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Œ. „¨´¥°Ì ´, ‘. �. † Ê£ Ï¥¢ , �. Š. �¥±¡ ¥¢, ˆ. ‘.ˆÏ³ÊÌ ³¥¤μ¢
�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ ,

Š § Ì¸±¨° ´ Í¨μ´ ²Ó´Ò° Ê´¨¢¥·¸¨É¥É ¨³.  ²Ó-” · ¡¨, �²³ -�É , Š § Ì¸É ´

�·¥¤²μ¦¥´Ò ³¥Éμ¤Ò  ´ ²¨É¨Î¥¸±μ£μ ¢ÒÎ¨¸²¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ±Ê²μ´μ¢¸±μ° É·¥Ì-
É¥²Ó´μ° ¸¨¸É¥³Ò ´  μ¸´μ¢¥ μ¶·¥¤¥²¥´¨Ö  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ±μ··¥²ÖÍ¨μ´´ÒÌ ËÊ´±Í¨°
¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶μ²¥¢ÒÌ Éμ±μ¢ ¸ ´¥μ¡Ìμ¤¨³Ò³¨ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨. � Ï¨ ·¥§Ê²ÓÉ ÉÒ ¶μ± -
§ ²¨, ÎÉμ ¢¢¥¤¥´´Ò¥ ´ ³¨ ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò Î ¸É¨Í, μ¶·¥¤¥²Ö¥³Ò¥ ± ± ³ ¸¸Ò Î ¸É¨Í ¢ ¸¢Ö-
§ ´´μ³ ¸μ¸ÉμÖ´¨¨, μÉ²¨Î ÕÉ¸Ö μÉ ³ ¸¸ Î ¸É¨Í ¢ ¸¢μ¡μ¤´μ³ ¸μ¸ÉμÖ´¨¨. �É´μÏ¥´¨¥ ±μ´¸É¨ÉÊ¥´É´μ°
³ ¸¸Ò Î ¸É¨ÍÒ ± ³ ¸¸¥ Î ¸É¨ÍÒ ¢ ¸¢μ¡μ¤´μ³ ¸μ¸ÉμÖ´¨¨ ¤²Ö Ô²¥±É·μ´  μ± § ²μ¸Ó ¡μ²ÓÏ¨³ ¶μ
¸· ¢´¥´¨Õ ¸ ÔÉ¨³¨ ¦¥ μÉ´μÏ¥´¨Ö³¨ ¤²Ö ¶·μÉμ´ , ¤¥°É·μ´  ¨ É·¨Éμ´ . � ³¨ ¡Ò²μ Ê¸É ´μ¢²¥´μ,
ÎÉμ ±μ´¸É¨ÉÊ¥´É´ Ö ³ ¸¸  Ô²¥±É·μ´  ¨³¥¥É · §²¨Î´Ò¥ §´ Î¥´¨Ö ¢ ³μ²¥±Ê²Ö·´ÒÌ ¨μ´ Ì · §²¨Î´ÒÌ
¨§μÉμ¶μ¢ ¢μ¤μ·μ¤ . �·¨ μ¶·¥¤¥²¥´¨¨ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  É·¥ÌÉ¥²Ó´μ° ±Ê²μ´μ¢¸±μ° ¸¨¸É¥³Ò
¡Ò²¨ ÊÎÉ¥´Ò ¢±² ¤Ò μ¡³¥´´μ° ¤¨ £· ³³Ò,   É ±¦¥ ¤¨ £· ³³Ò ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨. � Ï¨ ·¥-
§Ê²ÓÉ ÉÒ ¶μ± § ²¨, ÎÉμ ¢±² ¤ ¤¨ £· ³³Ò ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨ μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²¥´ ±¢ ¤· ÉÊ
±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò Î ¸É¨ÍÒ. „²Ö Ô²¥±É·μ´  ÔÉμÉ ¢±² ¤ Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³,   ¤²Ö ¶·μÉμ´ ,
¤¥°É·μ´  ¨ É·¨Éμ´  Å ´¨ÎÉμ¦´μ ³ ²Ò³. „²Ö μ¶·¥¤¥²¥´¨Ö Ê·μ¢´Ö Ô´¥·£¨¨ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¢μ²-
´μ¢μ° ËÊ´±Í¨¨ (‚”) É·¥ÌÉ¥²Ó´μ° ±Ê²μ´μ¢¸±μ° ¸¨¸É¥³Ò ´¥μ¡Ìμ¤¨³ ÊÎ¥É ¢±² ¤μ¢ ± ± μ¡³¥´´μ°
¤¨ £· ³³Ò, É ± ¨ ¤¨ £· ³³Ò ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨.

