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�.�. ƒμ²Ê¡¥¢   ,1, �. „. ‘ÊÌ ´μ¢ ¡,2

  �μ¸¸¨°¸±¨° Ê´¨¢¥·¸¨É¥É ¤·Ê¦¡Ò ´ ·μ¤μ¢, Œμ¸±¢ 
¡ �¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

�·¥¤²μ¦¥´ ³¥Éμ¤, ¶μ§¢μ²ÖÕÐ¨° · §¢¨ÉÓ Ô²¥³¥´ÉÒ ´¥· ¢´μ¢¥¸´μ° (�, k)-¤¨´ ³¨±¨ ¡¥§ ¨¸-
¶μ²Ó§μ¢ ´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . �´ μ¸´μ¢ ´ ´  μ¡μ¡Ð¥´¨¨ Ê· ¢´¥´¨° ”μ±±¥· Ä�² ´±  ¨
ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨ ¶ÊÉ¥³ ¶μ¸²¥¤μ¢ É¥²Ó´μ£μ ÊÎ¥É  ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö ¢ ±ÊÊ³  (±¢ ´Éμ-
É¥·³μ¸É É ). �μ± § ´μ, ÎÉμ ´¥· ¢´μ¢¥¸´Ò¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¶·¨ ´ ²¨Î¨¨ ±¢ ´Éμ¢μ-É¥¶²μ¢μ° ¤¨Ë-
ËÊ§¨¨ ¢ ¢ ±ÊÊ³¥ μ¶¨¸Ò¢ ÕÉ ¶·¨¡²¨¦¥´¨¥ ± ¸μ¸ÉμÖ´¨Õ μ¡μ¡Ð¥´´μ£μ É¥¶²μ¢μ£μ · ¢´μ¢¥¸¨Ö ± ± ¶·¨
´Ê²¥¢μ°, É ± ¨ ¶·¨ ±μ´¥Î´ÒÌ É¥³¶¥· ÉÊ· Ì. �´¨ ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò ± ± μ¸´μ¢  Ê´¨¢¥·¸ ²Ó-
´μ£μ μ¶¨¸ ´¨Ö ¶·μÍ¥¸¸μ¢ ¶¥·¥´μ¸ .

We suggest a method which allows developing some elements of non-equilibrium (�, k)-dynamics
without use of Schréodinger equation. It is based on the generalization of FokkerÄPlanck and HamiltonÄ
Jacobi equations. Sequential considering of stochastic in	uence of vacuum is realized in the quantum
heat bath model. We show that at the presence of quantum-thermal diffusion non-equilibrium wave
functions describe the process of nearing to generalized state of thermal equilibrium at zero and ˇnite
temperatures. They can be used as a ground for universal description of transport phenomena.
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1. �””…Š’ˆ‚��… ‚�‡„…‰‘’‚ˆ… Š�Š “�ˆ‚…�‘�‹œ��Ÿ
•���Š’…�ˆ‘’ˆŠ� ���–…‘‘�‚ �…�…��‘�

Š ± ¶μ± § ´μ ¢ · §¢¨¢ ¥³μ° ´ ³¨ (�, k)-¤¨´ ³¨±¥ [1], μ¡μ¡Ð¥´´μ° Ì · ±É¥·¨¸É¨±μ°
¸ÉμÌ ¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö ¢ ±ÊÊ³  ¢ ¸μ¸ÉμÖ´¨¨ É¥¶²μ¢μ£μ · ¢´μ¢¥¸¨Ö ¸²Ê¦¨É ¸¶¥Í¨-
Ë¨Î¥¸±¨° ³ ±·μ¶ · ³¥É· Å ÔËË¥±É¨¢´μ¥ ¢μ§¤¥°¸É¢¨¥ Jeff . 
Ê¤ÊÎ¨ ¸¢Ö§ ´´μ° ¸ ËÊ´¤ -
³¥´É ²Ó´μ° ±μ³¡¨´¨·μ¢ ´´μ° ³¨·μ¢μ° ¶μ¸ÉμÖ´´μ° κ ≡ �/2kB, ÔÉ  ¢¥²¨Î¨´  ÊÎ¨ÉÒ¢ ¥É
¸μ¢³¥¸É´μ¥ ±¢ ´Éμ¢μ¥ ¨ É¥¶²μ¢μ¥ ¢²¨Ö´¨¥ μ±·Ê¦¥´¨Ö:

Jeff =
�

2

√
α2

eff + 1 =
�

2
Υ, (1)

£¤¥
αeff ≡ sh−1

κ
ω

T
; Υ ≡ cth κ

ω

T
. (2)
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‚ · ¢´μ¢¥¸´μ³ ¸²ÊÎ ¥ Î¥·¥§ Jeff ¢Ò· ¦ ÕÉ¸Ö ´ ¨¡μ²¥¥ ¢ ¦´Ò¥ ³ ±·μ¶ · ³¥É·Ò Å
ÔËË¥±É¨¢´ Ö É¥³¶¥· ÉÊ· , ¢´ÊÉ·¥´´ÖÖ Ô´¥·£¨Ö ¨ ÔËË¥±É¨¢´ Ö Ô´É·μ¶¨Ö [2]. ‚ Î ¸É´μ¸É¨,

Teff =
ω

kB
Jeff , (3)

¶·¨Î¥³ ³¨´¨³ ²Ó´μ¥ §´ Î¥´¨¥ T min
eff μÉ²¨Î´μ μÉ ´Ê²Ö

T min
eff ≡ �ω

2kB
. (4)

�¤´ ±μ ÔÉ¨³ ¢¸¥ ´¥ ¨¸Î¥·¶Ò¢ ¥É¸Ö. ˆ³¥¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ · ¸¶·μ¸É· ´¨ÉÓ ÔÉ¨ ¶·¥¤-
¸É ¢²¥´¨Ö ´  ´¥· ¢´μ¢¥¸´Ò¥ ¶·μÍ¥¸¸Ò ¨ ¶·μ¤¥³μ´¸É·¨·μ¢ ÉÓ Ê´¨¢¥·¸ ²Ó´ÊÕ ¶·¨·μ¤Ê
É· ´¸¶μ·É´ÒÌ ±μÔËË¨Í¨¥´Éμ¢, ¸¢Ö§ ¢ ¨Ì ¸ Ì · ±É¥·¨¸É¨±μ° ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö
¢ ±ÊÊ³  Jeff . ‚ ± Î¥¸É¢¥ ³μ¤¥²¨ Ö¢²¥´¨° ¶¥·¥´μ¸  · ¸¸³μÉ·¨³ ¸ ³μ¤¨ËËÊ§¨Õ, ¢μ§´¨± Õ-
ÐÊÕ §  ¸Î¥É Ë²Ê±ÉÊ Í¨° ¶²μÉ´μ¸É¨ ¶·¨ μ¤´μ·μ¤´μ° É¥³¶¥· ÉÊ·¥. ‚ ± Î¥¸É¢¥ ´ ¢μ¤ÖÐ¥£μ
¸μμ¡· ¦¥´¨Ö μ¡· É¨³¸Ö ± ¸μμÉ´μÏ¥´¨Õ ´¥μ¶·¥¤¥²¥´´μ¸É¥° ˜·¥¤¨´£¥·  ¤²Ö ±¢ ´Éμ¢μ£μ
μ¸Í¨²²ÖÉμ· , ´ Ìμ¤ÖÐ¥£μ¸Ö ¢ É¥¶²μ¢μ³ · ¢´μ¢¥¸¨¨ ¸ ¢ ±ÊÊ³μ³ (±¢ ´ÉμÉ¥·³μ¸É Éμ³) [3],

(Δpeff)2 (Δqeff)2 =
[

�

2
Υ

]2

, (5)

£¤¥
(Δqeff)2 = (Δq0)2Υ; (Δpeff)2 = (Δp0)2Υ.

�·¨ ¢Ò¸μ±¨Ì É¥³¶¥· ÉÊ· Ì, ±μ£¤  kBT � �ω/2, μ´μ ¶·¨´¨³ ¥É ¢¨¤

(ΔpT )2 (ΔqT )2 = (mDT )2, (6)

£¤¥

DT =
kBT

mω
(7)

¸μ¢¶ ¤ ¥É ¸ ±μÔËË¨Í¨¥´Éμ³ Î¨¸Éμ É¥¶²μ¢μ° ¤¨ËËÊ§¨¨ ¡·μÊ´μ¢¸±μ£μ μ¸Í¨²²ÖÉμ·  [4, 5].
‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¢Ìμ¤ÖÐÊÕ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¢ ¶· ¢ÊÕ Î ¸ÉÓ (5) ¢¥²¨Î¨´Ê

Deff =
�

2m
Υ ≡ Jeff

m
(8)

¥¸É¥¸É¢¥´´μ ´ §¢ ÉÓ ÔËË¥±É¨¢´Ò³ ±μÔËË¨Í¨¥´Éμ³ ¤¨ËËÊ§¨¨, ¨³¥ÕÐ¨³ ¸³Ò¸² ÔËË¥±-
É¨¢´μ£μ ¢μ§¤¥°¸É¢¨Ö ´  ¥¤¨´¨ÍÊ ³ ¸¸Ò. ‚ ¶·¥¤¥²¥ ´¨§±¨Ì É¥³¶¥· ÉÊ·, ±μ£¤  kBT �
�ω/2, ¸ ³μ¤¨ËËÊ§¨Ö ¢ ¢ ±ÊÊ³¥ ´¥ ¶·¥±· Ð ¥É¸Ö, ¶·¨Î¥³

Deff → Dq ≡ �

2m
, (9)

£¤¥ Dq Å ±¢ ´Éμ¢Ò° ±μÔËË¨Í¨¥´É ¤¨ËËÊ§¨¨ ¢ Ìμ²μ¤´μ³ ¢ ±ÊÊ³¥. �μ¤μ¡´ Ö ¢¥²¨Î¨´ 
· ´¥¥ ¢¢μ¤¨² ¸Ó �¥²Ó¸μ´μ³ ¢ ¢¥·¸¨¨ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨, ´ §¢ ´´μ° ¨³ ¸ÉμÌ ¸É¨Î¥¸±μ°
³¥Ì ´¨±μ° [6].

