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�¡§μ· ¸μ¤¥·¦¨É μ¶¨¸ ´¨¥ ·¥§Ê²ÓÉ Éμ¢  ¢Éμ·  ¶μ ¶μ¸É·μ¥´¨Õ ·¨³ ´μ¢ÒÌ ³¥É·¨± ¸μ ¸¶¥-
Í¨ ²Ó´Ò³¨ £·Ê¶¶ ³¨ £μ²μ´μ³¨¨ ´  ´¥±μ³¶ ±É´ÒÌ ³´μ£μμ¡· §¨ÖÌ. „¥É ²Ó´μ μ¶¨¸Ò¢ ¥É¸Ö, ± ±
¸¢¥¸É¨ Ê¸²μ¢¨¥ ´  £·Ê¶¶Ê £μ²μ´μ³¨¨ ¡ÒÉÓ ¨¸±²ÕÎ¨É¥²Ó´μ° ± ¸¨¸É¥³¥ �„“. �¶¨¸ ´μ ¶μ¢¥¤¥´¨¥
É· ¥±Éμ·¨° ¨ ¸¶μ¸μ¡Ò · §·¥Ï¥´¨Ö μ¸μ¡¥´´μ¸É¥° ¤ ´´ÒÌ ¸¨¸É¥³, ¨§ÊÎ¥´Ò ±μ´±·¥É´Ò¥ ¶·¨³¥·Ò.
‚¢¥¤¥´¨¥ ¨ · §¤. 1 ¸μ¤¥·¦ É ´¥μ¡Ìμ¤¨³Ò¥ μ¶·¥¤¥²¥´¨Ö ¨ μ¡Ð¥¨§¢¥¸É´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ± ¸ ÕÐ¨¥¸Ö
£·Ê¶¶ £μ²μ´μ³¨¨. ‡ ±²ÕÎ¥´¨¥ ¸μ¤¥·¦¨É μ¶¨¸ ´¨¥ ¤·Ê£¨Ì ·¥§Ê²ÓÉ Éμ¢, ¶μ²ÊÎ¥´´ÒÌ ¡² £μ¤ ·Ö Éμ°
¦¥ É¥Ì´¨±¥, ¨ ³¨´¨³ ²Ó´Ò° μ¡§μ· ¶μ ²μ·¥´Í¥¢Ò³ £·Ê¶¶ ³ £μ²μ´μ³¨¨.

The survey contains a description of the author's results on constructing Riemannian metrics
with exceptional holonomies on noncompact manifolds. We give detailed description of how to
reduce a condition of the holonomy to be exceptional to a system of ODE. We describe a behavior
of the trajectories and the ways to resolve singularities of such systems, concrete examples were
studied. Introduction and Sec. 1 contain necessary deˇnitions and well-known facts about holonomies.
Conclusion contains a description of other results proved with help of the same technique and a
minimal survey on Lorentzian holonomies.

PACS: 02.20.-a; 02.40.Ky

‚‚…„…�ˆ…

�¡§μ· ¶μ¸¢ÖÐ¥´ ³¥Éμ¤ ³ ¶μ¸É·μ¥´¨Ö ¨ ¨¸¸²¥¤μ¢ ´¨Ö ³¥É·¨± ¸μ ¸¶¥Í¨-
 ²Ó´Ò³¨ £·Ê¶¶ ³¨ £μ²μ´μ³¨¨. � ³¨ ¡Ò²¨ ¨§ÊÎ¥´Ò μÉ¤¥²Ó´Ò¥ ¢μ¶·μ¸Ò ¸ÊÐ¥-
¸É¢μ¢ ´¨Ö ³¥É·¨± ¸ £·Ê¶¶ ³¨ £μ²μ´μ³¨¨ G2, Spin(7) ¨ SU(2n) ´  ±μ´Ê¸ Ì ´ ¤
´¥±μÉμ·Ò³¨ ®Ìμ·μÏ¨³¨¯ ³´μ£μμ¡· §¨Ö³¨. ‚ Î ¸É´μ¸É¨, ¡Ò²  ¶·μ¨´É¥£·¨·μ-
¢ ´  ¸¨¸É¥³ , Ô±¢¨¢ ²¥´É´ Ö ¸ÊÐ¥¸É¢μ¢ ´¨Õ ¶ · ²²¥²Ó´μ° G2-¸É·Ê±ÉÊ·Ò ´ 
±μ´Ê¸¥ ´ ¤ É¢¨¸Éμ·´Ò³ ¶·μ¸É· ´¸É¢μ³ ¸¥³¨³¥·´μ£μ 3-¸ ¸ ±¨¥¢  ³´μ£μμ¡· -
§¨Ö M, Î¥° ±¢ É¥·´¨μ´´μ-±Ô²¥·μ¢ μ·¡¨Ëμ²¤ μ¡² ¤ ¥É ±Ô²¥·μ¢μ° ¸É·Ê±ÉÊ·μ°,
¨ ¨§ÊÎ¥´Ò ±μ´±·¥É´Ò¥ ¶·¨³¥·Ò. ˆ§ÊÎ¥´μ ¶μ¢¥¤¥´¨¥ ·¥Ï¥´¨° ¸¶¥Í¨ ²Ó´μ£μ
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¢¨¤  (  ¨³¥´´μ  ¸¨³¶ÉμÉ¨Î¥¸±¨ ²μ± ²Ó´μ ±μ´¨Î¥¸±¨Ì) Ê ¸¨¸É¥³Ò, Ô±¢¨¢ -
²¥´É´μ° ¸ÊÐ¥¸É¢μ¢ ´¨Õ ¶ · ²²¥²Ó´μ° Spin(7)-¸É·Ê±ÉÊ·Ò ´  ±μ´Ê¸¥ ´ ¤ M;
´ °¤¥´μ μ¤´μ¶ · ³¥É·¨Î¥¸±μ¥ ¸¥³¥°¸É¢μ ³¥É·¨±, ®¸μ¥¤¨´ÖÕÐ¥¥¯ ¢μ¸Ó³¨³¥·-
´Ò¥ ³¥É·¨±¨ Š ² ¡¨, ¨§ÊÎ¥´  Éμ¶μ²μ£¨Ö ¶·μ¸É· ´¸É¢, ´  ±μÉμ·ÒÌ μ¶·¥¤¥²¥´Ò
´ °¤¥´´Ò¥ ³¥É·¨±¨. � °¤¥´´μ¥ ¸¥³¥°¸É¢μ μ¡μ¡Ð¥´μ ´  ¸²ÊÎ ° ¶·μ¨§¢μ²Ó´μ°
· §³¥·´μ¸É¨ ¢¨¤  4m, ¨§ÊÎ¥´  Éμ¶μ²μ£¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·μ¸É· ´¸É¢.

� ¶μ³´¨³ μ¸´μ¢´Ò¥ ¶μ´ÖÉ¨Ö ¨ μ¶·¥¤¥²¥´¨Ö. ƒ·Ê¶¶  £μ²μ´μ³¨¨ Å ÔÉμ
¨´¢ ·¨ ´É n-³¥·´μ£μ μ·¨¥´É¨·Ê¥³μ£μ ·¨³ ´μ¢  (¨²¨ ²μ·¥´Í¥¢ ) ³´μ£μμ¡· -
§¨Ö, Ö¢²ÖÕÐ¨°¸Ö £·Ê¶¶μ° ‹¨,   ¨³¥´´μ ¶μ¤£·Ê¶¶μ° ¢ SO(n) (¨²¨, ¸μμÉ¢¥É-
¸É¢¥´´μ, SO(1, n − 1)). ƒ·Ê¡μ £μ¢μ·Ö, £·Ê¶¶  £μ²μ´μ³¨¨ ¶μ·μ¦¤¥´  ¶ · ²-
²¥²Ó´Ò³¨ ¶¥·¥´μ¸ ³¨ (μÉ´μ¸¨É¥²Ó´μ ¸¢Ö§´μ¸É¨ ‹¥¢¨-—¨¢¨É ) ¢¤μ²Ó ¢¸¥¢μ§-
³μ¦´ÒÌ ¶¥É¥²Ó ¸ ´ Î ²μ³ ¨ ±μ´Íμ³ ¢ μÉ³¥Î¥´´μ° ÉμÎ±¥. …¸²¨ ¢¸¶μ³´¨ÉÓ,
ÎÉμ §´ Î¥´¨¥ É¥´§μ·  �¨³ ´  R(X, Y )Z Å ÔÉμ ¢¥±Éμ· W , ¶μ²ÊÎ ÕÐ¨°¸Ö
¨§ Z ¶ · ²²¥²Ó´Ò³ ¶¥·¥´μ¸μ³ ¢¤μ²Ó ¡¥¸±μ´¥Î´μ ³ ²μ£μ ¶ · ²²¥²μ£· ³³  ¸μ
¸Éμ·μ´ ³¨ X , Y , −X ¨ −Y , Éμ ¸¢Ö§Ó £μ²μ´μ³¨¨ ¨ ±·¨¢¨§´Ò ¶·μ¸É· ´¸É¢ 
¸É ´μ¢¨É¸Ö ¡μ²¥¥ ¶μ´ÖÉ´μ°. …¸²¨ ³´μ£μμ¡· §¨¥ ´¥μ¤´μ¸¢Ö§´μ, Éμ £·Ê¶¶  £μ-
²μ´μ³¨¨ Hol, ¶μ·μ¦¤¥´´ Ö ¢¸¥³¨ ¶¥É²Ö³¨, μÉ²¨Î ¥É¸Ö μÉ ¸Ê¦¥´´μ° £·Ê¶¶Ò
£μ²μ´μ³¨¨ Hol0, ¶μ·μ¦¤¥´´μ° Éμ²Ó±μ ¸ÉÖ£¨¢ ¥³Ò³¨ ¶¥É²Ö³¨. �μ ¶·¨ ÔÉμ³
¸ÊÐ¥¸É¢Ê¥É ¸Õ·Ñ¥±É¨¢´Ò° £μ³μ³μ·Ë¨§³ π1 → Hol/Hol0, ¨ Î Ð¥ ¢¸¥£μ ¨¸-
¸²¥¤ÊÕÉ μ¤´μ¸¢Ö§´Ò¥ ³´μ£μμ¡· §¨Ö, ±μ£¤  Hol = Hol0. ƒ·Ê¶¶Ê £μ²μ´μ³¨¨
³μ¦´μ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ μ¶·¥¤¥²¨ÉÓ ¨ ¢ ¡μ²¥¥ μ¡Ð¥³ ¸²ÊÎ ¥: ±μ£¤  · ¸-
¸³ É·¨¢ ¥É¸Ö ¶·μ¨§¢μ²Ó´μ¥ ¢¥±Éμ·´μ¥ · ¸¸²μ¥´¨¥ ¸μ ¸¢Ö§´μ¸ÉÓÕ; ³Ò ¤ ´´μ£μ
¢μ¶·μ¸  ´¨± ± ± ¸ ÉÓ¸Ö §¤¥¸Ó ´¥ ¡Ê¤¥³. ‚  ´£²μÖ§ÒÎ´μ° ²¨É¥· ÉÊ·¥ É¥·³¨´
®holonomy¯ ¢¸É·¥Î ¥É¸Ö §´ Î¨É¥²Ó´μ Î Ð¥, Î¥³ ®holonomy group¯ ¨²¨ ®group
of holonomy¯, ¶μÔÉμ³Ê ³Ò ´¥ ¡Ê¤¥³ · §²¨Î ÉÓ É¥·³¨´Ò ®£·Ê¶¶  £μ²μ´μ³¨¨¯
¨ ®£μ²μ´μ³¨Ö¯.

‚ 1955 £. 	¥·¦¥ ¤μ± § ² É¥μ·¥³Ê, ¢ ±μÉμ·μ° ¶¥·¥Î¨¸²¨² ¢¸¥ ¢μ§³μ¦´Ò¥
£·Ê¶¶Ò £μ²μ´μ³¨¨ ·¨³ ´μ¢  ³´μ£μμ¡· §¨Ö. ‘·¥¤¨ ÔÉμ£μ ¸¶¨¸±  ¢Ò¤¥²ÖÕÉ¸Ö
£·Ê¶¶Ò G2 ¨ Spin(7), ³¥É·¨±¨ ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ £·Ê¶¶ ³¨ ´ §Ò¢ ÕÉ¸Ö
¨¸±²ÕÎ¨É¥²Ó´Ò³¨ ¨²¨ Ô±§μÉ¨Î¥¸±¨³¨ (exceptional). „μ¸É ÉμÎ´μ ¤μ²£μ ¸ÉμÖ²
¢μ¶·μ¸ μ ±μ´±·¥É´ÒÌ ¶·¨³¥· Ì ³¥É·¨± ¸ ¤ ´´Ò³¨ £·Ê¶¶ ³¨ £μ²μ´μ³¨¨, É ±
± ± ¸¶¨¸μ± 	¥·¦¥ ¸μ¸ÉμÖ² Éμ²Ó±μ ¨§ ¢μ§³μ¦´ÒÌ ¶·¥É¥´¤¥´Éμ¢. ’¥μ·¥³  ¸ÊÐ¥-
¸É¢μ¢ ´¨Ö ±μ³¶ ±É´ÒÌ (μ¶·¥¤¥²¥´´ÒÌ ´  ±μ³¶ ±É´μ³ ³´μ£μμ¡· §¨¨) Ô±§μÉ¨-
Î¥¸±¨Ì ³¥É·¨± ¡Ò²  ¤μ± § ´  ¢ 1996 £. „¦μ°¸μ³ [27]. „μ± § É¥²Ó¸É¢μ ¤ ´´μ°
É¥μ·¥³Ò μ¸´μ¢ ´μ ´  ¤μ¢μ²Ó´μ Éμ´±μ³  ¶¶ · É¥ ¸¶¥Í¨ ²Ó´ÒÌ ¸μ¡μ²¥¢¸±¨Ì
¶·μ¸É· ´¸É¢, ´μ μ¶¨¸ ÉÓ ´ °¤¥´´Ò¥ ³¥É·¨±¨ ±μ´¸É·Ê±Í¨Ö „¦μ°¸  ´¥ ¶μ§¢μ-
²Ö¥É. Šμ¢ ²¥¢Ò³ ¡Ò² ¶μ¸É·μ¥´ ¶·¨³¥· ³¥É·¨± ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ G2 ´ 
¸¢Ö§´μ° ¸Ê³³¥ ¤¢ÊÌ ±μ³¶ ±É´ÒÌ ³´μ£μμ¡· §¨°, ¶·¨ ÔÉμ³ ¡Ò²  ¨¸¶μ²Ó§μ¢ ´ 
É¥μ·¥³  μ ¸±²¥°±¥ ·¥Ï¥´¨° Ô²²¨¶É¨Î¥¸±¨Ì Ê· ¢´¥´¨°. „ ´´ Ö É¥μ·¥³  É ±¦¥
μ¸´μ¢ ´  ´  μÍ¥´± Ì ¢ ¸¶¥Í¨ ²Ó´ÒÌ ¸μ¡μ²¥¢¸±¨Ì ¶·μ¸É· ´¸É¢ Ì [30]. Š ´ -
¸ÉμÖÐ¥³Ê ¢·¥³¥´¨ ¶·¨³¥·Ò „¦μ°¸  ¨ Šμ¢ ²¥¢  Ö¢²ÖÕÉ¸Ö ¥¤¨´¸É¢¥´´Ò³¨ ¶·¨-
³¥· ³¨ ±μ³¶ ±É´ÒÌ ³´μ£μμ¡· §¨° ¸ ¨¸±²ÕÎ¨É¥²Ó´Ò³¨ £·Ê¶¶ ³¨ £μ²μ´μ³¨¨.
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ˆ´É¥·¥¸ ± ´¥±μ³¶ ±É´Ò³ ¶·¨³¥· ³ ¢μ§´¨± μÉ´μ¸¨É¥²Ó´μ ´¥¤ ¢´μ ¸μ ¸Éμ-
·μ´Ò ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¨. 	Ò²μ ¶·¥¤²μ¦¥´μ ¨¸¶μ²Ó§μ¢ ´¨¥ ´¥±μ³¶ ±É-
´ÒÌ ³¥É·¨± ¸ £·Ê¶¶ ³¨ £μ²μ´μ³¨¨ Spin(7) ¢ É ± ´ §Ò¢ ¥³μ° M -É¥μ·¨¨. ‚
· ¡μÉ Ì ƒ¨¡¡μ´¸ , ‹Õ, �μÊ¶ , ‘¢¥É¨Î , Š ´´μ ¨ ¤·. ¡Ò² ¶μ¸É·μ¥´ ·Ö¤ ´μ-
¢ÒÌ ¶·¨³¥·μ¢ ¶μ²´ÒÌ ³¥É·¨± ´  ¶·μ¸É· ´¸É¢ Ì, Î ¸ÉÓ ±μÉμ·ÒÌ Ö¢²Ö¥É¸Ö ´¥
³´μ£μμ¡· §¨Ö³¨,   μ·¡¨Ëμ²¤ ³¨. ‚¸¥ ÔÉ¨ ³¥É·¨±¨  ¢Éμ³ É¨Î¥¸±¨ Ö¢²ÖÕÉ¸Ö
·¨ÎÎ¨-¶²μ¸±¨³¨ ¨  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¢¥¤ÊÉ ¸¥¡Ö ± ± ±μ´Ê¸Ò ²¨¡μ ± ± ¶·μ¨§¢¥-
¤¥´¨Ö ±μ´Ê¸μ¢ ´  μ±·Ê¦´μ¸É¨.

‚ Î ¸É´μ¸É¨, ¢ · ¡μÉ¥ [20] ‘¢¥É¨Î, ƒ¨¡¡μ´¸, ‹Õ ¨ �μÊ¶ ¨¸¸²¥¤ÊÕÉ ¢μ¶·μ¸
¸ÊÐ¥¸É¢μ¢ ´¨Ö ³¥É·¨± ¸ £μ²μ´μ³¨¥° Spin(7) ´  ±μ´Ê¸¥ ´ ¤ ¸¥³¨³¥·´μ° ¸Ë¥-
·μ° ¨ ´ ¤ ¶·μ¸É· ´¸É¢μ³ �²μËË Ä“μ²² Ì ; μ´¨ ¨§ÊÎ ÕÉ ¸ ¶μ³μÐÓÕ Î¨¸²¥´-
´ÒÌ ³¥Éμ¤μ¢ ¶μ²ÊÎ¥´´ÊÕ ¸¨¸É¥³Ê ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¨ ¶μ²ÊÎ ÕÉ
´¥±μÉμ·Ò¥ Î ¸É´Ò¥ ·¥Ï¥´¨Ö. ‚ Éμ° ¦¥ · ¡μÉ¥ ¢¥¤¥É¸Ö ¶μ¨¸± ³¥É·¨± ¸ £μ²μ-
´μ³¨¥° G2 ´  ±μ´Ê¸¥ ´ ¤ S3 × S3. ‚ · ¡μÉ¥ [21] É¥ ¦¥  ¢Éμ·Ò ¸É·μÖÉ  ¸¨³-
¶ÉμÉ¨Î¥¸±¨ ²μ± ²Ó´μ ±μ´¨Î¥¸±ÊÕ (�‹Š) ³¥É·¨±Ê ¸ £μ²μ´μ³¨¥° Spin(7) ´ 
¶·μ¸É· ´¸É¢¥, ¢´¥ ´ Î ²Ó´μ° ÉμÎ±¨ £μ³¥μ³μ·Ë´μ³ R+ ×CP 3 ×S1, £¤¥ S1 Å
μ±·Ê¦´μ¸ÉÓ ®¶μ¸ÉμÖ´´μ£μ ´  ¡¥¸±μ´¥Î´μ¸É¨¯ · ¤¨Ê¸ , R+ × CP 3 Å ±μ´Ê¸
´ ¤ CP 3 ¸ ´¥¸É ´¤ ·É´μ° ³¥É·¨±μ°. ‚ · ¡μÉ¥ [22] μ´¨ · §¢¨¢ ÕÉ ¸¢μ¨ ³¥-
Éμ¤Ò ¨ ´ Ìμ¤ÖÉ ´μ¢Ò¥ ³¥É·¨±¨ ¸ ¤·Ê£¨³ ¶μ¢¥¤¥´¨¥³ ´  ¡¥¸±μ´¥Î´μ¸É¨ Å
´ °¤¥´´Ò¥ ³¥É·¨±¨ μ¶·¥¤¥²¥´Ò ²¨¡μ ´  R8, ²¨¡μ ´  R4 × S4.

‚ · ¡μÉ¥ [25] ƒÊ±μ¢ ¨ ‘¶ ·±¸ ´¥§ ¢¨¸¨³μ μÉ ¶·¥¤Ò¤ÊÐ¥£μ ±μ²²¥±É¨¢ 
 ¢Éμ·μ¢ ´ Ìμ¤ÖÉ ³¥É·¨±¨ ¸ £μ²μ´μ³¨¥° Spin(7) ´  R4-· ¸¸²μ¥´¨ÖÌ ´ ¤ S4

¨ ¤ ÕÉ Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ ´ °¤¥´´Ò³ £¥μ³¥É·¨Î¥¸±¨³ ¸É·Ê±ÉÊ· ³ ¢
É¥·³¨´ Ì M -É¥μ·¨¨, ±μÉμ·ÒÌ ³Ò §¤¥¸Ó ´¥ ± ¸ ¥³¸Ö.

Š ´´μ ¨ Ÿ¸Ê¨ ¢ · ¡μÉ¥ [28] ¨¸± ²¨ ³¥É·¨±¨ ¸ £μ²μ´μ³¨¥° Spin(7) ´ 
±μ´Ê¸¥ ´ ¤ ¶·μ¸É· ´¸É¢μ³ �²μËË Ä“μ²² Ì . ‚ · ¡μÉ¥ [29] μ´¨ ¨¸¶μ²Ó§μ¢ ²¨
ÉμÉ Ë ±É, ÎÉμ μ´μ · ¸¸² ¨¢ ¥É¸Ö ´ ¤ CP 2, ¨ ¨³¨ ¡Ò²μ ´ °¤¥´μ ·¥Ï¥´¨¥ (4)
¢ ÔÉμ³ Î ¸É´μ³ ¸²ÊÎ ¥.

�¥·¢Ò³ ¶·¨³¥·μ³ ¶μ²´μ° ·¨³ ´μ¢μ° ³¥É·¨±¨ ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨
SU(n) Ö¢¨² ¸Ó ³¥É·¨±  Š ² ¡¨, ´ °¤¥´´ Ö ¢ [17] ¢ 1979 £. Œ¥É·¨±  Š ² ¡¨
¸É·μ¨É¸Ö ´  ¶·μ¸É· ´¸É¢¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ²¨´¥°´μ£μ ±μ³¶²¥±¸´μ£μ · ¸-
¸²μ¥´¨Ö ´ ¤ ¶·μ¨§¢μ²Ó´Ò³ ³´μ£μμ¡· §¨¥³ ŠÔ²¥· Ä�°´ÏÉ¥°´  F . ‚ Éμ° ¦¥
· ¡μÉ¥ [17] Š ² ¡¨ ¨¸¸²¥¤Ê¥É £¨¶¥·±Ô²¥·μ¢Ò ³¥É·¨±¨ ¨ ¸É·μ¨É ¢ Ö¢´μ³ ¢¨¤¥
¶μ²´ÊÕ ·¨³ ´μ¢Ê ³¥É·¨±Ê ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ Sp(m) ´  T ∗CPm Å ¶¥·¢Ò°
Ö¢´Ò° ¶·¨³¥· £¨¶¥·±Ô²¥·μ¢μ° ³¥É·¨±¨. �¥μ¡Ìμ¤¨³μ μÉ³¥É¨ÉÓ, ÎÉμ ³¥É·¨±¨
Š ² ¡¨ ¡Ò²¨ μ¶¨¸ ´Ò ¡μ²¥¥ Ê¤μ¡´Ò³ ¸¶μ¸μ¡μ³ ¢ · ¡μÉ Ì [32] ¨ [19].

ˆ¸¸²¥¤μ¢ ´¨¥ ¢μ¶·μ¸  μ ¸ÊÐ¥¸É¢μ¢ ´¨¨ ´¥±μ³¶ ±É´ÒÌ ¶·¨³¥·μ¢ ¶·¥¤-
¸É ¢²Ö¥É ¨´É¥·¥¸ ¤²Ö £¥μ³¥É·¨¨ (¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨), ¶μ¸±μ²Ó±Ê ´¥²Ó§Ö
¨¸±²ÕÎ¨ÉÓ ¢μ§³μ¦´μ¸ÉÓ ¶μ¸É·μ¥´¨Ö ±μ³¶ ±É´ÒÌ ¶·¨³¥·μ¢ ¨§ ´¥±μ³¶ ±É´ÒÌ
¶·¨ ¶μ³μÐ¨ ±μ´¸É·Ê±Í¨¨, ¸Ìμ¦¥° ¸ ±μ´¸É·Ê±Í¨¥° ŠÊ³³¥· , ¶μ§¢μ²ÖÕÐ¥°
¸±²¥¨¢ ÉÓ ±μ³¶ ±É´Ò¥ ³´μ£μμ¡· §¨Ö ¨§ ´¥±μ³¶ ±É´ÒÌ ±Ê¸±μ¢, ¶·¨ Ê¸²μ¢¨¨
¶μ¤Ìμ¤ÖÐ¥£μ ¶μ¢¥¤¥´¨Ö ³¥É·¨± ´  ¡¥¸±μ´¥Î´μ¸É¨.
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� §¤. 1 Ö¢²Ö¥É¸Ö ¢¢μ¤´Ò³. ‚ ´¥³ ³Ò ¶·¨¢μ¤¨³ μ¸´μ¢´Ò¥ μ¶·¥¤¥²¥´¨Ö ¨
Ë ±ÉÒ, ´¥μ¡Ìμ¤¨³Ò¥ ¤²Ö ¤ ²Ó´¥°Ï¥£μ ¨§²μ¦¥´¨Ö. �. 1.1 ± ¸ ¥É¸Ö £·Ê¶¶ £μ-
²μ´μ³¨¨ ·¨³ ´μ¢ÒÌ ³´μ£μμ¡· §¨°; ¢ ¶. 1.2 ¨§² £ ÕÉ¸Ö μ¸´μ¢´Ò¥ Ë ±ÉÒ μ
£¥μ³¥É·¨¨ 3-¸ ¸ ±¨¥¢ÒÌ ³´μ£μμ¡· §¨°; ¶. 1.3 ¸μ¤¥·¦¨É μ¶·¥¤¥²¥´¨¥ £¥μ³¥-
É·¨Î¥¸±¨Ì ¸É·Ê±ÉÊ· ´  μ·¡¨Ëμ²¤ Ì. � §¤. 1 ¸μ¤¥·¦¨É ²¨ÏÓ ´¥μ¡Ìμ¤¨³Ò¥
¶μ´ÖÉ¨Ö ¨ ÊÉ¢¥·¦¤¥´¨Ö ¨ ´¥ ¶·¥É¥´¤Ê¥É ´  ± ±ÊÕ-²¨¡μ ¶μ²´μÉÊ.

‚ · §¤. 2 ³Ò ¶·¨¢μ¤¨³ μ¡ÐÊÕ ±μ´¸É·Ê±Í¨Õ, ±μÉμ· Ö ¶μ§¢μ²Ö¥É ¸É·μ-
¨ÉÓ ³¥É·¨±¨ ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ G2 ¶μ § ¤ ´´μ³Ê 3-¸ ¸ ±¨¥¢Ê 7-³¥·´μ³Ê
³´μ£μμ¡· §¨Õ M . � ¸¸³μÉ·¨³ 3-¸ ¸ ±¨¥¢μ ³´μ£μμ¡· §¨¥ M , ´  ´¥³
¸¢μ¡μ¤´μ ¤¥°¸É¢Ê¥É £·Ê¶¶  S1, ¶μ·μ¦¤ ¥³ Ö μ¤´¨³ ¨§ Ì · ±É¥·¨¸É¨Î¥¸±¨Ì
¶μ²¥°, Ë ±Éμ·-¶·μ¸É· ´¸É¢μ M/S1 = Z Å Ï¥¸É¨³¥·´Ò° μ·¡¨Ëμ²¤, μ¡² -
¤ ÕÐ¨° ³¥É·¨±μ° ŠÔ²¥· Ä�°´ÏÉ¥°´ . Šμ´Ê¸ ´ ¤ Z ¡Ê¤¥É ¨³¥ÉÓ £·Ê¶¶Ê £μ-
²μ´μ³¨¨ G2, ¥¸²¨ ËÊ´±Í¨¨, μÉ¢¥Î ÕÐ¨¥ §  ¤¥Ëμ·³ Í¨Õ ±μ´Ê¸´μ° ³¥É·¨±¨,
Ê¤μ¢²¥É¢μ·ÖÕÉ μ¶·¥¤¥²¥´´μ° ¸¨¸É¥³¥ ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨°. —Éμ¡Ò ³¥É·¨±  ¡Ò²  ¶μ²´μ°, ´¥μ¡Ìμ¤¨³μ ¢Ò¶μ²´¥´¨¥ ±· ¥¢ÒÌ Ê¸²μ-
¢¨°. ‡  ¤¥Ëμ·³ Í¨Õ μÉ¢¥Î ÕÉ ËÊ´±Í¨¨ A(t), B(t), C(t), § ¢¨¸ÖÐ¨¥ μÉ · ¤¨-
 ²Ó´μ° ¶¥·¥³¥´´μ° t, ³¥´ÖÕÐ¥°¸Ö ¢¤μ²Ó μ¡· §ÊÕÐ¥° ±μ´Ê¸ :

ḡ = dt2 + A(t)2(η2
2 + η2

3) + B(t)2(η2
4 + η2

5) + C(t)2(η2
6 + η2

7), (1)

£¤¥ η2, η3 Å Ì · ±É¥·¨¸É¨Î¥¸±¨¥ 1-Ëμ·³Ò M ,   η4, η5, η6, η7 Å Ëμ·³Ò,
 ´´Ê²¨·ÊÕÐ¨¥ 3-¸ ¸ ±¨¥¢μ ¸²μ¥´¨¥ ´  M .

