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DEFECTS IN THE AdS/CFT CORRESPONDENCE
J. Jankowski ∗

Institute of Physics, Jagiellonian University, Cracow, Poland

We present initial results of the studies of localized line-like sources for a scalar
ˇeld in anti-de Sitter space. Such conˇgurations reveal some subtleties and require novel
numerical analysis. Dual ˇeld theory conˇgurations involve simple models of lattices
and defects.

PACS: 11.10.-z

INTRODUCTION

Most of phenomena in condensed matter physics can be understood as a
consequence of the Schréodinger equation. However, for some systems, like
graphene, electronic excitations are described by the Dirac Hamiltonian and for
other, which include high-Tc superconductors, the description is still unclear.
Since it is suspected that part of the relevant physics in these cases is governed
by the quantum critical point, with the effective scale invariance, the descriptions
involve strongly coupled conformal ˇeld theories (CFT). Widely used tool to
analyze certain CFT systems is anti-de Sitter conformal ˇeld theory (AdS/CFT)
correspondence [1]. In this setup a nongravitational system is mapped to a
theory with gravity in higher dimensional space. Over the past few years, it has
been applied to many interesting phenomena, including superconductivity and
super�uidity, Fermi surfaces and non-Fermi liquids Å see [2] for a review. One
of the main directions in the current research is to incorporate the key element
of condensed matter systems: the lattice. In the initial studies minimal model
has been adopted: a periodic conˇguration of a neutral scalar ˇeld was put on
the top equilibrium conˇguration with ˇnite temperature and charge density [3].
This, in turn, caused momentum dissipation of charge carriers and had a direct
impact on frequency-dependent electric conductivity, revealing mysterious power-
law behaviour in a certain range of frequencies. The aim of this research is to
develop more realistic models for holographic lattices and defects and to get better
understanding of resulting physics, in particular, striking regularities in electric
transport.
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1. HOLOGRAPHIC MODEL

Solid state phenomena, which are of interest for us, happen in two-dimen-
sional layers, so the relevant ˇeld theory will be three-dimensional. The minimal
model of holographic lattice consists of Einstein-scalar ˇeld theory in d = 3 + 1
dimensions with negative cosmological constant Λ = −3. The action includes
minimal coupling of scalar to gravity [3]

S =
1

16πGN

∫
d4x

√
−g

[
R + 6 − 1

2
∇aφ∇aφ − 1

2
m2φ2

]
, (1)

where GN is the Newton constant. In the Poincare coordinates (z, t, x, y) the
conformal boundary, where the ˇeld theory lives, is at z = 0. Vacuum state of
the ˇeld theory is mapped to the pure AdS4 solution on the gravity side

ds2 =
1
z2

(
dz2 − dt2 + dx2 + dy2

)
, (2)

with radius set to one. Equilibrium conˇguration in ˇeld theory is mapped to
a black hole solution to action (1) with Hawking temperature interpreted as a
temperature of the dual theory. For the scalar we choose m2 = −2 since the near
boundary behaviour is then particularly simple:

φ(x, z) ∼ φ1(x)z + φ2(x)z2 + . . . (3)

According to the standard holographic dictionary, φ1(x) is a source of an operator
O(x) of conformal dimension Δ = 2 and the subleading term is related to the
corresponding expectation value φ2(x) = 〈O(x)〉. In [3] the lattice was imposed
as a single Fourier mode in the source term φ1(x) = A0 sin (kx). Our approach
is to consider opposite limit of all Fourier modes entering at the same time in the
form of a Dirac delta function located at point x = 0, namely, φ1(x) = A0δ(x),
and possibly periodic set of delta functions located at x = n, where n ∈ Z. This
is a dual realization KronigÄPenney model [4], where atomic lattice is imposed
as a periodic set of delta functions in a potential in the Schréodinger equation. In
contrast to the holographic setup, this model is semi-analytically solvable.

1.1. Linearized Solution. As a ˇrst step of the analysis, it is instructive to
ˇnd linearized scalar proˇle around empty AdS4 with neglected backreaction on
the geometry. The solution which has the correct boundary conditions for a delta
function located at a line x = 0 is found analytically to be

φ0(x, z) =
A0z

2

π(x2 + z2)
. (4)
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On the dual theory side this corresponds to the shift of the original Lagrangian

L = LCFT3 + ξδ(x)O(x), (5)

with the coupling ξ, which induces the vacuum expectation value 〈O(x)〉 ∼ 1/x2.
This deformation breaks translational invariance of the original theory. Full
conformal symmetry is broken to the (1 + 1) conformal symmetry along the
defect, where the operator is sourced. This approximation is valid for ξ � 1.
Periodic solution is obtained by an inˇnite summation

φP (x, z) =
∑
n∈Z

φ0(x + n, z) =
A0z sinh (2πz)

cosh (2πz) − cos (2πx)
, (6)

and can be interpreted as a model for periodic lattice. Because φP (x, z) ∼ z as
z → ∞ backreaction on geometry in this case cannot be consistently neglected.

