,   ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê ÔÉ¨³¨ Ë¥·³¨μ´ ³¨ μ¸ÊÐ¥¸É¢²Ö-
ÕÉ¸Ö ¸ ¶μ³μÐÓÕ μ¡³¥´  ¡μ§μ´μ¢. ‚ Î ¸É´μ¸É¨, ¢  Éμ³´μ° ¸É·Ê±ÉÊ·¥, ±μÉμ· Ö
¸μ¸Éμ¨É ¨§ Ô²¥±É·μ´μ¢ ¨ Ö¤¥·, É ±¨³¨ ¡μ§μ´ ³¨ Ö¢²ÖÕÉ¸Ö ËμÉμ´Ò, ¢ Ö¤·¥
´Ê±²μ´Ò ¸¢Ö§ ´Ò ³¥§μ´ ³¨,    ¤·μ´Ò, ¸μ¸ÉμÖÐ¨¥ ¨§ ±¢ ·±μ¢, ¸¢Ö§ ´Ò £²Õμ-
´ ³¨. ’ ±¨³ μ¡· §μ³, ³¥Ì ´¨§³ Ëμ·³¨·μ¢ ´¨Ö ±¢ ´Éμ¢ÒÌ ¸¨¸É¥³ Ëμ·³ ²Ó´μ
μ¡ÑÖ¸´Ö¥É¸Ö ¥¤¨´Ò³ μ¡· §μ³. ˆ§¢¥¸É´μ, ÎÉμ ¥¤¨´Ò° ³¥Ì ´¨§³ Ëμ·³¨·μ¢ ´¨Ö
¸¢Ö§ ´´ÒÌ ¸¨¸É¥³ ´¥¶·μÉ¨¢μ·¥Î¨¢μ μ¶¨¸Ò¢ ¥É¸Ö ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ-
¢μ° ³¥Ì ´¨±¥.

�¤´ ±μ ¢ ¸μ¢·¥³¥´´μ° ·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö (Š’�)
μ¡· §μ¢ ´¨¥ ¨ μ¶¨¸ ´¨¥ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¤μ ¸¨Ì ¶μ· ´¥ Ö¢²Ö¥É¸Ö Ìμ·μÏμ
¶μ¸É ¢²¥´´μ° § ¤ Î¥° (¸³. ¢ [1Ä3]). Š’� μ¶¨¸Ò¢ ¥É Ê¶·Ê£μ¥ ¨ ´¥Ê¶·Ê£μ¥ · ¸-
¸¥Ö´¨Ö ¸¢μ¡μ¤´ÒÌ ·¥²ÖÉ¨¢¨¸É¸±¨Ì Î ¸É¨Í, ´ Ìμ¤ÖÐ¨Ì¸Ö ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ-
´¨ÖÌ ¤·Ê£ μÉ ¤·Ê£  ¢ ¸μ¸ÉμÖ´¨¨ ¶²μ¸±¨Ì ¢μ²´. �·¨ ÔÉμ³ ¸ ³  Ëμ·³Ê²¨·μ¢± 
Š’� ¶·μ¢μ¤¨É¸Ö ¢ · ³± Ì É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°, É. ¥. ¢ · §²μ¦¥´¨¨ ¶μ ¸É¥¶¥´Ö³
¢§ ¨³μ¤¥°¸É¢¨Ö, £¤¥ ´¨± ±¨¥ ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö ¶·¨´Í¨¶¨ ²Ó´μ ¢μ§´¨±´ÊÉÓ
´¥ ³μ£ÊÉ. ’ ±¨³ μ¡· §μ³, ¢μ§³μ¦´ Ö ¶μ¸É ´μ¢±  § ¤ Î¨ ´  ¸¢Ö§ ´´Ò¥ ¸μ¸Éμ-
Ö´¨Ö É·¥¡Ê¥É ¢ÒÌμ¤  §  · ³±¨ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°, £¤¥ ¨³¥ÕÐ¨¥¸Ö ³¥Éμ¤Ò
¨¸¸²¥¤μ¢ ´¨Ö ¶μ ¸ÊÉ¨ ¤¥²  ¥Ð¥ ´¥ · §¢¨ÉÒ ¤μ²¦´Ò³ μ¡· §μ³.

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¨§¢¥¸É´μ, ÎÉμ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸¢Ö§ ´´μ£μ ¸μ¸Éμ-
Ö´¨Ö ³μ¦¥É ¡ÒÉÓ μ¶·¥¤¥²¥´ ¸ Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ ¢ · ³± Ì ´¥·¥²ÖÉ¨¢¨¸É¸±μ°
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±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ (�ŠŒ) ¶·¨ ´ ¤²¥¦ Ð¥³ ¶μ¤¡μ·¥ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°-
¸É¢¨Ö. ’¥³ ´¥ ³¥´¥¥ ´¥·¥²ÖÉ¨¢¨¸É¸±μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (“˜), ¤ ÕÐ¥¥
³ É¥³ É¨Î¥¸±¨ ±μ··¥±É´μ¥ μ¶¨¸ ´¨¥ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°, Ê¦¥ ´¥ Ö¢²Ö¥É¸Ö
¤μ¸É ÉμÎ´Ò³, É ± ± ± É·¥¡Ê¥É¸Ö ÊÎ¥É ·¥²ÖÉ¨¢¨¸É¸±μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°-
¸É¢¨Ö, ¶μ¸±μ²Ó±Ê ¤²Ö μ¶¨¸ ´¨Ö ¸μ¢·¥³¥´´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ·¥§Ê²ÓÉ Éμ¢,
¶μ²ÊÎ¥´´ÒÌ ± ± ¢  Éμ³´μ° [4], É ± ¨ ¢  ¤·μ´´μ° Ë¨§¨±¥ [5], É·¥¡Ê¥É¸Ö ÊÎ¥É
·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· ¢μ±.

’ ±¨³ μ¡· §μ³, ·¥ ²Ó´ Ö Ë¨§¨±  É·¥¡Ê¥É ¸μ§¤ ´¨Ö ± ±μ£μ-²¨¡μ ³ É¥³ -
É¨Î¥¸±μ£μ ·¥Ï¥´¨Ö ¶·μ¡²¥³Ò μ¶¨¸ ´¨Ö ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ´  μ¸´μ¢¥ Š’�.
‚¸¥ Ê¸¨²¨Ö, § É· Î¨¢ ¥³Ò¥ ´  ÔÉÊ ¶·μ¡²¥³Ê, Ê¸²μ¢´μ ³μ¦´μ · §¤¥²¨ÉÓ ´  ¤¢ 
´ ¶· ¢²¥´¨Ö.

�É¶· ¢´μ° ÉμÎ±μ° μ¤´μ£μ ´ ¶· ¢²¥´¨Ö Ö¢²Ö¥É¸Ö ÊÉ¢¥·¦¤¥´¨¥, ÎÉμ ¥¸²¨
¸ÊÐ¥¸É¢Ê¥É ¸¢Ö§ ´´μ¥ ¸μ¸ÉμÖ´¨¥ ¤¢ÊÌ Î ¸É¨Í ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ±¢ ´Éμ-
¢Ò³¨ Î¨¸² ³¨, Éμ  ³¶²¨ÉÊ¤  Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö ÔÉ¨Ì Î ¸É¨Í ¨³¥¥É ¶·μ¸Éμ°
¶μ²Õ¸ ¶μ Ô´¥·£¨¨ ¢ ÉμÎ±¥ ³ ¸¸Ò ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö. �  μ¸´μ¢¥ ÔÉμ° ¨¤¥¨
¡Ò²¨ ¸Ëμ·³Ê²¨·μ¢ ´Ò Ê· ¢´¥´¨¥ 	¥É¥Ä‘μ²¶¨É¥·  [3, 6, 7] ¨ É ± ´ §Ò¢ ¥³Ò¥
±¢ §¨¶μÉ¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö [8].

„·Ê£μ¥ ´ ¶· ¢²¥´¨¥ μ¸´μ¢ ´μ ´  Ê¡¥¦¤¥´¨¨, ÎÉμ ´¥·¥²ÖÉ¨¢¨¸É¸±μ¥ “˜
Ö¢²Ö¥É¸Ö ´ ¤¥¦´Ò³ ¨´¸É·Ê³¥´Éμ³ ¨¸¸²¥¤μ¢ ´¨Ö ¨ μ¶·¥¤¥²¥´¨Ö Ô´¥·£¥É¨Î¥-
¸±μ£μ ¸¶¥±É·  ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°. �·¨ ÔÉμ³ ·¥ ²Ó´Ò¥ ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶μ-
¶· ¢±¨ ³ ²Ò, É ± ÎÉμ É¥μ·¥É¨Î¥¸± Ö § ¤ Î  ¸¢μ¤¨É¸Ö ± ¶μ²ÊÎ¥´¨Õ ·¥²ÖÉ¨-
¢¨¸É¸±¨Ì ¶μ¶· ¢μ± ± ´¥·¥²ÖÉ¨¢¨¸É¸±μ³Ê ¶μÉ¥´Í¨ ²Ê ¢§ ¨³μ¤¥°¸É¢¨Ö ¨¸Ìμ¤Ö
¨§ Ëμ·³ ²¨§³  Š’�. �É  ¨¤¥Ö ²¥¦¨É ¢ μ¸´μ¢¥ ¶μÉ¥´Í¨ ²  	·¥°É  [9] ¨ ÔË-
Ë¥±É¨¢´μ° ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö Š ¸¢¥²²  ¨ ‹¥¶ ¦  [10].
�¡  ÔÉ¨ ¶μ¤Ìμ¤  ¨¸¶μ²Ó§ÊÕÉ ³ É·¨ÍÊ · ¸¸¥Ö´¨Ö ± ± ¨¸ÉμÎ´¨± ¨¸±μ³ÒÌ ¶μ-
¶· ¢μ±. �¢Éμ· ³¨ [10] ¶·¥¦¤¥ ¢¸¥£μ ¢ · ³± Ì ±¢ ´Éμ¢μ° Ô²¥±É·μ¤¨´ ³¨±¨
(Š�„) ¨§ÊÎ¥´  ³ É·¨Í  · ¸¸¥Ö´¨Ö ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¤¨ £· ³³ ³¨ ”¥°´-
³ ´  ¸ ÊÎ¥Éμ³ ¶¥·¥´μ·³¨·μ¢±¨ ¨ ¶μ¸²¥¤ÊÕÐ¨³ ¶¥·¥Ìμ¤μ³ ± ´¥·¥²ÖÉ¨¢¨¸É-
¸±μ³Ê ¶·¥¤¥²Ê, É. ¥. μ¶·¥¤¥²¥´ ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ ·¥²ÖÉ¨¢¨¸É¸±μ°
¶μ¶· ¢±μ°. ‚ ·¥§Ê²ÓÉ É¥ ¸Ëμ·³Ê²¨·μ¢ ´ ³¥Éμ¤ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° Š�„, ¨²¨
�Š�„, ¤²Ö μ¶·¥¤¥²¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É· , ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢-
±μ°. ‚ ¤ ²Ó´¥°Ï¥³ ÔÉμÉ ³¥Éμ¤ Ê¸μ¢¥·Ï¥´¸É¢μ¢ ´ ¢ [11]. ‚ ´ ¸ÉμÖÐ¨° ³μ³¥´É
¸¢μ°¸É¢  ¨ ¸¶¥±É· ±Ê²μ´μ¢¸±μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É-
¸±μ° ¶μ¶· ¢±¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¢ · ³± Ì �Š�„. �ÉμÉ ³¥Éμ¤ É ±¦¥ ¸ ¢Ò¸μ±μ°
ÉμÎ´μ¸ÉÓÕ μ¶¨¸Ò¢ ¥É ¶μ¸²¥¤´¨¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥. ‚ ÔÉμ³ ¶μ¤Ìμ¤¥
μ£· ´¨Î¨¢ ÕÉ¸Ö Éμ²Ó±μ ´¨§Ï¨³ ¶μ·Ö¤±μ³ · §²μ¦¥´¨Ö ¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨Ö,
  ¢Ò¸Ï¨¥ ¶μ·Ö¤±¨ · ¸¸³ É·¨¢ ÕÉ¸Ö ± ± ³ ²Ò¥ ¶μ¶· ¢±¨. ‚  ¤·μ´´μ° Ë¨§¨±¥
¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ±¢ ·±μ¢ ¢Ò¡¨· ¥É¸Ö ¨¸Ìμ¤Ö ¨§ ´¥±μÉμ·ÒÌ Ë¨§¨-
Î¥¸±¨Ì ¶·¥¤¶μ²μ¦¥´¨°. ”¥´μ³¥´μ²μ£¨Î¥¸±¨¥ ¶μÉ¥´Í¨ ²Ó´Ò¥ ³μ¤¥²¨ ±¢ ·-
±μ¢ [12Ä14] Ìμ·μÏμ μ¶¨¸Ò¢ ÕÉ ³ ¸¸μ¢Ò° ¸¶¥±É·  ¤·μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ÉÖ-
¦¥²ÒÌ ±¢ ·±μ¢. �·¨ ¨§ÊÎ¥´¨¨ ¸¢μ°¸É¢  ¤·μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±¨Ì ±¢ ·±μ¢,
É·¥¡Ê¥É¸Ö ÊÎ¥É ·¥²ÖÉ¨¢¨¸É¸±μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨Ö. �¤´ ±μ ± ´ ¸Éμ-
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ÖÐ¥³Ê ¢·¥³¥´¨ μÉ¸ÊÉ¸É¢Ê¥É μ¡Ð¥¶·¨´ÖÉÒ° ·¥Í¥¶É ÊÎ¥É  ·¥²ÖÉ¨¢¨¸É¸±μ£μ Ì -
· ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ Ë¥´μ³¥´μ²μ£¨Î¥¸±¨Ì ³μ¤¥²ÖÌ ±¢ ·±μ¢.

‚ · ³± Ì ¶μ¸²¥¤´¥£μ ´ ¶· ¢²¥´¨Ö ¸ÊÐ¥¸É¢Ê¥É ¥Ð¥ μ¤¨´ ¶μ¤Ìμ¤, μ¸´μ-
¢ ´´Ò° ´  ¸²¥¤ÊÕÐ¥° ¨¤¥¥. ’μÎ´Ò¥ ·¥Ï¥´¨Ö ¤²Ö ±¢ ´Éμ¢μ-¶μ²¥¢ÒÌ ËÊ´±Í¨°
ƒ·¨´  ³μ¦´μ Ëμ·³ ²Ó´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ²μ¢.
’¥Ì´¨±  ¢ÒÎ¨¸²¥´¨° ÔÉ¨Ì ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ²μ¢ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö
´ Ìμ¤¨É¸Ö ¥Ð¥ ¢ § Î ÉμÎ´μ³ ¸μ¸ÉμÖ´¨¨, μ¤´ ±μ ¨³¥ÕÐ¨¥¸Ö ¶·¥¤¸É ¢²¥´¨Ö
³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ¶μ²ÊÎ¥´¨Ö ·¥Ï¥´¨Ö ´¥·¥²ÖÉ¨¢¨¸É¸±μ£μ Ê· ¢´¥´¨Ö
˜·¥¤¨´£¥·  ¢ Ëμ·³¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ²  ”¥°´³ ´  ¸ ¶μÉ¥´Í¨ ²μ³,
¸μ¤¥·¦ Ð¨³ ´¥μ¡Ìμ¤¨³Ò¥ ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶μ¶· ¢±¨. ‚ ÔÉμ³ ´ ¶· ¢²¥´¨¨
¸¤¥² ´μ ¥Ð¥ ´¥ É ± ³´μ£μ. � Ï  · ¡μÉ  ¶·μ¤μ²¦ ¥É ÔÉ¨ ¨¸¸²¥¤μ¢ ´¨Ö.

‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ ³ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²Ö¥É¸Ö  ¸¨³¶ÉμÉ¨Î¥-
¸±¨³ ¶μ¢¥¤¥´¨¥³ ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±Í¨¨ μÉ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Éμ±μ¢ ¸ ´¥-
μ¡Ìμ¤¨³Ò³¨ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨. Šμ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö ¶·¥¤¸É ¢²Ö¥É¸Ö
¢ Ëμ·³¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ² , ÎÉμ ¶μ§¢μ²Ö¥É ¢Ò¤¥²¨ÉÓ ´¥μ¡Ìμ¤¨³ÊÕ
 ¸¨³¶ÉμÉ¨±Ê. ‚ [15] ¶·¥¤²μ¦¥´ ³¥Éμ¤ ¢ÒÎ¨¸²¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É· 
´  μ¸´μ¢¥ ¨¸¸²¥¤μ¢ ´¨Ö  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ¢ ±ÊÊ³´μ£μ ¸·¥¤´¥£μ
(ËÊ´±Í¨¨ ƒ·¨´ ) μÉ Éμ±μ¢ § ·Ö¦¥´´ÒÌ ¸± ²Ö·´ÒÌ Î ¸É¨Í ¢μ ¢´¥Ï´¥³ ± ²¨-
¡·μ¢μÎ´μ³ ¶μ²¥. �·¨ μ¶·¥¤¥²¥´¨¨  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ±μ··¥²ÖÍ¨-
μ´´μ° ËÊ´±Í¨¨ ¨¸¶μ²Ó§Ê¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ ¢ Ëμ·³¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥-
£· ² , É ± ÎÉμ Ê¸·¥¤´¥´¨¥ ¶μ ¢´¥Ï´¥³Ê ± ²¨¡·μ¢μÎ´μ³Ê ¶μ²Õ ³μ¦¥É ¡ÒÉÓ ¢Ò-
¶μ²´¥´μ ÉμÎ´μ. �μ²ÊÎ¥´´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶μÌμ¦¥ ´  Ë¥°´³ ´μ¢¸±¨° ËÊ´±-
Í¨μ´ ²Ó´Ò° ¨´É¥£· ² ¶μ ¶ÊÉÖ³ [16] ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥.
�·¨ ÔÉμ³ ´¥²μ± ²Ó´Ò° ËÊ´±Í¨μ´ ² (¶μÉ¥´Í¨ ²) ¢§ ¨³μ¤¥°¸É¢¨Ö, ¢μ§´¨± Õ-
Ð¨° ¢ ·¥§Ê²ÓÉ É¥ μ¡³¥´  ± ²¨¡·μ¢μÎ´Ò³ ¶μ²¥³ (ËμÉμ´, £²Õμ´), μ¶·¥¤¥²Ö¥É¸Ö
¤¨ £· ³³μ° ”¥°´³ ´  ¨ ¸μ¤¥·¦¨É ¢±² ¤Ò ± ± ¢ ¸μ¡¸É¢¥´´ÊÕ Ô´¥·£¨Õ Î ¸É¨Í,
É ± ¨ ¢ Ëμ·³¨·μ¢ ´¨¥ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö. �·¥¤² £ ¥É¸Ö ³¥Éμ¤ ¸¢¥¤¥´¨Ö
ÔÉμ£μ ´¥²μ± ²Ó´μ£μ ËÊ´±Í¨μ´ ²  ± ¶μÉ¥´Í¨ ²Ê ¢§ ¨³μ¤¥°¸É¢¨Ö. ’ ±¨³ μ¡· -
§μ³, ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö μ¶·¥¤¥²Ö¥É¸Ö ¢±² ¤μ³ ¢¸¥¢μ§³μ¦´ÒÌ É¨¶μ¢
¤¨ £· ³³ ”¥°´³ ´ .

� ¡μÉ  ¶μ¸É·μ¥´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ¢ · §¤. 1 ¨¸¸²¥¤μ¢ ²μ¸Ó  ¸¨³¶Éμ-
É¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨¨ ƒ·¨´  Éμ±μ¢ § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢μ ¢´¥Ï´¥³
± ²¨¡·μ¢μÎ´μ³ ¶μ²¥ ¨ ¶μ²ÊÎ¥´  Ëμ·³Ê² , μ¶·¥¤¥²ÖÕÐ Ö ³ ¸¸Ê ¸¢Ö§ ´´μ£μ
¸μ¸ÉμÖ´¨Ö. �´ ²¨É¨Î¥¸±¨ μ¶·¥¤¥²¥´  ´¥¶¥·ÉÊ·¡ É¨¢´ Ö ¶μ¶· ¢±  ± £ ³¨²Ó-
Éμ´¨ ´Ê ¢§ ¨³μ¤¥°¸É¢¨Ö, ±μÉμ· Ö ¸¢Ö§ ´  ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶·¨·μ¤μ° ¢§ ¨-
³μ¤¥°¸É¢¨Ö. ‚ · §¤. 2 ÔÉμÉ ¶μ¤Ìμ¤ ¶·¨³¥´¥´ ± ¢ÒÎ¨¸²¥´¨Õ ·¥²ÖÉ¨¢¨¸É¸±μ°
¶μ¶· ¢±¨ ± Ô´¥·£¥É¨Î¥¸±μ³Ê ¸¶¥±É·Ê ±Ê²μ´μ¢¸±μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö. ‚
Î ¸É´μ¸É¨,  ´ ²¨É¨Î¥¸±¨ μ¶·¥¤¥²¥´Ò ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶μ¶· ¢±¨ ± Ô´¥·£¥É¨Î¥-
¸±¨³ ¸¶¥±É· ³  Éμ³  ¢μ¤μ·μ¤  ¨ ³Õμ´´μ£μ ¢μ¤μ·μ¤  ¤²Ö μ·¡¨É ²Ó´μ ¨ · ¤¨-
 ²Ó´μ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨°,   É ±¦¥ ¢ÒÎ¨¸²¥´ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· Ï¨-
·μ±μ£μ ±² ¸¸  ¶μÉ¥´Í¨ ²μ¢ ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· ¢μ±. ‚ · §¤. 3  ´ -
²¨É¨Î¥¸±¨ μ¶·¥¤¥²¥´Ò ³ ¸¸μ¢Ò° ¸¶¥±É· £²Õ¡μ²μ¢ ¨ ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò
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£²Õμ´  ¸ ÊÎ¥Éμ³ ¸¶¨´-¸¶¨´μ¢ÒÌ, ¸¶¨´-μ·¡¨É ²Ó´ÒÌ ¨ É¥´§μ·´ÒÌ ¢§ ¨³μ¤¥°-
¸É¢¨° ¨ Ê¸É ´μ¢²¥´μ, ÎÉμ £²Õμ´ ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ ¸É ´μ¢¨É¸Ö ³ ¸¸μ¢Ò³.
‚ · §¤. 4 μ¶·¥¤¥²¥´ ³ ¸¸μ¢Ò° ¸¶¥±É· ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±μ-²¥£±¨Ì ¨
²¥£±μ-ÉÖ¦¥²ÒÌ ±¢ ·±μ¢, ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨. �´ -
²¨É¨Î¥¸±¨ μ¶·¥¤¥²¥´ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò° ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö. �¶·¥-
¤¥²¥´  § ¢¨¸¨³μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í μÉ ³ ¸¸Ò
¨¸Ìμ¤´μ£μ ¸μ¸ÉμÖ´¨Ö,   É ±¦¥ μÉ μ·¡¨É ²Ó´μ£μ ¨ · ¤¨ ²Ó´μ£μ ±¢ ´Éμ¢ÒÌ Î¨-
¸¥². ‚ÒÎ¨¸²¥´Ò ´ ±²μ´ ¨ ¶ · ³¥É· ¶¥·¥¸¥Î¥´¨Ö ·¥¤¦¥-É· ¥±Éμ·¨¨ ¤²Ö μ·¡¨-
É ²Ó´μ ¨ · ¤¨ ²Ó´μ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨°. �μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ Ê¤μ¢²¥-
É¢μ·¨É¥²Ó´μ ¸μ£² ¸ÊÕÉ¸Ö ¸ ¸ÊÐ¥¸É¢ÊÕÐ¨³¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨. ‚
§ ±²ÕÎ¥´¨¨ ¶μ¤ÒÉμ¦¥´Ò μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨°. ‚ ¶·¨²μ¦¥´¨ÖÌ
¶·¨¢¥¤¥´Ò ¤¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö
¢ · ³± Ì ³¥Éμ¤  μ¸Í¨²²ÖÉμ·´μ£μ ¶·¥¤¸É ¢²¥´¨Ö.

1. ‘‚Ÿ‡����… ‘�‘’�Ÿ�ˆ… ‚ ”“�Š–ˆ���‹œ��Œ ��„•�„…

1.1. Œ ¸¸  ·¥²ÖÉ¨¢¨¸É¸±μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö. �·¨¸ÉÊ¶¨³ ± ¨§²μ-
¦¥´¨Õ ¤¥É ²¥° ´ Ï¥£μ ¶μ¤Ìμ¤ . �Ê¸ÉÓ J(x) = Φ+(x)Φ(x) Å Éμ± ¸± ²Ö·´ÒÌ
§ ·Ö¦¥´´ÒÌ Î ¸É¨Í. …¸²¨ ¶·¥´¥¡·¥ÎÓ  ´´¨£¨²ÖÍ¨μ´´Ò³ ± ´ ²μ³, Éμ Éμ£¤ 
· ¸¸³ É·¨¢ ¥³Ò¥ ±μ··¥²ÖÉμ·Ò Ê¤μ¡´μ ¶·¥¤¸É ¢¨ÉÓ ± ± Ê¸·¥¤´¥´¨¥ ¶μ ± ²¨-
¡·μ¢μÎ´μ³Ê ¶μ²Õ Aα(x) ¶·μ¨§¢¥¤¥´¨Ö ËÊ´±Í¨° ƒ·¨´  Gm(x, y|A) ¸± ²Ö·´ÒÌ
Î ¸É¨Í ¢μ ¢´¥Ï´¥³ ± ²¨¡·μ¢μÎ´μ³ ¶μ²¥:

Π(x − y) = 〈J(x)J(y)〉 = 〈Φ+(x)Φ(x)Φ+(y)Φ(y)〉 =
= 〈Gm1(x, y|A)Gm2(y, x|A)〉A. (1.1)

”Ê´±Í¨Ö ƒ·¨´  Gm(x, y|A) ¤²Ö ¸± ²Ö·´μ° Î ¸É¨ÍÒ ¢μ ¢´¥Ï´¥³ ± ²¨¡·μ¢μÎ-
´μ³ ¶μ²¥ μ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨¥³[(

i
∂

∂xα
+

g

c�
Aα(x)

)2

+
c2m2

�2

]
Gm(x, y|A) = δ(x − y). (1.2)

�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.2) ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ² 
(¤¥É ²¨ ¸³. ¢ [17]):

Gm(x, y|A) =

∞∫
0

ds

(4sπ)2
exp
{
−sm2 − (x − y)2

4s

}
×

×
∫

dσβ exp

⎧⎨⎩ig

1∫
0

dξ
∂Zα(ξ)

∂ξ
Aα(ξ)

⎫⎬⎭ . (1.3)
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‡¤¥¸Ó ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö

Zα(ξ) = (x − y)αξ + yα − 2
√

sBα(ξ),
(1.4)

dσβ = NδBβ exp

⎧⎨⎩−1
2

1∫
0

dξḂ2(ξ)

⎫⎬⎭
¸ ´μ·³¨·μ¢±μ°

Bβ(0) = Bβ(1) = 0 ¨

∫
dσβ = 1,

£¤¥ N Å ±μ´¸É ´É  ´μ·³¨·μ¢±¨. �·¨ Ê¸·¥¤´¥´¨¨ ¶μ ¢´¥Ï´¥³Ê ± ²¨¡·μ¢μÎ-
´μ³Ê ¶μ²Õ Aα(x) μ£· ´¨Î¨¢ ¥³¸Ö Éμ²Ó±μ ´¨§Ï¨³ ¶μ·Ö¤±μ³, É. ¥. ÊÎ¨ÉÒ¢ ¥³
Éμ²Ó±μ ¤¢ÊÌÉμÎ¥Î´Ò° £ Ê¸¸μ¢ ±μ··¥²ÖÉμ·:〈

exp
{

i

∫
dxAα(x)Jα(x)

}〉
A

=

= exp
{
−1

2

∫ ∫
dx dy Jα(x)Dαβ(x − y)Jβ(y)

}
. (1.5)

‡¤¥¸Ó Jα(x) Å ·¥ ²Ó´Ò° Éμ±,   Dαβ(x−y) ¶·μ¶ £ Éμ· ± ²¨¡·μ¢μÎ´μ£μ ¶μ²Ö:

Dαβ(x − y) = 〈Aα(x)Aβ(y)〉A = δα,βD(x − y) +
∂2

∂xα∂xβ
Dd(x − y), (1.6)

£¤¥

D(x) =
∫

dq

(2π)4
eiqx

q2
, Dd(x) =

∫
dq

(2π)4
eiqx

q2

d(q2)
q2

. (1.7)

Œ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²Ö¥É¸Ö ± ± ¶·¥¤¥²

M = − lim
|x−y|→∞

ln Π(x − y)
|x − y| . (1.8)

’ ±¨³ μ¡· §μ³, ¤²Ö μ¶·¥¤¥²¥´¨Ö ³ ¸¸Ò M ´Ê¦´μ ¢ÒÎ¨¸²¨ÉÓ ±μ··¥²ÖÍ¨μ´´ÊÕ
ËÊ´±Í¨Õ Π(x) ¢  ¸¨³¶ÉμÉ¨±¥ |x| → ∞.

�μ¤¸É ¢²ÖÖ (1.3) ¢ (1.1) ¨ ¶·μ¢μ¤Ö Ê¸·¥¤´¥´¨¥ ¶μ ¢´¥Ï´¥³Ê ± ²¨¡·μ¢μÎ-
´μ³Ê ¶μ²Õ, ¶μ²ÊÎ ¥³

Π(x) =
∫ ∞∫

0

dμ1 dμ2

(8π2x)2
J(μ1, μ2)×

× exp
{
−|x|

2

(
m2

1

μ1
+ μ1

)
− |x|

2

(
m2

2

μ2
+ μ2

)}
. (1.9)
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‡¤¥¸Ó

J(μ1, μ2) = N1N2

∫∫
δr1 δr2 exp

⎧⎨⎩−1
2

x∫
0

dτ
[
μ1ṙ

2
1(τ) + μ2ṙ

2
2(τ)
]⎫⎬⎭ e−W ,

(1.10)
W = W1,1 + W2,2 − 2W1,2,

¨ ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

Wi,j =
g2

2
(−1)i+j×

×
x∫

0

x∫
0

dτ1 dτ2Z
′(i)

α(τ1)Dαβ

(
Z(i)(τ1) − Z(j)(τ2)

)
Z ′(j)

β(τ2). (1.11)

�·¥¤¸É ¢²¥´¨¥ (1.10) ¨³¥¥É ¸³Ò¸² ±¢ ´Éμ¢μ° ËÊ´±Í¨¨ ƒ·¨´  ¢ Ëμ·³¥ ËÊ´±-
Í¨μ´ ²Ó´μ£μ ¨´É¥£· ²  ”¥°´³ ´ , ±μ£¤  ¤¢¥ Î ¸É¨ÍÒ ¸ ³ ¸¸ ³¨ μ1 ¨ μ2 ¢§ -
¨³μ¤¥°¸É¢ÊÕÉ ¶μ¸·¥¤¸É¢μ³ ´¥²μ± ²Ó´μ£μ ¶μÉ¥´Í¨ ²  W . �μÔÉμ³Ê ¡Ê¤¥³ ´ -
§Ò¢ ÉÓ ³ ¸¸Ò m1 ¨ m2 Éμ±μ¢Ò³¨,   ¶ · ³¥É·Ò μ1 ¨ μ2 Å ±μ´¸É¨ÉÊ¥´É´Ò³¨
³ ¸¸ ³¨. �É³¥É¨³, ÎÉμ ¢ (1.10) ËÊ´±Í¨μ´ ²Ó´μ¥ ¨´É¥£·¨·μ¢ ´¨¥ ¶·μ¢μ¤¨É¸Ö

¶μ Î¥ÉÒ·¥Ì³¥·´Ò³ ¢¥±Éμ· ³ r1 = (r1, r
(4)
1 ) ¨ r2 = (r2, r

(4)
2 ). �·¨ ÔÉμ³ ¢¥-

²¨Î¨´  Wi,j μ¶·¥¤¥²Ö¥É¸Ö ¢±² ¤μ³ ¢¸¥¢μ§³μ¦´ÒÌ É¨¶μ¢ ¤¨ £· ³³ ”¥°´³ ´ .
‘ÊÐ¥¸É¢ÊÕÉ ¤¢  É¨¶  ¢§ ¨³μ¤¥°¸É¢¨°: ¶¥·¢μ¥ Å ¢§ ¨³μ¤¥°¸É¢¨¥ ¸μ¸É ¢²ÖÕ-
Ð¨Ì Î ¸É¨Í ¶μ¸·¥¤¸É¢μ³ ± ²¨¡·μ¢μÎ´μ£μ ¶μ²Ö, ¢±² ¤ ±μÉμ·μ£μ μ¶·¥¤¥²Ö¥É¸Ö
´¥¶μ¸·¥¤¸É¢¥´´μ W1,2; ¢Éμ·μ¥ Å ¢§ ¨³μ¤¥°¸É¢¨¥ ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í ¸ ³¨Ì
¸ ¸μ¡μ°, É. ¥. ¤¨ £· ³³  ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨, ¢±² ¤ ±μÉμ·μ° μ¶·¥¤¥²Ö¥É¸Ö
W1,1, W2,2. ‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥ ¢¥²¨Î¨´  W1,2 ¸μμÉ¢¥É¸É¢Ê¥É ¶μ-
É¥´Í¨ ²Ó´μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ,   W1,1, W2,2 ¸μμÉ¢¥É¸É¢ÊÕÉ ´¥¶μÉ¥´Í¨ ²Ó´Ò³
¢§ ¨³μ¤¥°¸É¢¨Ö³, ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ ¢±² ¤ ¶¥·¥´μ·³¨·μ¢±¨ ³ ¸¸Ò Î ¸É¨Í.

‚  ¸¨³¶ÉμÉ¨±¥ |x| → ∞ ¨´É¥£· ² (1.10) ¢¥¤¥É ¸¥¡Ö ± ±

lim
|x|→∞

J(μ1, μ2) =⇒ exp{−xE(μ1, μ2)}, (1.12)

£¤¥ ËÊ´±Í¨Ö E(μ1, μ2) § ¢¨¸¨É μÉ ±μ´¸É ´ÉÒ ¸¢Ö§¨ g ¨ μÉ ¶ · ³¥É·μ¢ μ1, μ2 ¨
´¥ § ¢¨¸¨É μÉ ³ ¸¸ m1, m2. �·¨ |x| → ∞ ¨´É¥£· ² (1.9) ¢ÒÎ¨¸²Ö¥É¸Ö ³¥Éμ¤μ³
¶¥·¥¢ ² . Œ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²Ö¥É¸Ö ÉμÎ±μ° ¶¥·¥¢ ² :

M =
1
2

min
μ1,μ2

{
m2

1

μ1
+ μ1 +

m2
2

μ2
+ μ2 + 2E(μ1, μ2)

}
. (1.13)

’ ±¨³ μ¡· §μ³, ¶·μ¡²¥³  ¸¢¥² ¸Ó ± ¢ÒÎ¨¸²¥´¨Õ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥-
£· ²  (1.10). �¤´ ±μ ÔÉμÉ ¨´É¥£· ² ¢ μ¡Ð¥³ ¢¨¤¥ ´¥ ¢ÒÎ¨¸²Ö¥É¸Ö ¨ μ¶·¥¤¥-
²Ö¥É¸Ö Éμ²Ó±μ ¢ · ³± Ì · §²¨Î´ÒÌ ¶·¨¡²¨¦¥´¨°. ‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ÉμÎ´Ò¥
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³ É¥³ É¨Î¥¸±¨¥ ³¥Éμ¤Ò ¢ÒÎ¨¸²¥´¨Ö ÔÉμ£μ ¨´É¥£· ²  μÉ¸ÊÉ¸É¢ÊÕÉ. �μÔÉμ³Ê
´ ¤μ ¶·¨¢²¥± ÉÓ · §²¨Î´Ò¥ Ë¨§¨Î¥¸±¨¥ ¶·¥¤¶μ²μ¦¥´¨Ö ¨²¨ ¶·¨¡²¨¦¥´¨Ö,

ÎÉμ¡Ò ± ±-Éμ ¢Ò¶μ²´¨ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ Î¥É¢¥·ÉÒ³ ±μ³¶μ´¥´É ³ r
(4)
1 , r

(4)
2 .

’ ±μ¥ ¨´É¥£·¨·μ¢ ´¨¥ ÔËË¥±É¨¢´μ ¸μμÉ¢¥É¸É¢Ê¥É ¶¥·¥Ìμ¤Ê ± ´¥·¥²ÖÉ¨¢¨¸É-
¸±μ³Ê ¶·¥¤¥²Ê. „·Ê£¨³¨ ¸²μ¢ ³¨, μ¶·¥¤¥²Ö¥É¸Ö ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ¸
¶μ¶· ¢± ³¨, ¸¢Ö§ ´´Ò³¨ ¸ ´¥¶¥·ÉÊ·¡ É¨¢´Ò³, ·¥²ÖÉ¨¢¨¸É¸±¨³ ¨ ´¥²μ± ²Ó-
´Ò³ Ì · ±É¥· ³¨ ¢§ ¨³μ¤¥°¸É¢¨°. ‚ Î ¸É´μ¸É¨, ¥¸²¨ ¢ ËÊ´±Í¨μ´ ²¥ Wi,j

¢ (1.11) ¶·¥´¥¡·¥ÎÓ § ¢¨¸¨³μ¸ÉÓÕ μÉ r
(4)
1 ¨ r

(4)
2 , Éμ ¸¨¸É¥³  (1.10) ¸¢μ¤¨É¸Ö ±

Ë¥°´³ ´μ¢¸±μ³Ê ¨´É¥£· ²Ê ¶μ É· ¥±Éμ·¨Ö³ ¤²Ö ¤¢¨¦¥´¨Ö ¸± ²Ö·´ÒÌ Î ¸É¨Í ¸
³ ¸¸ ³¨ μ1, μ2 ¢ �ŠŒ [16] ¸ ²μ± ²Ó´Ò³ ¶μÉ¥´Í¨ ²μ³. ‚ ÔÉμ³ ¶·¨¡²¨¦¥´¨¨
¸μ£² ¸´μ (1.10) £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸± ²Ö·´ÒÌ Î ¸É¨Í ¸ ³ ¸¸ ³¨ μ1

¨ μ2 § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

H =
1

2μ1
P2

1 +
1

2μ2
P2

2 + V (r1 − r2), (1.14)

£¤¥ V (r1−r2) Å ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö, ±μÉμ·Ò° ¢Ò· ¦ ¥É¸Ö Î¥·¥§ Wi,j ,
Éμ£¤  E(μ1, μ2) Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°-
¸É¢¨Ö (1.14), É. ¥.

