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FLUXBRANE AND S-BRANE SOLUTIONS RELATED
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We overview composite �uxbrane and special S-brane solutions for a wide class of intersection
rules related to semisimple Lie algebras. These solutions are deˇned on a product manifold R∗ ×
M1 × . . .×Mn which contains n Ricci-�at spaces M1, . . . , Mn with one-dimensional R∗ and M1.
They are governed by a set of moduli functions Hs, which have polynomial structure. The powers
of polynomials coincide with the components of the dual Weyl vector in the basis of simple coroots.
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INTRODUCTION

In this paper we overview �uxbrane and special S-brane solutions related to
semisimple ˇnite-dimensional (FD) Lie algebras [1,2]. These solutions contain a
subclass of (partially) supersymmetric solutions related to Lie algebras A1⊕ . . .⊕
A1 (at least for Mi = Rdi). The solutions are governed by functions Hs(z) > 0
deˇned on the interval (0, +∞) and obeying differential equations

d

dz

(
z

Hs

d

dz
Hs

)
=

1
4
Bs

∏
s′∈S

H
−Ass′
s′ (1)

with the boundary conditions imposed:

Hs(+0) = 1, (2)

s ∈ S (S is nonempty set). Here and in what follows all Bs > 0 are constants,
and (Ass′ ) is the Cartan matrix (Ass = 2) of some semisimple FD Lie algebra G.
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It was conjectured in [1] that Eqs. (1), (2) have polynomial solutions. For
semisimple Lie algebra the powers of polynomials coincide with the components
of the dual Weyl vector in the basis of simple coroots. In [1, 2] the polynomials
corresponding to Lie algebras A1⊕ . . .⊕A1, A2, C2, and G2 were presented. The
conjecture may be veriˇed for any classical simple Lie algebra using the program
from [3], where the polynomials corresponding to exceptional Lie algebras F4

and E6 were found as well.

1. ®FLUX-S-BRANE¯ SOLUTIONS

We consider a model governed by the action

S =
∫

dDx
√
|g|

{
R[g] − hαβgMN∂Mϕα∂Nϕβ −

∑
a∈�

θa

Na!
exp [2λa(ϕ)](F a)2

}
,

(3)
where g = gMN (x) dxM ⊗ dxN is a metric, ϕ = (ϕα) ∈ Rl is a vector of scalar
ˇelds, (hαβ) is a constant symmetric nondegenerate l×l matrix (l ∈ N), θa = ±1,
F a = dAa is a Na-form (na � 1), λa is a 1-form on Rl: λa(ϕ) = λaαϕα, a ∈ �,
α = 1, . . . , l. Here � is some ˇnite set.

Let us consider a family of exact solutions to ˇeld equations corresponding
to the action (3) and depending on one variable ρ. These solutions are deˇned
on the manifold

M = (0, +∞) × M1 × M2 × . . . × Mn, (4)

where M1 is one-dimensional manifold. The solutions read [2]

g =

(∏
s∈S

H2hsd(Is)/(D−2)
s

){
wdρ ⊗ dρ +

(∏
s∈S

H−2hs
s

)
ρ2g1 +

+
n∑

i=2

(∏
s∈S

H
−2hsδiIs
s

)
gi

}
, (5)

exp (ϕα) =
∏
s∈S

H
hsχsλα

as
s , (6)

F a =
∑
s∈Se

(−Qs)

( ∏
s′∈S

H
−Ass′
s′

)
ρdρ ∧ τ(Is) +

∑
s∈Sm

Qsτ(Īs). (7)

Functions Hs(z) > 0, z = ρ2 obey Eq. (1) with boundary conditions (2).
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In Eq. (5), gi = gi
mini

(yi) dymi

i ⊗ dyni

i is a Ricci-�at metric on Mi, i =
1, . . . , n,

δiI =
∑
j∈I

δij is the indicator of i belonging to I: δiI = 1 for i ∈ I and δiI = 0

otherwise.
By deˇnition the brane set S is the union of two sets:

S = Se ∪ Sm, Sv = ∪a∈�{a} × {v} × Ωa,v, (8)

v = e, m and Ωa,e, Ωa,m ⊂ Ω, where Ω = Ω(n) is the set of all nonempty
subsets of {1, . . . , n}. Any brane index s ∈ S has the form s = (as, vs, Is),
where as ∈ � is color index, vs = e, m is electro-magnetic index and the set
Is ∈ Ωas,vs describes the location of brane worldvolume.

The sets Se and Sm deˇne electric and magnetic branes, correspondingly.
In Eq. (6), χs = +1,−1 for s ∈ Se, Sm, respectively. In Eq. (7), Ī ≡ I0 \ I ,
I0 = {1, . . . , n}.

All manifolds Mi are assumed to be oriented and connected and the volume

di-forms τi ≡
√
|gi(yi)| dy1

i ∧ . . . ∧ dydi

i , and parameters ε(i) ≡ sign (det ×
× (gi

mini
)) = ±1 are well-deˇned for all i = 1, . . . , n. Here di = dim Mi,

i = 1, . . . , n, D = 1 +
n∑

i=1

di. For any I = {i1, . . . , ik} ∈ Ω, i1 < . . . < ik, we

denote τ(I) ≡ τi1 ∧ . . . ∧ τik
, d(I) ≡ dimM(I) =

∑
i∈I

di, ε(I) ≡ ε(i1) . . . ε(ik).

