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ˆ§²μ¦¥´  £ ³¨²ÓÉμ´μ¢  ·¥¤Ê±Í¨Ö É¥μ·¨¨ Ÿ´£ ÄŒ¨²²¸  ¸μ ¸É·Ê±ÉÊ·´μ° £·Ê¶¶μ° SU(2) ±
´¥²μ± ²Ó´μ° ³μ¤¥²¨ ¸ ³μ¤¥°¸É¢ÊÕÐ¥£μ ´¥μÉ·¨Í É¥²Ó´μ-μ¶·¥¤¥²¥´´μ£μ ¸¨³³¥É·¨Î¥¸±μ£μ 3 × 3
³ É·¨Î´μ£μ ¶μ²Ö. „ ¥É¸Ö  ´ ²¨§ ¥£μ É· ´¸Ëμ·³ Í¨μ´´ÒÌ ¸¢μ°¸É¢ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨°
�Ê ´± ·¥. �μ± § ´μ, ÎÉμ ¢ ¶·¥¤¥²¥ ¸¨²Ó´μ° ±μ´¸É ´ÉÒ ¸¢Ö§¨ ±² ¸¸¨Î¥¸± Ö ¤¨´ ³¨±  ·¥¤ÊÍ¨-
·μ¢ ´´μ° ¸¨¸É¥³Ò ³μ¦¥É ¡ÒÉÓ μ¶¨¸ ´  ¢ · ³± Ì ²μ± ²Ó´μ° É¥μ·¨¨ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì ¶μ²¥°
´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ¸¶¨´  0 ¨ ¸¶¨´  2. �·¥¤²μ¦¥´  É¥μ·¨Ö ¢μ§³ÊÐ¥´¨° ¶μ μ¡· É´Ò³ ¸É¥¶¥-
´Ö³ ±μ´¸É ´ÉÒ ¸¢Ö§¨ g−2/3, ¶μ§¢μ²ÖÕÐ Ö · ¸¸Î¨ÉÒ¢ ÉÓ ¶μ¶· ¢±¨ ± ¢¥¤ÊÐ¥³Ê ¤²¨´´μ¢μ²´μ¢μ³Ê
¶·¨¡²¨¦¥´¨Õ.

The Hamiltonian reduction of YangÄMills theory with the structure group SU(2) to a nonlocal
model of self-interacting 3 × 3 positive semideˇnite matrix ˇeld is presented. Analysis of the ˇeld's
transformation properties under the Poincare group action is given. It is shown that in the limit of
a strong coupling the classical dynamics of the reduced system can be described within the local
theory of interacting nonrelativistic spin-0 and spin-2 ˇelds. A perturbation theory in powers of the
inverse coupling constant g−2/3, which allows one to calculate corrections to the leading long-wave
approximation, is suggested.

PACS: 11.15.-q; 11.10.Ef; 11.10.-z; 11.25.Me; 12.38.Aw

� ³ÖÉ¨ �. �. ’ ¢Ì¥²¨¤§¥

1. ‹�Š�‹œ��‘’œ VS. �…‹�Š�‹œ��‘’œ

�·¨´Í¨¶ ¶μ´¨³ ´¨Ö ¢´¥Ï´¥£μ ³¨·  ´  μ¸´μ¢¥ ¥£μ ¶μ¢¥¤¥-
´¨Ö ¢ ¡¥¸±μ´¥Î´μ ³ ²μ³ Å ¢¥¤ÊÐ¨° É¥μ·¥É¨±μ-¶μ§´ ¢ É¥-
²Ó´Ò° ³μÉ¨¢ ± ± Ë¨§¨±¨ ¡²¨§±μ¤¥°¸É¢¨Ö, É ± ¨ ·¨³ ´μ¢μ°
£¥μ³¥É·¨¨. . .

ƒ. ‚¥°²Ó [1]

ˆ´ÉÊ¨É¨¢´μ¥ ¶·¥¤¸É ¢²¥´¨¥ μ ²μ± ²Ó´μ° ¶·¨·μ¤¥ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¢§ -
¨³μ¤¥°¸É¢¨° ± ±  ²ÓÉ¥·´ É¨¢  ¤¥°¸É¢¨° ´  · ¸¸ÉμÖ´¨¨ ´ÓÕÉμ´μ¢¸±μ° ³¥Ì -
´¨±¨ Ëμ·³ ²¨§Ê¥É¸Ö ¢ ±² ¸¸¨Î¥¸±μ° É¥μ·¨¨ ¶μ²Ö ¢ ¢¨¤¥ ¶·¨´Í¨¶  ²μ± ²Ó´μ-
¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö. ‚ ¸¢μ¥° ³ É¥³ É¨Î¥¸±μ° Ëμ·³Ê²¨·μ¢±¥ ÔÉμÉ ¶·¨´Í¨¶
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¤¨±ÉÊ¥É ¢¨¤ ² £· ´¦¨ ´  ¶μ²¥¢μ° ¸¨¸É¥³Ò ± ± ËÊ´±Í¨¨ ÉμÎ±¨ ¶·μ¸É· ´¸É¢ -
¢·¥³¥´¨: ² £· ´¦¨ ´ ¢ ²Õ¡μ° ²μ± ²Ó´μ° É¥μ·¨¨ ¶μ²Ö § ¢¨¸¨É ²¨ÏÓ μÉ §´ Î¥-
´¨Ö ¶μ²Ö ¢ ¥¥ ¡¥¸±μ´¥Î´μ ³ ²μ° μ±·¥¸É´μ¸É¨, É. ¥. μ¶·¥¤¥²Ö¥É¸Ö ¶μ²¥³ ¨ ±μ-
´¥Î´Ò³ Î¨¸²μ³ ¥£μ ¶·μ¨§¢μ¤´ÒÌ [2]. �Éμ μ§´ Î ¥É, ÎÉμ ¤¨´ ³¨±  ±² ¸¸¨Î¥¸-
±¨Ì ¶μ²¥° § ¤ ¥É¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨ Ê· ¢´¥´¨Ö³¨ ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ
±μ´¥Î´μ£μ ¶μ·Ö¤± , ±μÉμ·Ò¥ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¤·Ê£¨³ ¡ §μ¢Ò³ ¶μ²μ¦¥´¨¥³
É¥μ·¨¨ ¶μ²Ö, ¶·¨´Í¨¶μ³ ±² ¸¸¨Î¥¸±μ£μ ¤¥É¥·³¨´¨§³ , ¤μ²¦´Ò ¡ÒÉÓ £¨¶¥·-
¡μ²¨Î¥¸±μ£μ É¨¶  [3]. ‚ ·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ÔÉ¨  ±¸¨μ³Ò
²μ± ²Ó´μ° É¥μ·¨¨ ±² ¸¸¨Î¥¸±¨Ì ¶μ²¥°, ¤μ¶μ²´¥´´Ò¥ μ¡Ð¨³¨ ¶·¨´Í¨¶ ³¨
±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¨ É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨, μ¶·¥¤¥²ÖÕÉ ²μ± ²Ó´Ò° Ì -
· ±É¥· ¢§ ¨³μ¤¥°¸É¢¨Ö ±¢ ´Éμ¢ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¶μ²¥°, ¶·¥μ¡· §ÊÕÐ¨Ì¸Ö
¶μ ´¥¶·¨¢μ¤¨³Ò³ ¶·¥¤¸É ¢²¥´¨Ö³ £·Ê¶¶Ò �Ê ´± ·¥ [4]. �¤´ ±μ ·¥ ²¨§ Í¨Ö
¶μ¤μ¡´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¢ ³μ¤¥²ÖÌ É¥μ·¨¨ ¶μ²Ö, μ¡² ¤ ÕÐ¨Ì ¢´ÊÉ·¥´´¨³¨
¸¨³³¥É·¨Ö³¨, ¸É ²±¨¢ ¥É¸Ö ¸ ·Ö¤μ³ ¶·μÉ¨¢μ·¥Î¨°. ‚ ÔÉμ³ ¸²ÊÎ ¥ μ± §Ò¢ -
¥É¸Ö, ÎÉμ ± ± μ¡  ¶·¨´Í¨¶ , ²μ± ²Ó´μ¸É¨ ¨ ±² ¸¸¨Î¥¸±μ£μ ¤¥É¥·³¨´¨§³ , É ±
¨ ³¥Éμ¤ μ¶¨¸ ´¨Ö Î ¸É¨Í ¶μ¸·¥¤¸É¢μ³ ¸μ¸ÉμÖ´¨° ”μ±  É·¥¡ÊÕÉ ÊÉμÎ´¥´¨Ö ¨
¸ÊÐ¥¸É¢¥´´μ° ³μ¤¨Ë¨± Í¨¨. ‚ ¶·μÍ¥¸¸¥ ¶·¥μ¤μ²¥´¨Ö ÔÉ¨Ì É·Ê¤´μ¸É¥° ¨ ¡Ò² 
¸Ëμ·³Ê²¨·μ¢ ´  ±μ´Í¥¶Í¨Ö ´¥ ¡¥²¥¢ÒÌ ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥°∗,   ¢ ±μ´¥Î´μ³
¨Éμ£¥ ¨ ¸μ¢·¥³¥´´ Ö É¥μ·¨Ö Ô²¥±É·μ¸² ¡ÒÌ ¨ ¸¨²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° (¸³.,
´ ¶·¨³¥·, [6Ä9]).

Šμ´Ë²¨±É ³¥¦¤Ê ¨§μÉμ¶¨Î¥¸±μ° ¸¨³³¥É·¨¥° ¨ ²μ± ²Ó´μ¸ÉÓÕ ¤¥³μ´¸É·¨-
·Ê¥É¸Ö ¸²¥¤ÊÕÐ¨³¨ ´ £²Ö¤´Ò³¨ ¸μμ¡· ¦¥´¨Ö³¨ [5]. ‘ μ¤´μ° ¸Éμ·μ´Ò, ¶·μ-
¨§¢μ²Ó´μ¸ÉÓ μ·¨¥´É Í¨¨ ¨§μÉμ¶¨Î¥¸±μ£μ ¸¶¨´ , ¢ ¸¨²Ê ¨§μÉμ¶¨Î¥¸±μ° ¸¨³-
³¥É·¨¨, μ§´ Î ¥É ´¥· §²¨Î¨³μ¸ÉÓ ¸μ¸ÉμÖ´¨° ®¶·μÉμ´ ¯ ¨ ®´¥°É·μ´ ¯ ¢ ²Õ¡μ°
ÉμÎ±¥ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¶μ¸±μ²Ó±Ê ¨§μÉμ¶¨Î¥¸±¨° § -
·Ö¤ ¸μÌ· ´Ö¥É¸Ö, Éμ, μ¶·¥¤¥²¨¢, ÎÉμ ¥¸ÉÓ ®¶·μÉμ´¯ ¢ ´¥±μ° ÉμÎ±¥, ³Ò É¥³ ¸ -
³Ò³ Ê´¨ÎÉμ¦ ¥³ ¸¢μ¡μ¤Ê ¢Ò¡μ·  ³¥¦¤Ê ®¶·μÉμ´μ³¯ ¨ ®´¥°É·μ´μ³¯ ¢ ²Õ¡μ³
¤·Ê£μ³ ³¥¸É¥. ‚μ§³μ¦´μ¸ÉÓ É ±μ° ±μ··¥²ÖÍ¨¨ ¢ ²μ± ²Ó´μ° ¶μ²¥¢μ° ¸¨¸É¥³¥
μÎ¥¢¨¤´μ ¶·μÉ¨¢μ·¥Î¨É ¶·¨´Í¨¶Ê ¡²¨§±μ¤¥°¸É¢¨Ö. � §·¥Ï¥´¨¥ ÔÉμ£μ ¶ · -
¤μ±¸  Ÿ´£ ¨ Œ¨²²¸ ´ Ï²¨ ¢ Ô²¥±É·μ¤¨´ ³¨±¥. ‡¤¥¸Ó Ë §  ²μ± ²Ó´μ£μ ¶μ²Ö
Ô²¥±É·μ´ , ´¥¸ÊÐ¥£μ § ·Ö¤, É ±¦¥ Ö¢²Ö¥É¸Ö ¶·μ¨§¢μ²Ó´μ°, ´μ ¸· §Ê ¦¥ ¶μ¸²¥
¥¥ μ¶·¥¤¥²¥´¨Ö ¢ μ¤´μ°-¥¤¨´¸É¢¥´´μ° ÉμÎ±¥ μ´  Ë¨±¸¨·Ê¥É¸Ö ¢ ¸¨²Ê ¸μÌ· -
´¥´¨Ö Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤  ¢μ ¢¸¥³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨. Š ± ¨§¢¥¸É´μ, ¢
ÔÉμ³ ¸²ÊÎ ¥ ¶·μÉ¨¢μ·¥Î¨¥ ³¥¦¤Ê ¨´¢ ·¨ ´É´μ¸ÉÓÕ ¨ ²μ± ²Ó´μ¸ÉÓÕ ¸´¨³ ¥É¸Ö
¸ÊÐ¥¸É¢μ¢ ´¨¥³ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö, ±μÉμ·μ¥ ±μ··¥²¨·Ê¥É μÉ´μ¸¨É¥²Ó-
´Ò¥ Ë §Ò ¶μ²Ö Ô²¥±É·μ´  ¢ ²Õ¡ÒÌ ÉμÎ± Ì ¶·μ¸É· ´¸É¢ . ˆ´Ò³¨ ¸²μ¢ ³¨,
£²μ¡ ²Ó´ Ö U(1)-¸¨³³¥É·¨Ö ¸μ¸ÊÐ¥¸É¢Ê¥É ¸ ²μ± ²Ó´μ¸ÉÓÕ §  ¸Î¥É ²μ± ²Ó-

∗�´´μÉ Í¨Õ ¸¢μ¥° §´ ³¥´¨Éμ° · ¡μÉÒ [5] 1954 £. —. Ÿ´£ ¨ �.Œ¨²²¸ ´ Î¨´ ÕÉ ¸ ÊÉ¢¥·¦¤¥-
´¨Ö: ®It is pointed that the usual concept of invariance under isotopic spin rotations is not consistent
with the concept of localized ˇelds¯.
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´μ°, ± ²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨. ‚ ¶μ²´μ°  ´ ²μ£¨¨ ¸ ÔÉ¨³ ²μ± ²Ó´μ¸ÉÓ
ËÊ´¤ ³¥´É ²Ó´μ£μ ¶μ²Ö, μ¶¨¸Ò¢ ÕÐ¥£μ ¶·μÉμ´ ¨ ´¥°É·μ´, ¶·¨¢μ¤¨É ± ´¥-
μ¡Ìμ¤¨³μ¸É¨ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ´¥ ¡¥²¥¢  ± ²¨¡·μ¢μÎ´μ£μ ¶μ²Ö. �  ÔÉμÉ · §
²μ± ²Ó´μ¸ÉÓ ¶μ²¥° μ± §Ò¢ ¥É¸Ö ¸μ¢³¥¸É¨³μ° ¸ ´ ²¨Î¨¥³ ¨§μÉμ¶¨Î¥¸±¨Ì § -
·Ö¤μ¢ ¡² £μ¤ ·Ö · ¸Ï¨·¥´¨Õ £²μ¡ ²Ó´μ° ¨´¢ ·¨ ´É´μ¸É¨ ¤μ ± ²¨¡·μ¢μÎ´μ°
SU(2)-¸¨³³¥É·¨¨.

‚¢¥¤¥´¨¥ ± ²¨¡·μ¢μÎ´μ£μ ¶μ²Ö, · §·¥Ï¨¢ ±μ´Ë²¨±É ³¥¦¤Ê ²μ± ²Ó´μ¸ÉÓÕ
¨ ¸ÊÐ¥¸É¢μ¢ ´¨¥³ ¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨, ¶·¨¢μ¤¨É, μ¤´ ±μ, ± ´μ¢μ³Ê ¶·μÉ¨-
¢μ·¥Î¨Õ, ´  ÔÉμÉ · § ¸ ¶·¨´Í¨¶μ³ ±² ¸¸¨Î¥¸±μ£μ ¤¥É¥·³¨´¨§³ . �± §Ò¢ ¥É¸Ö,
ÎÉμ, ÌμÉÖ Ê· ¢´¥´¨Ö �°²¥· Ä‹ £· ´¦  ¤²Ö ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥° ¨ ¶·¥¤¸É -
¢²ÖÕÉ ¸μ¡μ° ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¢Éμ·μ£μ ¶μ·Ö¤± , ´¥ ¢¸¥ ¨§ ´¨Ì
Ö¢²ÖÕÉ¸Ö £¨¶¥·¡μ²¨Î¥¸±¨³¨. ‚ ¸¨²Ê ± ²¨¡·μ¢μÎ´μ° ¸¨³³¥É·¨¨ ²¨ÏÓ Î ¸ÉÓ
Ê· ¢´¥´¨° μ¶·¥¤¥²ÖÕÉ Ô¢μ²ÕÍ¨Õ,   μ¸É ¢Ï¨¥¸Ö § ¤ ÕÉ ¸¢Ö§¨, μ£· ´¨Î¥´¨Ö ´ 
¶μ²¥¢Ò¥ ±μ´Ë¨£Ê· Í¨¨. 
μ²¥¥ Éμ£μ, ¸μ£² ¸´μ  ´ ²¨§Ê § ¤ Î¨ ŠμÏ¨ ¥¥ ·¥Ï¥-
´¨¥ ¸μ¤¥·¦¨É ¶·μ¨§¢μ²Ó´Ò¥ ËÊ´±Í¨¨, ÎÉμ ¤¥² ¥É Ô¢μ²ÕÍ¨Õ ¶μ²¥¢μ° ¸¨¸É¥³Ò
´¥¶·¥¤¸± §Ê¥³μ° [10Ä12]. ‚ÒÌμ¤ ¨§ ¸μ§¤ ¢Ï¥£μ¸Ö ±μ´Ë²¨±É  ¸μ¸Éμ¨É ¢ μ¸² -
¡²¥´¨¨ É·¥¡μ¢ ´¨° ¤¥É¥·³¨´¨§³ . ‚¢μ¤¨É¸Ö ´μ¢Ò° ¶μ¸ÉÊ² É, ¸μ£² ¸´μ ±μÉμ-
·μ³Ê ²¨ÏÓ Ô¢μ²ÕÍ¨Ö ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´ÒÌ ¢¥²¨Î¨´, É ± ´ §Ò¢ ¥³ÒÌ
´ ¡²Õ¤ ¥³ÒÌ, ¶μ¤²¥¦¨É μ¤´μ§´ Î´μ³Ê μ¶·¥¤¥²¥´¨Õ ¨§ ¶μ²¥¢ÒÌ Ê· ¢´¥´¨°.

�μ¤μ¡´μ¥ μ£· ´¨Î¥´¨¥ ¸Ë¥·Ò ¤¥°¸É¢¨Ö ¶·¨´Í¨¶  ±² ¸¸¨Î¥¸±μ£μ ¤¥É¥·-
³¨´¨§³  ¸¥±Éμ·μ³ ´ ¡²Õ¤ ¥³ÒÌ ¶μ¤· §Ê³¥¢ ¥É μ¶·¥¤¥²¥´¨¥ ¶μ²´μ£μ ´ ¡μ· 
± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´ÒÌ ¶¥·¥³¥´´ÒÌ,   É ±¦¥ Ê¸É ´μ¢²¥´¨¥ ¨Ì ¤¨´ ³¨-
Î¥¸±¨Ì Ê· ¢´¥´¨°. ˆ³¥´´μ ¢ ÔÉμ³ ¨ ¸μ¸Éμ¨É ¸ÊÉÓ § ¤ Î¨ ·¥¤Ê±Í¨¨ ¢ ± ²¨¡·μ-
¢μÎ´μ° É¥μ·¨¨.

�·¨ É¥μ·¥É¨±μ-¢μ§³ÊÐ¥´Î¥¸±μ³ · ¸¸³μÉ·¥´¨¨ ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥° ¸Î¨-
É ¥É¸Ö, ÎÉμ ¢ ·¥§Ê²ÓÉ É¥ ·¥¤Ê±Í¨¨ É¥μ·¨Ö ³μ¦¥É ¡ÒÉÓ ¶¥·¥Ëμ·³Ê²¨·μ¢ ´  ¢
É¥·³¨´ Ì ®·¥¤ÊÍ¨·μ¢ ´´ÒÌ¯ ¶μ²¥°, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì ¢¸¥ É¥³ ¦¥  ±¸¨μ³ ³
²μ± ²Ó´μ¸É¨, ¤¥É¥·³¨´¨§³  ¨ ¤μ¶Ê¸± ÕÐ¨Ì ¨´É¥·¶·¥É Í¨Õ Ô²¥³¥´É ·´ÒÌ ¶μ-
²¥¢ÒÌ ¢μ§¡Ê¦¤¥´¨° ¢ ¢¨¤¥ ´ ¡²Õ¤ ¥³ÒÌ Î ¸É¨Í. � ¨¡μ²¥¥ Ê¸¶¥Ï´Ò° ¶μ¤-
Ìμ¤ ± ¶μ¤μ¡´μ³Ê ¶μ¸É·μ¥´¨Õ ±¢ ´Éμ¢μ° É¥μ·¨¨ ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥° [13]
μ¸´μ¢ ´ ´  ¶·¨³¥´¥´¨¨ ³¥Éμ¤  ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ² , μ¡μ¡Ð¥´´μ£μ
´  ¸²ÊÎ ° £ ³¨²ÓÉμ´μ¢ÒÌ ¸¨¸É¥³ ¸μ ¸¢Ö§Ö³¨ [14]. �ÉμÉ ¶μ¤Ìμ¤ ¶·¥±· ¸´μ
§ ·¥±μ³¥´¤μ¢ ² ¸¥¡Ö É ³, £¤¥ ³¥Éμ¤Ò É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¶μ ¸É¥¶¥´Ö³ ³ ²μ-
¸É¨ ±μ´¸É ´ÉÒ ¢§ ¨³μ¤¥°¸É¢¨Ö · ¡μÉ ÕÉ. �¤´ ±μ ¸¥£μ¤´Ö, ´¥¸³μÉ·Ö ´  ¡μ²¥¥
Î¥³ ¶μ²Ê¢¥±μ¢μ° ¶¥·¨μ¤ ¨§ÊÎ¥´¨Ö ¶μ²¥° Ÿ´£ ÄŒ¨²²¸ , ¶μ¤μ¡´ Ö ¶·μ£· ³³ 
¢´¥ ¶·¥¤¥²μ¢ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ´¥ ¨³¥¥É Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ° ·¥ ²¨§ Í¨¨.
‘ÊÐ¥¸É¢Ê¥É ¡μ²ÓÏμ¥ Î¨¸²μ ´ ¶· ¢²¥´¨°, ¢ ±μÉμ·ÒÌ ¨¤¥É ¶μ¨¸± ·¥Ï¥´¨Ö ÔÉμ°
§ ¤ Î¨. �·¨¢¥¤¥³ § ¢¥¤μ³μ ´¥¶μ²´Ò° ¸¶¨¸μ± ¶Ê¡²¨± Í¨°, ¢ ±μÉμ·ÒÌ μ¡¸Ê¦-
¤ ÕÉ¸Ö · §²¨Î´Ò¥ ·¥¤ÊÍ¨·μ¢ ´´Ò¥ Ëμ·³Ò É¥μ·¨¨ ¶μ²¥° Ÿ´£ ÄŒ¨²²¸ , μÉ-
²¨Î´Ò¥ μÉ ¥¥ ¶¥·ÉÊ·¡ É¨¢´μ° Ëμ·³Ê²¨·μ¢±¨ [15Ä35]. ‚ ´ ¸ÉμÖÐ¥³ μ¡§μ·¥
³Ò μ£· ´¨Î¨³¸Ö μ¤´¨³ ¨§ É ±¨Ì ¶μ¤Ìμ¤μ¢, ¨´¨Í¨¨·μ¢ ´´Ò³ ¡μ²¥¥ É·¨¤Í É¨
²¥É ´ § ¤ ¨§¢¥¸É´μ° · ¡μÉμ° ƒμ²¤¸ÉμÊ´  ¨ „¦ ±¨¢  [15] ¨ · §¢¨ÉÒ³ ¢ ¢¨¤¥
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· §²¨Î´ÒÌ ³μ¤¨Ë¨± Í¨° [17, 21, 31Ä33, 36]. „ ´´Ò° ¶μ¤Ìμ¤ ¶·¥¤¶μ² £ ¥É
¢Ò¤¥²¥´¨¥ ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´ÒÌ ¶¥·¥³¥´´ÒÌ ¨ Ö¢´μ¥ · §·¥Ï¥´¨¥ ¸¢Ö-
§¥° É¥μ·¨¨. „ ²¥¥ ³Ò ¤¥É ²Ó´μ ¨§²μ¦¨³ μ¤´Ê ¨§ ¢¥·¸¨° ¶μ¤μ¡´μ° ·¥¤Ê±Í¨¨,
±μÉμ· Ö μ± §Ò¢ ¥É¸Ö ¶·¨¸¶μ¸μ¡²¥´´μ° ± · ¸Î¥É ³ ¢ ·¥¦¨³¥,  ²ÓÉ¥·´ É¨¢´μ³
¸É ´¤ ·É´μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°. �·¥¤² £ ¥³Ò° ¶μ¤Ìμ¤ ± ¶·μ¡²¥³¥ μ¸´μ¢ ´
´  ±² ¸¸¨Î¥¸±μ³ ³¥Éμ¤¥ £ ³¨²ÓÉμ´μ¢μ° ·¥¤Ê±Í¨¨ [37,38], · ¸¶·μ¸É· ´¥´´μ³
´  ¢Ò·μ¦¤¥´´Ò¥ ¤¨´ ³¨Î¥¸±¨¥ ¸¨¸É¥³Ò (¸³. μ¡§μ· [39] ¨ Í¨É¨·μ¢ ´´ÊÕ É ³
²¨É¥· ÉÊ·Ê). ‘ ¥£μ ¶μ³μÐÓÕ ¡Ê¤¥É ¶μ²ÊÎ¥´μ ¶·¥¤¸É ¢²¥´¨¥ É¥μ·¨¨ ¶μ²¥°
Ÿ´£ ÄŒ¨²²¸  ¢ Ëμ·³¥ ¶μ²¥¢μ° ³μ¤¥²¨, ¢ ±μÉμ·μ° ËÊ´¤ ³¥´É ²Ó´Ò³ ¶μ²¥³
Ö¢²Ö¥É¸Ö ¸ ³μ¤¥°¸É¢ÊÕÐ¥¥ ³ É·¨Î´μ¥ ¶μ²¥. „ ´´μ¥ ¶μ²¥ ´¥ μ£· ´¨Î¥´μ ¸¢Ö-
§Ö³¨, ¨ ·¥Ï¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö Ê¦¥ ´¥
¸μ¤¥·¦ É ¶·μ¨§¢μ²Ó´ÒÌ ËÊ´±Í¨°. �¤´ ±μ ¶·¨ ÔÉμ³ ±² ¸¸¨Î¥¸±μ¥ ¤¥°¸É¢¨¥
·¥¤ÊÍ¨·μ¢ ´´μ° É¥μ·¨¨ Ö¢²Ö¥É¸Ö ´¥²μ± ²Ó´Ò³!

‚μ¸¸É ´ ¢²¨¢ Ö ¢ ¶· ¢ Ì ®±² ¸¸¨Î¥¸±¨° ¤¥É¥·³¨´¨§³¯, ³Ò ¶·¨Ï²¨ ± ´¥-
²μ± ²Ó´μ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö. Š ± ¸²¥¤¸É¢¨¥, ¶μ³¨³μ ³ É¥³ É¨Î¥¸±¨Ì ¸²μ¦-
´μ¸É¥° É¥Ì´¨Î¥¸±μ£μ Ì · ±É¥·  ¶·¨ · ¡μÉ¥ ¸ É ±μ° É¥μ·¨¥° ¢μ§´¨± ¥É ¶·μ-
¡²¥³  ¨´É¥·¶·¥É Í¨¨ ¸ ³μ£μ ·¥¤ÊÍ¨·μ¢ ´´μ£μ ³ É·¨Î´μ£μ ¶μ²Ö ¢ ¸³Ò¸²¥ ¢Ò-
Ö¢²¥´¨Ö ËÊ´¤ ³¥´É ²Ó´ÒÌ Î ¸É¨Í, ±μ¨³ μ´μ ¸μμÉ¢¥É¸É¢Ê¥É. ’¥³ ¸ ³Ò³ ³Ò
¸É ²±¨¢ ¥³¸Ö ¸ ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ μÉ¢¥É¨ÉÓ ´  ¢μ¶·μ¸: · ¡μÉ ¥É ²¨, ¨ ¥¸²¨ ¤ ,
Éμ ± ±, ¸ ³  ¢¨£´¥·μ¢¸± Ö ¨´É¥·¶·¥É Í¨Ö Î ¸É¨Í ¢ ¸²ÊÎ ¥ ·¥¤ÊÍ¨·μ¢ ´´μ£μ
¶μ²Ö?∗

Š ± ¡Ê¤¥É ¶μ± § ´μ ´¨¦¥, ¢ ¸¨²Ê ´¥²μ± ²Ó´μ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ·¥¤Ê-
Í¨·μ¢ ´´μ¥ ³ É·¨Î´μ¥ ¶μ²¥ μ¡² ¤ ¥É ¸²μ¦´Ò³¨, ´¥²¨´¥°´Ò³¨ É· ´¸Ëμ·³ -
Í¨μ´´Ò³¨ ¸¢μ°¸É¢ ³¨ ¶μ μÉ´μÏ¥´¨Õ ± ¶·¥μ¡· §μ¢ ´¨Ö³ ¨§ £·Ê¶¶Ò �Ê ´± ·¥.
�¤´ ±μ ¢ÒÎ¨¸²¥´¨Ö ¶μ± §Ò¢ ÕÉ, ÎÉμ ¢ ¶·¨¡²¨¦¥´¨¨ ¸¨²Ó´μ° ±μ´¸É ´ÉÒ ¸¢Ö§¨
ÔÉ¨ § ±μ´Ò ¶·¥μ¡· §μ¢ ´¨Ö ²¨´¥ ·¨§¨·ÊÕÉ¸Ö. ‚ ÔÉμ³ ¶·¥¤¥²¥ ³ É·¨Î´μ¥ ¶μ²¥
¢¥¤¥É ¸¥¡Ö ± ± É¥´§μ· ¢Éμ·μ£μ · ´£  ¶μ μÉ´μÏ¥´¨Õ ± ¶·μ¸É· ´¸É¢¥´´Ò³ ¢· -
Ð¥´¨Ö³, μ¸É ¢ Ö¸Ó ¨´¢ ·¨ ´Éμ³ ¶μ μÉ´μÏ¥´¨Õ ± ²μ·¥´Í¥¢¸±¨³ ¡Ê¸É ³. ’ -
±μ¥ ¶μ¢¥¤¥´¨¥ ¶μ§¢μ²Ö¥É £μ¢μ·¨ÉÓ μ Éμ³, ÎÉμ ¤²¨´´μ¢μ²´μ¢μ¥ ¶·¨¡²¨¦¥´¨¥
SU(2)-£²Õμ¤¨´ ³¨±¨ ¸μμÉ¢¥É¸É¢Ê¥É ²μ± ²Ó´μ° ³μ¤¥²¨ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì
¶μ²¥° ¸¶¨´  0 ¨ ¸¶¨´  2∗∗.

