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We analyze in this letter the same space-time structure as that presented in our previous reference
(Part. Nucl., Lett. 2010. V.7, No.5. P.299-307), but relaxing now the condition a priori of the
existence of a potential for the torsion. We show through exact cosmological solutions from this model,
where the geometry is Euclidean R ® O3 ~ R ® SU(2), the relation between the space-time geometry
and the structure of the gauge group. Precisely this relation is directly connected with the relation of
the spin and torsion fields. The solution of this model is explicitly compared with our previous ones
and we find that: i) the torsion is not identified directly with the Yang—Mills type strength field, ii) there
exists a compatibility condition connected with the identification of the gauge group with the geometric
structure of the space-time: this fact leads to the identification between derivatives of the scale factor a
with the components of the torsion in order to allow the Hosoya—Ogura ansatz (namely, the alignment
of the isospin with the frame geometry of the space-time), and iii) of two possible structures of the
torsion the «tratorial» form (the only one studied here) forbids wormhole configurations, leading only
to cosmological instanton space-time in eternal expansion.

B 1 HHOIi CT The MBI H3yd €M Ty Xe IPOCTp HCTBEHHO-BPEMEHHYIO CTPYKTYpY, uto 1 p Hee (ITncem

B DYA. 2010. T.7, Ne5(161). C.491), HO He mMpednona T g U3H Y JIbHO CYLIECTBOB HHUS IOTEHIH-
T I KpydeHus. Hcromnb3ys TOUHbIE KOCMOJIOTHYECKHE PEIleHUs I A HHON MOJENH C eBKJIMIOBON
reomerpueit R ® O3 ~ R ® SU(2), Mbl OTyd €M COOTHOLICHHE MEXIy IPOCTP HCTBEHHO-BPEMEHHOM
reoMeTpHeil M CTPYKTYpoil K JMOpOBOYHOH rpymnmel. MMEHHO 5TO COOTHOLIEHHE MPUBOOHUT K CBS3H
cuH W KpydeHus. Ilpu cp BHEHUHM pelIeHU B J HHOW MOJENU C H HIEHHBIMU P HEe OK 3bIB €TC,
4yTO: 1) KpydeHHe He CBI3 HO H HPAMYIO C H IPSXEHHOCTHIo o SIHr —Muiuic |, 2) cylecTByeT ycioBue
COBMECTHOCTH, CBSI3 HHOE C OTOXIECTBICHHEM K JIMOPOBOYHOM IPYNIbl U '€OMETPHYECKOH CTPYKTYpPBI
MIPOCTP HCTB -BPEMEHH, YTO BEEeT K OTOXAECTBICHHIO IMPOM3BOAHBIX CK JIIPHOTO () KTOpP @ U KOMIIO-
HEHT Kpy4deHHsl M MONydeHut0 H3 T Xocoiisi—Oryp (BbICTp UB HHs M30CHHH ¢ 6 30BOil reomerpueit
MIPOCTP HCTB -BpeMEHH), M 3) U3 ABYX BO3MOXHBIX CTPYKTYP «TP TOPH sI» CTPYKTYyp KpydeHHs, KOTO-
p S TONBKO M p CCMOTPEH B I HHOU p 0O0Te, 3 IMpell eT «KPOTOBbIe» KOH(UIYp IMH, TO3BOJISIST TOIBKO
KOCMOJIOTMYECKOEe UHCT HTOHHOE BEYHO p CLIMpSIOIIeecsd IPOCTP HCTBO-BpeMs.

PACS: 04.50.-h; 12.10.-g

1. MOTIVATION AND SUMMARY OF THE RESULTS

In a previous work we presented a new model of a nondualistic Unified Theory. The model
in [1], absolutely consistent from the mathematical and geometrical points of view, was based
on a manifold equipped with an underlying hypercomplex structure and zero nonmetricity,
that lead to the important fact that the Torsion of the space-time structure turns to be totally
antisymmetric. As is well known, in the particular case of totally antisymmetric torsion
tensor this type of affine geometrical frameworks have the geodesics and the minimal length
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equations equivalents. But recently it was demostrated that more strong conditions need to
be imposed from a point of view of the conservation laws into the space-time (in the Noether
sense) to confirm or not that the equivalence principle is not violated. As a result, in [2] it was
shown that the geodesic equation, the minimal length equation and the equation of motion
for particles in the space-time under consideration are not coincident in the general case,
and the only one reliable result is the explicit computation of the conserved currents by the
Papapetrou method that is based on the Bianchi identities that are a characteristic ingredient
of all types of space-time. Strongly motivated for the reason described above, we analyze
here the same space-time structure as that presented in our previous reference, but relaxing
now the condition a priori of the existence of a potential for the torsion: then it has not to
be totally antisymmetric only. As in [1], we show through exact cosmological solutions from
this model, where the geometry is Euclidean R ® O3 ~ R ® SU(2), the relation between the
space-time geometry and the structure of the gauge group. Precisely this relation is directly
connected with the relation of the spin and torsion fields. The solution of this model is
explicitly compared with our previous ones of Refs. [1,3] and we find that: i) the torsion is
not identified directly with the Yang—Mills type strength field, ii) there exists a compatibility
condition connected with the identification of the gauge group with the geometric structure of
the space-time: this fact leads to the identification between derivatives of the scale factor a
with the components of the torsion in order to allow the Hosoya—Ogura ansatz (namely, the
alignment of the isospin with the frame geometry of the space-time), and iii) of two possible
structures of the torsion the «tratorial» form (the only one studied here) forbids wormhole
configurations, leading only to cosmological instanton space-time in eternal expansion.