HΨ(r1, r2) = E(μ1, μ2)Ψ(r1, r2). (1.15)

’μ£¤  ¨§ Ê¸²μ¢¨Ö ³¨´¨³Ê³  (1.13) ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥ ¤²Ö μj :

μj −
m2

j

μj
+ 2μj

dE(μ1, μ2)
dμj

= 0, j = 1, 2. (1.16)

� · ³¥É·Ò μ1, μ2 ¨³¥ÕÉ · §³¥·´μ¸ÉÓ ³ ¸¸Ò. �·¨ ¤ ²Ó´¥°Ï¨Ì ¢ÒÎ¨¸²¥´¨ÖÌ
¢¢μ¤¨³ ´μ¢Ò° ¶ · ³¥É·

1
μ

=
1
μ1

+
1
μ2

. (1.17)

’μ£¤  ¢Ò· ¦¥´¨¥ (1.13) ¶·¨´¨³ ¥É ¢¨¤

M = μ1 + μ2 + μ
dE

dμ
+ E(μ), E(μ1, μ2) = E(μ), (1.18)

£¤¥

μ1 =

√
m2

1 − 2μ2
dE

dμ
, μ2 =

√
m2

2 − 2μ2
dE

dμ
. (1.19)

‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¸¢Ö§ ´-
´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ ±μ´¸É¨ÉÊ¥´É´μ°
³ ¸¸μ° μ. �μ¶· ¢± , ¸¢Ö§ ´´ Ö ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶·¨·μ¤μ° ¢§ ¨³μ¤¥°¸É¢¨Ö,
ÊÎ¨ÉÒ¢ ¥É¸Ö ´¥ Éμ²Ó±μ ¶μ¶· ¢± ³¨ ± ¶μÉ¥´Í¨ ²Ê ¢§ ¨³μ¤¥°¸É¢¨Ö, ´μ É ±¦¥
Î¥·¥§ ¶ · ³¥É·Ò μ1 ¨ μ2 (±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò), ±μÉμ·Ò¥ ¶·¥¤¸É ¢²¥´Ò
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¢ (1.13) ¨ (1.19). �μÔÉμ³Ê, ¨¸¶μ²Ó§ÊÖ ¸É ´¤ ·É´Ò¥ ¶μÉ¥´Í¨ ²Ò ¤²Ö μ¶¨¸ ´¨Ö
¸¢μ°¸É¢  Éμ³´ÒÌ ¨  ¤·μ´´ÒÌ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°, ±μÉμ·Ò¥ μ¶·¥¤¥²¥´Ò · §-
²¨Î´Ò³¨  ¢Éμ· ³¨, ¨§ “˜ ¸ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸μ° ³Ò ¸³μ¦¥³ μ¶·¥¤¥²¨ÉÓ
¸¶¥±É· ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±μ°. ‚ ËÊ´±Í¨μ´ ²¥ W1,2 ¨§ (1.11) ´¥μ¡Ìμ-

¤¨³μ ¨¸±²ÕÎ¨ÉÓ § ¢¨¸¨³μ¸ÉÓ μÉ r
(4)
1 , r

(4)
2 , Éμ£¤  ¶μ²ÊÎ ¥³ ´¥·¥²ÖÉ¨¢¨¸É¸±¨°

¶μÉ¥´Í¨ ² ¶²Õ¸ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ ¨ ·¥²ÖÉ¨¢¨¸É¸±ÊÕ ¶μ¶· ¢±¨. 	Ê¤ÊÉ ¸¤¥-
² ´Ò ´¥±μÉμ·Ò¥ ¶·¥¤¶μ²μ¦¥´¨Ö, ±μÉμ·Ò¥ ¶μ§¢μ²ÖÉ μ¶·¥¤¥²¨ÉÓ ÔÉ¨ ¶μ¶· ¢±¨.
…¸²¨ ±μ´¸É ´É  ¸¢Ö§¨ ³ ² , Éμ ¢ ´¨§Ï¥³ ¶·¨¡²¨¦¥´¨¨ ¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥-

´¨° ³μ¦´μ ¢Ò¶μ²´¨ÉÓ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ Î¥É¢¥·ÉÒ³ ±μ³¶μ´¥´É ³ r
(4)
1 , r

(4)
2

¢ (1.10).
1.2. �¥²ÖÉ¨¢¨¸É¸± Ö ¶μ¶· ¢±  ± £ ³¨²ÓÉμ´¨ ´Ê ¢§ ¨³μ¤¥°¸É¢¨Ö. ‚ ¸É ´-

¤ ·É´μ³ ¢ÒÎ¨¸²¥´¨¨ ¶·¨ ÊÎ¥É¥ ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨Ö,
± ± ¶· ¢¨²μ, μ£· ´¨Î¨¢ ÕÉ¸Ö ´¨§Ï¥° ¸É¥¶¥´ÓÕ ¢¥²¨Î¨´Ò (v/c), ´μ ¢ ´ Ï¥³
¶μ¤Ìμ¤¥ (¨¸Ìμ¤Ö ¨§ ´¥±μÉμ·ÒÌ ¶·¥¤¶μ²μ¦¥´¨°) ¢±²ÕÎ ¥É¸Ö Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É-
¸±¨° ¶·¥¤¥², É. ¥. ³Ò μ¶·¥¤¥²Ö¥³ ¢¨¤ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸Ê³³¨·μ¢ ´¨¥³ ¡¥¸±μ-
´¥Î´μ£μ ·Ö¤ , ¶μ²ÊÎ¥´´μ£μ ¶μ ¸É¥¶¥´Ö³ ¢¥²¨Î¨´Ò (v/c).

’¥¶¥·Ó ¶·¨¸ÉÊ¶¨³ ± μ¶·¥¤¥²¥´¨Õ ¸É·Ê±ÉÊ·Ò £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°-
¸É¢¨Ö. „²Ö ÔÉμ£μ ¶·¨¢¥¤¥³ ¤¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ² ,
¶·¥¤¸É ¢²¥´´μ£μ ¢ (1.10). ˆ§ (1.10) ¢¨¤´μ, ÎÉμ ¢§ ¨³μ¤¥°¸É¢¨¥ ³¥¦¤Ê ¸μ-
¸É ¢´Ò³¨ Î ¸É¨Í ³¨ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö μ¡³¥´μ³ ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥°. ‘μ£² ¸-
´μ (1.6) ¶·μ¶ £ Éμ· § ¶¨¸Ò¢ ¥É¸Ö ¢ ¸É ´¤ ·É´μ³ ¢¨¤¥ ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É -
¢²¥´¨¨:

D̃

(
q2 +

s2

c2

)
� 1

q2 + s2/c2
=

∞∫
0

dη exp
{
−η

(
q2 +

s2

c2

)}
. (1.20)

“Î¨ÉÒ¢ Ö (1.20), ¨§ (1.12) ¤²Ö Wi,j ¶μ²ÊÎ ¥³

Wi,j =
1
2
g2(−1)i+j

x∫
0

x∫
0

dτ1 dτ2

∞∫
−∞

ds

2π

∫
dq

(2π)3

∞∫
0

dη eisτ Θij×

× exp
{
−η

(
q2 +

s2

c2

)
exp
{
−i(q · r) − i

s

c
r(4)
}}

, (1.21)

£¤¥ ¢¢¥¤¥´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

τ = (τ1 − τ2),

r = ri(τ1) − rj(τ2), r(4) = r
(4)
i (τ1) − r

(4)
j (τ2), (1.22)

Θij = 1 +
n
c

(ṙi(τ1) + ṙj(τ2)) +
ṙi(τ1)ṙj(τ2)

c2
.
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�·μ¢μ¤Ö ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ¶¥·¥³¥´´Ò³ dq, ¨§ (1.21) ¶μ²ÊÎ ¥³

Wi,j =
1
2
g2(−1)i+j

x∫
0

x∫
0

dτ1 dτ2

∞∫
−∞

ds

2π

∞∫
0

dη

(2
√

πη)3
×

× exp
{
− r2

4η

} ∞∑
k=0

k∑
n=0

(−1)n+k

n!(k − n)!
ηnr(4)(k−n)

(
is

c

)n+k

eisτ Θij , (1.23)

�·μ¢μ¤Ö ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ds ¨ dη ¨ ´¥±μÉμ·Ò¥ Ê¶·μÐ¥´¨Ö, ¨§ (1.23) ¨³¥¥³

Wi,j = (−1)i+j g2

8π

x∫
0

x∫
0

dτ1 dτ2

∞∑
k=0

1
k!

k∑
n=0

k!
n!(k − n)!

Γ(1/2 − n)√
πck+n

×

× (|ri(τ) − rj(τ)|)2n−1

22n

(
r
(4)
i (τ1) − r

(4)
j (τ2)

)k−n ∂k+n

∂τk+n
δ(τ) ≡ W

(1)
i,j +W

(2)
i,j .

(1.24)

� ¸¸³μÉ·¨³ μÉ¤¥²Ó´μ ± ¦¤μ¥ ¸² £ ¥³μ¥ ¢ (1.24). �¥·¢μ¥ ¸² £ ¥³μ¥ W
(1)
i,j

¸μμÉ¢¥É¸É¢Ê¥É ¢±² ¤Ê μ¤´μËμÉμ´´μ£μ (£²Õμ´´μ£μ) μ¡³¥´ :

W
(1)
i,j = (−1)i+j g2

8π

t∫
0

t∫
0

dτ1 dτ2
δ(τ1 − τ2)

|rj(τ1) − rj(τ2)|
. (1.25)

�·¨ ÔÉμ³ ¤¨ £μ´ ²Ó´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥, É. ¥. i = j, μ¶·¥¤¥²Ö¥É ¶¥·¥´μ·³¨-
·μ¢±Ê ³ ¸¸Ò:

−W
(1)
1,1 + 2W

(1)
1,2 − W

(1)
2,2 =

x∫
0

dτ

{
− αs

r(τ)
+ V (0)

}
, (1.26)

£¤¥

r(τ) = |r1(τ) − r2(τ)|, V (0) = αs

∫
dq

(2π)2
1
q2

, (1.27)

¨ V (0) ¸μμÉ¢¥É¸É¢Ê¥É μ¡ÒÎ´μ° ¶¥·¥´μ·³¨·μ¢±¥ ³ ¸¸μ¢μ£μ μ¶¥· Éμ·  ¢ ´¥·¥²Ö-
É¨¢¨¸É¸±μ³ ¶·¥¤¥²¥ ¨ μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò ¸μ¸É ¢²ÖÕ-
Ð¨Ì Î ¸É¨Í. ‚ Ë¥´μ³¥´μ²μ£¨Î¥¸±¨Ì ¶μÉ¥´Í¨ ²Ó´ÒÌ ³μ¤¥²ÖÌ ®¨¸±Ê¸¸É¢¥´´μ¯
¢¢μ¤¨É¸Ö ´μ¢Ò° ¶ · ³¥É· [18,19]

V0 = −2
√

λ exp {−(γ − 1/2)}, γ = 0,577215665,

±μÉμ·Ò° ¶μ§¢μ²Ö¥É μ¡¥¸¶¥Î¨ÉÓ ¨¤¥ ²Ó´μ¥ ¸μ£² ¸¨¥ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨
¤ ´´Ò³¨. �ÉμÉ ¶ · ³¥É· ³μ¦¥É ¡ÒÉÓ ¸¢Ö§ ´ ¸ ´¥¶μÉ¥´Í¨ ²Ó´Ò³ Ì · ±É¥·μ³
¢§ ¨³μ¤¥°¸É¢¨Ö, É. ¥. ¸ V (0).
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’¥¶¥·Ó ¶·¨¢¥¤¥³ ´¥±μÉμ·Ò¥ ¤¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö ¢Éμ·μ£μ ¸² £ ¥³μ£μ
¢ (1.24). �·¥¦¤¥ ¢¸¥£μ, ¨¸¶μ²Ó§ÊÖ ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö

∂k+n

∂τk+n
δ(τ) = (−1)k+n ∂k+n

∂βk+n
exp
(
−β

∂

∂τ

)
δ(τ)
∣∣∣∣
β=0

=

= (−1)k+n ∂k+n

∂βk+n
δ(τ − β)

∣∣∣∣
β=0

(1.28)

¨ ¶·μ¢μ¤Ö ´¥μ¡Ìμ¤¨³Ò¥ Ê¶·μÐ¥´¨Ö, ¨§ (1.24) ¤²Ö ¢Éμ·μ£μ ¸² £ ¥³μ£μ W
(2)
i,j

¶μ²ÊÎ ¥³

W
(2)
i,j = (−1)i+j g2

8π

x∫
0

dτ

∞∑
k=1

(−1)k

k!

k∑
n=0

(−1)nk!
n!(k − n)!

Γ(1/2 − n)√
π22nck+n

×

× ∂n+k

∂βn+k

{
|ri(τ + β) − rj(τ)|2n−1(r(4)

i (τ + β) − r
(4)
j (τ))k−n

}∣∣∣∣
β=0

. (1.29)

�·μ¢μ¤Ö § ³¥´Ê ¶¥·¥³¥´´ÒÌ, ¶¥·¥Ìμ¤¨³ ± ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸

ri(τ + β) = R(τ + β) +
μ2

μ1 + μ2
r(τ + β),

(1.30)
rj(τ) = R(τ) − μ1

μ1 + μ2
r(τ).

�·¥¤¶μ²μ¦¨³, ÎÉμ ¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸ ¸μ¸É ¢´Ò¥ Î ¸É¨ÍÒ ¶μ±μÖÉ¸Ö, É. ¥.

∂

∂τ
R(τ) = 0, (1.31)

  ¸±μ·μ¸ÉÓ μÉ´μ¸¨É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö ¸μ¸É ¢´ÒÌ Î ¸É¨Í ¶μ¸ÉμÖ´´ Ö, É. ¥.

v(τ) =
∂

∂τ
r(τ) = const. (1.32)

ˆ¸¸²¥¤Ê¥³  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±Í¨¨ ¢ ´¨§Ï¥³
¶·¨¡²¨¦¥´¨¨, ¨ ¶·¨ x ⇒ ∞ § ¢¨¸¨³μ¸ÉÓ μÉ x ¤μ²¦´  ¡ÒÉÓ ²¨´¥°´μ°. ‘
¤·Ê£μ° ¸Éμ·μ´Ò, τ1 ¨ τ2 Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ¢·¥³¥´ ³¨ μÉ´μ¸¨É¥²Ó´ÒÌ
¤¢¨¦¥´¨° ¸μ¸É ¢´ÒÌ Î ¸É¨Í i ¨ j ¸μμÉ¢¥É¸É¢¥´´μ. �μÔÉμ³Ê ¸Î¨É ¥³, ÎÉμ ¢

 ¸¨³¶ÉμÉ¨±¥ § ¢¨¸¨³μ¸ÉÓ r
(4)
i ¨ r

(4)
j μÉ τ1 ¨ τ2 ²¨´¥°´ Ö. � ¸¸³μÉ·¨³ ¸²ÊÎ °

n = k, Éμ£¤ , ÊÎ¨ÉÒ¢ Ö (1.30)Ä(1.32), ¤²Ö W
(2)
i,j ¶μ²ÊÎ ¥³

W
(2)
i,j = (−1)i+j g2

8π

x∫
0

dτ

∞∑
k=1

(−1)k

k!
Γ(1/2 − k)√

π22kc2k
×

× ∂2k

∂τ2k
|ri(τ) − rj(τ)|2k−1

. (1.33)
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� · ³¥É· τ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ± ± ¸μ¡¸É¢¥´´μ¥ ¢·¥³Ö μÉ´μ¸¨É¥²Ó´μ£μ ¤¢¨-
¦¥´¨Ö ¸μ¸É ¢´ÒÌ Î ¸É¨Í. ’¥¶¥·Ó ¶·¨¢¥¤¥³ ´¥±μÉμ·Ò¥ ¤¥É ²¨ ¸Ê³³¨·μ¢ ´¨Ö
¢ (1.33). „²Ö ÔÉμ£μ · ¸¸³μÉ·¨³ ¢¥²¨Î¨´Ê μÉ¤¥²Ó´μ:

I =
∞∑

k=1

(−1)k

(2k)!c2k

∂2k

∂τ2k

(
r2k−1(τ)

)
, (1.34)

£¤¥ r = |r|. ˆ¸¶μ²Ó§ÊÖ ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö:

v =
∂r
∂τ

,
∂r

∂τ
= (nv), n =

r
r
, v̇ =

∂v
∂τ

= 0, (1.35)

¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° k ¶μ²ÊÎ ¥³

k = 1,
∂2r

∂τ2
=

[r,v]2

r3
=

̂2

r3
,

k = 2,
∂4r3

∂τ4
=

9̂4

r5
, (1.36)

...,
...,

k = n,
∂2nr2n−1

∂τ2n
=

̂2n

r2n+1

n∏
j=1

(2j − 1)2.

¨

�̂ = [r,p], (1.37)

̂ Å μ¶¥· Éμ· μ·¡¨É ²Ó´μ£μ ³μ³¥´É . ˆ¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨Ö

k∏
j=1

(2j − 1)2 =
[

(2k − 1)!
2k−1(k − 1)!

]2
=

Γ2(2k)
Γ2(k)22(k−1)

(1.38)

¨

Γ(2k) =
22k−1

√
π

Γ(k)Γ(k + 1/2), (1.39)

  É ±¦¥ ÊÎ¨ÉÒ¢ Ö (1.36), ¤²Ö ¨¸Ìμ¤´μ£μ ·Ö¤  (1.31) ¨³¥¥³

I =
∞∑

k=1

(−1)k

(2k)!c2k

̂2k

r2k+1

1
(�μ)2k

Γ2(2k)
Γ2(k)22(k−1)

=

=
1√
πr

∞∑
k=1

(−1)kAk

(k)!
Γ(k + 1/2), (1.40)
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£¤¥ ¢¢¥¤¥´μ μ¡μ§´ Î¥´¨¥

A =
̂2

4c2r2(�μ)2
. (1.41)

ˆ¸¶μ²Ó§ÊÖ ¨´É¥£· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö Γ(k + 1/2)-ËÊ´±Í¨¨, ¨§ (1.40)
μ±μ´Î É¥²Ó´μ ¶μ²ÊÎ ¥³

I =
1√
πr

∞∑
k=1

(−1)kAk

(k)!

∞∫
0

dx
xk

√
x

e−x =
1√
πr

∞∫
0

dx√
x

e−x(e−Ax − 1) =

=
1
r

[
1√

1 + ( + 1)/(4�2c2r2μ2)
− 1

]
. (1.42)

’μ£¤ , ÊÎ¨ÉÒ¢ Ö (1.27), (1.32) ¨ (1.42), ¨§ (1.26) ¤²Ö £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ-
¤¥°¸É¢¨Ö ¸ ´¥¶¥·ÉÊ·¡ É¨¢´μ° ¤μ¡ ¢±μ° ¨³¥¥³

H = H0 + 
H0
nonper, (1.43)

£¤¥ H0 Å ´¥·¥²ÖÉ¨¢¨¸É¸±¨° £ ³¨²ÓÉμ´¨ ´ ¸ ´¥¶μÉ¥´Í¨ ²Ó´μ° ¤μ¡ ¢±μ°:

H0 =
1
2μ

P2 − αs

r
+ V (0), (1.44)

¨ 
H0
nonper Å ´¥¶¥·ÉÊ·¡ É¨¢´ Ö ¤μ¡ ¢± :


H0
nonper = −αs

r

[
1√

1 + ( + 1)/(4�2c2r2μ2)
− 1

]
. (1.45)

’ ±¨³ μ¡· §μ³, ³Ò ¶μ²ÊÎ¨²¨ ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ ¤μ¡ ¢±Ê ± £ ³¨²ÓÉμ´¨-
 ´Ê ¢§ ¨³μ¤¥°¸É¢¨Ö, ±μÉμ· Ö ¸¢Ö§ ´  ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶·¨·μ¤μ° ¸¨¸É¥³Ò.
ˆ§ (1.29) ¢¨¤´μ, ÎÉμ ·¥²ÖÉ¨¢¨¸É¸± Ö ¶μ¶· ¢±  ± £ ³¨²ÓÉμ´¨ ´Ê ¢§ ¨³μ¤¥°-
¸É¢¨Ö ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ Î ¸É¥°: ¶·μ¸É· ´¸É¢¥´´μ° ¨ ¢·¥³¥´´μ°. ‚ (1.45) ³Ò
μ¶·¥¤¥²¨²¨ ¶μ¶· ¢±Ê, ¸¢Ö§ ´´ÊÕ Éμ²Ó±μ ¸ ¶·μ¸É· ´¸É¢¥´´μ° ±μ³¶μ´¥´Éμ°.

ŒÒ ¸Ëμ·³Ê²¨·μ¢ ²¨ ³μ¤¥²Ó, μ¶·¥¤¥²ÖÕÐÊÕ ³ ¸¸Ê ¨ Ô´¥·£¥É¨Î¥¸±¨°
¸¶¥±É· ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±¨. � Ï ¶μ¤Ìμ¤
¤ ¥É ¢μ§³μ¦´μ¸ÉÓ μ¶·¥¤¥²¨ÉÓ ±μ´¸É¨ÉÊ¥´É´ÊÕ ³ ¸¸Ê ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í
± ± ËÊ´±Í¨Õ μÉ ³ ¸¸Ò ¨¸Ìμ¤´μ£μ ¨²¨ ¸¢μ¡μ¤´μ£μ ¸μ¸ÉμÖ´¨Ö,   É ±¦¥ μÉ
Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö. ‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ μ¸´μ¢´ Ö
¶μ¶· ¢±  ¸¢Ö§ ´  ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶·¨·μ¤μ° ¢§ ¨³μ¤¥°¸É¢¨Ö, ±μÉμ· Ö ÊÎ¨-
ÉÒ¢ ¥É¸Ö ¸ ¶μ³μÐÓÕ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í.
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�μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ ´ Ï¥³ ¶μ¤Ìμ¤¥ μ¶·¥¤¥²Ö¥É¸Ö ¢¸¥¢μ§³μ¦-
´Ò³¨ É¨¶ ³¨ ¤¨ £· ³³ ”¥°´³ ´ . ‘ÊÐ¥¸É¢Ê¥É ¤¢  É¨¶  ¢§ ¨³μ¤¥°¸É¢¨°: ¶¥·-
¢μ¥ Å ¢§ ¨³μ¤¥°¸É¢¨¥ ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í ¶μ¸·¥¤¸É¢μ³ ± ²¨¡·μ¢μÎ´μ£μ
¶μ²Ö, ¢±² ¤ ±μÉμ·μ£μ μ¶·¥¤¥²Ö¥É¸Ö μ¡³¥´´Ò³¨ ¤¨ £· ³³ ³¨, ¢Éμ·μ¥ Å ¢§ ¨-
³μ¤¥°¸É¢¨¥ ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í ¸ ³¨Ì ¸ ¸μ¡μ°, É. ¥. ¤¨ £· ³³  ¸μ¡¸É¢¥´´μ°
Ô´¥·£¨¨. ‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥ μ¡ÒÎ´μ ¢±² ¤ μ¡³¥´´μ° ¤¨ £· ³³Ò ¸μ-
μÉ¢¥É¸É¢Ê¥É ¶μÉ¥´Í¨ ²Ó´μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ,   ¢±² ¤ ¤¨ £· ³³Ò ¸μ¡¸É¢¥´´μ°
Ô´¥·£¨¨ Å ´¥¶μÉ¥´Í¨ ²Ó´μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ.

’¥¶¥·Ó ¶·¨³¥´¨³ ´ Ï ¶μ¤Ìμ¤ ¤²Ö μ¶·¥¤¥²¥´¨Ö ³ ¸¸Ò ¨ Ô´¥·£¥É¨Î¥¸±μ£μ
¸¶¥±É·  ±μ´±·¥É´μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö.

2. ‘�…Š’� �’�Œ�›• ‘ˆ‘’…Œ

2.1. ‘¶¥±É·  Éμ³  ¢μ¤μ·μ¤  ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±¨. ‚ · ³-
± Ì ´ Ï¥£μ ¶μ¤Ìμ¤  ¢ÒÎ¨¸²¨³ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·  Éμ³  ¢μ¤μ·μ¤ . ‘μ-
£² ¸´μ (1.15) Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· E(μ) μ¶·¥¤¥²Ö¥É¸Ö ¨§ “˜[

1
2μ

P2 − Zα

r

]
Ψ = E(μ)Ψ (2.1)

¨ ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¶μ²ÊÎ ¥³

E(μ) = −Z2α2

2n2
μ. (2.2)

’μ£¤ , ÊÎ¨ÉÒ¢ Ö (2.2) ¨ (1.18), ¤²Ö Ô´¥·£¨¨ ¸¢Ö§¨ ¢ ¸²ÊÎ ¥ m1 = mN = ∞ ¨
m2 = me ¨³¥¥³:

Ebin =

√
m2

e − 2μ2

(
dE

dμ

)
+ μ

(
dE

dμ

)
+ E(μ) = me

√
1 − Z2α2

n2
. (2.3)

‚ [20] ¨¸Ìμ¤Ö ¨§ £ ³¨²ÓÉμ´¨ ´ 

H =
√

P2 + m2 − α

r
(2.4)

¢ · ³± Ì É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° (μ£· ´¨Î¨¢ Ö ¤μ 6-£μ ¶μ·Ö¤±  ±μ´¸É ´ÉÊ ¸¢Ö§¨
∼ α6) ¢ÒÎ¨¸²¥´ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·  Éμ³  ¢μ¤μ·μ¤  ¤²Ö ¸μ¸ÉμÖ´¨° n = 2
¨  = 1. ‚ É ¡². 1 ¶·¥¤¸É ¢²¥´Ò ´ Ï¨ ·¥§Ê²ÓÉ ÉÒ ¨ ·¥§Ê²ÓÉ ÉÒ [20].

ˆ§ É ¡². 1 ¢¨¤´μ, ÎÉμ ´ Ï¨ ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ
¸¶¥±É·   Éμ³  ¢μ¤μ·μ¤ , ¡μ²ÓÏ¥ ·¥§Ê²ÓÉ Éμ¢, ¶μ²ÊÎ¥´´ÒÌ ¢ · ³± Ì É¥μ·¨¨
¢μ§³ÊÐ¥´¨°,   É ±¦¥ ¢¨¤´μ, ÎÉμ ¸ ¢μ§· ¸É ´¨¥³ §´ Î¥´¨° ±μ´¸É ´ÉÒ ¸¢Ö§¨
ÔÉ¨ μÉ²¨Î¨Ö ¢μ§· ¸É ÕÉ. ’¥¶¥·Ó ¶·¨¸ÉÊ¶¨³ ± μ¶·¥¤¥²¥´¨Õ Ô´¥·£¥É¨Î¥¸±μ£μ
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’ ¡²¨Í  1. �´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·  Éμ³  ¢μ¤μ·μ¤  ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ±μ´-
¸É ´ÉÒ ¸¢Ö§¨

α Ebin/me (TB) Ebin/me (¤ ´´ Ö · ¡μÉ )

0,0155522 0,999969765 0,999969766
0,142460 0,997452 0,997457
0,2599358 0,99147 0,99152
0,3566678 0,9838 0,9840
0,4359255 0,975 0,976
0,5 0,967 0,9682

¸¶¥±É·   Éμ³  ¢μ¤μ·μ¤  ¤²Ö ¸²ÊÎ Ö m1 = mN �= ∞, É. ¥. ¸ ÊÎ¥Éμ³ ÔËË¥±É 
μÉ¤ Î¨. �μ¸²¥ ´¥±μÉμ·ÒÌ ¢ÒÎ¨¸²¥´¨° ¨§ (1.18) ¤²Ö ³ ¸¸Ò ¶μ²ÊÎ ¥³

M = me

(√
y2 +

Z2α2

n2
x2 +

√
1 +

Z2α2

n2
x2 − Z2α2

n2
x

)
, (2.5)

£¤¥ y = mN/me Å ³ ¸¸  Ö¤·  ¢  Éμ³´μ° ¸¨¸É¥³¥ ¥¤¨´¨Í,   ¶ · ³¥É· x
μ¶·¥¤¥²Ö¥É¸Ö ¨§ ¸²¥¤ÊÕÐ¥£μ Ê· ¢´¥´¨Ö:

1
x

=
1√

y2 +
Z2α2

n2
x2

+
1√

1 +
Z2α2

n2
x2

. (2.6)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¨³¥¥³

Ebin = me

(√
y2 +

Z2α2

n2
x2 − y +

√
1 +

Z2α2

n2
x2 − Z2α2

n2
x

)
. (2.7)

�·¨ ÔÉμ³ ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  Ö¤·  μ¶·¥¤¥²Ö¥É¸Ö ¢ ¢¨¤¥

μN = me

(√
y2 +

Z2α2

n2
x2

)
, (2.8)

  ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  Ô²¥±É·μ´  · ¢´ 

μe = me

(√
1 +

Z2α2

n2
x2

)
. (2.9)

‚ É ¡². 2 ¶·¨¢¥¤¥´Ò ´ Ï¨ Î¨¸²¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö Ebin/me,   É ±¦¥ · §´¨Í 
ΔEbin/me Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¢ ¸²ÊÎ ¥ mN = ∞.

ˆ§ É ¡². 2 ¢¨¤´μ, ÎÉμ ¸ ¢μ§· ¸É ´¨¥³ ±μ´¸É ´ÉÒ ¸¢Ö§¨ ¶μ¶· ¢±¨, ¸¢Ö§ ´-
´Ò¥ ¸ ÔËË¥±Éμ³ μÉ¤ Î¨, É ±¦¥ ¢μ§· ¸É ÕÉ.
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’ ¡²¨Í  2. �´¥·£¨Ö ¸¢Ö§¨  Éμ³  ¢μ¤μ·μ¤  ¸ ÊÎ¥Éμ³ ¶μ¶· ¢±¨ μÉ¤ Î¨

α Ebin/me ΔEbin/me

0,0155522 0,99996978 1,646 · 10−8

0,142546 0,99745824 1,3897 · 10−6

0,2599358 0,99152288 4,6567 · 10−6

0,3566678 0,98397897 8,9404 · 10−6

0,4359255 0,97597066 1,3576 · 10−5

0,5 0,96826398 1,8146 · 10−5

2.2. � ¸Ð¥¶²¥´¨¥ Ô´¥·£¥É¨Î¥¸±μ£μ Ê·μ¢´Ö ³Õμ´´μ£μ ¢μ¤μ·μ¤  ¸ ÊÎ¥-
Éμ³ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±¨. ŒÕμ´´Ò° ¢μ¤μ·μ¤ (μp) Å ÔÉμ ¸¢Ö§ ´´μ¥
¸μ¸ÉμÖ´¨¥, ¸μ¸ÉμÖÐ¥¥ ¨§ ³Õμ´  ¨ ¶·μÉμ´ . �´¥·£¥É¨Î¥¸±¨¥ ¸¶¥±É·Ò μp μÎ¥´Ó
ÎÊ¢¸É¢¨É¥²Ó´Ò ± Š�„ ¨ ± ·¥²ÖÉ¨¢¨¸É¸±¨³ ÔËË¥±É ³. „ ²¥¥ ¢ÒÎ¨¸²Ö¥³ · §-
²¨Î´Ò¥ ¶μ¶· ¢±¨ ± Ô´¥·£¥É¨Î¥¸±μ³Ê ¸¶¥±É·Ê ³Õμ´´μ£μ ¢μ¤μ·μ¤ . �´¥·£¥-
É¨Î¥¸±¨° ¸¶¥±É· ³Õμ´´μ£μ ¢μ¤μ·μ¤  ¡¥§ ± ±¨Ì-²¨¡μ ¶μ¶· ¢μ± § ¶¨¸Ò¢ ¥É¸Ö
¢ ¢¨¤¥

E(μ) = −μα2
em

2n2
, (2.10)

£¤¥ μ Å ¶·¨¢¥¤¥´´ Ö ³ ¸¸ . �·¨ ¤ ²Ó´¥°Ï¨Ì ¢ÒÎ¨¸²¥´¨ÖÌ ¡Ê¤¥³ ¨¸¶μ²Ó§μ-
¢ ÉÓ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö ³ ¸¸ ¨ Ë¨§¨Î¥¸±¨Ì ±μ´¸É ´É:

mp = 1836,152672me, mμ = 206,76824065me,
(2.11)

αem = 1/137,0359911, R∞ = meα
2
em/2 = 13,6056923 Ô‚.

ˆ§ (1.19) μ¶·¥¤¥²¨³ ±μ´¸É¨ÉÊ¥´É´ÊÕ ³ ¸¸Ê ³Õμ´  ¨ ¶·μÉμ´ ,   É ±¦¥ ¶·¨¢¥-
¤¥´´ÊÕ ³ ¸¸Ê ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö:

μp = 1836,1527972me, μu = 206,7693525me, μ = 185,84169985me. (2.12)

ˆ§ (2.11) ¨ (2.12) ¢¨¤´μ, ÎÉμ ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  ¶·μÉμ´  ¨ ³Õμ´  μÉ²¨-
Î ¥É¸Ö μÉ ³ ¸¸Ò ¸¢μ¡μ¤´μ£μ ¸μ¸ÉμÖ´¨Ö. � ¸Ð¥¶²¥´¨¥ Ô´¥·£¥É¨Î¥¸±μ£μ Ê·μ¢´Ö
³Õμ´´μ£μ ¢μ¤μ·μ¤  ¶·¥¦¤¥ ¢¸¥£μ μ¶·¥¤¥²Ö¥É¸Ö ¶μ¶· ¢±μ°, ¸¢Ö§ ´´μ° ¸ Ô²¥±-
É·μ´´μ° ¶μ²Ö·¨§ Í¨μ´´μ° ¶¥É²¥°,   É ±¦¥ ¶μ¶· ¢±μ°, ¸¢Ö§ ´´μ° ¸ · §³¥·´Ò³
ÔËË¥±Éμ³ ¶·μÉμ´  (¶μ¤·μ¡´¥¥ ¸³. ¢ [4]).

2.2.1. �¤´μ¶¥É²¥¢ Ö Ô²¥±É·μ´´ Ö ¶μ²Ö·¨§ Í¨μ´´ Ö ¶μ¶· ¢± . ‚ · ³± Ì
�Š�„ ¶μ¶· ¢±Ê ± Ô´¥·£¥É¨Î¥¸±μ³Ê ¸¶¥±É·Ê ³Õμ´´μ£μ ¢μ¤μ·μ¤  ¢ÒÎ¨¸²¨²¨
³´μ£¨¥  ¢Éμ·Ò [4]. �¸´μ¢´μ° ¶μ¶· ¢±μ° ± Ô´¥·£¥É¨Î¥¸±μ³Ê ¸¶¥±É·Ê ³Õμ´-
´μ£μ ¢μ¤μ·μ¤  Ö¢²Ö¥É¸Ö μ¤´μ¶¥É²¥¢ Ö Ô²¥±É·μ´´ Ö ¶μ²Ö·¨§ Í¨μ´´ Ö ¶μ¶· ¢± .
�¤´μ¶¥É²¥¢ Ö Ô²¥±É·μ´´ Ö ¶μ²Ö·¨§ Í¨μ´´ Ö ¤¨ £· ³³  ¶·¨¢μ¤¨É ± ¨§³¥´¥-
´¨Õ ËμÉμ´´μ£μ ¶·μ¶ £ Éμ· , É. ¥. ¶·¨¢μ¤¨É ± ¶μ¶· ¢±¥ ¨ ± ±Ê²μ´μ¢¸±μ³Ê
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¶μÉ¥´Í¨ ²Ê, ¨ ÔÉμÉ ¤μ¡ ¢μÎ´Ò° ¶μÉ¥´Í¨ ² § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ [9]

δV
(1)
VP = −g1

r

∞∫
1

dζ e−2merζ w1(ζ), (2.13)

£¤¥ ¢¢¥¤¥´μ μ¡μ§´ Î¥´¨¥

g1 = Zα
2α

3π
, w1(ζ) =

(
1 +

1
2ζ2

) √
ζ2 − 1
ζ2

. (2.14)

‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶μ¶· ¢±¨ ± Ô´¥·£¥É¨Î¥¸±μ³Ê Ê·μ¢´Õ ¤²Ö ²Õ¡ÒÌ n ¢ÒÎ¨¸²Ö-
ÕÉ¸Ö Î¨¸²¥´´Ò³ μ¡· §μ³. ’μ²Ó±μ ¤²Ö ¸μ¸ÉμÖ´¨° n = 1, 2, 3, É. ¥. ¤²Ö ´¨§±μ²¥-
¦ Ð¨Ì Ê·μ¢´¥°, ¶μ¶· ¢±¨ μ¶·¥¤¥²ÖÕÉ¸Ö  ´ ²¨É¨Î¥¸±¨ (¤¥É ²¨ ¸³. ¢ [4]). „²Ö
¸μ¸ÉμÖ´¨Ö ¸ n = 1 +   ´ ²¨É¨Î¥¸±¨° ·¥§Ê²ÓÉ É ¶μ²ÊÎ¥´ ¢ [21].

’¥¶¥·Ó ¢ · ³± Ì ´ Ï¥£μ ¶μ¤Ìμ¤  ¸ ÊÎ¥Éμ³ μ¤´μ¶¥É²¥¢μ° Ô²¥±É·μ´´μ°
¶μ²Ö·¨§ Í¨μ´´μ° ¶μ¶· ¢±¨ ¢ÒÎ¨¸²¨³ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ³Õμ´´μ£μ ¢μ-
¤μ·μ¤ . ‘μ£² ¸´μ (2.13) ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ “˜ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥⎡⎣ 1

2μ
P2 − Zα

r
− g1

r

∞∫
1

dζ e−2merζ w1(ζ)

⎤⎦Ψ = EΨ. (2.15)

„²Ö μ¶·¥¤¥²¥´¨Ö ¸μ¡¸É¢¥´´μ£μ §´ Î¥´¨Ö ¨ ‚” ¨§ (2.15) ¡Ê¤¥³ ¶·¨³¥-
´ÖÉÓ ³¥Éμ¤ ��. �¥·¥¤ É¥³ ± ± μ¶·¥¤¥²¨ÉÓ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨ ¢μ²´μ-
¢ÊÕ ËÊ´±Í¨Õ ¨§ “˜ ¸ ¶μ³μÐÓÕ ³¥Éμ¤  μ¸Í¨²²ÖÉμ·´μ£μ ¶·¥¤¸É ¢²¥´¨Ö [22],
Ê³¥¸É´μ ´ ¶μ³´¨ÉÓ, ÎÉμ ÔÉμÉ ³¥Éμ¤ μ¸´μ¢ ´ ´  ¨¤¥ÖÌ ¨ ³¥Éμ¤ Ì ±¢ ´Éμ¢μ° É¥-
μ·¨¨ ¸± ²Ö·´μ£μ ¶μ²Ö. �¤´μ ¨§ ¸ÊÐ¥¸É¢¥´´ÒÌ μÉ²¨Î¨° Š’� μÉ ŠŒ ¸μ¸Éμ¨É
¢ Éμ³, ÎÉμ ±¢ ´Éμ¢ ´´Ò¥ ¶μ²Ö, ¶·¥¤¸É ¢²ÖÕÐ¨¥ ´ ¡μ· ¡¥¸±μ´¥Î´μ£μ Î¨¸² 
μ¸Í¨²²ÖÉμ·μ¢ ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¨²¨ ¢ ±ÊÊ³ , ¶·¨ ±¢ ´Éμ¢μ-¶μ²¥¢μ³
¢§ ¨³μ¤¥°¸É¢¨¨ ¸μÌ· ´ÖÕÉ ¸¢μÕ μ¸Í¨²²ÖÉμ·´ÊÕ ¶·¨·μ¤Ê. ‚ ŠŒ ¸μ¡¸É¢¥´-
´Ò¥ ËÊ´±Í¨¨ ¤²Ö ¡μ²ÓÏ¨´¸É¢  ¶μÉ¥´Í¨ ²μ¢, ± ± ¶· ¢¨²μ, μÉ²¨Î ÕÉ¸Ö μÉ £ Ê¸-
¸μ¢  ¶μ¢¥¤¥´¨Ö μ¸Í¨²²ÖÉμ·´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨. �μÔÉμ³Ê ¤²Ö ¶·¨³¥´¥´¨Ö
³¥Éμ¤μ¢ ¨ ¨¤¥° Š’� ± ·¥Ï¥´¨Õ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨Ì § ¤ Î ¸²¥¤Ê¥É ¢ ¨¸-
Ìμ¤´μ³ · ¤¨ ²Ó´μ³ “˜ ¶·μ¢¥¸É¨ § ³¥´Ê ¶¥·¥³¥´´ÒÌ É ±¨³ μ¡· §μ³, ÎÉμ¡Ò
¨¸±μ³ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ μ¡² ¤ ²  £ Ê¸¸μ¢Ò³ ¶μ-
¢¥¤¥´¨¥³,   É· ´¸Ëμ·³¨·μ¢ ´´μ¥ Ê· ¢´¥´¨¥ ¨¤¥´É¨Ë¨Í¨·μ¢ ÉÓ ¸ · ¤¨ ²Ó´Ò³
“˜ ¢ ¶·μ¸É· ´¸É¢¥ ¸ ¡μ²ÓÏμ° · §³¥·´μ¸ÉÓÕ. �É³¥É¨³, ÎÉμ ¢¶¥·¢Ò¥ ¶μÌμ¦ Ö
¨¤¥Ö μ¡¸Ê¦¤ ² ¸Ó ”μ±μ³ ¶·¨ ·¥Ï¥´¨¨ § ¤ Î¨ μ ¸¶¥±É·¥ ¢μ¤μ·μ¤  ¸ ¶μ³μÐÓÕ
É· ´¸Ëμ·³ Í¨¨ ¢ Î¥ÉÒ·¥Ì³¥·´μ¥ ¶·μ¸É· ´¸É¢μ ¨³¶Ê²Ó¸μ¢ [23].