On the basis of determination of the asymptotic behavior of correlation functions of the correspond-
ing ˇeld currents with the corresponding quantum numbers, an analytic method for determination of
the energy spectrum of three-body Coulomb system is suggested. Our results show that the constituent
masses of particles, which we have deˇned as masses of particles in a bound state, differ from masses
of particles in a free state. The constituent mass to the free state mass relation for the electron is greater
than the same mass relation for the proton, deuteron and triton. It was also found that this constituent
electron mass had different values in each systems, i.e., in H+

2 , D+
2 and T+

2 hydrogen molecular ions.
The contributions of exchange and self-energy diagrams were taken into account in the determination of
the energy spectrum of the three-body Coulomb system. Our results show that the self-energy diagram
contribution is inversely proportional to the square of the constituent mass of particles; therefore, this
contribution is sufˇcient for the electron and is negligible for the proton, deuteron and triton. When
deˇning the energy and the wave function (WF), it is necessary to take into account the contributions
of both the exchange and self-energy diagrams.

PACS: 03.65.Pm; 03.65.Db
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�´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ³μ¦¥É ¡ÒÉÓ μ¶·¥¤¥²¥´ ¸ Ìμ·μÏ¥° ÉμÎ-
´μ¸ÉÓÕ ¢ · ³± Ì ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ (�ŠŒ) ¶·¨ ´ ¤²¥¦ Ð¥³ ¶μ¤¡μ·¥
¶μÉ¥´Í¨ ²  ¢§ ¨³μ¤¥°¸É¢¨Ö. �¤´ ±μ ´¥·¥²ÖÉ¨¢¨¸É¸±μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (“˜), ¤ -
ÕÐ¥¥ ³ É¥³ É¨Î¥¸±¨ ±μ··¥±É´μ¥ μ¶¨¸ ´¨¥ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°, Ê¦¥ ´¥ Ö¢²Ö¥É¸Ö ¤μ¸É -
ÉμÎ´Ò³, É ± ± ± É·¥¡Ê¥É¸Ö ÊÎ¥É ·¥²ÖÉ¨¢¨¸É¸±μ£μ Ì · ±É¥·  ¢§ ¨³μ¤¥°¸É¢¨Ö, ¶μ¸±μ²Ó±Ê ¤²Ö
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μ¶¨¸ ´¨Ö ¸μ¢·¥³¥´´ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ·¥§Ê²ÓÉ Éμ¢, ¶μ²ÊÎ¥´´ÒÌ ± ± ¢  Éμ³´μ° [1],
É ± ¨ ¢  ¤·μ´´μ° Ë¨§¨±¥ [2], É·¥¡Ê¥É¸Ö ÊÎ¥É ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· ¢μ±. ’¥³ ´¥ ³¥´¥¥
´¥·¥²ÖÉ¨¢¨¸É¸±μ¥ “˜ Ö¢²Ö¥É¸Ö ´ ¤¥¦´Ò³ ¨´¸É·Ê³¥´Éμ³ ¨¸¸²¥¤μ¢ ´¨Ö ¨ μ¶·¥¤¥²¥´¨Ö
Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°. �·¨ ÔÉμ³ ·¥ ²Ó´Ò¥ ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶μ-
¶· ¢±¨ ³ ²Ò, É ± ÎÉμ É¥μ·¥É¨Î¥¸± Ö § ¤ Î  ¸¢μ¤¨É¸Ö ± ¶μ²ÊÎ¥´¨Õ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· -
¢μ± ± ´¥·¥²ÖÉ¨¢¨¸É¸±μ³Ê ¶μÉ¥´Í¨ ²Ê ¢§ ¨³μ¤¥°¸É¢¨Ö ¨¸Ìμ¤Ö ¨§ Ëμ·³ ²¨§³  ±¢ ´Éμ¢μ°
É¥μ·¨¨ ¶μ²Ö (Š’�). �É  ¨¤¥Ö ²¥¦¨É ¢ μ¸´μ¢¥ ¶μÉ¥´Í¨ ²  �·¥°É  [3] ¨ ÔËË¥±É¨¢´μ°
´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö Š ¸¢¥²²  ¨ ‹¥¶ ¦  [4]. �¡  ÔÉ¨ ¶μ¤Ìμ¤ 
¨¸¶μ²Ó§ÊÕÉ ³ É·¨ÍÊ · ¸¸¥Ö´¨Ö ± ± ¨¸ÉμÎ´¨± ¨¸±μ³ÒÌ ¶μ¶· ¢μ±. �¢Éμ· ³¨ · ¡μÉÒ [4]
¢ · ³± Ì ±¢ ´Éμ¢μ° Ô²¥±É·μ¤¨´ ³¨±¨ (Š�„), ¸ ÊÎ¥Éμ³ ¶¥·¥´μ·³¨·μ¢±¨ ¨ ¶μ¸²¥¤ÊÕÐ¨³
¶¥·¥Ìμ¤μ³ ± ´¥·¥²ÖÉ¨¢¨¸É¸±μ³Ê ¶·¥¤¥²Ê, ¨§ÊÎ¥´  ³ É·¨Í  · ¸¸¥Ö´¨Ö ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨
¤¨ £· ³³ ³¨ ”¥°´³ ´ , É. ¥. μ¶·¥¤¥²¥´ ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ-
¶· ¢±μ°. ‚ ·¥§Ê²ÓÉ É¥ ¸Ëμ·³Ê²¨·μ¢ ´ ³¥Éμ¤ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° Š�„ (�Š�„) ¤²Ö μ¶·¥-
¤¥²¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±μ°. ‚ ¤ ²Ó´¥°Ï¥³ ÔÉμÉ ³¥Éμ¤
Ê¸μ¢¥·Ï¥´¸É¢μ¢ ´ ¢ · ¡μÉ¥ [5]. ‚ ´ ¸ÉμÖÐ¨° ³μ³¥´É ¸¢μ°¸É¢  ¨ ¸¶¥±É· ±Ê²μ´μ¢¸±μ£μ
¤¢ÊÌÉ¥²Ó´μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¢
· ³± Ì �Š�„ [1]. ‚ ÔÉμ³ ¶μ¤Ìμ¤¥ μ£· ´¨Î¨¢ ÕÉ¸Ö Éμ²Ó±μ ´¨§Ï¨³ ¶μ·Ö¤±μ³ · §²μ¦¥-
´¨Ö ¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨Ö,   ¢Ò¸Ï¨¥ ¶μ·Ö¤±¨ · ¸¸³ É·¨¢ ÕÉ¸Ö ± ± ³ ²Ò¥ ¶μ¶· ¢±¨.

