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INTEGRABLE STRING MODELS OF WZNW MODEL
TYPE WITH CONSTANT SU(2), SO(3), SP (2), AND
SU(3) TORSION AND HYDRODYNAMIC CHAINS

V. D.Gershun∗

Akhiezer Institute for Theoretical Physics, National Science Center

®Kharkov Institute of Physics and Technology¯, Kharkov, Ukraine

The integrability of string model of WZNW model type with constant SU(2), SO(3), SP (2)
torsion is investigated. The closed boson string model in the background gravity and antisymmetric
B-ˇeld is considered as integrable system in terms of initial chiral currents. The model is considered
under assumption that internal torsion related with metric of RiemannÄCartan space and external
torsion related with antisymmetric B-ˇeld (anti)coincide. New equation of motion and exact solution
of this equation were obtained for string model with constant SU(2), SO(3), SP (2) torsion. New
equations of motion and new Poisson brackets (PB) for inˇnite dimensional hydrodynamic chains
were obtained for string model with constant SU(n), SO(n), SP (n) torsion for n → ∞.

PACS: 02.20.Sv; 11.30.Rd; 11.40.-q; 21.60.Fw

INTRODUCTION

The closed string model in the background gravity gab(φ) and antisymmetric
ˇelds Bab(φ) in the conformal gαβ = eφ ηαβ and light-cone gauge is describe by
the Lagrangian

L =
1
2

2π∫
0

[√
−ggαβgab(φ)

∂φa

∂xα

∂φb

∂xβ
+ εαβBab

∂φa

∂xα

∂φb

∂xβ

]
dx.

Here gab(φ(t, x)) is the metric tensor of curve n-dimensional space φa(x +
2π) = φa(x), (a, b = 1, 2, . . . , n), gab(φ) = gba(φ), Bab(φ) = −Bba(φ), gμν is
the metric tensor of �at space, tangent space to curve space in point φ(t, x) and
μ, ν = 1, 2, . . . , n. Both metrics can have the arbitrary signature. gαβ(t, x) Å
metric tensor of curve 2D space, (α, β = 0, 1). In the repers formalism gab(φ) =
eμ

a(φ)eν
b (φ)gμν . In the conformal gauge gαβ = eθ(t,x) ηαβ Lagrangian does not
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depend on the ˇeld θ(t, x). Let us introduce new variables to obtain the ˇrst-order
equation instead of the second-order one

Jμ
0 (φ) = ea

μ(φ)[pa − Bab(φ)φ
′b], Jμ

1 (φ) = eμ
aφ

′a.

Here canonical momentum is

pa(t, x) = gab(φ)φ̇b + Babφ
′b, φ̇a =

∂φa

∂t
, φ

′a =
∂φa

∂x
.

Equations of motion in new variables are

∂0J
μ
1 − ∂1J

μ
0 = Cμ

νλ(φ)Jν
0 Jλ

1 , ∂0J
μ
0 − ∂1J

μ
1 = −Hμ

νλ(φ)Jν
0 Jλ

1 . (1)

Here Cμνλ is the torsion:

Cμ
νλ =

∂eμ
a

∂xb
(eb

νea
λ − ea

νeb
λ), Habc =

∂Bab

∂φc
+

∂Bca

∂φb
+

∂Bbc

∂φa
. (2)

The function Habc is total antisymmetric function on a, b, c. Let us consider
commutation relation function Jμ

α , α = 0, 1 on the phase space on the PB:

{Jμ
0 (x), Jν

0 (y)} = Cμν
λ (φ)Jλ

0 (x)δ(x − y) + Hμν
λ (φ)Jλ

1 (x)δ(x − y),

{Jμ
0 (x), Jν

1 (y)} = Cμν
λ (φ)Jλ

1 (x)δ(x − y) + gμν ∂

∂x
δ(x − y),

{Jμ
1 (x), Jν

1 (y)} = 0.

Let us introduce chiral variables:

Uμ = δμνJ0ν + Jμ
1 , V μ = δμνJ0ν − Jμ

1 .

The chiral variables satisfy the following relations under PB [1]:

{Uμ(x), Uν(y)} =
1
2
[(3Cμν

λ + Hμν
λ )Uλ − (Cμν

λ + Hμν
λ )V λ]×

× δ(x − y) + δμν ∂

∂x
δ(x − y),

{V μ(x), V ν(y)} =
1
2
[(3Cμν

λ − Hμν
λ )V λ − (Cμν

λ − Hμν
λ )Uλ]×

× δ(x − y) − δμν ∂

∂x
δ(x − y),

{Uμ(x), V ν(y)} =
1
2
[(Cμν

λ + Hμν
λ )Uλ + +(Cμν

λ − Hμν
λ )V λ]δ(x − y).

