
”ˆ‡ˆŠ� �‹…Œ…�’���›• —�‘’ˆ– ˆ �’�Œ��ƒ� Ÿ„��
2021. ’. 52. ‚›�. 3. ‘. 699Ä781

��‹ˆ��Œ› “‡‹�‚ ˆ‡ R-Œ�’�ˆ–:
‡�—…Œ ’�Š�Ÿ Œ�’…Œ�’ˆŠ�?

�. ‘. �´μÌ¨´ 
ˆ´¸É¨ÉÊÉ É¥μ·¥É¨Î¥¸±μ° ¨ Ô±¸¶¥·¨³¥´É ²Ó´μ° Ë¨§¨±¨ ¨³. �. ˆ. �²¨Ì ´μ¢ 

� Í¨μ´ ²Ó´μ£μ ¨¸¸²¥¤μ¢ É¥²Ó¸±μ£μ Í¥´É·  ®ŠÊ·Î Éμ¢¸±¨° ¨´¸É¨ÉÊÉ¯

�ÉμÉ É¥±¸É Å ¶·μ¤μ²¦¥´¨¥ μ¡§μ·  ®�μ²¨´μ³Ò Ê§²μ¢ ¨§ R-³ É·¨Í: ¶·¨ Î¥³
§¤¥¸Ó Ë¨§¨± ?¯ (�—�Ÿ. 2020. ’. 51. ‘. 223). ŒÒ ¶·μ¤μ²¦ ¥³ μ¡¸Ê¦¤ ÉÓ μ¸´μ¢Ò ¶μ-
¶Ê²Ö·´μ£μ ¸Õ¦¥É  ¸μ¢·¥³¥´´μ° ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¨: μ¶¨¸ ´¨¥ Ê§²μ¢ ¸ ¶μ³μÐÓÕ
R-³ É·¨Î´ÒÌ ¶μ²¨´μ³μ¢. �¡¸Ê¤¨¢ Ë¨§¨Î¥¸±¨° ±μ´É¥±¸É, ³Ò É¥¶¥·Ó ¸μ¸·¥¤μÉμÎ¨³¸Ö
´  ³ É¥³ É¨Î¥¸±μ³  ¶¶ · É¥, ¢ ±μÉμ·μ³ ¶¥·¥¶²¥É ÕÉ¸Ö Éμ¶μ²μ£¨Ö, É¥μ·¨Ö ¨´É¥£·¨·Ê-
¥³ÒÌ ¸¨¸É¥³ ¨ É¥μ·¨Ö ¶·¥¤¸É ¢²¥´¨° ±¢ ´Éμ¢ÒÌ £·Ê¶¶. ’¥±¸É § ¤Ê³ ´ ± ± ¢¢¥¤¥´¨¥ ¢
¶·¥¤³¥É ¤²Ö ¢¸¥Ì ¨´É¥·¥¸ÊÕÐ¨Ì¸Ö ¤ ´´μ° É¥³μ°.

This text is a sequel of the review ©The knot polynomials from the R-matrices: where
is physics?ª (Phys. Part. Nucl. 2020. V. 51. P. 172). We continue discussing the bases of
such popular subject of the modern mathematical physics as describing of knots with help
of the R-matrix polynomials. Having described the physical context, we now concentrate
on the mathematical machinery, where the topology, the theory of integrable systems, and
the representation theory of quantum groups are intertwined. The text is intended to be an
introduction into the subject for anyone who is interested in.
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‘²μ¢  É¥μ·¨Ö Ê§²μ¢ ³μ¦´μ ¸· ¢´¨ÉÓ ¸ ´ §¢ ´¨Ö³¨ É¥μ·¨Ö Î¨¸¥² ¨²¨
É¥μ·¨Ö ¶μ²Ö: μ´¨ Ö¢²ÖÕÉ¸Ö ´ ¸Éμ²Ó±μ μ¡Ð¨³¨, ÎÉμ ´¥ £μ¢μ·ÖÉ ¶· ±É¨Î¥¸±¨
´¨ μ Î¥³. �μÔÉμ³Ê ¸ ¸ ³μ£μ ´ Î ²  ¸²¥¤Ê¥É μ£μ¢μ·¨ÉÓ¸Ö, μ ± ±μ° ¨³¥´´μ
®É¥μ·¨¨ Ê§²μ¢¯ ¶μ°¤¥É ·¥ÎÓ.

• ŒÒ · ¸¸³ É·¨¢ ¥³ ¢¶μ²´¥ ±μ´±·¥É´ÊÕ § ¤ ÎÊ (¨²¨ ¸¥³¥°¸É¢μ § ¤ Î):
μ¶¨¸ ´¨¥ Ê§²μ¢ ¸ ¶μ³μÐÓÕ ¶μ²¨´μ³μ¢ •�Œ”‹ˆ ¨ ·μ¤¸É¢¥´´ÒÌ ¨³ ¨´¢ ·¨-
 ´Éμ¢ [1].

• ŒÒ · ¸¸³ É·¨¢ ¥³ ¤μ¢μ²Ó´μ ¸¶¥Í¨ ²Ó´Ò° ¶μ¤Ìμ¤ ± ÔÉ¨³ ¨´¢ ·¨ ´-
É ³ ¸ ¶μ³μÐÓÕ · ¸¶·μ¸É· ´¥´´μ£μ ³¥Éμ¤  ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¨: É ±μ£μ
± ± ¨´É¥£·¨·μ¢ ´¨¥ (É. ¥. ÉμÎ´μ¥ ·¥Ï¥´¨¥) ¡¥¸±μ´¥Î´μ° ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ
Ê· ¢´¥´¨° ¸ ¶μ³μÐÓÕ R-³ É·¨Í [2].
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• ‚ É¥μ·¨¨ ¨´¢ ·¨ ´Éμ¢ Ê§²μ¢ ´ Ìμ¤ÖÉ ¶·¨³¥´¥´¨¥ ¤μ¢μ²Ó´μ ¸¶¥Í¨ ²Ó´Ò¥
(±¢ ´Éμ¢Ò¥) R-³ É·¨ÍÒ, ¸¢Ö§ ´´Ò¥ ¸ ¶·¥¤¸É ¢²¥´¨Ö³¨ ±¢ ´Éμ¢ÒÌ Ê´¨¢¥·¸ ²Ó-
´ÒÌ μ¡¥·ÉÒ¢ ÕÐ¨Ì  ²£¥¡· ‹¨ [3,4].

ŒÒ É ±¦¥ ¶μ¶ÒÉ ¥³¸Ö ¨§²μ¦¨ÉÓ μ¸´μ¢Ò ³ É¥³ É¨Î¥¸±¨Ì ³¥Éμ¤μ¢, ¢ μ¸-
´μ¢´μ³ ¨³¥Ö ¢ ¢¨¤Ê ¤¢  ¢μ¶·μ¸ : ®± ± ÔÉμ ¤¥² ¥É¸Ö?¯ ¨ ®§ Î¥³ ¨³¥´´μ É ±?¯.

‘ ¸ ³μ£μ ´ Î ²  μ£μ¢μ·¨³¸Ö, ÎÉμ Î ¸Éμ ¡Ê¤¥³ ¦¥·É¢μ¢ ÉÓ ¶μ²´μÉμ° ¨
¸É·μ£μ¸ÉÓÕ μ¶¨¸ ´¨Ö, ÎÉμ¡Ò ¶·¥¦¤¥ ¢¸¥£μ ¤ ÉÓ ¶·¥¤¸É ¢²¥´¨¥ μ ¶·¥¤³¥É¥ ¢ Í¥-
²μ³ (´  ´ Ï ¢§£²Ö¤, ¨³¥´´μ ÔÉμ£μ ´¥ Ì¢ É ¥É ¢ ¨³¥ÕÐ¥°¸Ö, ¢ Éμ³ Î¨¸²¥ ¶·μÍ¨-
É¨·μ¢ ´´μ° ¤ ²¥¥ ²¨É¥· ÉÊ·¥). ‚ Î ¸É´μ¸É¨, ³´μ£¨¥ Ëμ·³Ê²¨·μ¢±¨ ¡Ê¤ÊÉ ÊÉμÎ-
´ÖÉÓ¸Ö ¶μ ³¥·¥ ¨Ì ¨¸¶μ²Ó§μ¢ ´¨Ö. �Éμ ¶·μÉ¨¢μ·¥Î¨É ¸²μ¦¨¢Ï¥°¸Ö ³ É¥³ É¨-
Î¥¸±μ° É· ¤¨Í¨¨ Å ´μ ¨³¥´´μ É ±, ± ± ¶· ¢¨²μ, ¶·μ¨¸Ìμ¤¨É ¢ ¨¸Éμ·¨¨ ´ Ê±¨.

1. “‡‹› ˆ ��‹ˆ��Œ› “‡‹�‚

’¥¶¥·Ó ¸Ëμ·³Ê²¨·Ê¥³ ±μ´±·¥É´ÊÕ § ¤ ÎÊ Éμ¶μ²μ£¨¨, ±μÉμ·μ° ¶μ¸¢ÖÐ¥-
´μ μ¸´μ¢´μ¥ ¨§²μ¦¥´¨¥. �Éμ μÎ¥´Ó Ì · ±É¥·´ Ö ¨ ¶·μ¸É¥°Ï Ö ¢ ¸¢μ¥³ ·μ¤¥
§ ¤ Î : μ¶¨¸ ÉÓ ¶·μ¸É· ´¸É¢μ Ê§²μ¢ Å § ³±´ÊÉÒÌ ±·¨¢ÒÌ ¢ É·¥Ì³¥·´μ³ ¶·μ-
¸É· ´¸É¢¥, · ¸¸³μÉ·¥´´ÒÌ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶·μ¨§¢μ²Ó´ÒÌ ´¥¶·¥·Ò¢´ÒÌ ¶·¥-
μ¡· §μ¢ ´¨°.

‘·¥¤¨ · §²¨Î´ÒÌ ¶μ¤Ìμ¤μ¢ ± ÔÉμ° § ¤ Î¥ [1, 5] ´ ¸ ¨´É¥·¥¸ÊÕÉ É ±¨¥,
±μÉμ·Ò¥ ³μ¦´μ μ¡Ñ¥¤¨´¨ÉÓ μ¡Ð¥° Ëμ·³Ê²¨·μ¢±μ°: ¢¢¥¸É¨ ±μμ·¤¨´ ÉÒ ´ 
¶·μ¸É· ´¸É¢¥ Ê§²μ¢.

”μ·³Ê²¨·μ¢±  ¢ÒÏ¥ Å ¤μ¢μ²Ó´μ Ê¸²μ¢´ Ö. 	μ²¥¥ ¸É·μ£μ ¸²¥¤Ê¥É £μ¢μ-
·¨ÉÓ μ¡ ¨§ÊÎ¥´¨¨ · §²¨Î´ÒÌ ¨´¢ ·¨ ´Éμ¢ Ê§²μ¢.

1.1. Š¢ ´Éμ¢μ-£·Ê¶¶μ¢Ò¥ ¶μ²¨´μ³Ò Ê§²μ¢: ¨¸Éμ·¨Ö μÉ±·ÒÉ¨Ö. ˆ´¢ ·¨-
 ´É Ê§²  [1, 5] Å ÔÉμ ¶μ μ¶·¥¤¥²¥´¨Õ ¢¥²¨Î¨´ , ±μÉμ· Ö ¸É ¢¨É¸Ö ¢ ¸μμÉ-
¢¥É¸É¢¨¥ ¢¸Ö±μ° § ³±´ÊÉμ° ±·¨¢μ° ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥ ¨ μ¤¨´ ±μ¢ 
¤²Ö ¢¸Ö±μ° ¶ ·Ò ±·¨¢ÒÌ, ±μÉμ·Ò¥ ³μ¦´μ μÉμ¦¤¥¸É¢¨ÉÓ ¶ÊÉ¥³ ´¥¶·¥·Ò¢´μ£μ
¶·¥μ¡· §μ¢ ´¨Ö. �É  ¢¥²¨Î¨´  ³μ¦¥É ¡ÒÉÓ ± ± Î¨¸²μ³ Å ´ ¶·¨³¥·, Í¥²Ò³,
¢¥Ð¥¸É¢¥´´Ò³ ¨²¨ ±μ³¶²¥±¸´Ò³, É ± ¨ ËÊ´±Í¨¥° μÉ μ¤´μ° ¨²¨ ´¥¸±μ²Ó±¨Ì
¶¥·¥³¥´´ÒÌ (¢ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ ¢¸Ö±μ³Ê Ê§²Ê ¸μμÉ¢¥É¸É¢Ê¥É ¨³¥´´μ ¸ ³ 
ËÊ´±Í¨Ö Å ¸ ¶·μ¨§¢μ²Ó´Ò³¨ §´ Î¥´¨Ö³¨  ·£Ê³¥´Éμ¢).

Š¢ ´Éμ¢μ-£·Ê¶¶μ¢Ò¥ ¶μ²¨´μ³Ò Ê§²μ¢ Å ÔÉμ ´ §¢ ´¨¥ ´¥ ¢¶μ²´¥ Ê¸ÉμÖ¢-
Ï¥¥¸Ö, ´μ ¢¶μ²´¥ μ¶· ¢¤ ´´μ¥ ¤²Ö ´ Ï¨Ì Í¥²¥°, ´  ±μÉμ·ÒÌ ³Ò ¸μ¸·¥¤μ-
ÉμÎ¨³¸Ö ¢ ´ ¸ÉμÖÐ¥³ É¥±¸É¥. ‘³Ò¸² ´ §¢ ´¨Ö ¶μÖ¸´Ö¥É¸Ö ¢ ¶¶. 1.2 ¨ 1.3 ¨
· ¸±·Ò¢ ¥É¸Ö ¢ · §¤. 3. ‚ É ¡². 1 É ±¦¥ ¶·¨¢¥¤¥´ Ö¢´Ò° ¢¨¤ μ¸´μ¢´ÒÌ ±¢ ´-
Éμ¢μ-£·Ê¶¶μ¢ÒÌ ¶μ²¨´μ³μ¢ Ê§²μ¢ ¢ ¶·μ¸É¥°Ï¨Ì ¸²ÊÎ ÖÌ. ‚ ´ ¸ÉμÖÐ¨° ³μ³¥´É
¢¸¥ ÔÉ¨ ¨´¢ ·¨ ´ÉÒ ¢ÒÎ¨¸²¥´Ò ¤²Ö μ£·μ³´μ£μ ±μ²¨Î¥¸É¢  Ê§²μ¢ ¨ ¤μ¸ÉÊ¶´Ò ¢
· §²¨Î´ÒÌ Ô²¥±É·μ´´ÒÌ ± É ²μ£ Ì [6]. �¨¦¥ ³Ò ¤ ¤¨³ ¨¸Éμ·¨Î¥¸±ÊÕ ¸¶· ¢±Ê
μ¡ μ¸´μ¢´ÒÌ ¶·¥¤¸É ¢¨É¥²ÖÌ ¤ ´´μ£μ ±² ¸¸ .

ŒÒ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ μ¡μ§´ Î¥´¨Ö ¶·μ¸ÉÒÌ (¸³. ¤ ²¥¥) Ê§²μ¢ ¶μ É ¡²¨Í¥
�μ²ÓË¸¥´  [6]: cp, ´ ¶·¨³¥·, 31, 41, 52, 829, 10124 ¨ É. ¤. ‡¤¥¸Ó c Å ³¨´¨³ ²Ó-
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’ ¡²¨Í  1. �·¨³¥·Ò ¶μ²¨´μ³μ¢ Ê§²μ¢

�μ²¨´μ³ ƒ·Ê¶¶ 
�·¥¤-
¸É ¢-
²¥´¨¥

”μ·- �·¨³¥· ¶μ²¨´μ³ 
³ ²Ó´Ò¥

“§¥² �μ²¨´μ³¶¥·¥-
³¥´´Ò¥

„¦μ´¸  SU(2) � q 31 −q−8 + q−6 + q−2

®É·¨²¨¸É´¨±¯
(¸³. ·¨¸. 18)

41 q4 − q2 + 1 − q−2 + q−4

®¢μ¸Ó³¥·± ¯

•�Œ”‹ˆ SU(N) � A, q 31 −A−4 + A−2(q2 + q−2)

41 1 + q2(A + A−1) − (q2 + q−2)

�²¥±¸ ´-
¤¥· 

SU(0) � q 31 q2 − 1 + q−2

41 q2 + 1 − q−2

Š ÊËË-
³ ´ 

SO(N) � a, q 31 a2(q2 + q−2) − a4(q2 − 1 + q−2)

+(−a3 + a5)(q − q−1)

„¦μ´¸ 
· ¸±· -
Ï¥´´Ò°

SU(2) �� q 31 q−4 + q−10 − q−14 + q−16−
−q−18 − q−20 + q−22

´μ¥ Î¨¸²μ ¶¥·¥±·¥¸É±μ¢ ´  ¶²μ¸±μ° ¤¨ £· ³³¥ ¤ ´´μ£μ Ê§²  (¸³. · §¤. 3),   ¨´-
¤¥±¸ p ³μ¦´μ ¸Î¨É ÉÓ ¶·μ¸Éμ ´μ³¥·μ³ ¶μ ± É ²μ£Ê Ê§²μ¢ ¸ ¤ ´´Ò³ c. ‚ ÔÉ¨Ì
μ¡μ§´ Î¥´¨ÖÌ 01 Å É·¨¢¨ ²Ó´Ò° Ê§¥², É. ¥. § ³±´ÊÉ Ö ±·¨¢ Ö, ¶¥·¥¢μ¤¨³ Ö
¢ μ±·Ê¦´μ¸ÉÓ ´¥¶·¥·Ò¢´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³ ¢ ¶·μ¸É· ´¸É¢¥. …¸²¨ § ¢Ö§ ÉÓ
Ê§²Ò K1 ¨ K2 ¶μ¸²¥¤μ¢ É¥²Ó´μ ´  μ¤´μ° ´¨É¨ É ±, ÎÉμ ´¨ÉÓ ³μ¦´μ ¡Ê¤¥É ¶¥-
·¥·¥§ ÉÓ ³¥¦¤Ê Ê§² ³¨, ´¥ · §·ÊÏ Ö ´¨ μ¤¨´ ¨§ ´¨Ì,   ¸¢μ¡μ¤´Ò¥ ±μ´ÍÒ ´¨É¨
¸μ¥¤¨´¨ÉÓ Å ¶μ²ÊÎ¨É¸Ö ¸¢Ö§´ Ö Ê§²μ¢ K1 ¨ K2, ¨²¨ ¸μ¸É ¢´μ° Ê§¥² K1�K2

(´ ¶·¨³¥·, 31�31). �·μ¸Éμ° Ê§¥² ¶μ μ¶·¥¤¥²¥´¨Õ ´¥ Ö¢²Ö¥É¸Ö ¸μ¸É ¢´Ò³, É. ¥.
´¥ ¶μ²ÊÎ¨É¸Ö ± ± ¸¢Ö§´ Ö ¸Ê³³  ± ±¨Ì-²¨¡μ ´¥É·¨¢¨ ²Ó´ÒÌ Ê§²μ¢ [1,5].

�μ²¨´μ³ �²¥±¸ ´¤¥· . �¥·¢Ò° ¢ ±² ¸¸¥ ¶μ²¨´μ³¨ ²Ó´ÒÌ ¨´¢ ·¨ ´Éμ¢
Ê§² , μ´ ¡Ò² ¨§¢¥¸É¥´ Ê¦¥ ¢ 1928 £. [7]. ‘¥£μ¤´Ö ÔÉμÉ ¨´¢ ·¨ ´É ¸Î¨É -
¥É¸Ö μÎ¥´Ó £·Ê¡Ò³; É¥³ ´¥ ³¥´¥¥ ¨´¢ ·¨ ´ÉÒ �²¥±¸ ´¤¥·  · §²¨Î´Ò ¤²Ö ¢¸¥Ì
¶·μ¸ÉÒÌ Ê§²μ¢ ¸ Î¨¸²μ³ ¶¥·¥¸¥Î¥´¨° ´¥ ¡μ²¥¥ Î¥³ 8 Å ¢¸¥£μ 36 Ê§²μ¢,
¢±²ÕÎ Ö É·¨¢¨ ²Ó´Ò° Ê§¥² [8] Å ¨´Ò³¨ ¸²μ¢ ³¨, ¨´¢ ·¨ ´É �²¥±¸ ´¤¥· ,
¢ÒÎ¨¸²¥´´Ò° ¤²Ö ¶·μ¨§¢μ²Ó´μ° § ³±´ÊÉμ° ±·¨¢μ° ´¥ ¡μ²¥¥ Î¥³ ¸ ¢μ¸¥³ÓÕ
¸ ³μ¶¥·¥¸¥Î¥´¨Ö³¨ ´  ´¥±μÉμ·μ° ¶²μ¸±μ° ¶·μ¥±Í¨¨, μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É
¥¥ ¶·¨´ ¤²¥¦´μ¸ÉÓ ± μ¤´μ³Ê ¨§ 36 ±² ¸¸μ¢ Ô±¢¨¢ ²¥´É´μ¸É¨ μÉ´μ¸¨É¥²Ó´μ
¶·μ¨§¢μ²Ó´ÒÌ ´¥¶·¥·Ò¢´ÒÌ ¶·¥μ¡· §μ¢ ´¨°.

�μ²¨´μ³ „¦μ´¸ . ‘²¥¤ÊÕÐ¨° ¶·¥¤¸É ¢¨É¥²Ó Éμ£μ ¦¥ ±² ¸¸ , μ¤´ ±μ ¡Ò²
μÉ±·ÒÉ Éμ²Ó±μ ¢ 1984 £. [9]. �ÉμÉ ¨´¢ ·¨ ´É ¸ÊÐ¥¸É¢¥´´μ ÉμÎ´¥¥, Î¥³ ¶μ²¨-
´μ³ �²¥±¸ ´¤¥·  ¨ ¶μ§¢μ²Ö¥É · §¡¨ÉÓ ¢¸¥ § ³±´ÊÉÒ¥ ±·¨¢Ò¥ ´¥ ¡μ²¥¥ Î¥³ ¸ 9
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¸ ³μ¶¥·¥¸¥Î¥´¨Ö³¨ ´  (ÌμÉÖ ¡Ò μ¤´μ°) ¶²μ¸±μ° ¶·μ¥±Í¨¨ ´  85 ±² ¸¸μ¢ Ô±¢¨-
¢ ²¥´É´μ¸É¨ μÉ´μ¸¨É¥²Ó´μ ¶·μ¨§¢μ²Ó´ÒÌ ´¥¶·¥·Ò¢´ÒÌ ¶·¥μ¡· §μ¢ ´¨° [1,5].
‚ Î ¸É´μ¸É¨, ¨´¢ ·¨ ´É „¦μ´¸  ¶·μ¸Éμ£μ Ê§²  61 ¢ É ¡²¨Í¥ �μ²ÓË¸¥´  (6 ¶¥-
·¥¸¥Î¥´¨°) μÉ²¨Î¥´ μÉ ¨´¢ ·¨ ´É  „¦μ´¸  Ê§²  9146 (9 ¶¥·¥¸¥Î¥´¨°), ¨³¥Õ-
Ð¥£μ É ±μ° ¦¥ ¨´¢ ·¨ ´É �²¥±¸ ´¤¥· . �¤´ ±μ Ê§¥² 10132 ¸ 10 ¶¥·¥¸¥Î¥´¨Ö³¨
¨³¥¥É ÉμÉ ¦¥ ¨´¢ ·¨ ´É „¦μ´¸ , ÎÉμ ¨ Ê§¥² 51 ¸ 5 ¶¥·¥¸¥Î¥´¨Ö³¨.

�μ²¨´μ³ •�Œ”‹ˆ. �¡μ¡Ð¥´¨¥ ¨´¢ ·¨ ´Éμ¢ �²¥±¸ ´¤¥·  ¨ „¦μ´¸  μ¤-
´μ¢·¥³¥´´μ. …£μ μÉ±·Ò²¨ ¶μÎÉ¨ ¢¸²¥¤ §  ¶μ²¨´μ³μ³ „¦μ´¸  (¢ 1985 £.) ¸· §Ê
´¥¸±μ²Ó±μ ´¥§ ¢¨¸¨³ÒÌ £·Ê¶¶: �.”·¥°¤ ¨ „. …ÉÉ¥·, „. •μ¸É, ‚. 	. �. ‹¨±μ·¨Ï
¨ Š.Œ¨²²¥, �.�±´¥ ´Ê [10],   É ±¦¥ ‰.�Ï¨É¨Í±¨° ¨ �. ’· ±ÎÊ± [11] (¶μ²-
´μ¥ ´ §¢ ´¨¥ ¨´¢ ·¨ ´É , •�Œ”‹ˆ Å �’, ¸μ¸É ¢²¥´μ ¨§ ¶¥·¢ÒÌ ¡Ê±¢ Ë -
³¨²¨° ¤¥¢ÖÉ¨ ¶¥·¢μμÉ±·Ò¢ É¥²¥°). •μÉÖ ¨´¢ ·¨ ´ÉÒ •�Œ”‹ˆ ¨ ®· §²¨Î -
ÕÉ¯ ´¥±μÉμ·Ò¥ Ê§²Ò, ®´¥· §²¨Î¨³Ò¥¯ ¤²Ö ¨´¢ ·¨ ´Éμ¢ „¦μ´¸  ¨ �²¥±¸ ´-
¤¥·  Å ´ ¶·¨³¥·, ¶·μ¸Éμ° Ê§¥² 89 ¨ ¸μ¸É ¢´μ° Ê§¥² 41�41 [12] Å ¨´¢ ·¨ ´É
•�Œ”‹ˆ ± ± ¨´¤¨± Éμ· Éμ¶μ²μ£¨Î¥¸±μ£μ ±² ¸¸  ´¥ ³´μ£¨³ ÉμÎ´¥¥, Î¥³
¨´¢ ·¨ ´É „¦μ´¸ : ¢ Î ¸É´μ¸É¨, ¶¥·¢ Ö ¶ ·  ¶·μ¸ÉÒÌ Ê§²μ¢ ¸ ¸μ¢¶ ¤ Õ-
Ð¨³¨ ¨´¢ ·¨ ´É ³¨ „¦μ´¸ , 51 ¨ 10132, ¨³¥¥É É ±¦¥ μ¤¨´ ±μ¢Ò¥ ¨´¢ ·¨ ´ÉÒ
•�Œ”‹ˆ. � ¸ÉμÖÐ¨° ¦¥ ¨´É¥·¥¸ ± ´μ¢μ³Ê ¨´¢ ·¨ ´ÉÊ ¢Ò§¢ ´ ¸μ¢¸¥³ ¨´Ò-
³¨ ¶·¨Î¨´ ³¨ Å ¨ ´ ¸ÉμÖÐ¨° μ¡§μ· ± ± · § ¶μ¸¢ÖÐ¥´ É ±μ¢Ò³.

�μ²¨´μ³ Š ÊË³ ´ . 	Ò² ¢¶¥·¢Ò¥ · ¸¸³μÉ·¥´ ¢¸±μ·¥ ¶μ¸²¥ •�Œ”‹ˆ,
¢ 1987 £. [13]. ‚ Éμ° ¦¥ · ¡μÉ¥ ¡Ò²μ μÉ³¥Î¥´μ, ÎÉμ ¢¸¥ ¶¥·¥Î¨¸²¥´´Ò¥
¨´¢ ·¨ ´ÉÒ Ê§²μ¢ ¤μ¶Ê¸± ÕÉ ¥¤¨´μμ¡· §´μ¥ μ¶·¥¤¥²¥´¨¥ ¸ ¶μ³μÐÓÕ ¸É É¨-
¸É¨Î¥¸±μ° ³μ¤¥²¨, ±μÉμ· Ö ¶μ ¸ÊÐ¥¸É¢Ê ¡Ò²  ¶¥·¢μ° ¢¥·¸¨¥° μ¡¸Ê¦¤ ¥³μ°
§¤¥¸Ó R-³ É·¨Î´μ° ±μ´¸É·Ê±Í¨¨ (· §¤. 3).

� ¸±· Ï¥´´Ò¥ ¨´¢ ·¨ ´ÉÒ �²¥±¸ ´¤¥· , „¦μ´¸ , •�Œ”‹ˆ ¨ Š ÊËË-
³ ´ . ‘É ²¨ ¸²¥¤ÊÕÐ¨³ ¢¨É±μ³ ¸Õ¦¥É . ‚ ¶¥·¢ÒÌ · ¡μÉ Ì (¸³., ´ ¶·¨-
³¥·, [14]) · ¸±· Ï¥´´Ò¥ ¨´¢ ·¨ ´ÉÒ ¢¢μ¤¨²¨¸Ó ¸ ¶μ³μÐÓÕ Ê§²μ¢-¸¶ÊÉ´¨±μ¢,
¸μ¸ÉμÖÐ¨Ì ¨§ ´¥¸±μ²Ó±¨Ì, ¢μμ¡Ð¥ £μ¢μ·Ö, ¶¥·¥¶²¥É ÕÐ¨Ì¸Ö ³¥¦¤Ê ±μ¶¨°
¤ ´´μ£μ Ê§²  (¸³. ¶μ¤·μ¡´μ¥ μ¶¨¸ ´¨¥ ¨ ¸¸Ò²±¨ ¢ [15]). ˆ´¢ ·¨ ´ÉÒ ¢¸¥-
¢μ§³μ¦´ÒÌ Ê§²μ¢-¸¶ÊÉ´¨±μ¢ ¤ ´´μ£μ Ê§²  μ¡· §ÊÕÉ ²¨´¥°´μ¥ ¶·μ¸É· ´¸É¢μ,
±μÉμ·μ¥, ¥¸²¨ μ£· ´¨Î¨ÉÓ¸Ö ´¥¡μ²ÓÏ¨³ § ¤ ´´Ò³ Î¨¸²μ³ ±μ¶¨°, ¨³¥¥É ±μ-
´¥Î´ÊÕ ´¥¡μ²ÓÏÊÕ · §³¥·´μ¸ÉÓ, ´ ¶·¨³¥·, ¢ ¸²ÊÎ ¥ ¨´¢ ·¨ ´Éμ¢ •�Œ”‹ˆ:
2 ¤²Ö 2 ±μ¶¨°, 3 ¤²Ö 3, 5 ¤²Ö 4, 7 ¤²Ö 5 Å ¤ ²¥¥, μ¤´ ±μ, · §³¥·´μ¸ÉÓ
¶·μ¸É· ´¸É¢  ´ Î¨´ ¥É ¸É·¥³¨É¥²Ó´μ ¢μ§· ¸É ÉÓ. � ¸±· Ï¥´´Ò¥ ¨´¢ ·¨ ´ÉÒ
Ê§²μ¢ ¨§´ Î ²Ó´μ ¡Ò²¨ ¢¢¥¤¥´Ò ± ± ´¥±μÉμ·Ò° ¢Ò¤¥²¥´´Ò° ¡ §¨¸ ¢ É ±μ³
²¨´¥°´μ³ ¶·μ¸É· ´¸É¢¥ [1].

� ¸±· Ï¥´´Ò¥ ¨´¢ ·¨ ´ÉÒ · §²¨Î ÕÉ Ê§²Ò-³ÊÉ ´ÉÒ. ‚¥·μÖÉ´μ, ¸ ³Ò°
Ö·±¨° ¶·¨³¥· ¨¸¶μ²Ó§μ¢ ´¨Ö · ¸±· Ï¥´´ÒÌ ¨´¢ ·¨ ´Éμ¢, μ¶·¥¤¥²¥´´ÒÌ Î¥-
·¥§ Ê§²Ò-¸¶ÊÉ´¨±¨, ¶·¨´ ¤²¥¦¨É Œμ·Éμ´Ê [14], ±μÉμ·Ò° ¶μ± § ², ÎÉμ Ê§²Ò
¶·μ¸É¥°Ï¥° ¶ ·Ò ³ÊÉ ´Éμ¢: Š¨´μÏ¨ÉÒÄ’¥· ¸ ±¨ (11n42 ¢ É ¡²¨Í¥ •μ¸É Ä
‘¨¸É²¥¢Ô°É  [6]) ¨ Šμ´¢¥Ö (11n34), ´¥· §²¨Î¨³Ò¥ ¤²Ö ¶·μ¸ÉÒÌ ¨´¢ ·¨ ´Éμ¢
•�Œ”‹ˆ ¨ „¦μ´¸ , ´¥· §²¨Î¨³Ò ¨ ¤²Ö ¶·μ¨§¢μ²Ó´ÒÌ · ¸±· Ï¥´´ÒÌ ¨´¢ -
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·¨ ´Éμ¢ „¦μ´¸ ,   É ±¦¥ ¤²Ö · ¸±· Ï¥´´ÒÌ ¨´¢ ·¨ ´Éμ¢ •�Œ”‹ˆ Ê§²μ¢-
¸¶ÊÉ´¨±μ¢ ¨§ ¤¢ÊÌ ±μ¶¨° ¤ ´´μ£μ Ê§² . ‡ Éμ Ê¦¥ ¤²Ö É·¥Ì ±μ¶¨° ·¥§Ê²ÓÉ É
¨´μ°: É·¥Ì³¥·´μ¥ ¶·μ¸É· ´¸É¢μ ¶μ²¨´μ³μ¢ •�Œ”‹ˆ ¤²Ö É ±¨Ì ¸¶ÊÉ´¨±μ¢
¸μ¤¥·¦¨É ¢¥±Éμ·, ¶·¨´¨³ ÕÐ¨° · §²¨Î´Ò¥ §´ Î¥´¨Ö ´  Ê§² Ì ÔÉμ° ¶ ·Ò.
’ ±¨³ μ¡· §μ³, ¡Ò² ¢¶¥·¢Ò¥ ¢¢¥¤¥´ · ¸±· Ï¥´´Ò° ¶μ²¨´μ³ •�Œ”‹ˆ ¸μ
¸³¥Ï ´´μ° ¸¨³³¥É·¨¥°.

Ÿ¢´μ£μ ¢ÒÎ¨¸²¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¨´¢ ·¨ ´Éμ¢ · ¡μÉ  Œμ·Éμ´ ,
¶· ¢¤ , ´¥ ¸μ¤¥·¦¨É: É ±¨¥ ¢ÒÎ¨¸²¥´¨Ö ¸É ²¨ ¤μ¸ÉÊ¶´Ò ²¨ÏÓ ´¥¤ ¢´μ, ± ± ¢
ÔÉμ³ [16], É ± ¨ ¢ ¡μ²¥¥ μ¡Ð¥³ ¸²ÊÎ ÖÌ [17] Å ¡² £μ¤ ·Ö ³¥Éμ¤Ê R-³ É-
·¨Í [19], ±μÉμ·μ³Ê ¶μ¸¢ÖÐ¥´ ´ ¸ÉμÖÐ¨° μ¡§μ·. 	μ²¥¥ Éμ£μ, ¢ É¥·³¨´ Ì
R-³ É·¨Í · ¸±· Ï¥´´Ò¥ ¨´¢ ·¨ ´ÉÒ ¶·¨μ¡·¥É ÕÉ ´μ¢Ò° ¸³Ò¸², ±μÉμ·Ò° ³Ò
μÉÎ ¸É¨ μ¡¸Ê¤¨³ ¢ ¤ ²Ó´¥°Ï¥³.

� ¤¶¨¸¨ ¢ §μμ¶ ·±¥ ¨²¨ ±μμ·¤¨´ ÉÒ ´  ¶·μ¸É· ´¸É¢¥? ˆÉ ±, ¨´¢ ·¨-
 ´ÉÒ Ê§²μ¢ Ö¢²ÖÕÉ¸Ö ³μÐ´Ò³ ¸·¥¤¸É¢μ³ ±² ¸¸¨Ë¨± Í¨¨ § ³±´ÊÉÒÌ ±·¨¢ÒÌ,
¢²μ¦¥´´ÒÌ ¢ É·¥Ì³¥·´μ¥ ¶·μ¸É· ´¸É¢μ, ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ´¥¶·¥·Ò¢´ÒÌ ¶·¥-
μ¡· §μ¢ ´¨°. �¤´ ±μ ¶¥·¥Î¨¸²¥´´Ò¥ ¶μ²¨´μ³¨ ²Ó´Ò¥ ¨´¢ ·¨ ´ÉÒ ´¨Î¥³ ´¥
²ÊÎÏ¥ ´μ³¥·  Ê§²  ¢ ± É ²μ£¥ (¨ ¤ ¦¥ ÌÊ¦¥, ±μ²Ó ¸±μ·μ §´ Î¥´¨Ö ¨´¢ ·¨ ´Éμ¢
· §²¨Î´ÒÌ Ê§²μ¢ ³μ£ÊÉ ¸μ¢¶ ¤ ÉÓ, ± ± ¢ ¶·¨³¥· Ì ¢ÒÏ¥). �μ ¢¸¥ ¨´ Î¥, ¥¸²¨
¶μ²¨´μ³¨ ²Ó´Ò¥ ¨´¢ ·¨ ´ÉÒ ¶μ§¢μ²ÖÕÉ ¸¢Ö§ ÉÓ ¸ Ê§² ³¨ ± ±¨¥-´¨¡Ê¤Ó ¨´É¥-
·¥¸´Ò¥ ´μ¢Ò¥ ¸É·Ê±ÉÊ·Ò. “¤¨¢¨É¥²Ó´Ò³ μ¡· §μ³ É ± ¨ ¶·μ¨¸Ìμ¤¨É: ¢ 1980-¥
¨ 1990-¥ ££. ·Ö¤ · ´¥¥ ¨§¢¥¸É´ÒÌ ¨´¢ ·¨ ´Éμ¢ Ê§²μ¢ ¶μ²ÊÎ¨²  ²ÓÉ¥·´ É¨¢´μ¥
μ¶¨¸ ´¨¥ ¶μ¸·¥¤¸É¢μ³ ¶μ´ÖÉ¨°, · §¢¨ÉÒÌ ± Éμ³Ê ³μ³¥´ÉÊ ¢ · ³± Ì É¥μ·¨¨
· ¸¸¥Ö´¨Ö, ¸É É¨¸É¨Î¥¸±μ° Ë¨§¨±¨ ¨ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö [1,5]. ®”¨§¨Î¥-
¸±¨³ ³μ¤¥²Ö³ Ê§²μ¢¯ ¶μ¸¢ÖÐ¥´  ¶¥·¢ Ö Î ¸ÉÓ ´ ¸ÉμÖÐ¥£μ μ¡§μ·  [18]. ‚Éμ· Ö
(¤ ´´ Ö) Î ¸ÉÓ ¶μ¸¢ÖÐ¥´  μ¸´μ¢´μ³Ê Ö§Ò±Ê ÔÉ¨Ì ³μ¤¥²¥°: R-³ É·¨Î´μ³Ê Ëμ·-
³ ²¨§³Ê.

1.2. �É Î¥£μ § ¢¨¸¨É ¨´¢ ·¨ ´É Ê§² . �¥·¥¤ É¥³ ± ± ¶μ°É¨ ¤ ²ÓÏ¥, § -
¤ ¤¨³¸Ö ´ ¨¢´Ò³, ´μ ¸ÊÐ¥¸É¢¥´´Ò³ ¢μ¶·μ¸μ³: μÉ´μ¸¨É¥²Ó´μ Î¥£μ ¨´¢ ·¨ ´É
Ê§²  ¨´¢ ·¨ ´É¥´ Å ¨ μÉ Î¥£μ μ´ ¢ ·¥§Ê²ÓÉ É¥ § ¢¨¸¨É?

Š ± Ê¦¥ ¡Ò²μ ¸± § ´μ, ¨´É¥·¥¸ÊÕÐ¨¥ ´ ¸ ¢¥²¨Î¨´Ò (¶·¨³¥·Ò ±μÉμ·ÒÌ
¤ ´Ò ¢ É ¡². 1) § ¢¨¸ÖÉ μÉ § ³±´ÊÉμ° ±·¨¢μ° ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥, ´μ
´¥ ³¥´ÖÕÉ¸Ö ¶·¨ ¶·μ¨§¢μ²Ó´ÒÌ ´¥¶·¥·Ò¢´ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ ÔÉμ° ±·¨¢μ°.
’μ ¥¸ÉÓ ¨´¢ ·¨ ´É Ê§²  § ¢¨¸¨É ´¥ μÉ ¸ ³μ° ±·¨¢μ°,   μÉ ¥¥ Éμ¶μ²μ£¨Î¥¸±μ£μ
±² ¸¸  Å Ê§²  (³´μ£μÎ¨¸²¥´´Ò¥ ¶·¨³¥·Ò · §´ÒÌ Ê§²μ¢ ¸³., ´ ¶·¨³¥·, ¢ [6]).
�¤´ ±μ ¢¸¥ ¶¥·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥ ¢¥²¨Î¨´Ò § ¢¨¸ÖÉ ´¥ Éμ²Ó±μ μÉ Ê§² . ˆ´Ò³¨
¸²μ¢ ³¨, ¢¸Ö±μ³Ê Ê§²Ê ¸μμÉ¢¥É¸É¢Ê¥É ´¥ μ¤´μ Î¨¸²μ,   ËÊ´±Í¨Ö μÉ ´¥¸±μ²Ó±¨Ì
¤μ¶μ²´¨É¥²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ, ´¥ ¨³¥ÕÐ¨Ì μÉ´μÏ¥´¨Ö ± ¸ ³μ³Ê Ê§²Ê.

ˆ§ÊÎ ¥³Ò¥ ¢¥²¨Î¨´Ò § ¢¨¸ÖÉ μÉ:
Å c ³μ£μ Ê§² , É. ¥. § ³±´ÊÉμ° ±·¨¢μ° ¢ ¶·μ¸É· ´¸É¢¥, · ¸¸³μÉ·¥´´μ° ¸

ÉμÎ´μ¸ÉÓÕ ¤μ ´¥¶·¥·Ò¢´ÒÌ ¶·¥μ¡· §μ¢ ´¨°;
Å μ¤´μ° ¨²¨ ´¥¸±μ²Ó±¨Ì Ëμ·³ ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ: §¤¥¸Ó A ¨/¨²¨ q

²¨¡μ �;
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Å ´¥¸±μ²Ó±¨Ì ¤μ¶μ²´¨É¥²Ó´ÒÌ ¶ · ³¥É·μ¢, §¤¥¸Ó:  ²£¥¡·  ‹¨ g ¨ ¥¥
¶·¥¤¸É ¢²¥´¨¥ Q.

”μ·³ ²Ó´Ò¥ ¶¥·¥³¥´´Ò¥. ˆÌ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± μ¡ÒÎ´Ò¥ ±μ³-
¶²¥±¸´Ò¥ ¶¥·¥³¥´´Ò¥: É ±, ÎÉμ ¢³¥¸Éμ (´ ¶·¨³¥·) A ¨ q ³μ¦´μ ¶μ¤¸É ¢¨ÉÓ
¶·μ¨§¢μ²Ó´Ò¥ ±μ³¶²¥±¸´Ò¥ Î¨¸² , ¶μ²ÊÎ¨¢ ¶·¨ ÔÉμ³ Î¨¸²μ¢Ò¥ ¨´¢ ·¨ ´ÉÒ
Ê§²μ¢. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, μ¡¸Ê¦¤ ¥³Ò¥ ¨´¢ ·¨ ´ÉÒ Ê§²μ¢ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ
¢ ¢¨¤¥ ¶μ²¨´μ³μ¢ ²¨¡μ ·Ö¤μ¢ ‹μ· ´  ¶μ Ëμ·³ ²Ó´Ò³ ¶¥·¥³¥´´Ò³, Éμ£¤ 
Î¨¸²μ¢Ò³¨ ¨´¢ ·¨ ´É ³¨ ¡Ê¤ÊÉ ±μÔËË¨Í¨¥´ÉÒ.

„μ¶μ²´¨É¥²Ó´Ò¥ ¶ · ³¥É·Ò. ˆ³¥ÕÉ ¡μ²¥¥ ¸²μ¦´Ò° ¸³Ò¸², ±μÉμ·Ò°
³μ¦´μ ¶μÖ¸´¨ÉÓ Éμ²Ó±μ ¢ ¸¢Ö§¨ ¸ ±μ´±·¥É´Ò³ μ¶·¥¤¥²¥´¨¥³ ± ¦¤μ£μ ¨´¢ -
·¨ ´É . ˆ¤¥Ö ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¨´¢ ·¨ ´ÉÒ, ¶¥·¥Î¨¸²¥´´Ò¥ ¢ É ¡². 1 ¶μ¤
· §´Ò³¨ ´ §¢ ´¨Ö³¨, ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± §´ Î¥´¨Ö μ¤´μ° ¨ Éμ° ¦¥
ËÊ´±Í¨¨ ¸ · §²¨Î´Ò³¨ §´ Î¥´¨Ö³¨. ˆ³¥´´μ ÔÉ¨³ ³Ò ¨ § °³¥³¸Ö ¢ ¶μ¸²¥¤Ê-
ÕÐ¨Ì · §¤¥² Ì. ‡ ¡¥£ Ö ¢¶¥·¥¤, ¸± ¦¥³, ÎÉμ ¢ ´ Ï¥³ ¸²ÊÎ ¥ ¤μ¶μ²´¨É¥²Ó´Ò¥
¶ · ³¥É·Ò ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¢μ§´¨±´ÊÉ ± ± ¶ · ³¥É·Ò R-³ É·¨ÍÒ.

ˆ§ÊÎ ¥³Ò¥ ¢¥²¨Î¨´Ò Ö¢²ÖÕÉ¸Ö ¨´¢ ·¨ ´É ³¨ (´¥ ³¥´ÖÕÉ¸Ö ¶·¨ / ´¥ § -
¢¨¸ÖÉ μÉ)

Å ´¥¶·¥·Ò¢´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ±·¨¢μ°;
Å ¸¶μ¸μ¡  ¢ÒÎ¨¸²¥´¨Ö.
�μ¸²¥¤´¥¥ ÊÉ¢¥·¦¤¥´¨¥, ÌμÉÖ ¨ ¢Ò£²Ö¤¨É É ¢Éμ²μ£¨¥°, ¸ÊÐ¥¸É¢¥´´μ ¤²Ö

¡μ²ÓÏ¨´¸É¢  μ¶·¥¤¥²¥´¨° ¨´¢ ·¨ ´Éμ¢ Ê§²μ¢. ‚ Î ¸É´μ¸É¨, ¢¸¥ ±μ´¸É·Ê±Í¨¨,
μ¶¨¸ ´´Ò¥ ¢ ¶μ¸²¥¤ÊÕÐ¨Ì · §¤¥² Ì, ¶·¨¡¥£ ÕÉ ± ¶·μ¥±Í¨¨ Ê§²  ´  ¶²μ¸-
±μ¸ÉÓ Å ¨ Ê¸²μ¢¨Ö ´¥§ ¢¨¸¨³μ¸É¨ μÉ ¢Ò¡μ·  ¶·μ¥±Í¨¨ ¶·¨¢μ¤ÖÉ ± ´¥É·¨-
¢¨ ²Ó´Ò³ Ê· ¢´¥´¨Ö³ ´  ¨¸±μ³Ò¥ ¢¥²¨Î¨´Ò. �·¨ ¤·Ê£¨Ì ¸¶μ¸μ¡ Ì ¢ÒÎ¨-
¸²¥´¨Ö [20] Ê§¥² ¢ ¶·μ¸É· ´¸É¢¥ ®´ ·¥§ ¥É¸Ö¯ ´  ®Ô²¥³¥´É ·´Ò¥ ¸μ¸É ¢²ÖÕ-
Ð¨¥¯ Å ¨ ¨´¢ ·¨ ´É Ê§²  ¤μ²¦¥´ ¡ÒÉÓ É ±¦¥ ¨´¢ ·¨ ´Éμ³ ¸¶μ¸μ¡  · §·¥§ -
´¨Ö ¨ ¸±²¥°±¨.

�¨¦¥ ³Ò ÊÉμÎ´¨³ ´¥±μÉμ·Ò¥ É¥Ì´¨Î¥¸±¨¥ ¶μ¤·μ¡´μ¸É¨, ¸ÊÐ¥¸É¢¥´´Ò¥
¤²Ö ¤ ²Ó´¥°Ï¥£μ ¨§²μ¦¥´¨Ö Å ¢ Î ¸É´μ¸É¨, ¶·¨¢¥¤¥³ ¸¢μ¤±Ê ¢Ò· ¦¥´¨°, ´ 
±μÉμ·Ò¥ ¡Ê¤¥³ ¢¶μ¸²¥¤¸É¢¨¨ ¸¸Ò² ÉÓ¸Ö ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ¨´¢ ·¨ ´Éμ¢ Ê§²μ¢.

1.3. ‚ ± ±μ³ ¸³Ò¸²¥ ¶μ²¨´μ³ Ê§²  Å ¶μ²¨´μ³? �μ²¨´μ³ Ê§²  Å ¶μ-
²¨´μ³. ‚¸¥ ¨´¢ ·¨ ´ÉÒ ¢ É ¡². 1 μ¡² ¤ ÕÉ ¥Ð¥ μ¤´¨³ ¸¢μ°¸É¢μ³ [1, 5]: μ´¨
Ö¢²ÖÕÉ¸Ö ¶μ²¨´μ³ ³¨ ‹μ· ´  ¶μ ¶¥·¥³¥´´Ò³ A ¨/¨²¨ q Å ¶·¨ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¥³ ¢Ò¡μ·¥ ¶·μ¨§¢μ²Ó´μ£μ ³´μ¦¨É¥²Ö, ¢Ìμ¤ÖÐ¥£μ ¢ μ¶·¥¤¥²¥´¨¥ ¢¸¥Ì ¶·¨-
¢¥¤¥´´ÒÌ ¨´¢ ·¨ ´Éμ¢. �μ ÔÉμ° ¶·¨Î¨´¥ Ê¶μ³Ö´ÊÉÒ¥ ¨´¢ ·¨ ´ÉÒ ´ §Ò¢ ÕÉ
¶μ²¨´μ³ ³¨: �²¥±¸ ´¤¥· , „¦μ´¸ , •�Œ”‹ˆ, Š ÊËË³ ´ .

�μ²¨´μ³ ²¨ ¶μ²¨´μ³ § Í¥¶²¥´¨Ö? ‘± § ´´μ¥ ¢ÒÏ¥ ¢ ¶μ²´μ° ³¥·¥ μÉ´μ-
¸¨É¸Ö Éμ²Ó±μ ± Ê§² ³ Å É. ¥. ± μ¤´μ±μ³¶μ´¥´É´Ò³ ±·¨¢Ò³. „²Ö § Í¥¶²¥´¨°
´¥¶μ²¨´μ³¨ ²Ó´Ò° ³´μ¦¨É¥²Ó § ¢¨¸¨É μÉ ·Ö¤  ¶ · ³¥É·μ¢ ¨, ¢ Î ¸É´μ¸É¨, μÉ
Î¨¸²  ±μ³¶μ´¥´É § Í¥¶²¥´¨Ö, É ± ÎÉμ ÔÉμÉ ³´μ¦¨É¥²Ó ´¥¢μ§³μ¦´μ ¶μ²μ¦¨ÉÓ
· ¢´Ò³ 1 ¤²Ö ¢¸¥Ì § Í¥¶²¥´¨° ¸· §Ê. ’¥³ ´¥ ³¥´¥¥ ¤²Ö § Í¥¶²¥´¨° ¸ ¤ ´´Ò³
Î¨¸²μ³ ±μ³¶μ´¥´É ¨ ¤²Ö ¤ ´´ÒÌ §´ Î¥´¨° ¢¸¥Ì ¤¨¸±·¥É´ÒÌ ¶¥·¥³¥´´ÒÌ § ¢¨-
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¸¨³μ¸ÉÓ ¨´¢ ·¨ ´É  § Í¥¶²¥´¨Ö μÉ § Í¥¶²¥´¨Ö É ±¦¥ ¶μ²´μ¸ÉÓÕ μ¶¨¸Ò¢ ¥É¸Ö
¶μ²¨´μ³μ³ ‹μ· ´  [1].

–¥²μÎ¨¸²¥´´μ¸ÉÓ ±μÔËË¨Í¨¥´Éμ¢ ¢ ¶μ²¨´μ³¥ Ê§² . ‘²¥¤ÊÕÐ¥¥ ¢ ¦´μ¥
¸¢μ°¸É¢μ [1] ¶μ²¨´μ³μ¢ ¢ É ¡². 1 ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ±μÔËË¨Í¨¥´ÉÒ ¶·¨ ¸É¥-
¶¥´ÖÌ A ¨ q Ö¢²ÖÕÉ¸Ö Í¥²Ò³¨ Î¨¸² ³¨. �Éμ ¸¢μ°¸É¢μ ¤ ²¥±μ ´¥ ¸²ÊÎ °´μ ¨
Ö¢²Ö¥É¸Ö μÉ· ¦¥´¨¥³ ¡μ²¥¥ μ¡Ð¥£μ ±μ´É¥±¸É , ¢ ±μÉμ·μ³ ¢μ§´¨± ÕÉ μ¡¸Ê¦-
¤ ¥³Ò¥ §¤¥¸Ó ¨´¢ ·¨ ´ÉÒ. � ¨³¥´´μ:  ¡¸μ²ÕÉ´Ò¥ ¢¥²¨Î¨´Ò ±μÔËË¨Í¨¥´Éμ¢
¶μ²¨´μ³μ¢ ¢ É ¡². 1 ¢μ§´¨± ÕÉ (¢ ®³ É¥³ É¨Î¥¸±μ³ ±μ´É¥±¸É¥¯) ± ± · §³¥·-
´μ¸É¨ £μ³μ²μ£¨° Ê§²μ¢ [21] ²¨¡μ (¢ ®Ë¨§¨Î¥¸±μ³ ±μ´É¥±¸É¥¯) ± ± · §³¥·´μ¸É¨
£¨²Ó¡¥·Éμ¢ÒÌ ¶·μ¸É· ´¸É¢ ¢ μ¶·¥¤¥²¥´´ÒÌ ±¢ ´Éμ¢μ-¶μ²¥¢ÒÌ ³μ¤¥²ÖÌ [22].

� §²μ¦¥´¨¥ ¶μ²¨´μ³  Ê§²  ¢ Ëμ·³ ²Ó´Ò° ·Ö¤. � ·Ö¤Ê ¸ ¶¥·¥³¥´´Ò³¨
A ¨ q · ¸¸³ É·¨¢ ÕÉ É ±¦¥ ¶¥·¥³¥´´Ò¥ � ¨ N , μ¶·¥¤¥²¥´´Ò¥ · ¢¥´¸É¢ ³¨
A = ei�N , q = ei�. ’μ£¤  ¨´¢ ·¨ ´ÉÒ ¢ É ¡². 1 · §² £ ÕÉ¸Ö ¢ ·Ö¤Ò ‹μ· ´ 
¶μ ¶¥·¥³¥´´μ° � Å ¶·¨Î¥³ ±μÔËË¨Í¨¥´ÉÒ ·Ö¤μ¢ μ± §Ò¢ ÕÉ¸Ö ¶μ²¨´μ³ ³¨
μÉ N ¸ · Í¨μ´ ²Ó´Ò³¨ ±μÔËË¨Í¨¥´É ³¨. �É¨ ±μÔËË¨Í¨¥´ÉÒ ¸ ³¨ ¶μ ¸¥¡¥
Ö¢²ÖÕÉ¸Ö ¨´¢ ·¨ ´É ³¨ Ê§²μ¢ ¨ ¨§¢¥¸É´Ò ± ± ¨´¢ ·¨ ´ÉÒ ‚ ¸¨²Ó¥¢  [23].

1.3.1. Š¢ ´Éμ¢Ò¥ Î¨¸² . Ÿ¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¶μ²¨´μ³μ¢ Ê§²μ¢ ¨§
É ¡². 1 Î ¸Éμ ¸μ¤¥·¦ É ¸Ê³³Ò ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ Î¥É´ÒÌ ¨²¨ ´¥Î¥É´ÒÌ ¸É¥-
¶¥´¥° ¶¥·¥³¥´´μ° q, ¸¨³³¥É·¨Î´Ò¥ μÉ´μ¸¨É¥²Ó´μ 1. ’ ±¨¥ ¸Ê³³Ò ¨£· ÕÉ
·μ²Ó ¢ ¦´ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° ¢ ·Ö¤¥ ¸Õ¦¥Éμ¢ ¸μ¢·¥³¥´´μ° ³ É¥³ É¨-
Î¥¸±μ° Ë¨§¨±¨ ¨ ¶μ²ÊÎ¨²¨ ´ §¢ ´¨¥ ±¢ ´Éμ¢ÒÌ Î¨¸¥² [24].

‚ ¤ ²Ó´¥°Ï¥³ ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ μ¶·¥¤¥²¥´¨¥ ±¢ ´Éμ¢μ£μ Î¨¸²  [N ]q:

[N ]q ≡
N∑

i=1

q2i−N =
qN − q−N

q − q−1
. (1.1)

Š¢ ´Éμ¢Ò¥ Î¨¸²  Ö¢²ÖÕÉ¸Ö ¶μ²¨´μ³ ³¨ ‹μ· ´  ¶μ ¶¥·¥³¥´´μ° q ¨ μ¡² ¤ ÕÉ
·Ö¤μ³ ¸¢μ°¸É¢, ±μÉμ·Ò¥ ¶μ§¢μ²ÖÕÉ · ¸¸³ É·¨¢ ÉÓ ÔÉ¨ ¢¥²¨Î¨´Ò ± ± μ¡μ¡Ð¥-
´¨¥ μ¡ÒÎ´ÒÌ Í¥²ÒÌ Î¨¸¥². ‚μÉ ¶·¨³¥·Ò Ö¢´ÒÌ ¢Ò· ¦¥´¨°:

[−1]q =
q−1 − q

q − q−1
= −1,

[0]q = 0,

[1]q =
q − q−1

q − q−1
= 1,

[2]q =
q2 − q−2

q − q−1
= q+q−1,

[3]q =
q3 − q−3

q − q−1
= q2+1+q−2,

[4]q =
q3 − q−3

q − q−1
= q3+q+q−1+q−3,

[−N ]q = −[N ]q ,

N∑
n=1

[n]q =
[N ]q [N+1]q

[2]q
,

[N−1]q [N ]q
[2]q

+
[N+1]q [N ]q

[2]q
= [N ]2q ,

det

∥∥∥∥ [k+n]q [k+m+n]q
[k]q [k+m]q

∥∥∥∥ = [m]q[n]q .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(1.2)
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1.3.2. ’μ¶μ²μ£¨Î¥¸±¨¥ ËÊ´±Í¨¨ ˜Ê· . �·μ¨§¢¥¤¥´¨¥ ¸ ³μ¤Ê ²Ó´ÒÌ ³´μ-
¦¨É¥²¥° ¶μ ¤¨ £· ³³¥ �´£ . ˆ´¢ ·¨ ´ÉÒ ¨§ É ¡². 1, § ¢¨¸ÖÐ¨¥ μÉ ¤¢ÊÌ ¶¥·¥-
³¥´´ÒÌ A ¨ q, É ±¦¥ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¸¶¥Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨ ¡μ²¥¥ μ¡Ð¥£μ
¢¨¤ . �É¨ ËÊ´±Í¨¨ Ö¢²ÖÕÉ¸Ö ¶·μ¨§¢¥¤¥´¨Ö³¨  ´É¨¸¨³³¥É·¨Î¥¸±¨Ì ±μ³¡¨´ -
Í¨° ¢¨¤ 

{x} ≡ x − x−1, (1.3)

£¤¥ ¢ ± Î¥¸É¢¥ x ¸ÉμÖÉ ¶·μ¨§¢¥¤¥´¨Ö · §²¨Î´ÒÌ ¸É¥¶¥´¥° A ¨ q. ‘ ³¨ ËÊ´±-
Í¨¨ ´Ê³¥·ÊÕÉ¸Ö Ê·μ¢´Ö³¨ Å ´ ÉÊ· ²Ó´Ò³¨ Î¨¸² ³¨,   ´  ± ¦¤μ³ Ê·μ¢´¥
n Å · §¡¨¥´¨Ö³¨ Y � n = [n1 � n2 � . . .], É. ¥. ¢¸¥¢μ§³μ¦´Ò³¨ ¸¶μ¸μ-
¡ ³¨ · §¡¨ÉÓ Î¨¸²μ n ¢ ¸Ê³³Ê ¤·Ê£¨Ì ´ ÉÊ· ²Ó´ÒÌ Î¨¸¥² (¡¥§ ÊÎ¥É  ¶μ·Ö¤± 
¸² £ ¥³ÒÌ). �·μ¸É¥°Ï¨¥ ¨§ ÔÉ¨Ì ËÊ´±Í¨° ¶·¨¢¥¤¥´Ò ¢ É ¡². 2.

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥μ¡Ìμ¤¨³μ ¢ÒÎ¨¸²¨ÉÓ ¶·μ¨§¢¥¤¥´¨¥ ¶μ ¢¸¥³ ±²¥É± ³
¤¨ £· ³³Ò 
´£  · §¡¨¥´¨Ö Y :

S∗
Y (A, q) =

∏
(i,j)∈Y

{Aqi−j}
{qhi,j} , (1.4)

£¤¥ (i, j) Å ±μμ·¤¨´ ÉÒ ±²¥É±¨ ¶μ £μ·¨§μ´É ²¨ (¸²¥¢  ´ ¶· ¢μ) ¨ ¶μ ¢¥·É¨-
± ²¨ (¸¢¥·ÌÊ ¢´¨§),   hi,j Å ¤²¨´  ±·Õ± , É. ¥. ¸Ê³³  · ¸¸ÉμÖ´¨° (¢ ¥¤¨´¨Í Ì

’ ¡²¨Í  2. �·μ¸É¥°Ï¨¥ Éμ¶μ²μ£¨Î¥¸±¨¥ ËÊ´±Í¨¨ ˜Ê· 

“·μ¢´¨ n � §¡¨¥´¨Ö, Y � n

n = 1 = 1

{x} = x − x−1

�¡Ð Ö Ëμ·³Ê² :

”Ê´±Í¨¨: Y = [1]

S∗
Y (A, q)

{A}
{q} S∗

Y =
∏

(i,j)∈Y

{Aqi−j}
{qh

i,j}
S∗

Y (qN , q) [N ]q

n = 2 = 2 = 1 + 1

”Ê´±Í¨¨: Y = [2] Y = [11]

S∗
Y (A, q)

{A}{Aq}
{q}{q2}

{A}{Aq−1}
{q}{q2}

S∗
Y (qN , q)

[N ]q [N + 1]q

[2]q

[N − 1]q [N ]q

[2]q

n = 3 = 3 = 2 + 1 = 1 + 1 + 1

”Ê´±Í¨¨: Y = [3] Y = [2, 1] Y = [13]

S∗
Y (A, q)

{A}{Aq}{Aq2}
{q}{q2}{q3}

{A}{Aq}{Aq−1}
{q}2{q3}

{A}{Aq−1}{Aq−2}
{q}{q2}{q3}

S∗
Y (qN , q)

[N ]q [N + 1]q [N + 2]q

[2]q [3]q

[N − 1]q [N ]q [N + 1]q

[3]q

[N − 2]q [N − 1]q [N ]q

[2]q [3]q
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¸Éμ·μ´Ò ±²¥É±¨) μÉ Í¥´É·  ±²¥É±¨ ¤μ ¶· ¢μ° ¨ ´¨¦´¥° £· ´¨Í ¤¨ £· ³³Ò
(¸³. ·¨¸. ¢ É ¡². 2). ”μ·³Ê²  (1.4) Å ®¤¥Ëμ·³ Í¨Ö¯ ¸É ´¤ ·É´μ° Ëμ·³Ê²Ò
±·Õ±μ¢ ¤²Ö ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° suN ; ¶μ¸²¥¤´ÖÖ ¶μ²ÊÎ ¥É¸Ö ¨§ (1.4)
¶·¨ A = qN ¢ ¶·¥¤¥²¥ q → 1.

”Ê´±Í¨¨ ˜Ê· . ”Ê´±Í¨¨ ¨§ É ¡². 2 ¸ÊÉÓ Î ¸É´Ò¥ ¸²ÊÎ ¨ ËÊ´±Í¨° ˜Ê· 
¨²¨ Ì · ±É¥·μ¢ glN , ±μÉμ·Ò¥ ¨£· ÕÉ ¢ ¦´ÊÕ ·μ²Ó ± ± ¢ É¥μ·¨¨ ¶·¥¤¸É ¢²¥-
´¨°, É ± ¨ ¢ É¥μ·¨¨ ÉμÎ´μ ·¥Ï ¥³ÒÌ ¸¨¸É¥³ (¸³., ´ ¶·¨³¥·, · §¤. 3 ¢ [25]).
‘ ³¨ ËÊ´±Í¨¨ ˜Ê·  μÉ´μ¸ÖÉ¸Ö ± ¢¥¸Ó³  μ¡Ï¨·´μ³Ê ¸¥³¥°¸É¢Ê μ·Éμ£μ´ ²Ó-
´ÒÌ ¶μ²¨´μ³μ¢, Î¥·¥§ ±μÉμ·Ò¥ § ¶¨¸Ò¢ ÕÉ¸Ö ¢Ò· ¦¥´¨Ö ¤²Ö ´ ¡²Õ¤ ¥³ÒÌ ¢
Ï¨·μ±μ³ ±² ¸¸¥ ÉμÎ´μ ·¥Ï ¥³ÒÌ ¸¨¸É¥³ [25Ä27]. ‚Ò· ¦¥´¨Ö ¨§ É ¡². 2 ¶μ-
²ÊÎ ÕÉ¸Ö ¨§ ËÊ´±Í¨° ˜Ê·  μ¡Ð¥£μ ¢¨¤ , ±μ£¤  ¶¥·¥³¥´´Ò¥ Å ¢·¥³¥´  ¶·¨-
´¨³ ÕÉ §´ Î¥´¨Ö ¢ μ¶·¥¤¥²¥´´μ°, ®Éμ¶μ²μ£¨Î¥¸±μ°¯ μ¡² ¸É¨ ¶μ²´μ£μ ¶·μ-
¸É· ´¸É¢  §´ Î¥´¨° [28].