‚ ÔÉμ³ ´ ¶· ¢²¥´¨¨ ¸ÊÐ¥¸É¢Ê¥É ¥Ð¥ μ¤¨´ ¶μ¤Ìμ¤ [6Ä8], μ¸´μ¢ ´´Ò° ´  ¸²¥¤ÊÕÐ¥°
¨¤¥¥. ’μÎ´Ò¥ ·¥Ï¥´¨Ö ¤²Ö ±¢ ´Éμ¢μ-¶μ²¥¢ÒÌ ËÊ´±Í¨° ƒ·¨´  ³μ¦´μ Ëμ·³ ²Ó´μ ¶·¥¤-
¸É ¢¨ÉÓ ¢ ¢¨¤¥ ËÊ´±Í¨μ´ ²Ó´ÒÌ ¨´É¥£· ²μ¢. ’¥Ì´¨±  ¢ÒÎ¨¸²¥´¨° ÔÉ¨Ì ËÊ´±Í¨μ´ ²Ó´ÒÌ
¨´É¥£· ²μ¢ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ´ Ìμ¤¨É¸Ö ¥Ð¥ ¢ § Î ÉμÎ´μ³ ¸μ¸ÉμÖ´¨¨, μ¤´ ±μ ¨³¥ÕÐ¨-
¥¸Ö ¶·¥¤¸É ¢²¥´¨Ö ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ¶μ²ÊÎ¥´¨Ö ·¥Ï¥´¨Ö ´¥·¥²ÖÉ¨¢¨¸É¸±μ£μ “˜
¢ Ëμ·³¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ²  ”¥°´³ ´  [9] ¸ ¶μÉ¥´Í¨ ²μ³, ¸μ¤¥·¦ Ð¨³ ´¥μ¡-
Ìμ¤¨³Ò¥ ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶μ¶· ¢±¨. ‚ ÔÉμ° μ¡² ¸É¨ ¥Ð¥ ´¥ É ± ³´μ£μ · ¡μÉ. � Ï¨
¨¸¸²¥¤μ¢ ´¨Ö ¶·μ¤μ²¦ ÕÉ ÔÉ¨ Ê¸¨²¨Ö.

‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ [8] ³ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²Ö¥É¸Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ¶μ-
¢¥¤¥´¨¥³ ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±Í¨¨ μÉ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Éμ±μ¢ ¸ ´¥μ¡Ìμ¤¨³Ò³¨ ±¢ ´-
Éμ¢Ò³¨ Î¨¸² ³¨. Šμ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ Ëμ·³¥ ËÊ´±Í¨μ´ ²Ó´μ£μ
¨´É¥£· ² , ÎÉμ ¶μ§¢μ²Ö¥É ¢Ò¤¥²¨ÉÓ ´¥μ¡Ìμ¤¨³ÊÕ  ¸¨³¶ÉμÉ¨±Ê. �·¨ μ¶·¥¤¥²¥´¨¨  ¸¨³-
¶ÉμÉ¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±Í¨¨ ¨¸¶μ²Ó§Ê¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ ¢ Ëμ·³¥
ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ² , É ± ÎÉμ Ê¸·¥¤´¥´¨¥ ¶μ ¢´¥Ï´¥³Ê ± ²¨¡·μ¢μÎ´μ³Ê ¶μ²Õ
³μ¦¥É ¡ÒÉÓ ¢Ò¶μ²´¥´μ ÉμÎ´μ. �μ²ÊÎ¥´´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶μÌμ¦¥ ´  Ë¥°´³ ´μ¢¸±¨°
ËÊ´±Í¨μ´ ²Ó´Ò° ¨´É¥£· ² ¶μ ¶ÊÉÖ³ [9] ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥. �·¨
ÔÉμ³ ´¥²μ± ²Ó´Ò° ËÊ´±Í¨μ´ ² (¶μÉ¥´Í¨ ²) ¢§ ¨³μ¤¥°¸É¢¨Ö, ¢μ§´¨± ÕÐ¨° ¢ ·¥§Ê²ÓÉ É¥
μ¡³¥´  ± ²¨¡·μ¢μÎ´μ£μ ¶μ²Ö (ËμÉμ´), μ¶·¥¤¥²Ö¥É¸Ö ¤¨ £· ³³μ° ”¥°´³ ´  ¨ ¸μ¤¥·¦¨É
¢±² ¤Ò ± ± ¢ ¸μ¡¸É¢¥´´ÊÕ Ô´¥·£¨Õ Î ¸É¨Í, É ± ¨ ¢ Ëμ·³¨·μ¢ ´¨¥ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö.
’ ±¨³ μ¡· §μ³, ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö μ¶·¥¤¥²Ö¥É¸Ö ¢±² ¤μ³ ¢¸¥¢μ§³μ¦´ÒÌ É¨¶μ¢
¤¨ £· ³³ ”¥°´³ ´ . ‚ · ³± Ì ¤ ´´μ£μ ¶μ¤Ìμ¤  ¡Ê¤¥³ μ¶·¥¤¥²ÖÉÓ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É·
±Ê²μ´μ¢¸±μ° É·¥ÌÉ¥²Ó´μ° ¸¨¸É¥³Ò.

	 ¡μÉ  ¶μ¸É·μ¥´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‚ · §¤. 1 ±μ·μÉ±μ ¨§²μ¦¥´Ò μ¸´μ¢´Ò¥ ¤¥É ²¨
μ¶·¥¤¥²¥´¨Ö ³ ¸¸μ¢μ£μ ¸¶¥±É·  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö; ¢ · §¤. 2 ¢ÒÎ¨¸²¥´ Ô´¥·£¥É¨Î¥¸±¨°
¸¶¥±É· É·¥ÌÉ¥²Ó´μ° ±Ê²μ´μ¢¸±μ° ¸¨¸É¥³Ò ¸ ÊÎ¥Éμ³ μ¤´μËμÉμ´´μ£μ μ¡³¥´ ; ¢ · §¤. 3 μ¶·¥-
¤¥²¥´Ò ¢±² ¤Ò ¤¨ £· ³³Ò ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨; ¢ · §¤. 4 ¢ÒÎ¨¸²¥´Ò Ô´¥·£¨¨ μ¸´μ¢´μ£μ
¸μ¸ÉμÖ´¨Ö ³μ²¥±Ê²Ö·´ÒÌ ¨μ´μ¢ ¢μ¤μ·μ¤ ; ¢ · §¤. 5 ¶μ¤ÒÉμ¦¥´Ò ¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ.
‚ ¶·¨²μ¦¥´¨ÖÌ ¶·¨¢¥¤¥´Ò ´¥±μÉμ·Ò¥ ¤¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö.
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’¥¶¥·Ó ±μ·μÉ±μ ¨§²μ¦¨³ ¤¥É ²¨ ´ Ï¥£μ ¶μ¤Ìμ¤ . �Ê¸ÉÓ J(x) = Φ+(x)Φ(x) Å Éμ±
¸± ²Ö·´ÒÌ § ·Ö¦¥´´ÒÌ Î ¸É¨Í. …¸²¨ ¶·¥´¥¡·¥ÎÓ  ´´¨£¨²ÖÍ¨μ´´Ò³ ± ´ ²μ³, Éμ Éμ£¤ 
· ¸¸³ É·¨¢ ¥³Ò¥ ±μ··¥²ÖÉμ·Ò Ê¤μ¡´μ ¶·¥¤¸É ¢¨ÉÓ ± ± Ê¸·¥¤´¥´¨¥ ¶μ ± ²¨¡·μ¢μÎ´μ³Ê
¶μ²Õ Aα(x) ¶·μ¨§¢¥¤¥´¨° ËÊ´±Í¨° ƒ·¨´  Gm(x, y|A) ¸± ²Ö·´ÒÌ Î ¸É¨Í ¢μ ¢´¥Ï´¥³
± ²¨¡·μ¢μÎ´μ³ ¶μ²¥:

Π(x − y) = 〈Gm1(x, y|A)Gm2 (y, x|A)Gm3(x, y|A)〉A. (1.1)

”Ê´±Í¨Ö ƒ·¨´  Gm(x, y|A) ¤²Ö ¸± ²Ö·´μ° Î ¸É¨ÍÒ ¢μ ¢´¥Ï´¥³ ± ²¨¡·μ¢μÎ´μ³ ¶μ²¥
μ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨¥³[(

i
∂

∂xα
+

g

c�
Aα(x)

)2

+
c2m2

�2

]
Gm(x, y|A) = δ(x − y). (1.2)

	¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.2) ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ²  (¤¥É ²¨
¸³. ¢ [10]):

Gm(x, y|A) =

∞∫
0

ds

(4sπ)2
exp

{
−sm2 − (x − y)2

4s

}∫
dσβ exp

⎧⎨⎩ig

1∫
0

dξ
∂Zα(ξ)

∂ξ
Aα(ξ)

⎫⎬⎭ .

(1.3)

‡¤¥¸Ó ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö:

Zα(ξ) = (x − y)αξ + yα − 2
√

sBα(ξ),

dσβ = NδBβ exp

⎧⎨⎩−1
2

1∫
0

dξḂ2(ξ)

⎫⎬⎭ ,
(1.4)

¸ ´μ·³¨·μ¢±μ°

Bβ(0) = Bβ(1) = 0,

∫
dσβ = 1,

£¤¥ N Å ±μ´¸É ´É  ´μ·³¨·μ¢±¨. �·¨ Ê¸·¥¤´¥´¨¨ ¶μ ¢´¥Ï´¥³Ê ± ²¨¡·μ¢μÎ´μ³Ê ¶μ²Õ
Aα(x) μ£· ´¨Î¨¢ ¥³¸Ö Éμ²Ó±μ ´¨§Ï¨³ ¶μ·Ö¤±μ³, É. ¥. ÊÎ¨ÉÒ¢ ¥³ Éμ²Ó±μ ¤¢ÊÌÉμÎ¥Î´Ò°
£ Ê¸¸μ¢ ±μ··¥²ÖÉμ·:〈

exp
{

i

∫
dxAα(x)Jα(x)

}〉
A

= exp
{
−1

2

∫∫
dx dyJα(x)Dαβ(x − y)Jβ(y)

}
. (1.5)

‡¤¥¸Ó Jα(x) Å ·¥ ²Ó´Ò° Éμ±,   Dαβ(x − y) Å ¶·μ¶ £ Éμ· ± ²¨¡·μ¢μÎ´μ£μ ¶μ²Ö:

Dαβ(x − y) = 〈Aα(x)Aβ(y)〉A = δα,βD(x − y) +
∂2

∂xα∂xβ
Dd(x − y), (1.6)

£¤¥

D(x) =
∫

dq

(2π)4
eiqx

q2
, Dd(x) =

∫
dq

(2π)4
eiqx

q2

d(q2)
q2

. (1.7)
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Œ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²Ö¥É¸Ö ± ± ¶·¥¤¥²:

M = − lim
|x−y|→∞

ln Π(x − y)
|x − y| . (1.8)

’ ±¨³ μ¡· §μ³, ¤²Ö μ¶·¥¤¥²¥´¨Ö ³ ¸¸Ò M ´ ³ ´Ê¦´μ ¢ÒÎ¨¸²¨ÉÓ ±μ··¥²ÖÍ¨μ´´ÊÕ ËÊ´±-
Í¨Õ Π(x) ¢  ¸¨³¶ÉμÉ¨±¥ ¶·¨ |x| → ∞.