ˆ¸Ìμ¤Ö ¨§ Ëμ·³Ê²Ò (8), Î¥·¥§ Jeff ³μ¦´μ ¢Ò· §¨ÉÓ ¨ ¢¸¥ μ¸É ²Ó´Ò¥ É· ´¸¶μ·É´Ò¥
±μÔËË¨Í¨¥´ÉÒ. ‚ Î ¸É´μ¸É¨, ÔËË¥±É¨¢´Ò° ±μÔËË¨Í¨¥´É ¸¤¢¨£μ¢μ° ¢Ö§±μ¸É¨ ¶·¨´¨-
³ ¥É ¢¨¤

ηeff = Deff ρm =
Jeff

V , (10)

£¤¥ ρm Å ¶²μÉ´μ¸ÉÓ ³ ¸¸Ò; V Å μ¡Ñ¥³, É ± ÎÉμ ηeff ¨³¥¥É ¸³Ò¸² Ê¤¥²Ó´μ£μ ÔËË¥±É¨¢´μ£μ
¢μ§¤¥°¸É¢¨Ö.
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2. Š‚��’�‚�Ÿ Œ…•��ˆŠ� ‚ ‹�ƒ���†…‚�‰ ”��Œ“‹ˆ��‚Š…

”μ·³Ê²¨·μ¢±  ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨, μ¸´μ¢ ´´ Ö ´  Ê· ¢´¥´¨¨ ˜·¥¤¨´£¥· , ´¥ ¶μ¤-
¤ ¥É¸Ö ´¥¶μ¸·¥¤¸É¢¥´´μ³Ê μ¡μ¡Ð¥´¨Õ ´  ´¥· ¢´μ¢¥¸´Ò¥ ¶·μÍ¥¸¸Ò, ¨¡μ ¥£μ ·¥Ï¥´¨Ö
Ö¢²ÖÕÉ¸Ö μ¡· É¨³Ò³¨. ‚ Éμ ¦¥ ¢·¥³Ö ¶·¨ ¶μ¸É·μ¥´¨¨ ´¥· ¢´μ¢¥¸´μ° (�, k)-¤¨´ ³¨±¨
³Ò ¶·¥¤¶μÎ¨É ¥³, ± ± ¨ ¢ · ¢´μ¢¥¸´μ³ ¸²ÊÎ ¥, ¨¸¶μ²Ó§μ¢ ÉÓ Ö§Ò± ¢μ²´μ¢ÒÌ ËÊ´±Í¨°.

—Éμ¡Ò ´ °É¨ ´¥· ¢´μ¢¥¸´Ò¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥· , ¡Ê¤¥³ ¨¸Ìμ¤¨ÉÓ ¨§ ² £· ´¦¥¢μ° Ëμ·³Ê²¨·μ¢±¨ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨, ¡μ²¥¥ ¶·¨-
£μ¤´μ°, ´  ´ Ï ¢§£²Ö¤, ¤²Ö μ¡μ¡Ð¥´¨Ö. �·¨ ÔÉμ³ ³Ò ´¥ ¡Ê¤¥³ ¨¸Ìμ¤´μ ¢¢μ¤¨ÉÓ ¶²μÉ´μ¸ÉÓ
² £· ´¦¨ ´ , § ¢¨¸ÖÐÊÕ μÉ ±μ³¶²¥±¸´ÒÌ ËÊ´±Í¨° ψ(q, t) ¨ ψ∗(q, t), ¨£· ÕÐ¨Ì ·μ²Ó ´¥-
·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ²¥°. ‚³¥¸Éμ ÔÉμ£μ ¢ ± Î¥¸É¢¥ ËÊ´±Í¨μ´ ²Ó´ÒÌ  ·£Ê³¥´Éμ¢ ³Ò ¢¢¥¤¥³
¢¥Ð¥¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ρ(q, t) ¨ θ(q, t), ¶·¥¤¸É ¢²ÖÕÐ¨¥ ¸μ¡μ° ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ ¨
Ë §Ê ¢μ²´μ¢μ° ËÊ´±Í¨¨, ¸μ£² ¸´μ ¸μμÉ´μÏ¥´¨Õ

ψ(q, t) =
√

ρ(q, t) exp {iθ(q, t)}. (11)

‚ ± Î¥¸É¢¥ ¶²μÉ´μ¸É¨ ² £· ´¦¨ ´  ¢ ¸É ´¤ ·É´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ (¶·¨ T = 0)
¢Ò¡¥·¥³ ¢Ò· ¦¥´¨¥

L0[ρ; θ] = −�
∂θ

∂t
ρ − �

2

2m

(
∂θ

∂q

)2

ρ − �
2

8m

(
∂ρ

∂q

)2 1
ρ
− U(q)ρ, (12)

£¤¥ U(q) Å ¶μÉ¥´Í¨ ²Ó´ Ö Ô´¥·£¨Ö.
�¥§ ¢¨¸¨³μ ¢ ·Ó¨·ÊÖ ËÊ´±Í¨μ´ ² ¤¥°¸É¢¨Ö ¸ L0[ρ; θ] ¶μ θ ¨ ρ, ¶μ²ÊÎ¨³ ¸¨¸É¥³Ê

Ê· ¢´¥´¨°
∂ρ

∂t
+

∂

∂q

(
ρ

�

m

∂θ

∂q

)
= 0; (13)

�
∂θ

∂t
+

�
2

2m

(
∂θ

∂q

)2

+ U(q) − �
2

8m

[
1
ρ2

(
∂ρ

∂q

)2

+ 2
∂

∂q

(
1
ρ

∂ρ

∂q

)]
= 0. (14)

�É¨ Ê· ¢´¥´¨Ö ¸μ¢¶ ¤ ÕÉ ¸ Ê· ¢´¥´¨Ö³¨, ±μÉμ·Ò¥ μ¡ÒÎ´μ [7] ¢Ò¢μ¤ÖÉ¸Ö ´¥¶μ¸·¥¤-
¸É¢¥´´μ ¨§ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¤²Ö ψ(q, t) ¨ ψ∗(q, t) ¶·¨ § ³¥´¥ ¢ ´¨Ì ¢μ²´μ¢ÒÌ
ËÊ´±Í¨° ¸μ£² ¸´μ (11). �¤´ ±μ É¥¶¥·Ó ¶μ´ÖÉ´μ, ÎÉμ Ê· ¢´¥´¨Ö (13) ¨ (14) ¨³¥ÕÉ ¸³Ò¸²
Ê· ¢´¥´¨° ‹ £· ´¦ Ä�°²¥·  ¤²Ö ËÊ´±Í¨μ´ ²  ¤¥°¸É¢¨Ö ¸ L0[ρ; θ] ¢¨¤  (12).

’· ¤¨Í¨μ´´μ ¸Î¨É ¥É¸Ö, ÎÉμ Ê· ¢´¥´¨¥ (13) Å ÔÉμ Ê· ¢´¥´¨¥ ´¥¶·¥·Ò¢´μ¸É¨ ¤²Ö
¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ ρ(q, t). ‚ ¸¢μÕ μÎ¥·¥¤Ó, Ê· ¢´¥´¨¥ (14), ¢¢¨¤Ê Éμ£μ, ÎÉμ ¢¥²¨Î¨´ 
�θ(q, t) ¨³¥¥É · §³¥·´μ¸ÉÓ ¤¥°¸É¢¨Ö, ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°  ´ ²μ£ Ê· ¢´¥´¨Ö ƒ ³¨²ÓÉμ´ Ä
Ÿ±μ¡¨. �·¨ ÔÉμ³ ¶μ¸²¥¤´¥¥ ¸² £ ¥³μ¥ ¢ Ëμ·³Ê²¥ (14) ¨´μ£¤  É· ±ÉÊÕÉ ± ± μ¶¥· Éμ· Uq(q)
´¥±μ° ¸ÉμÌ ¸É¨Î¥¸±μ° Ô´¥·£¨¨ ±¢ ´Éμ¢μ£μ Ì · ±É¥· , ¨¸Î¥§ ÕÐ¨° ¢ ¶·¥¤¥²¥ � → 0. ƒ· -
¤¨¥´É ÔÉμ° ¢¥²¨Î¨´Ò ±μ³¶¥´¸¨·Ê¥É £· ¤¨¥´É ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ U(q), Ì · ±É¥·¨§Ê-
ÕÐ¨° ·¥£Ê²Ö·´μ¥ ¢μ§¤¥°¸É¢¨¥ μ±·Ê¦¥´¨Ö, ÎÉμ μ¡¥¸¶¥Î¨¢ ¥É Ê¸Éμ°Î¨¢μ¸ÉÓ ¸É Í¨μ´ ·´μ£μ
¸μ¸ÉμÖ´¨Ö.