The organization of this letter is as follows: in Sec.2 we review and generalize the
geometrical framework where the theory is based. Section 3 is devoted to the analysis
and reduction of the dynamical equations of the model. The exact solution, in the context
of [1,3], is obtained and analyzed from the geometrical and topological points of view
in Sec.4. Finally, the concluding remarks about the obtained results are discussed. Our
conventions and mathematical notation are the same as in [1].

2. THE SPACE-TIME MANIFOLD AND THE GEOMETRICAL ACTION

The starting point is a hypercomplex construction of the (metric compatible) space-time
manifold [1]
M, g, =eu- ey, (1)

where for each point € M 3 a local space affine A. The connection over A T defines a
generalized affine connection I" on M specified by (V, K), where K is an invertible (1,1)
tensor over M. We will demand that the connection be compatible and rectilinear:

VK =KT, Vg=0, )

where T’ is the torsion, and g (the space-time metric, used to raise and to lower indices and
determine the geodesics) is preserved under parallel transport. This generalized compatibility
condition ensures that the affine generalized connection I' maps autoparallels of I' on M in
straight lines over the affine space A (locally). The first equation is equal to the condition
determining the connection in terms of the fundamental field in the UFT nonsymmetric. For
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instance, K can be identified with the fundamental tensor in the nonsymmetric fundamental
theory. This fact gives us the possibility to restrict the connection to an (anti-)Hermitian
theory.

The covariant derivative of a vector with respect to the generalized affine connection is
given by

AR, = A, 4TH A
Ay = Ay o 4T As.

3)

The generalized compatibility condition (2) determines the 64 components of the connection
by the 64 equations as follows:

Kuvia = KypoT”,, where T7,, =2I" .
The metric is uniquely determined by the metricity condition that puts 40 restrictions on the
partial derivatives of the metric

Guvp = 2L () p-

The space-time curvature tensor, that is defined in the usual way, has two possible contractions:
the Ricci tensor R#M = Ry, and the second contraction Ry, = 2I'* . . is identically zero
due to the metricity condition (2). In order to find a symmetry of the torsion tensor if we
denote the inverse of K by K, K is uniquely specified by Koe Koo = K K = 6P
As was pointed out in [1], by inserting explicitly the torsion tensor as the antisymmetric
part of the connection in (4) and multiplying by K“¥/2, this results after straighforward
computations in

(InV=E),, ~TV,,, =0, (©6)

where K = det (K,,). Notice that from expression (6) we arrive at the following relation
between the determinants K and g: K/g = const. Now we can write

]'—Wau,ﬁ - Vﬁu,a = ]'—Wuﬂ,a - ]'—Wua,ﬂ (7
because the first term of (6) is the derivative of a scalar. Then, the torsion tensor has the

symmetry
Tpe) =Tjam =0 ®)

The second important point is to consider, as in the previous work of the author [1], the
extended curvature

ab ab ab
Ry = Ry + 20 )]
with
ab ab ab ac b ac b
Ry, = 0wy’ — 0wy +wifw,, —wyw,., w0
ab __ a b a b
Y= (eue eyeu) .

We assume here w?” is a SO (d — 1, 1) connection and ey, is a vierbein field. Equation (3) can
be obtained, for example, using the formulation that was pioneering introduced in seminal
works by E.Cartan a long time ago [1]. It is well known that in such a formalism the
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gravitational field is represented as a connection one form associated with some group which
contains the Lorentz group as subgroup. The typical example is provided by the SO (d, 1)
de Sitter gauge theory of gravity. In this specific case, the SO (d 1) gravitational gauge field

AB = fA is broken into the SO (d — 1,1) connection w? and the w = e? vierbein

2 H
ﬁeld with the dimension d fixed. Then, the de Sitter (anti-de Sitter) curvature

ab _ AB AB | JAC, B _ AC, B
R = Ouw;, " — Oyw;,” +w " w,& —w, w,e (11)

splits in the curvature (3).
Now we define the following geometrical object:

=X(e% +f%)+RY, (M9 =e"M,,). (12)

The action will contain, as usual, R = det (R“H) as the geometrical object that defines
the dynamics of the theory. The particularly convenient definition of R, makes it easy to
establish the equivalent expression in the spirit of the Unified theories developed time ago by
Eddington, Einstein, and Born and Infeld, for example:

VAt R, Ry, = /et 02 (g + £ far) + 2AR(u) + 204 Rias) + RO Ras], (13)

where R, = Ry + R

The important point to consider in this simple Cartan-inspired model is that, although
a cosmological constant A\ is required, the expansion of the action in four dimensions lead
automatically to the Hilbert-Einstein part when f7 = 0. Explicitly (R = 9P Rap)

S:/d4x(e+f){)\4+)\3 (R+ fiRE) +

)\2 2 nz a P 2 uv ppo
+ 5 |:R - R Rl“’ + (fuRa) - f f R/LpRua:| +

A
+5 [RS — 3RRM Ry, + 2RP RogR® + (f2RY)® — 3 (F2RY) ™ £ Ry Ryot

+ szRgRaﬁRﬂ +det (R, } (14)

3. THE DYNAMICAL EQUATIONS

In this case, the variation with respect to the metric remains the same as before
in Eq.(9) [1]: (e.g. 6,VG = VG/2(G™1)" 6,G = 0). The variation with respect to
the connection gives immediately

WG
o,

—{ -V, VG ()" rg| au+
+V, VG (G RE] + VG (G RETE L (9)
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where the general form of Palatini’s identity has been used. By defining "7 =
VG (Gil)w/ RS9, the above equation can be written in a more suggestive form, but due
to Eq.(9) of [1] it is identically zero (due to the lack of energy momentum tensor) and the
only information, up till now, at our disposal is through the antisymmetric part of the variation
with respect to the metric Eq. (12) of [1]

Ruy = =Xguw + fuw) = Ry = (Vo +210) (T, + 106 — Tp65) = =2Afuw. (16)

Now we have to explore the role played by f,.:

i) if f,. plays the role of the electromagnetic field, then we have a one-form vector
potential from which f,, is derived. This fact leads to the usual Euler-Lagrange equations,
where the variation is made with respect to the electromagnetic potential a:

VG NG
e

dar P

) =V, F" =0. (17)

Explicitly

(18)

NENHY (8 f£ 485 f2)
Vo [ R =1 =0

where N#¥ is given by expression (32) of [1]. The set of equations to solve for this particular
case is

o

R(l“’) = RMV - TﬁpTgu = _)‘guuv (19a)
Ry = (Va +2T4) (TS, + Toop — Tudy) = =Afuws (19b)
NN (87 [ 485 fP)
n Juv v Ju A,

from this set, the link between 1" and f will be determined.

ii) .. has only the role of the antisymmetric part of a fundamental (nonsymmetric) tensor
K. Then, the variation of the geometrical Lagrangian § f\/@ gives the same information as
g V/G, which means that the remaining equations are

o

Ry = Ry — TO,TE, = ~Agpus (20a)
Ry = (Vo +2T0) (TS, + T,,6% — T,02) = —Afuws (20b)

Analysis and Reduction of the Dynamical Equations. The important equation that appears
in the two sets recently described (independently of the specific role of the antisymmetric
tensor f,,) brings us a lot of information about the link between 7' and f, ie., (19b)
and (20b). Precisely this equation R,; = —Afu plus the condition VT, = 0 lead
immediately to

v, T, -V, 1, =— ()\fm, + 2TaT[j‘l,) ; 21

then the quantity in the RHS is the definition of the minimal coupling electromagnetic tensor
F,w in a space-time with torsion. Two cases naturally arise:
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1) if we assume the existence of the potential vector, we have

fuv

——~~
VT — VT = Fy = — A\ (auay A ayau> — 9T, TO; (22)

Izl

a link between a, and T, clearly appears: T, = —Aa,.

ii) If f,, has only the role of the antisymmetric part of a fundamental (nonsymmetric)
tensor K, it acquires a potential automatically, being in this manner an exact form where T,
takes the role of potential vector. Clearly, now f cannot be potential for the torsion from this
point of view.

From above statements over the «trace» of the torsion, it is clearly seen that two
ansatz appear as candidates for the torsion tensor structure: the «tratorial» structure 77, ~
(62a, — 62a,,) and the «product» structure T}, = k® f,,,,, where the vector k* is eigenvector
of the antisymmetric tensor f,,, in general.

The other possibility is to take VQTF?Z, = —Afu, then V, T, =V, T, = —QTQTI‘;‘V, but
the interpretations are not so clean as before.