2. LINE DEFECT: FULL SOLUTION

In order to solve the full set of Einstein-scalar equation, we adopt the slicing
coordinates with the following ansatz:

ds2 =
1

A(α)2

(
dα2

p2
+

dr2 − dt2 + dy2

r2

)
, (7)

where 0 � α � π/2, r > 0 and p � 1 is a constant determined from equations
of motion. This particular choice is motivated by symmetries of the linearized
solution, in particular, conformal (1+1)-dimensional symmetry is re�ected in the
AdS3 slicing of geometry. In this coordinate system AdS space with linearized
scalar proˇle (4) is

A(α) = cos (α), p = 1, φ0(α) =
A0

π
cos (α)2. (8)

The conformal boundary consists of two parts α0 = ±π/2 joined together along
the defect. Transformation to the Poincare coordinates is in that case z = r cos (α)
and x = r sin (α) and will get changed in the full solution. Due to the symmetry
of the problem we assume only α dependence of the relevant functions. The
coupled set of Einstein-scalar equations reads

φ(α)2 + 6p2A(α)A′′(α) − 6p2A′(α)2 − p2A(α)2φ′(α)2 + 6 = 0, (9)

φ(α)2

2
+ p2A(α)A′′(α) − 3p2A′(α)2 − 2A(α)2 + 3 = 0, (10)

2φ(α) + p2A(α) (A(α)φ′′(α) − 2φ′(α)A′(α)) = 0. (11)
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In the case of a line defect, solution can be found in a systematic expansion

A(α) =
∞∑

n=0

An(α)ε2n, φ(α) =
∞∑

n=0

fn(α)ε2n+1, p =
∞∑

n=0

pnε2n, (12)

where the lowest order is AdS solution with scalar proˇle (8), with ε = A0/π
being the expansion parameter. This solution is similar in spirit to the Janus
conˇguration [5] where dilatonic proˇle interpolating between two values at the
boundary has been considered in the AdS5 space.

We demand the following boundary conditions for equations (9Ä11):

∂αφ(0) = ∂αA(0) = 0, A(π/2) = 0, φ(0) = ˇxed. (13)

To determine constant d, we need another condition, which we take in the form

p · ∂αA(π/2) = −1, (14)

in order for the geometry to have the correct AdS4 boundary behaviour. For nu-
merical simulations we used standard spectral collocation method using expansion
Chebyshev polynomials to account for the α dependence and solving resulting
nonlinear algebraic equations by the Newton method. Curves on the plots in
ˇgure were calculated with N = 47 spectral points.

We observe that generic conˇguration has ∂αφ(π/2) �= 0, which means
that a dynamically generated source for the scalar appears in the full solution.
This strongly suggests that dynamically generated energy scale breaks conformal
invariance. Possibly, there is no reduction to a system of ordinary differential
equations while keeping only pure delta function boundary condition for the
scalar. The r-dependent piece may contain logarithmic terms as a consequence
of scale generation. Clariˇcation of this point is a subject of our current research.

It is interesting to note that exactly the same conˇguration for the scalar
has been considered in the M-theory setup in [6], where an analytic solution has
been found. However, due to the supersymmetry of that system, there was no
dynamical source for the scalar ˇeld and whence no dynamical scale generation.

Metric and scalar ˇeld for φ(0) = 0.9 with N = 47 spectral points
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3. EPILOGUE: OPTICAL CONDUCTIVITY

Optical conductivity calculated in holography [3] reveals two remarkable
surprises. First, at low frequencies, conductivity follows Drude-like behaviour

σ(ω) =
K

1 − iωτ
, (15)

where the constant K and relaxation time τ are ω-independent. This is a bit
unexpected, because such a behaviour is related to weakly coupled quasiparticle,
with K being proportional to particle density. Such a description was not a
part of the model assumptions. A nice explanation of this relation in terms
of gravitational Higgs mechanism was given in [7]. In this picture graviton
acquires radial-dependent mass term M(z) due to the interaction with a scalar
ˇeld. Relaxation time is determined by the graviton mass evaluated at the horizon,
which in turn is determined by the scalar

τ−1 ∼ M2(zh) ∼
2π∫
0

dx (∂xφ(x, zh))2 , (16)

where zh is radial position of the event horizon. In this way Drude behaviour
is related to the low-energy physics of small perturbations around the black hole
horizon.

Second, in the range of frequencies 2 < ωτ < 8, the optical conductivity
exhibits power-law behaviour

|σ(ω)| =
B

(ωτ)2/3
+ C, (17)

where B and C are temperature-independent constant parameters. In subsequent
studies [8], exponent in this power-like behaviour was found to be nonuniversal
and depending on the deˇnition of the intermediate range of frequencies. For high
frequencies, conductivity tends to a constant value, which is a generic property
of CFTs in 2 + 1 dimensions. Similar behaviour (with C = 0) is experimentally
observed in some cuprates [9]. For the moment, there is no deep understanding
of why gravitational models predictions are in agreement with results seen in
real materials.
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