� §Ê³¥¥É¸Ö, ¶μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö (13), (14) ¤²Ö ρ ¨ θ ¨ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 
¤²Ö ψ(q, t) ¨ ψ∗(q, t) Ë¨§¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´Ò. �·¨´ÖÉμ, μ¤´ ±μ, ¸Î¨É ÉÓ, ÎÉμ ·¥Ï¥´¨¥
Ê· ¢´¥´¨° (13), (14) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¡μ²¥¥ ¸²μ¦´ÊÕ § ¤ ÎÊ. �μÔÉμ³Ê Î Ð¥ ¢¸¥£μ ÔÉ¨
Ê· ¢´¥´¨Ö μ¡¸Ê¦¤ ÕÉ¸Ö ¢ · ³± Ì ±¢ §¨±² ¸¸¨Î¥¸±μ£μ ¶·¨¡²¨¦¥´¨Ö. �¨¦¥ ³Ò ¶μ± ¦¥³,
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ÎÉμ ¤²Ö ¸ ³μ¤¨ËËÊ§¨¨ ± ± ´¥· ¢´μ¢¥¸´μ£μ ¶·μÍ¥¸¸  ·¥Ï¥´¨¥ ÔÉ¨Ì Ê· ¢´¥´¨° ¢¶μ²´¥
¢μ§³μ¦´μ. �μ¤μ¡´Ò° ¶μ¤Ìμ¤ ¶μ§¢μ²¨É ´ ³ ´¥§ ¢¨¸¨³μ ´ °É¨ ËÊ´±Í¨¨ ρ ¨ θ ¨ É¥³ ¸ ³Ò³
´¥· ¢´μ¢¥¸´ÊÕ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ψ̃eff(q, t) ¢ ¸¨ÉÊ Í¨¨, ±μ£¤  Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· 
´¥¶·¨³¥´¨³μ.

3. ����™…�ˆ… Š‚��’�‚�‰ Œ…•��ˆŠˆ
��ˆ �“‹…‚�‰ ’…Œ�…��’“�…

‚ ± Î¥¸É¢¥ ¶¥·¢μ£μ Ï £  ¶·¥¤¸É ¢¨³ ¢Ò· ¦¥´¨¥ (12) ¨ Ê· ¢´¥´¨¥ (13) ¢ ´¥¸±μ²Ó±μ
¨´μ³ ¢¨¤¥. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ É¥·³¨´μ²μ£¨¥°, ¶·¥¤²μ¦¥´´μ° �¥²Ó¸μ´μ³ [6], ´ §μ¢¥³ ¢¥-
²¨Î¨´Ê

υ ≡ �

m

∂θ

∂q
(15)

¤·¥°Ëμ¢μ°,   ¢¥²¨Î¨´Ê

u ≡ −Dq
1
ρ

∂ρ

∂q
= − �

2m

1
ρ

∂ρ

∂q
(16)

¤¨ËËÊ§¨μ´´μ° ¸±μ·μ¸ÉÓÕ ¢ Ìμ²μ¤´μ³ ¢ ±ÊÊ³¥. ‘ ¶μ³μÐÓÕ ÔÉ¨Ì ¢¥²¨Î¨´ Ëμ·³Ê² ³ (12)
¨ (13) ³μ¦´μ ¶·¨¤ ÉÓ ¢¨¤

L0[ρ, θ] = −�
∂θ

∂t
ρ − m

2
(v2 + u2)ρ − Uρ; (12a)

∂ρ

∂t
+

∂

∂q
(ρv) = 0, (13a)

μÉ±·Ò¢ ÕÐ¨° ¢μ§³μ¦´μ¸ÉÓ ¤²Ö μ¡μ¡Ð¥´¨Ö.
„¥°¸É¢¨É¥²Ó´μ, ¨§ Ê· ¢´¥´¨Ö (13 ) ¸²¥¤Ê¥É, ÎÉμ ¸É ´¤ ·É´μ¥ Ê· ¢´¥´¨¥ ´¥¶·¥·Ò¢´μ-

¸É¨, ¸μ£² ¸μ¢ ´´μ¥ ¸ Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥· , ´μ¸¨É ±¢ §¨±² ¸¸¨Î¥¸±¨° Ì · ±É¥·, ¨¡μ ¢
´¥³ ¶²μÉ´μ¸ÉÓ ¶μÉμ±  ¢¥·μÖÉ´μ¸É¨ § ¢¨¸¨É Éμ²Ó±μ μÉ ¤·¥°Ëμ¢μ° ¸±μ·μ¸É¨ v. ‚ Éμ ¦¥
¢·¥³Ö ¤¨ËËÊ§¨μ´´ Ö ¸±μ·μ¸ÉÓ u, ¶μ·μ¦¤ ¥³ Ö ¸ÉμÌ ¸É¨Î¥¸±¨³ ¢μ§¤¥°¸É¢¨¥³ Ìμ²μ¤´μ£μ
¢ ±ÊÊ³ , ¢ (13 ) ´¥ ÊÎ¨ÉÒ¢ ¥É¸Ö. Œ¥¦¤Ê É¥³ ´ ¨¡μ²¥¥ μ¡Ð¨³ Ê· ¢´¥´¨¥³ ´¥¶·¥·Ò¢´μ¸É¨
¤²Ö ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ Ö¢²Ö¥É¸Ö, ± ± ¨§¢¥¸É´μ, Ê· ¢´¥´¨¥ ”μ±±¥· Ä�² ´±  [8]

∂ρ

∂t
+

∂

∂q
(ρV ) = 0. (17)

‡¤¥¸Ó ¸±μ·μ¸ÉÓ ¶μÉμ±  ¢¥·μÖÉ´μ¸É¨ ¨³¥¥É ¢¨¤

V ≡ v + u =
�

m

∂θ

∂q
− Dq

1
ρ

∂ρ

∂q
, (18)

¶·¨Î¥³ ¤²Ö Ìμ²μ¤´μ£μ ¢ ±ÊÊ³  ¢¥²¨Î¨´Ò v ¨ u μ¶·¥¤¥²ÖÕÉ¸Ö Ëμ·³Ê² ³¨ (15) ¨ (16)

¸μμÉ¢¥É¸É¢¥´´μ. �¥μ¡Ìμ¤¨³μ É ±¦¥ § ³¥É¨ÉÓ, ÎÉμ ¢Ìμ¤ÖÐ¥¥ ¢ (12 ) ¢Ò· ¦¥´¨¥
m

2
u2 =

m

2

(
Dq

1
ρ

∂ρ

∂q

)2

³μ¦´μ É· ±Éμ¢ ÉÓ ¨ ± ± Ô´¥·£¨Õ ¤¨ËËÊ§¨μ´´μ£μ ¤ ¢²¥´¨Ö Ìμ²μ¤´μ£μ

¢ ±ÊÊ³ , ¨ ± ± ¢±² ¤ ¢ ±¨´¥É¨Î¥¸±ÊÕ Ô´¥·£¨Õ. �μÔÉμ³Ê ¢Ìμ¤ÖÐ Ö ¢ Ëμ·³Ê²Ê (12 )
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±μ³¡¨´ Í¨Ö
m

2
(v2 + u2) μÉÎ ¸É¨ ´ ¶μ³¨´ ¥É ¢Ò· ¦¥´¨¥ ¤²Ö ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨ ¢

Í¥²μ³, ´μ ¢¸¥ ¦¥ ¢Ò£²Ö¤¨É Ö¢´μ ´¥¶μ²´μ° ¶μ ¸· ¢´¥´¨Õ ¸
m

2
V 2 =

m

2
(v + u)2.

’ ±¨³ μ¡· §μ³, ¸É ´¤ ·É´ Ö ±¢ ´Éμ¢ Ö ³¥Ì ´¨±  ¤μ¶Ê¸± ¥É ¢μ§³μ¦´μ¸ÉÓ μ¡μ¡Ð¥´¨Ö.
‚ · ³± Ì ´¥· ¢´μ¢¥¸´μ° (�, k)-¤¨´ ³¨±¨ ³μ¦´μ ¡μ²¥¥ ¶μ²´μ ÊÎ¥¸ÉÓ ±¢ ´Éμ¢μ¥ ¸ÉμÌ ¸É¨-
Î¥¸±μ¥ ¢μ§¤¥°¸É¢¨¥ Ìμ²μ¤´μ£μ ¢ ±ÊÊ³ , ¢±²ÕÎ Ö ¢μ§´¨±´μ¢¥´¨¥ Ë²Ê±ÉÊ Í¨° ¶²μÉ´μ¸É¨
¢¥·μÖÉ´μ¸É¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¨ ¨Ì · ¸¸ ¸Ò¢ ´¨¥ ¢ ¶·μÍ¥¸¸¥ ¸ ³μ¤¨ËËÊ§¨¨. ‚ ¨Éμ£¥
Ê¤ ¥É¸Ö ¶μ²ÊÎ¨ÉÓ ´¥· ¢´μ¢¥¸´Ò¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨, μ¶¨¸Ò¢ ÕÐ¨¥ ·¥² ±¸ Í¨Õ ¸¨¸É¥³Ò
± μ¸´μ¢´μ³Ê ¸μ¸ÉμÖ´¨Õ.

�¸ÊÐ¥¸É¢¨³ É ±μ¥ μ¡μ¡Ð¥´¨¥ ¸´ Î ²  ¶·¨ T = 0. „²Ö ÔÉμ£μ § ³¥´¨³ ¢ ¶²μÉ´μ¸É¨
² £· ´¦¨ ´  ¢¨¤  (12 ) ¢Ò· ¦¥´¨¥ (v2 + u2) ´  V 2. ’μ£¤  ¶μ²ÊÎ¨³

L̃0[ρ; θ] = −�
∂θ

∂t
ρ − m

2
V 2ρ − Uρ = L0[ρ; θ] − mvuρ = L0[ρ; θ] +

�

2m

∂θ

∂q

∂ρ

∂q
. (19)

‚ ·Ó¨·μ¢ ´¨¥ ¶μ θ ËÊ´±Í¨μ´ ²  ¤¥°¸É¢¨Ö ¸ L̃0[ρ; θ]  ¢Éμ³ É¨Î¥¸±¨ ¶·¨¢μ¤¨É ± Ê· ¢-
´¥´¨Õ ”μ±±¥· Ä�² ´±  (17) ¸ ±¢ ´Éμ¢Ò³ ±μÔËË¨Í¨¥´Éμ³ ¤¨ËËÊ§¨¨ Dq. ‚ Éμ ¦¥ ¢·¥³Ö
¢ ·Ó¨·μ¢ ´¨¥ ¶μ ρ ¶· ±É¨Î¥¸±¨ ´¥ ³¥´Ö¥É Ê· ¢´¥´¨Ö (14), ²¨ÏÓ ¤μ¡ ¢²ÖÖ ¢ ´¥£μ ¸²¥¢ 

¸² £ ¥³μ¥
�

2

2m

∂2θ

∂q2
.