’μ¶μ²μ£¨Î¥¸±¨¥ ËÊ´±Í¨¨ ˜Ê· . �·¨ A = qN ËÊ´±Í¨¨ ¨§ É ¡². 2 ¶¥·¥Ìμ-
¤ÖÉ ¢ ¶·μ¨§¢¥¤¥´¨Ö ±¢ ´Éμ¢ÒÌ Î¨¸¥² (1.1), ¨³¥ÕÐ¨¥ Ì · ±É¥·´Ò° ¢¨¤ ±μ³-
¡¨´ Éμ·´ÒÌ ³´μ¦¨É¥²¥°. �·¨ § ¤ ´´μ³ N ± ¦¤Ò° ±μÔËË¨Í¨¥´É Ö¢²Ö¥É¸Ö
¶μ²¨´μ³μ³ ¶μ q, ´ ¶·¨³¥·:

S∗
1 (q, q) = 1,

S∗
[2](q

2, q) = 1,

S∗
[1,1](q, q) = 0,

S∗
1 (q2, q) = [2]q = q+q−1,

S∗
[2](q

2, q) = [3]q ,

S∗
[2](q

2, q) = 1,

S∗
1 (q2, q) = [3]q = q3+q+q−1+q−3,

S∗
[2](q

3, q) =
[3]q [4]q

[2]q q

=(q2+q−2)[3]q ,

S∗
[1,1](q

3, q) = [3]q ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(1.5)

�± §Ò¢ ¥É¸Ö, ÎÉμ ³μ´μ³Ò ¢ ÔÉ¨Ì ¶μ²¨´μ³ Ì ®¶¥·¥Î¨¸²ÖÕÉ¯, ¸ μ¤´μ° ¸Éμ-
·μ´Ò, ´ ¡μ·Ò ¨§ n Î¨¸¥² μÉ 1 ¤μ N , · §²¨Î´Ò¥ ¶μ ³μ¤Ê²Õ μ¶·¥¤¥²¥´´μ°
¶μ¤£·Ê¶¶Ò £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ±, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° · §¡¨¥´¨Õ Y , ¸ ¤·Ê£μ°
¸Éμ·μ´Ò Å ¡ §¨¸´Ò¥ ¢¥±Éμ·Ò ¢ ¶·μ¸É· ´¸É¢ Ì ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨°
£·Ê¶¶Ò ¸¶¥Í¨ ²Ó´ÒÌ (¸μÌ· ´ÖÕÐ¨Ì Ô²¥³¥´É μ¡Ñ¥³ ) ²¨´¥°´ÒÌ ¶·¥μ¡· §μ-
¢ ´¨° N -³¥·´μ£μ ¶·μ¸É· ´¸É¢  [29Ä31]. ŒÒ ´¥³´μ£μ μ¸É ´μ¢¨³¸Ö ´  ÔÉμ³
¢ · §¤. 2 ¨ 4.

2. ��‹ˆ��Œ “‡‹� Š�Š ‚‡‚…˜…��›‰ ‘‹…„
�‹…Œ…�’� ƒ�“��› Š�‘

2.1. �¡Ð¥¥ μ¶¨¸ ´¨¥ ±μ´¸É·Ê±Í¨¨. 2.1.1. �¸´μ¢´ Ö ¨¤¥Ö. ‚ μ¸´μ¢¥ ±μ´-
¸É·Ê±Í¨¨ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¨´¢ ·¨ ´Éμ¢ Ê§²μ¢ ¨ § Í¥¶²¥´¨°, μ ±μÉμ·μ° ¶μ°¤¥É
·¥ÎÓ ´¨¦¥, ²¥¦¨É ¸²¥¤ÊÕÐ Ö ¨¤¥Ö [1,5, 32]:

• ˆ´¢ ·¨ ´É Ê§²  ¥¸ÉÓ ¢§¢¥Ï¥´´Ò° ¸²¥¤ Ô²¥³¥´É  £·Ê¶¶Ò ±μ¸:

I
K∼B̄ =

∑
Q�|m|

χQ Tr bQ(B). (2.1)
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’μ ¥¸ÉÓ ¥¸²¨ Ê§¥² K ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥ § ³Ò± ´¨Ö ±μ¸Ò B ¨ ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨° Ô²¥³¥´É £·Ê¶¶Ò ±μ¸ ¢ ¶·¥¤¸É ¢²¥´¨¨ Q ÔÉμ° £·Ê¶¶Ò § ¤ ´ ²¨´¥°´Ò³
μ¶¥· Éμ·μ³ bQ(B), Éμ ¤²Ö μ¶·¥¤¥²¥´´μ£μ ´ ¡μ·  ±μÔËË¨Í¨¥´Éμ¢ χQ ²¨´¥°-
´ Ö ±μ³¡¨´ Í¨Ö (2.1) ¡Ê¤¥É ¨´¢ ·¨ ´Éμ³, ¡μ²¥¥ Éμ£μ, ¶μ²¨´μ³μ³ Ê§²  K ¢
¸³Ò¸²¥ ¶. 1.3. �·¨ ÔÉμ³ ¤²Ö Ê§²  Å § ³Ò± ´¨Ö ±μ¸Ò ¨§ m ´¨É¥° ¸Ê³³Ê
¢ (2.1) ¤μ¸É ÉμÎ´μ ¢ÒÎ¨¸²¨ÉÓ ¶μ ¸¶¥Í¨ ²Ó´μ³Ê ´ ¡μ·Ê ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤-
¸É ¢²¥´¨° £·Ê¶¶Ò ±μ¸ ¨§ m ´¨É¥°, ¶·¨Î¥³ ´¥μ¡Ìμ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ³μ¦´μ
¶¥·¥Î¨¸²¨ÉÓ ¸ ¶μ³μÐÓÕ ¢¸¥¢μ§³μ¦´ÒÌ · §¡¨¥´¨° (¤¨ £· ³³ 
´£ ) Q � |m|
(¶. 1.3.2).

2.1.2. Šμ¸Ò ± ± ¤¨ £· ³³Ò Ê§²μ¢. ‘μμÉ´μÏ¥´¨Ö Ô±¢¨¢ ²¥´É´μ¸É¨.
�¨¦¥ ³Ò ¤ ¤¨³ ±· É±ÊÕ ¸¢μ¤±Ê ¸ÊÐ¥¸É¢¥´´ÒÌ ¤²Ö ´ ¸ ¶μ´ÖÉ¨° ¨ ÊÉ¢¥·-
¦¤¥´¨°, ±μÉμ·Ò¥ ¶·μ¨²²Õ¸É·¨·Ê¥³ ¸ ¶μ³μÐÓÕ ¶·μ¸É¥°Ï¨Ì ¶·¨³¥·μ¢. 	μ²¥¥
¸¨¸É¥³ É¨Î¥¸±μ¥ ¨§²μ¦¥´¨¥ ¸³., ´ ¶·¨³¥·, ¢ [5].

“§¥² (§ Í¥¶²¥´¨¥) ¥¸ÉÓ § ³Ò± ´¨¥ ±μ¸Ò. ‚¸Ö±μ¥ § Í¥¶²¥´¨¥, ¸μ£² ¸´μ
É¥μ·¥³¥ �²¥±¸ ´¤¥·  [5], ¥¸ÉÓ § ³Ò± ´¨¥ ´¥±μÉμ·μ° ±μ¸Ò. ‘ ¤·Ê£μ° ¸Éμ-
·μ´Ò, ³´μ¦¥¸É¢μ ±μ¸ Å ¶μ ¸ÊÐ¥¸É¢Ê, μ¤´μ³¥·´ÒÌ μ¡Ñ¥±Éμ¢ Å Ê¸É·μ¥´μ
§´ Î¨É¥²Ó´μ ¶·μÐ¥, Î¥³ ³´μ¦¥¸É¢μ ¢¸¥Ì § Í¥¶²¥´¨° ¨ ¤ ¦¥ Î¥³ ³´μ¦¥¸É¢μ
¨Ì ¶·μ¨§¢μ²Ó´ÒÌ ¶²μ¸±¨Ì ¶·μ¥±Í¨°. ‡¤¥¸Ó, μ¤´ ±μ, ¢μ§´¨± ¥É É·Ê¤´μ¸ÉÓ (± ±
¨ ¢¸Ö±¨° · § ¶·¨ § ¤ ´¨¨ Ê§²  ¥£μ ¤¨ £· ³³μ°, ¸³. · §¤. 3): μ¤¨´ ¨ ÉμÉ ¦¥
Ê§¥² (§ Í¥¶²¥´¨¥) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ± ± § ³Ò± ´¨¥ ³´μ£¨Ì · §²¨Î´ÒÌ ±μ¸. �μ-
ÔÉμ³Ê ±μ¸  ± ± ¤¨ £· ³³  § Í¥¶²¥´¨Ö ¤μ²¦´  · ¸¸³ É·¨¢ ÉÓ¸Ö ¸ ÉμÎ´μ¸ÉÓÕ
¤μ μ¶·¥¤¥²¥´´ÒÌ ¸μμÉ´μÏ¥´¨°. ‘¨¸É¥³  ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° Ô±¢¨¢ ²¥´É´  ¸¨-
¸É¥³¥ ¤¢¨¦¥´¨° �¥°¤¥³¥°¸É¥·  (· §¤. 3) ¤²Ö ¶²μ¸±μ° ¤¨ £· ³³Ò Ê§² . �¤´ ±μ
§¤¥¸Ó ± ¦¤μ¥ Ô²¥³¥´É ·´μ¥ £¥μ³¥É·¨Î¥¸±μ¥ ¤¢¨¦¥´¨¥ ¶·¥¤¸É ¢²¥´μ ¢ ¸¶¥Í¨-
 ²Ó´μ³ ¢¨¤¥: ± ± ¸μμÉ´μÏ¥´¨¥ ¢ £·Ê¶¶¥ ±μ¸.

ƒ¥μ³¥É·¨Î¥¸±¨¥ ±μ¸Ò. ƒ¥μ³¥É·¨Î¥¸±μ° ±μ¸μ° ¢ (É·¥Ì³¥·´μ³) ¶·μ¸É· ´-
¸É¢¥ ´ §Ò¢ ¥É¸Ö ´ ¡μ· m ´¥¶¥·¥¸¥± ÕÐ¨Ì¸Ö ¢μ¸Ìμ¤ÖÐ¨Ì ±·¨¢ÒÌ (´¨É¥°
±μ¸Ò). ’μ ¥¸ÉÓ ¢ ± ¦¤μ° ÉμÎ±¥ ± ¦¤μ° ±·¨¢μ° § ¤ ´ ± ¸ É¥²Ó´Ò° ¢¥±Éμ·,
¶·¨Î¥³ ¢¸¥ ± ¸ É¥²Ó´Ò¥ ¢¥±Éμ·Ò ¨³¥ÕÉ ¶μ²μ¦¨É¥²Ó´ÊÕ ¶·μ¥±Í¨Õ ´  ´¥±μ-
Éμ·μ¥ ¢Ò¡· ´´μ¥ ¢ ¶·μ¸É· ´¸É¢¥ ´ ¶· ¢²¥´¨¥. � ¡μ· ± ¸ É¥²Ó´ÒÌ ¢¥±Éμ·μ¢
§ ¤ ¥É ´ ¶· ¢²¥´¨¥ ´  ± ¦¤μ° ¨§ ±·¨¢ÒÌ, É ± ÎÉμ ¸μ ¢¸Ö±μ° £¥μ³¥É·¨Î¥¸±μ°
±μ¸μ° B ³μ¦´μ ¸¢Ö§ ÉÓ μÉμ¡· ¦¥´¨¥ ³´μ¦¥¸É¢  ´ Î ²Ó´ÒÌ (μÉ´μ¸¨É¥²Ó´μ
§ ¤ ´´ÒÌ ´ ¶· ¢²¥´¨°) ÉμÎ¥± ´¨É¥° {Ai}m

i=1 ¢ ³´μ¦¥¸É¢μ ±μ´¥Î´ÒÌ ÉμÎ¥±
{Bi}m

i=1. �μ¤Î¥·±´¥³ ¶·¨ ÔÉμ³, ÎÉμ ¸ ³  ±μ¸  ± μ¶¨¸ ´´μ³Ê μÉμ¡· ¦¥´¨Õ
´¥ ¸¢μ¤¨É¸Ö: μ´  É ±¦¥ ¸μ¤¥·¦¨É ¨´Ëμ·³ Í¨Õ μ ¢§ ¨³μ¶μ²μ¦¥´¨¨ ´¨É¥° ¢
¶·μ¸É· ´¸É¢¥ (¶μ¤·μ¡´¥¥ ¸³. ´¨¦¥).

“³´μ¦¥´¨¥ ±μ¸. �  ³´μ¦¥¸É¢¥ ±μ¸ ¸ § ¤ ´´Ò³ Î¨¸²μ³ ´¨É¥° (m) ³μ¦´μ
§ ¤ ÉÓ £·Ê¶¶Ê. � ¨³¥´´μ: ¥¸²¨ ±μ´¥Î´Ò¥ ÉμÎ±¨ {Yi}m

i=1 £¥μ³¥É·¨Î¥¸±μ°
±μ¸Ò B1 ¸ ´ Î ²Ó´Ò³¨ ÉμÎ± ³¨ {Xi}m

i=1 Ö¢²ÖÕÉ¸Ö É ±¦¥ ´ Î ²Ó´Ò³¨ ÉμÎ-
± ³¨ £¥μ³¥É·¨Î¥¸±μ° ±μ¸Ò B2 ¸ ±μ´¥Î´Ò³¨ ÉμÎ± ³¨ {Zi}m

i=1, Éμ μ¡Ñ¥¤¨-
´¥´¨¥ ÔÉ¨Ì ±μ¸ Å £¥μ³¥É·¨Î¥¸± Ö ±μ¸  ¸ ´ Î ²Ó´Ò³¨ ÉμÎ± ³¨ {Xi}m

i=1 ¨
±μ´¥Î´Ò³¨ ÉμÎ± ³¨ {Zi}m

i=1 Å ´ §Ò¢ ¥É¸Ö ¶·μ¨§¢¥¤¥´¨¥³ (B2 ◦B1) ¤¢ÊÌ ¨¸-
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{Yi}m
i=1

B1 ↗ ↘ B2

{Xi}m
i=1

B2 ◦B1

−→ {Zi}m
i=1

Ìμ¤´ÒÌ £¥μ³¥É·¨Î¥¸±¨Ì ±μ¸. �μ²ÊÎ¥´-
´ Ö ¢ ·¥§Ê²ÓÉ É¥ ±μ¸  É ±¦¥ § ¤ ¥É ´¥-
±μÉμ·μ¥ μÉμ¡· ¦¥´¨¥ ³´μ¦¥¸É¢  ´ Î ²Ó-
´ÒÌ ÉμÎ¥± ¢μ ³´μ¦¥¸É¢μ ±μ´¥Î´ÒÌ: ±μ³-
¶μ§¨Í¨Õ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì μÉμ¡· ¦¥´¨° ¤²Ö ±μ¸-¸μ³´μ¦¨É¥²¥°. �μ²Ó ¥¤¨-
´¨ÍÒ ¤²Ö É ±μ£μ Ê³´μ¦¥´¨Ö ¨£· ¥É ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¶Ê¸É Ö ±μ¸ : m ¶ · ²-
²¥²Ó´ÒÌ ´¨É¥°.

ˆ§μÉμ¶¨Ö ±μ¸. �·¥μ¡· §μ¢ ´¨¥ £¥μ³¥É·¨Î¥¸±μ° ±μ¸Ò, ¶·¨ ±μÉμ·μ³ μ´ 
¢¸¥ ¢·¥³Ö μ¸É ¥É¸Ö £¥μ³¥É·¨Î¥¸±μ° ±μ¸μ°, ´ §Ò¢ ¥É¸Ö ¨§μÉμ¶¨¥°,   ¤¢¥ £¥μ³¥-
É·¨Î¥¸±¨Ì ±μ¸Ò, ¸¢Ö§ ´´Ò¥ É ±¨³ ¶·¥μ¡· §μ¢ ´¨¥³, Å ¨§μÉμ¶´Ò³¨. �·μ¸Éμ
±μ¸μ° ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ³´μ¦¥¸É¢μ ¢¸¥Ì ¶μ¶ ·´μ-¨§μÉμ¶´ÒÌ £¥μ³¥É·¨Î¥¸±¨Ì
±μ¸ (¢ ¸μ£² ¸¨¨ ¸ μ¡Ð¥¶·¨´ÖÉμ° É¥·³¨´μ²μ£¨¥°).

„¨ £· ³³  ±μ¸Ò. …¸²¨ ¶μ¸É·μ¨ÉÓ ¶·μ¥±Í¨Õ £¥μ³¥É·¨Î¥¸±μ° ±μ¸Ò ´ 
´¥±μÉμ·ÊÕ ¶²μ¸±μ¸ÉÓ, ¸μÌ· ´¨¢ ´  ´¥° ´ ¶· ¢²¥´¨Ö ´¨É¥° ±μ¸Ò ¨ § ¶¨¸ ¢
¢ ± ¦¤μ° ÉμÎ±¥ ¶¥·¥¸¥Î¥´¨Ö, ± ± Ö ¨§ ´¨É¥° ¡Ò²  ¢¥·Ì´¥° (μÉ´μ¸¨É¥²Ó´μ
´ ¶· ¢²¥´¨Ö ¶·μ¥±Í¨¨) ¢ ¶·μ¸É· ´¸É¢¥, ¶μ²ÊÎ¨É¸Ö ´ ¶· ¢²¥´´Ò° £· Ë ¸ Î¥-
ÉÒ·¥Ì¢ ²¥´É´Ò³¨ ¢¥·Ï¨´ ³¨ ¤¢ÊÌ ·μ¤μ¢: ®¶μ²μ¦¨É¥²Ó´Ò³¨¯ ¨ ®μÉ·¨Í É¥²Ó-
´Ò³¨¯ (¸³. ·¨¸. 4). ’ ±μ° £· Ë ´ §Ò¢ ¥É¸Ö ¤¨ £· ³³μ° ±μ¸Ò.

�¡· §ÊÕÐ¨¥ £·Ê¶¶Ò ±μ¸. ‚¸Ö±ÊÕ ±μ¸Ê ¨§ m ´¨É¥° ³μ¦´μ § ¶¨¸ ÉÓ ± ±
¶·μ¨§¢¥¤¥´¨¥ (¢ ¸³Ò¸²¥ ¤ ´´μ£μ ¢ÒÏ¥ μ¶·¥¤¥²¥´¨Ö) ±μ¸ b±k (k = 1, m − 1),
¸μ¤¥·¦ Ð¨Ì ¶μ μ¤´μ³Ê ®¶μ²μ¦¨É¥²Ó´μ³Ê¯ (k > 0, ¸³. ·¨¸. 6, I) ²¨¡μ ®μÉ·¨-
Í É¥²Ó´μ³Ê¯ (k < 0, ¸³. ·¨¸. 6, II) ¶¥·¥±·¥¸É±Ê ³¥¦¤Ê |k| − 1 ¨ m − |k| − 1
¶ · ²²¥²Ó´Ò³¨ ´¨ÉÖ³¨ ¸²¥¢  ¨ ¸¶· ¢  μÉ ´¥£μ. ’ ±¨¥ ±μ¸Ò ´ §Ò¢ ÕÉ¸Ö μ¡· -
§ÊÕÐ¨³¨ £·Ê¶¶Ò ±μ¸.

‡ ¶¨¸Ó £¥μ³¥É·¨Î¥¸±μ° ±μ¸Ò ¢ ¢¨¤¥ ¸²μ¢ . �·¨ § ¶¨¸¨ £¥μ³¥É·¨Î¥¸±μ°
±μ¸Ò, ± ± ¶· ¢¨²μ, ¢³¥¸Éμ ± ¦¤μ° μ¡· §ÊÕÐ¥° bk § ¶¨¸Ò¢ ÕÉ ¥¥ ´μ³¥· k,
¶μ²ÊÎ ¥É¸Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ´¥´Ê²¥¢ÒÌ Í¥²ÒÌ Î¨¸¥² Å ¸²μ¢μ-±μ¸ .

‚ ¸μ£² ¸¨¨ ¸ μ¡Ð¥¶·¨´ÖÉμ° É· ¤¨Í¨¥° ³Ò ¨´μ£¤  ¡Ê¤¥³ ´ §Ò¢ ÉÓ ®±μ¸μ°¯
± ± £¥μ³¥É·¨Î¥¸±ÊÕ ±μ¸Ê, É ± ¨ ¶·μ¸Éμ ±μ¸Ê, ¨ ¥¥ ¤¨ £· ³³Ê, ¨ ¸²μ¢μ-±μ¸Ê Å
±μ£¤  ¸³Ò¸² Ö¸¥´ ¨§ ±μ´É¥±¸É .

‘μμÉ´μÏ¥´¨Ö ¢ £·Ê¶¶¥ ±μ¸ ± ± § ¶¨¸Ó Ô²¥³¥´É ·´ÒÌ ¨§μÉμ¶¨°. ƒ¥μ³¥-
É·¨Î¥¸±¨¥ ±μ¸Ò, § ¤ ´´Ò¥ · §²¨Î´Ò³¨ ¸²μ¢ ³¨, ³μ£ÊÉ μ± § ÉÓ¸Ö ¨§μÉμ¶´Ò³¨.
‘μ£² ¸´μ μ¤´μ° ¨§ μ¸´μ¢´ÒÌ É¥μ·¥³ £·Ê¶¶Ò ±μ¸ [5], · ¢¥´¸É¢μ ¢¸Ö±μ° ¶ ·Ò
¸²μ¢, § ¤ ÕÐ¨Ì ¨§μÉμ¶´Ò¥ ±μ¸Ò, ¸²¥¤Ê¥É ¨§ ¸¨¸É¥³Ò ¸μμÉ´μÏ¥´¨° ³¥¦¤Ê
μ¡· §ÊÕÐ¨³¨ (É ¡². 3, ¸Éμ²¡¥Í 1). ‚¸¥ ÔÉ¨ ¸μμÉ´μÏ¥´¨Ö μÉ¢¥Î ÕÉ ®Ô²¥³¥´-
É ·´Ò³¯ ¨§μÉμ¶¨Ö³ £¥μ³¥É·¨Î¥¸±¨Ì ±μ¸ (·¨¸. 1). �´¨ Ö¢²ÖÕÉ¸Ö  ´ ²μ£ ³¨
¤¢¨¦¥´¨° �¥°¤¥³¥°¸É¥·  (¸³. · §¤. 3) ¤²Ö ¤¨ £· ³³ ¸¶¥Í¨ ²Ó´μ£μ ¢¨¤ : ¤²Ö
±μ¸ ¸ § ±·¥¶²¥´´Ò³¨ ±μ´Í ³¨. ‚ Î ¸É´μ¸É¨, ¶·¥μ¡· §μ¢ ´¨Ö ´  ·¨¸. 1, I ¨
III ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° Î ¸É´Ò¥ ¸²ÊÎ ¨ ¶·¥μ¡· §μ¢ ´¨° ¢ RIII (¸³. ·¨¸. 9) ¨
RII (¸³. ·¨¸. 8) ¸μμÉ¢¥É¸É¢¥´´μ. ‘μμÉ´μÏ¥´¨¥ ´  ·¨¸. 1, II, ± ± ¶· ¢¨²μ, ´¥
§ ¶¨¸Ò¢ ÕÉ ¢ Ö¢´μ³ ¢¨¤¥ ¤²Ö ¶²μ¸±¨Ì ¤¨ £· ³³ μ¡Ð¥£μ ¢¨¤  Å ¶·¨ ¢ÒÎ¨¸-
²¥´¨¨ ¨´¢ ·¨ ´É  Ê§²   ´ ²μ£ ÔÉμ£μ Ê¸²μ¢¨Ö ¢Ò¶μ²´Ö¥É¸Ö  ¢Éμ³ É¨Î¥¸±¨ (± ±,
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�¨¸. 1. �²¥³¥´É ·´Ò¥ ¨§μÉμ¶¨¨ ±μ¸ ± ± ¸μμÉ´μÏ¥´¨Ö ¢ £·Ê¶¶¥ ±μ¸

�¨¸. 2. �²¥³¥´É ·´Ò¥ ¨§μÉμ¶¨¨ § ³Ò± ´¨° ±μ¸, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Éμ¦¤¥¸É¢ ³. �·Ö-
³μÊ£μ²Ó´¨±¨ ´  ·¨¸Ê´± Ì ¸μ¤¥·¦ É ¶·μ¨§¢μ²Ó´Ò¥ ±μ¸Ò ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ Î¨¸²μ³
´¨É¥°; ¢ μ¡¥¨Ì Î ¸ÉÖÌ ± ¦¤μ£μ ¸μμÉ´μÏ¥´¨Ö ¶·Ö³μÊ£μ²Ó´¨±¨ ¸ μ¤¨´ ±μ¢Ò³ ´ ¶μ²´¥-
´¨¥³ ¸μ¤¥·¦ É μ¤¨´ ±μ¢Ò¥ ±μ¸Ò. ‚ Ëμ·³Ê² Ì m μ§´ Î ¥É Î¨¸²μ ´¨É¥° ¢ ±μ¸¥ B,  
Î¥·É  ¸¢¥·ÌÊ Å § ³Ò± ´¨¥ ±μ¸Ò

´ ¶·¨³¥·, ¢ · §¤. 3). � ±μ´¥Í, ¶·¥μ¡· §μ¢ ´¨¥ ¢ RI (¸³. ·¨¸. 10) ´¥ ¸¢μ¤¨É¸Ö
± ¨§μÉμ¶¨Ö³ ±μ¸Ò Å μ´μ ¡Ê¤¥É · ¸¸³μÉ·¥´μ ¤ ²¥¥ ± ± ¨§μÉμ¶¨Ö § ³Ò± ´¨°
±μ¸Ò (·¨¸. 2, I II). ‘μμÉ´μÏ¥´¨Ö ¢ É ¡². 3, ¶μ± § ´´Ò¥ ´  ·¨¸. 1, ¤ ÕÉ Ëμ·-
³ ²Ó´μ¥ μ¶·¥¤¥²¥´¨¥ £·Ê¶¶Ò ±μ¸ [5].

2.1.3. Š ± ¢ÒÎ¨¸²¨ÉÓ ¨´¢ ·¨ ´É ±μ¸Ò: ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ±μ¸.
ˆ´¢ ·¨ ´É (Î¨¸²μ ¨²¨ ¶μ²¨´μ³) ¶μ μ¶·¥¤¥²¥´¨Õ ¸μμÉ¢¥É¸É¢Ê¥É ¨³¥´´μ Ô²¥-
³¥´ÉÊ £·Ê¶¶Ò ±μ¸,   ´¥ ¸²μ¢Ê ¨§ μ¡· §ÊÕÐ¨Ì. ’μ ¥¸ÉÓ §´ Î¥´¨Ö ¨´¢ ·¨ ´É 
¤μ²¦´Ò ¡ÒÉÓ μ¤¨´ ±μ¢Ò ¤²Ö ¢¸Ö±μ° ¶ ·Ò ¸²μ¢-±μ¸, · ¢´ÒÌ ¶·¨ ¢Ò¶μ²´¥´¨¨
¸μμÉ´μÏ¥´¨° £·Ê¶¶Ò ±μ¸.

‘μ¶μ¸É ¢¨ÉÓ ¸²μ¢Ê-±μ¸¥ Ö¢´μ¥ §´ Î¥´¨¥ ¨´¢ ·¨ ´É  ³μ¦´μ, ´ ¶·¨³¥·,
¸²¥¤ÊÕÐ¨³ μ¡· §μ³. � °¤¥³ ´ ¡μ· ³ É·¨Í, ¶μ μ¤´μ° ´  ± ¦¤ÊÕ £·Ê¶¶μ-
¢ÊÕ μ¡· §ÊÕÐÊÕ, ¤²Ö ±μÉμ·ÒÌ ¢Ò¶μ²´ÖÕÉ¸Ö Ê¸²μ¢¨Ö ¢ ¸É·μ± Ì 1Ä2, ¸Éμ²-
¡¥Í 3 É ¡². 3. ’μ£¤  ¸μ ¢¸Ö±¨³ ¸²μ¢μ³-±μ¸μ° ³μ¦´μ ¸¢Ö§ ÉÓ ¸²¥¤ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¥£μ ¶·μ¨§¢¥¤¥´¨Ö ÔÉ¨Ì ³ É·¨Í. ˆ´Ò³¨ ¸²μ¢ ³¨, ¨´¢ ·¨ ´É ±μ¸Ò ³μ¦´μ
¶μ²ÊÎ¨ÉÓ ± ± ¸²¥¤ Ô²¥³¥´É  £·Ê¶¶Ò ±μ¸ ¢ ´¥±μÉμ·μ³ ¥¥ ¶·¥¤¸É ¢²¥´¨¨ ∗.

∗�·¥¤¸É ¢²¥´¨¥³ £·Ê¶¶Ò ´ §Ò¢ ¥É¸Ö ´ ¡μ· ²¨´¥°´ÒÌ μ¶¥· Éμ·μ¢ (¤¥°¸É¢ÊÕÐ¨Ì ´  ´¥±μ-
Éμ·μ³ ²¨´¥°´μ³ ¶·μ¸É· ´¸É¢¥ Å ¶·μ¸É· ´¸É¢¥ ¶·¥¤¸É ¢²¥´¨Ö), ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¥¥ Ô²¥³¥´É ³
É ±, ÎÉμ ¶·μ¨§¢¥¤¥´¨Õ Ô²¥³¥´Éμ¢ ¸μμÉ¢¥É¸É¢Ê¥É ±μ³¶μ§¨Í¨Ö μ¶¥· Éμ·μ¢; ¥¸²¨ ¢Ò¡· ´ ¡ §¨¸ ´ 
¶·μ¸É· ´¸É¢¥ ¶·¥¤¸É ¢²¥´¨Ö, μ¶¥· Éμ·Ò Å Ô²¥³¥´ÉÒ ¶·¥¤¸É ¢²¥´¨Ö § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥ ³ É·¨Í.
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‡ ¶¨¸ ÉÓ ¢ Ö¢´μ³ ¢¨¤¥ ¶·μ¨§¢μ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ £·Ê¶¶Ò ±μ¸ É·Ê¤´μ:
¤²Ö ÔÉμ£μ, ¶μ ±· °´¥° ³¥·¥, ¶μÉ·¥¡μ¢ ²¨¸Ó ¡Ò ¡¥¸±μ´¥Î´Ò¥ ³ É·¨ÍÒ, ¶μ-
¸±μ²Ó±Ê £·Ê¶¶  ¸μ¤¥·¦¨É ¡¥¸±μ´¥Î´μ¥ Î¨¸²μ · §²¨Î´ÒÌ Ô²¥³¥´Éμ¢-±μ¸. �¤-
´ ±μ § ¤ Î  ¸ÊÐ¥¸É¢¥´´μ Ê¶·μÐ ¥É¸Ö ¤²Ö ¸¶¥Í¨ ²Ó´ÒÌ ¶·¥¤¸É ¢²¥´¨°, ¢ ±μÉμ-
·ÒÌ ³ É·¨ÍÒ μ¡· §ÊÕÐ¨Ì Ê¤μ¢²¥É¢μ·ÖÕÉ μ¸μ¡Ò³ ¸μμÉ´μÏ¥´¨Ö³ Å ¢ ¤μ¶μ²-
´¥´¨¥ ± £·Ê¶¶μ¢Ò³. ˆ³¥´´μ É ±¨¥ ¶·¥¤¸É ¢²¥´¨Ö ¶μ§¢μ²ÖÕÉ Ö¢´μ ¢ÒÎ¨¸²ÖÉÓ
³´μ¦¥¸É¢μ ¨´É¥·¥¸´ÒÌ ¨´¢ ·¨ ´Éμ¢ ±μ¸ ¨ Ê§²μ¢ (§ Í¥¶²¥´¨°) ¨§ ¶. 1.1.

�μ²ÊÎ¨ÉÓ ¦¥² ¥³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ±μ¸ ¶μ³μ£ ¥É ¸¢Ö§Ó ³¥¦¤Ê
£·Ê¶¶μ° ±μ¸ ¨ £·Ê¶¶μ° ¶¥·¥¸É ´μ¢μ±. ’μÎ´¥¥ £μ¢μ·Ö, ÔÉÊ ¶ ·Ê ³μ¦´μ ¤μ-
¶μ²´¨ÉÓ μ¤´¨³ ¨´É¥·¥¸´Ò³ μ¡Ñ¥±Éμ³, ±μÉμ·Ò° ¨ ¸É ´¥É ¤²Ö ´ ¸ ±²ÕÎ¥¢Ò³.

2.1.4. ƒ·Ê¶¶  ±μ¸ ¨ £·Ê¶¶  ¶¥·¥¸É ´μ¢μ±. �²£¥¡·  ƒ¥±±¥ ¨ ¥¥ μ¡μ¡-
Ð¥´¨Ö. Š ± ³Ò μ¡¸Ê¦¤ ²¨ ¢ÒÏ¥, ¢¸Ö±μ° ±μ¸¥ ¸μμÉ¢¥É¸É¢Ê¥É ´¥±μÉμ· Ö ¶¥·¥-
¸É ´μ¢± . 	μ²¥¥ Éμ£μ, ¢ ¸¨²Ê £·Ê¶¶μ¢ÒÌ ¸μμÉ´μÏ¥´¨° É ¡². 3, ¢¸Ö±μ° ¶ ·¥
¨§μÉμ¶´ÒÌ ±μ¸ ¸μμÉ¢¥É¸É¢Ê¥É μ¤´  ¨ É  ¦¥ ¶¥·¥¸É ´μ¢±  [5]. ‘²¥¤μ¢ É¥²Ó´μ,
¢¸Ö±μ¥ ¶·¥¤¸É ¢²¥´¨¥ £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ±  ¢Éμ³ É¨Î¥¸±¨ Ö¢²Ö¥É¸Ö ¶·¥¤¸É ¢-
²¥´¨¥³ £·Ê¶¶Ò ±μ¸. �¤´ ±μ ¶μ²ÊÎ¥´´Ò° ¸ ¶μ³μÐÓÕ ÔÉμ£μ ¶·¥¤¸É ¢²¥´¨Ö
¨´¢ ·¨ ´É ¡Ò² ¡Ò ¸²¨Ï±μ³ £·Ê¡Ò³: ¢ Î ¸É´μ¸É¨, ¢¸Ö±μ° ¤¢Ê´¨É¥¢μ° ±μ¸¥ ¸
2n ¶¥·¥¸¥Î¥´¨Ö³¨ μÉ¢¥Î ¥É É·¨¢¨ ²Ó´ Ö ¶¥·¥¸É ´μ¢± .

‚ ± Î¥¸É¢¥ ®±μ³¶·μ³¨c¸ ¯ ³¥¦¤Ê £·Ê¶¶μ° ¶¥·¥¸É ´μ¢μ± ¨ £·Ê¶¶μ° ±μ¸ ¢
É¥μ·¨¨ ¨´¢ ·¨ ´Éμ¢ Î ¸Éμ · ¸¸³ É·¨¢ ÕÉ  ²£¥¡·Ê ƒ¥±±¥. �Éμ μ¡μ¡Ð¥´¨¥ £·Ê¶-
¶μ¢μ°  ²£¥¡·Ò £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ±, μ¡¥¸¶¥Î¨¢ ÕÐ¥¥ ¡μ²¥¥ ¶μ²´μ¥ (ÌμÉÖ ¨ ´¥
¢§ ¨³´μ μ¤´μ§´ Î´μ¥) μ¶¨¸ ´¨¥ £·Ê¶¶Ò ±μ¸ [3,4]. ‚ μÉ²¨Î¨¥ μÉ £·Ê¶¶Ò ±μ¸,
 ²£¥¡·  ƒ¥±±¥ ±μ´¥Î´μ³¥·´ . 	μ²¥¥ Éμ£μ, ¥¥ ±μ´¥Î´μ³¥·´Ò¥ ´¥¶·¨¢μ¤¨³Ò¥
¶·¥¤¸É ¢²¥´¨Ö ³μ¦´μ ¶μ¸É·μ¨ÉÓ ± ± ®¤¥Ëμ·³ Í¨¨¯  ´ ²μ£¨Î´ÒÌ ¶·¥¤¸É ¢²¥-
´¨° £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ±. �μ ¶·¨ ÔÉμ³  ²£¥¡·  ƒ¥±±¥ £μ· §¤μ ²ÊÎÏ¥ ®· §²¨-
Î ¥É¯ ´¥¨§μÉμ¶´Ò¥ ±μ¸Ò ¨ ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ ´¥É·¨¢¨ ²Ó´Ò¥ ¨´¢ ·¨ ´ÉÒ.

”μ·³ ²Ó´μ  ²£¥¡·  ƒ¥±±¥ § ¤ ´  ± ± ²¨´¥°´μ¥ ¶·μ¸É· ´¸É¢μ, ´ ÉÖ´Ê-
Éμ¥ ´  m − 1 μ¡· §ÊÕÐ¨Ì {hi}m−1

i=1 , Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì ¸μμÉ´μÏ¥´¨Ö³ £·Ê¶¶Ò
±μ¸ (¸É·μ±¨ 1Ä2 ¸Éμ²¡Í  3 É ¡². 3),   É ±¦¥ ¤μ¶μ²´¨É¥²Ó´μ³Ê ¸μμÉ´μÏ¥´¨Õ
(¸É·μ±¨ 3Ä4 ¸Éμ²¡Í  3 ¢ É ¡². 3), ±μÉμ·μ¥ ¶·¨ Î ¸É´μ³ §´ Î¥´¨¨ Ëμ·³ ²Ó´ÒÌ
¶ · ³¥É·μ¢ λ = −μ = 1 ¶¥·¥Ìμ¤¨É ¢ ®²¨Ï´¥¥¯ (μÉ¸ÊÉ¸É¢ÊÕÐ¥¥ ¢ £·Ê¶¶¥ ±μ¸)
¸μμÉ´μÏ¥´¨¥ ¢ £·Ê¶¶¥ ¶¥·¥¸É ´μ¢μ± (¸É·μ±¨ 3Ä4 ¸Éμ²¡Í  2 É ¡². 3). ‘¶¥-
Í¨ ²Ó´μ¥ Ê¸²μ¢¨¥  ²£¥¡·Ò ƒ¥±±¥ μ¡ÒÎ´μ ¶·¨¢μ¤ÖÉ ± ± ´μ´¨Î¥¸±μ³Ê ¢¨¤Ê
(¶μ¸²¥¤´ÖÖ ¸É·μ±  ¸Éμ²¡Í  3 É ¡². 3): ¶μ¸²¥ ¶¥·¥´μ·³¨·μ¢±¨ μ¡· §ÊÕÐ¨Ì
hi →

√
−λμhi μ¸É ¥É¸Ö ¥¤¨´¸É¢¥´´Ò° ¶ · ³¥É· q =

√
−λ/μ (¸ ·Ö¤μ³ μ£μ¢μ-

·μ± ¢ ¡μ²¥¥ ¸É·μ£μ° Ëμ·³Ê²¨·μ¢±¥).
‚  ²£¥¡·¥, ¢ μÉ²¨Î¨¥ μÉ £·Ê¶¶Ò, Ô²¥³¥´ÉÒ ³μ¦´μ ´¥ Éμ²Ó±μ Ê³´μ¦ ÉÓ,

´μ É ±¦¥ ¸±² ¤Ò¢ ÉÓ ¨ Ê³´μ¦ ÉÓ ´  Î¨¸²μ, ÎÉμ ¶μ¤· §Ê³¥¢ ¥É¸Ö ¢ ¸É·μ± Ì 3Ä
4 ¸Éμ²¡Í  3 ¢ É ¡². 3. �É¨ ¸μμÉ´μÏ¥´¨Ö (¨ ¨Ì  ´ ²μ£¨ ¢ ¡μ²¥¥ μ¡Ð¨Ì ±μ´-
¸É·Ê±Í¨ÖÌ) ¶μ§¢μ²ÖÕÉ ¢Ò· §¨ÉÓ ¨´¢ ·¨ ´É ¤ ´´μ° ±μ¸Ò Î¥·¥§ ¨´¢ ·¨ ´ÉÒ ±μ¸
¸ ³¥´ÓÏ¨³ Î¨¸²μ³ ¶¥·¥¸¥Î¥´¨°. �μ¸²¥¤μ¢ É¥²Ó´μ¥ ¶·¨³¥´¥´¨¥ ¸μμÉ´μÏ¥´¨°
 ²£¥¡·Ò ƒ¥±±¥ ¢³¥¸É¥ ¸ ¸μμÉ´μÏ¥´¨Ö³¨ £·Ê¶¶Ò ±μ¸ ¶μ§¢μ²Ö¥É ¢ ±μ´Í¥ ±μ´Íμ¢
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¢Ò· §¨ÉÓ ¨´¢ ·¨ ´É ¶·μ¨§¢μ²Ó´μ° ±μ¸Ò Î¥·¥§ ¨´¢ ·¨ ´ÉÒ É·¨¢¨ ²Ó´ÒÌ ±μ¸
(¸³. ¶·¨³¥·Ò ¢ ¶. 2.2). �¤´ ±μ ÔÉμÉ ³¥Éμ¤ ´¥ μ¡μ¡Ð ¥É¸Ö ¢ ¶μ²´μ° ³¥·¥, ¥¸²¨
§ ³¥´¨ÉÓ ¸μμÉ´μÏ¥´¨¥  ²£¥¡·Ò ƒ¥±±¥ ´  ¡μ²¥¥ μ¡Ð¥¥: ´ ¶·¨³¥·, ¨§ ¸Éμ²¡Í  4
É ¡². 3 Å   ± ± · § É ±¨¥  ²£¥¡·Ò μ± §Ò¢ ÕÉ¸Ö ¸¢Ö§ ´´Ò³¨ ¸ · ¸±· Ï¥´´Ò³¨
¨´¢ ·¨ ´É ³¨ (¸³. ¶¶.1.1 ¨ 5.1).

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, Ö¢´μ § ¶¨¸ ÉÓ ³ É·¨ÍÒ μ¡· §ÊÕÐ¨Ì ¢ · §²¨Î´ÒÌ ¶·¥¤-
¸É ¢²¥´¨ÖÌ ¨ É ±¨³ μ¡· §μ³ Ö¢´μ ¢ÒÎ¨¸²¨ÉÓ ¸²¥¤ Ô²¥³¥´É  ¤²Ö ¤ ´´μ£μ ¸²μ¢ -
±μ¸Ò ¢μ ³´μ£¨Ì ¸²ÊÎ ÖÌ Ê¤ ¥É¸Ö: ± ± ¤²Ö  ²£¥¡·Ò ƒ¥±±¥, É ± ¨ ¤²Ö ¥¥ ®· ¸-
±· Ï¥´´ÒÌ¯ μ¡μ¡Ð¥´¨° ∗. �·¨ ÔÉμ³ ³ É·¨ÍÒ ¢ μ¡· §ÊÕÐ¨Ì Ö¢´μ § ¢¨¸ÖÉ μÉ
¶ · ³¥É·  q  ²£¥¡·Ò ƒ¥±±¥ (¨²¨ μÉ ¶ · ³¥É·μ¢ λi μ¡μ¡Ð¥´´μ°  ²£¥¡·Ò) Å ¨
¢ÒÎ¨¸²¥´´Ò° ¸ ¨Ì ¶μ³μÐÓÕ ¨´¢ ·¨ ´É ¶μ²ÊÎ ¥É¸Ö ËÊ´±Í¨¥° ÔÉμ£μ ¶ · ³¥É· 
(¨²¨ ¶ · ³¥É·μ¢). †¥² ¥³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö Ìμ·μÏμ μ¶¨¸Ò¢ ÕÉ¸Ö ¸ ¶μ³μÐÓÕ
R-³ É·¨Í, ¨§¢¥¸É´ÒÌ ¢ É¥μ·¨¨ ¨´É¥£·¨·Ê¥³ÒÌ ¸¨¸É¥³ [2] (¸³. · §¤. 4). �¤-
´ ±μ ¶μÊÎ¨É¥²Ó´μ ¸¶¥·¢  ¶μ¸É·μ¨ÉÓ ¶·μ¸É¥°Ï¨¥ ¶·¥¤¸É ¢²¥´¨Ö ¨§ ®¶¥·¢ÒÌ
¶·¨´Í¨¶μ¢¯, Î¥³ ³Ò ¨ § °³¥³¸Ö ¢ ¶. 2.2.

2.1.5. �É ±μ¸Ò ± ¥¥ § ³Ò± ´¨Õ. —Éμ¡Ò ¶μ²ÊÎ¨ÉÓ ¨´¢ ·¨ ´É Ê§²  (§ Í¥¶-
²¥´¨Ö), ´¥μ¡Ìμ¤¨³ ¥Ð¥ μ¤¨´ Ï £. �Ê¦´μ ÊÎ¥¸ÉÓ, ÎÉμ § ³Ò± ´¨Ö ´¥¨§μÉμ¶´ÒÌ
±μ¸ ³μ£ÊÉ μ± § ÉÓ¸Ö ¨§μÉμ¶´Ò³¨, É. ¥. ³μ£ÊÉ ¶·¥¤¸É ¢²ÖÉÓ μ¤¨´ ¨ ÉμÉ ¦¥ Ê§¥².
�μÔÉμ³Ê ¸μμÉ´μÏ¥´¨Ö Ô±¢¨¢ ²¥´É´μ¸É¨ § ³Ò± ´¨° ±μ¸ ´ ·Ö¤Ê ¸ ¶·¥μ¡· §μ-
¢ ´¨Ö³¨ ´  ·¨¸. 1 ¢±²ÕÎ ÕÉ ¶·¥μ¡· §μ¢ ´¨Ö ´  ·¨¸. 2 (É¥μ·¥³  Œ ·±μ¢  [5]).
�É³¥É¨³, ÎÉμ ´¥μ¡Ìμ¤¨³μ μ¤´μ¢·¥³¥´´μ ´ ²μ¦¨ÉÓ μ¡  Ê¸²μ¢¨Ö II  ¨ II¡ (®¸É -
¡¨²¨§ Í¨¨ ¸¶· ¢ ¯ ¤²Ö ¶μ²μ¦¨É¥²Ó´μ£μ ¨ μÉ·¨Í É¥²Ó´μ£μ ¶¥·¥±·¥¸É±μ¢ ¢ ¶μ-
¸²¥¤´¥° ¶ ·¥ ´¨É¥°), § Éμ Ê¸²μ¢¨¥ II ′ (®¸É ¡¨²¨§ Í¨Ö ¸²¥¢ ¯ ¤²Ö ¶¥·¥±·¥¸É± 
¢ ¶¥·¢μ° ¶ ·¥ ´¨É¥°) ¶·¨ ÔÉμ³ ¡Ê¤¥É ¢Ò¶μ²´¥´μ ± ± ¨Ì ¸²¥¤¸É¢¨¥.

2.1.6. “³´μ¦¥´¨¥ ¨´¢ ·¨ ´Éμ¢ ¤²Ö ´¥¸¢Ö§´μ° ¸Ê³³Ò Ê§²μ¢. �¡¸Ê¦¤ -
¥³Ò¥ ¢¥²¨Î¨´Ò, ¢ ¤μ¶μ²´¥´¨¥ ± ¸¢μ¥° Éμ¶μ²μ£¨Î¥¸±μ° ¨´¢ ·¨ ´É´μ¸É¨, μ¡² -
¤ ÕÉ § ³¥Î É¥²Ó´Ò³ ¸¢μ°¸É¢μ³: §´ Î¥´¨¥ ¨´¢ ·¨ ´É  ¤²Ö ´¥¸¢Ö§´μ£μ μ¡Ñ¥¤¨-
´¥´¨Ö § Í¥¶²¥´¨° · ¢´μ ¶·μ¨§¢¥¤¥´¨Õ §´ Î¥´¨° ¤²Ö ±μ³¶μ´¥´É ∗∗.

‘¢μ°¸É¢μ ¢ÒÏ¥ ´¥μ¡Ìμ¤¨³μ ¤²Ö μ¤´μ§´ Î´μ£μ μ¶·¥¤¥²¥´¨Ö ¨´¢ ·¨ ´É 
Ê§²  Î¥·¥§ £·Ê¶¶Ê ±μ¸. �± §Ò¢ ¥É¸Ö, ÎÉμ ¤μ¸É ÉμÎ´μ ¶μÉ·¥¡μ¢ ÉÓ ÔÉμ£μ ¸¢μ°-
¸É¢  ¤²Ö ¢¸Ö±μ° ±μ¸Ò ¸ ´¥¸¢Ö§´μ° ¶· ¢μ° ´¨ÉÓÕ (±· °´ÖÖ ¶· ¢ Ö ´¨ÉÓ ´¥
¢Ìμ¤¨É ¢ ¶¥·¥¸¥Î¥´¨Ö ¸ μ¸É ²Ó´Ò³¨, ± ± ´  ·¨¸. 3), Éμ£¤  ¸¢μ°¸É¢μ Ê³´μ-
¦¥´¨Ö ¡Ê¤¥É ¢Ò¶μ²´¥´μ ¨ ¤²Ö ¢¸Ö±μ° ´¥¸¢Ö§´μ° ¸Ê³³Ò Ê§²μ¢ (§ Í¥¶²¥´¨°),
¶·¥¤¸É ¢²¥´´ÒÌ ¢ ¢¨¤¥ § ³Ò± ´¨° ±μ¸ [5].

2.1.7. ˆ´¢ ·¨ ´É Ê§²  ± ± ¸Ê³³  ¶μ ´¥¶·¨¢μ¤¨³Ò³ ¶·¥¤¸É ¢²¥´¨Ö³
£·Ê¶¶Ò ±μ¸. ‘²¥¤ Ô²¥³¥´É  £·Ê¶¶Ò ±μ¸ ¢ ´¥±μÉμ·μ³ ¶·¥¤¸É ¢²¥´¨¨ ¶μ ¶μ-

∗�·¥¤¸É ¢²¥´¨¥  ²£¥¡·Ò μÉ²¨Î ¥É¸Ö μÉ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò (¸³. ¢ÒÏ¥) ¤μ¶μ²´¨É¥²Ó´Ò³
Ê¸²μ¢¨¥³: ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ Ô²¥³¥´Éμ¢  ²£¥¡·Ò μÉ¢¥Î ¥É É  ¦¥ ²¨´¥°´ Ö ±μ³¡¨´ Í¨Ö ¨Ì
³ É·¨Í ¢ ¶·¥¤¸É ¢²¥´¨¨.

∗∗‘¢μ°¸É¢μ ´¥¸±μ²Ó±μ ¢¨¤μ¨§³¥´Ö¥É¸Ö ¢ § ¢¨¸¨³μ¸É¨ μÉ ¢Ò¡· ´´μ° ´μ·³¨·μ¢±¨ ¨´¢ ·¨ ´-
Éμ¢ [28].
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�¨¸. 3. ‡ ³Ò± ´¨¥ ±μ¸Ò ¸ ´¥¸¢Ö§´μ° ´¨ÉÓÕ (¶μ¸²¥¤´ÖÖ § ³±´ÊÉ ).
ˆ´¢ ·¨ ´É ¢¸¥£μ § ³Ò± ´¨Ö ¤μ²¦¥´ ¡ÒÉÓ · ¢¥´ ¸¢μ¥³Ê §´ Î¥´¨Õ
¡¥§ ÔÉμ° ´¨É¨, Ê³´μ¦¥´´μ³Ê ´  ¨´¢ ·¨ ´É É·¨¢¨ ²Ó´μ£μ Ê§² 

�¨¸. 4. I Å Î¥ÉÒ·¥Ì´¨É¥¢ Ö ±μ¸  112(−1)(−3)2(−3), § ³Ò± ´¨¥³ ±μÉμ·μ° Ö¢²Ö¥É¸Ö
Ê§¥² 61 ¢ É ¡²¨Í¥ �μ²ÓË¸¥´  [6]. �¨É¨ ¶·μ´Ê³¥·μ¢ ´Ò μÉ 1 ¤μ 4. ‚ μ¡μ§´ Î¥´¨¨
±μ¸Ò ¶¥·¥±·¥¸Éμ± ´¨É¥° i ¨ i + 1 § ¶¨¸Ò¢ ¥É¸Ö ± ± (i) ²¨¡μ ± ± (−i), ¢ § ¢¨¸¨³μ¸É¨
μÉ §´ ±  ¶¥·¥±·¥¸É± ; ¶μ·Ö¤μ± § ¶¨¸¨ ¸²¥¢  ´ ¶· ¢μ μÉ¢¥Î ¥É ¶μ·Ö¤±Ê ¶¥·¥¸¥Î¥´¨°
¸¢¥·ÌÊ ¢´¨§. �¡· §ÊÕÐ¨¥ £·Ê¶¶Ò ±μ¸ μ¡μ§´ Î¥´Ò Î¥·¥§ bi (i = 1, 4); b−i = b−1

i

μ§´ Î ¥É Ô²¥³¥´É £·Ê¶¶Ò, μ¡· É´Ò° ± bi. � ¸¶μ²μ¦¥´¨¥ Î¨¸¥² ¢ ± ¦¤μ³ ¸¥Î¥´¨¨
±μ¸Ò ¨²²Õ¸É·¨·Ê¥É ¸¢Ö§Ó ³¥¦¤Ê £·Ê¶¶μ° ±μ¸ ¨ £·Ê¶¶μ° ¶¥·¥¸É ´μ¢μ±. II a, b Å ±μ¸Ò,
¨§μÉμ¶´Ò¥ ¨¸Ìμ¤´μ°. III Å ±μ¸ , § ³Ò± ´¨¥ ±μÉμ·μ° ¨§μÉμ¶´μ § ³Ò± ´¨Õ ¨¸Ìμ¤´μ°
±μ¸Ò. ‚μ ¢¸¥Ì ¸²ÊÎ ÖÌ ´ ¤ §´ ± ³¨ Ô±¢¨¢ ²¥´É´μ¸É¨ Ê± § ´Ò ´μ³¥·  ·¨¸Ê´±μ¢ ¸
¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ Ô²¥³¥´É ·´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨

¸É·μ¥´¨Õ ¸μÌ· ´Ö¥É¸Ö ¶·¨ ¨§μÉμ¶¨ÖÌ ±μ¸Ò (¸³. ·¨¸. 1),   É ±¦¥ ¶·¨ Í¨±²¨Î¥-
¸±μ³ ¸¤¢¨£¥ ¢¸¥Ì ¶¥·¥±·¥¸É±μ¢ (¸³. ·¨¸. 2, I), ´μ ´¥ ¶·¨ ¨§μÉμ¶¨ÖÌ § ³Ò± ´¨Ö
(¸³. ·¨¸. 2, II). �¤´ ±μ μ± §Ò¢ ¥É¸Ö, ÎÉμ ¢ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ ¡Ê¤¥É ¸μÌ· ´ÖÉÓ¸Ö
μ¶·¥¤¥²¥´´ Ö ²¨´¥°´ Ö ±μ³¡¨´ Í¨Ö ¸²¥¤μ¢ Ô²¥³¥´É  £·Ê¶¶Ò ±μ¸ ¢ · §²¨Î´ÒÌ
´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ. �¤´μ¢·¥³¥´´μ ³μ¦´μ ¶μÉ·¥¡μ¢ ÉÓ, ÎÉμ¡Ò
¢Ò¶μ²´Ö²μ¸Ó É ±¦¥ ¸¢μ°¸É¢μ Ê³´μ¦¥´¨Ö ¤²Ö ´¥¸¢Ö§´μ° ¸Ê³³Ò (¸³. ·¨¸. 3).

„²Ö ±μ¸Ò ¨§ m ´¨É¥° ²¨´¥°´ÊÕ ±μ³¡¨´ Í¨Õ ¸ ¦¥² ¥³Ò³¨ ¸¢μ°¸É¢ ³¨
Ê¤ ¥É¸Ö ¸μ¸É ¢¨ÉÓ ¨§ ¸²¥¤μ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Ô²¥³¥´É   ²£¥¡·Ò ƒ¥±±¥ ¸ m−1
μ¡· §ÊÕÐ¨³¨ ¢μ ¢¸¥¢μ§³μ¦´ÒÌ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ ÔÉμ°  ²£¥¡·Ò.
�É¨ ¶·¥¤¸É ¢²¥´¨Ö μ¡· §ÊÕÉ ¶μ¤³´μ¦¥¸É¢μ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ±μ¸ ¸ m
´¨ÉÖ³¨ (¸³. μ¡¸Ê¦¤¥´¨¥ ¢ÒÏ¥).
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‡ ³¥Î É¥²Ó´μ, ÎÉμ Ê¸²μ¢¨Ö ¸É ¡¨²¨§ Í¨¨ (¸³. ·¨¸. 2, II) ¨ Ê³´μ¦¥´¨Ö
(¸³. ·¨¸. 3) ¶·¨¢μ¤ÖÉ ± Ê· ¢´¥´¨Ö³ ´  ¨¸±μ³Ò¥ ±μÔËË¨Í¨¥´ÉÒ, Ìμ·μÏμ ¨§-
¢¥¸É´Ò³ ¢ É¥μ·¨¨ £·Ê¶¶: ÉμÎ´μ É ±¨¥ ¸μμÉ´μÏ¥´¨Ö ¢Ò¶μ²´ÖÕÉ¸Ö ¤²Ö Ì · ±-
É¥·μ¢ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨°  ²£¥¡·Ò suN (¸³. · §¤. 2.3, 4.7) [29].

�¤´ ±μ ÎÉμ¡Ò ¶μ´ÖÉÓ, ± ± Ê¸É·μ¥´  ¸¨¸É¥³  Ê· ¢´¥´¨° Å ¸²¥¤¸É¢¨° Ê¸²μ-
¢¨° ´  ·¨¸. 2, II, 3, ¸Éμ¨É Ö¢´μ § ¶¨¸ ÉÓ ¨ ·¥Ï¨ÉÓ ¥¥ ¤²Ö ¶·μ¸É¥°Ï¨Ì ±μ¸.
�¨¦¥ ³Ò Ê¢¨¤¨³, ± ±¨¥ ¶·¨ ÔÉμ³ ¢μ§´¨± ÕÉ Éμ´±μ¸É¨ ¨ ± ±¨³ μ¡· §μ³ ¢
±μ´Í¥ ±μ´Íμ¢ ¶μ²ÊÎ ÕÉ¸Ö ¨§¢¥¸É´Ò¥ ¢Ò· ¦¥´¨Ö ¨§ É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨°.

2.1.8. �μÎ¥³Ê ¶μ²ÊÎ¨É¸Ö ¨´¢ ·¨ ´É Ê§² , ¨ ÎÉμ ÔÉμ §  ¨´¢ ·¨ ´É?
ˆÉ ±, ³Ò μ¡¸Ê¤¨²¨ ¸³Ò¸² ¢¸¥Ì ¢¥²¨Î¨´ ¢ Ëμ·³Ê²¥ (2.1):

B Šμ¸ , § ³Ò± ´¨¥³ ±μÉμ·μ° Ö¢²Ö¥É¸Ö
§ ¤ ´´Ò° Ê§¥² (§ Í¥¶²¥´¨¥) K (¢¸¥-
£¤  ´ °¤¥É¸Ö ¶μ É¥μ·¥³¥ �²¥±¸ ´-
¤¥·  [5])

bQ(B) ‹¨´¥°´Ò° μ¶¥· Éμ· Å Ô²¥³¥´É  ²£¥-
¡·Ò ƒ¥±±¥ (¸Éμ²¡¥Í 3 ¢ É ¡². 3), § -
¤ ´´Ò° É¥³ ¦¥ ¸²μ¢μ³ ¨§ μ¡· §ÊÕ-
Ð¨Ì, ÎÉμ ¨ Ô²¥³¥´É £·Ê¶¶Ò ±μ¸ B
(¸Éμ²¡¥Í 1 ¢ É ¡². 3) Å ¢ ¶·¥¤¸É ¢²¥-
´¨¨ Q  ²£¥¡·Ò ƒ¥±±¥ (±μÉμ·μ¥ É ±¦¥
¥¸ÉÓ Î ¸É´μ¥ ¶·¥¤¸É ¢²¥´¨¥ £·Ê¶¶Ò
±μ¸)

‘μÌ· ´Ö¥É¸Ö ¶·¨ ¨§μÉμ¶¨ÖÌ ´  ·¨¸. 1
¨, ¸²¥¤μ¢ É¥²Ó´μ, ¥¸ÉÓ ¨´¢ ·¨ ´É μÉ-
±·ÒÉμ° ±μ¸Ò [5]

Tr ‘²¥¤ Ô²¥³¥´É  bQ ˆ´¢ ·¨ ´É Í¨±²¨Î¥¸±μ£μ ¸¤¢¨£  ¶¥-
·¥±·¥¸É±μ¢ ¢ ±μ¸¥ (¸³. ·¨¸. 2, I)

Q � §¡¨¥´¨¥ (¶. 1.3.2) Î¨¸²  m ´¨É¥° ¢
±μ¸¥

�Ê³¥·Ê¥É ´¥¶·¨¢μ¤¨³Ò¥ ¶·¥¤¸É ¢²¥-
´¨Ö  ²£¥¡·Ò ƒ¥±±¥ c m − 1 μ¡· -
§ÊÕÐ¨³¨ Å ¨ É¥³ ¸ ³Ò³ ´¥±μÉμ-
·Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ±μ¸ ¨§ m
´¨É¥°

χQ ‚¥¸μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¤²Ö ± ¦¤μ£μ
¶·¥¤¸É ¢²¥´¨Ö Q

’ ±¨¥, ÎÉμ ²¨´¥°´ Ö ±μ³¡¨´ Í¨Ö IK

¸μÌ· ´Ö¥É¸Ö ¶·¨ ¨§μÉμ¶¨ÖÌ § ³Ò± -
´¨Ö ·¨¸. 2, II ,¡,   ¶·¨ ¤μ¡ ¢²¥´¨¨
´¥¸¢Ö§´μ° ´¨É¨, ± ± ´  ·¨¸. 3, Ê³´μ-
¦ ¥É¸Ö ´  ¸¢μ¥ §´ Î¥´¨¥ I∅ ¤²Ö É·¨-
¢¨ ²Ó´μ£μ Ê§² 

I
K ˆ´¢ ·¨ ´É ¢¸¥Ì ¶·¥μ¡· §μ¢ ´¨° ´  ·¨¸. 1, 2 ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¨´¢ ·¨ ´É

Ê§²  (§ Í¥¶²¥´¨Ö) K [5]

‚ ¸¨²Ê ¸¢μ°¸É¢  Ê³´μ¦¥´¨Ö ¤²Ö ´¥¸¢Ö§´μ° ´¨É¨ (¸³. ·¨¸. 3) μ¡² ¤ ¥É
¸¢μ°¸É¢μ³ Ê³´μ¦¥´¨Ö ¤²Ö ´¥¸¢Ö§´μ° ¸Ê³³Ò Ê§²μ¢ (§ Í¥¶²¥´¨°) [5]

� ·Ö¤Ê ¸ ³ É·¨Î´Ò³¨ Ô²¥³¥´É ³¨ μ¶¥· Éμ·μ¢ bQ ¨ ¢¥¸μ¢Ò³¨ ±μÔËË¨Í¨-
¥´É ³¨ χQ § ¢¨¸¨É μÉ ¶ · ³¥É·μ¢ λ, μ  ²£¥¡·Ò ƒ¥±±¥
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„ ´´ Ö ±μ´¸É·Ê±Í¨Ö ¶μ§¢μ²Ö¥É ¢Ò· §¨ÉÓ ¨¸±μ³Ò° ¨´¢ ·¨ ´É ¶·μ¨§¢μ²Ó-
´μ£μ Ê§²  Î¥·¥§ ¶ · ³¥É·Ò  ²£¥¡·Ò ƒ¥±±¥ λ, μ ¨ ¥£μ §´ Î¥´¨¥ ¤²Ö É·¨¢¨ ²Ó-
´μ£μ Ê§²  χ [5]. ‡´ Î¥´¨Ö ¢¸¥Ì É·¥Ì ¢¥²¨Î¨´ λ, μ, χ ¶·¨ ÔÉμ³ ¶·μ¨§¢μ²Ó´Ò.
„²Ö λ = q/A,μ = −1/(qA) ¨ χ = (Aq − (Aq)−1)/(A(q − q−1)) ¶μ²ÊÎ¨É¸Ö
¶μ²¨´μ³ •�Œ”‹ˆ μÉ ¤¢ÊÌ Ëμ·³ ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ A ¨ q. ‘ ÉμÎ´μ¸ÉÓÕ ¤μ
³´μ¦¨É¥²Ö χ ÔÉμ ¤¥°¸É¢¨É¥²Ó´μ ¶μ²¨´μ³ ‹μ· ´  ¶μ A ¨ q (¸³. · §¤. 1.3 [1]).

2.2. Š ± · ¡μÉ ÕÉ Ö¢´Ò¥ Ëμ·³Ê²Ò. ‚ ¤ ´´μ° ±μ´¸É·Ê±Í¨¨, ¶·¨ ¢ÒÎ¨-
¸²¥´¨¨ ¨´¢ ·¨ ´É  Ê§²  (§ Í¥¶²¥´¨Ö) Å § ³Ò± ´¨Ö ±μ¸Ò ¨§ m ´¨É¥°, · ¸-
¸³ É·¨¢ ÕÉ¸Ö ¢¸¥ É ±¨¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ±μ¸ ¨§ m ´¨É¥°, ±μÉμ·Ò¥ μ¤-
´μ¢·¥³¥´´μ Ö¢²ÖÕÉ¸Ö ¶·¥¤¸É ¢²¥´¨Ö³¨  ²£¥¡·Ò ƒ¥±±¥ ¸ m−1 μ¡· §ÊÕÐ¨³¨.
�¨¦¥ ³Ò ´¥ ¡Ê¤¥³ ¸· §Ê § ¶¨¸Ò¢ ÉÓ Ö¢´Ò¥ ¨§¢¥¸É´Ò¥ ¢Ò· ¦¥´¨Ö [32] ¤²Ö ³ -
É·¨Í μ¡· §ÊÕÐ¨Ì  ²£¥¡·Ò ƒ¥±±¥ ¢ · §²¨Î´ÒÌ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ.
�¤´ ±μ ³Ò ¢μ¸¶μ²Ó§Ê¥³¸Ö ¢§ ¨³´μ μ¤´μ§´ Î´Ò³ ¸μμÉ¢¥É¸É¢¨¥³ ³¥¦¤Ê ´¥¶·¨-
¢μ¤¨³Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨  ²£¥¡·Ò ƒ¥±±¥ (¸Éμ²¡¥Í 3 ¢ É ¡². 3) ¨ ¸¨³³¥É·¨-
Î¥¸±μ° £·Ê¶¶Ò (¸Éμ²¡¥Í 2 ¢ É ¡². 3) ¸ É¥³ ¦¥ Î¨¸²μ³ μ¡· §ÊÕÐ¨Ì (£·Ê¶¶ 
¶¥·¥¸É ´μ¢μ± m ´¨É¥° ±μ¸Ò) [32] ∗. ˆ É¥ ¨ ¤·Ê£¨¥ ¶·¥¤¸É ¢²¥´¨Ö ´Ê³¥·Ê-
ÕÉ¸Ö · §¡¨¥´¨Ö³¨ Í¥²μ£μ m,   ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¢μ ¢Éμ·ÒÌ ¶μ²ÊÎ ÕÉ¸Ö ¨§
¶¥·¢ÒÌ ¶·¨ λ = −μ = 1. ’ ± ÎÉμ ÔÉμ ¸μμÉ¢¥É¸É¢¨¥ ¶μ§¢μ²Ö¥É ´¥ Éμ²Ó±μ ¶¥·¥-
Î¨¸²¨ÉÓ ¢¸¥ ´¥μ¡Ìμ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ±μ¸, ´μ ¨ É ±¦¥ μ¶·¥¤¥²¨ÉÓ
¨Ì · §³¥·´μ¸É¨ ¨ Ê¢¨¤¥ÉÓ μ¸´μ¢´Ò¥ ¸¢μ°¸É¢ .