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¨§²μ¦¥´´Ò³ ¢ÒÏ¥ ¶·μ¢¥¤¥³ § ³¥´Ê ¶¥·¥³¥´´ÒÌ ¸²¥¤Ê-
ÕÐ¨³ μ¡· §μ³ (¤¥É ²¨ ¸³. ¢ [22,24]):

r = q2, Ψ ⇒ Ψ(q2) = q2�Φ(q2). (2.16)
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‚μ²´μ¢ Ö ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö ±Ê²μ´μ¢¸±μ°. ˆ¸¶μ²Ó§ÊÖ  Éμ³´ÊÕ ¸¨¸É¥³Ê ¥¤¨´¨Í
(� = c = 1), ¶μ¸²¥ ´¥±μÉμ·ÒÌ ¸É ´¤ ·É´ÒÌ Ê¶·μÐ¥´¨° ¨§ (2.15) ¶μ²ÊÎ ¥³ ¤²Ö
³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ “˜{

1
2

(
∂2

∂q2
+

d − 1
q

∂

∂q

)
− 4μ(Zα + Eq2)−

− 4μg1

∞∫
1

dζ e−2meq2ζ w1(ζ)

}
Φ(q2) = 0, (2.17)

£¤¥ d Å · §³¥·´μ¸ÉÓ ¢¸¶μ³μ£ É¥²Ó´μ£μ ¶·μ¸É· ´¸É¢ :

d = 4 + 4. (2.18)

‚ ·¥§Ê²ÓÉ É¥ § ³¥´Ò ¶¥·¥³¥´´ÒÌ ³Ò ¶μ²ÊÎ¨²¨ ³μ¤¨Ë¨Í¨·μ¢ ´´μ¥ “˜ ¢
d-³¥·´μ³ ¢¸¶μ³μ£ É¥²Ó´μ³ ¶·μ¸É· ´¸É¢¥ Rd. ˆ§ (2.15) ¨ (2.18) ¸²¥¤Ê¥É, ÎÉμ
μ·¡¨É ²Ó´μ¥ ±¢ ´Éμ¢μ¥ Î¨¸²μ  ¢μÏ²μ ¢ μ¶·¥¤¥²¥´¨¥ · §³¥·´μ¸É¨ ¶·μ¸É· ´-
¸É¢  d. „ ´´Ò° ¶·¨¥³ ¶μ§¢μ²Ö¥É μ¶·¥¤¥²¨ÉÓ ¢¸¥ ¨´É¥·¥¸ÊÕÐ¨¥ ´ ¸ Ì · ±É¥-
·¨¸É¨±¨,   ¨³¥´´μ: ¸¶¥±É· ¨ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ, ·¥Ï Ö ³μ¤¨Ë¨Í¨·μ¢ ´´μ¥
“˜ Éμ²Ó±μ ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ d-³¥·´μ³ ¢¸¶μ³μ£ É¥²Ó´μ³ ¶·μ¸É· ´-
¸É¢¥ Rd.

‚μ²´μ¢ Ö ËÊ´±Í¨Ö Ψm(q2) μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ Rd § ¢¨¸¨É Éμ²Ó±μ μÉ
¶¥·¥³¥´´ÒÌ q2. �μÔÉμ³Ê μ¶¥· Éμ·

∂2

∂q2
+

d − 1
q

∂

∂q
≡ 
q (2.19)

μÉμ¦¤¥¸É¢¨³ ¸ ² ¶² ¸¨ ´μ³ 
q ¢μ ¢¸¶μ³μ£ É¥²Ó´μ³ ¶·μ¸É· ´¸É¢¥ Rd, ±μÉμ-
·μ¥ ¤¥°¸É¢Ê¥É ´  ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö, § ¢¨¸ÖÐÊÕ Éμ²Ó±μ
μÉ · ¤¨Ê¸  q. ˆ¸Ìμ¤Ö ¨§ ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ “˜

HΦ(q) = ε(E)Φ(q), (2.20)

¸μ£² ¸´μ (2.17) ¶μ²ÊÎ ¥³, ÎÉμ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ε(E) ¢ Rd · ¢¥´ ´Ê²Õ:

ε(E) = 0. (2.21)

� ¸¸³μÉ·¨³ ÔÉμ ¸μμÉ´μÏ¥´¨¥ ± ± Ê¸²μ¢¨¥ μ¶·¥¤¥²¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±-
É·  E ¨¸Ìμ¤´μ£μ £ ³¨²ÓÉμ´¨ ´ . ‘²¥¤ÊÖ ³¥Éμ¤Ê ��, ¶·¥¤¸É ¢¨³ ± ´μ´¨Î¥¸±¨¥
¶¥·¥³¥´´Ò¥ Î¥·¥§ μ¶¥· Éμ·Ò ·μ¦¤¥´¨Ö a+ ¨ Ê´¨ÎÉμ¦¥´¨Ö a ¢ ¶·μ¸É· ´-
¸É¢¥ Rd:

qj =
aj + a+

j√
2ω

, Pj =
√

ω

2
aj − a+

j

i
,

(2.22)
j = 1, . . . , d, [ai, a

+
j ] = δi,j ,
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£¤¥ ω Å Î ¸ÉμÉ  μ¸Í¨²²ÖÉμ· , ±μÉμ· Ö ¶μ±  ´¥¨§¢¥¸É´ . �μ¤¸É ¢²ÖÖ (2.22)
¢ (2.20) ¨ Ê¶μ·Ö¤μÎ¨¢ Ö ¶μ μ¶¥· Éμ· ³ ·μ¦¤¥´¨Ö a+ ¨ Ê´¨ÎÉμ¦¥´¨Ö a, ¶μ²Ê-
Î ¥³

H = H0 + ε0(E) + HI . (2.23)

‡¤¥¸Ó H0 Ö¢²Ö¥É¸Ö £ ³¨²ÓÉμ´¨ ´μ³ ¸¢μ¡μ¤´ÒÌ μ¸Í¨²²ÖÉμ·μ¢:

H0 = ω(a+
j aj), (2.24)

¨ ε0 Ö¢²Ö¥É¸Ö Ô´¥·£¨¥° μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ��:

ε0(E) =
dω

4
− 2dEμ

ω
− 4μZα − 4μg1

∞∫
1

dζ
w1(ζ)

(1 + 2meζ/ω)d/2
. (2.25)

ƒ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö HI É ±¦¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ´μ·³ ²Ó´μ° Ëμ·³¥
¶μ μ¶¥· Éμ· ³ ·μ¦¤¥´¨Ö a+ ¨ Ê´¨ÎÉμ¦¥´¨Ö a, ¶·¨Î¥³ μ´ ´¥ ¸μ¤¥·¦¨É ±¢ -
¤· É¨Î´ÒÌ ¸² £ ¥³ÒÌ ¶μ ± ´μ´¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³:

HI = −4μg1

∞∫
1

dζw1(ζ)
∫ (

dη√
π

)d

×

× exp
[
−η2

(
1 +

2meζ

ω

)]
: e−2i

√
2meζ(η q)

2 : . (2.26)

‡¤¥¸Ó : � : Ö¢²Ö¥É¸Ö ¸¨³¢μ²μ³ ´μ·³ ²Ó´μ£μ Ê¶μ·Ö¤μÎ¨¢ ´¨Ö ¨ ³Ò ¨¸¶μ²Ó-
§μ¢ ²¨ μ¡μ§´ Î¥´¨¥

e−x
2 = e−x − 1 + x − 1

2
x2.

�¥±μÉμ·Ò¥ ¤¥É ²¨ ¶·¥¤¸É ¢²¥´¨Ö £ ³¨²ÓÉμ´¨ ´  HI ¢ ´μ·³ ²Ó´μ° Ëμ·³¥ ¶·¨-
¢¥¤¥´Ò ¢ ¶·¨²μ¦¥´¨¨ �.

‚±² ¤ £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö HI · ¸¸³ É·¨¢ ¥É¸Ö ± ± ³ ²μ¥ ¢μ§-
³ÊÐ¥´¨¥. ‚ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ¶μ¸²¥ ¶·¥¤¸É ¢²¥´¨Ö ± ´μ´¨Î¥¸±¨Ì ¶¥-
·¥³¥´´ÒÌ Î¥·¥§ μ¶¥· Éμ·Ò ·μ¦¤¥´¨Ö, Ê´¨ÎÉμ¦¥´¨Ö ¨ £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ-
¤¥°¸É¢¨Ö ¢ ´μ·³ ²Ó´μ° Ëμ·³¥ É·¥¡μ¢ ´¨¥ μÉ¸ÊÉ¸É¢¨Ö ¢ £ ³¨²ÓÉμ´¨ ´¥ ¢§ -
¨³μ¤¥°¸É¢¨Ö ¶μ²¥¢ÒÌ μ¶¥· Éμ·μ¢ ¢Éμ·μ° ¸É¥¶¥´¨ ¶μ ¸ÊÐ¥¸É¢Ê Ô±¢¨¢ ²¥´É´μ
¶¥·¥´μ·³¨·μ¢± ³ ±μ´¸É ´ÉÒ ¸¢Ö§¨ ¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨ [25Ä27]. 	μ²¥¥ Éμ£μ,
É ± Ö ¶·μÍ¥¤Ê·  ¶μ§¢μ²Ö¥É ÊÎ¥¸ÉÓ μ¸´μ¢´μ° ¢±² ¤ Î¥·¥§ ¶¥·¥´μ·³¨·μ¢±Ê ³ ¸¸
¨ Ô´¥·£¨Õ ¢ ±ÊÊ³ . „·Ê£¨³¨ ¸²μ¢ ³¨, ¢¸¥ ±¢ ¤· É¨Î´Ò¥ Ëμ·³Ò ¶μ²´μ¸ÉÓÕ
¢±²ÕÎ¥´Ò ¢ £ ³¨²ÓÉμ´¨ ´ ¸¢μ¡μ¤´μ£μ μ¸Í¨²²ÖÉμ· . „ ´´μ¥ É·¥¡μ¢ ´¨¥ ¶μ-
§¢μ²Ö¥É ¸Ëμ·³¨·μ¢ ÉÓ, ¸μ£² ¸´μ ��, Ê¸²μ¢¨¥ [22]⎧⎨⎩

∂ε0(E)
∂ω

= 0,

ε(E) = 0
(2.27)
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¸ Í¥²ÓÕ ´ °É¨ Î ¸ÉμÉÊ ω μ¸Í¨²²ÖÉμ· , ±μÉμ· Ö μ¶·¥¤¥²Ö¥É μ¸´μ¢´μ° ±¢ ´Éμ-
¢Ò° ¢±² ¤. “Î¨ÉÒ¢ Ö (2.25), ¨§ Ê· ¢´¥´¨Ö (2.21) ¨ (2.27) ¸³μ¦¥³ ¢ÒÎ¨¸²¨ÉÓ
Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨¸Ìμ¤´μ° ¸¨¸É¥³Ò E. ‚ · ³± Ì �� ¤²Ö · §²¨Î´ÒÌ
¶μÉ¥´Í¨ ²μ¢ [24] ´¥μ¤´μ±· É´μ ¶·μ¢¥·Ö²μ¸Ó, ÎÉμ ¶μ¶· ¢±  ¶¥·¢μ£μ ¶μ·Ö¤± ,
¸¢Ö§ ´´ Ö ¸ £ ³¨²ÓÉμ´¨ ´μ³ ¢§ ¨³μ¤¥°¸É¢¨Ö, Éμ¦¤¥¸É¢¥´´μ · ¢´  ´Ê²Õ,   ¶μ-
¶· ¢±  ¢Éμ·μ£μ ¶μ·Ö¤±  ³¥´ÓÏ¥ 1 %. �μÔÉμ³Ê μ£· ´¨Î¨³¸Ö · ¸¸³μÉ·¥´¨¥³
Éμ²Ó±μ ´Ê²¥¢μ£μ ¶·¨¡²¨¦¥´¨Ö ¢ ��. ‘μ£² ¸´μ (2.27), É. ¥. ¨§ Ê¸²μ¢¨° ��,
Î ¸ÉμÉ  μ¸Í¨²²ÖÉμ·  ω μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

dω

4
+

2dEμ

ω
− 4μg1

∞∫
1

dζ
w1(ζ)

(1 + 2meζ/ω)1+d/2

dmeζ

ω
= 0. (2.28)

’¥¶¥·Ó ³¥Éμ¤ �� ¶·¨³¥´¨³ ± ¢ÒÎ¨¸²¥´¨Õ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ³Õ-
μ´´μ£μ ¢μ¤μ·μ¤  ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨. �·¡¨É ²Ó´μ¥
±¢ ´Éμ¢μ¥ Î¨¸²μ  ¶μ£²μÐ¥´μ ¢ · §³¥·´μ¸ÉÓ ¢¸¶μ³μ£ É¥²Ó´μ£μ ¶·μ¸É· ´¸É¢  d.
‚μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¸ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³ ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

|nr〉 = Cnr (a+a+)nr |0〉, (2.29)

£¤¥ |0〉 Å ¢μ²´μ¢ Ö ËÊ´±Í¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¨ Cnr Å ±μÔËË¨Í¨¥´É
´μ·³¨·μ¢±¨:

Cnr =
[

Γ(d/2)
4nrnr!Γ(d/2 + nr)

]1/2

. (2.30)

’μ£¤  Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³ μ¶·¥¤¥²Ö¥É¸Ö ¢ ¸²¥-
¤ÊÕÐ¥³ ¢¨¤¥:

εnr(E) = 〈nr|H |nr〉 = ε0(E) + 2nrω + 〈nr|HI |nr〉. (2.31)

„¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´μ£μ Ô²¥³¥´É  〈nr|HI |nr〉 ¶·¥¤¸É ¢²¥´Ò ¢ ¶·¨²μ-
¦¥´¨¨ 	 ¨ § ¶¨¸Ò¢ ÕÉ¸Ö ± ±

〈nr|HI |nr〉 = −4μg1

∞∫
1

dζ w1(ζ)Tnr

(
2meζ

ω

)
. (2.32)

“Î¨ÉÒ¢ Ö (2.25), (2.31) ¨ (2.32), ¨§ ¸¨¸É¥³Ò Ê· ¢´¥´¨°, ¶·¥¤¸É ¢²¥´´μ°
¢ (2.27), ¶μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¤²Ö Î ¸ÉμÉÒ μ¸Í¨²²ÖÉμ·  ¶μ²ÊÎ ¥³

ωn =
2μZα

n
+

2μg1

n

∞∫
1

dζ w1(ζ)×

×
[

1
(1 + nζβ)d/2

+
0,5d nζβ

(1 + nζβ)1+d/2
+ Tnr(nζβ)

]
, (2.33)
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£¤¥ n = 1 + nr +  Å £² ¢´μ¥ ±¢ ´Éμ¢μ¥ Î¨¸²μ, ¨ ¢¢¥¤¥´μ μ¡μ§´ Î¥´¨¥: β =
me/(μZα). ’ ±¨³ μ¡· §μ³, Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¤²Ö ²Õ¡ÒÌ n μ¶·¥¤¥²Ö¥É¸Ö
¨§ Ê· ¢´¥´¨Ö:

2nrωn + ε0(E) − 2μg1

n

∞∫
1

dζ w1(ζ) Tnr (nζβ) = 0, (2.34)

£¤¥ ε0(E) ¶·¥¤¸É ¢²¥´μ ¢ (2.25). “Î¨ÉÒ¢ Ö (2.33) ¨ (2.25), ¨§ (2.34) ¤²Ö Ô´¥·-
£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨ ¶μ²ÊÎ ¥³

En = −μZ2α2

2n2
− μZαg1

n2

∞∫
1

dζ w1(ζ)×

×
[

x

(1 + x)d/2+1

(
d

2
− 2n

)
+

1
(1 + x)d/2

+ Tnr(x)
]

, (2.35)

§¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´μ μ¡μ§´ Î¥´¨¥ x = (nmeζ)/(M2Zα). ˆ§ (2.35) ¸³μ¦¥³
μ¶·¥¤¥²¨ÉÓ · ¸Ð¥¶²¥´¨¥ Ô´¥·£¥É¨Î¥¸±μ£μ Ê·μ¢´Ö ´  2p- ¨ 2s-¸μ¸ÉμÖ´¨Ö ¸
ÊÎ¥Éμ³ μ¤´μ¶¥É²¥¢μ° Ô²¥±É·μ´´μ° ¶μ²Ö·¨§ Í¨μ´´μ° ¶μ¶· ¢±¨:

ΔE(1)(2p − 2s) = μ
Z2α2

2
8α

3π
β2

1∫
0

duu

(u + 2β)4

(
1 +

u2

2

)√
1 − u2. (2.36)

—¨¸²¥´´Ò° ·¥§Ê²ÓÉ É ´ Ï¥£μ ¢ÒÎ¨¸²¥´¨Ö [15]

ΔE(1)(2p − 2s) = 205,009 ŒÔ‚. (2.37)

„²Ö ¸· ¢´¥´¨Ö ¶·¨¢μ¤¨³ ·¥§Ê²ÓÉ ÉÒ ¤·Ê£¨Ì  ¢Éμ·μ¢ [4,28]:

ΔE(1)(2p − 2s) = 205,0074 ŒÔ‚. (2.38)

2.2.2. „¢ÊÌ¶¥É²¥¢ Ö Ô²¥±É·μ´´ Ö ¶μ²Ö·¨§ Í¨μ´´ Ö ¶μ¶· ¢± . �¶·¥¤¥²¨³
¢±² ¤ ¤¢ÊÌ¶¥É²¥¢μ° Ô²¥±É·μ´´μ° ¶μ²Ö·¨§ Í¨μ´´μ° ¶μ¶· ¢±¨ ± Ô´¥·£¥É¨Î¥-
¸±μ³Ê ¸¶¥±É·Ê ³Õμ´´μ£μ ¢μ¤μ·μ¤ . ‘μμÉ¢¥É¸É¢ÊÕÐ¨° ¶μÉ¥´Í¨ ² ¤²Ö ¤¢ÊÌ¶¥-
É²¥¢μ° Ô²¥±É·μ´´μ° ¶μ²Ö·¨§ Í¨μ´´μ° ¤¨ £· ³³Ò ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ (¤¥-
É ²¨ ¸³. ¢ [4])

δV
(2)
VP =

g2

r

∞∫
1

dζ e−2merζw2(ζ), (2.39)
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£¤¥ ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

g2 = Zα
(α

π

)
, w2(ζ) =

(
13

54ζ2
+

7
108ζ4

+
2

9ζ6

)√
ζ2 − 1+

+
(
−44

9ζ
+

2
3ζ3

+
5

4ζ5
+

2
9ζ7

)
ln
[
ζ +
√

ζ2 − 1
]
+

+
(

4
3ζ2

+
2

3ζ4

)√
ζ2 − 1 ln

[
8ζ(ζ2 − 1)

]
+
(

2
3ζ5

− 8
3ζ

)
×

×
∞∫

ζ

dx

(
3x2 − 1

x(x2 − 1)
ln
[
x +
√

x2 − 1
]
− 1√

x2 − 1
ln
[
8x(x2 − 1)

])
. (2.40)

�μ¸²¥ ¸É ´¤ ·É´ÒÌ Ê¶·μÐ¥´¨° ¨§ (2.39) ¶μ²ÊÎ ¥³ ¶μ¶· ¢±Ê, ¸μμÉ¢¥É¸É¢ÊÕ-
ÐÊÕ ¤¢ÊÌ¶¥É²¥¢μ° Ô²¥±É·μ´´μ° ¶μ²Ö·¨§ Í¨¨:

ΔE(2)(2p − 2s) =
μα2Z2

2

(
2αβ

π

)2
1∫

0

duu

(u + 2β)4
×

×
{(

13
54

+
7

108
u2 +

2
9
u4

)√
1 − u2 +

(
4
3

+
2
3
u2

)√
1 − u2×

×
(
ln
[
8(1 − u2)

]
− 3 ln u

)
−
(
−8

3
+

2
3
u4

)
F (u)

}
, (2.41)

£¤¥

F (u) =

u∫
0

dt

t

{
3 − t2

1 − t2

(
ln
[
1 +
√

1 − t2
]
− ln t

)
−

− 1√
1 − t2

(
ln
[
8(1 − t2)

]
− 3 ln t

)}
. (2.42)

� Ï Î¨¸²¥´´Ò° ·¥§Ê²ÓÉ É

Δ E(2)(2p − 2s) = 1,509 ŒÔ‚. (2.43)

„²Ö ¸· ¢´¥´¨Ö ¶·¨¢μ¤¨³ ·¥§Ê²ÓÉ ÉÒ ¤·Ê£¨Ì  ¢Éμ·μ¢ [4,28]:

Δ E(2)(2p − 2s) = 1,5079 ŒÔ‚. (2.44)

ˆ§ (2.37) ¨ (2.43) ¢¨¤´μ, ÎÉμ ´ Ï¨ ·¥§Ê²ÓÉ ÉÒ ¶μ ¸· ¢´¥´¨Õ ¸ ·¥§Ê²ÓÉ É ³¨
¤·Ê£¨Ì  ¢Éμ·μ¢ μ± § ²¨¸Ó ¡μ²ÓÏ¥. �Éμ ¸¢Ö§ ´μ ¸ É¥³, ÎÉμ ¢ ´ Ï¥³ ¶μ¤Ìμ¤¥ ´¥
¶·μ¢μ¤¨É¸Ö · §²μ¦¥´¨¥ ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ £ ³¨²ÓÉμ´¨ ´¥.
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2.3. ‘¶¥±É· · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ² . ’¥¶¥·Ó μ¶·¥¤¥²¨³ Ô´¥·£¥É¨Î¥¸±¨°
¸¶¥±É· E(μ) · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²  ¸ ÊÎ¥Éμ³ μ·¡¨É ²Ó´μ£μ ¨ · ¤¨ ²Ó´μ£μ
¢μ§¡Ê¦¤¥´¨°. ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ “˜ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥[

1
2μ

P2 + g · rν

]
Ψ = E(μ)Ψ, (2.45)

£¤¥ g Å ±μ´¸É ´É  ¸¢Ö§¨,   μ Å ¶·¨¢¥¤¥´´ Ö ³ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö. �μ-
É¥´Í¨ ²μ³, ¶·¥¤¸É ¢²¥´´Ò³ ¢ (2.45), μ¶¨¸Ò¢ ÕÉ¸Ö ³´μ£μÎ¨¸²¥´´Ò¥  Éμ³´Ò¥
¨ ³μ²¥±Ê²Ö·´Ò¥ ¶·μÍ¥¸¸Ò (¸³., ´ ¶·¨³¥·, [29, 30]). �´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·
¨ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ “˜ ¢ · ³± Ì ³¥Éμ¤  �� [22,24]. �·¥-
¦¤¥ ¢¸¥£μ ¶·μ¢¥¤¥³ § ³¥´Ê ¶¥·¥³¥´´ÒÌ É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ¨¸±μ³ Ö ¢μ²-
´μ¢ Ö ËÊ´±Í¨Ö ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ μ¡² ¤ ²  £ Ê¸¸μ¢Ò³ ¶μ¢¥¤¥´¨¥³, ¨
¶¥·¥°¤¥³ ± d-³¥·´μ³Ê ¢¸¶μ³μ£ É¥²Ó´μ³Ê ¶·μ¸É· ´¸É¢Ê Rd,   £ ³¨²ÓÉμ´¨ ´
¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¥¤¸É ¢¨³ ¢ ´μ·³ ²Ó´μ° Ëμ·³¥ ¶μ μ¶¥· Éμ· ³ ·μ¦¤¥´¨Ö a+

¨ Ê´¨ÎÉμ¦¥´¨Ö a (¤¥É ²¨ ¸³. ¢ [22]). ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¢ÒÏ¥¨§²μ¦¥´´Ò³
¶·μ¢¥¤¥³ § ³¥´Ê ¶¥·¥³¥´´ÒÌ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

r = q2ρ, Ψ ⇒ Ψ(q2) = q2ρ�Φ(q2), (2.46)

£¤¥ ρ Å ¶ · ³¥É·, ¸¢Ö§ ´´Ò° ¸ ¶μ¢¥¤¥´¨¥³ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ´  ¡μ²ÓÏ¨Ì
· ¸¸ÉμÖ´¨ÖÌ. �μ¸²¥ ´¥±μÉμ·ÒÌ ¸É ´¤ ·É´ÒÌ Ê¶·μÐ¥´¨° ¨§ (2.45) ¶μ²ÊÎ ¥³
¤²Ö ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ “˜{

− 1
2

(
∂2

∂q2
+

d − 1
q

∂

∂q

)
− 4ρ2μgq2(2ρ+νρ−1)−

− 4ρ2μEq2(2ρ−1)

}
Φ(q2) = 0, (2.47)

£¤¥ d Å · §³¥·´μ¸ÉÓ ¢¸¶μ³μ£ É¥²Ó´μ£μ ¶·μ¸É· ´¸É¢ :

d = 2 + 2ρ + 4ρ. (2.48)

ƒ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö HI É ±¦¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ´μ·³ ²Ó´μ° Ëμ·³¥
¶μ μ¶¥· Éμ· ³ ·μ¦¤¥´¨Ö a+ ¨ Ê´¨ÎÉμ¦¥´¨Ö a, ¶·¨Î¥³ μ´ ´¥ ¸μ¤¥·¦¨É ±¢ -
¤· É¨Î´ÒÌ ¸² £ ¥³ÒÌ ¶μ ± ´μ´¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³ (¤¥É ²¨ ¸³. ¢ [24]). ƒ -
³¨²ÓÉμ´¨ ´, ¶·¥¤¸É ¢²¥´´Ò° ¢ (2.47), ¶¥·¥¶¨Ï¥³ ¢ ¢¨¤¥

H = H0 + ε0(E) + HI , (2.49)

£¤¥ H0 Å £ ³¨²ÓÉμ´¨ ´ ¸¢μ¡μ¤´μ£μ μ¸Í¨²²ÖÉμ· :

H0 = ω(a+
j aj), (2.50)
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¨ ε0(E) Å Ô´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ Rd:

ε0(E) =
dω

4
− 4ρ2μE

ω2ρ−1

Γ(d/2 + 2ρ − 1)
Γ(d/2)

+

+
4ρ2μ2g

ω2ρ+νρ−1

Γ(d/2 + 2ρ + νρ − 1)
Γ(d/2)

, (2.51)

  HI Å £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ´μ·³ ²Ó´μ° Ëμ·³¥:

HI =

∞∫
0

dx

∫ (
dη√
π

)d

exp
{
−η2(1 + x)

}
: e−i

√
xω(qη)

2 : ×

×
[
− 4ρ2μ

ω2ρ−1

Ex−2ρ

Γ(1 − 2ρ)
+

4ρ2μ

ω2ρ+νρ−1

gx−2ρ−νρ

Γ(1 − 2ρ − νρ)

]
. (2.52)

‡¤¥¸Ó ηj ¨ qj Ö¢²ÖÕÉ¸Ö ¢¥±Éμ· ³¨ ¢ d-³¥·´μ³ ¢¸¶μ³μ£ É¥²Ó´μ³ ¶·μ¸É· ´-
¸É¢¥ Rd. ’¥¶¥·Ó μ¶·¥¤¥²¨³ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨-
 ²Ó´Ò³ ¢μ§¡Ê¦¤¥´Ö³¨. ‚ �� ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¸ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³
¶·¥¤¸É ¢²¥´  ¢ (2.29),   Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¢ Rd μ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³
μ¡· §μ³:

εnr(E) = 〈nr|H |nr〉 = ε0(E) + 2nrω + 〈nr|HI |nr〉. (2.53)

Œ É·¨Î´Ò° Ô²¥³¥´É 〈nr|HI |nr〉 ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

〈nr|HI |nr〉 = −4ρ2Eμ

ω2ρ−1

Γ(d/2 + 2ρ − 1)
Γ(d/2)

B̃+

+
4ρ2μg

ω2ρ+νρ−1

Γ(d/2 + 2ρ + νρ − 1)
Γ(d/2)

C̃. (2.54)

„¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö ÔÉμ£μ ³ É·¨Î´μ£μ Ô²¥³¥´É  (2.54) ¶·¥¤¸É ¢²¥´Ò ¢ ¶·¨²μ-
¦¥´¨¨ 	, ¶ · ³¥É·Ò B̃ ¨ C̃ Å ¢ (	.6) ¨ (	.7) ¸μμÉ¢¥É¸É¢¥´´μ. ‚ �� Ô´¥·£¥É¨-
Î¥¸±¨° ¸¶¥±É· ¨¸Ìμ¤´μ£μ £ ³¨²ÓÉμ´¨ ´  ¨ Î ¸ÉμÉ  μ¸Í¨²²ÖÉμ·  μ¶·¥¤¥²ÖÕÉ¸Ö
¨§ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (2.27).

� ¸¸³μÉ·¨³ ¸²ÊÎ ° m1 = m2 ≡ m; É ±¦¥ ¶·¨¢¥¤¥´´ÊÕ ³ ¸¸Ê ¨ Î ¸ÉμÉÊ
μ¸Í¨²²ÖÉμ·  ¶ · ³¥É·¨§Ê¥³ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

μ = m · x, ω2 = Z · m. (2.55)

“Î¨ÉÒ¢ Ö (2.51), ¨§ (2.27) ¶μ¸²¥ ´¥±μÉμ·ÒÌ ¸É ´¤ ·É´ÒÌ ¢ÒÎ¨¸²¥´¨° ¤²Ö Z
¶μ²ÊÎ ¥³

Z = (xW1)1/(2+ν), (2.56)

  É ±¦¥ ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¨³¥¥³

E(, nr)
m

= min
ρ

{
x−ν/(2+ν)W

2/(2+ν)
1

(
W2 +

W3

W1

)}
. (2.57)
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‘μ£² ¸´μ (1.19) ¶ · ³¥É· x μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

x2 − ν

2(2 + ν)
(xW1)

2/(2+ν)

(
W2 +

W3

W1

)
− 1

4
= 0. (2.58)

ˆ§ ÔÉμ£μ Ê· ¢´¥´¨Ö ¸³μ¦¥³ μ¶·¥¤¥²¨ÉÓ ¶ · ³¥É· x ± ± ËÊ´±Í¨Õ μÉ ±μ´-
¸É ´ÉÒ ¸¢Ö§¨ g ¨ μÉ ³ ¸¸ m. ‚ ¢Ò· ¦¥´¨ÖÌ (2.56)Ä(2.58) ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥-
¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

W1 =
g

mν+1

8ρ2Γ(3ρ + νρ + 2ρ)
Γ(2 + ρ + 2ρ)

νρ + (2ρ + νρ − 1)B̃ − (2ρ − 1)C̃

2ρ + B̃ + 4nr(2ρ − 1)/(1 + ρ + 2ρ)
,

W2 =
1

8ρ2

Γ(2 + ρ + 2ρ)
Γ(3ρ + 2ρ)

1 + 4nr/(1 + ρ + 2ρ)

1 + B̃
, (2.59)

W3 =
g

mν+1

Γ(3ρ + νρ + 2ρ)
Γ(3ρ + 2ρ)

1 + C̃

1 + B̃
.

ˆ§ (2.57) ¨ (2.58) ¢¨¤¨³, ÎÉμ ¤²Ö · §²¨Î´ÒÌ É¨¶μ¢ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨-
 ²  ³μ¦´μ μ¶·¥¤¥²¨ÉÓ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³
¢μ§¡Ê¦¤¥´¨Ö³¨ ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· ¢μ±.

’ ¡²¨Í  3. �´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¶μÉ¥´Í¨ ²  £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  ¨ ²¨-
´¥°´μ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²  ¶·¨ §´ Î¥´¨ÖÌ [32] m = 1 ƒÔ‚, g = 0,211 ƒÔ‚2. ‚¸¥
¢¥²¨Î¨´Ò ¢ ¥¤¨´¨Í Ì ƒÔ‚

ν nr
�

0 1 2 3

1

0
2,7921 3,1199 3,3944 3,6364

(2,7992) (3,1414)

1
3,3456 3,5868 3,8075 2,0111

(3,3629)

2
3,7754 3,9755 4,1642 4,3427

(3,8079)

3
4,064 4,185 4,3122 4,4323

(4,1905)

2

0
3,72125 4,6036 5,3743 6,0705
(3,8249) (4,9015)

1
5,3742 6,0705 6,7130 7,3147

(5,7911)

2
6,7130 7,3147 7,8838 8,4263

(7,4829)

3
7,8838 8,4263 8,9465 9,4476

(9,0215)
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—¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ [31] ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¸¢Ö§ ´´μ£μ ¸μ-
¸ÉμÖ´¨Ö ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±μ° ¤²Ö ²¨´¥°´μ£μ ¨ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²-
²ÖÉμ·´μ£μ ¶μÉ¥´Í¨ ²μ¢ ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 3. � · ³¥É·Ò ¶μÉ¥´Í¨ ²μ¢ μ¶·¥-
¤¥²¥´Ò ¢ [32] ¤²Ö ³ ¸¸Ò m = 1 ƒÔ‚ ¨ ±μ´¸É ´ÉÒ ¸¢Ö§¨ g = 0,211 ƒÔ‚2 ¢ ¸²ÊÎ ¥
²¨´¥°´μ£μ ¶μÉ¥´Í¨ ² ,   ¢ ¸²ÊÎ ¥ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ·  g = 0,5 ƒÔ‚3.
�É¨ ¤ ´´Ò¥ ¨¸¶μ²Ó§μ¢ ´Ò ´ ³¨ ¶·¨ Î¨¸²¥´´ÒÌ · ¸Î¥É Ì. ˆ¸Ìμ¤Ö ¨§ Ê· ¢´¥-
´¨Ö ‘μ²¶¨É¥·  ¤²Ö ¸± ²Ö·´ÒÌ Î ¸É¨Í ¢ [33] Ê¸É ´μ¢²¥´ ¢¥·Ì´¨° ¶·¥¤¥² ¤²Ö
Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´´Ò³¨ ¸μ¸Éμ-
Ö´¨Ö³¨ ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· ¢μ± ¤²Ö ²¨´¥°´μ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ² 
¨ ¤²Ö ¶μÉ¥´Í¨ ²  £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· . �¥§Ê²ÓÉ ÉÒ ÔÉμ° · ¡μÉÒ É ±¦¥
¶·¨¢¥¤¥´Ò ¢ É ¡². 3 ¢ ¸±μ¡± Ì.

2.4. ‘¶¥±É· ¶μÉ¥´Í¨ ²  ¢μ·μ´±¨. ’¥¶¥·Ó μ¶·¥¤¥²¨³ Ô´¥·£¥É¨Î¥¸±¨°
¸¶¥±É· ¶μÉ¥´Í¨ ²  ¢μ·μ´±¨ ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨.
‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ “˜ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:[

1
2μ

P2 + grν − k

r

]
Ψ = E(μ)Ψ. (2.60)

�·¨ ν = 1 ÔÉμÉ ¶μÉ¥´Í¨ ² ¸μμÉ¢¥É¸É¢Ê¥É ¸É ´¤ ·É´μ³Ê ¶μÉ¥´Í¨ ²Ê Šμ·-
´¥²²  [34], ±μÉμ·Ò° Ï¨·μ±μ ¶·¨³¥´Ö¥É¸Ö ¤²Ö μ¶¨¸ ´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±-
É·  ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°. ’ ±¦¥ ¶·¨ §´ Î¥´¨ÖÌ ν = 1 ¨ ν = 2 ÔÉμÉ ¶μ-
É¥´Í¨ ² μ¶¨¸Ò¢ ¥É  Éμ³´ÊÕ ¸¨¸É¥³Ê, ¸¢Ö§ ´´ÊÕ ¸ μ¡ÒÎ´Ò³¨, ¸Ë¥·¨Î¥¸±¨-
¸¨³³¥É·¨Î´Ò³¨ ÔËË¥±É ³¨ ˜É ·±  ¨ ‡¥¥³ ´  [35] ¸μμÉ¢¥É¸É¢¥´´μ. ‘ ¤·Ê£μ°
¸É·μ´Ò, ¨§¢¥¸É´μ, ÎÉμ ±Ê²μ´μ¢¸±μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¸ ¶ · ¡μ²¨Î¥¸±¨³ ¶μÉ¥´-
Í¨ ²μ³ Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ μ¶¨¸Ò¢ ¥É ¸¢μ°¸É¢  ±¢ ´Éμ¢μ° ÉμÎ±¨, É. ¥. ¨¸±Ê¸-
¸É¢¥´´μ£μ  Éμ³  [36].

‚ ´ Ï¥³ ¸²ÊÎ ¥ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö
¨§ “˜ ¢ · ³± Ì ³¥Éμ¤  �� [22, 24]. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶μ¸²¥ § ³¥´Ò ¶¥·¥³¥´-
´ÒÌ (2.46) ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ³μ¤¨Ë¨Í¨·μ¢ ´´μ¥ “˜ ¢ d-³¥·´μ³ ¢¸¶μ³μ£ -
É¥²Ó´μ³ ¶·μ¸É· ´¸É¢¥ Rd § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥{

− 1
2

(
∂2

∂q2
+

d − 1
q

∂

∂q

)
− 4ρ2μgq2(2ρ+νρ−1)−

− 4ρ2μEq2(2ρ−1) − 4ρ2μkq2(ρ−1)

}
Φ(q2) = 0. (2.61)

‘μ£² ¸´μ �� £ ³¨²ÓÉμ´¨ ´ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ´μ·³ ²Ó´μ° Ëμ·³¥ ¢ d-³¥·´μ³
¢¸¶μ³μ£ É¥²Ó´μ³ ¶·μ¸É· ´¸É¢¥ Rd. ’μ£¤  Ô´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ε0(E)
¢ Rd μ¶·¥¤¥²¥´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ε0(E) =
dω

4
+

4ρ2μg

ω2ρ+νρ−1

Γ(d/2 + 2ρ + νρ − 1)
Γ(d/2)

− 4ρ2μE

ω2ρ−1
×

× Γ(d/2 + 2ρ − 1)
Γ(d/2)

− 4kμρ2

ωρ−1

Γ(d/2 + ρ − 1)
Γ(d/2)

, (2.62)
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  £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

HI =

∞∫
0

dx

∫ (
dη√
π

)d

exp {−η2(1 + x)} : e
−2i

√
xω

2 : ×

×
[
− 4ρ2μg

ω2ρ+νρ−1

x−2ρ−νρ

Γ(1−2ρ−νρ)
− 4ρ2μE

ω2ρ−1

x−2ρ

Γ(1−2ρ)
−4kμρ2

ωρ−1

x−ρ

Γ(1−ρ)

]
. (2.63)

�μ¸²¥ ´¥±μÉμ·ÒÌ ¢ÒÎ¨¸²¥´¨° ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¸ μ·¡¨É ²Ó´Ò³ ¨
· ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨ ¶μ²ÊÎ ¥³

E(, nr)
m

= min
ρ

{
1
x

Z2W2 − ZW5 +
1

Zν
W3

}
. (2.64)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¶ · ³¥É· Z μ¶·¥¤¥²Ö¥É¸Ö ¨§ ¸²¥¤ÊÕÐ¥£μ Ê· ¢´¥´¨Ö:

Z2+ν − Z1+νxW5 − xW1 = 0, (2.65)

£¤¥ W1, W2 ¨ W3 ¶·¥¤¸É ¢²¥´Ò ¢ (2.59),   É ±¦¥ ¢¢¥¤¥´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ -
Î¥´¨Ö:

W4 = k
Γ(2ρ + 2ρ)
Γ(3ρ + 2ρ)

1 + D̃

1 + B̃
,

(2.66)

W5 = 8kρ2 Γ(2ρ + 2ρ)
Γ(2 + ρ + 2ρ)

ρ + (2ρ − 1)D̃ − (ρ − 1)B̃

2ρ + B̃ + 4nr(2ρ − 1)/(1 + ρ + 2ρ)
.

