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�. �. —¥·´¨±μ¢
�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

“¸É ´μ¢²¥´  ¸¢Ö§Ó ¶·¥μ¡· §μ¢ ´¨Ö �μ£μ²Õ¡μ¢  ¢ É¥μ·¨¨ ¸¢¥·ÌÉ¥±ÊÎ¥¸É¨ ¸ ¶² ´¨³¥É·¨¥° ‹μ¡ -
Î¥¢¸±μ£μ ¢ ¤¢ÊÌ ±μ´Ëμ·³´μ-¥¢±²¨¤μ¢ÒÌ ³μ¤¥²ÖÌ �Ê ´± ·¥. � · ³¥É· ÔÉμ£μ ¶·¥μ¡· §μ¢ ´¨Ö, Ö¢²ÖÖ¸Ó
±μ³¶²¥±¸´Ò³ Î¨¸²μ³ ¸ ³μ¤Ê²¥³ < 1, ¶·¥¤¸É ¢²¥´ ± ± · ¤¨Ê¸-¢¥±Éμ· ´  ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ.

The relation between the Bogolyubov transformation in the theory of super�uidity and the
Lobachevsky planimetry in the two Poincare models is established. The parameter of the transformation,
being a complex number with the modulus < 1, is presented as a radius-vector on a Lobachevsky plane.

1. ��…����‡�‚��ˆ… ��ƒ�‹���‚�

21 μ±ÉÖ¡·Ö 1946 £. ´  ¸¥¸¸¨¨ ”¨§¨±μ-³ É¥³ É¨Î¥¸±μ£μ μÉ¤¥²¥´¨Ö �± ¤¥³¨¨ ´ Ê±
‘μÕ§  ‘μ¢¥É¸±¨Ì ‘μÍ¨ ²¨¸É¨Î¥¸±¨Ì 	¥¸¶Ê¡²¨± 
.
. �μ£μ²Õ¡μ¢ (1909Ä1992) ¢Ò¸ÉÊ¶¨² ¸
¤μ±² ¤μ³ μ · §¢¨Éμ° ¨³ ±¢ ´Éμ¢μ° ³¨±·μ¸±μ¶¨Î¥¸±μ° É¥μ·¨¨ ¸¢¥·ÌÉ¥±ÊÎ¥¸É¨ [1, ¸. 215].

Š £ ³¨²ÓÉμ´¨ ´Ê ¸¢¥·ÌÉ¥±ÊÎ¥° ¸¨¸É¥³Ò �μ£μ²Õ¡μ¢ ¶·¨³¥´¨² § ³¥Î É¥²Ó´μ¥ ¶·¥μ¡· -
§μ¢ ´¨¥

Ef =
Bf − LfB+

−f√
1 − |Lf |2

, E+
f =

B+
f − L̄fB−f√

1 − |Lf |2
(1)

¡μ§¥-μ¶¥· Éμ·μ¢, ´ §Ò¢ ¥³μ¥ ¶·¥μ¡· §μ¢ ´¨¥³ �μ£μ²Õ¡μ¢ .
‚ · ¢¥´¸É¢ Ì [1] Î¥·¥§ Lf ¨ L̄f μ¡μ§´ Î¥´Ò ±μ³¶²¥±¸´Ò¥ ¢§ ¨³´μ ¸μ¶·Ö¦¥´´Ò¥

Î¨¸² , Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ Ê¸²μ¢¨Õ |Lf | < 1. �·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ³´μ¦¥¸É¢μ Î¨¸¥² Lf

¸¨³³¥É·¨Î´μ μÉ´μ¸¨É¥²Ó´μ § ³¥´Ò ¨´¤¥±¸  f ´  −f (¸³. [1, c. 218]), É. ¥.

L−f = Lf . (2)

�μÔÉμ³Ê ¢¸Ö±ÊÕ ¶ ·Ê (f,−f) ¢§ ¨³´μ ¶·μÉ¨¢μ¶μ²μ¦´ÒÌ ¨´¤¥±¸μ¢ ³μ¦´μ · ¸¸³ É·¨-
¢ ÉÓ μÉ¤¥²Ó´μ μÉ μ¸É ²Ó´ÒÌ É ±¨Ì ¶ ·.

	 §´μ¸É¨ ¨ ¸Ê³³Ò

Af = Bf − B−f , Uf = Ef − E−f , Cf = Bf + B−f , Vf = Ef + E−f (3)

¡μ§¥-μ¶¥· Éμ·μ¢ ¸ ¢§ ¨³´μ ¶·μÉ¨¢μ¶μ²μ¦´Ò³¨ ¨´¤¥±¸ ³¨ ¶·¥μ¡· §ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨³
μ¡· §μ³:

Uf =
Af + LfA+

f√
1 − |LF |2

, U+
f =

A+
f + L̄fAf√
1 − |LF |2

, (4)
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Vf =
Cf − LfC+

f√
1 − |LF |2

, V +
f =

C+
f − L̄fCf√
1 − |LF |2

. (5)

� ·  ¶·¥μ¡· §μ¢ ´¨° (4), (5) Ô±¢¨¢ ²¥´É´  ¶·¥μ¡· §μ¢ ´¨Õ (1). „ ²ÓÏ¥ ¨´¤¥±¸ f ³Ò
¡Ê¤¥³ μ¶Ê¸± ÉÓ.