�¸´μ¢´Ò³ ·¥§Ê²ÓÉ Éμ³ ¶. 2.1 Ö¢²Ö¥É¸Ö ²¥³³  2.1: ¥¸²¨ ±¢ É¥·´¨μ´´μ-
±Ô²¥·μ¢ μ·¡¨Ëμ²¤ O = M/SU(2) μ¡² ¤ ¥É ±Ô²¥·μ¢μ° ¸É·Ê±ÉÊ·μ°, Éμ (1)
Ö¢²Ö¥É¸Ö ³¥É·¨±μ° ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ G2 Éμ£¤ , ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤ 
ËÊ´±Í¨¨ A, B, C Ê¤μ¢²¥É¢μ·ÖÕÉ ¸¨¸É¥³¥ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨°

A′ =
2A2 − B2 − C2

BC
,

B′ =
B2 − C2 − 2A2

CA
,

C′ =
C2 − 2A2 − B2

AB
.

(2)

‚ Î ¸É´μ¸É¨, ³¥É·¨±  (1) Ö¢²Ö¥É¸Ö ·¨ÎÎ¨-¶²μ¸±μ°. � ´¥¥ ¸¨¸É¥³  (2) ¡Ò² 
¶μ²ÊÎ¥´  ¢ [20] ¢ Î ¸É´μ³ ¸²ÊÎ ¥ M = SU(3)/S1.

„²Ö Éμ£μ ÎÉμ¡Ò ·¥Ï¥´¨¥ ¸¨¸É¥³Ò (2) ¡Ò²μ μ¶·¥¤¥²¥´μ ´  ´¥±μÉμ·μ³ μ·-
¡¨Ëμ²¤¥ ²¨¡μ ³´μ£μμ¡· §¨¨, ´¥μ¡Ìμ¤¨³μ ¤μ¶μ²´¨É¥²Ó´μ¥ ¢Ò¶μ²´¥´¨¥ ±· ¥-
¢ÒÌ Ê¸²μ¢¨° ¢ ÉμÎ±¥ t0, ±μÉμ·Ò¥ ³Ò Ëμ·³Ê²¨·Ê¥³ ¢ ²¥³³¥ 2.2. �É¨ Ê¸²μ¢¨Ö
´¥ ³μ£ÊÉ ¡ÒÉÓ ¢Ò¶μ²´¥´Ò, ±·μ³¥ ¸²ÊÎ Ö B = C, ±μÉμ·Ò° ¶·¨¢μ¤¨É ´ ¸ ±
ËÊ´±Í¨Ö³, ¤ ÕÐ¨³ ·¥Ï¥´¨Ö, ´ °¤¥´´Ò¥ ¢¶¥·¢Ò¥ ¢ [15] ¢ ¸²ÊÎ ¥ M = S7
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¨ M = SU(3)/S1. ‚ ¸²ÊÎ ¥ B = C ³¥É·¨±  (1) μ¶·¥¤¥²¥´  ´  ÉμÉ ²Ó-
´μ³ ¶·μ¸É· ´¸É¢¥ R3-· ¸¸²μ¥´¨Ö N ´ ¤ ±¢ É¥·´¨μ´´μ-±Ô²¥·μ¢Ò³ μ·¡¨Ëμ²-
¤μ³ O. ‚μμ¡Ð¥ £μ¢μ·Ö, N Ö¢²Ö¥É¸Ö μ·¡¨Ëμ²¤μ³, ±·μ³¥ ¸²ÊÎ Ö M = S7

¨ M = SU(3)/S1.
‚ ¶. 2.2 ³Ò · ¸¸³ É·¨¢ ¥³ ¨§¢¥¸É´Ò¥ ¶·¨³¥·Ò 3-¸ ¸ ±¨¥¢ÒÌ ³´μ£μμ¡· -

§¨°, ¶μ¸É·μ¥´´Ò¥ ¢ [13] ¸ ¶μ³μÐÓÕ ¢§¢¥Ï¥´´μ£μ ¤¥°¸É¢¨Ö μ±·Ê¦´μ¸É¨
´  SU(3), ¨ μ¶¨¸Ò¢ ¥³ ¢ ²¥³³¥ 2.3 ¨ ¸²¥¤¸É¢¨¨ 2.1 Éμ¶μ²μ£¨Õ É¢¨¸Éμ·´μ£μ
¶·μ¸É· ´¸É¢  Z , Éμ¶μ²μ£¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´μ£μ · ¸¸²μ¥´¨Õ N .

‚ · §¤. 3 ³Ò ¸É·μ¨³ ¢ Ö¢´μ°,  ²£¥¡· ¨Î¥¸±μ° Ëμ·³¥ μ¤´μ¶ · ³¥É·¨Î¥-
¸±μ¥ ¸¥³¥°¸É¢μ ¶μ²´ÒÌ ·¨³ ´μ¢ÒÌ ³¥É·¨±, ®¸μ¥¤¨´ÖÕÐ¨Ì¯ £¨¶¥·±Ô²¥·μ¢Ê
³¥É·¨±Ê Š ² ¡¨ ¨ ³¥É·¨±Ê Š ² ¡¨ ¸ £μ²μ´μ³¨¥° SU(4) ¢ ¶·μ¸É· ´¸É¢¥ ¸¶¥-
Í¨ ²Ó´ÒÌ ±Ô²¥·μ¢ÒÌ ³¥É·¨± ¢ · §³¥·´μ¸É¨ ¢μ¸¥³Ó ¢ ¸²ÊÎ ¥, ±μ£¤  F Ö¢²Ö¥É¸Ö
³´μ£μμ¡· §¨¥³ ±μ³¶²¥±¸´ÒÌ 3-Ë² £μ¢ ¢ C3. ‚ ÔÉμ³ ¸²ÊÎ ¥ Î¥ÉÒ·¥Ì³¥·´μ¥
±¢ É¥·´¨μ´´μ-±Ô²¥·μ¢μ ³´μ£μμ¡· §¨¥ O, ¸¢Ö§ ´´μ¥ ¸ F , ¤μ¶Ê¸± ¥É ®· ¸Ð¥¶-
²¥´¨¥¯ ± ¸ É¥²Ó´μ£μ · ¸¸²μ¥´¨Ö, ÎÉμ ¶μ§¢μ²Ö¥É ¢¢¥¸É¨ ¤μ¶μ²´¨É¥²Ó´Ò° ¶ · -
³¥É· ¤¥Ëμ·³ Í¨¨ ³¥É·¨±¨ ¨ ·¥Ï¨ÉÓ ¢ Ô²¥³¥´É ·´ÒÌ ËÊ´±Í¨ÖÌ ¢μ§´¨± ÕÐÊÕ
¸¨¸É¥³Ê Ê· ¢´¥´¨°.

	μ²¥¥ ÉμÎ´μ, ¶Ê¸ÉÓ M = SU(3)/U(1)1,1,−2 Å ¶·μ¸É· ´¸É¢μ �²μËË Ä
“μ²² Ì  ¸μ ¸É·Ê±ÉÊ·μ° 3-¸ ¸ ±¨¥¢  7-³¥·´μ£μ ³´μ£μμ¡· §¨Ö. �  M̄ = M×R+

· ¸¸³μÉ·¨³ ·¨³ ´μ¢Ê ³¥É·¨±Ê ¸²¥¤ÊÕÐ¥£μ ¢¨¤ :

dt2 + A1(t)2η2
1 + A2(t)2η2

2 + A3(t)2η2
3 + B(t)2(η2

4 + η2
5) + C(t)2(η2

6 + η2
7), (3)

£¤¥ t Å ±μμ·¤¨´ É  ´  R+; {ηi} Å μ·Éμ´μ·³¨·μ¢ ´´Ò° ±μ·¥¶¥· ´  M , ¸μ£² -
¸μ¢ ´´Ò° ¸ 3-¸ ¸ ±¨¥¢μ° ¸É·Ê±ÉÊ·μ° (¶μ¤·μ¡´μ¸É¨ ¢ ¶. 3.1). Šμ´Ê¸´ÊÕ μ¸μ-
¡¥´´μ¸ÉÓ (¶·¨ t = 0) ¶·μ¸É· ´¸É¢  M̄ ³μ¦´μ · §·¥Ï¨ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:
§ ÉÖ´¥³ ´  Ê·μ¢´¥ {t = 0} ± ¦¤ÊÕ μÉ¢¥Î ÕÐÊÕ ±μ¢¥±Éμ·Ê η1 μ±·Ê¦´μ¸ÉÓ
¢ ÉμÎ±Ê. �μ²ÊÎ¥´´μ¥ ³´μ£μμ¡· §¨¥, ¶·μË ±Éμ·¨§μ¢ ´´μ¥ ¶μ Z2, ¤¨ËË¥μ-
³μ·Ë´μ H/Z2 Å ±¢ ¤· ÉÊ ± ´μ´¨Î¥¸±μ£μ ±μ³¶²¥±¸´μ£μ ²¨´¥°´μ£μ · ¸¸²μ-
¥´¨Ö ´ ¤ ¶·μ¸É· ´¸É¢μ³ Ë² £μ¢ ¢ C3. ‚ ¶. 3.2 ³Ò ¶·¨¢μ¤¨³ ¤μ± § É¥²Ó¸É¢μ
¨ ÊÉμÎ´¥´´ÊÕ Ëμ·³Ê²¨·μ¢±Ê ¸²¥¤ÊÕÐ¥° É¥μ·¥³Ò:

’¥μ·¥³  3.1. �·¨ 0 � α < 1 ± ¦¤ Ö ·¨³ ´μ¢  ³¥É·¨±  ¨§ ¸¥³¥°¸É¢ 

ḡα =
r4(r2 − α2)(r2 + α2)
r8 − 2α4(r4 − 1) − 1

dr2 +
r8 − 2α4(r4 − 1) − 1
r2(r2 − α2)(r2 + α2)

η2
1+

+ r2(η2
2 + η2

3) + (r2 + α2)(η2
4 + η2

5) + (r2 − α2)(η2
6 + η2

7) (4)

Ö¢²Ö¥É¸Ö ¶μ²´μ° £² ¤±μ° ·¨³ ´μ¢μ° ³¥É·¨±μ° ´  H/Z2 ¸ £·Ê¶¶μ° £μ²μ´μ-
³¨¨ SU(4). �·¨ α = 0 ³¥É·¨±  (4) ¨§μ³¥É·¨Î´  ³¥É·¨±¥ Š ² ¡¨ [17]
¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ SU(4); ¶·¨ α = 1 ³¥É·¨±  (4) ¨§μ³¥É·¨Î´  ³¥É·¨±¥
Š ² ¡¨ [17] ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ Sp(2) ⊂ SU(4) ´  T ∗CP 2.
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�É³¥É¨³, ÎÉμ ³¥É·¨±  (4) ¢ É¥μ·¥³¥ 3.1 ¶·¨ α = 0 ¨ α = 1 ¨³¥¥É Ëμ·³Ê,
μÉ²¨Î´ÊÕ μÉ [17]; ³¥É·¨±¨ Š ² ¡¨ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¢¨¤¥ ¨¸¸²¥¤μ¢ ²¨¸Ó
¢ [32] ¨ [19].

�ÉμÉ ·¥§Ê²ÓÉ É ¶μ²ÊÎ¥´ ´ ³¨ ¶·¨ ¸¨¸É¥³ É¨Î¥¸±μ³ ¨§ÊÎ¥´¨¨ ³¥É·¨±
¢¨¤  (3), ¨³¥ÕÐ¨Ì £·Ê¶¶Ê £μ²μ´μ³¨¨ Spin(7) ³¥Éμ¤μ³, · §· ¡μÉ ´´Ò³ ¢ [1]
¨ ¶·¨³¥´Ö¢Ï¨³¸Ö § É¥³ ¢ [5, 2]: ³¥É·¨±  (3) ¸É·μ¨É¸Ö ¶μ ¶·μ¨§¢μ²Ó´μ³Ê
7-³¥·´μ³Ê 3-¸ ¸ ±¨¥¢Ê ³´μ£μμ¡· §¨Õ M ¨ μ¡² ¤ ¥É ¥¸É¥¸É¢¥´´μ° Spin(7)-
¸É·Ê±ÉÊ·μ°. ‚ ²¥³³¥ 3.1 ³Ò ¶μ± §Ò¢ ¥³, ÎÉμ Ê¸²μ¢¨¥ ¶ · ²²¥²Ó´μ¸É¨ ÔÉμ°
¸É·Ê±ÉÊ·Ò ¸¢μ¤¨É¸Ö ± ¸²¥¤ÊÕÐ¥° ¸¨¸É¥³¥ ´¥²¨´¥°´ÒÌ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥-
·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°:

A′
1 =

(A2 − A3)2 − A2
1

A2A3
+

A2
1(B

2 + C2)
B2C2

,

A′
2 =

A2
1 − A2

2 + A2
3

A1A3
− B2 + C2 − 2A2

2

BC
,

A′
3 =

A2
1 + A2

2 − A2
3

A1A2
− B2 + C2 − 2A2

3

BC
,

B′ = −CA1 + BA2 + BA3

BC
− (C2 − B2)(A2 + A3)

2A2A3C
,

C′ = −BA1 + CA2 + CA3

BC
− (B2 − C2)(A2 + A3)

2A2A3B

(5)

(μÉ³¥É¨³, ÎÉμ ¸¨¸É¥³  (5) ¶·¨ B = C ¶μ²´μ¸ÉÓÕ ¨¸¸²¥¤μ¢ ´  ¢ [1, 2]). „²Ö
¶μ²ÊÎ¥´¨Ö £² ¤±μ° ³¥É·¨±¨ (3) ´¥μ¡Ìμ¤¨³μ · §·¥Ï¨ÉÓ ±μ´Ê¸´ÊÕ μ¸μ¡¥´´μ¸ÉÓ
´  M̄ μ¤´¨³ ¨§ ¤¢ÊÌ ¸¶μ¸μ¡μ¢, ¶μ²ÊÎ¨¢ ¶·μ¸É· ´¸É¢  M1 ¨²¨ M2. �É  ¸Ì¥³ 
μ¶¨¸Ò¢ ¥É¸Ö ¢ ¶. 3.1 μ¡§μ· , Ê¸²μ¢¨Ö ¤²Ö · §·¥Ï¥´¨Ö ±μ´Ê¸´μ° μ¸μ¡¥´´μ¸É¨
¢ ¸²ÊÎ ¥ M2 ³Ò Ëμ·³Ê²¨·Ê¥³ ¢ ²¥³³¥ 3.2. ’μ£¤  ¸¥³¥°¸É¢μ ³¥É·¨± (4) ´ 
M2/Z2 ¶μ²ÊÎ ¥É¸Ö ¨´É¥£·¨·μ¢ ´¨¥³ ¸¨¸É¥³Ò (5) ¶·¨ A2 = −A3.

‚ § ±²ÕÎ¨É¥²Ó´μ³ ¶. 3.3 ¶·¨¢μ¤¨É¸Ö ¸Ì¥³  ¤μ± § É¥²Ó¸É¢  ¸²¥¤ÊÕÐ¥° É¥-
μ·¥³Ò, § ¢¥·Ï ÕÐ¥° ¨¸¸²¥¤μ¢ ´¨¥ ¸¨¸É¥³Ò (5) ¢ ¸²ÊÎ ¥ ¶·μ¸É· ´¸É¢  M2:

’¥μ·¥³  3.2. �Ê¸ÉÓ M Å 7-³¥·´μ¥ ±μ³¶ ±É´μ¥ 3-¸ ¸ ±¨¥¢μ ³´μ£μμ¡· -
§¨¥, ¨ ¶μ²μ¦¨³ p = 2 ¨²¨ p = 4 ¢ § ¢¨¸¨³μ¸É¨ μÉ Éμ£μ, · ¢¥´ μ¡Ð¨° ¸²μ° 3-
¸ ¸ ±¨¥¢  ¸²μ¥´¨Ö M ²¨¡μ SO(3), ²¨¡μ SU(2). ’μ£¤  ´  μ·¡¨Ëμ²¤¥ M2/Zp

¸ÊÐ¥¸É¢ÊÕÉ ¸²¥¤ÊÕÐ¨¥ ¶μ²´Ò¥ ·¥£Ê²Ö·´Ò¥ ·¨³ ´μ¢Ò ³¥É·¨±¨ ḡ ¢¨¤  (3)
¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ H ⊂ Spin(7):

1) ¥¸²¨ A1(0) = 0, −A2(0) = A3(0) > 0 ¨ 2A2
2(0) = B2(0) + C2(0), Éμ

³¥É·¨±  ḡ ¨§ (3) ¨³¥¥É £·Ê¶¶Ê £μ²μ´μ³¨¨ SU(4) ⊂ Spin(7) ¨ £μ³μÉ¥É¨Î´ 
μ¤´μ° ¨§ ³¥É·¨± ¸¥³¥°¸É¢  (4);

2) ¥¸²¨ A1(0) = 0, −A2(0) = A3(0) < B(0) = C(0), Éμ ¸ÊÐ¥¸É¢Ê¥É
·¥£Ê²Ö·´ Ö �‹Š-³¥É·¨±  ḡ ¢¨¤  (3) ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ Spin(7), ´ °¤¥´´ Ö
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¢ [1]. �  ¡¥¸±μ´¥Î´μ¸É¨ ÔÉ¨ ³¥É·¨±¨ ¸É·¥³ÖÉ¸Ö ± ¶·μ¨§¢¥¤¥´¨Õ ±μ´Ê¸  ´ ¤
É¢¨¸Éμ·´Ò³ ¶·μ¸É· ´¸É¢μ³ Z ¨ μ±·Ê¦´μ¸É¨ S1.

�μ²¥¥ Éμ£μ, ²Õ¡ Ö ¶μ²´ Ö ·¥£Ê²Ö·´ Ö ³¥É·¨±  ´  ¶·μ¸É· ´¸É¢¥ M2/Zp

¢¨¤  (3) ¸ · ¸¸³μÉ·¥´´μ° Spin(7)-¸É·Ê±ÉÊ·μ° ¨ ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ H ⊂
Spin(7) ¨§μ³¥É·¨Î´  μ¤´μ° ¨§ Ê± § ´´ÒÌ ¢ÒÏ¥.

‚ · §¤. 4 ³Ò ¸É ¢¨³ ¢μ¶·μ¸ μ¡ μ¡μ¡Ð¥´¨¨ ¶μ¸É·μ¥´´μ£μ ¢ · §¤. 3 μ¤´μ¶ -
· ³¥É·¨Î¥¸±μ£μ ¸¥³¥°¸É¢  ³¥É·¨± ´  ¸²ÊÎ ° μ¡Ð¥° · §³¥·´μ¸É¨ ¢¨¤  4m, É ±
± ± μ¡¥ ³¥É·¨±¨ Š ² ¡¨ (¢¶¥·¢Ò¥ ¶μ¸É·μ¥´´Ò¥ ¢ [17]) μ¶·¥¤¥²¥´Ò ´¥ Éμ²Ó±μ
¢ · §³¥·´μ¸É¨ ¢μ¸¥³Ó, ´μ ¨ ¢μ ¢¸¥Ì · §³¥·´μ¸ÉÖÌ, ±· É´ÒÌ Î¥ÉÒ·¥³. ŒÒ ¤ ¥³
¶μ²μ¦¨É¥²Ó´Ò° μÉ¢¥É ´  ¤ ´´Ò° ¢μ¶·μ¸ ¨ ¤μ± §Ò¢ ¥³ ¸²¥¤ÊÕÐÊÕ É¥μ·¥³Ê:

’¥μ·¥³  4.1. ‘²¥¤ÊÕÐ¥¥ ¸¥³¥°¸É¢μ ¸μ¸Éμ¨É ¨§ ¶μ²´ÒÌ, ·¨ÎÎ¨-¶²μ¸±¨Ì
4(n + 1)-³¥·´ÒÌ ·¨³ ´μ¢ÒÌ ³¥É·¨±:

Ḡα =
r4(r4 − α4)n

(r4 − α4)n+1 − (1 − α4)n+1
dr2 +

(r4 − α4)n+1 − (1 − α4)n+1

r2(r4 − α4)n
η2
1+

+ r2(η2
2 + η2

3) + (r2 + α2)
n∑

β=1

(η2
4β + η2

5β) + (r2 − α2)
n∑

β=1

(η2
6β + η2

7β),

£¤¥ 0 � α � 1, r � 1. Œ¥É·¨±¨ Ḡ0 ¨ Ḡ1 ¨³¥ÕÉ £·Ê¶¶Ò £μ²μ´μ³¨¨ SU(2(n +
1)) ¨ Sp(n + 1) ¸μμÉ¢¥É¸É¢¥´´μ ¨ ¸μ¢¶ ¤ ÕÉ ¸ ³´μ£μ³¥·´Ò³¨ ³¥É·¨-
± ³¨ Š ² ¡¨ ¨§ [17]. Œ¥É·¨±¨ Ḡα ¶·¨ 0 < α < 1 ¨³¥ÕÉ £·Ê¶¶Ê £μ²μ-
´μ³¨¨ SU(2(n + 1)) ¨ ¶·¨ n = 1 ¸μ¢¶ ¤ ÕÉ ¸ ¸¥³¥°¸É¢μ³, ¶μ¸É·μ¥´´Ò³
¢ · §¤. 3. �·¨ 0 � α < 1 ³¥É·¨±¨ Ḡα μ¶·¥¤¥²¥´Ò ´  (n + 1)-° É¥´§μ·´μ°
¸É¥¶¥´¨ ²¨´¥°´μ£μ ±μ³¶²¥±¸´μ£μ · ¸¸²μ¥´¨Ö ´ ¤ ¶·μ¸É· ´¸É¢μ³ ±μ³¶²¥±¸-
´ÒÌ Ë² £μ¢ ¢ C2n+1, ³¥É·¨±  Ḡ1 μ¶·¥¤¥²¥´  ´  T ∗CPn+1.

�É³¥É¨³, ÎÉμ μ¡μ§´ Î¥´¨¥ m = n+1 ¶·¨´ÖÉμ ¤²Ö Ê¤μ¡¸É¢  ¨ · ¤¨ ¸μ£² -
¸μ¢ ´¨Ö ¸μ ¸É ÉÓ¥° [19].

1. �…��•�„ˆŒ›… ���…„…‹…�ˆŸ

1.1. ƒ·Ê¶¶Ò £μ²μ´μ³¨¨. �Ê¸ÉÓ M Å ·¨³ ´μ¢μ n-³¥·´μ¥ ³´μ£μμ¡· §¨¥
¸ ³¥É·¨±μ° g. ‘ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´ Ö ¸¢Ö§´μ¸ÉÓ ∇ ¡¥§ ±·ÊÎ¥´¨Ö ´  TM ,
É ± Ö ÎÉμ ∇g = 0, ¡μ²¥¥ ¨§¢¥¸É´ Ö ± ± ¸¢Ö§´μ¸ÉÓ ‹¥¢¨-—¨¢¨É .

�Ê¸ÉÓ γ : [0, 1] → M Å ±Ê¸μÎ´μ-£² ¤± Ö ±·¨¢ Ö, É ± Ö ÎÉμ γ(0) = x
¨ γ(1) = y ¤²Ö ´¥±μÉμ·ÒÌ x, y ∈ M . ’μ£¤  ¤²Ö ²Õ¡μ£μ ± ¸ É¥²Ó´μ£μ
¢¥±Éμ·  e ∈ TxM ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´μ¥ £² ¤±μ¥ ¸¥Î¥´¨¥ s, É ±μ¥ ÎÉμ
∇γ̇(t)s(t) = 0 ¨ s(0) = e. �¶·¥¤¥²¨³ Pγ(e) = s(1). ’μ£¤  Pγ : TxM →
TyM Å ±μ··¥±É´μ μ¶·¥¤¥²¥´´μ¥ ²¨´¥°´μ¥ μÉμ¡· ¦¥´¨¥, ´ §Ò¢ ¥³μ¥ ¶ · ²-
²¥²Ó´Ò³ ¶¥·¥´μ¸μ³. �¥É²¥° ´ §Ò¢ ÕÉ ±·¨¢ÊÕ, Ê ±μÉμ·μ° ´ Î ²μ ¨ ±μ´¥Í ¸μ-
¢¶ ¤ ÕÉ: γ(0) = γ(1) = x. �¶·¥¤¥²¨³ £·Ê¶¶Ê £μ²μ´μ³¨¨ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Holx(∇) = {Pγ : γ(0) = γ(1) = x} ⊂ O(n).
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�´ ²μ£¨Î´Ò³ μ¡· §μ³ ³μ¦´μ μ¶·¥¤¥²ÖÉÓ £·Ê¶¶Ê £μ²μ´μ³¨¨ ¨ ¤²Ö ¶·μ-
¨§¢μ²Ó´μ° ¸¢Ö§´μ¸É¨, ´ ¸ ¡Ê¤¥É ¨´É¥·¥¸μ¢ ÉÓ Éμ²Ó±μ ·¨³ ´μ¢ ¸²ÊÎ °. ƒ·Ê¶¶ 
£μ²μ´μ³¨¨ μ¡² ¤ ¥É ¸²¥¤ÊÕÐ¨³¨ ¸¢μ°¸É¢ ³¨. ‚μ-¶¥·¢ÒÌ, μ´  Ö¢²Ö¥É¸Ö ¶μ¤-
£·Ê¶¶μ° ‹¨ ¢ O(n). ‚μ-¢Éμ·ÒÌ, μ´  ´¥ § ¢¨¸¨É μÉ μÉ³¥Î¥´´μ° ÉμÎ±¨ x ¢ Éμ³
¸³Ò¸²¥, ÎÉμ £·Ê¶¶Ò £μ²μ´μ³¨¨, μÉ¢¥Î ÕÐ¨¥ · §´Ò³ ÉμÎ± ³ ¨§ M , ¸μ¶·Ö-
¦¥´Ò ¢ O(n).

ƒμ¢μ·ÖÉ, ÎÉμ ·¨³ ´μ¢μ ³´μ£μμ¡· §¨¥ (M, ds2
M ) (²μ± ²Ó´μ) ¶·¨¢μ¤¨³μ,

¥¸²¨ Ê ± ¦¤μ° ÉμÎ±¨ ¸ÊÐ¥¸É¢Ê¥É μ±·¥¸É´μ¸ÉÓ, ¨§μ³¥É·¨Î´ Ö ·¨³ ´μ¢Ê ¶·μ¨§-
¢¥¤¥´¨Õ (P ×Q, ds2

P +ds2
Q). M ´¥¶·¨¢μ¤¨³μ, ¥¸²¨ μ´μ ´¥ Ö¢²Ö¥É¸Ö ²μ± ²Ó´μ

¶·¨¢μ¤¨³Ò³. �Î¥¢¨¤´μ, ÎÉμ ¥¸²¨ ³´μ£μμ¡· §¨¥ ¶·¨¢μ¤¨³μ, Éμ Hol(M) =
Hol(p) × Hol(Q). …¸²¨ M Å ¶μ²´μ¥ ³´μ£μμ¡· §¨¥, Éμ ¢¥·¥´ ¨ μ¡· É´Ò°
Ë ±É [33].

…¸²¨ ¤²Ö ± ¦¤μ° ÉμÎ±¨ p ∈ M ¸ÊÐ¥¸É¢Ê¥É ¨´¢μ²ÕÉ¨¢´ Ö ¨§μ³¥É·¨Ö sp :
M → M , É. ¥. s2

p = 1, É ± Ö ÎÉμ p Å ¨§μ²¨·μ¢ ´´ Ö ´¥¶μ¤¢¨¦´ Ö ÉμÎ±  ¤²Ö sp,
Éμ ·¨³ ´μ¢μ ³´μ£μμ¡· §¨¥ M ´ §Ò¢ ¥É¸Ö ¸¨³³¥É·¨Î¥¸±¨³ ¶·μ¸É· ´¸É¢μ³.
‹Õ¡μ¥ ¸¨³³¥É·¨Î¥¸±μ¥ ¶·μ¸É· ´¸É¢μ M , ¢ Î ¸É´μ¸É¨, Ö¢²Ö¥É¸Ö μ¤´μ·μ¤´Ò³
¶·μ¸É· ´¸É¢μ³ M = G/H , ¨ Hol(M) = H . ‘¨³³¥É·¨Î¥¸±¨¥ ¶·μ¸É· ´¸É¢ 
¶·μ±² ¸¸¨Ë¨Í¨·μ¢ ´Ò Š ·É ´μ³ ¢ [18].