Ÿ¢´Ò° ¢¨¤ ¢Ò· ¦¥´¨Ö D̃ ¶·¨¢¥¤¥´ ¢ ¶·¨²μ¦¥´¨¨ 	. � · ³¥É· x μ¶·¥¤¥²Ö¥É¸Ö
¨§ Ê· ¢´¥´¨Ö

x2 +
x2

2m

dE

dx
− 1

4
= 0. (2.67)

’ ¡²¨Í  4. �´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· [31] ¶μÉ¥´Í¨ ²  ¢μ·μ´±¨ ¶·¨ §´ Î¥´¨ÖÌ ¶ · -
³¥É·μ¢ [32] m = 1 ƒÔ‚, k = 0,456 ¨ g = 0,211 ƒÔ‚2. �´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·
¢ ¥¤¨´¨Í Ì ƒÔ‚

nr
�

0 1 2 3

0
2,5130 2,9550 3,2688 3,5317
(2,5162) (2,9816)

1
3,1520 3,4506 3,6968 3,9158
(3,1570)

2
3,6150 3,8551 4,0634 4,2541
(3,6337)

3
3,9982 4,2052 4,3884 4,5594
(4,0348)
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‚ · ¡μÉ¥ [33], ±μÉμ· Ö ¶μ¸¢ÖÐ¥´  μ¶¨¸ ´¨Õ ¸¢μ°¸É¢ ¸± ²Ö·´ÒÌ Î ¸É¨Í ¤²Ö
¶μÉ¥´Í¨ ²  ¢μ·μ´±¨, ¢ · ³± Ì Ê· ¢´¥´¨Ö ‘μ²¶¨É¥·  Î¨¸²¥´´Ò³ ³¥Éμ¤μ³ Ê¸É -
´μ¢²¥´ ¢¥·Ì´¨° ¶·¥¤¥² Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¤²Ö μ·¡¨É ²Ó´μ ¨ · ¤¨ ²Ó´μ
¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨°. �¥§Ê²ÓÉ ÉÒ  ¢Éμ·μ¢ [33] É ±¦¥ ¶·¨¢¥¤¥´Ò ¢ É ¡². 4
¢ ¸±μ¡± Ì.

2.5. ‘¶¥±É· Ô±· ´¨·μ¢ ´´μ£μ ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ² . ’¥¶¥·Ó μ¶·¥-
¤¥²¨³ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¶μÉ¥´Í¨ ² , ¸μ¸ÉμÖÐ¥£μ ¨§ ±Ê²μ´μ¢¸±μ£μ ¶μ-
É¥´Í¨ ²  ¨ ¶μÉ¥´Í¨ ²  
± ¢Ò (®Ô±· ´¨·μ¢ ´´Ò° ±Ê²μ´¯). ’ ±μ° ¶μÉ¥´Í¨ ²
μ¶¨¸Ò¢ ¥É ¢§ ¨³μ¤¥°¸É¢¨¥ Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤  ¢ ¨μ´¨§¨·μ¢ ´´μ° ¸·¥¤¥, ¢
Î ¸É´μ¸É¨, ¢ ³¥É ²²¥ [37]. ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ “˜ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥(

1
2μ

P2 − A

r
+

B

r
e−Cr

)
Ψ(r) = EΨ(r), (2.68)

£¤¥ A ¨ B Ö¢²ÖÕÉ¸Ö ±μ´¸É ´É ³¨ ¸¢Ö§¨ ±Ê²μ´μ¢¸±¨Ì ¨ Õ± ¢¸±¨Ì ¢§ ¨³μ¤¥°-
¸É¢¨°,   C Å ¶ · ³¥É· Ô±· ´¨·μ¢±¨. �·¥¤¶μ² £ ¥³, ÎÉμ ¶ · ³¥É·Ò A ¨ C
¶μ²μ¦¨É¥²Ó´Ò. „²Ö Ê¤μ¡¸É¢  ¶·¨ ¤ ²Ó´¥°Ï¨Ì ¢ÒÎ¨¸²¥´¨ÖÌ ¶¥·¥°¤¥³ ± ´μ-
¢Ò³ ¥¤¨´¨Í ³: ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ¥¤¨´¨ÍÒ ¤²¨´Ò a0 = �

2/(μ0A) ¨ ¤²Ö
¥¤¨´¨ÍÒ Ô´¥·£¨¨ E0 = μ0A

2/(2�). ‡¤¥¸Ó μ0 Å ¶·¨¢¥¤¥´´ Ö ³ ¸¸  Î ¸É¨Í
¢ ¸¢μ¡μ¤´μ³ ¨²¨ ¢ ¨¸Ìμ¤´μ³ ¸μ¸ÉμÖ´¨ÖÌ. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶ · ³¥É· ¶μÉ¥´-
Í¨ ²  ¡Ê¤¥³ § ³¥´ÖÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: B′ = 2B/A ¨ C′ = C · a0, ¨
¶·¨ ¤ ²Ó´¥°Ï¨Ì ¢ÒÎ¨¸²¥´¨ÖÌ μ¶Ê¸É¨³ ÏÉ·¨Ì¨. ’μ£¤  ¢ ÔÉ¨Ì ¥¤¨´¨Í Ì “˜
¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

(
−1

2

[
d2

dr2
+

2
r

d

dr
− ( + 1)

r2

]
− μ

rμ0
+

μB

2rμ0
e−Cr

)
ΨR(r) =

=
μ

2μ0
UΨR(r), (2.69)

£¤¥ U = E/E0 ¨ μ0 = m1m2/(m1 + m2). ‚ · ³± Ì �� ¨§ “˜ (2.69)
¡Ê¤¥³ μ¶·¥¤¥²ÖÉÓ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö. ‚ ÔÉμ³ ¸²ÊÎ ¥
¶μ¸²¥ § ³¥´Ò ¶¥·¥³¥´´ÒÌ (2.46) ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ³μ¤¨Ë¨Í¨·μ¢ ´´μ¥ “˜ ¢
d-³¥·´μ³ ¢¸¶μ³μ£ É¥²Ó´μ³ ¶·μ¸É· ´¸É¢¥ Rd § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

{
−1

2

(
∂2

∂q2
+

d − 1
q

∂

∂q

)
− 4ρ2 μ

μ0
q2(ρ−1)−

− μ

μ0
2ρ2Uq2(2ρ−1) +

μ

μ0
2ρ2q2(ρ−1) e−Cq2ρ

}
Φ(q2) = 0. (2.70)
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‘μ£² ¸´μ �� ¨§ (2.70) £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¥¤¸É ¢¨³ ¢ ´μ·³ ²Ó-
´μ° Ëμ·³¥

HI =

∞∫
0

dx

∫ (
dη√
π

)d

exp {−η2(1 + x)} : e
−2i

√
xω

2 : ×

×
[
− 2ρ2μ

μ0ωρ−1

x−ρ

Γ(1 − ρ)
− 2ρ2μU

μ0ω2ρ−1

x−2ρ

Γ(1 − 2ρ)
+

+
2Bμρ2

μ0ωρ−1

∞∑
j=0

(−C)j

j!ωjρ

x−ρ(1+j)

Γ(1 − ρ − jρ)

]
, (2.71)

Ô´¥·£¨Õ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

ε0(U) =
dω

4
− 2ρ2μU

ω2ρ−1

Γ(d/2 + 2ρ− 1)
μ0Γ(d/2)

− 4ρ2μ

μ0ωρ−1

Γ(d/2 + ρ − 1)
Γ(d/2)

+

+
2kμρ2

μ0Γ(d/2)

∞∫
0

du ud/2−1 e−u
(u

ω

)ρ−1

exp
{
−C
(u

ω

)ρ}
. (2.72)

�´¥·£¥É¨Î¥¸±¨° ¶ · ³¥É· U ¨ Î ¸ÉμÉ  μ¸Í¨²²ÖÉμ·  ω μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ê· ¢-
´¥´¨° (2.27). �μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¨³¥¥³

U = min
ρ

{
1
2x

Z2

4ρ2

Γ(2 + ρ + 2ρ)
Γ(3ρ + 2ρ)

− 2Z
Γ(2ρ + 2ρ)
Γ(3ρ + 2ρ)

+

+
ZB

Γ(3ρ + 2ρ)

∞∫
0

du u2ρ+2ρ�−1 exp
(
−u − C

Z

)}
, (2.73)

£¤¥ ¶ · ³¥É· Z μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

Z2 − 8xZρ2Γ(2ρ + 2ρ)
Γ(2 + ρ + 2ρ)

+
2xBρ2

Γ(2 + ρ + 2ρ)
×

×
∞∫
0

du u2ρ+2ρ�−1 (Z + Cuρ) exp
(
−u − C

Z

)
= 0. (2.74)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¶ · ³¥É· x μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö, ¶·¥¤¸É ¢²¥´´μ£μ
¢ (2.67). ŒÒ ¨§ÊÎ ¥³ ±Ê²μ´μ¢¸±μ¥ ¸¢Ö§ ´´μ¥ ¸μ¸ÉμÖ´¨¥ ¸ Ô±· ´¨·μ¢ ´´Ò³
¶μÉ¥´Í¨ ²μ³. �μÔÉμ³Ê ¶ · ³¥É· A = αem. —¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö Ô´¥·-
£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¶μÉ¥´Í¨ ²  
± ¢Ò ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 5, É ³ ¦¥ ¶·¨-
¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢, ±μÉμ·Ò¥ ¶μ²ÊÎ¥´Ò ¢ [37].
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’ ¡²¨Í  5. �´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¤²Ö ¶μÉ¥´Í¨ ²  	± ¢Ò ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö
¶·¨ §´ Î¥´¨¨ ±μ´¸É ´ÉÒ ¸¢Ö§¨ A = αem ¨ B = 1; μ¶·¥¤¥²¥´  § ¢¨¸¨³μ¸ÉÓ μÉ
¶ · ³¥É·  C

C ρ [31] [37]

0,001 1,0 0,251 0,251
0,005 1,0 0,25497 0,25496
0,01 1,0 0,25985 0,25895
0,05 1,0 0,29650 0,9650
0,1 0,99 0,33694 0,33694
0,2 0,97 0,404244 0,40424
0,5 0,91 0,54246 0,542243
1,0 0,89 0,67482 0,67482
2,0 0,89 0,80554 0,80666
10,0 0,92 0,97223 0,97424

ˆ§ É ¡². 5 ¢¨¤´μ, ÎÉμ ·¥²ÖÉ¨¢¨¸É¸± Ö ¶μ¶· ¢±  ± Ô´¥·£¥É¨Î¥¸±μ³Ê ¸¶¥±É·Ê
¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¶·¨ §´ Î¥´¨¨ ±μ´¸É ´ÉÒ ¸¢Ö§¨ A = 1/137 μÎ¥´Ó ³ ² .
�Éμ ¸¢Ö§ ´μ ¸ É¥³, ÎÉμ ¶·¨ Ô±· ´¨·μ¢±¥ Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤  ¸¨¸É¥³  ¡μ²¥¥
³¥´¥¥ ¸É ´μ¢¨É¸Ö ´¥·¥²ÖÉ¨¢¨¸É¸±μ°.

3. Œ�‘‘�‚›‰ ‘�…Š’� ƒ‹	
�‹�‚

3.1. ‘¶¥±É· £²Õ¡μ² , ¸μ¸ÉμÖÐ¥£μ ¨§ ¸± ²Ö·´ÒÌ £²Õμ´μ¢. � ¸¸³μÉ·¨³
¤¢ÊÌ£²Õμ´´μ¥ ¸¢Ö§ ´´μ¥ ¸μ¸ÉμÖ´¨¥ ¸ ³ ¸¸μ° μ1. ƒ²Õμ´ ´ Ìμ¤¨É¸Ö Éμ²Ó±μ ¢
¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨, ¶μÔÉμ³Ê £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢Ò¡¨· ¥³ É ±,
ÎÉμ¡Ò μ´ Ê¤μ¢²¥É¢μ·Ö² Ê¸²μ¢¨Õ ±μ´Ë °´³¥´É  £²Õμ´ . ’μ£¤  “˜ É ±μ° ¸¨-
¸É¥³Ò § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥[

1
2μ

P2 + σadr

]
Ψ = E(μ)Ψ. (3.1)

„²Ö μ¶·¥¤¥²¥´¨Ö ¸μ¡¸É¢¥´´μ£μ §´ Î¥´¨Ö ¨ ‚” ¨§ (3.1) ¡Ê¤¥³ ¶·¨³¥´ÖÉÓ ³¥Éμ¤
��. ‚ ·¥§Ê²ÓÉ É¥ § ³¥´Ò ¶¥·¥³¥´´ÒÌ ³Ò ¶μ²ÊÎ¨²¨ ³μ¤¨Ë¨Í¨·μ¢ ´´μ¥ “˜
¢ d-³¥·´μ³ ¢¸¶μ³μ£ É¥²Ó´μ³ ¶·μ¸É· ´¸É¢¥ Rd:{

− 1
2

(
∂2

∂q2
+

d − 1
q

∂

∂q

)
+ 4ρ2μσadq2(3ρ−1) − 4ρ2μEq2(2ρ−1)

}
Φ(q2) = 0.

(3.2)
„²Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ �� ¢ d-³¥·´μ³
¢¸¶μ³μ£ É¥²Ó´μ³ ¶·μ¸É· ´¸É¢¥ Rd ¶μ²ÊÎ ¥³

ε0(E) =
dω

4
+

4ρ2μσad

ω3ρ−1

Γ(d/2 + 3ρ − 1)
Γ(d/2)

− 4Eρ2μ

ω2ρ−1

Γ(d/2 + 2ρ− 1)
Γ(d/2)

. (3.3)
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‚±² ¤ £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö HI · ¸¸³ É·¨¢ ¥É¸Ö ± ± ³ ²μ¥ ¢μ§³Ê-
Ð¥´¨¥ ¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ´μ·³ ²Ó´μ° Ëμ·³¥

HI =

∞∫
0

dx

∫ (
dη√
π

)d

exp
{
−η2(1 + x)

}
: e

−i
√

xω(qη)
2 : ×

×
[
− 4ρ2μ

ω2ρ−1

Ex−2ρ

Γ(1 − 2ρ)
+

4ρ2μ

ω3ρ−1

σadx−3ρ

Γ(1 − 3ρ)

]
. (3.4)

‘μ£² ¸´μ (2.27), É. ¥. ¨§ Ê¸²μ¢¨Ö ��, Î ¸ÉμÉ  μ¸Í¨²²ÖÉμ·  ω μ¶·¥¤¥²Ö¥É¸Ö
¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

ωρ =
[
4ρ2μσad

Γ(d/2 + 3ρ− 1)
Γ(d/2)

]1/3

. (3.5)

“Î¨ÉÒ¢ Ö (3.3) ¨ (3.5), ¨§ (2.27) μ¶·¥¤¥²Ö¥³ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· E ± ±
ËÊ´±Í¨Õ μÉ ¶ · ³¥É·  μ:

E(μ) =
3

2μ1/3

1
Γ(d/2 + 2ρ − 1)

[
σ2

adΓ(d/2 + 1)Γ2(d/2 + 3ρ − 1)
4ρ2

]1/3

. (3.6)

‚ ·¨ Í¨μ´´Ò° ¶ · ³¥É· ρ μ¡ÒÎ´μ μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö, ¶μ²ÊÎ¥´´μ£μ
¨§ ³¨´¨³Ê³  Ô´¥·£¨¨ E(μ):

Ψ(2 + 2ρ + ρ)(1 + 2) + 2Ψ(2ρ + 4ρ)(4 + 2)−
− 2/ρ− 3Ψ(2ρ + 3ρ)(3 + 2) = 0, (3.7)

£¤¥ Ψ Å ËÊ´±Í¨Ö:

Ψ(x) =
∂

∂x
ln Γ(x). (3.8)

’¥¶¥·Ó ¶·¨¸ÉÊ¶¨³ ± μ¶·¥¤¥²¥´¨Õ ³ ¸¸ £²Õ¡μ²μ¢. ‘μ£² ¸´μ (1.17) ¤²Ö ¸¢Ö§ ´-
´μ£μ ¸μ¸ÉμÖ´¨Ö £²Õμ´μ¢ ¶ · ³¥É· μ μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

2 +
dE(μ)

dμ
= 0. (3.9)

’μ£¤ , ÊÎ¨ÉÒ¢ Ö (3.6), ¨§ (3.9) ¨³¥¥³

μ =
[
σ2

adΓ(d/2 + 1)Γ2(d/2 + 3ρ− 1)
256ρ2Γ3(d/2 + 2ρ − 1)

]1/4

. (3.10)

�μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¤²Ö ³ ¸¸Ò £²Õ¡μ²μ¢ ¶μ²ÊÎ ¥³

M = 2
√

σad

[
Γ(2 + ρ + 2ρ)Γ2(4ρ + 2ρ)

ρ2Γ3(3ρ + 2ρ)

]1/4

, (3.11)
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  É ±¦¥ ¤²Ö ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò £²Õμ´μ¢ ¨³¥¥³

μG =
√

σad

2

[
Γ(2 + ρ + 2ρ)Γ2(4ρ + 2ρ)

ρ2Γ3(3ρ + 2ρ)

]1/4

. (3.12)

ˆ§ (3.11) ¨ (3.12) ¢¨¤´μ, ÎÉμ ¶·¨ ±μ´±·¥É´ÒÌ §´ Î¥´¨ÖÌ μ·¡¨É ²Ó´μ£μ ±¢ ´-
Éμ¢μ£μ Î¨¸²   ³ ¸¸  £²Õ¡μ²  (¶μ³¥·μ´ ) ¨ ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  £²Õμ´μ¢
μ¶·¥¤¥²ÖÕÉ¸Ö ± ± ËÊ´±Í¨¨ μÉ σad Å ¶ · ³¥É·  ´ ÉÖ¦¥´¨Ö ¸É·Ê´Ò. �·¨
§´ Î¥´¨ÖÌ ¶ · ³¥É·  ´ ÉÖ¦¥´¨Ö ¸É·Ê´Ò

σad =
9
4
σf , σf = 0,18 ƒÔ‚2 (3.13)

¶μ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ [38] ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 6 (¢ ¸±μ¡± Ì
¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ [39]), ¨ ´ Ï¨ ·¥§Ê²ÓÉ ÉÒ Ìμ·μÏμ ¸μ£² ¸ÊÕÉ¸Ö ¸ ´¨³¨.

’ ¡²¨Í  6. Œ ¸¸μ¢Ò° ¸¶¥±É· £²Õ¡μ²  ¨ £²Õμ´  ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ ¡¥§ ÊÎ¥É 
¸¶¨´μ¢μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö

� · ³¥É·Ò
�

0 1 2 3

ρ 0,57241 0,57392 0,57493 0,57513
μG, ƒÔ‚ 0,5279 0,69306 0,82612 0,94063
M , ƒÔ‚ 2,1116 2,77224 3,304487 3,762514

(2,11) (2,77) (3,30)

3.2. ‚±² ¤ μ¤´μ£²Õμ´´μ£μ μ¡³¥´  ¢ ³ ¸¸Ê £²Õ¡μ² . ƒ²Õμ´Ò ¢§ ¨³μ¤¥°-
¸É¢ÊÕÉ ³¥¦¤Ê ¸μ¡μ°. ‚ ¤ ´´μ³ ¶Ê´±É¥ μ¶·¥¤¥²¨³ ¢±² ¤ μ¤´μ£²Õμ´´μ£μ μ¡-
³¥´  ¢ ³ ¸¸Ê £²Õ¡μ² . “˜ ¤²Ö ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¤¢ÊÌ£²Õμ´´μ° ¸¨¸É¥³Ò
¸ ÊÎ¥Éμ³ μ¤´μ£²Õμ´´μ£μ μ¡³¥´  § ¶¨¸Ò¢ ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:[

1
2μ

P2 + σadr − 4
3

αs

r

]
Ψ = E(μ)Ψ. (3.14)

�·¥¦¤¥ ¢¸¥£μ ¨§ (3.14) ¸ ¶μ³μÐÓÕ ³¥Éμ¤  �� μ¶·¥¤¥²¨³ E(μ) Å Ô´¥·£¥É¨-
Î¥¸±¨° ¸¶¥±É· ± ± ËÊ´±Í¨Õ μÉ μ. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶μ¸²¥ § ³¥´Ò ¶¥·¥³¥´´ÒÌ
¤²Ö ³μ¤¨Ë¨Í¨· ¢ ´´μ£μ “˜ ¢ Rd ¨§ (3.14) ¶μ²ÊÎ ¥³[

1
2
P2

q + 4ρ2μσadq2(3ρ−1) − 16
3

αsρ
2μq2(ρ−1)−

− 4ρ2μE(μ)q2(2ρ−1)

]
Φ(q2) = 0. (3.15)
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�μ¸²¥ ´¥±μÉμ·ÒÌ ¸É ´¤ ·É´ÒÌ Ê¶·μÐ¥´¨°, ¨§²μ¦¥´´ÒÌ ¢ÒÏ¥, ¢ ´Ê²¥¢μ³
¶·¨¡²¨¦¥´¨¨ �� ¤²Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¨³¥¥³

ε0(E) =
dω

4
+

4ρ2μσad

ω3ρ−1

Γ(d/2 + 3ρ− 1)
Γ(d/2)

− 4ρ2μE

ω2ρ−1

Γ(d/2 + 2ρ − 1)
Γ(d/2)

−

− 16
3ωρ−1

αsρ
2μ

Γ(d/2 + ρ − 1)
Γ(d/2)

. (3.16)

‚ ÔÉμ³ ¸²ÊÎ ¥ μ£· ´¨Î¨³¸Ö Éμ²Ó±μ · ¸¸³μÉ·¥´¨¥³ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö, É. ¥.
 = 0. ’μ£¤  ¶μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¤²Ö E(μ) ¶μ²ÊÎ ¥³

E(μ) = min
ρ

{
Z2

8ρ2μ

Γ(2 + ρ)
Γ(3ρ)

+
σad

Z

Γ(4ρ)
Γ(3ρ)

− 4αsZ

3
Γ(2ρ)
Γ(3ρ)

}
. (3.17)

‡¤¥¸Ó ¶ · ³¥É· Z = ωρ μ¶·¥¤¥²Ö¥É¸Ö ¨§ ¸²¥¤ÊÕÐ¥£μ Ê· ¢´¥´¨Ö, ±μÉμ·μ¥
¶μ²ÊÎ¥´μ ¨§ Ê¸²μ¢¨Ö ��:

Z3 − Z2 16ρ2μαsΓ(2ρ)
Γ(2 + ρ)

− 4ρ2μσadΓ(4ρ)
Γ(2 + ρ)

= 0. (3.18)

“Î¨ÉÒ¢ Ö (3.17) ¨ (3.18), ¨§ (3.9) μ¶·¥¤¥²Ö¥³ ¶ · ³¥É· μ. ’μ£¤  ¨§ (1.18) ¤²Ö
³ ¸¸Ò £²Õ¡μ²  ¶μ²ÊÎ ¥³

Mp = 2μ + E(μ), (3.19)

  ¤²Ö ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò £²Õμ´  ¨³¥¥³

μG = 2μ. (3.20)

�μ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 7.

’ ¡²¨Í  7. Œ ¸¸μ¢Ò° ¸¶¥±É· £²Õ¡μ²  ¨ £²Õμ´  ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ ¸ ÊÎ¥Éμ³
μ¤´μ£²Õμ´´μ£μ μ¡³¥´ 

� · ³¥É·Ò
α

0 0,1 0,2 0,3 0,39

ρ 0,5735 0,6300 0,700 0,795 0,885
μ, ƒÔ‚ 0,26398 0,28568 0,31561 0,35950 0,41961

μG, ƒÔ‚ 0,52795 0,57135 0,63121 0,71899 0,83921

M , ƒÔ‚ 2,1116 1,95543 1,78442 1,59448 1,39809
(2,11) (1,776) (1,587) (1,39)
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3.3. Œ ¸¸μ¢Ò° ¸¶¥±É· £²Õ¡μ²  ¸ ÊÎ¥Éμ³ ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ ¶μÉ¥´Í¨-
 ²  ¢§ ¨³μ¤¥°¸É¢¨Ö. ‚ÒÎ¨¸²¨³ ³ ¸¸μ¢Ò° ¸¶¥±É· ¤¢ÊÌ£²Õμ´´μ£μ ¸¢Ö§ ´´μ£μ
¸μ¸ÉμÖ´¨Ö ¸ ÊÎ¥Éμ³ μ¤´μ£²Õμ´´μ£μ μ¡³¥´  ¨ ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ Ì · ±É¥· 
¢§ ¨³μ¤¥°¸É¢¨Ö. ‘μ£² ¸´μ (1.45) ¶μ²´Ò° £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö § ¶¨-
¸Ò¢ ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

H =
1
2μ

P2 + σadr − 4
3

αs

r
− 4

3
αs

r

[
1√

1 + ( + 1)/μ2r24
− 1

]
. (3.21)

‘μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ÔÉμ£μ £ ³¨²ÓÉμ´¨ ´  É ±¦¥ μ¶·¥¤¥²ÖÕÉ¸Ö ¸ ¶μ³μ-
ÐÓÕ ³¥Éμ¤  ��. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶μ¸²¥ § ³¥´Ò ¶¥·¥³¥´´ÒÌ ³μ¤¨Ë¨Í¨·μ¢ ´´μ¥
“˜ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:{

1
2
P2

q + 4ρ2μσadq2(3ρ−1) − 16ρ2μαs

3
q(ρ−1)√

1 + ( + 1)/q4ρ4
−

− 4ρ2μEq2(2ρ−1)

}
Φ(q2) = 0. (3.22)

�μ¸²¥ ´¥±μÉμ·ÒÌ ´¥¸²μ¦´ÒÌ Ê¶·μÐ¥´¨° (¤¥É ²¨ ¸³. ¢ ¶·¨²μ¦¥´¨¨ 	) ¤²Ö
Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ²ÊÎ ¥³

ε0(E) =
dω

4
+

4ρ2μσad

ω3ρ−1

Γ(d/2 + 3ρ− 1)
Γ(d/2)

− 4ρ2μE

ω2ρ−1

Γ(d/2 + 2ρ − 1)
Γ(d/2)

−

− 16αsρ
2μωd/2

3Γ(d/2)

∞∫
0

du
ud/2+2ρ−2 e−ωu√
u2ρ + ( + 1)/4

. (3.23)

“Î¨ÉÒ¢ Ö (3.23), ¨§ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (2.27) ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±-
É·  ¨¸Ìμ¤´μ£μ £ ³¨²ÓÉμ´¨ ´  ¨³¥¥³

E(μ) = min
ρ

{
Z2

8ρ2μ

Γ(2 + ρ + 2ρ)
Γ(3ρ + 2ρ)

+
σad

Z

Γ(4ρ + 2ρ)
Γ(3ρ + 2ρ)

−

− 4αs

3ρ

Z

Γ(3ρ + 2ρ)

∞∫
0

dt
t2+2� exp

(
−t1/ρ

)√
t2 + Z2( + 1)/4

}
, (3.24)

£¤¥ ¶ · ³¥É· Z μ¶·¥¤¥²Ö¥É¸Ö ¨§ ¸²¥¤ÊÕÐ¥£μ Ê· ¢´¥´¨Ö:

Z3 − 4ρ2μσadΓ(4ρ + 2ρ)
Γ(2 + ρ + 2ρ)

− 16Z2ρ2μαs

3Γ(2 + ρ + 2ρ)
×

×
∞∫
0

dt
t2+2� exp

(
−t1/ρ

)√
t2 + Z2( + 1)/4

[
3ρ + 2ρ − t1/ρ

]
= 0. (3.25)
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“Î¨ÉÒ¢ Ö (3.24) ¨ (3.25), ¨§ (3.19) ¨ (3.20) μ¶·¥¤¥²Ö¥³ ³ ¸¸Ê £²Õ¡μ²  ¨
±μ´¸É¨ÉÊ¥´É´ÊÕ ³ ¸¸Ê £²Õμ´ . �μ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É -
¢²¥´Ò ¢ É ¡². 8.

’ ¡²¨Í  8. Œ ¸¸μ¢Ò° ¸¶¥±É· £²Õ¡μ²  ¨ £²Õμ´  ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ ¸ ÊÎ¥Éμ³
´¥¶¥·ÉÊ·¡ É¨¢´μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨Ö

� � · ³¥É·Ò
α

0 0,1 0,2 0,3 0,39

1

ρ 0,574 0,58 0,59 0,595 0,60
μ, ƒÔ‚ 0,3465 0,3553 0,3644 0,3739 0,3827

μG, ƒÔ‚ 0,6931 0,7106 0,7288 0,7478 0,7654
M , ƒÔ‚ 2,772 2,684 2,594 2,5002 2,418

(2,77) (2,56) (2,45) (2,36)

2

ρ 0,5745 0,575 0,58 0,58 0,5850
μ, ƒÔ‚ 0,4131 0,4184 0,4245 0,4302 0,4354

μG, ƒÔ‚ 0,8261 0,8373 0,8489 0,8603 0,8707
M , ƒÔ‚ 3,304 3,239 3,173 3,106 3,045

(3,30) (3,14) (3,05) (2,97)

3

ρ 0,5751 0,5752 0,5755 0,5765 0,5850
μ, ƒÔ‚ 0,4703 0,4744 0,4784 0,4824 0,486

μG, ƒÔ‚ 0,9406 0,9488 0,9556 0,9647 0,9719
M , ƒÔ‚ 3,762 3,710 3,656 3,603 3,555

3.4. � ±²μ´ É· ¥±Éμ·¨¨ �¥¤¦¥ ¤²Ö £²Õ¡μ² . ‚ ÔÉμ³ ¶Ê´±É¥ μ¶·¥¤¥²¨³
´ ±²μ´ É· ¥±Éμ·¨¨ �¥¤¦¥ ¤²Ö ¤¢ÊÌ£²Õμ´´μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö. �·¨
¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ μ·¡¨É ²Ó´μ£μ ±¢ ´Éμ¢μ£μ Î¨¸²    1 ¶μÉ¥´Í¨ ²Ò, ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨¥ μ¤´μ£²Õμ´´μ³Ê μ¡³¥´Ê ¨ ´¥¶¥·ÉÊ·¡ É¨¢´μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ,
³¥¦¤Ê ¸μ¡μ° ¸μ±· Ð ÕÉ¸Ö,   ¢§ ¨³μ¤¥°¸É¢¨¥ ³¥¦¤Ê ¸μ¸É ¢²ÖÕÐ¨³¨ Î ¸É¨-
Í ³¨ μ¶·¥¤¥²Ö¥É¸Ö ¶μÉ¥´Í¨ ²μ³ § ¶¨· ´¨Ö. ‚ ÔÉμ³ ¸²ÊÎ ¥ ³ ¸¸μ¢Ò° ¸¶¥±É·
£²Õ¡μ²  μ¶·¥¤¥²¥´ ¢ (3.11), ¨ ¨§ ÔÉμ£μ ¢Ò· ¦¥´¨Ö μ¶·¥¤¥²Ö¥³ § ¢¨¸¨³μ¸ÉÓ
³ ¸¸Ò £²Õ¡μ²  μÉ  ¶·¨ §´ Î¥´¨¨   1. ˆ¸¶μ²Ó§ÊÖ  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ Ëμ·-
³Ê²Ò ¤²Ö £ ³³ -ËÊ´±Í¨¨:

Γ(az + b) ∼
√

2π e−az(az)az+b−1/2, (3.26)

¨§ (3.11) ¢ ÔÉμ³ ¶·¥¤¥²¥ ¤²Ö ³ ¸¸Ò ¶μ²ÊÎ ¥³

Mp = 8σad. (3.27)

�É¨ ·¥§Ê²ÓÉ ÉÒ Ìμ·μÏμ ¸μ£² ¸ÊÕÉ¸Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ (¶μ-
¤·μ¡´¥¥ ¸³. ¢ [40]). ˆ§ É ¡². 6, 7 ¨ 8 ¢¨¤´μ, ÎÉμ ¸ ¢μ§· ¸É ´¨¥³ ±μ´¸É ´ÉÒ
¸¢Ö§¨ ³ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö Ê³¥´ÓÏ ¥É¸Ö,   ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  ¸μ-
¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í ¢μ§· ¸É ¥É.
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3.5. ‘¶¥±É· £²Õ¡μ²μ¢ ¸ ÊÎ¥Éμ³ ¸¶¨´-μ·¡¨É ²Ó´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö. ‚
ÔÉμ³ ¶Ê´±É¥ ³ ¸¸μ¢Ò° ¸¶¥±É· £²Õ¡μ²μ¢ μ¶·¥¤¥²Ö¥³ ¸ ÊÎ¥Éμ³ ¸¶¨´-¸¶¨´μ¢μ£μ
¨ ¸¶¨´-μ·¡¨É ²Ó´μ£μ ¢§ ¨³μ¤¥°¸É¢¨°. �μ²´Ò° £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö
¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

H = Hc + Hspin, (3.28)

£¤¥ Hc Ö¢²Ö¥É¸Ö Í¥´É· ²Ó´Ò³ £ ³¨²ÓÉμ´¨ ´μ³, É. ¥. μ¶¨¸Ò¢ ÕÐ¨³ ¢§ ¨³μ¤¥°-
¸É¢¨¥ ¡¥§ ÊÎ¥É  ¸¶¨´μ¢μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö:

Hc =
1
2μ

P2 + σadr − 4
3

αs

r
− 4

3
αs

r

[
1√

1 + ( + 1)/(r2μ2)4
− 1

]
. (3.29)

‚Éμ· Ö Î ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  μ¶¨¸Ò¢ ¥É ¸¶¨´-μ·¡¨É ²Ó´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¨
§ ¶¨¸Ò¢ ¥É¸Ö ¢ ¸É ´¤ ·É´μ³ ¢¨¤¥ (¡μ²¥¥ ¤¥É ²Ó´μ ¸³. ¢ [41,42]):

Hspin = HSS + HLS + HTT. (3.30)

‡¤¥¸Ó HSS Å £ ³¨²ÓÉμ´¨ ´ ¸¶¨´-¸¶¨´μ¢μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö:

HSS =
(S1S2)

μ2
ΔVv, (3.31)

HLS Å £ ³¨²ÓÉμ´¨ ´, μ¶¨¸Ò¢ ÕÐ¨° ¸¶¨´-μ·¡¨É ²Ó´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥:

HLS =
(LS)
8μ2

[
3
r

∂

∂r
Vv − 1

r

∂

∂r
Vs

]
, (3.32)

¨ ´ ±μ´¥Í, HTT Å É¥´§μ·´Ò° £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö:

HTT =
S12

48μ2

[
1
r

∂

∂r
Vv − ∂2

∂r2
Vv

]
. (3.33)

‡¤¥¸Ó Vv Å ¢¥±Éμ·´Ò° ¶μÉ¥´Í¨ ², ¸μμÉ¢¥É¸É¢ÊÕÐ¨° μ¤´μ£²Õμ´´μ³Ê μ¡³¥´Ê:

Vv = −4αs

3
1√

r2 + ( + 1)/μ24
, (3.34)

  Vs Å ¶μÉ¥´Í¨ ² ±μ´Ë °´³¥´É :

Vs = rσad, (3.35)

É ±¦¥ ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

S = S1 + S2,
(3.36)

S12 =
4

(2 + 3)(2 − 1)

[
L2S2 − 3

2
(LS) − 3(LS)2

]
.



���…„…‹…�ˆ… Œ�‘‘�‚�ƒ� ‘�…Š’�� ‘‚Ÿ‡����ƒ� ‘�‘’�Ÿ�ˆŸ 765

ˆ¸¶μ²Ó§ÊÖ ¢Ò· ¦¥´¨Ö (3.30)Ä(3.36) ¤²Ö £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö, ¢ÒÎ¨-
¸²¨³ ³ ¸¸μ¢Ò° ¸¶¥±É· £²Õ¡μ² . �·¥¦¤¥ ¢¸¥£μ μ¶·¥¤¥²¨³ ³ ¸¸Ê ¤²Ö μ¸´μ¢´μ£μ
¸μ¸ÉμÖ´¨Ö, É. ¥. ¶·¨  = 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¢ ´Ê²¥¢μ³
¶·¨¡²¨¦¥´¨¨ ��

ε0(E) = εC
0 (E) + εSS

0 (E), (3.37)

£¤¥ εC
0 (E) ¨ εSS

0 (E) Ö¢²ÖÕÉ¸Ö ¢±² ¤ ³¨ £ ³¨²ÓÉμ´¨ ´´μ£μ Í¥´É· ²Ó´μ£μ ¨
¸¶¨´-¸¶¨´μ¢μ£μ ¢§ ¨³μ¤¥°¸É¢¨° ¸μμÉ¢¥É¸É¢¥´´μ:

εC
0 (E) =

(1 + ρ)ω
2

+
4ρ2μσad

ω3ρ−1

Γ(4ρ)
Γ(1 + ρ)

− 4ρ2μE

ω2ρ−1

Γ(3ρ)
Γ(1 + ρ)

−

− 16αsρ
2μω1+ρ

3Γ(1 + ρ)

∞∫
0

du
u3ρ−1 e−uω√

u2ρ + ( + 1)/μ24
, (3.38)

εSS
0 =

αsρ(S1S2)
36μ

ω1+ρ

Γ(1 + ρ)
.

�μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¨§ Ê¸²μ¢¨Ö �� (2.27) ¶μ²ÊÎ ¥³ ¤²Ö Ô´¥·£¥É¨Î¥-
¸±μ£μ ¸¶¥±É· 

E(μ) =
√

σad min
{ρ,Z}

[
xA +

1
x

B

]
, (3.39)

£¤¥ ¢¢¥¤¥´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

A =
Z2

8ρ2

Γ(2 + ρ)
Γ(3ρ)

− 4Zαs

3
Γ(2ρ)
Γ(3ρ)

− αsρ(S1S2)
144ρ2

Z3

Γ(3ρ)
,

(3.40)

B =
1
Z

Γ(4ρ)
Γ(3ρ)

, x =
μ√
σad

,

  ¶ · ³¥É· x μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨° (1.17), (1.19). ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ ¶ · -
³¥É·Ò ¤²Ö ³ ¸¸Ò £²Õ¡μ² , ¨³¥¥³

M =
√

σad

[
2x +

E(μ)√
σad

]
. (3.41)

‚ ÔÉμ³ ¸²ÊÎ ¥ μ¶·¥¤¥²¥´´ Ö ³ ¸¸  £²Õ¡μ²  ¸μμÉ¢¥É¸É¢Ê¥É ¸²¥¤ÊÕÐ¨³ ¸μ¸Éμ-
Ö´¨Ö³ ¸¶¨´  ¸ P - ¨ C-Î¥É´μ¸ÉÖ³¨:

JPC = 0++, 1+−, 2++.