� · ³¥É· L ¶·¥μ¡· §μ¢ ´¨Ö �μ£μ²Õ¡μ¢  ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

L = th
ρ

2
eiϕ, (6)

£¤¥ ρ ¨ ϕ Å ¢¥Ð¥¸É¢¥´´Ò¥ Î¨¸² . ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¶·¥μ¡· §μ¢ ´¨¥

U = ch
ρ

2
A + sh

ρ

2
eiϕ A+,

U+ = sh
ρ

2
e−iϕ A + ch

ρ

2
A+

(7)

¤²Ö · §´μ¸É¨ ¨ μ¡· É´μ¥ ¶·¥μ¡· §μ¢ ´¨¥

V = ch
ρ

2
C − sh

ρ

2
eiϕ C+,

V + = −sh
ρ

2
e−iϕ C + ch

s

2
C+

(8)

¤²Ö ¸Ê³³Ò ¡μ§¥-μ¶¥· Éμ·μ¢.

2. „�����-‹ˆ�…‰��… ��…����‡�‚��ˆ…
�‹�‘Š�‘’ˆ Š�Œ�‹…Š‘��ƒ� �…�…Œ…���ƒ�,

’…‘�� ‘‚Ÿ‡����… ‘ ��…����‡�‚��ˆ…Œ ��ƒ�‹���‚�

„·μ¡´μ-²¨´¥°´μ¥ ¶·¥μ¡· §μ¢ ´¨¥

f(z) =
z ch

ρ

2
+ sh

ρ

2
eiϕ

z sh
ρ

2
e−iϕ + ch

ρ

2

(9)

É¥¸´μ ¸¢Ö§ ´μ ¸ ²¨´¥°´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³ (7).
‡ ³¥É¨³, ÎÉμ

f(0) = th
ρ

2
eiϕ = L. (10)

’ ±¨³ μ¡· §μ³, ÉμÎ±  ¸  ËË¨±¸μ³ z = 0 μÉμ¡· ¦ ¥É¸Ö ´  ÉμÎ±Ê ¸  ËË¨±¸μ³ z = L,
· ¢´Ò³ ¶ · ³¥É·Ê (6) ¶·¥μ¡· §μ¢ ´¨Ö �μ£μ²Õ¡μ¢ .

�·¨ § ¤ ´´μ³ §´ Î¥´¨¨ ¶ · ³¥É·  ϕ ³´μ¦¥¸É¢μ ¶·¥μ¡· §μ¢ ´¨° (7) Ö¢²Ö¥É¸Ö £·Ê¶¶μ°
¸  ¤¤¨É¨¢´Ò³ ¶ · ³¥É·μ³ ρ, É ± ± ±

f
(
th

s

2
eiϕ

)
=

th
s

2
ch

ρ

2
+ sh

ρ

2
th

s

2
sh

ρ

2
+ ch

ρ

2

eiϕ = th
s + ρ

2
eiϕ. (11)
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�·¨ É ±¨Ì ¶·¥μ¡· §μ¢ ´¨ÖÌ ¤¢¥ ¤¨ ³¥É· ²Ó´μ ¶·μÉ¨¢μ¶μ²μ¦´Ò¥ ÉμÎ±¨ μ±·Ê¦´μ¸É¨ |z| =
1 ¸  ËË¨±¸ ³¨ ±eiϕ μ¸É ÕÉ¸Ö ´  ³¥¸É¥, É ± ± ±

f(±eiϕ) = ±eiϕ. (12)

‘μ£² ¸´μ · ¢¥´¸É¢Ê (11) ¤¨ ³¥É· μ±·Ê¦´μ¸É¨ |z| = 1, ¸μ¥¤¨´ÖÕÐ¨° ´¥¶μ¤¢¨¦´Ò¥ ÉμÎ±¨
¸  ËË¨±¸ ³¨ (12), ¶·¥μ¡· §Ê¥É¸Ö ¸ ³ ¢ ¸¥¡Ö.

	 ¸¸³ É·¨¢ ¥³ Ö £·Ê¶¶  ¨§μ³μ·Ë´  £·Ê¶¶¥ ¶·¥μ¡· §μ¢ ´¨° (7) ¶·¨ ϕ = 0, ¨§μ³μ·Ë-
´μ° £·Ê¶¶¥ ¸¶¥Í¨ ²Ó´ÒÌ ¶·¥μ¡· §μ¢ ´¨° �μ£μ²Õ¡μ¢ , μ ±μÉμ·μ° ¸³. [2].

„¢ÊÌ¶ · ³¥É·¨Î¥¸±μ¥ ³´μ¦¥¸É¢μ ¶·¥μ¡· §μ¢ ´¨° (7) ´¥ Ö¢²Ö¥É¸Ö £·Ê¶¶μ°. �´μ Ö¢²Ö-
¥É¸Ö ¶μ¤³´μ¦¥¸É¢μ³ £·Ê¶¶Ò É·¥Ì¶ · ³¥É·¨Î¥¸±μ° £·Ê¶¶Ò ¶·¥μ¡· §μ¢ ´¨°

U = MA + NA+,

U+ = N̄A + M̄A+,
(13)

£¤¥ M ¨ N Å ±μ³¶²¥±¸´Ò¥ Î¨¸² , Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ Ê¸²μ¢¨Õ

|M |2 − |N |2 = 1. (14)

C ¶·¥μ¡· §μ¢ ´¨¥³ (13) É¥¸´μ ¸¢Ö§ ´  ËÊ´±Í¨Ö

F (z) =
Mz + N

N̄z + M̄
. (15)