The parameters hs appearing in the solution satisfy the relations hs = K−1
s ,

Ks = Bss, where

Bss′ ≡ d(Is ∩ Is′ ) +
d(Is)d(Is′ )

2 − D
+ χsχs′λasαλas′βhαβ, (9)

s, s′ ∈ S, with (hαβ) = (hαβ)−1. In Eq. (6), λα
as

= hαβλasβ . Here we assume
that: (i)Bss �= 0, for all s ∈ S, and (ii) det (Bss′ ) �= 0, i.e., the matrix (Bss′ ) is
a nondegenerate one. In Eqs. (1) and (7), we put

(Ass′ ) =
(

2Bss′

Bs′s′

)
. (10)

In Eq. (1), Bs = εsKsQ
2
s, s ∈ S, where εs =

(
− ε[g]

)(1−χs)/2
ε(Is)θas ,

s ∈ S, ε[g] ≡ signdet (gMN ).
The solutions presented above are valid if two restrictions on the sets of

branes are satisˇed, see [2].
For cylindrically symmetric case M1 = S1, g1 = dφ ⊗ dφ, 0 < φ < 2π,

and w = +1 we get a family of composite �uxbrane solutions from [1].
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2. POLYNOMIAL STRUCTURE OF Hs

In what follows we study the case εs > 0 and Ks > 0. In this case all Bs > 0.
Let us consider Eqs. (1) and (2) for the functions Hs(z) > 0, s ∈ S. We are

interested in analytical solutions of Eq. (1) in some disc |z| < L:

Hs(z) = 1 +
∞∑

k=1

P (k)
s zk, (11)

where P
(k)
s are constants, s ∈ S. The substitution of (11) into (1) gives an inˇnite

chain of relations on parameters P
(k)
s and Bs. The ˇrst relation in this chain

Ps ≡ P (1)
s =

1
4
Bs =

1
4
KsQ

2
s, (12)

s ∈ S, corresponds to z0-term in the decomposition of (1).
It may be shown that for analytic functions Hs(z), s ∈ S (11) (z = ρ2) the

metric (5) is regular at ρ = 0 for w = +1, i.e., in the �uxbrane case.
It was conjectured in [1] that there exist polynomial solutions to Eqs. (1), (2)

Hs = 1 +
ns∑

k=1

P (k)
s zk, (13)

where P
(k)
s are constants, k = 1, . . . , ns. Here P

(ns)
s �= 0 and

ns = 2
∑
s′∈S

Ass′
, s ∈ S. (14)

Integers ns are components of the so-called twice dual Weyl vector in the
basis of simple coroots. For the Lie algebra A1 we get H1 = 1 + Pz.

Special solutions. Let Ps = nsP , P > 0, s ∈ S. We get a special solution [1]

Hs = (1 + Pz)ns , (15)

s ∈ S, which is valid for any semisimple FD Lie algebra.

3. EXAMPLES

F6∩F3 �uxbrane solution related to Lie algebra A2. Let D = 11. F6∩F3
�uxbrane conˇguration with (nonstandard) A2 intersection rules is deˇned on the
manifold M = (0, +∞)×M1 ×M2 ×M3 ×M4, where d2 = 2, d3 = 5, d4 = 2.
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The solution reads [1]

g = H1/3
e H2/3

m

{
dρ ⊗ dρ + H−1

e H−1
m ρ2 dφ ⊗ dφ + H−1

e g2 + H−1
m g3 + g4

}
,

(16)

F = −QeH
−2
e Hmρd ρ ∧ dφ ∧ τ2 + Qmτ2 ∧ τ4, (17)

where metrics g2 and g3 are (Ricci-�at) metrics of Euclidean signature, g4 is the
(�at) metric of the signature (−, +) and

Hs = 1 + Psρ
2 +

1
4
P1P2ρ

4, (18)

where Ps = (1/2)Q2
s, s = e, m.

S0-brane solutions related to Lie algebras of rank 3. Now we consider
S0-brane solutions deˇned on the manifold M = (0, t0) × M1 × M2, where M1

is a one-dimensional manifold (say S1 or R) and M2 is a (D − 2)-dimensional
Ricci-�at manifold, m = 3. Using (15) we get Hs = Xns , where X = 1 + Pt,
P < 0. These solutions read

g = X2A
{
−dt ⊗ dt + X−2Bt2 dφ ⊗ dφ + g2

}
, (19)

exp (ϕα) = XB1λα
1 +B2λα

2 +B3λα
3 , (20)

F 1 = −Q1X
n2−2n1t dt ∧ dφ, F 2 = −Q2X

n1−2n2+k1n3t dt ∧ dφ, (21)

F 3 = −Q3X
k2n2−2n3t dt ∧ dφ, (22)

where

A =
B

D − 2
, B =

3∑
s=1

Bs, Bs = nsK
−1
s ,

k1 = (1, 2, 1), k2 = (1, 1, 2), for A3, B3 and C3, respectively.
These solutions contain intervals with accelerated expansion of M2-sub-

manifold.

CONCLUSIONS

Here we have done an overview of composite �uxbrane and S-brane solutions
related to semisimple FD Lie algebras. The solutions were deˇned on a product
of Ricci-�at manifolds Mi which may have nonzero (chiral) parallel spinors. An
open problem is to ˇnd the (fractional) numbers of unbroken supersymmetries
for certain supergravitational solutions for various semisimple FD Lie algebras,
e.g., to A1 ⊕ . . .⊕A1 (along a line as it was done in [4] for M -branes). Another
problem is to ˇnd explicit formulae for �uxbrane polynomials related to all simple
FD Lie algebras.
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