4. ‹�ƒ���†…‚� ”��Œ“‹ˆ��‚Š� Š‚��’�‚�‰ Œ…•��ˆŠˆ
��ˆ Š��…—�›• ’…Œ�…��’“��•

�·μ¨§¢¥¤¥³ É¥¶¥·Ó ¤ ²Ó´¥°Ï¥¥ μ¡μ¡Ð¥´¨¥ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨, · ¸¶·μ¸É· ´¨¢ ¶·¥¤-
²μ¦¥´´ÊÕ ¢ÒÏ¥ ² £· ´¦¥¢Ê Ëμ·³Ê²¨·μ¢±Ê ´  ¸²ÊÎ ° ¸¨¸É¥³Ò, ¨¸¶ÒÉÒ¢ ÕÐ¥° ¢μ§¤¥°-
¸É¢¨¥ ±¢ ´Éμ¢μÉ¥¶²μ¢μ£μ ¢ ±ÊÊ³  ¢ ³μ¤¥²¨ ±¢ ´ÉμÉ¥·³μ¸É É  (T �= 0). ‘ ÔÉμ° Í¥²ÓÕ
¢¢¥¤¥³ ¶²μÉ´μ¸ÉÓ ² £· ´¦¨ ´  L̃T [ρ; θ], § ¢¨¸ÖÐÊÕ μÉ É¥³¶¥· ÉÊ·Ò ¨ ÊÎ¨ÉÒ¢ ÕÐÊÕ ´ -
²¨Î¨¥ ±¢ ´Éμ¢μ-É¥¶²μ¢μ° ¸ ³μ¤¨ËËÊ§¨¨ ¸ ±μÔËË¨Í¨¥´Éμ³ Deff ¢¨¤  (8). ‘μμÉ¢¥É¸É¢Ê-
ÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¢Ò¡¥·¥³ É ±, ÎÉμ¡Ò ¶·¨ T → 0 μ´μ ¶¥·¥Ìμ¤¨²μ ¢ ¢Ò· ¦¥´¨¥ L̃0[ρ; θ]
¢¨¤  (19).

„²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ ¢ ¢Ò· ¦¥´¨¨ ¤²Ö ¤¨ËËÊ§¨μ´´μ° ¸±μ·μ¸É¨ (16) § ³¥´¨ÉÓ ±μ-
ÔËË¨Í¨¥´É Dq ´  Deff ¨ ¢¢¥¸É¨ ¢ ¶²μÉ´μ¸ÉÓ ² £· ´¦¨ ´  ¤μ¶μ²´¨É¥²Ó´Ò° Î²¥´ UT (q),
ÊÎ¨ÉÒ¢ ÕÐ¨° ¢±² ¤ ¢ Ô´¥·£¨Õ ¤¨ËËÊ§¨μ´´μ£μ ¤ ¢²¥´¨Ö É¥¶²μ£μ ¢ ±ÊÊ³ . �μ ´ Ï¨³

¸μμ¡· ¦¥´¨Ö³, ÔÉμ ¢Ò· ¦¥´¨¥ ¤μ²¦´μ ¨³¥ÉÓ ¢¨¤,  ´ ²μ£¨Î´Ò°
m

2
u2 (¶·¨ T = 0), ¶μ§¢μ-

²¨¢Ï¨° ¢ÒÏ¥, ¢ Ëμ·³Ê²¥ (12 ), ÊÎ¨ÉÒ¢ ÉÓ Ô´¥·£¨Õ ¤¨ËËÊ§¨μ´´μ£μ ¤ ¢²¥´¨Ö Ìμ²μ¤´μ£μ
¢ ±ÊÊ³ :

UT (q) = −m

2

[αeff

Υ

]2

u2 = − �
2

8m
α2

eff

(
1
ρ

∂ρ

∂q

)2

. (20)

ˆ´Ò³¨ ¸²μ¢ ³¨, ¢ ± Î¥¸É¢¥ L̃T [ρ; θ] ¢Ò¡¥·¥³ ¢Ò· ¦¥´¨¥

L̃T (ρ, θ) = −�
∂θ

∂t
ρ − m

2
(v + u)2ρ − Uρ − UT ρ. (21)
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„²Ö ¤ ²Ó´¥°Ï¨Ì ¢ÒÎ¨¸²¥´¨° ¢ Ëμ·³Ê²¥ (21) Ê¤μ¡´μ ¢¥·´ÊÉÓ¸Ö ± Ö¢´μ° § ¢¨¸¨³μ¸É¨
L̃T (ρ, θ) μÉ ρ ¨ θ:

L̃T (ρ, θ) = −�
∂θ

∂t
ρ −

{
�

2

2m

(
∂θ

∂q

)2

ρ +
�

2

2m
Υ

∂θ

∂q

∂ρ

∂q
+

�
2

8m
Υ2 1

ρ

(
∂ρ

∂q

)2
}
−

− Uρ − �
2

8m
α2

eff

1
ρ

(
∂ρ

∂q

)2

.

‚ ·Ó¨·μ¢ ´¨¥ ËÊ´±Í¨μ´ ²  ¤¥°¸É¢¨Ö ¸ L̃T (ρ, θ) ¶μ θ ¢´μ¢Ó ¶·¨¢μ¤¨É ± Ê· ¢´¥´¨Õ
”μ±±¥· Ä�² ´± , ´μ Ê¦¥ ¸ ÔËË¥±É¨¢´Ò³ ±μÔËË¨Í¨¥´Éμ³ ¤¨ËËÊ§¨¨ Deff :

∂ρ

∂t
+

∂

∂q

(
ρ

�

m

∂θ

∂q

)
− Deff

∂2ρ

∂q2
= 0. (22)

‘μμÉ¢¥É¸É¢¥´´μ, ¢ ·Ó¨·μ¢ ´¨¥ ¶μ ρ ¶·¨¢μ¤¨É ± Ê· ¢´¥´¨Õ ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨, ÊÎ¨-
ÉÒ¢ ÕÐ¥³Ê ¸μ¢³¥¸É´μ¥ ±¢ ´Éμ¢μ-É¥¶²μ¢μ¥ ¢μ§¤¥°¸É¢¨¥ ¢ ±ÊÊ³ :

�
∂θ

∂t
+

�
2

2m

(
∂θ

∂q

)2

+
�

2

2m
Υ

∂2θ

∂q2
+U(q)− �

2

8m
(ΞT )

[
1
ρ2

(
∂ρ

∂q

)2

+ 2
∂

∂q

(
1
ρ

∂ρ

∂q

)]
= 0, (23)

£¤¥
ΞT = 2Υ2 − 1.

‘¨¸É¥³  Ê· ¢´¥´¨° (22), (23), ¡Ê¤ÊÎ¨ μ¡μ¡Ð¥´¨¥³ Ê· ¢´¥´¨° (13), (14), ¶·¥¤¸É ¢²Ö¥É
¸μ¡μ° ´¥É·¨¢¨ ²Ó´μ¥ μ¡μ¡Ð¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . ‚μ§¢· Ð¥´¨¥ ¢ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ
± ¢μ²´μ¢Ò³ ËÊ´±Í¨Ö³ ψ ¨ ψ∗ Å ¸ ³μ¸ÉμÖÉ¥²Ó´ Ö ¨ ´¥¶·μ¸É Ö § ¤ Î . ‚ ¤ ´´μ° · ¡μÉ¥
³Ò ¸μ¸·¥¤μÉμÎ¨³¸Ö ´¥¶μ¸·¥¤¸É¢¥´´μ ´  ·¥Ï¥´¨¨ Ê· ¢´¥´¨° (22), (23).

5. �‹�’��‘’œ ‚…��Ÿ’��‘’ˆ �…��‚��‚…‘��ƒ� ‘�‘’�Ÿ�ˆŸ
Š‚��’�‚�ƒ� �‘–ˆ‹‹Ÿ’���

’· ¤¨Í¨μ´´μ ¸Î¨É ¥É¸Ö, ÎÉμ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° É¨¶  (22), (23) ¤μ¢μ²Ó´μ ¡¥¸¶¥·-
¸¶¥±É¨¢´μ ¢¢¨¤Ê ¨Ì § ¶ÊÉ ´´μ¸É¨ ¨ ´¥²¨´¥°´μ¸É¨. ŒÒ ¶μ± ¦¥³, ÎÉμ ¢ ¸²ÊÎ ¥ ³μ¤¥²¨
±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ·  ÔÉμ ¢μ§· ¦¥´¨¥ ³μ¦´μ μ¡μ°É¨, ¨¸¶μ²Ó§ÊÖ ³¥Éμ¤ ¶μ¸²¥¤μ¢ É¥²Ó-
´ÒÌ ¶·¨¡²¨¦¥´¨°. � Ìμ¦¤¥´¨¥ ·¥Ï¥´¨Ö ¤²Ö É ±μ° ³μ¤¥²¨ ¶·¥¤¸É ¢²Ö¥É ¸ÊÐ¥¸É¢¥´´Ò°
¨´É¥·¥¸, ¶μ¸±μ²Ó±Ê μ´  ¨³¥¥É §´ Î¨É¥²Ó´ÊÕ μ¡² ¸ÉÓ ¶·¨³¥´¨³μ¸É¨. ‚ Î ¸É´μ¸É¨, ÔÉ 
³μ¤¥²Ó ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ ´¥· ¢´μ¢¥¸´Ò¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ É¥¶²μ£μ ¢ ±ÊÊ³  ¢ ³μ¤¥²¨
±¢ ´ÉμÉ¥·³μ¸É É .