�² ´ ¤ ²Ó´¥°Ï¥£μ ¨§²μ¦¥´¨Ö É ±μ¢. �μ¸²¥ ¢¢¥¤¥´¨Ö μ¸´μ¢´ÒÌ μ¶·¥¤¥-
²¥´¨° ¨ μ¡μ§´ Î¥´¨° ² £· ´¦¥¢μ° É¥μ·¨¨ ¶μ²¥° Ÿ´£ ÄŒ¨²²¸  ±μ´¸¶¥±É¨¢´μ
¶·¨¢¥¤¥´Ò ´¥μ¡Ìμ¤¨³Ò¥ Ëμ·³Ê²Ò ¨§ ¥¥ μ¡μ¡Ð¥´´μ° £ ³¨²ÓÉμ´μ¢μ° Ëμ·³Ê²¨-

∗‡¤¥¸Ó ´¥¢μ²Ó´μ ¢¸¶μ³¨´ ¥É¸Ö ¨¸Éμ·¨Ö ¸ ´ ¸Éμ°Î¨¢Ò³ ¢μ¶·μ¸μ³ � Ê²¨: ®What is the mass
of this ˇeld Bμ?¯, § ¤ ´´Ò³ Ÿ´£Ê ´  ¸¥³¨´ ·¥ ¢ Ë¥¢· ²¥ 1954 £. ¢ �·¨´¸Éμ´¥ (¸³. ±μ³³¥´É ·¨°
—. Ÿ´£  ± [5] ¢ [40]).

∗∗Š ± ¸²¥¤Ê¥É ¨§ ¤ ²Ó´¥°Ï¥£μ  ´ ²¨§ , ¨´É¥·¥¸ÊÕÐ¨¥ ´ ¸ ·Ö¤Ò ¶μ μ¡· É´Ò³ ¸É¥¶¥´Ö³ ±μ´-
¸É ´ÉÒ ¸¢Ö§¨ ¸μμÉ¢¥É¸É¢ÊÕÉ · §²μ¦¥´¨Õ ¶μ ¸É¥¶¥´Ö³ ¶·μ¸É· ´¸É¢¥´´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¶μ²¥¢ÒÌ
¶¥·¥³¥´´ÒÌ. �μÔÉμ³Ê É¥·³¨´Ò ®· §²μ¦¥´¨¥ ¸¨²Ó´μ° ¸¢Ö§¨¯ ¨ ®¤²¨´´μ¢μ²´μ¢μ¥ ¶·¨¡²¨¦¥´¨¥¯
¡Ê¤ÊÉ Ê¶μÉ·¥¡²ÖÉÓ¸Ö ± ± ¸¨´μ´¨³Ò.
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·μ¢±¨. „ ²¥¥ ¡Ê¤¥É ¨§²μ¦¥´  £ ³¨²ÓÉμ´μ¢  ·¥¤Ê±Í¨Ö SU(2)-£²Õμ¤¨´ ³¨±¨ ±
³ É·¨Î´μ° ´¥²μ± ²Ó´μ° ³μ¤¥²¨ ¸¨³³¥É·¨Î¥¸±μ£μ 3×3 ³ É·¨Î´μ£μ ¶μ²Ö. � -
· ²²¥²Ó ¸ ³¥Éμ¤μ³ ·¥¤Ê±Í¨¨ ¶ÊÉ¥³ Ë¨±¸ Í¨¨ ± ²¨¡·μ¢±¨ μ¡¸Ê¦¤ ¥É¸Ö ¢ ¶. 2.3,
£¤¥ ¶μ± § ´μ, ÎÉμ ¶μ²ÊÎ¥´´ Ö ·¥¤ÊÍ¨·μ¢ ´´ Ö É¥μ·¨Ö ¸μμÉ¢¥É¸É¢Ê¥É ·¥¤Ê±Í¨¨
¢ ´¥±μ° ± ²¨¡·μ¢±¥, ´ §¢ ´´μ° ®¸¨³³¥É·¨Î¥¸±μ° ± ²¨¡·μ¢±μ°¯. ”μ·³ ²Ó´μ¥
¤μ± § É¥²Ó¸É¢μ ±μ··¥±É´μ¸É¨ ®¸¨³³¥É·¨Î¥¸±μ° ± ²¨¡·μ¢±¨¯ ¢ · ³± Ì É¥μ·¨¨
¢μ§³ÊÐ¥´¨° ¶μ ¸É¥¶¥´Ö³ μ¡· É´μ° ±μ´¸É ´ÉÒ ¸¢Ö§¨ ¤ ´μ ¢ ¶·¨²μ¦¥´¨¨ A. ‚
¸²¥¤ÊÕÐ¥³ · §¤¥²¥ ¤ ´  ´ ²¨§ É· ´¸Ëμ·³ Í¨μ´´ÒÌ ¸¢μ°¸É¢ ³ É·¨Î´μ£μ ¶μ²Ö
¨ ¢ ¤²¨´´μ¢μ²´μ¢μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ± § ´  ¢μ§³μ¦´μ¸ÉÓ ¥£μ ¨´É¥·¶·¥É -
Í¨¨ ± ± ¸¨³³¥É·¨Î¥¸±μ£μ É¥´§μ·  É·¥ÉÓ¥£μ · ´£ . �  μ¸´μ¢ ´¨¨ ÔÉμ£μ ¢Ò¢μ¤ 
¢ · §¤. 4 ¤²¨´´μ¢μ²´μ¢μ¥ ¶·¨¡²¨¦¥´¨¥ SU(2)-£²Õμ¤¨´ ³¨±¨ ¶·¥¤¸É ¢²¥´μ
¢ ¢¨¤¥ ²μ± ²Ó´μ° ³μ¤¥²¨ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¥£μ É·¨¶²¥É  ¸± ²Ö·´ÒÌ ¶μ²¥° ¨
¢¥±Éμ·´μ£μ ·¥¶¥·´μ£μ ¶μ²Ö. ‚ · §¤. 5 · ¡μÉÒ  ´ ²¨§¨·Ê¥É¸Ö § ¢¨¸¨³μ¸ÉÓ ¶μ-
²ÊÎ¥´´μ° ³μ¤¥²¨ μÉ ¢ ±ÊÊ³´μ£μ Ê£²  θ.

„ ²¥¥, ¢ · §¤. 6 ¨§ÊÎ¥´ ¸¶¥Í¨ ²Ó´Ò° ¸²ÊÎ ° ¶·μ¸É· ´¸É¢  É ± ´ §Ò¢ ¥³ÒÌ
¶·¨¢μ¤¨³ÒÌ ± ²¨¡·μ¢μÎ´ÒÌ ¶μÉ¥´Í¨ ²μ¢ · ´£  μ¤¨´ ¨ ´ °¤¥´  ¸μμÉ¢¥É¸É¢Ê-
ÕÐ Ö ·¥¤ÊÍ¨·μ¢ ´´ Ö £ ³¨²ÓÉμ´μ¢  ¸¨¸É¥³ . �É  ¸¨¸É¥³  μ¶¨¸Ò¢ ¥É ¢§ ¨³μ-
¤¥°¸É¢¨¥ ¸± ²Ö·´μ£μ ¶μ²Ö ¸ É·¥Ì³¥·´Ò³ ¢¥±Éμ·μ³ ¥¤¨´¨Î´μ° ¤²¨´Ò. �·¨
ÔÉμ³ ¨´É¥·¥¸´μ, ÎÉμ ¢±² ¤ μÉ θ-§ ¢¨¸¨³μ£μ Î²¥´  ¢ ¨¸Ìμ¤´μ³ ² £· ´¦¨ ´¥
Ÿ´£ ÄŒ¨²²¸  ¸¢μ¤¨É¸Ö ± ¨´¢ ·¨ ´ÉÊ •μ¶Ë  μÉμ¡· ¦¥´¨Ö S

3 → S
2. —Éμ¡Ò ¶μ-

¤ÒÉμ¦¨ÉÓ ¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¢ · §¤. 7 ¶·¨¢¥¤¥´Ò ´¥±μÉμ·Ò¥ ±μ³³¥´É -
·¨¨ ¨ § ³¥Î ´¨Ö ± ¶·μÍ¥¤Ê·¥ ±¢ ´Éμ¢ ´¨Ö ¶·¥¤²μ¦¥´´μ° ·¥¤ÊÍ¨·μ¢ ´´μ°
Ëμ·³Ò SU(2)-£²Õμ¤¨´ ³¨±¨.

‚ ¶·¨²μ¦¥´¨ÖÌ 
 ¨ ‚ ¸μ¡· ´Ò Ëμ·³Ê²Ò, ± ¸ ÕÐ¨¥¸Ö ¸¶¨´μ¢μ£μ ¸μ¤¥·-
¦ ´¨Ö ·¥¤ÊÍ¨·μ¢ ´´μ£μ ¶μ²Ö ¨ ¥£μ ¶·¨¢¥¤¥´¨Ö ± £² ¢´Ò³ μ¸Ö³.

2. ƒ�Œˆ‹œ’���‚� ”��Œ“‹ˆ��‚Š�

�¡μ¡Ð¥´´ Ö £ ³¨²ÓÉμ´μ¢  Ëμ·³Ê²¨·μ¢±  ¶μ²¥° Ÿ´£ ÄŒ¨²²¸  Ìμ·μÏμ
¨§¢¥¸É´  (¸³., ´ ¶·¨³¥·, [8,10Ä12]), ¶μÔÉμ³Ê ³Ò ²¨ÏÓ ±μ´¸¶¥±É¨¢´μ ¶·¨¢¥¤¥³
´¥μ¡Ìμ¤¨³Ò¥ Ëμ·³Ê²Ò.

2.1. �¶·¥¤¥²¥´¨Ö ¨ μ¡μ§´ Î¥´¨Ö. Šμ´Ë¨£Ê· Í¨μ´´Ò³ ¶·μ¸É· ´¸É¢μ³ ³μ-
¤¥²¨ Ö¢²Ö¥É¸Ö ¶·μ¸É· ´¸É¢μ ¸¢Ö§´μ¸É¥° A £² ¢´μ£μ · ¸¸²μ¥´¨Ö P (M4, G) ¸μ
¸É·Ê±ÉÊ·´μ° £·Ê¶¶μ° G = SU(2) ¨ ¡ §μ° ¢ ¢¨¤¥ ±μ³¶ ±É¨Ë¨Í¨·μ¢ ´´μ£μ ¶·μ-
¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ M4 . ‚μ ¢¸¥³ ¶μ¸²¥¤ÊÕÐ¥³ ¨§²μ¦¥´¨¨ ¡Ê¤¥³ ¸Î¨É ÉÓ,
ÎÉμ · ¸¸²μ¥´¨¥ P (M4, G) Ö¢²Ö¥É¸Ö É·¨¢¨ ²Ó´Ò³ ¸μ ¸¢Ö§´μ¸ÉÓÕ A, Ìμ·μÏμ
μ¶·¥¤¥²¥´´μ° ¢μ ¢¸¥³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨∗. �Éμ ¶·¥¤¶μ²μ¦¥´¨¥ ¶μ§¢μ²Ö¥É

∗‡ ³¥É¨³: É·¨¢¨ ²Ó´μ¸ÉÓ ±μ´¥Î´μ³¥·´μ£μ · ¸¸²μ¥´¨Ö P (M4, G) ¥Ð¥ ´¥ £μ¢μ·¨É μ É·¨-
¢¨ ²Ó´μ¸É¨ ¡¥¸±μ´¥Î´μ³¥·´μ£μ £² ¢´μ£μ · ¸¸²μ¥´¨Ö P (A,G) ¸μ ¸É·Ê±ÉÊ·´μ° ± ²¨¡·μ¢μÎ´μ°
£·Ê¶¶μ° G.
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μÉμ¦¤¥¸É¢¨ÉÓ ±μ´Ë¨£Ê· Í¨μ´´ÊÕ ¤¨´ ³¨Î¥¸±ÊÕ ¶¥·¥³¥´´ÊÕ ¸ 1-Ëμ·³μ° A,
¶·¨´¨³ ÕÐ¥° §´ Î¥´¨Ö ¢  ²£¥¡·¥ su(2).

Š² ¸¸¨Î¥¸± Ö ¤¨´ ³¨±  A § ±²ÕÎ¥´  ¢ ËÊ´±Í¨μ´ ²¥ ¤¥°¸É¢¨Ö, ±μÉμ·Ò°
¸É·μ¨É¸Ö ¶μ¸·¥¤¸É¢μ³ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° 2-Ëμ·³Ò ±·¨¢¨§´Ò:

F = dA + A ∧ A.

‹ £· ´¦¨ ´ ³μ¤¥²¨

L = − 1
g2

trF ∧ ∗F − θ

8π2 g2
trF ∧ F (1)

§ ¢¨¸¨É μÉ ¤¢ÊÌ ±μ´¸É ´É, ®±μ´¸É ´ÉÒ ¢§ ¨³μ¤¥°¸É¢¨Ö¯ g ¨ ®¢ ±ÊÊ³´μ£μ Ê£² ¯
θ. „Ê ²Ó´ Ö Ëμ·³  ∗F ¢ ² £· ´¦¨ ´¥ (1) § ¤ ¥É¸Ö μ¶¥· Í¨¥° •μ¤¦  ¸ ¶μ²´μ-
¸ÉÓÕ  ´É¨¸¨³³¥É·¨Î¥¸±¨³ ¶¸¥¢¤μÉ¥´§μ·μ³ ‹¥¢¨-—¨¢¨ÉÒ εμνρσ , ´μ·³¨·μ¢ ´-
´Ò³ ¸μ£² Ï¥´¨¥³ ε0123 = −ε0123 = 1 .

Šμ³¶μ´¥´ÉÒ 1-Ëμ·³Ò A ¨ ±·¨¢¨§´Ò F ¢ ±μμ·¤¨´ É´μ³ ¡ §¨¸¥ {dxμ},
μ = 1, 2, 3, 4, μ¶·¥¤¥²¥´Ò ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

A = g τaAa
μ dxμ, (2)

F =
1
2

g τa F a
μν dxμ ∧ dxν , (3)

£¤¥  ´É¨Ô·³¨Éμ¢Ò° ¡ §¨¸ τa = σa/2i, a = 1, 2, 3, ¶μ¸É·μ¥´ ¨§ ³ É·¨Í
� Ê²¨ σa.

2.2. �¡μ¡Ð¥´´ Ö £ ³¨²ÓÉμ´μ¢  ¤¨´ ³¨± . ‹ £· ´¦¨ ´ ¶μ²¥° Ÿ´£ Ä
Œ¨²²¸  (1) ¢Ò·μ¦¤¥´. ˆ³¶Ê²Ó¸, ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö¦¥´´Ò° ± ¶μ²¥¢μ° ¶¥·¥-
³¥´´μ° A0a, Éμ¦¤¥¸É¢¥´´μ · ¢¥´ ´Ê²Õ ¨ Ö¢²Ö¥É¸Ö ¶¥·¢¨Î´μ° ¸¢Ö§ÓÕ:

Πa :=
∂L

∂Ȧa0

= 0. (4)

ˆ³¶Ê²Ó¸, ¸μ¶·Ö¦¥´´Ò° ± Aai, ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

Πai =
∂L

∂Ȧai

= Ȧai − (Di(A))ac Ac0 +
θ

8 π2
Bai, (5)

¢ ±μÉμ·μ³ (Di(A))ac Å ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¢ ¶·¨¸μ¥¤¨´¥´´μ³ ¶·¥¤-
¸É ¢²¥´¨¨:

(Di(A))ac = δac∂i + g εabcAbi. (6)

‚ μ¶·¥¤¥²¥´¨¨ (5) Bai Å Ì·μ³μ³ £´¨É´μ¥ ¶μ²¥

Ba
i =

1
2
εijk F a

jk = εijk

(
∂jAak +

g

2
εabc Abj Ack

)
, (7)
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Ê¤μ¢²¥É¢μ·ÖÕÐ¥¥ ¢ ¸¨²Ê ±μ´¸É·Ê±Í¨¨ Éμ¦¤¥¸É¢ ³ 
¨ ´±¨:

(Di(A))ab Bbi(A) = 0. (8)

‘²¥¤ÊÖ Ëμ·³ ²¨§³Ê μ¡μ¡Ð¥´´μ° £ ³¨²ÓÉμ´μ¢μ° ¤¨´ ³¨±¨ [10Ä12], μ¶·¥¤¥-
²¨³ ¶μ²´Ò° £ ³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò:

HT =
∫

d3x

[
1
2

(
Πai −

θ

8π2
Bai

)2

+
1
2

B2
ai − Aa0 (Di(A))ac Πci + λa Πa

]
.

(9)
ƒ ³¨²ÓÉμ´¨ ´ (9) ¸μ¤¥·¦¨É ¢±² ¤ μÉ ¶¥·¢¨Î´ÒÌ ¸¢Ö§¥° (4) ¢ ¢¨¤¥ ¨Ì ²¨´¥°-
´μ° ±μ³¡¨´ Í¨¨ ¸ ¶·μ¨§¢μ²Ó´Ò³¨ ËÊ´±Í¨Ö³¨ λa(x). ‘μÌ· ´¥´¨¥ ¶¥·¢¨Î´ÒÌ
¸¢Ö§¥° ¢μ ¢·¥³¥´¨ ¶μ·μ¦¤ ¥É É·¨ ¢Éμ·¨Î´ÒÌ ¸¢Ö§¨ ¢ ¢¨¤¥ ´¥ ¡¥²¥¢  § ±μ´ 
ƒ Ê¸¸ 

(Di(A))ac Πci = 0. (10)

“· ¢´¥´¨Ö (9), (10) § ¤ ÕÉ μ¡μ¡Ð¥´´ÊÕ £ ³¨²ÓÉμ´μ¢Ê ¸¨¸É¥³Ê ¸μ ¸¢Ö§Ö³¨.
�μ²¥¢Ò¥ ¶¥·¥³¥´´Ò¥ (Aa0, Πa) ¨ (Aai, Πai) ¶·¨ ÔÉμ³ Ê¤μ¢²¥É¢μ·ÖÕÉ ± ´μ´¨-
Î¥¸±¨³ ¸±μ¡± ³ �Ê ¸¸μ´ 

{Aai(t, r) , Πbj(t, r′)} = δab δij δ(3)(r − r′), (11)

{Aa0(t, r) , Πb(t, r′)} = δab δ(3)(r − r′). (12)

�É¸ÉÊ¶²¥´¨¥ μ ±μ´¸É ´É Ì g ¨ θ. „μ ¶·μ¢¥¤¥´¨Ö ·¥¤Ê±Í¨¨ ¸¨¸É¥³Ò (9),
(10) ± ³μ¤¥²¨, ´¥ ¸μ¤¥·¦ Ð¥° ¶¥·¥³¥´´ÒÌ, μ£· ´¨Î¥´´ÒÌ ¸¢Ö§Ö³¨, ¸¤¥² ¥³
´¥¡μ²ÓÏμ¥ μÉ¸ÉÊ¶²¥´¨¥ μ ¤¢ÊÌ ±μ´¸É ´É Ì, g ¨ θ, ±² ¸¸¨Î¥¸±μ° É¥μ·¨¨ ¶μ²¥°
Ÿ´£ ÄŒ¨²²¸ .

’¥μ·¨Ö ¶μ²¥° Ÿ´£ ÄŒ¨²²¸  § ¢¨¸¨É μÉ ±μ´¸É ´ÉÒ g ¶μ¸·¥¤¸É¢μ³ ±μÔË-
Ë¨Í¨¥´É  ¶¥·¥¤ CP -Î¥É´Ò³ Î²¥´μ³ F ∧ ∗F ¢ ² £· ´¦¨ ´¥ (1). � ¶μ¸±μ²Ó±Ê
±² ¸¸¨Î¥¸± Ö ¤¨´ ³¨±  μ¶·¥¤¥²Ö¥É¸Ö Ô±¸É·¥³Ê³μ³ ¤¥°¸É¢¨Ö,   ´¥ ¥£μ §´ Î¥-
´¨¥³, Éμ ±μ´¸É ´É  g ¢Ò¶ ¤ ¥É ¨§ ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö.

“£μ² θ Ë¨±¸¨·Ê¥É ¢ ² £· ´¦¨ ´¥ (1) ±μÔËË¨Í¨¥´É ¶¥·¥¤ CP -´¥Î¥É´μ°
¶²μÉ´μ¸ÉÓÕ ¨´¤¥±¸  �μ´É·Ö£¨´ 

Q = − 1
8π2

trF ∧ F. (13)

�´ ²μ£¨Î´μ ±μ´¸É ´É¥ g ¶ · ³¥É· θ É ±¦¥ ´¥ ¢Ìμ¤¨É ¢ ² £· ´¦¥¢Ò Ê· ¢´¥´¨Ö
¤¢¨¦¥´¨Ö, ´  ÔÉμÉ · § ¢ ¸¨²Ê ¸ ³μ° ±μ´¸É·Ê±Í¨¨ (13). „¥°¸É¢¨É¥²Ó´μ, ¶²μÉ-
´μ¸ÉÓ ¨´¤¥±¸  �μ´É·Ö£¨´ , ¡Ê¤ÊÎ¨ § ³±´ÊÉμ° Ëμ·³μ°, É. ¥. d Q = 0, Ö¢²Ö¥É¸Ö
²μ± ²Ó´μ ÉμÎ´μ°:

Q = d C, (14)
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¸ 3-Ëμ·³μ° —¥·´ 

C = − 1
8π2

tr

(
A ∧ dA +

2
3

A ∧ A ∧ A

)
. (15)

�μÔÉμ³Ê ¶·¨ ´¥§ ¢¨¸¨³ÒÌ ¢ ·¨ Í¨ÖÌ ±² ¸¸¨Î¥¸±μ£μ ¤¥°¸É¢¨Ö Ëμ·³  Q ´¥
¤ ¥É ¢±² ¤  ¢ ² £· ´¦¥¢Ò Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö, ±μÉμ·Ò¥ É¥³ ¸ ³Ò³ μ± §Ò¢ -
ÕÉ¸Ö θ-´¥§ ¢¨¸¨³Ò³¨.

’ ±¨³ μ¡· §μ³, ¸ ÉμÎ±¨ §·¥´¨Ö ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ³μ¦´μ
¡Ò²μ ¡Ò μ£· ´¨Î¨ÉÓ¸Ö ¢Ò¡μ·μ³ ±μ´¸É ´É g = 1 ¨ θ = 0. �¤´ ±μ ¶·¨ ±¢ ´-
Éμ¢ ´¨¨ É¥μ·¨¨ ¸¨ÉÊ Í¨Ö ³¥´Ö¥É¸Ö. ‚ ±¢ ´Éμ¢μ³ ¸²ÊÎ ¥ Ê¦¥ ¨ ¸ ³μ §´ -
Î¥´¨¥ ËÊ´±Í¨μ´ ²  ¤¥°¸É¢¨Ö,   ´¥ Éμ²Ó±μ ¥£μ Ô±¸É·¥³Ê³, μ¶·¥¤¥²Ö¥É ¤¨´ -
³¨±Ê ¶·μÍ¥¸¸μ¢. ’¥³ ¸ ³Ò³ ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ ±μ´¸É ´ÉÒ g ¨ θ μ¡·¥É ÕÉ
ËÊ´¤ ³¥´É ²Ó´Ò° Ì · ±É¥·. •μÉÖ ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ³Ò μ£· ´¨Î¨³¸Ö ¢μ¶·μ-
¸ ³¨ ±² ¸¸¨Î¥¸±μ° ¤¨´ ³¨±¨ ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥°, ÔÉ¨ ±μ´¸É ´ÉÒ ´¥ ¡Ê¤ÊÉ
§ Ë¨±¸¨·μ¢ ´Ò ¢¢¨¤Ê ¤ ²Ó´¥°Ï¥£μ ¶·¨²μ¦¥´¨Ö ¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ¤²Ö
±¢ ´Éμ¢ ´¨Ö ·¥¤ÊÍ¨·μ¢ ´´μ° É¥μ·¨¨.

Š·μ³¥ Éμ£μ, ¢ÒÎ¨¸²¥´¨Ö ¸ ¶·μ¨§¢μ²Ó´Ò³¨ ±μ´¸É ´É ³¨ ³μÉ¨¢¨·μ¢ ´Ò ¨
¶· ±É¨Î¥¸±¨³¨ ¸μμ¡· ¦¥´¨Ö³¨. ‚ ¶·μÍ¥¸¸¥ ·¥¤Ê±Í¨¨ £²Õμ¤¨´ ³¨±¨ ¨Ì ¶·¨-
¸ÊÉ¸É¢¨¥ μ± §Ò¢ ¥É¸Ö ¶μ²¥§´Ò³ ¤²Ö ·Ö¤  É¥Ì´¨Î¥¸±¨Ì ¶·¨¥³μ¢. ’ ±, ¢ ¢Ò¡· ´-
´μ° ´ ³¨ ´μ·³¨·μ¢±¥ ±μ³¶μ´¥´É ¸¢Ö§´μ¸É¨ (2) ±μ´¸É ´É  1/g ¡Ê¤¥É ¨£· ÉÓ
·μ²Ó ¢¸¶μ³μ£ É¥²Ó´μ£μ ¶ · ³¥É· , ¶μ§¢μ²ÖÕÐ¥£μ § ¶¨¸ ÉÓ · §²μ¦¥´¨¥ ´¥²μ-
± ²Ó´ÒÌ ËÊ´±Í¨μ´ ²μ¢ ¶μ ¸É¥¶¥´Ö³ ¶·μ¨§¢μ¤´ÒÌ ¶μ²¥°. �·¨¸ÊÉ¸É¢¨¥ Ê£²  θ
É ±¦¥ μ± §Ò¢ ¥É¸Ö ¢ ¦´Ò³ ¤²Ö ±μ´É·μ²Ö ±μ··¥±É´μ¸É¨ ¶·μÍ¥¤Ê·Ò ·¥¤Ê±Í¨¨.
„¥²μ ¢ Éμ³, ÎÉμ Ëμ·³  (15) ´¥ Ö¢²Ö¥É¸Ö ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´μ°. �μÔÉμ³Ê
¶·¨ ¨§¡ ¢²¥´¨¨ μÉ Î¨¸Éμ ± ²¨¡·μ¢μÎ´ÒÌ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ´¥ ¨¸±²ÕÎ¥´ 
¸¨ÉÊ Í¨Ö, ±μ£¤  ¢μ§´¨± ¥É É ± ´ §Ò¢ ¥³ Ö ®¶·μ¡²¥³  ¤¨¢¥·£¥´Í¨¨¯. ‚ · ³± Ì
£ ³¨²ÓÉμ´μ¢μ° Ëμ·³Ê²¨·μ¢±¨ É¥μ·¨¨ £· ¢¨É Í¨¨ ÔÉ  ¶·μ¡²¥³  ¡Ò²  ¶μ¸É ¢-
²¥´  ¢ [41] ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¥£μ ÊÉ¢¥·¦¤¥´¨Ö: ®. . . Î²¥´, ±μÉμ·Ò° ¢ ² £· ´-
¦¨ ´¥ (¨²¨ £ ³¨²ÓÉμ´¨ ´¥) ³μ¤¥²¨ Ö¢²Ö¥É¸Ö ¶μ²´μ° ¤¨¢¥·£¥´Í¨¥°, ³μ¦¥É
¶¥·¥¸É ÉÓ ¡ÒÉÓ ¤¨¢¥·£¥´Í¨¥° ¶μ¸²¥ Ê¸É· ´¥´¨Ö ´¥Ë¨§¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ¨,
¸²¥¤μ¢ É¥²Ó´μ, ³μ¦¥É ¤ ¢ ÉÓ ¢±² ¤ ¢ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö, ¶μ²ÊÎ¥´´Ò¥ ¨§
·¥¤ÊÍ¨·μ¢ ´´μ£μ ² £· ´¦¨ ´  (¨²¨ £ ³¨²ÓÉμ´¨ ´ )¯ [41]∗.

„ ²¥¥ ¡Ê¤¥É ¶μ± § ´μ, ÎÉμ ¶·¨ ´ ²¨Î¨¨ ¢ ¤¥°¸É¢¨¨ £²Õμ¤¨´ ³¨±¨ ¢ ±Ê-
Ê³´μ£μ Ê£²  ®´ ¨¢´μ¥¯ · §²μ¦¥´¨¥ ¶μ ¸É¥¶¥´Ö³ ¶·μ¨§¢μ¤´ÒÌ ¤¥°¸É¢¨É¥²Ó´μ
¶·¨¢μ¤¨É ± ®¶·μ¡²¥³¥ ¤¨¢¥·£¥´Í¨¨¯; ·¥¤ÊÍ¨·μ¢ ´´Ò¥ ±² ¸¸¨Î¥¸±¨¥ Ê· ¢-
´¥´¨Ö ¤¢¨¦¥´¨Ö μ± §Ò¢ ÕÉ¸Ö θ-§ ¢¨¸¨³Ò³¨. „²Ö Ê¸É· ´¥´¨Ö É ±μ£μ ´¥¶·¨-

∗‚ [41] ¤ ´ ¶·¨³¥· ³μ¤¥²¨, ¢ ±μÉμ·μ° ¸·¥¤¨ ¶¥·¥³¥´´ÒÌ ¥¸ÉÓ ¤¢¥ ¶¥·¥³¥´´Ò¥ χ ¨ Φ,
¸¢Ö§ ´´Ò¥ Ê· ¢´¥´¨¥³ ∇2Φ − χ2 = 0. —²¥´ ∇2Φ ¢ ² £· ´¦¨ ´¥, ¡Ê¤ÊÎ¨ ¶μ²´μ° ¤¨¢¥·£¥´Í¨¥°,
´¥ ¢²¨Ö¥É ´  ±² ¸¸¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö, Éμ£¤  ± ± ¶μ¸²¥ ¶·μ¥±Í¨¨ ´  ¶μ¢¥·Ì´μ¸ÉÓ ¤ ´´μ° ¸¢Ö§¨
μ´ ¶¥·¥¸É ¥É ¡ÒÉÓ É ±μ¢μ°.
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¥³²¥³μ£μ ¤¥Ë¥±É  ´ ³ ¶·¨¤¥É¸Ö ³μ¤¨Ë¨Í¨·μ¢ ÉÓ · §²μ¦¥´¨¥ ¸ ÊÎ¥Éμ³ ¤Ê-
 ²Ó´μ° ¸¨³³¥É·¨¨ ³¥¦¤Ê Ì·μ³μ³ £´¨É´Ò³ ¨ Ì·μ³μÔ²¥±É·¨Î¥¸±¨³ ¶μ²Ö³¨.
‡ ¡¥£ Ö ¢¶¥·¥¤, § ³¥É¨³, ÎÉμ, ¸μÌ· ´¨¢ ´¥´Ê²¥¢μ° ¢ ±ÊÊ³´Ò° Ê£μ² θ ¤²Ö ±μ´-
É·μ²Ö ±μ··¥±É´μ¸É¨ ¶·μÍ¥¤Ê·Ò ·¥¤Ê±Í¨¨, Ê¤ ¥É¸Ö ¢Ò· §¨ÉÓ Éμ¶μ²μ£¨Î¥¸±¨°
¨´¢ ·¨ ´É ¢ ¢¨¤¥ ¤¨¢¥·£¥´Í¨¨ μÉ ´¥±μÉμ·μ£μ ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´μ£μ,
´μ ´¥²μ± ²Ó´μ£μ ¢¥±Éμ·´μ£μ Éμ±  [33].