�¨¦¥ ¦¨·´Ò° Ï·¨ËÉ ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö μ¡· §ÊÕÐ¨Ì £·Ê¶¶Ò ±μ¸,   ¶·μ-
¸Éμ° Å ¤²Ö ¨Ì ³ É·¨Í ¢ · §²¨Î´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ (´ ¶·¨³¥·, b2|[2,2] Å
³ É·¨Í  μ¡· §ÊÕÐ¥° b2 ¢ ¶·¥¤¸É ¢²¥´¨¨ [2, 2]).

2.2.1. �¤´μ´¨É¥¢ Ö ±μ¸ . �ÉμÉ ¸²ÊÎ ° É·¨¢¨ ²¥´: μ¤´  ´¨ÉÓ Ö¢²Ö¥É¸Ö
£·Ê¶¶μ¢μ° ¥¤¨´¨Í¥° ¨ ¥¤¨´¸É¢¥´´Ò³ Ô²¥³¥´Éμ³ £·Ê¶¶Ò μ¤´μ´¨É¥¢ÒÌ ±μ¸ [1,
5]. ‡ ³Ò± ´¨¥³ μ¤´μ´¨É¥¢μ° ±μ¸Ò Ö¢²Ö¥É¸Ö É·¨¢¨ ²Ó´Ò° Ê§¥², ¶·¥¤¸É ¢²¥´-
´Ò° ¢ ¢¨¤¥ ¶·μ¸É¥°Ï¥° ¤¨ £· ³³Ò: ÔÉμ § ³±´ÊÉ Ö ±·¨¢ Ö ¡¥§ ¸ ³μ¶¥·¥¸¥Î¥-
´¨° ¢ ¶²μ¸±μ¸É¨ ¶·μ¥±Í¨¨ (¶¥·¢ Ö ¸É·μ±  ¢ É ¡². 4).

�¤´μ´¨É¥¢μ° ±μ¸¥ ³μ¦´μ ¸μ¶μ¸É ¢¨ÉÓ £·Ê¶¶Ê ¶¥·¥¸É ´μ¢μ± ¨§ μ¤´μ£μ
Ô²¥³¥´É , É ±¦¥ ¸μ¸ÉμÖÐÊÕ Éμ²Ó±μ ¨§ £·Ê¶¶μ¢μ° ¥¤¨´¨ÍÒ I. �É  £·Ê¶¶  ¨³¥¥É
¥¤¨´¸É¢¥´´μ¥ (É·¨¢¨ ²Ó´μ¥) ¶·¥¤¸É ¢²¥´¨¥ I �→ 1, ±μÉμ·μ¥ É ±¦¥ Ö¢²Ö¥É¸Ö
¥¤¨´¸É¢¥´´Ò³ ´¥¶·¨¢μ¤¨³Ò³ ¶·¥¤¸É ¢²¥´¨¥³ £·Ê¶¶Ò μ¤´μ´¨É¥¢ÒÌ ±μ¸. �Éμ
¶·¥¤¸É ¢²¥´¨¥ ³μ¦´μ ¸¢Ö§ ÉÓ ¸ ¥¤¨´¸É¢¥´´Ò³ · §¡¨¥´¨¥³ 1: [1].

Œ´μ¦¥¸É¢μ Éμ¶μ²μ£¨Î¥¸±¨Ì Ê¸²μ¢¨° ± ± ¤²Ö ±μ¸Ò (¸³. ·¨¸. 1), É ± ¨ ¤²Ö
¥¥ § ³Ò± ´¨Ö (¸³. ·¨¸. 2, 3) ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¶Ê¸Éμ. ’ ± ÎÉμ ¢ ± Î¥¸É¢¥ ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¥£μ §´ Î¥´¨Ö ¨´¢ ·¨ ´É  ¢ ¤ ´´μ° ±μ´¸É·Ê±Í¨¨ ³μ¦´μ § ¤ ÉÓ
¶·μ¨§¢μ²Ó´ÊÕ ¢¥²¨Î¨´Ê χ[1] ≡ χ. ‘μ£² ¸´μ μ¡Ð¥° É¥μ·¥³¥ [1, 5], ¢ ¸¶· -
¢¥¤²¨¢μ¸É¨ ±μÉμ·μ° ³Ò Ê¡¥¤¨³¸Ö ¢ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ, §´ Î¥´¨¥ μ¡¸Ê¦¤ ¥³μ£μ
¨´¢ ·¨ ´É  ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ Ê§²  ¡Ê¤¥É ¶·μ¶μ·Í¨μ´ ²Ó´μ ÔÉμ° ¢¥²¨Î¨´¥.

∗‚ ¸²ÊÎ ¥ μ¡Ð¥£μ ¶μ²μ¦¥´¨Ö ¶ · ³¥É·μ¢ λ ¨ μ [32] (¸³. ¶. 5.3).
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’ ¡²¨Í  4. “§²Ò ¨ § Í¥¶²¥´¨Ö Å § ³Ò± ´¨Ö ¶·μ¸É¥°Ï¨Ì μ¤´μ-, ¤¢ÊÌ- ¨ É·¥Ì´¨É¥-
¢ÒÌ ±μ¸

Šμ¸  ‡ ³Ò± ´¨¥
—¨¸²μ

‘²μ¢μ
�¡μ§´ Î¥´¨¥ �²ÓÉ¥·´ É¨¢´Ò¥

� §¢ ´¨¥
´¨É¥° �μ²ÓË¸¥´  μ¡μ§´ Î¥´¨Ö

1 ∅ 01 ’·¨¢¨ ²Ó´Ò°
Ê§¥² (±μ²ÓÍμ)

2

∅ 02
1 � ·  ±μ²¥Í

1 01 �¤´μ ±μ²ÓÍμ
¸ ¶¥·¥±·ÊÉ±μ°

11 22
1 L2a1, ‡ Í¥¶²¥´¨¥

T 2,2 •μ¶Ë 

111 31 T 2,3 ’·¨²¨¸É´¨±,
²¥¢μ¸Éμ·μ´´¨°

(−1)(−1)(−1) 31 T 2,−3 ’·¨²¨¸É´¨±,
¶· ¢μ¸Éμ·μ´´¨°

1111 42
1 L2a2 ‘μ²μ³μ´μ¢μ

T 4,2 § Í¥¶²¥´¨¥

(1)2k+1, T 2,2k+1 „¢Ê´¨É¥¢Ò¥
k = ±1,±2, . . . Éμ·¨Î¥¸±¨¥ Ê§²Ò

(1)2k, T 2,2k „¢ÊÌ±μ³¶μ´¥´É´Ò¥
k = ±1,±2, . . . ¤¢Ê´¨É¥¢Ò¥ Éμ·¨-

Î¥¸±¨¥ § Í¥¶²¥´¨Ö

3

∅ 02
1 ’·¨ ±μ²ÓÍ 

1 02
1 „¢  ±μ²ÓÍ ,

μ¤´μ ¸±·ÊÎ¥´μ

12 03
1 �¤´μ ±μ²ÓÍμ,

¤¢ ¦¤Ò ¸±·ÊÎ¥´μ

1212 31 T 3,2 ’·¨²¨¸É´¨±
¸ ¶¥·¥±·ÊÉ±μ°

1(−1)1(−1) 42 “§¥²-¢μ¸Ó³¥·± 

111(−2)1(−2) 52 ’·¨¦¤Ò
¸±·ÊÎ¥´´Ò° Ê§¥²

121212 63
2 L6a4, Šμ²ÓÍ 

T 3,3 	μ··μ³¥μ

(12)3k±1, T 3,3k±1 ’·¥Ì´¨É¥¢Ò¥
k = ±1,±2, . . . Éμ·¨Î¥¸±¨¥ Ê§²Ò

(12)3k , T 3,3k ’·¥Ì±μ³¶μ´¥´É´Ò¥
k = ±1,±2, . . . É·¥Ì´¨É¥¢Ò¥

Éμ·¨Î¥¸±¨¥
§ Í¥¶²¥´¨Ö
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’ ¡²¨Í  5. “§²Ò ¨ § Í¥¶²¥´¨Ö Å § ³Ò± ´¨Ö ¶·μ¸É¥°Ï¨Ì Î¥ÉÒ·¥Ì´¨É¥¢ÒÌ ±μ¸

Šμ¸  ‡ ³Ò± ´¨¥
—¨¸²μ

‘²μ¢μ
�¡μ§´ Î¥´¨¥ �²ÓÉ¥·´ É¨¢´Ò¥

� §¢ ´¨¥
´¨É¥° �μ²ÓË¸¥´  μ¡μ§´ Î¥´¨Ö

4

∅ 04
1 —¥ÉÒ·¥ ±μ²ÓÍ 

1 03
1 ’·¨ ±μ²ÓÍ ,

μ¤´μ ¸±·ÊÎ¥´μ

12 02
1 „¢  ±μ²ÓÍ , μ¤´μ

¤¢ ¦¤Ò ¸±·ÊÎ¥´μ

123 03
1 �¤´μ ±μ²ÓÍμ,

É·¨¦¤Ò ¸±·ÊÎ¥´μ

112(−1)(−3)2(−3) 61 —¥ÉÒ·¥¦¤Ò
¸±·ÊÎ¥´´Ò° Ê§¥²

1112(−1)23(−2)3 72 �ÖÉÓ · §
¸±·ÊÎ¥´´Ò° Ê§¥²

(123)4k±1, T 4k±1,3 —¥ÉÒ·¥Ì´¨É¥¢Ò¥
k = ±1,±2, . . . Éμ·¨Î¥¸±¨¥ Ê§²Ò

(123)4k±2, T 4k±2 „¢ÊÌ±μ³¶μ´¥´É´Ò¥
k = ±1,±2, . . . Î¥ÉÒ·¥Ì´¨É¥¢Ò¥

Éμ·¨Î¥¸±¨¥
§ Í¥¶²¥´¨Ö

(123)4k , T 4k,4 —¥ÉÒ·¥Ì±μ³¶μ´¥´É-
k = ±1,±2, . . . ´Ò¥ Î¥ÉÒ·¥Ì´¨É¥¢Ò¥

Éμ·¨Î¥¸±¨¥ § Í¥¶²¥´¨Ö

�¨¸. 5. „¢Ê´¨-
É¥¢ Ö ±μ¸  ¸
ν ¶¥·¥±·¥¸É-
± ³¨

2.2.2. „¢Ê´¨É¥¢Ò¥ ±μ¸Ò. ‡ ¶¨¸Ó ¤¢Ê´¨É¥¢μ° ±μ¸Ò. „¢Ê-
´¨É¥¢ Ö ±μ¸  (·¨¸. 5) § ¤ ¥É¸Ö ¥¤¨´¸É¢¥´´Ò³ ¶ · ³¥É·μ³ Å
Î¨¸²μ³ ¶¥·¥±·¥¸É±μ¢ ³¥¦¤Ê ´¨ÉÖ³¨, ¶·μ¨§¢μ²Ó´μ³ Í¥²Ò³ Î¨-
¸²μ³ ν, ¶μ²μ¦¨É¥²Ó´Ò³ ¨²¨ μÉ·¨Í É¥²Ó´Ò³ ¢ § ¢¨¸¨³μ¸É¨ μÉ
§´ ±  ¶¥·¥±·¥¸É±μ¢ (¸³. ·¨¸. 6) [1, 5].

„¢Ê´¨É¥¢Ò¥ Ê§²Ò ¨ § Í¥¶²¥´¨Ö. ‡ ³Ò± ´¨Ö ¢¸¥¢μ§³μ¦´ÒÌ
¤¢Ê´¨É¥¢ÒÌ ±μ¸ ¸ÊÉÓ Éμ·¨Î¥¸±¨¥ (É. ¥. ²μ¦ Ð¨¥¸Ö ¡¥§ ¸ ³μ¶¥·¥-
¸¥Î¥´¨° ´  ¶μ¢¥·Ì´μ¸ÉÓ Éμ· ) Ê§²Ò (¤²Ö ´¥Î¥É´μ£μ Î¨¸²  ¶¥·¥-
±·¥¸É±μ¢ ν) ¨ § Í¥¶²¥´¨Ö (¤²Ö Î¥É´μ£μ ν) É¨¶  T 2,ν [6]. �¥·¢Ò¥
Î²¥´Ò ÔÉμ£μ ¸¥³¥°¸É¢  μ¶¨¸ ´Ò ¢ É ¡². 4. �·¨ § ³¥´¥ ν ´  −ν
¶μ²ÊÎ¨³ §¥·± ²Ó´μ¥ μÉ· ¦¥´¨¥ Ê§²  (§ Í¥¶²¥´¨Ö) Å ¢μμ¡Ð¥
£μ¢μ·Ö, ´¥ Ô±¢¨¢ ²¥´É´μ¥ μ·¨£¨´ ²Ê (¸³. ¶. 3.6).

�·μ¨§¢¥¤¥´¨¥ μ¡· §ÊÕÐ¨Ì. �É±·ÒÉμ° ¤¢Ê´¨É¥¢μ° ±μ¸¥ ¸ ν
¶¥·¥¸¥Î¥´¨Ö³¨ ¸μμÉ¢¥É¸É¢Ê¥É ²¨´¥°´Ò° μ¶¥· Éμ· bν

1 , £¤¥ b1 Å
¥¤¨´¸É¢¥´´ Ö μ¡· §ÊÕÐ Ö £·Ê¶¶Ò ¤¢Ê´¨É¥¢ÒÌ ±μ¸ ¢ ´¥±μÉμ·μ³ ´¥¶·¥¤¸É ¢²¥-
´¨¨ ÔÉμ° £·Ê¶¶Ò.
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‘¶¥Í¨ ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ± ¤¢ÊÌ ´¨É¥°. ƒ·Ê¶¶ 
¶¥·¥¸É ´μ¢μ± 2 Ô²¥³¥´Éμ¢ ¸μ¤¥·¦¨É (±·μ³¥ ¥¤¨´¨ÍÒ) ¥¤¨´¸É¢¥´´ÊÕ μ¡· §Ê-
ÕÐÊÕ, ±μÉμ· Ö ¤¥°¸É¢Ê¥É ´  ¸²μ¢ Ì ¨§ 2 · §²¨Î´ÒÌ ¡Ê±¢ ± ± σ1(xy) = yx,
σ1(yx) = xy, É ± ÎÉμ σ2

1 = I. �  ÔÉ¨ ¤¢  ¸²μ¢  ´ ÉÖ´ÊÉμ ¶·μ¸É· ´¸É¢μ ¶·¥¤-
¸É ¢²¥´¨Ö ¤ ´´μ° £·Ê¶¶Ò. ‘¨³³¥É·¨Î¥¸± Ö X[2] ≡ (1/2)(xy + yx) ¨  ´É¨¸¨³-
³¥É·¨Î¥¸± Ö X[1,1] ≡ (1/2)(xy− yx) ±μ³¡¨´ Í¨¨ μ¡· §ÊÕÉ ¡ §¨¸ ¢ ¶·μ¸É· ´-
¸É¢¥ ¶·¥¤¸É ¢²¥´¨Ö ¨ Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ¢¥±Éμ· ³¨ ¤²Ö σ: σ1X2 = X2,
σ1X[1,1] = −X[1,1]. ’¥³ ¸ ³Ò³ ¨¸Ìμ¤´μ¥ ¶·¥¤¸É ¢²¥´¨¥ · §² £ ¥É¸Ö ¢ ¸Ê³³Ê
¤¢ÊÌ ´¥¶·¨¢μ¤¨³ÒÌ (É. ¥. ¤¥°¸É¢¨¥ £·Ê¶¶Ò ´¥ ¢Ò¢μ¤¨É §  ¶·¥¤¥²Ò ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨Ì ¶μ¤¶·μ¸É· ´¸É¢), ¨ ¢ ± ¦¤μ³ ¨§ ´¨Ì μ¡· §ÊÕÐ Ö § ¤ ´  ³ É·¨-
Í¥° 1 × 1:

σ1|[2] = 1, σ1|[1,1] = −1. (2.2)

„²Ö μ¡μ§´ Î¥´¨Ö ÔÉ¨Ì ¶·¥¤¸É ¢²¥´¨° ¨¸¶μ²Ó§ÊÕÉ · §¡¨¥´¨Ö 2: [2] ¨ [11] ≡
1 + 1. ˆÌ ¨§μ¡· ¦ ÕÉ ¢ ¢¨¤¥ ¤¨ £· ³³: ± ± ¸É·μ±Ê ¨ ¸Éμ²¡¥Í ¨§ 2 ±²¥Éμ±
(É ¡². 6). Š ¦¤ Ö ±²¥É±  ¸¢Ö§ ´  ¸ ¶μ§¨Í¨¥° ¡Ê±¢Ò ¢ ¸²μ¢¥,   · ¸¶μ²μ¦¥´¨¥
±²¥Éμ± ¢ μ¤´μ° ¸É·μ±¥ ²¨¡μ ¸Éμ²¡Í¥ μ§´ Î ¥É ¸¨³³¥É·¨§ Í¨Õ ²¨¡μ  ´É¨-
¸¨³³¥É·¨§ Í¨Õ ¶μ ÔÉ¨³ ¶μ§¨Í¨Ö³ (ÔÉ¨ μ¶¥· Í¨¨ ¸ ²Õ¡Ò³ ¸²μ¢μ³ ¤ ÕÉ ¢¥±-
Éμ·Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·¥¤¸É ¢²¥´¨°). ˆ³¥´´μ É ±μ° ´ ¡μ· ´¥¶·¨¢μ¤¨³ÒÌ
¶·¥¤¸É ¢²¥´¨° ¶·¥¤¸± §Ò¢ ¥É ¤²Ö £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ± ¨§ 2 Ô²¥³¥´Éμ¢ μ¡Ð Ö
É¥μ·¥³  [3,4,29,30] (¢¸Ö±μ¥ ´¥¶·¨¢μ¤¨³μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤ ´´μ° £·Ê¶¶Ò ¨§μ-
³μ·Ë´μ μ¤´μ³Ê ¨§ ÔÉ¨Ì ¤¢ÊÌ). ‚ ¸²ÊÎ ¥ ¡μ²ÓÏ¥£μ Î¨¸²  Ô²¥³¥´Éμ¢ ¨¤¥Ö É 
¦¥, ´μ ·¥ ²¨§ Í¨Ö ¸²μ¦´¥¥ (³Ò ¶μ± ¦¥³ ¥¥ ´  ¶·¨³¥· Ì ´¨¦¥).

‘¶¥Í¨ ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ±μ¸ ¨§ ¤¢ÊÌ ´¨É¥°. �¥¶·¨¢μ¤¨³Ò¥
¶·¥¤¸É ¢²¥´¨Ö ¸¨³³¥É·¨Î¥¸±μ° £·Ê¶¶Ò ¨  ²£¥¡·Ò ƒ¥±±¥ § ¤ ÕÉ¸Ö É¥³¨ ¦¥
· §¡¨¥´¨Ö³¨ ¨ ¨³¥ÕÉ É¥ ¦¥ · §³¥·´μ¸É¨ [32]. ’μ ¥¸ÉÓ ¢ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥
¸μÌ· ´ÖÉ¸Ö · §³¥·Ò ³ É·¨Í, ´μ ¨§³¥´ÖÕÉ¸Ö §´ Î¥´¨Ö ¨Ì Ô²¥³¥´Éμ¢:

b1|[2] = λ, b1|[1,1] = μ. (2.3)

‘μμÉ´μÏ¥´¨Ö £·Ê¶¶Ò ±μ¸ (¸Éμ²¡¥Í 1 É ¡². 3), ³´μ¦¥¸É¢μ ±μÉμ·ÒÌ ¶Ê¸Éμ ¶·¨
n = 2, ´¨± ± ´¥ μ£· ´¨Î¨¢ ÕÉ §´ Î¥´¨Ö ¶ · ³¥É·μ¢ λ ¨ μ Å ¨ ³Ò μ¸É ¢¨³
¨Ì ¶·μ¨§¢μ²Ó´Ò³¨ ¢¶²μÉÓ ¤μ μ¡¸Ê¦¤¥´¨Ö ¸¢Ö§¨ ±μ´¸É·Ê±Í¨¨ ¸ ±¢ ´Éμ¢Ò³¨
£·Ê¶¶ ³¨ ¢ ¶. 2.1.7. ’μ£¤  μ¡· §ÊÕÐ¨¥ Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ  ²£¥¡·Ò ƒ¥±±¥
¢ μ¤´μ·μ¤´μ³ ¢¨¤¥ (¶·¥¤¶μ¸²¥¤´ÖÖ ¸É·μ±  ¸Éμ²¡Í  3 É ¡². 3, ¸³. ¶. 2.1.4).
‚ ¶μ¸²¥¤ÊÕÐ¨Ì ¶·¨³¥· Ì ³Ò Ê¢¨¤¨³, ÎÉμ Ê¸²μ¢¨Ö ¤²Ö § ³Ò± ´¨° ±μ¸ ¶·¨-
¢μ¤ÖÉ ± ¢Ò· ¦¥´¨Ö³ ¤²Ö ¨´¢ ·¨ ´Éμ¢ ³´μ£μ´¨É¥¢ÒÌ ±μ¸ Î¥·¥§ ¤¢Ê´¨É¥¢Ò¥
¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö λ ¨ μ ¨ §´ Î¥´¨¥ ¨´¢ ·¨ ´É  É·¨¢¨ ²Ó´μ£μ Ê§²  χ, ´μ
´¥ É·¥¡ÊÕÉ ¸¢Ö§¨ ³¥¦¤Ê ÔÉ¨³¨ É·¥³Ö ¢¥²¨Î¨´ ³¨.

ˆ´¢ ·¨ ´É § ³Ò± ´¨Ö ¤¢Ê´¨É¥¢μ° ±μ¸Ò. � ¸¸³μÉ·¨³ É¥¶¥·Ó ²¨´¥°´ÊÕ
±μ³¡¨´ Í¨Õ ¸²¥¤μ¢ μÉ ³ É·¨Í (1× 1) Ô²¥³¥´É  £·Ê¶¶Ò ±μ¸ ¢ ¤¢ÊÌ μ¶¨¸ ´´ÒÌ
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´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ £·Ê¶¶Ò ±μ¸ ¨§ ¤¢ÊÌ ´¨É¥°:

I
(ν) = λνχ[2] + μνχ[1,1]. (2.4)

‚¥¸μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ χ[2] ¨ χ[1,1] ¶·¥¤¸Éμ¨É μ¶·¥¤¥²¨ÉÓ, ¨¸Ìμ¤Ö ¨§ ¸¢μ°¸É¢
§ ³Ò± ´¨Ö ´  ·¨¸. 3 ¨ 2, II. „²Ö ¤¢Ê´¨É¥¢μ° ±μ¸Ò ÔÉ¨ ¸¢μ°¸É¢  § ¶¨ÏÊÉ¸Ö,
¸μμÉ¢¥É¸É¢¥´´μ, ¢ ¢¨¤¥ Ê· ¢´¥´¨°

χ2 = χ[2] + χ[1,1],

χ = λχ[2] + μχ[1,1].
(2.5)

�μ¤¸É ¢¨¢ ·¥Ï¥´¨¥ (2.5) ¢ (2.4), ¶μ²ÊÎ ¥³ ¨¸±μ³μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¨´¢ ·¨ ´É 
Ê§² , ¶·¥¤¸É ¢²¥´´μ£μ ¢ ¢¨¤¥ § ³Ò± ´¨Ö ¤¢Ê´¨É¥¢μ° ±μ¸Ò:

I(ν)(λ, μ; χ) = λνχ[2] + μνχ[1,1], (2.6)

£¤¥

χ[2] =
(1 − μχ)χ

λ − μ
¨ χ[1,1] =

(λχ − 1)χ
λ − μ

. (2.7)

2.2.3. ’·¥Ì´¨É¥¢Ò¥ ±μ¸Ò. ‡ ¶¨¸Ó É·¥Ì´¨É¥¢μ° ±μ¸Ò. Š ± Éμ²Ó±μ ±μ¸ 
¸μ¤¥·¦¨É ¡μ²¥¥ ¤¢ÊÌ ´¨É¥°, § ¤ ÉÓ ¶μ²´μ¥ Î¨¸²μ ¶¥·¥±·¥¸É±μ¢ ¢ ±μ¸¥ Ê¦¥
´¥¤μ¸É ÉμÎ´μ, ÎÉμ¡Ò § ¤ ÉÓ ¸ ³Ê ±μ¸Ê, ¶μ¸±μ²Ó±Ê ¶¥·¥¶²¥É ÉÓ¸Ö É¥¶¥·Ó ³μ£ÊÉ
· §²¨Î´Ò¥ ¶ ·Ò ´¨É¥°. �·μ¨§¢μ²Ó´ÊÕ É·¥Ì´¨É¥¢ÊÕ ±μ¸Ê ³μ¦´μ § ¤ ÉÓ ´ ¡μ-

·μ³ Í¥²ÒÌ Î¨¸¥²
{
νi,1, νi,2

}L

i=1
Å É ±, ÎÉμ ±μ¸  § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥ ¸²μ¢  [1,5]

(εi,11) . . . (εi,11)︸ ︷︷ ︸
|νi,1|

(εi,22) . . . (εi,22)︸ ︷︷ ︸
|νi,2|

. . . . . . . . . (εL,11) . . . (εL,11)︸ ︷︷ ︸
|νL,1|

(εL,22) . . . (εL,22)︸ ︷︷ ︸
|νL,2|

,

(2.8)
£¤¥ εi,j = sgn νi,j (j = 1, 2, i = 1, L).

L∏
i=1

(±1)νi,1(±2)νi,2 , £¤¥ iνk,i ¨ (−i)ν
k,i (i = 1, 2, k = 1, L) μ§´ Î ¥É ¶μ-

¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ¨§ νk,i, ¸μμÉ¢¥É¸É¢¥´´μ, ¶μ²μ¦¨É¥²Ó´ÒÌ ¨ μÉ·¨Í É¥²Ó´ÒÌ
¶¥·¥±·¥¸É±μ¢ (¸³. ·¨¸. 6), ¸²¥¢  μÉ ± ¦¤μ£μ ¨§ ±μÉμ·ÒÌ · ¸¶μ²μ¦¥´Ò ¥Ð¥

k−1 ´¨É¥°. ‚¸¥£μ ±μ¸  ¸μ¤¥·¦¨É
L∑

i=1

(|ν1,i| + |ν2,i|) ¶¥·¥±·¥¸É±μ¢. �¡μ§´ Î¥-

´¨¥ ¶μÖ¸´Ö¥É¸Ö ´  ·¨¸. 4.
�·μ¸É¥°Ï¨¥ Ê§²Ò ¨ § Í¥¶²¥´¨Ö Å § ³Ò± ´¨Ö É·¥Ì´¨É¥¢ÒÌ ±μ¸ ¶¥·¥Î¨-

¸²¥´Ò ¢ É ¡². 4, ¤ ²Ó´¥°Ï¨¥ ¶·¨³¥·Ò ¸³. ¢ [6].
�·μ¨§¢¥¤¥´¨¥ μ¡· §ÊÕÐ¨Ì. ‚¸Ö±μ³Ê Ô²¥³¥´ÉÊ £·Ê¶¶Ò É·¥Ì´¨É¥¢ÒÌ ±μ¸

¸μμÉ¢¥É¸É¢Ê¥É ¢Ò· ¦¥´¨¥

bν1,1
1 bν1,2

2 bν2,1
1 bν2,2

2 . . .bνL,1
1 bνL,2

2 , (2.9)

£¤¥ Î¥·¥§ b1 ¨ b2 μ¡μ§´ Î¥´Ò ¤¢¥ μ¡· §ÊÕÐ¨¥ £·Ê¶¶Ò É·¥Ì´¨É¥¢ÒÌ ±μ¸.
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�·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ±. ‚ ¸²ÊÎ ¥ £·Ê¶¶Ò É·¥Ì´¨É¥¢ÒÌ ±μ¸
´¥μ¡Ìμ¤¨³μ · ¸¸³μÉ·¥ÉÓ £·Ê¶¶Ê ¶¥·¥¸É ´μ¢μ± É·¥Ì Ô²¥³¥´Éμ¢, ±μÉμ· Ö ¸μ-
¤¥·¦¨É ¤¢¥ μ¡· §ÊÕÐ¨Ì σ1 ¨ σ2 ¨ ¤¥°¸É¢Ê¥É ´  ¸²μ¢ Ì ¨§ É·¥Ì · §²¨Î´ÒÌ
¡Ê±¢ x, y ¨ z (¸³. É ¡². 6). �·μ¸É· ´¸É¢  ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨°
¸μ¤¥·¦ É¸Ö ¢ Ï¥¸É¨³¥·´μ³ ²¨´¥°´μ³ ¶·μ¸É· ´¸É¢¥, ´ ÉÖ´ÊÉμ³ ´  ¶¥·¥¸É -
´μ¢±¨ (xyz) (3! = 6). ‘·¥¤¨ ´¨Ì ¥¸ÉÓ ¤¢  μ¤´μ³¥·´ÒÌ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤-
¸É ¢²¥´¨Ö: ¸¨³³¥É·¨Î¥¸±μ¥ Å ´ ÉÖ´ÊÉμ¥ ´  ¢¥±Éμ· X[3] = xyz + yxz +
xzy + yzx + zxy + zyx Å ¨  ´É¨¸¨³³¥É·¨Î¥¸±μ¥ Å ¤¥°¸É¢ÊÕÐ¥¥ ´  ¢¥±Éμ·
X[13] = xyz−yxz−xzy+yzx+zxy−zyx. ‚ μÉ²¨Î¨¥ μÉ ¸²ÊÎ Ö ¤¢ÊÌ Ô²¥³¥´Éμ¢,
¤²Ö É·¥Ì Ô²¥³¥´Éμ¢ ¢μ§´¨± ÕÉ É ±¦¥ ¤¢Ê³¥·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ¶¥·¥-
¸É ´μ¢μ±. � ¨³¥´´μ, ¢¸Ö± Ö ¶ ·  ¢Ò· ¦¥´¨° ¢¨¤  (¸¢Ö§ ´´ÒÌ ¶¥·¥¸É ´μ¢±μ°
¤¢ÊÌ ¶μ¸²¥¤´¨Ì Ô²¥³¥´Éμ¢ ¢ ± ¦¤μ³ ³μ´μ³¥)

X[2,1] = a(xyz + yxz) + b(yzx + zyx) + c(zxy + xzy),
σ2X[2,1] = a(xzy + yzx) + b(yxz + zxy) + c(zyx + xyz),

(2.10)

£¤¥ a + b + c = 0 (2.11)

μ¡· §Ê¥É ¡ §¨¸ ¢ ¤¢Ê³¥·´μ³ ´¥¶·¨¢μ¤¨³μ³ ¶·¥¤¸É ¢²¥´¨¨, ± ± ³μ¦´μ ´¥¶μ-
¸·¥¤¸É¢¥´´μ Ê¡¥¤¨ÉÓ¸Ö, ¤¥°¸É¢ÊÖ ´  ÔÉ¨ Ô²¥³¥´ÉÒ £·Ê¶¶μ¢Ò³¨ μ¡· §ÊÕÐ¨³¨.
Š·μ³¥ Éμ£μ, ¢¥±Éμ·Ò ¢¨¤  X[2,1] ¶μ Ê¸²μ¢¨Õ (2.11) μ¡· §ÊÕÉ ¤¢Ê³¥·´μ¥ ²¨-
´¥°´μ¥ ¶μ¤¶·μ¸É· ´¸É¢μ, ¨ ¢¸Ö± Ö ¶ ·  {X[2,1], σ2X[2,1]} ¸μ¸É ¢²Ö¥É ¡ §¨¸ ¢
¤·Ê£μ³ ²¨´¥°´μ³ ¶·μ¸É· ´¸É¢¥ Å ¢ É ±¦¥ ¤¢Ê³¥·´μ³ ¶·μ¸É· ´¸É¢¥ ´¥¶·¨¢μ-
¤¨³μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¤ ´´μ£μ É¨¶ . ‚¸¥ ÔÉ¨ ¶·¥¤¸É ¢²¥´¨Ö ¨§μ³μ·Ë´Ò ³¥¦¤Ê
¸μ¡μ°.

…¸²¨ ¶μ²μ¦¨ÉÓ, ´ ¶·¨³¥·, X
(1)
[2,1] = X[2,1][a = −b = 1, c = 0] ¨ X

(2)
[2,1] =

X[2,1][a = 0, b = −c = 1], ¶μ²ÊÎ¨³ 6 ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ¢¥±Éμ·μ¢: X3,

{X(1)
[2,1], σX

(1)
[2,1]}, {X

(2)
[2,1], σX

(2)
[2,1]}, X[13] Å É ±¨Ì, ÎÉμ ¢¥±Éμ·Ò ± ¦¤μ° £·Ê¶¶Ò

μ¡· §ÊÕÉ ¡ §¨¸ ¢ μ¤´μ³ ¨§ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨°,   ¢¸¥ ¢¥±Éμ·Ò ¢³¥¸É¥
μ¡· §ÊÕÉ ¡ §¨¸ ¢ ¨¸Ìμ¤´μ³ Ï¥¸É¨³¥·´μ³ ¶·μ¸É· ´¸É¢¥ (6! = 1 × 1 + 2 × 2 +
1 × 1).

‚ · ³± Ì μ¡Ð¥° ±μ´¸É·Ê±Í¨¨ [3,4, 29,30] ¸¨³³¥É·¨Î¥¸±μ¥ ¨  ´É¨¸¨³³¥-
É·¨Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨Ö ¸¢Ö§ ´Ò ¸ · §¡¨¥´¨Ö³¨ É·μ°±¨: 3 ([3]) ¨ 1 + 1 + 1
([13]) ¸μμÉ¢¥É¸É¢¥´´μ,   ¤¢Ê³¥·´μ¥ ¶·¥¤¸É ¢²¥´¨¥ Å ¸ · §¡¨¥´¨¥³ 2+1 ([2, 1]);
¨Ì ¤¨ £· ³³Ò ¤ ´Ò ¢ É ¡². 6. ‚ ¸²ÊÎ ¥ [2, 1] ¤¢Ê³ ±²¥É± ³ ¢ μ¤´μ° ¸É·μ±¥
¸μμÉ¢¥É¸É¢Ê¥É ¸¨³³¥É·¨§ Í¨Ö (2.10) ¶μ ¶¥·¢μ° ¶ ·¥ ¡Ê±¢,   ¤¢Ê³ ±²¥É± ³ ¢
μ¤´μ³ ¸Éμ²¡Í¥ Å Ê¸²μ¢¨¥ (2.11), ±μÉμ·μ¥ ¨¸±²ÕÎ ¥É ¶μ²´μ¸ÉÓÕ ¸¨³³¥É·¨Î¥-
¸±ÊÕ ±μ³¡¨´ Í¨Õ.

‚¸Ö±μ¥ ´¥¶·¨¢μ¤¨³μ¥ ¶·¥¤¸É ¢²¥´¨¥ £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ± É·¥Ì Ô²¥³¥´-
Éμ¢ ¨§μ³μ·Ë´μ μ¤´μ³Ê ¨§ É·¥Ì μ¶¨¸ ´´ÒÌ ¢ÒÏ¥ [3,4,29,30]. ’·¨ · §²¨Î´ÒÌ
¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ± ¸μμÉ¢¥É¸É¢ÊÕÉ É·¥³ ´¥¶·¨¢μ¤¨³Ò³ ¶·¥¤-
¸É ¢²¥´¨Ö³  ²£¥¡·Ò ƒ¥±±¥ Å ¨, ¸²¥¤μ¢ É¥²Ó´μ, £·Ê¶¶Ò ±μ¸. ˆ³¥´´μ ÔÉ¨
¶·¥¸É ¢²¥´¨Ö ´¥μ¡Ìμ¤¨³Ò ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¨¸±μ³μ£μ ¨´¢ ·¨ ´É  [32].
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� §³¥·Ò ³ É·¨Í μ¡· §ÊÕÐ¨Ì. ’ ±¨³ μ¡· §μ³, ³Ò ¶¥·¥Î¨¸²¨²¨ ¢¸¥ ´¥-
μ¡Ìμ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ±μ¸ ¨ ¤²Ö ± ¦¤μ£μ μ¶·¥¤¥²¨²¨ · §³¥·Ò
³ É·¨Í μ¡· §ÊÕÐ¨Ì. ’¥¶¥·Ó ¶¥·¥°¤¥³ ± ¢ÒÎ¨¸²¥´¨Õ Ô²¥³¥´Éμ¢ ÔÉ¨Ì ³ É·¨Í
¨§ Ê¸²μ¢¨° Éμ¶μ²μ£¨Î¥¸±μ° ¨´¢ ·¨ ´É´μ¸É¨ ¨ Ê³´μ¦¥´¨Ö (¸³. ¶. 2.1.8).

‘μμÉ´μÏ¥´¨Ö £·Ê¶¶Ò ±μ¸ ± ± Ê¸²μ¢¨Ö ´  ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ. …Ð¥
μ¤´μ μÉ²¨Î¨¥ É·¥Ì´¨É¥¢ÒÌ ±μ¸ μÉ ¤¢Ê´¨É¥¢ÒÌ ¢ Éμ³, ÎÉμ ³´μ¦¥¸É¢μ Ê¸²μ¢¨°
¢ ¸Éμ²¡Í¥ 1 É ¡². 3, ´ Î¨´ Ö ¸ n = 3, ´¥ ¶Ê¸Éμ. ‚ ¤ ´´μ³ ¸²ÊÎ ¥ μ´μ ¸μ¤¥·¦¨É
¥¤¨´¸É¢¥´´μ¥ Ê· ¢´¥´¨¥:

b1b2b1 = b2b1b2. (2.12)

�Éμ Î ¸É´Ò° ¸²ÊÎ ° ¸μμÉ´μÏ¥´¨Ö Ÿ´£ Ä	 ±¸É¥· , ±μÉμ·μ¥ (± ± ³Ò Ê¡¥¤¨³¸Ö
¢ · §¤. 3) ¨£· ¥É ±²ÕÎ¥¢ÊÕ ·μ²Ó ¢μ ¢¸¥° ±μ´¸É·Ê±Í¨¨.

�·¥¦¤¥ ¢¸¥£μ, (2.12) μ§´ Î ¥É, ÎÉμ μ¶¥· Éμ·Ò b2 ¨ b1 Ê¤μ¢²¥É¢μ·ÖÕÉ
μ¤´μ³Ê ¨ Éμ³Ê ¦¥ Ì · ±É¥·¨¸É¨Î¥¸±μ³Ê Ê· ¢´¥´¨Õ:

(2.12) ⇒ (b1 − λI)b2b1 = b2b1(b2 − λI) ⇒ det (b1 − λI) = det (b2 − λI),
(2.13)

É. ¥. Ê ²¨´¥°´ÒÌ μ¶¥· Éμ·μ¢ b2 ¨ b1 Éμ¦¤¥¸É¢¥´´μ ¸μ¢¶ ¤ ÕÉ Ì · ±É¥·¨¸É¨-
Î¥¸±¨¥ ¶μ²¨´μ³Ò, ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¨Ì ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¶μ¶ ·´μ · ¢´Ò
¸ ÊÎ¥Éμ³ ±· É´μ¸É¨. ’μ ¥¸ÉÓ ÔÉ¨ μ¶¥· Éμ·Ò ¸¢Ö§ ´Ò ¸μ¶·Ö¦¥´¨¥³ (  ¨Ì ³ -
É·¨ÍÒ Å § ³¥´μ° ¡ §¨¸ ): b1 = Ub2U

−1 ¤²Ö ´¥±μÉμ·μ° U .
’ ±¨³ μ¡· §μ³, ¤²Ö μ¤´μ³¥·´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¨³¥¥³

b1|[3] = b2|[3] ≡ λ[3] ¨ b1|[13] = b2|[13] ≡ λ[13]. (2.14)

„²Ö ¤¢Ê³¥·´μ£μ ¶·¥¤¸É ¢²¥´¨Ö [2, 1] Ê¸²μ¢¨¥ (2.12) ¤ ¥É ´¥É·¨¢¨ ²Ó´ÊÕ ¸¨-
¸É¥³Ê Ê· ¢´¥´¨° ´  Ô²¥³¥´ÉÒ ³ É·¨Í (2×2) b1|[2,1] ¨ b2|[2,1], ±μÉμ·ÊÕ ³Ò
·¥Ï¨³ ´¨¦¥.

�¥Ï¥´¨¥ ¤²Ö ³ É·¨Í 2×2 Î¥·¥§ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö. ‚Ò¡¥·¥³ ¡ §¨¸
¢ ¤¢Ê³¥·´μ³ ¶·¥¤¸É ¢²¥´¨¨ £·Ê¶¶Ò ±μ¸ É ±, ÎÉμ μ¡¥ ³ É·¨ÍÒ μ¡· §ÊÕÐ¨Ì
¡Ê¤ÊÉ ¸¨³³¥É·¨Î´Ò ∗ ¨ ¶¥·¢ Ö ¤¨ £μ´ ²Ó´ : b1|[2,1] = diag (λ[2,1],1, λ[2,1],2),
bT
2|[2,1] = b2|[2,1].

‘μμÉ´μÏ¥´¨¥ (2.12) ¸¢Ö§Ò¢ ¥É Ô²¥³¥´ÉÒ b1|[2,1] ¸ Ô²¥³¥´É ³¨ b2|[2,1] Î¥·¥§
¸¨¸É¥³Ê ±¢ ¤· É´ÒÌ Ê· ¢´¥´¨°. ‘¨¸É¥³  ¨³¥¥É ·¥Ï¥´¨Ö:

b2|[2,1] =
(

0 0
0 0

)
, b2|[2,1] =

(
λ[2,1],1 0

0 0

)
,

b2|[2,1] =
(

0 0
0 λ[2,1],2

)
, b2|[2,1] =

(
λ[2,1],1 0

0 λ[2,1],2

)
,

(2.15)

∗…¸²¨ ¢ ³ É·¨Í¥ A · §³¥·  2 × 2 μÉ²¨Î´Ò μÉ ´Ê²Ö μ¡  ¢´¥¤¨ £μ´ ²Ó´ÒÌ Ô²¥³¥´É , Éμ

§ ³¥´  ¡ §¨¸  ¸ ³ É·¨Í¥° V = diag
(
x, x−1

)
, £¤¥ x =

√
A−1

2,1A12, ¤ ¸É ¸¨³³¥É·¨Î´ÊÕ ³ É·¨ÍÊ

V −1AV .
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  É ±¦¥ ´¥É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥, ±μÉμ·μ¥ ´ ¸ ¨´É¥·¥¸Ê¥É (¶μ¸±μ²Ó±Ê ¨³¥´´μ
μ´μ ¶·¨¢μ¤¨É ± ¨´É¥·¥¸´Ò³ ¨´¢ ·¨ ´É ³ Ê§²μ¢):

b2|[2,1] =
1

λ[2,1],1 − λ[2,1],2

(
λ2

[2,1],2 x

x −λ2
[2,1],1

)
,

£¤¥ x2 = λ2
[2,1],1 − λ[2,1],1λ[2,1],2 + λ2

[2,1],2.

(2.16)

Š ± ³Ò Ê¢¨¤¨³ ¢ ¶. 2.2.4,  ´ ²μ£¨Î´Ò¥ ¡²μ±¨ 2× 2 ¢¸É·¥Î ÕÉ¸Ö ¨ ¸²ÊÎ ¥ ±μ¸
¸ ¡μ²ÓÏ¨³ Î¨¸²μ³ ´¨É¥°, ¶μÔÉμ³Ê Ê¤μ¡´μ ¢¢¥¸É¨ μ¡μ§´ Î¥´¨¥

B(2)(λ1, λ2) =
1
p2

(
λ2

2

√
−λ1λ2p3√

−λ1λ2p3 −λ2
1

)
, (2.17)

£¤¥

pn(λ1, λ2) =
λn

1 − (−λ2)n

λ1 + λ2
=

n∑
k=1

(−λ1)k−1λk−n
2 . (2.18)

’μ¦¤¥¸É¢  ¤²Ö § ³Ò± ´¨°: ¢¥¸μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ Î¥·¥§ ¸μ¡¸É¢¥´´Ò¥
§´ Î¥´¨Ö. ‘· §Ê § ³¥É¨³, ÎÉμ Ê¸²μ¢¨Ö ¸É ¡¨²¨§ Í¨¨ ®¸¶· ¢ ¯ (·¨¸. 2, II  ) ¨
®¸²¥¢ ¯ (·¨¸. 2, II ¡) ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¶·¨¢μ¤ÖÉ ± μ¤´¨³ ¨ É¥³ ¦¥ ¢Ò· ¦¥-
´¨Ö³ Å ¢¸²¥¤¸É¢¨¥ Ê¸É ´μ¢²¥´´μ£μ ¢ÒÏ¥ ¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê μ¶¥· Éμ· ³¨
¶¥·¥±·¥¸É±μ¢: b1 = Ub2U

−1 (¤²Ö ´¥±μÉμ·μ° U ). ’μ ¦¥ ± ¸ ¥É¸Ö Ê¸²μ¢¨°
Ë ±Éμ·¨§ Í¨¨ ¶·¨ μÉ¤¥²Ö¥³μ° ¶· ¢μ° (¸³. ·¨¸. 3) ¨ ²¥¢μ° ´¨ÉÖÌ. �μÔÉμ³Ê
´¨¦¥ · ¸¸³μÉ·¨³ ¡μ²¥¥ Ê¤μ¡´Ò¥ ¤²Ö § ¶¨¸¨ ®²¥¢Ò¥¯ Ê¸²μ¢¨Ö.

ˆ´¢ ·¨ ´É § ³Ò± ´¨Ö É·¥Ì´¨É¥¢μ° ±μ¸Ò ¢¨¤  (1ν) ¤μ²¦¥´ Ê¤μ¢²¥É¢μ·ÖÉÓ
Ê¸²μ¢¨Õ Ë ±Éμ·¨§ Í¨¨ (¶. 2.1.6):

λν
[2]χχ[2]+λν

[1,1]χχ[1,1] = λν
[3]χ[3]+

(
λν

[2,1],1 + λν
[2,1],2

)
χ[2,1]+λν

[13]χ[13]. (2.19)

‚ ¶· ¢μ° Î ¸É¨ (2.19) § ¶¨¸ ´  É·¥Ì´¨É¥¢ Ö Ëμ·³Ê² , ¸μ¤¥·¦ Ð Ö Éμ²Ó±μ
¤¨ £μ´ ²Ó´Ò¥ ³ É·¨ÍÒ bν

Y |1 (Y = [3], [2, 1], [13]) Å Î¥·¥§ ¸É¥¶¥´¨ ¨Ì ¸μ¡-
¸É¢¥´´ÒÌ §´ Î¥´¨°. ‚ ²¥¢μ° Î ¸É¨ (2.19) ¸Éμ¨É ¶·μ¨§¢¥¤¥´¨¥ ¨´¢ ·¨ ´Éμ¢
¶·μ¸Éμ° μ±·Ê¦´μ¸É¨ ¨ ¤¢Ê´¨É¥¢μ£μ Ê§² /§ Í¥¶²¥´¨Ö, · ¢´μ¥ ¨´¢ ·¨ ´ÉÊ ´¥-
¸¢Ö§´μ° ¸Ê³³Ò ¤¢ÊÌ ¶μ¸²¥¤´¨Ì. ˆ³¥´´μ ¥° ¨§μÉμ¶´μ § ³Ò± ´¨¥ É·¥Ì´¨É¥¢μ°
±μ¸Ò ¸ μÉ¤¥²Ö¥³μ° ´¨ÉÓÕ.

“¸²μ¢¨Ö (2.19) ¤²Ö ¢¸¥¢μ§³μ¦´ÒÌ Î¨¸¥² ¶¥·¥±·¥¸É±μ¢ ν ¤ ÕÉ ¡¥¸±μ´¥Î-
´ÊÕ ¸¨¸É¥³Ê ¸μμÉ´μÏ¥´¨° ³¥¦¤Ê ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ λ ¨ Ì · ±É¥· ³¨
χ. �É¨ Ê¸²μ¢¨Ö ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¶ÊÉ¥³ ¶μ¤¸É ´μ¢μ±

x1 = −χχ[2], x2 = −χχ[1,1], x3 = χ[3], x4 = χ[2,1], x5 = χ[2,1], x6 = χ[13],

λ1 = λ[2], λ2 = λ[1,1], λ3 = λ[3], λ4 = λ[2,1],1 λ5 = λ[2,1],2, λ6 = λ[13]

(2.20)
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¨§ ¡μ²¥¥ μ¡Ð¥° ¸¨¸É¥³Ò ¢¨¤ 
6∑

I=1

λν
I xI = 0. �μ¸²¥¤´ÖÖ ± ± ¸¨¸É¥³  Ê· ¢-

´¥´¨° ´  x ¨³¥¥É ¡ §¨¸´Ò° ³¨´μ· ¢ ¢¨¤¥ μ¶·¥¤¥²¨É¥²Ö ‚ ´¤¥·³μ´¤ :

det
∥∥λν

Q

∥∥ν=0,5

I=1,6
=
∏

I<J

(λI −λJ). ’μ ¥¸ÉÓ Ê¦¥ ¶μ¤¸¨¸É¥³  Ê¸²μ¢¨° ¸ ν = 0,5 ¶·¨

¶μ¶ ·´μ · §²¨Î´ÒÌ λI ´¥ ¢Ò·μ¦¤¥´  ¨ ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ xI = 0.
� ¶·μÉ¨¢, ¤²Ö ± ¦¤μ° ¢Ò·μ¦¤¥´´μ° ¶ ·Ò λI = λJ ´ °¤¥É¸Ö μ¤´μ³¥·´μ¥ ¶·μ-
¸É· ´¸É¢μ ´¥É·¨¢¨ ²Ó´ÒÌ ·¥Ï¥´¨°: {xI + xJ = 0; xK = 0, K 	= I, J}. �·¨
ÔÉμ³ ´¥¶μ¸·¥¤¸É¢¥´´μ ¢¨¤´μ, ÎÉμ ± ¦¤μ¥ ·¥Ï¥´¨¥ · ¸¸³μÉ·¥´´μ° ¶μ¤¸¨¸É¥³Ò
Ê¤μ¢²¥É¢μ·Ö¥É É ±¦¥ ¶μ²´μ° ¸¨¸É¥³¥ Ê¸²μ¢¨° (¤²Ö ¢¸¥Ì ν). ˆ´Ò³¨ ¸²μ¢ ³¨,
· §³¥·´μ¸ÉÓ ¶·μ¸É· ´¸É¢  ·¥Ï¥´¨° Ê¸²μ¢¨Ö Ë ±Éμ·¨§ Í¨¨ μÉ´μ¸¨É¥²Ó´μ Ì -
· ±É¥·μ¢ · ¢´  ¶μ²´μ° ±· É´μ¸É¨ ¢Ò·μ¦¤¥´¨Ö ¸¨¸É¥³Ò ¢Ìμ¤ÖÐ¨Ì ¢ ´¥£μ ¸μ¡-
¸É¢¥´´ÒÌ §´ Î¥´¨°.

Š  ´ ²μ£¨Î´μ³Ê ¢Ò¢μ¤Ê ¶·¨¢μ¤ÖÉ Ê¸²μ¢¨Ö ¸É ¡¨²¨§ Í¨¨ (¶. 2.1.5) ¤²Ö
§ ³Ò± ´¨Ö ±μ¸Ò 1ν2, ±μÉμ·Ò¥ ¤²Ö ¶μ²μ¦¨É¥²Ó´μ£μ ¶¥·¥±·¥¸É±  § ¶¨ÏÊÉ¸Ö
± ±

λν+1
[2] χ[2] + λν+1

[1,1]χ[1,1] =

= λν+1
[3] χ[3] +

λ[2,1],1λ[2,1],2(λ
ν−1
[2,1],1 − λν−1

[2,1],2)

λ[2,1],1 − λ[2,1],2
χ[2,1] + λν+1

[13] χ[13] (2.21)

¨ ¶μ²ÊÎ É¸Ö ¶ÊÉ¥³ ¶μ¤¸É ´μ¢μ±

y1 = −λ[2]χ[2], y2 = −λ[1,1]χ[1,1],

y3 = λ[3]χ[3], y4 =
1

λ[2,1],1(λ[2,1],1 − λ[2,1],2)
χ[2,1],

y5 =
1

λ[2,1],2(λ[2,1],2 − λ[2,1],1)
χ[2,1], y6 = λ[13]χ[13]

(2.22)

¨§ ¸¨¸É¥³Ò Éμ£μ ¦¥ ¢¨¤ , ÎÉμ ¨ ¢ÒÏ¥:
6∑

I=1

λν
I yI = 0. � ±μ´¥Í, ÉμÎ´μ É ± ¦¥

³μ¦´μ · ¸¸³μÉ·¥ÉÓ Ê¸²μ¢¨Ö ¸É ¡¨²¨§ Í¨¨ ¤²Ö μÉ·¨Í É¥²Ó´μ£μ ¶¥·¥±·¥¸É±  Å
¤²Ö § ³Ò± ´¨Ö ±μ¸Ò 1ν(−2). ‚¸¥ É·¨ ¸¨¸É¥³Ò Ê¸²μ¢¨° ¥Ð¥ ´Ê¦´μ ¨¸¸²¥¤μ¢ ÉÓ
´  ¸μ¢³¥¸É´μ¸ÉÓ ³¥¦¤Ê ¸μ¡μ°. �μ Ê¦¥ §¤¥¸Ó ³Ò ³μ¦¥³ ¸¤¥² ÉÓ ¸ÊÐ¥¸É¢¥´´Ò°
¢Ò¢μ¤: ÎÉμ¡Ò Éμ¦¤¥¸É¢  ¤²Ö § ³Ò± ´¨° ±μ¸ ¡Ò²¨ ¸μ¢³¥¸É´Ò, ¤μ²¦´Ò ¡ÒÉÓ
Ê¸É ´μ¢²¥´Ò É¥ ¨²¨ ¨´Ò¥ · ¢¥´¸É¢  ³¥¦¤Ê ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ μ¶¥· Éμ-
·μ¢ ¶¥·¥±·¥¸É±μ¢ ¢ · §²¨Î´ÒÌ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ. �É¨ · ¢¥´¸É¢ 
μ¶·¥¤¥²ÖÉ Î¨¸²μ ¨ ¢¨¤ ·¥Ï¥´¨° ¤²Ö ¢¥¸μ¢ÒÌ ±μÔËË¨Í¨¥´Éμ¢ ¢ ¢Ò· ¦¥´¨¨
¤²Ö ¨´¢ ·¨ ´É .

’¥³ ¸ ³Ò³ Ê¸É ´μ¢¨ÉÓ ±μ´±·¥É´Ò° ¢¨¤ ¸μμÉ´μÏ¥´¨° ³¥¦¤Ê ¸μ¡¸É¢¥´-
´Ò³¨ §´ Î¥´¨Ö³¨ ¨ ¢¥¸μ¢Ò³¨ ±μÔËË¨Í¨¥´É ³¨ Ê¸²μ¢¨Ö Éμ¶μ²μ£¨Î¥¸±μ° ¨´-
¢ ·¨ ´É´μ¸É¨ ´¥ ¶μ§¢μ²ÖÕÉ. �¤´ ±μ ³μ¦´μ ¢¢¥¸É¨ ¸¨¸É¥³Ê ¤μ¶μ²´¨É¥²Ó´ÒÌ
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’ ¡²¨Í  7. ‘μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö μ¡· -
§ÊÕÐ¨Ì £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ± ¨§ É·¥Ì Ô²¥-
³¥´Éμ¢ (¸Éμ²¡¥Í 2) ¨ £·Ê¶¶Ò É·¥Ì´¨É¥¢ÒÌ
±μ¸ ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¸¶¥Í¨ ²Ó´ÒÌ ¶·¥¤-
¸É ¢²¥´¨ÖÌ (¸Éμ²¡¥Í 3)

�·¥¤¸É ¢²¥´¨Ö ‘μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
Q σ b ∼ h
[2] 1 λ

[1, 1] −1 μ

[3] 1 λ

[2, 1] 1,−1 λ, μ

[13] −1 μ

¸μμÉ´μÏ¥´¨°, ¨¸Ìμ¤Ö ¨§ ¤·Ê£¨Ì
¸μμ¡· ¦¥´¨°. ’ ±¨³ μ¡· §μ³ ³Ò
¥Ð¥ ¡μ²ÓÏ¥ ¸Ê§¨³ ±² ¸¸ ¢±²ÕÎ¥´-
´ÒÌ ¢ ±μ´¸É·Ê±Í¨Õ ¶·¥¤¸É ¢²¥´¨°
£·Ê¶¶Ò ±μ¸, ´μ ¶μ²ÊÎ¨³ ´¥É·¨¢¨-
 ²Ó´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¦¥² ¥³ÒÌ
¨´¢ ·¨ ´Éμ¢. �·¨Î¥³ Ê´¨¢¥·¸ ²Ó-
´Ò³ μ¡· §μ³ ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ Î¨-
¸²  ´¨É¥° ¢ ±μ¸¥.

�´§ Í μ ¢Ò·μ¦¤¥´¨¨ ¸μ¡¸É¢¥´-
´ÒÌ §´ Î¥´¨°. ‚ ¢Ò·μ¦¤¥´´μ³ Î ¸É-
´μ³ ¸²ÊÎ ¥, ±μ£¤  · ¸¸³μÉ·¥´´Ò¥
¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ±μ¸ Ö¢²ÖÕÉ¸Ö

É ±¦¥ ¶·¥¤¸É ¢²¥´¨Ö³¨ £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ±, ¸·¥¤¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°
μ¡· §ÊÕÐ¨Ì ¢¸¥£μ ¤¢  · §²¨Î´ÒÌ: λ1 = λ3 = λ4 = 1 ¨ λ2 = λ5 = λ6 = −1.
’μ£¤  ·¥Ï¥´¨¥ Ê¸²μ¢¨° Ë ±Éμ·¨§ Í¨¨ μÉ´μ¸¨É¥²Ó´μ ¢¥¸μ¢ÒÌ ±μÔËË¨Í¨¥´Éμ¢
§ ¤ ´μ ¸μμÉ´μÏ¥´¨Ö³¨ {x1+x3+x4 = 0, x2+x5+x6 = 0}. �¨¦¥ ³Ò § ¶¨Ï¥³
¢¸¥ ÔÉ¨ · ¢¥´¸É¢  ¢ ¨¸Ìμ¤´ÒÌ ¶¥·¥³¥´´ÒÌ (2.20),   ¢ · §¤. 2.3 μ¡¸Ê¤¨³, Î¥³
μ´¨ ¢ ¦´Ò ¸ ³¨ ¶μ ¸¥¡¥. �μ±  § ³¥É¨³, ÎÉμ ¢ ¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê ±μÔËË¨-
Í¨¥´É ³¨ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ´¥¶μ¸·¥¤¸É¢¥´´μ ´¥ ¢Ìμ¤ÖÉ. ’ ± ÎÉμ ³μ¦´μ,
´ μ¡μ·μÉ, ¶μÉ·¥¡μ¢ ÉÓ ¢Ò¶μ²´¥´¨Ö ÔÉ¨Ì Ê¸²μ¢¨° ¢μ ¢¸¥Ì ¨´É¥·¥¸ÊÕÐ¨Ì ´ ¸
¶·¥¤¸É ¢²¥´¨ÖÌ £·Ê¶¶Ò ±μ¸. …¸²¨ É ±¦¥ ´¥É ¤·Ê£¨Ì ²¨´¥°´ÒÌ ¸μμÉ´μÏ¥´¨°
³¥¦¤Ê xI , ¨§ Ê¸²μ¢¨° Ë ±Éμ·¨§ Í¨¨ Éμ£¤  ¶μ¸²¥¤ÊÕÉ μ¸² ¡²¥´´Ò¥ Ê¸²μ¢¨Ö
´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö: λ1 = λ3 = λ4 ¨ λ2 = λ5 = λ6. ‘ ¤·Ê£μ° ¸Éμ-
·μ´Ò, ¨³¥´´μ É ±μ¥ ¢Ò·μ¦¤¥´¨¥ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¨³¥¥É ³¥¸Éμ, ¥¸²¨
¢¸¥ · ¸¸³μÉ·¥´´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ±μ¸ Ö¢²ÖÕÉ¸Ö É ±¦¥ ¶·¥¤¸É ¢²¥-
´¨Ö³¨  ²£¥¡·Ò ƒ¥±±¥ ¸ μ¤´¨³ ¨ É¥³ ¦¥ ¶ · ³¥É·μ³ q (¸³. É ¡². 7). ˆ³¥Ö
¢ ¢¨¤Ê ¢¸¥ ÔÉ¨ ¸μμ¡· ¦¥´¨Ö, ¤μ¶μ²´¨É¥²Ó´μ Ê± ¦¥³, ÎÉμ: É¨¶ ¢Ò·μ¦¤¥´¨Ö
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° μ¡· §ÊÕÐ¨Ì £·Ê¶¶μ¢μ°  ²£¥¡·Ò £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ±
¸μÌ· ´Ö¥É¸Ö ¤²Ö ¨´É¥·¥¸ÊÕÐ¨Ì ´ ¸ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ±μ¸, ±μÉμ·Ò¥ ¶·¨
ÔÉμ³ Ö¢²ÖÕÉ¸Ö ¶·¥¤¸É ¢²¥´¨Ö³¨ μ¤´μ° ¨ Éμ° ¦¥  ²£¥¡·Ò ƒ¥±±¥.

ˆ´¢ ·¨ ´É § ³Ò± ´¨Ö É·¥Ì´¨É¥¢μ° ±μ¸Ò. ‘¢μ°¸É¢μ Ê³´μ¦¥´¨Ö ´  ·¨¸. 3
¢ ¸²ÊÎ ¥ É·¥Ì´¨É¥¢ÒÌ ±μ¸ § ¶¨¸Ò¢ ¥É¸Ö ¤²Ö ¶·μ¨§¢μ²Ó´μ° ¤¢Ê´¨É¥¢μ° ±μ¸Ò
¨ ¶ · ²²¥²Ó´μ° ¥° ´¨É¨. �·¨ ÔÉμ³ ¶μ²ÊÎ ¥É¸Ö ¡¥¸±μ´¥Î´μ¥ ¸¥³¥°¸É¢μ Ê· ¢-
´¥´¨°, ±μÉμ·Ò¥ ¶·¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨ÖÌ, ± ± ¢ É ¡². 7, ¨³¥ÕÉ ¢¨¤ (ν Å
Î¨¸²μ ¶¥·¥¸¥Î¥´¨° ¢ ¤¢Ê´¨É¥¢μ° ±μ¸¥):

χ
(
λνχ[2] + μνχ[1,1]

)
= λνχ[3] + (λν + μν)χ[2,1] + μνχ[13]. (2.23)

‘¨¸É¥³  (2.23) ¤²Ö ¢¸¥Ì Í¥²ÒÌ ν Ô±¢¨¢ ²¥´É´  ¸¨¸É¥³¥ ¤¢ÊÌ Ê· ¢´¥´¨°, ¸μ-
¸ÉμÖÐ¨Ì ¨§ Î²¥´μ¢ ¶·¨ ± ¦¤μ° ¨§ ¶·μ¨§¢μ²Ó´ÒÌ ¸É¥¶¥´¥° λν ¨ μν :

χχ[2] = χ[3] + χ[2,1], χχ[1,1] = χ[2,1] + χ[13]. (2.24)
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�´ ²μ£¨Î´μ, ¸¢μ°¸É¢μ ¸É ¡¨²¨§ Í¨¨ ´  ·¨¸. 2, II ¶·¨¢μ¤¨É ± ¡¥¸±μ´¥Î´μ³Ê
¸¥³¥°¸É¢Ê ¸μμÉ´μÏ¥´¨° ¢¨¤ 

λnχ[2] + μnχ[1,1] = λn+1χ[3] +
λnμ2 − μnλ2

μ − λ
χ[2,1] + μn+1χ[13], (2.25)

μ¤´ ±μ ³μ¦´μ ´¥¶μ¸·¥¤¸É¢¥´´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ²Õ¡Ò¥ É·¨ ¨§ Ê· ¢´¥´¨° (2.25)
²¨´¥°´μ § ¢¨¸¨³Ò. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ²Õ¡Ò¥ ¤¢  ¨§ ´¨Ì, ´ ¶·¨³¥·, ¤²Ö n = 1
¨ n = 2:

·¨¸. 2, 1 ∼ 12 : λχ[2] + μχ[1,1] = λ2χ[3] + λμχ[2,1] + μ2χ[13]

·¨¸. 2, 11 ∼ 112 : λ2χ[2] + μ2χ[1,1] = λ3χ[3] + μ3χ[13],
(2.26)

¤μ¶μ²´ÖÕÉ (2.24) ¤μ ¶μ²´μ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° ´  É·¥Ì´¨É¥¢Ò¥ ±μÔËË¨Í¨-
¥´ÉÒ. �¥Ï¥´¨¥³ (2.24), (2.26) Ö¢²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö Î¥·¥§ ¤¢Ê´¨-
É¥¢Ò¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö:

χ[3] =
χ(μχ − 1)(μ2χ + λ − μ)
(μ − λ)(λ2 − λμ + μ2)

,

χ[2,1] =
χ(μχ − 1)(λχ − 1)

λμ − λ2 − μ2
,

χ[13] =
χ(λχ − 1)(λ2χ + μ − λ)
(λ − μ)(λ2 − λμ + μ2)

¨²¨ Î¥·¥§ ¢¢¥¤¥´´Ò¥ ¢ (2.18) pn (¢ Î ¸É´μ¸É¨, p1 = 1):

χ[3] =
χ(p1 − μχ)(p2 + μ2χ)

p2p3
,

χ[2,1] =
χ(p1 − μχ)(λχ − p1)

p3
,

χ[13] =
χ(λχ − p1)(λ2χ + p2)

p2p3
.