	¥·¦¥ ¤μ± § ² ¸²¥¤ÊÕÐÊÕ É¥μ·¥³Ê.
’¥μ·¥³  [8]. �Ê¸ÉÓ M Å μ¤´μ¸¢Ö§´μ¥ ³´μ£μμ¡· §¨¥ · §³¥·´μ¸É¨ n ¨

(M, g) Å ´¥¶·¨¢μ¤¨³μ¥ ·¨³ ´μ¢μ ³´μ£μμ¡· §¨¥, ±μÉμ·μ¥ ´¥ Ö¢²Ö¥É¸Ö ¸¨³-
³¥É·¨Î¥¸±¨³ ¶·μ¸É· ´¸É¢μ³. ’μ£¤  ¢Ò¶μ²´Ö¥É¸Ö μ¤¨´ ¨§ ¸²¥¤ÊÕÐ¨Ì ¸¥³¨
¸²ÊÎ ¥¢:

1. Hol(g) = SO(n),
2. Hol(g) = U(m), n = 2m � 4,
3. Hol(g) = SU(m), n = 2m � 4,
4. Hol(g) = Sp(m), n = 4m � 8,
5. Hol(g) = Sp(m)Sp(1), n = 4m � 8,
6. Hol(g) = G2, n = 7,
7. Hol(g) = Spin(7), n = 8.
’¥μ·¥³  ÊÉ¢¥·¦¤ ¥É, ÎÉμ Éμ²Ó±μ £·Ê¶¶Ò ¨§ ¸¶¨¸±  ³μ£ÊÉ ¡ÒÉÓ £·Ê¶¶ ³¨

£μ²μ´μ³¨¨ ·¨³ ´μ¢  ³´μ£μμ¡· §¨Ö. �  ¢μ¶·μ¸ μ Éμ³, ¤¥°¸É¢¨É¥²Ó´μ ²¨ ¢¸¥
μ´¨ ¶μÖ¢²ÖÕÉ¸Ö ± ± £·Ê¶¶Ò £μ²μ´μ³¨¨ ´¥±μÉμ·ÒÌ ³´μ£μμ¡· §¨°, ¶μ²μ¦¨-
É¥²Ó´Ò° μÉ¢¥É ¤²Ö ´¥±μ³¶ ±É´μ£μ ¸²ÊÎ Ö ¡Ò² ¶μ²ÊÎ¥´ Éμ²Ó±μ ¢ 1989 £. [15].

�¨³ ´μ¢Ò ³¥É·¨±¨ g ¸ Hol(g) ⊆ U(m) ´ §Ò¢ ÕÉ¸Ö ±Ô²¥·μ¢Ò³¨ ³¥-
É·¨± ³¨. Œ¥É·¨±¨ g ¸ Hol(g) ⊆ SU(m) ´ §Ò¢ ÕÉ¸Ö ³¥É·¨± ³¨ Š ² ¡¨Ä
ŸÊ. Œ¥É·¨±¨ ¸ £μ²μ´μ³¨¥° Sp(m) ´ §Ò¢ ÕÉ¸Ö £¨¶¥·±Ô²¥·μ¢Ò³¨. Œ¥É·¨±¨
Š ² ¡¨ÄŸÊ ¨ £¨¶¥·±Ô²¥·μ¢Ò ³¥É·¨±¨ Ö¢²ÖÕÉ¸Ö ·¨ÎÎ¨-¶²μ¸±¨³¨. Œ¥É·¨±¨ ¸
£μ²μ´μ³¨¥° Sp(m)Sp(1) ´ §Ò¢ ÕÉ¸Ö ±¢ É¥·´¨μ´´μ-±Ô²¥·μ¢Ò³¨ ¨ Ö¢²ÖÕÉ¸Ö
Ô°´ÏÉ¥°´μ¢Ò³¨. �μ¸²¥¤´¨¥ ¤¢  ¸²ÊÎ Ö Å Ô±§μÉ¨Î¥¸±¨¥ ³¥É·¨±¨ Å É ±¦¥
Ö¢²ÖÕÉ¸Ö ·¨ÎÎ¨-¶²μ¸±¨³¨.
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‚ ¸²ÊÎ ÖÌ 1Ä5 £·Ê¶¶Ò £μ²μ´μ³¨¨ Ö¢²ÖÕÉ¸Ö μ¡Ð¥¨§¢¥¸É´Ò³¨ £·Ê¶¶ ³¨
‹¨ ¨ ´¥ ´Ê¦¤ ÕÉ¸Ö ¢ μ¶·¥¤¥²¥´¨¨. ƒ·Ê¶¶  Spin(7) Å ÔÉμ ¤¢Ê²¨¸É´μ¥, μ¤´μ-
¸¢Ö§´μ¥ ´ ±·ÒÉ¨¥ £·Ê¶¶Ò SO(7). ƒ·Ê¶¶  G2 Å ÔÉμ £·Ê¶¶   ¢Éμ³μ·Ë¨§³μ¢
³´¨³ÒÌ μ±Éμ´¨μ´μ¢ Im O ∼= R7.

1.2. 3-¸ ¸ ±¨¥¢Ò ³´μ£μμ¡· §¨Ö. �Ê¸ÉÓ M Å £² ¤±μ¥ § ³±´ÊÉμ¥ ·¨³ -
´μ¢μ ³´μ£μμ¡· §¨¥ · §³¥·´μ¸É¨ m ¸ ³¥É·¨±μ° g. Šμ´Ê¸μ³ M̄ ´ ¤ M ¡Ê¤¥³
´ §Ò¢ ÉÓ ³´μ£μμ¡· §¨¥ R+ × M ¸ ³¥É·¨±μ° ḡ = dt2 + t2g.

Œ´μ£μμ¡· §¨¥ M ´ §Ò¢ ¥É¸Ö ¸ ¸ ±¨¥¢Ò³, ¥¸²¨ £·Ê¶¶  £μ²μ´μ³¨¨ ±μ-

´Ê¸  M̄ ¸μ¤¥·¦¨É¸Ö ¢ U

(
m + 1

2

)
(¢ Î ¸É´μ¸É¨, m ´¥Î¥É´μ). ‡´ Î¨É, ´  M̄

¸ÊÐ¥¸É¢Ê¥É ¶ · ²²¥²Ó´ Ö ±μ³¶²¥±¸´ Ö ¸É·Ê±ÉÊ·  J . � ¸¸³μÉ·¨³ ¨§μ³¥É·¨Î-
´μ¥ ¢²μ¦¥´¨¥ iM → M̄ , É ± ÎÉμ imi = M × {1} ⊂ M̄ , ¨ ¶μ²μ¦¨³ ξ = J(∂t).
‚¥±Éμ·´μ¥ ¶μ²¥ ξ ´ §Ò¢ ¥É¸Ö Ì · ±É¥·¨¸É¨Î¥¸±¨³ ¶μ²¥³ ¸ ¸ ±¨¥¢  ³´μ£μ-
μ¡· §¨Ö M . • · ±É¥·¨¸É¨Î¥¸± Ö 1-Ëμ·³  η ¸ ¸ ±¨¥¢  ³´μ£μμ¡· §¨Ö μ¶·¥¤¥-
²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥³

η(X) = g(X, ξ)

¤²Ö ¢¸¥Ì ¶μ²¥° X ´  M .
�Éμ μ¶·¥¤¥²¥´¨¥ ´¥¸É ´¤ ·É´μ¥, ´μ ¢ [13] ¡Ò²μ ¤μ± § ´μ, ÎÉμ μ´μ Ô±¢¨¢ -

²¥´É´μ ±² ¸¸¨Î¥¸±μ³Ê: M ¸ ¸ ±¨¥¢μ, ¥¸²¨ ´  ´¥³ ¥¸ÉÓ ¥¤¨´¨Î´μ¥ ±¨²²¨´£μ¢μ
¢¥±Éμ·´μ¥ ¶μ²¥ ξ, É ±μ¥ ÎÉμ É¥´§μ·´μ¥ (1, 1) ¶μ²¥ Φ = ∇ξ Ê¤μ¢²¥É¢μ·Ö¥É
Ê¸²μ¢¨Õ (∇XΦ)(Y ) = η(Y )X − g(X, Y )ξ ¤²Ö ²Õ¡ÒÌ ¢¥±Éμ·´ÒÌ ¶μ²¥° X
¨ Y ´  M .

…¸²¨ ´  ³´μ£μμ¡· §¨¨ M § ¤ ´Ò É·¨ ¶μ¶ ·´μ μ·Éμ£μ´ ²Ó´Ò¥ ¸ ¸ ±¨¥¢Ò
¸É·Ê±ÉÊ·Ò, Éμ M ¸É ´μ¢¨É¸Ö 3-¸ ¸ ±¨¥¢Ò³. 	μ²¥¥ ÉμÎ´μ, ³´μ£μμ¡· §¨¥ M
´ §Ò¢ ¥É¸Ö 3-¸ ¸ ±¨¥¢Ò³, ¥¸²¨ ³¥É·¨±  ḡ ´  M̄ £¨¶¥·±Ô²¥·μ¢ , É. ¥. ¥¥ £·Ê¶¶ 

£μ²μ´μ³¨¨ ¸μ¤¥·¦¨É¸Ö ¢ Sp

(
m + 1

4

)
(¢ Î ¸É´μ¸É¨, m = 4n − 1, n � 1).

�μ¸²¥¤´¥¥ μ§´ Î ¥É, ÎÉμ ´  M̄ ¸ÊÐ¥¸É¢ÊÕÉ É·¨ ¶ · ²²¥²Ó´Ò¥ ±μ³¶²¥±¸-
´Ò¥ ¸É·Ê±ÉÊ·Ò J1, J2, J3, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö³ JjJ i = −δij +
εijkJk. Š ± ¨ ¢ ¸ ¸ ±¨¥¢μ³ ¸²ÊÎ ¥, μ¶·¥¤¥²ÖÕÉ¸Ö Ì · ±É¥·¨¸É¨Î¥¸±¨¥ ¶μ²Ö ξi

¨ 1-Ëμ·³Ò ηi:

ξi = J i(∂t), ηi(X) = g(X, ξi), i = 1, 2, 3,

¤²Ö ¢¸¥Ì ¢¥±Éμ·´ÒÌ ¶μ²¥° X ´  M .
Š² ¸¸¨Î¥¸±μ¥ μ¶·¥¤¥²¥´¨¥ ¤²Ö 3-¸ ¸ ±¨¥¢ÒÌ ³´μ£μμ¡· §¨°: M Å

3-¸ ¸ ±¨¥¢μ, ¥¸²¨ ´  ´¥³ ¥¸ÉÓ 3 ¢¥±Éμ·´ÒÌ ¶μ²Ö ξa, ± ¦¤μ¥ ¨§ ±μÉμ·ÒÌ Ê¤μ-
¢²¥É¢μ·Ö¥É É·¥¡μ¢ ´¨Ö³ ¸ ¸ ±¨¥¢μ¸É¨ ¨ É ±¨Ì, ÎÉμ g(ξa, ξb) = δab ¨ [ξa, ξb] =
2εabcξc.

ˆ§ μ¶·¥¤¥²¥´¨° ¸· §Ê ¸²¥¤Ê¥É, ÎÉμ ± ¦¤μ¥ 3-¸ ¸ ±¨¥¢μ ³´μ£μμ¡· §¨¥ ¤μ-
¶Ê¸± ¥É ²μ± ²Ó´μ ¨§μ³¥É·¨Î´μ¥ ¤¥°¸É¢¨¥ Sp(1) ¨²¨ SO(3) = RP 3, ¢ ±μÉμ-
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·ÒÌ, ¢ Î ¸É´μ¸É¨, ¥¸ÉÓ ¶μ¤£·Ê¶¶  S1. 	μ²¥¥ Éμ£μ, 3-¸ ¸ ±¨¥¢Ò ³´μ£μμ¡· §¨Ö
¸¢Ö§ ´Ò ¸ ¤·Ê£¨³¨ ¢ ¦´Ò³¨ £¥μ³¥É·¨Ö³¨:

M

M̄

Z

O

iC∗/Z2

CP 1 RP 3

H∗/Z2

�

�

� �
�

‡¤¥¸Ó i Å Ê¦¥ Ê¶μ³¨´ ¢Ï¥¥¸Ö ¢²μ¦¥´¨¥ 3-¸ ¸ ±¨¥¢  ³´μ£μμ¡· §¨Ö M
¢ ±μ´Ê¸ M̄ , μ¸É ²Ó´Ò¥ μÉμ¡· ¦¥´¨Ö Ö¢²ÖÕÉ¸Ö · ¸¸²μ¥´¨Ö³¨ ¸ ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨³¨ ¸²μÖ³¨. ‚ ¤ ´´μ° ¤¨ £· ³³¥ ´¥ Ê± § ´μ, ÎÉμ M É ±¦¥ · ¸¸² ¨¢ ¥É¸Ö
´ ¤ É¢¨¸Éμ·´Ò³ ¶·μ¸É· ´¸É¢μ³ Z ¸ μ±·Ê¦´μ¸ÉÓÕ S1 ¢ ± Î¥¸É¢¥ ¸²μÖ, O Å
±¢ É¥·´¨μ´´μ-±Ô²¥·μ¢ μ·¡¨Ëμ²¤. ‡  ¡μ²¥¥ ¶μ¤·μ¡´μ° ¨´Ëμ·³ Í¨¥° μÉ¸Ò-
² ¥³ ± [13].

1.3. �·¡¨Ëμ²¤Ò. �Ê¸ÉÓ S Å Ì Ê¸¤μ·Ëμ¢μ ¶·μ¸É· ´¸É¢μ, Ê¤μ¢²¥É¢μ·Ö-
ÕÐ¥¥ ¢Éμ·μ°  ±¸¨μ³¥ ¸Î¥É´μ¸É¨. ‹μ± ²Ó´ Ö Ê´¨Ëμ·³¨§ÊÕÐ Ö ¸¨¸É¥³  ¤²Ö
μÉ±·ÒÉμ° μ±·¥¸É´μ¸É¨ U ⊂ S Å ÔÉμ É·μ°±  (Ũ , Γ, π), £¤¥ Ũ Å μÉ±·Ò-
Éμ¥ ¶μ¤³´μ¦¥¸É¢μ ¢ Rn; Γ Ö¢²Ö¥É¸Ö ±μ´¥Î´μ° £·Ê¶¶μ° ¤¨ËË¥μ³μ·Ë¨§³μ¢
μ±·¥¸É´μ¸É¨ Ũ ; ¶·μ¥±Í¨Ö π : Ũ → U ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ £·Ê¶¶Ò Γ
¨ ¨´¤ÊÍ¨·Ê¥É £μ³¥μ³μ·Ë¨§³ π̃ : Ũ/Γ → U .

�Ê¸ÉÓ É¥¶¥·Ó Ũ1 ¨ Ũ2 Å ¤¢  μÉ±·ÒÉÒÌ ³´μ¦¥¸É¢  ¢ Rn, ±μ´¥Î´Ò¥
£·Ê¶¶Ò Γ1 ¨ Γ2 ¤¥°¸É¢ÊÕÉ ¤¨ËË¥μ³μ·Ë¨§³ ³¨ ´  Ũ1, Ũ2 ¸μμÉ¢¥É¸É¢¥´´μ.
� §μ¢¥³ ´¥¶·¥·Ò¢´μ¥ μÉμ¡· ¦¥´¨¥ f : Ũ1/Γ1 → Ũ2/Γ2 £² ¤±¨³, ¥¸²¨ ¤²Ö
± ¦¤μ° ÉμÎ±¨ p ∈ Ũ1 ´ °¤ÊÉ¸Ö É ±¨¥ μ±·¥¸É´μ¸É¨ V1, V2 ÉμÎ¥± p ¨ f(p) ¨ É -
±¨¥ ²μ± ²Ó´Ò¥ Ê´¨Ëμ·³¨§ÊÕÐ¨¥ ¸¨¸É¥³Ò (Ṽ1, Γ1, π1) ¨ (Ṽ2, Γ2, π2) ¤²Ö V1,
V2, ÎÉμ μÉμ¡· ¦¥´¨¥ f |V1 ¶μ¤´¨³ ¥É¸Ö ¤μ £² ¤±μ£μ μÉμ¡· ¦¥´¨Ö f̃ : Ṽ1 → Ṽ2,
¨´¢ ·¨ ´É´μ£μ μÉ´μ¸¨É¥²Ó´μ ¤¥°¸É¢¨Ö £·Ê¶¶ Γ1, Γ2. ‘Ìμ¦¨³ μ¡· §μ³ μ¶·¥-
¤¥²ÖÕÉ¸Ö ¶μ´ÖÉ¨Ö ¸Ê¡³¥·¸¨¨, ¨³³¥·¸¨¨, ¤¨ËË¥μ³μ·Ë¨§³  ¨ É. ¤.

ƒ² ¤±¨³ V - É² ¸μ³ ¤²Ö S ´ §Ò¢ ¥É¸Ö ¶μ±·ÒÉ¨¥ S μÉ±·ÒÉÒ³¨ ³´μ¦¥-
¸É¢ ³¨ Ui ¢³¥¸É¥ ¸ ²μ± ²Ó´Ò³¨ Ê´¨Ëμ·³¨§ÊÕÐ¨³¨ ¸¨¸É¥³ ³¨ (Ũi, Γi, πi)
É ±¨³¨, ÎÉμ μÉμ¡· ¦¥´¨¥

Id : Ui ∩ Uj → Ui ∩ Uj

Ö¢²Ö¥É¸Ö ¤¨ËË¥μ³μ·Ë¨§³μ³ (¢ ¸³Ò¸²¥ ¤ ´´μ£μ ¢ÒÏ¥ μ¶·¥¤¥²¥´¨Ö). �·μ-
¸É· ´¸É¢μ S ¢³¥¸É¥ ¸ ¶μ²´Ò³ V - É² ¸μ³ ´ §Ò¢ ¥É¸Ö V -³´μ£μμ¡· §¨¥³ ¨²¨
μ·¡¨Ëμ²¤μ³. �Î¥¢¨¤´Ò³ μ¡· §μ³ μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ´ÖÉ¨Ö £² ¢´μ£μ V -· ¸¸²μ¥-
´¨Ö, V -· ¸¸²μ¥´¨Ö,  ¸¸μÍ¨¨·μ¢ ´´μ£μ ¸ £² ¢´Ò³; ¶μ´ÖÉ¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ°
Ëμ·³Ò, ·¨³ ´μ¢μ° ³¥É·¨±¨, ·¨³ ´μ¢μ° ¸Ê¡³¥·¸¨¨ ¨ É. ¤.

�¨³ ´μ¢ μ·¡¨Ëμ²¤ O ´ §Ò¢ ¥É¸Ö ±¢ É¥·´¨μ´´μ-±Ô²¥·μ¢Ò³, ¥¸²¨ ¢ V -
· ¸¸²μ¥´¨¨ Ô´¤μ³μ·Ë¨§³μ¢ ± ¸ É¥²Ó´μ£μ ¶·μ¸É· ´¸É¢  ¸ÊÐ¥¸É¢Ê¥É ¶ · ²²¥²Ó-
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´μ¥ V -¶μ¤· ¸¸²μ¥´¨¥ I · §³¥·´μ¸É¨ 3, ²μ± ²Ó´μ ¶μ·μ¦¤¥´´μ¥ ¶μÎÉ¨ ±μ³-
¶²¥±¸´Ò³¨ ¸É·Ê±ÉÊ· ³¨ I1, I2, I3, Ê¤μ¢²¥É¢μ·ÖÕÐ¨³¨ ¸μμÉ´μÏ¥´¨Ö³  ²£¥¡·Ò
±¢ É¥·´¨μ´μ¢, ¨ · ¸¸²μ¥´¨¥ I ¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ ¤¥°¸É¢¨Ö ²μ± ²Ó´μ°
Ê´¨Ëμ·³¨§ÊÕÐ¥° £·Ê¶¶Ò O.

2. ��‘’��…�ˆ… Œ…’�ˆŠ ‘ ƒ�‹���Œˆ…‰ G2

2.1. �¶¨¸ ´¨¥ G2-¸É·Ê±ÉÊ·Ò ´  ±μ´Ê¸¥ ´ ¤ É¢¨¸Éμ·´Ò³ ¶·μ¸É· ´¸É¢μ³.
�Ê¸ÉÓ M Å ±μ³¶ ±É´μ¥ ¸¥³¨³¥·´μ¥ 3-¸ ¸ ±¨¥¢μ ³´μ£μμ¡· §¨¥ ¸ Ì · ±É¥·¨-
¸É¨Î¥¸±¨³¨ ¶μ²Ö³¨ ξ1, ξ2, ξ3 ¨ Ì · ±É¥·¨¸É¨Î¥¸±¨³¨ 1-Ëμ·³ ³¨ η1, η2, η3.
� ¸¸³μÉ·¨³ £² ¢´μ¥ · ¸¸²μ¥´¨¥ π : M → O ¸μ ¸É·Ê±ÉÊ·´μ° £·Ê¶¶μ° Sp(1)
²¨¡μ SO(3) ´ ¤ ±¢ É¥·´¨μ´´μ-±Ô²¥·μ¢Ò³ μ·¡¨Ëμ²¤μ³ O,  ¸¸μÍ¨¨·μ¢ ´´Ò³
¸ M . � ¸ ¡Ê¤¥É ¨´É¥·¥¸μ¢ ÉÓ ¸¶¥Í¨ ²Ó´Ò° ¸²ÊÎ °, ±μ£¤  O ¤μ¶μ²´¨É¥²Ó´μ
μ¡² ¤ ¥É ±Ô²¥·μ¢μ° ¸É·Ê±ÉÊ·μ°.

�μ²¥ ξ1 ¶μ·μ¦¤ ¥É ²μ± ²Ó´μ ¸¢μ¡μ¤´μ¥ ¤¥°¸É¢¨¥ μ±·Ê¦´μ¸É¨ S1 ´  M , ¨
³¥É·¨±  ´  É¢¨¸Éμ·´μ³ ¶·μ¸É· ´¸É¢¥ Z = M/S1 Ö¢²Ö¥É¸Ö ³¥É·¨±μ° ŠÔ²¥· Ä
�°´ÏÉ¥°´ . �Î¥¢¨¤´μ, ÎÉμ Z Éμ¶μ²μ£¨Î¥¸±¨ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° · ¸¸²μ¥´´μ¥
¶·μ¸É· ´¸É¢μ ´ ¤ O ¸μ ¸²μ¥³ S2 = Sp(1)/S1 (²¨¡μ S2 = SO(3)/S1),  ¸¸μ-
Í¨¨·μ¢ ´´μ¥ ¸ π. � ¸¸³μÉ·¨³ μÎ¥¢¨¤´μ¥ ¤¥°¸É¢¨¥ SO(3) ´  R

3. „¢Ê²¨¸É´μ¥
´ ±·ÒÉ¨¥ Sp(1) → SO(3) § ¤ ¥É É ±¦¥ ¤¥°¸É¢¨¥ Sp(1) ´  R3. �Ê¸ÉÓ É¥¶¥·Ó
N Å · ¸¸²μ¥´´μ¥ ¶·μ¸É· ´¸É¢μ ´ ¤ O, ¸μ ¸²μ¥³ R3,  ¸¸μÍ¨¨·μ¢ ´´μ¥ ¸ π.
‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ O ¢²μ¦¥´μ ¢ N ¢ ± Î¥¸É¢¥ ´Ê²¥¢μ£μ,   Z ¢²μ¦¥´μ ¢ N
¢ ± Î¥¸É¢¥ ¸Ë¥·¨Î¥¸±μ£μ ¸¥Î¥´¨Ö. �·μ¸É· ´¸É¢μ N\O ¤¨ËË¥μ³μ·Ë´μ ¶·μ-
¨§¢¥¤¥´¨Õ Z × (0,∞). ‡ ³¥É¨³, ÎÉμ N ³μ¦´μ ³Ò¸²¨ÉÓ ± ± ¶·μ¥±É¨¢¨§ Í¨Õ
· ¸¸²μ¥´¨Ö M1 → O ¨§ [1]. ‚ μ¡Ð¥° ¸¨ÉÊ Í¨¨ N Ö¢²Ö¥É¸Ö ¸¥³¨³¥·´Ò³ μ·-
¡¨Ëμ²¤μ³, μ¤´ ±μ ¥¸²¨ M Å ·¥£Ê²Ö·´μ¥ 3-¸ ¸ ±¨¥¢μ ¶·μ¸É· ´¸É¢μ, Éμ N Å
¸¥³¨³¥·´μ¥ ³´μ£μμ¡· §¨¥.

�Ê¸ÉÓ {ei}, i = 0, 2, 3, . . . , 7, Å μ·Éμ´μ·³¨·μ¢ ´´Ò° ¡ §¨¸ ¨§ 1-Ëμ·³ ´ 
¸É ´¤ ·É´μ³ ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥ R7. ‘¶μ¸μ¡ ´Ê³¥· Í¨¨ ¡ §¨¸  §¤¥¸Ó
¢Ò¡· ´ É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ¶μ¤Î¥·±´ÊÉÓ ¸¢Ö§Ó ¸ ±μ´¸É·Ê±Í¨Ö³¨ ¨§ [1] ¨ ¸μ-
Ì· ´¨ÉÓ ¶·¨´ÖÉÒ¥ μ¡μ§´ Î¥´¨Ö, e0 Å 1-Ëμ·³  ´  μ¡· §ÊÕÐ¥° ±μ´Ê¸ , e1,
e2, e3 ¸μμÉ¢¥É¸É¢ÊÕÉ Ì · ±É¥·¨¸É¨Î¥¸±¨³ Ëμ·³ ³, ¶·¨ ÔÉμ³ É¢¨¸Éμ·´μ¥ ¶·μ-
¸É· ´¸É¢μ ¶μ²ÊÎ ¥É¸Ö Ë ±Éμ·¨§ Í¨¥° μ±·Ê¦´μ¸ÉÓÕ, ¶μ·μ¦¤ ¥³μ° Ì · ±É¥·¨-
¸É¨Î¥¸±¨³ ¶μ²¥³ ξ1. �μ²μ¦¨¢ eijk = ei ∧ ej ∧ ek, · ¸¸³μÉ·¨³ ¸²¥¤ÊÕÐÊÕ
3-Ëμ·³Ê Ψ0 ´  R

7:

Ψ0 = −e123 − e145 + e167 + e346 − e375 − e247 + e256.