�É³¥É¨³ ¸²¥¤ÊÕÐ¨¥ ¤¢  · ¢¥´¸É¢ , ¢Ò¶μ²´ÖÕÐ¨Ì¸Ö ¶·¨ Ê¸²μ¢¨¨ (14),

1 − FF̄ =
1 − zz̄

(N̄z + M̄)(Nz̄ + M)
, (16)

dF =
dz

(N̄z + M̄)2
, (17)

¨§ ±μÉμ·ÒÌ ¸²¥¤Ê¥É É·¥ÉÓ¥ · ¢¥´¸É¢μ

dFdF̄

(1 − FF̄ )2
=

dzdz̄

(1 − zz̄)2
. (18)

‘μ£² ¸´μ ¶¥·¢μ³Ê ¨§ ÔÉ¨Ì · ¢¥´¸É¢, ¥¸²¨ ÉμÎ±  z ²¥¦¨É ¢ ±·Ê£¥ |z| < 1, Éμ ¨ ÉμÎ± 
F (z) ²¥¦¨É ¢ ÔÉμ³ ¦¥ ±·Ê£¥,   ¥¸²¨ ÉμÎ±  z ²¥¦¨É ´  μ±·Ê¦´μ¸É¨ |z| = 1, Éμ ¨ ÉμÎ±  F (z)
²¥¦¨É ´  ÔÉμ° ¦¥ μ±·Ê¦´μ¸É¨. ‘μ£² ¸´μ É·¥ÉÓ¥³Ê ¨§ ÔÉ¨Ì · ¢¥´¸É¢, § ¤ ¢ ¥³ Ö ¨³ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´ Ö ±¢ ¤· É¨Î´ Ö Ëμ·³  ¶·¨ μÉμ¡· ¦¥´¨¨ ±·Ê£  ´  ¸ ³μ£μ ¸¥¡Ö, § ¤ ¢ ¥³μ³
ËÊ´±Í¨¥° (15), ¸μÌ· ´Ö¥É¸Ö.

‡ ³¥É¨³, ÎÉμ ±μ³¶²¥±¸´Ò¥ Î¨¸²  M ¨ N , Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ Ê¸²μ¢¨Õ (14), ¢Ò· ¦ ÕÉ¸Ö
Î¥·¥§ ¢¥Ð¥¸É¢¥´´Ò¥ Î¨¸²  ρ, ϕ ¨ μ ¢ ¢¨¤¥

M = eiμ/2 ch
ρ

2
, N = eiμ/2 sh

ρ

2
eiϕ. (19)

‘μμÉ¢¥É¸É¢¥´´μ, F (z) = eiμf(z). ‘³. μ¡ ÔÉμ³ [7, c. 121].
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3. ‘‚Ÿ‡œ ��…����‡�‚��ˆŸ ��ƒ�‹���‚�
‘ ƒ…�Œ…’�ˆ…‰ ‹���—…‚‘Š�ƒ�

12 (24) Ë¥¢· ²Ö 1826 £. ´a § ¸¥¤ ´¨¨ ”¨§¨±μ-³ É¥³ É¨Î¥¸±μ£μ μÉ¤¥²¥´¨Ö Š § ´¸±μ£μ
Ê´¨¢¥·¸¨É¥É  
.ˆ. ‹μ¡ Î¥¢¸±¨° (1792Ä1856) ¤μ²μ¦¨² μ ¸¢μ¥³ μÉ±·ÒÉ¨¨ ´μ¢μ° £¥μ³¥-
É·¨¨.

�¡ ¨¸Éμ·¨¨ μÉ±·ÒÉ¨Ö £¥μ³¥É·¨¨ ‹μ¡ Î¥¢¸±μ£μ ¸³. [3, 4].

¥ ¶μ²ÊÎ¨¢ ¶μ¤¤¥·¦±¨ ˆ³¶¥· Éμ·¸±μ° ‘ ´±É-�¥É¥·¡Ê·£¸±μ° �± ¤¥³¨¨ ´ Ê±, ‹μ¡ -

Î¥¢¸±¨° μ¶Ê¡²¨±μ¢ ² ¸μÎ¨´¥´¨¥ [5] ¢ ± § ´¸±μ³ ¦Ê·´ ²¥.
�Éμ ¸μÎ¨´¥´¨¥ ¸ ±μ³³¥´É ·¨Ö³¨ �.�.ŠμÉ¥²Ó´¨±μ¢  (1865Ä1944) ¡Ò²μ μ¶Ê¡²¨±μ¢ ´μ

¢¸±μ·¥ ¶μ¸²¥ ‚¥²¨±μ° �É¥Î¥¸É¢¥´´μ° ¢μ°´Ò 1941Ä1945 ££. ¢ �μ²´μ³ ¸μ¡· ´¨¨ ¸μÎ¨´¥-
´¨° [6].


  ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ, ± ± ¨ ´  ¶²μ¸±μ¸É¨ …¢±²¨¤ , μÉ´μ¸¨É¥²Ó´μ ²Õ¡μ£μ Í¥´-
É·  ³μ¦´μ ¢Ò¡· ÉÓ ¶μ²Ö·´Ò¥ ±μμ·¤¨´ ÉÒ ρ, ϕ, ¢ ±μÉμ·ÒÌ ³¥É·¨±  ¨³¥¥É ¢¨¤

dS2 = dρ2 + r2dϕ2, (20)

£¤¥ 2πr Å ¤²¨´  μ±·Ê¦´μ¸É¨ · ¤¨Ê¸  ρ. ’ ± ¢μÉ, ¢ £¥μ³¥É·¨¨ ‹μ¡ Î¥¢¸±μ£μ

r = r(ρ) = k sh
ρ

k
, (21)

£¤¥ k Å Ì · ±É¥·´ Ö ¤²Ö £¥μ³¥É·¨¨ ‹μ¡ Î¥¢¸±μ£μ ¥¤¨´¨Í  ¤²¨´Ò. ‹μ¡ Î¥¢¸±¨° ¶μ²μ¦¨²
¥¥ · ¢´μ° 1. �·¨ É ±μ³ Ê¸²μ¢¨¨ · ¢¥´¸É¢μ (21) ¶·¨´¨³ ¥É ¢¨¤

r = r(ρ) = sh ρ, (22)

É ± ÎÉμ ¢ £¥μ³¥É·¨¨ ‹μ¡ Î¥¢¸±μ£μ

dS2
‹ = dρ2 + (sh ρdϕ)2. (23)

‚ £¥μ³¥É·¨¨ …¢±²¨¤  É ±μ°, £¥μ³¥É·¨Î¥¸±¨ μ¶·¥¤¥²¥´´μ°, ¥¤¨´¨ÍÒ ¤²¨´Ò ´¥É ¨
r(ρ) = ρ, É ± ÎÉμ ¢ £¥μ³¥É·¨¨ …¢±²¨¤ 

dS2 = dρ2 + (ρdϕ)2. (24)

�·¨ k → ∞ £¥μ³¥É·¨Ö ‹μ¡ Î¥¢¸±μ£μ ¶¥·¥Ìμ¤¨É ¢ £¥μ³¥É·¨Õ …¢±²¨¤ .
‘¢Ö§Ó ¶·¥μ¡· §μ¢ ´¨Ö �μ£μ²Õ¡μ¢  ¸ £¥μ³¥É·¨¥° ‹μ¡ Î¥¢¸±μ£μ ¶·μÖ¢²Ö¥É¸Ö ¢ Éμ³, ÎÉμ

£·Ê¶¶  ¶·¥μ¡· §μ¢ ´¨° (7) ¶·¨ ϕ = 0 ¨§μ³μ·Ë´  £·Ê¶¶¥ ¨§μ³¥É·¨° μ·¨¥´É¨·μ¢ ´´μ°
¶·Ö³μ° ¢ ¶·μ¸É· ´¸É¢¥ ‹μ¡ Î¥¢¸±μ£μ,   £·Ê¶¶  ¶·¥μ¡· §μ¢ ´¨° (13), ¢ ¸μ¸É ¢ ±μÉμ·μ°
¢Ìμ¤ÖÉ ¢¸¥ ¶·¥μ¡· §μ¢ ´¨Ö (7), ¨§μ³μ·Ë´  £·Ê¶¶¥ ¨§μ³¥É·¨° μ·¨¥´É¨·μ¢ ´´μ° ¶²μ¸±μ¸É¨
¢ ¶·μ¸É· ´¸É¢¥ ‹μ¡ Î¥¢¸±μ£μ. ’μ ¦¥ ¸ ³μ¥ ³μ¦´μ ¸± § ÉÓ ¨ μ ¶·¥μ¡· §μ¢ ´¨ÖÌ ±·Ê£ 
|z| < 1, § ¤ ¢ ¥³ÒÌ ËÊ´±Í¨¥° (15). � ¸¢Ö§¨ ¶·¥μ¡· §μ¢ ´¨° (9) ¨ (15) ¸ £¥μ³¥É·¨¥°
‹μ¡ Î¥¢¸±μ£μ ¸³. [7, c. 130Ä140].

‚ μÉ¢¥É¥ ´  ¢μ¶·μ¸, ± ± ¨ ¢ Î¥³ ¶·μÖ¢²Ö¥É¸Ö ¸¢Ö§Ó ¶·¥μ¡· §μ¢ ´¨Ö �μ£μ²Õ¡μ¢  ¸
£¥μ³¥É·¨¥° ‹μ¡ Î¥¢¸±μ£μ, ±²ÕÎ¥¢μ° Ö¢²Ö¥É¸Ö ¸²¥¤ÊÕÐ Ö ¸¢Ö§±  · ¢¥´¸É¢:

z = x + iy = L = th
ρ

2
eiϕ = w eiϕ. (25)
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� · ³¥É· �μ£μ²Õ¡μ¢  L, ¸ÉμÖÐ¨° ¢ Í¥´É·¥ ÔÉμ° ¸¢Ö§±¨, ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¢¥±Éμ·
´a ±μ³¶²¥±¸´μ° ¥¢±²¨¤μ¢μ° ¶·Ö³μ°, ´ Î ²μ ±μÉμ·μ£μ ´ Ìμ¤¨É¸Ö ¢ ÉμÎ±¥ z = 0,   ±μ´¥Í
¨³¥¥É ¤¥± ·Éμ¢Ê ±μ³¶²¥±¸´ÊÕ ±μμ·¤¨´ ÉÊ Å  ËË¨±¸ L. …£μ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ¨ ± ±
¢¥±Éμ· ´  ¢¥Ð¥¸É¢¥´´μ° ¥¢±²¨¤μ¢μ° ¶²μ¸±μ¸É¨, ´ Î ²μ ±μÉμ·μ£μ ´ Ìμ¤¨É¸Ö ¢ ÉμÎ±¥ x =
0, y = 0,   ±μ´¥Í ¨³¥¥É ¤¥± ·Éμ¢Ò ¢¥Ð¥¸É¢¥´´Ò¥ ±μμ·¤¨´ ÉÒ x, y,   É ±¦¥ ¨ ¶μ²Ö·´Ò¥
¢¥Ð¥¸É¢¥´´Ò¥ ±μμ·¤¨´ ÉÒ w, ϕ. …¢±²¨¤μ¢  ¤²¨´  ¢¥±Éμ·  L · ¢´ 

|z| =
√

x2 + y2 = |L| = th
ρ

2
= w. (26)