(2.27)

�É¢¥É ¤²Ö ¨´¢ ·¨ ´É  É·¥Ì´¨É¥¢μ£μ Ê§² . � ±μ´¥Í, ¶μ²ÊÎ ¥³ ¢Ò· ¦¥-
´¨¥ ¤²Ö ¨´¢ ·¨ ´É  Ê§²  Å § ³Ò± ´¨Ö É·¥Ì´¨É¥¢μ° ±μ¸Ò Î¥·¥§ §´ Î¥´¨¥ Éμ£μ
¦¥ ¨´¢ ·¨ ´É  ¤²Ö É·¨¢¨ ²Ó´μ£μ Ê§²  χ ¨ ¤¢Ê´¨É¥¢Ò¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
λ ¨ μ:

I(λ, μ; χ) = λwχ[3] + Tr
L∏

i=1

diag (λνi,1 , μνi,1) B
νi,2

(2) (λ, μ) + μwχ[13], (2.28)
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£¤¥ w =
L∑

i=1

(νi,1+νi,2) ´ §Ò¢ ¥É¸Ö  ²£¥¡· ¨Î¥¸±¨³ Î¨¸²μ³ ¶¥·¥±·¥¸É±μ¢ ¢ ±μ¸¥

(¢ μÉ²¨Î¨¥ μÉ ¶μ²´μ£μ Î¨¸²  ¶¥·¥±·¥¸É±μ¢ n =
L∑

i=1

(|νi,1| + |νi,2|)), ³ É·¨Í 

B
(2)
2×2 § ¤ ´  ¢ (2.17),   ±μÔËË¨Í¨¥´ÉÒ χQ�3 Å ¢ (2.27).

2.2.4. —¥ÉÒ·¥Ì´¨É¥¢Ò¥ ±μ¸Ò. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢¶¥·¢Ò¥ ¶·μÖ¢²ÖÕÉ¸Ö ¢¸¥
Ô²¥³¥´ÉÒ μ¡¸Ê¦¤ ¥³μ° ±μ´¸É·Ê±Í¨¨ ¤²Ö ¨´¢ ·¨ ´É  Ê§² . �μÔÉμ³Ê ³Ò § ¢¥·-
Ï¨³ ´ ¸ÉμÖÐ¨° · §¤¥² ÔÉ¨³ ¸²¥£±  £·μ³μ§¤±¨³, ´μ ¶μ± § É¥²Ó´Ò³ Ê¶· ¦-
´¥´¨¥³.

‡ ¶¨¸Ó Î¥ÉÒ·¥Ì´¨É¥¢μ° ±μ¸Ò. ‚¸Ö±ÊÕ Î¥ÉÒ·¥Ì´¨É¥¢ÊÕ ±μ¸Ê ( ´ ²μ£¨Î´μ
É·¥Ì´¨É¥¢μ°) ³μ¦´μ § ¶¨¸ ÉÓ ± ± ¸²μ¢μ ¢¨¤ 

L∏
i=1

(εi,11)νi,1(εi,22)νi,2(εi,33)νi,3 , εi,j = sign νi,j ,

νi,j ∈ Z, i = 1, L, j = 1, 3

(2.29)

(¸³. ·¨¸. 4). �·μ¸É¥°Ï¨¥ ¶·¨³¥·Ò Ê§²μ¢ ¨ § Í¥¶²¥´¨° Å § ³Ò± ´¨° Î¥ÉÒ-
·¥Ì´¨É¥¢ÒÌ ±μ¸ ¶·¨¢¥¤¥´Ò ¢ É ¡². 5, ¤ ²Ó´¥°Ï¨¥ ¶·¨³¥·Ò ¸³. ¢ [6].

�·μ¨§¢¥¤¥´¨¥ μ¡· §ÊÕÐ¨Ì. ‘μμÉ¢¥É¸É¢ÊÕÐ¨° Ô²¥³¥´É £·Ê¶¶Ò Î¥ÉÒ·¥Ì-
´¨É¥¢ÒÌ ±μ¸ § ¶¨Ï¥É¸Ö ± ±

bν1,1
1 bν1,2

2 bν1,3
3 bν2,1

1 bν2,2
2 bν2,3

3 . . .bνL,1
1 bνL,2

2 bνL,3
3 . (2.30)

�·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ± ¨ · §³¥·Ò ³ É·¨ÍÒ μ¡· §ÊÕÐ¨Ì.
�·μ¸É· ´¸É¢  ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ± ¨§ 4 Ô²¥-
³¥´Éμ¢ ³μ¦´μ ¶μ¸É·μ¨ÉÓ ¶μ  ´ ²μ£¨¨ ¸ ¶·¥¤Ò¤ÊÐ¨³¨ ¸²ÊÎ Ö³¨: ± ± ¨´¢ -
·¨ ´É´Ò¥ (μÉ´μ¸¨É¥²Ó´μ ¤¥°¸É¢¨° ¢¸¥° £·Ê¶¶Ò) ¶μ¤¶·μ¸É· ´¸É¢  ¢ ¶·μ¸É· ´-
¸É¢¥, ´ ÉÖ´ÊÉμ³ ´  ¢¸¥ ¸²μ¢  ¨§ 4 · §²¨Î´ÒÌ ¡Ê±¢ x, y, z, t (É ¡². 8, 9).
‘μ£² ¸´μ μ¡Ð¥° É¥μ·¥³¥ [29, 31], £·Ê¶¶  ¶¥·¥¸É ´μ¢μ± 4 Ô²¥³¥´Éμ¢ ¨³¥¥É 5
· §²¨Î´ÒÌ (¸ ÉμÎ´μ¸ÉÓÕ ¨§μ³μ·Ë¨§³μ¢) ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° Å ¶μ
Î¨¸²Ê · §¡¨¥´¨° 4: Q = [4], [3, 1], [2, 2], [2, 1, 1], [14]. ‚ Î ¸É´μ¸É¨, · §¡¨¥´¨Ö
[4] ≡ 4 ¨ [14] ≡ 1 + 1 + 1 + 1 μÉ¢¥Î ÕÉ ¸¨³³¥É·¨Î¥¸±μ³Ê ¨  ´É¨¸¨³³¥É·¨-
Î¥¸±μ³Ê μ¤´μ³¥·´Ò³ ¶·¥¤¸É ¢²¥´¨Ö³.

‘μμÉ¢¥É¸É¢¥´´μ, ¤²Ö £·Ê¶¶Ò ±μ¸ ´Ê¦´μ · ¸¸³μÉ·¥ÉÓ ¶ÖÉÓ É·μ¥± ³ É·¨Í
bk|Q, £¤¥ ¨´¤¥±¸ k ¶·μ¡¥£ ¥É ´μ³¥·  μ¡· §ÊÕÐ¨Ì £·Ê¶¶Ò ±μ¸ (k = 1, 2, 3), a
¨´¤¥±¸ Q Å · §¡¨¥´¨Ö 4. � §³¥·Ò ³ É·¨ÍÒ ¸ÊÉÓ · §³¥·´μ¸É¨ ¶·μ¸É· ´¸É¢
¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·¥¤¸É ¢²¥´¨° ¸¨³³¥É·¨Î¥¸±μ° £·Ê¶¶Ò ¨§ É ¡². 9 1×1 (¤²Ö
[4] ¨ [14]), 3×3 (¤²Ö [3, 1] ¨ [2, 1, 1]) ¨ 2×2 (¤²Ö [2, 2]).

—¥ÉÒ·¥Ì´¨É¥¢Ò¥ £·Ê¶¶μ¢Ò¥ ¸μμÉ´μÏ¥´¨Ö ¨ Ê· ¢´¥´¨Ö ´  ³ É·¨Î´Ò¥ Ô²¥-
³¥´ÉÒ. �  ÔÉμÉ · § £·Ê¶¶  ±μ¸ ¸μ¤¥·¦¨É Ê¦¥ É·¨ μ¡· §ÊÕÐ¨Ì: b1, b2, b3, ±μ-
Éμ·Ò¥ Ê¤μ¢²¥É¢μ·ÖÕÉ ¸¨¸É¥³¥ É·¥Ì Ê· ¢´¥´¨° (¤¢ÊÌ μ¤´μ£μ É¨¶ , ¨ μ¤´μ£μ Å
¤·Ê£μ£μ):

b1b2b1 = b2b1b2, b2b3b2 = b3b2b3 ¨ b3b1 = b3b1. (2.31)
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„ ²Ó´ÖÖ ±μ³³ÊÉ Í¨Ö, ¸² ¡Ò°  ´§ Í ¤²Ö ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¨ ¡²μÎ´ Ö
¸É·Ê±ÉÊ· . ‚¶¥·¢Ò¥ ¤²Ö Î¥É·ÒÌ´¨É¥¢ÒÌ ±μ¸ ¢μ§´¨± ¥É ¶μ¸²¥¤´¥¥ ¨§ Ê¸²μ-
¢¨° (2.31) Å ¸¢μ°¸É¢μ ¤ ²Ó´¥° ±μ³³ÊÉ Í¨¨. ˆ§ ´¥£μ ¸²¥¤Ê¥É ¸¢Ö§Ó ³¥¦¤Ê
Î¨¸²μ³ · §²¨Î´ÒÌ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° b1 ¨ · §³¥·μ³ ´¥¤¨ £μ´ ²Ó´ÒÌ ¡²μ-
±μ¢ ¢ ³ É·¨Í¥ b3: ¢ ¡ §¨¸¥, £¤¥ b1 = diag (λ1, . . . , λk),(

b3b1 − b3b1

)
ij

= (λi − λj)(b3)ij = 0 ⇒ (b3)ij = 0 ¨²¨ λi = λj . (2.32)

‘μ ¸Ìμ¦¨³ Ö¢²¥´¨¥³ ³Ò ¸Éμ²±´Ê²¨¸Ó ¢ ¶. 2.2.3, £¤¥ É¨¶ ¢Ò·μ¦¤¥´¨Ö ¸μ¡-
¸É¢¥´´ÒÌ §´ Î¥´¨° ¶·¨¢μ¤¨² ± · §²¨Î´Ò³ ·¥Ï¥´¨Ö³ ¤²Ö ¢¥¸μ¢ÒÌ ±μÔËË¨-
Í¨¥´Éμ¢. �± §Ò¢ ¥É¸Ö, ÎÉμ ¶·¨´ÖÉÒ° Éμ£¤   ´§ Í ¨ §¤¥¸Ó ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ
¨´É¥·¥¸´μ¥ ·¥Ï¥´¨¥ ¤²Ö ³ É·¨Í μ¡· §ÊÕÐ¨Ì: ´¥É·¨¢¨ ²Ó´μ¥ ¨ μ¡μ¡Ð ¥³μ¥
´  ¶·μ¨§¢μ²Ó´μ¥ Î¨¸²μ ´¨É¥° ¢ ±μ¸¥. „²Ö ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Í μ¡· §ÊÕÐ¨Ì
´ ³ ¶μ´ ¤μ¡¨É¸Ö ¸² ¡Ò°  ´§ Í (±μÉμ·Ò° ¢ ¸²ÊÎ ¥ É·¥Ì´¨É¥¢ÒÌ ±μ¸ ¢ Ö¢´μ³
¢¨¤¥ ´¥ μ¡¸Ê¦¤ ²¸Ö): Î¨¸²μ · §²¨Î´ÒÌ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¨ ¨Ì ±· É´μ¸É¨
¢ ± ¦¤μ³ ¶·¥¤¸É ¢²¥´¨¨ É ±¨¥ ¦¥, ± ± ¤²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶·¥¤¸É ¢²¥-
´¨Ö ¸¨³³¥É·¨Î¥¸±μ° £·Ê¶¶Ò (É. ¥. ¨´É¥·¥¸ÊÕÐ¨¥ ´ ¸ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò
±μ¸ ¸ÊÉÓ ¶·¥¤¸É ¢²¥´¨Ö  ²£¥¡·Ò ƒ¥±±¥). ’μ£¤  ±· É´μ¸É¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥-
´¨° ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ, Ö¢´μ § ¶¨¸ ¢ ³ É·¨ÍÒ μ¡· §ÊÕÐ¨Ì ¸¨³³¥É·¨Î¥¸±μ°
£·Ê¶¶Ò σ ¸ ¶μ³μÐÓÕ É ¡². 9. �¥§Ê²ÓÉ É Å · §²¨Î´Ò¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥-
´¨Ö ¨´É¥·¥¸ÊÕÐ¨Ì ´ ¸ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ±μ¸ ¢ · ³± Ì ¸² ¡μ£μ  ´§ Í 
§ ¶¨¸ ´Ò ¢ ¸Éμ²¡Í¥ 3 É ¡². 10.

‡ ³¥É¨³, ÎÉμ Ê¦¥ ¤²Ö £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ± ´ ¡μ·Ò ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°
· §²¨Î´Ò ¤²Ö ¶ · ¶·¥¤¸É ¢²¥´¨° μ¤´μ° · §³¥·´μ¸É¨ (dim [4] = dim [14] = 1,
dim [3,1] = dim [2,1,1] = 3), ¶μÔÉμ³Ê ¢¸¥ ¶¥·¥Î¨¸²¥´´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¶μ¶ ·´μ
´¥¨§μ³μ·Ë´Ò.

…¸²¨, ± ± ¨ ¶·¥¦¤¥, ¢Ò¡· ÉÓ ¡ §¨¸, £¤¥ ³ É·¨Í  μ¶¥· Éμ·  b1 ¢ ± ¦¤μ³
¶·¥¤¸É ¢²¥´¨¨ ¤¨ £μ´ ²Ó´ , Éμ Ê¸²μ¢¨¥ ¤ ²Ó´¥° ±μ³³ÊÉ Í¨¨ ¢³¥¸É¥ ¸ ¶·¥¤¶μ-
²μ¦¥´¨Ö³¨ ¢ É ¡². 10 μ£· ´¨Î¨¢ ¥É · ¸¶μ²μ¦¥´¨¥ ´¥´Ê²¥¢ÒÌ ¢´¥¤¨ £μ´ ²Ó-
´ÒÌ Ô²¥³¥´Éμ¢ ¢ ³ É·¨Í¥ μ¶¥· Éμ·  b3. ’ ±, ¢ ± ¦¤μ° ³ É·¨Í¥ 3×3 (b3|Q,

’ ¡²¨Í  10. ‘μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö μ¡· §ÊÕÐ¨Ì £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ± ¨§ É·¥Ì Ô²¥-
³¥´Éμ¢ (¸Éμ²¡¥Í 2) ¨ £·Ê¶¶Ò É·¥Ì´¨É¥¢ÒÌ ±μ¸ ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¸¶¥Í¨ ²Ó´ÒÌ
¶·¥¤¸É ¢²¥´¨ÖÌ (¸Éμ²¡¥Í 3)

� §¡¨¥´¨Ö ‘μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö, λ
(i)
Q �= λ

(j)
Q ¶·¨ i �= j

Q σ b ∼ h
[4] 1 λ[4] λ

[3, 1] 1, 1, −1 λ[3,1],1, λ[3,1],1, λ[3,1],2 λ, λ, μ

[2, 2] 1, −1 λ[2,2],1, λ[2,2],2 λ, μ

[2, 1, 1] 1, −1, −1 λ[2,1,1],1, λ[2,1,1],2, λ[2,1,1],2 λ, μ, μ

[14] −1 λ[14] μ
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Q = [3, 1], [2, 1, 1]) ´¥´Ê²¥¢Ò³ ³μ¦¥É ¡ÒÉÓ ¡²μ± 2×2 ¢ É¥Ì ¦¥ ¸É·μ± Ì ¨
¸Éμ²¡Í Ì, ÎÉμ ¶ ·  ¸μ¢¶ ¤ ÕÐ¨Ì ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¥°
b1|Q. Œ É·¨Í  2×2 (b3|[2,2]) ¤μ²¦´  ¡ÒÉÓ ¤¨ £μ´ ²Ó´ . ‘ ¶μ³μÐÓÕ É ¡². 9
³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ É¥³¨ ¦¥ ¸¢μ°¸É¢ ³¨ μ¡² ¤ ÕÉ  ´ ²μ£¨Î´Ò¥ ³ É·¨ÍÒ
¤²Ö £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ±.

“· ¢´¥´¨Ö Ÿ´£ Ä	 ±¸É¥·  ¨ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö. ‚ ¸²ÊÎ ¥ Î¥ÉÒ·¥Ì
´¨É¥° ¢ ±μ¸¥ ± ± ¦¤μ³Ê ¨§ ¸μμÉ´μÏ¥´¨° (2.31) ³μ¦´μ ¶·¨³¥´¨ÉÓ Í¥¶μÎ±Ê
¸²¥¤¸É¢¨° (2.13). ‘²¥¤μ¢ É¥²Ó´μ, μ¶¥· Éμ·Ò ¢¸Ö±¨Ì ¤¢ÊÌ ¸³¥¦´ÒÌ,   §´ Î¨É,
¨ ¢¸¥Ì É·¥Ì ¶¥·¥±·¥¸É±μ¢ ¸¢Ö§ ´Ò ¸μ¶·Ö¦¥´¨¥³: bk+1 = UbkU−1 (k = 1, 2)
¤²Ö ´¥±μÉμ·μ° U . ‚ Î ¸É´μ¸É¨, ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö · §²¨Î´ÒÌ μ¡· §ÊÕÐ¨Ì
¢ ± ¦¤μ³ ¶·¥¤¸É ¢²¥´¨¨ ¶μ¶ ·´μ ¸μ¢¶ ¤ ÕÉ ¸ ÊÎ¥Éμ³ ±· É´μ¸É¥°.

“· ¢´¥´¨Ö Ÿ´£ Ä	 ±¸É¥·  ¨ Ê´¨¢¥·¸ ²Ó´Ò¥ ¡²μ±¨. � ¶μ³´¨³, ÎÉμ ¸μ-
μÉ´μÏ¥´¨Ö³ (2.31) Ê¤μ¢²¥É¢μ·ÖÕÉ É ±¦¥ μ¡· §ÊÕÐ¨¥ £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ±,
É ± ÎÉμ ¨Ì ³ É·¨ÍÒ ¢ ± ¦¤μ³ ¶·¥¤¸É ¢²¥´¨¨ Ö¢²ÖÕÉ¸Ö Î ¸É´Ò³ ·¥Ï¥´¨¥³
ÔÉ¨Ì ¸μμÉ´μÏ¥´¨°. ˆ¸±μ³Ò¥ ³ É·¨ÍÒ μ¡· §ÊÕÐ¨Ì £·Ê¶¶Ò ±μ¸ ¨³¥ÕÉ ¤·Ê£¨¥
¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö. �¤´ ±μ ³Ò ³μ¦¥³ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ · ¸¶μ²μ¦¥´¨¥
´¥´Ê²¥¢ÒÌ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ¸μ¢¶ ¤ ¥É ¤²Ö μ¡¥¨Ì £·Ê¶¶. …¸²¨ ·¥Ï¥´¨¥
(2.31) É ±μ£μ ¢¨¤  ´ °¤¥É¸Ö ¤²Ö ± ¦¤μ£μ Q Å · §¡¨¥´¨Ö 4, Éμ ³Ò ¶μ²ÊÎ¨³
¢¸¥ (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¨§μ³μ·Ë¨§³μ¢) ¨´É¥·¥¸ÊÕÐ¨¥ ´ ¸ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò
Î¥ÉÒ·¥Ì´¨É¥¢ÒÌ ±μ¸.

Š ± ¨ ¶·¥¦¤¥, ¡Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ¢ ¢Ò¡· ´´μ³ ¡ §¨¸¥ ¢¸¥ ³ É·¨ÍÒ ¸¨³-
³¥É·¨Î´Ò, ¨ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ Éμ²Ó±μ ´¥É·¨¢¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö £·Ê¶¶μ¢ÒÌ
¸μμÉ´μÏ¥´¨°. ‚¨¤ ³ É·¨Í μ¡· §ÊÕÐ¨Ì £·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ± ³μ¦´μ μ¶·¥-
¤¥²¨ÉÓ ¨§ É ¡². 9. ‚ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ Éμ ¦¥ · ¸¶μ²μ¦¥´¨¥ ´¥´Ê²¥¢ÒÌ
Ô²¥³¥´Éμ¢ ¸μÌ· ´Ö¥É¸Ö ¢ ¨¸±μ³ÒÌ ³ É·¨Í Ì ¤²Ö £·Ê¶¶Ò ±μ¸, ¶μ²ÊÎ ¥³ ´¥É·¨-
¢¨ ²Ó´Ò¥ μ£· ´¨Î¥´¨Ö ´  ¢¨¤ ³ É·¨Í · §³¥·μ¢ 3× 3 (£¤¥ Q = [3, 1], [2, 1, 1],  
I
2×2 ¨ Xk|Q Å ¥¤¨´¨Î´ Ö ³ É·¨Í  ¨ ´¥¨§¢¥¸É´Ò¥ ¡²μ±¨ 2×2):

b1|[3,1] =
(

λ[3,1],1I
2×2

λ[3,1],2

)
,

b2|[3,1] =
(

λ[3,1],1

X2×2
2|Q

)
, (2.33)

b3|[3,1] =
(

X2×2
3|Q

λ[3,1],1

)
.

„²Ö ± ¦¤μ° ¶ ·Ò (b1, b2) (2.31) ¤ ¥É Ê· ¢´¥´¨¥ ´  ¡²μ± 2× 2, ±μÉμ·μ¥ ¸μ-
¢¶ ¤ ¥É ¸ (2.12), É ± ÎÉμ ³μ¦´μ ¸· §Ê ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ·¥Ï¥´¨¥³ Î¥·¥§ ¸μ¡-
¸É¢¥´´Ò¥ §´ Î¥´¨Ö (2.17). „²Ö ¶ ·Ò (b2|[2,2], b3|[2,2]) ³ É·¨Í 2×2 ¨§ (2.12)
¸²¥¤Ê¥É b3|[2,2] = b1|[2,2]. „²Ö ¶ · (b2|Q, b3|Q) (Q = [3, 1], [2, 1, 1]) ³ É·¨Í 3×3
(2.12) ¤ ¥É Ê· ¢´¥´¨Ö, ·¥Ï¥´¨¥³ ±μÉμ·ÒÌ Ö¢²Ö¥É¸Ö ´μ¢Ò° ¡²μ± 2×2. �¡ 



��‹ˆ��Œ› “‡‹�‚ ˆ‡ R-Œ�’�ˆ–: ‡�—…Œ ’�Š�Ÿ Œ�’…Œ�’ˆŠ�? 733

É¨¶  ¡²μ±μ¢ 2×2 ¨³¥ÕÉ ¢¨¤ (pn μ¶·¥¤¥²¥´Ò ¢ (2.18)):

B(n)(λ1, λ2) =
1
pn

(
λn

2 zn

zn −(−λ1)n

)
, £¤¥ z2

n = −λ1λ2pn−1pn+1 (2.34)

Å ¤²Ö n = 2 ¨ n = 3 ¸μμÉ¢¥É¸É¢¥´´μ. ’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ ¥³ Ö¢´Ò° ¢¨¤
³ É·¨Í μ¡· §ÊÕÐ¨Ì £·Ê¶¶Ò ±μ¸ ¢μ ¢¸¥Ì ¨´É¥·¥¸ÊÕÐ¨Ì ´ ¸ ¶·¥¤¸É ¢²¥´¨ÖÌ (I
¨ ¢¸¥ B μ¡μ§´ Î ÕÉ ¡²μ±¨ 2×2):

b1|[4] = b2|[4] = b3|[4] = λ[4],

b1|[3,1] =
(

λ[3,1],1I

λ[3,1],2

)
, b2|[3,1] =

(
λ[3,1],1

B(2)(λ[3,1],1, λ[3,1],2)

)
,

b3|[3,1]=
(

B(3)(λ[3,1],1, λ[3,1],2)
λ[3,1],1

)
,

b1|[2,2] = b3|[2,2] =
(

λ[2,2],1

λ[2,2],2

)
, b2|[2,2] = B(2)(λ[2,2],1, λ[2,2],2), (2.35)

b1|[2,1,1] =
(

λ[2,1,1],2I

λ[2,1,1],1

)
, b2|[2,1,1] =

(
λ[2,1,1],2

B(2)(λ[2,1,1],1, λ[2,1,1],2)

)
,

b3|[2,1,1] =
(

B(3)(λ[2,1,1],1, λ[2,1,1],2)
λ[2,1,1],2

)
,

b1|[14] = b2|[14] = b3|[14] = λ[14].

Š ¦¤ Ö É·μ°±  ³ É·¨Í § ¤ ¥É ¶·¥¤¸É ¢²¥´¨¥  ²£¥¡·Ò ƒ¥±±¥ Å ¨ É¥³ ¸ ³Ò³
¸¶¥Í¨ ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ £·Ê¶¶Ò ±μ¸, ¶μ¸±μ²Ó±Ê μ´¨ Ê¤μ¢²¥É¢μ·ÖÕÉ ¢¸¥³
£·Ê¶¶μ¢Ò³ ¸μμÉ´μÏ¥´¨Ö³.

‘¨²Ó´Ò°  ´§ Í ¤²Ö Î¥ÉÒ·¥Ì´¨É¥¢ÒÌ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°. Š ± ¨ ¤²Ö
É·¥Ì´¨É¥¢ÒÌ ±μ¸ (¶. 2.2.3), ± ¦¤μ¥ ¨§ Ê¸²μ¢¨° ´  ·¨¸. 2, II  , ¡ ¨ 3 ¶μ·μ¦¤ ¥É
¡¥¸±μ´¥Î´ÊÕ ¸¨¸É¥³Ê ¸μμÉ´μÏ¥´¨° ³¥¦¤Ê ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ μ¡· -
§ÊÕÐ¨Ì ¨ ¢¥¸μ¢Ò³¨ ±μÔËË¨Í¨¥´É ³¨. �·¨Î¥³ ¢ ± Î¥¸É¢¥ μÉ¤¥²Ö¥³μ° ²¨¡μ
¸É ¡¨²¨§¨·Ê¥³μ° ±μ¸Ò É¥¶¥·Ó ³μ¦¥É ¸ÉμÖÉÓ ¶·μ¨§¢μ²Ó´ Ö É·¥Ì´¨É¥¢ Ö ±μ¸ .

ˆ ¸´μ¢  ¶μ²ÊÎ¥´´ Ö ¸¨¸É¥³  Ê¸²μ¢¨° ¨³¥¥É ´¥É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥ Éμ²Ó-
±μ ¶·¨ ¢Ò·μ¦¤¥´¨¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°. ’¥¶¥·Ó, ÎÉμ¡Ò ¶μ²ÊÎ¨ÉÓ  ´ -
²μ£ ·¥Ï¥´¨Ö ¤²Ö É·¥Ì´¨É¥¢ÒÌ ¢¥¸μ¢ÒÌ ±μÔËË¨Í¨¥´Éμ¢, ´¥μ¡Ìμ¤¨³μ ¶·¨´ÖÉÓ
¸¨²Ó´Ò°  ´§ Í ¤²Ö ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°: · §²¨Î´Ò¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
μ¡· §ÊÕÐ¨Ì · ¸¶·¥¤¥²¥´Ò ³¥¦¤Ê ¢¸¥³¨ ¨´É¥·¥¸ÊÕÐ¨³¨ ´ ¸ ´¥¶·¨¢μ¤¨³Ò³¨
¶·¥¤¸É ¢²¥´¨Ö³¨ £·Ê¶¶Ò ±μ¸ É ± ¦¥, ± ± ¢ ¸²ÊÎ ¥ ¸¨³³¥É·¨Î¥¸±μ° £·Ê¶¶Ò;
É¥³ ¸ ³Ò³ ¢¸¥ ÔÉ¨ ¶·¥¤¸É ¢²¥´¨Ö Ö¢²ÖÕÉ¸Ö ´¥¶·¨¢μ¤¨³Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨
 ²£¥¡·Ò ƒ¥±±¥ ¸ μ¤´¨³ ¨ É¥³ ¦¥ ¶ · ³¥É·μ³.

�¥Ï¥´¨¥ ¤²Ö Î¥ÉÒ·¥Ì´¨É¥¢ÒÌ ¢¥¸μ¢ÒÌ ±μÔËË¨Í¨¥´Éμ¢. � ¸¶·¥¤¥²¥´¨¥
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¢ · ³± Ì ¸¨²Ó´μ£μ  ´§ Í  § ¶¨¸ ´μ ¢ ¸Éμ²¡Í¥ 4 É ¡². 10.
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Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ Éμ£¤  Ê¸²μ¢¨¥ ´  ·¨¸. 3 ¤²Ö Î¥ÉÒ·¥Ì´¨É¥¢μ° ±μ¸Ò ¸ ´¥-
¸¢Ö§´μ° ´¨ÉÓÕ Ô±¢¨¢ ²¥´É´μ ¸¨¸É¥³¥ É·¥Ì ¸μμÉ´μÏ¥´¨°:

χχ[3] = χ[4] + χ[3,1],

χχ[2,1] = χ[3,1] + χ[2,2] + χ[2,1,1], (2.36)

χχ[13] = χ[2,1,1] + χ[14].

�Éμ ¸²¥¤Ê¥É ¨§ ¢Ò· ¦¥´¨Ö (2.28) ¤²Ö É·¥Ì´¨É¥¢μ° ±μ¸Ò ¨ Ö¢´μ£μ ¢¨¤  (2.35)
Î¥ÉÒ·¥Ì´¨É¥¢ÒÌ ³ É·¨Í b1|Q, b2|Q (£¤¥ ¢ Ê± § ´´ÒÌ ¶·¥¤¶μ²μ¦¥´¨ÖÌ ³ É·¨ÍÒ
1×1, 2×2 ¨ ¡²μ±¨ 2×2 ¢ ³ É·¨Í Ì 3×3 · ¢´Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ É·¥Ì´¨É¥¢Ò³
³ É·¨Í ³,   ¢ ³ É·¨Í Ì 3×3, ±·μ³¥ Éμ£μ, μÉ²¨Î¥´ μÉ ´Ê²Ö Éμ²Ó±μ ¶¥·¢Ò°
Ô²¥³¥´É ´  ¤¨ £μ´ ²¨).

“¸²μ¢¨Ö ¸É ¡¨²¨§ Í¨¨ ´  ·¨¸. 2, II ¤²Ö Î¥ÉÒ·¥Ì´¨É¥¢μ° ±μ¸Ò ¸μ¤¥·¦ É
¥Ð¥ 2 ´¥§ ¢¨¸¨³ÒÌ Ê· ¢´¥´¨Ö. ‚ ÔÉμ³ ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö É ± ¦¥, ± ± ¢ ¸²ÊÎ ¥
É·¥Ì´¨É¥¢ÒÌ ±μ¸: Ö¢´μ § ¶¨¸ ¢ ÔÉμ Ê¸²μ¢¨¥ ¤²Ö ¶·μ¨§¢μ²Ó´μ° É·¥Ì´¨É¥¢μ°
±μ¸Ò ¸ ¶μ³μÐÓÕ (2.28) ¨ (2.35). Œ¥´¥¥ Ö¢´Ò°, ´μ ¡μ²¥¥ μ¡Ð¨° (¤²Ö ²Õ-
¡μ£μ Î¨¸²  ´¨É¥°) ¢Ò¢μ¤ Éμ£μ ¦¥ Ë ±É  μ¶¨· ¥É¸Ö ´  ¸μμÉ´μÏ¥´¨Ö  ²£¥¡·Ò
ƒ¥±±¥. ‚Ò¢μ¤ ¸É ´μ¢¨É¸Ö ¡μ²¥¥ ¶·μ§· Î´Ò³ ¢ É¥´§μ·´μ³ ¶·¥¤¸É ¢²¥´¨¨ μ¶¥-
· Éμ·μ¢ ¶¥·¥±·¥¸É±μ¢ Å ± ± ³Ò ¶μ± ¦¥³ ¢ ¶. 3.4.1 (Ô±¢¨¢ ²¥´É´μ¸ÉÓ μ¡μ¨Ì
¶·¥¤¸É ¢²¥´¨° μ¡¸Ê¦¤ ¥É¸Ö ¢ · §¤. 4). ‚ ± Î¥¸É¢¥ ¶ ·Ò ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ
¸²¥¤¸É¢¨° ¸μμÉ´μÏ¥´¨Ö ´  ·¨¸. 2, II ³μ¦´μ ¢Ò¡· ÉÓ, ´ ¶·¨³¥·,

(·¨¸. 2), 123 ∼ 12: λ3χ[4] + λ2μχ[3,1] + λμ2χ[2,1,1] + μ3χ[14] =

= λ2χ[3] + λμχ[2,1] + μ2χ[13],

(·¨¸. 2), 1123 ∼ 112: λ2χ[4] +
(λ + μ)(λ3 − μ3)

μ(λ − μ)
χ[3,1] +

λ5 − μ5

λμ(λ − μ)
χ[2,2]+

+
(λ + μ)(λ3 − μ3)

λ(λ − μ)
χ[2,1,1] + μ2χ[14] = λχ[3] +

(λ4 − μ4)
λμ(λ − μ)

χ[2,1] + μχ[13].

(2.37)

�¥Ï¥´¨¥ ¸¨¸É¥³Ò (2.37), (2.36) § ¶¨Ï¥É¸Ö Î¥·¥§ ¢¢¥¤¥´´Ò¥ ¢ (2.18) pn ± ±

χ[4] =
χ(p1 − μχ)(p2 + μ2χ)(p3 − μ3χ)

p1p2p3
,

χ[3,1] =
χ((p1 − μχ)(p2 + μ2χ)λχ − p1)

p2p4
,

χ[2,2] =
λμχ2

1(p1 − μχ)(λχ − p1)
p2
2p3

,

χ[2,1,1] = −χ(p1 − μχ)(λχ − p1)(λ2χ − p2)
p2p4

,

χ[14] =
χ(λχ − p1)(λ2χ − p2)(λ3χ − p3)

p2p3p4
.

(2.38)
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ˆ´¢ ·¨ ´É Î¥ÉÒ·¥Ì´¨É¥¢μ£μ Ê§² . ‚ ± Î¥¸É¢¥ μ±μ´Î É¥²Ó´μ£μ μÉ¢¥É  ¤²Ö
¨´¢ ·¨ ´É  Ê§²  ¨²¨ § Í¥¶²¥´¨Ö Å § ³Ò± ´¨Ö Î¥ÉÒ·¥Ì´¨É¥¢μ° ±μ¸Ò ((2.29),
¸³. ¶·¨³¥· ´  ·¨¸. 4) Å ¶μ²ÊÎ ¥³

H{νi,1νi,2νi,3}L
i=1 =

∑
Q�4

χQ Tr
L∏

i=1

{
b
νi,1

1|Q b
νi,2

2|Q b
νi,3

3|Q

}
, (2.39)

£¤¥ Q � 4 μ§´ Î ¥É, ÎÉμ ¨´¤¥±¸ Q ¶·μ¡¥£ ¥É ¢¸¥ · §¡¨¥´¨Ö 4 (Q∈{[4], [3, 1],
[2, 2], [2, 1, 1], [14]}), ³ É·¨ÍÒ μ¡· §ÊÕÐ¨Ì £·Ê¶¶Ò ±μ¸ bk|Q ¢ ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨Ì ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ ¤²Ö k = 1, 2, 3 § ¤ ÕÉ¸Ö Ëμ·³Ê² ³¨ (2.35)
¨ (2.34) ¤²Ö n = 2, 3,   ¢¥¸μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ χQ ¶¥·¥¤ ´¥¶·¨¢μ¤¨³Ò³¨
¶·¥¤¸É ¢²¥´¨Ö³¨ § ¤ ´Ò ¢Ò· ¦¥´¨Ö³¨ (2.38).

2.3. —Éμ ÔÉμ §  ¢¥¸μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ? ‚ÒÎ¨¸²¥´´Ò¥ ¢ÒÏ¥ ³ É·¨ÍÒ
¶¥·¥±·¥¸É±μ¢ ¸ ¸ ³μ£μ ´ Î ²  ¢¢μ¤¨²¨¸Ó ± ± ³ É·¨ÍÒ ¸¶¥Í¨ ²Ó´ÒÌ ´¥¶·¨¢μ-
¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° μ¡· §ÊÕÐ¨Ì £·Ê¶¶Ò ±μ¸. ‚¥¸μ¢Ò¥ ¦¥ ±μÔËË¨Í¨¥´ÉÒ
¶·¨ · §²¨Î´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ ¢ μ±μ´Î É¥²Ó´ÒÌ ¢Ò· ¦¥´¨ÖÌ ¶μ¤¡¨· ²¨¸Ó
É ±, ÎÉμ¡Ò μÉ¢¥É μ¡² ¤ ² ¢¸¥³¨ ´¥μ¡Ìμ¤¨³Ò³¨ ¸¢μ°¸É¢ ³¨ (Éμ¶μ²μ£¨Î¥¸±μ°
¨´¢ ·¨ ´É´μ¸É¨ ¨ Ê³´μ¦¥´¨Ö ¤²Ö ´¥¸¢Ö§´μ£μ μ¡Ñ¥¤¨´¥´¨Ö). �  ¸ ³μ³ ¤¥²¥
¶μ¤μ¡· ´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ ®μ± § ²¨¸Ó¯ ¢¥¸Ó³  ¸¶¥Í¨ ²Ó´Ò³¨ ¢¥²¨Î¨´ ³¨.
�Ö¤ ¸¢μ°¸É¢, ¸ÊÐ¥¸É¢¥´´ÒÌ ¤²Ö ¤ ´´μ° ±μ´¸É·Ê±Í¨¨, ¶·¨¸ÊÐ ÔÉ¨³ ¢¥²¨Î¨´ ³
¢ ¸¨²Ê ¨Ì ´¥§ ¢¨¸¨³μ£μ μ¶·¥¤¥²¥´¨Ö. �μÖ¢²¥´¨¥ ÔÉ¨Ì ¢¥²¨Î¨´ ¶·¨ ¢ÒÎ¨¸²¥-
´¨¨ ¨´¢ ·¨ ´É  Ê§²  ¸É ´μ¢¨É¸Ö ³¥´¥¥ § £ ¤μÎ´Ò³ ¶·¨ É¥´§μ·´μ³ (R-³ É-
·¨Î´μ³) ¶μ¤Ìμ¤¥ ± Éμ° ¦¥ § ¤ Î¥. ŒÒ Ê¡¥¤¨³¸Ö ¢ ÔÉμ³ ¨ ´ §μ¢¥³ ¢¥Ð¨ ¸¢μ¨³¨
¨³¥´ ³¨ ¢ ¶·¨³¥· Ì ¨§ · §¤. 4. � ¶μ±  μ¡· É¨³ ¢´¨³ ´¨¥ ´  Éμ, ÎÉμ Ê¦¥ ¸ ³¨
¢Ò· ¦¥´¨Ö ¤²Ö ¢¥¸μ¢ÒÌ ±μÔËË¨Í¨¥´Éμ¢ ¢Ò£²Ö¤ÖÉ μÉ´Õ¤Ó ´¥ ¸²ÊÎ °´Ò³¨.

�·¥¦¤¥ ¢¸¥£μ, ¥¸²¨ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö É ±¨¥, ± ± ¤²Ö £·Ê¶¶Ò ¶¥·¥-
¸É ´μ¢μ± (λ = −μ = 1),   §´ Î¥´¨¥ ¨´¢ ·¨ ´É  ¤²Ö É·¨¢¨ ²Ó´μ£μ Ê§²  ¥¸ÉÓ
Í¥²μ¥ Î¨¸²μ (χ ≡ χ[1] = N ∈ Z), Éμ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ χQ ¢ (2.7), (2.27),
(2.38) ¸ÊÉÓ É ±¦¥ Í¥²Ò¥ Î¨¸²  (¢ ÔÉμ³ ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö ¨§  ´ ²¨§  ¤¥²¨³μ¸É¨
Î¨¸²¨É¥²¥° ´  §´ ³¥´ É¥²¨):

χ[1] = N, χ[2] =
N(N + 1)

2
, χ[1,1] =

N(N − 1)
2

, χ[3] =
N(N + 1)(N + 2)

6
,

χ[2,1] =
N(N + 1)(N − 1)

3
, χ[13] =

N(N − 1)(N − 2)
6

,

χ[4] =
N(N + 1)(N + 2)(N + 3)

24
, χ[3,1] =

N(N + 1)(N + 2)(N − 1)
8

,

χ[2,2] =
N2(N + 1)(N − 1)

3
,

χ[2,1,1] =
N(N + 1)(N − 1)(N − 2)

8
, χ[14] =

N(N − 1)(N − 2)(N − 3)
24

.

(2.40)
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„ ²¥¥ ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¤²Ö ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°  ²£¥¡·Ò ƒ¥±±¥ λ = q,
μ = −q−1 ¢¸¥ χQ ¡Ê¤ÊÉ ¶μ²¨´μ³ ³¨ ‹μ· ´  ¶μ q ¸ Í¥²Ò³¨ ´¥μÉ·¨Í É¥²Ó-
´Ò³¨ ±μÔËË¨Í¨¥´É ³¨, ¥¸²¨ ¨´¢ ·¨ ´É É·¨¢¨ ²Ó´μ£μ Ê§²  ¥¸ÉÓ ±¢ ´Éμ¢μ¥
Î¨¸²μ [N ]q ¢¨¤  (1.1). ‚ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ ¢Ò· ¦¥´¨Ö ¤²Ö χ(N, q) ¡Ê¤ÊÉ
¶μ²ÊÎ ÉÓ¸Ö ± ± ®¤¥Ëμ·³ Í¨¨¯ (2.40) ¶ÊÉ¥³ § ³¥´ (N − k) → [N − k]q ¤²Ö
k = 0,±1,±2,±3 ¤²Ö ± ¦¤μ£μ ³´μ¦¨É¥²Ö ¢ Î¨¸²¨É¥²¥ ¨ 2 → [2]q, 3 → [3]q ,
6 → [1]q[2]q[3]q ≡ [3]q!, 24 → [1]q[2]q[3]q[4]q ≡ [4]q!, 8 → [2]q[4]q ¢ §´ ³¥-

´ É¥²ÖÌ. …¸²¨ ¦¥ ¢¢¥¸É¨ ¶¥·¥³¥´´ÊÕ A = qN , Éμ χQ μ± ¦ÊÉ¸Ö Î ¸É´Ò³¨
¸²ÊÎ Ö³¨ ËÊ´±Í¨° ˜Ê· , μÉ±Ê¤ , ¢ Î ¸É´μ¸É¨, ¸²¥¤Ê¥É ¶·¥¤Ò¤ÊÐ¥¥ ¸¢μ°-
¸É¢μ (¶. 1.3.2).

� ±μ´¥Í, ¢ ±μ´É¥±¸É¥ ¨´¢ ·¨ ´Éμ¢ Ê§²μ¢ ´ ¨¡μ²¥¥ §´ Î¨É¥²Ó´μ, ÎÉμ ¤²Ö
χQ ¸ÊÐ¥¸É¢ÊÕÉ Ëμ·³Ê²Ò Ê³´μ¦¥´¨Ö: Î ¸É´Ò³¨ ¸²ÊÎ Ö³¨ Ö¢²ÖÕÉ¸Ö (2.24),
(2.36). �É¨ Ëμ·³Ê²Ò, ±·μ³¥ ¶·μÎ¥£μ, μ¡¥¸¶¥Î¨¢ ÕÉ ¸¢μ°¸É¢μ Ê³´μ¦¥´¨Ö
¨´¢ ·¨ ´Éμ¢ ¤²Ö ´¥¸¢Ö§´μ° ¸Ê³³Ò Ê§²μ¢ (§ Í¥¶²¥´¨°), ± ± ³Ò μ¡¸Ê¤¨²¨ ¢
¶·¨³¥· Ì ¢ÒÏ¥.

�¥·¥Î¨¸²¥´´Ò¥ ¸¢μ°¸É¢  £μ¢μ·ÖÉ μ ¶·μ¨¸Ìμ¦¤¥´¨¨ ¢¥²¨Î¨´ χQ ¨§ É¥μ·¨¨
¶·¥¤¸É ¢²¥´¨°: ´  ¸ ³μ³ ¤¥²¥ μ´¨ Ö¢²ÖÕÉ¸Ö Ì · ±É¥· ³¨  ²£¥¡·Ò ‹¨ suN

(¸³. · §¤. 4).

3. ˆ�‚��ˆ��’› “‡‹�‚ ‚ ’…�Œˆ��• R-Œ�’�ˆ–

3.1. ˆ´¢ ·¨ ´É Ê§²  ± ± ¨´¢ ·¨ ´É  ²£¥¡·Ò ‹¨. 3.1.1. �·¨ Î¥³ §¤¥¸Ó
Ì · ±É¥·Ò? ˆÉ ±, ¢ · §¤. 2 ¢¥¸μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¶¥·¥¤ ´¥¶·¨¢μ¤¨³Ò³¨
¶·¥¤¸É ¢²¥´¨Ö³¨  ²£¥¡·Ò ƒ¥±±¥, ´¥μ¡Ìμ¤¨³Ò¥ ¤²Ö Éμ¶μ²μ£¨Î¥¸±μ° ¨´¢ ·¨-
 ´É´μ¸É¨ μÉ¢¥É , ®´¥μ¦¨¤ ´´μ¯ μ± § ²¨¸Ó ¨§¢¥¸É´Ò³¨ ¸¶¥Í¨ ²Ó´Ò³¨ ËÊ´±-
Í¨Ö³¨ É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨° suN .

‚ ´ ¸ÉμÖÐ¥³ · §¤¥²¥ ³Ò · §¡¥·¥³ ¤·Ê£μ° ¶μ¤Ìμ¤ ± ¢ÒÎ¨¸²¥´¨Õ ¨´¢ -
·¨ ´É  Ê§² , ¢ ±μÉμ·μ³ ÔÉμÉ Ë ±É ´¥ ¡Ê¤¥É ¢Ò£²Ö¤¥ÉÓ ¸²ÊÎ °´Ò³. ’¥¶¥·Ó
³ É·¨ÍÒ ¶¥·¥±·¥¸É±μ¢ ¸ ¸ ³μ£μ ´ Î ²  ¡Ê¤ÊÉ ¨³¥ÉÓ ´¥¶μ¸·¥¤¸É¢¥´´μ¥ μÉ´μ-
Ï¥´¨¥ ± ¶·¥¤¸É ¢²¥´¨Ö³ suN . ‚ ±μ´Í¥ ±μ´Íμ¢ (¢ · §¤. 4) ³Ò ¸´μ¢  ¶·¨¤¥³ ±
¢Ò· ¦¥´¨Ö³ (2.6), (2.28) ¸ É¥³¨ ¦¥ ³ É·¨Í ³¨ μ¶¥· Éμ·μ¢ ¶¥·¥±·¥¸É±μ¢ ¨ Ì -
· ±É¥·μ¢, μ¤´ ±μ ¸³Ò¸² ÔÉ¨Ì ³ É·¨Í ¡Ê¤¥É ¨´Ò³. ‚ ´¥±μÉμ·μ³ ¸³Ò¸²¥ ¤¢  μ¡-
¸Ê¦¤ ¥³ÒÌ ¶μ¤Ìμ¤  Ö¢²ÖÕÉ¸Ö ¤¢μ°¸É¢¥´´Ò³¨ ¤·Ê£ ¤·Ê£Ê,   ¨Ì ÉμÎ´μ¥ ¸μμÉ¢¥É-
¸É¢¨¥ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± μ¡μ¡Ð¥´´ÊÕ ¤Ê ²Ó´μ¸ÉÓ ˜Ê· Ä‚¥°²Ö ³¥¦¤Ê
¶·¥¤¸É ¢²¥´¨Ö³¨ ¸¨³³¥É·¨Î¥¸±¨Ì ¨ ¸¶¥Í¨ ²Ó´ÒÌ Ê´¨É ·´ÒÌ £·Ê¶¶ [3,4].

3.1.2. �¶¥· Éμ· ¶¥·¥±·¥¸É±  ± ± ¨´¢ ·¨ ´É´Ò° μ¶¥· Éμ·. ‚ · §¤. 2
¸ ± ¦¤μ° ´¨ÉÓÕ ±μ¸Ò ¡Ò² ¸¢Ö§ ´ Ëμ·³ ²Ó´Ò° Ô²¥³¥´É (¡Ê±¢ ), ¸ ± ¦¤Ò³
¸¥Î¥´¨¥³ ±μ¸Ò ³¥¦¤Ê ¶¥·¥±·¥¸É± ³¨ Å ¸²μ¢μ. ’μ£¤  ¸ ¶¥·¥±·¥¸É±μ³ ¡Ò²μ
¡Ò ¥¸É¥¸É¢¥´´μ ¸¢Ö§ ÉÓ μ¶¥· Éμ· É· ´¸¶μ§¨Í¨¨ (¶¥·¥¸É ´μ¢±¨ ¸μ¸¥¤´¨Ì ¡Ê±¢),
μ¤´ ±μ ¨´É¥·¥¸´Ò¥ ¨´¢ ·¨ ´ÉÒ Ê§²μ¢ ¶μ²ÊÎ ²¨¸Ó ¤²Ö ®μ¡μ¡Ð¥´´ÒÌ¯ É· ´¸-
¶μ§¨Í¨°: μ¡· §ÊÕÐ¨Ì  ²£¥¡·Ò ƒ¥±±¥.
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�·¨ ¶μ¤Ìμ¤¥, μ ±μÉμ·μ³ ¶μ°¤¥É ·¥ÎÓ ´¨¦¥, ¸ ± ¦¤μ° ´¨ÉÓÕ ±μ¸Ò ¡Ê¤¥É
¸¢Ö§ ´μ Í¥²μ¥ ¢¥±Éμ·´μ¥ ¶·μ¸É· ´¸É¢μ Å ¶·μ¸É· ´¸É¢μ ¶·¥¤¸É ¢²¥´¨Ö  ²£¥-
¡·Ò ‹¨ (ÉμÎ´¥¥, ±¢ ´Éμ¢μ° μ¡¥·ÉÒ¢ ÕÐ¥° ÔÉμ°,   ¢ · §²¨Î´ÒÌ ¢ ·¨ ´É Ì
±μ´¸É·Ê±Í¨¨ Å ¡μ²¥¥ μ¡Ð¥°  ²£¥¡·Ò, ¸³. · §¤. 5). � ·¥ ´¨É¥° ¡Ê¤¥É μÉ¢¥-
Î ÉÓ É¥´§μ·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ÔÉ¨Ì ¤¢ÊÌ ¶·μ¸É· ´¸É¢, ¨ ´  ÔÉμ³ ¶·μ¨§¢¥¤¥´¨¨
¡Ê¤¥É ¤¥°¸É¢μ¢ ÉÓ μ¶¥· Éμ· ¶¥·¥±·¥¸É±  ± ± ²¨´¥°´Ò° μ¶¥· Éμ·.

�¶·¥¤¥²ÖÕÐ¥¥ ¸¢μ°¸É¢μ μ¶¥· Éμ·  ¶¥·¥±·¥¸É±  ¸μ¸Éμ¨É ¢ ¥£μ ¨´¢ ·¨ ´É-
´μ¸É¨ μÉ´μ¸¨É¥²Ó´μ ¤¥°¸É¢¨Ö  ²£¥¡·Ò ‹¨ ´  ¶ ·¥ ´¨É¥°, É. ¥. ´  É¥´§μ·´μ³
¶·μ¨§¢¥¤¥´¨¨ ¶·¥¤¸É ¢²¥´¨°.

�¨¦¥ ³Ò ¶·¨¢¥¤¥³ ¡μ²¥¥ ÉμÎ´ÊÕ Ëμ·³Ê²¨·μ¢±Ê μ¶·¥¤¥²ÖÕÐ¥£μ ¸¢μ°¸É¢ 
¸μ ¢¸¥³¨ ´¥μ¡Ìμ¤¨³Ò³¨ μ¶·¥¤¥²¥´¨Ö³¨. �·¨ ¶μ¸É·μ¥´¨¨ ¨´¢ ·¨ ´Éμ¢ Ê§²μ¢
ÔÉμ ¸¢μ°¸É¢μ ¨£· ¥É ¤¢μ°´ÊÕ ·μ²Ó:

1) ¡² £μ¤ ·Ö Ê¸²μ¢¨Õ ¨´¢ ·¨ ´É´μ¸É¨ ¡Ê¤¥É ¤μ¸É ÉμÎ´μ ¢ÒÎ¨¸²¨ÉÓ ³ -
É·¨Î´Ò¥ Ô²¥³¥´ÉÒ μ¶¥· Éμ·μ¢ ¶¥·¥±·¥¸É±μ¢ ²¨ÏÓ ´  ´¥¡μ²ÓÏμ³ Î¨¸²¥ ¡ -
§¨¸´ÒÌ ¢¥±Éμ·μ¢ (μ¸É ²Ó´Ò¥ ¡Ê¤ÊÉ · ¢´Ò Ê¦¥ ¢ÒÎ¨¸²¥´´Ò³);

2) ¤²Ö ¨´¢ ·¨ ´É´ÒÌ μ¶¥· Éμ·μ¢ ¡Ê¤¥É  ¢Éμ³ É¨Î¥¸±¨ ¢Ò¶μ²´¥´μ μ¤´μ ¨§
Ê¸²μ¢¨° Éμ¶μ²μ£¨Î¥¸±μ° ¨´¢ ·¨ ´É´μ¸É¨: Ê· ¢´¥´¨¥ Ÿ´£ Ä	 ±¸É¥·  ∼= (2.12)
∼= RIII ´  ·¨¸. 9.

	² £μ¤ ·Ö (1) ¨´¢ ·¨ ´É § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ Ì · ±É¥· ³:
Î¥·¥§ ¸²¥¤Ò ´¥¡μ²ÓÏ¨Ì ³ É·¨Í, ¤¥°¸É¢ÊÕÐ¨Ì ´  ¢Ò¡· ´´Ò¥ ¡ §¨¸´Ò¥ ¢¥±-
Éμ·Ò, ±μÔËË¨Í¨¥´ÉÒ ±μÉμ·ÒÌ ®¶¥·¥Î¨¸²ÖÕÉ¯ μ¸É ²Ó´Ò¥ ¡ §¨¸´Ò¥ ¢¥±Éμ·Ò
(¸³. · §¤. 4). � ¡²Õ¤¥´¨¥ (2) Ö¢²Ö¥É¸Ö § ³¥Î É¥²Ó´Ò³ Ë ±Éμ³ ¨§ É¥μ·¨¨ ¶·¥¤-
¸É ¢²¥´¨° (¸³. ¶. 3.2), ¢ ¸¨²Ê ±μÉμ·μ£μ ¨´¢ ·¨ ´É´Ò¥ μ¶¥· Éμ·Ò § ¸²Ê¦¨²¨
μ¸μ¡Ò° ¨´É¥·¥¸ ¨ μÉ¤¥²Ó´μ¥ ´ §¢ ´¨¥: R-³ É·¨ÍÒ [3,4].

3.2. Š¢ ´Éμ¢ Ö R-³ É·¨Í  Å μ¡μ¡Ð¥´´Ò° μ¶¥· Éμ· ¶¥·¥¸É ´μ¢±¨.
3.2.1. �¶¥· Éμ· ¶¥·¥¸É ´μ¢±¨ ± ± ¨´¢ ·¨ ´É´Ò° ¨ ®Éμ¶μ²μ£¨Î¥¸±¨°¯
μ¶¥· Éμ·. ‘¨³³¥É·¨Ö ±μÊ³´μ¦¥´¨Ö ¨ ¶¥·¢μ¥ ¸¢μ°¸É¢μ μ¶¥· Éμ·  ¶¥·¥-
±·¥¸É± . ’¥´§μ·´μ¥ Ê³´μ¦¥´¨¥ ¶·¥¤¸É ¢²¥´¨° Å ÔÉμ ¡μ²ÓÏ¥, Î¥³ É¥´§μ·´μ¥
Ê³´μ¦¥´¨¥ ¶·μ¸ÉÒÌ ²¨´¥°´ÒÌ ¶·μ¸É· ´¸É¢: ´Ê¦´μ ¤μ¶μ²´¨É¥²Ó´μ μ¶·¥¤¥-
²¨ÉÓ ²¨´¥°´Ò¥ μ¶¥· Éμ·Ò, § ¤ ÕÐ¨¥ ¤¥°¸É¢¨¥ Ô²¥³¥´Éμ¢ ¨¸Ìμ¤´μ°  ²£¥¡·Ò
´  ¶·μ¸É· ´¸É¢¥Ä¶·μ¨§¢¥¤¥´¨¨ Å É ±, ÎÉμ¡Ò ¶μ¸²¥¤´¥¥ É ±¦¥ μ± § ²μ¸Ó ¶·μ-
¸É· ´¸É¢μ³ ¶·¥¤¸É ¢²¥´¨Ö. ‚ É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨°  ²£¥¡· ‹¨ [29, 31] ¤²Ö
ÔÉμ£μ ¨¸¶μ²Ó§ÊÕÉ μ¶·¥¤¥²¥´¨¥ μ¶¥· Éμ·μ¢  ²£¥¡·Ò Î¥·¥§ ¨§³¥´¥´¨¥ ¢¥±Éμ-
·μ¢ ¶·μ¸É· ´¸É¢ -¶·¥¤¸É ¢²¥´¨Ö ´  ¶·μ¸É· ´¸É¢¥ V ¶·¨ ¡¥¸±μ´¥Î´μ ³ ²μ³
£·Ê¶¶μ¢μ³ ¶·¥μ¡· §μ¢ ´¨¨ x �→ Gεx ∼ x + εgx, ÎÉμ ¶·¨¢μ¤¨É ± ¶· ¢¨²Ê
‹¥°¡´¨Í :

Δ(g)
(
x⊗y

)
= lim

ε→0

1
ε

{
(x + εgx)⊗(y + εgy)− x⊗y

}
= x⊗gy + y⊗gx. (3.1)

‡¤¥¸Ó ²¨´¥°´Ò¥ μ¶¥· Éμ·Ò g ¨ Δ(g) ¸ÊÉÓ μ¡· §Ò μ¤´μ£μ ¨ Éμ£μ ¦¥ Ô²¥³¥´É 
 ²£¥¡·Ò ¢ ¶·¥¤¸É ¢²¥´¨ÖÌ ¸ ¶·μ¸É· ´¸É¢ ³¨ V ¨ V ⊗V ¸μμÉ¢¥É¸É¢¥´´μ. �· -
¢¨²μ (3.1) ¸¨³³¥É·¨Î´μ μÉ´μ¸¨É¥²Ó´μ ¶¥·¥¸É ´μ¢±¨ É¥´§μ·´ÒÌ ±μ³¶μ´¥´É
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(P : x⊗y �→ y⊗x):

Δ(g)P
(
x⊗y

)
= Δ(g)

(
y⊗x

)
= gy⊗x + y⊗gx =

= P
(
x⊗gy

)
+ P
(
gx⊗y

)
= PΔ(g)

(
x⊗y

)
. (3.2)

‚ ÔÉμ³ ¸³Ò¸²¥ £μ¢μ·ÖÉ, ÎÉμ P Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´É´Ò³ μ¶¥· Éμ·μ³, ¨ ¶¨ÏÊÉ:
PΔ = ΔP. ‡ ¤ ´´μ¥ ¢ (3.1) μÉμ¡· ¦¥´¨¥ Δ : g �→ Δ(g) ´ §Ò¢ ¥É¸Ö ±μÊ³´μ¦¥-
´¨¥³. ‚ Î ¸É´μ¸É¨, (3.2) μ§´ Î ¥É, ÎÉμ ³ É·¨Í  μ¶¥· Éμ·  P ´  V ⊗V ¤μ²¦´ 
±μ³³ÊÉ¨·μ¢ ÉÓ ¸μ ¢¸¥³¨ ³ É·¨Í ³¨ Δ(g) ¤²Ö ¤ ´´μ°  ²£¥¡·Ò. Š·μ³¥ Éμ£μ,
¥¸²¨ Y = PX ¤²Ö X, Y ∈ V ⊗V , Éμ Δ(g)Y = PΔ(g)X ¤²Ö ¢¸¥Ì Δ(g). ’μ ¥¸ÉÓ
¥¸²¨ ¨§¢¥¸É´μ ¤¥°¸É¢¨¥ Δ(g) ´  ¢¥±Éμ· Ì V ⊗V , Éμ ¢ÒÎ¨¸²¨ÉÓ μ¡· § PX ¤²Ö
´¥±μÉμ·μ£μ ¢¥±Éμ·  X ¤μ¸É ÉμÎ´μ, ÎÉμ¡Ò ¢ÒÎ¨¸²¨ÉÓ μ¡· §Ò ¢¸¥Ì ¢¥±Éμ·μ¢
¶μ¤¶·μ¸É· ´¸É¢ , ¶μ·μ¦¤¥´´μ£μ X ¶μ¤ ¤¥°¸É¢¨¥³ ¢¸¥Ì Δ(g).

’ ±¨³ μ¡· §μ³, μ¶¥· Éμ· ¶¥·¥¸É ´μ¢±¨ μ¡² ¤ ¥É μ¤´¨³ ¨§ ¤¢ÊÌ μ¶·¥¤¥-
²ÖÕÐ¨Ì ¸¢μ°¸É¢ μ¶¥· Éμ·  ¶¥·¥±·¥¸É± .

�¸¸μÍ¨ É¨¢´μ¸ÉÓ ±μÊ³´μ¦¥´¨Ö ¨ ¢Éμ·μ¥ ¸¢μ°¸É¢μ μ¶¥· Éμ·  ¶¥·¥-
±·¥¸É± . Œμ¦´μ ¶μ¢Éμ·´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¶· ¢¨²μ ‹¥°¡´¨Í  ¤²Ö μ¶·¥¤¥²¥´¨Ö ∗

μÉμ¡· ¦¥´¨Ö Δ◦2 = Δ(Δ) ¨ μ¶¥· Éμ·μ¢ Δ◦2(g) ´  ¶·μ¸É· ´¸É¢¥ V ⊗V ⊗V .
’μ£¤  ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ μ¡  μ¶¥· Éμ·  P1 = I ≡ P ¨ P2 ≡ P⊗I (£¤¥ I Å
¥¤¨´¨Î´Ò° μ¶¥· Éμ· ´  V ) ¢ μ¶¨¸ ´´μ³ ¢ÒÏ¥ ¸³Ò¸²¥ ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨-
É¥²Ó´μ ¤¥°¸É¢¨Ö  ²£¥¡·Ò g ´  V ⊗V ⊗V . 	μ²¥¥ Éμ£μ, ¶ ·  ¨´¢ ·¨ ´É´ÒÌ
μ¶¥· Éμ·μ¢ ´  É·μ°´μ³ É¥´§μ·´μ³ ¶·μ¨§¢¥¤¥´¨¨ Ê¤μ¢²¥É¢μ·Ö¥É ¸μμÉ´μÏ¥´¨Õ
£·Ê¶¶Ò ¶¥·¥¸É ´μ¢μ± P1P2P1 = P2P1P2, ±μÉμ·μ¥ ¨³¥¥É ¸³Ò¸² Éμ¶μ²μ£¨Î¥-
¸±μ£μ Ê¸²μ¢¨Ö ´  ·¨¸. 1, I.

� ¡²Õ¤¥´¨¥ ¨ ¶·μ¡²¥³ .
• �¶¥· Éμ·Ò ¶¥·¥¸É ´μ¢±¨ ¢ É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨°  ²£¥¡· ‹¨ μ¡² ¤ ÕÉ

¤¢Ê³Ö ¸ÊÐ¥¸É¢¥´´Ò³¨ ¸¢μ°¸É¢ ³¨ μ¶¥· Éμ·μ¢ ¶¥·¥±·¥¸É±μ¢, ¢Ìμ¤ÖÐ¨Ì ¢ ¨´-
¢ ·¨ ´ÉÒ Ê§²μ¢.

• �¤´ ±μ, ± ± ¨ ¢ ¸²ÊÎ ¥ £·Ê¶¶Ò ±μ¸, μ¶¥· Éμ·Ò ¶¥·¥¸É ´μ¢±¨ ´¥¤μ-
¸É ÉμÎ´μ ¨´É¥·¥¸´Ò, ÎÉμ¡Ò ¶μ²ÊÎ¨ÉÓ ¨´É¥·¥¸´Ò¥ ¨´¢ ·¨ ´ÉÒ Ê§²μ¢. ˆ³¥´´μ
ÔÉμ° Í¥²¨ ¸²Ê¦¨É ´¥É·¨¢¨ ²Ó´μ¥ μ¡μ¡Ð¥´¨¥ μ¶¨¸ ´´μ° ¢ÒÏ¥ ±μ´¸É·Ê±Í¨¨.
‡´ ±μ³¸É¢μ ¸ ´¨³ ³Ò ´ Î´¥³ ¸ ¶·μ¸É¥°Ï¥£μ ¶·¨³¥· .

3.2.2. �·¨³¥· ´¥É·¨¢¨ ²Ó´μ£μ ¨´¢ ·¨ ´É´μ£μ μ¶¥· Éμ· . ‘¥°Î ¸ ³Ò
· §¡¥·¥³ ¶·μ¸Éμ° ¶·¨³¥· ¤¥°¸É¢¨Ö  ²£¥¡·Ò ´  É¥´§μ·´μ³ ±¢ ¤· É¥ ¸ ´ ·ÊÏ¥-
´¨¥³ ¶· ¢¨²  ‹¥°¡´¨Í  Å É ±, ÎÉμ ¢ ·¥§Ê²ÓÉ É¥ ¢μ§´¨±´¥É ´¥É·¨¢¨ ²Ó´Ò°
¨´¢ ·¨ ´É´Ò° μ¶¥· Éμ·.