Here function Hμνλ(φ) is additional external torsion. These PBs form algebra if:
1) Cμν

λ = 0, Hμν
λ = 0 and functions Uμ(x) are Abelian currents; 2) Cμν

λ , Hμν
λ
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are structure constants fμν
λ of Lie algebra, and the functions Uμ(x) are chiral

currents. Here are two possibilities to simplify this algebra:

1) Hμν
λ = −Cμν

λ ,

{V μ(x), V ν(y)} = Cμν
λ (2V λ − Uλ)δ(x − y) − δμν ∂

∂x
δ(x − y),

{Uμ(x), V ν(y)} = Cμν
λ V λδ(x − y),

{Uμ(x), Uν(y)} = Cμν
λ Uλδ(x − y) + δμν ∂

∂x
δ(x − y),

(3)
2) Hμν

λ = Cμν
λ ,

{Uμ(x), Uν(y)} = Cμν
λ (2Uλ − V λ)δ(x − y) + δab ∂

∂x
δ(x − y),

{V μ(x), V ν(y)} = Cμν
λ V λ − δμν ∂

∂x
δ(x − y),

{Uμ(x), V ν(y)} = Cμν
λ Uλδ(x − y).

The chiral currents Uμ in the ˇrst case and V μ in the second case form KacÄ
Moody algebras. The chiral currents Uμ(x) are generators of translation on the
curve space

δφa(x) = {φa(x), cμUμ(x)} = cμea
μ(φ) = ca(φ).

Simultaneously, they are generators of group transformations with structure con-
stant Cμν

λ in the tangent space.

1. INTEGRABLE STRING MODEL WITH CONSTANT TORSION

To construct integrable system we must have hierarchy of Hamiltonians and
ˇnd hierarchy of PB brackets. This way is more simple if the dynamical system
has some group structure. Let torsion Ca

bc(φ)) �= 0 and Cabc are structure con-
stants of the Lie algebra. In bi-Hamiltonian approach to integrable string models
with constant torsion [2Ä5] we have considered the conserved primitive chiral
currents Cn(U(x)), as local ˇelds of the Riemann manifold. The primitive and
nonprimitive local charges of invariant chiral currents form the hierarchy of new
Hamiltonians. The primitive invariant currents are densities of Casimir opera-
tors. The nonprimitive currents are functions of primitive currents. Commutation
relations show that currents Uμ form closed algebra. Therefore, we will con-
sider PB of right chiral currents Uμ and Hamiltonians constructed only of right
currents. The constant torsion does not contribute to equation of motion, but it
gives possibility to introduce group structure and to introduce symmetric structure
constant.
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Let ta are the generators SU(n), SO(n), SP (n) Lie algebras:

[tμ, tν ] = 2ifμνλtλ, μ = 1, . . . , n2 − 1. (4)

There is additional relation for generators Lie algebra in deˇning matrix represen-
tation. There is the following relation for symmetric double product generators
of SU(n) algebra:

{tμ, tν} =
4
n

δμν + 2dμνλtλ. (5)

Here dμνλ is the total symmetric structure constant tensor. The similar relation
for total symmetric triple product of SO(n) and SP (n) algebras has form:

t(μtνtλ) = vρ
μνλ tρ. (6)

Here vρμνλ is the total symmetric structure constant tensor. The invariant chiral
currents for SU(n) group can be constructed as a product of invariant symmetric
tensors and initial chiral currents Uμ:

d(μ1···μn) = dk1
(μ1μ2

dk2
μ3k1

· · · dkn−3

μm−1μM ), dμ1μ2 = δμ1μ2 ,
(7)

Cn(U(x)) = d(μ1···μn)Uμ1Uμ2 · · ·Uμn , C2 = δμνUμUν .

The invariant chiral currents for SO(n), SP (n) group can be constructed as a
product of invariant symmetric constant tensor and initial chiral currents:

v(μ1···μ2n) = vν1
(μ1μ2μ3

vν1ν2
μ4μ5

· · · vν2n−3μ2n−2μ2n−1μ2n), vμ1μ2 = δμ1μ2 ,
(8)

C2n = vμ1···μ2nUμ1 · · ·Uμ2n , C2 = δμ1μ2U
μ1Uμ2 .