�¡· É¨³ ¢´¨³ ´¨¥ ´  Éμ, ÎÉμ § Í¥¶²¥´¨¥ Ê· ¢´¥´¨° (22) ¨ (23) ¸¢Ö§ ´μ ¸μ ¸² £ ¥-
³Ò³ ¢ Ê· ¢´¥´¨¨ (22), ¸μ¤¥·¦ Ð¨³ ¤·¥°Ëμ¢ÊÕ ¸±μ·μ¸ÉÓ v. �μ¸±μ²Ó±Ê ·¥£Ê²Ö·´ Ö ¸±μ-
·μ¸ÉÓ ¶μ¸ÉÊ¶ É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö Í¥´É·  ³ ¸¸ μ¸Í¨²²ÖÉμ·  μÉ¸ÊÉ¸É¢Ê¥É ¨ ¸·¥¤´¥¥ §´ Î¥´¨¥
¸±μ·μ¸É¨ ¥£μ ¢´ÊÉ·¥´´¥£μ ¤¢¨¦¥´¨Ö ¢ É¥¶²μ¢μ³ · ¢´μ¢¥¸¨¨ É ±¦¥ · ¢´μ ´Ê²Õ, ¸¤¥² ¥³
¶·¥¤¶μ²μ¦¥´¨¥, ÎÉμ ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ v � u. �Éμ μ§´ Î ¥É, ÎÉμ ÊÎ¥É ¸É ´¤ ·É-
´μ£μ μÉ±²μ´¥´¨Ö Δv ¤²Ö ¤·¥°Ëμ¢μ° ¸±μ·μ¸É¨ ³Ò ¡Ê¤¥³ ¸Î¨É ÉÓ ÔËË¥±Éμ³ ¸²¥¤ÊÕÐ¥£μ
¶·¨¡²¨¦¥´¨Ö. �¡μ¸´μ¢ ´¨¥ ÔÉμ£μ ¶·¥¤¶μ²μ¦¥´¨Ö ³Ò ¶·¨¢¥¤¥³ ¢ · §¤. 7.
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�·¨ É ±μ³ ¶·¥¤¶μ²μ¦¥´¨¨ Ê· ¢´¥´¨¥ (22) μÉÐ¥¶²Ö¥É¸Ö μÉ Ê· ¢´¥´¨Ö (23), ¶·¨´¨³ Ö
¢¨¤ ¸É ´¤ ·É´μ£μ Ê· ¢´¥´¨Ö ¤¨ËËÊ§¨¨

∂ρ

∂t
= Deff

∂2ρ

∂q2
, (24)

²¨´¥°´μ£μ μÉ´μ¸¨É¥²Ó´μ ρ. …£μ ·¥Ï¥´¨¥ ¤ ¥É ¢Ò· ¦¥´¨¥ ¤²Ö ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨,
±μÉμ·μ¥ ³μ¦´μ ¡Ò²μ ¡Ò ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ´ Ìμ¦¤¥´¨Ö Ë §Ò ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¨§ Ê· ¢-
´¥´¨Ö (23). �¤´ ±μ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (24) ¨§¢¥¸É´μ Éμ²Ó±μ ¤²Ö ¤¨ËËÊ§¨¨ ¸¢μ¡μ¤´ÒÌ
Î ¸É¨Í ¨²¨ Î ¸É¨Í, ´ Ìμ¤ÖÐ¨Ì¸Ö ¶μ¤ ¤¥°¸É¢¨¥³ ¶μ¸ÉμÖ´´μ° ¸¨²Ò.

„²Ö ³μ¤¥²¨ ±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ·  ÔÉÊ ¶·μ¡²¥³Ê ³μ¦´μ, μ¤´ ±μ, ·¥Ï¨ÉÓ μ¡Ìμ¤´Ò³
¶ÊÉ¥³, · ¸¸³μÉ·¥¢ ¤¨ËËÊ§¨Õ ± ± ¡·μÊ´μ¢¸±μ¥ ¤¢¨¦¥´¨¥ μ¸Í¨²²ÖÉμ·μ¢ ¢  ¶¥·¨μ¤¨Î¥-
¸±μ³ ·¥¦¨³¥ (¶·¨ ωτ ∼ 1) ¨ ¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó ¨´É¥£· ²Ó´Ò³ Ê· ¢´¥´¨¥³ ‘³μ²ÊÌμ¢-
¸±μ£μ [4, 9]. …¸²¨ ± Éμ³Ê ¦¥ ¤μ¶Ê¸É¨ÉÓ, ÎÉμ ´ Î ²Ó´μ¥ §´ Î¥´¨¥ ±μμ·¤¨´ ÉÒ μ¸Í¨²²ÖÉμ· 
q(0) = 0, Éμ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¶²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ ¶·¨´¨³ ¥É ¢¨¤ [4]

ρ̃T (q, t) = [2πΔq2
T (t)]−1/2 exp

{
− q2

2ΔqT (t)2

}
, (25)

¸¶· ¢¥¤²¨¢Ò° ¶·¨ ¢Ò¸μ±¨Ì É¥³¶¥· ÉÊ· Ì, ±μ£¤  kBT � �ω/2. ‡¤¥¸Ó

Δq2
T (t) ≡ Δq2

T ϕ(t) =
DT

ω
ϕ(t), (26)

  ËÊ´±Í¨Ö

ϕ(t) = 1 − e−2ωt (27)

μ¶¨¸Ò¢ ¥É ¶·μÍ¥¸¸ ¶·¨¡²¨¦¥´¨Ö ± É¥¶²μ¢μ³Ê · ¢´μ¢¥¸¨Õ, ¤μ¸É¨£ Ö ¶·¥¤¥²Ó´μ£μ §´ Î¥´¨Ö
ϕ = 1 ¢ ¶·¥¤¥²¥ t → ∞.

�É³¥É¨³, ÎÉμ ¸É·μ£μ¥ μ¡μ¸´μ¢ ´¨¥ ÔÉμ£μ ·¥§Ê²ÓÉ É  ¤²Ö ³μ¤¥²¨ ±² ¸¸¨Î¥¸±μ£μ μ¸Í¨²-
²ÖÉμ· , ¤μ¸É¨£ ÕÐ¥£μ ¸μ¸ÉμÖ´¨Ö É¥¶²μ¢μ£μ · ¢´μ¢¥¸¨Ö §  ¸Î¥É ¸² ¡μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸
±² ¸¸¨Î¥¸±μ° ³μ¤¥²ÓÕ É¥·³μ¸É É , ¡Ò²μ ¤ ´μ 
μ£μ²Õ¡μ¢Ò³ [10] ¶ÊÉ¥³ ·¥Ï¥´¨Ö ´ ¨¡μ²¥¥
μ¡Ð¥£μ Ê· ¢´¥´¨Ö ”μ±±¥· Ä�² ´±  ¤²Ö μ¸Í¨²²ÖÉμ·  ¢ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥.

‚ ¨´É¥·¥¸ÊÕÐ¥³ ´ ¸ ¸²ÊÎ ¥ Ê¸É ´μ¢²¥´¨Ö É¥¶²μ¢μ£μ · ¢´μ¢¥¸¨Ö ±¢ ´Éμ¢μ£μ μ¸Í¨²²Ö-
Éμ·  ¸ ±¢ ´ÉμÉ¥·³μ¸É Éμ³ ¥¸É¥¸É¢¥´´μ ¢Ò¸± § ÉÓ £¨¶μÉ¥§Ê, ¸μ£² ¸´μ ±μÉμ·μ° ¤²Ö ¶²μÉ´μ-
¸É¨ ¢¥·μÖÉ´μ¸É¨ ρ̃eff(q, t) ¸¶· ¢¥¤²¨¢μ ¢Ò· ¦¥´¨¥,  ´ ²μ£¨Î´μ¥ (25), ´μ ¸ § ³¥´μ° ±μÔË-
Ë¨Í¨¥´É  Î¨¸Éμ É¥¶²μ¢μ° ¤¨ËËÊ§¨¨ DT ´  ÔËË¥±É¨¢´Ò° ±μÔËË¨Í¨¥´É ¤¨ËËÊ§¨¨ Deff :

ρ̃eff(q, t) = 2π
[
Δq2

eff(t)
]−1/2

exp
{
− q2

2Δq2
eff(t)

}
, (28)

£¤¥

Δq2
eff(t) ≡ Δq2

effϕ(t) =
Deff

ω
ϕ(t). (29)

�¡μ¸´μ¢ ´´μ¸ÉÓ ¤ ´´μ° £¨¶μÉ¥§Ò ¤μ¶μ²´¨É¥²Ó´μ ¶μ¤É¢¥·¦¤ ¥É¸Ö É¥³, ÎÉμ ¢ ¶·¥¤¥²¥
t → ∞ ¢Ò· ¦¥´¨¥ (28) ¸μ¢¶ ¤ ¥É ¸ ¢Ò· ¦¥´¨¥³ ρeff(q), ¸²¥¤ÊÕÐ¨³ ¨§ ¶μ²ÊÎ¥´´μ£μ
´¥§ ¢¨¸¨³μ ¢Ò· ¦¥´¨Ö ¤²Ö · ¢´μ¢¥¸´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ·  ¢
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±¢ ´ÉμÉ¥·³μ¸É É¥ [3]1