� Ï¨ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 9.
‚ É ¡². 9 É ±¦¥ ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ ¤·Ê£¨Ì  ¢Éμ·μ¢, ±μÉμ·Ò¥ ¨³¥ÕÉ

Ìμ·μÏ¥¥ ¸μ£² ¸¨¥ ¸ ´ Ï¨³¨ ·¥§Ê²ÓÉ É ³¨. ’¥¶¥·Ó ¶·¨¸ÉÊ¶¨³ ± ¢ÒÎ¨¸²¥´¨Õ
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’ ¡²¨Í  9. Œ ¸¸μ¢Ò° ¸¶¥±É· £²Õ¡μ²  ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö � = 0 ¸ ÊÎ¥Éμ³
´¥¶¥·ÉÊ·¡ É¨¢´μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨Ö,   É ±¦¥ ¸¶¨´-¸¶¨´μ¢μ£μ [43] ¢§ ¨-
³μ¤¥°¸É¢¨Ö. ‚ ¥¤¨´¨Í Ì ƒÔ‚ ¨ ¶·¨ §´ Î¥´¨¨ ¶ · ³¥É·μ¢ σad = 0,45 ƒÔ‚2, αs = 0,3

JPC � Ï¨ �¥Ï¥ÉμÎ´Ò¥
�±¸¶¥·¨³¥´É

„·Ê£¨¥
·¥§Ê²ÓÉ ÉÒ ¤ ´´Ò¥ · ¡μÉÒ

1,73 [44]
0++ 1,64 1,63 [45] 1,50 [48]

1,61 [46] 2,11 [48] 1,98 [50]
1,75 [47] 2,32 [49] 2,69 [51]

2,40 [53]
2++ 1,97 2,35 [45] 2,02 [52] 2,42 [50]

2,26 [46] 2,70 [51]
2,42 [47]

Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  £²Õ¡μ²  ¸  �= 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨§ “˜ ¸ ¶μ²´Ò³
£ ³¨²ÓÉμ´¨ ´μ³ ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  E(μ) ¢ · ³± Ì �� ¨³¥¥³

E = E(C) + E(SS) + E(LS) + E(TT). (3.42)

‡¤¥¸Ó E(C) Å ¢±² ¤ ¢ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· £²Õ¡μ²  μÉ Í¥´É· ²Ó´μ£μ £ -
³¨²ÓÉμ´¨ ´ :

E(C) =
x2√σad

8ρ2

Γ(2 + ρ + 2ρ)
Γ(3ρ + 2ρ)

+
√

σad

xz

Γ(4ρ + 2ρ)
Γ(3ρ + 2ρ)

−

− 4αsxz
√

σad

3Γ(3ρ + 2ρ)

∞∫
0

du
u3ρ+2ρ�−1 e−u√

u2ρ + z2( + 1)/4
, (3.43)

  E(LS) Å ¢±² ¤ ¸¶¨´-μ·¡¨É ²Ó´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö:

E(LS) =
z2√σad(LS)
8Γ(3ρ + 2ρ)

×

×

⎧⎪⎪⎪⎨⎪⎪⎪⎩−Γ(2ρ + 2ρ)
xz

+ 4αsxz

∞∫
0

du
u3ρ+2ρ�−1 e−u[

u2ρ +
z2( + 1)

4

]3/2

⎫⎪⎪⎪⎬⎪⎪⎪⎭ , (3.44)
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E(TT) Å ¢±² ¤ É¥´§μ·´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö:

E(TT) =
αsxz3√σadS12

12Γ(3ρ + 2ρ)

∞∫
0

du
u5ρ+2ρ�−1 e−u[

u2ρ +
z2( + 1)

4

]5/2
, (3.45)

¨, ´ ±μ´¥Í, E(SS) Å ¢±² ¤ ¸¶¨´-¸¶¨´μ¢μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö:

E(SS) =
αs

√
σad(S1S2)

18Γ(3ρ + 2ρ)
xz3ρ2

∞∫
0

du
u3ρ+2ρ�−1 e−u[

u2ρ +
z2( + 1)

4

]5/2
×

×
[
u2ρ +

z2

2
(3 + 2)(1 + )

]
. (3.46)

� · ³¥É· x μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

2 +
1√
σad

∂E

∂x
= 0, (3.47)

Ô´¥·£¨Ö μ¶·¥¤¥²Ö¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

E(μ) = min
{ρ,Z}

[E(x, ρ, z)] . (3.48)

� Ï¨ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ³ ¸¸μ¢μ£μ ¸¶¥±É·  £²Õ¡μ²  ¶·¨ ¸μ¸ÉμÖ´¨ÖÌ
 �= 0 ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 10.

’ ¡²¨Í  10. Œ ¸¸μ¢Ò° ¸¶¥±É· £²Õ¡μ²  ¤²Ö ¸μ¸ÉμÖ´¨° � �= 0. ‡´ Î¥´¨Ö ¶ · ³¥É·μ¢
σad = 0,45 ƒÔ‚2, αs = 0,3 (¢ ¥¤¨´¨Í Ì ƒÔ‚)

S
� = 1 � = 2 � = 3

JPC � Ï¨ ·¥- „·Ê£¨¥
JPC � Ï¨ ·¥- „·Ê£¨¥

JPC � Ï¨ ·¥- „·Ê£¨¥
§Ê²ÓÉ ÉÒ · ¡μÉÒ §Ê²ÓÉ ÉÒ · ¡μÉÒ §Ê²ÓÉ ÉÒ · ¡μÉÒ

0

0−− 2,95 0++ 3,39 1,72 [44] 0−− 3,95
1−− 2,99 1++ 3,42 1−− 3,97 3,81 [44]

2++ 3,47 3,50 [47] 2−− 4,00 3,90 [44]
3−− 4,05 4,10 [44]

1

0−+ 2,92 2,59 [53] 0+− 3,36 4,82 [44] 0−+ 3,90 3,64 [46]
1−+ 2,95 1+− 3,39 2,95 [44] 1−+ 3,95
2−+ 3,02 3,10 [53] 2+− 3,44 4,10 [44] 2−+ 3,99 3,89 [46]

3+− 3,52 3,53 [44] 3−+ 4,03
4−+ 4,10

2

0−− 2,86 0++ 3,31 2,67[32] 0−− 3,90
1−− 2,89 1++ 3,33 1−− 3,92
2−− 2,95 2++ 3,38 2,38 [44] 2−− 3,95
3−− 3,05 3++ 3,46 3,69 [46] 3−− 4,00
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3.6. �¡¸Ê¦¤¥´¨¥ ·¥§Ê²ÓÉ Éμ¢. �´ ²¨É¨Î¥¸±¨ μ¶·¥¤¥²¥´ ³ ¸¸μ¢Ò° ¸¶¥±É·
£²Õ¡μ²  ¨ ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò £²Õμ´ . �¶·¥¤¥²¥´Ò ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ¤μ-
¡ ¢±¨ ± £ ³¨²ÓÉμ´¨ ´Ê ¢§ ¨³μ¤¥°¸É¢¨Ö, ±μÉμ·Ò¥ ¸¢Ö§ ´Ò ¸ ·¥²ÖÉ¨¢¨¸É¸±¨³
Ì · ±É¥·μ³ ¢§ ¨³μ¤¥°¸É¢¨Ö. �·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ μ·¡¨É ²Ó´μ£μ ±¢ ´Éμ-
¢μ£μ Î¨¸² , É. ¥. ¶·¨  ⇒ ∞, ¢±² ¤Ò ¢¥±Éμ·´μ£μ ¶μÉ¥´Í¨ ²  ¨ ¶μÉ¥´Í¨ ² ,
¸¢Ö§ ´´μ£μ ¸ ´¥¶¥·ÉÊ·¡ É¨¢´Ò³ Ì · ±É¥·μ³ ¢§ ¨³μ¤¥°¸É¢¨Ö, ³¥¦¤Ê ¸μ¡μ° ¸μ-
±· Ð ÕÉ¸Ö, ¨ ´ ±²μ´ É· ¥±Éμ·¨¨ �¥¤¦¥ μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ É¥´§μ· ´ ÉÖ¦¥´¨Ö
¸É·Ê´Ò. �É¨ ·¥§Ê²ÓÉ ÉÒ Ìμ·μÏμ μ¶¨¸Ò¢ ÕÉ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥.

‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ ³ ¸¸μ¢Ò° ¸¶¥±É· ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¶·¥¤¸É ¢²¥´
¢ (1.12) ¨ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°-
¸É¢¨Ö ¸ ´¥¶¥·ÉÊ·¡ É¨¢´μ° ¨ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢± ³¨, ±μÉμ·Ò¥ μ¶·¥¤¥²Ö-
ÕÉ¸Ö ¨§ “˜. � Ï¨ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 6Ä10. ‚ ´ ¸Éμ-
ÖÐ¨° ³μ³¥´É ³ ¸¸μ¢Ò° ¸¶¥±É· £²Õ¡μ²  μ¶·¥¤¥²Ö¥É¸Ö Éμ²Ó±μ ¢ Î¨¸²¥´´μ³ Ô±¸-
¶¥·¨³¥´É¥, É. ¥. ¨§ ·¥Ï¥ÉμÎ´μ° Š•„. ŒÒ μ¶·¥¤¥²¨²¨ ³ ¸¸μ¢Ò° ¸¶¥±É· £²Õ-
¡μ²  ¸μ ¸¶¨´ ³¨ S = 0−2 ¨ ¸ μ·¡¨É ²Ó´Ò³¨ ³μ³¥´É ³¨  = 0−3. Œ ¸¸μ¢Ò°
¸¶¥±É· £²Õ¡μ²μ¢, ¸μ¸ÉμÖÐ¨° Éμ²Ó±μ ¨§ ¸± ²Ö·´ÒÌ £²Õμ´μ¢, μ¶·¥¤¥²¥´ ¢ [39],
¨ ´ Ï¨ ·¥§Ê²ÓÉ ÉÒ Ìμ·μÏμ ¸μ£² ¸ÊÕÉ¸Ö ¸ ´¨³. Œ ¸¸μ¢Ò° ¸¶¥±É·, ¶μ²ÊÎ¥´´Ò°
´ ³¨ ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö, É. ¥. ¶·¨  = 0 ¸μ ¸¶¨´ ³¨ JPC = 0++, 2++,
¶·¥¤¸É ¢²¥´ ¢ É ¡². 9. � Ï¨ ·¥§Ê²ÓÉ ÉÒ ¶μ ³ ¸¸ ³ ¤²Ö ¸μ¸ÉμÖ´¨Ö JPC = 0++

Ìμ·μÏμ ¸μ£² ¸ÊÕÉ¸Ö ¸ ·¥§Ê²ÓÉ É ³¨ ·¥Ï¥ÉμÎ´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ (¸³. É ¡². 9),
  ·¥§Ê²ÓÉ ÉÒ ¤·Ê£¨Ì É¥μ·¥É¨Î¥¸±¨Ì · ¡μÉ μÉ²¨Î ÕÉ¸Ö μÉ ·¥§Ê²ÓÉ Éμ¢ Î¨¸²¥´-
´μ£μ Ô±¸¶¥·¨³¥´É . � Ï¨ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ¸μ¸ÉμÖ´¨Ö JPC = 2++ ³¥´ÓÏ¥, Î¥³
·¥Ï¥ÉμÎ´Ò¥ ¤ ´´Ò¥, μ¤´ ±μ ¸μ£² ¸ÊÕÉ¸Ö ¸ ·¥§Ê²ÓÉ É ³¨ [52]. ‚ É ¡². 10 ¶·¨-
¢¥¤¥´Ò Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ³ ¸¸ £²Õ¡μ²μ¢ ¸μ ¸¶¨´ ³¨ S = 0−2 ¨ ¸
μ·¡¨É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³. ‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ³ ¸¸μ¢Ò° ¸¶¥±É·, μ¶¨¸Ò¢ Õ-
Ð¨° ¸μ¸ÉμÖ´¨¥ £²Õ¡μ²  ¸μ ¸¶¨´ ³¨ S = 0−2 ¨ μ·¡¨É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³
Ê´¨¢¥·¸ ²Ó´Ò³ μ¡· §μ³, ± ±  ´ ²¨É¨Î¥¸±μ£μ, É ± ¨ Î¨¸²¥´´μ£μ ¶μ¤Ìμ¤  ´¥
¨³¥¥É. � Ï¨ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¸μ£² ¸ÊÕÉ¸Ö ¸ ·¥§Ê²ÓÉ É ³¨ ¤·Ê£¨Ì  ¢Éμ-
·μ¢ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ¤²Ö ¸μ¸ÉμÖ´¨Ö  = 1 ¸μ ¸¶¨´μ³ S = 1 ¸ · ¡μÉμ° [53];
¤²Ö  = 3, S = 0 ¸ · ¡μÉμ° [44,46]; ¤²Ö  = 3 ¨ S = 1 ¸ · ¡μÉμ° [46]. �¥Ï¥-
ÉμÎ´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ¤²Ö ¸μ¸ÉμÖ´¨Ö ¸ μ·¡¨É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³  = 2 ¨ ¸μ
¸¶¨´μ³ S = 1, ±μÉμ·Ò¥ ¶μ²ÊÎ¥´Ò ¢ [44],   É ±¦¥ ¸¶¥±É· ¢Ò¸μ±μ¢μ§¡Ê¦¤¥´´ÒÌ
¸μ¸ÉμÖ´¨° μ± §Ò¢ ¥É¸Ö ´¨¦¥, Î¥³ ´ Ï¨ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ (¸³. É ¡². 10).
‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ´ Ï¨ ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¤²Ö ¸μ¸ÉμÖ´¨Ö ¸ μ·¡¨É ²Ó-
´Ò³ ±¢ ´Éμ¢Ò³ Î¨¸²μ³  = 2 ¨ S = 0, ´ ¨²ÊÎÏ¨³ μ¡· §μ³ ¸μ£² ¸ÊÕÉ¸Ö ¸
·¥Ï¥ÉμÎ´Ò³¨ ¤ ´´Ò³¨, ¶μ²ÊÎ¥´´Ò³¨ ¢ [47].

� Ï ¶μ¤Ìμ¤ ¶·¨¥³²¥³μ μ¶¨¸Ò¢ ¥É ³ ¸¸μ¢Ò° ¸¶¥±É· £²Õ¡μ²  ± ± μ¸´μ¢-
´μ£μ, É ± ¨ ¢μ§¡Ê¦¤¥´´μ£μ ¸μ¸ÉμÖ´¨°. ‚ Î ¸É´μ¸É¨, ¢ ´ Ï¥³ ¶μ¤Ìμ¤¥ ¤²Ö
²Õ¡ÒÌ  ¸ ¢μ§· ¸É ´¨¥³ J ³ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö Ê¢¥²¨Î¨¢ ¥É¸Ö. ’μ£¤ 
³μ¦´μ ÊÉ¢¥·¦¤ ÉÓ, ÎÉμ ´ Ï ¶μ¤Ìμ¤ Ê´¨¢¥·¸ ²Ó´Ò³ μ¡· §μ³ μ¶¨¸Ò¢ ¥É ³ ¸-
¸μ¢Ò° ¸¶¥±É· £²Õ¡μ²  ¤²Ö μ·¡¨É ²Ó´μ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨° ¨ ¤²Ö ²Õ¡ÒÌ
§´ Î¥´¨° ¸¶¨´μ¢μ£μ ±¢ ´Éμ¢μ£μ Î¨¸² . �¤´ ±μ ³´μ£¨¥  ¢Éμ·Ò μ£· ´¨Î¨¢ ÕÉ¸Ö
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· ¸¸³μÉ·¥´¨¥³, ± ¶·¨³¥·Ê, Éμ²Ó±μ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨° [44] ¨²¨ Éμ²Ó±μ
μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö [47] £²Õ¡μ²  ¶μ μÉ¤¥²Ó´μ¸É¨,   ¢ ´ Ï¥³ ¶μ¤Ìμ¤¥ ³Ò
· ¸¸³ É·¨¢ ¥³ ± ± μ¸´μ¢´Ò¥, É ± ¨ ¢μ§¡Ê¦¤¥´´Ò¥ ¸μ¸ÉμÖ´¨Ö ¥¤¨´Ò³ μ¡· §μ³
¸ ÊÎ¥Éμ³ ¸¶¨´-¸¶¨´μ¢μ£μ ¨ ¸¶¨´-μ·¡¨É ²Ó´μ£μ ¢§ ¨³μ¤¥°¸É¢¨°.

4. ‘�…Š’� Œ…‡���‚ ‘ ��
ˆ’�‹œ�›Œ
ˆ ��„ˆ�‹œ�›Œ ‚�‡
“†„…�ˆŸŒˆ

�¶¨¸ ´¨¥ ³ ¸¸μ¢μ£μ ¸¶¥±É·   ¤·μ´μ¢ ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê-
¦¤¥´¨Ö³¨ Ö¢²Ö¥É¸Ö μ¤´μ° ¨§ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¶·μ¡²¥³ ¸¨²Ó´ÒÌ ¢§ ¨³μ¤¥°-
¸É¢¨°. ‚ ´ ¸ÉμÖÐ¨° ³μ³¥´É ¸ÊÐ¥¸É¢ÊÕÉ Ë¥´μ³¥´μ²μ£¨Î¥¸±¨¥ ¶μÉ¥´Í¨ ²Ó´Ò¥
³μ¤¥²¨ ±¢ ·±μ¢ [12Ä14], ±μÉμ·Ò¥ Ìμ·μÏμ μ¶¨¸Ò¢ ÕÉ ³ ¸¸μ¢Ò° ¸¶¥±É·  ¤·μ-
´μ¢. �¤´ ±μ ¡μ²ÓÏ¨´¸É¢μ ÔÉ¨Ì ³μ¤¥²¥° ¢ μ¸´μ¢´μ³ ¸μ¤¥·¦ É ³´μ£μÎ¨¸²¥´-
´Ò¥ ¶ · ³¥É·Ò, ³´μ£¨¥ ¨§ ±μÉμ·ÒÌ Ë¨§¨Î¥¸±¨ ´¨± ± ´¥ μ¡μ¸´μ¢ ´Ò, ²¨¡μ ÔÉ¨
³μ¤¥²¨ μ£· ´¨Î¨¢ ÕÉ¸Ö μ¶¨¸ ´¨¥³ Éμ²Ó±μ ±μ´±·¥É´ÒÌ ¸²ÊÎ ¥¢. Š·μ³¥ Éμ£μ,
Ë¥´μ³¥´μ²μ£¨Î¥¸±¨¥ ³μ¤¥²¨ ±¢ ·±μ¢ ¢ μ¸´μ¢´μ³ μ¶¨¸Ò¢ ÕÉ Ë¨§¨±Ê  ¤·μ´μ¢,
¸μ¸ÉμÖÐ¨Ì ¨§ ÉÖ¦¥²ÒÌ ±¢ ·±μ¢ [12]. �·¨ ¨§ÊÎ¥´¨¨ ¸¢μ°¸É¢  ¤·μ´μ¢, ¸μ¸ÉμÖ-
Ð¨Ì ¨§ ²¥£±¨Ì ±¢ ·±μ¢, É·¥¡Ê¥É¸Ö ÊÎ¥É ·¥²ÖÉ¨¢¨¸É¸±μ£μ, ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ ¨
´¥²μ± ²Ó´μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨°. Š ´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨ μÉ¸ÊÉ¸É¢Ê¥É
μ¡Ð¥¶·¨´ÖÉÒ° ·¥Í¥¶É ÊÎ¥É  ·¥²ÖÉ¨¢¨¸É¸±μ£μ ´¥²μ± ²Ó´μ£μ Ì · ±É¥·  ¢§ ¨-
³μ¤¥°¸É¢¨Ö ¢ Ë¥´μ³¥´μ²μ£¨Î¥¸±¨Ì ³μ¤¥²ÖÌ ±¢ ·±μ¢. ‚ Ë¥´μ³¥´μ²μ£¨Î¥¸±μ°
³μ¤¥²¨ ±¢ ·±μ¢, É. ¥. ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ “˜, ´ ·ÊÏ ¥É¸Ö Ê¸²μ¢¨¥ ·¥²ÖÉ¨-
¢¨¸É¸±μ° ¨´¢ ·¨ ´É´μ¸É¨ [54].

�·¨ μ¶·¥¤¥²¥´¨¨ ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ ¸É ´-
¤ ·É´μ° Š’� μ¡ÒÎ´μ ¸É ²±¨¢ ÕÉ¸Ö ¸ ·¥Ï¥´¨¥³ ¨´É¥£· ²Ó´μ£μ Ê· ¢´¥´¨Ö
É¨¶  Ê· ¢´¥´¨Ö 	¥É¥Ä‘μ²¶¨É¥·  ¸ ¶·μ¨§¢μ²Ó´Ò³ Ö¤·μ³. Šμ´¥Î´μ, ´ °É¨ ·¥-
Ï¥´¨¥ É ±μ£μ Ê· ¢´¥´¨Ö μÎ¥´Ó ¸²μ¦´μ. �μÔÉμ³Ê μ¶¨¸ ´¨¥ ¸¢μ°¸É¢ ¸¢Ö§ ´-
´μ£μ ¸μ¸ÉμÖ´¨Ö ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±μ£μ, ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ ¨ ´¥²μ± ²Ó-
´μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨° É·¥¡Ê¥É μ¸μ¡μ£μ · ¸¸³μÉ·¥´¨Ö. ‚ Š•„ ¤μ
´¥¤ ¢´¥£μ ¢·¥³¥´¨ Éμ²Ó±μ ¢ · ³± Ì ³¥Éμ¤  ¶· ¢¨² ¸Ê³³ [55] ¨¸¶μ²Ó§μ¢ ²¨
± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´Ò° Ö§Ò± ±μ´¤¥´¸ Éμ¢, ÎÉμ¡Ò μ¶¨¸ ÉÓ ¢±² ¤ ´¥¶¥·-
ÉÊ·¡ É¨¢´μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨Ö. �¤´ ±μ ¤²Ö μ¶¨¸ ´¨Ö ¡μ²ÓÏ¨´-
¸É¢  Ö¢²¥´¨°, ¢μ§´¨± ÕÐ¨Ì ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ, ÔÉμÉ ³¥Éμ¤ μ± §Ò¢ ¥É¸Ö
´¥¤μ¸É ÉμÎ´Ò³. ‚ [56], £¤¥ ¨¸¶μ²Ó§Ê¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ ”μ± Ä”¥°´³ ´ Ä
˜¢¨´£¥· , ¶·¥¤²μ¦¥´ μ¤¨´ ¨§ ³¥Éμ¤μ¢ ÊÎ¥É  ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ Ì · ±É¥· 
¢§ ¨³μ¤¥°¸É¢¨Ö ¤²Ö μ¶¨¸ ´¨Ö ¸¢μ°¸É¢ ·¥²ÖÉ¨¢¨¸É¸±μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö.
�¸´μ¢μ° ³¥Éμ¤  Ö¢²Ö¥É¸Ö ¶·¨³¥´¥´¨¥ ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´μ° ËÊ´±Í¨¨
ƒ·¨´  ¤²Ö ¡¥²ÒÌ μ¡Ñ¥±Éμ¢, ±μÉμ·Ò¥ ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¸ ¶μ³μÐÓÕ ¨´É¥-
£· ²μ¢ ¶μ ¶ÊÉÖ³ [57]. Š²ÕÎ¥¢Ò³ ³μ³¥´Éμ³ ¤ ´´μ£μ ¶μ¤Ìμ¤  Ö¢²Ö¥É¸Ö ¢ÒÎ¨-
¸²¥´¨¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ² . Šμ´¥Î´μ, ÔÉμÉ ¨´É¥£· ² ¢ μ¡Ð¥³ ¢¨¤¥ ´¥
¢ÒÎ¨¸²Ö¥É¸Ö, ¥£μ ¢ÒÎ¨¸²¥´¨¥ ¢μ§³μ¦´μ Éμ²Ó±μ ¶·¨ ´¥±μÉμ·ÒÌ Ë¨§¨Î¥¸±¨Ì
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¶·¥¤¶μ²μ¦¥´¨ÖÌ. ‚ [15, 31, 38] ¶·¥¤²μ¦¥´ μ¤¨´ ¨§  ²ÓÉ¥·´ É¨¢´ÒÌ ¢ ·¨ ´-
Éμ¢ ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ²  ¨ μ¶·¥¤¥²¥´  ³ ¸¸  £²Õ¡μ² . ‚
´ Ï¥° · ¡μÉ¥ ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±μ£μ ¨ ´¥²μ± ²Ó´μ£μ Ì · ±É¥·  ¢§ ¨³μ-
¤¥°¸É¢¨° ¢ÒÎ¨¸²¥´ ³ ¸¸μ¢Ò° ¸¶¥±É· ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±μ-²¥£±¨Ì ¨
²¥£±μ-ÉÖ¦¥²ÒÌ ±¢ ·±μ¢, ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨,   É ±¦¥
μ¶·¥¤¥²¥´  § ¢¨¸¨³μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í μÉ ³ ¸¸
¨¸Ìμ¤´μ£μ ¸μ¸ÉμÖ´¨Ö. ‚ÒÎ¨¸²¥´Ò ´ ±²μ´ ¨ ¶ · ³¥É· ¶¥·¥¸¥Î¥´¨Ö ·¥¤¦¥-
É· ¥±Éμ·¨¨ ¤²Ö μ·¡¨É ²Ó´μ£μ ¨ · ¤¨ ²Ó´μ£μ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨°. �μ²Ê-
Î¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ ¸μ£² ¸ÊÕÉ¸Ö ¸ ¸ÊÐ¥¸É¢ÊÕÐ¨³¨ Ô±¸¶¥-
·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨.

4.1. ‘¶¥±É· ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±μ-²¥£±¨Ì ±¢ ·±μ¢. 4.1.1. ‘¶¥±É·
²¨´¥°´μ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ² . ‡ ¶¨· ´¨¥ Í¢¥É´ÒÌ § ·Ö¤μ¢ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö
¸ ¶μ³μÐÓÕ ²¨´¥°´μ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ² . �¶·¥¤¥²¨³ E(μ) Å Ô´¥·£¥É¨Î¥-
¸±¨° ¸¶¥±É· ²¨´¥°´μ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ² , ¸ ÊÎ¥Éμ³ μ·¡¨É ²Ó´μ£μ ¨ · ¤¨-
 ²Ó´μ£μ ¢μ§¡Ê¦¤¥´¨Ö: [

1
2μ

P2 + σ · r
]

Ψ = E(μ)Ψ, (4.1)

£¤¥ σ Å ¶ · ³¥É· ´ ÉÖ¦¥´¨Ö ¸É·Ê´Ò. �´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨ ¢μ²´μ¢ Ö
ËÊ´±Í¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ “˜ ¢ · ³± Ì ³¥Éμ¤  �� [22, 24]. �·¥¦¤¥ ¢¸¥£μ
¶¥·¥°¤¥³ ± d-³¥·´μ³Ê ¢¸¶μ³μ£ É¥²Ó´μ³Ê ¶·μ¸É· ´¸É¢Ê Rd,   £ ³¨²ÓÉμ´¨ ´
¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¥¤¸É ¢¨³ ¢ ´μ·³ ²Ó´μ° Ëμ·³¥ ¶μ μ¶¥· Éμ· ³ ·μ¦¤¥´¨Ö a+

¨ Ê´¨ÎÉμ¦¥´¨Ö a (¤¥É ²¨ ¸³. ¢ [24]):

H = H0 + ε0(E) + HI , (4.2)

£¤¥ H0 Å £ ³¨²ÓÉμ´¨ ´ ¸¢μ¡μ¤´μ£μ μ¸Í¨²²ÖÉμ· :

H0 = ω(a+
j aj), (4.3)

  Ô´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ε0(E) ¢ Rd ¨³¥¥É ¢¨¤

ε0(E) =
dω

4
+

4ρ2μE

ω2ρ−1

Γ(d/2 + 2ρ− 1)
Γ(d/2)

− 4ρ2μσ

ω3ρ−1

Γ(d/2 + 3ρ− 1)
Γ(d/2)

(4.4)

¨ HI , £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö, ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ´μ·³ ²Ó´μ° Ëμ·³¥:

HI =

∞∫
0

dx

∫ (
dη√
π

)d

exp
{
−η2(1 + x)

}
: e

−i
√

xω(qη)
2 : ×

×
[
− 4ρ2μ

ω2ρ−1

Ex−2ρ

Γ(1 − 2ρ)
+

4ρ2μ

ω3ρ−1

σx−3ρ

Γ(1 − 3ρ)

]
. (4.5)
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�´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¢ Rd μ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

εnr(E) = 〈nr|H |nr〉 = ε0(E) + 2nrω + 〈nr|HI |nr〉. (4.6)

Œ É·¨Î´Ò° Ô²¥³¥´É 〈nr|HI |nr〉 ¨³¥¥É ¢¨¤

〈nr|HI |nr〉 = −4ρ2Eμ

ω2ρ−1

Γ(d/2 + 2ρ − 1)
Γ(d/2)

B̃ +
4ρ2μσ

ω3ρ−1

Γ(d/2 + 3ρ − 1)
Γ(d/2)

C̃. (4.7)

„¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´μ£μ Ô²¥³¥´É  (4.7) ¶·¨¢¥¤¥´Ò ¢ ¶·¨²μ¦¥´¨¨ 	,
  ¶ · ³¥É·Ò B̃ ¨ C̃ Å ¢ (	.6) ¨ (	.7) ¸μμÉ¢¥É¸É¢¥´´μ. ‘μ£² ¸´μ ³¥Éμ¤Ê ��
Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨¸Ìμ¤´μ£μ “˜ ¨ Î ¸ÉμÉ  μ¸Í¨²²ÖÉμ·  μ¶·¥¤¥²ÖÕÉ¸Ö ¨§
¸¨¸É¥³Ò Ê· ¢´¥´¨° (2.27). �·¥¦¤¥ ¢¸¥£μ μ¶·¥¤¥²¨³ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·
¸ μ·¡¨É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³. ’μ£¤ , ÊÎ¨ÉÒ¢ Ö (4.4), ¨§ (2.27) ¤²Ö Î ¸ÉμÉÒ
μ¸Í¨²²ÖÉμ·  ω ¶μ²ÊÎ ¥³

ωρ = (μσ)1/3

[
4ρ2Γ(4ρ + 2ρ)
Γ(2 + ρ + 2ρ)

]1/3

(4.8)

¨ ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¨³¥¥³

E(, 0) =
3
2

σ2/3

μ1/3
min

ρ

[
Γ(2 + ρ + 2ρ)Γ2(4ρ + 2ρ)

4ρ2Γ3(3ρ + 2ρ)

]1/3

. (4.9)

‚ ÔÉμ³ ¸²ÊÎ ¥, ÊÎ¨ÉÒ¢ Ö (4.8) ¨ (4.9), ¨§ (1.19) ¶μ²ÊÎ ¥³ ³ ¸¸Ê ¸¢Ö§ ´´μ£μ
¸μ¸ÉμÖ´¨Ö

M(, 0) = 2
√

σ

[
Γ2(4ρ + 2ρ)Γ(2 + ρ + 2ρ)

ρ2Γ3(3ρ + 2ρ)

]1/4

. (4.10)

ŒÒ  ´ ²¨É¨Î¥¸±¨ μ¶·¥¤¥²¨²¨ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨ ³ ¸¸Ê ¸¢Ö§ ´´μ£μ ¸μ-
¸ÉμÖ´¨Ö ¸ μ·¡¨É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³ ¤²Ö · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ² . „ ²¥¥ ¶·¨-
¸ÉÊ¶ ¥³ ± μ¶·¥¤¥²¥´¨Õ ³ ¸¸μ¢μ£μ ¸¶¥±É·  ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§-
¡Ê¦¤¥´¨Ö³¨. �μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¤²Ö Î ¸ÉμÉÒ μ¸Í¨²²ÖÉμ·  ¸ ÊÎ¥Éμ³
· ¤¨ ²Ó´μ£μ ¢μ§¡Ê¦¤¥´¨Ö ¨³¥¥³

ωρ
nr

= ωρD
1/3
1 , (4.11)

£¤¥ ωρ ¶·¥¤¸É ¢²¥´  ¢ (4.8).
„²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¶μ²ÊÎ ¥³

E(, nr) =
σ2/3

μ1/3
min

ρ

[
D3

4Γ(2 + ρ + 2ρ)Γ2(4ρ + 2ρ)
32ρ2Γ3(3ρ + 2ρ)D1

]1/3

. (4.12)
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‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

D1 =
ρ + (3ρ − 1)B̃ − (2ρ − 1)C̃

ρ + (2ρ − 1)
2nr

1 + ρ + 2ρ
+

1
2
B̃

,

D2 =
(

1 +
4nr

1 + ρ + 2ρ

)
1

1 + B̃
, (4.13)

D3 =
1 + C̃

1 + B̃
, D4 = D2D1 + 2D3.

‚ ÔÉμ³ ¸²ÊÎ ¥ ¸μ£² ¸´μ (1.18) ³ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²Ö¥É¸Ö ¢ ¢¨¤¥

M(, nr) = 2
√

σ

[
Γ2(4ρ + 2ρ)Γ(2 + ρ + 2ρ)D3

4

27D1ρ2Γ3(3ρ + 2ρ)

]1/4

. (4.14)

’ ±¨³ μ¡· §μ³, ³Ò  ´ ²¨É¨Î¥¸±¨ μ¶·¥¤¥²¨²¨ ³ ¸¸Ê ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¸
μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨ ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±¨Ì
±¢ ·±μ¢, ¤²Ö · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²  ¶·¨ Ê¸²μ¢¨¨

mu√
σ
∼=

md√
σ

� 1, (4.15)

£¤¥ mu ¨ md Å ³ ¸¸Ò ²¥£±¨Ì ±¢ ·±μ¢.

4.1.2. ‘¶¥±É· ±Ê²μ´μ¢¸±μ£μ ¶²Õ¸ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ² . ’¥¶¥·Ó ¶·¨¸ÉÊ-
¶¨³ ± μ¶·¥¤¥²¥´¨Õ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ±Ê²μ´μ¢¸±μ£μ ¶²Õ¸ · ¸ÉÊÐ¥£μ
¶μÉ¥´Í¨ ²  ¸ ÊÎ¥Éμ³ μ·¡¨É ²Ó´μ£μ ¨ · ¤¨ ²Ó´μ£μ ¢μ§¡Ê¦¤¥´¨° ¨§ “˜:[

1
2μ

P2 + σr − 4
3

αs

r

]
Ψ = E(μ)Ψ. (4.16)

‘μ£² ¸´μ �� £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¥¤¸É ¢¨³ ¢ ´μ·³ ²Ó´μ° Ëμ·³¥ ¢
d-³¥·´μ³ ¢¸¶μ³μ£ É¥²Ó´μ³ ¶·μ¸É· ´¸É¢¥ Rd. ‚ ÔÉμ³ ¸²ÊÎ ¥ ε0(E) Å Ô´¥·£¨Ö
μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö Å ¢ Rd ¨³¥¥É ¢¨¤

ε0(E) =
dω

4
+

4ρ2μσ

ω3ρ−1

Γ(d/2 + 3ρ− 1)
Γ(d/2)

− 4ρ2μE

ω2ρ−1
×

× Γ(d/2 + 2ρ − 1)
Γ(d/2)

− 16αsρ
2μ

3ωρ−1

Γ(d/2 + ρ − 1)
Γ(d/2)

(4.17)
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¨ £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö

HI =

∞∫
0

dx

∫ (
dη√
π

)d

exp {−η2(1 + x)} : e
−2i

√
xω

2 : ×

×
[
−4ρ2μσ

ω3ρ−1

x−3ρ

Γ(1 − 3ρ)
− 4ρ2μE

ω2ρ−1

x−2ρ

Γ(1 − 2ρ)
− 16αsρ

2μ

3ωρ−1

x−ρ

Γ(1 − ρ)

]
. (4.18)

�·μ¢μ¤Ö ¢ÒÎ¨¸²¥´¨Ö,  ´ ²μ£¨Î´Ò¥ ¶·μ¤¥² ´´Ò³ ¢ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì, ¨
ÊÎ¨ÉÒ¢ Ö ¶·¥¤¸É ¢²¥´¨¥ (A.9), μ¶·¥¤¥²¨³ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸ ÊÎ¥Éμ³
Éμ²Ó±μ μ·¡¨É ²Ó´μ£μ ¢μ§¡Ê¦¤¥´¨Ö:

E(, 0)√
σ

=

= min
ρ

[
z2

8ρ2x

Γ(2 + ρ + 2ρ)
Γ(3ρ + 2ρ)

+
Γ(4ρ + 2ρ)
zΓ(3ρ + 2ρ)

− 4αsz

3
Γ(2ρ + 2ρ)
Γ(3ρ + 2ρ)

]
. (4.19)

‡¤¥¸Ó ¶ · ³¥É·Ò z ¨ x μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ê· ¢´¥´¨Ö

z3 − z2 16xαsρ
2Γ(2ρ + 2ρ)

3Γ(2 + ρ + 2ρ)
− 4xρ2Γ(4ρ + 2ρ)

Γ(2 + ρ + 2ρ)
= 0 (4.20)

¨

2 +
∂

∂x

(
E√
x

)
= 0. (4.21)

Œ ¸¸  ¨ ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  ¶ · ³¥É·¨§μ¢ ´Ò ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

μ =
√

σx, ¨ M = 2μ + E. (4.22)

‚ ÔÉμ³ ¸²ÊÎ ¥ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê-
¦¤¥´¨Ö³¨ ¶μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¤²Ö ±Ê²μ´μ¢¸±μ£μ ¶²Õ¸ · ¸ÉÊÐ¥£μ
¶μÉ¥´Í¨ ²  ¨³¥¥É ¢¨¤

E(, nr)√
σ

= min
ρ

[
z2

8xρ2

Γ(2 + ρ + 2ρ)
Γ(3ρ + 2ρ)

1 +
4nr

1 + ρ + 2ρ

1 + B̃
+

+
1
z

Γ(4ρ + 2ρ)
Γ(3ρ + 2ρ)

1 + C̃

1 + B̃
− 4αsz

3
Γ(2ρ + 2ρ)
Γ(3ρ + 2ρ)

1 + D̃

1 + B̃

]
, (4.23)
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¶ · ³¥É· z μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

z3 − z2x
16αsρ

2

3
Γ(2ρ + 2ρ)

Γ(2 + ρ + 2ρ)
[ρ + (2ρ − 1)D̃ − (ρ − 1)B̃][

ρ + (2ρ − 1)
2nr

1 + ρ + 2ρ
+

1
2
B̃

]−

− 4xρ2 Γ(4ρ + 2ρ)
Γ(2 + ρ + 2ρ)

[ρ + (3ρ − 1)B̃ − (2ρ − 1)C̃][
ρ + (2ρ − 1)

nr

1 + ρ + 2ρ
+

1
2
B̃

] = 0, (4.24)

  ¶ · ³¥É· x Å ¨§ Ê· ¢´¥´¨Ö (4.21), Ö¢´Ò° ¢¨¤ ¶ · ³¥É·μ¢ B̃, C̃ ¨ D̃ ¶·¨-
¢¥¤¥´ ¢ ¶·¨²μ¦¥´¨¨ 	.

Œ ¸¸  ¨ ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö
¨§ (4.22). ‚ ¶·¨¡²¨¦¥´¨¨ (4.15) ³Ò μ¶·¥¤¥²¨²¨ ³ ¸¸μ¢Ò° ¸¶¥±É· ³¥§μ´μ¢,
¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±μ-²¥£±¨Ì ±¢ ·±μ¢.