„¨ËË¥·¥´Í¨ ²Ó´ Ö 3-Ëμ·³  Ψ ´  μ·¨¥´É¨·μ¢ ´´μ³ ·¨³ ´μ¢μ³ 7-³¥·´μ³
³´μ£μμ¡· §¨¨ N § ¤ ¥É G2-¸É·Ê±ÉÊ·Ê, ¥¸²¨ ¢ μ±·¥¸É´μ¸É¨ ± ¦¤μ° ÉμÎ±¨
p ∈ N ¸ÊÐ¥¸É¢Ê¥É ¸μÌ· ´ÖÕÐ Ö μ·¨¥´É Í¨Õ ¨§μ³¥É·¨Ö φp : TpN → R7 É ± Ö,
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ÎÉμ φ∗
pΨ0 = Ψ|p. �·¨ ÔÉμ³ Ëμ·³  Ψ μ¶·¥¤¥²Ö¥É ¥¤¨´¸É¢¥´´ÊÕ ³¥É·¨±Ê gΨ,

É ±ÊÕ ÎÉμ gΨ(v, w) = 〈φpv, φpw〉 ¤²Ö v, w ∈ TpN [15]. …¸²¨ Ëμ·³  Ψ ¶ -
· ²²¥²Ó´  (∇Ψ = 0), Éμ £·Ê¶¶  £μ²μ´μ³¨¨ ·¨³ ´μ¢  ³´μ£μμ¡· §¨Ö N ¡Ê¤¥É
¸μ¤¥·¦ ÉÓ¸Ö ¢ G2. � · ²²¥²Ó´μ¸ÉÓ Ëμ·³Ò Ψ Ô±¢¨¢ ²¥´É´  ¥¥ § ³±´ÊÉμ¸É¨
¨ ±μ§ ³±´ÊÉμ¸É¨ [26]:

dΨ = 0, d ∗ Ψ = 0. (2.1)

‡ ³¥É¨³, ÎÉμ Ëμ·³  Φ0 = e1 ∧ Ψ0 − ∗Ψ0, £¤¥ ∗ Å μ¶¥· Éμ· •μ¤¦  ¢ R7,
§ ¤ ¥É Spin(7)-¸É·Ê±ÉÊ·Ê ´  R

8 ¸ μ·Éμ´μ·³¨·μ¢ ´´Ò³ ¡ §¨¸μ³ {ei}i=0,1,2,...,7.
‹μ± ²Ó´μ ¢Ò¡¥·¥³ μ·Éμ´μ·³¨·μ¢ ´´ÊÕ ¸¨¸É¥³Ê η4, η5, η6, η7, ¶μ·μ¦¤ -

ÕÐÊÕ  ´´Ê²ÖÉμ· ¢¥·É¨± ²Ó´μ£μ ¶μ¤· ¸¸²μ¥´¨Ö V , É ± ÎÉμ

ω1 = 2(η4 ∧ η5 − η6 ∧ η7),
ω2 = 2(η4 ∧ η6 − η7 ∧ η5),
ω3 = 2(η4 ∧ η7 − η5 ∧ η6),

£¤¥ Ëμ·³Ò ωi μÉ¢¥Î ÕÉ ±¢ É¥·´¨μ´´μ-±Ô²¥·μ¢μ° ¸É·Ê±ÉÊ·¥ ´  O. Ÿ¸´μ, ÎÉμ
η2, η3, . . . , η7 Ö¢²Ö¥É¸Ö μ·Éμ´μ·³¨·μ¢ ´´Ò³ ¡ §¨¸μ³ ¢ M ,  ´´Ê²¨·ÊÕÐ¨³ μ¤-
´μ³¥·´μ¥ ¸²μ¥´¨¥, ¶μ·μ¦¤¥´´μ¥ ¶μ²¥³ ξ1, ¶μÔÉμ³Ê ³μ¦´μ · ¸¸³μÉ·¥ÉÓ ³¥-
É·¨±Ê ´  (0,∞) ×Z ¸²¥¤ÊÕÐ¥£μ ¢¨¤ :

ḡ = dt2 + A(t)2(η2
2 + η2

3) + B(t)2(η2
4 + η2

5) + C(t)2(η2
6 + η2

7), (2.2)

£¤¥ ËÊ´±Í¨¨ A(t), B(t) ¨ C(t) μ¶·¥¤¥²¥´Ò ´  ¶·μ³¥¦ÊÉ±¥ (0,∞).
ŒÒ ¶·¥¤¶μ² £ ¥³, ÎÉμ O Ö¢²Ö¥É¸Ö ±Ô²¥·μ¢Ò³ μ·¡¨Ëμ²¤μ³, ¶μÔÉμ³Ê ´ 

´¥³ ¸ÊÐ¥¸É¢Ê¥É § ³±´ÊÉ Ö ±Ô²¥·μ¢  Ëμ·³ , ±μÉμ·ÊÕ ³μ¦´μ ¶μ¤´ÖÉÓ ´  H ¨
¶μ²ÊÎ¨ÉÓ § ³±´ÊÉÊÕ Ëμ·³Ê ω. ‹μ± ²Ó´μ, ´¥ μ£· ´¨Î¨¢ Ö μ¡Ð´μ¸É¨ · ¸¸Ê-
¦¤¥´¨°, ³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ

ω = 2(η4 ∧ η5 + η6 ∧ η7).

…¸²¨ É¥¶¥·Ó ¶μ²μ¦¨ÉÓ

e0 = dt,

ei = Aηi, i = 2, 3,

ej = Bηj , j = 4, 5,

ek = Cηk, k = 6, 7,

Éμ Ëμ·³Ò Ψ0 ¨ ∗Ψ0 ¡Ê¤ÊÉ ¨³¥ÉÓ ¢¨¤

Ψ1 =−e023 − B2 + C2

4
e0∧ ω1 −

B2 − C2

4
e0∧ ω +

BC

2
e3∧ ω2 −

BC

2
e2∧ ω3,

Ψ2 =C2B2Ω−B2 + C2

4
e23∧ω1−

B2 − C2

4
e23∧ ω+

BC

2
e02∧ω2+

BC

2
e03∧ω3.
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�·¨ ÔÉμ³ μÎ¥¢¨¤´μ, ÎÉμ Ëμ·³Ò Ψ1, Ψ2 Ê¦¥ Ö¢²ÖÕÉ¸Ö £²μ¡ ²Ó´μ μ¶·¥¤¥²¥´-
´Ò³¨ ¨ ´¥ § ¢¨¸ÖÉ μÉ ²μ± ²Ó´μ£μ ¢Ò¡μ·  ηi, ¸²¥¤μ¢ É¥²Ó´μ, μ¤´μ§´ Î´μ μ¶·¥-
¤¥²ÖÕÉ ´¥±μÉμ·ÊÕ ³¥É·¨±Ê ḡ, ²μ± ²Ó´μ § ¤ ´´ÊÕ Ëμ·³Ê²μ° (2.2). “¸²μ¢¨¥
¶·¨´ ¤²¥¦´μ¸É¨ £·Ê¶¶Ò £μ²μ´μ³¨¨ G2 Éμ£¤  · ¢´μ¸¨²Ó´μ Ê· ¢´¥´¨Õ

dΨ1 = dΨ2 = 0.

‹¥³³  2.1. “¸²μ¢¨¥ (2.1) Ô±¢¨¢ ²¥´É´μ ¸²¥¤ÊÕÐ¥° ¸¨¸É¥³¥ μ¡Ò±´μ¢¥´´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°:

A′ =
2A2 − B2 − C2

BC
,

B′ =
B2 − C2 − 2A2

CA
,

C′ =
C2 − 2A2 − B2

AB
.

(2.3)

„μ± § É¥²Ó¸É¢μ. �μ²Ó§ÊÖ¸Ó μÎ¥¢¨¤´Ò³¨ Éμ¦¤¥¸É¢ ³¨

dηi = ωi − 2ηi+1 ∧ ηi+2,

dωi = 2d(ηi+1 ∧ ηi+2) = 2(ωi+1 ∧ ηi+2 − ηi+1 ∧ ωi+2), i = 1, 2, 3 mod 3,

³Ò ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö, § ³Ò± ÕÐ¨¥ ¢´¥Ï´ÕÕ  ²£¥¡·Ê · ¸-
¸³μÉ·¥´´ÒÌ Ëμ·³:

de0 = 0,

dei =
A′

i

Ai
e0 ∧ ei + Aiωi −

2Ai

Ai+1Ai+2
ei+1 ∧ ei+2, i = 1, 2, 3 mod 3,

dωi =
2

Ai+2
ωi+1 ∧ ei+2 − 2

Ai+1
ei+1 ∧ ωi+2, i = 1, 2, 3 mod 3.

„μ¡ ¢¨¢ ¸μμÉ´μÏ¥´¨¥ dω = 0 ¨ ¢Ò¶μ²´¨¢ ¢ÒÎ¨¸²¥´¨Ö, ±μÉμ·Ò¥ ³Ò §¤¥¸Ó
μ¶Ê¸± ¥³, ¶μ²ÊÎ ¥³ É·¥¡Ê¥³μ¥ ÊÉ¢¥·¦¤¥´¨¥.

‹¥³³  2.2. �Ê¸ÉÓ A(t), B(t) ¨ C(t) Å C∞-£² ¤±μ¥ ´  ¶·μ³¥¦ÊÉ±¥ [0,∞)
·¥Ï¥´¨¥ ¸¨¸É¥³Ò (2.3). ’μ£¤  ³¥É·¨±  (2.2) ¶·μ¤μ²¦ ¥É¸Ö ¤μ £² ¤±μ° ³¥-
É·¨±¨ ´  N ¢ Éμ³, ¨ Éμ²Ó±μ ¢ Éμ³, ¸²ÊÎ ¥, ±μ£¤  ¢Ò¶μ²´¥´Ò ¸²¥¤ÊÕÐ¨¥
Ê¸²μ¢¨Ö:

1) A(0) = 0, |A′
1(0)| = 2;

2) B(0), C(0) �= 0, B′(0) = C′(0) = 0;
3) ËÊ´±Í¨¨ A, B, C §´ ±μμ¶·¥¤¥²¥´Ò ´  ¶·μ³¥¦ÊÉ±¥ (0,∞).
„μ± § É¥²Ó¸É¢μ. �´ ²μ£¨Î´μ¥ ÊÉ¢¥·¦¤¥´¨¥ ¤²Ö ¸²ÊÎ Ö ±μ´Ê¸  ´ ¤ M ¤μ-

± § ´μ ¢ [1], ¨ ¤μ± § É¥²Ó¸É¢μ ¶¥·¥´μ¸¨É¸Ö ¡¥§ μ¸μ¡¥´´ÒÌ ¨§³¥´¥´¨°. ‡ -
³¥É¨³ Éμ²Ó±μ, ÎÉμ ¶·¨ Ë ±Éμ·¨§ Í¨¨ ¥¤¨´¨Î´μ° ¸Ë¥·Ò S3 ¶μ Ìμ¶Ëμ¢¸±μ³Ê
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¤¥°¸É¢¨Õ μ±·Ê¦´μ¸É¨ ³Ò ¶μ²ÊÎ ¥³ ¸Ë¥·Ê · ¤¨Ê¸  1/2, ÎÉμ ¨ μ¡ÑÖ¸´Ö¥É Ê¸²μ-
¢¨¥ |A′(0)| = 2.

�·¨ B = C ¸¨¸É¥³  ¸¢μ¤¨É¸Ö ± ¶ ·¥ Ê· ¢´¥´¨°

A′ = 2
(

A2

B2
− 1

)
, B′ = −2

A

B
,

·¥Ï¥´¨¥ ±μÉμ·μ° ¤ ¥É ¸²¥¤ÊÕÐÊÕ ³¥É·¨±Ê:

ḡ =
dr2

1 − r4
0

r4

+ r2

(
1 − r4

0

r4

) (
η2
2 + η2

3

)
+ 2r2

(
η2
4 + η2

5 + η2
6 + η2

7

)
.

“¸²μ¢¨Ö ·¥£Ê²Ö·´μ¸É¨ ¢Ò¶μ²´¥´Ò, ¨ ÔÉ  £² ¤± Ö ³¥É·¨±  ¡Ò²  ´ °¤¥´  ¢¶¥·-
¢Ò¥ ¢ [20] ¤²Ö ¸²ÊÎ Ö M = SU(3)/S1 ¨ M = S7 (μÉ³¥É¨³, ÎÉμ ¶·¨ B = C
´¥ μ¡Ö§ É¥²Ó´μ É·¥¡μ¢ ÉÓ ±Ô²¥·μ¢μ¸É¨ O).

2.2. �·¨³¥·Ò. ˆ´É¥·¥¸´μ¥ ¸¥³¥°¸É¢μ ¶·¨³¥·μ¢ ¢μ§´¨± ¥É, ¥¸²¨ · ¸¸³μ-
É·¥ÉÓ ¢ ± Î¥¸É¢¥ 3-¸ ¸ ±¨¥¢ÒÌ ³´μ£μμ¡· §¨° ¸¥³¨³¥·´Ò¥ ¤¢μ°´Ò¥ Î ¸É´Ò¥
£·Ê¶¶Ò ‹¨ SU(3). � ¨³¥´´μ, ¶Ê¸ÉÓ p1, p2, p3 Å ¶μ¶ ·´μ ¢§ ¨³´μ ¶·μ¸ÉÒ¥
¶μ²μ¦¨É¥²Ó´Ò¥ Í¥²Ò¥ Î¨¸² . � ¸¸³μÉ·¨³ ¸²¥¤ÊÕÐ¥¥ ¤¥°¸É¢¨¥ £·Ê¶¶Ò S1 ´ 
£·Ê¶¶¥ ‹¨ SU(3):

z ∈ S1 : A �→ diag (zp1 , zp2, zp3) · A · diag (1, 1, z−p1−p2−p3).

’ ±μ¥ ¤¥°¸É¢¨¥ ¸¢μ¡μ¤´μ, ¨ ¢ [13] ¶μ± § ´μ, ÎÉμ ´  ¶·μ¸É· ´¸É¢¥ μ·-
¡¨É S = Sp1,p2,p3 ¸ÊÐ¥¸É¢Ê¥É 3-¸ ¸ ±¨¥¢  ¸É·Ê±ÉÊ· . 	μ²¥¥ Éμ£μ, ¤¥°¸É¢¨¥
£·Ê¶¶Ò SU(2) ´  SU(3) ¶· ¢Ò³¨ ¸¤¢¨£ ³¨

B ∈ SU(2) : A �→ A ·
(

B 0
0 1

)

±μ³³ÊÉ¨·Ê¥É ¸ ¤¥°¸É¢¨¥³ S1 ¨ ¶¥·¥´μ¸¨É¸Ö ´  ¶·μ¸É· ´¸É¢μ μ·¡¨É S. ‘μ-
μÉ¢¥É¸É¢ÊÕÐ¨¥ ±¨²²¨´£μ¢Ò ¶μ²Ö ¨ ¡Ê¤ÊÉ Ö¢²ÖÉÓ¸Ö Ì · ±É¥·¨¸É¨Î¥¸±¨³¨ ¶μ-
²Ö³¨ ξi ´  S. ‘²¥¤μ¢ É¥²Ó´μ, ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ É¢¨¸Éμ·´Ò³ ¶·μ¸É· ´¸É¢μ³
Z = Zp1,p2,p3 ¡Ê¤¥É ¶·μ¸É· ´¸É¢μ μ·¡¨É ¸²¥¤ÊÕÐ¥£μ ¤¥°¸É¢¨Ö Éμ·  T 2 ´ 
SU(3):

(z, u) ∈ T 2 : A �→ diag (zp1 , zp2 , zp3) · A · diag (u, u−1, z−p1−p2−p3). (2.4)

‹¥³³  2.3. �·μ¸É· ´¸É¢μ Zp1,p2,p3 ¤¨ËË¥μ³μ·Ë´μ ¶·μ¸É· ´¸É¢Ê μ·¡¨É
£·Ê¶¶Ò U(3) μÉ´μ¸¨É¥²Ó´μ ¸²¥¤ÊÕÐ¥£μ ¤¥°¸É¢¨Ö Éμ·  T 3:

(z, u, v) ∈ T 3 : A �→ diag (z−p2−p3 , z−p1−p3 , z−p1−p2) · A · diag (u, v, 1). (2.5)

„²Ö ¤μ± § É¥²Ó¸É¢  ¤μ¸É ÉμÎ´μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ± ¦¤ Ö T 3-μ·¡¨É  ¢ U(3)
¢Ò¸¥± ¥É ¢ £·Ê¶¶¥ SU(3) ⊂ U(3) ¢ ÉμÎ´μ¸É¨ μ·¡¨ÉÊ T 2-¤¥°¸É¢¨Ö (2.4).
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„¥°¸É¢¨¥ (2.5) ¶μ§¢μ²Ö¥É ¶·μ§· Î´μ μ¶¨¸ ÉÓ Éμ¶μ²μ£¨Õ Z ¨, ¸²¥¤μ¢ -
É¥²Ó´μ, Éμ¶μ²μ£¨Õ N . �·¨ ÔÉμ³ ³Ò ¶μ²Ó§Ê¥³¸Ö ±μ´¸É·Ê±Í¨¥°, ¢§ÖÉμ° ¨§ [23].
� ¸¸³μÉ·¨³ ¶μ¤³´μ£μμ¡· §¨¥

E = {(u, [v])|u⊥v} ⊂ S5 × CP 2.

�Î¥¢¨¤´μ, ÎÉμ E ¤¨ËË¥μ³μ·Ë´μ U(3)/S1×S1 (®¶· ¢ Ö¯ Î ¸ÉÓ ¤¥°¸É¢¨Ö (2.5))
¨ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶·μ¥±É¨¢¨§ Í¨Õ C2-· ¸¸²μ¥´¨Ö Ẽ = {(u, v)|u⊥v} ⊂
S5 × C3 ´ ¤ S5. „μ¡ ¢¨¢ É·¨¢¨ ²Ó´μ¥ μ¤´μ³¥·´μ¥ ±μ³¶²¥±¸´μ¥ · ¸¸²μ¥´¨¥
´ ¤ S5 ± Ẽ, ³Ò ¶μ²ÊÎ ¥³ É·¨¢¨ ²Ó´μ¥ · ¸¸²μ¥´¨¥ S5 × C3 ´ ¤ S5.

ƒ·Ê¶¶  S1 ¤¥°¸É¢Ê¥É ¸²¥¢   ¢Éμ³μ·Ë¨§³ ³¨ ¢¥±Éμ·´μ£μ · ¸¸²μ¥´¨Ö Ẽ, ¨
Z = S1\E Ö¢²Ö¥É¸Ö ¶·μ¥±É¨¢¨§ Í¨¥° C2-· ¸¸²μ¥´¨Ö S1\Ẽ ´ ¤ ¢§¢¥Ï¥´´Ò³
±μ³¶²¥±¸´Ò³ ¶·μ¥±É¨¢´Ò³ ¶·μ¸É· ´¸É¢μ³ O = CP 2(q1, q2, q3) = S1\S5, £¤¥
qi = (pi+1 + pi+2)/2, ¥¸²¨ ¢¸¥ pi ´¥Î¥É´Ò, ¨ qi = (pi+1 + pi+2) ¢ ¶·μÉ¨¢-
´μ³ ¸²ÊÎ ¥.

ˆ§ ¢¸¥£μ ¢ÒÏ¥¸± § ´´μ£μ ¢ÒÉ¥± ¥É, ÎÉμ · ¸¸²μ¥´¨¥ S1\Ẽ ¸É ¡¨²Ó´μ Ô±¢¨-
¢ ²¥´É´μ · ¸¸²μ¥´¨Õ S1\(S5 ×C3) ´ ¤ O. �μ¸²¥¤´¥¥ · ¸¸²μ¥´¨¥ μÎ¥¢¨¤´Ò³

μ¡· §μ³ · ¸±² ¤Ò¢ ¥É¸Ö ¢ ¸Ê³³Ê “¨É´¨
3∑

i=1

ξqi , £¤¥ ξ Å  ´ ²μ£ μ¤´μ³¥·´μ£μ

Ê´¨¢¥·¸ ²Ó´μ£μ · ¸¸²μ¥´¨Ö ¤²Ö μ·¡¨Ëμ²¤  O.
‘²¥¤¸É¢¨¥ 2.1. ’¢¨¸Éμ·´μ¥ ¶·μ¸É· ´¸É¢μ Z ¤¨ËË¥μ³μ·Ë´μ ¶·μ¥±É¨-

¢¨§ Í¨¨ ¤¢Ê³¥·´μ£μ ±μ³¶²¥±¸´μ£μ · ¸¸²μ¥´¨Ö ´ ¤ CP 2(q1, q2, q3), ¸É ¡¨²Ó´μ
Ô±¢¨¢ ²¥´É´μ£μ ξq1 ⊕ ξq2 ⊕ ξq3 .

3. ��‘’��…�ˆ… Œ…’�ˆŠ ‘ ƒ�‹���Œˆ…‰ Spin(7)

3.1. �¶¨¸ ´¨¥ Spin(7)-¸É·Ê±ÉÊ·Ò ´  ±μ´Ê¸¥ ´ ¤ 3-¸ ¸ ±¨¥¢Ò³ ³´μ£μ-
μ¡· §¨¥³. � ¸¸³μÉ·¨³ 3-¸ ¸ ±¨¥¢μ ³´μ£μμ¡· §¨¥ M · §³¥·´μ¸É¨ 7 ¨ Ì · ±-
É¥·¨¸É¨Î¥¸±¨¥ ¶μ²Ö ξi ´  ´¥³. Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ¶μ²Ö ξi μ¡· §ÊÕÉ  ²£¥¡·Ê
‹¨ su(2) μÉ´μ¸¨É¥²Ó´μ ¸±μ¡±¨ ‹¨ ¢¥±Éμ·´ÒÌ ¶μ²¥°, ¶μÔÉμ³Ê ¢μ§´¨± ¥É · ¸-
¸²μ¥´¨¥ π : M → O ¸ μ¡Ð¨³ ¸²μ¥³ SU(2) = S3 (²¨¡μ SO(3) = RP 3) ´ ¤ ´¥-
±μÉμ·Ò³ Î¥ÉÒ·¥Ì³¥·´Ò³ ±¢ É¥·´¨μ´´μ-±Ô²¥·μ¢Ò³ μ·¡¨Ëμ²¤μ³ O. ŒÒ μ¡μ-
§´ Î ¥³ Î¥·¥§ H · ¸¸²μ¥´¨¥ £μ·¨§μ´É ²Ó´ÒÌ (μÉ´μ¸¨É¥²Ó´μ π) ¢¥±Éμ·μ¢ ¢ M .

�  ³´μ£μμ¡· §¨¨ M μ¶·¥¤¥²¨³ ¸²¥¤ÊÕÐ¨¥ 2-Ëμ·³Ò:

ωi = dηi +
∑
j,k

εijkηj ∧ ηk, i = 1, 2, 3.

�¥¶μ¸·¥¤¸É¢¥´´μ ¶·μ¢¥·Ö¥É¸Ö [1], ÎÉμ ¶·μ¸É· ´¸É¢μ, ¶μ·μ¦¤¥´´μ¥ Ëμ·³ -
³¨ ωi, Ö¢²Ö¥É¸Ö ¶μ¤¶·μ¸É· ´¸É¢μ³ ¢ Λ2H∗, ¶μÔÉμ³Ê ³μ¦´μ ¢Ò¡· ÉÓ μ·Éμ´μ·-
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³¨·μ¢ ´´ÊÕ ¸¨¸É¥³Ê 1-Ëμ·³ η4, η5, η6, η7 ´  H É ±¨³ μ¡· §μ³, ÎÉμ

ω1 = 2(η4 ∧ η5 − η6 ∧ η7),
ω2 = 2(η4 ∧ η6 − η7 ∧ η5),
ω3 = 2(η4 ∧ η7 − η5 ∧ η6).

� ¸¸³μÉ·¨³ ¸É ´¤ ·É´μ¥ ¥¢±²¨¤μ¢μ ¶·μ¸É· ´¸É¢μ R8 ¸ ±μμ·¤¨´ É ³¨
x0, . . . , x7. �¡μ§´ Î¨³ eijkl = dxi ∧ dxj ∧ dxk ∧ dxl ¨ μ¶·¥¤¥²¨³ ¸ ³μ¸μ-
¶·Ö¦¥´´ÊÕ 4-Ëμ·³Ê ´  R8 ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Φ0 = e0123 + e4567 + e0145 − e2345 − e0167 + e2367 + e0246+

+ e1346 − e0275 + e1357 + e0347 − e1247 − e0356 + e1256.

ˆ§¢¥¸É´μ, ÎÉμ £·Ê¶¶  ²¨´¥°´ÒÌ ¶·¥μ¡· §μ¢ ´¨° R8, ¸μÌ· ´ÖÕÐ¨Ì Ëμ·³Ê
Φ0, ¨§μ³μ·Ë´  Spin(7), ¶·¨Î¥³ £·Ê¶¶  Spin(7) É ±¦¥ ¸μÌ· ´Ö¥É μ·¨¥´É -

Í¨Õ ¨ ³¥É·¨±Ê g0 =
7∑

i=0

(ei)2. �Ê¸ÉÓ N Å μ·¨¥´É¨·μ¢ ´´μ¥ ·¨³ ´μ¢μ 8-

³¥·´μ¥ ³´μ£μμ¡· §¨¥. ƒμ¢μ·ÖÉ, ÎÉμ ¤¨ËË¥·¥´Í¨ ²Ó´ Ö Ëμ·³  Φ ∈ Λ4N § ¤ ¥É
Spin(7)-¸É·Ê±ÉÊ·Ê ´  N , ¥¸²¨ ¢ μ±·¥¸É´μ¸É¨ ± ¦¤μ° ÉμÎ±¨ p ∈ N ¸ÊÐ¥¸É¢Ê¥É
¸μÌ· ´ÖÕÐ Ö μ·¨¥´É Í¨Õ ¨§μ³¥É·¨Ö φp : TpN → R8 É ± Ö, ÎÉμ φ∗

pΦ0 =
Φ|p. …¸²¨ Ëμ·³  Φ ¶ · ²²¥²Ó´ , Éμ £·Ê¶¶  £μ²μ´μ³¨¨ ·¨³ ´μ¢  ³´μ£μμ¡· -
§¨Ö N ·¥¤ÊÍ¨·Ê¥É¸Ö ± ¶μ¤£·Ê¶¶¥ Spin(7) ⊂ SO(8), É. ¥. Hol(N) ⊂ Spin(7).
ˆ§¢¥¸É´μ [26], ÎÉμ ¶ · ²²¥²Ó´μ¸ÉÓ Φ · ¢´μ¸¨²Ó´  ¥¥ § ³±´ÊÉμ¸É¨:

dΦ = 0.

ŒÒ ¡Ê¤¥³ ¸É·μ¨ÉÓ Spin(7)-¸É·Ê±ÉÊ·Ê ´  M̄ . ‚ ± Î¥¸É¢¥ Φ · ¸¸³μÉ·¨³
¸²¥¤ÊÕÐÊÕ Ëμ·³Ê:

Φ = e0123 + C2B2η4 ∧ η5 ∧ η6 ∧ η7 +
B2 + C2

4
(e01 − e23) ∧ ω1+

+
B2 − C2

4
(e01 − e23) ∧ ω +

BC

2
(e02 − e31) ∧ ω2 +

BC

2
(e03 − e12) ∧ ω3,

£¤¥

e0 = dt,

ei = Aiηi, i = 1, 2, 3,

ej = Bηj , j = 4, 5,

ek = Cηk, k = 6, 7,
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A1(t), A2(t), A3(t), B(t), C(t) Å ´¥±μÉμ·Ò¥ £² ¤±¨¥ ËÊ´±Í¨¨. �¥É·Ê¤´μ
¶μ´ÖÉÓ, ÎÉμ Ëμ·³  Φ ¸μμÉ¢¥É¸É¢Ê¥É ·¨³ ´μ¢μ° ³¥É·¨±¥

dt2 +A1(t)2η2
1 +A2(t)2η2

2 +A3(t)2η2
3 +B(t)2(η2

4 + η2
5)+C(t)2(η2

6 + η2
7) (3.1)

´  M̄ .
ŒÒ ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ ±¢ É¥·´¨μ´´μ-±Ô²¥·μ¢ μ·¡¨Ëμ²¤ O Ö¢²Ö-

¥É¸Ö ±Ô²¥·μ¢Ò³, ¶μÔÉμ³Ê ¡ §¨¸ ηi, i = 4, 5, 6, 7, ³μ¦´μ ¢Ò¡· ÉÓ É ±¨³ μ¡· -
§μ³, ÎÉμ¡Ò Ëμ·³  ω = 2(η4 ∧ η5 + η6 ∧ η7) ¶μ·μ¦¤ ²  ±Ô²¥·μ¢Ê ¸É·Ê±ÉÊ·Ê
´  O ¨, ¢ Î ¸É´μ¸É¨, Ö¢²Ö² ¸Ó § ³±´ÊÉμ°. �Éμ ¤μ¶ÊÐ¥´¨¥ § ³Ò± ¥É ¢´¥Ï´ÕÕ
 ²£¥¡·Ê · ¸¸³ É·¨¢ ¥³ÒÌ Ëμ·³ ¨ ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ ±μ··¥±É´ÊÕ ¸¨¸É¥³Ê
Ê· ¢´¥´¨° ´  ËÊ´±Í¨¨ Ai, B, C. ‡ ³¥É¨³, ÎÉμ ¡¥§ ¶·¥¤¶μ²μ¦¥´¨Ö ±Ô²¥·μ-
¢μ¸É¨ O ¤²Ö § ³Ò± ´¨Ö  ²£¥¡·Ò Ëμ·³ (¢ μ¡Ð¥³ ¸²ÊÎ ¥) ´¥μ¡Ìμ¤¨³μ ¶μÉ·¥-
¡μ¢ ÉÓ B = C.

‹¥³³  3.1. � · ²²¥²Ó´μ¸ÉÓ Ëμ·³Ò Φ Ô±¢¨¢ ²¥´É´  ¸²¥¤ÊÕÐ¥° ¸¨¸É¥³¥
μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°:

A′
1 =

(A2 − A3)2 − A2
1

A2A3
+

A2
1(B

2 + C2)
B2C2

,

A′
2 =

A2
1 − A2

2 + A2
3

A1A3
− B2 + C2 − 2A2

2

BC
,

A′
3 =

A2
1 + A2

2 − A2
3

A1A2
− B2 + C2 − 2A2

3

BC
,

B′ = −CA1 + BA2 + BA3

BC
− (C2 − B2)(A2 + A3)

2A2A3C
,

C′ = −BA1 + CA2 + CA3

BC
− (B2 − C2)(A2 + A3)

2A2A3B
.