4. COSMOLOGICAL EUCLIDEAN SOLUTION IN UFT THEORY:
WORMHOLE CONFIGURATIONS FORBIDDEN

To begin with, let us consider the problem involving the set of equations (19) with the
usual definition for the SU(2) electromagnetic field strength

1
1= S et A de” (23)

and as before, we are going to seek for a classical solution of Eqgs.(19) with the following
spherically symmetric ansatz for the metric and gauge connection:
ds* =dr* +a* (1) o' @ o' = dr? +e' @€' (24)

Here 7 is the Euclidean time and the dreibein is defined by e’ = a () o'. However, in the
case of the set (19) we have assumed that the two-form f7 comes from a one-form potential
A which, as in the non-Abelian Born—Infeld model of [3], is defined as A® = Ade/‘ = ho“.
But we need to wait here a minute. The reason is: we know that ¢* one-form satisfies
the SU(2) Maurer—Cartan structure equation, as fundamental geometrical structure of the
non-Abelian electromagnetic field

dou(2)0" + 40" Ao =0, (25)
but now due to the identification assumed in (24):

e=a(r)o’ (26)
:>dea:Ta—e§/\Ub. 27

Here we make the difference between the exterior derivatives in the space-time with torsion
and in the SU(2) group manifold. It is clearly seen that a question of compatibility involving
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the identification of the gauge group with the geometrical structure of the space-time with
torsion certainly exists. From (25)—(27) we see that

dradr A o® — agl.o® Ao =T —ef Ao (28)
If
ey = —€p.0° (29)
and
T = 68 (O;a)dr Ao, (30)

the space-time and gauge group are fully compatible, then
do® +ef.o® Aot =0 (31)

is restored. Hence, the general form assumed for the torsion field, due to the symmetry
conditions prescribed above, is

T, = & (8§uy — 05ug) + k%, (€6 : const). (32)

Notice that the condition of compatibility that is imposed by such a type of «trator» form
for the torsion tensor in order to restore the behavior of the volume form of the space-time
with respect to the covariant derivative, here appears in a natural manner without introduction
of any extra scalar field (dilaton) or passing to other frame (i.e., Jordan, Einstein, etc.).
Moreover, if we continue without making the correspondences (29), (30), the equations of
motion for the electromagnetic field itself bring these conditions as a result also, as we
will see in the next paragraph. Notice that in the HO ansatz the frame and isospin indices
are identified as for the case with the NBI Lagrangian of [3]. The electromagnetic field
two-form

1 e 1
f*=dA* + 5ggcAb A AC = héf (8; Ina)dr Ao’ + h— - (—h + 51#) g8 o’ Aot =
1
= (—h + §h2> et o Noc, (33)

where in the last equality conditions (29), (30) have been assumed. The dynamical equation is

OLg A gl 9 e 9 e
¢ = Fl=—Y_2hA(-2 — = Mh(-2 —. 4
=35 = NG hA( h—|—h)d7’/\a2 h( h+h)dTAa2 (34)

Inserting it in the Yang—Mills type field equation (19¢c), we obtain

d*F* + %sabc (Ap N*Fe —*Fy A Ac) =0
= Mh dr Ao® Ao (—2h+ h?) (h— 1),

A= X1+ )+ /2. (35)
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Then, there exists a nontrivial solution: A = 1 (with s = 0 in A as before in [1]). The
electromagnetic field is immediately determined, and is as in the non-Abelian Born-Infeld
model of our previous reference and in the result of Giddings and Strominger, namely

a __ Eabc a __
be — _a_27 Oc — 07 (36)
i.e., we only have magnetic field.
Now by considering only a «trator» form for the torsion, Eq. (16b) is identically null due
to the magnetic character of f* and the particular form of the symmetric coefficients of the

connection. Inserting the torsion equation (30) into Eq.(19a), in a manner analogous to that

of [1], we obtain
N
a 1 A
[(‘) - —] =3 7)

Integration of this last expression immediately leads to

= (5) | (3) ). o)

Then it is quite evident that this particular case does not lead to wormhole configurations:
only eternal expansion exists with a(79) = 0 (the origin of the Euclidean time).

Now by considering only the product form for the torsion, Eq. (19c) does not change, but
Eq. (19b) takes the form of a wave equation for the scale factor

[Oa + (doa) (0%a)] = A

due to Tg, = ck®py — cap (0°a). It is not difficult to see that the su(2) structure of the
electromagnetic tensor is in some manner transferred to the structure of the torsion. But here
we enter into conflict because the system of equations (38) turns out to be overdetermined:
probably we need more freedom in the ansatz for f. (s # 0, or h = h(7)). This fact will be
studied in the near future.
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