� ¸¸³μÉ·¨³  ²£¥¡·Ê su2: ²¨´¥°´μ¥ ¶·μ¸É· ´¸É¢μ, ´ ÉÖ´ÊÉμ¥ ´  É·¨ Ô²¥-
³¥´É  E, F ¨ H , ´  ±μÉμ·μ³ § ¤ ´   ´É¨¸¨³³¥É·¨Î´ Ö ¡¨²¨´¥°´ Ö μ¶¥· Í¨Ö

∗Šμ··¥±É´μ¸ÉÓ É ±μ£μ μ¶·¥¤¥²¥´¨Ö μ¡¸Ê¦¤ ¥É¸Ö ¢ ¶. 3.2.4.
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(±μ³³ÊÉ Éμ·) ¸ ¢Ò¶μ²´¥´¨¥³ ¸μμÉ´μÏ¥´¨°

[H, E] = 2E, [H, F ] = −2F, [E, F ] = H. (3.3)

‚ ¶·μ¸É¥°Ï¥³ (ËÊ´¤ ³¥´É ²Ó´μ³) ¶·¥¤¸É ¢²¥´¨¨ Ô²¥³¥´É ³  ²£¥¡·Ò su2

¸μμÉ¢¥É¸É¢ÊÕÉ ²¨´¥°´Ò¥ μ¶¥· Éμ·Ò ´  ¤¢Ê³¥·´μ³ ¶·μ¸É· ´¸É¢¥, ¶·¨Î¥³ μ¡· -
§ÊÕÐ¨¥ ¢ ´¥±μÉμ·μ³ (¸É ´¤ ·É´μ³) ¡ §¨¸¥ {x+ ↔ +, x− ↔ −} § ¤ ÕÉ¸Ö
³ É·¨Í ³¨

H =

+ −
1 0 +
0 −1 − , F =

+ −
0 1 +
0 0 − , E =

+ −
0 0 +
1 0 − . (3.4)

’¥¶¥·Ó ¶μ¶ÒÉ ¥³¸Ö § ¤ ÉÓ ¤¥°¸É¢¨¥  ²£¥¡·Ò ´  É¥´§μ·´μ³ ±¢ ¤· É¥ ¨¸Ìμ¤´μ£μ
¶·μ¸É· ´¸É¢  V ⊗V . ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸É ´¤ ·É´Ò³ ´ §μ¢¥³ ¡ §¨¸ ¨§ Ô²¥³¥´-
Éμ¢ {x+ ⊗ x+ ↔ ++, x+ ⊗ x− ↔ +−, x− ⊗ x+ ↔ −+, x− ⊗ x− ↔ −−}.
�·¥¤¶μ²μ¦¨³, ÎÉμ ¢ ¸É ´¤ ·É´μ³ ¡ §¨¸¥ Ê ²¨´¥°´ÒÌ μ¶¥· Éμ·μ¢ ΔH , ΔE,
ΔF , ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì μ¡· §ÊÕÐ¨³  ²£¥¡·Ò, μÉ²¨Î´Ò μÉ ´Ê²Ö ¢ ÉμÎ´μ¸É¨ É¥
¦¥ Ô²¥³¥´ÉÒ, ÎÉμ ¨ ¶·¨ ¤¥°¸É¢¨¨  ²£¥¡·Ò ¶μ ¶· ¢¨²Ê ‹¥°¡´¨Í ,   ¨³¥´´μ:

ΔH =

++ +− −+ −−
h1 0 0 0 ++
0 h2 0 0 +−
0 0 h3 0 −+
0 0 0 h4 −−

, ΔF =

++ +− −+ −−
0 f1 f2 0 ++
0 0 0 f3 +−
0 0 0 f4 −+
0 0 0 0 −−

,

ΔE =

++ +− −+ −−
0 0 0 0 ++
e1 0 0 0 +−
e2 0 0 0 −+
0 e3 e4 0 −−

,

(3.5)

  §´ Î¥´¨Ö ´¥´Ê²¥¢ÒÌ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ¶μ±  μ¸É ¢¨³ ´¥μ¶·¥¤¥²¥´´Ò³¨.
— ¸É´Ò° ¸²ÊÎ ° h1 = h4 = 2, h2 = h3 = 0 ¨ ei = fi = 1 ¤²Ö i = 1, 4
μÉ¢¥Î ¥É ¤¥°¸É¢¨Õ ¶μ ¶· ¢¨²Ê ‹¥°¡´¨Í . „ ²¥¥ ¶μÉ·¥¡Ê¥³, ÎÉμ¡Ò ¤¥°¸É¢¨¥
 ²£¥¡·Ò ¸μÌ· ´Ö²μ ´¥±μÉμ·Ò° μ¶¥· Éμ·, ¶μÌμ¦¨° ´  μ¶¥· Éμ· ¶¥·¥¸É ´μ¢±¨.
�Ê¸ÉÓ ÔÉμÉ μ¶¥· Éμ· ¨³¥¥É ´ ¡μ· ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° (q, q, q,−1/q) ¢³¥¸Éμ
(1, 1, 1,−1) (¸·. ¸ É ¡². 7, 10), ¶·¨Î¥³ ¢ ¸É ´¤ ·É´μ³ ¡ §¨¸¥ ¤¢  · §²¨Î´ÒÌ
§´ Î¥´¨Ö ®¶¥·¥³¥Ï ´Ò¯ ¢ ¸¨³³¥É·¨Î´μ³ ¡²μ±¥ 2×2:

R =

++ +− −+ −−
q 0 0 0 ++
0 r1 r 0 +−
0 r r2 0 −+
0 0 0 q −−

. (3.6)
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’μ ¥¸ÉÓ Ô²¥³¥´ÉÒ Ê¤μ¢²¥É¢μ·ÖÕÉ ¸μμÉ´μÏ¥´¨Ö³

r1 + r2 = q − q−1, r1r2 − r2 = 0. (3.7)

�¥·¢μ¥ ¨§ Ê¸²μ¢¨° ¨´¢ ·¨ ´É´μ¸É¨ É·¥¡Ê¥É · ¢¥´¸É¢  ¤¢ÊÌ ¤¨ £μ´ ²Ó´ÒÌ Ô²¥-
³¥´Éμ¢ ΔH : [

ΔH, R
]

= 0 ⇒ h2 = h3 (3.8)

(¥¸²¨ μÉ¡·μ¸¨ÉÓ É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥ r = 0, r1 = r2). „¢  ¤·Ê£¨Ì ¶μ§¢μ-
²ÖÕÉ ¢Ò· §¨ÉÓ μÉ²¨Î´Ò¥ μÉ ´Ê²Ö ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ΔE ¨ ΔF Î¥·¥§ Ô²¥-
³¥´ÉÒ R: { [

ΔE, R
]

= 0,[
ΔF, R

]
= 0

⇒ e2

e1
=

f2

f1
=

e3

e4
=

f3

f4
=

q − r1

r
. (3.9)

�¸μ¡¥´´μ ¶·μ¸Éμ° ¢¨¤ ¨³¥¥É ·¥Ï¥´¨¥ (3.6), (3.9) ¸ r = 1

r = 1, r2 = 0, r1 = q − q−1,
e1

e2
=

e3

e4
=

f1

f2
=

f3

f4
= q (3.10)

(¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¢μ§³μ¦´μ° § ³¥´Ò r1 ↔ r2). �¡Ð¥¥ ·¥Ï¥´¨¥ ¶·¨ r 	= 1
¶·¨´¨³ ¥É ÉμÉ ¦¥ ¢¨¤ ¶μ¸²¥ § ³¥´Ò ¡ §¨¸  ³ É·¨Í¥° ¸ ´¥¤¨ £μ´ ²Ó´Ò³ ¡²μ-

±μ³ ¢¨¤ 

(
r2/(1 − r) 0
r2/(1 − r) −1

)
. �·¨ É ±μ° § ³¥´¥ ¸μÌ· ´Ö¥É¸Ö μ¡Ð¨° ¢¨¤

μ¶¥· Éμ·μ¢ μ¡· §ÊÕÐ¨Ì  ²£¥¡·Ò (´¨¦¥ i = 1, 4): ¶·¨ Ê¸²μ¢¨¨ · ¢¥´¸É¢  ¤¢ÊÌ
¤¨ £μ´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢ ΔH ¨§³¥´ÖÕÉ¸Ö Éμ²Ó±μ §´ Î¥´¨Ö ´¥´Ê²¥¢ÒÌ ³ É·¨Î-
´ÒÌ Ô²¥³¥´Éμ¢ ¢ ΔE ¨ ΔF . ’ ±¨³ μ¡· §μ³, ³μ¦´μ ¡¥§ ¶μÉ¥·¨ μ¡Ð´μ¸É¨
´ ¶¨¸ ÉÓ:

R =

++ +− −+ −−
q 0 0 0 ++
0 q − q−1 1 0 +−
0 1 0 0 −+
0 0 0 q −−

. (3.11)

Œ É·¨Í  (3.11) § ¤ ¥É μ¶¥· Éμ·, ¤¥°¸É¢ÊÕÐ¨° ´  É¥´§μ·´μ³ ±¢ ¤· É¥
¶·μ¸É· ´¸É¢  ËÊ´¤ ³¥´É ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö su2 Å ¨´¢ ·¨ ´É´Ò° μÉ´μ¸¨-
É¥²Ó´μ ¤¥°¸É¢¨Ö  ²£¥¡·Ò, ¶μ·μ¦¤¥´´μ° μ¶¥· Éμ· ³¨ ΔE, ΔF , ΔH ¢¨¤  (3.5)
¶·¨ Ê¸²μ¢¨ÖÌ (3.10).

3.2.3. ˆ´¢ ·¨ ´É ± ±μ°  ²£¥¡·Ò ³Ò ¶μ²ÊÎ¨²¨? �¤´ ±μ ¶μ²ÊÎ¥´´Ò¥
¢ÒÏ¥ Δ(E), Δ(F ) ¨ Δ(H) ¶μ·μ¦¤ ÕÉ ´¥  ²£¥¡·Ê su2.

�  É¥´§μ·´μ³ ±¢ ¤· É¥ ¤¢  ¨§ ¸μμÉ´μÏ¥´¨° (3.3) ¢Ò¶μ²´ÖÕÉ¸Ö ¢ ¢¨¤¥
[ΔE, ΔH ] = −2ΔH ¨ [ΔE, ΔF ] = 2ΔF ¶·¨ ¶·μ¨§¢μ²Ó´ÒÌ ei ¨ fi (i = 1, 4),
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¥¸²¨ ¶μ²μ¦¨ÉÓ h1 = h4 = 2 ¨ h2 = h3 = 0 (± ± ¢ ¶· ¢¨²¥ ‹¥°¡´¨Í ). ’·¥ÉÓ¥
¸μμÉ´μÏ¥´¨¥ ¶·¨ ¶μ¤¸É ´μ¢±¥ (3.10) ¤ ¥É

[ΔF, ΔE] =

⎛
⎜⎜⎝

c1(1 + q2) 0 0 0
0 c̃q2 c̃q 0
0 c̃q c̃ 0
0 0 0 −c2(1 + q2)

⎞
⎟⎟⎠ (3.12)

(£¤¥ c1 = e2f2, c2 = e4f4 ¨ c̃ = c2 − c1) ¨ ¶·¨ c1 = c2 = 2/(1 + q2) ¸μ¢¶ ¤ ¥É
¸ É·¥ÉÓ¨³ ¨§ (3.3).

�¤´ ±μ Ê¦¥ ´  É¥´§μ·´μ³ ±Ê¡¥ (¤²Ö ³ É·¨Í 8× 8) ´¥ Ê¤ ¥É¸Ö ¸μÌ· -
´¨ÉÓ ¶μ¸²¥¤´¥¥ ¸μμÉ´μÏ¥´¨¥ ¨§ (3.3). ‡ Éμ, μÉ± § ¢Ï¨¸Ó μÉ ´¥£μ, ³μ¦´μ
¤μ¡¨ÉÓ¸Ö ¨´¢ ·¨ ´É´μ¸É¨ μ¡μ¨Ì μ¶¥· Éμ·μ¢ R1 = I2×2⊗R ¨ R2 = R⊗I2×2.
�Ê¸ÉÓ, ± ± ¨ ¶·¥¦¤¥,

[
Δ2H, Δ2E

]
= −2Δ2E,

[
Δ2H, Δ2F

]
= 2Δ2F , ¶·¨-

Î¥³ Δ2H ¨ ¶μ²μ¦¥´¨Ö ´¥´Ê²¥¢ÒÌ Ô²¥³¥´Éμ¢ ¢ Δ2E ¨ Δ2F μ¶·¥¤¥²¥´Ò
¶μ ¶· ¢¨²Ê ‹¥°¡´¨Í . ’μ£¤  ¢ ¸É ´¤ ·É´μ³ ¡ §¨¸¥ ¨§ É¥´§μ·´ÒÌ ³μ´μ³μ¢
Δ2H = diag

(
3, 1, 1,−1, 1,−1,−1,−3

)
. ‚ ¤μ¶μ²´¥´¨¥ ³μ¦´μ ¶μÉ·¥¡μ¢ ÉÓ,

ÎÉμ¡Ò ³ É·¨Í  ±μ³³ÊÉ Éμ· 
[
Δ2E, Δ2F

]
¢ Éμ³ ¦¥ ¡ §¨¸¥ ¡Ò²  ¤¨ £μ´ ²Ó-

´μ° Å ± ± ¶·¨ ¸μÌ· ´¥´¨¨ É·¥ÉÓ¥£μ ¨§ · ¢¥´¸É¢ (3.3). �·¨ ¢¸¥Ì ÔÉ¨Ì ¶·¥¤¶μ-
²μ¦¥´¨ÖÌ Ê¸²μ¢¨Ö ¨´¢ ·¨ ´É´μ¸É¨

[
Δ2E, R1,2

]
= 0 ¨

[
Δ2F, R1,2

]
= 0 ¨³¥ÕÉ

´¥É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥, ¨§ ±μÉμ·μ£μ ¸²¥¤Ê¥É[
Δ2E, Δ2F

]
= c diag

(
1 + q2 + q4, q, q,−q, q,−q,−q,−1− q2 − q4

)
(3.13)

(±μÔËË¨Í¨¥´É c ¶¥·¥¤ ³ É·¨Í¥° ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ´¥μ¶·¥¤¥²¥´´Ò¥ Ô²¥³¥´-
ÉÒ ³ É·¨Í Δ2E ¨ Δ2F ). Œμ¦´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ¤¨ £μ´ ²Ó´ Ö ³ É·¨Í  ¢
¶· ¢μ° Î ¸É¨ ±μ³³ÊÉ Í¨μ´´μ£μ ¸μμÉ´μÏ¥´¨Ö (3.13) ¥¸ÉÓ ³ É·¨Í  μ¶¥· Éμ· 
(qH⊗qH⊗qH − q−H⊗q−H⊗q−H)/(q − q−1) ¢ ¸É ´¤ ·É´μ³ ¡ §¨¸¥.

�·μ¤μ²¦ Ö ´ Î ÉÒ¥ §¤¥¸Ó ¶μ¸É·μ¥´¨Ö, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨´É¥·¥¸´μ¥ μ¡μ¡-
Ð¥´¨¥  ²£¥¡·Ò su2, ¶μ´ÖÉ¨¥ μ ±μÉμ·μ³ ³Ò ¤ ¤¨³ ´¨¦¥.

3.2.4. Š¢ ´Éμ¢ Ö μ¡¥·ÉÒ¢ ÕÐ Ö. � ¸¸³μÉ·¨³ ¸²¥¤ÊÕÐ¥¥ μ¡μ¡Ð¥´¨¥
 ²£¥¡·Ò su2 [3, 4]: ¶Ê¸ÉÓ μ¡· §ÊÕÐ¨¥ E, F ¨ H ¤¥°¸É¢ÊÕÉ ´  É¥´§μ·´μ³
¶·μ¨§¢¥¤¥´¨¨ ¶·¥¤¸É ¢²¥´¨° ¶μ ¶· ¢¨² ³

ΔE = I⊗E+E⊗q−H, ΔF = qH⊗F +F ⊗I, ΔH = I⊗H +H⊗I. (3.14)

‘É·μ£μ £μ¢μ·Ö, Ëμ·³Ê²Ò (3.14) ¢±²ÕÎ ÕÉ Ô²¥³¥´ÉÒ ´¥ ¨§ su2, ±μÉμ· Ö ¶μ
μ¶·¥¤¥²¥´¨Õ ¸μ¤¥·¦¨É Éμ²Ó±μ ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ μ¡· §ÊÕÐ¨Ì E, F , H .
�μ¤ μ¶¥· Éμ·μ³ qH ³μ¦´μ ¶μ´¨³ ÉÓ ³ É·¨Î´ÊÕ Ô±¸¶μ´¥´ÉÊ μÉ H ¢ ´¥±μ-
Éμ·μ³ ¶·¥¤¸É ¢²¥´¨¨, ¨³¥Ö ¢ ¢¨¤Ê, ÎÉμ (3.14), ± ± ¨ ¢¸¥ ¶μ¸²¥¤ÊÕÐ¨¥ ¸μμÉ-
´μÏ¥´¨Ö, ¤μ²¦´Ò ¢Ò¶μ²´ÖÉÓ¸Ö ¢ ¶·μ¨§¢μ²Ó´μ³ ¶·¥¤¸É ¢²¥´¨¨. ˆ´ Î¥ ³μ¦´μ
· ¸Ï¨·¨ÉÓ ¨§ÊÎ ¥³μ¥ ²¨´¥°´μ¥ ¶·μ¸É· ´¸É¢μ μ¶¥· Éμ·μ¢: ¢±²ÕÎ¨ÉÓ ¶·μ¨§-
¢μ²Ó´Ò¥ (´¥ ±μ³³ÊÉ É¨¢´Ò¥) ¶·μ¨§¢¥¤¥´¨Ö E, F , H ¨ ¶·μ¨§¢μ²Ó´Ò¥ Ëμ·-
³ ²Ó´Ò¥ ·Ö¤Ò ¶μ ´¨³ (¢ Î ¸É´μ¸É¨, ·Ö¤ ¤²Ö qH ). ‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ ¶μ²ÊÎ¨É¸Ö
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Ê´¨¢¥·¸ ²Ó´ Ö ±¢ ´Éμ¢ Ö μ¡¥·ÉÒ¢ ÕÐ Ö  ²£¥¡·Ò ‹¨ su2; ¶¨ÏÊÉ: Uq(su2).
®“´¨¢¥·¸ ²Ó´ Ö¯ §´ Î¨É, ÎÉμ μ¶·¥¤¥²¥´¨¥ ´¥ § ¢¨¸¨É μÉ ¢Ò¡μ·  ¶·¥¤¸É ¢²¥-
´¨Ö,   ®±¢ ´Éμ¢ Ö¯ Å ÎÉμ ¢ μ¶·¥¤¥²¥´¨ÖÌ ¶μÖ¢¨²¸Ö ¶ · ³¥É· q (±μÉμ·Ò°
É ±¦¥ ´ §Ò¢ ¥É¸Ö ®±¢ ´Éμ¢Ò³¯).

�· ¢¨²  ±μÊ³´μ¦¥´¨Ö (3.14) ¸μ£² ¸ÊÕÉ¸Ö ¸ ®q-¤¥Ëμ·³¨·μ¢ ´´Ò³¨¯ ±μ³-
³ÊÉ Í¨μ´´Ò³¨ ¸μμÉ´μÏ¥´¨Ö³¨:

[
H, E

]
= 2E,

[
H, F

]
= −2F,

[
E, F

]
=

qH − q−H

q − q−1
. (3.15)

„¥°¸É¢¨É¥²Ó´μ, ¨§ (3.15) ¸²¥¤Ê¥É

HF = F
(
H − 2I

)
⇒ qHF = FqH−2

¨²¨ q−H−2F = Fq−H ; qHE = EqH+2;
(3.16)

μÉ¸Õ¤ 
EqH⊗ q−HF = qHE ⊗ Fq−H = q−2 · qHE ⊗ q−HF, (3.17)

É ± ÎÉμ[
ΔE, ΔF

]
= qH⊗

[
E, F

]
+
[
E, F

]
⊗ q−H =

=
qH⊗ qH − q−H⊗ q−H

q − q−1
= Δ

(
qH − q−H

q − q−1

)
. (3.18)

�  ¶μ¸²¥¤´¥³ Ï £¥ ³Ò ¨¸¶μ²Ó§μ¢ ²¨ § ³¥Î É¥²Ó´μ¥ ¸²¥¤¸É¢¨¥ (3.14):

Δ
(
qH
)

= qH⊗ qH , (3.19)

¢ ¸¶· ¢¥¤²¨¢μ¸É¨ ±μÉμ·μ£μ ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö ¶ÊÉ¥³ ¶μÎ²¥´´μ£μ ¸· ¢´¥´¨Ö
Ëμ·³ ²Ó´ÒÌ ·Ö¤μ¢ ¤²Ö μ¡¥¨Ì Î ¸É¥° · ¢¥´¸É¢ .

	μ²¥¥ Éμ£μ, ¸ ¶μ³μÐÓÕ (3.14) ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ¤¥°¸É¢¨¥  ²£¥¡·Ò ´ 
É¥´§μ·´μ³ ±Ê¡¥ Å ¡² £μ¤ ·Ö ±μ··¥±É´μ¸É¨ μ¶·¥¤¥²¥´¨Ö

Δ◦2 := I ⊗ Δ = Δ ⊗ I. (3.20)

� ¶·¨³¥·,

Δ
(
ΔE
)

=
(
I ⊗ Δ

)
E = ΔE ⊗ I + ΔqH ⊗ E =

= E ⊗ I ⊗ I + qH ⊗ E ⊗ I + qH ⊗ qH ⊗ E (3.21)

¨

Δ
(
ΔE
)

=
(
Δ ⊗ I

)
E = E ⊗ ΔI + qH ⊗ ΔE =

= E ⊗ I ⊗ I + qH ⊗ E ⊗ I + qH ⊗ qH ⊗ E, (3.22)
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¨  ´ ²μ£¨Î´μ ¤²Ö ¤·Ê£¨Ì μ¡· §ÊÕÐ¨Ì (¨, ¸²¥¤μ¢ É¥²Ó´μ, ¤²Ö ¶·μ¨§¢μ²Ó´ÒÌ
Ô²¥³¥´Éμ¢) Uq(su2). �´ ²μ£¨Î´Ò³ μ¡· §μ³ ³μ¦´μ ¢¢¥¸É¨ μ¶¥· Éμ· Δ◦n (n ∈
Z+), μ¶·¥¤¥²ÖÕÐ¨° ¤¥°¸É¢¨¥  ²£¥¡·Ò ´  ¸É ·Ï¨Ì É¥´§μ·´ÒÌ ¸É¥¶¥´ÖÌ.

�·μ¸É¥°Ï¨¥ ¶·¥¤¸É ¢²¥´¨Ö ±¢ ´Éμ¢μ° μ¡¥·ÉÒ¢ ÕÐ¥°. ˆ§ (3.15) ¸²¥-
¤Ê¥É, ÎÉμ ËÊ´¤ ³¥´É ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ su2 (3.4) É ±¦¥ Ö¢²Ö¥É¸Ö ¶·¥¤¸É ¢-
²¥´¨¥³ Uq(su2). ‚ ¶. 3.2.4 ³Ò Î ¸É¨Î´μ ¶μ¸É·μ¨²¨ É¥´§μ·´Ò° ±¢ ¤· É ¨ ±Ê¡
ÔÉμ£μ ¶·¥¤¸É ¢²¥´¨Ö.

3.2.5. Š¢ ´Éμ¢ Ö R-³ É·¨Í . �¥É·¨¢¨ ²Ó´Ò° ²¨´¥°´Ò° μ¶¥· Éμ·, ¨´-
¢ ·¨ ´É´Ò° ´  É¥´§μ·´μ³ ¶·μ¨§¢¥¤¥´¨¨ ¤¢ÊÌ ¶·μ¸É· ´¸É¢ ¶·μ¨§¢μ²Ó´ÒÌ ¶·¥¤-
¸É ¢²¥´¨° V1 ¨ V2 ´¥±μÉμ·μ°  ²£¥¡·Ò, μ¡¥·ÉÒ¢ ÕÐ¥° ¨ É. ¤. G, ´ §Ò¢ ¥É¸Ö
Ê´¨¢¥·¸ ²Ó´μ° R-³ É·¨Í¥° [33] (¸³. É ±¦¥ [3,4, 34]):

R : V1 ⊗ V2 �→ V2 ⊗ V1 : ΔgR = RPΔgP
−1, ∀g ∈ G. (3.23)

� ¸¸³ É·¨¢ ÕÉ É ±¦¥ ¶μ¤±·ÊÎ¥´´ÊÕ ³ É·¨ÍÊ

R : V1 ⊗ V2 �→ V1 ⊗ V2, R ≡ RP, (3.24)

±μÉμ· Ö ¢³¥¸Éμ (3.23) Ê¤μ¢²¥É¢μ·Ö¥É ±μ³³ÊÉ Í¨μ´´Ò³ ¸μμÉ´μÏ¥´¨Ö³[
Δg, R

]
= 0, ∀g ∈ G. (3.25)

‚Éμ·μ¥ ¸¢μ°¸É¢μ μ¶¥· Éμ·  ¶¥·¥±·¥¸É±  (Ê· ¢´¥´¨¥ Ÿ´£ Ä	 ±¸É¥· ) ´¥¸±μ²Ó-
±μ ¶μ-· §´μ³Ê § ¶¨¸Ò¢ ¥É¸Ö ¤²Ö ¶·Ö³μ° ¨ ¶μ¤±·ÊÎ¥´´μ° ³ É·¨Í. ‘μμÉ´μ-
Ï¥´¨Õ £·Ê¶¶Ò ±μ¸ (2.12) Ê¤μ¢²¥É¢μ·Ö¥É ¶μ¤±·ÊÎ¥´´ Ö ³ É·¨Í  R (¨³¥´´μ ¥¥
³μ¦´μ ¸¢Ö§ ÉÓ ¸ ¶¥·¥±·¥¸É±μ³ ¢ ³¥Éμ¤¥ ±μ¸). �´ ²μ£¨Î´μ¥ ¸μμÉ´μÏ¥´¨¥ ¤²Ö
¶·Ö³μ° ³ É·¨ÍÒ R ³Ò § ¶¨Ï¥³ ´¨¦¥ ¢ É¥´§μ·´μ³ ¢¨¤¥: ·¨¸. 9 (É ± Ö § ¶¨¸Ó
¶μ¤Ìμ¤¨É ¤²Ö Ê§²μ¢ÒÌ ¤¨ £· ³³ ¡μ²¥¥ μ¡Ð¥£μ ¢¨¤ ). Š ¸¢Ö§¨ ³¥¦¤Ê ¶·Ö³Ò³¨
¨ ¶μ¤±·ÊÎ¥´´Ò³¨ ³ É·¨Í ³¨ ³Ò ¢¥·´¥³¸Ö ¢ ¶. 4.1.

‚μ¶·μ¸ μ ¸ÊÐ¥¸É¢μ¢ ´¨¨ ¨ ¥¤¨´¸É¢¥´´μ¸É¨ R-³ É·¨ÍÒ ¤²Ö ¤ ´´μ° G Å
μ¤´  ¨§ μ¸´μ¢´ÒÌ § ¤ Î É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨°. ‚ Î ¸É´μ¸É¨, ¨§¢¥¸É´μ, ÎÉμ ¤²Ö
¶·μ¸Éμ°  ²£¥¡·Ò ‹¨ G = g (3.23) ´¥ ¨³¥¥É ·¥Ï¥´¨Ö ±·μ³¥ R = I,   ¤²Ö Ê´¨-
¢¥·¸ ²Ó´μ° ±¢ ´Éμ¢μ° μ¡¥·ÉÒ¢ ÕÐ¥° G = Uq(g) ¥¸ÉÓ ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥
¤²Ö R, ¶·¨Î¥³ I ·¥Ï¥´¨¥³ ´¥ Ö¢²Ö¥É¸Ö [3]. ‚ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ R-³ É·¨Í ,
± ± ¨ ¸ ³  μ¡¥·ÉÒ¢ ÕÐ Ö, ´ §Ò¢ ¥É¸Ö Ê´¨¢¥·¸ ²Ó´μ° ±¢ ´Éμ¢μ°. „²Ö ÔÉμ£μ
μ¶¥· Éμ·  ¨§¢¥¸É´μ Ö¢´μ¥ ¢Ò· ¦¥´¨¥ ¢ ¢¨¤¥ Ëμ·³ ²Ó´μ£μ ·Ö¤  ¶μ É¥´§μ·´Ò³
¶·μ¨§¢¥¤¥´¨Ö³ ¶ · Ô²¥³¥´Éμ¢ Ê´¨¢¥·¸ ²Ó´μ° μ¡¥·ÉÒ¢ ÕÐ¥° [4,35].

�¤´μ ¨§ ¶¥·¢ÒÌ ¨ Ö·±¨Ì ¶·¨²μ¦¥´¨° R-³ É·¨ÍÒ ¶μ²ÊÎ¨²¨ ¶·¨ ¢ÒÎ¨-
¸²¥´¨¨ ¨´¢ ·¨ ´Éμ¢ Éμ·¨Î¥¸±¨Ì Ê§²μ¢ ¨ § Í¥¶²¥´¨° [36]. ŒÒ, μ¤´ ±μ, ¡Ê¤¥³
¶·¨¤¥·¦¨¢ ÉÓ¸Ö ¡μ²¥¥ μ¡Ð¥£μ ¨ ¸¨¸É¥³ É¨Î¥¸±μ£μ ¶μ¤Ìμ¤ .

Ÿ¢´Ò¥ Ëμ·³Ê²Ò ¤²Ö ¶·μ¸É¥°Ï¨Ì R-³ É·¨Í. …¸²¨ ¢ ¢Ò· ¦¥´¨¥ ¤²Ö
R-³ É·¨ÍÒ ¶μ¤¸É ¢¨ÉÓ ³ É·¨ÍÒ Ô²¥³¥´Éμ¢ μ¡¥·ÉÒ¢ ÕÐ¥° ¢ ±μ´±·¥É´μ° ¶ ·¥
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¶·¥¤¸É ¢²¥´¨°, ¶μ²ÊÎ¨É¸Ö Î ¸É´μ¥ ·¥Ï¥´¨¥ (3.23), ±μÉμ·μ¥ ´ §Ò¢ ÕÉ R-³ É-
·¨Í¥° ¤²Ö ÔÉμ° ¶ ·Ò ¶·¥¤¸É ¢²¥´¨°. ‚ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥, ¤²Ö ¤¢ÊÌ ËÊ´¤ -
³¥´É ²Ó´ÒÌ ¶·¥¤¸É ¢²¥´¨° Uq(su2), R-³ É·¨Í  ¨³¥¥É ¢¨¤

Rsu2|�⊗� = q
1
2 (I⊗I+H⊗H)

(
I⊗I +

(
q − q−1

)
E⊗F

)
, (3.26)

£¤¥ ¢ ± Î¥¸É¢¥ E, F ¨ H ´Ê¦´μ ¶μ¤¸É ¢¨ÉÓ ¨Ì ³ É·¨ÍÒ ¢ ËÊ´¤ ³¥´É ²Ó-
´μ³ ¶·¥¤¸É ¢²¥´¨¨ su2: ´ ¶·¨³¥·, ¢Ò· ¦¥´¨Ö (3.4) ¢ ¸É ´¤ ·É´μ³ ¡ §¨¸¥.
‚  ´ ²μ£¨Î´μ³ ¸É ´¤ ·É´μ³ ¡ §¨¸¥ ¤²Ö suN ´¥´Ê²¥¢Ò¥ Ô²¥³¥´ÉÒ R-³ É·¨ÍÒ
· ¢´Ò [3,37]

Rii
ii = q; Rij

ij = 1, i 	= j; Rij
ji = q − q−1, 1 � i < j � N, (3.27)

  Ô²¥³¥´ÉÒ ¶μ¤±·ÊÎ¥´´μ° ³ É·¨ÍÒ Rij
kl ≡ Rij

lk ¸ÊÉÓ

Rii
ii = q; Rij

ji = 1, i 	= j; Rij
ij = q − q−1, 1 � i < j � N. (3.28)

Šμ³¶μ´¥´ÉÒ μ¡· É´μ£μ μ¶¥· Éμ· 

R̃ : V ⊗V → V ⊗V, R̃R = RR̃ = I⊗I (3.29)

¶μ²ÊÎ ÕÉ¸Ö ¨§ (3.27) § ³¥´μ° q → 1/q ¨ ¨³¥ÕÉ ¢¨¤

R̃ii
ii = q−1; R̃ij

ij = 1, i 	= j; R̃ij
ji = q−1 − q, 1 � i < j � N, (3.30)

É ± ÎÉμ
N∑

a,b=1

Rij
abR̃ab

kl =
N∑

a,b=1

R̃ij
abRab

kl = δi
kδj

l . (3.31)

�´ ²μ£¨Î´μ ¶μ¤±·ÊÎ¥´´ Ö μ¡· É´ Ö ³ É·¨Í  R̃ij
kl = R̃ji

kl ¨³¥¥É ´¥´Ê²¥¢Ò¥ ±μ³-
¶μ´¥´ÉÒ ∗

Rii
ii = q; Rij

ij = 1, i 	= j; Rji
ji = q − q−1, 1 � i < j � N. (3.32)

Œμ¦´μ ´¥¶μ¸·¥¤¸É¢¥´´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ¶μ¤±·ÊÎ¥´´Ò¥ ³ É·¨ÍÒ R Ê¤μ-
¢²¥É¢μ·ÖÕÉ ¢¸¥³ É·¥³ ¸μμÉ´μÏ¥´¨Ö³  ²£¥¡·Ò ƒ¥±±¥ (¸Éμ²¡¥Í 3 É ¡². 2.1). ‚
¶·¨³¥· Ì ¨§ · §¤. 4 ³Ò ¶μ± ¦¥³, ± ±¨³ μ¡· §μ³ ¢Ò· ¦¥´¨Ö (3.28) ¸¢μ¤ÖÉ¸Ö
± ³ É·¨Î´Ò³ ¶·¥¤¸É ¢²¥´¨Ö³ ¤²Ö Ô²¥³¥´Éμ¢  ²£¥¡·Ò ƒ¥±±¥, · ¸¸³μÉ·¥´´Ò³
¢ · §¤. 2.

‘ ¶μ³μÐÓÕ ¸¥³¥°¸É¢  (3.27), (3.29) ·¥Ï¥´¨° Ê· ¢´¥´¨Ö Ÿ´£ Ä	 ±¸É¥· 
³μ¦´μ ¶μ²ÊÎ¨ÉÓ R-³ É·¨Î´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö (´¥· ¸±· Ï¥´´ÒÌ) ¶μ²¨´μ-
³μ¢ •�Œ”‹ˆ [20, 38, 39]. ‚ ¶. 3.5 ³Ò Ö¢´μ ¶·μ¤¥² ¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥
¢ÒÎ¨¸²¥´¨¥ ¤²Ö Ê§² -É·¨²¨¸É´¨± .

∗�¡· É¨É¥ ¢´¨³ ´¨¥ ´  · §²¨Î¨¥ ¢ μ¶·¥¤¥²¥´¨ÖÌ ¶·Ö³μ° ¨ μ¡· É´μ° ¶μ¤±·ÊÎ¥´´ÒÌ ³ É·¨Í:
¶¥·¢ Ö ¶μ²ÊÎ¥´  ¶¥·¥¸É ´μ¢±μ° ¶ ·Ò ¢¥·Ì´¨Ì,   ¢Éμ· Ö Å ¶ ·Ò ´¨¦´¨Ì ¨´¤¥±¸μ¢. �·¨Î¨´  É ±μ£μ
¸μ£² Ï¥´¨Ö ¡Ê¤¥É Ö¸´  ¢ ¶. 4.2.
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3.3. ˆ´¢ ·¨ ´É ¸¢Ö§±¨ ¨§ R-³ É·¨Í. 3.3.1. �¶¥· Éμ·Ò ¶¥·¥±·¥¸É±μ¢
¤²Ö · §·¥§ ´´μ° ¤¨ £· ³³Ò. �·¥¦¤¥ ¢¸¥£μ ´¥μ¡Ìμ¤¨³μ ¸¢Ö§ ÉÓ ¸ Ê§²μ³

�¨¸. 6. �¶¥· Éμ-
·Ò ¶·Ö³μ£μ (I) ¨
μ¡· É´μ£μ (II) ¶¥-
·¥±·¥¸É±μ¢

¶·μ¸É· ´¸É¢ , ´  ±μÉμ·ÒÌ ¡Ê¤ÊÉ ¤¥°¸É¢μ¢ ÉÓ R-³ É·¨ÍÒ. ‚
· §¤. 2 ¤²Ö ÔÉμ£μ ¨¸¶μ²Ó§μ¢ ²μ¸Ó ¶·¥¤¸É ¢²¥´¨¥ Ê§²  ¢ ¢¨¤¥
±μ¸Ò. Œ¥Éμ¤ R-³ É·¨Í ¶μ§¢μ²Ö¥É · ¸¸³μÉ·¥ÉÓ ¡μ²¥¥ μ¡Ð¥¥
¶·¥¤¸É ¢²¥´¨¥.

�· ¢¨²μ 1. “§²Ê K (§ ³±´ÊÉμ° ´ ¶· ¢²¥´´μ° ±·¨¢μ° ¢
¶·μ¸É· ´¸É¢¥) ¸μμÉ¢¥É¸É¢Ê¥É ¤¨ £· ³³  Ê§²  D Å ¶·μ-
¥±Í¨Ö ±·¨¢μ° ´  ¶²μ¸±μ¸ÉÓ ¸ ¸μÌ· ´¥´¨¥³ ¶·μÌμ¤μ¢ ¨ ¶¥·¥-
Ìμ¤μ¢ (·¨¸. 6) ¢ ÉμÎ± Ì ¸ ³μ¶¥·¥¸¥Î¥´¨Ö.

�μ  ´ ²μ£¨¨ ¸ ±μ¸ ³¨ (· §¤. 2) ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¤¨ -
£· ³³Ò Éμ¶μ²μ£¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´ÒÌ Ê§²μ¢ ¨§μÉμ¶´Ò³¨.

�ÊÉ¥³ ´¥¶·¥·Ò¢´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¶²μ¸±μ¸É¨ ¶·μ¥±Í¨¨ μ±·¥¸É´μ¸ÉÓ
¢¸Ö±μ° ÉμÎ±¨ ¸ ³μ¶¥·¥¸¥Î¥´¨Ö ¶·¨¢μ¤¨É¸Ö ± μ¤´μ³Ê ¨§ ¤¢ÊÌ ¢¨¤μ¢ ´  ·¨¸. 6.
‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ÉμÎ±¨ ¸ ³μ¶¥·¥¸¥Î¥´¨Ö ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¶·Ö³Ò³ ¨ μ¡· É-
´Ò³ ¶¥·¥±·¥¸É± ³¨ ¸μμÉ¢¥É¸É¢¥´´μ ∗. �¸´μ¢Ê ±μ´¸É·Ê±Í¨¨ ¤²Ö ¨´¢ ·¨ ´É 
Ê§²  ¸μ¸É ¢ÖÉ ²¨´¥°´Ò¥ μ¶¥· Éμ·Ò ¶¥·¥±·¥¸É±μ¢, ±μÉμ·Ò¥ ¢¶μ¸²¥¤¸É¢¨¨ μ± -
¦ÊÉ¸Ö R-³ É·¨Í ³¨ (¶. 3.2.4). „²Ö μ¶·¥¤¥²¥´¨Ö ÔÉ¨Ì μ¶¥· Éμ·μ¢ ¡Ò²μ ¡Ò
¥¸É¥¸É¢¥´´μ ¸¢Ö§ ÉÓ ¢¥±Éμ·´μ¥ ¶·μ¸É· ´¸É¢μ ¸ ´¨ÉÓÕ Ê§² , μ¤´ ±μ R-³ É·¨Í 
¤¥°¸É¢Ê¥É ´  É¥´§μ·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¶ ·Ò ¶·μ¸É· ´¸É¢. �´ ²μ£¨Î´μ ¢ · §¤. 2
¶¥·¥±·¥¸Éμ± ¡Ò² ¸¢Ö§ ´ ¸ μ¡· §ÊÕÐ¥°  ²£¥¡·Ò ƒ¥±±¥, É. ¥. ¸ μ¡μ¡Ð¥´´μ°
É· ´¸¶μ§¨Í¨¥° ¶ ·Ò ¸³¥¦´ÒÌ ´¨É¥° ±μ¸Ò. ‡¤¥¸Ó ¦¥ ¸¶¥·¢  ¶·¨¤¥É¸Ö ¢¨¤μ¨§-
³¥´¨ÉÓ ¤¨ £· ³³Ê Ê§²  É ±, ÎÉμ¡Ò ± ¦¤Ò° ¶¥·¥±·¥¸Éμ± ¶·¥¢· É¨²¸Ö ¨§ ÉμÎ±¨
¸ ³μ¶¥·¥¸¥Î¥´¨Ö ¢ ÉμÎ±Ê ¶¥·¥¸¥Î¥´¨Ö · §²¨Î´ÒÌ ±μ³¶μ´¥´É.

�· ¢¨²μ 2. „¨ £· ³³  Ê§²  D · §·¥§ ¥É¸Ö ¢¤μ²Ó ´¥±μÉμ·ÒÌ ·¥¡¥· É ±,
ÎÉμ ´¨ μ¤´  ¨§ ±μ³¶μ´¥´É ¶μ²ÊÎ¥´´μ° (´¥¸¢Ö§´μ°) ¤¨ £· ³³Ò Ď ¡μ²¥¥ ´¥
¸μ¤¥·¦¨É ÉμÎ¥± ¸ ³μ¶¥·¥¸¥Î¥´¨Ö.

� §·¥§ ÉÓ ¢´ÊÉ·¥´´¥¥ ·¥¡·μ, ´ ¶· ¢²¥´´μ¥ μÉ ¢¥·Ï¨´Ò A ± ¢¥·Ï¨´¥ B,
§´ Î¨É, § ³¥´¨ÉÓ ÔÉμ ·¥¡·μ ¶ ·μ° ·¥¡¥·: ¢Ìμ¤ÖÐ¨³ ¢ ¢¥·Ï¨´Ê A ¨ ¢ÒÌμ¤Ö-
Ð¨³ ¨§ ¢¥·Ï¨´Ò B (·¨¸. 7). �¥μ¡Ìμ¤¨³μ¥ · §·¥§ ´¨¥ ¤¨ £· ³³Ò Ê§²  ³μ¦´μ
¢Ò¶μ²´¨ÉÓ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �¥·¢Ò° · §·¥§ ¸¤¥² ¥³ ´  ¶·μ¨§¢μ²Ó´μ³ ·¥-
¡·¥. „ ²¥¥ ¡Ê¤¥³ ¸²¥¤μ¢ ÉÓ ¶μ ·¥¡· ³ ¤¨ £· ³³Ò ¢ ´ ¶· ¢²¥´¨¨, § ¤ ´´μ³
´  ¤¨ £· ³³¥ Ê§² . �·¨ ÔÉμ³ ¶¥·¥±·¥¸É±¨ ¡Ê¤¥³ ¶·μÌμ¤¨ÉÓ É ±, ÎÉμ¡Ò ´ Ï
¶ÊÉÓ ¡Ò² ¶·μ¥±Í¨¥° ´¥¶·¥·Ò¢´μ£μ ¶ÊÉ¨ ¢ ¶·μ¸É· ´¸É¢¥ (´ ¶·¨³¥·, ¢Ìμ¤Ö ¢
²Õ¡μ° ¨§ ¶¥·¥±·¥¸É±μ¢ ´  ·¨¸. 6 ¶μ ·¥¡·Ê i, ¢ÒÌμ¤¨³ ¶μ ·¥¡·Ê k,   ¢Ìμ¤Ö ¶μ
·¥¡·Ê j, ¢ÒÌμ¤¨³ ¶μ ·¥¡·Ê l). ‘²¥¤ÊÕÐ¨° · §·¥§ ¸¤¥² ¥³ ¶·¥¦¤¥, Î¥³ ¸´μ¢ 

∗�Éμ Éμ ¦¥, ÎÉμ ¶μ²μ¦¨É¥²Ó´Ò° ¨ μÉ·¨Í É¥²Ó´Ò° ¶¥·¥±·¥¸É±¨ ¢ ¸²ÊÎ ¥ £·Ê¶¶Ò ±μ¸
(· §¤. 2), Å · §²¨Î ÕÉ¸Ö Éμ²Ó±μ ¶·¨´ÖÉÒ¥ ´ §¢ ´¨Ö ¢ ÔÉ¨Ì ¤¢ÊÌ ¸²ÊÎ ÖÌ.



746 ���•ˆ�� �.‘.

�¨¸. 7. � §·¥§ ´¨¥ ·¥¡·  ´  ¤¨ -
£· ³³¥ Ê§² 

¶μ¶ ¤¥³ ´  μ¤´ ¦¤Ò ¶·μ°¤¥´´μ¥ ·¥¡·μ. ‡ -
É¥³ ¶·μÍ¥¤Ê·  ¶μ¢Éμ·Ö¥É¸Ö ¤μ É¥Ì ¶μ·, ¶μ± 
³Ò ´¥ ¢¥·´¥³¸Ö ± ¶¥·¢μ³Ê · §·¥§Ê. ‚ ¸²Ê-
Î ¥ § Í¥¶²¥´¨Ö μ¶¨¸ ´´ÊÕ ¶·μÍ¥¤Ê·Ê · §-
·¥§ ´¨Ö ¸²¥¤Ê¥É ¶·μ¨§¢¥¸É¨ ¤²Ö ¤¨ £· ³³Ò

± ¦¤μ° ±μ³¶μ´¥´ÉÒ § Í¥¶²¥´¨Ö ¢ μÉ¤¥²Ó´μ¸É¨. �·¨³¥· · §·¥§ ´´μ° É ±¨³
μ¡· §μ³ ¤¨ £· ³³Ò Ê§²  ¶·¨¢¥¤¥´ ´  ·¨¸. 18. Šμ¸ , § ³Ò± ´¨¥³ ±μÉμ·μ°
Ö¢²Ö¥É¸Ö ¤ ´´Ò° Ê§¥² ¨²¨ § Í¥¶²¥´¨¥ (· §¤. 2), Å Î ¸É´Ò° ¸²ÊÎ ° ¥£μ · §·¥-
§ ´´μ° ¤¨ £· ³³Ò.

�μ¸²¥ μ¶¨¸ ´´μ° ¶·μÍ¥¤Ê·Ò:

�· ¢¨²μ 3. ‚¸Ö±μ° ¸¢Ö§´μ° ±μ³¶μ´¥´É¥ α · §·¥§ ´´μ° ¤¨ £· ³³Ò Ê§² 
¸μμÉ¢¥É¸É¢Ê¥É ¢¥±Éμ·´μ¥ ¶·μ¸É· ´¸É¢μ Vα

¨

�· ¢¨²μ 4. �·Ö³μ³Ê (·¨¸. 6, I) ¨ μ¡· É´μ³Ê (·¨¸. 6, II) ¶¥·¥±·¥¸É± ³
³¥¦¤Ê ±μ³¶μ´¥´É ³¨ α ¨ β μÉ¢¥Î ÕÉ ²¨´¥°´Ò¥ μ¶¥· Éμ·Ò Vα⊗Vβ �→ Vβ⊗
Vα Å S(α,β) ¨ S̃(α,β) ¸μμÉ¢¥É¸É¢¥´´μ.

Šμ³¶μ´¥´ÉÒ S
(α,β)ij
kl μ¶¥· Éμ·  ¨³¥ÕÉ ¶μ Î¥ÉÒ·¥ É¥´§μ·´ÒÌ ¨´¤¥±¸ : ¤¢ 

´¨¦´¨Ì i ∈ Vα ¨ j ∈ Vβ ¡¥£ÊÉ ¢ ¶·μ¸É· ´¸É¢¥-μ·¨£¨´ ²¥ ¨ ¸¢Ö§ ´Ò ¸ ¢Ìμ¤Ö-
Ð¨³¨ ·¥¡· ³¨,   ¤¢  ¢¥·Ì´¨Ì k ∈ Vα ¨ l ∈ Vβ ¡¥£ÊÉ ¢ ¶·μ¸É· ´¸É¢¥-μ¡· §¥ ¨
¸¢Ö§ ´Ò ¸ ¢ÒÌμ¤ÖÐ¨³¨ ·¥¡· ³¨. ’¥ ¦¥ ±μ³¶μ´¥´ÉÒ ³μ¦´μ ´Ê³¥·μ¢ ÉÓ ¤¢Ê³Ö
³Ê²ÓÉ¨¨´¤¥±¸ ³¨ I, J , Éμ£¤  μ¶¥· Éμ· ¶¥·¥±·¥¸É±  § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥ ³ É·¨ÍÒ

S
(α,β)I
J · §³¥·  dim Vα · dim Vβ × dim Vα · dim Vβ . „ ²¥¥:

�· ¢¨²μ 5. � §·¥§ ´´μ° ¤¨ £· ³³¥ ¸μμÉ¢¥É¸É¢Ê¥É É¥´§μ·´μ¥ ¶·μ¨§-
¢¥¤¥´¨¥ T μ¶¥· Éμ·μ¢ S(α,β) ¨ S̃(α,β) ¶μ ¢¸¥³ ¶¥·¥±·¥¸É± ³, ¸¢¥·´ÊÉμ¥ ¶μ
¶ ·¥ ¨´¤¥±¸μ¢ ¢¸Ö±¨° · §, ±μ£¤  ÔÉ¨ ¨´¤¥±¸Ò ´Ê³¥·ÊÕÉ ¡ §¨¸´Ò¥ ¢¥±Éμ·Ò,
¸¢Ö§ ´´Ò¥ ¸ μ¤´¨³ ¨ É¥³ ¦¥ ·¥¡·μ³.

„²Ö ¤¨ £· ³³Ò Ê§²  ¸ r · §·¥§ ³¨ T ¥¸ÉÓ É¥´§μ· É¨¶  (r, r): ´ ¶·¨³¥·, T kc
id

¤²Ö ¤¨ £· ³³Ò ´  ·¨¸. 18, I.
3.3.2. ‚Éμ·μ¥ ¤¢¨¦¥´¨¥ �¥°¤¥³¥°¸É¥· : ¶·Ö³Ò¥ ¨ μ¡· É´Ò¥ ¶¥·¥-

±·¥¸É±¨. ’¥¶¥·Ó ³Ò £μÉμ¢Ò ´ ²μ¦¨ÉÓ μ¤´μ ¨§ Ê¸²μ¢¨° Éμ¶μ²μ£¨Î¥¸±μ° ¨´¢ -
·¨ ´É´μ¸É¨: μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨Ö RII ´  ·¨¸. 8. �Éμ Ê¸²μ¢¨¥ Ô±¢¨¢ -
²¥´É´μ ¶· ¢¨²Ê:

�· ¢¨²μ 6. �¶¥· Éμ·Ò ¶·Ö³μ£μ (S(α,β) ·¨¸. 6, I) ¨ μ¡· É´μ£μ (S̃(α,β),
·¨¸. 6, II) ¶¥·¥±·¥¸É±μ¢ Ö¢²ÖÕÉ¸Ö ¢§ ¨³´μ μ¡· É´Ò³¨ ²¨´¥°´Ò³¨ μ¶¥· Éμ-
· ³¨ ´  ¶·μ¸É· ´¸É¢ Ì Vα⊗Vβ ¨ Vβ⊗Vα.

3.3.3. ’·¥ÉÓ¥ ¤¢¨¦¥´¨¥ �¥°¤¥³¥°¸É¥· : ±¢ ´Éμ¢Ò¥ R-³ É·¨ÍÒ ¢ ¶¥-
·¥±·¥¸É± Ì. ‘²¥¤ÊÕÐ¥¥ Ê¸²μ¢¨¥ Éμ¶μ²μ£¨Î¥¸±μ° ¨´¢ ·¨ ´É´μ¸É¨, μÉ´μ¸¨-
É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨Ö RIII ´  ·¨¸. 9, ¨£· ¥É Í¥´É· ²Ó´ÊÕ ·μ²Ó ¢μ ¢¸¥³ ¶μ-
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�¨¸. 8. ‚Éμ·μ¥ ¤¢¨¦¥´¨¥
�¥°¤¥³¥°¸É¥·  (RII)

�¨¸. 9. ’·¥ÉÓ¥ ¤¢¨¦¥´¨¥ �¥°¤¥³¥°¸É¥· 
(RIII)

¸É·μ¥´¨¨. ˆ³¥´´μ ÔÉμ Ê¸²μ¢¨¥ ¸μ¢¶ ¤ ¥É ¸ μ¤´¨³ ¨§ μ¸´μ¢´ÒÌ ¸¢μ°¸É¢
R-³ É·¨ÍÒ ¢ É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨° (¶. 3.2.4): ¸ ¸μμÉ´μÏ¥´¨¥³ Ÿ´£ Ä	 ±¸É¥-
·  (¶. 3.1.2).

�·¨³¥³ ¸²¥¤ÊÕÐ¨°  ´§ Í.

�· ¢¨²μ 7. Vα ¥¸ÉÓ ¶·μ¸É· ´¸É¢μ ¶·¥¤¸É ¢²¥´¨Ö Qα,

¶·¨Î¥³

�· ¢¨²μ 8. �  É¥´§μ·´μ³ ¶·μ¨§¢¥¤¥´¨¨ Qα⊗Qβ ¤¥°¸É¢Ê¥É μ¶¥· Éμ·
S(α,β) Å R-³ É·¨Í .

‚ ¸²ÊÎ ¥ Ê§²  ¤²Ö ¸ ³μ¸μ£² ¸μ¢ ´´μ¸É¨ ±μ´¸É·Ê±Í¨¨ ¢ ±μ´Í¥ ±μ´Íμ¢ ¶μ-
É·¥¡Ê¥É¸Ö ¶μ²μ¦¨ÉÓ Qα = Qβ ¢μ ¢¸¥Ì ¶¥·¥±·¥¸É± Ì. ‚ ¸²ÊÎ ¥ § Í¥¶²¥´¨°
 ´ ²μ£¨Î´Ò¥ Ê¸²μ¢¨Ö ¤μ¸É ÉμÎ´μ ´ ²μ¦¨ÉÓ ¢ ¶¥·¥±·¥¸É± Ì, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
¸ ³μ¶¥·¥¸¥Î¥´¨Ö³ ± ¦¤μ° ±μ³¶μ´¥´ÉÒ § Í¥¶²¥´¨Ö (´¥ ¶ÊÉ ÉÓ ¸μ ¸¢Ö§´Ò³¨
±μ³¶μ´¥´É ³¨ · §·¥§ ´´μ° ¤¨ £· ³³Ò!).

3.3.4. Š¢ ´Éμ¢Ò° ¨´¢ ·¨ ´É ¸¢Ö§±¨. �μ �· ¢¨²Ê 5 · §·¥§ ´¨Õ ¤¨ -
£· ³³Ò μÉ¢¥Î ¥É ´¥±μÉμ·Ò° É¥´§μ·,   ¡² £μ¤ ·Ö �· ¢¨² ³ 8 ¨ 6, ¢¸Ö±μ° ¶ ·¥
¤¨ £· ³³, ¸¢Ö§ ´´ÒÌ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓÕ ¶·¥μ¡· §μ¢ ´¨° RII (¸³. ·¨¸. 8) ¨
RIII (·¨¸. 9), μÉ¢¥Î ¥É μ¤¨´ ¨ ÉμÉ ¦¥ É¥´§μ·. �± §Ò¢ ¥É¸Ö, ÎÉμ É ±¨³ μ¡· §μ³
¸¢Ö§ ´  ¢¸Ö± Ö ¶ ·  ¤¨ £· ³³, ±μÉμ·Ò³ ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥ μÉ¢¥Î ÕÉ
¨§μÉμ¶´Ò¥ ¸¢Ö§±¨: Éμ¶μ²μ£¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´Ò¥ ´ ¡μ·Ò ±·¨¢ÒÌ ¸ § ±·¥¶²¥´-
´Ò³¨ ±μ´Í ³¨ [5]. ’ ±¨³ μ¡· §μ³, ¢¥·´μ ±Ê¤  ¡μ²¥¥ ¸¨²Ó´μ¥ ÊÉ¢¥·¦¤¥´¨¥:

�· ¢¨²μ 9. ‚¥²¨Î¨´ , ¶μ²ÊÎ¥´´ Ö ¶μ �· ¢¨² ³ 2Ä8, ¥¸ÉÓ É¥´§μ·´Ò°
¨´¢ ·¨ ´É ¸¢Ö§±¨, ¶·¥¤¸É ¢²¥´´μ° · §·¥§ ´´μ° ¤¨ £· ³³μ° Ê§² .

„μ ¸¨Ì ¶μ· ´  ·μ²Ó ¶¥·¥±·¥¸É±  £μ¤¨²μ¸Ó ¶·μ¨§¢μ²Ó´μ¥ ·¥Ï¥´¨¥ Ÿ´£ Ä
	 ±¸É¥·  (RIII ´  ·¨¸. 9). �¤´ ±μ Ê¦¥ ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥ ³Ò ¸Éμ²±´¥³¸Ö ¸
¶·μ¡²¥³μ° μ¶·¥¤¥²¥´¨Ö ¨´¢ ·¨ ´Éμ¢ Ê§²μ¢, ±μÉμ·ÊÕ Ê¤ ¥É¸Ö ·¥Ï¨ÉÓ Éμ²Ó±μ
¤²Ö ¢¥¸Ó³  ¸¶¥Í¨ ²Ó´ÒÌ R-³ É·¨Í. �¨¦¥ ¶μ°¤¥É ·¥ÎÓ μ ±μ´¥Î´μ³¥·´ÒÌ



748 ���•ˆ�� �.‘.

±¢ ´Éμ¢ÒÌ R-³ É·¨Í Ì ¨§ ¶. 3.2.1; ´¥±μÉμ·Ò¥ ¤·Ê£¨¥ ¶·¨³¥·Ò Ê¶μ³¨´ ÕÉ¸Ö
¢ ¶. 5.3.1.

Š ± ³Ò μ¡¸Ê¦¤ ²¨ ¢ ¶. 3.2, ¤²Ö ¢¸Ö±μ° ¶·μ¸Éμ°  ²£¥¡·Ò ‹¨ g ¨ ¤²Ö ¢¸Ö±μ°
¶ ·Ò ¥¥ ¶·¥¤¸É ¢²¥´¨° Qα, Qβ ´ °¤¥É¸Ö ¥¤¨´¸É¢¥´´ Ö ±¢ ´Éμ¢ Ö R-³ É·¨Í 
Rg,Qα,Qβ

(q) (´¥É·¨¢¨ ²Ó´Ò° ¨´¢ ·¨ ´É´Ò° μ¶¥· Éμ· ´  ¶ ·¥ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨Ì ¶·¥¤¸É ¢²¥´¨° Ê´¨¢¥·¸ ²Ó´μ° ±¢ ´Éμ¢μ° μ¡¥·ÉÒ¢ ÕÐ¥°). 	μ²¥¥ Éμ£μ,
¨§¢¥¸É´Ò Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ± ± ¤²Ö ¸ ³μ° ±¢ ´Éμ¢μ° R-³ É·¨ÍÒ, É ± ¨ ¤²Ö
μ¡· É´μ£μ μ¶¥· Éμ·  ´  É¥´§μ·´μ³ ¶·μ¨§¢¥¤¥´¨¨ ¶·¥¤¸É ¢²¥´¨°. …¸²¨ ¶μ¤¸É -
¢¨ÉÓ ÔÉ¨ ¢Ò· ¦¥´¨Ö ¢ ± Î¥¸É¢¥ μ¶¥· Éμ·μ¢ ¶·Ö³μ£μ ¨ μ¡· É´μ£μ ¶¥·¥±·¥¸É±μ¢
¢ μ¶¨¸ ´´Ò° ¢ÒÏ¥ ¨´¢ ·¨ ´É ¸¢Ö§±¨, ¶μ²ÊÎ¨É¸Ö

�· ¢¨²μ 10. „²Ö ¢¸Ö±μ° ¶ ·Ò: r-±μ³¶μ´¥´É´ Ö ¸¢Ö§±  ¨ ¶·¥¤¸É ¢²¥´¨¥
Q  ²£¥¡·Ò ‹¨ g ´ °¤¥É¸Ö É¥´§μ· T i1...in

j1...jn
(g, Q|q), § ¢¨¸ÖÐ¨° μÉ Ëμ·³ ²Ó´μ£μ

¶ · ³¥É·  q.

3.4. ˆ´¢ ·¨ ´É Ê§²  Ê¸É·μ¥´ ¸²μ¦´¥¥. 3.4.1. �·μ¡²¥³ : ¤¨ £· ³³Ò ¸
Í¨±² ³¨. �·¨Ï²μ ¢·¥³Ö ¶·¨§´ ÉÓ¸Ö, ÎÉμ ¢ Ëμ·³Ê²¨·μ¢±¥ �· ¢¨²  9 ¡Ò² 
¤μ¶ÊÐ¥´  ´¥ÉμÎ´μ¸ÉÓ. �  ¸ ³μ³ ¤¥²¥, ¶μ¸É·μ¥´¨¥ ¨§ ¶. 3.3 ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ
¨´¢ ·¨ ´É Éμ²Ó±μ ¶·¨ Ê¸²μ¢¨¨, ÎÉμ ¤¨ £· ³³  ¸¢Ö§±¨ ´¥ ¸μ¤¥·¦¨É Í¨±² :
§ ³±´ÊÉμ° Í¥¶μÎ±¨ ¶μ¸²¥¤μ¢ É¥²Ó´μ ¸³¥¦´ÒÌ ·¥¡¥·, ±μÉμ·ÊÕ ³μ¦´μ ¶·μ°É¨
¢¤μ²Ó ´ ¶· ¢²¥´¨Ö ´  ·¥¡· Ì (¸³. ¶·¨³¥·Ò ´¨¦¥). �  ¸ ³μ³ ¤¥²¥ RII ¨ RIII
¶μ·μ¦¤ ÕÉ ¶μ²´Ò° ´ ¡μ· Ê¸²μ¢¨° Éμ¶μ²μ£¨Î¥¸±μ° ¨´¢ ·¨ ´É´μ¸É¨ ¨³¥´´μ
¤²Ö É ±¨Ì ¤¨ £· ³³. �¤´ ±μ ¶·¨ ¶μ¶ÒÉ±¥ ¶μ²ÊÎ¨ÉÓ É ±¨³ μ¡· §μ³ ¨´¢ ·¨ ´É
Ê§²  ¶μ ¥£μ ¤¨ £· ³³¥, ±μÉμ· Ö ´¥¨§¡¥¦´μ ¸μ¤¥·¦¨É Í¨±²Ò, ¢μ§´¨± ¥É ·Ö¤
´¥É·¨¢¨ ²Ó´ÒÌ ¶·μ¡²¥³. �´¨ Ìμ·μÏμ ¢¨¤´Ò ¢ ¸²¥¤ÊÕÐ¨Ì ¶·¨³¥· Ì.

RI: ¸ÉÖ£¨¢ ´¨¥ Í¨±² . �¥·¢μ¥ ¤¢¨¦¥´¨¥ �¥°¤¥³¥°¸É¥·  (·¨¸. 10) Ö¢²Ö-
¥É¸Ö ¨§μÉμ¶¨¥° ¤¨ £· ³³Ò Ê§²  ¨ ¢Ìμ¤¨É ¢ ¶μ²´Ò° ´ ¡μ· Ê¸²μ¢¨° Éμ¶μ²μ£¨-
Î¥¸±μ° ¨´¢ ·¨ ´É´μ¸É¨ [5]. �¤´ ±μ ¥£μ ´¥¢μ§³μ¦´μ § ¶¨¸ ÉÓ ± ± Éμ¦¤¥¸É¢μ

�¨¸. 10. �¥·¢μ¥ ¤¢¨-
¦¥´¨¥ �¥°¤¥³¥°¸É¥-
·  (RI)

´  R-³ É·¨ÍÒ. „¨ £· ³³  ´  ·¨¸. 10 ¸²¥¢ , ¸μ£² ¸´μ
¶· ¢¨² ³ ¢ÒÏ¥, μ¤¨´ · § · §·¥§ ¥É¸Ö ¢¤μ²Ó ¶¥É²¨, ¶·¨-
Î¥³ · §·¥§ ´´μ° ¤¨ £· ³³¥ ¸μ¶μ¸É ¢²Ö¥É¸Ö É¥´§μ· Ria

bk .
’¥¶¥·Ó ¤¨ £· ³³Ê ¸²¥¤Ê¥É ¸´μ¢  ®¸±²¥¨ÉÓ¯ ¢¤μ²Ó · §·¥§ .
�É  μ¶¥· Í¨Ö ¤μ ¸¨Ì ¶μ· ´¥ ¡Ò²  μ¶·¥¤¥²¥´ . � ¨¢´μ Ìμ-
É¥²μ¸Ó ¡Ò μ¶·¥¤¥²¨ÉÓ ®¸±²¥°±Ê¯ ± ± ¸¢¥·É±Ê

∑
a
Ria

ak =∑
a
Ria

bkδb
a Å ´μ É ±μ° μÉ¢¥É, ± ± ²¥£±μ Ê¡¥¤¨ÉÓ¸Ö, ´¥ · -

¢¥´ ¥¤¨´¨Î´μ³Ê É¥´§μ·Ê δi
j Å §´ Î¥´¨Õ ¨´¢ ·¨ ´É  ¤²Ö

¨§μÉμ¶´μ° ¤¨ £· ³³Ò ¢ ¶· ¢μ° Î ¸É¨.

‚Ò¶μ²´¥´¨Ö · ¢¥´¸É¢  ´  ·¨¸. 10 ³μ¦´μ ¤μ¡¨ÉÓ¸Ö
¸ ¶μ³μÐÓÕ ¡μ²¥¥ μ¡Ð¥£μ ®¶· ¢¨²  ¸±²¥°±¨¯: Ria

bk �→
Ria

bkMb
a ¤²Ö ¤¨ £· ³³Ò ¢ ²¥¢μ° Î ¸É¨. ‡¤¥¸Ó M Å ´μ¢Ò° μ¶¥· Éμ· É¥´§μ·

É¨¶  (1,1), ¢ μÉ²¨Î¨¥ μÉ μ¶¥· Éμ·  ¶¥·¥±·¥¸É±  Å É¥´§μ·  É¨¶  (2,2). ŒÒ ¡Ê-



��‹ˆ��Œ› “‡‹�‚ ˆ‡ R-Œ�’�ˆ–: ‡�—…Œ ’�Š�Ÿ Œ�’…Œ�’ˆŠ�? 749

¤¥³ ´ §Ò¢ ÉÓ μ¶¥· Éμ· M μ¡μ·μÉ´Ò³, ¶μ¸±μ²Ó±Ê μ´ · §³¥Ð ¥É¸Ö ´  ÊÎ ¸É±¥
¤¨ £· ³³Ò, £¤¥ ± ¸ É¥²Ó´Ò° ¢¥±Éμ· ¤¥² ¥É ¶μ²´Ò° μ¡μ·μÉ.