(3.2)

„μ± § É¥²Ó¸É¢μ. ˆ¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨Ö ´  ¢´¥Ï´ÕÕ  ²£¥¡·Ê Ëμ·³ ¨§ [1]

de0 = 0,

dei =
A′

i

Ai
e0 ∧ ei + Aiωi −

2Ai

Ai+1Ai+2
ei+1 ∧ ei+2, i = 1, 2, 3 mod 3,

dωi =
2

Ai+2
ωi+1 ∧ ei+2 − 2

Ai+1
ei+1 ∧ ωi+2, i = 1, 2, 3 mod 3,
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  É ±¦¥ ¸μμÉ´μÏ¥´¨Ö dω = 0 ¨ ω1 ∧ω1 = ω2 ∧ω2 = ω3 ∧ω3, ¶μ¸²¥ ´¥¶μ¸·¥¤-
¸É¢¥´´ÒÌ ¢ÒÎ¨¸²¥´¨° ¶μ²ÊÎ ¥³:

dΦ =
[
B2 − C2

2A2A3
A1−

BB′ − CC′

2
−B2 − C2

4A2
A′

2−
B2 − C2

4A3
A′

3

]
e023 ∧ ω +

+
[
−A1 −

BC

A3
− BC

A2
+

B2 + C2

2A2A3
A1 −

BB′ + CC′

2
−

−B2 + C2

4A2
A′

2 −
B2 + C2

4A3
A′

3

]
e023 ∧ ω1+

+
[
A2+

BC

A1
−BCA2

A1A3
+

B2+C2

2A3
+

B′C+BC′

2
+

BCA′
1

2A1
+

BCA′
3

2A3

]
e013 ∧ ω2−

−
[
A3+

BC

A1
−BCA3

A1A2
+

B2+C2

2A2
+

B′C+BC′

2
+

BCA′
1

2A1
+

BCA′
2

2A2

]
e012 ∧ ω3−

− 1
4

[
2BCA2 + BCA3 + (B2 + C2)A1 + C2BB′ + B2CC′] e0 ∧ ω1 ∧ ω1.

�¥Ï¨¢ ¸¨¸É¥³Ê ¨§ ¶ÖÉ¨ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° μÉ´μ¸¨É¥²Ó´μ ®´¥¨§¢¥¸É´ÒÌ¯ A′
1,

A′
2, A′

3, B′, C′, ¶μ²ÊÎ¨³ (3.2). ‹¥³³  ¤μ± § ´ .
�·¨ B = C ³Ò ¶μ²ÊÎ ¥³ ¸¨¸É¥³Ê, ¨¸¸²¥¤μ¢ ´´ÊÕ ¢ [1]:

A′
1 =

2A2
1

B2
+

(A2 − A3)2 − A2
1

A2A3
,

A′
2 =

2A2
2

B2
+

(A3 − A1)2 − A2
2

A1A3
,

(3.2′)

A′
3 =

2A2
3

B2
+

(A1 − A2)2 − A2
3

A1A2
,

B′ = −A1 + A2 + A3

B
.

—Éμ¡Ò ¶μ²ÊÎ¨ÉÓ £² ¤±ÊÕ ·¨³ ´μ¢Ê ³¥É·¨±Ê ´  ³´μ£μμ¡· §¨¨ (μ·¡¨Ëμ²¤¥),
´ ¤μ § ¤ ÉÓ ±· ¥¢Ò¥ Ê¸²μ¢¨Ö ¤²Ö ¸¨¸É¥³Ò (3.2). ‚ [1] μ¶¨¸ ´Ò ¶·μ¸É· ´-
¸É¢  M1 ¨ M2, μÉ¢¥Î ÕÐ¨¥ ¤¢Ê³ · §²¨Î´Ò³ ¸¶μ¸μ¡ ³ · §·¥Ï¥´¨Ö ±μ´Ê¸´μ°
μ¸μ¡¥´´μ¸É¨ M̄ . „ ²¥¥ ³Ò μ¶¨Ï¥³ ¶·μ¸É· ´¸É¢μ M2, ´  ±μÉμ·μ³ ¡Ê¤¥³
¨¸± ÉÓ ³¥É·¨±Ê ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ H ⊂ Spin(7).

�Ê¸ÉÓ S � S1 Å ¶μ¤£·Ê¶¶  ¢ SU(2) (²¨¡μ SO(3)), ¨´É¥£·¨·ÊÕÐ Ö
μ¤´μ ¨§ ±¨²²¨´£μ¢ÒÌ ¶μ²¥°, ´ ¶·¨³¥· ξ1. ‚μ§´¨± ¥É £² ¢´μ¥ · ¸¸²μ¥´¨¥
π′ : M → Z ¸μ ¸É·Ê±ÉÊ·´μ° £·Ê¶¶μ° S, £¤¥ Z = M/S Å É¢¨¸Éμ·´μ¥ ¶·μ-
¸É· ´¸É¢μ. � ¸¸³μÉ·¨³ ¥¸É¥¸É¢¥´´μ¥ ¤¥°¸É¢¨¥ S ´  R2 = C: eiφ ∈ S : z →
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z eiφ ¨  ¸¸μÍ¨¨·Ê¥³ ¸ π′ · ¸¸²μ¥´´μ¥ ¶·μ¸É· ´¸É¢μ M2 ¸μ ¸²μ¥³ C μÉ´μ¸¨-
É¥²Ó´μ · ¸¸³μÉ·¥´´μ£μ ¤¥°¸É¢¨Ö. ’ ±¨³ μ¡· §μ³, μ·¡¨Ëμ²¤ Z ¢²μ¦¥´ ¢ M2

¢ ± Î¥¸É¢¥ ´Ê²¥¢μ£μ ¸²μÖ,   M2\Z · ¸¸² ¨¢ ¥É¸Ö ´  ¸Ë¥·¨Î¥¸±¨¥ ¸¥Î¥´¨Ö,
¤¨ËË¥μ³μ·Ë´Ò¥ M ¨ ±μ²² ¶¸¨·ÊÕÐ¨¥ ± ´Ê²¥¢μ³Ê ¸²μÕ Z ¶·¨ t → 0.

�Ê¸ÉÓ É¥¶¥·Ó p ∈ N, Zp ⊂ S. ƒ·Ê¶¶  Zp ¤¥°¸É¢Ê¥É ´  M2 ¨§μ³¥É·¨Ö³¨.
‘²¥¤μ¢ É¥²Ó´μ, ±μ··¥±É´μ μ¶·¥¤¥²¥´ μ·¡¨Ëμ²¤ M2/Zp, Ö¢²ÖÕÐ¨°¸Ö ³´μ£μ-
μ¡· §¨¥³ ¢ ÉμÎ´μ¸É¨ Éμ£¤ , ±μ£¤  ³´μ£μμ¡· §¨¥³ Ö¢²Ö¥É¸Ö M2. ‹¥£±μ ¶μ´ÖÉÓ,
ÎÉμ M2/Zp Ö¢²Ö¥É¸Ö · ¸¸²μ¥´¨¥³ ¸μ ¸²μ¥³ C,  ¸¸μÍ¨¨·μ¢ ´´Ò³ ¸ £² ¢´Ò³
· ¸¸²μ¥´¨¥³ π′ : M → Z ¶·¨ ¶μ³μÐ¨ ¤¥°¸É¢¨Ö eiφ ∈ S : z → z eipφ.

�É³¥É¨³, ÎÉμ ¥¸²¨ 3-¸ ¸ ±¨¥¢μ ³´μ£μμ¡· §¨¥ M ·¥£Ê²Ö·´μ (É. ¥. ¸²μ¥-
´¨¥ ´  É·¥Ì³¥·´Ò¥ 3-¸ ¸ ±¨¥¢Ò ¸²μ¨ Ö¢²Ö¥É¸Ö ·¥£Ê²Ö·´Ò³), Éμ ¢¸¥ ¸²μ¨ π
¨§μ³¥É·¨Î´Ò ²¨¡μ S3 = SU(2), ²¨¡μ SO(3), ¨ μ·¡¨Ëμ²¤Ò O, Z ¨ M2

Ö¢²ÖÕÉ¸Ö £² ¤±¨³¨ ³´μ£μμ¡· §¨Ö³¨. ˆ§¢¥¸É´μ [12], ÎÉμ ÔÉμ ¢μ§³μ¦´μ Éμ²Ó±μ
¶·¨ M , ¨§μ³¥É·¨Î´μ³ S7, RP 7 ¨²¨ N1,1 = SU(3)/T1,1. �¤´ ±μ ¨§ Ê± § ´´ÒÌ
¶·¨³¥·μ¢ Éμ²Ó±μ ¶·μ¸É· ´¸É¢μ �²μËË Ä“μ²² Ì  N1,1 ¨³¥¥É ±Ô²¥·μ¢Ê ¡ §Ê,
¶μÔÉμ³Ê ´μ¢Ò¥ ³¥É·¨±¨ ´  £² ¤±μ³ ³´μ£μμ¡· §¨¨ Ê¤ ¥É¸Ö ¶μ²ÊÎ¨ÉÓ Éμ²Ó±μ
¢ ÔÉμ³ ¸²ÊÎ ¥.

‘²¥¤ÊÕÐ Ö ²¥³³  ¶μ± §Ò¢ ¥É, ¶·¨ ± ±¨Ì Ê¸²μ¢¨ÖÌ ´  ËÊ´±Í¨¨ Ai, B, C
·¥Ï¥´¨¥ ¸¨¸É¥³Ò (3.2) μ¶·¥¤¥²Ö¥É £² ¤±ÊÕ ³¥É·¨±Ê (3.1) ´  M2.

‹¥³³  3.2. �Ê¸ÉÓ (A1(t), A2(t), A3(t), B(t), C(t)) Å C∞-£² ¤±μ¥ ·¥Ï¥-
´¨¥ ¸¨¸É¥³Ò (3.2), t ∈ [0,∞). �Ê¸ÉÓ p = 4 ²¨¡μ p = 2, ¢ § ¢¨¸¨³μ¸É¨ μÉ
Éμ£μ, ¨§μ³¥É·¨Î¥´ μ¡Ð¨° ¸²μ° M ¨²¨ Sp(1), ¨²¨ SO(3). „²Ö Éμ£μ ÎÉμ¡Ò
³¥É·¨±  (3.1) ¶·μ¤μ²¦ ² ¸Ó ¤μ £² ¤±μ° ³¥É·¨±¨ ´  M2/Zp, ´¥μ¡Ìμ¤¨³μ ¨
¤μ¸É ÉμÎ´μ ¢Ò¶μ²´¥´¨¥ ¸²¥¤ÊÕÐ¨Ì Ê¸²μ¢¨°:

1) A1(0) = 0, |A′
1(0)| = 4;

2) A2(0) = −A3(0) �= 0, A′
2(0) = A′

3(0);
3) B(0) �= 0, B′(0) = 0;
4) C(0) �= 0, C′(0) = 0;
5) ËÊ´±Í¨¨ A1, A2, A3, B, C §´ ±μμ¶·¥¤¥²¥´Ò ´  ¶·μ³¥¦ÊÉ±¥ (0,∞).
‹¥³³  3.2 ¤μ± § ´  ¢ [1] ¤²Ö ¸²ÊÎ Ö B = C. „μ± § É¥²Ó¸É¢μ ¡¥§ ¨§-

³¥´¥´¨Ö ¶¥·¥´μ¸¨É¸Ö ´  μ¡Ð¨° ¸²ÊÎ °, ±·μ³¥ ¸²¥¤ÊÕÐ¥£μ § ³¥Î ´¨Ö: ¢ [1]
¢Ò¡μ· ¶μ²Ö ξi, ¢¤μ²Ó ±μÉμ·μ£μ ¶·μ¨¸Ìμ¤¨É ®¸Ì²μ¶Ò¢ ´¨¥¯ μ±·Ê¦´μ¸É¨ S, ¤²Ö
¶μ¸É·μ¥´¨Ö M2 ´¥¢ ¦¥´ ¢ ¸¨²Ê ¤μ¶μ²´¨É¥²Ó´ÒÌ ¸¨³³¥É·¨° ¸¨¸É¥³Ò (3.2′).
�¤´ ±μ ´¥¸²μ¦´Ò°  ´ ²¨§ ¸¨¸É¥³Ò (3.2) ¶μ± §Ò¢ ¥É, ÎÉμ ¢ ± Î¥¸É¢¥ μ¡· §ÊÕ-
Ð¥£μ ¤²Ö S ´Ê¦´μ ¢§ÖÉÓ ξ1, É. ¥. ²¨ÏÓ ËÊ´±Í¨Ö A1 ³μ¦¥É μ¡· Ð ÉÓ¸Ö ¢ ´Ê²Ó
¢ ´ Î ²Ó´μ° ÉμÎ±¥.

3.2. �μ¸É·μ¥´¨¥ Ö¢´ÒÌ ·¥Ï¥´¨° ´  M2. ‚ ¸¨¸É¥³¥ (3.2) ¸¤¥² ¥³ ¶μ¤-
¸É ´μ¢±Ê A2 = −A3. ’μ£¤ , ¸²μ¦¨¢ ¢Éμ·μ¥ ¨ É·¥ÉÓ¥ Ê· ¢´¥´¨Ö, ³Ò ¶μ²ÊÎ¨³
B2 + C2 = 2A2

2,   μÉ´Ö¢ μÉ Î¥É¢¥·Éμ£μ Ê· ¢´¥´¨Ö ¶ÖÉμ¥, ¶·¨¤¥³ ± ¢Ò¢μ¤Ê,
ÎÉμ (B2 − C2)′ = 0. ’ ±¨³ μ¡· §μ³, ³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ B2 = A2

2 + α2,
C2 = A2

2 − α2 ¤²Ö ´¥±μÉμ·μ° ±μ´¸É ´ÉÒ α � 0, ¨ ¸¨¸É¥³  (3.2) ·¥¤ÊÍ¨·Ê¥É¸Ö
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± ¸¨¸É¥³¥

A′
1 = −4 +

A2
1

A2
2

+ 2
A2

1A
2
2

A4
2 − α4

, (A2
2)

′ = −A1.

�É  ¸¨¸É¥³  ¡¥§ É·Ê¤  ¨´É¥£·¨·Ê¥É¸Ö. � ¨³¥´´μ, ¢¢¥¤¥³ ´μ¢ÊÕ ¶¥·¥³¥´´ÊÕ
ρ § ³¥´μ° dρ = −2A1dt. ‘¤¢¨£μ³ ¶μ ρ ³μ¦´μ ¢¸¥£¤  ¤μ¡¨ÉÓ¸Ö Éμ£μ, ÎÉμ
A2

2 = ρ, ¨, ¶μ²μ¦¨¢ A2
1 = F , ¶μ²ÊÎ¨³

dF

dρ
+ FG = 4,

£¤¥

G(ρ) =
1
ρ

+
1

ρ − α2
+

1
ρ + α2

.

�É  ¸¨¸É¥³  ·¥Ï ¥É¸Ö ¸É ´¤ ·É´Ò³ μ¡· §μ³ (¶·¨ ¶μ³μÐ¨ ¨´É¥£·¨·ÊÕÐ¥£μ
³´μ¦¨É¥²Ö), ¨, ¸¤¥² ¢ § ³¥´Ê r2 = ρ, ³Ò ¶μ²ÊÎ ¥³

F =
r8 − 2α4r4 + β

r2(r4 − α4)
,

£¤¥ β Å ±μ´¸É ´É  ¨´É¥£·¨·μ¢ ´¨Ö. ‘²¥¤μ¢ É¥²Ó´μ, ³¥É·¨±  (3.1) ¶·¨´¨-
³ ¥É ¢¨¤

ḡ =
r4(r2 − α2)(r2 + α2)

r8 − 2α4r4 + β
dr2 +

r8 − 2α4r4 + β

r2(r2 − α2)(r2 + α2)
η2
1 + r2(η2

2 + η2
3)+

+ (r2 + α2)(η2
4 + η2

5) + (r2 − α2)(η2
6 + η2

7).

„²Ö Éμ£μ ÎÉμ¡Ò ¶μ²ÊÎ¨ÉÓ ·¥£Ê²Ö·´ÊÕ ³¥É·¨±Ê ´  M2/Zp, ´ ¤μ, ÎÉμ¡Ò ¶μ-
²¨´μ³ r8 − 2α4r4 + β ¨³¥² ±μ·´¨, ¶·¨Î¥³ ¥£μ ´ ¨¡μ²ÓÏ¨° ±μ·¥´Ó r0 ¡Ò²
¡μ²ÓÏ¥, Î¥³ α. ‚ ÔÉμ³ ¸²ÊÎ ¥ ³¥É·¨±  μ¶·¥¤¥²¥´  ¶·¨ r � r0. �Î¥¢¨¤´μ,
ÎÉμ, ¶¥·¥Ìμ¤Ö ± ³¥É·¨±¥, £μ³μÉ¥É¨Î´μ° ¨¸Ìμ¤´μ°, ³μ¦´μ ´μ·³¨·μ¢ ÉÓ ¸É ·-
Ï¨° ±μ·¥´Ó r0 Ê¸²μ¢¨¥³ r0 = 1. ‡´ Î¨É, ± ± ²¥£±μ ¶μ¸Î¨É ÉÓ, 0 � α < 1,
β = 2α4 − 1. ˆÉ ±, ³¥É·¨±  (3.1) ¶·¨´¨³ ¥É ¢¨¤

ḡα =
r4(r2 − α2)(r2 + α2)
r8 − 2α4(r4 − 1) − 1

dr2 +
r8 − 2α4(r4 − 1) − 1
r2(r2 − α2)(r2 + α2)

η2
1 + r2(η2

2 + η2
3)+

+ (r2 + α2)(η2
4 + η2

5) + (r2 − α2)(η2
6 + η2

7), (3.3)

£¤¥ 0 � α < 1, r � 1. �¥¶μ¸·¥¤¸É¢¥´´ Ö ¶·μ¢¥·±  Ê¸²μ¢¨° ²¥³³Ò 3.2
¶μ± §Ò¢ ¥É, ÎÉμ (3.3) ¶·¨ r � 1 ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸¥³¥°¸É¢μ £² ¤±¨Ì ³¥É·¨±
´  M/Zp ¶·¨ 0 � α < 1, ¶·¨Î¥³ ḡ0 ¸μ¢¶ ¤ ¥É ¸ ³¥É·¨±μ° Š ² ¡¨ ¸ £·Ê¶¶μ°
£μ²μ´μ³¨¨ SU(4), ¶μ¸É·μ¥´´μ° ¢ [17].
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�μ ²¥³³¥ 3.1, £·Ê¶¶  £μ²μ´μ³¨¨ Hol(ḡα) ³¥É·¨±¨ (3.3) ¸μ¤¥·¦¨É¸Ö
¢ Spin(7). � ¸¸³μÉ·¨³ ¸²¥¤ÊÕÐÊÕ 2-Ëμ·³Ê:

Ω̄1 = −e0 ∧ e1 + e2 ∧ e3 + e4 ∧ e5 − e6 ∧ e7.

�Î¥¢¨¤´μ, ÎÉμ ÔÉ  Ëμ·³  ¸μ£² ¸μ¢ ´  ¸ ³¥É·¨±μ° (3.1) ¨ ´¥¶μ¸·¥¤¸É¢¥´´Ò³
¢ÒÎ¨¸²¥´¨¥³ ¶·μ¢¥·Ö¥É¸Ö, ÎÉμ μ´  § ³±´ÊÉ  ¢ ÉμÎ´μ¸É¨ ¶·¨ A2 = −A3, É. ¥.
Ö¢²Ö¥É¸Ö ±Ô²¥·μ¢μ° Ëμ·³μ° ³¥É·¨±¨ (3.3). ˆÉ ±, Hol(ḡα) ⊂ SU(4).

„ ²¥¥ ³Ò · ¸¸³μÉ·¨³ ¶μ¤·μ¡´¥¥ ¸²ÊÎ °, ±μ£¤  ³¥É·¨±¨ ḡα μ¶·¥¤¥²¥´Ò
´  £² ¤±μ³ ³´μ£μμ¡· §¨¨, É. ¥. ±μ£¤  M = N1,1. ‘´ Î ²  ¢¢¥¤¥³ μ¡μ§´ Î¥´¨Ö
¤²Ö ¸²¥¤ÊÕÐ¨Ì ¶μ¤£·Ê¶¶ SU(3):

S1,1 = {diag (z, z, z̄2)|z ∈ S1 ⊂ C},

T = {diag (z1, z2, z̄1z̄2)|z1, z2 ∈ S1 ⊂ C},

K1 =
{(

det(Ā) 0
0 A

)
|A ∈ U(2)

}
,

K3 =
{(

A 0
0 det(Ā)

)
|A ∈ U(2)

}
.

� ¸¸³μÉ·¨³ É·¥Ì³¥·´μ¥ ±μ³¶²¥±¸´μ¥ ¶·μ¸É· ´¸É¢μ C3, ¢ ´¥³ ¥¤¨´¨Î-
´ÊÕ ¸Ë¥·Ê S5 ⊂ C3, ¨ ¶Ê¸ÉÓ ¥¤¨´¨Î´ Ö μ±·Ê¦´μ¸ÉÓ S1 ¤¥°¸É¢Ê¥É ´  C3 ¨
¸¢Ö§ ´´ÒÌ ¸ ´¨³ ¶·μ¸É· ´¸É¢ Ì ¤¨ £μ´ ²Ó´Ò³ μ¡· §μ³. Š² ¸¸ Ô±¢¨¢ ²¥´É-
´μ¸É¨, μ¶·¥¤¥²Ö¥³Ò° ¶μ¤μ¡´Ò³ ¤¥°¸É¢¨¥³, ¡Ê¤¥³ μ¡μ§´ Î ÉÓ ±¢ ¤· É´Ò³¨
¸±μ¡± ³¨: [u, v], [u] ¨ É. ¤.

�Ê¸ÉÓ Ẽ = {(u1, u2)||u1| = 1, 〈u1, u2〉C = 0} ⊂ S5 × C3. � ¸¸³μ-
É·¨³ ¤¨ £μ´ ²Ó´μ¥ ¤¥°¸É¢¨¥ μ±·Ê¦´μ¸É¨ S1 ´  ¶·μ¸É· ´¸É¢¥ Ẽ ¨ ¶·μ¥±Í¨Õ
π̃1 : (u1, u2) �→ u1 ¨§ Ẽ ´  S5, Ö¢²ÖÕÐÊÕ¸Ö · ¸¸²μ¥´¨¥³ ¸μ ¸²μ¥³ C

2. �·μ-
¸É· ´¸É¢μ³ ¸Ë¥·¨Î¥¸±μ£μ ¶μ¤· ¸¸²μ¥´¨Ö ¢ π̃1 Ö¢²Ö¥É¸Ö Ẽ1 = {(u1, u2) ∈
E||u1| = |u2| = 1, 〈u1, u2〉C = 0}, ¤¨ËË¥μ³μ·Ë´μ¥ £·Ê¶¶¥ SU(3). � ¸-
¸²μ¥´¨¥ π̃1 ¨´¤ÊÍ¨·Ê¥É (¶·¨ ¶μ³μÐ¨ ¤¥°¸É¢¨Ö S1) ¢¥±Éμ·´μ¥ · ¸¸²μ¥´¨¥
π1 : E = Ẽ/S1 → CP 2 ¸μ ¸²μ¥³ C2 ¨ ¸Ë¥·¨Î¥¸±¨³ ¶μ¤· ¸¸²μ¥´¨¥³ E1 =
Ẽ1/S1 = SU(3)/S1,1 = N1,1 → CP 2 = SU(3)/K1. �¥É·Ê¤´μ ¶μ´ÖÉÓ, ÎÉμ π1

³μ¦´μ μÉμ¦¤¥¸É¢¨ÉÓ ¸ ±μ± ¸ É¥²Ó´Ò³ · ¸¸²μ¥´¨¥³ T ∗CP 2 → CP 2.
‘μ¢¥·Ï¥´´μ  ´ ²μ£¨Î´μ · ¸¸³μÉ·¨³ ¶·μ¸É· ´¸É¢μ H̃ = {(u1, u2, [u3])

||u1| = |u3| = 1, 〈ui, uj〉C = 0, i, j = 1, 2, 3} ⊂ S5 × C3 × CP 2 ¨ ¶·μ¥±-
Í¨Õ π̃2 : (u1, u2, [u3]) �→ (u1, [u3]) ¶·μ¸É· ´¸É¢  H̃ ´  ¶·μ¸É· ´¸É¢μ F̃ =
{(u1, [u3])||u1| = |u3| = 1, 〈u1, u3〉C = 0} ¸μ ¸²μ¥³ C. �·μ¸É· ´¸É¢μ ¸Ë¥·¨Î¥-
¸±μ£μ ¶μ¤· ¸¸²μ¥´¨Ö ¢ π̃2 ¸μ¢¶ ¤ ¥É ¸ H̃1 = {(u1, u2, [u3])|〈ui, uj〉C = 0, |ui| =
1, i, j = 1, 2, 3} ¨ μÎ¥¢¨¤´Ò³ μ¡· §μ³ μÉμ¦¤¥¸É¢²Ö¥É¸Ö ¸ SU(3) = Ẽ1. � ¸-
¸²μ¥´¨¥ π̃2 ¨´¤ÊÍ¨·Ê¥É (¶·¨ ¶μ³μÐ¨ ¢¸¥ Éμ£μ ¦¥ ¤¥°¸É¢¨Ö S1) · ¸¸²μ¥´¨¥
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π2 : H = H̃/S1 → F = F̃ /S1 ¸μ ¸²μ¥³ C, ¸Ë¥·¨Î¥¸±μ¥ · ¸¸²μ¥´¨¥ ±μÉμ·μ£μ
¸μ¢¶ ¤ ¥É ¸ μÉμ¡· ¦¥´¨¥³ E1 = Ẽ1 = N1,1 → SU(3)/T . 	 §μ° · ¸¸²μ¥-
´¨Ö π2 Ö¢²Ö¥É¸Ö ±μ³¶²¥±¸´μ¥ ³´μ£μμ¡· §¨¥ Ë² £μ¢ F = SU(3)/T , ±μÉμ·μ¥
³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

F = {([u1], [u3])|ui ∈ C
3, |ui| = 1, 〈u1, u3〉C = 0, i = 1, 3}.

ŒÒ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ±μ³¶²¥±¸´μ¥ ²¨´¥°´μ¥ · ¸¸²μ¥´¨¥ π2 : H → F ± ´μ´¨-
Î¥¸±¨³ · ¸¸²μ¥´¨¥³ ´ ¤ ³´μ£μμ¡· §¨¥³ F ±μ³¶²¥±¸´ÒÌ Ë² £μ¢ ¢ C3.

’ ±¨³ μ¡· §μ³, ± ´μ´¨Î¥¸±μ¥ · ¸¸²μ¥´¨¥ ´ ¤ F ¨ ±μ± ¸ É¥²Ó´μ¥ · ¸-
¸²μ¥´¨¥ ± CP 2 ¨³¥ÕÉ μ¡Ð¥¥ ¶·μ¸É· ´¸É¢μ ¸Ë¥·¨Î¥¸±μ£μ ¶μ¤· ¸¸²μ¥´¨Ö Å
¶·μ¸É· ´¸É¢μ N1,1, ±μÉμ·μ¥ · ¸¸² ¨¢ ¥É¸Ö ¤¢Ê³Ö · §²¨Î´Ò³¨ ¸¶μ¸μ¡ ³¨. ˆ§-
¢¥¸É´μ [12], ÎÉμ ´  ¶·μ¸É· ´¸É¢¥ M = N1,1 ¨³¥¥É¸Ö ¸É·Ê±ÉÊ·  3-¸ ¸ ±¨¥¢ 
³´μ£μμ¡· §¨Ö, É¢¨¸Éμ·´μ¥ · ¸¸²μ¥´¨¥ ±μÉμ·μ£μ ¸μ¢¶ ¤ ¥É ¸ · ¸¸²μ¥´¨¥³
π2 : N1,1 → F = Z ,   3-¸ ¸ ±¨¥¢μ · ¸¸²μ¥´¨¥ Å ¸ ¶·μ¥±Í¨¥° π′

2 : N1,1 →
SU(3)/K3 = CP2 = O ¸μ ¸²μ¥³ SO(3). �Î¥¢¨¤´μ, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶·μ-
¸É· ´¸É¢μ M2 ¸μ¢¶ ¤ ¥É ¸ · ¸¸³μÉ·¥´´Ò³ ¢ÒÏ¥ ¶·μ¸É· ´¸É¢μ³ H · ¸¸²μ¥-
´¨Ö π2 ´ ¤ ±μ³¶²¥±¸´Ò³ ³´μ£μμ¡· §¨¥³ Ë² £μ¢ F . �·¨ 0 � α < 1 ¶μ¸É·μ¥´-
´ Ö ´ ³¨ ³¥É·¨±  (3.3) Ö¢²Ö¥É¸Ö £² ¤±μ° ³¥É·¨±μ° ´  H/Z2 Å ¶·μ¸É· ´¸É¢¥
±μ³¶²¥±¸´μ£μ ²¨´¥°´μ£μ · ¸¸²μ¥´¨Ö π2 ⊗ π2. �·¨ α = 1 ³¥É·¨±  (3.3) ·¥¤Ê-
Í¨·Ê¥É¸Ö ± ³¥É·¨±¥ ´  E = T ∗CP 2, ¸μ¢¶ ¤ ÕÐ¥° ¸ ³¥É·¨±μ° Š ² ¡¨ [17].