2.3. �¥¤Ê±Í¨Ö ± ´¥²μ± ²Ó´μ° £ ³¨²ÓÉμ´μ¢μ° ¸¨¸É¥³¥. �·¥¦¤¥ Î¥³ ¶¥-
·¥°É¨ ± ´¥¶μ¸·¥¤¸É¢¥´´μ³Ê μ¶¨¸ ´¨Õ ·¥¤Ê±Í¨¨ SU(2)-£²Õμ¤¨´ ³¨±¨, ¸¤¥-
² ¥³ μ¤¨´ ±μ³³¥´É ·¨° ¶μ ¶μ¢μ¤Ê ¸¢μ¡μ¤Ò ¢Ò¡μ·  ¶¥·¥³¥´´ÒÌ ¢ £ ³¨²ÓÉμ-
´μ¢μ³ Ëμ·³ ²¨§³¥ ± ²¨¡·μ¢μÎ´ÒÌ É¥μ·¨°. ‡¤¥¸Ó ¶μ³¨³μ Ìμ·μÏμ ¨§¢¥¸É´μ°
¸¢μ¡μ¤Ò ± ´μ´¨Î¥¸±¨Ì ¶·¥μ¡· §μ¢ ´¨° ¤μ¡ ¢²Ö¥É¸Ö ¶·μ¨§¢μ², ¢Ò§¢ ´´Ò° ¸Ê-
Ð¥¸É¢μ¢ ´¨¥³ ²μ± ²Ó´μ° ¸¨³³¥É·¨¨, ± ²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨ ±² ¸-
¸¨Î¥¸±μ£μ ¤¥°¸É¢¨Ö ¶μ²¥°. „²Ö ¶μ²¥° Ÿ´£ ÄŒ¨²²¸  ¸μ ¸É·Ê±ÉÊ·´μ° £·Ê¶¶μ°
SU(2) ± ²¨¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö

Aω
ai(x)τa = U+(ω)

(
Aai(x)τa +

1
g

∂

∂xi

)
U(ω) (16)

§ ¤ ÕÉ¸Ö ³ É·¨Í¥° U(ω) ∈ SU(2) ¸ É·¥³Ö ËÊ´±Í¨Ö³¨ ω1(x), ω2(x), ω3(x),
¶·μ¨§¢μ²Ó´μ § ¢¨¸ÖÐ¨³¨ μÉ ÉμÎ±¨ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. �·¥μ¡· §μ¢ -
´¨Ö (16) μ¡· §ÊÕÉ É ± ´ §Ò¢ ¥³ÊÕ ± ²¨¡·μ¢μÎ´ÊÕ £·Ê¶¶Ê GSU(2). ƒ·Ê¶¶ 
GSU(2), ¤¥°¸É¢ÊÖ ¢ ¶·μ¸É· ´¸É¢¥ ¸¢Ö§´μ¸É¥° A, § ¤ ¥É ´  ´¥³ μÉ´μÏ¥´¨¥ Ô±¢¨-
¢ ²¥´É´μ¸É¨ ¨ É¥³ ¸ ³Ò³ μ¶·¥¤¥²Ö¥É ¶·μ¸É· ´¸É¢μ μ·¡¨É O = A/GSU(2)

∗.
�·μ¸É· ´¸É¢μ μ·¡¨É O Ö¢²Ö¥É¸Ö ±μ´Ë¨£Ê· Í¨μ´´Ò³ ¶·μ¸É· ´¸É¢μ³ ·¥¤ÊÍ¨·μ-
¢ ´´μ° É¥μ·¨¨, ¨ μ¸´μ¢´μ° ¢μ¶·μ¸ ¸μ¸Éμ¨É ¢ · §· ¡μÉ±¥ ±μ··¥±É´μ£μ ¨ ÔË-
Ë¥±É¨¢´μ£μ ¸¶μ¸μ¡  ¥£μ ®±μμ·¤¨´ É¨§ Í¨¨¯. ˆ§¢¥¸É´Ò° ¨ ´ ¨¡μ²¥¥ ¶·¨³¥´Ö-
¥³Ò° ¸¶μ¸μ¡, ¸μ¸ÉμÖÐ¨° ¢ ´ ²μ¦¥´¨¨ ¤μ¶μ²´¨É¥²Ó´ÒÌ Ê¸²μ¢¨°, ± ²¨¡·μ¢μ±,
´  ±μ³¶μ´¥´ÉÒ Aω

ai, § ±²ÕÎ ¥É¸Ö ¢ ¢Ò¡μ·¥ Éμ£μ ¨²¨ ¨´μ£μ ¶·¥¤¸É ¢¨É¥²Ö μ·-
¡¨É O. �·¨ ÔÉμ³ ¸ÊÐ¥¸É¢Ê¥É ³´μ¦¥¸É¢μ É¨¶μ¢ ± ²¨¡·μ¢μ±, ±μÉμ·Ò¥ ¸ Ê¸¶¥Ìμ³
¨¸¶μ²Ó§ÊÕÉ¸Ö ¶·¨ ¨§ÊÎ¥´¨¨ · §²¨Î´ÒÌ  ¸¶¥±Éμ¢ ± ²¨¡·μ¢μÎ´ÒÌ ³μ¤¥²¥°∗∗.

—Éμ Ö¢²Ö¥É¸Ö ¶μ¡Ê¤¨É¥²Ó´Ò³ ³μÉ¨¢μ³ ¶·¨ ¢Ò¡μ·¥ Éμ° ¨²¨ ¨´μ° ± ²¨-
¡·μ¢±¨?

�Î¥¢¨¤´μ, ¸ ³  ¨§ÊÎ ¥³ Ö ¶·μ¡²¥³ É¨±  ¶μ¤¸± §Ò¢ ¥É ¨ ´ ¨¡μ²¥¥ ¶·¨-
¥³²¥³Ò° ¥¥ ¢¨¤. ’ ±, Ëμ·³Ê²¨·μ¢±  É¥μ·¨¨ Ÿ´£ ÄŒ¨²²¸  ¢ ± ²¨¡·μ¢±¥ ‹μ-
·¥´Í , ¶·¨¢μ¤ÖÐ Ö, ¸μμÉ¢¥É¸É¢¥´´μ, ± É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¸ ¶μ¶¥·¥Î´Ò³¨
£²Õμ´ ³¨ ¨ ¶μ²Ö³¨ ¤ÊÌμ¢, Ìμ·μÏμ μ¶¨¸Ò¢ ¥É ¢Ò¸μ±μÔ´¥·£¥É¨Î¥¸±ÊÕ Ë¨§¨±Ê

∗ˆ§²μ¦¥´´Ò¥ §¤¥¸Ó μ¶·¥¤¥²¥´¨Ö, ¡¥§Ê¸²μ¢´μ, ¸É· ¤ ÕÉ μÉ¸ÊÉ¸É¢¨¥³ ³ É¥³ É¨Î¥¸±μ° ±μ·-
·¥±É´μ¸É¨ ¨ É·¥¡ÊÕÉ ÉμÎ´μ° Ì · ±É¥·¨¸É¨±¨ ¶·μ¸É· ´¸É¢  ËÊ´±Í¨°, μ¶·¥¤¥²ÖÕÐ¨Ì ± ± ¸¢Ö§-
´μ¸É¨, É ± ¨ Ô²¥³¥´ÉÒ £·Ê¶¶Ò G. „²Ö ÊÉμÎ´¥´¨Ö ¢¸¥Ì ¨¸¶μ²Ó§Ê¥³ÒÌ μ¶·¥¤¥²¥´¨° μÉ¸Ò² ¥³ ±
¸μμÉ¢¥É¸É¢ÊÕÐ¥° ²¨É¥· ÉÊ·¥ [42, 43].

∗∗‘μÏ²¥³¸Ö ´  ¶·¥±· ¸´Ò¥ μ¡§μ·Ò [44,45], ¶μ¸¢ÖÐ¥´´Ò¥ ¨¸Éμ·¨¨ ¨ ¶·μ¡²¥³¥ ± ²¨¡·μ¢μ±
¢ É¥μ·¨¨ ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥°.
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± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥°, ´μ μ± §Ò¢ ¥É¸Ö ´¥ ¤¥±¢ É´μ° ¢ μ¡² ¸É¨ ¶μ²¥°, ¨³¥-
ÕÐ¨Ì ¤μ¸É ÉμÎ´μ ¡μ²ÓÏÊÕ  ³¶²¨ÉÊ¤Ê [46, 47]. �μÔÉμ³Ê, ´¥ · ¸¸Î¨ÉÒ¢ Ö ´ 
Ê´¨¢¥·¸ ²Ó´μ¸ÉÓ μ¶¨¸ ´¨Ö, ³μ¦´μ ¶·¥¤¶μ²μ¦¨ÉÓ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ´¥±μ°  ²Ó-
É¥·´ É¨¢´μ° ± ²¨¡·μ¢±¨ ¨, ¸μμÉ¢¥É¸É¢¥´´μ, É ±¨Ì ¶¥·¥³¥´´ÒÌ, ±μÉμ·Ò¥ ´ ¨-
¡μ²¥¥ ¶·¨¸¶μ¸μ¡²¥´Ò ¤²Ö μ¶¨¸ ´¨Ö ¶·μÍ¥¸¸μ¢ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ° Ë¨§¨±¨.
�·¥¤¶μ² £ Ö, ÎÉμ ¢ μÉ²¨Î¨¥ μÉ ¢Ò¸μ±μÔ´¥·£¥É¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ¢, £¤¥ ¶·¥μ¡² -
¤ ÕÉ ÔËË¥±ÉÒ ¡Ò¸É·μ μ¸Í¨²²¨·ÊÕÐ¨Ì ¶μ²¥°, ¢ μ¡² ¸É¨ ´¨§±¨Ì Ô´¥·£¨° ¸Ê-
Ð¥¸É¢¥´´ Ö ·μ²Ó μÉ¢μ¤¨É¸Ö ³¥¤²¥´´μ ³¥´ÖÕÐ¨³¸Ö ¶μ²Ö³, ¶μ¶ÒÉ ¥³¸Ö μ¶·¥-
¤¥²¨ÉÓ ± ²¨¡·μ¢±Ê,  ¤ ¶É¨·μ¢ ´´ÊÕ ± ÔÉμ³Ê ·¥¦¨³Ê. �μ¸±μ²Ó±Ê ´ ¸ ¨´É¥-
·¥¸ÊÕÉ ±μ´Ë¨£Ê· Í¨¨ ¶μ²¥°, ¸² ¡μ ³¥´ÖÕÐ¨¥¸Ö ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥,
¶·¥¤¢ ·¨É¥²Ó´μ · ¸¸³μÉ·¨³ ¶·¥¤¥²Ó´Ò° ¸²ÊÎ ° ¶·μ¸É· ´¸É¢¥´´μ-μ¤´μ·μ¤´μ£μ
¶μ²Ö Aai(t) [31, 48, 49]. Š ²¨¡·μ¢μÎ´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ (16) ¸ ± ²¨¡·μ¢μÎ-
´Ò³¨ ËÊ´±Í¨Ö³¨ ω(t), § ¢¨¸ÖÐ¨³¨ ²¨ÏÓ μÉ ¢·¥³¥´¨, ¶·¥μ¡· §Ê¥É ¥£μ μ¤´μ-
·μ¤´Ò³ μ¡· §μ³:

Aω
ai(t) = OT

ab(ω(t))Abi(t). (17)

…¸²¨ É¥¶¥·Ó ¢¸¶μ³´¨ÉÓ, ÎÉμ ¶·μ¨§¢μ²Ó´ÊÕ ¤¥°¸É¢¨É¥²Ó´ÊÕ n × n ³ É·¨ÍÊ A
³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ É ± ´ §Ò¢ ¥³μ³ ¶μ²Ö·´μ³ ¢¨¤¥ [50]

A = RS (18)

¸ μ·Éμ£μ´ ²Ó´μ° ³ É·¨Í¥° R ∈ O(n) ¨ ´¥μÉ·¨Í É¥²Ó´μ-μ¶·¥¤¥²¥´´μ° ¸¨³³¥-
É·¨Î¥¸±μ° ³ É·¨Í¥°

S = ST , S � 0,

Éμ ¸É ´μ¢¨É¸Ö μÎ¥¢¨¤´Ò³, ÎÉμ ¤²Ö ¶·μ¸É· ´¸É¢¥´´μ-μ¤´μ·μ¤´ÒÌ ±μ´Ë¨£Ê-
· Í¨° ¶μ²¥° ´¥μÉ·¨Í É¥²Ó´μ-μ¶·¥¤¥²¥´´Ò¥ ¸¨³³¥É·¨Î¥¸±¨¥ ¶μ²Ö Sai(t) =
Sia(t) ³μ£ÊÉ ¡ÒÉÓ ¢Ò¡· ´Ò ¢ ± Î¥¸É¢¥ ¶·¥¤¸É ¢¨É¥²Ö μ·¡¨É ± ²¨¡·μ¢μÎ´μ°
£·Ê¶¶Ò. ‚ ¶·¨²μ¦¥´¨¨ A ¤ ¥É¸Ö  ´ ²¨§ Éμ£μ, ´ ¸±μ²Ó±μ ¶μ¤μ¡´ Ö ¶ · ³¥É·¨-
§ Í¨Ö ¶·μ¸É· ´¸É¢  μ·¡¨É ¸¨³³¥É·¨Î¥¸±¨³¨ ³ É·¨Í ³¨ ³μ¦¥É ¡ÒÉÓ μ¡μ¡Ð¥´ 
¨ ¨¸¶μ²Ó§μ¢ ´  ¨ ¤²Ö ´¥μ¤´μ·μ¤´ÒÌ ¶μ²¥°. 
μ²¥¥ ÉμÎ´μ, ¢ ¶·¨²μ¦¥´¨¨ A
´ °¤¥´Ò  ²£¥¡· ¨Î¥¸±¨¥ Ê¸²μ¢¨Ö ´  ±μ´Ë¨£Ê· Í¨¨ ¶μ²¥°, ¶·¨ ±μÉμ·ÒÌ ®¸¨³-
³¥É·¨Î¥¸± Ö¯ ± ²¨¡·μ¢±  [21,32]

χa(S) := εabcSbc = 0 (19)

Ö¢²Ö¥É¸Ö ±μ··¥±É´μ°∗.
2.3.1. �·¥μ¡· §μ¢ ´¨¥ ±  ¤ ¶É¨·μ¢ ´´Ò³ ¶¥·¥³¥´´Ò³. �·μ¨§¢¥¤¥³, ¸²¥-

¤ÊÖ [32], ÉμÎ¥Î´μ¥, É. ¥. ´¥ § ¢¨¸ÖÐ¥¥ μÉ ¨³¶Ê²Ó¸μ¢, ¶·¥μ¡· §μ¢ ´¨¥

Aai (q, S) = Oak(q)Ski +
1
2g

εabc

(
∂iO(q)OT (q)

)
bc

. (20)

∗‡ ³¥É¨³, ÎÉμ ¶μ¤μ¡´μ¥ Ê¸²μ¢¨¥ ´  ´ ¶·Ö¦¥´´μ¸ÉÓ Ì·μ³μÔ²¥±É·¨Î¥¸±μ£μ ¶μ²Ö εabc Ebc = 0
¡Ò²μ ¨¸¶μ²Ó§μ¢ ´μ ¢ · ¡μÉ Ì [15, 17].
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Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ (20) ± ± ¶¥·¥Ìμ¤ μÉ ¤¥¢ÖÉ¨ ±μ³¶μ´¥´É ± ²¨¡·μ¢μÎ´μ£μ
¶μ²Ö Aai(x) ± ´μ¢μ³Ê ´ ¡μ·Ê ¨§ É·¥Ì ¶μ²¥° qj(x), j = 1, 2, 3, ¶ · ³¥É·¨§ÊÕ-
Ð¨Ì μ·Éμ£μ´ ²Ó´ÊÕ 3 × 3 ³ É·¨ÍÊ O(q), ¨ Ï¥¸É¨ ¶μ²¥°

Sik(x), i < k, i, k = 1, 2, 3,

Ö¢²ÖÕÐ¨Ì¸Ö Ô²¥³¥´É ³¨ ´¥μÉ·¨Í É¥²Ó´μ-μ¶·¥¤¥²¥´´μ° ¸¨³³¥É·¨Î¥¸±μ° 3×3
³ É·¨ÍÒ S(x). Š ± ¤μ± § ´μ ¢ ¶·¨²μ¦¥´¨¨ A, ¶·¥μ¡· §μ¢ ´¨¥ (20) Ö¢²Ö¥É¸Ö
Ìμ·μÏμ μ¶·¥¤¥²¥´´Ò³ ¤²Ö ´¥¢Ò·μ¦¤¥´´ÒÌ ³ É·¨Í Aai, μ´μ ³μ¦¥É ¡ÒÉÓ ¶·μ-
¨´É¥·¶·¥É¨·μ¢ ´μ ± ± ± ²¨¡·μ¢μÎ´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ± ¶μ²¥¢μ° ±μ´Ë¨£Ê· -
Í¨¨ S(x), Ê¤μ¢²¥É¢μ·ÖÕÐ¥° ®¸¨³³¥É·¨Î¥¸±μ°¯ ± ²¨¡·μ¢±¥ (19).

�μ¸±μ²Ó±Ê (20) ÉμÎ¥Î´μ¥ ¶·¥μ¡· §μ¢ ´¨¥, Éμ ¨´¤ÊÍ¨·μ¢ ´´μ¥ ¨³ ± ´μ´¨-
Î¥¸±μ¥ ¶·¥μ¡· §μ¢ ´¨¥ Ö¢²Ö¥É¸Ö ²¨´¥°´Ò³ ¶μ ¨³¶Ê²Ó¸ ³ pi(x) ¨ Pij(x), ¸μ-
¶·Ö¦¥´´Ò³ ¸μμÉ¢¥É¸É¢¥´´μ ± ¶¥·¥³¥´´Ò³ qi(x) ¨ Sij(x). ˆÌ ¢Ò· ¦¥´¨Ö Î¥·¥§
¨¸Ìμ¤´Ò¥ ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ Aai(x), Πai(x) ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¨§
Ê¸²μ¢¨Ö ¨´¢ ·¨ ´É´μ¸É¨ ¸¨³¶²¥±É¨Î¥¸±μ° 1-Ëμ·³Ò

3∑
i,a=1

Πai dAai =
3∑

i,j=1

Pij dSij +
3∑

i=1

pi dqi. (21)

�·¨ ÔÉμ³ Ê¤μ¡´μ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¥°

F3 [Π; q, S] :=
∫

d3z Πai(z)Aai (q(z), S(z)) , (22)

pj(x) : =
δF3

δqj(x)
= −1

g
Ωjr

(
Di(S)OT Π

)
ri

, (23)

Pik(x) : =
δF3

δSik(x)
=

1
2
(
ΠT O + OT Π

)
ik

, (24)

£¤¥

Ωni(q) := −1
2

εnbc

(
OT (q)

∂O(q)
∂qi

)
bc

. (25)

ˆ§ (23) ¨ (24) ¸²¥¤Ê¥É

Πai = Oak(q)
[
Pki + εkinEn

]
, (26)

£¤¥ ´¥¨§¢¥¸É´Ò¥ ¢¥²¨Î¨´Ò E = (E1, E2, E3) Ê¤μ¢²¥É¢μ·ÖÕÉ ¸¨¸É¥³¥ ´¥μ¤´μ·μ¤-
´ÒÌ ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ:

1
g
εijk∂jEk + γik Ek = Sk − Jk, (27)

γik := Sik − δik tr S. (28)
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�· ¢ Ö Î ¸ÉÓ (27) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸Ê³³Ê ¶²μÉ´μ¸É¥° ¸¶¨´  Sk ¨ ¨§μ¸¶¨´ 
Jk ± ²¨¡·μ¢μÎ´μ£μ ¶μ²Ö, § ¶¨¸ ´´ÒÌ ¢ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ:

Sk = −1
g

(Dj(S))knPnj , (29)

Jk = Ω−1
ik(q) pi. (30)

…¸²¨ ¢ ± Î¥¸É¢¥ ¶ · ³¥É·¨§ Í¨¨ μ·Éμ£μ´ ²Ó´μ° ³ É·¨ÍÒ O ∈ SO(3) ¢ (20)
¨¸¶μ²Ó§μ¢ ÉÓ Ê£²Ò �°²¥· 

O(q) = eq3J3 eq2J1 eq3J3 ,

Éμ ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·  ¨§μ¸¶¨´  (30) ¤ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨³¨ ¢Ò· ¦¥´¨Ö³¨:

J1 = p1
sin q3

sin q2
+ p2 cos q3 − p3 cot q2 sin q3,

J2 = p1
cos q3

sin q2
− p2 sin q3 − p3 cot q2 cos q3,

J3 = p3.

�·¥¨³ÊÐ¥¸É¢μ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ Sij ¨ qi ¸É ´μ¢¨É¸Ö μÎ¥¢¨¤´Ò³ ¶·¨
 ´ ²¨§¥ ¸¢Ö§¥° (10). �¥ ¡¥²¥¢ § ±μ´ ƒ Ê¸¸  ¢ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ μ§´ Î ¥É
§ ´Ê²¥´¨¥ ±μ³¶μ´¥´É ¨§μ¸¶¨´  ¢ ®¶μ¤¢¨¦´μ° ¸¨¸É¥³¥¯:

Oas(q)Js = 0. (31)

ˆ§ (31) ¸²¥¤Ê¥É, ÎÉμ É·¨ ± ´μ´¨Î¥¸±¨¥ ¶ ·Ò qi, pi Ö¢²ÖÕÉ¸Ö Î¨¸Éμ ± ²¨¡·μ¢μÎ-
´Ò³¨ ¸É¥¶¥´Ö³¨ ¸¢μ¡μ¤Ò, ¢ Éμ ¢·¥³Ö ± ± ¶¥·¥³¥´´Ò¥ Sij , Pij ¶·¥¤¸É ¢²ÖÕÉ
¸μ¡μ° ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´Ò¥ ¶μ²Ö.

“Î¨ÉÒ¢ Ö ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ¨§μ¸¶¨´  (30) ¨ ¶·¥¤¶μ² £ Ö ´¥¢Ò·μ¦¤¥´-
´μ¸ÉÓ ³ É·¨ÍÒ Ωni(q)∗, ¶·¨Ìμ¤¨³ ± ´ ¡μ·Ê  ¡¥²¥¢ÒÌ ¸¢Ö§¥°, Ô±¢¨¢ ²¥´É´ÒÌ
´¥ ¡¥²¥¢Ê § ±μ´Ê ƒ Ê¸¸ :

pi = 0. (32)

�¡¥²¥¢  Ëμ·³  ¸¢Ö§¥° ¢ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ ¶μ§¢μ²Ö¥É ²¥£±μ ¢Ò· §¨ÉÓ
·¥¤ÊÍ¨·μ¢ ´´Ò° £ ³¨²ÓÉμ´¨ ´, μ¶·¥¤¥²¥´´Ò° ± ± ¶·μ¥±Í¨Ö ¶μ²´μ£μ £ ³¨²ÓÉμ-
´¨ ´  (9) ´  ¶μ¢¥·Ì´μ¸ÉÓ ¢¸¥Ì ¸¢Ö§¥°:

H = HT

∣∣
constraints

, (33)

∗‡ ³¥É¨³, ÎÉμ det Ω ¶·μ¶μ·Í¨μ´ ²¥´ ³¥·¥ •  ·  ´  £·Ê¶¶¥ ¨ ¢ ¸¨²Ê ´¥É·¨¢¨ ²Ó´μ¸É¨ ³´μ-
£μμ¡· §¨Ö SU(2) ¨³¥¥É ±μμ·¤¨´ É´Ò¥ ¸¨´£Ê²Ö·´μ¸É¨. “Î¥É ¤ ´´ÒÌ μ¸μ¡¥´´μ¸É¥° ¨ ³´μ£¨¥ ¤·Ê£¨¥
¢μ¶·μ¸Ò, ¸¢Ö§ ´´Ò¥ ¸ £²μ¡ ²Ó´μ° ¸É·Ê±ÉÊ·μ° ·¥¤ÊÍ¨·μ¢ ´´μ° É¥μ·¨¨, μ¸É ÕÉ¸Ö §  ¶·¥¤¥² ³¨ ´ -
¸ÉμÖÐ¥£μ ¨§²μ¦¥´¨Ö. ‘μÏ²¥³¸Ö ²¨ÏÓ ´  ´¥±μÉμ·Ò¥ ¢ ¦´Ò¥ · ¡μÉÒ ¢ ÔÉμ³ ´ ¶· ¢²¥´¨¨ [51Ä56].
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¢ É¥·³¨´ Ì ± ´μ´¨Î¥¸±μ° ¶ ·Ò ¶¥·¥³¥´´ÒÌ Sij ¨ Pij . „¥°¸É¢¨É¥²Ó´μ, ¢ ¸¨²Ê
± ²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨ ·¥¤ÊÍ¨·μ¢ ´´Ò° £ ³¨²ÓÉμ´¨ ´ (33) ´¥ § ¢¨-
¸¨É μÉ ±μμ·¤¨´ É qi, ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö¦¥´´ÒÌ ± ¨³¶Ê²Ó¸ ³ pi, ¨, ¸²¥¤μ¢ -
É¥²Ó´μ, Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° Éμ²Ó±μ ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´ÒÌ ¶¥·¥³¥´´ÒÌ
Sij ¨ Pij :

H =
∫

d3x

[
1
2

(
Pai −

θ

8π2
B

(+)
ai (S)

)2

+
(
Ea − θ

8π2
B(−)

a (S)
)2

+
1
2

V (S)

]
.

(34)
‚ ¢Ò· ¦¥´¨¨ ¤²Ö £ ³¨²ÓÉμ´¨ ´  (34) ¢Ò¤¥²¥´Ò ¸¨³³¥É·¨Î¥¸± Ö ¨  ´É¨¸¨³-
³¥É·¨Î¥¸± Ö Î ¸É¨

B
(+)
ai (S) :=

1
2

(Bai(S) + Bia(S)), B(−)
a (S) :=

1
2

εabc Bbc(S) (35)

®·¥¤ÊÍ¨·μ¢ ´´μ£μ Ì·μ³μ³ £´¨É´μ£μ ¶μ²Ö¯

Bai(S) = εijk

(
∂jSak +

g

2
εabc Sbj Sck

)
. (36)

�¥¤ÊÍ¨·μ¢ ´´μ¥ ®Ì·μ³μ³ £´¨É´μ¥ ¶μ²¥¯ Ö¢²Ö¥É¸Ö É¥³ ¦¥ ËÊ´±Í¨μ´ ²μ³
μÉ ¸¨³³¥É·¨Î¥¸±μ£μ ¶μ²Ö S, ÎÉμ ¨ ¸É ´¤ ·É´μ¥ Bai(A) μÉ A. …¸²¨ ¸μ¶μ¸É -
¢¨ÉÓ ¶μ²Õ S 1-Ëμ·³Ê ¸¢Ö§´μ¸É¨:

S = gτk Skl dxl, k, l = 1, 2, 3, (37)

Éμ ¶μÉ¥´Í¨ ² V (S) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¢ ¢¨¤¥

V (S) =
1
2

tr ∗ F (3) ∧ F (3) (38)

¸ 2-Ëμ·³μ° ±·¨¢¨§´Ò ¢ 3-³¥·´μ³ ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥

F (3) = dS + S ∧ S. (39)

’ ±¨³ μ¡· §μ³, SU(2)-£²Õμ¤¨´ ³¨± , ¢ ±μÉμ·μ° ¨¸±²ÕÎ¥´Ò ¢¸¥ Î¨¸Éμ
± ²¨¡·μ¢μÎ´Ò¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò, ¶·¥¤¸É ¢¨³  ¢ £ ³¨²ÓÉμ´μ¢μ° Ëμ·³¥ ¸ £ -
³¨²ÓÉμ´¨ ´μ³ (34), § ¢¨¸ÖÐ¨³ μÉ Ï¥¸É¨ ¶ · ¶¥·¥³¥´´ÒÌ Sij , Pij , i < j. ‘
ÊÎ¥Éμ³ ¸¨³³¥É·¨¨ ¸²¥¤ÊÕÐ¨¥ ËÊ´¤ ³¥´É ²Ó´Ò¥ ¸±μ¡±¨ „¨· ± 

{Sij(t, r), Pkl(t, r′)} =
1
2

(δik δjl + δil δjk) δ(3)(r − r′) (40)

§ ¤ ÕÉ ¸¨³¶²¥±É¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê ·¥¤ÊÍ¨·μ¢ ´´μ° É¥μ·¨¨.
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2.3.2. � ¸É·Ê±ÉÊ·¥ ´¥²μ± ²Ó´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö. ƒ ³¨²ÓÉμ´¨ ´ (34),
μ¶·¥¤¥²ÖÕÐ¨° ¤¨´ ³¨±Ê ¶¥·¥³¥´´ÒÌ Sij ¨ Pij , ¸μ¤¥·¦¨É ´¥²μ± ²Ó´Ò° ¢±² ¤
¢ ¢¨¤¥ ËÊ´±Í¨μ´ ²  Ek[S, P ]. ‘μ£² ¸´μ (27) ¢¥²¨Î¨´Ò Ek § ¤ ´Ò ¶μ¸·¥¤-
¸É¢μ³ ²¨´¥°´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¶¥·¢μ£μ ¶μ·Ö¤± , ·¥Ï¥´¨¥
±μÉμ·μ£μ Ëμ·³ ²Ó´μ ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ± ±

Ek[S, P ] = ∗D−1
kl (S)Sl, (41)

¸ μ¶¥· Éμ·μ³ ∗D−1, μ¡· É´Ò³ ± ³ É·¨Î´μ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê μ¶¥· Éμ·Ê∗

∗Dkl(S) = εljc (Dj(S))kc . (42)

� ¸¸³μÉ·¨³  ²ÓÉ¥·´ É¨¢´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ·¥Ï¥´¨Ö (41) ¢ ¢¨¤¥ Ëμ·³ ²Ó-
´ÒÌ ¸É¥¶¥´´ÒÌ ·Ö¤μ¢: ¶μ ¸É¥¶¥´Ö³ ±μ´¸É ´ÉÒ g ²¨¡μ ¶μ ¸É¥¶¥´Ö³ ¥¥ μ¡· É´μ°
1/g.

� Î´¥³ ¸ · §²μ¦¥´¨Ö ¶μ ¸É¥¶¥´Ö³ g. �·¥¤¶μ²μ¦¨³, ÎÉμ ± ¦¤ Ö ¨§ ±μ³-
¶μ´¥´É E ¤μ¶Ê¸± ¥É · §²μ¦¥´¨¥ ¢¨¤ 

Ei =
∞∑

n=0

gna
(n)
i . (43)

‘· ¢´¨¢ Ö ±μÔËË¨Í¨¥´ÉÒ ¶·¨ μ¤¨´ ±μ¢ÒÌ ¸É¥¶¥´ÖÌ g ¢ Ê· ¢´¥´¨¨ (27), ´ -
Ìμ¤¨³, ÎÉμ ±μÔËË¨Í¨¥´ÉÒ ·Ö¤  (43) ¤μ²¦´Ò Ê¤μ¢²¥É¢μ·ÖÉÓ Ê· ¢´¥´¨Ö³∗∗

rota(n) = Ω(n). (44)

‚ Ê· ¢´¥´¨ÖÌ (44) ®¢¥±Éμ·Ò § ¢¨Ì·¥´´μ¸É¨¯ Ω(n) Ö¢²ÖÕÉ¸Ö ¨§¢¥¸É´Ò³¨ ËÊ´±-
Í¨Ö³¨. „²Ö ± ¦¤μ£μ n > 1 μ´¨ § ¤ ´Ò Î¥·¥§ ·¥Ï¥´¨Ö ¶·¥¤Ï¥¸É¢ÊÕÐ¥£μ Î²¥´ 
· §²μ¦¥´¨Ö:

Ω(n)
i = −γ−1

ik a
(n−1)
k , (45)

¶·¨Î¥³ ¤²Ö ¢¥±Éμ·μ¢ Ω(0) ¨ Ω(1) ¨³¥¥³

Ω(0)
i = ∂kPik, (46)

Ω(1)
i = εinm (PS)nm − γ−1

ik a
(0)
k . (47)

∗‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ∗Dkl(S) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¨§¢¥¸É´Ò° μ¶¥· Éμ· ” ¤¤¥¥¢ Ä
�μ¶μ¢  [13], μ¶·¥¤¥²¥´´Ò° ± ± ³ É·¨Í  ¸±μ¡μ± �Ê ¸¸μ´  § ±μ´  ƒ Ê¸¸  (10) ¨ Ê¸²μ¢¨° ¸¨³-
³¥É·¨Î¥¸±μ° ± ²¨¡·μ¢±¨ (19):

{Di(S)Π(x)ki, χl(y)} = ∗Dkl(S)δ3(x − y).