ˆÉ ±, ¢ μ¡² ¸É¨ |z| < 1 § ¤ ´  ¥¢±²¨¤μ¢  ¶² ´¨³¥É·¨Ö ¸ Ô²¥³¥´Éμ³ ¤²¨´Ò

dS =
√

dzdz̄ =
√

dx2 + dy2 =
√

dw2 + (wdϕ)2. (27)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¶ · ³¥É· L § ¤ ¥É¸Ö ¢¥Ð¥¸É¢¥´´Ò³¨ Î¨¸² ³¨ ρ ¨ ϕ, ±μÉμ·Ò¥ ¸²¥-
¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ± ± ¶μ²Ö·´Ò¥ ±μμ·¤¨´ ÉÒ ÉμÎ±¨ z = L ´  ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ,
É ± ± ± ¨´¢ ·¨ ´É (18) § ¤ ¥É ¢ μ¡² ¸É¨ |z| < 1 ¶² ´¨³¥É·¨Õ ‹μ¡ Î¥¢¸±μ£μ ¸ Ô²¥³¥´Éμ³
¤²¨´Ò

dS‹ =
√

dρ2 + (sh ρdϕ)2. (28)

„¥°¸É¢¨É¥²Ó´μ,

2
1 − zz̄

√
dzdz̄ =

2
1 − w2

√
dw2 + (wdϕ)2 =

√
dρ2 + (sh ρdϕ)2 = dS‹. (29)

’¥³ ¸ ³Ò³ ¸¢Ö§Ó ¶·¥μ¡· §μ¢ ´¨Ö �μ£μ²Õ¡μ¢  ¸ £¥μ³¥É·¨¥° ‹μ¡ Î¥¢¸±μ£μ Ê¸É ´ ¢²¨-
¢ ¥É¸Ö.

‡ ³¥É¨³, ÎÉμ ±μ´Ëμ·³´μ¥ μÉμ¡· ¦¥´¨¥ ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ ´  ¥¢±²¨¤μ¢ ±·Ê£
w < 1, Ì · ±É¥·¨§Ê¥³μ¥ · ¢¥´¸É¢μ³

dS‹ =
2

1 − w2
dS, (30)

¶·¨´ ¤²¥¦¨É �Ê ´± ·¥ (¸³. [8, c. 47]). �Éμ ¢Éμ· Ö ³μ¤¥²Ó �Ê ´± ·¥ ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢-
¸±μ£μ. � ¶¥·¢μ° ³μ¤¥²¨ �Ê ´± ·¥ ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ ¸³. [9].

�·¥μ¡· §μ¢ ´¨¥ �μ£μ²Õ¡μ¢  ¢ É¥μ·¨¨ ¸¢¥·ÌÉ¥±ÊÎ¥¸É¨ ¢ μ¡· § Ì ¶¥·¢μ° ³μ¤¥²¨ �Ê ´-
± ·¥ · ¸¸³μÉ·¥´μ ³´μÕ ¢ · ¡μÉ¥ [10].

4. ‘��‚�…�ˆ… „‚“• Œ�„…‹…‰ �“��Š��…

‚ ¶¥·¢μ° ³μ¤¥²¨ �Ê ´± ·¥ ÉμÎ± ³¨ ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ Ö¢²ÖÕÉ¸Ö ÉμÎ±¨ ¢¥·Ì´¥°
¶μ²Ê¶²μ¸±μ¸É¨ …¢±²¨¤ . ‚ ¤¥± ·Éμ¢ÒÌ ±μμ·¤¨´ É Ì ξ, η ÔÉ  ¶²μ¸±μ¸ÉÓ § ¤ ¥É¸Ö ´¥· ¢¥´-
¸É¢μ³ η > 0. Œ¥É·¨±  ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ ¢ ¶¥·¢μ° ³μ¤¥²¨ § ¤ ¥É¸Ö ¢ ¢¨¤¥

dS‹ =
1
η

dS, η > 0, dS =
√

dξ2 + dη2. (31)

‘²¥¤μ¢ É¥²Ó´μ, ¢ ¶¥·¢μ° ³μ¤¥²¨ �Ê ´± ·¥ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ±μ´Ëμ·³´μ¥ μÉμ¡· ¦¥´¨¥
¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ ´  ¥¢±²¨¤μ¢Ê ¶μ²Ê¶²μ¸±μ¸ÉÓ.
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	 ¸¸ÉμÖ´¨¥ S‹ ³¥¦¤Ê ¤¢Ê³Ö ÉμÎ± ³¨ ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ ¸ ±μμ·¤¨´ É ³¨ (ξ1, η1)
¨ (ξ2, η2) ´ Ìμ¤¨É¸Ö ¶μ Ëμ·³Ê²¥

chS‹ =
(ξ2 − ξ1)2 + η2

1 + η2
2

2 η1 η2
. (32)

�·Ö³Ò¥ ‹μ¡ Î¥¢¸±μ£μ ¢ ¶¥·¢μ° ³μ¤¥²¨ �Ê ´± ·¥ ¨§μ¡· ¦ ÕÉ¸Ö ¥¢±²¨¤μ¢Ò³¨ ¶μ²Êμ±·Ê¦-
´μ¸ÉÖ³¨ ¨ ¶μ²Ê¶·Ö³Ò³¨, μ·Éμ£μ´ ²Ó´Ò³¨ ¥¢±²¨¤μ¢μ° ¶·Ö³μ° η = 0.