’¥μ·¥³  3.1. �·¨ M = N1,1 ·¨³ ´μ¢Ò ³¥É·¨±¨ ḡα, Ö¢´μ ¶μ¸É·μ¥´´Ò¥
¢ (3.3), Ö¢²ÖÕÉ¸Ö ¶μ¶ ·´μ ´¥£μ³μÉ¥É¨Î´Ò³¨ £² ¤±¨³¨ ¶μ²´Ò³¨ ³¥É·¨± ³¨,
μ¡² ¤ ÕÐ¨³¨ ¸²¥¤ÊÕÐ¨³¨ ¸¢μ°¸É¢ ³¨:

Å ¶·¨ 0 � α < 1 ³¥É·¨±  ḡα Ö¢²Ö¥É¸Ö £² ¤±μ° ³¥É·¨±μ° ´  ¶·μ¸É· ´-
¸É¢¥ H/Z2 É¥´§μ·´μ£μ ±¢ ¤· É  ± ´μ´¨Î¥¸±μ£μ · ¸¸²μ¥´¨Ö π2 : H → F ´ ¤
³´μ£μμ¡· §¨¥³ F ±μ³¶²¥±¸´ÒÌ Ë² £μ¢ ¢ C3 ¨ ¨³¥¥É £·Ê¶¶Ê £μ²μ´μ³¨¨ SU(4).
Œ¥É·¨±  ḡ0 ¸μ¢¶ ¤ ¥É ¸ ³¥É·¨±μ° Š ² ¡¨ [17];

Å ³¥É·¨±  ḡ1 ¨³¥¥É £·Ê¶¶Ê £μ²μ´μ³¨¨ Sp(2) ⊂ SU(4) ¨ ¸μ¢¶ ¤ ¥É ¸
£¨¶¥·±Ô²¥·μ¢μ° ³¥É·¨±μ° Š ² ¡¨ [17] ´  T ∗

CP 2.
„μ± § É¥²Ó¸É¢μ. —Éμ¡Ò Ê¢¨¤¥ÉÓ £¨¶¥·±Ô²¥·μ¢μ¸ÉÓ ḡ1, ¤μ¸É ÉμÎ´μ · ¸¸³μ-

É·¥ÉÓ ¤μ¶μ²´¨É¥²Ó´ÊÕ ¶ ·Ê ±Ô²¥·μ¢ÒÌ Ëμ·³, μ¡· §ÊÕÐ¨Ì ¢³¥¸É¥ ¸ Ω̄1 £¨¶¥·-
±Ô²¥·μ¢Ê ¸É·Ê±ÉÊ·Ê:

Ω̄2 = e0 ∧ e2 + e1 ∧ e3 − e4 ∧ e6 + e7 ∧ e5 = e0 ∧ e2 + e1 ∧ e3 − BC

2
ω2,

Ω̄3 = −e0 ∧ e3 + e1 ∧ e2 − e4 ∧ e7 + e5 ∧ e6 = −e0 ∧ e3 + e1 ∧ e2 − BC

2
ω3.

�¥¶μ¸·¥¤¸É¢¥´´μ¥ ¢ÒÎ¨¸²¥´¨¥ ¶μ± §Ò¢ ¥É, ÎÉμ Ëμ·³Ò Ω̄2, Ω̄3 § ³±´ÊÉÒ ¢
ÉμÎ´μ¸É¨ ¶·¨ α = 1, ÎÉμ ¤ ¥É ·¥¤Ê±Í¨Õ £·Ê¶¶Ò £μ²μ´μ³¨¨ ± Sp(2) ⊂ SU(4)
¤²Ö ³¥É·¨±¨ ḡ1.

„²Ö § ¢¥·Ï¥´¨Ö ¤μ± § É¥²Ó¸É¢  É¥μ·¥³Ò μ¸É ²μ¸Ó ¶μ± § ÉÓ, ÎÉμ ḡα ´¥
Ö¢²Ö¥É¸Ö £¨¶¥·±Ô²¥·μ¢μ° ¶·¨ 0 � α < 1. „¥°¸É¢¨É¥²Ó´μ, ¥¸²¨ Hol(ḡα) =
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Hol(M2/Z2) ⊂ Sp(2) ¶·¨ 0 � α < 1, Éμ É ±¨³ ¦¥ ¸¢μ°¸É¢μ³ μ¡² ¤ ¥É ¶·¥-
¤¥²Ó´ Ö ³¥É·¨± : Hol(M̄/Z2) ⊂ Sp(2). �¤´ ±μ Ö¸´μ, ÎÉμ ¶·¨ Ë ±Éμ·¨§ Í¨¨
±μ´Ê¸  M̄ ¶μ Z2 μ¡· §ÊÕÐ¨° £·Ê¶¶Ò Z2 ¤μ¡ ¢²Ö¥É¸Ö ± £·Ê¶¶¥ £μ²μ´μ³¨¨ M̄ .
�ÉμÉ μ¡· §ÊÕÐ¨° μÉ¢¥Î ¥É ¶·¥μ¡· §μ¢ ´¨Õ H2 → H2 : (q1, q2) �→ (q′1, q′2), £¤¥
ql = ul + vlj ¨ q′l = −ul + vlj, ul, vl ∈ C, l = 1, 2. Ÿ¸´μ, ÎÉμ Ê± § ´´μ¥ ¶·¥-
μ¡· §μ¢ ´¨¥, ÌμÉÖ ¨ ²¥¦¨É ¢ SU(4), ´μ ´¥ ¶μ¶ ¤ ¥É ¢ Sp(2). ‘²¥¤μ¢ É¥²Ó´μ,
Hol(M̄/Z2) ´¥ ¸μ¤¥·¦¨É¸Ö ¢ Sp(2) ¨ Hol(ḡα) = SU(4). ’¥μ·¥³  ¤μ± § ´ .

3.3. �´ ²¨§ μ¡Ð¥° § ¤ Î¨ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ·¥Ï¥´¨° ´  M2. � ¶μ³´¨³,
ÎÉμ ³¥É·¨±  (1) ´ §Ò¢ ¥É¸Ö ²μ± ²Ó´μ ±μ´¨Î¥¸±μ°, ¥¸²¨ ËÊ´±Í¨¨ (Ai, B, C)
²¨´¥°´Ò ¶μ t. …¸²¨ ± Éμ³Ê ¦¥ ¸·¥¤¨ ËÊ´±Í¨° (Ai, B, C) ´¥É ¶μ¸ÉμÖ´´ÒÌ, Éμ
³¥É·¨±  (1) ´ §Ò¢ ¥É¸Ö ±μ´¨Î¥¸±μ°. …¸²¨ ¸ÊÐ¥¸É¢Ê¥É (²μ± ²Ó´μ) ±μ´¨Î¥¸± Ö
³¥É·¨± , μ¶·¥¤¥²Ö¥³ Ö ËÊ´±Í¨Ö³¨ (Ãi, B̃, C̃), É ± Ö ÎÉμ

lim
t→∞

∣∣∣∣1 − Ai(t)
Ãi(t)

∣∣∣∣ = 0, lim
t→∞

∣∣∣∣1 − B(t)
B̃(t)

∣∣∣∣ = 0, lim
t→∞

∣∣∣∣1 − C(t)
C̃(t)

∣∣∣∣ = 0,

Éμ ³¥É·¨±  (1) ´ §Ò¢ ¥É¸Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨ (²μ± ²Ó´μ) ±μ´¨Î¥¸±μ° (¸μ±· -
Ð¥´´μ �Š- ¨²¨ �‹Š-³¥É·¨± ).

�¸´μ¢´μ° Í¥²ÓÕ ¤ ´´μ£μ ¶ · £· Ë  Ö¢²Ö¥É¸Ö ¤μ± § É¥²Ó¸É¢μ ¸²¥¤ÊÕÐ¥°
É¥μ·¥³Ò.

’¥μ·¥³  3.2. �Ê¸ÉÓ M Å 7-³¥·´μ¥ ±μ³¶ ±É´μ¥ 3-¸ ¸ ±¨¥¢μ ³´μ£μμ¡· -
§¨¥, ¨ ¶μ²μ¦¨³ p = 2 ¨²¨ p = 4 ¢ § ¢¨¸¨³μ¸É¨ μÉ Éμ£μ, · ¢¥´ μ¡Ð¨° ¸²μ°
3-¸ ¸ ±¨¥¢  ¸²μ¥´¨Ö M ²¨¡μ SO(3), ²¨¡μ SU(2). ’μ£¤  ´  μ·¡¨Ëμ²¤¥ M2/Zp

¸ÊÐ¥¸É¢ÊÕÉ ¸²¥¤ÊÕÐ¨¥ ¶μ²´Ò¥ ·¥£Ê²Ö·´Ò¥ ·¨³ ´μ¢Ò ³¥É·¨±¨ ḡ ¢¨¤  (3.1)
¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ H ⊂ Spin(7):

1) ¥¸²¨ A1(0) = 0, −A2(0) = A3(0) > 0 ¨ 2A2
2(0) = B2(0) + C2(0), Éμ

³¥É·¨±  ḡ ¨§ (3.1) ¨³¥¥É £·Ê¶¶Ê £μ²μ´μ³¨¨ SU(4) ⊂ Spin(7) ¨ £μ³μÉ¥É¨Î´ 
μ¤´μ° ¨§ ³¥É·¨± ¸¥³¥°¸É¢  (3.3);

2) ¥¸²¨ A1(0) = 0, −A2(0) = A3(0) < B(0) = C(0), Éμ ¸ÊÐ¥¸É¢Ê¥É
·¥£Ê²Ö·´ Ö �‹Š-³¥É·¨±  ḡ ¢¨¤  (3.1) ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ Spin(7). �  ¡¥¸-
±μ´¥Î´μ¸É¨ ÔÉ¨ ³¥É·¨±¨ ¸É·¥³ÖÉ¸Ö ± ¶·μ¨§¢¥¤¥´¨Õ ±μ´Ê¸  ´ ¤ É¢¨¸Éμ·´Ò³
¶·μ¸É· ´¸É¢μ³ Z ¨ μ±·Ê¦´μ¸É¨ S1.

�μ²¥¥ Éμ£μ, ²Õ¡ Ö ¶μ²´ Ö ·¥£Ê²Ö·´ Ö ³¥É·¨±  ´  ¶·μ¸É· ´¸É¢¥ M2/Zp

¢¨¤  (3.1) ¸ · ¸¸³μÉ·¥´´μ° Spin(7)-¸É·Ê±ÉÊ·μ° ¨ ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨
H ⊂ Spin(7) ¨§μ³¥É·¨Î´  μ¤´μ° ¨§ Ê± § ´´ÒÌ ¢ÒÏ¥.

�¸´μ¢´ Ö ¨¤¥Ö ¤μ± § É¥²Ó¸É¢  § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ¡Ò, ¨¸¶μ²Ó§ÊÖ μ¤-
´μ·μ¤´μ¸ÉÓ ¶· ¢μ° Î ¸É¨ ¸¨¸É¥³Ò (3.2), ¶¥·¥°É¨ ± ¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³¥ ´ 
¸Ë¥·¥ S4 ⊂ R5. � ¸¸³μÉ·¨³ ¢¥±Éμ· R(t) = (A1(t), A2(t), A3(t), B(t), C(t)) ∈
R5 ¨ μÉμ¡· ¦¥´¨¥ V : R5 → R5, μ¶·¥¤¥²Ö¥³μ¥ ¶· ¢μ° Î ¸ÉÓÕ ¸¨¸É¥³Ò (2)
(¸É·μ£μ £μ¢μ·Ö, μÉμ¡· ¦¥´¨¥ V μ¶·¥¤¥²¥´μ ²¨ÏÓ Î ¸É¨Î´μ, ¶·¨ Ai, B, C �= 0).
’ ±¨³ μ¡· §μ³, ¸¨¸É¥³  (3.2) § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

dR

dt
= V (R).
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’¥¶¥·Ó · ¸¸³μÉ·¨³ § ³¥´Ê R(t) = f(t)S(t), £¤¥ f(t) = |R(t)|, ¨ S(t) =

(α1(t), . . . , α5(t)) ∈ S4 =
{

(α1, α2, α3, α4, α5)|
5∑

i=1

α2
i = 1

}
. �μ¸±μ²Ó±Ê

V (fR) = V (R), ¨¸Ìμ¤´ Ö ¸¨¸É¥³  · ¸¶ ¤ ¥É¸Ö ´  É ´£¥´Í¨ ²Ó´ÊÕ ¨ · ¤¨-
 ²Ó´ÊÕ Î ¸É¨:

dS

du
= V (S) − 〈V (S), S〉S = W (S), (3.4)

1
f

df

du
= 〈V (S), S〉, dt = f du. (3.5)

’ ±¨³ μ¡· §μ³, ÎÉμ¡Ò ·¥Ï¨ÉÓ ¸¨¸É¥³Ê (3.2), ¤μ¸É ÉμÎ´μ ·¥Ï¨ÉÓ  ¢Éμ´μ³´ÊÕ
¸¨¸É¥³Ê (3.4) ´  S4, ¶μ¸²¥ Î¥£μ ·¥Ï¥´¨¥ (3.2) ´ Ìμ¤¨É¸Ö ¶·μ¸ÉÒ³ ¨´É¥£·¨·μ-
¢ ´¨¥³ Ê· ¢´¥´¨° (3.5).

„ ²Ó´¥°Ï¥¥ ¤μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò 3.2 ¶μ¤·μ¡´μ ¢Ò¶¨¸ ´μ ¢ [6] ¨ ¶μ-
¸É·μ¥´μ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‘´ Î ²  ´ Ìμ¤ÖÉ¸Ö ¢¸¥ ¸É Í¨μ´ ·´Ò¥ ¨ Ê¸²μ¢´μ
¸É Í¨μ´ ·´Ò¥ ÉμÎ±¨ ¸¨¸É¥³Ò (3.4) (²¥³³Ò 4.2 ¨ 4.3 ¨§ [6]), μ´¨ μ¶·¥¤¥²ÖÕÉ
 ¸¨³¶ÉμÉ¨±Ê ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ³¥É·¨± (²¥³³  4.4 ¨§ [6]). „ ²¥¥ ¢ÒÖ¸´Ö¥É¸Ö,
± ±¨³ ´ Î ²Ó´Ò³ ÉμÎ± ³ S0 μÉ¢¥Î ÕÉ Ê¸²μ¢¨Ö ²¥³³Ò 3.2, ´¥μ¡Ìμ¤¨³Ò¥ ¤²Ö
£² ¤±μ¸É¨ ³¥É·¨±¨; ¤μ± §Ò¢ ¥É¸Ö, ÎÉμ ¨§ ± ¦¤μ° É ±μ° ÉμÎ±¨ ¢ÒÌμ¤¨É ·μ¢´μ
μ¤´  É· ¥±Éμ·¨Ö ¸¨¸É¥³Ò (3.4) (²¥³³  4.5 μÉÉÊ¤  ¦¥). �μ¸²¥ ÔÉμ£μ μ¸É ¥É¸Ö
Ê¸É ´μ¢¨ÉÓ, ±Ê¤  ¸Ìμ¤ÖÉ¸Ö ÔÉ¨ É· ¥±Éμ·¨¨. „²Ö ÔÉμ£μ μ¶·¥¤¥²ÖÕÉ¸Ö ¨´¢ ·¨-
 ´É´Ò¥ μ¡² ¸É¨ Π ¨ Γ ¸¨¸É¥³Ò (3.4) ¨ Ê¸É ´ ¢²¨¢ ÕÉ¸Ö ¶μ²¥§´Ò¥ ¤²Ö ¤ ²Ó-
´¥°Ï¥£μ ¤μ± § É¥²Ó¸É¢  ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¢¤μ²Ó É· ¥±Éμ·¨°
¸¨¸É¥³Ò (²¥³³  4.6); ÔÉ¨ ¸μμÉ´μÏ¥´¨Ö ¶μ± §Ò¢ ÕÉ ³μ´μÉμ´´μ¸ÉÓ ¸¶¥Í¨ ²Ó´μ
¶μ¤μ¡· ´´ÒÌ ËÊ´±Í¨° ¢¤μ²Ó É· ¥±Éμ·¨°, ÎÉμ ¶μ§¢μ²Ö¥É ÉμÎ´μ μ¶·¥¤¥²¨ÉÓ ¨Ì
 ¸¨³¶ÉμÉ¨±Ê. � ³ ¡Ò ´¥ ÌμÉ¥²μ¸Ó ¶¥·¥£·Ê¦ ÉÓ ¤ ´´Ò° μ¡§μ· É¥Ì´¨Î¥¸±¨³¨
¤¥É ²Ö³¨, ¸É·μ£¨¥ ¤μ± § É¥²Ó¸É¢  ³μ¦´μ ´ °É¨ ¢ [6]. ‡¤¥¸Ó ³Ò ¶·¨¢¥¤¥³
²¨ÏÓ ±²ÕÎ¥¢μ¥ ¤²Ö ¤μ± § É¥²Ó¸É¢  É¥μ·¥³Ò 3.2 ÊÉ¢¥·¦¤¥´¨¥, μ¶¨¸Ò¢ ÕÐ¥¥
§ ¢¨¸¨³μ¸ÉÓ ¶μ¢¥¤¥´¨Ö É· ¥±Éμ·¨¨ ¸¨¸É¥³Ò (3.4) μÉ ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ:

�·¥¤²μ¦¥´¨¥ 3.1. ’· ¥±Éμ·¨Ö ¸¨¸É¥³Ò (3.4), μ¶·¥¤¥²¥´´ Ö ´ Î ²Ó´μ°
ÉμÎ±μ° S0 = (0,−λ, λ, μ, ν), λ > 0, μ � ν > 0, 2λ2 + μ2 + ν2 = 1, μ¡² ¤ ¥É
μ¤´μ° ¨§ ¸²¥¤ÊÕÐ¨Ì  ¸¨³¶ÉμÉ¨±, ¢ § ¢¨¸¨³μ¸É¨ μÉ ¶ · ³¥É·  μ:

1) ¥¸²¨ λ = 1/2, Éμ S(u) ¸É·¥³¨É¸Ö ¶·¨ u → ∞ ± ¸É Í¨μ´ ·´μ° ÉμÎ±¥
S∞ = (−1/

√
5,−1/

√
5, 1/

√
5, 1/

√
5, 1/

√
5); É· ¥±Éμ·¨Ö S(u) μÉ¢¥Î ¥É ·¥-

Ï¥´¨Õ ḡα ¸¥³¥°¸É¢  (3.3) ¶·¨ α =
√

μ2 − ν2;
2) ¥¸²¨ λ < 1/2 ¨ μ = ν, Éμ S(u) ¸É·¥³¨É¸Ö ¶·¨ u → ∞ ± Ê¸²μ¢´μ

¸É Í¨μ´ ·´μ° ÉμÎ±¥ S′
∞ = (−1/

√
6,−1/

√
6, 0, 1/

√
3, 1/

√
3);

3) ¥¸²¨ λ < 1/2 ¨ μ > ν, Éμ S(u) ¸É·¥³¨É¸Ö ¶·¨ u → u1 < ∞ ± ÉμÎ±¥
S1 = (0, 0, 0, 1, 0);

4) ¥¸²¨ λ > 1/2, Éμ S(u) ¸É·¥³¨É¸Ö ¶·¨ u → u2 < ∞ ± ÉμÎ±¥ S2 =
(0, 0, 1, 0, 0).
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�¥μ¡Ìμ¤¨³Ò¥ ¤²Ö ¤μ± § É¥²Ó¸É¢  ¶·¥¤²μ¦¥´¨Ö 3.1 ²¥³³Ò 4.7Ä4.10,  
É ±¦¥ ¸ ³μ ¤μ± § É¥²Ó¸É¢μ ¶·¥¤²μ¦¥´¨Ö ³μ¦´μ ´ °É¨ ¢ [6].

ˆ§ ¶·¥¤²μ¦¥´¨Ö 3.1 ¸²¥¤Ê¥É É¥μ·¥³  3.2. „¥°¸É¢¨É¥²Ó´μ, É· ¥±Éμ·¨¨
¨§ ¶. 1) ¶·¥¤²μ¦¥´¨Ö 3.1 μÉ¢¥Î ÕÉ ³¥É·¨± ³ ¸¥³¥°¸É¢  1) ¢ É¥μ·¥³¥ 3.2, É· -
¥±Éμ·¨¨ ¨§ ¶. 2) Å ³¥É·¨± ³ ¸¥³¥°¸É¢  2) É¥μ·¥³Ò 3.2,   É· ¥±Éμ·¨¨ ¨§ ¶¶. 3)
¨ 4) ¶·¥¤²μ¦¥´¨Ö 3.1 ¸Ìμ¤ÖÉ¸Ö ± μ¸μ¡Ò³ ÉμÎ± ³ §  ±μ´¥Î´μ¥ ¢·¥³Ö, É. ¥. μÉ-
¢¥Î ÕÉ ´¥¶μ²´Ò³ ³¥É·¨± ³ ´  M2. ’μ, ÎÉμ ³¥É·¨±¨ ¸¥³¥°¸É¢  2) ¨³¥ÕÉ
£·Ê¶¶Ê £μ²μ´μ³¨¨ Spin(7), ¤μ± § ´μ ¢ [1].

4. ��‘’��…�ˆ… Œ…’�ˆŠ ‘ ƒ�‹���Œˆ…‰ SU(2(n + 1))

‚ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥ ¶·¨ ¸¨¸É¥³ É¨Î¥¸±μ³ ¨§ÊÎ¥´¨¨ ·¨³ ´μ¢ÒÌ ³¥-
É·¨± ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ Spin(7) ´  ±μ´Ê¸ Ì ´ ¤ 3-¸ ¸ ±¨¥¢Ò³¨ ¸¥³¨³¥·-
´Ò³¨ ³´μ£μμ¡· §¨Ö³¨ ¡Ò²μ ´ °¤¥´μ ¢ Ö¢´μ³ ¢¨¤¥ ´¥¶·¥·Ò¢´μ¥ ¸¥³¥°¸É¢μ
¶μ²´ÒÌ ´¥±μ³¶ ±É´ÒÌ ¢μ¸Ó³¨³¥·´ÒÌ ³¥É·¨± gα, § ¢¨¸ÖÐ¥¥ μÉ ¢¥Ð¥¸É¢¥´-
´μ£μ ¶ · ³¥É·  0 � α � 1. Œ¥É·¨±  g0 ¸μ¢¶ ¤ ¥É ¸ ³¥É·¨±μ° Š ² ¡¨ ¸
£·Ê¶¶μ° £μ²μ´μ³¨¨ SU(4), ³¥É·¨±  g1 ¸μ¢¶ ¤ ¥É ¸ £¨¶¥·±Ô²¥·μ¢μ° ³¥É·¨±μ°
Š ² ¡¨, ¨³¥ÕÐ¥° £·Ê¶¶Ê £μ²μ´μ³¨¨ Sp(2) ⊂ SU(4). Š ¦¤ Ö ¨§ ´ °¤¥´´ÒÌ
³¥É·¨± gα, 0 < α < 1, ¨³¥¥É £·Ê¶¶Ê £μ²μ´μ³¨¨ SU(4) ¨  ¢Éμ³ É¨Î¥¸±¨
Ö¢²Ö¥É¸Ö ·¨ÎÎ¨-¶²μ¸±μ°. ’ ±¨³ μ¡· §μ³, ´ °¤¥´´μ¥ ¸¥³¥°¸É¢μ ®¸μ¥¤¨´Ö¥É¯
³¥É·¨±¨ Š ² ¡¨.

�¤´ ±μ μ¡¥ ³¥É·¨±¨ Š ² ¡¨ (¢¶¥·¢Ò¥ ¶μ¸É·μ¥´´Ò¥ ¢ [17]) μ¶·¥¤¥²¥´Ò ´¥
Éμ²Ó±μ ¢ · §³¥·´μ¸É¨ ¢μ¸¥³Ó, ´μ ¨ ¢μ ¢¸¥Ì · §³¥·´μ¸ÉÖÌ, ±· É´ÒÌ Î¥ÉÒ·¥³.
�μÔÉμ³Ê ¥¸É¥¸É¢¥´¥´ ¢μ¶·μ¸ μ ¢μ§³μ¦´μ¸É¨ μ¡μ¡Ð¥´¨Ö ¶μ¸É·μ¥´´μ£μ ¢ [6]
¸¥³¥°¸É¢  ³¥É·¨± ´  ¡μ²¥¥ ¢Ò¸μ±¨¥ · §³¥·´μ¸É¨. ‚ ¶·¥¤² £ ¥³μ° ¸É ÉÓ¥ ÔÉμÉ
¢μ¶·μ¸ ·¥Ï ¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ: ¢ ± ¦¤μ° ¢¥Ð¥¸É¢¥´´μ° · §³¥·´μ¸É¨ 4(n+1)
¶μ¸É·μ¥´μ ¢ Ö¢´μ³ ¢¨¤¥ ´¥¶·¥·Ò¢´μ¥ ¸¥³¥°¸É¢μ ³¥É·¨± Gα, ®¸μ¥¤¨´ÖÕÐ¥¥¯
³´μ£μ³¥·´Ò¥ ³¥É·¨±¨ Š ² ¡¨.

’¥μ·¥³  4.1. ‘²¥¤ÊÕÐ¥¥ ¸¥³¥°¸É¢μ ¸μ¸Éμ¨É ¨§ ¶μ²´ÒÌ, ·¨ÎÎ¨-¶²μ¸±¨Ì
4(n + 1)-³¥·´ÒÌ ·¨³ ´μ¢ÒÌ ³¥É·¨±:

Ḡα =
r4(r4 − α4)n

(r4 − α4)n+1 − (1 − α4)n+1
dr2 +

(r4 − α4)n+1 − (1 − α4)n+1

r2(r4 − α4)n
η2
1+

+ r2(η2
2 + η2

3) + (r2 + α2)
n∑

β=1

(η2
4β + η2

5β) + (r2 − α2)
n∑

β=1

(η2
6β + η2

7β),

£¤¥ 0 � α � 1, r � 1. Œ¥É·¨±¨ Ḡ0 ¨ Ḡ1 ¨³¥ÕÉ £·Ê¶¶Ò £μ²μ´μ³¨¨ SU(2(n +
1)) ¨ Sp(n + 1) ¸μμÉ¢¥É¸É¢¥´´μ ¨ ¸μ¢¶ ¤ ÕÉ ¸ ³´μ£μ³¥·´Ò³¨ ³¥É·¨± ³¨
Š ² ¡¨ ¨§ [17]. Œ¥É·¨±¨ Ḡα ¶·¨ 0 < α < 1 ¨³¥ÕÉ £·Ê¶¶Ê £μ²μ´μ³¨¨
SU(2(n+1)) ¨ ¶·¨ n = 1 ¸μ¢¶ ¤ ÕÉ ¸ ¸¥³¥°¸É¢μ³, ¶μ¸É·μ¥´´Ò³ ¢ [6]. �·¨



�…Š�Œ��Š’�›… �ˆŒ���‚› ���‘’���‘’‚� 989

0 � α < 1 ³¥É·¨±¨ Ḡα μ¶·¥¤¥²¥´Ò ´  (n+1)-° É¥´§μ·´μ° ¸É¥¶¥´¨ ²¨´¥°´μ£μ
±μ³¶²¥±¸´μ£μ · ¸¸²μ¥´¨Ö ´ ¤ ¶·μ¸É· ´¸É¢μ³ ±μ³¶²¥±¸´ÒÌ Ë² £μ¢ ¢ C2n+1,
³¥É·¨±  Ḡ1 μ¶·¥¤¥²¥´  ´  T ∗CPn+1.

‚ ¶. 4.1 ¶μ¤·μ¡´μ μ¡ÑÖ¸´Ö¥É¸Ö ±μ´¸É·Ê±Í¨Ö ³¥É·¨± Ḡα ¨ ¤μ± §Ò¢ ¥É¸Ö
¤ ´´ Ö É¥μ·¥³ .

4.1. „μ± § É¥²Ó¸É¢μ. � ´¥¥ ³Ò ¨¸¸²¥¤μ¢ ²¨ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¢μ¸Ó³¨³¥·-
´ÒÌ ³¥É·¨± ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ Spin(7) ¢¨¤ 

dt2 + A1(t)2η2
1 + A2(t)2η2

2 + A3(t)2η2
3 + B(t)2(η2

4 + η2
5) + C(t)2(η2

6 + η2
7)

´  ±μ´Ê¸¥ ´ ¤ ¸¥³¨³¥·´Ò³ 3-¸ ¸ ±¨¥¢Ò³ ³´μ£μμ¡· §¨¥³ M , Î¥° Î¥ÉÒ·¥Ì-
³¥·´Ò° ±¢ É¥·´¨μ´´μ-±Ô²¥·μ¢ μ·¡¨Ëμ²¤ O μ¡² ¤ ¥É ±Ô²¥·μ¢μ° ¸É·Ê±ÉÊ·μ°.
�·¨ ÔÉμ³ Ëμ·³  dt μÉ¢¥Î ¥É μ¡· §ÊÕÐ¥° ±μ´Ê¸ , Ëμ·³Ò ηi, i = 1, 2, 3,
Ö¢²ÖÕÉ¸Ö Ì · ±É¥·¨¸É¨Î¥¸±¨³¨ Ëμ·³ ³¨ 3-¸ ¸ ±¨¥¢  ³´μ£μμ¡· §¨Ö, Ëμ·³Ò
ηi, i = 4, . . . , 7, Å 1-Ëμ·³Ò ´  μ·¡¨Ëμ²¤¥. “¸²μ¢¨¥ ´  Éμ, ÎÉμ £·Ê¶¶  £μ²μ´μ-
³¨¨ ¸μ¤¥·¦¨É¸Ö ¢ Spin(7), ¸¢μ¤¨É¸Ö ± ¸¨¸É¥³¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
´  ËÊ´±Í¨¨ Ai, B, C. „ ´´ Ö ¸¨¸É¥³  ¡Ò²  ¶μ¤·μ¡´μ ¨¸¸²¥¤μ¢ ´ , ¨ ´ °¤¥´μ
¸¥³¥°¸É¢μ ·¥Ï¥´¨° gα (3.3). Œ¥É·¨±¨ (3.3) μ¶·¥¤¥²¥´Ò ´  £² ¤±μ³ ³´μ£μ-
μ¡· §¨¨ Éμ²Ó±μ ¢ ¸²ÊÎ ¥, ±μ£¤  M Ö¢²Ö¥É¸Ö ¶·μ¸É· ´¸É¢μ³ �²μËË Ä“μ²² Ì 
N1,1 = SU(3)/S1.