ψeff(q) = [2πΔq2
eff ]−1/4 exp

{
− q2

4Δq2
eff

(1 − iαeff)
}

exp
{
−i

ω

2
feff

}
. (30)

6. �…��‚��‚…‘�›… ‚�‹��‚›… ”“�Š–ˆˆ
Š‚��’�‚�ƒ� �‘–ˆ‹‹Ÿ’���

�¶¨· Ö¸Ó ´  £¨¶μÉ¥§Ê (28), ¶¥·¥°¤¥³ ± ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö (23) ¤²Ö ´ Ìμ¦¤¥´¨Ö Ë §Ò
¢μ²´μ¢μ° ËÊ´±Í¨¨ θ(q, t). �μ¸±μ²Ó±Ê ¥¸É¥¸É¢¥´´μ ¤μ¶Ê¸É¨ÉÓ, ÎÉμ ´¥· ¢´μ¢¥¸´Ò¥ ¢μ²´μ-
¢Ò¥ ËÊ´±Í¨¨ ±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ·  ¢ ±¢ ´ÉμÉ¥·³μ¸É É¥, ± ± ¨ · ¢´μ¢¥¸´Ò¥ ËÊ´±Í¨¨
É¨¶  (30), ¨³¥ÕÉ ¸³Ò¸² É¥¶²μ¢ÒÌ ±μ··¥²¨·μ¢ ´´μ-±μ£¥·¥´É´ÒÌ ¸μ¸ÉμÖ´¨° (’ŠŠ‘) [3, 2],
Ë §  θ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¤μ²¦´  ±¢ ¤· É¨Î´μ § ¢¨¸¥ÉÓ μÉ q. �Éμ ¶μ§¢μ²Ö¥É · §¤¥²¨ÉÓ Ê· ¢-
´¥´¨¥ (23) ´  ¤¢  Ê· ¢´¥´¨Ö. �¥·¢μ¥ Ê· ¢´¥´¨¥, Î²¥´Ò ±μÉμ·μ£μ ¶·μ¶μ·Í¨μ´ ²Ó´Ò q2,
¨³¥¥É ¢¨¤

�
2

2m

(
∂θ

∂q

)2

+
mω2q2

2
− �

2

8m
(ΞT )

(
1
ρ

∂ρ

∂q

)2

= 0, (31)

£¤¥ ³Ò Ö¢´μ ÊÎ²¨ ¶μÉ¥´Í¨ ²Ó´ÊÕ Ô´¥·£¨Õ μ¸Í¨²²ÖÉμ·  U(q). ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¢Éμ·μ¥
Ê· ¢´¥´¨¥, Î²¥´Ò ±μÉμ·μ£μ μÉ q ´¥ § ¢¨¸ÖÉ, É ±μ¢μ:

�
∂θ

∂t
+

�
2

2m
Υ

∂2θ

∂q2
− �

2

4m
(ΞT )

∂

∂q

(
1
ρ

∂ρ

∂q

)
= 0. (32)

�¥Ï¥´¨¥ ÔÉ¨Ì Ê· ¢´¥´¨° ³μ¦´μ ¶·μ¢¥¸É¨ ¶μ¸²¥¤μ¢ É¥²Ó´μ, ¸´ Î ²  ¶μ¤¸É ¢¨¢ ¢Ò· -
¦¥´¨¥ (28) ¢ Ê· ¢´¥´¨¥ (31). ’μ£¤  ¶μ²ÊÎ¨³(

∂θ

∂q

)2

=
m2ω2q2

�2

[
(ϕ−2(t) − 1) + ϕ−2(t)

( α

Υ

)2
]

, (33)

£¤¥ ϕ(t) ¤ ¥É¸Ö Ëμ·³Ê²μ° (27). „ ²¥¥, ¨§¢²¥± Ö ±¢ ¤· É´Ò° ±μ·¥´Ó ¨ ¨´É¥£·¨·ÊÖ ¶μ q
(¶·¨ t = const), ´ Ìμ¤¨³

θeff(q, t) =
q2

4Δq2
eff(t)

αeff(t), (34)

£¤¥
αeff(t) = [(1 − ϕ2)Υ2 + α2

eff ]1/2.

� ±μ´¥Í, ¶μ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨Ö (28) ¨ (34) ¢ Ê· ¢´¥´¨¥ (32), ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥

∂θ

∂t
= − ω

2ϕ(t)

[
(ΞT )

1
Υ

− αeff(t)
]

, (35)

1�μ¸²¥¤´¨° ³´μ¦¨É¥²Ó ¢ (30) ´¥ Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³. Šμ´±·¥É´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ´¥£μ ¡Ê¤¥É ¶·¨¢¥¤¥´μ
¢ · §¤. 6.
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¨´É¥£·¨·ÊÖ ±μÉμ·μ¥ ¶μ t, ´ Ìμ¤¨³

θeff(t) = −ω

2
feff(t). (36)

(„²Ö ¤ ²Ó´¥°Ï¥£μ ÉμÎ´μ¥  ´ ²¨É¨Î¥¸±μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ËÊ´±Í¨¨ feff(t) ´¥¸ÊÐ¥¸É¢¥´´μ.)
�¡Ñ¥¤¨´ÖÖ ¢Ò· ¦¥´¨Ö (28), (34) ¨ (36), μ±μ´Î É¥²Ó´μ ¶μ²ÊÎ¨³ ´¥· ¢´μ¢¥¸´ÊÕ ¢μ²´μ-

¢ÊÕ ËÊ´±Í¨Õ ψ̃eff(t) ¤²Ö ±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ· , ´ Ìμ¤ÖÐ¥£μ¸Ö ¢ ±¢ ´ÉμÉ¥·³μ¸É É¥ ¶·¨
T �= 0:

ψ̃eff(q, t) =
[
2πΔq2

eff(t)
]−1/4

exp
{
− q2

4Δq2
eff(t)

(1 − iαeff(t))
}

exp
{
−i

ω

2
feff(t)

}
. (37)

�·¨ t → ∞ ¡² £μ¤ ·Ö ±¢ ´Éμ¢μ-É¥¶²μ¢μ° ¸ ³μ¤¨ËËÊ§¨¨ μ´  ¶·¨¡²¨¦ ¥É¸Ö ± · ¢´μ¢¥¸´μ°
¢μ²´μ¢μ° ËÊ´±Í¨¨ ψeff(q) ¢¨¤  (30), Ì · ±É¥·¨§ÊÕÐ¥° É¥¶²Ò° ¢ ±ÊÊ³.

�μ¸²¥¤´ÖÖ Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¥° Ô·³¨Éμ¢  μ¶¥· Éμ·  Å ÔËË¥±É¨¢´μ£μ £ -
³¨²ÓÉμ´¨ ´  Ĥeff ¸ ´Ê²¥¢Ò³ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³

Ĥeff ψeff(q) = Υ
{
Ĥ − �ω

2
1
Υ

[
Î + αeff

1
�
{p̂, q̂}

]}
ψeff = 0, (38)

£¤¥ Ĥ Å £ ³¨²ÓÉμ´¨ ´ ±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ· . �·¨ ÔÉμ³ ËÊ´±Í¨Ö feff ¢ Ëμ·³Ê²¥ (30)
¶·¨´¨³ ¥É ¢¨¤

feff =
[
(ΞT )Υ−1 − αeff

]
t, (39)

¶·¥¢· Ð Ö¸Ó ¶·¨ T → 0 ¶·μ¸Éμ ¢ t.
�É³¥É¨³ É ±¦¥, ÎÉμ ´¥· ¢´μ¢¥¸´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¶·¨ T = 0, μ¶¨¸Ò¢ ÕÐ Ö ¶·¨-

¡²¨¦¥´¨¥ ±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ·  ± ¸μ¸ÉμÖ´¨Õ Ìμ²μ¤´μ£μ ¢ ±ÊÊ³  §  ¸Î¥É ±¢ ´Éμ¢μ°
¤¨ËËÊ§¨¨, ¨³¥¥É ¢¨¤

ψ̃0(q, t) =
[
2πΔq2

0(t)
]−1/4

exp
{
− q2

4Δq2
0(t)

(1 − iα0(t))
}

exp
{
−i

ω

2
f0(t)

}
, (40)

£¤¥ α0(t) ¨ f0(t) Å §´ Î¥´¨Ö αeff(t) ¨ feff(t) ¢ ¶·¥¤¥²¥ T → 0.

7. ��‘“†„…�ˆ… ��‹“—…��›• �…‡“‹œ’�’�‚

� §Ê³¥¥É¸Ö, ´¥· ¢´μ¢¥¸´Ò¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ψ̃eff(q, t) ¨ ψ̃0(q, t), ¢ μÉ²¨Î¨¥ μÉ · ¢-
´μ¢¥¸´ÒÌ ËÊ´±Í¨° ψeff(q) ¨ ψ0(q), ´¥ Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· . ˆ¸¶μ²Ó-
§Ê¥³Ò¥ ¢ ´¥· ¢´μ¢¥¸´μ° (�, k)-¤¨´ ³¨±¥ Ê· ¢´¥´¨Ö ”μ±±¥· Ä�² ´±  (22) ¨ ƒ ³¨²ÓÉμ´ Ä
Ÿ±μ¡¨ (23) μ¶¨¸Ò¢ ÕÉ μ¤´μ´ ¶· ¢²¥´´Ò° ¢μ ¢·¥³¥´¨ ¶·μÍ¥¸¸ ¶¥·¥Ìμ¤  μÉ ´¥· ¢´μ¢¥¸-
´μ£μ ¸μ¸ÉμÖ´¨Ö ± · ¢´μ¢¥¸´μ³Ê §  ¸Î¥É ´¥Ê¸É· ´¨³μ£μ ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¢μ§¤¥°¸É¢¨Ö ¢ -
±ÊÊ³ , ¨³¥ÕÐ¥£μ ³¥¸Éμ ¨ ¶·¨ T = 0.