�μ¤¸É ¢²ÖÖ (1.3) ¢ (1.1) ¨ ¶·μ¢μ¤Ö Ê¸·¥¤´¥´¨¥ ¶μ ¢´¥Ï´¥³Ê ± ²¨¡·μ¢μÎ´μ³Ê ¶μ²Õ,
¶μ²ÊÎ ¥³

Π(x) =

∞∫
0

∞∫
0

∞∫
0

dμ1 dμ2 dμ3

(8π2x)3
J(μ1, μ2, μ3)×

× exp
{
−|x|

2

(
m2

1

μ1
+ μ1

)
− |x|

2

(
m2

2

μ2
+ μ2

)
− |x|

2

(
m2

3

μ3
+ μ3

)}
. (1.9)

‡¤¥¸Ó

J(μ1, μ2, μ3) = N1N2N3

∫ ∫ ∫
δr1 δr2 δr3 ×

× exp

⎧⎨⎩−1
2

x∫
0

dτ
[
μ1ṙ

2
1(τ) + μ2ṙ

2
2(τ) + μ3ṙ

2
3(τ)

]⎫⎬⎭ ×

× exp

⎧⎨⎩−W1,1 − W2,2 − W3,3 + 2
3∑

i,j=1;i�=j

Wi,j

⎫⎬⎭ , (1.10)

¨ ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

Wi,j =
g2

2
(−1)i+j

x∫
0

x∫
0

dτ1 dτ2Z
′(i)

α(τ1)Dαβ

(
Z(i)(τ1) − Z(j)(τ2)

)
Z ′(j)

β(τ2). (1.11)

�·¥¤¸É ¢²¥´¨¥ (1.10) ¨³¥¥É ¸³Ò¸² ±¢ ´Éμ¢μ° ËÊ´±Í¨¨ ƒ·¨´  ¢ Ëμ·³¥ ËÊ´±Í¨μ´ ²Ó-
´μ£μ ¨´É¥£· ²  ”¥°´³ ´ , ±μ£¤  É·¨ Î ¸É¨ÍÒ ¸ ³ ¸¸ ³¨ μ1, μ2 ¨ μ3 ¢§ ¨³μ¤¥°¸É¢ÊÕÉ
¶μ¸·¥¤¸É¢μ³ ´¥²μ± ²Ó´μ£μ ¶μÉ¥´Í¨ ²  Wi,j . �É³¥É¨³, ÎÉμ ¢ (1.10) ËÊ´±Í¨μ´ ²Ó´μ¥ ¨´-

É¥£·¨·μ¢ ´¨¥ ¶·μ¢μ¤¨É¸Ö ¶μ Î¥ÉÒ·¥Ì³¥·´Ò³ ¢¥±Éμ· ³ r1 = (r1, r
(4)
1 ), r2 = (r2, r

(4)
2 )

¨ r3 = (r3, r
(4)
3 ). �·¨ ÔÉμ³ ¢¥²¨Î¨´  Wi,j μ¶·¥¤¥²Ö¥É¸Ö ¢±² ¤μ³ ¢¸¥¢μ§³μ¦´ÒÌ É¨¶μ¢

¤¨ £· ³³ ”¥°´³ ´ . ‘ÊÐ¥¸É¢ÊÕÉ ¤¢  É¨¶  ¢§ ¨³μ¤¥°¸É¢¨°: ¶¥·¢Ò° Å ¢§ ¨³μ¤¥°¸É¢¨¥
Î ¸É¨Í ¶μ¸·¥¤¸É¢μ³ ± ²¨¡·μ¢μÎ´μ£μ ¶μ²Ö, ¢±² ¤ ±μÉμ·μ£μ μ¶·¥¤¥²Ö¥É¸Ö ´¥¶μ¸·¥¤¸É¢¥´´μ
Wi,j (i �= j); ¢Éμ·μ° Å ¢§ ¨³μ¤¥°¸É¢¨¥ Î ¸É¨Í ¸ ³¨Ì ¸ ¸μ¡μ°, É. ¥. ¤¨ £· ³³  ¸μ¡¸É¢¥´´μ°
Ô´¥·£¨¨, ¢±² ¤ ±μÉμ·μ° μ¶·¥¤¥²Ö¥É¸Ö W1,1, W2,2 ¨ W3,3. ‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥
¢¥²¨Î¨´Ò Wi,j ¸μμÉ¢¥É¸É¢ÊÕÉ ¶μÉ¥´Í¨ ²Ó´Ò³ ¢§ ¨³μ¤¥°¸É¢¨Ö³,   Wj,j ¸μμÉ¢¥É¸É¢ÊÕÉ
´¥¶μÉ¥´Í¨ ²Ó´Ò³ ¢§ ¨³μ¤¥°¸É¢¨Ö³, ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ ¢±² ¤ ¶¥·¥´μ·³¨·μ¢±¨ ³ ¸¸Ò
Î ¸É¨Í.