∗∗ˆ´É¥·¥¸´μ, ÎÉμ ¶μ¤μ¡´μ¥ Ê· ¢´¥´¨¥, rot V = Ω, ¨£· ¥É ¢ ¦´ÊÕ ·μ²Ó ¢ ³¥Ì ´¨±¥ ¦¨¤±μ-
¸É¥° ¨ £ §μ¢, £¤¥ μ´μ μ¶·¥¤¥²Ö¥É ¶μ²¥ ¸±μ·μ¸É¥° V ¢μ±·Ê£ § ¤ ´´μ° ¸¨¸É¥³Ò ¢¨Ì·¥° Ω [57].
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’ ±¨³ μ¡· §μ³, § ¤ Î  ¸¢¥² ¸Ó ± ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö (44). …£μ ·¥Ï¥´¨¥,
¶·¨ Ê¸²μ¢¨¨ ´¥¶·¥·Ò¢´μ¸É¨ ¨ § ´Ê²¥´¨Ö a(n) ´  ¶·μ¸É· ´¸É¢¥´´μ° ¡¥¸±μ´¥Î-
´μ¸É¨, ¤ ¥É¸Ö Ìμ·μÏμ ¨§¢¥¸É´Ò³ ¨´É¥£· ²Ó´Ò³ ¶·¥¤¸É ¢²¥´¨¥³

a(n)(t, r) =
1
4π

rot

∫
d3r′

Ω(n)(t, r′)
|r − r′| =

1
4π

∫
d3r′

r′ × Ω(n)(t, r − r′)
r′2

. (48)

�¥·¥°¤¥³ ± · §²μ¦¥´¨Õ ¶μ ¸É¥¶¥´Ö³ 1/g. ‡ ¶¨Ï¥³ Ëμ·³ ²Ó´Ò° ·Ö¤

Ei =
∞∑

n=0

(
1
g

)n

E(n)
i , (49)

±μÉμ·Ò° ¸μ¢¶ ¤ ¥É ¸ · §²μ¦¥´¨¥³ Ei ¶μ ®¸É¥¶¥´Ö³ ¶·μ¨§¢μ¤´ÒÌ¯. „¥°¸É¢¨-
É¥²Ó´μ, ¶μ¤¸É ¢²ÖÖ (49) ¢ Ê· ¢´¥´¨¥ (27) ¨ ¸· ¢´¨¢ Ö É¥¶¥·Ó ±μÔËË¨Í¨¥´ÉÒ
¶·¨ μ¤¨´ ±μ¢ÒÌ ¸É¥¶¥´ÖÌ 1/g, ´ Ìμ¤¨³ ±μÔËË¨Í¨¥´É ¶·¨ ´Ê²¥¢μ° ¸É¥¶¥´¨,
´¥ ¸μ¤¥·¦ Ð¨° ¶·μ¨§¢μ¤´ÒÌ:

E(0)
i = γ−1

ik εklm(PS)lm. (50)

‚¸¥ ¶μ¸²¥¤ÊÕÐ¨¥ ±μÔËË¨Í¨¥´ÉÒ E(n)
i § ¢¨¸ÖÉ μÉ ¶·μ¨§¢μ¤´ÒÌ ¶μ²¥° ¨/¨²¨

¨Ì ¨³¶Ê²Ó¸μ¢, ¶μ²´Ò° ¶μ·Ö¤μ± ±μÉμ·ÒÌ · ¢¥´ Î¨¸²Ê n. „²Ö ±μÔËË¨Í¨¥´É ,
²¨´¥°´μ£μ ¶μ ¶·μ¨§¢μ¤´Ò³, ¨³¥¥³

E(1)
i = γ−1

ik

[
(rot E(0))k − ∂s Pks

]
, (51)

  ±μÔËË¨Í¨¥´ÉÒ E(n)
i ¸ n > 1 ¸¢Ö§ ´Ò ¶·μ¸ÉÒ³ ·¥±Ê··¥´É´Ò³ ¶· ¢¨²μ³

E(n)
i = γ−1

ik (rotE(n−1))k. (52)

‚ ¸¨²Ê ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° ´¥²μ± ²Ó´Ò° Î²¥´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ ·¥¤ÊÍ¨·μ-
¢ ´´μ³ £ ³¨²ÓÉμ´¨ ´¥ (34) ³μ¦¥É ¡ÒÉÓ ¶·¨¡²¨¦¥´ ²μ± ²Ó´Ò³ ¢Ò· ¦¥´¨¥³,
¸μ¤¥·¦ Ð¨³ ±μ´¥Î´μ¥ Î¨¸²μ ¶·μ¨§¢μ¤´ÒÌ ¶μ²¥° ¨ ¨³¶Ê²Ó¸μ¢. ‚ μ¸É ¢Ï¥°¸Ö
Î ¸É¨ · ¡μÉÒ ³Ò μ£· ´¨Î¨³¸Ö  ´ ²¨§μ³ ¢¥¤ÊÐ¥£μ ¶μ·Ö¤±  · §²μ¦¥´¨Ö (49) ¨
¸Ëμ·³Ê²¨·Ê¥³ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ²μ± ²Ó´ÊÕ ³μ¤¥²Ó ¢Éμ·μ£μ ¶μ·Ö¤±  ¶μ ¶·μ-
¨§¢μ¤´Ò³ ¶μ²¥°.

3. �� ˆ�’…���…’�–ˆˆ �…‹�Š�‹œ��‰ ’…��ˆˆ

‚ ¶·¥¤Ò¤ÊÐ¨Ì · §¤¥² Ì £ ³¨²ÓÉμ´μ¢  ¤¨´ ³¨±  ¶μ²¥° Ÿ´£ ÄŒ¨²²¸  ¡Ò² 
¶·¥¤¸É ¢²¥´  ¢ Ëμ·³¥ ´¥²μ± ²Ó´μ° É¥μ·¨¨ ¸ ³μ¤¥°¸É¢ÊÕÐ¥£μ ³ É·¨Î´μ£μ
¶μ²Ö S(x). �·¥¦¤¥ Î¥³ ¶¥·¥Ìμ¤¨ÉÓ ± ¤ ²Ó´¥°Ï¨³ É¥Ì´¨Î¥¸±¨³ ¢μ¶·μ¸ ³, Ìμ-
É¥²μ¸Ó ¡Ò ¶μ´ÖÉÓ ¥£μ ¶·¨·μ¤Ê ¨, ¢ Î ¸É´μ¸É¨, μÉ¢¥É¨ÉÓ ´  ¢μ¶·μ¸, ± ±¨³ Î ¸É¨-
Í ³ μ´μ ¸μμÉ¢¥É¸É¢Ê¥É. …¸²¨ ¸²¥¤μ¢ ÉÓ ¸É ´¤ ·É´μ° ¨´É¥·¶·¥É Í¨¨ ±¢ ´Éμ¢μ°
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É¥μ·¨¨ ¢ ¤ÊÌ¥ ‚¨£´¥· , Éμ ´¥μ¡Ìμ¤¨³μ ¢ÒÖ¸´¨ÉÓ É· ´¸Ëμ·³ Í¨μ´´Ò¥ ¸¢μ°¸É¢ 
¶μ²Ö S(x) μÉ´μ¸¨É¥²Ó´μ ¤¥°¸É¢¨Ö £·Ê¶¶Ò �Ê ´± ·¥. Š ± μÉ³¥Î ²μ¸Ó ¢ÒÏ¥,
¶μ²¥ S(x) Ö¢²Ö¥É¸Ö ¶·¥¤¸É ¢¨É¥²¥³ μ·¡¨ÉÒ ¤¥°¸É¢¨Ö ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò,
§ ¤ ´´Ò³ ¸¨³³¥É·¨Î¥¸±μ° ± ²¨¡·μ¢±μ° (19). ‘¨³³¥É·¨Î¥¸± Ö ± ²¨¡·μ¢±  ´¥
Ö¢²Ö¥É¸Ö ±μ¢ ·¨ ´É´μ°; ±μ´Ë¨£Ê· Í¨Ö ¶μ²Ö ¢¨¤  Aa

0 = 0, Aai = Aia ¶¥·¥¸É ¥É
¡ÒÉÓ ¸¨³³¥É·¨Î¥¸±μ° ¶·¨ ¶·¥μ¡· §μ¢ ´¨ÖÌ ‹μ·¥´Í  ± ´μ¢μ° ¸¨¸É¥³¥ μÉ¸Î¥É .
�·¨ ÔÉμ³ ¸¨³³¥É·¨Ö ³μ¦¥É ¡ÒÉÓ ¢μ¸¸É ´μ¢²¥´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ± ²¨¡·μ-
¢μÎ´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³, § ¢¨¸ÖÐ¨³ ± ± μÉ ²μ·¥´Í-¶ · ³¥É·μ¢, É ± ¨ μÉ
¸ ³μ° ±μ´Ë¨£Ê· Í¨¨ ¶μ²Ö∗. �μ ÔÉμ° ¶·¨Î¨´¥ É· ´¸Ëμ·³ Í¨μ´´Ò¥ Ì · ±É¥-
·¨¸É¨±¨ ¶μ²Ö S(x) ¶·¨ ¶·¥μ¡· §μ¢ ´¨ÖÌ ‹μ·¥´Í  μ± §Ò¢ ÕÉ¸Ö ´¥²¨´¥°´Ò³¨
¨, ± ± ¸²¥¤¸É¢¨¥, ¢¨£´¥·μ¢¸± Ö ¨´É¥·¶·¥É Í¨Ö ±¢ ´Éμ¢ ÔÉμ£μ ¶μ²Ö ¢ É¥·³¨´ Ì
Î ¸É¨Í ¸É ´μ¢¨É¸Ö ¶·μ¡²¥³ É¨Î´μ°. �¤´ ±μ, ± ± ¡Ê¤¥É ¶μ± § ´μ ´¨¦¥, ¶·¨
g � 1 ¸¶¨´μ¢Ò¥ ¸¢μ°¸É¢  Ì · ±É¥·¨¸É¨±¨ ·¥¤ÊÍ¨·μ¢ ´´μ£μ ¶μ²Ö S ²¨´¥ -
·¨§ÊÕÉ¸Ö, ÎÉμ ¨ ¶μ§¢μ²Ö¥É ¢ ¶·¥¤¥²¥ ¸¨²Ó´μ° ¸¢Ö§¨ £μ¢μ·¨ÉÓ μ ¸É ´¤ ·É´μ³
¸¶¨´μ¢μ³ ¸μ¤¥·¦ ´¨¨ ·¥¤ÊÍ¨·μ¢ ´´μ° É¥μ·¨¨.

3.1. ƒ¥´¥· Éμ·Ò £·Ê¶¶Ò �Ê ´± ·¥. ‹ £· ´¦¨ ´ ¶μ²¥° Ÿ´£ ÄŒ¨²²¸ 
Ö¢²Ö¥É¸Ö ¸± ²Ö·μ³ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ¨§ £·Ê¶¶Ò �Ê ´± ·¥

xμ → x′μ = Λμ
νxν + aμ, (53)

aμ Å ¶·μ¨§¢μ²Ó´Ò¥ ±μ´¸É ´ÉÒ, Λμ
ν Å Ô²¥³¥´ÉÒ ¶μ¸ÉμÖ´´μ° ³ É·¨ÍÒ, Ê¤μ¢-

²¥É¢μ·ÖÕÐ¥° Ê¸²μ¢¨Ö³
ημνΛμ

ρΛν
σ = ηρσ. (54)

‚ ¸¨²Ê ¤ ´´μ° ¨´¢ ·¨ ´É´μ¸É¨ ¨³¥ÕÉ ³¥¸Éμ ¸²¥¤ÊÕÐ¨¥ 10 Ê· ¢´¥´¨° ´¥¶·¥-
·Ò¢´μ¸É¨:

∂μTνμ = 0, ∂μMνμλ = 0. (55)

‚ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨ÖÌ ¸μÌ· ´¥´¨Ö (55) ¤¥± ·Éμ¢Ò ±μ³¶μ´¥´ÉÒ
± ´μ´¨Î¥¸±μ£μ É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  Tμν μ¶·¥¤¥²¥´Ò ¸μ£² ¸´μ É¥μ·¥³¥
�¥É¥·:

Tμν = −ημν L +
∂L

∂ (∂μAa
σ)

∂νAa
σ (56)

¨

Mμνλ = xμ Tλν − xμ Tλμ +
∂L

∂
(
∂μAa

ρ

) (Σμν)ρλ Aa
λ. (57)

‚ (57) μ¶¥· Éμ· Σμν Å ¶μ²Ö·¨§ Í¨μ´´Ò° É¥´§μ· ¶μ²Ö ¸¶¨´  1

(Σμν)ρλ = ημρηνλ − ηνρημλ. (58)

∗�μ¤μ¡´ Ö ¸¨ÉÊ Í¨Ö ¨³¥¥É ³¥¸Éμ ¨ ¢ Ô²¥±É·μ¤¨´ ³¨±¥ ¶·¨ ´ ²μ¦¥´¨¨ Ê¸²μ¢¨° ŠÊ²μ´ 
(¸³. [58, 59]).
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“· ¢´¥´¨Ö ´¥¶·¥·Ò¢´μ¸É¨ (55), ¤μ¶μ²´¥´´Ò¥ Ê¸²μ¢¨Ö³¨ μ¡´Ê²¥´¨Ö ¶μ²¥° ´ 
¶·μ¸É· ´¸É¢¥´´μ° ¡¥¸±μ´¥Î´μ¸É¨, μ¶·¥¤¥²ÖÕÉ 10 ¸μÌ· ´ÖÕÐ¨Ì¸Ö ¢ ¶·μÍ¥¸¸¥
Ô¢μ²ÕÍ¨¨ ¢¥²¨Î¨´ Pμ ¨ Mμν . �´¨ ³μ£ÊÉ ¡ÒÉÓ § ¤ ´Ò ¨´É¥£· ² ³¨ ¶μ ¶·μ¨§-
¢μ²Ó´μ° ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´μ° ¶μ¢¥·Ì´μ¸É¨ σ:

Pμ =
∫
σ

dσλTμλ, Mμν =
∫
σ

dσλ Mμνλ. (59)

‚¥²¨Î¨´Ò Pμ ¨ Mμν Ö¢²ÖÕÉ¸Ö £¥´¥· Éμ· ³¨ £·Ê¶¶Ò �Ê ´± ·¥, μ¶·¥¤¥²Ö-
ÕÐ¨³¨ É· ´¸Ëμ·³ Í¨μ´´Ò¥ ¸¢μ°¸É¢  ¶μ²¥°, ¨Ì ±¢ ´Éμ¢ ¨, ¢ ¨Éμ£¥, ´ ¡²Õ-
¤ ¥³ÒÌ Î ¸É¨Í. ’ ±, ¸¶¨´μ¢Ò¥ Ì · ±É¥·¨¸É¨±¨ £²Õμ´´μ£μ ¶μ²Ö § ±²ÕÎ¥´Ò ¢
¸²¥¤ÊÕÐ¨Ì ¸±μ¡± Ì �Ê ¸¸μ´ :

{Mμν , Aρ(0)} = (Σμν)ρλ Aλ(0). (60)

�É³¥É¨³, ÎÉμ, ÌμÉÖ ¶²μÉ´μ¸É¨ (56) ¨ (57) ´¥ Ö¢²ÖÕÉ¸Ö ± ²¨¡·μ¢μÎ´μ-
¨´¢ ·¨ ´É´Ò³¨ ¢¥²¨Î¨´ ³¨, ¸ ³¨ £¥´¥· Éμ·Ò Pμ ¨ Mμν Ö¢²ÖÕÉ¸Ö É ±μ¢Ò³¨,
¶μÔÉμ³Ê μ´¨ ³μ£ÊÉ ¡ÒÉÓ ¢Ò· ¦¥´Ò ¢ É¥·³¨´ Ì ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´ÒÌ
¶¥·¥³¥´´ÒÌ S ¨ P ∗.

Š ± ¶μ± §Ò¢ ¥É · ¸Î¥É, ¢ ³£´μ¢¥´´μ° Ëμ·³¥ ¤¨´ ³¨±¨ ¸ £¨¶¥·¶²μ¸±μ¸ÉÓÕ
μ¤´μ¢·¥³¥´´ÒÌ ¸μ¡ÒÉ¨° t = const £¥´¥· Éμ·Ò É·¥Ì³¥·´ÒÌ ¢· Ð¥´¨°, Ji =
εijkMjk,

Ji = εijk

∫
d3x

(
EajA

a
k + xkEal

∂Aal

∂xj

)
(61)

¨ £¥´¥· Éμ·Ò ²μ·¥´Í¥¢¸±¨Ì ¡Ê¸Éμ¢, Ki = M0i,

Ki = t

∫
d3x εijkEa

i Ba
j − 1

2

∫
d3xxi

(
Ea

i
2 + Ba

i
2
)

(62)

¶μ¸²¥ ·¥¤Ê±Í¨¨ ± ¶¥·¥³¥´´Ò³ S ¨ P ¶·¨´¨³ ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤:

Ji =
∫

d3x εijk ((PS)jk + xktr (P∂jS)) , (63)

Ki = t

∫
d3x εijk (Pjl + εjlnEn)Blk(S) −

∫
d3xxi H, (64)

£¤¥ E Å ´¥²μ± ²Ó´ Ö Î ¸ÉÓ ¶²μÉ´μ¸É¨ ¨³¶Ê²Ó¸  ¢§ ¨³μ¤¥°¸É¢¨Ö, μ¶·¥¤¥²¥´-
´ Ö ¢ (41); H Å ¶²μÉ´μ¸ÉÓ ·¥¤ÊÍ¨·μ¢ ´´μ£μ £ ³¨²ÓÉμ´¨ ´  (33).

„ ²¥¥ ´  μ¸´μ¢¥ ÔÉ¨Ì ¶·¥¤¸É ¢²¥´¨° ¤²Ö £¥´¥· Éμ·μ¢ £·Ê¶¶Ò �Ê ´± ·¥ ¡Ê-
¤ÊÉ ¶·μ ´ ²¨§¨·μ¢ ´Ò É· ´¸Ëμ·³ Í¨μ´´Ò¥ ¸¢μ°¸É¢  ·¥¤ÊÍ¨·μ¢ ´´μ£μ ¶μ²Ö.

∗�·¨ ¢Ò¢μ¤¥ ÔÉ¨Ì ¶·¥¤¸É ¢²¥´¨°, ± ± ¨ ¶·¨ ¨¸±²ÕÎ¥´¨¨ Î¨¸Éμ ± ²¨¡·μ¢μÎ´ÒÌ ¸É¥¶¥´¥°
¸¢μ¡μ¤Ò, ¶·¥¤¶μ² £ ²μ¸Ó μ¡´Ê²¥´¨¥ ¢¸¥Ì ¶μ¢¥·Ì´μ¸É´ÒÌ ¨´É¥£· ²μ¢.
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‚ ¸²¥¤ÊÕÐ¥³ ¶Ê´±É¥ ´ Î´¥³ ¸ ·Ö¤  § ³¥Î ´¨° μ ¸μ£² ¸μ¢ ´´μ¸É¨ É·¥¡μ¢ ´¨°
±μ¢ ·¨ ´É´μ¸É¨ �Ê ´± ·¥ ¸ ²μ± ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¥° ´¥²μ± ²Ó´μ° ·¥¤Ê-
Í¨·μ¢ ´´μ° É¥μ·¨¨, ¶μ²ÊÎ¥´´μ° ¢ ·¥§Ê²ÓÉ É¥ · §²μ¦¥´¨Ö ¶μ μ¡· É´Ò³ ¸É¥-
¶¥´Ö³ ±μ´¸É ´ÉÒ ¸¢Ö§¨ ¨ § ¢¨¸ÖÐ¥° ²¨ÏÓ μÉ ¶μ²¥¢ÒÌ ¶·μ¨§¢μ¤´ÒÌ Ë¨±¸¨·μ-
¢ ´´μ£μ ¶μ·Ö¤± .

3.2. Šμ´É· ±Í¨Ö  ²£¥¡·Ò �Ê ´± ·¥ ¢ ¶·¥¤¥²¥ ¸¨²Ó´μ° ¸¢Ö§¨. ‚ ³£´μ-
¢¥´´μ° Ëμ·³¥ ¤¨´ ³¨±¨ £¥´¥· Éμ·Ò Ô¢μ²ÕÍ¨¨, É. ¥. £ ³¨²ÓÉμ´¨ ´ H ¨ Ki,
§ ¢¨¸ÖÉ μÉ ±μ´¸É ´ÉÒ g,   £¥´¥· Éμ·Ò É·¥Ì³¥·´ÒÌ ¸¤¢¨£μ¢ ¨ ¢· Ð¥´¨° Ö¢²Ö-
ÕÉ¸Ö Î¨¸Éμ ±¨´¥³ É¨Î¥¸±¨³¨, ´¥ § ¢¨¸ÖÐ¨³¨ μÉ g. ’ ±μ° Ì · ±É¥· § ¢¨¸¨-
³μ¸É¨ ¨ ¸É·Ê±ÉÊ·  £·Ê¶¶Ò �Ê ´± ·¥ ´ ±² ¤Ò¢ ÕÉ ¸¨²Ó´Ò¥ μ£· ´¨Î¥´¨Ö ´ 
¢μ§³μ¦´Ò¥ É¥μ·¥É¨±μ-¢μ§³ÊÐ¥´Î¥¸±¨¥ ±μ´¸É·Ê±Í¨¨. �¨¦¥ ³Ò ¢μ¸¶μ²Ó§Ê¥³¸Ö
¢μ§³μ¦´μ¸ÉÓÕ ¶·¥¤¸É ¢²¥´¨Ö £¥´¥· Éμ·μ¢ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ μ¡· É´Ò³
¸É¥¶¥´Ö³ ±μ´¸É ´ÉÒ ¸¢Ö§¨ ¨ ¸Ëμ·³Ê²¨·Ê¥³ Ê¸²μ¢¨Ö ¸μ£² ¸μ¢ ´´μ¸É¨ ¸Ì¥³Ò
¶·¨¡²¨¦¥´¨Ö ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ±μ¢ ·¨ ´É´μ¸ÉÓÕ. ‚ Î ¸É´μ¸É¨, Ê¡¥¤¨³¸Ö,
ÎÉμ ¢ ¶·¥¤¥²¥ ¸¨²Ó´μ° ¸¢Ö§¨ g → ∞ ¨³¥¥É ³¥¸Éμ ±μ´É· ±Í¨Ö  ²£¥¡·Ò £·Ê¶¶Ò
�Ê ´± ·¥ ¢  ²£¥¡·Ê £·Ê¶¶Ò ƒ ²¨²¥Ö.

�²£¥¡·  ‹¨ £·Ê¶¶Ò �Ê ´± ·¥ § ¤ ¥É¸Ö ¸²¥¤ÊÕÐ¨³¨ ¸μμÉ´μÏ¥´¨Ö³¨:

{Ji, Jj} = εijk Jk, {Ji, Kj} = εijk Kk, (65)

{Ki, Kj} = εijk Jk, {Ji, Pj} = εijk Pk, (66)

{Ki, Pj} = −δijH, {Ki, H} = −Pi, (67)

{Ji, H} = {Pi, H} = 0. (68)

‡ ³¥É¨³, ÎÉμ ¢ ·¥§Ê²ÓÉ É¥ ³ ¸ÏÉ ¡´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ± ´μ´¨Î¥¸±¨Ì ¶¥·¥-
³¥´´ÒÌ

S(x) → g−1/3 S(x), P (x) → g1/3 P (x) (69)

£¥´¥· Éμ·Ò ¢· Ð¥´¨° Ji μ¸É ÕÉ¸Ö ´¥¨§³¥´´Ò³¨,   μ¸É ¢Ï¨¥¸Ö £¥´¥· Éμ·Ò
£·Ê¶¶Ò �Ê ´± ·¥ ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¨Ì · §²μ¦¥´¨° ¶μ ¸É¥¶¥´Ö³∗

λ := g−2/3:

H → H = g2/3
[
H(0) + λH(1) + . . .

]
, (70)

Pi → Pi = g2/3
[
P (0) + λP (1) + . . .

]
, (71)

Ki → Ki = g2/3
[
K(0) + λK(1) + . . .

]
. (72)

�¶·¥¤¥²¨³ H = λH , Ki = λKi, Pi = λPi ¨ ¶·¥¤¢ ·¨É¥²Ó´μ ¢ÒÖ¸´¨³, ± ±ÊÕ
 ²£¥¡·Ê ¢ ¶·¥¤¥²¥ g → ∞ ÔÉ¨ Ô²¥³¥´ÉÒ μ¡· §ÊÕÉ ¸μ¢³¥¸É´μ ¸ £¥´¥· Éμ· ³¨
¢· Ð¥´¨° Ji.

∗�·¥μ¡· §μ¢ ´¨¥ (69) ¶·¨¢μ¤¨É ± Ë ±Éμ·Ê λ ¶¥·¥¤ ± ¦¤μ° ¶·μ¸É· ´¸É¢¥´´μ° ¶·μ¨§¢μ¤´μ°
¶μ²¥°.
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�¥·¥Ìμ¤Ö ± Ëμ·³ ²Ó´μ³Ê ¶·¥¤¥²Ê g → ∞, ¨³¥¥³

{Ji, Jj} = εijk Jk, {Ji, Kj} = εijk Kk, {Ji, P j} = εijk P k, (73)

¢ Éμ ¢·¥³Ö ± ±

{Ki, Kj} = λ2 εijk Jk → 0, (74)

{Ki, P j} = −λ δijH → 0, (75)

{Ki, H} = −λP i → 0. (76)

’. ¥., ¸μ£² ¸´μ (73)Ä(76),  ²£¥¡·  �Ê ´± ·¥ (65)Ä(68) ¢ ¶·¥¤¥²¥ ¸¨²Ó´μ° ¸¢Ö§¨
¸Ê¦ ¥É¸Ö ¤μ  ²£¥¡·Ò £·Ê¶¶Ò ƒ ²¨²¥Ö.

�²£¥¡·  �Ê ´± ·¥ ´ ±² ¤Ò¢ ¥É ¸¨²Ó´Ò¥ μ£· ´¨Î¥´¨Ö ´   ²£¥¡·Ê Ô²¥³¥´-
Éμ¢ · §²μ¦¥´¨° (70)Ä(72). ‘μμÉ´μÏ¥´¨Ö (73)Ä(76) ¶·¨ ±μ´¥Î´ÒÌ §´ Î¥´¨ÖÌ
±μ´¸É ´ÉÒ g Ö¢²ÖÕÉ¸Ö Ê¸²μ¢¨Ö³¨ ¸μ£² ¸μ¢ ´´μ¸É¨  ¶¶·μ±¸¨³ Í¨¨ · §²μ¦¥-
´¨° ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¨´¢ ·¨ ´É´μ¸ÉÓÕ. ’ ±, Ê· ¢´¥´¨Ö (73) ¢ ¸¨²Ê ²¨´¥°´μ-
¸É¨ ¶μ Î²¥´ ³ · §²μ¦¥´¨Ö ¥¸ÉÓ ¶·μ¸Éμ¥ É·¥¡μ¢ ´¨¥ μ É·¥Ì³¥·´μ³ ¢¥±Éμ·´μ³
Ì · ±É¥·¥ ± ¦¤μ£μ Î²¥´  · §²μ¦¥´¨Ö. “· ¢´¥´¨Ö (74)Ä(76) ¢ ¸¨²Ê ´¥²¨´¥°-
´μ£μ Ì · ±É¥·  ´ ±² ¤Ò¢ ÕÉ ¡μ²¥¥ ¨§μÐ·¥´´Ò¥ É·¥¡μ¢ ´¨Ö. �·¨¢¥¤¥³ ÔÉ¨
Ê¸²μ¢¨Ö ¸μ£² ¸μ¢ ´¨Ö ¤²Ö 0-£μ, 1-£μ ¨ 2-£μ ¶μ·Ö¤±μ¢ ¶·¨¡²¨¦¥´¨Ö ¶μ ¸É¥¶¥-
´Ö³ λ:

• ¶μ·Ö¤μ± λ0

{K(0)
i , K

(0)
j } = 0, (77)

{K(0)
i , P

(0)
j } = 0, (78)

{K(0)
i , H(0)} = 0; (79)

• ¶μ·Ö¤μ± λ1

{K(0)
[i , K

(1)
j] } = 0, (80)

{K(0)
i , P

(1)
j } + {K(1)

i , P
(0)
j } = −δijH

(0), (81)

{K(0)
i , H(1)} + {K(1)

i , H(0)} = −P
(0)
i ; (82)

• ¶μ·Ö¤μ± λ2

{K(0)
[i , K

(2)
j] } + {K(1)

i , K
(1)
j } = εijk Jk, (83)

{K(0)
i , P

(2)
j } + {K(2)

i , P
(0)
j } + {K(1)

i , P
(1)
j } = −δijH

(1), (84)

{K(0)
i , H(2)} + {K(2)

i , H(0)} + {K(1)
i , H(1)} = −P

(1)
i . (85)
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’ ±¨³ μ¡· §μ³, ¶·¨  ¶¶·μ±¸¨³ Í¨¨ ´¥²μ± ²Ó´μ° É¥μ·¨¨ ´¥±μ° ²μ± ²Ó-
´μ° ³μ¤¥²ÓÕ ¥¥ ·¥²ÖÉ¨¢¨¸É¸± Ö ±μ¢ ·¨ ´É´μ¸ÉÓ ¢Ò· ¦ ¥É¸Ö ´¥ ¢ Ëμ·³¥ ¸É ´-
¤ ·É´μ°  ²£¥¡·Ò �Ê ´± ·¥ ³¥¦¤Ê ²μ± ²Ó´Ò³¨  ¶¶·μ±¸¨³ Í¨Ö³¨ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨Ì ´¥É¥·μ¢¸±¨Ì £¥´¥· Éμ·μ¢,   ¢ ¢¨¤¥ ´¥É·¨¢¨ ²Ó´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì ¸μ-
μÉ´μÏ¥´¨° É¨¶  (77)Ä(85). �·¨ ÔÉμ³ ¶·¨³¥Î É¥²Ó´μ, ÎÉμ ¢ ¶·¥¤¥²¥ g → ∞
·¥²ÖÉ¨¢¨¸É¸± Ö ¸¨³³¥É·¨Ö ³μ¤¥²¨ ¸Ê¦ ¥É¸Ö ¤μ ¸¨³³¥É·¨¨ ƒ ²¨²¥Ö ¥¥ ²μ± ²Ó-
´μ£μ ¶·¨¡²¨¦¥´¨Ö.