Š ² ¡¨ ¶μ¸É·μ¨² ¸¢μ¨ ³¥É·¨±¨ G0 ¨ G1 ´  ±μ³¶²¥±¸´ÒÌ · ¸¸²μ¥´¨ÖÌ ±
±μ³¶²¥±¸´Ò³ ³´μ£μμ¡· §¨Ö³ ŠÔ²¥· Ä�°´ÏÉ¥°´  [17]. ‚ Î ¸É´μ¸É¨, ³¥É·¨±¨
¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ SU(n) ¡Ò²¨ ¶μ¸É·μ¥´Ò ´  ²¨´¥°´ÒÌ · ¸¸²μ¥´¨ÖÌ ± ±μ³-
¶ ±É´Ò³ ³´μ£μμ¡· §¨Ö³ ŠÔ²¥· Ä�°´ÏÉ¥°´ ,   £¨¶¥·±Ô²¥·μ¢Ò ³¥É·¨±¨ ¡Ò²¨
¶μ¸É·μ¥´Ò ´  T ∗

CPn. ’¥³ ´¥ ³¥´¥¥ ¢ · ¡μÉ¥ [17] ¢ Ö¢´μ³ ¢¨¤¥ ¶μ¸É·μ¥´´Ò¥
³¥É·¨±¨ ¢Ò¶¨¸ ´Ò ´¥ ¡Ò²¨.

‚Ò· ¦¥´¨¥ ¤²Ö ³¥É·¨±¨ G0 ¡Ò²μ ¶μ²ÊÎ¥´μ ¢ [32]:

[
1 −

(
1
ρ

)2m+2
]−1

dρ2 +

[
1 −

(
1
ρ

)2m+2
]

ρ2(dτ − 2A)2 + ρ2 ds2, (4.1)

£¤¥ ds2 Å ³¥É·¨±  ´  m-³¥·´μ³ Ìμ¤¦¥¢μ³ ³´μ£μμ¡· §¨¨ ŠÔ²¥· Ä�°´ÏÉ¥°-
´  F , dA Å ±Ô²¥·μ¢  Ëμ·³  ´  F . �·¨ m = 3 ³¥É·¨±  (4.1) μ¡· Ð ¥É¸Ö ¢
³¥É·¨±Ê g0 ¤²Ö F = SU(3)/T 2. Œ¥É·¨±  (4.1) μ¶·¥¤¥²¥´  ´  (m+1) ¸É¥¶¥´¨
± ´μ´¨Î¥¸±μ£μ ²¨´¥°´μ£μ · ¸¸²μ¥´¨Ö ´ ¤ F .

‚ [19] ¡Ò²μ ¶·¥¤¶·¨´ÖÉμ ¨¸¸²¥¤μ¢ ´¨¥ ³¥É·¨± ±μμ¤´μ·μ¤´μ¸É¨ μ¤¨´ ´ 
T ∗CPn+1. �¥¸²μ¦´μ ¶μ´ÖÉÓ, ÎÉμ ¸Ë¥·¨Î¥¸±μ¥ ¶μ¤· ¸¸²μ¥´¨¥ ¢ T ∗CPn+1

· ¸¸² ¨¢ ¥É¸Ö ´ ¤ SU(n+2)/(U(n)×U(1)). �   ²£¥¡·¥ ‹¨ su(n+2) ³μ¦´μ
¢Ò¡· ÉÓ ¡ §¨¸ ¨§ ²¥¢μ¨´¢ ·¨ ´É´ÒÌ 1-Ëμ·³ LB

A, ¢´¥Ï´ÖÖ  ²£¥¡·  ±μÉμ·ÒÌ
Ê¤μ¢²¥É¢μ·Ö¥É ¸μμÉ´μÏ¥´¨Ö³ dLB

A = iLC
A ∧ LB

C . ˆ´¤¥±¸ A ¶·μ¡¥£ ¥É §´ Î¥-
´¨Ö (1, 2, β),   ¨´¤¥±¸ β ¶·¨´¨³ ¥É §´ Î¥´¨Ö μÉ 1 ¤μ n, ¤ ²¥¥ β ´¨£¤¥ ´¥
Ë¨±¸¨·Ê¥É¸Ö, ¶μÔÉμ³Ê ¶ÊÉ ´¨ÍÒ ´¥ ¢μ§´¨± ¥É. �Î¥¢¨¤´μ, ÎÉμ u(n) ⊕ u(1)
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Ö¢²Ö¥É¸Ö ¶μ¤ ²£¥¡·μ° ‹¨ ¢ su(n + 2), ´μ ´¥ μ¡· §Ê¥É ¢´¥Ï´ÕÕ ¶μ¤ ²£¥-
¡·Ê. ”μ·³Ò Lβ

1 = σβ , Lβ
2 = Σβ ¨ L2

1 = ν μ¡· §ÊÕÉ ¡ §¨¸ ´  Ë ±Éμ·-
¶·μ¸É· ´¸É¢¥ su(n + 2)/(u(n) ⊕ u(1)). ‡ É¥³ μ¶·¥¤¥²ÖÕÉ¸Ö ¢¥Ð¥¸É¢¥´´Ò¥
Ëμ·³Ò: σ1β + iσ2β = σβ ¨ É. ¤. ”μ·³  λ = L1

1 − L2
2 ¢¥Ð¥¸É¢¥´´  ¶μ μ¶·¥¤¥-

²¥´¨Õ. ‚ [19] · ¸¸³ É·¨¢ ²¨¸Ó ³¥É·¨±¨ ¢¨¤ 

dt2 + a(t)2|σβ |2 + b(t)2|Σβ |2 + c(t)2|ν|2 + f(t)2λ2, (4.2)

§¤¥¸Ó ¶μ ¨´¤¥±¸Ê β ¨¤¥É ¸Ê³³¨·μ¢ ´¨¥ μÉ 1 ¤μ n. 	Ò²μ ´ °¤¥´μ ¢Ò· ¦¥´¨¥
¤²Ö £¨¶¥·±Ô²¥·μ¢μ° ³¥É·¨±¨ g1 ´  T ∗CPn+1:

dr2

1 − r−4
+

1 − r−4

4
r2λ2 + r2(ν2

1 + ν2
2)+

+
r2 + 1

2
(Σ2

1β + Σ2
2β) +

r2 − 1
2

(σ2
1β + σ2

2β). (4.3)

‚ ¸²ÊÎ ¥ n = 1, ÎÉμ¡Ò ¸μ£² ¸μ¢ ÉÓ μ¡μ§´ Î¥´¨Ö · §¤. 3 ¨ ¸É ÉÓ¨ [19], ´¥μ¡Ìμ-
¤¨³μ ¶μ²μ¦¨ÉÓ:

λ = 2η1, ν1 = η3, ν2 = η2, Σ1 =
√

2η4,

Σ2 =
√

2η5, σ1 =
√

2η6, σ2 =
√

2η7.

’ ±¦¥ ¢ [19] ¡Ò² ¢Ò¶¨¸ ´ É¥´§μ· �¨ÎÎ¨, ¨³¥ÕÐ¨°, μÎ¥¢¨¤´μ, ¶ÖÉÓ ±μ³-
¶μ´¥´É: Ric = R0dt2 + Ra|σβ |2 + Rb|Σβ |2 + Rc|ν|2 + Rfλ2, ¨ § ¢¨¸ÖÐ¨° μÉ
Î¥ÉÒ·¥Ì ËÊ´±Í¨°:

R0 = −2n

(
ä

a
+

b̈

b

)
− 2c̈

c
− f̈

f
,

Ra =− ä

a
− (2n − 1)ȧ2

a2
− 2nȧḃ

ab
− 2ȧċ

ac
− ȧḟ

af
+

a4 − b4 − c4

a2b2c2
+

2(n + 2)
a2

− 2f2

a4
,

Rb =− b̈

b
− (2n − 1)ḃ2

b2
− 2nȧḃ

ab
− 2ḃċ

bc
− ḃḟ

bf
+

b4 − a4 − c4

a2b2c2
+

2(n + 2)
b2

− 2f2

b4
,

Rc = − c̈

c
− ċ2

c2
− 2nȧċ

ac
− 2nḃċ

bc
− ċḟ

cf
+ n

(
c4 − a4 − b4

a2b2c2

)
+

2(n + 2)
c2

− 8f2

c4
,

Rf = − f̈

f
− 2nȧḟ

af
− 2nḃḟ

bf
− 2ċḟ

cf
+ f2

(
2n

a4
+

2n

b4
+

8
c4

)
.

‡ ³¥É¨³, ÎÉμ ¤²Ö ²Õ¡μ° · §³¥·´μ¸É¨ n ±μÔËË¨Í¨¥´ÉÒ ³¥É·¨±¨ (4.3)
¨³¥ÕÉ μ¤¨´ ¨ ÉμÉ ¦¥ ¢¨¤, ¢ Éμ ¢·¥³Ö ± ± ±μÔËË¨Í¨¥´ÉÒ (4.1) Ö¢´μ § ¢¨¸ÖÉ
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μÉ n. ‘²¥¤μ¢ É¥²Ó´μ, ¨¸±μ³μ¥ ¸¥³¥°¸É¢μ ³¥É·¨± Éμ¦¥ ¤μ²¦´μ Ö¢´μ § ¢¨¸¥ÉÓ
μÉ n ¨ ¶·¨ α = 1 ¶·¨´¨³ ÉÓ ¢¨¤ (4.3). 	Ê¤¥³ ¨¸± ÉÓ ³¥É·¨±¨ ¸²¥¤ÊÕ-
Ð¥£μ ¢¨¤ :

dr2

W 2
+

W 2r2

4
λ2+r2(ν2

1 +ν2
2)+

(r2 − α2)
2

(σ2
1β +σ2

2β)+
(r2+α2)

2
(Σ2

1β+Σ2
2β),

£¤¥ W = W (r, α, n) Å ´¥¨§¢¥¸É´ Ö ËÊ´±Í¨Ö. …¸²¨ ¶μ¤¸É ¢¨ÉÓ ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨¥ ËÊ´±Í¨¨ ¢ ¢Ò· ¦¥´¨Ö ¤²Ö É¥´§μ·  �¨ÎÎ¨, Éμ ±μ³¶μ´¥´ÉÒ (Ra, Rb, Rc)
¶·¨³ÊÉ ¢¨¤

Ra = − 2Q

(r2 − α2)2(r2 + α2)
,

Rb =
2Q

(r2 + α2)2(r2 − α2)
,

Rc = − 2Q

r2(r4 − α4)
,

£¤¥ Q = (dW/dr)(r5 − rα4) + 4W 2α4 + 4(n + 1)(r4 − α4 − r4W 2), ¨ ¸¤¥² ´ 
§ ³¥´  dr/dt = W . „ ´´μ¥ Ê· ¢´¥´¨¥ ¡¥§ É·Ê¤  ¨´É¥£·¨·Ê¥É¸Ö:

W 2 =
(r4 − α4)n+1 + C

r4(r4 − α4)n
,

£¤¥ C Å ±μ´¸É ´É  ¨´É¥£·¨·μ¢ ´¨Ö, ¸¤¢¨£μ³ ¶μ r ¥¥ ³μ¦´μ Ë¨±¸¨·μ¢ ÉÓ, ¨
¸²¥¤Ê¥É ¶μ²μ¦¨ÉÓ −(1 − α4)n+1, Éμ£¤  r � 1 ¨ W (1) = 0. �·¨ ¶μ¤¸É ´μ¢±¥
´ °¤¥´´μ° ËÊ´±Í¨¨ ±μ³¶μ´¥´ÉÒ R0 ¨ Rf , ¨³¥ÕÐ¨¥ ¢Éμ·μ° ¶μ·Ö¤μ± ¶μ W ,
 ¢Éμ³ É¨Î¥¸±¨ μ¡· Ð ÕÉ¸Ö ¢ ´μ²Ó.

� ¸¸³μÉ·¨³ ¤ ²¥¥ ¸²¥¤ÊÕÐÊÕ 2-Ëμ·³Ê:

Ω = r dr ∧ λ + 2r2ν1 ∧ ν2 − (r2 + α2)Σ1β ∧ Σ2β + (r2 − α2)σ1β ∧ σ2β .

ˆ¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨Ö ´  ¢´¥Ï´ÕÕ  ²£¥¡·Ê Ëμ·³ ¨§ [19], ´¥¸²μ¦´μ ¶·μ-
¢¥·¨ÉÓ, ÎÉμ ¤ ´´ Ö Ëμ·³  § ³±´ÊÉ  ¨ Ö¢²Ö¥É¸Ö ¸ ÉμÎ´μ¸ÉÓÕ ¤μ Ê³´μ¦¥´¨Ö
´  1/2 ±Ô²¥·μ¢μ° Ëμ·³μ° ³¥É·¨±¨ (4.2). ˆ§ μ¡· Ð¥´¨Ö ¢ ´μ²Ó É¥´§μ·  �¨ÎÎ¨
¨ § ³±´ÊÉμ¸É¨ ±Ô²¥·μ¢μ° Ëμ·³Ò Ω ¸²¥¤Ê¥É ÊÉ¢¥·¦¤¥´¨¥ É¥μ·¥³Ò μ £μ²μ-
´μ³¨¨.

ˆ¸¸²¥¤Ê¥³ ¤ ²¥¥ Éμ¶μ²μ£¨Õ ¶·μ¸É· ´¸É¢, ´  ±μÉμ·ÒÌ μ¶·¥¤¥²¥´Ò ´ °¤¥´-
´Ò¥ ³¥É·¨±¨. � ¸¸³μÉ·¨³ ±μ³¶²¥±¸´μ¥ ¶·μ¸É· ´¸É¢μ C

n+2 ¨ ´  ´¥³ ¤¨ £μ-
´ ²Ó´μ¥ ¤¥°¸É¢¨¥ μ±·Ê¦´μ¸É¨ S1. „ ´´μ¥ ¤¥°¸É¢¨¥ μ¶·¥¤¥²Ö¥É ±² ¸¸ Ô±¢¨¢ -
²¥´É´μ¸É¨, ¡Ê¤¥³ μ¡μ§´ Î ÉÓ É ±μ° ±² ¸¸ ±¢ ¤· É´Ò³¨ ¸±μ¡± ³¨, ´ ¶·¨³¥·,
[u], [V ], £¤¥ u, V Å ¢¥±Éμ·Ò ¨²¨ Í¥²Ò¥ ¶μ¤¶·μ¸É· ´¸É¢ .
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� ¸¸³μÉ·¨³ ¶·μ¸É· ´¸É¢μ H̃ = {(u1, u2, V )| |u1| = 1, u1 ⊥C u2 ⊥C V } ⊂
S2n+3 × Cn+2 × Gn(Cn+2). � ¸¸³μÉ·¨³ É ±¦¥ ¶·μ¥±Í¨Õ π̃ : (u1, u2, V ) →
(u1, V ) ¶·μ¸É· ´¸É¢  H̃ ´  ¶·μ¸É· ´¸É¢μ F̃ = {(u1, V )| |u1| = 1, u1 ⊥C V }.
�·μ¸É· ´¸É¢μ ¸Ë¥·¨Î¥¸±μ£μ ¶μ¤· ¸¸²μ¥´¨Ö H̃1 = {(u1, u2, V )| |ui| = 1, u1 ⊥C

u2 ⊥C V } ³μ¦´μ μÉμ¦¤¥¸É¢¨ÉÓ ¸ SU(n +2)/SU(n). �·¨ ¶μ³μÐ¨ ¤¨ £μ´ ²Ó-
´μ£μ ¤¥°¸É¢¨Ö μ±·Ê¦´μ¸É¨ S1 · ¸¸²μ¥´¨¥ π̃ ¶μ·μ¦¤ ¥É ²¨´¥°´μ¥ ±μ³¶²¥±¸-
´μ¥ · ¸¸²μ¥´¨¥ π : H = H̃/S1 → F = F̃ /S1. ‘Ë¥·¨Î¥¸±μ¥ ¶μ¤· ¸¸²μ¥´¨¥
π ¸μ¢¶ ¤ ¥É ¸ μÉμ¡· ¦¥´¨¥³ π1 : H1 = SU(n + 2)/S[U(n) × U(1)] → F =
SU(n + 2)/T , £¤¥

T =

⎧⎨
⎩

⎛
⎝ z 0 0

0 z̄ det Ā 0
0 0 A

⎞
⎠ |z ∈ U(1), A ∈ U(n)

⎫⎬
⎭ .

‡ ³¥É¨³, ÎÉμ H1 Ö¢²Ö¥É¸Ö 3-¸ ¸ ±¨¥¢Ò³ ³´μ£μμ¡· §¨¥³, ¸μ¢¶ ¤ ÕÐ¨³ ¸ ¶·μ-
¸É· ´¸É¢μ³ �²μËË Ä“μ²² Ì  ¶·¨ n = 1,   π1 Å ¥£μ · ¸¸²μ¥´¨¥ ´ ¤ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨³ É¢¨¸Éμ·´Ò³ ¶·μ¸É· ´¸É¢μ³ Z = F Å ¶·μ¸É· ´¸É¢μ³ ±μ³¶²¥±¸-
´ÒÌ Ë² £μ¢ {([u], V )| u ∈ S2n+3, V ∈ Gn(Cn+2), u ⊥C V } ¢ C

n+2. �¥¸²μ¦´μ
¶·μ¢¥·¨ÉÓ, ÎÉμ ¤²¨´  ¢ ³¥É·¨±¥ Ḡα Ì · ±É¥·¨¸É¨Î¥¸±μ£μ ¢¥±Éμ·´μ£μ ¶μ²Ö,
μÉ¢¥Î ÕÐ¥£μ Ëμ·³¥ η1, ¢ ´ Î ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨ r = 1 · ¢´  2(n + 1).
„²Ö ±μ··¥±É´μ£μ μ¶·¥¤¥²¥´¨Ö ³¥É·¨±¨ Ḡα μ±·Ê¦´μ¸ÉÓ, ¶μ·μ¦¤ ¥³ Ö ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨³ Ì · ±É¥·¨¸É¨Î¥¸±¨³ ¢¥±Éμ·´Ò³ ¶μ²¥³, ¤μ²¦´  ¡ÒÉÓ ¶·μË ±Éμ-
·¨§μ¢ ´  ¶μ ¤¨¸±·¥É´μ° ¶μ¤£·Ê¶¶¥ Zn+1, É ± ± ± ¢ 3-¸ ¸ ±¨¥¢μ³ · ¸¸²μ¥´¨¨
π1 Ê¦¥ ®¶·μ¢¥¤¥´ ¯ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö Ë ±Éμ·¨§ Í¨Ö ¶μ Z2, ¸³. [1]. ‘²¥¤μ¢ -
É¥²Ó´μ, ³¥É·¨±¨ Ḡα ¶·¨ 0 � α < 1 μ¶·¥¤¥²¥´Ò ´  É¥´§μ·´μ° ¸É¥¶¥´¨ πn+1.
’¥μ·¥³  ¤μ± § ´ .

‡�Š‹	—…�ˆ…

‚ ¤ ´´μ³ μ¡§μ·¥ ³Ò ¶·μ¨²²Õ¸É·¨·μ¢ ²¨ ´¥±μÉμ·Ò¥ ³¥Éμ¤Ò ¶μ¸É·μ¥´¨Ö
³¥É·¨± ¸μ ¸¶¥Í¨ ²Ó´Ò³¨ £μ²μ´μ³¨Ö³¨. � ¸±μ²Ó±μ ´ ³ ¨§¢¥¸É´μ, ¡μ²ÓÏ¨´-
¸É¢μ ¨§¢¥¸É´ÒÌ ± ´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨ ¶·¨³¥·μ¢ É ±¨Ì ³¥É·¨± ²¨¡μ ´¥Ö¢´Ò,
É. ¥. ´¥ ¢Ò¶¨¸ ´Ò ¢  ²£¥¡· ¨Î¥¸±μ° Ëμ·³¥ ¨ μ¡¥¸¶¥Î¨¢ ÕÉ¸Ö ¨§ É¥μ·¥³ ¸Ê-
Ð¥¸É¢μ¢ ´¨Ö ¢ ¶·μ¸É· ´¸É¢ Ì ‘μ¡μ²¥¢ , ²¨¡μ μ¶·¥¤¥²¥´Ò ´  ´¥±μ³¶ ±É´ÒÌ
¶·μ¸É· ´¸É¢ Ì (¸²ÊÎ ° ¤ ´´μ£μ μ¡§μ· ).

�μ³¨³μ ¶μ¤·μ¡´μ μ¶¨¸ ´´ÒÌ ¢ · §¤. 2Ä4 ¶·¨³¥·μ¢ ¶μ¸É·μ¥´¨Ö ¸¶¥Í¨-
 ²Ó´ÒÌ ³¥É·¨± Ê¶μ³Ö´¥³ ¢ ±μ´Í¥ μ¡§μ·  ¨ μ ¤·Ê£¨Ì ·¥§Ê²ÓÉ É Ì, Ô±¸¶²Ê -
É¨·ÊÕÐ¨Ì ÉÊ ¦¥ ¤μ¢μ²Ó´μ μ¡ÐÊÕ ¨¤¥Õ: Ê³´μ¦¨ÉÓ ®Ìμ·μÏ¥¥¯ ³´μ£μμ¡· §¨¥
´  ¶μ²Ê¶·Ö³ÊÕ ¨ ´  ¶μ²ÊÎ¥´´μ³ ±μ´Ê¸¥ ¶·μ¤¥Ëμ·³¨·μ¢ ÉÓ ³¥É·¨±Ê ±μ´Ê¸ 
É ±, ÎÉμ¡Ò £μ²μ´μ³¨Ö ¸É ²  ¨¸±²ÕÎ¨É¥²Ó´μ°. ‚ · ¡μÉ¥ [1] Ÿ. ‚. 	 § °±¨´Ò³
¡Ò² ¨¸¸²¥¤μ¢ ´ ¸²ÊÎ ° B(t) = C(t) ¢ ¸¨¸É¥³¥ (5), ±μÉμ·Ò° μÉ¢¥Î ¥É ¸¨ÉÊ -
Í¨¨, ±μ£¤  ±¢ É¥·´¨μ´´μ-±Ô²¥·μ¢ μ·¡¨Ëμ²¤ 3-¸ ¸ ±¨¥¢  ³´μ£μμ¡· §¨Ö M ´¥
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μ¡² ¤ ¥É ¤μ¶μ²´¨É¥²Ó´μ° ±Ô²¥·μ¢μ° ¸É·Ê±ÉÊ·μ°, ± ±, ´ ¶·¨³¥·, ¢ ¸²ÊÎ ¥ Ìμ¶-
Ëμ¢¸±μ£μ · ¸¸²μ¥´¨Ö S7 ´ ¤ S4. ‚ Î ¸É´μ¸É¨, ¥¸²¨ M μ¤´μ·μ¤´μ, Éμ M Å
²¨¡μ ¸¥³¨³¥·´ Ö ¸Ë¥· , ²¨¡μ ³´μ£μμ¡· §¨¥ �²μËË Ä“μ²² Ì  SU(3)/U(1),
±μÉμ·μ¥ · ¸¸² ¨¢ ¥É¸Ö ´ ¤ ±Ô²¥·μ¢Ò³ CP 2. �·¨ ÔÉμ³ ¸¨¸É¥³  (5) ¸¢μ¤¨É¸Ö
± ¸¨¸É¥³¥ (3.2′). „ ´´ Ö ¸¨¸É¥³  ¡Ò²  ¶μ²´μ¸ÉÓÕ ¨¸¸²¥¤μ¢ ´ , ¨ ¡Ò²μ ¤μ-
± § ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ μ¤´μ¶ · ³¥É·¨Î¥¸±μ£μ ¸¥³¥°¸É¢  ³¥É·¨± ¸ £μ²μ´μ³¨¥°
Spin(7), § ¤ ¢ ¥³μ¥ ´ Î ²Ó´Ò³¨ ¤ ´´Ò³¨ A1(0) = 0, 0 < −A2(0) = A3(0) <
B(0), A1(0)2 + A2(0)2 + A3(0)2 + B(0)2 = 1. �¤´ ±μ μ´μ ´¥ ¡Ò²μ ¢Ò¶¨-
¸ ´μ ¢  ²£¥¡· ¨Î¥¸±μ° Ëμ·³¥. �·¨ A1(0) = 0, −A2(0) = A3(0) = B(0) > 0
³¥É·¨±  ¨§ ¤ ´´μ£μ ¸¥³¥°¸É¢  ¡Ê¤¥É ¸μ¢¶ ¤ ÉÓ ¸ ³¥É·¨±μ° Š ² ¡¨ ¸ £μ²μ´μ-
³¨¥° SU(4), ¢Ò¶¨¸ ´´μ° ¢ [32]. ‘É·μ£μ £μ¢μ·Ö, ¢ · ¡μÉ¥ [1] ¨ ¡Ò²  · §¢¨É 
É¥Ì´¨±   ´ ²¨§  ¶μ¤μ¡´ÒÌ ¸¨¸É¥³ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥-
´¨° ¸ μ¤´μ·μ¤´μ° ¶· ¢μ° Î ¸ÉÓÕ.

ŒÒ Ê¶μ³Ö´Ê²¨, ÎÉμ μ¸μ¡¥´´μ¸ÉÓ ¸¨¸É¥³Ò (± ± ¸¨¸É¥³Ò (3.2), É ± ¨ ¸¨-
¸É¥³Ò (3.2′)) ¶·¨ t = 0 ³μ¦¥É ¡ÒÉÓ · §·¥Ï¥´  ¤¢Ê³Ö ¸¶μ¸μ¡ ³¨: ±μ£¤  ¶·¨
t → 0 ¸Ì²μ¶Ò¢ ¥É¸Ö É·¥Ì³¥·´ Ö ¸Ë¥·  S3 ¨§ 3-¸ ¸ ±¨¥¢  · ¸¸²μ¥´¨Ö, ³Ò ¶μ-
²ÊÎ ¥³ ¶·μ¸É· ´¸É¢μ M1; ±μ£¤  ¶·¨ t → 0 § ÉÖ£¨¢ ¥É¸Ö ²¨ÏÓ μ±·Ê¦´μ¸ÉÓ
S1 ⊂ S3, Éμ ³Ò ¶μ²ÊÎ ¥³ ¶·μ¸É· ´¸É¢μ M2. ‘²ÊÎ ° M1 ¢ ¤ ´´μ³ μ¡§μ·¥
´¥ · ¸¸³ É·¨¢ ²¸Ö. ‚ · ¡μÉ¥ [2] Ÿ. ‚. 	 § °±¨´ ¨¸¸²¥¤μ¢ ² ¢μ¶·μ¸ ¸ÊÐ¥¸É¢μ-
¢ ´¨Ö ³¥É·¨±, μÉ¢¥Î ÕÐ¨Ì ¸¨¸É¥³¥ (3.2′) ¨ μ¶·¥¤¥²¥´´ÒÌ ´  ¶·μ¸É· ´¸É¢¥
M1. 	Ò²μ ¤μ± § ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¤¢Ê¶ · ³¥É·¨Î¥¸±μ£μ ¸¥³¥°¸É¢  ³¥É·¨±
¸ £μ²μ´μ³¨¥° Spin(7), μ´μ É ±¦¥ ´¥ ¢Ò¶¨¸ ´μ ¢ Ö¢´μ³ ¢¨¤¥ ¨ ³μ¦¥É ¡ÒÉÓ
¶ · ³¥É·¨§μ¢ ´μ §´ Î¥´¨Ö³¨ ËÊ´±Í¨° Ai(t0) ¢ ¸±μ²Ó Ê£μ¤´μ ³ ²Ò° ³μ³¥´É
¢·¥³¥´¨ t0:

’¥μ·¥³ . �Ê¸ÉÓ M Å ¸¥³¨³¥·´μ¥ ±μ³¶ ±É´μ¥ 3-¸ ¸ ±¨¥¢μ ³´μ£μμ¡· §¨¥.
’μ£¤  ¸ÊÐ¥¸É¢Ê¥É ¤¢Ê¶ · ³¥É·¨Î¥¸±μ¥ ¸¥³¥°¸É¢μ ¶μ¶ ·´μ ´¥£μ³μÉ¥É¨Î´ÒÌ
·¨³ ´μ¢ÒÌ ³¥É·¨± ´  M1 ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ Spin(7), Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì
´ Î ²Ó´Ò³ Ê¸²μ¢¨Ö³ A1(0) = A2(0) = A3(0) = 0, A′

1(0) = A′
2(0) = A′

3(0) =
−1, B(0) > 0, B′(0) = 0. ‘¥³¥°¸É¢μ ³¥É·¨± ¶ · ³¥É·¨§Ê¥É¸Ö É·μ°±μ°
Î¨¸¥² λ1 < λ2 < λ3 < 0 É ±¨Ì, ÎÉμ λ2

1 + λ2
2 + λ2

3 = ε2 ¤²Ö ¤μ¸É ÉμÎ´μ
³ ²μ£μ ε > 0. „²Ö ± ¦¤μ° É ±μ° É·μ°±¨ ¸ÊÐ¥¸É¢Ê¥É §´ Î¥´¨¥ ¶¥·¥³¥´´μ°
t = t0, ¶·¨ ±μÉμ·μ³ É· ¥±Éμ·¨Ö (A1, A2, A3) ¶·μÌμ¤¨É Î¥·¥§ ÔÉÊ É·μ°±Ê,
É. ¥. A1(t0) = λ1, A2(t0) = λ2, A3(t0) = λ3.