‚ ¸É ´¤ ·É´μ³ ¡ §¨¸¥ ·¥Ï¥´¨¥ ¤²Ö M ´ Ìμ¤¨É¸Ö ¢ ¢¨¤¥ ¤¨ £μ´ ²Ó´μ°
³ É·¨ÍÒ ∗: Mi

j = miδ
i
j . � ¢¥´¸É¢μ ¶μ¤ ·¨¸. 10 Éμ£¤  ¤ ¥É

miR
ii
ii +

N∑
j=i+1

mjR
ij
ji = 1 ⇒ qmi + (q − q−1)×

×
N∑

j=i+1

mj = 1 ⇒ mi = q2i−2N−1, i = 1, N. (3.33)

B¸Ö±ÊÕ ¸ÉÖ£¨¢ ¥³ÊÕ ¶¥É²Õ ´  ¤¨ £· ³³¥ Ê§²  ³μ¦´μ ¶·¨¢¥¸É¨ (¸ ¶μ³μ-
ÐÓÕ ´¥¶·¥·Ò¢´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¥¥ μ±·¥¸É´μ¸É¨ ¢ ¶²μ¸±μ¸É¨ ¤¨ £· ³³Ò) ±
μ¤´μ³Ê ¨§ Î¥ÉÒ·¥Ì É¨¶μ¢ (¸É·μ±  1 É ¡². 11), ¨ ¤²Ö ± ¦¤μ£μ É¨¶  ¨§ RI ¶μ²Ê-
Î¨É¸Ö ¸¢μ° μ¡μ·μÉ´Ò° μ¶¥· Éμ·. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ê· ¢´¥´¨Ö ´  ³ É·¨Î´Ò¥
Ô²¥³¥´ÉÒ ÔÉ¨Ì μ¶¥· Éμ·μ¢ ¢³¥¸É¥ ¸ ¨Ì ·¥Ï¥´¨Ö³¨ ¢ ¸É ´¤ ·É´μ³ ¡ §¨¸¥ (¤²Ö
´¥´Ê²¥¢ÒÌ Å ¤¨ £μ´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢) ¶·¨¢¥¤¥´Ò ¢ É ¡². 11.

’ ¡²¨Í  11. “· ¢´¥´¨Ö ´  μ¡μ·μÉ´Ò¥ μ¶¥· Éμ·Ò ¤²Ö · §²¨Î´ÒÌ ¸ÉÖ£¨¢ ¥³ÒÌ ¶¥-
É¥²Ó ¨ ¨Ì ·¥Ï¥´¨Ö. �Ê±μ¶¨¸´Ò³¨ ¡Ê±¢ ³¨ ´ ¡· ´Ò ±μ³¶μ´¥´ÉÒ μ¶¥· Éμ·μ¢ ¢
´ ¨¢´μ° ´μ·³¨·μ¢±¥, £μÉ¨Î¥¸±¨³¨ Å ¢ ¸¨³³¥É·¨Î´μ°, ±μÉμ· Ö ¨¸¶μ²Ó§Ê¥É¸Ö ¶·¨
¢ÒÎ¨¸²¥´¨¨ ¨´¢ ·¨ ´Éμ¢ Ê§²μ¢

Mb
aRia

bk = δi
k M′b

a Raj
lb = δj

l M̃b
aR̃ia

bj = δi
k M̃′b

a R̃aj
lb = δj

l

mi = q2i−2N−1 m′
j = q−2i+1 m̃i = q2N−2i+1 m̃′

i = q2i−1

TrM = q−N [N ]q TrM̃ = q−N [N ]q TrM′ = qN [N ]q TrM̃′ = qN [N ]q

Mb
aRia

bk =qNδi
k M′b

a Raj
lb =qN δj

l M̃b
aR̃ia

bj =q−Nδi
k M̃

′b
a R̃aj

lb =q−Nδj
l M = M̃, M′= M̃′

mi = q2i−N−1 m′
i = qN−2i+1 m̃i = q2i−N−1 m̃′

j = qN−2i+1

TrM = [N ]q Tr M̃ = [N ]q TrM′ = [N ]q Tr M̃′ = [N ]q

RII ¸ · ¸É ¸±¨¢ ´¨¥³ Í¨±² . �  ·¨¸. 8 ¨ 9 μÉ´μ¸¨É¥²Ó´Ò¥ ´ ¶· ¢²¥´¨Ö
´¨É¥° ¢Ò¡· ´Ò É ±, ÎÉμ · ¸¸³μÉ·¥´´Ò¥ Ë· £³¥´ÉÒ ¤¨ £· ³³ ´¥ ¸μ¤¥·¦ É Í¨-
±²μ¢. ‚ ¶·μÉ¨¢μ¶μ²μ¦´μ³ ¸²ÊÎ ¥ ¢μ§´¨± ¥É É  ¦¥ ¶·μ¡²¥³ , ÎÉμ ¨ ¸ ¤¢¨¦¥-

∗�μ¸²¥¤μ¢ É¥²Ó´ Ö § ¶¨¸Ó Ê· ¢´¥´¨° ¤²Ö i = N, N − 1, . . . , 1 ¤ ¥É ²¨´¥°´ÊÕ ¸¨¸É¥³Ê ¸
É·¥Ê£μ²Ó´μ° ³ É·¨Í¥°.
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�¨¸. 11. ‚Éμ·μ¥ ¤¢¨¦¥´¨¥ �¥°¤¥³¥°¸É¥·  ¸ Í¨±²μ³

´¨¥³ RI (¸³. ·¨¸. 10): ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ê¸²μ¢¨Ö ´  μ¶¥· Éμ·Ò ¶¥·¥±·¥¸É±μ¢
¢Ò¶μ²´¥´Ò Éμ²Ó±μ ¶·¨ ´ ¤²¥¦ Ð¥° ¢¸É ¢±¥ μ¡μ·μÉ´ÒÌ μ¶¥· Éμ·μ¢.

‚ Î ¸É´μ¸É¨, ®Í¨±²¨Î¥¸±¨°¯ ¢ ·¨ ´É RII ´  ·¨¸. 11 ¸μμÉ¢¥É¸É¢Ê¥É § ¶¨-
¸ ´´μ° É ³ ¶ ·¥ Éμ¦¤¥¸É¢ (§ ³¥ÉÓÉ¥, ÎÉμ ´  ÔÉμÉ · § μ¡μ·μÉ´Ò¥ μ¶¥· Éμ·Ò
¸ÉμÖÉ ¢ μ¡¥¨Ì Î ¸ÉÖÌ · ¢¥´¸É¢). ‚ ¨Ì ¸¶· ¢¥¤²¨¢μ¸É¨ ³μ¦´μ ´¥¶μ¸·¥¤¸É¢¥´´μ
Ê¡¥¤¨ÉÓ¸Ö ¸ ¶μ³μÐÓÕ Ëμ·³Ê² (3.27), (3.33):

[
ij
kl

]
=

[
i i
kk

]
, i < k : R̃ii

iiRik
kim

′
i +

k−1∑
a=i+1

R̃ia
aiRak

kam′
a + R̃ik

kiRkk
kkm′

k =

= q−1
(
q − q−1

)
q−2i+1 +

(
q−1 − q

) (
q−2i − q−2k+2

)
+

+
(
q−1 − q

)
q ·q−2k+1 = 0

[
ij
kl

]
=

[
i i
kk

]
, k < i : = 0

( ´ ²μ£¨Î´μ)

[
ij
kl

]
=

[
ij
ij

]
: R̃ij

ijR
ij
ijm

′
a = 1 · 1 · m′

a,

a = i ¨²¨ a = j.

(3.34)

3.4.2. �±¸É·¥³ ²Ó´Ò¥ ¨ μ¡μ·μÉ´Ò¥ μ¶¥· Éμ·Ò. 8 ¶¥·¥±·¥¸É±μ¢ ¨ 4
É¨¶  Ô±¸É·¥³ ²Ó´ÒÌ ÉμÎ¥±. �μ²´Ò° ´ ¡μ· Ê¸²μ¢¨° Éμ¶μ²μ£¨Î¥¸±μ° ¨´¢ ·¨-
 ´É´μ¸É¨ É¥´§μ·´μ£μ Ëμ·³ ²¨§³  ¤μ²¦¥´ ¢±²ÕÎ ÉÓ RI ´  ·¨¸. 10 ¨ ¶μ ´¥-
¸±μ²Ó±Ê ¢¥·¸¨° RII ¨ RIII, · §²¨Î ÕÐ¨Ì¸Ö ¢Ò¡μ·μ³ ´ ¶· ¢²¥´¨° ´  μÉ·¥§± Ì
´  ·¨¸. 8 ¨ 9 (ÌμÉÖ ´¥ μ¡Ö§ É¥²Ó´μ ¢¸¥ ÔÉ¨ Ê¸²μ¢¨Ö Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨).
Š ± ³Ò Ê¡¥¤¨²¨¸Ó ¢ ¶·¨³¥· Ì ¢ÒÏ¥, μ¸μ¡ÊÕ ·μ²Ó ¶·¨ ÔÉμ³ ¨£· ÕÉ ¤¨ £· ³³Ò
¸ Í¨±² ³¨: ¤²Ö ´¨Ì Ê¸²μ¢¨Ö Éμ¶μ²μ£¨Î¥¸±μ° ¨´¢ ·¨ ´É´μ¸É¨ ´¥ ¢Ò¶μ²´ÖÕÉ¸Ö
± ± Éμ¦¤¥¸É¢  ´  μ¶¥· Éμ·Ò ¶¥·¥±·¥¸É±μ¢ (R-³ É·¨ÍÒ), ´μ ³μ£ÊÉ ¢Ò¶μ²-
´ÖÉÓ¸Ö ¶·¨ ®±μ··¥±Í¨¨¯ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¸¢¥·Éμ± ®¶μ¶· ¢μÎ´Ò³¯ μ¶¥· Éμ-
·μ³ (¢μμ¡Ð¥ £μ¢μ·Ö, ´¥¸±μ²Ó±¨³¨). ˆ§ ÔÉ¨Ì ´ ¡²Õ¤¥´¨° ¢ÒÉ¥± ¥É ¨¤¥Ö μ Éμ³,
ÎÉμ ± ¦¤Ò° Í¨±² (¶·μ¸Éμ° Å ¡¥§ ±· É´ÒÌ ¶·μÌμ¤μ¢ ·¥¡¥·) ´  ¤¨ £· ³³¥
Ê§²  ¤μ²¦¥´ ¸μ¤¥·¦ ÉÓ μ¤¨´ É ±μ° ®¶μ¶· ¢μÎ´Ò°¯ μ¶¥· Éμ·. �¤´ ±μ É ± Ö
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�¨¸. 12. ’¨¶Ò μ¸μ¡ÒÌ ÉμÎ¥± ´  ¤¨ £· ³³¥ Ê§²  ¸ ÊÎ¥Éμ³ ¶·μ¡²¥³Ò ¸ÉÖ£¨¢ ´¨Ö ¶¥É¥²Ó

�¨¸. 13. �¡· Ð¥´¨¥ ´ ¶· ¢²¥´¨Ö ´  ´¨É¨ ± ± ®¸μ¶·Ö¦¥´¨¥¯ ¶ ·μ° Ô±¸É·¥³ ²Ó´ÒÌ
ÉμÎ¥±

Ëμ·³Ê²¨·μ¢±  ´¥ ±μ´¸É·Ê±É¨¢´ , ¨ ´¥ Ö¸´μ, ± ± ¶·μ¢¥·¨ÉÓ μ¸ÊÐ¥¸É¢¨³μ¸ÉÓ ¨
±μ··¥±É´μ¸ÉÓ ¶·¥¤² £ ¥³μ° ¶·μÍ¥¤Ê·Ò.

Š² ¸¸¨Î¥¸±¨° ¨ Ê¸ÉμÖ¢Ï¨°¸Ö ¶μ¤Ìμ¤ [19] μ¸´μ¢ ´ ´  ¸¢Ö§¨ Í¨±²μ¢ ¨
Ô±¸É·¥³ ²Ó´ÒÌ ÉμÎ¥±. „¥°¸É¢¨É¥²Ó´μ, ¥¸²¨ ¢Ò¡· ÉÓ ´  ¶²μ¸±μ¸É¨ ´¥±μÉμ·μ¥
´ ¶· ¢²¥´¨¥ (μ¸Ó z), Éμ ¢¸Ö± Ö § ³±´ÊÉ Ö ²¨´¨Ö, ¢ Î ¸É´μ¸É¨ ¶μ¸²¥¤μ¢ É¥²Ó-
´μ¸ÉÓ ¸³¥¦´ÒÌ ·¥¡¥· ´  ¤¨ £· ³³¥ Ê§² , ¡Ê¤¥É ¸μ¤¥·¦ ÉÓ ÌμÉÖ ¡Ò μ¤´Ê ÉμÎ±Ê
³¨´¨³Ê³  ¨ μ¤´Ê ÉμÎ±Ê ³ ±¸¨³Ê³ . �·¨ ÔÉμ³ ¥¸²¨ ´  ²¨´¨¨ ¢Ò¡· ´μ ´ -
¶· ¢²¥´¨¥ μ¡Ìμ¤ , ± ± ¢ ¸²ÊÎ ¥ Í¨±² , Éμ ³¨´¨³Ê³ ¨ ³ ±¸¨³Ê³ (¥¸²¨ Í¨±²
¸μ¤¥·¦¨É ¨Ì ¶μ μ¤´μ³Ê) ¡Ê¤ÊÉ ¶·μ°¤¥´Ò ¢ ¶·μÉ¨¢μ¶μ²μ¦´ÒÌ ¶μ ´μ·³ ²¨ ±
μ¸¨ z ´ ¶· ¢²¥´¨ÖÌ (®¸²¥¢  ´ ¶· ¢μ¯ ¨ ®¸¶· ¢  ´ ²¥¢μ¯). �μÔÉμ³Ê ´¥μ¡Ìμ-
¤¨³μ · §²¨Î ÉÓ 4 É¨¶  Ô±¸É·¥³ ²Ó´ÒÌ ÉμÎ¥± ´  ·¨¸. 12, III. �¥¶·¥·Ò¢´Ò³¨
¤¥Ëμ·³ Í¨Ö³¨ ¤¨ £· ³³Ò Ê§²  ³μ¦´μ ¤μ¡¨ÉÓ¸Ö Éμ£μ, ÎÉμ¡Ò Ô±¸É·¥³ ²Ó´Ò¥
ÉμÎ±¨ ´¨±μ£¤  ´¥ ¸μ¢¶ ¤ ²¨ ¸ ¶¥·¥±·¥¸É± ³¨. ’μ£¤  ¶·¥¤² £ ¥É¸Ö ¢ ± ¦¤ÊÕ
Ô±¸É·¥³ ²Ó´ÊÕ ÉμÎ±Ê ¶μ³¥¸É¨ÉÓ ®¶μ¶· ¢μÎ´Ò°¯ (´ §μ¢¥³ ¥£μ Ô±¸É·¥³ ²Ó´Ò³)
μ¶¥· Éμ·, μ¤¨´ ¨§ 4 ¤²Ö ± ¦¤μ£μ É¨¶  Ô±¸É·¥³ ²Ó´μ° ÉμÎ±¨.

�¤´ ±μ μ± §Ò¢ ¥É¸Ö, ÎÉμ ¢ ¶·¨¸ÊÉ¸É¢¨¨ Ô±¸É·¥³ ²Ó´ÒÌ ÉμÎ¥± ´¥μ¡Ìμ¤¨³μ
· §²¨Î ÉÓ ¡μ²ÓÏ¥¥ Î¨¸²μ É¨¶μ¢ ¶¥·¥±·¥¸É±μ¢. „¥°¸É¢¨É¥²Ó´μ, ± ± ¢¨¤´μ ¨§
·¨¸. 13, μ¡· Ð¥´¨¥ ´ ¶· ¢²¥´¨Ö ´  μ¤´μ° ¨§ ´¨É¥° ¶¥·¥±·¥¸É±  Éμ¶μ²μ£¨Î¥-
¸±¨ Ô±¢¨¢ ²¥´É´μ ¥£μ ®¸μ¶·Ö¦¥´¨Õ¯ ¶ ·μ° Ô±¸É·¥³ ²Ó´ÒÌ ÉμÎ¥±. ‚ ·¥§Ê²Ó-
É É¥ ¶·¨Ìμ¤¨É¸Ö · §²¨Î ÉÓ Ê¦¥ ´¥ 2,   8 É¨¶μ¢ ¶¥·¥±·¥¸É±μ¢ (¶μ 4 ¶·Ö³ÒÌ ¨
μ¡· É´ÒÌ, ·¨¸. 12, II); ¶·¨ ÔÉμ³ ¤¢  ¶¥·¥±·¥¸É±  μ¡Ð¥£μ ¶μ²μ¦¥´¨Ö ¸Î¨É ÕÉ¸Ö
¨§μÉμ¶´Ò³¨, ¥¸²¨ ¸μ¢³¥Ð ÕÉ¸Ö ¸¤¢¨£μ³, ¸¦ É¨¥³-· ¸ÉÖ¦¥´¨¥³ ¨ ¶μ¢μ·μÉμ³
³¥´¥¥ Î¥³ ´  90◦ ¢ ²Õ¡μ³ ´ ¶· ¢²¥´¨¨.

Š² ¸¸¨Î¥¸± Ö É¥μ·¥³  [19] £² ¸¨É, ÎÉμ É ±¨³ μ¡· §μ³ É¥´§μ·´Ò° Ëμ·³ -
²¨§³ Ê¤ ¥É¸Ö ¸¶ ¸É¨: ´ °¤ÊÉ¸Ö É ±¨¥ Ô±¸É·¥³ ²Ó´Ò¥ μ¶¥· Éμ·Ò, ÎÉμ ¶μ²ÊÎ¥´-
´ Ö ¸¢¥·É±  ¤¥°¸É¢¨É¥²Ó´μ ¡Ê¤¥É ¨´¢ ·¨ ´Éμ³ Ê§² . �¤´ ±μ É ± ¶μ²ÊÎ ¥É¸Ö ´¥
¤²Ö ¢¸Ö±¨Ì R-³ É·¨Í,   Éμ²Ó±μ ¤²Ö Ê´¨¢¥·¸ ²Ó´ÒÌ ±¢ ´Éμ¢ÒÌ μ¡¥·ÉÒ¢ ÕÐ¨Ì
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�¨¸. 14. ’μ¶μ²μ£¨Î¥¸±¨¥ Ê¸²μ¢¨Ö ´  Ô±¸É·¥³ ²Ó´Ò¥ μ¶¥· Éμ·Ò

 ²£¥¡· ‹¨ (¸³. ¶. 3.2.4). ‚ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ ¤²Ö Ô±¸É·¥³ ²Ó´ÒÌ μ¶¥· Éμ-
·μ¢, ± ± ¨ ¤²Ö ¸ ³¨Ì R-³ É·¨Í, ¨§¢¥¸É´μ Ö¢´μ¥ ¢Ò· ¦¥´¨¥ ¢ ¢¨¤¥ Ëμ·³ ²Ó-
´μ£μ ·Ö¤ .

’μÎ´Ò¥ Ëμ·³Ê²¨·μ¢±¨ ¨ ¤μ± § É¥²Ó¸É¢  μ¶¨¸ ´´μ£μ ¶μ¤Ìμ¤  ³μ¦´μ ´ °-
É¨ ¢ [19],   ¶·¨³¥·Ò ¶μ¤·μ¡´μ · §μ¡· ´Ò ¢ [39]. ŒÒ ¦¥ ¸μ¸·¥¤μÉμÎ¨³¸Ö ´ 
¢μ¶·μ¸ Ì, μ¸É ¢²¥´´ÒÌ ¡¥§ ¤μ²¦´μ£μ ¢´¨³ ´¨Ö ¢ ²¨É¥· ÉÊ·¥.

‘¢μ¡μ¤  ¢Ò¡μ·  ®¶μ¶· ¢μÎ´ÒÌ¯ μ¶¥· Éμ·μ¢. Š ± ³Ò Ê¡¥¤¨²¨¸Ó ¢ÒÏ¥,
Ê¸²μ¢¨Ö Éμ¶μ²μ£¨Î¥¸±μ° ¨´¢ ·¨ ´É´μ¸É¨ É·¥¡ÊÕÉ ¢¢¥¤¥´¨Ö ®¶μ¶· ¢μÎ´ÒÌ¯
μ¶¥· Éμ·μ¢. �¤´ ±μ ´¨ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ÔÉ¨Ì μ¶¥· Éμ·μ¢, ´¨ ¨Ì · ¸¶μ-
²μ¦¥´¨¥ ´  ¤¨ £· ³³¥ Ê§²  ´¥ μ¶·¥¤¥²ÖÕÉ¸Ö ÔÉ¨³¨ Ê¸²μ¢¨Ö³¨ μ¤´μ§´ Î´μ.
� §²¨Î´Ò³ ¤μ¶Ê¸É¨³Ò³ ¶μ²μ¦¥´¨Ö³ · §·¥§μ¢ μÉ¢¥Î ÕÉ a priori · §²¨Î´Ò¥
¸¢¥·É±¨ μ¶¥· Éμ·μ¢, ´μ ¶·¨ μ¶·¥¤¥²¥´´ÒÌ Ê¸²μ¢¨ÖÌ É ±¨¥ ¸¢¥·É±¨ ¡Ê¤ÊÉ Éμ-
¦¤¥¸É¢¥´´μ · ¢´Ò.

’μ¶μ²μ£¨Î¥¸± Ö ¨´¢ ·¨ ´É´μ¸ÉÓ ¶μ§¢μ²Ö¥É Ê¸É ´μ¢¨ÉÓ §´ Î¥´¨Ö ¸¢¥·Éμ±
¶ · ¢§ ¨³´μ ¸¶·Ö³²ÖÕÐ¨Ì ²¨¡μ μ¡· §ÊÕÐ¨Ì Í¨±² μ¶¥· Éμ·μ¢ (¸³. ·¨¸. 14):

Q+Q′
− = Q′

−Q+ = 1, Q′
+Q− = Q−Q′

+ = 1,

Q−Q+ = Q+Q− = M, Q′
+Q′

− = Q′
−Q′

+ = M′.
(3.35)

‡¤¥¸Ó M ¨ M′ Å ´μ·³¨·μ¢ ´´Ò¥ μ¡μ·μÉ´Ò¥ μ¶¥· Éμ·Ò ¨§ É ¡². 11
(¸³. ¶. 3.4.3). ˆ§¢¥¸É´ Ö É¥μ·¥³  [40] ÊÉ¢¥·¦¤ ¥É, ÎÉμ (3.35) ¤μ¸É ÉμÎ´μ, ÎÉμ¡Ò
¶μ μ¶¨¸ ´´Ò³ ¢ÒÏ¥ ¶· ¢¨² ³ ¶μ²ÊÎ¨ÉÓ Éμ¶μ²μ£¨Î¥¸±¨° ¨´¢ ·¨ ´É ∗. �·¨
ÔÉμ³ ³μ¦´μ, ´ ¶·¨³¥·, μ¶¥· Éμ·Ò ®¸¶· ¢  ´ ²¥¢μ¯ μÉμ¦¤¥¸É¢¨ÉÓ ¸ ¥¤¨´¨Î-
´Ò³¨; Éμ£¤  μ¶¥· Éμ·Ò ®¸²¥¢  ´ ¶· ¢μ¯ ¡Ê¤ÊÉ · ¢´Ò μ¡μ·μÉ´Ò³ μ¶¥· Éμ· ³
¨§ É ¡². 11

Q− = Q′
− = I, Q+ = M, Q′

+ = M′. (3.36)

Œμ¦´μ ´ ²μ¦¨ÉÓ ¤·Ê£¨¥ Ê¸²μ¢¨Ö: ´ ¶·¨³¥·, ± ± ¢ [19,39].
� ¸¶μ²μ¦¥´¨¥ ®¶μ¶· ¢μÎ´ÒÌ¯ μ¶¥· Éμ·μ¢ É ±¦¥ ´¥ § ¤ ´μ ¦¥¸É±μ. �·¥-

¦¤¥ ¢¸¥£μ, ± ¦¤Ò° ¨§ ´¨Ì ³μ¦´μ ®¤¢¨£ ÉÓ¯ ¢ μ±·¥¸É´μ¸É¨ ¥£μ ÉμÎ±¨ Ô±¸-
É·¥³Ê³  ³¥¦¤Ê ¡²¨¦ °Ï¨³¨ ¶¥·¥±·¥¸É± ³¨ Å ´  § ¶¨¸¨ É¥´§μ·´μ° ¸¢¥·É±¨
ÔÉμ ´¨± ± ´¥ ¸± ¦¥É¸Ö. �¤´ ±μ ¨´μ£¤  ¤μ¶Ê¸É¨³ É ±¦¥ ¶¥·¥´μ¸ Ô±¸É·¥³ ²Ó-
´ÒÌ μ¶¥· Éμ·μ¢ Î¥·¥§ ¶¥·¥±·¥¸Éμ±. �  ·¨¸. 15 ¶μ± § ´ ¶·¨³¥· ¤μ¶Ê¸É¨³μ£μ

∗‘ μ¤´¨³ ¸ÊÐ¥¸É¢¥´´Ò³ ¤μ¶μ²´¥´¨¥³, ±μÉμ·μ³Ê ¶μ¸¢ÖÐ¥´ ¶. 3.4.3.
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�¨¸. 15. �· ¢¨²μ ±μ³³ÊÉ Í¨¨ μ¶¥· Éμ·  ¶¥·¥±·¥¸É±  ¸
É¥´§μ·´Ò³ ±¢ ¤· Éμ³ μ¡μ·μÉ´μ£μ μ¶¥· Éμ· : £· Ë¨Î¥-
¸±μ¥ ¨§μ¡· ¦¥´¨¥

¶¥·¥´μ¸  ¶ ·Ò μ¶¥· Éμ·μ¢ (μÉ³¥Î¥´Ò ÏÉ·¨Ì ³¨). „²Ö · ¸¸³μÉ·¥´´ÒÌ ¢ É¥±-
¸É¥ ¶·μ¸É¥°Ï¨Ì R-³ É·¨Í (¸¢Ö§ ´´ÒÌ, ± ± Ê¶μ³¨´ ²μ¸Ó ¢ÒÏ¥, ¸ ËÊ´¤ ³¥´-
É ²Ó´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ suN ) ´¥É·Ê¤´μ ¶·μ¢¥·¨ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ®¶· ¢¨²μ
±μ³³ÊÉ Í¨¨¯:∑

a,b

M
i
aM

j
bR

ab
kl =

∑
a,b

M
a
kM

b
lR

ij
kl ⇔ mimjRij

kl = mkmlRij
kl. (3.37)

‘μμÉ´μÏ¥´¨¥ (3.37), ¨ ¢³¥¸É¥ ¸ ´¨³ ¶· ¢¨²μ ´  ·¨¸. 15, ¢¥·´μ ¢ £μ· §¤μ ¡μ²¥¥
μ¡Ð¥³ ¸²ÊÎ ¥: ¤²Ö R-³ É·¨ÍÒ ¤²Ö ¢¸Ö±μ° ¶ ·Ò ¶·¥¤¸É ¢²¥´¨° ¢¸Ö±μ° ¶·μ¸Éμ°
±μ³¶ ±É´μ°  ²£¥¡·Ò ‹¨ [3, 4]. �Éμ ¸²¥¤Ê¥É ¨§ μ¡Ð¥£μ ·¥Ï¥´¨Ö: M ∝ qH ,
£¤¥ μ¶¥· Éμ· H § ¢¨¸¨É μÉ  ²£¥¡·Ò ‹¨ (ÔÉμ μ¤¨´ ¨§ Ô²¥³¥´Éμ¢ ¶μ¤ ²£¥¡·Ò
Š ·É ´ , ¨§ μ¡Ð¨Ì ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢ ±μÉμ·μ° ¸É·μ¨É¸Ö ¢Ò¤¥²¥´´Ò° ¡ §¨¸
¢ ¶·μ¸É· ´¸É¢¥ ¶·¥¤¸É ¢²¥´¨Ö [19, 39]), ´μ ¢¸¥£¤  ¤¥°¸É¢Ê¥É ´  É¥´§μ·´μ³
±¢ ¤· É¥ ¶·¥¤¸É ¢²¥´¨Ö ¶μ ¶· ¢¨²Ê Δ(qH) = qH ⊗qH (¸³. 3.5 ¢ ¸²ÊÎ ¥ su2).
‚ ·¥§Ê²ÓÉ É¥ (3.37) ¸¢μ¤¨É¸Ö ± Ê¸²μ¢¨Õ ±μ³³ÊÉ Í¨¨

M⊗M∝Δ(qH) ⇒ M⊗M ·R = R⊗M⊗M, (3.38)

±μÉμ·μ¥ ¥¸ÉÓ Î ¸É´Ò° ¸²ÊÎ ° μ¶·¥¤¥²ÖÕÐ¥£μ ¸¢μ°¸É¢  R-³ É·¨ÍÒ (3.23) ∗.
Š ¸μ¦ ²¥´¨Õ, ´ ³ ´¥¨§¢¥¸É´Ò ¶·¨³¥·Ò ¨§²μ¦¥´¨Ö R-³ É·¨Î´μ° ±μ´-

¸É·Ê±Í¨¨ ¸ ¶μ¸²¥¤μ¢ É¥²Ó´Ò³ μ¶¨¸ ´¨¥³ ¢¸¥£μ ¨³¥ÕÐ¥£μ¸Ö ¶·μ¨§¢μ²  ¢ μ¶·¥-
¤¥²¥´¨¨ ®¶μ¶· ¢μÎ´ÒÌ¯ μ¶¥· Éμ·μ¢. ‚ ¶·¨³¥· Ì ´¨¦¥ ³Ò ¶·¨³¥³ ¸μ£² Ï¥-
´¨Ö (3.36),   É ±¦¥ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ μ¤´μ ¨§ ¤μ¶Ê¸É¨³ÒÌ · ¸¶μ²μ¦¥´¨°
ÔÉ¨Ì μ¶¥· Éμ·μ¢ ´  ¤¨ £· ³³¥ Ê§² : ¢ · §·¥§ Ì, ¸¤¥² ´´ÒÌ ¶·¨ § ¶¨¸¨ R-³ É-
·¨Î´μ° ¸¢¥·É±¨. �·¨ É ±μ³ ¢Ò¡μ·¥ ®¶μ¶· ¢μÎ´Ò¥¯ μ¶¥· Éμ·Ò ´¥ ¶·¨¢Ö§ ´Ò
± ¢Ò¡μ·Ê ´ ¶· ¢²¥´¨Ö ¨ ÉμÎ± ³ Ô±¸É·¥³Ê³ , ¨ ³Ò ¶·μ¤μ²¦¨³ ´ §Ò¢ ÉÓ ¨Ì
μ¡μ·μÉ´Ò³¨ (± ± ¢ ¶·¨³¥· Ì ¨§ ¶. 3.4.1). ‚ ± ¦¤μ³ · ¸¸³μÉ·¥´´μ³ ¸²ÊÎ ¥
´¥É·Ê¤´μ ¶ÊÉ¥³ ¶·¥μ¡· §μ¢ ´¨° ´  ·¨¸. 15 ®¸¤¢¨´ÊÉÓ¯ μ¡μ·μÉ´Ò¥ μ¶¥· Éμ·Ò
¢ ÉμÎ±¨ Ô±¸É·¥³Ê³  μÉ´μ¸¨É¥²Ó´μ ´¥±μÉμ·μ£μ ¢Ò¡· ´´μ£μ ´ ¶· ¢²¥´¨Ö.

3.4.3. R-³ É·¨Î´Ò° ¨´¢ ·¨ ´É ²¥´ÉμÎ´μ£μ Ê§² . � ±μ´¥Í, μ¶·¥¤¥²¥-
´¨¥ ¨´¢ ·¨ ´É  Ê§²  ¸ ¶μ³μÐÓÕ R-³ É·¨Í ¸μ¤¥·¦¨É ¥Ð¥ μ¤´Ê ¶·μ¡²¥³Ê Å
¨ ¸´μ¢  Ê¦¥ ¢ ¶·μ¸É¥°Ï¨Ì ¶·¨³¥· Ì.

‘±·ÊÎ¥´´Ò¥ μ±·Ê¦´μ¸É¨. „²Ö ¤¢ÊÌ ¤¨ £· ³³ ¶¥·¥±·ÊÎ¥´´ÒÌ μ±·Ê¦´μ¸É¥°
´  ·¨¸. 16, I ¨ II ¶¥·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥ ¶· ¢¨²  ¤ ÕÉ, ¸μμÉ¢¥É¸É¢¥´´μ, ¢Ò· ¦¥-

∗�¢Éμ· ¡² £μ¤ ·¥´ �´¤·¥Õ ‘³¨·´μ¢Ê §  Ê± § ´¨¥ ´  ÔÉμÉ Ë ±É.



754 ���•ˆ�� �.‘.

�¨¸. 16. I, II Å ¤¨ £· ³³Ò-¢μ¸Ó³¥·±¨.
III Å ¤¨ £· ³³ -μ±·Ê¦´μ¸ÉÓ. ‚¸¥ É·¨
Ö¢²ÖÕÉ¸Ö ¤¨ £· ³³ ³¨ É·¨¢¨ ²Ó´μ£μ Ê§² .
˜É·¨Ì ³¨ μÉ³¥Î¥´Ò ¢¸É ¢±¨ μ¡μ·μÉ´ÒÌ
μ¶¥· Éμ·μ¢ ¢ ´ Ï¨Ì ¢ÒÎ¨¸²¥´¨ÖÌ

´¨Ö ¤²Ö ¨´¢ ·¨ ´É  Î¥·¥§ ±¢ ´Éμ¢Ò¥ Î¨¸²  (1.1):

1,N∑
i,j,a,b

Rij
abMi

bM′j
a =

1,N∑
i,j

Rij
jimim

′
j =

N∑
i=1

mi =

=
N∑

j=1

m′
N−j+1 =

N∑
i=1

q−2i+1 = q−N [N ]q (3.39)

¨

1,N∑
i,j,a,b

R̃ij
abMi

bM′j
a =

1,N∑
i,j

R̃ij
jim̃im̃

′
j =

N∑
i=1

m̃i =

=
N∑

j=1

m̃′
j =

N∑
i=1

q2i−1 = qN [N ]q. (3.40)

�É¢¥ÉÒ ´¥ · ¢´Ò, ¢ Éμ ¢·¥³Ö ± ± μ¡¥ ¤¨ £· ³³Ò § ¤ ÕÉ É·¨¢¨ ²Ó´Ò° Ê§¥².
�·μ¸É Ö μ±·Ê¦´μ¸ÉÓ. 	μ²¥¥ Éμ£μ, ¤¨ £· ³³  ¡¥§ ¶¥·¥±·¥¸É±μ¢ ´ 

·¨¸. 16, III É·¥¡Ê¥É μ¤´μ£μ μ¡μ·μÉ´μ£μ μ¶¥· Éμ· . �  · ¢´ÒÌ μ¸´μ¢ ´¨ÖÌ ³μ¦-
´μ ¨¸¶μ²Ó§μ¢ ÉÓ ²Õ¡μ° ¨§ Î¥ÉÒ·¥Ì μ¶¥· Éμ·μ¢ ¢ É ¡². 11, ¨ ¢ ± Î¥¸É¢¥ §´ -
Î¥´¨Ö É·¨¢¨ ²Ó´μ£μ ¨´¢ ·¨ ´É  ¶μ²ÊÎ¨É¸Ö ¥£μ ¸²¥¤. ‘²¥¤Ò ¢¢¥¤¥´´ÒÌ ´ ³¨
μ¶¥· Éμ·μ¢, μ¤´ ±μ, · §²¨Î´Ò:

N∑
i=1

Mi
i =

N∑
i=1

M′i
i = q−N [N ]q ¨

N∑
i=1

M̃i
i =

N∑
i=1

M̃′i
i = qN [N ]q. (3.41)

�¸´ Ð¥´¨¥ ¤¨ £· ³³Ò: ·¥Í¥¶É. Š²ÕÎ ²¥¦¨É ¢ ´ ¡²Õ¤¥´¨¨, ÎÉμ ¢Ò· -
¦¥´¨Ö (3.39) ¨ (3.40) ¶μ²ÊÎ¥´Ò ¸ ¶μ³μÐÓÕ ¤¨ £· ³³ Ê§²  ¸ · §²¨Î´Ò³ §´ Î¥-
´¨¥³ μÉ´μ¸¨É¥²Ó´μ£μ ¨´¢ ·¨ ´É :  ²£¥¡· ¨Î¥¸±μ£μ Î¨¸²  ¶¥·¥±·¥¸É±μ¢ w,
É. ¥. · §´μ¸É¨ Î¨¸²  ¶·Ö³ÒÌ ¨ μ¡· É´ÒÌ ¶¥·¥±·¥¸É±μ¢ (¸³. ·¨¸. 6) ´  ¤¨ -
£· ³³¥. �É  ¢¥²¨Î¨´  ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ RII (¸³. ·¨¸. 8) ¨ RIII (¸³.
·¨¸. 9), ´μ ¨§³¥´Ö¥É¸Ö ´  ±1 ¶·¨ ¤¢¨¦¥´¨¨ RI (¸³. ·¨¸. 10), ¢ § ¢¨¸¨³μ¸É¨ μÉ
É¨¶  (¶·Ö³μ° ¨²¨ μ¡· É´Ò°) ¶¥·¥±·¥¸É±  ¢ ¸ÉÖ´ÊÉμ° ¶¥É²¥. � ¶·¨³¥·, w = 3
¨ w = 4 ¤²Ö ¤¨ £· ³³ ´  ·¨¸. 18, I ¨ 17 ¸ 3 ¨ 4 ¶μ²μ¦¨É¥²Ó´Ò³¨ ¶¥·¥±·¥¸É-
± ³¨ ¸μμÉ¢¥É¸É¢¥´´μ (¢Éμ· Ö ¤¨ £· ³³  Ô±¢¨¢ ²¥´É´  ¶¥·¢μ° ¸ ÉμÎ´μ¸ÉÓÕ ¤μ
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�¨¸. 17. „¨ £· ³³  Ê§² -
É·¨²¨¸É´¨±  (´¥ ¶·μ-
¸É¥°Ï Ö) ¸ 4 ¶¥·¥±·¥¸É-
± ³¨ ¨ 3 μ¡μ·μÉ´Ò³¨
μ¶¥· Éμ· ³¨

RIII ¨ μ¤´μ±· É´μ£μ RI); ¤²Ö ¤¨ £· ³³Ò ´  ·¨¸. 18, II
¸ 3 μ¡· É´Ò³¨ ¶¥·¥±·¥¸É± ³¨ w = −3.

�É¢¥ÉÒ (3.39) ¨ (3.40) ¸μ¢¶ ¤ÊÉ ¶μ¸²¥ Ê³´μ¦¥´¨Ö
μ¡μ¨Ì ´  qwN , £¤¥ w = 1 ¨ w = −1 ¤²Ö ¤¨ £· ³³ ´ 
·¨¸. 16, I ¨ II ¸μμÉ¢¥É¸É¢¥´´μ.

�·¥¤²μ¦¥´´ Ö ¶·μÍ¥¤Ê· , μ¤´ ±μ, ´¥ ·¥Ï ¥É
¶·μ¡²¥³ ¸ ¶·μ¸Éμ° μ±·Ê¦´μ¸ÉÓÕ (·¨¸. 16, III), ¤²Ö ±μ-
Éμ·μ° w = 0. •Ê¦¥ Éμ£μ, ¸²ÊÎ ¨ ¸Éμ²¡Íμ¢ 1 ¨ 3
É ¡². 11 μÉ¢¥Î ÕÉ ¸ÉÖ£¨¢ ´¨Õ ¶¥É¥²Ó μ¤´μ° μ·¨¥´É -
Í¨¨ ¸ ¶·Ö³Ò³ ¨ μ¡· É´Ò³ ¶¥·¥±·¥¸É± ³¨, É ± ÎÉμ
´¥ Ö¸´μ, ± ±μ° ¨§ μ¡μ·μÉ´ÒÌ μ¶¥· Éμ·μ¢ M 	= M̃
¨¸¶μ²Ó§μ¢ ÉÓ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ (Éμ ¦¥ μÉ´μ¸¨É¸Ö ±
¸Éμ²¡Í ³ 2 ¨ 4). �μ¶· ¢¨ÉÓ ¶μ²μ¦¥´¨¥ ³μ¦´μ ¶ÊÉ¥³
¸²¥¤ÊÕÐ¥° ¶¥·¥´μ·³¨·μ¢±¨ μ¡μ·μÉ´ÒÌ μ¶¥· Éμ·μ¢:

M → M ≡ q−NM ¨ M′ → M′ ≡ q−NM′. (3.42)

�μ²ÊÎ¥´´Ò¥ ¢ ·¥§Ê²ÓÉ É¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¶·¨¢¥¤¥´Ò ¢ ¶μ¸²¥¤´¥° ¸É·μ±¥
É ¡². 11. ’¥¶¥·Ó ¢¸¥ Î¥ÉÒ·¥ ¸²¥¤  (3.41) · ¢´Ò [N ]q ≡ qN − q−N/q − q−1,  
(3.39) ¸μ¢¶ ¤ ¥É ¸ (3.40), ± ± ¨ ¸ μÉ¢¥Éμ³ ¤²Ö ¶·μ¸Éμ° μ±·Ê¦´μ¸É¨, Å ¶μ¸²¥
Ê³´μ¦¥´¨Ö ± ¦¤μ£μ μÉ¢¥É  ´  μ¸´ Ð ÕÐ¨° ³´μ¦¨É¥²Ó, ±μÉμ·Ò° ¢ ´μ¢μ°
´μ·³¨·μ¢±¥ · ¢¥´ q−wN ¸ w ¤²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¤¨ £· ³³Ò. 	μ²¥¥ Éμ£μ,
M = M̃ ¨ M′ = M̃′. Š ± ¢¨¤´μ ¨§ É ¡². 11, ´μ·³¨·μ¢ ´´Ò° μ¡μ·μÉ´Ò°
μ¶¥· Éμ· § ¢¨¸¨É μÉ μ·¨¥´É Í¨¨ ®±μ··¥±É¨·Ê¥³μ£μ ¨³¯ Í¨±² , ´μ ´¥ μÉ É¨¶ 
¶¥·¥¸¥Î¥´¨° ¢ ÔÉμ³ Í¨±²¥. � ¶·μÉ¨¢, ³´μ¦¨É¥²Ó qwN ¶¥·¥¤ ¸ÉÖ´ÊÉμ° ¶¥É²¥°
§ ¢¨¸¨É Éμ²Ó±μ μÉ §´ ±  ¶¥·¥±·¥¸É±  (w = 1 ¤²Ö ¶·Ö³μ£μ ¨ w = −1 ¤²Ö
μ¡· É´μ£μ).

ˆ μ¡μ·μÉ´Ò¥ μ¶¥· Éμ·Ò, ¨ μ¸´ Ð ÕÐ¨° ³´μ¦¨É¥²Ó ³μ¦´μ ¢¢¥¸É¨ ¤²Ö
¢¸Ö±μ° ±¢ ´Éμ¢μ°, ´μ, ± ¸μ¦ ²¥´¨Õ, ´¥ ¤²Ö ¶·μ¨§¢μ²Ó´μ° R-³ É·¨ÍÒ. �Éμ
μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¸ÊÐ¥¸É¢¥´´μ μ£· ´¨Î¨¢ ¥É ±² ¸¸ R-³ É·¨Î´ÒÌ ¨´¢ ·¨ ´Éμ¢

�¨¸. 18. I Å · §·¥§ ´´ Ö ¤¨ £· ³³  ²¥¢μ¸Éμ·μ´´¥£μ Ê§² -É·¨²¨¸É´¨± . II Å ¤¨ £· ³³ 
¶· ¢μ¸Éμ·μ´´¥£μ Ê§² -É·¨²¨¸É´¨±  Å §¥·± ²Ó´μ μÉ· ¦¥´´μ£μ Ê§²  I. “§²Ò I ¨ II ´¥
¨§μÉμ¶´Ò. III Å ¤¨ £· ³³  Ê§²  I ¸ ¶·μÉ¨¢μ¶μ²μ¦´Ò³ ¢Ò¡μ·μ³ ´ ¶· ¢²¥´¨Ö Å
¶·μ¥±Í¨Ö Éμ° ¦¥ ´ ¶· ¢²¥´´μ° ±·¨¢μ° ´  ®¶μÉμ²μ±¯ ¢³¥¸Éμ ®¶μ² ¯
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Ê§²μ¢. Š ± Ê¦¥ £μ¢μ·¨²μ¸Ó, ¨ ±¢ ´Éμ¢Ò¥ R-³ É·¨ÍÒ, ¨ μ¡μ·μÉ´Ò¥ μ¶¥· Éμ·Ò,
¨, ¸²¥¤μ¢ É¥²Ó´μ, μ¸´ Ð ÕÐ¨° ³´μ¦¨É¥²Ó ¤μ¶Ê¸± ÕÉ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö Î¥·¥§
μ¡· §ÊÕÐ¨¥ ¶·μ¨§¢μ²Ó´μ° ¶·μ¸Éμ°  ²£¥¡·Ò ‹¨ g ¢ ¥¥ ¶·μ¨§¢μ²Ó´μ³ ¶·¥¤¸É ¢-
²¥´¨¨ Q [19,39].

’¥¶¥·Ó ³μ¦´μ ¤ ÉÓ É ±μ° ·¥Í¥¶É ¢ÒÎ¨¸²¥´¨Ö ¨´¢ ·¨ ´É  Ê§²  ¶μ ®¸±²¥°-
±¥¯ ¥£μ ¤¨ £· ³³Ò:

�· ¢¨²μ 11. �μ²ÊÎ¥´´Ò° ¶μ ¶· ¢¨² ³ 2Ä10 É¥´§μ· T i1...in

j1...jn
(G, Q|q) ´¥-

μ¡Ìμ¤¨³μ ¸¢¥·´ÊÉÓ ¶μ ¢¸¥³ ¸¢μ¡μ¤´Ò³ ¨´¤¥±¸ ³ ¸ É¥´§μ·´Ò³ ¶·μ¨§¢¥¤¥´¨¥³
μ¡μ·μÉ´ÒÌ μ¶¥· Éμ·μ¢ MG|Q, ±μÉμ·μ¥ ¶μ·μ¦¤ ¥É¸Ö ± ±¨³-²¨¡μ ¤μ¶Ê¸É¨-
³Ò³ ¨Ì · ¸¶μ²μ¦¥´¨¥³ ´  ¤¨ £· ³³¥ Ê§²  (¸³. μ¡¸Ê¦¤¥´¨¥ ¢ÒÏ¥).

�· ¢¨²μ 12. �μ²ÊÎ¥´´ÊÕ ¶μ ¶· ¢¨² ³ 2Ä11 ¢¥²¨Î¨´Ê ´¥μ¡Ìμ¤¨³μ Ê³´μ-
¦¨ÉÓ ´  μ¸´ Ð ÕÐ¨° ³´μ¦¨É¥²Ó ¢¨¤  qwΘg|Q , £¤¥ w Å  ²£¥¡· ¨Î¥¸±μ¥ Î¨¸²μ
¶¥·¥±·¥¸É±μ¢ ´  ¤¨ £· ³³¥ Ê§² ,   Θg|Q Å ´¥ § ¢¨¸ÖÐ¥¥ μÉ Ê§²  Í¥²μ¥, ±μ-
Éμ·μ¥ ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ¨§ Ê¸²μ¢¨Ö RI.

�· ¢¨²μ 13. ‚ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥, ±μ£¤  Q Å ËÊ´¤ ³¥´É ²Ó´μ¥ ¶·¥¤-
¸É ¢²¥´¨¥ g = suN , μ¸´ Ð ÕÐ¨° ³´μ¦¨É¥²Ó · ¢¥´ qwN (Θg|Q = N , £¤¥
N Å · §³¥·´μ¸ÉÓ ¶·μ¸É· ´¸É¢ -¶·¥¤¸É ¢²¥´¨Ö ´  ´¨ÉÖÌ),   μ¡μ·μÉ´Ò¥
μ¶¥· Éμ·Ò Mg|Q ¢ ¸É ´¤ ·É´μ³ ¡ §¨¸¥ § ¤ ´Ò ¢Ò· ¦¥´¨Ö³¨ ¨§ É ¡². 11.

	μ²¥¥ μ¡Ð Ö Ëμ·³Ê²  ¤²Ö Θg|Q ¨§ É¥μ·¨¨ ±¢ ´Éμ¢ÒÌ R-³ É·¨Í [39, 61]
μ¡¸Ê¦¤ ² ¸Ó ¢ÒÏ¥ ¢ ¸¢Ö§¨ ¸ Ê¸²μ¢¨Ö³¨ (3.38).

�· ¢¨²μ 14. �μ²ÊÎ¥´´ Ö ¶μ ¶· ¢¨² ³ 2Ä13 ¢¥²¨Î¨´  ¡Ê¤¥É ¨´¢ ·¨ ´Éμ³
Ê§²  [19]. 
É  ¢¥²¨Î¨´  § ¢¨¸¨É μÉ ¸ ³μ£μ Ê§²  ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ´¥¶·¥·Ò¢-
´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¨ Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° Ëμ·³ ²Ó´μ° ¶¥·¥³¥´´μ° q,   É ±¦¥
¤¨¸±·¥É´ÒÌ ¶¥·¥³¥´´ÒÌ g ( ²£¥¡·  ‹¨) ¨ Q (¥¥ ¶·¥¤¸É ¢²¥´¨¥).

Š ± ¶μ´¨³ ÉÓ ³´μ¦¨É¥²Ó ¶¥·¥¤ ¸ÉÖ´ÊÉμ° ¶¥É²¥°? „²Ö μ¡Ò±´μ¢¥´´ÒÌ Ê§-
²μ¢ RI (¸³. ·¨¸. 10) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Éμ¦¤¥¸É¢¥´´μ¥ ¶·¥μ¡· §μ¢ ´¨¥, μÉ¢¥-
Î ÕÐ¥¥ ´¥¶·¥·Ò¢´μ³Ê ¶·¥μ¡· §μ¢ ´¨Õ ±·¨¢μ° ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥.
’ ± ÎÉμ ¥£μ ¢ ·¨ ´É ¸ ´¥É·¨¢¨ ²Ó´Ò³ ³´μ¦¨É¥²¥³ ¢ ¶· ¢μ° Î ¸É¨ ´  ¸ ³μ³
¤¥²¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Ê· ¢´¥´¨¥ ´  ¨´¢ ·¨ ´É μ¸´ Ð¥´´μ£μ Ê§² : ¸´ ¡¦¥´-
´μ£μ ¤μ¶μ²´¨É¥²Ó´μ° ¸É·Ê±ÉÊ·μ° [5]. �ÉÊ ¸É·Ê±ÉÊ·Ê ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ´ -
£²Ö¤´μ: § ³¥´¨ÉÓ ´¨ÉÓ, ´  ±μÉμ·μ° § ¢Ö§ ´ Ê§¥², ²¥´Éμ°. ’μ£¤  RI (¸³. ·¨¸. 10)
¡μ²ÓÏ¥ ´¥ Ö¢²Ö¥É¸Ö Éμ¦¤¥¸É¢¥´´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³, ¶μ¸±μ²Ó±Ê ¶·¨¢μ¤¨É ±
¶¥·¥±·ÊÎ¨¢ ´¨Õ ²¥´ÉÒ.

�¸´ Ð ÕÐ¨° ³´μ¦¨É¥²Ó ¶¥·¥¤ ¢Ò· ¦¥´¨¥³ ³μ¦´μ ®¸¶·ÖÉ ÉÓ¯, ¢¢μ¤Ö
®Éμ¶μ²μ£¨Î¥¸±¨¥¯ μ¶¥· Éμ·Ò ¶¥·¥±·¥¸É±μ¢: q−NR ¨ qNR̃. ˆ³¥´´μ É ± ³Ò
´¥Ö¢´μ ¶μ¸ÉÊ¶¨²¨ ¢ ¶. 2.1.8 ¶·¨ μ¶·¥¤¥²¥´¨¨ ¨´¢ ·¨ ´É  Ê§²  Î¥·¥§ £·Ê¶-
¶Ê ±μ¸.

3.5. Ÿ¢´μ¥ ¢ÒÎ¨¸²¥´¨¥ ¶μ²¨´μ³  •�Œ”‹ˆ ¤²Ö Ê§² -É·¨²¨¸É´¨± .
�μ¸²¥ μ¡¸Ê¦¤¥´¨Ö μ¸´μ¢´ÒÌ ¶·¨´Í¨¶μ¢ ¨ μ¸μ¡¥´´μ¸É¥° ³¥Éμ¤  R-³ É·¨Í
³Ò, ´ ±μ´¥Í, £μÉμ¢Ò ¶·¨³¥´¨ÉÓ ÔÉμÉ ³¥Éμ¤ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¨´É¥·¥¸ÊÕÐ¥£μ
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´ ¸ ¨´¢ ·¨ ´É  (¶μ²¨´μ³  •�Œ”‹ˆ) ¤²Ö ¶·μ¸É¥°Ï¥£μ Ê§² : É·¨²¨¸É´¨±  (31

¢ [6]). „¨ £· ³³¥ Ê§²  ´  ·¨¸. 18, I ¸μμÉ¢¥É¸É¢Ê¥É ¢Ò· ¦¥´¨¥

H31 = q−wN

1,N∑
i,j,k,l,
a,b,c,d

Rai
kcRbl

iaR
dj
lb Mc

dM
k
j = q−3N

1,N∑
i,k,l,
a,b,c

Rai
kcRbl

iaRck
lb mcmk. (3.43)

’ ¡²¨Í  12. ‚ ·¨ ´ÉÒ ¸μμÉ´μÏ¥´¨Ö ¨´-
¤¥±¸μ¢ ¢ É¥´§μ·´μ³ ¢Ò· ¦¥´¨¨ ¤²Ö ¶μ²¨-
´μ³  •�Œ”‹ˆ Ê§²  É·¨²¨¸É´¨± 

‚ ·¨ ´É
a i
k c

b l
i a

c k
l b

c k

k = a = l = c = i = b
i i
i i

i i
i i

i i
i i

i i

k = a = l < c = i = b
k i
k i

i k
i k

i k
k i

i k

k = a = b < c = i = l
k i
k i

i k
k i

i k
i k

i k

k = i = b < c = a = l
l k
k l

k l
k l

l k
l k

l k

k = i = l < c = a = b
a k
k a

a k
k a

a k
k a

a k

‚ ¢Ò· ¦¥´¨¨ (3.43) ± ¦¤ Ö ¨§
R-³ É·¨Í ¸μμÉ¢¥É¸É¢Ê¥É μ¤´μ³Ê ¨§
É·¥Ì ¶¥·¥±·¥¸É±μ¢ ´  ¤¨ £· ³³¥ ´ 
·¨¸. 18 (¶μ ¶· ¢¨² ³ 5Ä10),   ± -
¦¤Ò° ¨§ ¤¢ÊÌ μ¡μ·μÉ´ÒÌ μ¶¥· Éμ-
·μ¢ M Å μ¤´μ³Ê ¨§ ¤¢ÊÌ · §·¥§μ¢
(¶μ ¶· ¢¨²Ê 11). Š ¦¤Ò° ³ É·¨Î-
´Ò° ¨´¤¥±¸ ¸¢Ö§ ´ ¸ ·¥¡·μ³ · §·¥-
§ ´´μ° ¤¨ £· ³³Ò (± ± Ê± § ´μ ´ 
·¨¸Ê´±¥), É ± ÎÉμ ± ¦¤ Ö R ¨²¨ M

¨³¥¥É Î¥É¢¥·±Ê ¨²¨ ¶ ·Ê ¨´¤¥±¸μ¢,
¸¢Ö§ ´´ÒÌ ¸ ·¥¡· ³¨, ¶·¨¸μ¥¤¨´¥´-
´Ò³¨ ± ¸μμÉ¢¥É¸É¢ÊÕÐ¥³Ê ¶¥·¥-
±·¥¸É±Ê ¨²¨ · §·¥§Ê (¸³. ·¨¸. 18).
‘Ê³³Ê ¸²¥¤Ê¥É ¢ÒÎ¨¸²ÖÉÓ ¶μ ¢¸¥³
¶μ¢Éμ·ÖÕÐ¨³¸Ö ¨´¤¥±¸ ³, ´¥§ ¢¨-
¸¨³μ ¶·μ¡¥£ ÕÐ¨³ §´ Î¥´¨Ö μÉ 1 ¤μ N . �¥·¥¤ ¸Ê³³μ° ¸Éμ¨É μ¸´ Ð ÕÐ¨°
³´μ¦¨É¥²Ó (¶μ ¶· ¢¨² ³ 12, 13). �μ± § É¥²Ó Ô±¸¶μ´¥´ÉÒ ¸μ¤¥·¦¨É · §´μ¸ÉÓ
Î¨¸²  ¶·Ö³ÒÌ ¨ μ¡· É´ÒÌ (¸³. ·¨¸. 6) ¶¥·¥±·¥¸É±μ¢ ¤²Ö ¤¨ £· ³³Ò ´  ·¨¸. 18:
w = 3 (¢¸¥ ¶¥·¥±·¥¸É±¨ ¶·Ö³Ò¥).

„ ²¥¥ ¸²¥¤Ê¥É ¶μ¤¸É ¢¨ÉÓ ¢ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ±μ³¶μ´¥´ÉÒ ¨§ (3.27) ¨
É ¡². 11 ¤²Ö Ô²¥³¥´Éμ¢ R- ¨ M-³ É·¨Í. ˆ§ ¢¨¤  (3.27) ¸²¥¤Ê¥É, ÎÉμ ± ¦¤Ò°
´¥´Ê²¥¢μ° Î²¥´ ¢ (3.43) ¸μμÉ¢¥É¸É¢Ê¥É μ¤´μ° ¨§ ¸É·μ± ¢ É ¡². 12.

‘²μ¦¨¢ ¢¸¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ±μ³¡¨´ Í¨¨ Ô²¥³¥´Éμ¢ (3.27), ¶μ²ÊÎ ¥³

H31
N = q−3N

{
N∑

i=1

Rii
iiRii

iiRii
iimimi +

+
N∑

i,k=1,
i<k

(
3Rik

ikRik
ikRki

ik + Rik
kiRik

kiRik
ki

)
mimk

}
≡

≡ q−3N
{
q3αN +

(
3(q − q−1) + (q − q−1)3

)
βN

}
=

= q−3N
{
q3(αN + βN ) − q−3βN

}
, (3.44)
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£¤¥ ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö

αN ≡
N∑

i=1

(mi)2, βN ≡
N∑

i,k=1,
i<k

mimk ⇒ αN + βN =
N∑

i,k=1,
i�k

mimk. (3.45)

�μ¸²¥ ¢ÒÎ¨¸²¥´¨Ö ÔÉ¨Ì ¸Ê³³ ¶μ Ëμ·³Ê² ³ ¨§ É ¡². 11 (μ¡· É¨É¥ ¢´¨³ ´¨¥,
ÎÉμ ´ ³ ´Ê¦´Ò ´μ·³¨·μ¢ ´´Ò¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ μ¡μ·μÉ´ÒÌ μ¶¥· Éμ-
·μ¢ m, ¸³. ¶. 3.4.3), ¢¥²¨Î¨´Ò αN ¨ βN ¸μ¢¶ ¤ ÕÉ ¸ Ì · ±É¥· ³¨, ¸μμÉ-
¢¥É¸É¢¥´´μ, ¶¥·¢μ£μ  ´É¨¸¨³³¥É·¨Î¥¸±μ£μ ¨ ¶¥·¢μ£μ ¸¨³³¥É·¨Î¥¸±μ£μ ¶·¥¤-
¸É ¢²¥´¨° suN [3, 4, 29,30] ¸ ÊÎ¥Éμ³ (1.1):

βN =
∑

1�i<j�N

q2i+2j−2N−2 =
[N ]q[N − 1]q

[2]q
= χ[1,1],

αN + βN =
∑

1�i�j�N

q2i+2j−2N−2 =
[N ]q[N + 1]q

[2]q
= χ[2].

(3.46)

ŒÒ μ¸É ´μ¢¨³¸Ö ´  ÔÉμ³ Ö¢²¥´¨¨ ¶μ¤·μ¡´¥¥ ¢ · §¤. 4.
‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¨¸±μ³μ£μ ¨´¢ ·¨ ´É :

H31
N (N, q) = q−3N

{
q3 [N ]q[N + 1]q

[2]q
− q−3 [N ]q[N − 1]q

[2]q

}
. (3.47)

�É¢¥É ¶·μ¶μ·Í¨μ´ ²¥´ [N ]q Å §´ Î¥´¨Õ ¤ ´´μ£μ ¨´¢ ·¨ ´É  ¤²Ö É·¨-
¢¨ ²Ó´μ£μ Ê§²  (¸³. ¶. 3.4). Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ É  ¦¥ ¢¥²¨Î¨´  ¢μ§´¨± ¥É
¢ ¸²ÊÎ ¥ ¶·μ¨§¢μ²Ó´μ£μ Ê§² : ¢ ± Î¥¸É¢¥ ³´μ¦¨É¥²Ö ¶¥·¥¤ ¥£μ ´μ·³¨·μ¢ ´-
´Ò³ ¶μ²¨´μ³μ³ [19, 28] (¸³. É ±¦¥ μ¡¸Ê¦¤¥´¨¥ ¢ ¶. 4.3), ¶·¨Î¥³ ÔÉμ ¸¢μ°-
¸É¢μ ¸μÌ· ´Ö¥É¸Ö ¨ ¤²Ö ¡μ²¥¥ μ¡Ð¨Ì (· ¸±· Ï¥´´ÒÌ, ¸³. ¶. 5.1) ¨´¢ ·¨ ´Éμ¢.
ˆ³¥´´μ ´μ·³¨·μ¢ ´´Ò¥ ¶μ²¨´μ³Ò, ± ± ¶· ¢¨²μ, ¶·¨¢μ¤ÖÉ¸Ö ¢ ¸É ´¤ ·É´ÒÌ
É ¡²¨Í Ì [6].

‚Ò· ¦¥´¨¥ (3.47) ¤μ¶Ê¸± ¥É  ´ ²¨É¨Î¥¸±μ¥ ¶·μ¤μ²¦¥´¨¥ ± ¶·μ¨§¢μ²Ó´Ò³
§´ Î¥´¨Ö³ N , ÎÉμ ¶μ§¢μ²Ö¥É ¶¥·¥°É¨ ± ´μ¢μ° ¶¥·¥³¥´´μ° A = qN ∈ C ¨
§ É¥³ · ¸¸³ É·¨¢ ÉÓ H31(A, q) ± ± ËÊ´±Í¨Õ ¤¢ÊÌ ´¥§ ¢¨¸¨³ÒÌ ±μ³¶²¥±¸´ÒÌ
¶¥·¥³¥´´ÒÌ A ¨ q. �μ¸²¥ ÔÉμ£μ ³´μ¦¨É¥²Ó ¶¥·¥¤ χ[N ]q ≡ A − A−1/q − q−1

¢ (3.47) ¶·¨³¥É ¢¨¤ ¶μ²¨´μ³  •�Œ”‹ˆ Ê§² -É·¨²¨¸É´¨±  ¨§ ¸É ´¤ ·É´ÒÌ
É ¡²¨Í [6] (£¤¥ a = A−1 ¨ z = q − q−1):

H̄31
N (A, q) =

A−3

[2]q

{
q3 Aq − A−1q−1

q − q−1
− q−3 Aq−1 − A−1q

q − q−1

}
=

= A−2(q2 + q−2) − A−4. (3.48)
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3.6. ‡¥·± ²Ó´ Ö ¸¨³³¥É·¨Ö ¶μ²¨´μ³μ¢ Ê§²μ¢. …¸²¨ ´  ¤¨ £· ³³¥ ´ 
·¨¸. 18, I ¢¸¥ ¶¥·¥±·¥¸É±¨ § ³¥´¨ÉÓ ´  μ¡· É´Ò¥, ¶μ²ÊÎ¨É¸Ö ¤¨ £· ³³  ´ 
·¨¸. 18, II. ‘μ£² ¸´μ ¶· ¢¨²Ê 6 ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¨´¢ ·¨ ´É 
¶μ²ÊÎ ¥É¸Ö ¨§ (3.43) ¶ÊÉ¥³ § ³¥´Ò ¢¸¥Ì μ¶¥· Éμ·μ¢ ¶¥·¥±·¥¸É±  ´  μ¡· É-
´Ò¥ μ¶¥· Éμ·Ò ¸ ±μ³¶μ´¥´É ³¨ (3.29) ¨ ¶μ¤¸É ´μ¢±¨  ²£¥¡· ¨Î¥¸±μ£μ Î¨¸² 
¶¥·¥±·¥¸É±μ¢ w = −3:

H3̃1 = q−w̃N
∑

i,j,k,l,
a,b,c,d

R̃ai
kcR̃bl

iaR̃
dj
lb Mc

dM
j
k =

= q3N−3 [N ]q[N + 1]q
[2]q

− q3N+3 [N ]q[N − 1]q
[2]q

, (3.49)

É. ¥. H3̃1(q, N) = H3̃1(q−1,−N). �Éμ ¸μμÉ´μÏ¥´¨¥ ´ §Ò¢ ÕÉ ¸¢μ°¸É¢μ³ §¥·-
± ²Ó´μ° ¸¨³³¥É·¨¨ ¶μ²¨´μ³μ¢ •�Œ”‹ˆ, ¶μ¸±μ²Ó±Ê Ê§²Ò, ¶·¥¤¸É ¢²¥´´Ò¥
¤¨ £· ³³ ³¨ ·¨¸. 18, I ¨ II, ¶¥·¥Ìμ¤ÖÉ ¤·Ê£ ¢ ¤·Ê£  ¶·¨ μÉ· ¦¥´¨¨ ¢ §¥·± ²¥.
‹¥£±μ ¶·μ¢¥·¨ÉÓ, ¶μ²¨´μ³Ò ¤²Ö ÔÉ¨Ì Ê§²μ¢ ´¥ · ¢´Ò (¤ ¦¥ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ
³´μ¦¨É¥²Ö): H31(q, N) 	∝ H3̃1(q, N). �·μÉ¨¢μ·¥Î¨Ö §¤¥¸Ó ´¥É: É·¨²¨¸É´¨± Å
±¨· ²Ó´Ò° Ê§¥², Éμ ¥¸ÉÓ Éμ¶μ²μ£¨Î¥¸±¨ ´¥ Ô±¢¨¢ ²¥´ÉÒ° ¸¢μ¥³Ê §¥·± ²Ó´μ³Ê
μ¡· §Ê [1].