�¸¨³¶ÉμÉ¨±  ¨´É¥£· ²  (1.10) ¶·¨ |x| → ∞ ¢¥¤¥É ¸¥¡Ö ± ±

lim
|x|→∞

J(μ1, μ2, μ3) =⇒ exp{−x · E(μ1, μ2, μ3)}, (1.12)
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£¤¥ ËÊ´±Í¨Ö E(μ1, μ2, μ3) § ¢¨¸¨É μÉ ±μ´¸É ´ÉÒ ¸¢Ö§¨ g ¨ μÉ ¶ · ³¥É·μ¢ μ1, μ2 ¨ μ3 ¨
´¥ § ¢¨¸¨É μÉ ³ ¸¸ m1, m2 ¨ m3. �·¨ |x| → ∞ ¨´É¥£· ² (1.9) ¢ÒÎ¨¸²Ö¥É¸Ö ³¥Éμ¤μ³
¶¥·¥¢ ² . Œ ¸¸  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μ¶·¥¤¥²Ö¥É¸Ö ÉμÎ±μ° ¶¥·¥¢ ² :

M =
1
2

min
μ1,μ2,μ3

{
m2

1

μ1
+ μ1 +

m2
2

μ2
+ μ2 +

m2
3

μ3
+ μ3 + 2E(μ1, μ2, μ3)

}
. (1.13)

’ ±¨³ μ¡· §μ³, ¶·μ¡²¥³  ¸¢¥² ¸Ó ± ¢ÒÎ¨¸²¥´¨Õ ËÊ´±Í¨μ´ ²Ó´μ£μ ¨´É¥£· ²  (1.10).
�¤´ ±μ ÔÉμÉ ¨´É¥£· ² ¢ μ¡Ð¥³ ¢¨¤¥ ´¥ ¢ÒÎ¨¸²Ö¥É¸Ö ¨ μ¶·¥¤¥²Ö¥É¸Ö Éμ²Ó±μ ¢ · ³± Ì · §-
²¨Î´ÒÌ ¶·¨¡²¨¦¥´¨°. ‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ÉμÎ´Ò¥ ³ É¥³ É¨Î¥¸±¨¥ ³¥Éμ¤Ò ¢ÒÎ¨¸²¥´¨Ö
ÔÉμ£μ ¨´É¥£· ²  μÉ¸ÊÉ¸É¢ÊÕÉ. �μÔÉμ³Ê ´ ¤μ ¶·¨¢²¥± ÉÓ · §²¨Î´Ò¥ Ë¨§¨Î¥¸±¨¥ ¶·¥¤-
¶μ²μ¦¥´¨Ö ¨²¨ ¶·¨¡²¨¦¥´¨Ö, ÎÉμ¡Ò ± ±-Éμ ¢Ò¶μ²´¨ÉÓ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ Î¥É¢¥·ÉÒ³

±μ³¶μ´¥´É ³ r
(4)
j . ‚Ò¶μ²´¥´¨¥ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ Î¥É¢¥·ÉÒ³ ±μ³¶μ´¥´É ³ ÔËË¥±É¨¢´μ

¸μμÉ¢¥É¸É¢Ê¥É ¶¥·¥Ìμ¤Ê ± ´¥·¥²ÖÉ¨¢¨¸É¸±μ³Ê ¶·¥¤¥²Ê. „·Ê£¨³¨ ¸²μ¢ ³¨, μ¶·¥¤¥²Ö¥É¸Ö
¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ ¶μ¶· ¢± ³¨, ¸¢Ö§ ´´Ò³¨ ¸ ´¥¶¥·ÉÊ·¡ É¨¢´Ò³, ·¥²ÖÉ¨¢¨¸É-
¸±¨³ ¨ ´¥²μ± ²Ó´Ò³ Ì · ±É¥· ³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö. ‚ Î ¸É´μ¸É¨, ¥¸²¨ ¢ ËÊ´±Í¨μ´ ²¥ Wi,j