3.3. ‘¶¨´μ¢Ò¥ ¸¢μ°¸É¢  ·¥¤ÊÍ¨·μ¢ ´´μ£μ ¶μ²Ö. ‚ÒÖ¸´¨³ ¸¶¨´μ¢Ò¥
¸¢μ°¸É¢  ¶μ²Ö S. „²Ö ÔÉμ£μ ¡Ê¤¥³ ¤¥°¸É¢μ¢ ÉÓ ¶μ  ´ ²μ£¨¨ ¸ (60). � Î´¥³
¸ É·¥Ì³¥·´ÒÌ ¢· Ð¥´¨° r → r′ = R(ω)r, £¥´¥·¨·Ê¥³ÒÌ (63). � ¸Î¥É ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¥£μ ¨´Ë¨´¨É¥§¨³ ²Ó´μ£μ ¨§³¥´¥´¨Ö ¶μ²Ö ¶μ± §Ò¢ ¥É, ÎÉμ

{Ji, Sjk(0)} =
1
2

εimn (δmjδks + δmkδjs)Ssn(0). (86)

ˆ´Ò³¨ ¸²μ¢ ³¨, ¨´Ë¨´¨É¥§¨³ ²Ó´Ò¥ ¶·μ¸É· ´¸É¢¥´´Ò¥ ¢· Ð¥´¨Ö δωxn =
ωnmxm ¨´¤ÊÍ¨·ÊÕÉ ¶·¥μ¡· §μ¢ ´¨Ö ¶μ²Ö S ¸²¥¤ÊÕÐ¥£μ ¢¨¤ :

δωSij = εsmnωmn{Sij , Js} = ωmn (ΣmnS)ij + orbital part (87)

¸ ³ É·¨Í¥° Σmn:

(Σ)mn
(il)(sj) := (δilδ

m
k δn

s + δm
i δn

l δsj) − (m ↔ n). (88)

Œ É·¨Í  Σmn ¢ (88) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¨´Ë¨´¨É¥§¨³ ²Ó´ÊÕ ¶μ²Ö·¨§ Í¨μ´-
´ÊÕ ³ É·¨ÍÊ O(3) ¢· Ð¥´¨° É·¥Ì³¥·´μ£μ É¥´§μ·  ¢Éμ·μ£μ · ´£ 

S′
ik(0) = Ril(ω)Rkm(ω)Slm(0). (89)

�¥·¥Ìμ¤Ö ± ²μ·¥´Í¥¢¸±¨³ ¡Ê¸É ³, £¥´¥·¨·Ê¥³Ò³ Ki, § ³¥É¨³, ÎÉμ ¢ ¸¨²Ê
¶·¥¤¸É ¢²¥´¨Ö (64) ¸¶¨´μ¢Ò¥ É· ´¸Ëμ·³ Í¨μ´´Ò¥ ¸¢μ°¸É¢  μ¶·¥¤¥²ÖÕÉ¸Ö ¨´-
É¥£· ²μ³

{Ki, Sjk(0)} =
∫

d3xi
δEs

δPjk
Es. (90)

ˆ¸¶μ²Ó§ÊÖ · §²μ¦¥´¨¥ (49) ¶μ μ¡· É´Ò³ ¸É¥¶¥´Ö³ g, Ê¡¥¦¤ ¥³¸Ö, ÎÉμ ¶· -
¢ Ö Î ¸ÉÓ · ¢¥´¸É¢  (90) Ö¢²Ö¥É¸Ö ´¥²¨´¥°´Ò³ ËÊ´±Í¨μ´ ²μ³ ¶μ²¥° S ¨ P .
�¤´ ±μ ¢ ¶·¥¤¥²¥ ¸¨²Ó´μ° ¸¢Ö§¨ g � 1 ¸ ÉμÎ´μ¸ÉÓÕ O(1/g) ¨³¥¥³

{Ki, Sjk(0)} = 0 + O(1/g). (91)

‘μμÉ´μÏ¥´¨Ö (91) ¸μ¢³¥¸É´μ ¸ Ê· ¢´¥´¨¥³ (89) ¶μ§¢μ²ÖÕÉ £μ¢μ·¨ÉÓ, ÎÉμ ¢
¶·¥¤¥²¥ ¸¨²Ó´μ° ¸¢Ö§¨ ¶μ²¥ S μ¡² ¤ ¥É ¸¶¨´μ¢Ò³¨ ¸¢μ°¸É¢ ³¨ É·¥Ì³¥·´μ£μ
É¥´§μ·  ¢Éμ·μ£μ · ´£ . ’. ¥. SU(2)-£²Õμ¤¨´ ³¨±  ¶·¨ g � 1 ¤μ¶Ê¸± ¥É ¶·¥¤-
¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ³μ¤¥²¨ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì ¶μ²¥° ¸¶¨´  0 ¨ ¸¶¨´  2.
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4. ‹�Š�‹œ��Ÿ Œ�„…‹œ ‚ ��…„…‹… ‘ˆ‹œ��‰ ‘‚Ÿ‡ˆ

‚ ´ ¸ÉμÖÐ¥³ · §¤¥²¥ ¡Ê¤¥É ¶μ¤·μ¡´μ μ¶¨¸ ´  ²μ± ²Ó´ Ö ³μ¤¥²Ó, ¶μ²ÊÎ -
¥³ Ö ¨§ ´¥²μ± ²Ó´μ° ·¥¤ÊÍ¨·μ¢ ´´μ° É¥μ·¨¨ ¢ ¶·¥¤¥²¥ g → ∞.

�μ¸²¥ ³ ¸ÏÉ ¡¨·μ¢ ´¨Ö (69) Ì·μ³μ³ £´¨É´μ¥ ¶μ²¥ B ¸μ¤¥·¦¨É ¢¥¤ÊÐ¨°
¢±² ¤ ¨ ²¨ÏÓ ²¨´¥°´ÊÕ ¶μ λ = g−2/3 ¶μ¶· ¢±Ê

Bai = g1/3εijk

[
1
2

εabc Sa
j Sb

k + λ∂jS
a
k

]
. (92)

‚ ¶·μÉ¨¢μ¶μ²μ¦´μ¸ÉÓ ÔÉμ³Ê Ì·μ³μÔ²¥±É·¨Î¥¸±μ¥ ¶μ²¥ ¤ ¥É¸Ö ¡¥¸±μ´¥Î´Ò³
·Ö¤μ³

Eai = g1/3
[
E

(0)
ai + λE

(1)
ai + λ2E

(2)
ai + . . .

]
, (93)

¢ ±μÉμ·μ³, ¸μ£² ¸´μ  ´ ²¨§Ê, ¶·μ¢¥¤¥´´μ³Ê ¢ ¶. 2.3.2, ±μÔËË¨Í¨¥´ÉÒ · §²μ-
¦¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò ¨§ ¶·μ¸ÉÒÌ ·¥±Ê··¥´É´ÒÌ ¸μμÉ´μÏ¥´¨°

E
(n)
ij = εijkγ−1

kl ∇s E
(n−1)
sl , n � 1, (94)

c ´Ê²¥¢Ò³ Î²¥´μ³ · §²μ¦¥´¨Ö ¢¨¤ 

E
(0)
ij = Pij + εijkγ−1

kl εlmn (PS)mn . (95)

„ ²¥¥, ´  μ¸´μ¢¥ ÔÉ¨Ì · §²μ¦¥´¨° ¶μ ¸É¥¶¥´Ö³ λ = g−2/3 ¢ ¶·¨¡²¨¦¥´¨¨
¸¨²Ó´μ° ¸¢Ö§¨ ¡Ê¤¥É ¸Ëμ·³Ê²¨·μ¢ ´  ³μ¤¥²Ó ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì ²μ± ²Ó´ÒÌ
¶μ²¥° ¸¶¨´  0 ¨ ¸¶¨´  2:

H := g1/3
[
H(0) + λH(1) + λ2 H(2) + . . .

]
. (96)

� Î´¥³ ¸ ¢¥¤ÊÐ¥£μ ¶μ·Ö¤± , λ0, ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶·¥¤¥²Ê g → ∞. Š ±
¡Ò²μ ¶μ± § ´μ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ³ É·¨Î´μ¥ ¶μ²¥ S ¢ ¶·¥¤¥²¥ ¸¨²Ó-
´μ° ¸¢Ö§¨ ³μ¦¥É ¡ÒÉÓ ¶·μ¨´É¥·¶·¥É¨·μ¢ ´μ ± ± ¶μ²¥, ¶·¥¤¸É ¢²ÖÕÐ¥¥ ¸³¥¸Ó
¶μ²¥° ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ¸¶¨´  0 ¨ ¸¶¨´  2. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ÔÉ¨³ ¶¥·¥Ëμ·-
³Ê²¨·Ê¥³ £ ³¨²ÓÉμ´μ¢Ê ¸¨¸É¥³Ê (34) ´¥¶μ¸·¥¤¸É¢¥´´μ ¢ É¥·³¨´ Ì ÔÉ¨Ì ¶μ²¥°.
„²Ö ÔÉμ£μ · §²μ¦¨³ ¶μ²¥ S ´  ´¥¶·¨¢μ¤¨³Ò¥ ±μ³¶μ´¥´ÉÒ ¶μ μÉ´μÏ¥´¨Õ ±
£·Ê¶¶¥ O(3):

Sij(x) =
1√
2
YA(x) T A

ij +
1√
3
Φ(x) Iij . (97)

‚ (97) ¶μ²¥ Φ(x), ¶·μ¶μ·Í¨μ´ ²Ó´μ¥ ¸²¥¤Ê É¥´§μ·  S, ¸μμÉ¢¥É¸É¢Ê¥É ¸¶¨´Ê 0,
  5-³¥·´Ò° ¢¥±Éμ· Y(x) ¨³¥¥É ±μ³¶μ´¥´ÉÒ YA, ¶·μ´Ê³¥·μ¢ ´´Ò¥ §´ Î¥´¨-
Ö³¨ ¶·μ¥±Í¨° ¸¶¨´  2 ´  μ¸Ó z, A = ±2,±1, 0. TA Å Ô²¥³¥´ÉÒ ¡ §¨¸ 
· §²μ¦¥´¨Ö ¡¥¸¸²¥¤μ¢μ£μ É¥´§μ· , Ö¢´Ò° ¢¨¤ ±μÉμ·ÒÌ ¶·¨¢¥¤¥´ ¢ ¶·¨²μ¦¥-
´¨¨ 
.
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ˆ³¶Ê²Ó¸Ò PA(x) ¨ PΦ(x), ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö¦¥´´Ò¥ ¶μ²Ö³ YA(x) ¨
Φ(x), ¤ ÕÉ¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ · §²μ¦¥´¨¥³ ³ É·¨Î´μ£μ ¶μ²Ö P :

Pij(x) =
1√
2
PA(x) T A

ij +
1√
3

PΦ(x) Iij . (98)

�·¨¢¥¤¥³ É ±¦¥ § ±²ÕÎ¥´¨¥ μÉ´μ¸¨É¥²Ó´μ É· ´¸Ëμ·³ Í¨μ´´ÒÌ ¸¢μ°¸É¢
¶¥·¥³¥´´ÒÌ Y ¨ Φ. „²Ö ÔÉμ£μ § ¶¨Ï¥³ £¥´¥· Éμ· É·¥Ì³¥·´ÒÌ ¢· Ð¥´¨° (63)
´¥¶μ¸·¥¤¸É¢¥´´μ ¢ É¥·³¨´ Ì ¶μ²¥° ¸¶¨´  0 ¨ ¸¶¨´  2:

Ji = Si + εijk

∫
d3x xj(PΦ∂kΦ + PA∂kY A) (99)

¸μ ¸¶¨´μ¢μ° Î ¸ÉÓÕ
Si = i(Ji)AB Y APB. (100)

‚ ¢Ò· ¦¥´¨¨ (100) ¤²Ö ¸¶¨´  ¶μ²Ö Y  ´É¨¸¨³³¥É·¨Î¥¸±¨¥ 5× 5 ³ É·¨ÍÒ Jk

·¥ ²¨§ÊÕÉ 5-³¥·´μ¥ ¶·¥¤¸É ¢²¥´¨¥ o(3)- ²£¥¡·Ò∗. �·¨ ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ
É·¥Ì³¥·´ÒÌ ¢· Ð¥´¨ÖÌ δxi = εijkωkxj ¶μ²¥ Y ¶·¥μ¡· §Ê¥É¸Ö ± ± 5-¢¥±Éμ·

δωY A = ωk{Y A, Sk} = −iωk(Jk)ABY B. (101)

ˆ§ ¢¨¤  (99) ´¥¶μ¸·¥¤¸É¢¥´´μ ¸²¥¤Ê¥É, ÎÉμ ¶·¨ ±μ´¥Î´ÒÌ ¢· Ð¥´¨ÖÌ xi =
Ri

j(ω)xj 5-¢¥±Éμ· ¨¸¶ÒÉÒ¢ ¥É ¢· Ð¥´¨Ö ¢¨¤ 

Y ′
A(0) = DAB(ω)YB(0) (102)

c 5 × 5 ³ É·¨Í¥° D-ËÊ´±Í¨¨ ¸¶¨´  2, ¸¢Ö§ ´´μ° ¸ 3 × 3 μ·Éμ£μ´ ²Ó´μ°
³ É·¨Í¥° R(ω) ¸μμÉ´μÏ¥´¨¥³

DAB(ω) = tr
(
R(ω)TART (ω)TB

)
. (103)

‡ ³¥É¨³, ÎÉμ ³ £´¨É´μ¥ ¶μ²¥ B ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ  ´ ²μ£¨Î´μ · §²μ-
¦¥´¨Ö³ (97) ¨ (98) ¢ ¢¨¤¥ ¤¥±μ³¶μ§¨Í¨¨ ¶μ ´¥¶·¨¢μ¤¨³Ò³ ±μ³¶μ´¥´É ³:

Bij(x) =
1√
2

HA(x) T A
ij +

1√
2

hα(x)Jα
ij +

1√
3

b(x) Iij , (104)

£¤¥

HA : =
1
2

c
(2)
AβB ∂βY B +

g√
3

(
1√
2
Y ∨ Y − ΦY

)
A

, (105)

hα : =
1
2

d
(1)
αBγ ∂γY B +

√
2
3

∂αΦ, (106)

b : =
g√
3

(
1
2

Y2 − Φ2

)
. (107)

∗Ÿ¢´Ò° ¢¨¤ ³ É·¨Í Jk ¤ ´ ¢ ¶·¨²μ¦¥´¨¨ 
.
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‚ (105) μ¡μ§´ Î¥´¨¥
(X ∨ Y)C := d

(2)
CABXAY B (108)

¸μμÉ¢¥É¸É¢Ê¥É ¨§¢¥¸É´μ°  ²£¥¡· ¨Î¥¸±μ° μ¶¥· Í¨¨ [60], ¸μ¶μ¸É ¢²ÖÕÐ¥° ¤¢Ê³
5-¢¥±Éμ· ³ ¤·Ê£μ° 5-³¥·´Ò° ¢¥±Éμ· ¸ ¶μ³μÐÓÕ ¸¨³³¥É·¨Î¥¸±¨Ì ±μ´¸É ´É

d
(2)
CAB  ²£¥¡·Ò ³ É·¨Í ¸¶¨´  2. Šμ´¸É ´ÉÒ c

(2)
AβB , d

(1)
αBγ , d

(2)
CAB μ¶·¥¤¥²¥´Ò

¢ ¶·¨²μ¦¥´¨¨ 
. ‘ ÊÎ¥Éμ³ ÔÉμ£μ § ³¥Î ´¨Ö ²¥£±μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ±μÔËË¨-
Í¨¥´ÉÒ (105)Ä(107) · §²μ¦¥´¨Ö ³ £´¨É´μ£μ ¶μ²Ö Bij ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¸μ-
μÉ¢¥É¸É¢¥´´μ: H Å 5-¢¥±Éμ·; h Å 3-¢¥±Éμ· ¨ b Å ¸± ²Ö· μÉ´μ¸¨É¥²Ó´μ
É·¥Ì³¥·´ÒÌ ¶·μ¸É· ´¸É¢¥´´ÒÌ ¢· Ð¥´¨°.

4.1. ƒ ³¨²ÓÉμ´¨ ´ ¶μ²¥° ¸¶¨´  2 ¨ ¸¶¨´  0. � Î´¥³ ¸ ¡μ²¥¥ ¶·μ¸Éμ£μ
¸²ÊÎ Ö É¥μ·¨¨ ¶μ²¥° Ÿ´£ ÄŒ¨²²¸  ¸ ´Ê²¥¢Ò³ ¢ ±ÊÊ³´Ò³ Ê£²μ³ θ. ‚ ÔÉμ³
¸²ÊÎ ¥ · ¸Î¥É £ ³¨²ÓÉμ´¨ ´  ¢ É¥·³¨´ Ì ¶μ²¥° ¸¶¨´  0 ¨ ¸¶¨´  2 ¢ ¢¥¤ÊÐ¥³
¶·¨¡²¨¦¥´¨¨ ¸¨²Ó´μ° ¸¢Ö§¨ ¶μ¸²¥ ³ ¸ÏÉ ¡¨·μ¢ ´¨Ö (69) ¤ ¥É ¸²¥¤ÊÕÐ¨°
·¥§Ê²ÓÉ É:

H(0) =
∫

d3x
(
P 2

Φ + P2
Y + Iij SiSj + V (0)

)
, (109)

£¤¥ Si Å ¢¥±Éμ·Ò ¸¶¨´  (100); Iij Å É¥´§μ· ®³μ³¥´Éμ¢ ¨´¥·Í¨¨¯:

Iij =
1

det γ

[
(Y2 + Φ2)2 δij + (Y2 + Φ2) d

(1)
ijAZA + μAB

ij ZAZB

]
, (110)

μAB
ij := d

(1)
Aikd

(1)
Bjk + c

(2)
ADic

(2)
BDj . (111)

‚ ¢Ò· ¦¥´¨ÖÌ (110) ¨ (111) c
(2)
AβC ¨ d

(1)
αBγ Å ¸É·Ê±ÉÊ·´Ò¥ ±μ´¸É ´ÉÒ  ²£¥¡·Ò

³ É·¨Í ¸¶¨´  2 (¤¥É ²¨ ¸³. ¢ ¶·¨²μ¦¥´¨¨ 
). ‘¶¥Í¨ ²Ó´Ò° 5-¢¥±Éμ· Z ¢
μ¶·¥¤¥²¥´¨¨ É¥´§μ·  ³μ³¥´É  ¨´¥·Í¨¨ (110) § ¤ ´ ¢ ¢¨¤¥

Z :=
1

2
√

6
Y ∨ Y +

2√
3

ΦY. (112)

„¥É¥·³¨´ ´É γ ¢ (110) ¢ ¶¥·¥³¥´´ÒÌ Y ¨ Φ ¤ ¥É¸Ö ¶μ²¨´μ³μ³:

det γ =
1

3
√

6
Y ·Y ∨ Y +

1√
3

ΦY2 − 8
3
√

3
Φ3. (113)

�μÉ¥´Í¨ ²Ó´Ò° Î²¥´ V (0) ¢ £ ³¨²ÓÉμ´¨ ´¥ (109) ´¥ § ¢¨¸¨É μÉ ¶·μ¨§¢μ¤´ÒÌ
¶μ²¥° ¨ ¨³¥¥É ¸²¥¤ÊÕÐÊÕ Ëμ·³Ê:

V (0) :=
1
3

[
Φ4 +

1
4

Y4 +
1
2

(Y ∨Y)2 −
√

2 ΦY · Y ∨ Y
]

. (114)

Š ± ¡Ò²μ μÉ³¥Î¥´μ ¢ÒÏ¥, ¶μ²¥¢ Ö ¶¥·¥³¥´´ Ö Y ¶·¨ É·¥Ì³¥·´ÒÌ ¢· -
Ð¥´¨ÖÌ ¶·¥μ¡· §Ê¥É¸Ö ¶μ ¶·¥¤¸É ¢²¥´¨Õ £·Ê¶¶Ò O(3) ¸ μ·Éμ£μ´ ²Ó´μ° 5 × 5
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³ É·¨Í¥°, μ¶·¥¤¥²¥´´μ° ¢ (103). �·¨ ÔÉμ³ ¶μ¸±μ²Ó±Ê μ·¡¨ÉÒ μ¡Ð¥£μ ¶μ²μ-
¦¥´¨Ö £·Ê¶¶Ò O(3), ¤¥°¸É¢ÊÕÐ¥° ¢ 5-³¥·´μ³ ²¨´¥°´μ³ ¶·μ¸É· ´¸É¢¥ (¶·μ-
¸É· ´¸É¢¥ ´¥¢Ò·μ¦¤¥´´ÒÌ ¸¨³³¥É·¨Î¥¸±¨Ì ³ É·¨Í ¸ ´Ê²¥¢Ò³ ¸²¥¤μ³), ¤¢ÊÌ-
³¥·´Ò¥, Éμ ¢¥±Éμ· Y ³μ¦¥É ¡ÒÉÓ ¶·¨¢¥¤¥´ ± ¢¨¤Ê

YA = D(R(χ))ABMB, (115)

£¤¥ ¸¶¥Í¨ ²Ó´Ò° ¢¥±Éμ· M ¶ · ³¥É·¨§μ¢ ´ ¤¢Ê³Ö ¨´¢ ·¨ ´É ³¨, ¤²¨´μ° ¢¥±-
Éμ·  ρ ¨ Ê£²μ³ α:

M = ρ

(
− 1√

2
sin α, 0, cosα, 0,− 1√

2
sin α

)
. (116)

‚ É¥·³¨´ Ì ÔÉ¨Ì O(3)-¨´¢ ·¨ ´Éμ¢ ¤²Ö ¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö (114)
¨³¥¥³

V (0) :=
1
3

[
Φ4 +

3
4

ρ4 −
√

2 Φρ3 cos 3α

]
. (117)

‚ § ¶¨¸¨ (115) μ¸É ¢Ï¨¥¸Ö É·¨ Ê£²  χ1, χ2, χ3 Ì · ±É¥·¨§ÊÕÉ ·μÉ Í¨-
μ´´Ò¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò. „²Ö  ´ ²¨§  ¸¢μ°¸É¢ ³μ¤¥²¨ (109) ¶·¥¤¸É ¢²Ö¥É
¨´É¥·¥¸ Ö¢´μ¥ ¢Ò¤¥²¥´¨¥ ÔÉ¨Ì ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò. �μÔÉμ³Ê ¤ ²¥¥ £ ³¨²Ó-
Éμ´¨ ´ (109) ¡Ê¤¥É ¶¥·¥¶¨¸ ´ ¢ É¥·³¨´ Ì ´μ¢ÒÌ ¶μ²¥°, ¸± ²Ö·μ¢ £·Ê¶¶Ò
¶·μ¸É· ´¸É¢¥´´ÒÌ ¢· Ð¥´¨° ¨, ¸μμÉ¢¥É¸É¢¥´´μ, É·¥Ì Ê£²μ¢ÒÌ ¶μ²¥¢ÒÌ ¶¥-
·¥³¥´´ÒÌ.

4.2. ƒ ³¨²ÓÉμ´¨ ´ ¢ É¥·³¨´ Ì ¸± ²Ö·μ¢ ¨ Ê£²μ¢. � · ³¥É·¨§ Í¨Õ (115)
¢ É¥·³¨´ Ì Ê£²μ¢ ¨ ¨´¢ ·¨ ´Éμ¢ ³μ¦´μ ¶·¨¢¥¸É¨ ¢ ¸μμÉ¢¥É¸É¢¨¥ ¸ Ìμ·μÏμ
¨§¢¥¸É´μ° ¶·μÍ¥¤Ê·μ° ¶·¨¢¥¤¥´¨Ö ¸¨³³¥É·¨Î¥¸±μ£μ 3×3 É¥´§μ·  S ± £² ¢´Ò³
μ¸Ö³:

S(x) = RT (χ(x))

⎛
⎝ φ1(x) 0 0

0 φ2(x) 0
0 0 φ3(x)

⎞
⎠R(χ(x)). (118)

„¨ £μ´ ²Ó´Ò¥ ¶¥·¥³¥´´Ò¥ φ1, φ2, φ3 ¢ (118) ¸¢Ö§ ´Ò ¸ ¨´¢ ·¨ ´É ³¨ Φ, ρ
¨ α ¨§¢¥¸É´Ò³¨ ¸μμÉ´μÏ¥´¨Ö³¨:

φ1 =
1√
3

Φ +

√
2
3

ρ cos
(

α +
2π

3

)
, (119)

φ2 =
1√
3

Φ +

√
2
3

ρ cos
(

α +
4π

3

)
, (120)

φ3 =
1√
3

Φ +

√
2
3

ρ cosα. (121)
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�μ¸±μ²Ó±Ê ¤²Ö Ö±μ¡¨ ´  ¶·¥μ¡· §μ¢ ´¨Ö (118) ¨³¥¥³

J

(
Sij [φ, χ]
φk, χl

)
∝

∏
i�=j

|φi(x) − φj(x)|, (122)

Éμ (118) ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ±μ··¥±É´ÊÕ § ³¥´Ê ¶¥·¥³¥´´μ° S É·¥³Ö
¸± ²Ö·´Ò³¨ ¶μ²Ö³¨ φ1, φ2, φ3 ¨ É·¥³Ö Ê£² ³¨ χ1, χ2, χ3 ²¨ÏÓ ¶·¨ Ê¸²μ¢¨¨
´¥¢Ò·μ¦¤¥´´μ¸É¨ ¸¶¥±É·  ³ É·¨ÍÒ: ¢¸¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ³ É·¨ÍÒ S
¤μ²¦´Ò ¡ÒÉÓ · §²¨Î´Ò. �·¨³¥³, ¡¥§ μ£· ´¨Î¥´¨Ö μ¡Ð´μ¸É¨, ¸²¥¤ÊÕÐ¥¥
Ê¶μ·Ö¤μÎ¥´¨¥∗:

φ1(x) < φ2(x) < φ3(x). (123)

”μ·³Ê²Ò ¶¥·¥Ìμ¤  ± ´μ¢Ò³ ¶ · ³ (φi, πj) ¨ (χj , pχi), Ê¤μ¢²¥É¢μ·ÖÕÐ¨³
± ´μ´¨Î¥¸±¨³ ¸±μ¡± ³ �Ê ¸¸μ´ 

{φi(x), πj(y)} = δijδ(x − y), (124)

{χi(x), pχj (y)} = δijδ(x − y), (125)

¶·¨¢¥¤¥´Ò ¢ ¶·¨²μ¦¥´¨¨ B. ‘ ÊÎ¥Éμ³ ÔÉ¨Ì Ëμ·³Ê² ¢ ¢¥¤ÊÐ¥³ ¶·¨¡²¨¦¥´¨¨
¤²Ö ¶²μÉ´μ¸É¨ £ ³¨²ÓÉμ´¨ ´  (109) ¢ É¥·³¨´ Ì ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ
(φi, πj) ¨ (χj , pχi) μ±μ´Î É¥²Ó´μ ¶μ²ÊÎ¨³

H(0) =
1
2

⎡
⎣ 3∑

i=1

π2
i +

∑
cyclic

ξ2
i

φ2
j + φ2

k

(φ2
j − φ2

k)2
+ V (0)(φ)

⎤
⎦ , (126)

£¤¥ ξi Å ·¥ ²¨§ Í¨Ö ¶· ¢μ¨´¢ ·¨ ´É´ÒÌ ¢¥±Éμ·´ÒÌ ¶μ²¥° ´  £·Ê¶¶¥ SO(3)
¢ É¥·³¨´ Ì Ê£²μ¢ χi ¨ ¸μ¶·Ö¦¥´´ÒÌ ¨³ ¨³¶Ê²Ó¸μ¢ pχi :

ξi = M−1
ji pχj , Mji = −1

2
εjab

(
∂R

∂χi
RT

)
ab

, (127)

¨ ¢±² ¤ μÉ ³ £´¨É´μ£μ ¶μ²Ö B2 ¢ £ ³¨²ÓÉμ´¨ ´ (126) ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥
μ¤´μ·μ¤´μ£μ ¶μÉ¥´Í¨ ²  Î¥É¢¥·Éμ£μ ¶μ·Ö¤± 

V (0)(φ) := φ2
1φ

2
2 + φ2

1φ
2
3 + φ2

2φ
2
3. (128)

∗Šμ´Ë¨£Ê· Í¨¨ (123) μ¶¨¸Ò¢ ÕÉ É ± ´ §Ò¢ ¥³Ò¥ ·¥£Ê²Ö·´Ò¥ μ·¡¨ÉÒ £·Ê¶¶Ò O(3) ´  ¶·μ-
¸É· ´¸É¢¥ ¸¨³³¥É·¨Î¥¸±¨Ì ³ É·¨Í, Éμ£¤  ± ± ³ É·¨ÍÒ ¸ ¸μ¢¶ ¤ ÕÐ¨³¨ ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥-
´¨Ö³¨ Ëμ·³¨·ÊÕÉ ¢Ò·μ¦¤¥´´Ò¥ μ·¡¨ÉÒ [61]. Š ± ¡Ê¤¥É ¶μ± § ´μ ´¨¦¥, ¢Ò·μ¦¤¥´´Ò¥ ¸¨´-
£Ê²Ö·´Ò¥ μ·¡¨ÉÒ ¨£· ÕÉ μ¸μ¡ÊÕ ·μ²Ó ¢ ·¥¦¨³¥ ¸¨²Ó´μ° ¸¢Ö§¨ ¢¢¨¤Ê Éμ£μ, ÎÉμ ¢¥¤ÊÐ Ö Î ¸ÉÓ
Ì·μ³μ³ £´¨É´μ£μ ¶μ²Ö (128), ´¥ § ¢¨¸ÖÐ Ö μÉ ¶·μ¨§¢μ¤´ÒÌ ¶μ²¥°, μ¡´Ê²Ö¥É¸Ö ´  ¶μ¢¥·Ì´μ¸ÉÖÌ,
§ ¤ ¢ ¥³ÒÌ ¤¢Ê±· É´μ ¢Ò·μ¦¤¥´´Ò³¨ ³ É·¨Í ³¨, φi = φj = 0, i �= j.
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5. ‹�Š�‹œ��Ÿ ’…��ˆŸ, Š‚�„��’ˆ—��Ÿ �� ���ˆ‡‚�„�›Œ

‚ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥ ¢ ¶·¨¡²¨¦¥´¨¨ ¢¥¤ÊÐ¥£μ ¶μ·Ö¤±  · §²μ¦¥´¨Ö ¶μ
±μ´¸É ´É¥ ¸¨²Ó´μ° ¸¢Ö§¨ ¡Ò²  ¶μ²ÊÎ¥´  ³μ¤¥²Ó ²μ± ²Ó´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö
´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ²¥°, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Î ¸É¨Í ³ ¸μ ¸¶¨´μ³ 0 ¨ ¸¶¨´μ³ 2.
‹ £· ´¦¨ ´, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° (126), § ¢¨¸¨É μÉ ¢·¥³¥´´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¶μ-
²¥° ±¢ ¤· É¨Î´Ò³ μ¡· §μ³ ¨ ´¥ ¸μ¤¥·¦¨É ¨Ì ¶·μ¸É· ´¸É¢¥´´ÒÌ ¶·μ¨§¢μ¤´ÒÌ.
’ ±μ¢Ò¥ ¶μÖ¢²ÖÕÉ¸Ö ¶·¨ ¶¥·¥Ìμ¤¥ ± ¶μ¶· ¢± ³ ± ¢¥¤ÊÐ¥³Ê ¶·¨¡²¨¦¥´¨Õ
± ± ¤²Ö Ì·μ³μ³ £´¨É´μ£μ (92), É ± ¨ ¤²Ö Ì·μ³μÔ²¥±É·¨Î¥¸±μ£μ ¶μ²Ö (93).
—Éμ ± ¸ ¥É¸Ö ²¨´¥°´ÒÌ ¨ ±¢ ¤· É¨Î´ÒÌ ¶μ¶· ¢μ± ± ¢¥¤ÊÐ¥³Ê ¶·¨¡²¨¦¥´¨Õ
Ì·μ³μ³ £´¨É´μ£μ ¶μ²Ö, Éμ μ´¨ ¶·¨¢μ¤ÖÉ ± ¸É ´¤ ·É´μ³Ê ±¢ ¤· É¨Î´μ³Ê ¶μ
¶¥·¢Ò³ ¶·μ¨§¢μ¤´Ò³ ¶μ²¥° ¢±² ¤Ê ¢ ·¥¤ÊÍ¨·μ¢ ´´Ò° ² £· ´¦¨ ´. ‚ Éμ ¦¥
¢·¥³Ö Ê¦¥ ¢ ²¨´¥°´μ³ ¶μ λ ¶·¨¡²¨¦¥´¨¨ ¤²Ö Ì·μ³μÔ²¥±É·¨Î¥¸±μ£μ ¶μ²Ö ¢μ§-
´¨± ¥É ´¥¸É ´¤ ·É´ Ö ¸¨ÉÊ Í¨Ö. „¥°¸É¢¨É¥²Ó´μ, Ê¦¥ ²¨´¥°´Ò¥ ¶μ λ Î²¥´Ò
¢ (93) ¨ (92) ¤ ÕÉ ¢±² ¤ ¢ ¶²μÉ´μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  ¸²¥¤ÊÕÐ¥£μ É¨¶ :

H(1) := E
(0)
ij εijkγ−1

kl ∇sE
(0)
sl + B

(0)
ij B

(1)
ij . (129)

�μ¸±μ²Ó±Ê E
(0)
ij = Pij + εijnγnkεklm (PS)lm § ¢¨¸¨É μÉ ¨³¶Ê²Ó¸μ¢ P , Éμ ÔÉμ

¶·¨¢μ¤¨É ± ¶μÖ¢²¥´¨Õ ¢ £ ³¨²ÓÉμ´¨ ´¥ ¸É·Ê±ÉÊ·, ±μÉμ·Ò¥ Ê¸²μ¢´μ § ¶¨Ï¥³

H :=
1
2
[
P 2 + λP [F (S, ∂S) + K(S, ∂)] P

]
, (130)

¸ Ö¤·μ³ K(S, ∂) ¢ ¢¨¤¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ μ¶¥· Éμ· . Š ± ¸²¥¤¸É¢¨¥, ¸μ-
μÉ¢¥É¸É¢ÊÕÐ Ö ËÊ´±Í¨Ö ‹ £· ´¦  μ± §Ò¢ ¥É¸Ö ´¥²μ± ²Ó´μ°

L =
1
2

Ṡ
1

1 + λ [F (S, ∂S) + K(S, ∂)]
Ṡ, (131)

  ¥¥ ²μ± ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥ (¶μ·Ö¤±  λ)

L ≈
1
2

[
Ṡ2 − λ Ṡ [F (S, ∂S) + K(S, ∂)] Ṡ

]
(132)

´¥ Éμ²Ó±μ ¸μ¤¥·¦¨É ¢Éμ·Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¶μ²¥°, ´μ ¨ § ¢¨¸¨É μÉ ¶¥·¢ÒÌ ¶·μ-
¨§¢μ¤´ÒÌ ¶μ²¥° ±Ê¡¨Î´Ò³ μ¡· §μ³∗. �μÔÉμ³Ê, ´¥¸³μÉ·Ö ´  Éμ, ÎÉμ ¸É¥¶¥´Ó
³ ²μ¸É¨ (¶μ λ) ¶μ¤μ¡´ÒÌ Î²¥´μ¢ É ±μ£μ ¦¥ ¶μ·Ö¤± , ÎÉμ ¨ μÉ ¶μ¶· ¢μ± ± ¢¥-
¤ÊÐ¥³Ê Î²¥´Ê Ì·μ³μ³ £´¨É´μ£μ ¶μ²Ö (92), ³Ò ¤ ²¥¥ ¶·μ¨£´μ·¨·Ê¥³ ¶μ¶· ¢±¨
Ì·μ³μÔ²¥±É·¨Î¥¸±μ£μ ¶μ²Ö (93), μ£· ´¨Î¨¢ Ö ¸¥¡Ö ³μ¤¥²ÓÕ ¸ ² £· ´¦¨ ´μ³,
±¢ ¤· É¨Î´Ò³ ¶μ ¶¥·¢Ò³ ¶·μ¨§¢μ¤´Ò³ ¶μ²¥°.