‚μ ¢Éμ·μ° ³μ¤¥²¨ �Ê ´± ·¥ ÉμÎ± ³¨ ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ Ö¢²ÖÕÉ¸Ö ÉμÎ±¨ ¥¢-
±²¨¤μ¢  ±·Ê£  ¥¤¨´¨Î´μ£μ · ¤¨Ê¸ . ‚ ¤¥± ·Éμ¢ÒÌ ±μμ·¤¨´ É Ì x, y ÔÉμÉ ±·Ê£ § ¤ ¥É¸Ö
´¥· ¢¥´¸É¢μ³ x2 + y2 < 1. Œ¥É·¨±  ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸μ£μ ¢μ ¢Éμ·μ° ³μ¤¥²¨ § ¤ ¥É¸Ö ¢
¢¨¤¥

dS‹ =
2

1 − x2 − y2
dS, x2 + y2 < 1, dS =

√
dx2 + dy2. (33)

‘²e¤μ¢ É¥²Ó´μ, ¢μ ¢Éo·μ° ³μ¤¥²¨ �Ê ´± ·¥ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ±μ´Ëμ·³´μ¥ μÉμ¡· ¦¥´¨¥
¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ ´  ¥¢±²¨¤μ¢ ±·Ê£.

	 ¸¸ÉμÖ´¨¥ S‹ ³¥¦¤Ê ¤¢Ê³Ö ÉμÎ± ³¨ ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ ¸ ±μμ·¤¨´ É ³¨ (x1, y1)
¨ (x2, y2) ´ Ìμ¤¨É¸Ö ¶μ Ëμ·³Ê²¥

ch S‹ − 1 =
2 [(x2 − x1)2 + (y2 − y1)2]

(1 − x1x1 − y1y1)(1 − x2x2 − y2y2)
. (34)

�·Ö³Ò¥ ‹μ¡ Î¥¢¸±μ£μ ¢μ ¢Éμ·μ° ³μ¤¥²¨ �Ê ´± ·¥ ¨§μ¡· ¦ ÕÉ¸Ö ¤¨ ³¥É· ³¨ ¥¢±²¨¤μ¢ 
±·Ê£  x2+y2 < 1 ¨ ¤Ê£ ³¨ ¥¢±²¨¤μ¢ÒÌ μ±·Ê¦´μ¸É¥°, μ·Éμ£μ´ ²Ó´Ò³¨ ¥¢±²¨¤μ¢μ° μ±·Ê¦-
´μ¸É¨ x2 + y2 = 1.

�¥·¥Ìμ¤ μÉ ¢Éμ·μ° ³μ¤¥²¨ �Ê ´± ·¥ ± ¶¥·¢μ° ¤μ¸É¨£ ¥É¸Ö ¶·¥μ¡· §μ¢ ´¨¥³

ζ =
z + i

1 + iz
; ξ =

2 x

x2 + (1 − y)2
, η =

1 − x2 − y2

x2 + (1 − y)2
, (35)

£¤¥
ζ = ξ + iη, z = x + iy, (36)

  ¶¥·¥Ìμ¤ μÉ ¶¥·¢μ° ³μ¤¥²¨ ±μ ¢Éμ·μ° ¤μ¸É¨£ ¥É¸Ö μ¡· É´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³

z =
ζ − i

1 − iζ
; x =

2ξ

ξ2 + (1 + η)2
, y =

ξ2 + η2 − 1
ξ2 + (1 + η)2

. (37)

„¢  · ¢¥´¸É¢ 

η =
1 − zz̄

(1 − iz)(1 + iz̄)
, dζ =

2dz

(1 + iz)2
(38)

μ¡ÑÖ¸´ÖÕÉ ¶¥·¥Ìμ¤ μÉ ¢Ò· ¦¥´¨Ö (31) ± ¢Ò· ¦¥´¨Õ (33) ¤²Ö ³¥É·¨±¨ ¶²μ¸±μ¸É¨ ‹μ¡ -
Î¥¢¸±μ£μ.

‚¸¥ ¨§μ³¥É·¨¨ μ·¨¥´É¨·μ¢ ´´μ° ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ ¢ ¶¥·¢μ° ³μ¤¥²¨ �Ê ´± ·¥
¶·¥¤¸É ¢²ÖÕÉ¸Ö ¤·μ¡´μ-²¨´¥°´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨

ζ̃ =
α ζ + β

γ ζ + δ
(39)
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¸ ¢¥Ð¥¸É¢¥´´Ò³¨ ±μÔËË¨Í¨¥´É ³¨ ¨ μ¶·¥¤¥²¨É¥²¥³, · ¢´Ò³ ¥¤¨´¨Í¥

αβ − γδ = 1, (40)

  ¢μ ¢Éμ·μ° ³μ¤¥²¨ Å ¤·μ¡´μ-²¨´¥°´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨

z̃ =
M z + N

N̄ z + M̄
(41)

¸ μ¶·¥¤¥²¨É¥²¥³, Éμ¦¥ · ¢´Ò³ ¥¤¨´¨Í¥

|M |2 − |N |2 = 1. (42)