‚ · ¡μÉ¥ [4] Ÿ. ‚.	 § °±¨´ ¨ �.�. 	μ£μÖ¢²¥´¸± Ö · ¸¸³μÉ·¥²¨ ±μ´Ê¸ ´ ¤
S3 × S3 ¸ Í¥²ÓÕ ¶μ¨¸±  ³¥É·¨± ¸ £μ²μ´μ³¨¥° G2 ¢¨¤ 

ds̄2 = dt2 +
3∑

i=1

Ai(t)2(ηi + η̄i)2 +
3∑

i=1

Bi(t)2(ηi − η̄i)2,

£¤¥ ηi ¨ η̄j Å Ì · ±É¥·¨¸É¨Î¥¸±¨¥ 1-Ëμ·³Ò ´  ¤¢ÊÌ É·¥Ì³¥·´ÒÌ ¸Ë¥· Ì. �μ-
¨¸± ³¥É·¨± ¤ ´´μ£μ ¢¨¤  ¨ ´  É ±μ³ ³´μ£μμ¡· §¨¨ Ê¦¥ μ¸ÊÐ¥¸É¢²Ö²¸Ö ¢ [14],
  É ±¦¥ ¢ [15], £¤¥ ¡Ò²¨ ´ °¤¥´Ò Î ¸É´Ò¥ ·¥Ï¥´¨Ö. ‘ ¶μ³μÐÓÕ Ê¦¥ · §-
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¢¨ÉÒÌ ³¥Éμ¤μ¢ ¡Ò²μ ¸É·μ£μ ¶μ± § ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ μ¤´μ¶ · ³¥É·¨Î¥¸±μ£μ
¸¥³¥°¸É¢  ¢ ¸²ÊÎ ¥, ±μ£¤  A2(t) = A3(t), B2(t) = B3(t). ‚μ§´¨± ÕÐ Ö ¢ ¤ ´-
´μ³ ¸²ÊÎ ¥ ¸¨¸É¥³  μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢Ò£²Ö¤¨É
¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

A′
1 =

1
2

(
A2

1

A2
2

− A2
1

B2
2

)
,

A′
2 =

1
2

(
B2

2 − A2
2 + B2

1

B1B2
− A1

A2

)
,

B′
1 =

A2
2 + B2

2 − B2
1

A2B2
,

B′
2 =

1
2

(
A2

2 − B2
2 + B2

1

A2B1
+

A1

B2

)
.

� ¸¸³μÉ·¥´´ Ö ³¥É·¨±  ds̄2 ¡Ê¤¥É μ¶·¥¤¥²¥´  ´  H4×S3, £¤¥ H4 Å Î¥É¢¥·É Ö
É¥´§μ·´ Ö ¸É¥¶¥´Ó ± ´μ´¨Î¥¸±μ£μ · ¸¸²μ¥´¨Ö ´ ¤ S2 = CP 1:

’¥μ·¥³ . ‘ÊÐ¥¸É¢Ê¥É μ¤´μ¶ · ³¥É·¨Î¥¸±μ¥ ¸¥³¥°¸É¢μ ¶μ¶ ·´μ ´¥£μ-
³μÉ¥É¨Î´ÒÌ ¶μ²´ÒÌ ·¨³ ´μ¢ÒÌ ³¥É·¨± ds̄2 ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ G2 ´ 
H4 × S3, ¶·¨Î¥³ ³¥É·¨±¨ ³μ¦´μ ¶ · ³¥É·¨§μ¢ ÉÓ ´ ¡μ·μ³ ´ Î ²Ó´ÒÌ ¤ ´-
´ÒÌ (A1(0), A2(0), B1(0), B2(0)) = (μ, λ, 0, λ), £¤¥ μ, λ > 0 ¨ μ2 + 2λ2 = 1.
�·¨ t → ∞ ³¥É·¨±¨ ¤ ´´μ£μ ¸¥³¥°¸É¢  ¸±μ²Ó Ê£μ¤´μ ¡²¨§±μ  ¶¶·μ±¸¨³¨·Ê-
ÕÉ¸Ö ¶·Ö³Ò³ ¶·μ¨§¢¥¤¥´¨¥³ S1 × C(S2 × S3), £¤¥ C(S2 × S3) Å ±μ´Ê¸ ´ ¤
¶·μ¨§¢¥¤¥´¨¥³ ¸Ë¥·. �·¨ ÔÉμ³ ¸Ë¥·  S2 ¢μ§´¨± ¥É ± ± Ë ±Éμ·¨§ Í¨Ö ¤¨ -
£μ´ ²Ó´μ ¢²μ¦¥´´μ° ¢ S3 × S3 É·¥Ì³¥·´μ° ¸Ë¥·Ò ¶μ ¤¥°¸É¢¨Õ μ±·Ê¦´μ¸É¨,
¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¢¥±Éμ·´μ³Ê ¶μ²Õ, ¸μ¶·Ö¦¥´´μ³Ê 1-Ëμ·³¥ η1 + η̄1.

� ¸¸³μÉ·¥´´Ò° ¢ ¤ ´´μ° É¥μ·¥³¥ É¨¶ · §·¥Ï¥´¨Ö μ¸μ¡¥´´μ¸É¨ B1(0) = 0
¸μμÉ¢¥É¸É¢Ê¥É É¨¶Ê M2, ±μ£¤  ¶·¨ t → 0 § ÉÖ£¨¢ ¥É¸Ö μ¤´μ³¥·´ Ö μ±·Ê¦-
´μ¸ÉÓ.

‚ ¸É ÉÓ¥ [11] �.�. 	μ£μÖ¢²¥´¸± Ö · ¸¸³μÉ·¥²  ¸¶μ¸μ¡ · §·¥Ï¥´¨Ö μ¸μ-
¡¥´´μ¸É¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° M1, ±μ£¤  § ÉÖ£¨¢ ¥É¸Ö É·¥Ì³¥·´ Ö ¸Ë¥· :
Ai(0) = 0, Bj(0) �= 0. 	Ò²  ¤μ± § ´  ¸²¥¤ÊÕÐ Ö

’¥μ·¥³ . „²Ö ± ¦¤μ£μ ¶ · ³¥É·  p < 0 ¸ÊÐ¥¸É¢Ê¥É ¶μ²´ Ö ·¨³ ´μ¢ 
³¥É·¨±  ¢¨¤  ds̄2 ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ G2 ´  S3 × R4 É ± Ö, ÎÉμ

p =
12

B2
1(0)(A′′′

1 (0) − A′′′
2 (0))

.

�·¨ t → ∞ ³¥É·¨±¨ ¤ ´´μ£μ ¸¥³¥°¸É¢  ¸±μ²Ó Ê£μ¤´μ ¡²¨§±μ  ¶¶·μ±¸¨³¨·Ê-
ÕÉ¸Ö ¶·Ö³Ò³ ·¨³ ´μ¢Ò³ ¶·μ¨§¢¥¤¥´¨¥³ S1 ×C(S2 ×S3), £¤¥ C(S2 ×S3) Å
±μ´Ê¸ ´ ¤ ¶·μ¨§¢¥¤¥´¨¥³ ¸Ë¥·.

Œ¥É·¨±¨, μ¶·¥¤¥²¥´´Ò¥ ´  ´¥±μ³¶ ±É´ÒÌ ¶·μ¸É· ´¸É¢ Ì, ± ± ¶· ¢¨²μ,
´ Ìμ¤ÖÉ¸Ö ¶·¨  ´ ²¨§¥ ¸¨¸É¥³ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°.
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Œμ¦´μ · ¸¸³μÉ·¥ÉÓ §´ Î¨É¥²Ó´μ ¡μ²¥¥  ¡¸É· ±É´ÊÕ Ëμ·³Ê²¨·μ¢±Ê § ¤ Î¨:
¨¸± ÉÓ ³¥É·¨±¨ ¸ £μ²μ´μ³¨¥° Spin(7) (¨²¨ G2) ´  ¶·μ¸É· ´¸É¢¥ T i × M8−i

(¨²¨, ¸μμÉ¢¥É¸É¢¥´´μ, T i × M7−i), £¤¥ T Å ¶·μ¸É· ´¸É¢μ ¶¥·¥³¥´´ÒÌ, μÉ
±μÉμ·ÒÌ ¡Ê¤¥É § ¢¨¸¥ÉÓ ¤¥Ëμ·³ Í¨Ö ³¥É·¨±¨ ´  M . ƒ·Ê¡μ £μ¢μ·Ö, §  ¸Î¥É
Ê¢¥²¨Î¥´¨Ö Î¨¸²  ¶¥·¥³¥´´ÒÌ ³μ¦´μ Ê¶·μÐ ÉÓ ¶·μ¸É· ´¸É¢μ M . ‚μ ¢¸¥Ì
Ê¶μ³¨´ ¢Ï¨Ì¸Ö · ¡μÉ Ì ¡Ò² · ¸¸³μÉ·¥´ ²¨ÏÓ ¸²ÊÎ ° T = R+ ¨ ´¥±μÉμ·ÒÌ
®Ìμ·μÏ¨Ì¯ M . ˆ³¥´´μ §  ¸Î¥É μ¤´μ³¥·´μ¸É¨ T ¨§ÊÎ¥´¨¥ ¸¢μ¤¨²μ¸Ó ± ¸¨¸É¥-
³ ³ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°,   ´¥ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ
¶·μ¨§¢μ¤´ÒÌ. �μ¶ÒÉ±¨ ¤μ¡ ¢¨ÉÓ ´μ¢ÊÕ ´¥§ ¢¨¸¨³ÊÕ ¶¥·¥³¥´´ÊÕ ¶μ±  ¶·¨-
¢μ¤¨²¨ ± ¸¨¸É¥³ ³, ¸¢μ¤ÖÐ¨³¸Ö ± Ê¦¥ ¨§ÊÎ¥´´Ò³. 	Ò²μ ¡Ò, ´ ¶·¨³¥·, ¨´É¥-
·¥¸´μ ¢Ò¶¨¸ ÉÓ ¸¨¸É¥³Ê (2.1) ¤²Ö ¸²ÊÎ Ö T = S3 ¨ M = CP 2,   ´ Î ²Ó´Ò¥
¤ ´´Ò¥ ¤²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸¨¸É¥³Ò § ¤ ¢ ÉÓ ¢ 1 ∈ T . �Éμ ¤μ²¦´  ¡ÒÉÓ
¸¨¸É¥³  ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ´  ¤¢¥ ËÊ´±Í¨¨, § ¢¨¸ÖÐ¨¥ μÉ É·¥Ì ¶¥·¥-
³¥´´ÒÌ. Š ± ¨§¢¥¸É´μ, ´¨± ±¨Ì μ¡Ð¨Ì ¶μ¤Ìμ¤μ¢ ± Ö¢´μ³Ê ¨´É¥£·¨·μ¢ ´¨Õ
¶μ¤μ¡´ÒÌ ¸¨¸É¥³ ´¥ ¸ÊÐ¥¸É¢Ê¥É.

„ ¤¨³ §¤¥¸Ó É ±¦¥ ±· É±¨° μ¡§μ· £·Ê¶¶ £μ²μ´μ³¨¨ ¢ ¶¸¥¢¤μ·¨³ ´μ¢μ³
¨, ¢ Î ¸É´μ¸É¨, ¢ ²μ·¥´Í¥¢μ³ ¸²ÊÎ ¥. …¸²¨ ³¥É·¨±  ´  ³´μ£μμ¡· §¨¨ M Ö¢²Ö-
¥É¸Ö ¶¸¥¢¤μ·¨³ ´μ¢μ° ¸ ¸¨£´ ÉÊ·μ° (p, q), £¤¥ p, q > 0, Éμ, ± ± ¨ ¢ ·¨³ ´μ¢μ³
¸²ÊÎ ¥, ¸ÊÐ¥¸É¢Ê¥É ± ´μ´¨Î¥¸± Ö ¸¢Ö§´μ¸ÉÓ ‹¥¢¨-—¨¢¨É , § ¤ ÕÐ Ö ¶ · ²-
²¥²Ó´Ò° ¶¥·¥´μ¸. �Éμ ¶μ§¢μ²Ö¥É μ¶·¥¤¥²¨ÉÓ £·Ê¶¶Ê £μ²μ´μ³¨¨ H ·μ¢´μ
É ±¨³ ¦¥ μ¡· §μ³, ± ± ¨ ¢ ·¨³ ´μ¢μ³ ¸²ÊÎ ¥, £·Ê¶¶  H ¶·¨ ÔÉμ³ Ö¢²Ö¥É¸Ö
¶μ¤£·Ê¶¶μ° ¢ ¶¸¥¢¤μμ·Éμ£μ´ ²Ó´μ° £·Ê¶¶¥ O(p, q). �μ ¤ ²ÓÏ¥ ´ Î¨´ ÕÉ¸Ö
· §²¨Î¨Ö. „ ¦¥ ¢ μ¤´μ¸¢Ö§´μ³ ¸²ÊÎ ¥ £·Ê¶¶  £μ²μ´μ³¨¨ H ´¥ ¡Ê¤¥É ¶μ¤-
£·Ê¶¶μ° ‹¨, É. ¥. ³μ¦¥É ¡ÒÉÓ § ³±´ÊÉμ° ¶μ¤£·Ê¶¶μ°, ´¥ Ö¢²ÖÕÐ¥°¸Ö ¶μ¤³´μ-
£μμ¡· §¨¥³ (É¨¶¨Î´Ò³ ¶·¨³¥·μ³ É ±¨Ì ¶μ¤£·Ê¶¶ Ö¢²Ö¥É¸Ö ¶²μÉ´ Ö μ¡³μÉ± 
¤¢Ê³¥·´μ£μ Éμ· ).

‘²¥¤ÊÕÐ¥¥ · §²¨Î¨¥ μ± §Ò¢ ¥É¸Ö ¶·¨´Í¨¶¨ ²Ó´Ò³ ¤²Ö ´¥·¨³ ´μ¢μ° £μ-
²μ´μ³¨¨. � ¨³¥´´μ, ¢ ·¨³ ´μ¢μ³ ¸²ÊÎ ¥ ´ ²¨Î¨¥ ¨´¢ ·¨ ´É´μ£μ ¸μ¡¸É¢¥´´μ£μ
¶μ¤¶·μ¸É· ´¸É¢  V ⊂ TpM ¢²¥Î¥É ¨´¢ ·¨ ´É´μ¥ · §²μ¦¥´¨¥ TpM = V ⊕V ⊥.
�¤´ ±μ ¥¸²¨ ³¥É·¨±  ¶¸¥¢¤μ·¨³ ´μ¢ , Éμ μ·Éμ£μ´ ²Ó´μ¥ ¤μ¶μ²´¥´¨¥ ± ¶μ¤-
¶·μ¸É· ´¸É¢Ê V ³μ¦¥É ¨³¥ÉÓ ´¥´Ê²¥¢μ¥ ¶¥·¥¸¥Î¥´¨¥ ¸ ¸ ³¨³ V ¨ ¢ ¸Ê³³¥
¸ ´¨³ ´¥ ¤ ¢ ÉÓ TpM . � ¶·¨³¥·, μ·Éμ£μ´ ²Ó´μ¥ ¤μ¶μ²´¥´¨¥ ± ¨§μÉ·μ¶-
´μ° ¶·Ö³μ° ¸μ¤¥·¦¨É ¸ ³Ê ÔÉÊ ¶·Ö³ÊÕ. ’ ±¨³ μ¡· §μ³, ¢ μ¡Ð¥³ ¶¸¥¢¤μ-
·¨³ ´μ¢μ³ ¸²ÊÎ ¥ ¸²¥¤Ê¥É · §²¨Î ÉÓ ´¥¶·¨¢μ¤¨³μ¥ ¶·¥¤¸É ¢²¥´¨¥ £μ²μ´μ³¨¨
(± ¸ É¥²Ó´μ¥ ¶·μ¸É· ´¸É¢μ TpM ´¥ μ¡² ¤ ¥É ¸μ¡¸É¢¥´´Ò³¨ ¨´¢ ·¨ ´É´Ò³¨
μÉ´μ¸¨É¥²Ó´μ H ¶μ¤¶·μ¸É· ´¸É¢ ³¨) ¨ ´¥· §²μ¦¨³μ¥ ¶·¥¤¸É ¢²¥´¨¥ £μ²μ´μ-
³¨¨ (TpM ´¥ ³μ¦¥É ¡ÒÉÓ · §²μ¦¥´μ ¢ ¸Ê³³Ê ¨´¢ ·¨ ´É´ÒÌ ¶μ¤¶·μ¸É· ´¸É¢).
’¥μ·¥³  ¤¥ � ³  ¢ ¶¸¥¢¤μ·¨³ ´μ¢μ³ ¸²ÊÎ ¥ [34] Ëμ·³Ê²¨·Ê¥É¸Ö ¨³¥´´μ ¤²Ö
¶μ´ÖÉ¨Ö · §²μ¦¨³μ¸É¨: ¥¸²¨ ¶·¥¤¸É ¢²¥´¨¥ £μ²μ´μ³¨¨ ¶¸¥¢¤μ·¨³ ´μ¢  ³´μ-
£μμ¡· §¨Ö · §²μ¦¨³μ, Éμ ³´μ£μμ¡· §¨¥ ²μ± ²Ó´μ Ö¢²Ö¥É¸Ö ¶·Ö³Ò³ ¶·μ¨§¢¥¤¥-
´¨¥³; ¡μ²¥¥ Éμ£μ, ¥¸²¨ ³´μ£μμ¡· §¨¥ £¥μ¤¥§¨Î¥¸±¨ ¶μ²´μ, Éμ É ±μ¥ · §²μ¦¥´¨¥
¢ ¶·Ö³μ¥ ¶·μ¨§¢¥¤¥´¨¥ ³μ¦´μ ¸¤¥² ÉÓ £²μ¡ ²Ó´Ò³.
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’ ±¨³ μ¡· §μ³, ¶·¨ ±² ¸¸¨Ë¨± Í¨¨ ´¥·¨³ ´μ¢ÒÌ £·Ê¶¶ £μ²μ´μ³¨¨ ³μ¦-
´μ ¸· §Ê ¶μÉ·¥¡μ¢ ÉÓ ´¥· §²μ¦¨³μ¸ÉÓ. …¸²¨ ¤μ¶μ²´¨É¥²Ó´μ ¶μÉ·¥¡μ¢ ÉÓ ´¥-
¶·¨¢μ¤¨³μ¸ÉÓ (¡μ²¥¥ ¸¨²Ó´μ¥ ¸¢μ°¸É¢μ), Éμ ¸¶¨¸μ± ± ´¤¨¤ Éμ¢ ¢ £·Ê¶¶Ò £μ-
²μ´μ³¨¨ ¡Ò² É ±¦¥ ¶μ²ÊÎ¥´ 	¥·¦¥ ¢ [8], ¸³. É ±¦¥ [16], £¤¥ ¡Ò²¨ ¶μ¸É·μ-
¥´Ò ·¥ ²¨§ Í¨¨ ¶¸¥¢¤μ·¨³ ´μ¢Ò³¨ ³´μ£μμ¡· §¨Ö³¨. �·μ³¥¦ÊÉμÎ´ Ö ¸¨ÉÊ-
 Í¨Ö ¶·¨¢μ¤¨³μ£μ, ´μ ´¥· §²μ¦¨³μ£μ ¶¸¥¢¤μ·¨³ ´μ¢  ³´μ£μμ¡· §¨Ö Î·¥§¢Ò-
Î °´μ ¸²μ¦´ : ´  ¤ ´´Ò° ³μ³¥´É ¢ μ¡Ð¥° ¸¨ÉÊ Í¨¨ μÉ¸ÊÉ¸É¢Ê¥É ¸¶¨¸μ± ± ´¤¨-
¤ Éμ¢ ¢ £·Ê¶¶Ò £μ²μ´μ³¨¨, ¶μ¤μ¡´Ò° ¸¶¨¸±Ê 	¥·¦¥. ˆ¸±²ÕÎ¥´¨¥ ¸μ¸É ¢²Ö¥É
²μ·¥´Í¥¢ ¸²ÊÎ ° ¸¨£´ ÉÊ·Ò (1, n).

‚ ²μ·¥´Í¥¢μ³ ¸²ÊÎ ¥ μ¶¨¸ ´Ò É¨¶Ò ¶μ¤ ²£¥¡· ¢ so(1, n), ± ±μÉμ·Ò³
¤μ²¦´Ò ¶·¨´ ¤²¥¦ ÉÓ  ²£¥¡·Ò £·Ê¶¶ £μ²μ´μ³¨¨ ²μ·¥´Í¥¢ÒÌ ¶·μ¸É· ´¸É¢
( ´ ²μ£ ¸¶¨¸±  	¥·¦¥) [9]. ‹Õ¡μ° ¶μ¤ ²£¥¡·¥ h ⊂ so(n) ³μ¦´μ Î¥ÉÒ·Ó³Ö
¸¶μ¸μ¡ ³¨ ¸μ¶μ¸É ¢¨ÉÓ  ²£¥¡·Ê g ⊂ so(1,n + 1), ±μÉμ· Ö ³μ¦¥É ¡ÒÉÓ  ²£¥-
¡·μ° £μ²μ´μ³¨¨ ²μ·¥´Í¥¢  ³´μ£μμ¡· §¨Ö. �·¨ ÔÉμ³ h ´ §Ò¢ ¥É¸Ö μ·Éμ£μ-
´ ²Ó´μ° Î ¸ÉÓÕ g.

…¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¢μ§´¨± ¥É ¢μ¶·μ¸: ³μ£ÊÉ ²¨ ¢¸¥ ÔÉ¨  ²£¥¡·Ò ¡ÒÉÓ
·¥ ²¨§μ¢ ´Ò ²μ·¥´Í¥¢Ò³¨ ³´μ£μμ¡· §¨Ö³¨? �μ²μ¦¨É¥²Ó´Ò° μÉ¢¥É ¡Ò² ¤ ´
�. ƒ ² ¥¢Ò³ ¢ [24]. �¤´ ±μ ³¥É·¨±¨, ¶μ¸É·μ¥´´Ò¥ ¢ [24], μ¶·¥¤¥²¥´Ò ²¨ÏÓ
²μ± ²Ó´μ. ‘²¥¤ÊÕÐ¨° ¢μ¶·μ¸, ±μÉμ·Ò° §¤¥¸Ó ¢μ§´¨± ¥É: ³μ¦´μ ²¨ ¶μ¸É·μ¨ÉÓ
£²μ¡ ²Ó´μ μ¶·¥¤¥²¥´´Ò¥ ²μ·¥´Í¥¢Ò ³¥É·¨±¨ ¸ ¶·¥¤μ¶¨¸ ´´Ò³¨  ²£¥¡· ³¨
£μ²μ´μ³¨¨? �¤´ ±μ ¤μ ±μ´Í  ´¥ Ö¸´μ, ± ± ¶μ´¨³ ÉÓ ®£²μ¡ ²Ó´μ¸ÉÓ¯ ³¥É·¨±:
£¥μ¤¥§¨Î¥¸± Ö ¶μ²´μÉ  ´¥ Ö¢²Ö¥É¸Ö ¢ ²μ·¥´Í¥¢μ° £¥μ³¥É·¨¨ É ±¨³ ¢ ¦´Ò³
¸¢μ°¸É¢μ³, ± ± ¢ ·¨³ ´μ¢μ° (´ ¶·¨³¥·,  ´ ²μ£ É¥μ·¥³Ò •μ¶Ë Ä�¨´μ¢  μ
¸ÊÐ¥¸É¢μ¢ ´¨¨ ±· ÉÎ °Ï¥° ±·¨¢μ° ¢ ¸²ÊÎ ¥ £¥μ¤¥§¨Î¥¸±μ° ¶μ²´μÉÒ §¤¥¸Ó
´¥¢¥·¥´). �¤´¨³ ¨§ ¢ ·¨ ´Éμ¢ ¶μ´¨³ ´¨Ö £²μ¡ ²Ó´μ¸É¨ Ö¢²Ö¥É¸Ö £²μ¡ ²Ó´ Ö
£¨¶¥·¡μ²¨Î´μ¸ÉÓ ²μ·¥´Í¥¢μ° ³¥É·¨±¨ [10]. ‚μ ³´μ£¨Ì Ë¨§¨Î¥¸±¨Ì ¶·¨²μ¦¥-
´¨ÖÌ ²μ·¥´Í¥¢μ° £¥μ³¥É·¨¨ £²μ¡ ²Ó´ Ö £¨¶¥·¡μ²¨Î´μ¸ÉÓ ¨£· ¥É ¢ ¦´ÊÕ ·μ²Ó,
¨ ¢ [7] ¡Ò² ¶μ¸É ¢²¥´ ¢μ¶·μ¸ μ ·¥ ²¨§Ê¥³μ¸É¨ £·Ê¶¶ £μ²μ´μ³¨¨ £²μ¡ ²Ó´μ
£¨¶¥·¡μ²¨Î¥¸±¨³¨ ²μ·¥´Í¥¢Ò³¨ ³´μ£μμ¡· §¨Ö³¨. ‚ [7] ¡Ò²¨ ·¥ ²¨§μ¢ ´Ò
´¥±μÉμ·Ò¥ ²μ·¥´Í¥¢Ò £·Ê¶¶Ò £μ²μ´μ³¨¨, ± ± £·Ê¶¶Ò £μ²μ´μ³¨¨ ²μ·¥´Í¥¢ÒÌ
Í¨²¨´¤·μ¢, ¸³. É¥μ·¥³Ê 3 ¨ ¶·¨³¥· 3. ‚ ¸É ÉÓ¥ [3] Ÿ. ‚.	 § °±¨´Ò³ ¡Ò² 
¤μ± § ´  ¸²¥¤ÊÕÐ Ö

’¥μ·¥³ . �Ê¸ÉÓ H Å £·Ê¶¶  £μ²μ´μ³¨¨ ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢ , ¶·¥¤-
¸É ¢²¥´¨¥ £μ²μ´μ³¨¨ ±μÉμ·μ° ´¥ ¸μ¤¥·¦¨É ¢ ± Î¥¸É¢¥ ¶·Ö³μ£μ ³´μ¦¨É¥²Ö
¶·¥¤¸É ¢²¥´¨¥ ¨§μÉ·μ¶¨¨ ±Ô²¥·μ¢  ¸¨³³¥É·¨Î¥¸±μ£μ ¶·μ¸É· ´¸É¢  · ´£ ,
¡μ²ÓÏ¥£μ ¥¤¨´¨ÍÒ. ’μ£¤  ¤²Ö ²Õ¡μ° ¸¶¥Í¨ ²Ó´μ° ²μ·¥´Í¥¢μ° £·Ê¶¶Ò £μ²μ´μ-
³¨¨ G ¸ μ·Éμ£μ´ ²Ó´μ° Î ¸ÉÓÕ H ¸ÊÐ¥¸É¢Ê¥É £²μ¡ ²Ó´μ £¨¶¥·¡μ²¨Î¥¸±μ¥
²μ·¥´Í¥¢μ ³´μ£μμ¡· §¨¥ ¸ £·Ê¶¶μ° £μ²μ´μ³¨¨ G.

‡ ³¥É¨³ ÎÉμ, ¶μ-¢¨¤¨³μ³Ê, ´ ²¨Î¨¥ ¸¶¥Í¨ ²Ó´μ° £·Ê¶¶Ò £μ²μ´μ³¨¨ ²μ-
·¥´Í¥¢  ¶·μ¸É· ´¸É¢  Ö¢²Ö¥É¸Ö ³¥´¥¥ ¦¥¸É±¨³ Ê¸²μ¢¨¥³, Î¥³ ¢ ·¨³ ´μ¢μ³
¸²ÊÎ ¥. � ¶·¨³¥·, ¶·¨´ ¤²¥¦´μ¸ÉÓ ´¨ ± μ¤´μ³Ê É¨¶Ê ²μ·¥´Í¥¢μ° £μ²μ´μ³¨¨
´¥ ¢²¥Î¥É Ô°´ÏÉ¥°´μ¢μ¸É¨ ¡¥§ ¤μ¶μ²´¨É¥²Ó´ÒÌ μ£· ´¨Î¥´¨°.
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