�  ·¨¸. 1 ¶·¥¤¸É ¢²¥´  § ¢¨¸¨³μ¸ÉÓ ±¢ ¤· É  ³ ¸¸μ¢μ£μ ¸¶¥±É·  μÉ μ·-
¡¨É ²Ó´μ£μ ±¢ ´Éμ¢μ£μ Î¨¸²  ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ · ¤¨ ²Ó´μ£μ ±¢ ´Éμ-
¢μ£μ Î¨¸²  nr = 0, . . . , 4, £¤¥ ±μ´¸É ´É  ¸¨²Ó´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö αs = 0,39.
ˆ§ (4.14), (4.19) ¨ (4.23) ¢¨¤´μ, ÎÉμ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨ ³ ¸¸  ¸¢Ö§ ´-
´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²¥´Ò ¢ ¥¤¨´¨Í Ì

√
σ, £¤¥ σ Å ¶ · ³¥É· ´ ÉÖ¦¥´¨Ö

¸É·Ê´Ò, ±μÉμ·Ò° Ö¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´Ò³ ¶ · ³¥É·μ³ ¢ ´ Ï¥³ ³¥Éμ¤¥ [31,38].
�μ ³´μ£μÎ¨¸²¥´´Ò³ ·¥§Ê²ÓÉ É ³ μ¶¨¸ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¨ ·¥Ï¥ÉμÎ-
´ÒÌ ¤ ´´ÒÌ §´ Î¥´¨¥ ´ ÉÖ¦¥´¨Ö ¸É·Ê´Ò · ¢´μ σ = 0,19 ƒÔ‚2. �·¨ ³ ²ÒÌ
§´ Î¥´¨ÖÌ  � 5 § ¢¨¸¨³μ¸ÉÓ M2/σ μÉ  Ö¢²Ö¥É¸Ö ²¨´¥°´μ° ¨ ³μ¦¥É ¡ÒÉÓ

�¨¸. 1. ‡ ¢¨¸¨³μ¸ÉÓ ±¢ ¤· É  ³ ¸¸ ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±μ-²¥£±¨Ì ±¢ ·±μ¢, μ¶·¥-
¤¥²¥´´ÒÌ ¢ ¥¤¨´¨Í Ì σ, μÉ � ¶·¨ §´ Î¥´¨ÖÌ nr = 0, . . . , 4. ‘¶²μÏ´Ò¥ ²¨´¨¨ ¸μ-
μÉ¢¥É¸É¢ÊÕÉ · ¸ÉÊÐ¥³Ê ¶μÉ¥´Í¨ ²Ê,   ÏÉ·¨Ìμ¢Ò¥ Å ±Ê²μ´μ¢¸±μ³Ê ¶²Õ¸ · ¸ÉÊÐ¥³Ê
¶μÉ¥´Í¨ ²Ê
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 ¶¶·μ±¸¨³¨·μ¢ ´  ¤²Ö · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ² 

M2(, 0)
σ

= 8 + 3,5π, (4.25)

¤²Ö ±Ê²μ´μ¢¸±μ£μ ¶²Õ¸ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ² 

M2(, 0)
σ

= 8 + 2,64π, (4.26)

� · ³¥É· ´ ±²μ´  -É· ¥±Éμ·¨¨ �¥¤¦¥ ¶·¨  � 5 Ô±¸¶¥·¨³¥´É ²Ó´μ μ¶·¥¤¥-
²¥´ ¢ [58Ä64] ¨ · ¢¥´

α′
L(exp) = (0,81 ± 0,01) ƒÔ‚−2, (4.27)

  ¢ ´ Ï¥³ ¸²ÊÎ ¥ (¤²Ö μ¡μ¨Ì ¢¨¤μ¢ ¶μÉ¥´Í¨ ²  μ´ Ö¢²Ö¥É¸Ö μ¤¨´ ±μ¢Ò³)
α′

L = 0,658 ƒÔ‚−2, É. ¥. ´¨¦¥, Î¥³ ¤ ¥É Ô±¸¶¥·¨³¥´É. �±¸¶¥·¨³¥´É ²Ó´μ¥
§´ Î¥´¨¥ ¶ · ³¥É·  ¶¥·¥¸¥Î¥´¨Ö -É· ¥±Éμ·¨¨ �¥¤¦¥ ¢ [58Ä64]

αL(exp)(0) = −0,30 ± 0,02, (4.28)

Ê ´ ¸ ¤²Ö · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²  αL(0) = −1,374 ¨ ¤²Ö ±Ê²μ´μ¢¸±μ£μ ¶²Õ¸
· ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²  αL(0) = −1,037, É. ¥. ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶μ ³μ¤Ê²Ö³ ´ Ï¨
·¥§Ê²ÓÉ ÉÒ ¡μ²ÓÏ¥, Î¥³ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥. �μ¢¥¤¥´¨¥ nr-É· ¥±Éμ·¨¨ �¥¤¦¥
¶ · ³¥É·¨§Ê¥É¸Ö ¢ ¢¨¤¥ [59]

M2(, nr) = M2(, 0) + Ωnr. (4.29)

� · ³¥É· Ω μ¶·¥¤¥²¥´ ¨§ Ô±¸¶¥·¨³¥´É  ¤²Ö ¸μ¸ÉμÖ´¨¨ nr = 1, 2, 3 [62Ä64]
¢ ¨´É¥·¢ ²¥ Ωexp = (1,6−1,388) ƒÔ‚−2. �·¨ §´ Î¥´¨¨ ´ ÉÖ¦¥´¨Ö ¸É·Ê´Ò
σ = 0,198 ƒÔ‚−2 ¤²Ö · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²  μ¶·¥¤¥²¥´μ ¸·¥¤´¥¥ §´ Î¥´¨¥ ¶ -
· ³¥É·  Ω = 2,7056 ƒÔ‚−2,   ¤²Ö ±Ê²μ´μ¢¸±μ£μ ¶²Õ¸ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ² 
Ω = 2,656 ƒÔ‚−2. ’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¡¥§ ÊÎ¥É  ´¥¶¥·-
ÉÊ·¡ É¨¢´μ£μ ¨ ´¥²μ± ²Ó´μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨Ö ¤²Ö ´ ±²μ´  ¨ ¶ · -
³¥É·  ¶¥·¥¸¥Î¥´¨Ö ·¥¤¦¥-É· ¥±Éμ·¨¨ ¨³¥ÕÉ ´¥Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ¥ ¸μ£² ¸¨¥
¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨.

4.2. ‘¶¥±É· ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±μ-ÉÖ¦¥²ÒÌ ±¢ ·±μ¢. ŒÒ  ´ -
²¨É¨Î¥¸±¨ μ¶·¥¤¥²¨²¨ ³ ¸¸μ¢Ò° ¸¶¥±É· ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±μ-²¥£±¨Ì
±¢ ·±μ¢, ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨ ¤²Ö ²¨´¥°´μ · ¸ÉÊ-
Ð¥£μ ¨ ±Ê²μ´μ¢¸±μ£μ ¶²Õ¸ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²μ¢. ‚ ÔÉμ³ ¶Ê´±É¥ ¶·¨¸ÉÊ-
¶¨³ ± μ¶·¥¤¥²¥´¨Õ ³ ¸¸μ¢μ£μ ¸¶¥±É·  ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±μ-ÉÖ¦¥²ÒÌ
±¢ ·±μ¢, ¨ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò ±¢ ·±μ¢ ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§-
¡Ê¦¤¥´¨Ö³¨ ¤²Ö ÔÉ¨Ì ¶μÉ¥´Í¨ ²μ¢. ‚ ÔÉμ³ ¸²ÊÎ ¥

m1 = 0, m2 = mq �= 0, (4.30)

£¤¥ mq Å ³ ¸¸ , ¢ Î ¸É´μ¸É¨, s-±¢ ·± .
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�·¥¦¤¥ ¢¸¥£μ ¢ÒÎ¨¸²¨³ ³ ¸¸Ê ¨ ±μ´¸É¨ÉÊ¥´É´ÊÕ ³ ¸¸Ê ¤²Ö · ¸ÉÊÐ¥£μ ¶μ-
É¥´Í¨ ² . ‘ ÊÎ¥Éμ³ (4.10) ¨ (4.9) ¨§ (4.11) μ¶·¥¤¥²¥´ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸
μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨, ¶·¨ ÔÉμ³ ³ ¸¸  ¨ ±μ´¸É¨ÉÊ¥´É´ Ö
³ ¸¸  μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ (1.18) ¨ (1.19) ¸μμÉ¢¥É¸É¢¥´´μ. ’μ£¤  ¶μ¸²¥ ´¥±μÉμ·ÒÌ
Ê¶·μÐ¥´¨° ¤²Ö ³ ¸¸Ò ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¶μ²ÊÎ ¥³

M(, nr) =
√

σ

(√
μ0s2 +

√
ξ2 + μ0s2 +

s2

√
μ0

)
(4.31)

¨ ¤²Ö ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò ±¢ ·±μ¢ ¨³¥¥³

μ1(, nr) =
√

σμ0s2, μ2(, nr) =
√

σ(ξ2 + μ0s2), (4.32)

  Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· μ¶·¥¤¥²Ö¥É¸Ö ¢ ¢¨¤¥

E(, nr) =
3
2

min
ρ

(
s2
√

σ
√

μ0

)
. (4.33)

‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

ξ2 =
m2

q

σ
, s2 =

[
D3

4Γ2(4ρ + 2ρ)Γ(2 + ρ + 2ρ)
108ρ2μ3D1Γ(3ρ + 2ρ)

]1/3

,

(4.34)

μ0 =
1
2

s4 − 2ξ2s

2s3 − ξ2
+

√
(s4 − 2ξ2s)2

4(2s3 − 2ξ2)2
+

s2ξ2

2s3 − ξ2
.

‚ Éμ³ ¸²ÊÎ ¥, ±μ£¤  ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö Ö¢²Ö¥É¸Ö ±Ê²μ´μ¢¸±¨³ ¶²Õ¸ · -
¸ÉÊÐ¨³, Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· μ¶·¥¤¥²Ö¥É¸Ö (4.23),   ¶ · ³¥É· z Å ¨§ (4.24).
ˆ§ (1.19), ÊÎ¨ÉÒ¢ Ö (4.23), ¤²Ö ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò ±¢ ·±μ¢ ¨³¥¥³

μ1(, nr) =
√

σ

√
−2x2

d

dx

(
E√
σ

)
,

(4.35)

μ2(, nr) =
√

σ

√
ξ2 − 2x2

d

dx

(
E√
σ

)
.

�·¨ ÔÉμ³ ¶ · ³¥É· x μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

1 − 1√
−2

d

dx

(
E√
σ

) − x√
ξ2 − 2x2

d

dx

(
E√
σ

) = 0. (4.36)
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�¨¸. 2. ‡ ¢¨¸¨³μ¸ÉÓ ±¢ ¤· É  ³ ¸¸ ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±μ-ÉÖ¦¥²ÒÌ ±¢ ·±μ¢, μÉ
� ¶·¨ nr = 0, . . . , 4 ¨ ms = 0,155 ƒÔ‚, αs = 0,39. ‘¶²μÏ´Ò¥ ²¨´¨¨ ¸μμÉ¢¥É¸É¢ÊÕÉ
· ¸ÉÊÐ¥³Ê ¶μÉ¥´Í¨ ²Ê,   ÏÉ·¨Ìμ¢Ò¥ Å ±Ê²μ´μ¢¸±μ³Ê ¶²Õ¸ · ¸ÉÊÐ¥³Ê ¶μÉ¥´Í¨ ²Ê

�μ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 2 ¶·¨ §´ Î¥´¨ÖÌ
³ ¸¸Ò s-±¢ ·±  ms = 0,155 ƒÔ‚, ±μ´¸É ´ÉÒ ¸¢Ö§¨ αs = 0,39 ¨ ´ ÉÖ¦¥´¨Ö
¸É·Ê´Ò σ = 0,19 ƒÔ‚2. �¥¤¦¥-É· ¥±Éμ·¨Ö ¤²Ö μ·¡¨É ²Ó´μ ¢μ§¡Ê¦¤¥´´μ£μ ¸μ-
¸ÉμÖ´¨Ö ¶·¨ nr = 0 ¤²Ö · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²  ¶ · ³¥É·¨§Ê¥É¸Ö ± ± ¢ (4.25)
¨ Ö¢²Ö¥É¸Ö ²¨´¥°´μ°,   ¤²Ö ±Ê²μ´μ¢¸±μ£μ ¶²Õ¸ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²  ´ ±²μ´
·¥¤¦¥-É· ¥±Éμ·¨¨ ¸ ·μ¸Éμ³  Ê¢¥²¨Î¨¢ ¥É¸Ö, ´ ¶·¨³¥·, ¶·¨  = 1 α′

L = 0,629,
  ¶·¨  = 5, α′

L = 0,656, É. ¥. É· ¥±Éμ·¨Ö Ö¢²Ö¥É¸Ö ´¥²¨´¥°´μ°. �É  § ¢¨¸¨-
³μ¸ÉÓ ± Î¥¸É¢¥´´μ ¸μ£² ¸Ê¥É¸Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ·¥§Ê²ÓÉ Éμ³ [60] ¤²Ö
-É· ¥±Éμ·¨¨ �¥¤¦¥ ± μ´μ¢, ±μÉμ·Ò¥ ¸μ¸ÉμÖÉ ¨§ ²¥£±μ-ÉÖ¦¥²ÒÌ ±¢ ·±μ¢.

4.3. ‡ ¢¨¸¨³μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μÉ ³ ¸¸
¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í. ‚ ´ ¸ÉμÖÐ¨° ³μ³¥´É ¸ÊÐ¥¸É¢ÊÕÉ ³´μ£μÎ¨¸²¥´´Ò¥
³μ¤¥²¨, ± ± ¶μÉ¥´Í¨ ²Ó´Ò¥, É ± ¨ ´¥¶μÉ¥´Í¨ ²Ó´Ò¥, ±μÉμ·Ò¥ μ¶¨¸Ò¢ ÕÉ
¸¢μ°¸É¢  ¨ ³¥Ì ´¨§³ ¢§ ¨³μ¤¥°¸É¢¨Ö  ¤·μ´μ¢. �±¸¶¥·¨³¥´É ²Ó´μ [61] ¡μ-
²¥¥ ¨²¨ ³¥´¥¥ ÊÉμÎ´¥´Ò ³ ¸¸Ò · §²¨Î´ÒÌ ±¢ ·±μ¢. ‚ ¡μ²ÓÏ¨´¸É¢¥ (¶μÎÉ¨
¢μ ¢¸¥Ì) ³μ¤¥²¥° ¨¸¶μ²Ó§Ê¥É¸Ö ³ ¸¸  ±¢ ·±μ¢ ± ± ¨¸Ìμ¤´Ò° ¶ · ³¥É·, ¶·¨
ÔÉμ³ ¤²Ö ³ ¸¸Ò ²¥£±¨Ì ±¢ ·±μ¢, ¢ Î ¸É´μ¸É¨, u-, d-±¢ ·±μ¢, ¸Î¨É ÕÉ, ÎÉμ
mu = 150−220 ŒÔ‚,   Ô±¸¶¥·¨³¥´É ²Ó´μ [61] Å ¢¸¥£μ ²¨ÏÓ mu ≈ md ∼
4−8,5 ŒÔ‚. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ³ ¸¸  π-³¥§μ´ , ¸μ¸ÉμÖÐ¥£μ ¨§ u- ¨ d-±¢ ·±μ¢,
· ¢´  ∼ 140 ŒÔ‚, É. ¥. ³ ¸¸Ò ²¥£±¨Ì ±¢ ·±μ¢ ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ ·¥§±μ
Ê¢¥²¨Î¨¢ ÕÉ¸Ö. ’ ±¦¥ ¨§¢¥¸É´μ, ÎÉμ ³ ¸¸Ò c- ¨ b-±¢ ·±μ¢, Ëμ·³¨·ÊÕÐ¨Ì
Î ·³μ´¨° ¨ ¡μÉÉμ³μ´¨°, ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ Ö¢²ÖÕÉ¸Ö ¶μÎÉ¨ ¶μ¸ÉμÖ´-
´Ò³¨. ’μ£¤  ¢μ§´¨± ¥É ¥¸É¥¸É¢¥´´Ò° ¢μ¶·μ¸: ³μ¦´μ ²¨ μ¡ÑÖ¸´¨ÉÓ ³¥Ì ´¨§³
Ê¢¥²¨Î¥´¨Ö ³ ¸¸ ²¥£±¨Ì ±¢ ·±μ¢ ¨ ¶μÎÉ¨ ¶μ¸ÉμÖ´¸É¢μ ³ ¸¸ ÉÖ¦¥²ÒÌ ±¢ ·-
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�¨¸. 3. ‡ ¢¨¸¨³μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò μÉ ³ ¸¸Ò ¸¢μ¡μ¤´μ£μ ¸μ¸ÉμÖ´¨Ö ¶·¨ αs =
0,39 ¨ σ = 0,19 ƒÔ‚2 ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö

±μ¢ ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨. �Éμ³Ê ¢μ¶·μ¸Ê ¶μ¸¢ÖÐ¥´μ ³´μ£μ · ¡μÉ, μ¤´ ±μ
¢ · ³± Ì ¶μÉ¥´Í¨ ²Ó´ÒÌ ¨ ¤ ¦¥ ¶μ²¥¢ÒÌ ³μ¤¥²¥° ¶μ±  ´¥ Ê¤ ²μ¸Ó μ¡ÑÖ¸-
´¨ÉÓ ÔÉμÉ ³¥Ì ´¨§³ ¶μ ¸ÊÐ¥¸É¢Ê. � Ï¨ ·¥§Ê²ÓÉ ÉÒ ¶μ± §Ò¢ ÕÉ, ÎÉμ ¢ · ³± Ì
³¥Éμ¤  [31, 38, 43, 65] ¢μ§³μ¦´μ μ¶¨¸ ÉÓ Ê¢¥²¨Î¥´¨¥ ³ ¸¸ ²¥£±¨Ì ±¢ ·±μ¢,  
É ±¦¥ ¶μÎÉ¨ ´¥ Ê¢¥²¨Î¥´´Ò¥ ³ ¸¸Ò ÉÖ¦¥²ÒÌ ±¢ ·±μ¢ ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨.
ˆ§ (1.19) ¢¨¤´μ, ÎÉμ ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²Ö-
¥É¸Ö Î¥·¥§ m ¨ E, É. ¥. ¢ ´ Ï¥³ ¸²ÊÎ ¥ ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  § ¢¨¸¨É μÉ m Å
³ ¸¸Ò ¨¸Ìμ¤´μ£μ ¸μ¸ÉμÖ´¨Ö,   É ±¦¥ μÉ ±¢ ´Éμ¢ÒÌ Î¨¸¥²  ¨ nr. ‘ ¨¸¶μ²Ó§μ-
¢ ´¨¥³ ÔÉ¨Ì § ¢¨¸¨³μ¸É¥° ¤²Ö ±Ê²μ´μ¢¸±μ£μ ¶²Õ¸ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²  ¶·¨
αs = 0,39 ¨ σ = 0,19 ƒÔ‚2 μ¶·¥¤¥²¥´  § ¢¨¸¨³μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò
μÉ m ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö, ±μÉμ· Ö ¶·¥¤¸É ¢²¥´  ´  ·¨¸. 3. ‚¨¤´μ, ÎÉμ
±μ£¤  m ³ ² , · §´μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´ÒÌ ¨ ¢ ²¥´É´ÒÌ ³ ¸¸ ±¢ ·±μ¢ ¢¥²¨± ,
¨ ¸ ¢μ§· ¸É ´¨¥³ ³ ¸¸Ò m · §´μ¸ÉÓ ÔÉ¨Ì ³ ¸¸ Ê³¥´ÓÏ ¥É¸Ö. „²Ö · ¸ÉÊÐ¥£μ
¶μÉ¥´Í¨ ²  ¶μ²ÊÎ ÕÉ¸Ö  ´ ²μ£¨Î´Ò¥ § ¢¨¸¨³μ¸É¨ ÔÉ¨Ì ¢¥²¨Î¨´. �·¨ · §²¨Î-
´ÒÌ §´ Î¥´¨ÖÌ m μ¶·¥¤¥²Ö¥É¸Ö μÉ´μÏ¥´¨¥ ¨ · §´μ¸É¨ ³ ¸¸ ±μ´¸É¨ÉÊ¥´É´ÒÌ
¨ ¨¸Ìμ¤´ÒÌ ¸μ¸ÉμÖ´¨° ± ¶¥·¢μ´ Î ²Ó´μ° ³ ¸¸¥ Î ¸É¨Í. � Ï¨ ·¥§Ê²ÓÉ ÉÒ
¶μ± § ²¨, ÎÉμ ¶·¨ m = 0,155 ƒÔ‚ μÉ´μÏ¥´¨¥ ³ ¸¸ (μ − m)/m = 1,942,
É. ¥. · §´μ¸ÉÓ ¶μÎÉ¨ ¢ ¤¢  · §  ¡μ²ÓÏ¥ ³ ¸¸Ò ¨¸Ìμ¤´μ£μ ¸μ¸ÉμÖ´¨Ö,   ¶·¨
m = 0,45 ƒÔ‚ ¸μ¸É ¢²Ö¥É 0,44, ¶·¨ mq = 1,5 ƒÔ‚ (¢ · °μ´¥ ³ ¸¸ c-±¢ ·± )
ÔÉμ μÉ´μÏ¥´¨¥ · ¢´μ ¢¸¥£μ ²¨ÏÓ 0,095, É. ¥. · §´μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´ÒÌ ¨ ¨¸-
Ìμ¤´ÒÌ ³ ¸¸ ¢ 10,5 · § ³¥´ÓÏ¥ ³ ¸¸Ò ¨¸Ìμ¤´μ£μ ¸μ¸ÉμÖ´¨Ö; ÔÉμ ´ £²Ö¤´μ
¢¨¤´μ ´  ·¨¸. 3. Šμ£¤  ±¢ ·± ¤μ¸É ÉμÎ´μ ²¥£±¨°, ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  ±¢ ·± 
¢μ ³´μ£μ · § ¡μ²ÓÏ¥ ¢ ²¥´É´μ° ³ ¸¸Ò ±¢ ·± . ‘ ¢μ§· ¸É ´¨¥³ ³ ¸¸Ò ¨¸Ìμ¤-
´μ£μ ¸μ¸ÉμÖ´¨Ö · §´μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´μ° ¨ ¨¸Ìμ¤´μ° ³ ¸¸ Ê³¥´ÓÏ ¥É¸Ö. …¸²¨
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³ ¸¸  ¨¸Ìμ¤´μ£μ ¸μ¸ÉμÖ´¨Ö ¸μ¶μ¸É ¢¨³  ¸ ³ ¸¸μ° ÉÖ¦¥²ÒÌ ±¢ ·±μ¢, É ±¨Ì ± ±
c ¨ b, Éμ · §´μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò ¨ ³ ¸¸Ò ¨¸Ìμ¤´μ£μ ¸μ¸ÉμÖ´¨Ö ¸É -
´μ¢¨É¸Ö ´¥§´ Î¨É¥²Ó´μ°.

4.4. ‚±² ¤ ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ ¨ ´¥²μ± ²Ó´μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°-
¸É¢¨° ¢ ³ ¸¸μ¢Ò° ¸¶¥±É· ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö. 4.4.1. ‘¶¥±É· ¸¢Ö§ ´´μ£μ
¸μ¸ÉμÖ´¨Ö ¸ ÊÎ¥Éμ³ ¢±² ¤  ¤¨ £· ³³Ò ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨. ‚ ´ Ï¥³ ³¥-
Éμ¤¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ μ¶·¥¤¥²Ö-
¥É¸Ö ¢Ò· ¦¥´¨¥³ (1.11). ˆ§ (1.11) ¢¨¤´μ, ÎÉμ ´¥¤¨ £μ´ ²Ó´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥
W1,2 μ¶·¥¤¥²Ö¥É ¢§ ¨³μ¤¥°¸É¢¨¥ ³¥¦¤Ê ¸μ¸É ¢²ÖÕÐ¨³¨ Î ¸É¨Í ³¨,   ¢ ´¥·¥-
²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥ ¸μμÉ¢¥É¸É¢Ê¥É ¶μÉ¥´Í¨ ²Ê ¢§ ¨³μ¤¥°¸É¢¨Ö. ‚§ ¨³μ¤¥°-
¸É¢¨¥ ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ μ¶·¥¤¥²Ö¥É¸Ö ´¥ Éμ²Ó±μ
μ¡³¥´μ³ £²Õμ´μ¢ ³¥¦¤Ê ¸μ¡μ°, ´μ ¨ ¢§ ¨³μ¤¥°¸É¢¨¥³ Î ¸É¨Í ¸ ³¨Ì ¸ ¸μ¡μ°,
É. ¥. ¤¨ £· ³³μ° ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨, ¢±² ¤ ±μÉμ·μ° μ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥-
´¨Ö³¨ W1,1 ¨ W2,2. ‚ ÔÉμ³ · §¤¥²¥ ¨§² £ ÕÉ¸Ö ¤¥É ²¨ μ¶·¥¤¥²¥´¨Ö ¢±² ¤μ¢
W1,1 ¨ W2,2, É. ¥. ¢±² ¤μ¢ ¤¨ £· ³³ ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨ ¢ ³ ¸¸μ¢Ò° ¸¶¥±É·
¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¨ ¢ ±μ´¸É¨ÉÊ¥´É´ÊÕ ³ ¸¸Ê. “Î¥É ¢±² ¤  ¤¨ £· ³³Ò
¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨ ¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ ¶μÖ¢²Ö¥É¸Ö ¤μ¶μ²´¨É¥²Ó´Ò° £ -
³¨²ÓÉμ´¨ ´, Ö¢´Ò° ¢¨¤ ±μÉμ·μ£μ μ¶·¥¤¥²¥´ ¢ [66]:


HSE = −3σ

π

(
1
μ1

+
1
μ2

)
, (4.37)

£¤¥ μ1 ¨ μ2 Å ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í,   σ Å ´ ÉÖ-
¦¥´¨¥ ¸É·Ê´Ò. ‘ ÊÎ¥Éμ³ (4.37) ¤²Ö ³ ¸¸μ¢μ£μ ¸¶¥±É·  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö,
¸μ¸ÉμÖÐ¥£μ ¨§ ²¥£±μ-²¥£±¨Ì ±¢ ·±μ¢, ¨³¥¥³

M = 2μ + E − 2σ

πμ
. (4.38)

‚ ÔÉμ³ ¸²ÊÎ ¥ ¶ · ³¥É· μ μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

2 +
∂E

∂μ
= 0. (4.39)

Œ ¸¸Ê ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö, ¸μ¸ÉμÖÐ¥£μ ¨§ ²¥£±μ-ÉÖ¦¥²ÒÌ ±¢ ·±μ¢, μ¶·¥¤¥-
²Ö¥³ ¢ ¢¨¤¥

M√
σ

=
μ1√
σ

+
μ2√
σ

+ x
∂

∂x

(
E√
σ

)
+

E√
σ

, (4.40)

£¤¥ μ1 ¨ μ2 Å ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í:

μ1√
σ

=

√
−2x2

∂

∂x

(
E√
σ

)
+

4
π

,

(4.41)

μ2√
σ

=

√
ξ2 − 2x2

∂

∂x

(
E√
σ

)
+

4
π

.
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‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´  ¶ · ³¥É·¨§ Í¨Ö μ = x
√

σ, ¶ · ³¥É· x μ¶·¥¤¥²Ö¥É¸Ö ¨§
Ê· ¢´¥´¨Ö

1
x

=
1√

−2x2
∂

∂x

(
E√
σ

)
+

4
π

+
1√

ξ2 − 2x2
∂

∂x

(
E√
σ

)
+

4
π

, (4.42)

  ¶ · ³¥É· ξ ¶·¥¤¸É ¢²¥´ ¢ (4.34). �´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· E ¤²Ö ±μ´±·¥É´μ£μ
¢¨¤  ¶μÉ¥´Í¨ ²  μ¶·¥¤¥²Ö¥É¸Ö ¨§ “˜, μ´ ¡Ò² ¶·¥¤¸É ¢²¥´ ¢ ¶·¥¤Ò¤ÊÐ¥³
· §¤¥²¥.

4.4.2. ‘¶¥±É· ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¸ ÊÎ¥Éμ³ ´¥¶¥·ÉÊ·¡ É¨¢´μ° ¤μ-
¡ ¢±¨. �¶·¥¤¥²¥´¨¥ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê ¸μ¸É ¢²ÖÕÐ¨³¨ Î -
¸É¨Í ³¨ ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ ¸ μ¡³¥´μ³ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ £²Õμ´μ¢ ¶·¨-
¢μ¤¨É ± ¤μ¶μ²´¨É¥²Ó´μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ, Ö¢´Ò° ¢¨¤ ±μÉμ·μ£μ μ¶·¥¤¥²¥´ ¢
· ¡μÉ¥ [38]:


Hstr = −4
3

αs

r

⎡⎢⎢⎣ 1√
1 +

( + 1)
4μ2r2

− 1

⎤⎥⎥⎦ . (4.43)

�Éμ ¢§ ¨³μ¤¥°¸É¢¨¥ μÎ¥´Ó ¶μÌμ¦¥ ´  ¸É·Ê´´ÊÕ ¤μ¡ ¢±Ê, ±μÉμ· Ö μ¶·¥¤¥²¥´ 
¢ [58,59]. ‘É·Ê´´Ò¥ ¤μ¡ ¢±¨ μ¶·¥¤¥²ÖÕÉ¸Ö · §²¨Î´Ò³¨ ³¥Éμ¤ ³¨. ‚ Î ¸É´μ-
¸É¨, ¢ [59] ÔÉμ ¢§ ¨³μ¤¥°¸É¢¨¥ μ¶·¥¤¥²Ö¥É¸Ö ¢ · ³± Ì É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ± ±
³ ² Ö ¶μ¶· ¢± . ˆ§ (4.43) ¢¨¤´μ, ÎÉμ ¶·¨  = 0 ¢±² ¤ ÔÉμ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö
· ¢¥´ ´Ê²Õ. …¸²¨ μ  1, Éμ ¢ (4.43) ³μ¦´μ ¶·μ¢¥¸É¨ · §²μ¦¥´¨¥ ¶μ ¸É¥¶¥-
´Ö³ ³ ²μ° ¢¥²¨Î¨´Ò. � §²μ¦¥´¨¥ ¶¥·¢μ£μ ¶μ·Ö¤±  ¸μμÉ¢¥É¸É¢Ê¥É ·¥§Ê²ÓÉ É ³
¢ÒÏ¥Ê± § ´´ÒÌ · ¡μÉ. ‚±² ¤ ¢§ ¨³μ¤¥°¸É¢¨Ö (4.43) ¢ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·
E(μ) μ¶·¥¤¥²Ö¥É¸Ö ¸ ¶μ³μÐÓÕ ��. „²Ö ¶·μ¸ÉμÉÒ μ¶·¥¤¥²¨³ ¸É·Ê´´ÊÕ ¤μ-
¡ ¢±Ê ± Ô´¥·£¥É¨Î¥¸±μ³Ê ¸¶¥±É·Ê · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ² . �´¥·£¨Ö ¢ ´Ê²¥¢μ³
¶·¨¡²¨¦¥´¨¨ ¢ �� · ¢´ :

ε0(E) =
dω

4
− 4ρ2Eμ

ω2ρ−1

Γ(d/2 + 2ρ − 1)
Γ(d/2)

+

+
4ρ2σμ

ω3ρ−1

Γ(d/2 + 3ρ− 1)
Γ(d/2)

+
16αsρ

2μ

3ωρ−1

Γ(d/2 + ρ − 1)
Γ(d/2)

−

− 16ρ2αsμ

3
ωd/2+1

Γ(d/2)

∞∫
0

du
ud/2+2ρ−2 e−ωu√
u2ρ + ( + 1)/μ24

, (4.44)



���…„…‹…�ˆ… Œ�‘‘�‚�ƒ� ‘�…Š’�� ‘‚Ÿ‡����ƒ� ‘�‘’�Ÿ�ˆŸ 781

  £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ ´μ·³ ²Ó´μ° Ëμ·³¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

HI =

∞∫
0

dx

∫ (
dη√
π

)d

exp
{
−η2(1 + x)

}
: e

−2i
√

xω(qη)
2 : ×

×
[
− 4ρ2μ

ω2ρ−1

Ex−2ρ

Γ(1 − 2ρ)
+

4ρ2μ

ω3ρ−1

σx−3ρ

Γ(1 − 3ρ)
+

+
16αsρ

2μ

3ωρ−1

x−ρ

Γ(1 − ρ)
− 16ρ2αsμ

3

∞∑
j=0

(−1)j

j!
1

Γ(1/2)
×

×
∞∫
0

dτ exp {−( + 1)τ/μ2} τ j−1/2

ω2ρ+2jρ−1

x−2ρ−2jρ

Γ(1 − 2ρ − 2jρ)

⎤⎦ . (4.45)

ˆ§ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (2.27) μ¶·¥¤¥²¨³ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨ Î ¸ÉμÉÊ
μ¸Í¨²²ÖÉμ·  ¸ ÊÎ¥Éμ³ μ·¡¨É ²Ó´μ£μ ¨ · ¤¨ ²Ó´μ£μ ¢μ§¡Ê¦¤¥´¨°. Œ ¸¸  ¨
±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  ¤²Ö ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ (4.22) ¤²Ö
²¥£±μ-²¥£±¨Ì ±¢ ·±μ¢,   ¨§ (4.31) Å ¤²Ö ²¥£±μ-ÉÖ¦¥²ÒÌ ±¢ ·±μ¢. �É¨  ²£¥¡· -
¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ·¥Ï ÕÉ¸Ö Î¨¸²¥´´Ò³ μ¡· §μ³.

4.5. ‘¶¥±É· ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¸ ÊÎ¥Éμ³ ´¥²μ± ²Ó´μ¸É¨ ¢§ ¨³μ¤¥°-
¸É¢¨Ö. 4.5.1. Œμ¤¨Ë¨Í¨·μ¢ ´´Ò° ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö. ‚ ¶μÉ¥´Í¨ ²Ó-
´μ³ ¶μ¤Ìμ¤¥ ¸Î¨É ÕÉ, ÎÉμ ±μ´Ë °´³¥´É Í¢¥É´ÒÌ μ¡Ñ¥±Éμ¢ ³μ¦¥É ¡ÒÉÓ μ¡ÑÖ¸-
´¥´ Éμ²Ó±μ ¢´¥ · ³μ± É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¨ ÎÉμ μ´ ¸¢Ö§ ´ ¸ ¢μ§´¨±´μ¢¥´¨¥³
²¨´¥°´μ · ¸ÉÊÐ¥£μ ±¢ ·±-±¢ ·±μ¢μ£μ ¶μÉ¥´Í¨ ²  ¨²¨ ±¢ ·±- ´É¨±¢ ·±μ¢μ°
¸É·Ê´Ò ¢ ·¥§Ê²ÓÉ É¥ ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ (´¥²¨´¥°´μ£μ) ¢§ ¨³μ¤¥°¸É¢¨Ö £²Õμ-
´μ¢. �¤´ ±μ ¶·¨ μ¶¨¸ ´¨¨ ¶μ¢¥¤¥´¨Ö  ¤·μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±¨Ì ±¢ ·±μ¢,
´¥μ¡Ìμ¤¨³ ÊÎ¥É ÔËË¥±Éμ¢, ¢μ§´¨± ÕÐ¨Ì ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ. �Î¥¢¨¤´μ,
ÎÉμ ¶·μÍ¥¸¸Ò ±μ´Ë °´³¥´É  ¨  ¤·μ´¨§ Í¨¨ ±¢ ·±μ¢ ¶·μ¨¸Ìμ¤ÖÉ ´  μ¤´¨Ì ¨
É¥Ì ¦¥ · ¸¸ÉμÖ´¨ÖÌ. ‚ ´ ¸ÉμÖÐ¨° ³μ³¥´É ¶¥·¥Ìμ¤ ´  ¡μ²ÓÏ¨¥ · ¸¸ÉμÖ-
´¨Ö μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¤¢Ê³Ö ¸¶μ¸μ¡ ³¨: ¢¢¥¤¥´¨¥³ ±μ··¥²ÖÍ¨μ´´μ° ¤²¨´Ò Tg

£²Õμ´´μ£μ ¢ ±ÊÊ³  ¨²¨ ¢¢¥¤¥´¨¥³ · ¤¨Ê¸  ±μ´Ë °´³¥´É  rc, ¸¢Ö§ ´´μ£μ ¸
· ¸¸ÉμÖ´¨¥³ ³¥¦¤Ê ¸μ¸É ¢²ÖÕÐ¨³¨ Î ¸É¨Í ³¨ (±¢ ·± ³¨) ¢  ¤·μ´¥ (¤¥É ²¨
¸³. ¢ [59]). ‚ ¤ ´´μ° · ¡μÉ¥ ´¥²μ± ²Ó´Ò° Ì · ±É¥· ¢§ ¨³μ¤¥°¸É¢¨Ö ÊÎ¨ÉÒ-
¢ ¥É¸Ö ¢¢¥¤¥´¨¥³ · ¤¨Ê¸  ±μ´Ë °´³¥´É . …¸É¥¸É¢¥´´μ, ¶μ¢¥¤¥´¨¥ ±¢ ·±μ¢ ¨
£²Õμ´μ¢ μ¶·¥¤¥²Ö¥É¸Ö ¶·μ¶ £ Éμ· ³¨, ¢ Î ¸É´μ¸É¨, ¤²Ö ±¢ ·±μ¢ Å „¨· ± ,  
¤²Ö £²Õμ´  Å Š²¥°´ Äƒμ·¤μ´ . Š•„ ¶μ²´μ¸ÉÓÕ μ¶¨¸Ò¢ ¥É ¶μ¢¥¤¥´¨¥ ±¢ ·-
±μ¢ ¨ £²Õμ´μ¢, ¨ ´  ³ ²ÒÌ · ¸¸ÉμÖ´¨ÖÌ ±¢ ·±¨ ¸É ´μ¢ÖÉ¸Ö ¶μÎÉ¨ ¸¢μ¡μ¤-
´Ò³¨. �Éμ Ô±¸¶¥·¨³¥´É ²Ó´μ ¶μ¤É¢¥·¦¤¥´μ. �μÔÉμ³Ê ¶·¨ ³ ²ÒÌ · ¸¸ÉμÖ´¨ÖÌ
¢ μ¡² ¸É¨ ¤¥±μ´Ë °´³¥´É  ¶μ¢¥¤¥´¨¥ ¶·μ¶ £ Éμ·μ¢ ±¢ ·±μ¢ ¨ £²Õμ´μ¢ ¸μ-
μÉ¢¥É¸É¢Ê¥É ¶²μ¸±¨³ ¢μ²´ ³. Šμ´¥Î´μ, ÔÉ¨ ¶·μ¶ £ Éμ·Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥
¶²μ¸±¨³ ¢μ²´ ³, ´¥ ³μ£ÊÉ ¶· ¢¨²Ó´μ μ¶¨¸ ÉÓ ¸¢μ°¸É¢  Î ¸É¨Í ¢ μ¡² ¸É¨ ±μ´-
Ë °´³¥´É , É. ¥. ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¶·μ¶ £ Éμ·Ò ±¢ ·-
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±μ¢ ¨ £²Õμ´μ¢ ¢ μ¡² ¸É¨ ±μ´Ë °´³¥´É  μ¶·¥¤¥²ÖÕÉ¸Ö ¢ · ³± Ì ´¥²μ± ²Ó´μ°
±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö [67]. ‚ [68] ¢ · ³± Ì ´¥²μ± ²Ó´μ° Š’� ¡Ò²μ ¶μ± -
§ ´μ, ÎÉμ ¶·μ¶ £ Éμ·Ò ±μ´¸É¨ÉÊ¥´É´ÒÌ Î ¸É¨Í (±¢ ·±μ¢ ¨ £²Õμ´μ¢) Ö¢²ÖÕÉ¸Ö
Í¥²Ò³¨  ´ ²¨É¨Î¥¸±¨³¨ ËÊ´±Í¨Ö³¨ £ Ê¸¸μ¢  É¨¶  ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´-
¸É¢¥. ‚ Î ¸É´μ¸É¨, ¶·μ¶ £ Éμ·Ò ¡¥§³ ¸¸μ¢ÒÌ Î ¸É¨Í μ¶·¥¤¥²¥´Ò ¢ ¥¢±²¨¤μ¢μ³
¶·μ¸É· ´¸É¢¥ ¢ ¢¨¤¥

D̃(p2) =
1
p2

(
1 − exp

{
− p2

2Λ2

})
⇒ 1

p2
¶·¨ Λ → 0 (4.46)

¨²¨ ¢ ±μμ·¤¨´ É´μ³ ¶·¥¤¸É ¢²¥´¨¨

D(y) =
∫

d4p

(2π)4
exp {i(py)}D̃(p2) =

1
4π2y2

exp
{
−Λy

2

}
. (4.47)

‡¤¥¸Ó y = (y, y4), y ∈ R3, y4 ∈ R1. � · ³¥É· Λ μ¶·¥¤¥²Ö¥É Ï± ²Ê ±μ´-
Ë °´³¥´É , rc = 1/Λ Å · ¤¨Ê¸ ±μ´Ë °´³¥´É . Šμ£¤  ¢§ ¨³μ¤¥°¸É¢¨¥ ³¥¦¤Ê
¸μ¸É ¢²ÖÕÐ¨³¨ Î ¸É¨Í ³¨ ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö μ¡³¥´μ³
¡¥§³ ¸¸μ¢ÒÌ Î ¸É¨Í ¸ ¶·μ¶ £ Éμ·μ³ (4.46), Éμ£¤  ¶μÉ¥´Í¨ ² ¢ ´¥·¥²ÖÉ¨¢¨¸É-
¸±μ³ ¶·¥¤¥²¥ μ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Vmod(r) = g2

∞∫
−∞

du D(r2 + u2) =
αs

r

⎡⎢⎣1 − 2√
π

rΛ/
√

2∫
0

ds e−s2

⎤⎥⎦ , (4.48)

¨ ¶·¨ Λ → 0 ¨§ (4.47) ¶μ²ÊÎ ¥³ ¸É ´¤ ·É´Ò° ±Ê²μ´μ¢¸±¨° ¶μÉ¥´Í¨ ². ’ ±¨³
μ¡· §μ³, ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ μ¡² ¸É¨ ±μ´Ë °´³¥´É  ³μ¤¨Ë¨Í¨·Ê-
¥É¸Ö. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¢ μ¡² ¸É¨ ±μ´Ë °´³¥´É  ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö
³μ¦¥É ¡ÒÉÓ μ¶·¥¤¥²¥´ ¸ ¶μ³μÐÓÕ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö

Vmod(r) =
∫

dr′V (r′)Φ(r′ − r), (4.49)

£¤¥ V (r′) Å ¶μÉ¥´Í¨ ², ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¶²μ¸±μ³Ê ¶·μ¶ £ Éμ·Ê £²Õμ´ , É. ¥.
V (r′) = 1/r′,   Φ(r′ − r) Å ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö, ±μÉμ· Ö ¸μ£² ¸´μ (4.49)
¢ R3 · ¢´ 

Φ(r′) = δ(r) − Λ3

(2π)3/2
exp
{
−Λ2r2

2

}
. (4.50)

�´ ²μ£¨Î´μ¥ μ¶·¥¤¥²¥´¨¥ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ μ¡² ¸É¨ ±μ´Ë °´-
³¥´É  Î¥·¥§ ¶μÉ¥´Í¨ ² ¢ μ¡² ¸É¨ ¤¥±μ´Ë °´³¥´É  ¶·¨¢¥¤¥´μ ¢ [69]. ’ ± Ö ¦¥
³μ¤¨Ë¨± Í¨Ö ¸ÊÐ¥¸É¢Ê¥É ¤²Ö ²¨´¥°´μ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ² . ‘μ£² ¸´μ (4.46)
¶·μ¶ £ Éμ·, ¶·¨¢μ¤ÖÐ¨° ± ²¨´¥°´μ · ¸ÉÊÐ¥³Ê ¶μÉ¥´Í¨ ²Ê, ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

D̃(p2) = − 1
p4

(
1 − 2 exp

{
− p2

2Λ2

}
+ exp

{
− p2

Λ2

})
⇒ − 1

p4
¶·¨ Λ → 0.