„²Ö ¶·μ¨§¢μ²Ó´μ£μ Ê§²  (´¥· ¸±· Ï¥´´Ò°) ¶μ²¨´μ³ •�Œ”‹ˆ μ¡² ¤ ¥É
¸¢μ°¸É¢μ³ HK(q, N) = HK̃(q−1,−N), £¤¥ Ê§²Ò K ¨ K̃ Ö¢²ÖÕÉ¸Ö §¥·± ²Ó-
´Ò³¨ μ¡· § ³¨ ¤·Ê£ ¤·Ê£ . �·¨ ÔÉμ³ ¢ ¸²ÊÎ ¥ K ∼= K̃ (±μ£¤  Ê§¥² ¨ ¥£μ
§¥·± ²Ó´Ò° μ¡· § ¸¢Ö§ ´Ò ´¥¶·¥·Ò¢´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨) ¤μ¶μ²´¨É¥²Ó´μ

HK = HK̃ Å ± ±, ´ ¶·¨³¥·, ¤²Ö Ê§² -¢μ¸Ó³¥·±¨ (41 ¢ [6]).
� §²¨Î´Ò¥ ¢ ·¨ ´ÉÒ ¸¢μ°¸É¢  §¥·± ²Ó´μ° ¸¨³³¥É·¨¨ Ê§²μ¢ ¨³¥ÕÉ ³¥¸Éμ

¤²Ö ³´μ£¨Ì ¶μ²¨´μ³μ¢ Ê§²μ¢ [1, 21, 41]. ‚ ¸²ÊÎ ¥ R-³ É·¨Î´ÒÌ ¨´¢ ·¨ ´Éμ¢
Ê§²μ¢ ÔÉ¨ ¸¢μ°¸É¢  ¸²¥¤ÊÕÉ ¨§ μ¸μ¡μ° ¸¨³³¥É·¨¨ ¶·¥¤¸É ¢²¥´¨° ±¢ ´Éμ¢ÒÌ
£·Ê¶¶ [3,4].

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, μ¡· Ð¥´¨¥ μ·¨¥´É Í¨¨ (´ ¶· ¢²¥´¨Ö ¸É·¥²μ±) ´  ¤¨ -
£· ³³¥ Ê§²  ´  μÉ¢¥É ´¨± ± ´¥ ¢²¨Ö¥É. ’ ± ¨ ¤μ²¦´μ ¡ÒÉÓ, ¶μ¸±μ²Ó±Ê ¸É · Ö
(·¨¸. 18, I) ¨ ´μ¢ Ö (·¨¸. 18, III) ¤¨ £· ³³Ò μÉ¢¥Î ÕÉ ¶·μ¥±Í¨Ö³ μ¤´μ£μ ¨ Éμ£μ
¦¥ Ê§²  ®´  ¶μ²¯ ¨ ®´  ¶μÉμ²μ±¯.

4. Œ…’�„ R-Œ�’�ˆ– ‚ ‘‹“—�… Š�‘›.
��‡‹�†…�ˆŸ �� •���Š’…��Œ

Œ¥Éμ¤ R-³ É·¨Í ¨§ · §¤. 3 ¢ Î ¸É´μ¸É¨ ¶μ§¢μ²Ö¥É ¢ÒÎ¨¸²¨ÉÓ ¨´¢ ·¨ ´É
¤²Ö ¨´¢ ·¨ ´É  Ê§²  ¢ ¢¨¤¥ § ³Ò± ´¨Ö ±μ¸Ò. �·¨ ÔÉμ³ ¶μ²ÊÎ ¥É¸Ö μ¶¨¸ ´¨¥
£·Ê¶¶Ò ±μ¸, ¤¢μ°¸É¢¥´´μ¥ ± μ¶¨¸ ´¨Õ ¨§ · §¤. 2. ‚ ± ±μ³ ¸³Ò¸²¥ Å ³Ò
μ¡¸Ê¤¨³ ´¨¦¥.
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�¨¸. 19. �μ-
¸²¥¤μ¢ É¥²Ó-
´μ¥ ¸μ¥¤¨-
´¥´¨¥ ¶¥·¥-
±·¥¸É±μ¢

4.1. �μ¸²¥¤μ¢ É¥²Ó´μ¥ ¸μ¥¤¨´¥´¨¥ ¶¥·¥±·¥¸É±μ¢ ¨ Ê³´μ¦¥-
´¨¥ R-³ É·¨Í. „¢Ê³ ¶¥·¥±·¥¸É± ³, ¸μ¥¤¨´¥´´Ò³ ± ± ´  ·¨¸. 19
(³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ É ±¨¥ ¶¥·¥±·¥¸É±¨ ¶μ¸²¥¤μ¢ É¥²Ó´Ò³¨), μÉ-
¢¥Î ¥É ¸¢¥·É±  R-³ É·¨Í ¶μ ¶ ·¥ ¨´¤¥±¸μ¢, ±μÉμ·ÊÕ ³μ¦´μ § -
¶¨¸ ÉÓ ± ± ¶·μ¨§¢¥¤¥´¨¥ ¶μ¤±·ÊÎ¥´´ÒÌ ³ É·¨Í R (¶. 3.2.5):∑

a,b

Rij
baRab

lk =
∑
a,b

Rij
abR

ab
kl ≡

∑
J

RI
JRJ

K . (4.1)

‡¤¥¸Ó ¶ ·Ò É¥´§μ·´ÒÌ ¨´¤¥±¸μ¢ (ij) ¨ (kl) · ¸¸³ É·¨¢ ÕÉ¸Ö ± ±
¸μ¸É ¢´Ò¥ ³ É·¨Î´Ò¥ ³Ê²ÓÉ¨¨´¤¥±¸Ò I ¨ J , ¶·μ¡¥£ ÕÐ¨¥ ¶ ·Ò
§´ Î¥´¨° ¨¸Ìμ¤´ÒÌ ¨´¤¥±¸μ¢.

„²Ö ¸· ¢´¥´¨Ö ³¥Éμ¤  R-³ É·¨Í ¸ ³¥Éμ¤μ³ £·Ê¶¶Ò ±μ¸
(· §¤. 4) ´ ³ ¶μ´ ¤μ¡¨É¸Ö ³ É·¨Î´ Ö § ¶¨¸Ó μ¶¥· Éμ·μ¢ ¶¥·¥-
±·¥¸É± . �·¨ ÔÉμ³ ¸ÊÐ¥¸É¢¥´´μ, ÎÉμ ¢¸¥ ´¥´Ê²¥¢Ò¥ ³ É·¨Î´Ò¥
Ô²¥³¥´ÉÒ ¸μ¸·¥¤μÉμÎ¥´Ò ¢ μ¤´μÉ¨¶´ÒÌ ¡²μ± Ì. �Éμ ¤¥² ¥É ¢μ§-
³μ¦´Ò³ ¢ÒÎ¨¸²¥´¨Ö, ±μ£¤  ± ¦¤Ò° ¨´¤¥±¸ ¡¥¦¨É μÉ 1 ¤μ ¶·μ-
¨§¢μ²Ó´μ£μ N , É. ¥. ¸· §Ê ¤²Ö ¢¸¥° ¸¥·¨¨ suN . � ¨³¥´´μ ¡²μ±¨
¨¸Ìμ¤´μ° ¨ ¶μ¤±·ÊÎ¥´´μ° ³ É·¨Í, ¢ ±μÉμ·ÒÌ ¢¥·Ì´¨¥ ¨ ´¨¦-
´¥¥ ¨´¤¥±¸Ò ¶μ¶ ·´μ · §²¨Î´Ò ¨ ¶·μ¡¥£ ÕÉ §´ Î¥´¨Ö ¨§ ´ ¡μ· 
{i, j}, ¶·¨ i < j ¨³¥ÕÉ ¢¨¤

R(ij)
(ij) ≡

(
Rij

ij Rij
ji

Rji
ij Rji

ji

)
=
(

1 q − q−1

0 1

)
,

R
(ij)
(ij) ≡

(
Rij

ji Rij
ij

Rji
ji Rji

ij

)
=
(

q − q−1 1
1 0

)
, i < j = 1, N.

(4.2)

…¸²¨ ¶¥·¢Ò° ¨²¨ ¢Éμ·μ° ¶¥·¥±·¥¸Éμ± § ³¥´¨ÉÓ ´  μ¡· É´Ò° (¸³. ·¨¸. 8), ¢³¥-
¸Éμ (4.1) ¶μ²ÊÎ¨³, ¸μμÉ¢¥É¸É¢¥´´μ,∑

a,b

Rij
baR̃ba

kl =
∑
a,b

Rij
abR̃

ab
kl ≡

∑
J

RI
JR̃J

K

¨²¨
∑
a,b

R̃ij
baRba

kl ≡
∑

J

R̃I
JRJ

K .
(4.3)

� ±μ´¥Í, ¤²Ö ¤¢ÊÌ μ¡· É´ÒÌ ¶¥·¥±·¥¸É±μ¢ ¨³¥¥³∑
a,b

R̃ji
baR̃ab

kl =
∑
a,b

R̃ij
baR̃ba

kl ≡
∑

J

R̃I
JR̃J

K . (4.4)

‚ ³ É·¨Î´μ° § ¶¨¸¨ ¶·Ö³Ò¥ ¨ ¶μ¤±·ÊÎ¥´´Ò¥ ¡²μ±¨ · §²¨Î ÕÉ¸Ö ¶¥·¥¸É ´μ¢-
±μ° ¸Éμ²¡Íμ¢ ¨ ¸É·μ± ¤²Ö ¶·Ö³μ£μ ¨ μ¡· É´μ£μ ¶¥·¥±·¥¸É±μ¢ ¸μμÉ¢¥É¸É¢¥´´μ
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(¸³. ¸´μ¸±Ê ¶¥·¥¤ μ¶·¥¤¥²¥´¨¥³ (3.32)):

R̃(ij)
(ij) ≡

(
R̃ij

ij R̃ij
ji

R̃ji
ij R̃ji

ji

)
=
(

1 q−1 − q
0 1

)
,

R̃
(ij)
(ij) ≡

(
R̃ji

ii R̃ji
ji

R̃ij
ij R̃ij

ji

)
=
(

0 1
1 q−1 − q

)
, i < j = 1, N.

(4.5)

�μ¤±·ÊÎ¥´´Ò¥ ¡²μ±¨ R ¢ (4.2) ¨ R̃ ¢ (4.5) ¢§ ¨³´μ μ¡· É´Ò μÉ´μ¸¨É¥²Ó´μ
³ É·¨Î´μ£μ Ê³´μ¦¥´¨Ö:(

q − q−1 1
1 0

)(
0 1
1 q−1 − q

)
=
(

1 0
0 1

)
. (4.6)

4.2. �¶¥· Éμ· ¤¢Ê´¨É¥¢μ° ±μ¸Ò. „¢Ê´¨É¥¢ Ö ±μ¸  Ö¢²Ö¥É¸Ö Î ¸É´Ò³ ¸²Ê-
Î ¥³ · §·¥§ ´´μ° ¤¨ £· ³³Ò Ê§²  ¨²¨ § Í¥¶²¥´¨Ö (¶. 3.3.1). �μ ¶· ¢¨² ³ 2Ä8
¥° μÉ¢¥Î ¥É ¸¢¥·É±  ¨²¨ ¶·μ¨§¢¥¤¥´¨¥ ¢¨¤  (4.1):

νb
ij
kl =

1,N∑
i1,...,iν ,
j1,...,jν

Rij
j2i2

Ri2j2
j3i3

. . .Riν jν

lk = Rν
∣∣I
K

, I = (ij), K = (kl). (4.7)

� §μ¢¥³ (4.7) μ¶¥· Éμ·μ³ ¤¢Ê´¨É¥¢μ° ±μ¸Ò. ‚ ¸É ´¤ ·Éμ³ ¡ §¨¸¥ ¥£μ ³ É·¨Í 
¸μ¸Éμ¨É ¨§ ¤¨ £μ´ ²Ó´ÒÌ Ô²¥³¥´Éμ¢

bν = νb
ii
ii = qν , i = 1, N (4.8)

¨ ¡²μ±μ¢ 2×2 ¢¨¤ 

Bν =

(
νb

ij
ij pb

ij
ji

pb
ji
ij pb

ji
ji

)
=
(

q −1
1 q

)(
qν 0
0 (−q)−ν

)(
q −1
1 q

)−1

=

=

⎛
⎜⎜⎝

qν+1 + (−q)−ν−1

q + q−1

qν − (−q)−ν

q + q−1

qν − (−q)−ν

q + q−1

qν−1 + (−q)−ν+1

q + q−1

⎞
⎟⎟⎠, i < j = 1, N. (4.9)

‚ Î ¸É´μ¸É¨:

B1 = R(ij), B−1 = R−1
(ij),

B2 = R(ij)R(ij) =
(

q2 − 1 + q−2 q − q−1

q − q−1 1

)
.

(4.10)
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�¨¸. 20. �Ê²¥¢μ¥
¤¢¨¦¥´¨¥ �¥°¤¥-
³¥°¸É¥·  (R0)

4.3. �Ê²¥¢μ¥ ¤¢¨¦¥´¨¥ �¥°¤¥³¥°¸É¥· . �¥¤ÊÍ¨·μ¢ ´-
´Ò° ¨´¢ ·¨ ´É Ê§² . …¸²¨ ¢Ò¡· ÉÓ μ¤´Ê ¨§ ´¨É¥° ±μ¸Ò,
Éμ μ·¨¥´É Í¨Ö ¢μ§´¨±Ï¥£μ ¶·¨ ¥¥ § ³Ò± ´¨¨ Í¨±²  μ¶·¥¤¥-
²Ö¥É¸Ö · ¸¶μ²μ¦¥´¨¥³ ¢Ò¡· ´´μ° ´¨É¨ ¨ § ¤ ´´Ò³ ´  ´¥°
´ ¶· ¢²¥´¨¥³. � ¶·¨³¥·, ¶·¨ § ³Ò± ´¨¨ ¶· ¢μ° ´¨É¨ ´ 
·¨¸. 19 Í¨±² μ·¨¥´É¨·μ¢ ´ ¶·μÉ¨¢ Î ¸μ¢μ° ¸É·¥²±¨. ’ ±μ³Ê
§ ³Ò± ´¨Õ μÉ¢¥Î ¥É ¸¢¥·É±  ¤¢Ê´¨É¥¢μ£μ μ¶¥· Éμ·  ¶μ ¢Éμ-
·Ò³ (¢¥·Ì´¥³Ê ¨ ´¨¦´¥³Ê) ¨´¤¥±¸ ³ ¸ μ¶¥· Éμ·μ³ M = M̃

¨§ É ¡². 11:

νb
ij
klM

l
j = νb

ij
kjmj =

N∑
j=i+1

νb
ij
ijmj + νb

ii
iimi +

i−1∑
j=1

νb
ij
ijmj = cνδi

k, (4.11)

· ¢´ Ö ¥¤¨´¨Î´μ³Ê μ¶¥· Éμ·Ê ¸ ±μÔËË¨Í¨¥´Éμ³ ([N ]q μ¶·¥¤¥²¥´μ ¢ 1.1)

cν =
qν+1 + (−q)−ν−1

q + q−1
· qN − q−N+2i

q − q−1
+ qν · q−N+2i−1 +

+
qν−1 + (−q)−ν+1

q + q−1
· q−N+2i−2 − q−N

q − q−1
=

= qν qN+1 − \\q−N+2i+1 + \\q−N+2i−3 − q−N−1

q2 − q−2
+ \\qν−N+2i−1 +

+ (−q)−ν qN−1 − \q−N+2i−1 + \q−N+2i−1 − q−N+1

q2 − q−2
=

=
qν [N + 1] + (−q)−ν [N − 1]q

[2]q
. (4.12)

‚ ¸¢μÕ μÎ¥·¥¤Ó, ¶·¨ § ³Ò± ´¨¨ ²¥¢μ° ´¨É¨ ´  ·¨¸. 19 Í¨±² μ·¨¥´É¨·μ¢ ´
¶μ Î ¸μ¢μ° ¸É·¥²±¥, ¨ ¸¢¥·É±  ¤¢Ê´¨É¥¢μ£μ μ¶¥· Éμ·  ¶μ ¶¥·¢Ò³ (¢¥·Ì´¥³Ê ¨
´¨¦´¥³Ê) ¨´¤¥±¸ ³ ¸ μ¶¥· Éμ·μ³ M′ = M̃′ ¨§ É ¡². 11 · ¢´ 

νb
ji
lkM′l

j = νb
ij
kjm

′
j =

i−1∑
j=1

νb
ji
jim

′
j + νbii

iim
′
i +

N∑
j=i+1

νb
ji
jim

′
j = c̃νδi

k, (4.13)

£¤¥

c̃ν =
qν+1 + (−q)−ν−1

q + q−1
· qN − qN−2i+2

q − q−1
+ qν · qN−2i+1 +

+
qν−1 + (−q)−ν+1

q + q−1
· qN−2i − q−N

q − q−1
=
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= qν qN+1 − \\qN−2i+3 + \\qN−2i−1 − q−N−1

q2 − q−2
+ \\qν+N−2i−1 +

+ (−q)−ν qN−1 − \qN−2i+1 + \qN−2i+1 − q−N+1

q2 − q−2
=

=
qν [N + 1]q + (−q)−ν [N − 1]q

[2]q
. (4.14)

‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ, ¸ ÊÎ¥Éμ³ μ¸´ Ð ÕÐ¥£μ ³´μ¦¨É¥²Ö ¶μ ¶· ¢¨² ³ 12, 13,

[N ]qcν = [N ]q c̃ν = qNνH(ν). (4.15)

‘μ¢¶ ¤¥´¨¥ ¤¢ÊÌ μÉ¢¥Éμ¢ μÉ· ¦ ¥É ¨´¢ ·¨ ´É´μ¸ÉÓ ±μ´¸É·Ê±Í¨¨ μÉ´μ¸¨É¥²Ó´μ
¥Ð¥ μ¤´μ° ¨§μÉμ¶¨¨: ´Ê²¥¢μ£μ ¤¢¨¦¥´¨Ö �¥°¤¥³¥°¸É¥·  (R0) Å ¶μ¢μ·μÉ  § -
³Ò± ÕÐ¥° ¤Ê£¨ ´  180◦ ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥ (·¨¸. 20) [1,5]. ‚ μÉ²¨Î¨¥
μÉ RIÄRIII, ¤¢¨¦¥´¨¥ R0 Ö¢²Ö¥É¸Ö ´¥²μ± ²Ó´Ò³, É. ¥. ¶·¥μ¡· §Ê¥É¸Ö ¤¨ £· ³³ 
¢ Í¥²μ³,   ´¥ ¥¥ ¨§μ²¨·μ¢ ´´Ò° Ë· £³¥´É.

ŠμÔËË¨Í¨¥´É cν = c̃ν ¶¥·¥¤ ¥¤¨´¨Î´Ò³ μ¶¥· Éμ·μ³ ¢ (4.11) ¨²¨ (4.13)
´ §Ò¢ ¥É¸Ö ·¥¤ÊÍ¨·μ¢ ´´Ò³ ¨´¢ ·¨ ´Éμ³ H̄(ν). �·¨ ν = 2k−1 (¤²Ö Ê§² )
·¥¤ÊÍ¨·μ¢ ´´Ò° ¨´¢ ·¨ ´É § ¶¨¸Ò¢ ¥É¸Ö ± ±

q(2k−1)N H̄(2k−1) =
q2k−1

(
qN+1 − q−N−1

)
− q−2k+1

(
qN−1 − q−N+1

)
q2 − q−2

=

= qN [2k]q
[2]q

− q−N [2k − 2]q
[2]q

, (4.16)

  ¶·¨ ν = 2k (¤²Ö ¤¢ÊÌ±μ³¶μ´¥´É´μ£μ § Í¥¶²¥´¨Ö) Å

q2kN H̄(2k) =
q2k
(
qN+1 − q−N−1

)
+ q−2k

(
qN−1 − q−N+1

)
q2 − q−2

=

= qN [4k + 2]q
[2]q[2k + 1]q

− q−N [4k − 2]q
[2]q[2k − 1]q

. (4.17)

Œμ¦´μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ¢ μ¡μ¨Ì ¸²ÊÎ ÖÌ ¶·¨ ²Õ¡ÒÌ § ¤ ´´ÒÌ Í¥²ÒÌ k ¨
N μÉ¢¥É ¥¸ÉÓ ¶μ²¨´μ³ ‹μ· ´  ¶μ q.

�´ ²μ£¨Î´μ¥ Ö¢²¥´¨¥ ¨³¥¥É ³¥¸Éμ ¨ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ [1,40]:
• ¤²Ö ¢¸Ö±μ£μ Ê§²  ¨²¨ § Í¥¶²¥´¨Ö K ¸¢¥·É±  μ¶¥· Éμ·μ¢ ¶¥·¥±·¥¸Éμ¢

¤²Ö ¤¨ £· ³³Ò ¸ μ¤´¨³ · §·¥§μ³ ´  ²Õ¡μ³ ·¥¡·¥ · ¢´  H̄K
I, £¤¥ H̄K Å

·¥¤ÊÍ¨·μ¢ ´´Ò° ¨´¢ ·¨ ´É Ê§² ;
• §´ Î¥´¨¥ ¶μ²´μ° ¸¢¥·É±¨ ¤²Ö Éμ° ¦¥ ¤¨ £· ³³Ò ¥¸ÉÓ ¨´¢ ·¨ ´É Ê§² 

HK = H∅H̄K, £¤¥ H∅ Å §´ Î¥´¨¥ ¨´¢ ·¨ ´É  ¤²Ö É·¨¢¨ ²Ó´μ£μ Ê§² .
’ ±¨³ μ¡· §μ³, ®¸±²¥¨¢ ÉÓ¯ ¶μ¸²¥¤´¨° · §·¥§ ¢¸¥£¤  ³μ¦´μ ¤¢Ê³Ö ¸¶μ-

¸μ¡ ³¨: ± ± ¶μ, É ± ¨ ¶·μÉ¨¢ Î ¸μ¢μ° ¸É·¥²±¨ Å ¨ μÉ¢¥É ¡Ê¤¥É μ¤¨´ ±μ¢Ò³,
Éμ ¥¸ÉÓ ¨´¢ ·¨ ´Éμ³ R0.
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4.4. ˆ´¢ ·¨ ´É´Ò¥ ¶μ¤¶·μ¸É· ´¸É¢  ¨ Ì · ±É¥·Ò ¤²Ö ¤¢Ê´¨É¥¢ÒÌ ±μ¸.
�μ ¶· ¢¨² ³ 11Ä13 ¨¸±μ³Ò° ¨´¢ ·¨ ´É Ê§² /§ Í¥¶²¥´¨Ö-§ ³Ò± ´¨Ö ¤¢Ê´¨É¥-
¢μ° ±μ¸Ò § ¶¨Ï¥É¸Ö (Î¥·¥§ ¢¢¥¤¥´´Ò¥ ¢ÒÏ¥ ¢¥²¨Î¨´Ò) ¢ ¢¨¤¥

H(ν) = q−νN

1,N∑
i,i,k,l

νb
ij
klM

l
jM

k
i = q−νN TrRνM2, (4.18)

£¤¥ μ¶¥· Éμ· M2 = M ⊗ M ³Ò ´ §μ¢¥³ ¤¢Ê´¨É¥¢Ò³ § ³Ò± ÕÐ¨³ μ¶¥· Éμ-
·μ³. ‘ÊÐ¥¸É¢¥´´μ, ÎÉμ ÔÉμÉ μ¶¥· Éμ· ±μ³³ÊÉ¨·Ê¥É ¸ ¶μ¤±·ÊÎ¥´´Ò³ μ¶¥· -
Éμ·μ³ ¶¥·¥±·¥¸É±  (¸³. μ¡¸Ê¦¤¥´¨¥ ¢ ¶. 3.4.2): M2R = RM2 Å ¨, ¸²¥¤μ¢ -
É¥²Ó´μ, ¸ μ¶¥· Éμ·μ³ ¤¢Ê´¨É¥¢μ° ±μ¸Ò (4.7). „²Ö μ¶¥· Éμ·μ¢ ¢¨¤  (3.28) ¨
É ¡². 11 ¢ ÔÉμ³ ²¥£±μ Ê¡¥¤¨ÉÓ¸Ö ´¥¶μ¸·¥¤¸É¢¥´´μ. „¥°¸É¢¨É¥²Ó´μ, ¢ ¸É ´¤ ·É-
´μ³ ¡ §¨¸¥ ³ É·¨Í  μ¶¥· Éμ·  M2 = M⊗M ¤¨ £μ´ ²Ó´ , ¶·¨Î¥³ ´ ¶·μÉ¨¢
¡²μ±μ¢ 2×2 ³ É·¨ÍÒ R ¢ M2 ¸ÉμÖÉ ¡²μ±¨ ¢¨¤  diag (mimj , mjmi) ∼ I2×2. ‚
·¥§Ê²ÓÉ É¥ ¸²¥¤ (4.18) ³μ¦´μ ¢ÒÎ¨¸²ÖÉÓ ¢ ¡ §¨¸¥ μ¡Ð¨Ì ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢
R ¨ M2, £¤¥ μ¡¥ ³ É·¨ÍÒ ¤¨ £μ´ ²Ó´Ò. �¨¦¥ ³Ò ´ °¤¥³ ÔÉμÉ ¡ §¨¸ Ö¢´μ.

�·¨ ¢ÒÎ¨¸²¥´¨¨ Ô²¥³¥´Éμ¢ μ¶¥· Éμ·  ¤¢Ê´¨É¥¢μ° ±μ¸Ò (4.8), (4.9) ³Ò
Ë ±É¨Î¥¸±¨ ¶¥·¥Ï²¨ ± ¡ §¨¸Ê, £¤¥ ³ É·¨Í  μ¶¥· Éμ·  ¤¨ £μ´ ²Ó´ . �ÉμÉ ¡ -
§¨¸ ¸μ¸Éμ¨É ¨§ ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢ ¤¢Ê´¨É¥¢μ£μ μ¶¥· Éμ· . ‘³Ò¸² ¡ §¨¸´ÒÌ
Ô²¥³¥´Éμ¢ ¶μ´ÖÉ¥´ ¢ É¥´§μ·´μ° § ¶¨¸¨. � ¨³¥´´μ: ¢¢μ¤Ö ¤²Ö ¢¥±Éμ·μ¢ ¸É ´-
¤ ·É´μ£μ ¡ §¨¸  μ¡μ§´ Î¥´¨Ö (§¤¥¸Ó ¨ ¤ ²¥¥ ² É¨´¸±¨¥ ¨´¤¥±¸Ò i, j, . . ., ± ± ¨
¶·¥¦¤¥, ´Ê³¥·ÊÕÉ ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·μ¢,   £·¥Î¥¸±¨¥ α, β, . . . (§ ±²ÕÎ ÕÉ¸Ö
¢ ¸±μ¡±¨) Å ¸ ³¨ ¡ §¨¸´Ò¥ ¢¥±Éμ·Ò):

x
(α)
i = δα

i , x(αβ) ≡ x(α)⊗x(β) ⇒ x
(αβ)
ij = δα

i δα
j , i < j, α < β = 1, N, (4.19)

 ¢Éμ³ É¨Î¥¸±¨ ¶μ²ÊÎ ¥³ N ¢¥±Éμ·μ¢ ¸ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ q:

Rx(αα) = qx(αα) ⇐ Rij
klx

(αα)
ij = Rij

αα = qδi
αδj

α. (4.20)

�¸É ²Ó´Ò¥ ¸μ¡¸É¢¥´´Ò¥ ¢¥±Éμ·Ò ³μ¦´μ ´ °É¨ ¨§ Ê¸²μ¢¨°

RX(αβ) = λX(αβ), X(αβ) = ax(αβ) + bx(βα). (4.21)

�μ¤¸É ´μ¢±  (3.27) ¢ (4.21) ¨ ·¥Ï¥´¨¥ ¶μ²ÊÎ¥´´μ° ¸¨¸É¥³Ò ¤ ¥É: λ = q ¨²¨
λ = −q−1 ¨

X(α) = x(αα),

X(αβ) = x(αβ) + qx(βα),

Y (αβ) = x(βα) − qx(αβ),

RX(α) = qX(α),

RX(αβ) = qX(αβ),

RY (αβ) = −q−1Y (αβ).

α < β = 1, N, (4.22)

¨³¥¥³ N(N +1)/2 ¨ N(N−1)/2 ®¸¨³³¥É·¨Î¥¸±¨Ì¯ ¨ ® ´É¨¸¨³³¥É·¨Î¥¸±¨Ì¯
¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢ ¸ ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ q ¨ −q−1 ¸μμÉ¢¥É¸É¢¥´´μ.
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‚¨¤´μ, ÎÉμ ¸μ¡¸É¢¥´´Ò¥ ¢¥±Éμ·Ò R Ö¢²ÖÕÉ¸Ö É ±¦¥ ¸μ¡¸É¢¥´´Ò³¨ ¢¥±Éμ-
· ³¨ M2, ÎÉμ ¸· §Ê ¸²¥¤Ê¥É ¨§ ¢Ò· ¦¥´¨° ¤²Ö ¢¥±Éμ·μ¢ (4.22) ¨ ¸μμÉ´μÏ¥´¨°

M2

(
x(α)⊗ x(β)

)
=
(
Mx(α)

)
⊗
(
Mx(β)

)
= mαmβx(α)⊗ x(β),

M2

(
x(β)⊗ x(α)

)
= mβmαx(β)⊗ x(α).

(4.23)

‚ ¡ §¨¸¥ μ¡Ð¨Ì ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢ R ¨ M2 (4.18) ¢Ò· ¦ ¥É¸Ö Î¥·¥§ [N ]q
¨§ (1.1) ± ±

Tr (RνM2) = qν Trspan{X(α),X(αβ)}M2 + (−q)−ν Trspan{Y (αβ)}M2 =

= qν
N∑

α,β=1
α�β

mαmβ + (−q)−ν
N∑

α,β=1
α<β

mαmβ =

= qν [N ]q[N + 1]q
[2]q

+ (−q)−ν [N ]q[N − 1]q
[2]q

. (4.24)

ŠμÔËË¨Í¨¥´ÉÒ ¶¥·¥¤ ¸É¥¶¥´Ö³¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¸ÊÉÓ ¸²¥¤Ò § ³Ò± -
ÕÐ¥£μ μ¶¥· Éμ·  ¶μ ¶μ¤¶·μ¸É· ´¸É¢ ³ ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢ ¸ μ¤´¨³ ¨ É¥³
¦¥ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³. �·¨ q = 1, ±μ£¤  M2 · ¢¥´ ¥¤¨´¨Î´μ³Ê μ¶¥-
· Éμ·Ê, ÔÉ¨ ¢¥²¨Î¨´Ò ¤ ÕÉ Î¨¸²  ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢:
N(N + 1)/2, N(N − 1)/2.

�μ²¨´μ³ •�Œ”‹ˆ ¤¢Ê´¨É¥¢μ£μ Ê§²  ¨²¨ § Í¥¶²¥´¨Ö-§ ³Ò± ´¨Ö ¤¢Ê´¨-
É¥¢μ° ±μ¸Ò ¸ ν > 0 ¶μ²μ¦¨É¥²Ó´Ò³¨ ¨²¨ −ν > 0 μÉ·¨Í É¥²Ó´Ò³¨ ¶¥·¥-
±·¥¸É± ³¨ (¸³. ·¨¸. 6) ¶μ²ÊÎ ¥É¸Ö ¨§ ¢Ò· ¦¥´¨Ö (4.24) É ± ¦¥, ± ± ¢ ¸²ÊÎ ¥
Ê§² -É·¨²¨¸É´¨±  (¶. 3.5): ¶ÊÉ¥³ § ³¥´Ò qN = A ¢ (4.18), (4.24) ¨  ´ ²¨É¨Î¥-
¸±μ£μ ¶·μ¤μ²¦¥´¨Ö ± ¶·μ¨§¢μ²Ó´Ò³ ±μ³¶²¥±¸´Ò³ §´ Î¥´¨Ö³ A. �É¢¥É ¨³¥¥É
¢¨¤

H2,ν
N (A, q) =

(q

A

)ν Aq − A−1q−1

q − q−1
+
(
− 1

Aq

)ν
Aq−1 − A−1q

q − q−1
=

=
( q

A

)ν S∗
2 (A, q)

S∗
1 (A, q)

+
(
− 1

Aq

)ν
S∗

2 (A, q)
S∗

1 (A, q)
, (4.25)

£¤¥ ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö ¢Ò· ¦¥´Ò Î¥·¥§ Éμ¶μ²μ£¨Î¥¸±¨¥ ËÊ´±Í¨¨
˜Ê·  (É ¡². 2).

4.5. Œ´μ£μ´¨É¥¢Ò¥ ±μ¸Ò: ´ ¡μ· μ¶¥· Éμ·μ¢ ¶¥·¥±·¥¸É±μ¢. ‘ ¶μ³μÐÓÕ
¶·¥¤¸É ¢²¥´¨Ö Ê§²  ¢ ¢¨¤¥ § ³Ò± ´¨Ö ±μ¸Ò ³μ¦´μ ¸¢¥¸É¨ ¸¢¥·É±Ê R-³ É·¨Í ±
¸²¥¤Ê μÉ ¶·μ¨§¢¥¤¥´¨Ö ³ É·¨Í ¤²Ö ²Õ¡μ° ±μ¸Ò [19,28,39]. �¤´ ±μ ¶·¨ ÔÉμ³
¶μÉ·¥¡Ê¥É¸Ö ¢¢¥¸É¨ ´¥¸±μ²Ó±μ ¶μ¤±·ÊÎ¥´´ÒÌ ³ É·¨Í Å ¤²Ö ¶¥·¥±·¥¸É±μ¢ · §-
²¨Î´ÒÌ ¶ · ´¨É¥°. ‚ Î ¸É´μ¸É¨, ¤²Ö Ë· £³¥´É  É·¥Ì´¨É¥¢μ° ±μ¸Ò ´  ·¨¸. 21



766 ���•ˆ�� �.‘.

�¨¸. 21. ”· £-
³¥´É É·¥Ì´¨-
É¥¢μ° ±μ¸Ò ¸
¤¢Ê³Ö · §²¨Î-
´Ò³¨ ¶¥·¥-
±·¥¸É± ³¨

¸¢¥·É±  R-³ É·¨Í ¶¥·¥¶¨¸Ò¢ ¥É¸Ö ± ± ¶·μ¨§¢¥¤¥´¨¥

Bijk
lmn ≡ Rij

lbR
bk
mn = Rij

abδ
k
c δa

l Rbc
mn ⇔ B =
= R⊗I · I⊗R ≡ R1R2 (4.26)

μ¶¥· Éμ·μ¢
R1 ≡ R⊗I ¨ R2 ≡ I⊗R. (4.27)

Œμ¦´μ ´¥¶μ¸·¥¤¸É¢¥´´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ μ¶¥· Éμ·Ò R1 ¨
R2 ´¥ ±μ³³ÊÉ¨·ÊÕÉ, ¶μÔÉμ³Ê ´¥ ´ °¤¥É¸Ö ¡ §¨¸  ¨§ ¨Ì μ¡-
Ð¨Ì ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢. ’¥³ ´¥ ³¥´¥¥ ÔÉ¨ μ¶¥· Éμ·Ò ¨³¥ÕÉ
´ ¡μ· μ¡Ð¨Ì ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢, ±μÉμ·Ò° ¤μ¶μ²´Ö¥É¸Ö ¤μ
¡ §¨¸  ¡ §¨¸´Ò³¨ ¢¥±Éμ· ³¨ μ¡Ð¨Ì ¤¢Ê³¥·´ÒÌ ¨´¢ ·¨ ´É´ÒÌ
¶μ¤¶·μ¸É· ´¸É¢. �¨¦¥ ³Ò ¶μ¸É·μ¨³ É ±μ° ¡ §¨¸ ¢ Ö¢´μ³ ¢¨¤¥.

4.6. � §²μ¦¥´¨¥ ¶μ Ì · ±É¥· ³ ¤²Ö É·¥Ì´¨É¥¢ÒÌ ±μ¸.
4.6.1. �¡Ð¨¥ ¨´¢ ·¨ ´É´Ò¥ ¶μ¤¶·μ¸É· ´¸É¢  ¤¢ÊÌ μ¶¥· -
Éμ·μ¢ ¶¥·¥±·¥¸É±μ¢ ¤²Ö É·¥Ì´¨É¥¢μ° ±μ¸Ò. ’¥¶¥·Ó § ³¥-

É¨³, ÎÉμ μ¡  μ¶¥· Éμ·  ¶¥·¥±·¥¸É±  ¢ É·¥Ì´¨É¥¢μ° ±μ¸¥ ¤¥°¸É¢ÊÕÉ ´  É¥´§μ·-
´Ò¥ ³μ´μ³Ò ¢¨¤  xαβγ ≡ xα⊗xβ ⊗xγ ± ± xαβγ → xσ(αβγ), £¤¥ σ(αβγ) Å
´¥±μÉμ· Ö ¶¥·¥¸É ´μ¢±  {α, β, γ}. �μÔÉμ³Ê ¡ §¨¸´Ò¥ ¢¥±Éμ·Ò μ¡Ð¨Ì ¨´¢ -
·¨ ´É´ÒÌ ¶μ¤¶·μ¸É· ´¸É¢ ÔÉ¨Ì μ¶¥· Éμ·μ¢ ³μ¦´μ ¨¸± ÉÓ ¢ ¢¨¤¥∑

σ∈perm {α,β,γ}
cσx(σασβσγ ), (4.28)

£¤¥ ¸Éμ¨É ¸Ê³³  ¶μ ¢¸¥³ ¶¥·¥¸É ´μ¢± ³. ’ ±μ¥ μ¡μ¡Ð¥´¨¥  ´ ²μ£¨Î´μ£μ ¸¢μ°-
¸É¢  ¤²Ö ¤¢Ê´¨É¥¢ÒÌ ±μ¸ (¸³. ¶. 4.2) ¢¨¤´μ ¨§ Ö¢´ÒÌ ¢Ò· ¦¥´¨° (4.27).

�μ ¶μ¸É·μ¥´¨Õ R1 ¨ R2 ¨³¥ÕÉ É¥ ¦¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö, ÎÉμ ¨ μ¶¥-
· Éμ· R: q ¨ −q−1. „²Ö ± ¦¤μ° Ê¶μ·Ö¤μÎ¥´´μ° É·μ°±¨ (α � β � γ)
´ °¤¥É¸Ö μ¡Ð¨° ®¸¨³³¥É·¨Î¥¸±¨°¯ ¢¥±Éμ· X(αβγ) ¸ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨-
¥³ q; ¶·¨ (α < β < γ) ´ °¤¥É¸Ö É ±¦¥ ® ´É¨¸¨³³¥É·¨Î¥¸±¨°¯ ¢¥±Éμ·
Y (αβγ) ¸ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ −q−1 (Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¶·¥¤¸É ¢²¥´Ò ¢
É ¡². 13). ’ ±¨³ μ¡· §μ³ ´ °¤¥É¸Ö (N(N + 1)(N + 2))/6 ®¸¨³³¥É·¨Î¥¸±¨Ì¯
¨ (N(N − 1)(N − 2))/6 ® ´É¨¸¨³³¥É·¨Î´ÒÌ¯ ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢.

�¸É ¥É¸Ö · ¸¸³μÉ·¥ÉÓ ²¨´¥°´μ¥ ¶μ¤¶·μ¸É· ´¸É¢μ · §³¥·´μ¸É¨ N3−
(N(N + 1)(N + 2))/6 − (N(N − 1)(N − 2))/6 = (2(N3 − N))/3. �Éμ ¶μ¤-
¶·μ¸É· ´¸É¢μ · §² £ ¥É¸Ö ¢ ¶·Ö³ÊÕ ¸Ê³³Ê μ¡Ð¨Ì ¤¢Ê³¥·´ÒÌ ¨´¢ ·¨ ´É´ÒÌ
¶μ¤¶·μ¸É· ´¸É¢ R1 ¨ R2. �  ± ¦¤μ³ ¨§ ´¨Ì ³μ¦´μ ¢Ò¡· ÉÓ ¡ §¨¸ ¨§ ¸μ¡-
¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢ ∗ R1:

R1Z
(αβγ)
1 = qZ

(αβγ)
1 , R1Z

(αβγ)
2 = −q−1Z

(αβγ)
2 , (4.29)

∗Š ¦¤ Ö ¨§ ³ É·¨Í R1 ¨ R2 ´  É ±μ³ ¶μ¤¶·μ¸É· ´¸É¢¥ ¤μ²¦´  ¨³¥ÉÓ ¤¢  · §²¨Î´ÒÌ ¸μ¡-
¸É¢¥´´ÒÌ §´ Î¥´¨Ö, ¨´ Î¥ ³ É·¨ÍÒ ±μ³³ÊÉ¨·ÊÕÉ ¨ μ¤´μ¢·¥³¥´´μ ¤¨ £μ´ ²¨§ÊÕÉ¸Ö.
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c σ
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α
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=

1
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X
1

c σ

σ
α
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β

α
β
α

β
α
α

α
<

β
=

1
,N

X
1

q
q2

Z
1

q2
[2

] q
−

1
−

q
×

z 1
,

Z
2

0
q

−
1

×
z 2

,
r 1

2
=

z 1
z
−

1
2

q[
3
] q

/
[2

] q
.

c σ

σ
α
β
γ

α
γ
β

β
α
γ

β
γ
α

γ
α
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γ
β
α

α
<

β
<

γ
=

1
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q
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−
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−

q
−

1
1

Z
1

q2
0
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−

1
0

−
q

×
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,
Z

2
q
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[2

] q
−

1
q5

−
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[2
] q

−
q4

×
z 2

,
r 1

2
=

z 1
z
−

1
2

q/
[2

] q
;

Z̃
1

0
q

0
−

1
q2

−
q

×
z̃ 1

,

Z̃
2

q2
[2

] q
q4

−
q[

2
] q

−
q3

−
q3

q2
×

z̃ 2
,

r 1
2

=
z̃ 1

z̃
−

1
2

q/
[2

] q
.
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±μÉμ·Ò¥ R2 ®¸³¥Ï¨¢ ¥É¯ ± ±

R2Z
(αβγ)
i =

2∑
j=1

rijZ
(αβγ)
j , i = 1, 2. (4.30)

�·¨ ¶μ¤¸É ´μ¢±¥ (4.28) ¢ (4.29) ¨ (4.30) ¶μ²ÊÎ ¥³ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ´  ´¥-
μ¶·¥¤¥²¥´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ. „²Ö α = β < γ ¸¨¸É¥³  ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥
·¥Ï¥´¨¥ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ Ê³´μ¦¥´¨Ö ± ¦¤μ£μ ¨§ ¢¥±Éμ·μ¢ ´  ¶·μ¨§¢μ²Ó´Ò°
³´μ¦¨É¥²Ó. „²Ö α < β < γ ¸¥³¥°¸É¢μ ·¥Ï¥´¨° ¸¨¸É¥³Ò ¸μ¤¥·¦¨É ¤μ¶μ²-

´¨É¥²Ó´Ò° ¸¢μ¡μ¤´Ò° ¶ · ³¥É·, É. ¥. ¢¥±Éμ·Ò Z
(αβγ)
1 ¨²¨ Z

(αβγ)
2 ¤²Ö ¤ ´´ÒÌ

(αβγ) μ¡· §ÊÕÉ ¤¢Ê³¥·´μ¥ ²¨´¥°´μ¥ ¶·μ¸É· ´¸É¢μ. �·¨ ´¥±μÉμ·μ³ §´ Î¥´¨¨
¶ · ³¥É·  ¢Ò· ¦¥´¨Ö ¨³¥ÕÉ μ¸μ¡¥´´μ ¶·μ¸Éμ° ¢¨¤ (¸³. É ¡². 13) ∗. „¨ -
£μ´ ²Ó´Ò¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ r11 ¨ r22 ¨ ¶·μ¨§¢¥¤¥´¨¥ ¢´¥¤¨ £μ´ ²Ó´ÒÌ
r21r12 É ±¨³ μ¡· §μ³ ´ Ìμ¤ÖÉ¸Ö μ¤´μ§´ Î´μ (¸³. (4.32) ´¨¦¥),   r12 ¨ r21

¶μ μÉ¤¥²Ó´μ¸É¨ § ¢¨¸ÖÉ μÉ ´μ·³¨·μ¢±¨ ¡ §¨¸´ÒÌ ¢¥±Éμ·μ¢ (¸³. Ëμ·³Ê²Ò ¢
É ¡². 13; ¢Ò¡μ· ¢ (4.32) É ±μ¢, ÎÉμ r21 = r12).

4.6.2. “´¨¢¥·¸ ²Ó´Ò¥ ¡²μ±¨ ¢ É·¥Ì´¨É¥¢ÒÌ R-³ É·¨Í Ì. ‘ÊÐ¥-
¸É¢¥´´μ¥ ¸¢μ°¸É¢μ μ¶¥· Éμ·μ¢ ¶¥·¥±·¥¸É±μ¢ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ μ¤´¨ ¨ É¥ ¦¥
¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö q, −q−1 ¨ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ (4.29), (4.30) ¶μ²ÊÎ -
ÕÉ¸Ö ¤²Ö ¶·μ¨§¢μ²Ó´ÒÌ §´ Î¥´¨° α, β ¨ γ Å ¨, ¡μ²¥¥ Éμ£μ, ¤²Ö ¶·μ¨§¢μ²Ó´ÒÌ
¢¥±Éμ·μ¢ ¨§ ¶μ¤¶·μ¸É· ´¸É¢

VX = span
{
X(αβγ)

}
1�α�β�γ�N

, VY = span
{
Y (αβγ)

}
1<α<β<γ<N

,

VZ1 = span
{
Z

(αβγ)
1

}
1�α�β<γ�N

, VZ2 = span
{
Z

(αβγ)
2

}
1�α�β<γ�N

.
(4.31)

� ¨³¥´´μ: ´  ¶·μ¨§¢μ²Ó´ÒÌ ¢¥±Éμ· Ì X ≡ X(αβγ), Y = Y (αβγ) ¨ Z1,2 =
Z

(αβγ)
1,2 (¢ ´μ·³¨·μ¢±¥, £¤¥ r21 = r12) μ¶¥· Éμ·Ò ¶¥·¥±·¥¸É±μ¢ ¤¥°¸É¢ÊÕÉ ± ±

R1X = R2X = qX, R1Y = R2Y = −q−1Y,

R1

(
Z1

Z2

)
=
(

q 0
0 −q−1

)(
Z1

Z2

)
,

R2

(
Z1

Z2

)
=
(

r11 r12

r21 r22

)(
Z1

Z2

)
=

⎛
⎜⎜⎜⎝

− 1
q2[2]q

√
[3]q

[2]q√
[3]q

[2]q
q2

[2]q

⎞
⎟⎟⎟⎠
(

Z1

Z2

)
.

(4.32)

∗‘³. ±μ³³¥´É ·¨° ¢ ¶. 5.1.3.
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�μ²ÊÎ¥´´Ò¥ ¡²μ±¨ 2 × 2 ¸μ¢¶ ¤ ÕÉ ¸ ³ É·¨Í ³¨ ¤¢ÊÌ μ¡· §ÊÕÐ¨Ì É·¥Ì´¨É¥-
¢μ°  ²£¥¡·Ò ƒ¥±±¥ (¤²Ö λ = q/A ¨ μ = −1/(qA), ¸³. ¶. 2.1.8) ¢ ¤¢Ê³¥·´μ³
¶·¥¤¸É ¢²¥´¨¨, ±μÉμ·Ò¥ ³Ò ´¥§ ¢¨¸¨³μ ¢ÒÎ¨¸²¨²¨ ¢ ¶. 2.2.3. ‚ ¸¢μÕ μÎ¥·¥¤Ó,
¤¢  ¸¥³¥°¸É¢  ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢ ¸μμÉ¢¥É¸É¢ÊÕÉ ¤¢Ê³ · §²¨Î´Ò³ μ¤´μ³¥·-
´Ò³ ¶·¥¤¸É ¢²¥´¨Ö³.

Š ± ¸²¥¤¸É¢¨¥,  ´ ²μ£¨Î´Ò³ ¸¢μ°¸É¢μ³ Ê´¨¢¥·¸ ²Ó´μ¸É¨ μ¡² ¤ ¥É μ¶¥· -
Éμ· ¶·μ¨§¢μ²Ó´μ° É·¥Ì´¨É¥¢μ° ±μ¸Ò (μ¡μ§´ Î¥´¨¥ ¸³. ¢ ¶. 2.2.3 ¨ ´  ·¨¸. 4):

b{ν} = b(ν1,1,ν1,2|...|νL,1,νL,2) =
L∏

i=1

R
νi,1
1 R

νi,2
2 . (4.33)

’μ ¥¸ÉÓ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¢¸¥Ì ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ μ¶¥· Éμ·  É·¥Ì´¨É¥¢μ°
±μ¸Ò (4.33) ¤μ¸É ÉμÎ´μ · ¸¸³μÉ·¥ÉÓ ¶μ μ¤´μ³Ê ¢¥±Éμ·Ê ± ¦¤μ£μ ¨§ ¶μ¤¶·μ-
¸É· ´¸É¢ (4.31).

‡¤¥¸Ó ± ± · § ¶·μÖ¢²Ö¥É¸Ö ¨´¢ ·¨ ´É´μ¸ÉÓ μ¶¥· Éμ·μ¢ ¶¥·¥±·¥¸É±  μÉ´μ-
¸¨É¥²Ó´μ ¤¥°¸É¢¨Ö ±¢ ´Éμ¢μ° μ¡¥·ÉÒ¢ ÕÐ¥°  ²£¥¡·Ò ‹¨, ±μÉμ·ÊÕ ³Ò μ¡¸Ê-
¦¤ ²¨ ¢ ¶. 3.1.

4.6.3. � §²μ¦¥´¨¥ ¶μ Ì · ±É¥· ³ ¤²Ö É·¥Ì´¨É¥¢ÒÌ ±μ¸. Š ± ¨ ¢ ¸²Ê-

Î ¥ ¤¢Ê´¨É¥¢ÒÌ ±μ¸, ¢¸¥ ¢¥±Éμ·Ò X(αβγ), Y (αβγ) ¨ Z
(αβγ)
1,2 É ±¦¥ Ö¢²ÖÕÉ¸Ö

¸μ¡¸É¢¥´´Ò³¨ ¢¥±Éμ· ³¨ § ³Ò± ÕÐ¥£μ μ¶¥· Éμ·  É·¥Ì´¨É¥¢μ° ±μ¸Ò M3 =
M⊗M⊗M, ¶·¨Î¥³ ¶μ¸²¥¤´¨° (μÉ²¨Î¨¥ μÉ μ¶¥· Éμ·  ±μ¸Ò) ¨³¥¥É · §²¨Î´Ò¥
¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¢ § ¢¨¸¨³μ¸É¨ μÉ (αβγ):

M3X
(αβγ) = mαmβmγX(αβγ),

M3Y
(αβγ) = mαmβmγY (αβγ), (4.34)

M3Z
(αβγ)
1,2 = mαmβmγZ

(αβγ)
1,2 ,

£¤¥ mα ¤ ´Ò ¢ É ¡². 11.
ˆ¸±μ³Ò° ¨´¢ ·¨ ´É Ê§²  ¢ÒÎ¨¸²Ö¥É¸Ö ± ± ¸²¥¤ ¶μ ¶·μ¸É· ´¸É¢Ê V ⊗V ⊗

V = VX⊕VY ⊕VZ1⊕VZ2 , ±μÉμ·Ò° ¢ ¸¨²Ê μ¶¨¸ ´´ÒÌ ¢ÒÏ¥ ¸¢μ°¸É¢ μ¶¥· Éμ·μ¢
(±μ¸Ò ¨ § ³Ò± ÕÐ¥£μ) · §² £ ¥É¸Ö ± ±

TrV ⊗V ⊗V

(
M3h

{ν}
)

=

= qw TrVX M3 + tr B
(ν)
2 TrVZ M3 + (−q)−w TrVY M3, (4.35)

£¤¥ B
(ν)
2 (³ É·¨Í  2 × 2) ¥¸ÉÓ ·¥§Ê²ÓÉ É ¶μ¤¸É ´μ¢±¨ (4.32) ¢ (4.33),   VZ Å

¶·μ¨§¢μ²Ó´μ¥ ¶μ¤¶·μ¸É· ´¸É¢μ VZ ∈ VZ1 ⊗ VZ2 · §³¥·´μ¸É¨ dimVZ =
dimVZ1 = dimVZ2 . ‘ ¶μ³μÐÓÕ (4.34, É ¡². 11) ¶μ²ÊÎ ¥³ Ö¢´Ò¥ Ëμ·³Ê²Ò
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¤²Ö ¸²¥¤μ¢ ¶μ ¨´¢ ·¨ ´É´Ò³ ¶μ¤¶·μ¸É· ´¸É¢ ³:

TrXM3 =
∑

1�α�β�γ�N

mαmβmγ =
[N ]q[N + 1]q[N + 2]q

[2]q[3]q
,

TrXM3 =
∑

1�α�β�γ�N

mαmβmγ =
[N ]q[N − 1]q[N − 2]q

[2]q[3]q
, (4.36)

TrZM3 =
∑

1�α�β<γ�N

mαmβmγ =
[N ]q[N + 1]q[N − 1]q

[3]q
.

�·¨ q = 1 ¢¥²¨Î¨´Ò (4.36) · ¢´Ò · §³¥·´μ¸ÉÖ³ ¨´¢ ·¨ ´É´ÒÌ ¶μ¤¶·μ¸-
É· ´¸É¢ X , Y ¨ Z.

�μ²¨´μ³ •�Œ”‹ˆ É·¥Ì´¨É¥¢μ£μ Ê§²  ¶μ²ÊÎ ¥É¸Ö ¨§ (4.35) ¶·¥¦´¨³ ¶Ê-
É¥³: ¶μ¸²¥ ÊÎ¥É  μ¸´ Ð ÕÐ¥£μ ³´μ¦¨É¥²Ö ¨ § ³¥´Ò A = qN [28]:

H{ν} = A−w

⎧⎪⎪⎪⎨
⎪⎪⎪⎩q−w

S∗
[3]

S∗
[1]

+ tr
L∏

i=1

⎡
⎢⎢⎢⎣
(

q 0
0 −q−1

)νi,1

⎛
⎜⎜⎜⎝

− 1
q2[2]q

√
[3]q

[2]q√
[3]q

[2]q
q2

[2]q

⎞
⎟⎟⎟⎠

νi,2 ⎤⎥⎥⎥⎦×

×
S∗

[2,1]

S∗
[1]

+ (−q)−w
S∗

[13]

S∗
[1]

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ , (4.37)

{ν} = {(νi,1, νi,2)}L
i=1, νi ∈ Z \{0}; w =

L∑
i=1

2∑
j=1

νi,j ,

£¤¥ ¢ ± Î¥¸É¢¥ ±μÔËË¨Í¨¥´Éμ¢ ¸ÉμÖÉ μÉ´μÏ¥´¨Ö Éμ¶μ²μ£¨Î¥¸±¨Ì ËÊ´±Í¨°
˜Ê·  (¸³. É ¡². 2) [28].

4.7. ˆ´¢ ·¨ ´É´Ò¥ ¶μ¤¶·μ¸É· ´¸É¢  ¨ ´¥¶·¨¢μ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö
suN . 4.7.1. �·μ¸É· ´¸É¢  ±· É´μ¸É¥°. Š ± ³Ò Ê¦¥ Ê¶μ³¨´ ²¨ ¢ · §¤. 3,
¢¨¤ · §²μ¦¥´¨° (4.25), (4.37) ´¥¸²ÊÎ ¥´: ± ± ¨¸¶μ²Ó§μ¢ ´´Ò¥ ¶·¨ ¢ÒÎ¨¸²¥-
´¨¨ ¡ §¨¸´Ò¥ ¢¥±Éμ·Ò, É ± ¨ ¢¥¸μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¨³¥ÕÉ ¢ ¦´Ò° ¸³Ò¸² ¸
ÉμÎ±¨ §·¥´¨Ö  ²£¥¡·Ò ‹¨ ¨ ¥¥ ¶·¥¤¸É ¢²¥´¨Ö, ¸¢Ö§ ´´ÒÌ ¸ ¤ ´´Ò³ ¨´¢ ·¨ ´-
Éμ³ Ê§² .

�μ �· ¢¨²Ê 7 ¸ ± ¦¤μ° ´¨ÉÓÕ ±μ¸Ò ¸¢Ö§ ´μ ¶·μ¸É· ´¸É¢μ V ´¥±μÉμ·μ£μ
¶·¥¤¸É ¢²¥´¨Ö Q  ²£¥¡·Ò ‹¨ g (¨ μ¤´μ¢·¥³¥´´μ ¥¥ ±¢ ´Éμ¢μ° μ¡¥·ÉÒ¢ ÕÐ¥°
Uq(g)). ’μ£¤  ¶μ ¶· ¢¨²Ê 5 ¸ ¸¥Î¥´¨¥³ ±μ¸Ò ¸¢Ö§ ´μ É¥´§μ·´μ¥ ¶·μ¨§¢¥¤¥´¨¥
¶·¥¤¸É ¢²¥´¨°: Q ⊗ Q (2 ´¨É¨), Q ⊗ Q⊗ Q (3 ´¨É¨) ¨ É. ¤. �·μ¸É· ´¸É¢μ
ÔÉμ£μ ¶·¥¤¸É ¢²¥´¨Ö (V ⊗ V , V ⊗ V ⊗ V, . . .) · §² £ ¥É¸Ö ¢ ¶·Ö³ÊÕ ¸Ê³³Ê
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�¨¸. 22. ˆ²²Õ-
¸É· Í¨Ö ± ¤¥°-
¸É¢¨Õ R-³ É·¨-
ÍÒ ´  ¶·μ¸É· ´-
¸É¢ Ì ´¥¶·¨¢μ-
¤¨³ÒÌ ¶·¥¤¸É ¢-
²¥´¨° ¨ ´  ¶·μ-
¸É· ´¸É¢ Ì ±· É-
´μ¸É¥°

¶μ¤¶·μ¸É· ´¸É¢ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° Y � Q: É. ¥.
¤¥°¸É¢¨¥ ¶·μ¨§¢μ²Ó´μ£μ Ô²¥³¥´É   ²£¥¡·Ò ¢μ ¢¸¥³ ¸¥Î¥´¨¨
±μ¸Ò ¸ ¶μ³μÐÓÕ ±μÊ³´μ¦¥´¨Ö Δ(g), Δ◦2(g), . . . μÉ ∀g ∈ g

(¸³. ¶. 3.2.4) ´¥ ¢Ò¢μ¤¨É §  ¶·¥¤¥²Ò ± ¦¤μ£μ ¨§ ÔÉ¨Ì ¶μ¤-
¶·μ¸É· ´¸É¢. �  ± ¦¤μ³ ¶·μ¸É· ´¸É¢¥ ´¥¶·¨¢μ¤¨³μ£μ ¶·¥¤-
¸É ¢²¥´¨Ö ³μ¦´μ ¢Ò¡· ÉÓ ¡ §¨¸ ¨§ μ¡Ð¨Ì ¸μ¡¸É¢¥´´ÒÌ ¢¥±-
Éμ·μ¢ ³ ±¸¨³ ²Ó´μ° ±μ³³ÊÉ É¨¢´μ° ¶μ¤ ²£¥¡·Ò g [3,4]. ’ -
±¨³ μ¡· §μ³, ¤¥°¸É¢¨¥  ²£¥¡·Ò ‹¨ ´  ¸¥Î¥´¨¨ ±μ¸Ò ¶μ·μ-
¦¤ ¥É ´  ¸¢Ö§ ´´μ³ ¸ ´¨³ ¶·μ¸É· ´¸É¢¥ ¶·¥¤¸É ¢²¥´¨Ö ± -
´μ´¨Î¥¸±¨° ¡ §¨¸.

’μÉ ¦¥ ¸ ³Ò° ¡ §¨¸ ¶μ²ÊÎ ¥É¸Ö ± ± ¡ §¨¸ ¢ μ¡Ð¨Ì ¨´¢ -
·¨ ´É´ÒÌ ¶μ¤¶·μ¸É· ´¸É¢ Ì ¢¸¥Ì μ¶¥· Éμ·μ¢ ¶¥·¥±·¥¸É±μ¢
¨ § ³Ò± ÕÐ¥£μ μ¶¥· Éμ·  ¤²Ö ±μ¸Ò ¸ ¤ ´´Ò³ Î¨¸²μ³ ´¨É¥°.

‡ ³¥Î É¥²Ó´μ, ÎÉμ Ô²¥³¥´ÉÒ g  ²£¥¡·Ò g (ÉμÎ´¥¥, ¨Ì
μ¡· §Ò ¢ μ¡¥·ÉÒ¢ ÕÐ¥° ¶·¨ ±μÊ³´μ¦¥´¨¨ Å Δ◦m(g) ¤²Ö
±μ¸Ò ¨§ m + 1 ´¨É¥°, ¸³. ¶. 3.2.4) ¨ μ¶¥· Éμ·Ò ¶¥·¥±·¥¸É-
±μ¢ (R-³ É·¨ÍÒ) ¤¥°¸É¢ÊÕÉ ´  ¢¥±Éμ·Ò ± ´μ´¨Î¥¸±μ£μ ¡ §¨¸  ®μ·Éμ£μ´ ²Ó´μ¯
¤·Ê£ ¤·Ê£Ê: Δ◦m(g) ¤¥°¸É¢ÊÕÉ ¢´ÊÉ·¨ ¶·μ¸É· ´¸É¢ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢-
²¥´¨°,   R-³ É·¨ÍÒ ³μ£ÊÉ ¸³¥Ï¨¢ ÉÓ Éμ²Ó±μ ¢¥±Éμ·Ò ¨§ ¨§μ³μ·Ë´ÒÌ ¶·¥¤-
¸É ¢²¥´¨° ¸ μ¤¨´ ±μ¢Ò³¨ ´ ¡μ· ³¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° μ¶¥· Éμ·μ¢ ³ ±-
¸¨³ ²Ó´μ° ±μ³³ÊÉ É¨¢´μ° ¶μ¤ ²£¥¡·Ò (·¨¸. 22). �¥¶·¨¢μ¤¨³Ò¥ μ¡Ð¨¥ ¨´-
¢ ·¨ ´É´Ò¥ ¶μ¤¶·μ¸É· ´¸É¢  R-³ É·¨Í ´ §Ò¢ ÕÉ¸Ö ¶·μ¸É· ´¸É¢ ³¨ ±· É-
´μ¸É¥° Å £μ¢μ·ÖÉ, ÎÉμ R-³ É·¨ÍÒ ¤¥°¸É¢ÊÕÉ ´  ¶·μ¸É· ´¸É¢ Ì ±· É´μ¸É¥°
´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° ¢ · §²μ¦¥´¨¨ É¥´§μ·´μ° ¸É¥¶¥´¨.

ŒÒ · §μ¡· ²¨ ¶·μ¸É¥°Ï¨° ´¥É·¨¢¨ ²Ó´Ò° ¶·¨³¥· ¢ ¶. 4.6.2: R-³ É·¨ÍÒ

®¸³¥Ï¨¢ ²¨¯ Z
(αβγ)
1 ¨ Z

(αβγ)
2 ¤²Ö μ¤¨´ ±μ¢ÒÌ (αβγ),   Δ◦2(g) ®¸³¥Ï¨-

¢ ²¨ ¡Ò¯ Z(αβγ) c · §²¨Î´Ò³¨ (αβγ) Å ¶·¨Î¥³ É ±, ÎÉμ Δ◦2(g)RiZ
(αβγ) =

RiΔ◦2(g)Z(αβγ) Å ¢ ¸¨²Ê μ¶·¥¤¥²ÖÕÐ¥£μ ¸¢μ°¸É¢  R-³ É·¨ÍÒ (3.25). ‚ ¤ ´-
´μ³ ¸²ÊÎ ¥ (4.32) μ¶¨¸Ò¢ ¥É ¤¥°¸É¢¨¥ ³ É·¨Í R1 ¨ R2 ´  ¤¢Ê³¥·´μ³ ¶·μ-
¸É· ´¸É¢¥ ±· É´μ¸É¥°. �¸É ²Ó´Ò¥ ¸²ÊÎ ¨ ¨§ ¶¶. 4.4, 4.6.2 Ê¸É·μ¥´Ò ¶·μÐ¥: ´ 
± ¦¤Ò° ¢¥±Éμ· X(αβ) ¨²¨ Y (αβ) (¤²Ö 2 ´¨É¥°), ²¨¡μ X(αβγ) ¨²¨ Y (αβγ) (¤²Ö
3 ´¨É¥°) ´ ÉÖ´ÊÉμ μ¤´μ³¥·´μ¥ ¶·μ¸É· ´¸É¢μ ±· É´μ¸É¥°: ´ ¶·¨³¥·, Δ◦2(g)
®¸³¥Ï¨¢ ÕÉ¯ N(N +1)(N +2)/6 ¢¥±Éμ·μ¢ X(αβγ) ¸ · §²¨Î´Ò³¨ (αβγ), § Éμ
± ¦¤Ò° ¨§ ÔÉ¨Ì ¢¥±Éμ·μ¢ Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´Ò³ ¤²Ö μ¡¥¨Ì R1 ¨ R2.