The invariant chiral currents for SU(2), SO(3), SP (2) have the form: C2n =
(C2)n. Another family of the invariant symmetric currents Jn, based on the
invariant symmetric chiral currents on simple Lie groups, is realized as symmetric
trace of n-product chiral currents U(x) = tμUμ, μ = 1, . . . , n2 − 1:

Jn = Sym Tr (U . . . U). (9)

These invariant currents are polynomials of product basic chiral currents Ck, k =
2, 3, . . . , k. The commutation relations for chiral curents have the form:

{Cm(x), Cn(y)} = Wmn(y)
∂

∂y
δ(y − x) − Wnm(x)

∂

∂x
δ(x − y).

Hamiltonian function Wmn(x) for ˇnite dimensional SU(n), SO(n), SP (n)
group has the form:

Wmn(x) =
n − 1

m + n − 2

∑
k

akCm+n−2,k(x),
∑
k=0

ak = mn. (10)
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Here the invariant total symmetric currents Cn,k, k = 1, 2 . . . are new cur-
rents, which are polynomials of product basic invariant currents Cn1Cn2 · · ·Cnn ,
n1 + . . . + nn = n. They can be obtained by the calculation of the total sym-
metric currents Jn using the different replacements of the double product (5) for
the SU(n) group and of the triple product (6) for the SO(n), SP (n) groups in
the expressions for the invariant currents Jn. This PB can be rewritten as PB of
hydrodynamic type

{Cm(x), Cn(y)} = − n − 1
m + n − 2

∂

∂x

∑
k

Cm+n−2,k(x)δ(x − y)−

−
∑

k

Cm+n−2,k(x)
∂

∂x
δ(x − y).

Here are only l = n − 1 primitive invariant tensors for SU(n) algebra, l =
(n − 1)/2 for SO(n) algebra and l = n/2 for SP (n) algebra. Higher invariant
currents Cn for n � l + 1 are nonprimitive currents and they are polynomials
of primitive currents. The corresponding nonprimitive chiral currents Å the
charges Å are not Casimir operators. The expressions for these polynomials [4]
are obtained from the generating function

det (1 − λtμUμ) = exp [Tr (ln (1 − λU))] = exp

(
−

∞∑
n=2

λn

n
Jn

)
.

2. EQUATION OF MOTION FOR SU(2), SO(3), SP (2) TORSION

Here is one primitive invariant tensor on SU(2), SO(3), SP (2) algebras. The
invariant nonprimitive tensors for n � 2 are functions of primitive tensor. Let us
introduce the local chiral currents based on the invariant symmetric polynomials
on SU(2), SO(3), SP (2) Lie group:

C2(U) = δabU
aU b, C2n(U) = (δabU

aU b)n, n = 1, 2, . . .

{C2(x), C2(y)} = 2[C2(y)∂yδ(y − x) − C2(x)∂xδ(x − y)].

We will consider C2(x) as a local ˇeld on the Riemann space of chiral currents.
As Hamiltonians we choose functions

Hn =
1

2(n + 1)

2π∫
0

Cn+1
2 (y) dy. (11)

The equation of motion for density of the ˇrst Casimir operator has the form:

∂C2

∂tn
+ (2n + 1)(C2)n C2

∂x
= 0. (12)
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The equation for currents Cn
2 is the following:

∂Cn
2

∂τn
+ (C2)n Cn

2

∂x
= 0, τn = (2n + 1)tn.

This equation is the inviscid Burgers equation. The solution of the last equation
is deˇned by the Lambert function:

Cn
2 =

1
iτn

W (iτn ea+ix).

Consequently solution for the ˇrst Casimir operator is

C2(tn, x) =
[

1
i(2n + 1)tn

W (i(2n + 1)tn ea+ix)
]1/n

. (13)

The equation of motion for initial chiral current Uμ is deˇned by PB (3) and
Hamiltonian (11):

∂Uμ

∂tn
= ∂x[Uμ(UU)n], μ = 1, 2, 3. (14)

It is possible to rewrite this equation as a linear nonhomogeneous equation using
solution (13), which diagonalizes Eq. (12):

∂zμ

∂tn
= ∂xzμ + ∂xf(tn, x), zμ = lnUμ, f = Cn

2 .