ˆ§ Í¥¶μÎ±¨ · ¢¥´¸É¢

z̃ =
ζ̃ − i

1 − iζ̃
=

(α ζ + β) − i(γ ζ + δ)
(γ ζ + δ) − i(α ζ + β)

=
(α − iγ) ζ + (β − iδ)
(γ − iα) ζ + (δ − iβ)

=

=
(α − iγ)(z + i) + (β − iδ)(1 + iz)
(γ − iα)(z + i) + (δ − iβ)(1 + iz)

=
M z + N

N̄ z + M̄
(43)

¨ · ¢e´¸É¢ (40) ¨ (42) ¸²¥¤ÊÕÉ · ¢¥´¸É¢ 

2M = α + δ + i(β − γ), 2N = β + γ + i(α − δ),

2α = M̄ + M + i(N̄ − N), 2β = N̄ + N + i(M̄ − M),

2γ = N + N̄ + i(M − M̄), 2δ = M + M̄ + i(N − N̄).

(44)

5. ˆ‡����†…�ˆ… ����Œ…’�� ��…����‡�‚��ˆŸ ��ƒ�‹���‚�
‚ �…�‚�‰ Œ�„…‹ˆ �“��Š��…

Š ± ¡Ò²μ ¢ÒÏ¥ Ê¸É ´μ¢²¥´μ, ¶ · ³¥É· ¶·¥μ¡· §μ¢ ´¨Ö �μ£μ²Õ¡μ¢  § ¤ ¥É¸Ö ¶μ²Ö·-
´Ò³¨ ±μμ·¤¨´ É ³¨ ρ, ϕ ÉμÎ±¨ ´  ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ. �ÉÊ ÉμÎ±Ê ³μ¦´μ · ¸¸³ É·¨-
¢ ÉÓ ± ± ±μ´¥Í ´¥¥¢±²¨¤μ¢  · ¤¨Ê¸ -¢¥±Éμ· , ¢ÒÌμ¤ÖÐ¥£μ ¨§ ´ Î ²  ¶μ²Ö·´μ° ¸¨¸É¥³Ò
±μμ·¤¨´ É.

‚§ ¨³´μ ¶¥·¶¥´¤¨±Ê²Ö·´Ò¥ ¶·Ö³Ò¥ I ¨ J , ²¥¦ Ð¨¥ ´  ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ ¨
§ ¤ ¢ ¥³Ò¥ ¢ ¶μ²Ö·´ÒÌ ±μμ·¤¨´ É Ì §´ Î¥´¨Ö³¨ ϕ = 0 ¨ ϕ = π/2 ¶μ²Ö·´μ£μ Ê£² , ¢μ
¢Éμ·μ° ³μ¤¥²¨ �Ê ´± ·¥ ¨§μ¡· ¦ ÕÉ¸Ö ¤¨ ³¥É· ³¨ −1 < x < 1, y = 0 ¨ x = 0, −1 <
y < 1 ¥¢±²¨¤μ¢μ° μ±·Ê¦´μ¸É¨ x2 + y2 = 1.

‚ ¶¥·¢μ° ³μ¤¥²¨ �Ê ´± ·¥ ¶·Ö³ Ö I ¨§μ¡· ¦ ¥É¸Ö ¥¢±²¨¤μ¢μ° ¶μ²Êμ±·Ê¦´μ¸ÉÓÕ

ξ = cosψ, y = sin ψ, π > ψ > 0, (45)

  ¶·Ö³ Ö J Å ¥¢±²¨¤μ¢μ° ¶μ²Ê¶·Ö³μ°

ξ = 0, η > 0. (46)

‚μ ¢Éμ·μ° ³μ¤¥²¨ �Ê ´± ·¥ ´¥¥¢²¨¤μ¢ · ¤¨Ê¸-¢¥±Éμ· ¶·¥¤¸É ¢²Ö¥É¸Ö ¥¢±²¨¤μ¢Ò³
· ¤¨Ê¸μ³-¢¥±Éμ·μ³, ¢ÒÌμ¤ÖÐ¨³ ¨§ ´ Î ²  ±μμ·¤¨´ É x = 0, y = 0 ¨ ¢Ìμ¤ÖÐ¨³ ¢ ÉμÎ±Ê ¸
±oμ·¤¨´ É ³¨

x = w cosϕ, y = w sin ϕ, £¤¥ w = th
ρ

2
. (47)
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—Éμ¡Ò ´ °É¨ ¨§μ¡· ¦¥´¨¥ ´¥¥¢±²¨¤μ¢  · ¤¨Ê¸ -¢¥±Éμ·  ¢ ¶¥·¢μ° ³μ¤¥²¨ �Ê ´± ·¥,
´ ¤μ ¶μ¤¸É ¢¨ÉÓ ¢ · ¢¥´¸É¢  (35) ËÊ´±Í¨Õ

x = th
s

2
cosϕ, y = th

s

2
cosϕ, 0 � s � ρ (48)

¤²¨´Ò s, · ¸¸³ É·¨¢ ¥³ÊÕ ¶·¨ § ¤ ´´μ³ §´ Î¥´¨¨ ¶μ²Ö·´μ£μ Ê£²  ϕ.
	 ¸¸³μÉ·¨³ ¸ ³Ò° ¨´É¥·¥¸´Ò° ¨´É¥·¢ ² 0 � ϕ � π/2 §´ Î¥´¨° Ê£²  ϕ.
�·¨ ϕ = π/2 ¶μ²ÊÎ ¥³

ξ = 0, η = es, 0 � s � ρ, (49)