’ ±¨³ μ¡· §μ³, ³Ò ¶μ²ÊÎ¨²¨ ¶·Ö³ÊÕ ¨²²Õ¸É· Í¨Õ ± μ¡¸Ê¦¤¥´¨Õ ¨§
¶. 3.2: ´ ¡μ· μ¶¥· Éμ·μ¢ ¶¥·¥±·¥¸É±μ¢ ¢ ¸¥Î¥´¨¨ ±μ¸Ò (³ É·¨Í Ri) ¥¸ÉÓ ´ ¡μ·
´¥É·¨¢¨ ²Ó´ÒÌ ¨´¢ ·¨ ´É´ÒÌ μ¶¥· Éμ·μ¢ μÉ´μ¸¨É¥²Ó´μ ¤¥°¸É¢¨Ö  ²£¥¡·Ò ‹¨
´  É¥´§μ·´μ³ ¶·μ¨§¢¥¤¥´¨¨ ¶·¥¤¸É ¢²¥´¨° Q, ¸¢Ö§ ´´ÒÌ ¸ ´¨ÉÖ³¨ ±μ¸Ò.

4.7.2. • · ±É¥·Ò. ’¥¶¥·Ó ¢¸¶μ³´¨³, ÎÉμ ¢¸¥ ¢¥±Éμ·Ò μ¡¸Ê¦¤ ¢Ï¥£μ¸Ö
¡ §¨¸  Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ¢¥±Éμ· ³¨ § ³Ò± ÕÐ¥£μ μ¶¥· Éμ·  (ÔÉμÉ μ¶¥-
· Éμ· ¶μ²ÊÎ ¥É¸Ö ±μÊ³´μ¦¥´¨¥³ μÉ Ô²¥³¥´É  ³ ±¸¨³ ²Ó´μ° ±μ³³ÊÉ É¨¢´μ°
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¶μ¤ ²£¥¡·Ò  ²£¥¡·Ò g, ¸³. ¶. 3.4.2). �Éμ ¸¢μ°¸É¢μ ¶μ§¢μ²Ö¥É · ¸¸³ É·¨¢ ÉÓ
¸²¥¤ § ³Ò± ÕÐ¥£μ μ¶¥· Éμ·  ± ± ¶·μ¨§¢μ¤ÖÐÊÕ ËÊ´±Í¨Õ ¤²Ö Ô²¥³¥´Éμ¢ ± -
´μ´¨Î¥¸±μ£μ ¡ §¨¸ .

‚ ¢Ò· ¦¥´¨Ö ¤²Ö ¨´¢ ·¨ ´Éμ¢ É¨¶  (4.18), (4.35) ¢Ìμ¤¨É ¸²¥¤ ´¥ ¸ ³μ£μ
§ ³Ò± ÕÐ¥£μ μ¶¥· Éμ· ,   ¥£μ ¶·μ¨§¢¥¤¥´¨Ö ¸ μ¶¥· Éμ· ³¨ ¶¥·¥±·¥¸É±μ¢ Å
³ É·¨Í ³¨ R. �¤´ ±μ, ¡² £μ¤ ·Ö ¸¢μ°¸É¢Ê g-¨´¢ ·¨ ´É´μ¸É¨ (¶. 4.7.1), ¢ ± -
´μ´¨Î¥¸±μ³ ¡ §¨¸¥ ¢¸¥ ³ É·¨ÍÒ R · ¸¶ ¤ ÕÉ¸Ö ´  ³´μ¦¥¸É¢μ ¨¤¥´É¨Î´ÒÌ
¡²μ±μ¢. �·¨ ± ¦¤μ³ ¨§ · §²¨Î´ÒÌ ¡²μ±μ¢ ®¸μ¡¨· ¥É¸Ö¯ ±μÔËË¨Í¨¥´É: ¸²¥¤
§ ³Ò± ÕÐ¥£μ μ¶¥· Éμ·  ¶μ ´¥±μÉμ·μ³Ê ¶μ¤¶·μ¸É· ´¸É¢Ê. Š ± ³μ¦´μ Ê¢¨-
¤¥ÉÓ ¨§ μ¡¸Ê¦¤¥´¨Ö ¢ ¶. 4.7.1, ÔÉ¨ ¶μ¤¶·μ¸É· ´¸É¢  Ö¢²ÖÕÉ¸Ö ¶·μ¸É· ´¸É¢ ³¨
´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨°  ²£¥¡·Ò ‹¨ g (¨ μ¡¥·ÉÒ¢ ÕÐ¥° μÉ ´¥¥), ¤¥°-
¸É¢ÊÕÐ¥° ¢ ¸¥Î¥´¨¨ ±μ¸Ò. ‚ÒÏ¥ ³Ò ¶μ± § ²¨, ± ± ÔÉμ ¶·μ¨¸Ìμ¤¨É ¤²Ö ±μ¸
¨§ 2 (¶. 4.4) ¨ 3 (¶. 4.6) ´¨É¥°.

’ ±¨³ μ¡· §μ³, ±μÔËË¨Í¨¥´ÉÒ ¢ (4.18), (4.35) Ö¢²ÖÕÉ¸Ö ¶·μ¨§¢μ¤ÖÐ¨³¨
ËÊ´±Í¨Ö³¨ ¤²Ö ¢¥±Éμ·μ¢ ± ´μ´¨Î¥¸±μ£μ ¡ §¨¸  ¤²Ö ¤¥°¸É¢¨Ö  ²£¥¡·Ò ‹¨ ¢
¸¥Î¥´¨¨ ±μ¸Ò.

’ ±¨¥ ¶·μ¨§¢μ¤ÖÐ¨¥ ËÊ´±Í¨¨ ´ §Ò¢ ÕÉ¸Ö Ì · ±É¥· ³¨ ¶·¥¤¸É ¢²¥´¨°.
‚ É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨° · ¸¸³ É·¨¢ ÕÉ · §²¨Î´Ò¥ ¢ ·¨ ´ÉÒ Ì · ±É¥·μ¢ χQ,
´μ ¢¸¥ ÔÉ¨ ¢¥²¨Î¨´Ò μ¡² ¤ ÕÉ ¸ÊÐ¥¸É¢¥´´Ò³ ¸¢μ°¸É¢μ³: μ´¨ Ê³´μ¦ ÕÉ¸Ö
¨ ¸±² ¤Ò¢ ÕÉ¸Ö ¶·¨ É¥´§μ·´μ³ Ê³´μ¦¥´¨¨ ¨ ¶·Ö³μ° ¸Ê³³¥ ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨Ì ¶·¥¤¸É ¢²¥´¨°. ‚ Î ¸É´μ¸É¨, · §²μ¦¥´¨¥ É¥´§μ·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö ¢ ¶·Ö-
³ÊÕ ¸Ê³³Ê ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° ¸¢Ö§ ´μ ¸ Éμ¦¤¥¸É¢μ³ ´  Ì · ±É¥·Ò
(¸·. ¸ ¶. 2.3):

Q1 ⊗ Q2 =
⊕

Y �Q1⊗Q2

Y ⇒ χQ1χQ2 =
∑

Y �Q1⊗Q2

χY (4.38)

(Y � Q1 ⊗ Q2 §´ Î¨É, ÎÉμ ¨´¤¥±¸ Y ¡¥¦¨É ¶μ ¢¸¥³ ´¥¶·¨¢μ¤¨³Ò³ ¶·¥¤¸É ¢-
²¥´¨Ö³ ¢ · §²μ¦¥´¨¨ Q1 ⊗ Q2). …¸²¨ ´ °¤¥É¸Ö É ±μ° μ¶¥· Éμ· M , ÎÉμ ¤²Ö
± ¦¤μ£μ ¨§ ¶·¥¤¸É ¢²¥´¨° Q ¢ (4.38) χQ = TrVQM (VQ Å ¶·μ¸É· ´¸É¢μ ÔÉμ£μ
¶·¥¤¸É ¢²¥´¨Ö), Éμ (4.38) ¸²¥¤Ê¥É ¨§ Éμ¦¤¥¸É¢ ²¨´¥°´μ°  ²£¥¡·Ò:

TrV1⊗V2M = TrV1M · TrV2M, TrV1⊕V2M = TrV1M + TrV2M. (4.39)

ˆ³¥´´μ É ± ¡Ò²μ ¢ ´ Ï¨Ì ¸²ÊÎ ÖÌ: ¢ ± Î¥¸É¢¥ M ¡Ò² § ³Ò± ÕÐ¨° μ¶¥· Éμ·
¤²Ö £·Ê¶¶Ò ±μ¸ ¸ ¤ ´´Ò³ Î¨¸²μ³ ´¨É¥°.

5. ‚Œ…‘’� ‡�Š‹	—…�ˆŸ: —’� „�‹œ˜…?

5.1. �·μ¡²¥³  ¢ÒÎ¨¸²¥´¨Ö · ¸±· Ï¥´´ÒÌ ¶μ²¨´μ³μ¢. ‚ ¶. 3.3.3 ³Ò £μ-
¢μ·¨²¨, ÎÉμ ¢ · ³± Ì R-³ É·¨Î´μ° ±μ´¸É·Ê±Í¨¨ ¸ Ê§²μ³ (²¨¡μ ¸ ± ¦¤μ°
±μ³¶μ´¥´Éμ° § Í¥¶²¥´¨Ö) ¸¢Ö§ ´μ ´¥±μÉμ·μ¥ ¶·¥¤¸É ¢²¥´¨¥ ´¥±μÉμ·μ° ±¢ ´-
Éμ¢μ° £·Ê¶¶Ò. ‚ μ¸´μ¢´μ³ ¨§²μ¦¥´¨¨ ³Ò μ£· ´¨Î¨²¨¸Ó ËÊ´¤ ³¥´É ²Ó´Ò³
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¶·¥¤¸É ¢²¥´¨¥³ Uq(suN ) Å ±μ£¤  ¶μ²ÊÎ ÕÉ¸Ö ¶·μ¸ÉÒ¥ ¶μ²¨´μ³Ò •�Œ”‹ˆ.
�¨¦¥ ³Ò ±· É±μ μ¡¸Ê¤¨³ ¡μ²¥¥ μ¡Ð¨° ¸²ÊÎ °: μ¸´μ¢´Ò¥ ¶·μ¡²¥³Ò ®· ¸±· -
Ï¥´´μ°¯ R-³ É·¨Î´μ° É¥Ì´¨±¨ ¨ ¶ÊÉ¨ ¨Ì ·¥Ï¥´¨Ö ¨  ±ÉÊ ²Ó´Ò¥ (´  ³μ³¥´É
´ ¶¨¸ ´¨Ö É¥±¸É ) ¤μ¸É¨¦¥´¨Ö.

5.1.1. R-³ É·¨ÍÒ ¨ ±μÔËË¨Í¨¥´ÉÒ � ± . „²Ö ´¥¶μ¸·¥¤¸É¢¥´´μ£μ ¢Ò-
Î¨¸²¥´¨Ö · ¸±· Ï¥´´ÒÌ ¶μ²¨´μ³μ¢ Ê§²μ¢ ¸ ¶μ³μÐÓÕ R-³ É·¨Í ´¥μ¡Ìμ¤¨³Ò
Ö¢´Ò¥ Ëμ·³Ê²Ò Ô²¥³¥´Éμ¢ ¶μ¸²¥¤´¨Ì ¢ ¢Ò¡· ´´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ. …¸²¨ ¤²Ö
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° R-³ É·¨Í ¨§¢¥¸É´  ¶·μ¸É Ö μ¡Ð Ö Ëμ·³Ê²  [50], Éμ ¸
Ê´¨¢¥·¸ ²Ó´Ò³¨ ¡²μ± ³¨ (¸³. ¶. 4.6) ¤¥²μ μ¡¸Éμ¨É £μ· §¤μ ¸²μ¦´¥¥.

�¥¤¨ £μ´ ²Ó´Ò¥ ¡²μ±¨ R-³ É·¨Í ¶μ²ÊÎ ÕÉ¸Ö ¨§ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¤¨ -
£μ´ ²Ó´ÒÌ ¶·¨ § ³¥´¥ ¡ §¨¸  ¸ ¶μ³μÐÓÕ ´¥±μÉμ·ÒÌ ³ É·¨Í. ˆÌ Ô²¥³¥´ÉÒ,
±μÔËË¨Í¨¥´ÉÒ � ± , μÉ´μ¸ÖÉ¸Ö ± Î¨¸²Ê μ¸´μ¢´ÒÌ ¨ ¢¥¸Ó³  É·Ê¤´μ¢ÒÎ¨¸²Ö¥-
³ÒÌ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨°. �¶·¥¤¥²¥´¨¥ ÔÉ¨Ì ¢¥²¨Î¨´
¤μ¢μ²Ó´μ ¶·Ö³μ²¨´¥°´μ ¨ ±μ´¸É·Ê±É¨¢´μ, μ´¨ ´¥¶²μÌμ ¶μ¤¤ ÕÉ¸Ö ¸¨³¢μ²Ó-
´Ò³ ±μ³¶ÓÕÉ¥·´Ò³ ¢ÒÎ¨¸²¥´¨Ö³. �¤´ ±μ ¶·¨ ÔÉμ³ μ¡´ ·Ê¦¨¢ ¥É¸Ö ·Ö¤ É¥Ì-
´¨Î¥¸±¨Ì É·Ê¤´μ¸É¥° ¨ ¶μ¤¢μ¤´ÒÌ ± ³´¥°,   ¸²μ¦´μ¸ÉÓ ¢ÒÎ¨¸²¥´¨° ¡Ò¸É·μ
´ · ¸É ¥É [51].

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, É¥μ·¨Ö R-³ É·¨Î´ÒÌ ¨´¢ ·¨ ´Éμ¢ Ê§²μ¢ ¸ ³  ¶μ ¸¥¡¥
³μ¦¥É ¡ÒÉÓ ¨¸ÉμÎ´¨±μ³ §´ ´¨° μ ±μÔËË¨Í¨¥´É Ì � ± : ´ ¶·¨³¥·, ·Ö¤ ¨´É¥-
·¥¸´ÒÌ ¸μμÉ´μÏ¥´¨° Ê¤ ¥É¸Ö Ê¸É ´μ¢¨ÉÓ ¨§ ¸· ¢´¥´¨Ö · §²¨Î´ÒÌ R-³ É·¨Î-
´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¤²Ö μ¤´¨Ì ¨ É¥Ì ¦¥ ¨´¢ ·¨ ´Éμ¢ [52].

5.1.2. Š ¡²¨·μ¢ ´¨¥ Ê§²μ¢ ¨ R-³ É·¨Í. �²ÓÉ¥·´ É¨¢´Ò° ¶μ¤Ìμ¤ [15]
μ¸´μ¢ ´ ´  Ëμ·³Ê²¥ ±μÊ³´μ¦¥´¨Ö

R
(
(Y1 ⊗ Y2) ⊗ Y3

)
= I ⊗R

(
Y2 ⊗ Y3

)
· R
(
Y1 ⊗ Y3

)
⊗ I (5.1)

�¨¸. 23. Š ¡²¨·μ¢ -
´¨¥ (±μÊ³´μ¦¥´¨¥)
¤²Ö R-³ É·¨ÍÒ

(·¨¸. 23), ±μÉμ· Ö ¨£· ¥É ¤²Ö R-³ É·¨Í ÉÊ ¦¥ ·μ²Ó,
ÎÉμ ¨ Ëμ·³Ê²  (3.14) ¤²Ö Ô²¥³¥´Éμ¢  ²£¥¡·Ò (¨²¨ Ê´¨-
¢¥·¸ ²Ó´μ° μ¡¥·ÉÒ¢ ÕÐ¥°). ‚³¥¸É¥ ¸μ ¸¢μ°¸É¢μ³ ¨´-
¢ ·¨ ´É´μ¸É¨ ¶·μ¸É· ´¸É¢ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥-
´¨° μÉ´μ¸¨É¥²Ó´μ ¤¥°¸É¢¨Ö Ê´¨¢¥·¸ ²Ó´μ° R-³ É·¨ÍÒ
(¸³. ¶¶. 3.1.2, 4.7.1) ¸¢μ°¸É¢μ (5.1) ¶μ§¢μ²Ö¥É ¶μ¸²¥-
¤μ¢ É¥²Ó´μ ¢ÒÎ¨¸²ÖÉÓ · ¸±· Ï¥´´Ò¥ ¶μ²¨´μ³Ò: ®¡μ-
²¥¥ ¸²μ¦´Ò¥¯ ± ± ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ ®¡μ²¥¥ ¶·μ-
¸ÉÒÌ¯. ‚ ¶¥·¢ÒÌ · ¡μÉ Ì · ¸±· Ï¥´´Ò¥ ¶μ²¨´μ³Ò ¢¢μ-
¤¨²¨¸Ó [1] ¨ Ê¸¶¥Ï´μ ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¤²Ö ±² ¸¸¨Ë¨± -
Í¨¨ Ê§²μ¢ [14] ¨³¥´´μ É ±¨³ μ¡· §μ³.

�  μ¶·¥¤¥²¥´´μ³ ÔÉ ¶¥ ¶·μÍ¥¤Ê·  ± ¡²¨·μ¢ ´¨Ö ¤²Ö
¶μ²¨´μ³μ¢ •�Œ”‹ˆ ¸μ¸É ¢¨²  ¸¥·Ó¥§´ÊÕ ±μ´±Ê·¥´-
Í¨Õ ³¥Éμ¤Ê · ¸±· Ï¥´´ÒÌ R-³ É·¨Í ¨ ¶μ§¢μ²¨²  § -

³¥É´μ ¶·μ¤¢¨´ÊÉÓ¸Ö ¶μ ¸· ¢´¥´¨Õ ¸ ´¨³ [15]. ‘¥°Î ¸, ¸ · §¢¨É¨¥³ É¥Ì´¨±¨
¸É ·Ï¨Ì ¢¥¸μ¢ [51,53,54], ¶·μÍ¥¤Ê·  ± ¡²¨·μ¢ ´¨Ö ÊÉ· Î¨¢ ¥É ¸¢μÕ  ±ÉÊ ²Ó-
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´μ¸ÉÓ ± ± ¸·¥¤¸É¢μ ¢ÒÎ¨¸²¥´¨Ö · ¸±· Ï¥´´ÒÌ ¶μ²¨´μ³μ¢, μ¤´ ±μ ¶·¨μ¡·¥-
É ¥É ¸ ³μ¸ÉμÖÉ¥²Ó´ÊÕ Í¥´´μ¸ÉÓ ¤²Ö ¨§ÊÎ¥´¨Ö ¨´¢ ·¨ ´Éμ¢ Ê§²μ¢.

5.1.3. �²μ±¨ R-³ É·¨Í. ‚ ¶. 4.6.2 ³Ò μ¶¨¸ ²¨ ¨ Ö¢´μ ¶μ¸É·μ¨²¨ ¢ Î ¸É-
´ÒÌ ¸²ÊÎ ÖÌ ¡ §¨¸ ¨§ ¢¥±Éμ·μ¢ ¢ μ¡Ð¨Ì ¨´¢ ·¨ ´É´ÒÌ ¶μ¤¶·μ¸É· ´¸É¢ Ì ³ -
É·¨Í R ¢ ¸¥Î¥´¨¨ ±μ¸Ò. ’μÉ ¦¥ ¡ §¨¸ μ± § ²¸Ö ± ´μ´¨Î¨¥¸±¨³ μÉ´μ¸¨É¥²Ó´μ
¤¥°¸É¢¨Ö  ²£¥¡·Ò ‹¨ ¢ ¸¥Î¥´¨¨ ±μ¸Ò, ± ± ³Ò μ¡¸Ê¤¨²¨ ¢ ¶. 4.7.1. �¤´ ±μ
Ê¦¥ ¢ ¶·μ¸É¥°Ï¥³ ¶·¨³¥·¥ ¨§ ¶. 4.6.1 ³Ò Ê¶μ³Ö´Ê²¨ ¶·μ¨§¢μ² ¢ ¢Ò¡μ·¥
¡ §¨¸´ÒÌ ¢¥±Éμ·μ¢ ´  ´¥±μÉμ·ÒÌ ¤¢Ê³¥·´ÒÌ μ¡Ð¨Ì ¨´¢ ·¨ ´É´ÒÌ ¶μ¤¶·μ-
¸É· ´¸É¢ Ì. �± §Ò¢ ¥É¸Ö, ÎÉμ ÉμÉ ¦¥ ¶·μ¨§¢μ² ¸μ¤¥·¦¨É¸Ö ¨ ¢ μ¶·¥¤¥²¥´¨¨
± ´μ´¨Î¥¸±μ£μ ¡ §¨¸  ¢ ¶·¥¤¸É ¢²¥´¨ÖÌ  ²£¥¡·Ò ‹¨ ¢ ÔÉ¨Ì ¸²ÊÎ ÖÌ. ’ ±μ°
¶·μ¨§¢μ² ¶·¨¸ÊÉ¸É¢Ê¥É ¢¸Ö±¨° · §, ±μ£¤  ¢ · §²μ¦¥´¨¨ É¥´§μ·´μ£μ ¶·μ¨§¢¥-
¤¥´¨Ö ¶·¥¤¸É ¢²¥´¨° ´  ´¥¶·¨¢μ¤¨³Ò¥ ¢μ§´¨± ¥É (ÌμÉÖ ¡Ò ¤¢Ê³¥·´μ¥) ¶·μ-
¸É· ´¸É¢μ ±· É´μ¸É¥° (¸³. ¶. 4.7.1). �É  ´¥μ¤´μ§´ Î´μ¸ÉÓ ¸²Ê¦¨É ¸¥·Ó¥§´Ò³
¶·¥¶ÖÉ¸É¢¨¥³ ¤²Ö Ö¢´ÒÌ ¢ÒÎ¨¸²¥´¨° ¢ É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨°. �·¨Î¥³ ¢ ¸²Ê-
Î ¥ · ¸±· Ï¥´´ÒÌ ³ É·¨Í (¤²Ö ¸É ·Ï¨Ì ¶·¥¤¸É ¢²¥´¨°) É ±μ¥ ¢Ò·μ¦¤¥´¨¥
± ´μ´¨Î¥¸±μ£μ ¡ §¨¸  ³μ¦¥É ¨³¥ÉÓ ³¥¸Éμ Ê¦¥ ¤²Ö ¤¢Ê´¨É¥¢μ° ±μ¸Ò [55,56].

‚ ¶. 4.6.1 ³Ò ´ Ï²¨ ¡ §¨¸, ¢Ò¤¥²¥´´Ò° ¸·¥¤¨ ®¶·μÎ¨Ì · ¢´ÒÌ¯: ¢ ±μÉμ-
·μ³ ¡²μ±¨ 2 × 2 ¢ ³ É·¨Í Ì R ¨³¥²¨ μ¸μ¡¥´´μ ¶·μ¸Éμ° ¢¨¤. ‡ ³¥Î É¥²Ó´μ,
ÎÉμ É ±μ¥ ¸´ÖÉ¨¥ ¢Ò·μ¦¤¥´¨Ö ¨³¥¥É ³¥¸Éμ ¨ ¢ ¤·Ê£¨Ì ¸²ÊÎ ÖÌ: ¢¨¤ ³ É·¨Í
R ·¥§±μ Ê¶·μÐ ¥É¸Ö ¢ μ¤´μ³ ¨§ ³´μ£¨Ì ¡ §¨¸μ¢, ´  ¶¥·¢Ò° ¢§£²Ö¤, ´¨Î¥³
´¥ ¢Ò¤¥²¥´´μ³ ¸ ÉμÎ±¨ §·¥´¨Ö ¶·¥¤¸É ¢²¥´¨°  ²£¥¡·Ò ‹¨. „²Ö · ¸±· Ï¥´-
´ÒÌ ³ É·¨Í ÔÉμ Ö¢²¥´¨¥, ¢ Î ¸É´μ¸É¨, ³μ¦´μ ¶·μ¤¥³μ´¸É·¨·μ¢ ÉÓ ¸ ¶μ³μÐÓÕ
± ¡²¨·μ¢ ´¨Ö (¶. 5.1.2): ¸³. ¶·μ¸É¥°Ï¨° ¶·¨³¥· ¢ [15].

�μ¸²¥¤´¨¥ ±μ³¶ÓÕÉ¥·´Ò¥ ¢ÒÎ¨¸²¥´¨Ö Ô²¥³¥´Éμ¢ ³ É·¨Í R (±μÔËË¨Í¨-
¥´Éμ¢ � ± , ¶. 5.1.1) ¢³¥¸É¥ ¸  ´ ²¨§μ³ ¶μ²ÊÎ¥´´ÒÌ ¢Ò· ¦¥´¨° ¶μ§¢μ²¨²¨ ¨¸-
¸²¥¤μ¢ ÉÓ ´¥¸±μ²Ó±μ ¨´É¥·¥¸´ÒÌ ¸²ÊÎ ¥¢ ®R-³ É·¨Î´μ£μ¯ ¸´ÖÉ¨Ö ¢Ò·μ¦¤¥´¨Ö
¶·¨ · §²μ¦¥´¨¨ ¶·μ¨§¢¥¤¥´¨Ö ¶·¥¤¸É ¢²¥´¨° ¶μ ´¥¶·¨¢μ¤¨³Ò³ ¸ ´¥É·¨¢¨ ²Ó-
´Ò³¨ ±· É´μ¸ÉÖ³¨ [57].

� � �

�¥¸³μÉ·Ö ´  ¢¸¥ μ¶¨¸ ´´Ò¥ É·Ê¤´μ¸É¨, ¸¶¨¸μ± μÉ¢¥Éμ¢ ¤²Ö · ¸±· Ï¥´´ÒÌ
R-³ É·¨Í, ±μÉμ·Ò¥ Ê¤ ²μ¸Ó É ± ¨ ¨²¨ ¨´ Î¥ ¶μ²ÊÎ¨ÉÓ ¨ § ¶¨¸ ÉÓ ¢ ¶·¨£μ¤´μ³
¤²Ö  ´ ²¨§  ¢¨¤¥, ¶μ¸ÉμÖ´´μ ¶μ¶μ²´Ö¥É¸Ö [49].

5.2. �μ²¨´μ³Ò Ê§²μ¢ ± ± ËÊ´±Í¨¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° R-³ É·¨Í.
‚ ¶. 2.2 ³Ò ¶μ²ÊÎ¨²¨ ¢Ò· ¦¥´¨¥ (2.34) ¤²Ö μ¶¥· Éμ·μ¢ ¶¥·¥±·¥¸É±μ¢ (± ± ³Ò
É¥¶¥·Ó §´ ¥³ ¨§ · §¤. 4, R-³ É·¨Í), £¤¥ ¢¸¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ μ¶¥· Éμ·μ¢
¡Ò²¨ ¶·¥¤¸É ¢²¥´Ò ± ± ËÊ´±Í¨¨ ¨Ì ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°. �É¨ ¢Ò· ¦¥´¨Ö
¶μ²ÊÎ¨²¨¸Ó ± ± ¸²¥¤¸É¢¨¥ Ê· ¢´¥´¨Ö Ÿ´£ Ä	 ±¸É¥·  (2.12) Å ± ± · § Éμ£μ
Ê¸²μ¢¨Ö Éμ¶μ²μ£¨Î¥¸±μ° ¨´¢ ·¨ ´É´μ¸É¨ (RIII, ·¨¸. 9), ±μÉμ·μ¥ ¤μ¸É¨£ ¥É¸Ö ¸
¶μ³μÐÓÕ R-³ É·¨Í ¢ ± Î¥¸É¢¥ μ¶¥· Éμ·μ¢ ¶¥·¥±·¥¸É±μ¢. �μ¤μ¡´Ò¥ ¢Ò· ¦¥-
´¨Ö ¨§¢¥¸É´Ò ¨ ¢ ¡μ²¥¥ μ¡Ð¨Ì ¸²ÊÎ ÖÌ, ¨ μ¦¨¤ ´¨¥, ÎÉμ μ´¨ ¢¸¥£¤  (¨²¨ Î ¸Éμ)
´ °¤ÊÉ¸Ö, ´ §Ò¢ ÕÉ £¨¶μÉ¥§μ° μ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨ÖÌ R-³ É·¨Í [58]:
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Š¢ ´Éμ¢μ-£·Ê¶¶μ¢Ò¥ ¶μ²¨´μ³Ò Ê§²μ¢ ¶μ²´μ¸ÉÓÕ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ μ¡-
Ð¨¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö μ¶¥· Éμ·μ¢ ¶¥·¥±·¥¸É±μ¢ (R-³ É·¨Í) ¤²Ö ¶·¥¤-
¸É ¢²¥´¨Ö Ê§²  ¢ ¢¨¤¥ § ³Ò± ´¨Ö ±μ¸Ò.

�  Ö§Ò±¥ É¥μ·¨¨ ¶·¥¤¸É ¢²¥´¨° Éμ ¦¥ ÊÉ¢¥·¦¤¥´¨¥ §´ Î¨É, ÎÉμ Î¥·¥§
¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö R-³ É·¨ÍÒ ¢Ò· ¦ ÕÉ¸Ö ±μÔËË¨Í¨¥´ÉÒ � ±  (¶. 5.1).
‚ ¸¢μÕ μÎ¥·¥¤Ó, £¨¶μÉ¥§  μ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨ÖÌ ³μ¦¥É ¤μ¶μ²´¨ÉÓ ´ ¡μ·
¸·¥¤¸É¢ ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ � ±  ¨ · ¸±· Ï¥´´ÒÌ ¶μ²¨´μ³μ¢ ¨§ ¶·¥-
¤Ò¤ÊÐ¨Ì · §¤¥²μ¢ [51].

„²Ö ³ É·¨Í ¶¥·¥±·¥¸É±μ¢ · §³¥·  2×2 ÔÉ  ¸¨¸É¥³  Ê· ¢´¥´¨° ´  ³ É·¨Î-
´Ò¥ Ô²¥³¥´ÉÒ (2.12) ²¥£±μ ·¥Ï ¥É¸Ö ¨ ¶·¨¢μ¤¨É ± Ö¢´Ò³ Ëμ·³Ê² ³ (2.17) ¤²Ö
³ É·¨ÍÒ μ¶¥· Éμ·  ¢Éμ·μ£μ ¶¥·¥±·¥¸É±  ¢ ¢Ò¡· ´´μ³ ¡ §¨¸¥. �´ ²μ£¨Î´μ¥
¢ÒÎ¨¸²¥´¨¥ ³μ¦´μ ¶·μ¤¥² ÉÓ ¤²Ö ¡²μ±μ¢ 2× 2 ¢ ¸²ÊÎ ¥ · §²¨Î´ÒÌ ¶·¥¤¸É ¢-
²¥´¨° ´  ´¨ÉÖÌ ¨ ¤²Ö ¡²μ±μ¢ · §³¥·  3 × 3 [15]. ’¥³ ´¥ ³¥´¥¥ £¨¶μÉ¥§  μ
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨ÖÌ ¸¶¥·¢  ¡Ò²  ¶·¥¤²μ¦¥´  ¨ ¤μ²£μ¥ ¢·¥³Ö ¶·μ¢¥·Ö-
² ¸Ó Î¨¸Éμ Ô³¶¨·¨Î¥¸±¨, ± ± ¨ Ö¢´Ò¥ Ëμ·³Ê²Ò ¤²Ö ¡²μ±μ¢ · §³¥·μ³ ¤μ 5× 5
(¸³. ¸¸Ò²±¨ ¢ [58]). �¥¤ ¢´μ ¢¸¥ ÔÉμ Ê¤ ²μ¸Ó ¢Ò¢¥¸É¨ (¤²Ö ¡²μ±μ¢ ¶·μ¨§-
¢μ²Ó´μ£μ · §³¥· ) ¤²Ö ¸¨³³¥É·¨Î¥¸±¨Ì ¶·¥¤¸É ¢²¥´¨° ¸ ¶μ³μÐÓÕ ¨Ì ¸¶¥Í¨-
Ë¨Î¥¸±¨Ì ¸¨³³¥É·¨° [59]. ‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¨¸¸²¥¤Ê¥É¸Ö μ¡· É´ Ö § ¤ Î :
¶μ¨¸±  ´μ¢ÒÌ ¸¨³³¥É·¨° ¡μ²¥¥ μ¡Ð¨Ì ¶·¥¤¸É ¢²¥´¨° ¸ ¶μ³μÐÓÕ £¨¶μÉ¥§Ò μ
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨ÖÌ, ±μ£¤  ¥¸ÉÓ ¥¥ ´¥§ ¢¨¸¨³Ò¥ ¶μ¤É¢¥·¦¤¥´¨Ö [60].

5.3. Š¢ ´Éμ¢μ-£·Ê¶¶μ¢ Ö ¸¨¸É¥³ É¨±  ¶μ²¨´μ³μ¢ Ê§²μ¢. � §¢¨É¨¥ R-³ É-
·¨Î´ÒÌ ³¥Éμ¤μ¢ ¢ É¥μ·¨¨ Ê§²μ¢ ¶·¥¦¤¥ ¢¸¥£μ ¶μ§¢μ²Ö¥É ¶¥·¥¸³μÉ·¥ÉÓ ± É ²μ£
¶μ²¨´μ³μ¢ ¨§ É ¡². 1.

5.3.1. � ¸±· Ï¥´´Ò¥ ¶μ²¨´μ³Ò: μ¡Ò±´μ¢¥´´Ò¥ ¨ Ô±§μÉ¨Î¥¸±¨¥. �¸´μ-
¢Ê ±² ¸¸¨Ë¨± Í¨¨ ¶μ-¶·¥¦´¥³Ê ¸μ¸É ¢²ÖÕÉ (· ¸±· Ï¥´´Ò¥) ¶μ²¨´μ³Ò
•�Œ”‹ˆ ¨ Š ÊËË³ ´ , ¶·¨Î¥³ ¶μ²¨´μ³Ò „¦μ´¸  ¨ �²¥±¸ ´¤¥·  ¢μ§´¨± -
ÕÉ ± ± Î ¸É´Ò¥ ¸²ÊÎ ¨ ¶¥·¢ÒÌ. �É¨ ¶μ²¨´μ³Ò ¶μ²ÊÎ ÕÉ¸Ö ¨§ ±¢ ´Éμ¢ÒÌ
R-³ É·¨Í ¤²Ö ±μ´¥Î´μ³¥·´ÒÌ ¶·¥¤¸É ¢²¥´¨° μ¸´μ¢´ÒÌ (·¥£Ê²Ö·´ÒÌ) ¸¥·¨°
 ²£¥¡· ‹¨: an ≡ sun−1 (•�Œ”‹ˆ), bn ≡ so2n+1, cn ≡ sp2n, dn ≡ so2n

(Š ÊËË³ ´ ). ’ ±¦¥ ³μ¦´μ · ¸¸³μÉ·¥ÉÓ R-³ É·¨Î´Ò¥ ¶μ²¨´μ³Ò Ê§²μ¢, ¸¢Ö-
§ ´´Ò¥ ¸ ¤·Ê£¨³¨ (¨¸±²ÕÎ¨É¥²Ó´Ò³¨)  ²£¥¡· ³¨ ‹¨ [44,45]: e6, e7, e8, f4, g2.
®� ¸±· ¸± ¯ ¶μ²¨´μ³  μÉ¢¥Î ¥É ¢Ò¡μ·Ê ¶·¥¤¸É ¢²¥´¨Ö  ²£¥¡·Ò (· §¡μ· Ö¢-
´ÒÌ Ëμ·³Ê² ³μ¦´μ ´ °É¨, ´ ¶·¨³¥·, ¢ μ¡§μ·¥ [39]); ¢ Î ¸É´μ¸É¨, ¶·μ¸ÉÒ¥
(´¥· ¸±· Ï¥´´Ò¥) ¶μ²¨´μ³Ò μÉ¢¥Î ÕÉ ËÊ´¤ ³¥´É ²Ó´μ³Ê (¢¥±Éμ·´μ³Ê) ¶·¥¤-
¸É ¢²¥´¨Õ.

5.3.2. “´¨¢¥·¸ ²Ó´Ò¥ ¶μ²¨´μ³Ò. „²Ö ´¥±μÉμ·ÒÌ ¶·¥¤¸É ¢²¥´¨° (´  ¤ ´-
´Ò° ³μ³¥´É ¤²Ö ËÊ´¤ ³¥´É ²Ó´μ£μ ¨ ¶·¨¸μ¥¤¨´¥´´μ£μ) Ê¤ ¥É¸Ö · ¸¸³μÉ·¥ÉÓ
¸· §Ê ¢¸¥  ²£¥¡·Ò ‹¨ ∗ ¨ ¢¢¥¸É¨ É ± ´ §Ò¢ ¥³Ò¥ Ê´¨¢¥·¸ ²Ó´Ò¥ ¶μ²¨´μ³Ò,
μ¶¨¸Ò¢ ÕÐ¨¥ ´¥¶·¥·Ò¢´Ò¥ ¶¥·¥Ìμ¤Ò ³¥¦¤Ê ¶μ²¨´μ³ ³¨ ¤²Ö · §²¨Î´ÒÌ  ²-
£¥¡· (¸³. [45] ¨ ¶·¨¢¥¤¥´´Ò¥ É ³ ¸¸Ò²±¨).

∗’μÎ´¥¥, ¢¸¥  ²£¥¡·Ò ‹¨, ¢Ìμ¤ÖÐ¨¥ ¢ ±² ¸¸¨Ë¨± Í¨Õ Š ·É ´  [31].
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5.3.3. �μ²¨´μ³Ò ¤²Ö μ¸μ¡¥´´ÒÌ ®±¢ ´Éμ¢ ´¨°¯. ‚ ¶. 3.2.4 ³Ò Ê¡¥¤¨-
²¨¸Ó, ÎÉμ R-³ É·¨Î´Ò° ¶μ²¨´μ³ Ê§²  ´  ¸ ³μ³ ¤¥²¥ ¸¢Ö§ ´ ´¥ ¶·μ¸Éμ ¸  ²£¥-
¡·μ° ‹¨ g,   ¸ ¥¥ Ê´¨¢¥·¸ ²Ó´μ° ±¢ ´Éμ¢μ° μ¡¥·ÉÒ¢ ÕÐ¥° Uq(g). �·¨ ÔÉμ³
¢¸¥ ¸± § ´´μ¥ ¤μ ¸¨Ì ¶μ·, ¸É·μ£μ £μ¢μ·Ö, μÉ´μ¸¨²μ¸Ó ± ¸²ÊÎ Õ μ¡Ð¥£μ ¶μ²μ-
¦¥´¨Ö ®±¢ ´Éμ¢μ£μ¯ ¶ · ³¥É·  q: ¨¸±²ÕÎ Ö §´ Î¥´¨Ö q ¢ ±μ·´ÖÌ ¥¤¨´¨ÍÒ,
q = exp ((2πi)/k) ¤²Ö k ∈ Z. ‚ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ ¶·¥¤¸É ¢²¥´¨Ö ±¢ ´Éμ¢ÒÌ
Ê´¨¢¥·¸ ²Ó´ÒÌ μ¡¥·ÉÒ¢ ÕÐ¨Ì ¸ÊÐ¥¸É¢¥´´μ μÉ²¨Î ÕÉ¸Ö μÉ ¶·¥¤¸É ¢²¥´¨° ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨Ì ®±² ¸¸¨Î¥¸±¨Ì¯  ²£¥¡· ‹¨ [61]. ’¥³ ´¥ ³¥´¥¥ ¤²Ö ¶·¥¤¸É ¢²¥-
´¨° ¢ ±μ·´ÖÌ ¥¤¨´¨ÍÒ ¶μ-¶·¥¦´¥³Ê ¸¶· ¢¥¤²¨¢μ ¢Ò· ¦¥´¨¥ ¤²Ö R-³ É·¨ÍÒ
¢ ¢¨¤¥ Ëμ·³ ²Ó´μ£μ ·Ö¤  ¶μ μ¡· §ÊÕÐ¨³  ²£¥¡·Ò, ÎÉμ, ¢ ¶·¨´Í¨¶¥, ¶μ§¢μ²Ö¥É
¢ÒÎ¨¸²ÖÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶μ²¨´μ³Ò Ê§²μ¢ ¢ ¤ÊÌ¥ [39]. �¤´ ±μ ¤ ¦¥ ¤²Ö É¥Ì
¶·¥¤¸É ¢²¥´¨°, ±μÉμ·Ò¥ ¸μÌ· ´ÖÕÉ ¸¢μ¨ ¸¢μ°¸É¢  ¢ ±μ·´ÖÌ ¥¤¨´¨ÍÒ, ¶μ²¨-
´μ³Ò ¢ ÔÉ¨Ì μ¸μ¡ÒÌ ÉμÎ± Ì ¶·¨μ¡·¥É ÕÉ ·Ö¤ ¸¶¥Í¨Ë¨Î¥¸±¨Ì ¸¢μ°¸É¢ [62,63].

�¸μ¡´Ö±μ³ ¸Éμ¨É ¸²ÊÎ ° q = 1. ’μ£¤  ¤²Ö μ¡· §ÊÕÐ¨Ì ±¢ ´Éμ¢μ° £·Ê¶¶Ò
¢μ¸¸É ´ ¢²¨¢ ÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö μ¡ÒÎ´μ°  ²£¥¡·Ò ‹¨ (±μ³³ÊÉ Í¨¨ ¨ ±μ¶·μ-
¨§¢¥¤¥´¨Ö, ¸³. ¶. 3.2.3). �¤´ ±μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨´¢ ·¨ ´ÉÒ (¸¶¥Í¨ ²Ó´Ò¥
¶μ²¨´μ³Ò) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, Éμ²Ó±μ ¶¥·¥Ìμ¤Ö ± ¶·¥¤¥²Ê ¶·¨ q → 1 ¢ μ¡Ð¨Ì
¢Ò· ¦¥´¨ÖÌ ¤²Ö ®±¢ ´Éμ¢ÒÌ¯ ¨´¢ ·¨ ´Éμ¢. ‘¶¥Í¨ ²Ó´Ò¥ ¶μ²¨´μ³Ò Ö¢²ÖÕÉ¸Ö
¢ ´¥±μÉμ·μ³ ¸³Ò¸²¥ ¶·μ¸É¥°Ï¨³¨ ¸·¥¤¨ ¶μ²¨´μ³¨ ²Ó´ÒÌ ¨´¢ ·¨ ´Éμ¢ Ê§²μ¢.
’¥³ ´¥ ³¥´¥¥ ¨³¥´´μ ¸ ÔÉ¨³ ¶·¥¤¥²μ³ ¸¢Ö§ ´ ·Ö¤ § ³¥Î É¥²Ó´ÒÌ ´ ¡²Õ¤¥-
´¨°, ±μÉμ·Ò¥ ¶μ§¢μ²ÖÕÉ μ¡´ ·Ê¦¨ÉÓ ´μ¢Ò¥ ¸É·Ê±ÉÊ·Ò ¢ ±¢ ´Éμ¢μ-£·Ê¶¶μ¢ÒÌ
¶μ²¨´μ³ Ì, ¢ Éμ³ Î¨¸²¥ ¤²Ö ¶·μ¨§¢μ²Ó´ÒÌ q [48].

5.3.4. �μ²¨´μ³Ò ¤²Ö ®±μ´Ëμ·³´ÒÌ¯ R-³ É·¨Í. �μ¤ (· ¸±· Ï¥´´Ò³¨)
¶μ²¨´μ³ ³¨ Ê§²μ¢ É· ¤¨Í¨μ´´μ ¶μ´¨³ ÕÉ ¨´¢ ·¨ ´ÉÒ, ¸¢Ö§ ´´Ò¥ ¸ ±μ´¥Î´μ-
³¥·´Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨ ±¢ ´Éμ¢ÒÌ £·Ê¶¶. ˆ³¥´´μ É ±¨¥ ¶μ²¨´μ³Ò ¤μ¶Ê¸-
± ÕÉ É¥´§μ·´Ò¥ ¨²¨ ³ É·¨Î´Ò¥ ¢Ò· ¦¥´¨Ö É¨¶  μ¡¸Ê¦¤ ¢Ï¨Ì¸Ö ¢ · §¤.2, 3,
£¤¥ ± ¦¤Ò° ¨´¤¥±¸ ¶·μ¡¥£ ¥É ¤¨¸±·¥É´Ò° ´ ¡μ· ¡ §¨¸´ÒÌ ¢¥±Éμ·μ¢ ¢ ¶·μ-
¸É· ´¸É¢¥ ¶·¥¤¸É ¢²¥´¨Ö.

�± §Ò¢ ¥É¸Ö, ±¢ ´Éμ¢Ò¥ R-³ É·¨ÍÒ ¢μ§´¨± ÕÉ É ±¦¥ ¢ ¡μ²¥¥ ¸²μ¦´ÒÌ
¸²ÊÎ ÖÌ Å ¤²Ö ®£¨¡·¨¤μ¢¯ · ¸¸³μÉ·¥´´ÒÌ ¢ÒÏ¥ ±¢ ´Éμ¢ÒÌ £·Ê¶¶ ¨ ¡¥¸±μ-
´¥Î´ÒÌ £·Ê¶¶ μ¡Ð¥±μμ·¤¨´ É´ÒÌ (±μ´Ëμ·³´ÒÌ) ¶·¥μ¡· §μ¢ ´¨° ¤¢Ê³¥·´ÒÌ
¶μ¢¥·Ì´μ¸É¥°. ‚ ÔÉμ³ ±μ´É¥±¸É¥ ¢μ§´¨± ÕÉ ´μ¢Ò¥ ¨´¢ ·¨ ´ÉÒ Ê§²μ¢ [42,43].

’ ±¦¥ ¶·¨ ¨§ÊÎ¥´¨¨ ±μ´Ëμ·³´ÒÌ μÉμ¡· ¦¥´¨° ¢μ§´¨± ÕÉ ´¥ μ¡¸Ê¦¤ ¢-
Ï¨¥¸Ö · ´¥¥ ¡¥¸±μ´¥Î´μ³¥·´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ±¢ ´Éμ¢ÒÌ μ¡¥·ÉÒ¢ ÕÐ¨Ì. ‚
¶·μ¸É· ´¸É¢ Ì É ±¨Ì ¶·¥¤¸É ¢²¥´¨° ¡ §¨¸´Ò¥ ¢¥±Éμ·Ò § ¤ ÕÉ¸Ö ´¥¶·¥·Ò¢´Ò³
¶ · ³¥É·μ³, ¨ ¨´É¥£· ²Ò ¶μ ´¥³Ê § ´¨³ ÕÉ ³¥¸Éμ É¥´§μ·´ÒÌ ¸¢¥·Éμ±, ¢ Î ¸É-
´μ¸É¨, ¢ ¢Ò· ¦¥´¨ÖÌ ¤²Ö ¨´¢ ·¨ ´Éμ¢ Ê§²μ¢. ‘¢μ°¸É¢  É ±¨Ì ¨´¢ ·¨ ´Éμ¢
μ¡¸Ê¦¤ ÕÉ¸Ö, ´ ¶·¨³¥·, ¢ [46,47].


² £μ¤ ·´μ¸É¨. �¢Éμ· £²Ê¡μ±μ μ¡Ö§ ´ �.
. Œμ·μ§μ¢Ê ¨ �. „.Œ¨·μ´μ¢Ê
§  ³´μ£μ²¥É´¥¥ ±·μ¶μÉ²¨¢μ¥ ´ ÊÎ´μ¥ ·Ê±μ¢μ¤¸É¢μ ¥£μ ´ ÊÎ´μ° · ¡μÉμ°,  
É ±¦¥ …. ‘. ‘Ê¸²μ¢μ° ¨ ‚. ‚. ‘²¥¶Íμ¢μ° (� ¸μ´μ¢μ°) §  ¸μ§¤ ´¨¥ Ê¸²μ¢¨°
¤²Ö É ±μ¢μ°. �¢Éμ· ¡² £μ¤ ·¥´ �. ’.�Ì³¥¤μ¢Ê, �.ˆ. „Ê´¨´Ê-	 ·±μ¢¸±μ³Ê,
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„. ‚.‚ ¸¨²Ó¥¢Ê, …. �. ‚Ò·μ¤μ¢Ê, „. ‚. ƒ ² Ìμ¢Ê, �.�.Œμ·μ§μ¢Ê, �.
. �·²μ¢Ê,
ˆ. ‚.�μ²Õ¡¨´Ê, �. ‚.�μ¶μ²¨Éμ¢Ê, �.�. �μ¸²μ³Ê ¨ �.‚.‘²¥¶Íμ¢Ê §  ¶·μ-
Ö¢²¥´´Ò° ¨´É¥·¥¸ ± · ¡μÉ¥, ¢´¨³ É¥²Ó´μ¥ ¶·μÎÉ¥´¨¥ Î¥·´μ¢¨±μ¢ ´ ¸ÉμÖÐ¥£μ
É¥±¸É  ¨ ³´μ£μÎ¨¸²¥´´Ò¥ ±·¨É¨Î¥¸±¨¥ § ³¥Î ´¨Ö. �¢Éμ· É ±¦¥ ¡² £μ¤ -
·¥´ �. Ÿ.�³¡Ê·£, ƒ. 	. �³¨´μ¢Ê, ‘. 	. �·É ³μ´μ¢Ê, ˆ.�. „ ´¨²¥´±μ, �. ‚. ‡ -
¡·μ¤¨´Ê, �. ‘.Š·Ê£²¨´¸±μ°, �.�.�¥³±μ¢Ê, ‘.�.Œ¨·μ´μ¢Ê, ˜. �.˜ ±¨·μ¢Ê
¨ ¤·Ê£¨³ ÊÎ ¸É´¨± ³ ¸¥³¨´ ·  ² ¡μ· Éμ·¨¨ ³¥Éμ¤μ¢ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¨
ˆ’�” §  ·¥£Ê²Ö·´Ò¥ Ê¢²¥± É¥²Ó´Ò¥ ¨ ¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥´¨Ö. �¢Éμ· É ±¦¥
¡² £μ¤ ·¥´ ˆ.‚.’ÕÉ¨´Ê §  ¶μ¤·μ¡´Ò° · §¡μ· ¢¢μ¤´μ£μ ¶·¨³¥· .

�¢Éμ· μ¸μ¡¥´´μ ¡² £μ¤ ·¥´ ˆ.�. „Ò´´¨±μ¢Ê, �. ‚.Œ ²ÕÉ¨´Ê ¨ Œ. �.Š -
§ ·Ö´Ê §  ¶·μÖ¢²¥´´μ¥ £²Ê¡μ±μ¥ ¢´¨³ ´¨¥ ± · ¡μÉ¥  ¢Éμ·  ¨ Í¥´´Ò¥ μ¡¸Ê-
¦¤¥´¨Ö.

�¢Éμ· ¡² £μ¤ ·¥´ �.’. �Ì³¥¤μ¢Ê, Œ. ˆ. ‚Ò¸μÉ¸±μ³Ê, �. ‚.Œ ·Ï ±μ¢Ê,
‚.�.�μ¢¨±μ¢Ê,   É ±¦¥ ’. ‚.“£²μ¢Ê ¨ ¤·Ê£¨³ μ·£ ´¨§ Éμ· ³ ³μ²μ¤¥¦´μ°
±μ´Ë¥·¥´Í¨¨ ˆ’�” §  ¢μ§³μ¦´μ¸ÉÓ ¢Ò¸ÉÊ¶¨ÉÓ ¶¥·¥¤ ´μ¢μ°, · §´μμ¡· §´μ°
¨ ¢´¨³ É¥²Ó´μ°  Ê¤¨Éμ·¨¥°.

�¢Éμ· ÌμÉ¥² ¡Ò É ±¦¥ ¶μ¡² £μ¤ ·¨ÉÓ ²Õ¤¥°, μÉ±·Ò¢Ï¨Ì ¥³Ê ¶ÊÉÓ ¢ ´ -
Ê±Ê, ¢ μ¸μ¡¥´´μ¸É¨: �.�.�¡·¨±μ¸μ¢ , „. �.�²¥±¸ ´¤·μ¢ , Œ.‚. „ ´¨²μ¢ ,
�. ‚. ‡. �μ§¨± , �.�¸É·¨±μ¢ , ‚.�. ‘²μ¡μ¤Ö´¨´ , ’. ‚. “£²μ¢ , ‚. ‚.˜ ´Ó±μ-
¢  ¨ ‘.�.˜ · ±¨´ .

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ �μ¸¸¨°¸±μ£μ ´ ÊÎ´μ£μ Ëμ´¤  (£· ´É
º16-12-10344).

‘�ˆ‘�Š ‹ˆ’…��’“�›

1. Kauffman L.H. The Interface of Knots and Physics. Singapore: World Sci., 2001.
788 p.

2. Baxter R. J. Exactly Solved Models in Planar Mechanics. London: Acad. Press, 1989.
502 p.

3. �¥Ï¥É¨Ì¨´ �.�., ’ ÌÉ ¤¦Ö´ ‹. �., ” ¤¤¥¥¢ ‹. „. Š¢ ´Éμ¢ ´¨¥ £·Ê¶¶ ‹¨ ¨  ²-
£¥¡· ‹¨ // �²£¥¡·  ¨  ´ ²¨§. 1989. ’. 1. ‘. 178Ä206.

4. „¥³¨¤μ¢ …. Š¢ ´Éμ¢Ò¥ £·Ê¶¶Ò. Œ.: ” ±Éμ·¨ ², 1998. 128 c;
http://fot.pskgu.ru/ebooks/demidoval.html.

5. Œ ´ÉÊ·μ¢ ‚. �. ’¥μ·¨Ö Ê§²μ¢. Œ.; ˆ¦¥¢¸±: ˆ´-É ±μ³¶. ¨¸¸²¥¤., 2005. 512 c.
6. Bar-Natan D., Scott M. et al. The Knot Atlas. http://katlas.org.
7. Alexander J. W. Topological Invariants of Knots and Links // Trans. AMS. 1928. V. 30.

P. 275Ä306.
8. Chmutov S., Duzhin S., Mostovoy J. Introduction to Vassiliev Knot Invariants. Cam-

bridge Univ. Press, 2012. arXiv:1103.5628v3.
9. Jones V. F. R. A Polynomial Invariant for Knots via von Neumann Algebra // Bull.

AMS. 1985. V. 12. P. 103Ä111.
10. Freyd P., Yetter D., Hoste J., Lickorish W. B. R., Millett K., Ocneanu A. A New

Polynomial Invariant of Knots and Links // Ibid. P. 239Ä246.



��‹ˆ��Œ› “‡‹�‚ ˆ‡ R-Œ�’�ˆ–: ‡�—…Œ ’�Š�Ÿ Œ�’…Œ�’ˆŠ�? 779

11. Przytycki J. H., Traczyk P. Invariants of Links of Conway Type // Kobe J. Math. 1988.
V. 4. P. 115Ä139.

12. Kwon B. H. On the HOMFLY Polynomial of 4-Plat Presentations of Knots.
arXiv:1309.5052.

13. Kauffman L. State Models and the Jones Polynomial // Topology. 1987. V. 26. P. 395Ä
407.

14. Morton H. R., Ryder H. J. Mutants and su(3)q Invariants // Geom. Topol. Monogr.
1998. V. 1. P. 365Ä381; arXiv:9810197.

15. �´μÌ¨´  �. ‘., Œμ·μ§μ¢ �. �. �·μÍ¥¤Ê·  ± ¡²¨·μ¢ ´¨Ö ¤²Ö ¶μ²¨´μ³μ¢ •�Œ”‹ˆ //
’Œ”. 2014. ’. 178. ‘. 3Ä68; arXiv:1307.2216.

16. Nawata S., Ramadevi P., Singh V. K. Colored HOMFLY Polynomials Can Distinguish
Mutant Knots. arxiv:1504.00364.

17. Bishler L., Dhara S., Grigoryev T., Mironov A., Morozov A., Morozov An., Rama-
devi P., Singh V. K., Sleptsov A. Distinguishing Mutant Knots. arXiv:2007.12532.

18. �´μÌ¨´  �. ‘. �μ²¨´μ³Ò Ê§²μ¢ ¨§ R-³ É·¨Í: ¶·¨ Î¥³ §¤¥¸Ó Ë¨§¨± ? // �—�Ÿ.
2020. ’. 51. ‘. 223Ä314.

19. Reshetikhin N. Y., Turaev V. G. Ribbon Graphs and Their Invariants Derived from
Quantum Groups // Commun. Math. Phys. 1990. V. 127. P. 1Ä26.

20. Kaul R. K. ChernÄSimons Theory, Colored-Oriented Braids and Link Invariants //
Commun. Math. Phys. 1994. V. 162. P. 289Ä320; arXiv:9305032.

21. Khovanov M. A Categoriˇcation of the Jones Polynomial // Duke Math. J. 2000.
V. 101. P. 359Ä426.

22. Dunˇeld N.M., Gukov S., Rasmussen J. The Superpolynomial for Knot Homologies //
Exp. Math. 2006. V. 15. P. 129Ä159; arXiv:0505662.

23. Bar-Natan D. On the Vassiliev Knot Invariants // Topology. 1995. V. 34. P. 423Ä472.
24. Bonatsos D., Daskaloyannis C. Quantum Groups and Their Applications in Nuclear

Physics // Prog. Part. Nucl. Phys. 1999. V. 43. P. 537Ä618; arXiv:9909003.
25. Œμ·μ§μ¢ �. �. “´¨É ·´Ò¥ ¨´É¥£· ²Ò ¨ ¸¢Ö§ ´´Ò¥ ¸ ´¨³¨ ³ É·¨Î´Ò¥ ³μ¤¥²¨ //

’Œ”. 2010. ’. 162, º 1. ‘. 3Ä40; arXiv:0906.3518.
26. Œμ·μ§μ¢ �. �. ˆ´É¥£·¨·Ê¥³μ¸ÉÓ ¨ ³ É·¨Î´Ò¥ ³μ¤¥²¨ // “”�. 1994. ’. 164, º1.

‘. 3Ä62.
27. Chan C. T., Mironov A., Morozov A., Sleptsov A. Orthogonal Polynomials in Mathe-

matical Physics // Rev. Math. Phys. 2018. V. 30, No. 6. P. 1840005; arXiv:1712.03155.
28. Mironov A., Morozov A., Morozov An. Character Expansion for HOMFLY Polynomi-

als. II. Fundamental Representation. Up to Five Strands in Braid // JHEP. 2012. V. 03,
No. 034; arXiv:1112.2654.

29. ˜ ¶¨·μ „. �·¥¤¸É ¢²¥´¨Ö £·Ê¶¶ ¨ ¨Ì ¶·¨³¥´¥´¨¥ ¢ Ë¨§¨±¥. �μ¢μ¸¨¡¨·¸±: Š’”
�ƒ“, 2004. 123 c.; http://ind.pskgu.ru/ebooks/shapirodaal2.html.

30. ˆ¸ ¥¢ �. �., �Ê¡ ±μ¢ ‚. �. ’¥μ·¨Ö £·Ê¶¶ ¨ ¸¨³³¥É·¨°. Œ.: URSS, 2018. 504 c.;
http://ind.pskgu.ru/ebooks/shapirodaal2.html.

31. Georgi H. Lie Algebras in Particle Physics. From Isospin to Uniˇed Theories. Boulder:
Westview Press, 1999. 344 p.

32. Jones V. F. R. Hecke Algebra Representations of Braid Groups and Link Polynomials //
Ann. Math. 1989. V. 126. P. 335Ä388.

33. „·¨´Ë¥²Ó¤ ‚. ƒ. Š¢ ´Éμ¢Ò¥ £·Ê¶¶Ò // ‡ ¶. ´ ÊÎ. ¸¥³¨´ ·  ‹�Œˆ. 1986. ’. 155.
‘. 18Ä49.



780 ���•ˆ�� �.‘.

34. Francesco P. D., Mathieu P., S�en�echal D. Conformal Field Theory. New York:
Springer, 1997. 890 p.

35. Kirillov A. N., Reshetikhin N. q-Weyl Group and a Multiplicative Formula for Universal
R-Matrices // Commun. Math. Phys. 1990. V. 134. P. 527Ä533.

36. Rosso M., Jones V. On the Invariants of Torus Knots Derived from Quantum Groups //
J. Knot Theory Ramif. 1993. V. 2. P. 97Ä112.

37. Jimbo M. A q-Analogue of Uq(gl(N + 1)), Hecke Algebra and the YangÄBaxter
Equation // Lett. Math. Phys. 1986. V. 11. P. 247Ä252.

38. Turaev V. G. The YangÄBaxter Equation and Invariants of Links // Invent. Math. 1988.
V. 92. P. 527Ä533.

39. Morozov A., Smirnov A. ChernÄSimons Theory in the Temporal Gauge and Knot
Invariants through the Universal Quantum R-Matrix // Nucl. Phys. B. 2010. V. 835.
P. 284Ä313; arXiv:1001.2003.

40. Kirillov A. N., Reshetikhin N. Y. Representations of the Algebra Uq(sl(2)), q-Or-
thogonal Polynomials and Invariants of Links // Inˇnite Dimensional Lie Algebras
and Groups. Singapore: World Sci., 1989. P. 285Ä339; https://math.berkeley.edu/
reshetik/Publications/q6j-KR.pdf.

41. Khovanov M., Rozansky L. Matrix Factorizations and Link Homology // Fund. Math.
2008. V. 199. P. 1Ä91; arXiv:0401268.

42. Ramadevi P., Govindarajan T., Kaul R. Knot Invariants from Rational Conformal
Field Theories // Nucl. Phys. B. 1994. V. 422. P. 291Ä306; arXiv:9312215.

43. Alekseev O., Novaes F. Wilson Loop Invariants from WN Conformal Blocks // Nucl.
Phys. B. Commun. 2015. V. 901. P. 461Ä479; arXiv:1505.06221.

44. Bracken A. J., Gould M.D., Zhang R. B. Quantum Group Invariants and Link Polyno-
mials // Commun. Math. Phys. 1991. V. 137, No. 1. P. 13Ä21.

45. Mironov A., Morozov A. Universal Racah Matrices and Adjoint Knot Polynomials. I.
Arborescent Knots // Phys. Lett. B. 2016. V. 755. P. 47Ä57; arXiv:1511.09077.

46. ƒ ² Ìμ¢ „.Œ., Œ¨·μ´μ¢ �. „., Œμ·μ§μ¢ �. �. SU(2)/SL(2)-¨´¢ ·¨ ´ÉÒ Ê§²μ¢
¨ ³μ´μ¤·μ³¨¨ Šμ´Í¥¢¨Î Ä‘μ°¡¥²Ó³ ´  // ’Œ”. 2016. T. 187, º2. C. 263Ä282;
arXiv:1510.05366.

47. Galakhov D., Melnikov D., Mironov A., Morozov An. Knot Invariants from Virasoro
Related Representation and Pretzel Knots // Nucl. Phys. B. 2015. V. 899. P. 194Ä228;
arXiv:1502.02621.

48. Sleptsov A. Hidden Structures of Knot Invariants // Intern. J. Mod. Phys. A. 2014.
V. 29, No. 29.

49. Morozov A., Sleptsov A. et al. The Knotebook. www.knotebook.org.
50. Gould M.D., Zhang Y. Z. Quantum Afˇne Lie Algebras, Casimir Invariants and Di-

agonalization of the Braid Generator // J. Math. Phys. 1994. V. 35. P. 6757Ä6773;
arXiv:9311041.

51. Dhara S., Mironov A., Morozov A., Morozov An., Ramadevi P., Singh V. K., Sleptsov A.
Multicolored Links from 3-Strand Braids Carrying Arbitrary Symmetric Representa-
tions // Ann. Henri Poincar�e. 2019. V. 20, No. 12. P. 4033Ä4054; arXiv:1805.03916.

52. Mironov A., Morozov A., Morozov An., Sleptsov A. Racah Matrices and Hidden Integra-
bility in Evolution of Knots // Phys. Lett. B. 2016. V. 760. P. 45Ä58; arXiv:1605.04881.

53. Bai C., Jiang J., Liang J., Mironov A., Morozov A., Morozov An., Sleptsov A. Quantum
Racah Matrices up to Level 3 and Multicolored Link Invariants // J. Geom. Phys. 2018.
V. 132. P. 155Ä180; arXiv:1801.09363.



��‹ˆ��Œ› “‡‹�‚ ˆ‡ R-Œ�’�ˆ–: ‡�—…Œ ’�Š�Ÿ Œ�’…Œ�’ˆŠ�? 781

54. Mironov A., Morozov A., Morozov An., Sleptsov A. Quantum Racah Matrices and
3-Strand Braids in Irreps R with |R| = 4 // JETP Lett. 2016. V. 104. P. 56Ä61;
arXiv:1605.03098.

55. Jie Gu H. J. A Note on Colored HOMFLY Polynomials for Hyperbolic Knots from
WZW Models // Commun. Math. Phys. 2015. V. 338. P. 393Ä456; arXiv:1407.5643.

56. Mironov A., Morozov A., Morozov An., Ramadevi P., Singh V. K., Sleptsov A. Tabulat-
ing Knot Polynomials for Arborescent Knots // J. Phys. A: Math. Theor. 2017. V. 50,
No. 085201; arXiv:1601.04199.

57. Bishler L., Morozov A., Sleptsov A., Shakirov S. On the Block Structure of the Quantum
R-Matrix in the Three-Strand Braids // Intern. J. Mod. Phys. A. 2018. V. 33, No. 17.
P. 1850105; arXiv:1712.07034.

58. Dhara S., Mironov A., Morozov A., Morozov An., Ramadevi P., Singh V. K., Sleptsov A.
Eigenvalue Hypothesis for Multi-Strand Braids // Phys. Rev. D. 2018. V. 97, No. 12.
P. 126015; arXiv:1711.10952.

59. Morozov And., Sleptsov A. New Symmetries for the Uq(sln) 6-j Symbols from the
Eigenvalue Conjecture // JETP Lett. 2018. V. 108. P. 697Ä704; arXiv:1905.01876.

60. Alekseev V., Morozov And., Sleptsov A. Interplay between Symmetries of Quantum 6-j
Symbols and the Eigenvalue Hypothesis. arXiv:1909.07601. 2019.

61. Klimyk A., Schméudgen K. Quantum Groups and Their Representations. Berlin; Heidel-
berg: Springer, 2012. 552 p.

62. Kononov Ya., Morozov A. Factorization of Colored Knot Polynomials at Roots of
Unity // Phys. Lett. B. 2015. V. 747. P. 500Ä510; arXiv:1505.06170.

63. Calegari F., Garoufalidis S., Zagier D. Bloch Groups, Algebraic K-Theory, Units,
and Nahm's Conjecture. arXiv:1712.04887. 2017.