‚ ¸É ´¤ ·É´μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ÔÉ¨ μ¡¸ÉμÖÉ¥²Ó¸É¢ , ¸ÊÐ¥¸É¢¥´´μ ¸¢Ö§ ´´Ò¥ ¸ ´ -
²¨Î¨¥³ Ô´¥·£¨¨ ´Ê²¥¢ÒÌ ±μ²¥¡ ´¨° ¢ ±ÊÊ³ , ± ± ¶· ¢¨²μ, ´¥ ÊÎ¨ÉÒ¢ ÕÉ¸Ö, ÎÉμ μ£· ´¨-
Î¨¢ ¥É μ¡² ¸ÉÓ ¥¥ ¶·¨³¥´¨³μ¸É¨ ¤ ¦¥ ¶·¨ T = 0. �μ-¢¨¤¨³μ³Ê, ÊÎ¥É ¸ÉμÌ ¸É¨Î¥¸±μ£μ
¢μ§¤¥°¸É¢¨Ö μ±·Ê¦¥´¨Ö ³μ¦¥É ¨³¥ÉÓ ¸ÊÐ¥¸É¢¥´´μ¥ §´ Î¥´¨¥ ¤²Ö · §¢¨É¨Ö ±¨´¥É¨Î¥¸±μ°
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É¥μ·¨¨. � ´¥¥ 
μ£μ²Õ¡μ¢Ò³ ¡Ò²μ ¢Ò¸± § ´μ μ¡μ¸´μ¢ ´´μ¥ ÊÉ¢¥·¦¤¥´¨¥, ¸μ£² ¸´μ ±μÉμ-
·μ³Ê ¶·μÍ¥¸¸ ¸ÉμÌ ¸É¨§ Í¨¨ ¢  ¡¸μ²ÕÉ´μ ¨§μ²¨·μ¢ ´´ÒÌ ¸¨¸É¥³ Ì, É. ¥. ¶·¨ ¶·¥´¥¡·¥-
¦¥´¨¨ ¸ÉμÌ ¸É¨Î¥¸±¨³ ¢μ§¤¥°¸É¢¨¥³ Ìμ²μ¤´μ£μ ¢ ±ÊÊ³ , ´¥¢μ§³μ¦¥´ [12, 13]. �μ¸±μ²Ó±Ê
¸ÉμÌ ¸É¨Î¥¸±μ¥ ¢μ§¤¥°¸É¢¨¥ Ìμ²μ¤´μ£μ ¢ ±ÊÊ³  ¨¸±²ÕÎ¨ÉÓ ´¥²Ó§Ö, ¥£μ ´ ²¨Î¨¥, ¶μ ´ -
Ï¥³Ê ³´¥´¨Õ, Ö¢²Ö¥É¸Ö μÉ¶· ¢´Ò³ ¶Ê´±Éμ³ μ¶¨¸ ´¨Ö ¸ÉμÌ ¸É¨§ Í¨¨ ¢ É ±¨Ì ¸¨¸É¥³ Ì,
¢¥¤ÊÐ¥° ± Ê¸É ´μ¢²¥´¨Õ ¢ ´¨Ì É¥¶²μ¢μ£μ · ¢´μ¢¥¸¨Ö.

�μ²ÊÎ¥´´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ψ̃eff(q, t) μ¡¥¸¶¥Î¨¢ ¥É ´ ¸ÒÐ¥´´μ¸ÉÓ ¸μμÉ´μÏ¥´¨Ö
´¥μ¶·¥¤¥²¥´´μ¸É¥° ˜·¥¤¨´£¥·  ±μμ·¤¨´ É Ä¨³¶Ê²Ó¸ ¤²Ö ±¢ ´Éμ¢μ£μ μ¸Í¨²²ÖÉμ·  ¢ ´¥-
· ¢´μ¢¥¸´μ³ ¸μ¸ÉμÖ´¨¨:

Δp2
eff(t)Δq2

eff(t) =
�

2

4
Υ2[2 − ϕ2(t)] = J2

eff(t). (41)

’¥³ ¸ ³Ò³ ¶·μÍ¥¸¸ ·¥² ±¸ Í¨¨ ´¥· ¢´μ¢¥¸´μ£μ ¸μ¸ÉμÖ´¨Ö ¸μ¶·μ¢μ¦¤ ¥É¸Ö Ê¡Ò¢ ´¨¥³
ÔËË¥±É¨¢´μ£μ ¢μ§¤¥°¸É¢¨Ö Jeff(t) ¸ É¥Î¥´¨¥³ ¢·¥³¥´¨, ±μÉμ·μ¥ ¤μ¸É¨£ ¥É ³¨´¨³Ê³  Jeff

¢ ¸μ¸ÉμÖ´¨¨ É¥¶²μ¢μ£μ · ¢´μ¢¥¸¨Ö.
‚¥·´¥³¸Ö, ´ ±μ´¥Í, ± μ¡μ¸´μ¢ ´¨Õ ¤μ¶Ê¸É¨³μ¸É¨ ¸¤¥² ´´μ£μ ¶·¨¡²¨¦¥´¨Ö v � u,

μ¸´μ¢Ò¢ Ö¸Ó ´  ¸²¥¤ÊÕÐ¨Ì ´ ¢μ¤ÖÐ¨Ì ¸μμ¡· ¦¥´¨ÖÌ. � ¸¸³μÉ·¨³ ¢Ò· ¦¥´¨Ö ¤²Ö ÔÉ¨Ì
¢¥²¨Î¨´, ¸²¥¤ÊÕÐ¨¥ ¨§ Ëμ·³Ê² (34) ¨ (28), ¨ ÊÎÉ¥³, ÎÉμ ¸ ³¨ ÔÉ¨ ¢¥²¨Î¨´Ò, ¡Ê¤ÊÎ¨
¸²ÊÎ °´Ò³¨, ¨³¥ÕÉ ¸³Ò¸² ²¨¡μ ¸·¥¤´¨Ì §´ Î¥´¨°, ²¨¡μ ¸É ´¤ ·É´ÒÌ μÉ±²μ´¥´¨°. ˆ³¥¥³

v =
�

m

∂θ

∂q
= ωqΥ

αeff(t)
ϕ(t)

; (42)

u = −Deff
1
ρ

∂ρ

∂q
=

ωq

ϕ(t)
. (43)

‘· ¢´¨¢ Ö ËÊ´±Í¨¨ (42) ¨ (43), ³Ò ¢¨¤¨³, ÎÉμ ¥¸²¨ ¢Ò¡· ÉÓ · ¢´μ¢¥¸´μ¥ ¸μ¸ÉμÖ-
´¨¥ (¸ ϕ(t) = 1) ¢ ± Î¥¸É¢¥ ¨¸Ìμ¤´μ£μ ¶Ê´±É  ¢ ³¥Éμ¤¥ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°,
Éμ ´¥μ¡Ìμ¤¨³μ ¶·¨´ÖÉÓ ¢μ ¢´¨³ ´¨¥, ÎÉμ ¢ ÔÉμ³ ¶·¥¤¥²¥ Ê¸²μ¢¨¥ v � u Ô±¢¨¢ ²¥´É´μ
É·¥¡μ¢ ´¨Õ Υ−2 � 1. ’¥³ ¸ ³Ò³ ÔÉμ Ê¸²μ¢¨¥ ¢Ò¶μ²´Ö¥É¸Ö, ¶μ ±· °´¥° ³¥·¥, ¶·¨ É¥³¶¥-
· ÉÊ· Ì, ±μ£¤  kBT � �ω/2. � μ¡μ·μÉ, ¶·¨ kBT � �ω/2 ¤¨ËËÊ§¨μ´´ Ö ¸±μ·μ¸ÉÓ u ¶·¨
´Ê²¥¢μ³ ¸·¥¤´¥³ §´ Î¥´¨¨ ¤·¥°Ëμ¢μ° ¸±μ·μ¸É¨ μ± §Ò¢ ¥É¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¢Ò· ¦¥-

´¨Õ
�

m

∂θ

∂q
, ¨³¥ÕÐ¥³Ê ¸³Ò¸² ¸É ´¤ ·É´μ£μ μÉ±²μ´¥´¨Ö Δv, ¨, É ±¨³ μ¡· §μ³, §´ Î¥´¨¥

¤¨ËËÊ§¨μ´´μ° ¸±μ·μ¸É¨ ÔËË¥±É¨¢´μ Ê¤¢ ¨¢ ¥É¸Ö.
Š Éμ³Ê ¦¥ ¢Ò¢μ¤Ê ³μ¦´μ ¶·¨°É¨ ¨ ¶μ-¤·Ê£μ³Ê. ‘ ³ ÔËË¥±É¨¢´Ò° ±μÔËË¨Í¨¥´É ¤¨Ë-