(4.51)
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�·μ¢μ¤Ö ¢ÒÎ¨¸²¥´¨Ö,  ´ ²μ£¨Î´Ò¥ ¶·¥¤¸É ¢²¥´´Ò³ ¢ÒÏ¥, ¨§ (4.51) ¤²Ö ³μ¤¨-
Ë¨Í¨·μ¢ ´´μ£μ ²¨´¥°´μ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²  ¶μ²ÊÎ ¥³

Vmod(r) = σr

{
1 − 4

√
2

4
√

πrΛ

1∫
0

dt√
t

(
1
t
− 1
)
×

×
[
exp
(
−r2Λ2

4
t

)
− exp

(
−r2Λ2

2
t

)]}
≡ σ(r)r, (4.52)

¨ ¶·¨ Λ → 0 ¨§ (4.52) ¶μ²ÊÎ ¥³ ¸É ´¤ ·É´Ò° ²¨´¥°´μ · ¸ÉÊÐ¨° ¶μÉ¥´Í¨ ².
‚ [59] ³μ¤¨Ë¨Í¨·μ¢ ´´Ò° ²¨´¥°´Ò° ¶μÉ¥´Í¨ ² μ¶·¥¤¥²¥´ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

σ(r) = σ0

[
1 − γ

exp
(√

σ0(r − R1)
)

B + exp
(√

σ0(r − R1)
)] , (4.53)

£¤¥ γ, R1 ¨ B Ö¢²ÖÕÉ¸Ö ¤μ¶μ²´¨É¥²Ó´Ò³¨ ¸¢μ¡μ¤´Ò³¨ ¶ · ³¥É· ³¨. �·¨
¸²¥¤ÊÕÐ¨Ì §´ Î¥´¨ÖÌ ÔÉ¨Ì ¶ · ³¥É·μ¢ [59]:

σ0 = (0,185 ± 0,005) ƒÔ‚2, γ = 0,40, R1 = 6 ƒÔ‚−2, B = 20,0, (4.54)

¶μ²ÊÎ¥´μ Ìμ·μÏ¥¥ ¸μ£² ¸¨¥ ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ·¥§Ê²ÓÉ Éμ³ ¤²Ö ³ ¸¸μ¢μ£μ
¸¶¥±É·  ³¥§μ´μ¢.

’ ±¨³ μ¡· §μ³, ³μ¤¨Ë¨Í¨·μ¢ ´´Ò° ¶μÉ¥´Í¨ ² μÉ²¨Î ¥É¸Ö μÉ ²¨´¥°´μ£μ
¨²¨ ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²μ¢. �Éμ μÉ±²μ´¥´¨¥ ¸¢Ö§ ´μ ¸ ´¥²μ± ²Ó´Ò³ Ì -
· ±É¥·μ³ ¢§ ¨³μ¤¥°¸É¢¨Ö. �  ·¨¸. 4 ¶·¥¤¸É ¢²¥´  § ¢¨¸¨³μ¸ÉÓ ²¨´¥°´μ · -

�¨¸. 4. ‡ ¢¨¸¨³μ¸ÉÓ ²¨´¥°´μ · ¸ÉÊÐ¥£μ ¨ ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ ¶μÉ¥´Í¨ ²  μÉ · ¤¨Ê¸ 
±μ´Ë °´³¥´É  r/rc ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö
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¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²  ¨ ¥¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ³μ¤¨Ë¨Í¨·μ¢ ´´Ò° ¢ ·¨ ´É. Œμ-
¤¨Ë¨Í¨·μ¢ ´´Ò° ¶μÉ¥´Í¨ ² ¨§μ¡· ¦¥´ ÏÉ·¨Ìμ¢μ° ²¨´¨¥°. ‚¨¤´μ, ÎÉμ ¸ ¢μ§-
· ¸É ´¨¥³ · ¤¨Ê¸  (¢ ¥¤¨´¨Í Ì rc = 1/Λ Å · ¤¨Ê¸  ±μ´Ë °´³¥´É ) · §´¨Í 
³¥¦¤Ê ³μ¤¨Ë¨Í¨·μ¢ ´´Ò³ ¨ ´¥³μ¤¨Ë¨Í¨·μ¢ ´´Ò³ ¶μÉ¥´Í¨ ² ³¨ Ê¢¥²¨Î¨-
¢ ¥É¸Ö.

4.5.2. ‘¶¥±É· ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ ³μ¤¨Ë¨Í¨·μ¢ ´´μ³ ¶μÉ¥´Í¨ ²¥.
�¶·¥¤¥²¨³ ³ ¸¸Ê ¨ ±μ´¸É¨ÉÊ¥´É´ÊÕ ³ ¸¸Ê ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í ¸ ÊÎ¥Éμ³
· §³¥·´μ£μ (´¥²μ± ²Ó´μ£μ) ÔËË¥±É . ‚ ÔÉμ³ ¶μ¤¶Ê´±É¥ ¶·¨¢¥¤¥³ ¤¥É ²¨ ¢Ò-
Î¨¸²¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¸ ÊÎ¥Éμ³ ´¥²μ± ²Ó´μ£μ Ì · ±É¥·  ¢§ ¨³μ-
¤¥°¸É¢¨Ö. �¸´μ¢´μ° ¢±² ¤ ¶·¨ μ¶·¥¤¥²¥´¨¨ ³ ¸¸ ¨ ±μ´¸É¨ÉÊ¥´É´ÒÌ ³ ¸¸ ¸¢Ö-
§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ · ³± Ì ´ Ï¥£μ ¶μ¤Ìμ¤  μ¶·¥¤¥²Ö¥É¸Ö ¢±² ¤μ³ · ¸ÉÊÐ¥£μ
¶μÉ¥´Í¨ ² ,   ¢±² ¤ ¤·Ê£¨Ì ¶μ¶· ¢μ±, ±μÉμ·Ò¥ ¸¢Ö§ ´Ò ¸ · §²¨Î´Ò³ Ì · ±É¥-
·μ³ ¢§ ¨³μ¤¥°¸É¢¨°, Ö¢²Ö¥É¸Ö ³ ²Ò³. � ¸¸³μÉ·¨³ “˜ ¸ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò³
¶μÉ¥´Í¨ ²μ³ [

1
2μ

P2 + σ(r)r
]

Ψ(r) = E(μ)Ψ(r), (4.55)

£¤¥ ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¥¤¸É ¢²¥´ ¢ (4.52). ˆ§ (4.55) μ¶·¥¤¥²Ö¥³
Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· E ¸ ¶μ³μÐÓÕ ³¥Éμ¤  ��. �·μ¢¥¤Ö § ³¥´Ê ¶¥·¥³¥´-
´ÒÌ, ¶¥·¥Ìμ¤¨³ ¢ d-³¥·´μ¥ ¢¸¶μ³μ£ É¥²Ó´μ¥ ¶·μ¸É· ´¸É¢μ Rd ¨ ¤²Ö ³μ¤¨Ë¨-
Í¨·μ¢ ´´μ£μ “˜ ¨³¥¥³⎧⎨⎩1

2
P2

q + 4ρ2μσq2(3ρ−1) − 4ρ2μEq2(2ρ−1) − 4μρ2σ√
π

∞∑
j=0

(−1)j

(j + 1)!
×

× q2(4ρ+2ρj−1)

(2j + 1)(2j + 3)

(
1 − 1

2(1+j)

)(
Λ√
2

)2j+1
}

Φ(q2) = 0. (4.56)

‚ ÔÉμ³ ¸²ÊÎ ¥ Ô´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ Rd ¨³¥¥É ¢¨¤

ε0(E) =
dω

4
+

4ρ2μσ

ω3ρ−1

Γ(d/2 + 3ρ− 1)
Γ(d/2)

−

− 4ρ2μE

ω2ρ−1

Γ(d/2 + 2ρ − 1)
Γ(d/2)

− 2σρ2μ√
π

∞∑
j=0

(−1)j

(j + 1)!
×

× 1
(2j + 1)(2j + 3)

(
1 − 1

2(1+j)

)(
Λ√
2

)2j+1 Γ(d/2 + 4ρ + 2jρ − 1)
ω4ρ+2jρ−1Γ(d/2)

, (4.57)
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¨ ¤²Ö £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö, ±μÉμ·Ò° ¶·¥¤¸É ¢²¥´ ¢ ´μ·³ ²Ó´μ°
Ëμ·³¥, ¶μ²ÊÎ ¥³

HI =

∞∫
0

dx

∫ (
dη√
π

)d

exp {−η2(1 + x)} : e
−2i

√
xω

2 : ×

×
[

4ρ2μσ

ω3ρ−1

x−3ρ

Γ(1 − 3ρ)
− 4ρ2μE

ω2ρ−1

x−2ρ

Γ(1 − 2ρ)
− 2σρ2μ√

π

∞∑
j=0

(−1)j

(j + 1)!
×

× 1
(2j + 1)(2j + 3)

(
1 − 1

2(1+j)

)(
Λ√
2

)2j+1
x−4ρ−2jρ

ω4ρ+2jρ−1Γ(1 − 4ρ − 2jρ)

]
.

(4.58)

�μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨°,  ´ ²μ£¨Î´ÒÌ ¶·μ¤¥² ´´Ò³ ¢ ¶. 2.1 ¨ ¢ ¶·¨²μ-
¦¥´¨ÖÌ � ¨ 	, ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¨³¥¥³

E(, nr)√
σ

= min
ρ

⎡⎢⎢⎣ z2

8ρ2y

Γ(2 + ρ + 2ρ)
Γ(3ρ + 2ρ)

1 +
4nr

(1 + ρ + 2ρ)
1 + B̃

+

+
1
z

Γ(4ρ + 2ρ)
Γ(3ρ + 2ρ)

1 + C̃

1 + B̃
− 1

z2

1√
π

∞∑
j=0

(−1)j

(j + 1)!
1

(2j + 1)(2j + 3)

(
1 − 1

2(1+j)

)
×

×
(

Λ√
2σ

)2j+1 1
z2j

Γ(5ρ + 2jρ + 2ρ)
Γ(3ρ + 2ρ)

1 + W̃j

1 + B̃

⎤⎥⎥⎦ , (4.59)

£¤¥ ¶ · ³¥É· z μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

z3 − 4ρ2yΓ(4ρ + 2ρ)
Γ(2 + ρ + 2ρ)

A1(ρ)
A0(ρ)

+
4yρ2

√
πΓ(2 + ρ + 2ρ)

×

×
∞∑

j=0

(−1)j

(j + 1)!
1

(2j + 1)(2j + 3)

(
1 − 1

2(1+j)

)(
Λ√
2σ

)2j+1
A2(ρ, j)
A0(ρ)

= 0,

(4.60)

£¤¥ ¨¸¶μ²Ó§μ¢ ´Ò μ¡μ§´ Î¥´¨Ö

A0(ρ) = ρ + (2ρ − 1)
2nr

1 + ρ + 2ρ
+

1
2
B̃,

A1(ρ) = ρ + (3ρ − 1)B̃ − (2ρ − 1)C̃, (4.61)

A2(ρ, j) = 2ρ + 2jρ + (4ρ + 2jρ − 1)B̃ − (2ρ − 1)W̃j ,
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  W̃j · ¢¥´:

W̃j =
Γ(1 + nr)

Γ(nr + d/2)
Γ(d/2)

Γ(1 − 4ρ − 2jρ)
×

×
2nr∑
k=2

(−1)kAnr (k)
Γ(1 + k − 4ρ − 2jρ)

Γ(k + d/2)
, (4.62)

£¤¥ B̃, C̃ ¨ Anr (k) ¶·¥¤¸É ¢²¥´Ò ¢ (	.6), (	.7) ¨ (	.8) ¸μμÉ¢¥É¸É¢¥´´μ. ‚ (4.59)
¨ (4.60) ¶ · ³¥É· x = μ/

√
σ.

„ ²¥¥ ¢ÒÎ¨¸²¨³ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ³μ¤¨Ë¨Í¨·μ¢ ´´μ£μ ¶μÉ¥´Í¨ ² 
¸ ÊÎ¥Éμ³ μ¤´μ£²Õμ´´μ£μ μ¡³¥´ . � ¸¸³μÉ·¨³ “˜[

1
2μ

P2 + σ(r)r − 4
3

αs

r

]
Ψ(r) = E(μ)Ψ(r), (4.63)

£¤¥ σ(r) ¶·¥¤¸É ¢²¥´  ¢ (	.2). ‘ ¶μ³μÐÓÕ �� ¨§ (4.63) μ¶·¥¤¥²¨³ Ô´¥·£¥É¨-
Î¥¸±¨° ¸¶¥±É·. ‡¤¥¸Ó ¶μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¶μ²ÊÎ ¥³

ε0(E) =
dω

4
+

4ρ2μσ0

ω3ρ−1

Γ(d/2 + 3ρ − 1)
Γ(d/2)

− 4ρ2μE

ω2ρ−1

Γ(d/2 + 2ρ− 1)
Γ(d/2)

−

− 16αsρ
2μ

3ωρ−1

Γ(d/2 + ρ − 1)
Γ(d/2)

− 8σ0ρ
2μ√

π

∞∑
j=0

(−1)j

j!
×

× 1
2j + 1

(
Λ√
2

)2j+1 Γ(d/2 + 4ρ + 2jρ − 1)
ω4ρ+2jρ−1Γ(d/2)

(4.64)

¨ ¤²Ö £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö

HI =

∞∫
0

dx

∫ (
dη√
π

)d

exp {−η2(1 + x)} : e−2i
√

xω
2 : ×

×
[

4ρ2μσ0

ω3ρ−1

x−3ρ

Γ(1 − 3ρ)
− 4ρ2μE

ω2ρ−1

x−2ρ

Γ(1 − 2ρ)
− 16αsρ

2μ

3ωρ−1

x−ρ

Γ(1 − ρ)
−

−8σ0ρ
2μ√

π

∞∑
j=0

(−1)j

j!
1

2j + 1

(
Λ√
2

)2j+1
x−4ρ+2jρ

ω4ρ+2jρ−1Γ(1 − 4ρ − 2jρ)

⎤⎦ . (4.65)
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ˆ§ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (2.27) μ¶·¥¤¥²Ö¥³ Ô´¥·£¨Õ ¨¸Ìμ¤´μ° ¸¨¸É¥³Ò ¨ Î ¸ÉμÉÊ
μ¸Í¨²²ÖÉμ· . �·¨ ÔÉμ³ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· · ¢¥´

E(, nr)√
σ

=
z2

8ρ2x

Γ(2 + ρ + 2ρ)
Γ(3ρ + 2ρ)

×

× 1 + 4nr/(1 + ρ + 2ρ)

1 + B̃
+

1
z

Γ(4ρ + 2ρ)
Γ(3ρ + 2ρ)

1 + C̃

1 + B̃
−

− 4αsz

3
Γ(2ρ + 2ρ)
Γ(3ρ + 2ρ)

1 + D̃

1 + B̃
− 2

z2
√

π

∞∑
j=0

(−1)j

j!
×

× 1
2j + 1

(
Λ√
2σ

)2j+1 1
z2j

Γ(5ρ + 2jρ + 2ρ)
Γ(3ρ + 2ρ)

1 + W̃j

1 + B̃
. (4.66)

‡¤¥¸Ó ¶ · ³¥É· z, ±μÉμ·Ò° ¸¢Ö§ ´ ¸ Î ¸ÉμÉμ° μ¸Í¨²²ÖÉμ·  (z = ωρ/
√

σ),
μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö

1 − 16xρ2αsΓ(2ρ + 2ρ)
3zΓ(2 + ρ + 2ρ)

[ρ + (2ρ − 1)D̃ − (ρ − 1)B̃][
ρ + (2ρ − 1)

2nr

1 + ρ + 2ρ
+

1
2
B̃

]−
− 4xρ2Γ(4ρ + 2ρ)

z3Γ(2 + ρ + 2ρ)
[ρ + 4(3ρ− 1)B̃ − (2ρ − 1)C̃][
ρ + (2ρ − 1)

2nr

1 + ρ + 2ρ
+

1
2
B̃

]+
+

8xρ2

z4
√

π

∞∑
j=0

(−1)j

j!(2j + 1)z2j

(
Λ√
2σ

)2j+1 Γ(5ρ + 2jρ − 1)
Γ(2 + ρ + 2ρ)

×

× [2ρ + 2jρ + (4ρ + 2jρ − 1)B̃ − (2ρ − 1)W̃j ][
ρ + (2ρ − 1)

2nr

1 + ρ + 2ρ
+

1
2
B̃

] = 0. (4.67)

�  μ¸´μ¢¥ ¶μ²ÊÎ¥´´ÒÌ ¢Ò· ¦¥´¨° μ¶·¥¤¥²¥´Ò ³ ¸¸  ¨ ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸ 
¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í ¸ ÊÎ¥Éμ³ £²Õμ´´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¤²Ö · ¸ÉÊÐ¥£μ ¨
±Ê²μ´μ¢¸±μ£μ ¶²Õ¸ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²μ¢. �·¨ ÔÉμ³  ²£¥¡· ¨Î¥¸±¨¥ Ê· ¢-
´¥´¨Ö (4.40) ¨ (4.41) ·¥Ï ÕÉ¸Ö Î¨¸²¥´´Ò³¨ ³¥Éμ¤ ³¨.

4.6. �¥§Ê²ÓÉ ÉÒ ¨ μ¡¸Ê¦¤¥´¨Ö. � Ï¨ ·¥§Ê²ÓÉ ÉÒ, ±μÉμ·Ò¥ ¶·¥¤¸É ¢²¥´Ò
´  ·¨¸. 1 ¨ 2, ¶μ± §Ò¢ ÕÉ, ÎÉμ ¡¥§ ÊÎ¥É  ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ ¨ ´¥²μ± ²Ó´μ£μ Ì -
· ±É¥·μ¢ ¢§ ¨³μ¤¥°¸É¢¨Ö ´¥¢μ§³μ¦´μ ¤μ¸É¨ÎÓ Ìμ·μÏ¥£μ ¸μ£² ¸¨Ö ¸ Ô±¸¶¥·¨-
³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨, ¢ Î ¸É´μ¸É¨, ¶μ ´ ±²μ´Ê ¨ ¶μ ¶ · ³¥É·Ê ¶¥·¥¸¥Î¥´¨Ö
·¥¤¦¥-É· ¥±Éμ·¨¨ ± ± ¤²Ö μ·¡¨É ²Ó´μ£μ, É ± ¨ ¤²Ö · ¤¨ ²Ó´μ£μ ¢μ§¡Ê¦¤¥´¨°.
�·¨ μ¶·¥¤¥²¥´¨¨ ´¥ ÊÎ¨ÉÒ¢ ²μ¸Ó ¸¶¨´μ¢μ¥ · ¸Ð¥¶²¥´¨¥ ³ ¸¸μ¢μ£μ ¸¶¥±É· ,
  μ¶·¥¤¥²Ö²μ¸Ó Éμ²Ó±μ ¸¶¨´μ¢μ¥ Ê¸·¥¤´¥´¨¥ ³ ¸¸Ò ³¥§μ´μ¢ [58, 59]. �±¸-
¶¥·¨³¥´É ²Ó´μ¥ ÊÉμÎ´¥´¨¥ §´ Î¥´¨Ö ¸¶¨´μ¢μ£μ Ê¸·¥¤´¥´¨Ö ³ ¸¸Ò ³¥§μ´μ¢
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¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨ ¶·¨¢¥¤¥´μ ¢ [58, 59]. ‚ ¶·¥-
¤Ò¤ÊÐ¥³ ¶Ê´±É¥ ¶μ²ÊÎ¥´μ  ´ ²¨É¨Î¥¸±μ¥ ¢Ò· ¦¥´¨¥, ±μÉμ·μ¥ ¤ ¥É ¢μ§³μ¦-
´μ¸ÉÓ μ¶·¥¤¥²¨ÉÓ ¸¶¨´μ¢μ¥ Ê¸·¥¤´¥´¨¥ ³ ¸¸Ò ¸ ÊÎ¥Éμ³ ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ ¨
´¥²μ± ²Ó´μ£μ Ì · ±É¥·μ¢ ¢§ ¨³μ¤¥°¸É¢¨Ö. “Î¥É ´¥²μ± ²Ó´μ£μ Ì · ±É¥·  ¢§ -
¨³μ¤¥°¸É¢¨Ö ¶·¨¢μ¤¨É ± ¶μÖ¢²¥´¨Õ ´μ¢μ£μ ¶ · ³¥É·  rc = 1/Λ Å · ¤¨Ê¸ 
±μ´Ë °´³¥´É ; ³ ¸¸  ¨ ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö § ¢¨¸ÖÉ
μÉ ÔÉμ£μ ¶ · ³¥É· . �É  § ¢¨¸¨³μ¸ÉÓ μ¶·¥¤¥²¥´  ¢ [58, 59] · §²¨Î´Ò³¨ ³¥-
Éμ¤ ³¨ ³μ¤¨Ë¨± Í¨¨ ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö. ‚ (4.59) ¨ (4.66) ¶·¥¤-
¸É ¢²¥´Ò Ô´¥·£¥É¨Î¥¸±¨¥ ¸¶¥±É·Ò ¸ ÊÎ¥Éμ³ ´¥²μ± ²Ó´μ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö
¤²Ö · ¸ÉÊÐ¥£μ ¨ ±Ê²μ´μ¢¸±μ£μ ¶²Õ¸ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²μ¢ ¸μμÉ¢¥É¸É¢¥´´μ.
’μ£¤  ³ ¸¸  ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±μ-²¥£±¨Ì ±¢ ·±μ¢, ¨ ±μ´¸É¨ÉÊ¥´É´ Ö
³ ¸¸  ±¢ ·±μ¢ μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ (4.40) ¨ (4.41) ¸ ÊÎ¥Éμ³ ¢±² ¤  ¤¨ £· ³³Ò
¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨. „ ²¥¥ ¶·¥¤¸É ¢¨³ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¸
ÊÎ¥Éμ³ ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ ¨ ´¥²μ± ²Ó´μ£μ Ì · ±É¥·μ¢ ¢§ ¨³μ¤¥°¸É¢¨Ö, Éμ²Ó±μ
¤²Ö ±Ê²μ´μ¢¸±μ£μ ¶²Õ¸ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²  ¶·¨ §´ Î¥´¨ÖÌ αs = 0,39 ¨
σ = 0,19 ƒÔ‚2. �·¥¦¤¥ ¢¸¥£μ μ¶·¥¤¥²¨³ ³ ¸¸Ê ¨ ±μ´¸É¨ÉÊ¥´É´ÊÕ ³ ¸¸Ê
¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¤²Ö  = 0. ‘μ£² ¸´μ (4.43) ¢±² ¤ ¸É·Ê´´μ° ¤μ¡ ¢±¨
· ¢¥´ ´Ê²Õ. ‚ ÔÉμ³ ¸²ÊÎ ¥ μ¶·¥¤¥²Ö¥É¸Ö § ¢¨¸¨³μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò
μÉ · ¤¨Ê¸  ±μ´Ë °´³¥´É  rc ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö. �¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É -
¢²¥´Ò ´  ·¨¸. 5. ’ ±¦¥ ¢¨¤´μ, ÎÉμ ¸ ¢μ§· ¸É ´¨¥³ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ¸μ¸É -
¢²ÖÕÐ¨³¨ Î ¸É¨Í ³¨ ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ ±μ´¸É¨ÉÊ¥´É´ Ö
³ ¸¸  ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í Ê³¥´ÓÏ ¥É¸Ö,   ¸ Ê³¥´ÓÏ¥´¨¥³ Å ¢μ§· ¸É ¥É.
’ ±¦¥ ¨§ ÔÉμ£μ ·¨¸Ê´±  ¢¨¤´μ, ÎÉμ ¥¸²¨ · ¤¨Ê¸ rc = 1 Ë³, Éμ ±μ´¸É¨ÉÊ¥´É´ Ö
³ ¸¸  ∼ 1,5 ƒÔ‚,   ¥¸²¨ · ¤¨Ê¸ · ¢¥´ 2 Ë³, Éμ ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  ¸μ¸É -
¢²Ö¥É ¢¸¥£μ ²¨ÏÓ ∼ 0,5 ƒÔ‚. ’ ±¨³ μ¡· §μ³, ¶·¨ Ê³¥´ÓÏ¥´¨¨ · ¸¸ÉμÖ´¨Ö
³¥¦¤Ê ¸μ¸É ¢²ÖÕÐ¨³¨ Î ¸É¨Í ³¨ ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ ¨Ì ±μ´¸É¨ÉÊ¥´É´ Ö

�¨¸. 5. ‡ ¢¨¸¨³μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò μÉ · ¤¨Ê¸  ±μ´Ë °´³¥´É  ¶·¨ αs = 0,39
¨ σ = 0,19 ƒÔ‚2 ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö
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³ ¸¸  Ê¢¥²¨Î¨¢ ¥É¸Ö. �μÔÉμ³Ê ¸μ£² ¸´μ (4.43) ¨ (4.37) ´¥¶¥·ÉÊ·¡ É¨¢´ Ö ¤μ-
¡ ¢± , ¸¢Ö§ ´´ Ö ¸ ¤¨ £· ³³μ° ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨ ¨ ¸É·Ê´´Ò³ ¢§ ¨³μ¤¥°-
¸É¢¨¥³, Ê³¥´ÓÏ ¥É¸Ö, É. ¥. ¶·¨ ´¥±μÉμ·ÒÌ §´ Î¥´¨ÖÌ · ¤¨Ê¸  rc ¢±² ¤Ò ÔÉ¨Ì
¢§ ¨³μ¤¥°¸É¢¨° ³μ£ÊÉ ¡ÒÉÓ ´¥¸ÊÐ¥¸É¢¥´´Ò³¨. �·¨ É ±μ³ Ê¸²μ¢¨¨ ¤¨´ ³¨±Ê
Ëμ·³¨·μ¢ ´¨Ö ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¢¶μ²´¥ ¢μ§³μ¦´μ μ¶·¥¤¥²¨ÉÓ ¢ · ³± Ì
Ë¥´μ³¥´μ²μ£¨Î¥¸±¨Ì ¶μÉ¥´Í¨ ²Ó´ÒÌ ³μ¤¥²¥°.

ˆ§ Š•„ ¨§¢¥¸É´μ, ÎÉμ ¶·¨ ¢Ò¸μ±¨Ì Ô´¥·£¨ÖÌ, ¥¸²¨ ¶¥·¥¤ ´´Ò° ¨³¶Ê²Ó¸
¤μ¸É ÉμÎ´μ ¢¥²¨± (¨²¨ · ¸¸ÉμÖ´¨¥ ³ ²μ), Éμ Ëμ·³¨·ÊÕÉ¸Ö ³¥§μ´Ò, ¸μ¸ÉμÖÐ¨¥
¨§ ÉÖ¦¥²ÒÌ ±¢ ·±μ¢, ´ ¶·¨³¥·, c ¨ b, ³ ¸¸Ò ±μÉμ·ÒÌ ¢μ ³´μ£μ · § ¡μ²ÓÏ¥
³ ¸¸ u- ¨ d-±¢ ·±μ¢. �Éμ ¶μ¤É¢¥·¦¤ ¥É¸Ö ´ Ï¨³ ·¥§Ê²ÓÉ Éμ³. �Î¥¢¨¤´μ, ÎÉμ
¥¸²¨ ³ ¸¸  ¸μ¸É ¢²ÖÕÐ¨Ì ±¢ ·±μ¢ ¡μ²ÓÏ Ö, Éμ ³ ¸¸  ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§
ÔÉ¨Ì ±¢ ·±μ¢, É ±¦¥ ¡Ê¤¥É ¡μ²ÓÏ¥, Î¥³ ³ ¸¸  ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£-
±¨Ì ±¢ ·±μ¢. �μÔÉμ³Ê ¶·¨ ¢μ§· ¸É ´¨¨ ³ ¸¸Ò ³¥§μ´μ¢ · ¤¨Ê¸ ±μ´Ë °´³¥´É 
Ê³¥´ÓÏ ¥É¸Ö, ¸ ÊÎ¥Éμ³ ÔÉμ£μ μ¶·¥¤¥²Ö¥É¸Ö ³ ¸¸  ³¥§μ´μ¢ ¸ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê-
¦¤¥´¨¥³. �μ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 11. ‚ ´¥°
É ±¦¥ ¶·¨¢¥¤¥´Ò Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ ¸¶¨´μ¢μ£μ Ê¸·¥¤´¥´¨Ö ³ ¸¸Ò
³¥§μ´μ¢ ¨ Î¨¸²¥´´Ò¥ §´ Î¥´¨Ö · ¤¨Ê¸  ±μ´Ë °´³¥´É .

’ ¡²¨Í  11. ‘¶¨´μ¢μ¥ Ê¸·¥¤´¥´¨¥ ³ ¸¸Ò ³¥§μ´μ¢ ¸ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³ ¶·¨
αs = 0,39 ¨ σ = 0,19 ƒÔ‚2

ns
M , ƒÔ‚

rc, Ë³
�±¸¶¥·¨³¥´É [59] „ ´´ Ö · ¡μÉ 

1s 0,612 0,618 0,611 2,065
2s 1,42± 0,04 1,400 1,406 1,2703
3s π(1,80) 1,868 1,829 1,06
4s ρ(2,15) 2,176 2,15 1,01
5s 2,502 2,503 0,973

ˆ§ ¢Ò· ¦¥´¨Ö (4.29) μ¶·¥¤¥²ÖÕÉ¸Ö ¶ · ³¥É·Ò Ω nr-É· ¥±Éμ·¨¨ �¥¤¦¥:

Ω1 = 1,60 ƒÔ‚, nr = 1,

Ω2 = 1,49 ƒÔ‚, nr = 2, (4.68)

Ω3 = 1,42 ƒÔ‚, nr = 3.

‚ Ô±¸¶¥·¨³¥´É¥ ¡μ²¥¥ ¨²¨ ³¥´¥¥ ¤μ¸Éμ¢¥·´μ μ¶·¥¤¥²¥´μ §´ Î¥´¨¥ ÔÉμ£μ ¶ -
· ³¥É·  Éμ²Ó±μ ¤²Ö ¶¥·¢μ£μ · ¤¨ ²Ó´μ ¢μ§¡Ê¦¤¥´´μ£μ ¸μ¸ÉμÖ´¨Ö: Ωexp =
(1,6 ± 0,1) ƒÔ‚2. ’ ±¨³ μ¡· §μ³, ´ Ï¨ ·¥§Ê²ÓÉ ÉÒ Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ ¸μ£² -
¸ÊÕÉ¸Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨. ‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ ¶ · ³¥É· ρ ¸¢Ö§ ´
¸  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ¶μ¢¥¤¥´¨¥³ ¢μ²´μ¢μ° ËÊ´±Í¨¨. ‡´ Î¥´¨¥ ρ ¶·¨ ¡μ²Ó-
Ï¨Ì · ¸¸ÉμÖ´¨ÖÌ, É. ¥. ¤²Ö ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±¨Ì ±¢ ·±μ¢, μ± § ²μ¸Ó
∼ 0,7,   ¶·¨ ³ ²ÒÌ · ¸¸ÉμÖ´¨ÖÌ ¤²Ö ÉÖ¦¥²ÒÌ ³¥§μ´μ¢ ∼ 0,98. ‚μ²´μ¢ Ö ËÊ´±-
Í¨Ö ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ Ö¢²Ö¥É¸Ö ËÊ´±Í¥° �°·¨,
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±μÉμ· Ö μ¡¥¸¶¥Î¨¢ ¥É ´¥´ ¡²Õ¤ ¥³μ¸ÉÓ Í¢¥É´ÒÌ μ¡Ñ¥±Éμ¢,   ´  ³ ²ÒÌ · ¸-
¸ÉμÖ´¨ÖÌ ¸É ´μ¢¨É¸Ö ±Ê²μ´μ¢¸±μ°. �Éμ μ§´ Î ¥É, ÎÉμ ´  ³ ²ÒÌ · ¸¸ÉμÖ´¨ÖÌ
¢§ ¨³μ¤¥°¸É¢¨¥ ³¥¦¤Ê ¸μ¸É ¢²ÖÕÐ¨³¨ Í¢¥É´Ò³¨ μ¡Ñ¥±É ³¨ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö
μ¤´μ£²Õμ´´Ò³ μ¡³¥´μ³, ¨ ÔÉ¨ μ¡Ñ¥±ÉÒ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¸¢μ¡μ¤´Ò¥.

’ ¡²¨Í  12. ‘¶¨´μ¢μ¥ Ê¸·¥¤´¥´¨¥ ³ ¸¸Ò ³¥§μ´μ¢ ¸ μ·¡¨É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³ ¶·¨
αs = 0,39 ¨ σ = 0,19 ƒÔ‚2

�
M , ƒÔ‚

rc, Ë³
�±¸¶¥·¨³¥´É [59] „ ´´ Ö · ¡μÉ 

0 0,612 0,618 0,611 2,065

1 1,252± 0,05 1,190 1,232 1,2703
2 1,67± 0,02 1,628 1,661 1,06
3 2,02± 0,01 1,926 1,988 1,01
4 2,196 0,973

’¥¶¥·Ó ¶·¨¸ÉÊ¶¨³ ± μ¶·¥¤¥²¥´¨Õ ³ ¸¸μ¢μ£μ ¸¶¥±É·  ³¥§μ´μ¢ ¸ μ·¡¨-
É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³. ‚ ÔÉμ³ ¸²ÊÎ ¥ ´¥μ¡Ìμ¤¨³ ÊÎ¥É ¢±² ¤  £ ³¨²ÓÉμ´¨ ´ ,
¶·¥¤¸É ¢²¥´´μ£μ ¢ (4.43). ‚ ¶μ¤¶. 4.4.2 μ¶·¥¤¥²¥´ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· · -
¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²  ¸ ÊÎ¥Éμ³ ÔÉμ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö. �·μ¢μ¤Ö  ´ ²μ£¨Î´Ò¥
¢ÒÎ¨¸²¥´¨Ö ¨ ÊÎ¨ÉÒ¢ Ö ´¥¶¥·ÉÊ·¡ É¨¢´ÊÕ ¤μ¡ ¢±Ê (4.43), ¨§ (4.39) μ¶·¥¤¥-
²¨²¨ ¢¥²¨Î¨´Ê μ. ’μ£¤  ³ ¸¸  ³¥§μ´  μ¶·¥¤¥²Ö¥É¸Ö ¨§ (4.38),   ±μ´¸É¨ÉÊ¥´É-
´ Ö ³ ¸¸  ¸μ£² ¸´μ (1.13) · ¢´  μq = 2μ. �μ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ
¤²Ö ³ ¸¸Ò ³¥§μ´μ¢ ¸ μ·¡¨É ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³ ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 12.
‚ ÔÉμ³ ¸²ÊÎ ¥ ¶ · ³¥É·¨§ Í¨Ö (4.26) -É· ¥±Éμ·¨¨ �¥¤¦¥ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

M2(, 0)
σ

= 2π + 1,965. (4.69)

’μ£¤  ´ ±²μ´ -É· ¥±Éμ·¨¨ �¥¤¦¥ · ¢¥´ α′
L = 0,838 ƒÔ‚−2. ‚ ÔÉμ³

¸²ÊÎ ¥ ¤²Ö ±Ê²μ´μ¢¸±μ£μ ¶²Õ¸ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²  ¶ · ³¥É· ¶¥·¥¸¥Î¥´¨Ö
-É· ¥±Éμ·¨¨ �¥¤¦¥ αL(0) = −0,313. �μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¸ ÊÎ¥Éμ³ ´¥-
¶¥·ÉÊ·¡ É¨¢´μ£μ ¨ ´¥²μ± ²Ó´μ£μ Ì · ±É¥·μ¢ ¢§ ¨³μ¤¥°¸É¢¨Ö ¤²Ö ´ ±²μ´  ¨
¶¥·¥¸¥Î¥´¨Ö -É· ¥±Éμ·¨¨ �¥¤¦¥ Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ ¸μ£² ¸ÊÕÉ¸Ö ¸ Ô±¸¶¥·¨-
³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨ (4.27) ¨ (4.28).