∗‡ ³¥É¨³, ÎÉμ ±μ´¥Î´μ³¥·´ Ö  ¶¶·μ±¸¨³ Í¨Ö (132) ¡Ê¤¥É μ¶¨¸Ò¢ ÉÓ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨¥
³μ¤Ò É¨¶ 

Lfinite =
1

2

∑
k

[
akṠ2

k − λ bkṠkṠk+1

]
.
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5.1. ‚¥¤ÊÐ¥¥ ¶·¨¡²¨¦¥´¨¥ Ì·μ³μÔ²¥±É·¨Î¥¸±μ£μ ¶μ²Ö. ‘²ÊÎ ° θ = 0.
Š ± ¶μ± §Ò¢ ¥É · ¸Î¥É, ¥¸²¨ μ£· ´¨Î¨ÉÓ¸Ö ¢¥¤ÊÐ¨³ ¶·¨¡²¨¦¥´¨¥³ Ì·μ³μ-

Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö E
(0)
ij ¨ ÉμÎ´Ò³ ¢Ò· ¦¥´¨¥³ ¤²Ö ³ £´¨É´μ£μ ¶μ²Ö (92),

Éμ ¶·¨ ´Ê²¥¢μ³ ¢ ±ÊÊ³´μ³ Ê£²¥ £ ³¨²ÓÉμ´¨ ´ ³μ¤¥²¨ ¢ É¥·³¨´ Ì Ê£²μ¢ ¨
¸± ²Ö·´ÒÌ ¶¥·¥³¥´´ÒÌ § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

H(2) =
1
2

[
3∑

i=1

π2
i +

∑
i

kiξ
2
i + V (φ, χ)

]
, (133)

£¤¥

ki =
φ2

j + φ2
k

(φ2
j − φ2

k)2
(Í¨±²¨Î¥¸±¨¥ ¶¥·¥¸É ´μ¢±¨ i = j = k) (134)

¨ ¢±² ¤ μÉ ³ £´¨É´μ£μ ¶μ²Ö B2 ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥ ¶μÉ¥´Í¨ ² 

V (φ, χ) =
3∑

i�=j

λ2 (Γiij(φi − φj) − Xjφi)
2 +

+
∑
cyclic

(λ (Γijk(φi − φk) − Γikj(φi − φk)) − φjφk)2 , (135)

μ¶¨¸Ò¢ ÕÐ¥£μ ± ± ¸ ³μ¤¥°¸É¢¨¥ É·¨¶²¥É  ¸± ²Ö·´ÒÌ ¶μ²¥° (φ1, φ2, φ3), É ±
¨ ¨Ì ¢§ ¨³μ¤¥°¸É¢¨¥ ¸ É·¨¶²¥Éμ³ ·¥¶¥·´ÒÌ ¢¥±Éμ·´ÒÌ ¶μ²¥°

Xi = Rij(χ)∂j ,

§ ¢¨¸ÖÐ¨Ì μÉ É·¥Ì Ê£²μ¢ χ1, χ2, χ3. ”Ê´±Í¨¨ Γ ¢ (135) § ¢¨¸ÖÉ Éμ²Ó±μ μÉ
ÔÉ¨Ì Ê£²μ¢ÒÌ ¶¥·¥³¥´´ÒÌ

Γb
ia :=

(
RXiR

T
)
ab

(136)

¨ ³μ£ÊÉ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò ¢ É¥·³¨´ Ì ±μ³¶μ´¥´É 1-Ëμ·³ Œ Ê·¥· ÄŠ ·É ´ 

ωs = ωs
i dχi,

¤Ê ²Ó´ÒÌ ¢¥±Éμ·´Ò³ ¶μ²Ö³ ξi:

Γb
ia = iεabsRijω

s
j . (137)

ˆ¸¶μ²Ó§ÊÖ ¶·¥¤¸É ¢²¥´¨¥ (133), ¶μ²ÊÎ¨³ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ËÊ´±Í¨Õ ‹ -
£· ´¦ . ‹¥£±μ Ê¢¨¤¥ÉÓ, ÎÉμ μ¡· É´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ‹¥¦ ´¤· 

φ̇i = πi, (138)

χ̇a = Gabpχb
(139)
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μ¶·¥¤¥²Ö¥É ² £· ´¦¨ ´ ¢Éμ·μ£μ ¶μ·Ö¤±  ¸²¥¤ÊÕÐ¥£μ ¢¨¤ :

L(2) =
1
2

∫
d3x

3∑
i=1

φ̇2
i +

3∑
i,j=1

χ̇iG
−1
ij χ̇j − V (φ, χ), (140)

£¤¥ 3 × 3 ³ É·¨Í  G ¢ (139) ¶μ¤μ¡´  ¤¨ £μ´ ²Ó´μ° ³ É·¨Í¥ I−1 =
diag‖k1, k2, k3‖ ¸ Ô²¥³¥´É ³¨, § ¤ ´´Ò³¨ ¢ (134):

G = M−1I−1M−1T
, (141)

¨ ³ É·¨Í  M § ¤ ´  ¢ (127).
‚ ± ±¨Ì ¸²ÊÎ ÖÌ ¶μ¤μ¡´μ¥ ®Ì·μ³μÔ²¥±É·¨Î¥¸±μ¥ ¶·¨¡²¨¦¥´¨¥¯ Ö¢²Ö¥É¸Ö

±μ··¥±É´Ò³, É·¥¡Ê¥É μÉ¤¥²Ó´μ£μ · ¸¸³μÉ·¥´¨Ö. ‡¤¥¸Ó ¦¥ μÉ³¥É¨³, ÎÉμ ´ ·Ê-
Ï¥´¨¥ ¤Ê ²Ó´μ¸É¨ ³¥¦¤Ê Ì·μ³μÔ²¥±É·¨Î¥¸±¨³¨ ¨ ³ £´¨É´Ò³¨ ¶μ²Ö³¨ ³μ¦¥É
¶·¨¢μ¤¨ÉÓ ± μÏ¨¡μÎ´Ò³ ·¥§Ê²ÓÉ É ³. ’ ±μ° ´ ¸Éμ· ¦¨¢ ÕÐ¨° ¶·¨³¥·, ¢ ±μ-
Éμ·μ³ ¨³¥¥É ³¥¸Éμ ´ ·ÊÏ¥´¨¥ ¤ ´´μ° ¸¨³³¥É·¨¨, ¤ ¥É É¥μ·¨Ö Ÿ´£ ÄŒ¨²²¸ 
¸ ´¥´Ê²¥¢Ò³ ¢ ±ÊÊ³´Ò³ Ê£²μ³. ‚ ÔÉμ³ ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö Ê¦¥ ´  Ê·μ¢´¥ ¢Ò· -
¦¥´¨Ö (34). Š ± ¶μ± §Ò¢ ¥É · ¸Î¥É, ¶·¨¢¥¤¥´´Ò° ¢ · ¡μÉ¥ [33], ¶·¨ ¢¥¤ÊÐ¥³
®Ì·μ³μÔ²¥±É·¨Î¥¸±μ³ ¶·¨¡²¨¦¥´¨¨¯ ¨¸¶μ²Ó§μ¢ ´¨¥ ÉμÎ´μ£μ ¢Ò· ¦¥´¨Ö ¤²Ö

Ì·μ³μ³ £´¨É´μ£μ ¶μ²Ö B
(−)
ai ¢ ¸²ÊÎ ¥ θ = 0 ¶·¨¢μ¤¨É ± μÉ³¥Î¥´´μ° ¢ÒÏ¥

®¶·μ¡²¥³¥ ¤¨¢¥·£¥´Í¨¨¯: 4-¤¨¢¥·£¥´Í¨Ö ¸ ÊÎ¥Éμ³ § ±μ´  ƒ Ê¸¸  ¶¥·¥¸É ¥É
¡ÒÉÓ ¤¨¢¥·£¥´Í¨¥°.

5.2. ‚¥¤ÊÐ¥¥ ¶·¨¡²¨¦¥´¨¥ Ì·μ³μÔ²¥±É·¨Î¥¸±μ£μ ¶μ²Ö. ‘²ÊÎ °
θ = 0. �¥Ï¥´¨¥ Ê± § ´´μ° ¶·μ¡²¥³Ò ¸μ¸Éμ¨É ¢ ´¥μ¡Ìμ¤¨³μ¸É¨ ¸μ£² ¸μ-
¢ ´¨Ö ¸Ì¥³Ò ¶·¨¡²¨¦¥´¨Ö ¸ ¤Ê ²Ó´μ° Ì·μ³μ/³ £´¨ÉμÔ²¥±É·¨Î¥¸±μ° ¸¨³³¥-
É·¨¥°. Š ± Ìμ·μÏμ ¨§¢¥¸É´μ, § ±μ´ ƒ Ê¸¸  Ö¢²Ö¥É¸Ö Ê· ¢´¥´¨¥³ ¤²Ö ±μ³-
¶μ´¥´É Ì·μ³μÔ²¥±É·¨Î¥¸±μ£μ ¶μ²Ö, a ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¤Ê ²Ó´μ¥ Ê¸²μ¢¨¥ ´ 
³ £´¨É´μ¥ ¶μ²¥ ¥¸ÉÓ Ê· ¢´¥´¨Ö 
¨ ´±¨∗. ˆ¸¶μ²Ó§ÊÖ ¶·¨¡²¨¦¥´´Ò¥ ¢Ò· ¦¥-
´¨Ö ¤²Ö Ô²¥±É·¨Î¥¸±¨Ì ¶μ²¥°, ´¥μ¡Ìμ¤¨³μ ¢ ± ¦¤μ³ ¶μ·Ö¤±¥ · §²μ¦¥´¨Ö ¶·μ-
¢¥·ÖÉÓ ¸¶· ¢¥¤²¨¢μ¸ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·¨¡²¨¦¥´¨° ¤²Ö ³ £´¨É´μ£μ ¶μ²Ö.
‚ ¤ÊÌ¥ ¤ ´´ÒÌ ¸μμ¡· ¦¥´¨° ´¨¦¥ ¡Ê¤¥É ¶·¥¤¸É ¢²¥´ ¢ ·¨ ´É · §²μ¦¥´¨Ö
μ¡μ¨Ì Ê· ¢´¥´¨°, § ±μ´  ƒ Ê¸¸  ¨ Éμ¦¤¥¸É¢ 
¨ ´±¨, ±μÉμ·Ò° ¸μÌ· ´Ö¥É ¤Ê ²Ó-
´ÊÕ ¸¨³³¥É·¨Õ ¨ £ · ´É¨·Ê¥É θ-´¥§ ¢¨¸¨³μ¸ÉÓ ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤¢¨-
¦¥´¨Ö ·¥¤ÊÍ¨·μ¢ ´´μ° ¸¨¸É¥³Ò ¶μ²¥° ¢ ± ¦¤μ³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°.

5.2.1. ®�·μ¡²¥³  ¤¨¢¥·£¥´Í¨¨¯ ¨ Éμ¦¤¥¸É¢  �¨ ´±¨. ‘²¥¤ÊÖ ´ ³¥Î¥´-
´μ° ¢ÒÏ¥ ¶·μ£· ³³¥, ¢μ¸¶μ²Ó§Ê¥³¸Ö ¤Ê ²Ó´μ¸ÉÓÕ ³¥¦¤Ê ´¥ ¡¥²¥¢Ò³ § ±μ´μ³
ƒ Ê¸¸  ¨ Ê· ¢´¥´¨Ö³¨ 
¨ ´±¨. �·¥¤¸É ¢¨³ Ê· ¢´¥´¨Ö (27), μ¶·¥¤¥²ÖÕÐ¨¥
´¥²μ± ²Ó´Ò° Î²¥´ Ea, ¢ ¢¨¤¥

∗Dks(S) Es = (Di(S))kl Plk (142)

∗� ¤μ ¸± § ÉÓ, ÎÉμ ¤ ´´Ò¥ Ê· ¢´¥´¨Ö 
¨ ´±¨, μ¡ÒÎ´μ ´ §Ò¢ ¥³Ò¥ Éμ¦¤¥¸É¢ ³¨, Ö¢²ÖÕÉ¸Ö
É ±μ¢Ò³¨ ²¨ÏÓ ¶μ¸²¥ ¶·¥¤¸É ¢²¥´¨Ö ³ £´¨É´μ£μ ¶μ²Ö Î¥·¥§ ± ²¨¡·μ¢μÎ´Ò° ¶μÉ¥´Í¨ ².
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¨ ¶¥·¥¶¨Ï¥³ Éμ¦¤¥¸É¢  
¨ ´±¨ (8), ¸²¥¤ÊÖ · §¡¨¥´¨Õ (35) Ì·μ³μ³ £´¨É´μ£μ

¶μ²Ö ´  ¸¨³³¥É·¨Î¥¸±ÊÕ B
(+)
s ¨  ´É¨¸¨³³¥É·¨Î¥¸±ÊÕ B

(−)
s Î ¸É¨, ¢ Ëμ·³¥

Ê· ¢´¥´¨Ö
∗Dks(S)B(−)

s = (Di(S))kl B
(+)
li . (143)

� ¸¸³ É·¨¢ Ö É¥¶¥·Ó (143) ± ± Ê· ¢´¥´¨Ö, μ¶·¥¤¥²ÖÕÐ¨¥  ´É¨¸¨³³¥É·¨Î¥-

¸±ÊÕ Î ¸ÉÓ Ì·μ³μ³ £´¨É´μ£μ ¶μ²Ö B
(−)
s ¶μ ¨§¢¥¸É´μ° ËÊ´±Í¨¨ B

(+)
bc , Ê¡¥-

¦¤ ¥³¸Ö ¢ ¶μ²´μ°  ´ ²μ£¨¨ Éμ¦¤¥¸É¢ 
¨ ´±¨ ¸ Ê· ¢´¥´¨Ö³¨ (142), μ¶·¥¤¥²Ö-
ÕÐ¨³¨  ´É¨¸¨³³¥É·¨Î¥¸±ÊÕ Î ¸ÉÓ Ì·μ³μÔ²¥±É·¨Î¥¸±μ£μ ¶μ²Ö.

‘ ÊÎ¥Éμ³ ÔÉ¨Ì Ê· ¢´¥´¨° ¨ Éμ£μ μ¡¸ÉμÖÉ¥²Ó¸É¢ , ÎÉμ ¢ ·¥¤ÊÍ¨·μ¢ ´´μ³
£ ³¨²ÓÉμ´¨ ´¥ (34) ¢¸Ö § ¢¨¸¨³μ¸ÉÓ μÉ Es ¢Ìμ¤¨É ¢ ±μ³¡¨´ Í¨¨ ¸  ´É¨¸¨³³¥-
É·¨Î¥¸±μ° Î ¸ÉÓÕ Ì·μ³μ³ £´¨É´μ£μ ¶μ²Ö,   ¨³¥´´μ ¢ ¢¨¤¥ Es −

(
θ/8π2

)
B

(−)
s ,

· ¸¸³μÉ·¨³ ¢³¥¸Éμ (27) Ê· ¢´¥´¨¥, μ¶·¥¤¥²ÖÕÐ¥¥ ´¥¶μ¸·¥¤¸É¢¥´´μ ¤ ´´ÊÕ
±μ³¡¨´ Í¨Õ:

∗Dks(S)
[
Es −

θ

8π2
B(−)

s

]
= (Di(S))kl

[
Pli −

θ

8 π2
B

(+)
li

]
. (144)

’μ£¤ , ¨¸¶μ²Ó§ÊÖ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ·¥Ï¥´¨¥ ¢ ¢¨¤¥ 1/g · §²μ¦¥´¨Ö

Es −
θ

8 π2
B(−)

s =
∞∑

n=0

(1/g)n a(n)
s

(
S, P − θ

8π2
B(+)

)
, (145)

¶·¥¤¸É ¢¨³ ¶²μÉ´μ¸ÉÓ ·¥¤ÊÍ¨·μ¢ ´´μ£μ £ ³¨²ÓÉμ´¨ ´  ¢ ¢¨¤¥ ´¥²μ± ²Ó´μ£μ

ËÊ´±Í¨μ´ ²  μÉ ±μ³¡¨´ Í¨¨ ¶μ²¥° Pai −
(
θ/8 π2

)
B

(+)
ai :

H =
1
2

(
Pai −

θ

8π2
B

(+)
ai

)2

+

+

( ∞∑
n=0

1
gn

a
(n)
i

(
S, P − θ

8π2
B(+)

))2

+
1
2

V (S). (146)

’ ± Ö Ëμ·³  § ¢¨¸¨³μ¸É¨ £ · ´É¨·Ê¥É μÉ¸ÊÉ¸É¢¨¥ ¶ · ³¥É·  θ ¢ ±² ¸¸¨Î¥¸±¨Ì
Ê· ¢´¥´¨ÖÌ �°²¥· Ä‹ £· ´¦ . „¥°¸É¢¨É¥²Ó´μ, ´ ¶μ³´¨³, ÎÉμ ¢ μ¡μ¡Ð¥´´μ°
£ ³¨²ÓÉμ´μ¢μ° Ëμ·³Ê²¨·μ¢±¥ £²Õμ¤¨´ ³¨±¨ ¸ÊÐ¥¸É¢Ê¥É ± ´μ´¨Î¥¸±μ¥ ¶·¥-
μ¡· §μ¢ ´¨¥ ± ´μ¢Ò³ ¶¥·¥³¥´´Ò³ Aai ¨ Ebj :

Aai(x) �−→ Aai(x),

Πbj(x) �−→ Ebj = Πbj(x) − θ

8π2
Bbj(x), (147)
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¢ ±μÉμ·ÒÌ § ¢¨¸¨³μ¸ÉÓ ¶μ²´μ£μ £ ³¨²ÓÉμ´¨ ´  (9) μÉ Ê£²  θ ¶μ²´μ¸ÉÓÕ ¨¸Î¥-
§ ¥É ¸ ÊÎ¥Éμ³ Éμ¦¤¥¸É¢  
¨ ´±¨ (8)∗.

�μ¤μ¡´μ ¨§²μ¦¥´´μ³Ê ¢ÒÏ¥ ¢¢¥¤¥³ [33,62] ¢ ·¥¤ÊÍ¨·μ¢ ´´μ° É¥μ·¨¨ (146)
μÉμ¡· ¦¥´¨¥

Sai(x) �−→ Sai(x),

Pbj(x) �−→ Ebj(x) := Pbj(x) − θ

8 π2
B

(+)
bj (x). (150)

Œμ¦´μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ÔÉμ ¶·¥μ¡· §μ¢ ´¨¥ ± ´μ¢Ò³ ¶¥·¥³¥´´Ò³ (Sai, Ebj)
Ö¢²Ö¥É¸Ö ± ´μ´¨Î¥¸±¨³. ‘ ÊÎ¥Éμ³ Éμ¦¤¥¸É¢ 
¨ ´±¨ ¢ ¶·¥μ¡· §μ¢ ´´ÒÌ ¶¥·¥-
³¥´´ÒÌ (Sai, Ebj) £ ³¨²ÓÉμ´¨ ´ (34) μ¶¨¸Ò¢ ¥É ·¥¤ÊÍ¨·μ¢ ´´ÊÕ £ ³¨²ÓÉμ´μ¢Ê
¸¨¸É¥³Ê ¸ ´Ê²¥¢Ò³ Ê£²μ³ θ. ‘¶·μ¥±É¨·μ¢ ´´μ¥ ± ´μ´¨Î¥¸±μ¥ ¶·¥μ¡· §μ¢ -
´¨¥ (150), ¨¸±²ÕÎ ÕÐ¥¥ θ-§ ¢¨¸¨³μ¸ÉÓ ·¥¤ÊÍ¨·μ¢ ´´μ£μ £ ³¨²ÓÉμ´¨ ´  (34),
É ±¦¥ ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ Ëμ·³¥

Ebj(x) = Pbj(x) − θ
δ

δSbj
W [S]. (151)

�·¥¤¸É ¢²¥´¨¥ (151) ¨³¥¥É ¢¨¤ (148), ¢ ±μÉμ·μ³ ¤¥¢ÖÉÓ ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥°
Aik(x) § ³¥´¥´Ò Ï¥¸ÉÓÕ Ë¨§¨Î¥¸±¨³¨ ¶μ²Ö³¨ Sik(x).

5.2.2. ƒ ³¨²ÓÉμ´¨ ´ ¢ ¢¥¤ÊÐ¥³ Ì·μ³μÔ²¥±É·¨Î¥¸±μ³ ¶·¨¡²¨¦¥´¨¨. „²Ö
¶²μÉ´μ¸É¨ ·¥¤ÊÍ¨·μ¢ ´´μ£μ £ ³¨²ÓÉμ´¨ ´  (146) ¢ ¢¥¤ÊÐ¥³ Ì·μ³μÔ²¥±É·¨-
Î¥¸±μ³ ¶·¨¡²¨¦¥´¨¨, ¢ É¥·³¨´ Ì ¸± ²Ö·´ÒÌ ¨ Ê£²μ¢ÒÌ ¶¥·¥³¥´´ÒÌ, ¨³¥¥³

H(2) =
1
2

3∑
i=1

(
πi −

θ

8π2
βi

)2

+
1
2

∑
cyclic

ki

(
ξi +

θ

8π2
(φj − φk) bi

)2

+ V (φ, χ),

(152)
£¤¥ ¢¢¥¤¥´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

βi = φjφk − λ [(φi − φj)Γikj + (φi − φk)Γijk] , (153)

2 bi = λ [Xi(φj − φk) − (φi − φj)Γijj + (φi − φk)Γikk ] . (154)

∗�É³¥É¨³ É ±¦¥, ÎÉμ ± ´μ´¨Î¥¸±μ¥ ¶·¥μ¡· §μ¢ ´¨¥ (147) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ ¢¨¤¥

Eai = Πai − θ
δ

δAai
W [A] (148)

¸ ËÊ´±Í¨μ´ ²μ³ W [A] =
∫

d3x K0[A], μ¶·¥¤¥²¥´´Ò³ Î¥·¥§ ´Ê²¥¢ÊÕ ±μ³¶μ´¥´ÉÊ 4-Éμ±  —¥·´ Ä
‘ °³μ´¸ 

Kμ[A] = − 1

16 π2
εμαβγ tr

(
Fαβ Aγ − 2

3
Aα Aβ Aγ

)
. (149)
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‚Ò· ¦¥´¨¥ (152) ¶μ¤¸± §Ò¢ ¥É ¢¨¤ ± ´μ´¨Î¥¸±μ£μ ¶·¥μ¡· §μ¢ ´¨Ö

πi �−→ πi +
θ

8π2
βi, φi �−→ φi,

(155)

ξi �−→ ξi −
θ

8π2
(φj − φk) bi,

¶μ£²μÐ ÕÐ¥£μ θ-§ ¢¨¸¨³μ¸ÉÓ ¨ Ê¸É ´ ¢²¨¢ ÕÐ¥£μ Ô±¢¨¢ ²¥´É´μ¸ÉÓ ¸ £ ³¨²Ó-
Éμ´¨ ´μ³ (126) ¸ ´Ê²¥¢Ò³ ¢ ±ÊÊ³´Ò³ Ê£²μ³.

‚μ§³μ¦´μ¸ÉÓ ¨¸±²ÕÎ¥´¨Ö θ-§ ¢¨¸¨³μ¸É¨ ·¥¤ÊÍ¨·μ¢ ´´μ£μ £ ³¨²ÓÉμ´¨-
 ´  μ§´ Î ¥É, ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ² £· ´¦¨ ´ ¸μ¤¥·¦¨É θ-¢±² ¤ ¢ ¢¨¤¥
4-¤¨¢¥·£¥´Í¨¨, ´¥¸ÊÐ¥° ¨´Ëμ·³ Í¨Õ μ £²μ¡ ²Ó´ÒÌ, Éμ¶μ²μ£¨Î¥¸±¨Ì Ì · ±-
É¥·¨¸É¨± Ì ³μ¤¥²¨. „ ²¥¥ ¡Ê¤¥É ¶μ¸É·μ¥´ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ²μ± ²Ó´Ò° ² -
£· ´¦¨ ´ ¨ ¶μ²ÊÎ¥´μ ¢Ò· ¦¥´¨¥ ¤²Ö ¶²μÉ´μ¸É¨ Éμ¶μ²μ£¨Î¥¸±μ£μ § ·Ö¤ . ‚
Î ¸É´μ¸É¨, ¡Ê¤ÊÉ ´ °¤¥´Ò ¶μ²¥¢Ò¥ ±μ´Ë¨£Ê· Í¨¨, ¢ ±μÉμ·ÒÌ Éμ¶μ²μ£¨Î¥-
¸±¨° ¨´¢ ·¨ ´É �μ´É·Ö£¨´  ·¥¤ÊÍ¨·Ê¥É¸Ö ¤μ ¨´¢ ·¨ ´É  •μ¶Ë  μÉμ¡· ¦¥´¨Ö
3-¸Ë¥·Ò S

3 ¢ 2-¸Ë¥·Ê S
2.

5.2.3. �¥¤ÊÍ¨·μ¢ ´´Ò° Éμ± —¥·´ Ä‘ °³μ´¸ . ‹ £· ´¦¨ ´, ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨° £ ³¨²ÓÉμ´¨ ´Ê (152), Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥°, § ¢¨¸ÖÐ¥° μÉ ¶¥·¢ÒÌ ¶·μ¨§-
¢μ¤´ÒÌ ¶μ²¥° ±¢ ¤· É¨Î´Ò³ μ¡· §μ³. …¥ Ö¢´Ò° ¢¨¤ ²¥£±μ Ê¸É ´ ¢²¨¢ ¥É¸Ö ¸
¶μ³μÐÓÕ μ¡· É´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ‹¥¦ ´¤·  (¸·. ¸ (138) ¨ (157))

φ̇i = πi −
θ

8π2
βi, (156)

χ̇a = Gab

(
pχb

− θ

8π2

∑
cyclic

MT
bi(φj − φk) bi

)
. (157)

�¥§Ê²ÓÉ¨·ÊÕÐ¨° ² £· ´¦¨ ´ ¢Éμ·μ£μ ¶μ·Ö¤±  ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

L(2) =
1
2

∫
d3x

3∑
i=1

φ̇2
i +

3∑
i,j=1

χ̇iG
−1
ij χ̇j −V (φ, χ)− θ

∫
d3xQ(2)(φ, χ). (158)

‚¸Ö θ-§ ¢¨¸¨³μ¸ÉÓ ¢ (158) ¸μ¸·¥¤μÉμÎ¥´  ¢ ±μÔËË¨Í¨¥´É¥ ¶¥·¥¤

Q(2) =
1

8π2

3∑
a=1

⎛
⎝φ̇aβa +

i,j,k∑
cyclic

χ̇aMT
ai(φj − φk) bi

⎞
⎠ . (159)

Š ± ¶μ± §Ò¢ ¥É  ´ ²¨§, ¢Ò· ¦¥´¨¥ (159) Ö¢²Ö¥É¸Ö ¤¨¢¥·£¥´Í¨¥°:

Q(2) = ∂μK(2)
μ (160)
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μÉ 4-¢¥±Éμ·  K(2)μ ¸ ±μ³¶μ´¥´É ³¨

K
(2)
0 =

1
16π2

[
λ((φ2−φ3)2Γ213+(φ3−φ1)2Γ321+(φ1−φ2)2Γ132)−2 φ1φ2φ3

]
,

(161)

K
(2)
i =λ

1
16π2

[
RT

i1(φ2 − φ3)2Γ203 + RT
i2(φ3 − φ1)2Γ301 + RT

i3(φ1 − φ2)2Γ102

]
.

—Éμ¡Ò ¢ÒÖ¸´¨ÉÓ ¸³Ò¸² ¶μ²ÊÎ¥´´μ£μ θ-§ ¢¨¸¨³μ£μ ¢±² ¤  ¢ ²μ± ²Ó´μ³ ² £· ´-
¦¨ ´¥, · ¸¸³μÉ·¨³ ¨´É¥£· ²

p1 =
∫

d4xQ(2)(φ, χ). (162)

…¸²¨ ¶·¥¤¶μ²μ¦¨ÉÓ μ¡´Ê²¥´¨¥ K
(2)
i ´  ¶·μ¸É· ´¸É¢¥´´μ° ¡¥¸±μ´¥Î´μ¸É¨, ¨´-

É¥£· ² ¢ (162) ¸¢μ¤¨É¸Ö ± · §´μ¸É¨ ¤¢ÊÌ ¶μ¢¥·Ì´μ¸É´ÒÌ ¨´É¥£· ²μ¢

W± =
∫

d3xK
(2)
0 (t → ±∞, x), (163)

±μÉμ·Ò¥ ¸ÊÉÓ Éμ¶μ²μ£¨Î¥¸±¨° § ·Ö¤ Ë¨§¨Î¥¸±μ£μ ¶μ²Ö S ¶·¨ t → ±∞ ¸μμÉ¢¥É-

¸É¢¥´´μ. ‚ ÔÉμ³ ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö, § ³¥É¨¢, ÎÉμ K
(2)
0 (φ, χ) ¸μ¢¶ ¤ ¥É ¸ ¨¸Ìμ¤-

´Ò³ ¢Ò· ¦¥´¨¥³ (149) ¤²Ö ¢·¥³¥´´μ° ±μ³¶μ´¥´ÉÒ Éμ± , K0[S[φ, χ]].
’ ±¨³ μ¡· §μ³, ¨´É¥£· ² (162) § ¤ ¥É ¨´¤¥±¸ �μ´É·Ö£¨´  ·¥¤ÊÍ¨·μ¢ ´-

´μ° É¥μ·¨¨,   K
(2)
μ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°  ´ ²μ£ Éμ±  —¥·´ Ä‘ °³μ´¸ , ´¥

¸μ¤¥·¦ Ð¨°, μ¤´ ±μ, ± ²¨¡·μ¢μÎ´ÒÌ ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò. ‚Ò· ¦¥´¨Ö (161),
²¨´¥°´Ò¥ ¶μ ¶·μ¨§¢μ¤´Ò³, ¸μμÉ¢¥É¸É¢ÊÕÉ ¢¥¤ÊÐ¥³Ê ¶μ·Ö¤±Ê · §²μ¦¥´¨Ö ´¥-
²μ± ²Ó´μ£μ ËÊ´±Í¨μ´ ²  ¶μ ¸É¥¶¥´Ö³ ¶·μ¨§¢μ¤´ÒÌ.