3. EQUATION OF MOTION FOR SU(3) TORSION

The invariant chiral currents C2(U), C3(U) form closed system. The non-
primitive currents have the form:

C2n = Cn
2 , C2n+1 = Cn−1

2 C3.

The algebra of corresponding charges is not Abelian, but charges C2n form in-
variant subalgebra. The currents C2 and C3 are local coordinates on the Riemann
space, and invariant currents C2n are densities of Hamiltonians. Equation of
motion for C3 is the following:

∂C3(x)
∂tn

= −2Cn
2 ∂xC3 − 6C3∂xCn

2 .

In terms of variables g = ln C3, f = Cn
2 it is a linear equation

∂g

∂n
+ 2f∂xg + 6∂xf = 0.
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4. INFINITE DIMENSIONAL HYDRODYNAMIC CHAIN

In the case, if dimension of matrix representation n is not ended, all the
chiral currents are primitive currents. The algebra of PB for chiral currents has
the form:

{Cm(x), Cn(y)} = Wmn(y)
∂

∂y
δ(y − x) − Wnm(x)

∂

∂x
δ(x − y),

Wmn(x) =
mn(n − 1)
m + n − 2

Cm+n−2(x).

This PB satisˇes the skew-symmetric condition and Jacobi identity impose con-
ditions on the Hamiltonian function Wmn(x):

(Wkp + Wpk)
∂

∂Ck
Wmn = (Wkm + Wmk)

∂

∂Ck
Wpn,

∂

∂x
Wkp

∂

∂Ck
Wnm =

∂

∂x
Wkm

∂

∂Ck
Wnp.

The Jacobi identity satisˇes metric tensor Wmn(U) for m = p from compatibility
condition Kronekers δm+n−2,k and δp+n−2,k. This PB can be rewritten as PB of
hydrodynamic type and describe the hydrodynamic chain (see [6,7] and references
therein):

{Cm(x), Cn(y)} = −mn(n − 1)
m + n − 2

∂

∂x
Cm+n−2(x)δ(x − y)−

− mnCm+n−2(x)
∂

∂x
δ(x − y).

The algebra of charges
2π∫
0

Cn(x)dx is Abelian algebra. Let us choose as Hamil-

tonians the Casimir operators Cn:

Hn =
1
n

2π∫
0

Cn(x)dx, n = 2, 3 . . . (15)

The equations of motion for densities of Casimir operators are the following:

∂Cm(x)
∂tn

=
1
n

2π∫
0

Wmn(y) ∂yδ(y − x) dy−

− 1
n

2π∫
0

Wnm(x) ∂xδ(x − y) dy =
m(n − 1)
m + n − 2

∂xCm+n−2. (16)
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We can construct equations of motion for initial chiral currents Uμ using �at
PB (3) and Hamiltonians Hn (11), where Cn(x) are deˇned by (7) for SU(∞)
group:

∂Uμ(x)
∂tn

=
1
n

2π∫
0

dy{Uμ(x), Cn(y)}0,

(17)
∂Uμ(x)

∂tn
= ∂x(dk1

μ1μ2
dk2

k1μ3
· · · dkn−3

μn−1μUμ1(x) · · ·Uμn−1(x)).

As an example we consider n = 3:

∂Uμ

∂t3
= ∂x(dμνλUνUλ).

This system is bi-Hamiltonian with Hamiltonian C2 and metric tensor Wμν =
dμνλUλ. The Jacobi identity is satisˇed by the equation

dμνλdρσφ + dμνσdμλφ + dμνφdμλσ = 0

for n → ∞. By similar manner, we can obtain equation of motion for chiral
currents of SO(n), SP (n):

∂Uμ(x)

∂tn
= ∂x(vk1

μ1μ2μ3
· · · vk2n−3

μ2n−2μ2n−1μUμ1 · · ·Uμ2n−1). (18)

As an example we consider n = 4:

∂Uμ

∂t4
= ∂x(vμνλρUνUλUρ).

CONCLUSIONS

We obtained hydrodynamic PBs and hydrodynamic equations for invariant
chiral currents and initial canonical currents of string model in the background
gravity and antisymmetric ˇelds. We obtained bi-Hamiltonian system in sugges-
tion, that internal torsion, related with metric of string coordinates, and external
torsion, related with antisymmetric ˇelds, (anti)coincide. The equations of mo-
tion are obtained for string with constant SU(2), SO(3), SP (n) torsion and for
inˇnite hydrodynamic chains.
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