ËÊ§¨¨ Deff , ± ± ¨ ÔËË¥±É¨¢´μ¥ ¤¥°¸É¢¨¥ Jeff , ¢ ¸²¥¤ÊÕÐ¥³ ¶·¨¡²¨¦¥´¨¨ Ë²Ê±ÉÊ¨·Ê¥É,
¶·¨Î¥³ ¥£μ ¸É ´¤ ·É´μ¥ μÉ±²μ´¥´¨¥ μ¶·¥¤¥²Ö¥É¸Ö ¸É ´¤ ·É´Ò³ μÉ±²μ´¥´¨¥³ É¥³¶¥· -
ÉÊ·Ò μ¸Í¨²²ÖÉμ· . ˆ´Ò³¨ ¸²μ¢ ³¨, §  ±μÔËË¨Í¨¥´É ¤¨ËËÊ§¨¨ ¸ ÊÎ¥Éμ³ ¥£μ Ë²Ê±ÉÊ Í¨°
¢ ¶·¥¤¥²¥ T → ∞ ¢³¥¸Éμ ¢Ò· ¦¥´¨Ö Deff ≈ DT = kBT/mω ¸²¥¤Ê¥É ¶·¨´ÖÉÓ ¢Ò· ¦¥´¨¥

Deff =
�

2m
Υ ≈

kB(T + ΔT )
mω

=
2kBT

mω
. (44)

„¥°¸É¢¨É¥²Ó´μ, ¤²Ö μ¸Í¨²²ÖÉμ·  ¶·¨ kBT � �ω/2, ¸μ£² ¸´μ É¥μ·¨¨ Ë²Ê±ÉÊ Í¨° �°´-
ÏÉ¥°´  [14, 15],

ΔT =
(

kB

CV

)1/2

T = T, (45)

¨¡μ ¢ ÔÉμ³ ¶·¥¤¥²¥ CV = kB. ‚ ·¥§Ê²ÓÉ É¥ DT + ΔDT = 2DT .
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’¥³ ¸ ³Ò³ ¢±² ¤μ³ ¤·¥°Ëμ¢μ° ¸±μ·μ¸É¨ ¢ ¶μÉμ± ¢¥·μÖÉ´μ¸É¨, £·Ê¡μ £μ¢μ·Ö, ³μ¦´μ
¶·¥´¥¡·¥ÎÓ ¶·¨ ²Õ¡ÒÌ É¥³¶¥· ÉÊ· Ì. „²Ö ÔÉμ£μ ´Ê¦´μ ¶·¨´ÖÉÓ ¢μ ¢´¨³ ´¨¥, ÎÉμ ¶·¨
¢Ò¸μ±¨Ì É¥³¶¥· ÉÊ· Ì ÔÉμÉ ¶μÉμ± ³μ¦´μ ¶μ-¶·¥¦´¥³Ê ¸Î¨É ÉÓ § ¢¨¸ÖÐ¨³ Éμ²Ó±μ μÉ ¤¨Ë-
ËÊ§¨μ´´μ° ¸±μ·μ¸É¨, ¢¥²¨Î¨´  ±μÉμ·μ° ²¨ÏÓ Ë ±É¨Î¥¸±¨ Ê¤¢ ¨¢ ¥É¸Ö ¡² £μ¤ ·Ö Ë²Ê±ÉÊ-
 Í¨Ö³ ±μÔËË¨Í¨¥´É  Deff . 
μ²¥¥ ¶μ¸²¥¤μ¢ É¥²Ó´Ò° ¶μ¤Ìμ¤ ± μ¡μ¸´μ¢ ´¨Õ ¸¤¥² ´´μ£μ
¢ÒÏ¥ ¶·¥¤¶μ²μ¦¥´¨Ö É·¥¡Ê¥É ¶·μ¢¥¤¥´¨Ö ¢ÒÎ¨¸²¥´¨° ¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¸ ÊÎ¥Éμ³
Éμ£μ, ÎÉμ ¢¥²¨Î¨´  θ ¢ ¶μ¸²¥¤ÊÕÐ¥³ ¶·¨¡²¨¦¥´¨¨ Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° ρ ¢ ¶·¥¤Ò¤ÊÐ¥³
¶·¨¡²¨¦¥´¨¨.

‡�Š‹	—…�ˆ…

‚¶¥·¢Ò¥ ¨¤¥Ö ¨¸¶μ²Ó§μ¢ ´¨Ö ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶²μÉ´μ¸É¨ ² £· ´¦¨ ´ , § ¢¨¸ÖÐ¥°
μÉ ËÊ´±Í¨° ρ ¨ θ, ¶μ-¢¨¤¨³μ³Ê, ¡Ò²  ¢Ò¸± § ´  ”¥´Ó¥Ï¥³ [8]. ˆ§ ¶·¥¤²μ¦¥´´μ£μ ¨³
¢Ò· ¦¥´¨Ö ¤²Ö ËÊ´±Í¨μ´ ²  L̃[ρ, θ] ¸²¥¤μ¢ ²μ Ê· ¢´¥´¨¥ ”μ±±¥· Ä�² ´± , ¸μ¤¥·¦ Ð¥¥
¶μ²´ÊÕ ¸±μ·μ¸ÉÓ ¶μÉμ±  ¢¥·μÖÉ´μ¸É¨ V ¸ ±μÔËË¨Í¨¥´Éμ³ ¤¨ËËÊ§¨¨ ²¨¡μ Dq , ²¨¡μ
DT (ÔËË¥±É¨¢´Ò° ±μÔËË¨Í¨¥´É ¤¨ËËÊ§¨¨ ¨³ ´¥ ¢¢μ¤¨²¸Ö). �·¨ ÔÉμ³ Ê· ¢´¥´¨¥ É¨¶ 
ƒ ³¨²ÓÉμ´ ÄŸ±μ¡¨ ¢ [8] ¡Ò²μ ¤·Ê£¨³. 
μ²¥¥ Éμ£μ, ¢ ÔÉμ° · ¡μÉ¥ ÊÉ¢¥·¦¤ ²μ¸Ó, ÎÉμ ¶μ-
²ÊÎ¥´´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¤²Ö ËÊ´±Í¨° ρ ¨ θ Ô±¢¨¢ ²¥´É´  Ê· ¢´¥´¨Ö³ ˜·¥¤¨´£¥· 
¤²Ö ËÊ´±Í¨° ψ ¨ ψ∗, ´¥¸³μÉ·Ö ´  Éμ, ÎÉμ Ê· ¢´¥´¨¥ ”μ±±¥· Ä�² ´± , ¢ μÉ²¨Î¨¥ μÉ
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , ¶·¨¢μ¤¨É ± ´¥μ¡· É¨³μ¸É¨.

‚ μÉ²¨Î¨¥ μÉ ·¥§Ê²ÓÉ Éμ¢ · ¡μÉÒ [8] ¶μ²ÊÎ¥´´Ò¥ ´ ³¨ Ê· ¢´¥´¨Ö ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ°
´¥É·¨¢¨ ²Ó´μ¥ μ¡μ¡Ð¥´¨¥ £¨¤·μ¤¨´ ³¨Î¥¸±μ° Ëμ·³Ò ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ´  ´¥· ¢´μ-
¢¥¸´Ò¥ ¸μ¸ÉμÖ´¨Ö, ¡² £μ¤ ·Ö Î¥³Ê ¡Ò²μ ¶μ± § ´μ, ÎÉμ ´¥¸³μÉ·Ö ´  ¨³¥ÕÐ¨¥¸Ö ¢μ§· ¦¥-
´¨Ö [16] ¤ ´´ Ö Ëμ·³  ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ É ±¦¥ ³μ¦¥É ¡ÒÉÓ ÔËË¥±É¨¢´μ°. �¥Ï¥´¨¥
ÔÉ¨Ì Ê· ¢´¥´¨° ¶μ§¢μ²¨²μ ¢¶¥·¢Ò¥ ´ °É¨ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ´¥· ¢´μ¢¥¸´ÒÌ ¸μ¸ÉμÖ´¨°
¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . �ÉμÉ ·¥§Ê²ÓÉ É ¸μ§¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¢ÒÎ¨¸²ÖÉÓ
¸·¥¤´¨¥ §´ Î¥´¨Ö ³ ±·μ¶ · ³¥É·μ¢ ¢ ÔÉ¨Ì ¸μ¸ÉμÖ´¨ÖÌ,   É ±¦¥ ¨Ì ¨§³¥´¥´¨¥ ¸μ ¢·¥³¥-
´¥³ ¨, É¥³ ¸ ³Ò³, · §¢¨¢ ÉÓ ´¥· ¢´μ¢¥¸´ÊÕ ±¢ ´Éμ¢ÊÕ ³¥Ì ´¨±Ê ± ± ³¨±·μ¸±μ¶¨Î¥¸±ÊÕ
μ¸´μ¢Ê ±¨´¥É¨±¨ ¨ ´¥· ¢´μ¢¥¸´μ° É¥·³μ¤¨´ ³¨±¨.

‚ § ±²ÕÎ¥´¨¥ ¢Ò· ¦ ¥³ ¡² £μ¤ ·´μ¸ÉÓ ÊÎ ¸É´¨± ³ ¸¥³¨´ ·μ¢ ‹ ¡μ· Éμ·¨¨ É¥μ·¥-
É¨Î¥¸±μ° Ë¨§¨±¨ ¨³. �.�. 
μ£μ²Õ¡μ¢  �ˆŸˆ, ± Ë¥¤·Ò É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ �“„�,
ˆ´¸É¨ÉÊÉ  Ë¨§¨±¨ ±μ´¤¥´¸¨·μ¢ ´´μ° ³ É¥·¨¨ (£. ‹Ó¢μ¢) ¨ ˆ´¸É¨ÉÊÉ  É¥μ·¥É¨Î¥¸±μ° Ë¨-
§¨±¨ ¨³. �.ˆ.�Ì¨¥§¥·  (£. • ·Ó±μ¢) §  ¶²μ¤μÉ¢μ·´ÊÕ ¤¨¸±Ê¸¸¨Õ. � ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨
Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ �””ˆ (¶·μ¥±É 10-01-90408).
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