‡�Š‹	—…�ˆ…

�  μ¸´μ¢ ´¨¨ ¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ³μ¦´μ § ±²ÕÎ¨ÉÓ ¸²¥¤ÊÕÐ¥¥.
�·¥¤²μ¦¥´ ³¥Éμ¤ μ¶¨¸ ´¨Ö ³¥Ì ´¨§³  Ëμ·³¨·μ¢ ´¨Ö ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ-

´¨Ö ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨Ö, É. ¥. ¢ÒÎ¨¸²¥´¨Ö
Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±¨. ‚ ÔÉμ³ ¶μ¤-
Ìμ¤¥ ¨¸¸²¥¤Ê¥É¸Ö  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨¨ ±μ··¥²ÖÍ¨¨ ¤²Ö § ·Ö-
¦¥´´ÒÌ ¸± ²Ö·´ÒÌ Î ¸É¨Í ¢μ ¢´¥Ï´¥³ ± ²¨¡·μ¢μÎ´μ³ ¶μ²¥ ¨ μ¶·¥¤¥²Ö¥É¸Ö
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³ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö. �·¨ μ¶·¥¤¥²¥´¨¨  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö
ËÊ´±Í¨¨ ¶¥É²¨ ¨¸¶μ²Ó§Ê¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ²  ¤²Ö
ËÊ´±Í¨¨ ƒ·¨´  ¨ ¶·μ¢μ¤¨É¸Ö Ê¸·¥¤´¥´¨¥ ¶μ ¢´¥Ï´¥³Ê ± ²¨¡·μ¢μÎ´μ³Ê ¶μ²Õ.
�μ²ÊÎ¥´´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶μÌμ¦¥ ´  Ë¥°´³ ´μ¢¸±¨° ËÊ´±Í¨μ´ ²Ó´Ò° ¨´É¥-
£· ² ¶μ ¶ÊÉÖ³, ±μÉμ·Ò° ¡Ò² ¶μ²ÊÎ¥´ ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥
¤²Ö ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö, ¸μ¸ÉμÖÐ¥£μ ¨§ § ·Ö¦¥´´ÒÌ ¸± ²Ö·´ÒÌ Î ¸É¨Í ¸
±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸μ°. �¶·¥¤¥²¥´  § ¢¨¸¨³μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò ¸μ-
¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í μÉ ³ ¸¸Ò ¸¢μ¡μ¤´μ£μ ¸μ¸ÉμÖ´¨Ö. � Ï¨ ·¥§Ê²ÓÉ ÉÒ ¶μ± -
§ ²¨, ÎÉμ ¥¸²¨ ¸μ¸É ¢´Ò¥ Î ¸É¨ÍÒ Ö¢²ÖÕÉ¸Ö ²¥£±¨³¨ ¨ ¸¨¸É¥³  ¸¨²Ó´μ ¸¢Ö§ ´ ,
Éμ · §´μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´ÒÌ ¨ ¨¸Ìμ¤´ÒÌ (¸¢μ¡μ¤´ÒÌ) ³ ¸¸ Î ¸É¨Í μ± §Ò¢ -
¥É¸Ö ¢ ´¥¸±μ²Ó±μ · § ¡μ²ÓÏ¥ ¨¸Ìμ¤´ÒÌ ³ ¸¸ Î ¸É¨Í,   ¥¸²¨ ¸μ¸É ¢²ÖÕÐ¨¥
Î ¸É¨ÍÒ ÉÖ¦¥²Ò¥, ± ± c- ¨ b-±¢ ·±¨, Éμ · §´μ¸ÉÓ ÔÉ¨Ì ³ ¸¸ ´¥§´ Î¨É¥²Ó´ .
�Éμ ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ μ¶·¥¤¥²¨ÉÓ Ô´¥·£¥É¨Î¥¸±¨° ¨ ³ ¸¸μ¢Ò° ¸¶¥±É·Ò ¸¢Ö-
§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¢ · ³± Ì Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸μ°.

�´ ²¨É¨Î¥¸±¨ μ¶·¥¤¥²¥´ ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É-
¸±μ° ¶μ¶· ¢±¨. �μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ ´ Ï¥³ ¶μ¤Ìμ¤¥ μ¶·¥¤¥²Ö¥É¸Ö
¤¨ £· ³³μ° ”¥°´³ ´  ± ± μ¡³¥´μ³ ± ²¨¡·μ¢μÎ´μ£μ ¶μ²Ö (ËμÉμ´, £²Õμ´),
É ± ¨ ¤¨ £· ³³μ° ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨. ’ ±¨³ μ¡· §μ³, ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°-
¸É¢¨Ö μ¶·¥¤¥²Ö¥É¸Ö ¢±² ¤μ³ ¢¸¥¢μ§³μ¦´ÒÌ É¨¶μ¢ ¤¨ £· ³³ ”¥°´³ ´ . ‚ ´¥-
·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥ μ¡ÒÎ´μ ¢±² ¤ μ¡³¥´´μ° ¤¨ £· ³³Ò ¸μμÉ¢¥É¸É¢Ê¥É
¶μÉ¥´Í¨ ²Ó´μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ,   ¢±² ¤ ¤¨ £· ³³Ò ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨ Å
´¥¶μÉ¥´Í¨ ²Ó´μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ. �¶·¥¤¥²¥´  ´¥¶¥·ÉÊ·¡ É¨¢´ Ö ¤μ¡ ¢±  ±
£ ³¨²ÓÉμ´¨ ´Ê ¢§ ¨³μ¤¥°¸É¢¨Ö, ±μÉμ· Ö ¸¢Ö§ ´  ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶·¨·μ¤μ°
¸¨¸É¥³Ò. �μ¶· ¢±Ê, ¸¢Ö§ ´´ÊÕ ¸ ¶·μ¸É· ´¸É¢¥´´μ° ¨ ¢·¥³¥´´μ° ±μ³¶μ´¥´-
É ³¨ ¶·μ¶ £ Éμ· , · ¸¸³μÉ·¥²¨ μÉ¤¥²Ó´μ. „²Ö ¶μ¶· ¢±¨, ¸¢Ö§ ´´μ° ¸ ¶·μ-
¸É· ´¸É¢¥´´μ° ±μ³¶μ´¥´Éμ°, ³Ò ¶μ²ÊÎ¨²¨  ´ ²¨É¨Î¥¸±μ¥ ¢Ò· ¦¥´¨¥, ¸Ê³³¨-
·ÊÖ ¡¥¸±μ´¥Î´Ò° ·Ö¤ ¶μ ¸É¥¶¥´Ö³ ¢¥²¨Î¨´Ò (v/c), ¨ ´ Ï ·¥§Ê²ÓÉ É ¶μ± -
§ ², ÎÉμ ÔÉμ ¢§ ¨³μ¤¥°¸É¢¨¥ ¤ ¥É ¢±² ¤ Éμ²Ó±μ ¢ μ·¡¨É ²Ó´μ ¢μ§¡Ê¦¤¥´´μ³
¸μ¸ÉμÖ´¨¨.

�·¥¦¤¥ ¢¸¥£μ ´ Ï ¶μ¤Ìμ¤ ¶·¨³¥´¥´ ± μ¶·¥¤¥²¥´¨Õ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ-
¶· ¢μ± ¤²Ö ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¸ ±Ê²μ´μ¢¸±¨³ ¢§ ¨³μ¤¥°¸É¢¨¥³. ‚ ´ Ï¨Ì
·¥§Ê²ÓÉ É Ì ¡Ò²¨ μ¶·¥¤¥²¥´Ò ¸²¥¤ÊÕÐ¨¥ Ô´¥·£¥É¨Î¥¸±¨¥ ¸¶¥±É·Ò.

1. ‘¶¥±É·  Éμ³  ¢μ¤μ·μ¤  ¸ ÊÎ¥Éμ³ · ¤¨ Í¨μ´´ÒÌ ¨ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ-
¶· ¢μ±. �μ¶· ¢±¨ ¸ ¢μ§· ¸É ´¨¥³ ±μ´¸É ´ÉÒ ¸¢Ö§¨ Ê¢¥²¨Î¨¢ ÕÉ¸Ö. —¨¸²¥´-
´Ò° ·¥§Ê²ÓÉ É, ¶μ²ÊÎ¥´´Ò° ¢ · ³± Ì ´ Ï¥£μ ¶μ¤Ìμ¤  ¤²Ö ¸¶¥±É·  ¸ μ·¡¨É ²Ó-
´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨, μ± §Ò¢ ¥É¸Ö ¡μ²ÓÏ¥ ·¥§Ê²ÓÉ É , ¶μ²ÊÎ¥´-
´μ£μ ¢ · ³± Ì É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°, ´μ ³¥´ÓÏ¥ ¢¥·Ì´¥° £· ´¨ÍÒ, Ê¸É ´μ¢²¥´-
´μ° ¢ Î¨¸²¥´´ÒÌ · ¸Î¥É Ì.

2. ‘¶¥±É· ³Õμ´´μ£μ ¢μ¤μ·μ¤  ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´-
´Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨ ¸ ÊÎ¥Éμ³ · ¤¨ Í¨μ´´μ° ¨ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢μ±. �¶·¥-
¤¥²¥´Ò · ¸Ð¥¶²¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ Ê·μ¢´Ö, ¸¢Ö§ ´´Ò¥ ¸ μ¤´μ- ¨ ¤¢ÊÌ¶¥É²¥-
¢μ° Ô²¥±É·μ´´Ò³¨ ¶μ²Ö·¨§ Í¨Ö³¨ ¤²Ö μ·¡¨É ²Ó´μ ¨ · ¤¨ ²Ó´μ ¢μ§¡Ê¦¤¥´´ÒÌ
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¸μ¸ÉμÖ´¨°. —¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ´ ³¨ ¤²Ö · ¸Ð¥¶²¥´¨Ö Ô´¥·-
£¥É¨Î¥¸±μ£μ Ê·μ¢´Ö ³Õμ´´μ£μ ¢μ¤μ·μ¤ , μ± § ²¨¸Ó ¡μ²ÓÏ¥, Î¥³ ·¥§Ê²ÓÉ ÉÒ
¤·Ê£¨Ì  ¢Éμ·μ¢.

3. ‘¶¥±É· ¸ μ·¡¨É ²Ó´μ ¨ · ¤¨ ²Ó´μ ¢μ§¡Ê¦¤¥´´Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨ ¸ ÊÎ¥-
Éμ³ · ¤¨ Í¨μ´´μ° ¨ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢μ± ¤²Ö ¸²¥¤ÊÕÐ¨Ì ¶μÉ¥´Í¨ ²μ¢:
²¨´¥°´μ£μ ¶μÉ¥´Í¨ ² ; ¶μÉ¥´Í¨ ²  ¢μ·μ´±¨; ¸É¥¶¥´´μ£μ ¶μÉ¥´Í¨ ² ; ±Ê²μ-
´μ¢¸±μ£μ ¶²Õ¸ ¸É¥¶¥´´μ£μ ¶μÉ¥´Í¨ ² ;  ´£ ·³μ´¨Î¥¸±μ£μ ¶μÉ¥´Í¨ ²  ¨ ±Ê²μ-
´μ¢¸±μ£μ Ô±· ´¨·μ¢ ´´μ£μ ¶μÉ¥´Í¨ ² . �É¨ ¶μÉ¥´Í¨ ²Ò μ¶¨¸Ò¢ ÕÉ · §²¨Î-
´Ò¥ Ì · ±É¥·¨¸É¨±¨ ¨ ¸¢μ°¸É¢   Éμ³´ÒÌ ¨ ³μ²¥±Ê²Ö·´ÒÌ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ-
´¨°.

‚ · ³± Ì ´ Ï¥£μ ¶μ¤Ìμ¤  ¨§ÊÎ¥´Ò ¸¢μ°¸É¢  £²Õ¡μ²μ¢. �¶·¥¤¥²¥´ ³ ¸-
¸μ¢Ò° ¸¶¥±É· £²Õ¡μ²μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ¤¢ÊÌ £²Õμ´μ¢, ¸ μ·¡¨É ²Ó´Ò³ ¢μ§-
¡Ê¦¤¥´¨¥³ ¨ ¸ ÊÎ¥Éμ³ ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ ¨ ´¥²μ± ²Ó´μ£μ Ì · ±É¥·μ¢ ¢§ ¨-
³μ¤¥°¸É¢¨Ö. �  μ¸´μ¢ ´¨¨ ¶μ²ÊÎ¥´´ÒÌ ´ ³¨ ·¥§Ê²ÓÉ Éμ¢ ³μ¦´μ μÉ³¥É¨ÉÓ
¸²¥¤ÊÕÐ¥¥.

1. ‚±² ¤Ò ¢¥±Éμ·´μ£μ ¶μÉ¥´Í¨ ²  ¨ ¶μÉ¥´Í¨ ² , ¸¢Ö§ ´´μ£μ ¸ ´¥¶¥·ÉÊ·-
¡ É¨¢´Ò³ Ì · ±É¥·μ³ ¢§ ¨³μ¤¥°¸É¢¨Ö, ³¥¦¤Ê ¸μ¡μ° ¸μ±· Ð ÕÉ¸Ö, ¨, ¡μ²¥¥
Éμ£μ, ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ μ·¡¨É ²Ó´μ£μ ±¢ ´Éμ¢μ£μ Î¨¸²  ¢¥±Éμ·´Ò° ¶μ-
É¥´Í¨ ² ¶μ²´μ¸ÉÓÕ  ´´Ê²¨·Ê¥É¸Ö. ’μ£¤  ¢§ ¨³μ¤¥°¸É¢¨¥ ³¥¦¤Ê £²Õμ´ ³¨
μ¶·¥¤¥²Ö¥É¸Ö Éμ²Ó±μ ¸± ²Ö·´Ò³ ¶μÉ¥´Í¨ ²μ³ § ¶¨· ´¨Ö. ‚ ÔÉμ³ ¶·¥¤¥²¥ ´ -
±²μ´ É· ¥±Éμ·¨¨ �¥¤¦¥ μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ É¥´§μ· ´ ÉÖ¦¥´¨Ö ¸É·Ê´Ò. �ÉμÉ
·¥§Ê²ÓÉ É Ìμ·μÏμ μ¶¨¸Ò¢ ¥É Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥.

2. �´ ²¨É¨Î¥¸±¨ μ¶·¥¤¥²¥´Ò ³ ¸¸μ¢Ò° ¸¶¥±É· £²Õ¡μ²μ¢ (¶μ³¥·μ´μ¢) ¨
±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò £²Õμ´  ¨ Ê¸É ´μ¢²¥´μ, ÎÉμ £²Õμ´ ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ-
´¨¨ ¸É ´μ¢¨É¸Ö ³ ¸¸μ¢Ò³. ’ ±¦¥ μ¶·¥¤¥²¥´ ³ ¸¸μ¢Ò° ¸¶¥±É· £²Õ¡μ²  ¸ ÊÎ¥-
Éμ³ ¸¶¨´-¸¶¨´μ¢ÒÌ, ¸¶¨´-μ·¡¨É ²Ó´ÒÌ ¨ É¥´§μ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°. � Ï¨
Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¤²Ö · §²¨Î´ÒÌ ¸¶¨´μ¢ÒÌ ¨ μ·¡¨É ²Ó-
´ÒÌ ¸μ¸ÉμÖ´¨° £²Õ¡μ²μ¢, Ìμ·μÏμ ¸μ£² ¸ÊÕÉ¸Ö ¸ ·¥§Ê²ÓÉ É ³¨ ·¥Ï¥ÉμÎ´ÒÌ
¤ ´´ÒÌ.

‚ · ³± Ì ´ Ï¥£μ ¶μ¤Ìμ¤  μ¶·¥¤¥²¥´ ³ ¸¸μ¢Ò° ¸¶¥±É· ³¥§μ´μ¢, ¸μ¸ÉμÖ-
Ð¨Ì ¨§ ²¥£±μ-²¥£±¨Ì ¨ ²¥£±μ-ÉÖ¦¥²ÒÌ ±¢ ·±μ¢, ± ± ¤²Ö μ·¡¨É ²Ó´μ£μ, É ± ¨
¤²Ö · ¤¨ ²Ó´μ£μ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨° ¸ ÊÎ¥Éμ³ ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ ¨ ´¥-
²μ± ²Ó´μ£μ Ì · ±É¥·μ¢ ¢§ ¨³μ¤¥°¸É¢¨Ö. � ³¨ ¡Ò²¨ μ¶·¥¤¥²¥´Ò ¸²¥¤ÊÕÐ¨¥
§ ¢¨¸¨³μ¸É¨.

1. ‡ ¢¨¸¨³μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í μÉ ³ ¸¸Ò
¸¢μ¡μ¤´μ£μ ¸μ¸ÉμÖ´¨Ö. ’ ±¦¥ ¶μ± § ´μ, ÎÉμ, ±μ£¤  ±¢ ·±¨ ²¥£±¨¥, · §´μ¸ÉÓ
±μ´¸É¨ÉÊ¥´É´ÒÌ (Éμ±μ¢ÒÌ) ¨ ¢ ²¥´É´ÒÌ ³ ¸¸ ±¢ ·±μ¢ μ± §Ò¢ ¥É¸Ö ¢ ´¥¸±μ²Ó±μ
· § ¡μ²ÓÏ¥ ¢ ²¥´É´ÒÌ ³ ¸¸ ±¢ ·±μ¢; ¥¸²¨ ±¢ ·±¨ ÉÖ¦¥²Ò¥, ± ± c ¨ b, Éμ
· §´μ¸ÉÓ ÔÉ¨Ì ³ ¸¸ ´¥§´ Î¨É¥²Ó´ .

2. C ¢Ò¡μ·μ³ ¶·μ¶ £ Éμ·  ¢ ¢¨¤¥ Í¥²μ°  ´ ²¨É¨Î¥¸±μ° ËÊ´±Í¨¨ £ Ê¸¸μ-
¢μ£μ É¨¶  ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥ μ¶·¥¤¥²¥´ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò° ¶μÉ¥´-
Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ±¢ ·±μ¢ μÉ · ¤¨Ê¸  ±μ´Ë °´³¥´É . �·¥¤²μ¦¥´ μ¤¨´ ¨§
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 ²ÓÉ¥·´ É¨¢´ÒÌ ¢ ·¨ ´Éμ¢ ÊÎ¥É  ´¥²μ± ²Ó´μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¨
μ¶·¥¤¥²¥´¨¨ ¸¢μ°¸É¢  ¤·μ´μ¢ ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ.

3. ‡ ¢¨¸¨³μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò μÉ Ì · ±É¥·´μ£μ · §³¥·  (· ¤¨Ê¸ )
±μ´Ë °´³¥´É . ’ ±¦¥ ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¶·¨ Ê³¥´ÓÏ¥´¨¨ · ¤¨Ê¸  ±μ´Ë °´-
³¥´É  ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  ¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í Ê¢¥²¨Î¨¢ ¥É¸Ö. �Éμ ¶·¨-
¢μ¤¨É ± Ê³¥´ÓÏ¥´¨Õ ¢±² ¤  ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨Ö ¢
³ ¸¸μ¢Ò° ¸¶¥±É· ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö.

’ ±¦¥ ´ ³¨ ¡Ò²¨ μ¶·¥¤¥²¥´Ò ´ ±²μ´ ¨ ¶ · ³¥É· ¶¥·¥¸¥Î¥´¨Ö ·¥¤¦¥-
É· ¥±Éμ·¨¨ ¤²Ö μ·¡¨É ²Ó´μ ¨ · ¤¨ ²Ó´μ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨°. �μ± § ´μ,
ÎÉμ Éμ²Ó±μ ¸ ÊÎ¥Éμ³ ´¥¶¥·ÉÊ·¡ É¨¢´μ£μ ¨ ´¥²μ± ²Ó´μ£μ Ì · ±É¥·μ¢ ¢§ ¨³μ-
¤¥°¸É¢¨Ö ¤²Ö ÔÉ¨Ì ¶ · ³¥É·μ¢ ¢μ§³μ¦´μ ¤μ¸É¨ÎÓ Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ£μ ¸μ£² -
¸¨Ö ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨. ’ ±¦¥ μÉ³¥É¨³, ÎÉμ ¶·¨ ³ ²ÒÌ  � 5
·¥¤¦¥-É· ¥±Éμ·¨¨ ¤²Ö ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ μ¤¨´ ±μ¢ÒÌ ±¢ ·±μ¢, Ö¢²ÖÕÉ¸Ö
²¨´¥°´Ò³¨,   ¤²Ö ³¥§μ´μ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ²¥£±¨Ì ¨ ÉÖ¦¥²ÒÌ ±¢ ·±μ¢, Å ´¥-
²¨´¥°´Ò³¨.

�·¨²μ¦¥´¨¥ �
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‚ ���Œ�‹œ��‰ ”��Œ…

‚ ¦´Ò³ Ô²¥³¥´Éμ³ ¢ÒÎ¨¸²¥´¨° ¢ �� [22] Ö¢²Ö¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ ± ´μ-
´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ¢ ´μ·³ ²Ó´μ° Ëμ·³¥. �μÔÉμ³Ê ¶·¨¢¥¤¥³ ¤¥É ²¨ ÔÉμ£μ
¶·¥¤¸É ¢²¥´¨Ö ¤²Ö · §²¨Î´ÒÌ ¶μÉ¥´Í¨ ²μ¢. “¸É ´μ¢¨³ ·Ö¤ ¶μ²¥§´ÒÌ ¸μμÉ´μ-
Ï¥´¨° ¤²Ö μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö ¨ Ê´¨ÎÉμ¦¥´¨Ö. �Ê¸ÉÓ μ¶¥· Éμ·Ò a+

j ¨ aj

Ê¤μ¢²¥É¢μ·ÖÕÉ ±μ³³ÊÉ Í¨μ´´Ò³ ¸μμÉ´μÏ¥´¨Ö³ (4.8). ’μ£¤  ¤²Ö ÔÉ¨Ì μ¶¥· -
Éμ·μ¢ ¢Ò¶μ²´Ö¥É¸Ö ¸²¥¤ÊÕÐ¥¥ ¸É ´¤ ·É´μ¥ Éμ¦¤¥¸É¢μ:

eika eipa+
= eipa+

eika e−(kp), (A.1)

£¤¥ k ¨ p Å ¢¥±Éμ·Ò ¢ d-³¥·´μ³ ¶·μ¸É· ´¸É¢¥.
� ¸¸³μÉ·¨³ ¢Ò· ¦¥´¨¥

Yj(k) = eikaa+
j e−ika. (A.2)

�·¨ k = 0 ¨§ (A.2) ¨³¥¥³
Yj(0) = a+

j . (A.3)

“Î¨ÉÒ¢ Ö (A.3), ¨§ (A.2) ¤²Ö dYj(k)/dkl ¶μ²ÊÎ ¥³

dYj(k)
dkl

= eikai[al, a
+
j ] e−ika = iδjl. (A.4)
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�·μ¢μ¤Ö ¨´É¥£·¨·μ¢ ´¨¥ ¶μ kl ¨ ÊÎ¨ÉÒ¢ Ö (A.3), ¨³¥¥³

Yj(k) = eikaa+
j e−ika = a+

j + ikj . (A.5)

�´ ²μ£¨Î´μ ³μ¦´μ Ê¸É ´μ¢¨ÉÓ ¸μμÉ´μÏ¥´¨Ö

e−ipa+
aj eipa+

= aj + ipj ,

eαa+aaj e−αa+a = aj e−α, (A.6)

eαa+aa+
j e−αa+a = a+

j eα.

ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ ¸μμÉ´μÏ¥´¨Ö, ¶·¥¤¸É ¢¨³ ¢ ´μ·³ ²Ó´μ° Ëμ·³¥ · §²¨Î´Ò¥ ¢¨¤Ò
¶μÉ¥´Í¨ ²μ¢ ¢§ ¨³μ¤¥°¸É¢¨Ö. � ¸¸³μÉ·¨³ ¤¥É ²¨ ¶·¥¤¸É ¢²¥´¨Ö ±μ´±·¥É´ÒÌ
¢¨¤μ¢ ¶μÉ¥´Í¨ ²μ¢ ¢ ´μ·³ ²Ó´μ° Ëμ·³¥:

a) · ¸ÉÊÐ¨° ¶μÉ¥´Í¨ ²

q2n = (−1)n dn

dxn
e−xq2

∣∣∣
x=0

=

= (−1)n dn

dxn

∫ (
dη√
π

)d

e−η2(1+x/ω) : e−2i
√

x(qη) :
∣∣∣
x=0

=

=
1

ωn

Γ(d/2 + n)
Γ(d/2)

+ : q2 :
n

ωn−1

Γ(d/2 + n)
Γ(d/2 + 1)

+

+
(−1)n

ωn

dn

dxn

∫ (
dη√
π

)d

e−η2(1+x) : e
−2i

√
xω(qη)

2 :
∣∣∣
x=0

, (A.7)

£¤¥ n = 1, 2, . . . Ö¢²Ö¥É¸Ö Í¥²Ò³ ¨ ¶μ²μ¦¨É¥²Ó´Ò³;
¡) ¸É¥¶¥´´μ° ¶μÉ¥´Í¨ ²

q2τ =

∞∫
0

dx

Γ(−τ)
x−1−τ e−xq2

=

=

∞∫
0

dx

Γ(−τ)
x−1−τ

∫ (
dη√
π

)d

e−η2(1+x/ω) : e−2i
√

x(qη) :=

=
1
ωτ

Γ(d/2 + τ)
Γ(d/2)

+ : q2 :
τ

ωτ−1

Γ(d/2 + τ)
Γ(d/2 + 1)

+

+
1
ωτ

∞∫
0

dx

Γ(−τ)
x−1−τ

∫ (
dη√
π

)d

e−η2(1+x) : e
−2i

√
xω(qη)

2 :, (A.8)

£¤¥ τ �= n ¨ ¨¸¶μ²Ó§μ¢ ´μ μ¡μ§´ Î¥´¨¥ ex
2 = ex − 1 − x − x2/2;
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¢) ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¤²Ö ¶μÉ¥´Í¨ ²  ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ËÊ·Ó¥-¶·¥μ¡· §μ-
¢ ´¨¥

W (q2) =
∫ (

dk

2π

)d

W̃ (k2) ei(kq) =
∫ (

dk

2π

)d

W̃ (k2) exp
(

ik
a + a+

√
2ω

)
=

=
∫ (

dk

2π

)d

W̃ (k2) exp
(
− k2

4ω

)
exp
(

ik
a+

√
2ω

)
exp
(

ik
a√
2ω

)
=

=
∫ (

dk

2π

)d

W̃ (k2) exp
(
− k2

4ω

)
: eikq : . (A.9)

‡¤¥¸Ó (kq) =
∑

kjqj ¨

W̃ (k2) =
∫

(dx)dW (x2) ei(kx).

‘ ¶μ³μÐÓÕ ¸μμÉ´μÏ¥´¨°, ±μÉμ·Ò¥ ¶·¨¢¥¤¥´Ò ¢ Ëμ·³Ê² Ì (A.7)Ä(A.9), μ¶·¥-
¤¥²ÖÕÉ¸Ö ´μ·³ ²Ó´Ò¥ Ëμ·³Ò · §²¨Î´ÒÌ ¶μÉ¥´Í¨ ²μ¢. ‚ Î ¸É´μ¸É¨,
¨§ (A.7) ¶μ²ÊÎ ¥³ ¤²Ö n = 1, 2, 3

q2 =
d

2ω
+ : q2 :,

q4 =
d(d + 2)

4ω2
+

d + 2
ω

: q2 : + : q4 :, (A.10)

q6 =
d(d + 2)(d + 4)

8ω3
+

3(d + 2)(d + 4)
4ω2

: q2 : +
3(d + 4)

2ω
: q4 : + : q6 : .

�·¨ μ¶·¥¤¥²¥´¨¨ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  · §²¨Î´ÒÌ ¶μÉ¥´Í¨ ²μ¢ ¸ · -
¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³ ´Ê¦´μ μ¶·¥¤¥²¨ÉÓ ¤¥°¸É¢¨¥ μ¶¥· Éμ·μ¢: (a+a+)n ¨²¨
(aa)n. „²Ö ÔÉ¨Ì μ¶¥· Éμ·μ¢ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥:

(a+a+)n = (−1)n dn

dβn
exp {−β(a+a+)}

∣∣∣∣
β=0

×

× (−1)n dn

dβn

∫ (
dξ√
π

)d

exp {−ξ2 − 2i
√

β(a+ξ)}
∣∣∣∣
β=0

. (A.11)

’ ±¦¥ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸μμÉ´μÏ¥´¨¥

ei(kq)
2 = Pv eiv(kq),

£¤¥ Pv Å μ¶¥· Éμ·, ¤¥°¸É¢ÊÕÐ¨° Éμ²Ó±μ ¶μ ¶¥·¥³¥´´μ° v, ¨ ¤¥°¸É¢¨¥ μ¶¥-
· Éμ·  μ¶·¥¤¥²Ö¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

Pv = const = 0, Pvvn = 0, n � 2, Pvv
n = 1, n > 2.
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�É¨ ¸μμÉ´μÏ¥´¨Ö Î ¸Éμ ¢¸É·¥Î ÕÉ¸Ö ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢
· §²¨Î´ÒÌ Ë¨§¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ¢ ¢ ��.

ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ ¶·¥¤¸É ¢²¥´¨Ö, ³Ò ¶μ²ÊÎ¨²¨ ¢Ò· ¦¥´¨¥ ¤²Ö ε0(E) Ô´¥·£¨¨
μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö,   É ±¦¥ ¤²Ö HI £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö.

�¶·¥¤¥²¨³ ±μ´¸É ´ÉÊ ´μ·³¨·μ¢±¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨.

‚ �� ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¸ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨¥³ μ¶·¥¤¥²Ö¥É¸Ö ¢ ¢¨¤¥

|nr〉 = Cnr

(
a+

j a+
j

)nr |0〉, j = 1, . . . , d, (A.12)

£¤¥ Cn Å ±μ´¸É ´É  ´μ·³¨·μ¢±¨, ¨ μ´  μ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê¸²μ¢¨°

1 ≡ 〈n|n〉 = C2
n〈0| (aiai)

n (
a+

j a+
j

)n |0〉. (A.13)

“Î¨ÉÒ¢ Ö (A.11) ¨ (A.1), ¶μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¨§ (A.13) ¨³¥¥³

1 = C2
n

∂2n

∂αn∂βn

∫ (
dξ√
π

)d ∫ (
dη√
π

)d

e−ξ2−η2
×

× 〈0|e−2i
√

α(aξ) e−2i
√

β(a+η)|0〉
∣∣∣∣
α,β=0

=

= C2
n

∂2n

∂αn∂βn

∫ (
dξ√
π

)d ∫ (
dη√
π

)d

e−ξ2−η2−4
√

αβ(ξη)

∣∣∣∣
α,β=0

=

= C2
n

∂2n

∂αn∂βn

1
(1 − 4αβ)d/2

∣∣∣∣
α,β=0

. (A.14)

ˆ, ´ ±μ´¥Í, ¨§ (A.14) ¶μ²ÊÎ ¥³

Cn =
(

Γ(d/2)
4nn!Γ(d/2 + n)

)1/2

. (A.15)

�·¨²μ¦¥´¨¥ 


‚›—ˆ‘‹…�ˆ… Œ�’�ˆ—��ƒ� �‹…Œ…�’� 〈nr|HI |nr〉
„‹Ÿ ��‡‹ˆ—�›• ‚ˆ„�‚ ��’…�–ˆ�‹�‚

�·¥¤¸É ¢¨³ ´¥±μÉμ·Ò¥ ¤¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´μ£μ Ô²¥³¥´É 
〈nr|HI |nr〉. �·¥¦¤¥ ¢¸¥£μ ¢ÒÎ¨¸²¨³ ³ É·¨Î´Ò° Ô²¥³¥´É ¤²Ö ²¨´¥°´μ · -
¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ² . ƒ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¥¤¸É ¢²¥´ ¢ (3.4), ¨ ¸μ-
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μÉ¢¥É¸É¢ÊÕÐ¨° ³ É·¨Î´Ò° Ô²¥³¥´É § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

〈nr|HI |nr〉 =

∞∫
0

dx

∫ (
dη√
π

)d

e−η2(1+x)×

×
[
−4ρ2Eμ

ω2ρ−1

x−2ρ

Γ(1 − 2ρ)
+

4ρ2σμ

ω3ρ−1

x−3ρ

Γ(1 − 3ρ)

]
×

× 〈nr| : e
−2i

√
xω(qn)

2 : |nr〉. (	.1)

ˆ§ (	.1) ¢¨¤´μ, ÎÉμ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´μ£μ Ô²¥³¥´É  〈nr|HI |nr〉 ´ ³
´Ê¦´μ μ¶·¥¤¥²¨ÉÓ ¢¥²¨Î¨´Ê

Tn(x) =
∫(

dη√
π

)d

e−η2(1+x)〈n| : e
−2i

√
xω(qn)

2 : |n〉. (	.2)

“Î¨ÉÒ¢ Ö (A.11) ¨ (A.12), ¶μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¨§ (	.2) ¶μ²ÊÎ ¥³

Tn(x) =
∫(

dη√
π

)d

e−η2(1+x)〈n| : e
−2i

√
xω(qn)

2 : |n〉 =

= PvC
2
n

d2n

dαndβn

∫(
dη√
π

)d∫∫ (
dξ1√

π

)d(
dξ2√

π

)d

×

× e−η2(1+x)−ξ2
1−ξ2

2 〈0| e−2i
√

α(aξ1) e−iv
√

2x(a+η)×

× e−iv
√

2x(aη) e−2i
√

β(a+ξ2)0〉
∣∣∣∣
β,α=0

(	.3)

¨ μ±μ´Î É¥²Ó´μ

Tn(k) =
2n∑

k=2

n∑
s=0

(−1)k xk

(1 + x)k+d/2

Γ(1 + n)
Γ(n + d/2)

×

× 22s−k

Γ(n − s + 1)
Γ(k + n − s + d/2)

Γ2(k − s + 1)Γ(2s − k + 1)
. (	.4)

�μ¤¸É ¢²ÖÖ (	.4) ¢ (	.1) ¨ ¶·μ¢μ¤Ö ¨´É¥£·¨·μ¢ ´¨¥ ¶μ x, ¨§ (	.1) ¨³¥¥³

〈nr|HI |nr〉 = −4ρ2Eμ

ω2ρ−1

Γ(d/2 + 2ρ − 1)
Γ(d/2)

B̃+

+
4ρ2σμ

ω3ρ−1

Γ(d/2 + 3ρ − 1)
Γ(d/2)

C̃. (	.5)
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‡¤¥¸Ó ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö:

B̃ =
Γ(1 + nr)

Γ(nr + d/2)
Γ(d/2)

Γ(1 − 2ρ)

2nr∑
k=2

(−1)kAnr (k)
Γ(1 + k − 2ρ)
Γ(k + d/2)

(	.6)

¨

C̃ =
Γ(1 + nr)

Γ(nr + d/2)
Γ(d/2)

Γ(1 − 3ρ)

2nr∑
k=2

(−1)kAnr (k)
Γ(1 + k − 3ρ)
Γ(k + d/2)

, (	.7)

£¤¥

Anr (k) =
nr∑

s=1

22s−k

Γ(nr − s + 1)
Γ(k + nr − s + d/2)

Γ2(k − s + 1)Γ(2s − k + 1)
, (	.8)

�´ ²μ£¨Î´Ò³ μ¡· §μ³ ¢ÒÎ¨¸²Ö¥É¸Ö ³ É·¨Î´Ò° Ô²¥³¥´É 〈nr|HI |nr〉 ¤²Ö £ -
³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö, ¶·¥¤¸É ¢²¥´´μ£μ ¢ (2.52). �μ²ÊÎ¥´´μ¥ ¢Ò· ¦¥-
´¨¥ ¶·¥¤¸É ¢²¥´μ ¢ (2.54).

„ ²¥¥ ¶·¨¸ÉÊ¶¨³ ± ¢ÒÎ¨¸²¥´¨Õ ³ É·¨Î´μ£μ Ô²¥³¥´É  〈nr|HI |nr〉 ¤²Ö ±Ê-
²μ´μ¢¸±μ£μ ¶²Õ¸ · ¸ÉÊÐ¥£μ ¶μÉ¥´Í¨ ²  ¨²¨ ¶μÉ¥´Í¨ ²  ¢μ·μ´±¨, £ ³¨²ÓÉμ-
´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ±μÉμ·ÒÌ ¶·¥¤¸É ¢²¥´ ¢ (2.63). ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶μ¸²¥
´¥±μÉμ·ÒÌ  ´ ²μ£¨Î´ÒÌ Ê¶·μÐ¥´¨° ¨³¥¥³

〈nr|HI |nr〉 = −4ρ2Eμ

ω2ρ−1

Γ(d/2 + 2ρ − 1)
Γ(d/2)

B̃ +
4ρ2σμ

ω3ρ−1
×

× Γ(d/2 + 3ρ − 1)
Γ(d/2)

C̃ − 16ρ2αsμ

3ωρ−1

Γ(d/2 + ρ − 1)
Γ(d/2)

D̃, (	.9)

£¤¥

D̃ =
Γ(1 + nr)

Γ(nr + d/2)
Γ(d/2)

Γ(1 − ρ)

2nr∑
k=2

(−1)kAnr (k)
Γ(1 + k − ρ)
Γ(k + d/2)

. (	.10)

ˆ¸¶μ²Ó§ÊÖ (	.8), ³Ò μ¶·¥¤¥²¨²¨ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· £ ³¨²ÓÉμ´¨ ´ , ¶·¥¤-
¸É ¢²¥´´μ£μ ¢ (2.61) ¨ (3.15), ¸ μ·¡¨É ²Ó´Ò³ ¨ · ¤¨ ²Ó´Ò³ ¢μ§¡Ê¦¤¥´¨Ö³¨.

’¥¶¥·Ó μ¶·¥¤¥²¨³ ³ É·¨Î´Ò° Ô²¥³¥´É 〈nr|HI |nr〉 ¤²Ö ¶μÉ¥´Í¨ ²  (2.13),
¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ μ¤´μ¶¥É²¥¢μ° Ô²¥±É·μ´´μ° ¶μ¶· ¢±¥:

〈nr|HI |nr〉 = −4μg1

∞∫
1

dζ w1(ζ)〈nr |
∫ (

dη√
π

)d

e−η2(1+x) : ×

× e
−2i

√
xω(qη)

2 : |nr〉. (	.11)

�μ²ÊÎ¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ³ É·¨Î´μ£μ Ô²¥³¥´É  ¶·¥¤¸É ¢²¥´Ò ¢ (2.26). �´ -
²μ£¨Î´Ò³ μ¡· §μ³ ¢ÒÎ¨¸²Ö¥É¸Ö ³ É·¨Î´Ò° Ô²¥³¥´É 〈nr|HI |nr〉 ¤²Ö ²Õ¡ÒÌ
¶μÉ¥´Í¨ ²μ¢.
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