6. ‘ˆ‘’…Œ� �� ‘ˆ�ƒ“‹Ÿ��›• ���ˆ’�•

‚ μ¸´μ¢¥ ¢¸¥£μ ¶·¥¤Ò¤ÊÐ¥£μ · ¸¸³μÉ·¥´¨Ö ²¥¦ ²μ ¶·¥¤¶μ²μ¦¥´¨¥ μ ´¥¢Ò-
·μ¦¤¥´´μ¸É¨ ³ É·¨Î´μ£μ ¶μ²Ö, detS = 0. ‚ ¤ ´´μ³ · §¤¥²¥ ³Ò μÉ± ¦¥³¸Ö μÉ
ÔÉμ£μ μ£· ´¨Î¥´¨Ö ¨ · ¸¸³μÉ·¨³ ¢Ò·μ¦¤¥´´Ò¥ ±μ´Ë¨£Ê· Í¨¨, μ¡· §μ¢ ´´Ò¥
¸¨´£Ê²Ö·´Ò³¨ ³ É·¨Í ³¨ ¸ rankS = 1.

‚ ¦´μ¸ÉÓ É ±μ£μ É¨¶  ±μ´Ë¨£Ê· Í¨° ¢ ·¥¦¨³¥ ¸¨²Ó´μ° ¸¢Ö§¨ ¢¨¤´  ¨§
¸²¥¤ÊÕÐ¨Ì ¸μμ¡· ¦¥´¨°. ‚¥¤ÊÐ¨° ¢±² ¤ ¶·¨ g � 1 ¢ ³ £´¨É´μ¥ ¶μ²¥ μ¶·¥-
¤¥²Ö¥É μ¤´μ·μ¤´Ò° ¶μÉ¥´Í¨ ² (128)

V (0)(φ) := φ2
1φ

2
2 + φ2

2φ
2
3 + φ2

3φ
2
1. (164)

‘É Í¨μ´ ·´Ò¥ ÉμÎ±¨ (164) ¸ÊÉÓ É·¨ ¶μ²¥¢Ò¥ ±μ´Ë¨£Ê· Í¨¨

φi = φj = 0, φk Å ¶·μ¨§¢μ²Ó´μ¥, i = j = k, (165)
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± ¦¤ Ö ¨§ ±μÉμ·ÒÌ μ¡· §Ê¥É ®¤μ²¨´Ê¯ ¢Ò·μ¦¤¥´´ÒÌ  ¡¸μ²ÕÉ´ÒÌ ³¨´¨³Ê-
³μ¢. ˆ´Ò³¨ ¸²μ¢ ³¨, Ê¸²μ¢¨¥ ³¨´¨³Ê³  μ¤´μ·μ¤´μ£μ ¶μÉ¥´Í¨ ²  ·¥ ²¨§Ê¥É¸Ö
¨³¥´´μ ´  ¶μ¤¶·μ¸É· ´¸É¢¥ ¸¨´£Ê²Ö·´ÒÌ ¸¨³³¥É·¨Î¥¸±¨Ì ³ É·¨Í ³¨´¨³ ²Ó-
´μ£μ · ´£ ∗

rankS = 1. (166)

‚ÒÖ¸´¨³ É¥¶¥·Ó, ÎÉμ ¶·μ¨¸Ìμ¤¨É ¸ ¶μ²Ö³¨ (166) ¢ ¶·μÍ¥¸¸¥ ¤¨´ ³¨±¨.
„²Ö ¥¥ μ¶·¥¤¥²¥´¨Ö ¢μ¸¶μ²Ó§Ê¥³¸Ö ´ Ï¨³ ¶·¥¤Ò¤ÊÐ¨³  ´ ²¨§μ³ ¶·μ¸É· ´¸É¢ 
·¥£Ê²Ö·´ÒÌ ³ É·¨Í ¨ ¶μ¶ÒÉ ¥³¸Ö ¶·¥¤¥²Ó´Ò³ ¶¥·¥Ìμ¤μ³ ¢ ¢Ò· ¦¥´¨¨ (126)
± ¢Ò·μ¦¤¥´´Ò³ ±μ´Ë¨£Ê· Í¨Ö³ μ¶·¥¤¥²¨ÉÓ £ ³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò ´  ¸¨´£Ê-
²Ö·´ÒÌ μ·¡¨É Ì.

�μ¤¶·μ¸É· ´¸É¢μ ¢Ò·μ¦¤¥´´ÒÌ ³ É·¨Í · ´£  μ¤¨´ ¨³¥¥É · §³¥·´μ¸ÉÓ 3,
¸μμÉ¢¥É¸É¢¥´´μ, Ë §μ¢μ¥ ¶·μ¸É· ´¸É¢μ Ï¥¸É¨³¥·´μ. � ¶μ³´¨³, ÎÉμ ¢ ·¥£Ê-
²Ö·´μ³ ¸²ÊÎ ¥ £ ³¨²ÓÉμ´μ¢  ¸¨¸É¥³  (126) ¨³¥¥É · §³¥·´μ¸ÉÓ 12. �μÔÉμ³Ê
¶·¥¤¥²Ó´Ò° ¶¥·¥Ìμ¤ ± ¤¨´ ³¨±¥ ¸¨´£Ê²Ö·´ÒÌ ³ É·¨Í ¶μ³¨³μ Ê¸²μ¢¨° (165) ¸
´¥μ¡Ìμ¤¨³μ¸ÉÓÕ ¢±²ÕÎ ¥É ¢ ¸¥¡Ö ÊÎ¥É ¤μ¶μ²´¨É¥²Ó´ÒÌ ¸¢Ö§¥° ´  ¤·Ê£¨¥ ¶¥·¥-
³¥´´Ò¥. ‚Ò¢μ¤ ÔÉ¨Ì Ê¸²μ¢¨° ¶μ¤·μ¡´μ · ¸¸³μÉ·¥´ ¢ · ¡μÉ Ì [63Ä65], ¸¶¥Í¨-
 ²Ó´μ ¶μ¸¢ÖÐ¥´´ÒÌ  ´ ²¨§Ê ¤¨´ ³¨±¨ ´  ¶·μ¸É· ´¸É¢¥ ³ É·¨Í. ‡¤¥¸Ó Éμ²Ó±μ
¸Ëμ·³Ê²¨·Ê¥³ ¨¤¥Õ ¨ ¶·¨¢¥¤¥³ ·¥§Ê²ÓÉ É. „μ¶μ²´¨É¥²Ó´Ò¥ ¸¢Ö§¨ ¢ Ë §μ-
¢μ³ ¶·μ¸É· ´¸É¢¥ ¢μ§´¨± ÕÉ ¨§ É·¥¡μ¢ ´¨Ö ¨´¢ ·¨ ´É´μ¸É¨ ¶μ¤¶·μ¸É· ´¸É¢ :
É. ¥. ± Ê· ¢´¥´¨Ö³ (165) ¸²¥¤Ê¥É ¤μ¡ ¢¨ÉÓ ¢¸¥ ¨Ì ¤¨´ ³¨Î¥¸±¨¥ ¸²¥¤¸É¢¨Ö. ‚
¨´É¥·¥¸ÊÕÐ¥³ ´ ¸ ¸²ÊÎ ¥ ¸²¥¤ÊÕÐ¨° ´ ¡μ· Ê¸²μ¢¨° £ · ´É¨·Ê¥É ¶μ¤μ¡´ÊÕ
¨´¢ ·¨ ´É´μ¸ÉÓ ¶μ¤¶·μ¸É· ´¸É¢  ¸¨´£Ê²Ö·´ÒÌ ³ É·¨Í ¸ rankS = 1:

φi = 0, φj = 0, πi = 0, πj = 0, ξk = 0, i = j = k. (167)

’¥¶¥·Ó, ¨³¥Ö Ö¢´Ò° ¢¨¤ ¢¸¥Ì ¸¢Ö§¥°, μ¶·¥¤¥²ÖÕÐ¨Ì ¨´É¥·¥¸ÊÕÐ¥¥ ´ ¸
¶μ¤¶·μ¸É· ´¸É¢μ, ³Ò ¢ ¸μ¸ÉμÖ´¨¨ ¶·μ¨§¢¥¸É¨ Ëμ·³ ²Ó´Ò° ¶·¥¤¥²Ó´Ò° ¶¥·¥-
Ìμ¤ ¢ (126) ¨ Ê¸É ´μ¢¨ÉÓ £ ³¨²ÓÉμ´¨ ´, £¥´¥·¨·ÊÕÐ¨° Ô¢μ²ÕÍ¨Õ ¸¨´£Ê²Ö·-
´ÒÌ ±μ´Ë¨£Ê· Í¨°.

6.1. ‹ £· ´¦¨ ´ ¸¨´£Ê²Ö·´ÒÌ ±μ´Ë¨£Ê· Í¨°. ‡ ³¥É¨³, ÎÉμ ´  ¶μ¢¥·Ì-
´μ¸É¨ ²Õ¡μ° É·μ°±¨ ¸¢Ö§¥° (167) ¶²μÉ´μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  (126) ·¥£Ê²Ö·´ 
¨ ¤μ¶Ê¸± ¥É ¶·¥¤¥²Ó´Ò° ¶¥·¥Ìμ¤ ± ¨´¢ ·¨ ´É´μ³Ê ³´μ£μμ¡· §¨Õ ¸¨´£Ê²Ö·-
´ÒÌ μ·¡¨É. �¶Ê¸± Ö ¤¥É ²¨ · ¸Î¥É , ¶·¨¢¥¤¥³ Ö¢´Ò° ¢¨¤ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ
² £· ´¦¨ ´ . ‡ Ë¨±¸¨·Ê¥³ μ¤´Ê ¨§ Í¨±²¨Î¥¸±¨Ì ±μ´Ë¨£Ê· Í¨° ³¨´¨³Ê³  ¶μ-
É¥´Í¨ ²  (164), ´ ¶·¨³¥·, § ´Ê²¨³ φ1 ¨ φ2, μ¸É ¢¨¢ φ3 ¶·μ¨§¢μ²Ó´Ò³, Éμ£¤ 
¶μÉ¥´Í¨ ²Ó´Ò° Î²¥´ ¢ £ ³¨²ÓÉμ´¨ ´¥ (152) ¸¢μ¤¨É¸Ö ± ¢Ò· ¦¥´¨Õ

V (2) = λ2
[
φ2

3

[
(Γ213)2 + (Γ223)2 + (Γ233)2 + (Γ311)2 + (Γ321)2 + (Γ331)2+

+ (Γ3[12])2
]

+
[
(X1φ3)2 + (X2φ3)2

]
+ 2φ3

[
Γ331X1φ3 + Γ332X2φ3

]]
, (168)

∗‘¨´£Ê²Ö·´Ò¥ ±μ´Ë¨£Ê· Í¨¨ rank S = 1 μ¡² ¤ ÕÉ ´¥É·¨¢¨ ²Ó´μ° £·Ê¶¶μ° ¨§μÉ·μ¶¨¨, É. ¥.
Ö¢²ÖÕÉ¸Ö ¶·¨¢μ¤¨³Ò³¨.
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±μÉμ·μ¥ ³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´μ ± ± [32]

V (2) = (∇φ3)2 + φ2
3

[
(∂in)2 + (n · rotn)2

]
− (n · ∇φ3)2 + ([n× rotn] · ∇φ2

3),
(169)

£¤¥ ¥¤¨´¨Î´Ò° ¢¥±Éμ· ni(x) μ¶·¥¤¥²¥´ ± ±

ni(x) := R3i(χ(x)). (170)

‘²¥¤μ¢ É¥²Ó´μ, ¤²Ö ·¥¤ÊÍ¨·μ¢ ´´μ£μ ² £· ´¦¨ ´  ¢Éμ·μ£μ ¶μ·Ö¤±  ¶μ ¶·μ¨§-
¢μ¤´Ò³ ¶μ²¥° (158) ¨³¥¥³

L
(2)
sing = L

(0)
sing − λ2 L

(2)
sing, (171)

£¤¥

L
(0)
sing =

1
2

∫
d3x(∂tφ3)2 + φ2

3(∂tn)2 (172)

¨

L
(2)
sing =

1
2

∫
d3x

[
(∇φ3)2 + φ2

3

[
(∇n)2 + (n · rotn)2

]
− (n · ∇φ3)2+

+ ([n× rotn] · ∇φ2
3)
]

+ θ

∫
d3xQ(2). (173)

‡¤¥¸Ó ¥Ð¥ · § μÉ³¥É¨³, ÎÉμ ¶·¨ μ£· ´¨Î¥´¨¨ ¢¥¤ÊÐ¨³ ¶μ·Ö¤±μ³ ¶·¨¡²¨-
¦¥´¨Ö ¸¨²Ó´μ° ¸¢Ö§¨ ² £· ´¦¨ ´ (172) Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´É´Ò³ μÉ´μ¸¨É¥²Ó´μ
£·Ê¶¶Ò ƒ ²¨²¥Ö, ¢ Éμ ¢·¥³Ö ± ± ¢ ¶μ·Ö¤±¥ λ2  ²£¥¡·  ¸¨³³¥É·¨¨ ¸¨¸É¥³Ò
¸¢μ¤¨É¸Ö ± (85).

�·¨ ÔÉμ³ ¨´É¥·¥¸´μ, ÎÉμ ² £· ´¦¨ ´ (173) ¶μ ¸É·Ê±ÉÊ·¥ ´ ¶μ³¨´ ¥É ¢Ò-
· ¦¥´¨¥ ¸¢μ¡μ¤´μ° Ô´¥·£¨¨ ¤²Ö ¦¨¤±¨Ì ±·¨¸É ²²μ¢ (¸³., ´ ¶·¨³¥·, [66]). ‚
ÔÉμ° É¥μ·¨¨ ¥¤¨´¨Î´Ò° ¢¥±Éμ· n(x) μ¶·¥¤¥²Ö¥É  ´¨§μÉ·μ¶¨Õ ¸·¥¤Ò ¨ ¢¥-
²¨Î¨´Ò É¨¶  div n, n · rotn ¨²¨ n × rotn μ¶¨¸Ò¢ ÕÉ ¥¥ ¶μ¶¥·¥Î´Ò° ¨§£¨¡,
±·ÊÎ¥´¨¥ ¨²¨ ¶·μ¤μ²Ó´Ò° ¨§£¨¡.

6.2. �É ¨´¤¥±¸  �μ´É·Ö£¨´  ± ¨´¤¥±¸Ê § Í¥¶²¥´¨Ö. ”Ê´±Í¨Ö Q(2)

¢ (171), ±μÉμ· Ö ¥¸ÉÓ ¶²μÉ´μ¸ÉÓ ¨´¤¥±¸  �μ´É·Ö£¨´  ¤²Ö ¸¨´£Ê²Ö·´ÒÌ ±μ´Ë¨-
£Ê· Í¨° (167), ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ± ± ¤¨¢¥·£¥´Í¨Ö

Q(2) = ∂μK(2)
μ (174)

μÉ 4-¢¥±Éμ· 

K(2)μ =
1

16π2
φ2

3

(
(n(x) · rotn(x)), [n(x) × ṅ(x)]

)
. (175)

…¸²¨ É¥¶¥·Ó ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ¶μ²¥ n ´  ¶·μ¸É· ´¸É¢¥´´μ° ¡¥¸±μ´¥Î´μ-
¸É¨ ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨, Éμ É·¥Ì³¥·´ Ö ±μ³¶μ´¥´É  ¢¥±Éμ·  (175) ´¥ ¤ ¥É
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¢±² ¤ ¢ ¨´É¥£· ² μÉ Q(2). �μÔÉμ³Ê ·¥¤ÊÍ¨·μ¢ ´´ Ö Ëμ·³  Éμ¶μ²μ£¨Î¥¸±μ£μ
¨´¢ ·¨ ´É  �μ´É·Ö£¨´  p1 ¸¢μ¤¨É¸Ö ± · §´μ¸É¨

p1 = n+ − n− (176)

¶μ¢¥·Ì´μ¸É´ÒÌ ¨´É¥£· ²μ¢

n± =
1

16π2

∫
d3x (V±(x) · rotV±(x)) , (177)

¢ ±μÉμ·ÒÌ ¶μ²Ö V±(x) μ¶·¥¤¥²ÖÕÉ¸Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨³¨ §´ Î¥´¨Ö³¨:

V±(x) := lim
t→±∞

φ3(x)n. (178)

„ ²¥¥ ¶μ± ¦¥³, ÎÉμ ± ¦¤Ò° ¨§ ¶μ¢¥·Ì´μ¸É´ÒÌ ¨´É¥£· ²μ¢ (177) ¶·¥¤¸É ¢²Ö¥É
¸μ¡μ° Éμ¶μ²μ£¨Î¥¸±¨° ¨´¢ ·¨ ´É,   ÉμÎ´¥¥, ¨´¢ ·¨ ´É •μ¶Ë  ¤²Ö μÉμ¡· ¦¥-
´¨Ö 3-¸Ë¥·Ò S

3 ¢ ¥¤¨´¨Î´ÊÕ 2-¸Ë¥·Ê S
2, § ¶¨¸ ´´Ò° ¢ ¨´É¥£· ²Ó´μ° Ëμ·³¥

“ °ÉÌ¥¤  [67].
„¥°¸É¢¨É¥²Ó´μ, ¶Ê¸ÉÓ § ¤ ´μ · ¸¸²μ¥´¨¥ •μ¶Ë  N : S

3 → S
2. � ¸¸³μÉ·¨³

¶·μμ¡· §Ò ¤¢ÊÌ ¶·μ¨§¢μ²Ó´ÒÌ ÉμÎ¥± ´  ¸Ë¥·¥ S
2, ±μÉμ·Ò¥ ¸ÊÉÓ μ¤´μ³¥·´Ò¥

§ ³±´ÊÉÒ¥ ±·¨¢Ò¥ ¢ S
3. ŠμÔËË¨Í¨¥´É § Í¥¶²¥´¨Ö QH ÔÉ¨Ì ±·¨¢ÒÌ Ö¢²Ö¥É¸Ö

£μ³μÉμ¶¨Î¥¸±¨³ ¨´¢ ·¨ ´Éμ³ μÉμ¡· ¦¥´¨Ö N . ‘μ£² ¸´μ “ °ÉÌ¥¤Ê [67] ÔÉμÉ
¨´¢ ·¨ ´É ¶·¥¤¸É ¢¨³ ¢ Ëμ·³¥ ¸²¥¤ÊÕÐ¥£μ ¨´É¥£· ²  μÉ 3-Ëμ·³Ò ´  S

3:

QH =
1

32π2

∫
S3

w1 ∧ w2. (179)

‚ Ê· ¢´¥´¨¨ (179) ±μ³¶μ´¥´ÉÒ 2-Ëμ·³Ò ±·¨¢¨§´Ò

w2 = Hij dxi ∧ dxj

¢Ò· ¦ ÕÉ¸Ö ¢ É¥·³¨´ Ì μÉμ¡· ¦¥´¨Ö N :

Hij = εabc Na (∂iNb) (∂jNc) , (180)

  1-Ëμ·³  w1 É ±μ¢ , ÎÉμ w2 = dw1.
„²Ö Éμ£μ, ÎÉμ¡Ò ¢ÒÖ¸´¨ÉÓ ¸¢Ö§Ó ¨´É¥£· ²μ¢ (177) ¸ ±μÔËË¨Í¨¥´Éμ³ § -

Í¥¶²¥´¨Ö QH , § ³¥É¨³, ÎÉμ É ± ± ± 2-Ëμ·³  ±·¨¢¨§´Ò w2 § ³±´ÊÉ , dw2 = 0,
Éμ

εijk ∂i Hjk = 0. (181)

„ ²¥¥, ¶μ¸±μ²Ó±Ê £·Ê¶¶  ±μ£μ³μ²μ£¨¨ H2(S3, R) É·¨¢¨ ²Ó´ , Éμ ¸μ£² ¸´μ É¥-
μ·¥³¥ ¤¥ � ³  ´  ¢¸¥° ¸Ë¥·¥ S

3 ¸ÊÐ¥¸É¢Ê¥É ¢¥±Éμ·´μ¥ ¶μ²¥ A É ±μ¥, ÎÉμ
w1 = Ai dxi. �Éμ μ§´ Î ¥É, ÎÉμ

Hij = ∂iAj − ∂jAi, i, j = 1, 2, 3, (182)
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¨ É¥³ ¸ ³Ò³ ¨´¢ ·¨ ´É •μ¶Ë  ¶·¨´¨³ ¥É ¢¨¤

QH =
1

16π2

∫
d3x (A · rotA) . (183)

‘· ¢´¨¢ Ö ÔÉμ ¶·¥¤¸É ¢²¥´¨¥ ¸ (177), Ê¡¥¦¤ ¥³¸Ö ¢ ¶· ¢μÉ¥ ¸¤¥² ´´μ£μ
¶·¥¤¶μ²μ¦¥´¨Ö.

‚ É¥μ·¨¨ ± ²¨¡·μ¢μÎ´ÒÌ ¶μ²¥° ¨´¢ ·¨ ´É (183) ¶·¨´ÖÉμ ´ §Ò¢ ÉÓ
3-³¥·´Ò³  ¡¥²¥¢Ò³ ¨´¢ ·¨ ´Éμ³ —¥·´ Ä‘ °³μ´¸ ∗. ’¥³ ¸ ³Ò³ Ê¡¥¦¤ ¥³¸Ö ¢
Éμ³, ÎÉμ ·¥¤ÊÍ¨·μ¢ ´´ Ö Ëμ·³  Éμ¶μ²μ£¨Î¥¸±μ£μ § ·Ö¤  Q(2) ¤²Ö ¸¨´£Ê²Ö·´ÒÌ
±μ´Ë¨£Ê· Í¨° · ´£  μ¤¨´ ¸μ¢¶ ¤ ¥É ¸ Î¨¸²μ³ § Í¥¶²¥´¨Ö ¨²¨ ¦¥ 3-³¥·´Ò³
 ¡¥²¥¢Ò³ ¨´¢ ·¨ ´Éμ³ —¥·´ Ä‘ °³μ´¸ , ¢ ±μÉμ·μ³ ·μ²Ó ®± ²¨¡·μ¢μÎ´μ£μ
¶μÉ¥´Í¨ ² ¯ ¨£· ¥É ¶μÉ¥´Í¨ ² V, £¥´¥·¨·ÊÕÐ¨° ®³ £´¨É´μ¥ ¶μ²¥¯ rotV.

7. Š�ŒŒ…�’��ˆˆ Š Š‚��’�‚��ˆ	

‚ ¤ ´´μ³ μ¡§μ·¥ ³Ò μ£· ´¨Î¨²¨ ¸¥¡Ö · ¸¸³μÉ·¥´¨¥³ ±² ¸¸¨Î¥¸±μ° É¥-
μ·¨¨. �¤´ ±μ ¢ § ±²ÕÎ¥´¨¥ Ê³¥¸É´μ ¸¤¥² ÉÓ ±μ·μÉ±¨° ±μ³³¥´É ·¨° ± ¥¥
±¢ ´Éμ¢ ´¨Õ. �Éμ ¸¢Ö§ ´μ ¸ ´¥É·¨¢¨ ²Ó´μ° ¸É·Ê±ÉÊ·μ° ±μ´Ë¨£Ê· Í¨μ´´μ£μ
¶·μ¸É· ´¸É¢  ¸ ³μ° ±² ¸¸¨Î¥¸±μ° ·¥¤ÊÍ¨·μ¢ ´´μ° ³μ¤¥²¨.

Š ± ¶μ± § ²  ´ ²¨§, ·¥¤ÊÍ¨·μ¢ ´´μ¥ ³ É·¨Î´μ¥ ¶μ²¥ S
Å ´¥ Ö¢²Ö¥É¸Ö Ô²¥³¥´Éμ³ ¢¥±Éμ·´μ£μ ¶·μ¸É· ´¸É¢  ¢ ¸¨²Ê ¸¢μ¥° ´¥μÉ·¨-

Í É¥²Ó´μ° μ¶·¥¤¥²¥´´μ¸É¨;
Å ¶·¥μ¡· §Ê¥É¸Ö ¶μ ´¥²¨´¥°´μ³Ê ¶·¥¤¸É ¢²¥´¨Õ £·Ê¶¶Ò �Ê ´± ·¥;
Å μ¡² ¤ ¥É ´¥²μ± ²Ó´Ò³ ¸ ³μ¤¥°¸É¢¨¥³.

Š ¦¤μ¥ ¨§ ÔÉ¨Ì ¸¢μ°¸É¢ ¤¥² ¥É ¶·μÍ¥¤Ê·Ê ±¢ ´Éμ¢ ´¨Ö μÎ¥´Ó É·Ê¤´μ° § ¤ Î¥°
¨ ¢³¥¸É¥ ¸ É¥³ ¶μ§¢μ²Ö¥É ¢Ò¤¢¨´ÊÉÓ ¶·¥¤¶μ²μ¦¥´¨¥ μ ´¥É·¨¢¨ ²Ó´μ¸É¨ ¥¥
Ë¨§¨Î¥¸±¨Ì ¸²¥¤¸É¢¨°.

�¥μÉ·¨Í É¥²Ó´μ¸ÉÓ ³ É·¨Î´μ£μ ¶μ²Ö S ´¥ Ö¢²Ö¥É¸Ö  ·É¥Ë ±Éμ³ ¶·¥¤²μ-
¦¥´´μ° ¸Ì¥³Ò ·¥¤Ê±Í¨¨, μ´  ´ Ìμ¤¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ μ¡Ð¨³ ÊÉ¢¥·¦¤¥-
´¨¥³ μ Éμ³, ÎÉμ ¶·μ¸É· ´¸É¢μ μ·¡¨É O = A/G ³μ¦¥É ¡ÒÉÓ μ¶¨¸ ´μ ± ±
¶μ²Ê ²£¥¡· ¨Î¥¸±μ¥ ³´μ£μμ¡· §¨¥ [77, 78]. �Éμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¶·¨´Í¨¶¨-
 ²Ó´μ ³¥´Ö¥É ¸Ì¥³Ê ±¢ ´Éμ¢ ´¨Ö ·¥¤ÊÍ¨·μ¢ ´´μ° É¥μ·¨¨. „¥°¸É¢¨É¥²Ó´μ, ¢
¸¨²Ê ´¥μÉ·¨Í É¥²Ó´μ° μ¶·¥¤¥²¥´´μ¸É¨ S ± ¦¤μ¥ ¶μ²¥ ¨§ É·¨¶²¥É  ¸± ²Ö·μ¢

∗ˆ´¢ ·¨ ´ÉÒ É¨¶  (183) ¢μ§´¨± ÕÉ ¢ · §²¨Î´ÒÌ μ¡² ¸ÉÖÌ Ë¨§¨±¨. ‚ ³¥Ì ´¨±¥ ¦¨¤±μ-
¸É¥° ¶μ¤ ´ §¢ ´¨¥³ ®�uid helicity¯, ¢ Ë¨§¨±¥ ¶² §³Ò ¨ ³ £´¨Éμ£¨¤·μ¤¨´ ³¨±¥ Å ®magnetic
helicity¯ [68Ä71]. ‚ É¥μ·¨¨ Ÿ´£ ÄŒ¨²²¸   ¡¥²¥¢Ò ¶μ²Ö ¸ ´¥´Ê²¥¢μ° ¸¶¨· ²Ó´μ¸ÉÓÕ · ¸¸³ É·¨-
¢ ²¨¸Ó ¢ ±μ´É¥±¸É¥ ´¥ ¡¥²¥¢ÒÌ ¢ ±ÊÊ³´ÒÌ ±μ´Ë¨£Ê· Í¨° [72, 73]. ‚ ¦´μ¸ÉÓ Î¨¸²  § Í¥¶²¥´¨°
¤²Ö Ê¸Éμ°Î¨¢μ¸É¨ ¸μ²¨Éμ´μ¢ É ±¦¥ Ìμ·μÏμ ¨§¢¥¸É´  [74]. ˆ´¢ ·¨ ´É •μ¶Ë  ¶μÖ¢²Ö¥É¸Ö ¢ [75]
± ± Éμ¶μ²μ£¨Î¥¸± Ö Ì · ±É¥·¨¸É¨±  ±μ´Ë¨£Ê· Í¨° £²Õμ´´ÒÌ ¶μ²¥° ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ [76],  
±¢ ¤· É ±·¨¢¨§´Ò (180) μ¡¥¸¶¥Î¨¢ ¥É Ê¸Éμ°Î¨¢μ¸ÉÓ ¸μ²¨Éμ´´ÒÌ ·¥Ï¥´¨°.



838 •‚…„…‹ˆ„‡… �.Œ.

φi � 0 ¶·¨´¨³ ¥É §´ Î¥´¨Ö, Ê¸²μ¢´μ £μ¢μ·Ö, ´  ¶μ²Êμ¸¨ R
+. „ ´´μ¥ μ£· -

´¨Î¥´¨¥ ¤μ²¦´μ ¡ÒÉÓ ÊÎÉ¥´μ ´  ±¢ ´Éμ¢μ³ Ê·μ¢´¥ ²¨¡μ ¢ Ëμ·³¥ £· ´¨Î´ÒÌ
Ê¸²μ¢¨° ´  ¢μ²´μ¢Ò¥ ËÊ´±Í¨μ´ ²Ò, ²¨¡μ ¶·Ö³μ ´  Ê·μ¢´¥ ¸ ³μ¸μ¶·Ö¦¥´´ÒÌ
· ¸Ï¨·¥´¨° μ¶¥· Éμ·μ¢. ‚ ·¥§Ê²ÓÉ É¥ ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ ³μ¦¥É ¢μ§´¨±´ÊÉÓ
´μ¢Ò° ¶ · ³¥É·, ´¥ ¨³¥ÕÐ¨° ±² ¸¸¨Î¥¸±μ£μ ¸μμÉ¢¥É¸É¢¨Ö. �¤´  ¨§ É ±¨Ì
¢μ§³μ¦´μ¸É¥° Å ÔÉμ ¶·¨¸ÊÉ¸É¢¨¥ ´¥´Ê²¥¢μ£μ ¢ ±ÊÊ³´μ£μ ¸·¥¤´¥£μ

〈
φ2

i (x)
〉
.

Š ± ¶μ± § ²  ´ ²¨§, ¢ Ê¶·μÐ¥´´μ°, ±μ´¥Î´μ³¥·´μ° ³μ¤¥²¨, É ± ´ §Ò¢ ¥-
³μ° ³¥Ì ´¨±¥ Ÿ´£ ÄŒ¨²²¸ , É ± Ö ¢μ§³μ¦´μ¸ÉÓ ¤¥°¸É¢¨É¥²Ó´μ ·¥ ²¨§Ê¥É-
¸Ö [79,80].