  ¶·¨ ϕ = 0 ¶μ²ÊÎ ¥³

ξ = th s = cosΠ(s), η =
1

ch s
= sin Π(s), 0 � s � ρ, (50)

£¤¥ Π(s) Å Ê£μ² ¶ · ²²¥²Ó´μ¸É¨, μ¶·¥¤¥²¥´´Ò° ¨ Ê¸É ´μ¢²¥´´Ò° ‹μ¡ Î¥¢¸±¨³ ¶μ §´ -
³¥´¨Éμ° Ëμ·³Ê²¥

th
1
2
Π(s) = e−s. (51)

‚ ¨´É¥·¢ ²¥ 0 < ϕ < π/2 ¶μ²ÊÎ ¥É¸Ö

ξ =
sh s cosϕ

ch s − sh s sinϕ
, η =

1
ch s − sh s sin ϕ

, 0 � s � ρ. (52)

ˆ´ Î¥

ξ =
sin ϕ + cosψ(s, ϕ)

cosϕ
, η =

sin ψ(s, ϕ)
cosϕ

, 0 � s � ρ, (53)

£¤¥

sin ψ(s, ϕ) =
cosϕ

ch s − sh s sin ϕ
, cosψ(s, ϕ) =

sh s − ch s sin ϕ

ch s − sh s sin ϕ
, 0 � s � ρ. (54)


¥É·Ê¤´μ ¢§ÖÉÓ Î ¸É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ

∂

∂s
ψ(s, ϕ) = −sinψ(s, ϕ), (55)

  É ± ± ± sin ψ(0, ϕ) = cosϕ, cosψ(0, ϕ) = −sinϕ, Éμ

ψ(0, ϕ) =
π

2
+ ϕ. (56)

�É¸Õ¤  ´ Ìμ¤¨É¸Ö ¸²¥¤ÊÕÐ Ö § ¢¨¸¨³μ¸ÉÓ:

th
1
2
ψ(s, ϕ) = th

(π

4
+

ϕ

2

)
e−s =

1 + sinϕ

cosϕ
e−s. (57)

‚ ¸²ÊÎ ¥ ¸¶¥Í¨ ²Ó´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö �μ£μ²Õ¡μ¢  ϕ = 0 ¨ ψ(ρ, 0) = Π(ρ).
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‘²¥¤μ¢ É¥²Ó´μ, ¢ ¨´É¥·¢ ²¥ 0 < ϕ < π/2 ¶ · ³¥É· ¶·¥μ¡· §μ¢ ´¨Ö �μ£μ²Õ¡μ¢  ¢
¶¥·¢μ° ³μ¤¥²¨ �Ê ´± ·¥ ¨§μ¡· ¦ ¥É¸Ö ´  ¶²μ¸±μ¸É¨ …¢±²¨¤  ±·Ê£μ¢μ° ¤Ê£μ°

ξ =
sinϕ + cosψ

cosϕ
, η =

sin ψ

cosϕ
,

π

2
+ ϕ � ψ � ψ(ρ, ϕ), (58)

¢ÒÌμ¤ÖÐ¥° ¨§ ÉμÎ±¨ ξ = 0, η = 1 ¶μ¤ Ê£²μ³ ϕ ± μ±·Ê¦´μ¸É¨ ξ2 + (η − 1)2 = 1.
‚ § ±²ÕÎ¥´¨¥ μÉ³¥É¨³ £² ¢´Ò° ·¥§Ê²ÓÉ É ´ ¸ÉμÖÐ¥° · ¡μÉÒ:
� · ³¥É· ¶·¥μ¡· §μ¢ ´¨Ö �μ£μ²Õ¡μ¢  ¢ É¥μ·¨¨ ¸¢¥·ÌÉ¥±ÊÎ¥¸É¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢

¢¨¤¥ · ¤¨Ê¸ -¢¥±Éμ·  ´  ¶²μ¸±μ¸É¨ ‹μ¡ Î¥¢¸±μ£μ.
CμμÉ¢¥É¸É¢¥´´μ μÉ³¥É¨³ ¸²¥¤ÊÕÐ¨¥ §´ ³¥´ É¥²Ó´Ò¥ ¤ ÉÒ ¢ ¨¸Éμ·¨¨ 	μ¸¸¨¨ ¨ ³¨·μ-

¢μ° ´ Ê±¨:

¨±μ² ° ˆ¢ ´μ¢¨Î ‹μ¡ Î¥¢¸±¨° ·μ¤¨²¸Ö ¢ 
¨¦´¥³ 
μ¢£μ·μ¤¥ 20 ´μÖ¡·Ö (1 ¤¥± ¡·Ö)

1792 £. [11].

¨±μ² ° 
¨±μ² ¥¢¨Î �μ£μ²Õ¡μ¢ ·μ¤¨²¸Ö ¢ 
¨¦´¥³ 
μ¢£μ·μ¤¥ 8 (21)  ¢£Ê¸É  1909 £.

[12].
12 (24) Ë¥¢· ²Ö 1826 £. Å ¤¥´Ó ·μ¦¤¥´¨Ö £¥μ³¥É·¨¨ ‹μ¡ Î¥¢¸±μ£μ.
21 μ±ÉÖ¡·Ö 1946 £. Å ¤¥´Ó ·μ¦¤¥´¨Ö ¸μ§¤ ´´μ° �μ£μ²Õ¡μ¢Ò³ ´μ¢μ° É¥μ·¨¨ ¸¢¥·ÌÉ¥-

±ÊÎ¥¸É¨.
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