‚ § ¢¥·Ï¥´¨¥ ¢ ¸¢Ö§¨ ¸ ³¥É ³μ·Ëμ§ ³¨ ²μ± ²Ó´μ¸É¨Ä´¥²μ± ²Ó´μ¸É¨, ¸
±μÉμ·Ò³¨ ³Ò ¸Éμ²±´Ê²¨¸Ó ¢ É¥μ·¨¨ ´¥ ¡¥²¥¢ÒÌ ¶μ²¥°, ¶·¨¢¥¤¥³ ¸²¥¤ÊÕÐ¥¥
§ ³¥Î ´¨¥: ®The laws of physics have local and nonlocal consequences. Histori-
cally, physicists, in general have readily recognized the local consequences. . . But
they have been relatively slow in recognizing the nonlocal or global conse-
quences, which even after they are discovered, are often subject to controver-
sy¯ [81].

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ Î ¸É¨Î´μ° ¶μ¤¤¥·¦±¥ Œ¨´¨¸É¥·¸É¢  μ¡· §μ¢ ´¨Ö
¨ ´ Ê±¨ �μ¸¸¨°¸±μ° ”¥¤¥· Í¨¨ (£· ´É º3810.2010.2) ¨ �μ¸¸¨°¸±μ£μ Ëμ´¤ 
ËÊ´¤ ³¥´É ²Ó´ÒÌ ¨¸¸²¥¤μ¢ ´¨° (£· ´É º10-01-00200).

�·¨²μ¦¥´¨¥ A

� ‘“™…‘’‚�‚��ˆˆ ®‘ˆŒŒ…’�ˆ—…‘Š�‰ Š�‹ˆ���‚Šˆ¯

‚ÒÖ¸´¨³ Ê¸²μ¢¨Ö, ¶·¨ ±μÉμ·ÒÌ ®¸¨³³¥É·¨Î¥¸± Ö ± ²¨¡·μ¢± ¯

χa(A) = εabi Abi(x) = 0 (184)

¶· ¢¨²Ó´μ ¢Ò¤¥²Ö¥É ¶·¥¤¸É ¢¨É¥²Ö μ·¡¨É ¢ Î¥ÉÒ·¥Ì³¥·´μ° ± ²¨¡·μ¢μÎ´μ°
É¥μ·¨¨ ¸μ ¸É·Ê±ÉÊ·´μ° £·Ê¶¶μ° SU(2).

‘μ£² ¸´μ ¸É ´¤ ·É´μ³Ê μ¶·¥¤¥²¥´¨Õ (¸³. [8]) ± ²¨¡·μ¢±  χa(A) = 0
Ö¢²Ö¥É¸Ö Ìμ·μÏμ μ¶·¥¤¥²¥´´μ°, ¥¸²¨ Ê· ¢´¥´¨¥

χa(Aω) = 0, (185)

¢ ±μÉμ·μ³ Aω Å ± ²¨¡·μ¢μÎ´μ¥ ¶μ²¥ A(x), ¶μ¤¢¥·¦¥´´μ¥ ¶·¥μ¡· §μ¢ ´¨Õ

Aω
aiτa = U+(ω)

(
Aaiτa +

1
g

∂

∂xi

)
U(ω), (186)

¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ ¤²Ö É·¥Ì ËÊ´±Í¨° ω1(x), ω2(x), ω3(x). Š ²¨-
¡·μ¢μÎ´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ (186) ¶·¥¤¶μ² £ ¥É¸Ö £² ¤±¨³ ¨ ¶·¥¤¸É ¢¨³Ò³ ¢
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Ô±¸¶μ´¥´Í¨ ²Ó´μ³ ¢¨¤¥

U(ω) = exp (iωa(x)τa).

“¸²μ¢¨¥ (185), § ¶¨¸ ´´μ¥ ¢ Ö¢´μ° Ëμ·³¥, ¨³¥¥É ¸²¥¤ÊÕÐ¨° ³ É·¨Î´Ò°
¢¨¤:

OT (ω)A − AT O(ω) =
1
g

(
Σ(ω) − ΣT (ω)

)
, (187)

£¤¥ μ·Éμ£μ´ ²Ó´ Ö 3 × 3 ³ É·¨Í  § ¤ ´  ¶·¥μ¡· §μ¢ ´¨¥³ ¨§ £·Ê¶¶Ò SU(2)

Oab(ω) = −2tr
(
U+(ω)τaU(ω)τb

)
(188)

¨ 3 × 3 ³ É·¨Í  Σ μ¶·¥¤¥²¥´  ± ±

Σai(ω) := − 1
4i

εamn

(
OT (ω)

∂O(ω)
∂xi

)
mn

. (189)

…¸²¨ (187) · ¸¸³ É·¨¢ ÉÓ ± ± ¸¨¸É¥³Ê Ê· ¢´¥´¨°, μ¶·¥¤¥²ÖÕÐ¨Ì μ·Éμ£μ-
´ ²Ó´ÊÕ ³ É·¨ÍÊ O(ω), Éμ μ± §Ò¢ ¥É¸Ö ¢¥·´Ò³ ¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥.

’¥μ·¥³ . „²Ö ¶·μ¨§¢μ²Ó´μ° ´¥¢Ò·μ¦¤¥´´μ° ³ É·¨ÍÒ A Ê· ¢´¥´¨¥ (187)
¤μ¶Ê¸± ¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ μÉ´μ¸¨É¥²Ó´μ μ·Éμ£μ´ ²Ó´μ° ³ É·¨ÍÒ
O(ω), ¶·¥¤¸É ¢¨³μ¥ ¢ ¢¨¤¥ Ëμ·³ ²Ó´μ£μ ·Ö¤  ¶μ ¸É¥¶¥´Ö³ 1/g:

O(ω) = O(0)

[
1 +

∞∑
n=1

(
1
g

)n

X(n)

]
, (190)

£¤¥ O(0) Å μ·Éμ£μ´ ²Ó´ Ö ³ É·¨Í , Ë¨£Ê·¨·ÊÕÐ Ö ¢ ¶μ²Ö·´μ³ · §²μ¦¥´¨¨
³ É·¨ÍÒ A,

A = O(0)S(0), S(0) =
√

AAT ,

  ±μÔËË¨Í¨¥´ÉÒ X(n) μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ ¸¨¸É¥³Ò ·¥±Ê··¥´É´ÒÌ  ²£¥¡· ¨Î¥-
¸±¨Ì Ê· ¢´¥´¨°.

�·¨ ÔÉμ³ ³ É·¨Í  S(x) := Aω, ¶μ²ÊÎ¥´´ Ö ¢ ·¥§Ê²ÓÉ É¥ ®¸¨³³¥É·¨-
§¨pÊÕÐ¥£μ¯ ¶·¥μ¡· §μ¢ ´¨Ö, ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥ · §²μ¦¥´¨Ö:

S(x) = S(0)(x)

[
1 +

∞∑
n=1

(
1
g

)n

Y (n)(x)

]
. (191)

„μ± § É¥²Ó¸É¢μ. �μ¤¸É ¢²ÖÖ · §²μ¦¥´¨¥ (190) ¢ Ê· ¢´¥´¨¥ (187) ¨ ¸· ¢-
´¨¢ Ö ±μÔËË¨Í¨¥´ÉÒ ¶·¨ μ¤¨´ ±μ¢ÒÌ ¸É¥¶¥´ÖÌ 1/g, ´ Ìμ¤¨³, ÎÉμ μ·Éμ£μ-
´ ²Ó´ Ö ³ É·¨Í  O(0) ¤μ²¦´  Ê¤μ¢²¥É¢μ·ÖÉÓ Ê· ¢´¥´¨Õ

O(0)T
A − AT O(0) = 0, (192)
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  ±μÔËË¨Í¨¥´ÉÒ X(n) Ê· ¢´¥´¨Ö³

X(1)T
O(0)T

A − AT O(0)X(1) = Σ(0) − Σ(0),
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ,

(193)
X(n)T

O(0)T
A − AT O(0)T

X(n) = Σ(n−1) − Σ(n−1)T
,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Œ É·¨ÍÒ Σ(n) ¢ ¶· ¢μ° Î ¸É¨ ¤ ´´ÒÌ Ê· ¢´¥´¨° Ö¢²ÖÕÉ¸Ö ±μÔËË¨Í¨¥´-
É ³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ · §²μ¦¥´¨Ö ³ É·¨ÍÒ

Σ(ω) =
∞∑

n=0

(
1
g

)n

Σ(n), (194)

¶·¨Î¥³ ³ É·¨Í  n-£μ ¶μ·Ö¤±  Σ(n) μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ O(0) ¨ X(a) ¸ a =
1, . . . , n − 1.

�É³¥É¨³ É ±¦¥, ÎÉμ É·¥¡μ¢ ´¨¥ μ·Éμ£μ´ ²Ó´μ¸É¨ ³ É·¨ÍÒ O(ω) ´ ±² -
¤Ò¢ ¥É ¸²¥¤ÊÕÐ¨¥ Ê¸²μ¢¨Ö ´  ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö X(n):

X(1) + X(1)T = 0,

X(2) + X(2)T + X(1)X(1)T
= 0,

(195)
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ,

X(n) + X(n)T +
∑

i+j=n

X(i)X(j)T
= 0,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

‘É·Ê±ÉÊ·  Ê· ¢´¥´¨° (192), (193) ¨ (195) É ±μ¢ , ÎÉμ ¸¨¸É¥³  (187) ¸¢μ-
¤¨É¸Ö ±  ²£¥¡· ¨Î¥¸±μ°. „¥°¸É¢¨É¥²Ó´μ, ·¥Ï¥´¨¥ μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö (192)
¥¸ÉÓ ´¥ ÎÉμ ¨´μ¥, ± ± ¶μ²Ö·´μ¥ · §²μ¦¥´¨¥ ³ É·¨ÍÒ A:

O(0) = AS(0)−1, S(0) =
√

AAT . (196)

�Éμ ·¥Ï¥´¨¥ ¥¤¨´¸É¢¥´´μ Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  det ‖A‖ = 0 [50].
‘ ÊÎ¥Éμ³ ÔÉμ£μ ·¥Ï¥´¨Ö ¨ Ê¸²μ¢¨° (195) ¤²Ö X Ê· ¢´¥´¨Ö (193) § ¶¨¸Ò-

¢ ÕÉ¸Ö ¢ ¢¨¤¥

X(1)S(0) + S(0)X(1) = C(0),
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ,

(197)
X(n)S(0) + S(0)X(n) = C(n−1),
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ,

£¤¥ ±μÔËË¨Í¨¥´É n-£μ ¶μ·Ö¤±  C(n) § ¤ ´ ¢ É¥·³¨´ Ì O(0) ¨ X(1), X(2), . . . ,
X(n−1).
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’ ±¨³ μ¡· §μ³, ±μÔËË¨Í¨¥´ÉÒ X(n) μ¶·¥¤¥²ÖÕÉ¸Ö ·¥±Ê·¸¨¢´μ ± ± ·¥-
Ï¥´¨Ö ³ É·¨Î´ÒÌ Ê· ¢´¥´¨° É¨¶ 

XS(0) + S(0)X = C

¸ ¨§¢¥¸É´μ° ¸¨³³¥É·¨Î¥¸±μ° ¶μ²μ¦¨É¥²Ó´μ-μ¶·¥¤¥²¥´´μ° ³ É·¨Í¥° S(0) ¨
³ É·¨Í¥° C, ¶μ¸É·μ¥´´μ°  ²£¥¡· ¨Î¥¸±¨³ μ¡· §μ³ ¶μ¸·¥¤¸É¢μ³ ¶·¥¤Ò¤ÊÐ¨Ì
±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö X(a), a = 1, . . . , n − 1. ‘μ£² ¸´μ É¥μ·¨¨ ¶μ¤μ¡-
´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° [50, 82] (¸³., ´ ¶·¨³¥·, É¥μ·¥³Ê 8.5.1 ¢ [82])
·¥Ï¥´¨¥ ³ É·¨Î´μ£μ Ê· ¢´¥´¨Ö XA + BX = C ¤²Ö ³ É·¨ÍÒ X ¸ÊÐ¥¸É¢Ê¥É
¨ μ´μ ¥¤¨´¸É¢¥´´μ Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  § ¤ ´´Ò¥ ³ É·¨ÍÒ A ¨ −B ´¥
¨³¥ÕÉ μ¡Ð¨Ì ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°. �  μ¸´μ¢ ´¨¨ ÔÉμ° É¥μ·¥³Ò § ±²ÕÎ ¥³,
ÎÉμ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° (193) ¨, §´ Î¨É, μ¸´μ¢´μ° § ¤ Î¨ (187) ¸ÊÐ¥¸É¢Ê¥É ¨
¥¤¨´¸É¢¥´´μ ¤²Ö ¶·μ¨§¢μ²Ó´μ° ´¥¢Ò·μ¦¤¥´´μ° ³ É·¨ÍÒ A.

’¥¶¥·Ó ¤²Ö μ¡μ¸´μ¢ ´¨Ö ±μ··¥±É´μ¸É¨ § ³¥´Ò ¶¥·¥³¥´´ÒÌ (20) μ¸É ²μ¸Ó
¤μ± § ÉÓ, ÎÉμ ·¥§Ê²ÓÉ¨·ÊÕÐ Ö ³ É·¨Í , S,

S(x) =
∞∑

n=0

(
1
g

)n

S(n)(x) (198)

¡Ê¤¥É §´ ±μμ¶·¥¤¥²¥´´μ°. �¥μÉ·¨Í É¥²Ó´μ¸ÉÓ ¢¥¤ÊÐ¥£μ Î²¥´  £ · ´É¨·μ¢ ´ 
¶μ²Ö·´Ò³ · §²μ¦¥´¨¥³ S(0) =

√
AAT . �·¥¤¸É ¢¨¢ S ¢ ¢¨¤¥ S = S(0) +

1/gS′, ³μ¦´μ § ±²ÕÎ¨ÉÓ, ÎÉμ ¤μ¸É ÉμÎ´μ ³ ² Ö 1/g ¡Ê¤¥É ¶μ²μ¦¨É¥²Ó´μ-
μ¶·¥¤¥²¥´´μ°, ¥¸²¨ S′ ¸¨³³¥É·¨Î¥¸± Ö. ‘¶· ¢¥¤²¨¢μ¸ÉÓ ¶μ¸²¥¤´¥£μ ´¥¶μ-
¸·¥¤¸É¢¥´´μ ¸²¥¤Ê¥É ¨§ ±μ´¸É·Ê±Í¨¨ Î²¥´μ¢ · §²μ¦¥´¨Ö ³ É·¨ÍÒ S ¢ (198).

�·¨²μ¦¥´¨¥ �

�‹ƒ…��� ‘�‘’�Ÿ�ˆ‰ ‘�ˆ�� 1 ˆ ‘�ˆ�� 2

’·¥Ì³¥·´μ¥ ¶·¥¤¸É ¢²¥´¨¥ £·Ê¶¶Ò O(3), ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¸¶¨´Ê 1, ¤ ¥É¸Ö
£¥´¥· Éμ· ³¨

J1 = i

⎛
⎝ 0 0 0

0 0 −1
0 1 0

⎞
⎠, J2 = i

⎛
⎝ 0 0 1

0 0 0
−1 0 0

⎞
⎠, J3 = i

⎛
⎝ 0 −1 0

1 0 0
0 0 0

⎞
⎠,

μ¡· §ÊÕÐ¨³¨  ²£¥¡·Ê [Ji, Jj ] = iεijk Jk.
‘μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ J2 = J2

1 + J2
2 + J2

3 ¨ J3

e1 =
1√
2

⎛
⎝ −1

−i
0

⎞
⎠ , e0 =

⎛
⎝ 0

0
1

⎞
⎠ , e−1 =

1√
2

⎛
⎝ 1

−i
0

⎞
⎠ (199)
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μ·Éμ£μ´ ²Ó´Ò ¢ ³¥É·¨±¥ ηαβ := (−1)αδα,−β

(eα · eβ) = ηαβ , (200)

¨ Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ ¶μ²´μÉÒ

ei
αej

βηαβ = δij . (201)

� §²μ¦¥´¨¥ Š²¥¡Ï Äƒμ·¤μ´  ¤²Ö É¥´§μ·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö 3 ⊗ 3 = 0 ⊕
1 ⊕ 2 ¤ ¥É ¸μμÉ¢¥É¸É¢¥´´μ:

¸¶¨´ 0

I0 :=
1√
3

(e0 ⊗ e0 − e1 ⊗ e−1 − e−1 ⊗ e1) =
1√
3

⎛
⎝ 1 0 0

0 1 0
0 0 1

⎞
⎠ ;

¸¶¨´ 1

J+ = e0 ⊗ e1 − e1 ⊗ e0,

J− = e−1 ⊗ e0 − e0 ⊗ e−1,

J0 = e−1 ⊗ e1 − e1 ⊗ e−1,

¨²¨ ¢ Ö¢´μ³ ¢¨¤¥

J+ =
1√
2

⎛
⎝ 0 0 1

0 0 i
−1 −i 0

⎞
⎠, J−=

1√
2

⎛
⎝ 0 0 1

0 0 −i
−1 i 0

⎞
⎠, J0 =

⎛
⎝ 0 −i 0

i 0 0
0 0 0

⎞
⎠;

¸¶¨´ 2

T2 =
√

2 (e1 ⊗ e1) , T1 := (e1 ⊗ e0 + e0 ⊗ e1) ,

T−2 =
√

2 (e−1 ⊗ e−1) , T−1 := (e−1 ⊗ e0 + e0 ⊗ e−1) ,

T0 =
1√
3

(e1 ⊗ e−1 + 2e0 ⊗ e0 + e−1 ⊗ e1) ,

¨²¨ ¢ Ö¢´μ³ ¢¨¤¥

T2 =
1√
2

⎛
⎝ 1 i 0

i −1 0
0 0 0

⎞
⎠, T1 =

1√
2

⎛
⎝ 0 0 −1

0 0 −i
−1 −i 0

⎞
⎠,

T−2 =
1√
2

⎛
⎝ 1 −i 0

−i −1 0
0 0 0

⎞
⎠, T−1 =

1√
2

⎛
⎝ 0 0 1

0 0 −i
1 −i 0

⎞
⎠,
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T0 =
1√
3

⎛
⎝ −1 0 0

0 −1 0
0 0 2

⎞
⎠.


 §¨¸´Ò¥ ¸μ¸ÉμÖ´¨Ö Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ μ·Éμ£μ´ ²Ó´Ò³ Ê¸²μ¢¨Ö³:

tr (TATB) = 2ηAB, tr (TAJα) = 0, tr (JαJβ) = 2ηαβ .

“¸²μ¢¨Ö ¶μ²´μÉÒ ¨³¥ÕÉ ¢¨¤

1
10

∑
A

(TA)il(TA)km + (I0)il(I0)km =
1
4

(δimδlk + δilδmk) .

�²£¥¡·  ±μ³³ÊÉ Éμ·μ¢ ¨  ´É¨±μ³³ÊÉ Éμ·μ¢ É ±μ¢ :

[TA,TB]+ =
4√
3

ηABI0 +
2√
3

d
(2)
ABC TC , (202)

[TA,TB]− = c
(2)
ABγJγ , (203)

[Jα, Jβ ]+ =
4√
3

ηαβ I0 + d
(1)
αβC TC , (204)

[Jα, Jβ ]− = c
(1)
αβγJγ , (205)

[Jα,TB]+ = d
(1)
αγBJγ , (206)

[Jα,TB]− = c
(2)
BDαTD. (207)

ŠμÔËË¨Í¨¥´ÉÒ c
(1)
αβγ ¶μ²´μ¸ÉÓÕ  ´É¨¸¨³³¥É·¨Î´Ò ¸ ´μ·³¨·μ¢±μ°

c
(1)
−+0 = 1.

ŠμÔËË¨Í¨¥´ÉÒ d
(1)
αβC , d

(2)
ABC ¨ c

(2)
ABγ ¶·¨¢¥¤¥´Ò ¢ É ¡². 1Ä3.

’ ¡²¨Í  1. ŠμÔËË¨Í¨¥´ÉÒ d
(1)
αβC

α Ä1 Ä1 Ä1 0 0 0 1 1 1
β 1 0 Ä1 1 0 Ä1 1 0 Ä1
C 0 1 2 Ä1 0 1 Ä2 Ä1 0

d
(1)
αβC −1/

√
3 1 −

√
2 1 −2/

√
3 1 −

√
2 1 −1/

√
3

�É³¥É¨³, ÎÉμ

d
(1)
αβA = (TA)ij

ei
αej

β.
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’ ¡²¨Í  2. ŠμÔËË¨Í¨¥´ÉÒ c
(2)
ABγ

A Ä2 Ä2 Ä1 Ä1 Ä1 0 0 1 1 1 2 2
B 2 1 2 1 0 1 Ä1 0 Ä1 Ä2 Ä1 Ä2
γ 0 1 Ä1 0 1 Ä1 1 Ä1 0 1 Ä1 0

c
(2)
ABγ Ä2 −

√
2 −

√
2 1 −

√
3 −

√
3

√
3

√
3 Ä1

√
2

√
2 2

‡ ³¥É¨³, ÎÉμ ±μÔËË¨Í¨¥´ÉÒ c
(2)
ABγ μ¶·¥¤¥²ÖÕÉ¸Ö 5-³¥·´Ò³¨ £¥´¥· Éμ-

· ³¨ ¶·¥¤¸É ¢²¥´¨Ö SO(3), ¶·¨¢¥¤¥´´Ò³¨ ´¨¦¥:

c
(2)
ABγ = i(Jγ)AB. (208)

’ ¡²¨Í  3. ŠμÔËË¨Í¨¥´ÉÒ d
(2)
ABC

A B C d
(2)
ABC

−2 2 0 −1
−2 1 1

√
3/2

−2 0 2 −1

−1 2 −1
√

3/2
−1 1 0 −1/2
−1 0 1 −1/2
−1 −1 2

√
3/2

A B C d
(2)
ABC

1 1 −2
√

3/2
1 0 −1 −1/2
1 −1 0 −1/2
1 −2 1

√
3/2

2 0 −2 −1
2 −1 −1

√
3/2

2 −2 0 −1

A B C d
(2)
ABC

0 2 −2 −1
0 1 −1 −1/2
0 0 0 1
0 −1 1 −1/2
0 −2 2 −1

‚ É¥±¸É¥ ¡Ò²¨ ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ £¥´¥· Éμ·Ò 5-³¥·´μ£μ ¶·¥¤¸É -
¢²¥´¨Ö O(3):

(
J+

)B

A
=

⎛
⎜⎜⎜⎜⎝

0
√

2 0 0 0
0 0 −

√
3 0 0

0 0 0 −
√

3 0
0 0 0 0

√
2

0 0 0 0 0

⎞
⎟⎟⎟⎟⎠ ,

(
J−)B

A
=

⎛
⎜⎜⎜⎜⎝

0 0 0 0 0
−
√

2 0 0 0 0
0

√
3 0 0 0

0 0
√

3 0 0
0 0 0 −

√
2 0

⎞
⎟⎟⎟⎟⎠ ,
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(
J0

)B

A
=

⎛
⎜⎜⎜⎜⎝

2 0 0 0 0
0 1 0 0 0
0 0 0 0 0
0 0 0 −1 0
0 0 0 0 −2

⎞
⎟⎟⎟⎟⎠ .

„¥± ·Éμ¢Ò ±μ³¶μ´¥´ÉÒ
(
Ji
)B

A
:= ηαβei

α (Jβ)B
A Ê¤μ¢²¥É¢μ·ÖÕÉ SO(3)- ²£¥¡·¥:

[Ja,Jb] = iεabcJc (209)

¨ £¥´¥·¨·ÊÕÉ ±μ´¥Î´Ò¥ ¢· Ð¥´¨Ö ¢ 5-³¥·´μ³ ¶·μ¸É· ´¸É¢¥ ¸ ¶μ³μÐÓÕ μ¶¥-
· Éμ· 

D(ψ, θ, φ) = e−iψJ3 e−iθJ1 e−iφJ3 . (210)

�·¨²μ¦¥´¨¥ ‚

”��Œ“‹› ��ˆ‚…„…�ˆŸ Š ƒ‹�‚�›Œ �‘ŸŒ

Š ´μ´¨Î¥¸±μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ± ¤¨ £μ´ ²Ó´Ò³ ¨ Ê£²μ¢Ò³ ¶¥·¥³¥´-
´Ò³. �Ê¸ÉÓ ·¥ ²Ó´Ò° ¸¨³³¥É·¨Î¥¸±¨° É¥´§μ· Sij = Sji ¶·¨¢¥¤¥´ ± £² ¢´Ò³
μ¸Ö³ ¸¨³³¥É·¨¨

S = RT (χ) diag ||φ1, φ2, φ3 ||R(χ) (211)

μ·Éμ£μ´ ²Ó´μ° ³ É·¨Í¥° R ∈ SO(3), ¶ · ³¥É·¨§μ¢ ´´μ° Ê£² ³¨ �°²¥· 
χ1, χ2, χ3. � ¸¸³μÉ·¨³ (211) ± ± ÉμÎ¥Î´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ μÉ Ï¥¸É¨ ´¥§ -
¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ Sij , i < j, ± ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³ φ1, φ2, φ3 ³ É·¨ÍÒ
S ¨ Ê£² ³ χ1, χ2, χ3. ‚Ò· ¦¥´¨Ö ¤²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ± ´μ´¨Î¥¸±¨ ¸μ¶·Ö-
¦¥´´ÒÌ ¨³¶Ê²Ó¸μ¢ π1, π2, π3 ¨ pχ1 , pχ2 , pχ3 ´ Ìμ¤¨³ ¸ ¶μ³μÐÓÕ ¶·μ¨§¢μ¤Ö-
Ð¥° ËÊ´±Í¨¨

F3(P, φ, χ) =
∫

d3x tr [P S(χ, φ)] . (212)

‚ ·¥§Ê²ÓÉ É¥ ¨³¶Ê²Ó¸ ³ É·¨Î´μ£μ ¶μ²Ö Pij ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ ¸²¥¤Ê-
ÕÐ¥° Ê¤μ¡´μ° ¤²Ö · ¸Î¥Éμ¢ ³ É·¨Î´μ° Ëμ·³¥:

P (x) = RT (x)

(
3∑

s=1

πs(x)αs +
3∑

s=1

Ps(x)αs

)
R(x). (213)

‚ (213) ¢¢¥¤¥´μ μ¡μ§´ Î¥´¨¥

Pi(x) = −1
2

ξi(x)
φj(x) − φk(x)

(Í¨±²¨Î¥¸±¨¥ ¶¥·¥¸É ´μ¢±¨ i = j = k) (214)



846 •‚…„…‹ˆ„‡… �.Œ.

¨ ¨¸¶μ²Ó§μ¢ ´ μ·Éμ£μ´ ²Ó´Ò° ¡ §¨¸ αA = (αi, αi) · §²μ¦¥´¨Ö ¸¨³³¥É·¨Î¥-
¸±¨Ì ³ É·¨Í ¸²¥¤ÊÕÐ¥£μ ¢¨¤ :

α1 =

⎛
⎝ 1 0 0

0 0 0
0 0 0

⎞
⎠ , α2 =

⎛
⎝ 0 0 0

0 1 0
0 0 0

⎞
⎠ , α3 =

⎛
⎝ 0 0 0

0 0 0
0 0 1

⎞
⎠ ,

α1 =

⎛
⎝ 0 0 0

0 0 1
0 1 0

⎞
⎠ , α2 =

⎛
⎝ 0 0 1

0 0 0
1 0 0

⎞
⎠ , α3 =

⎛
⎝ 0 1 0

1 0 0
0 0 0

⎞
⎠ .

Œ É·¨ÍÒ αA Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Ö³ μ·Éμ´μ·³ ²Ó´μ¸É¨:

tr (αiαj) = δij , tr (αiαj) = 2δij , tr (αiαj) = 0. (215)

‚¥²¨Î¨´Ò ξi ¢ (214) ¸μμÉ¢¥É¸É¢ÊÕÉ ¶· ¢μ¨´¢ ·¨ ´É´Ò³ ¢¥±Éμ·´Ò³ ¶μ-
²Ö³ ´  £·Ê¶¶¥ SO(3). ‚ É¥·³¨´ Ì ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ, Ê£²μ¢ χi ¨
¸μ¶·Ö¦¥´´ÒÌ ¨³ ¨³¶Ê²Ó¸μ¢ pχi , ¨³¥¥³

ξR
1 = − sinχ1 cotχ2 pχ1 + cosχ1 pχ2 +

sin χ1

sin χ2
pχ3 , (216)

ξR
2 = cosχ1 cotχ2 pχ1 + sinχ1 pχ2 −

cosχ1

sinχ2
pχ3 , (217)

ξR
3 = pχ1 . (218)

Œ £´¨É´μ¥ ¶μ²¥ ¢ É¥·³¨´ Ì ¤¨ £μ´ ²Ó´ÒÌ ¨ Ê£²μ¢ÒÌ ¶¥·¥³¥´´ÒÌ. �¥-
·¥Ìμ¤ ± £² ¢´Ò³ μ¸Ö³ (211) ¸¨³³¥É·¨Î¥¸±μ£μ ¶μ²Ö S ¸μμÉ¢¥É¸É¢Ê¥É ¢Ò¡μ·Ê
´¥£μ²μ´μ³´μ£μ ¡ §¨¸ 

S =
3∑

a=1

ea φa ωa, (219)

¢ ±μÉμ·μ³ 1-Ëμ·³Ò ωi

ωi := Rij (χ(x)) dxj , i = 1, 2, 3, (220)

¨ ¡ §¨¸´Ò¥ Ô²¥³¥´ÉÒ ea  ²£¥¡·Ò su(2)

ea := Rab(χ(x)) τb, a = 1, 2, 3, (221)

μ¶·¥¤¥²¥´Ò ¢ É¥·³¨´ Ì μ·Éμ£μ´ ²Ó´μ° ³ É·¨ÍÒ Rij , ¶·¨¢μ¤ÖÐ¥° S ± ¤¨ £μ-
´ ²Ó´μ³Ê ¢¨¤Ê. ‚¥±Éμ·´Ò¥ ¶μ²Ö Xi := Rij ∂j , ¤Ê ²Ó´Ò¥ ± 1-Ëμ·³ ³ (220)
ωi(Xj) = δij , ¤¥°¸É¢ÊÖ ´  Ô²¥³¥´ÉÒ ¡ §¨¸  ea

Xi ea = −Γbia eb, (222)
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μ¶·¥¤¥²ÖÕÉ 1-Ëμ·³Ê ¸¢Ö§´μ¸É¨ Γ

Γaib :=
(
XiR RT

)
ab

. (223)

‚ ¡ §¨¸¥ (219) ¤²Ö ±μ³¶μ´¥´É 2-Ëμ·³Ò ±·¨¢¨§´Ò F (3) = dS + S ∧ S ¨³¥¥³

F
(3)
aij = δaj Xi φj−δai Xj φi+φi Γaji−φj Γaij+Γa[ij] φa+gεaij φi φj (´¥É ¸Ê³.).

‘ ¶μ³μÐÓÕ ÔÉ¨Ì Ëμ·³Ê² ´ Ìμ¤¨³ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ¸¨³³¥É·¨Î¥¸±μ°

B(+) = RT (χ)
3∑

i=1

(βiαi + biαi)R(χ) (224)

¨  ´É¨¸¨³³¥É·¨Î¥¸±μ°

B(−)
a =

1
2
RT

ai (Xi(φj + φk) + (φj − φi)Γijj + (φk − φi)Γikk) (225)

Î ¸É¥° ·¥¤ÊÍ¨·μ¢ ´´μ£μ Ì·μ³μ³ £´¨É´μ£μ ¶μ²Ö, £¤¥

βi = gφjφk − (φi − φj)Γikj + (φi − φk)Γijk, (226)

2 bi = Xi(φj − φk) − (φi − φj)Γijj + (φi − φk)Γikk. (227)
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