¢ (1.11) ¶·¥´¥¡·¥ÎÓ § ¢¨¸¨³μ¸ÉÓÕ μÉ r
(4)
1 , r

(4)
2 ¨ r

(4)
3 , Éμ ¸¨¸É¥³  (1.10) ¸¢μ¤¨É¸Ö ± Ë¥°´-

³ ´μ¢¸±μ³Ê ¨´É¥£· ²Ê ¶μ É· ¥±Éμ·¨Ö³ ¤²Ö ¤¢¨¦¥´¨Ö ¸± ²Ö·´ÒÌ Î ¸É¨Í ¸ ³ ¸¸ ³¨ μ1, μ2

¨ μ3 ¢ �ŠŒ [9] ¸ ²μ± ²Ó´Ò³ ¶μÉ¥´Í¨ ²μ³. ‚ ÔÉμ³ ¶·¨¡²¨¦¥´¨¨, ¸μ£² ¸´μ (1.10), £ -
³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸± ²Ö·´ÒÌ Î ¸É¨Í ¸ ³ ¸¸ ³¨ μ1, μ2 ¨ μ3 § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

H =
1

2μ1
P2

1 +
1

2μ2
P2

2 +
1

2μ3
P2

3 + V (r1, r2, r3), (1.14)

£¤¥ V (r1, r2, r3) Å ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö, ±μÉμ·Ò° ¢Ò· ¦ ¥É¸Ö Î¥·¥§ Wi,j , Éμ£¤ 
E(μ1, μ2, μ3) Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö (1.14), É. ¥.

HΨ(r1, r2, r3) = E(μ1, μ2, μ3)Ψ(r1, r2, r3). (1.15)

ˆ§ Ê¸²μ¢¨Ö ³¨´¨³Ê³  (1.13) ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥ ¤²Ö μj :

μj −
m2

j

μj
+ 2μj

dE(μ1, μ2)
dμj

= 0, j = 1, 2, 3. (1.16)

� · ³¥É·Ò μ1, μ2 ¨ μ3 ¨³¥ÕÉ · §³¥·´μ¸ÉÓ ³ ¸¸Ò.
ŒÒ μ¶·¥¤¥²Ö¥³ ¶ · ³¥É·Ò μ1, μ2 ¨ μ3 ± ± ³ ¸¸Ò ±μ´¸É¨ÉÊ¥´É´ÒÌ Î ¸É¨Í ¢ ¸¢Ö§ ´´μ³

¸μ¸ÉμÖ´¨¨. �É¨ ³ ¸¸Ò μÉ²¨Î ÕÉ¸Ö μÉ m1, m2 ¨ m3, ±μÉμ·Ò¥ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ³ ¸¸Ò
Î ¸É¨Í ¢ ¸¢μ¡μ¤´μ³ ¸μ¸ÉμÖ´¨¨. �·¨ ¤ ²Ó´¥°Ï¨Ì ¢ÒÎ¨¸²¥´¨ÖÌ ³Ò ¨¸¶μ²Ó§Ê¥³ ¶·¨¢¥¤¥´-
´Ò¥ ³ ¸¸Ò ¤¢ÊÌ- ¨ É·¥ÌÉ¥²Ó´ÒÌ ¸¨¸É¥³

1
M2

=
1
μ1

+
1
μ2

,
1

M3
=

1
μ1 + μ2

+
1
μ3

. (1.17)

’μ£¤  ¤²Ö ¤¢ÊÌÉ¥²Ó´μ° ¸¨¸É¥³Ò ³Ò ¶μ²ÊÎ ¥³

M = μ1 + μ2 + M2
dE

dM2
+ E(M2),

μ1 =
√

m2
1 − 2M2

2

dE

dM2
, μ2 =

√
m2

2 − 2M2
2

dE

dM2
,

1
M2

=
1
μ1

+
1
μ2

,

(1.18)
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M = μ1 + μ2 + μ3 + M2
dE

dM2
+ M3

dE

dM3
+ E(M2, M3),

μ3 =
√

m2
3 − 2M2

3

dE

dM3
,

μj =
1√
2

√
m2

j − 2M2
2

dE

dM2
×

×

√√√√1 +

√
1 − 8M2

2M2
3 (dE/dM3)

(m2
1 − 2M2

2 (dE/dM2))(m2
2 − 2M2

2 (dE/dM2))
, j = 1, 2, (1.19)

1
M2

=
1
μ1

+
1
μ2

,
1

M3
=

1
μ1 + μ2

+
1
μ3

.

’ ±¨³ μ¡· §μ³, ³Ò ³μ¦¥³ μ¶·¥¤¥²ÖÉÓ ³ ¸¸Ê ¨ ±μ´¸É¨ÉÊ¥´É´ÊÕ ³ ¸¸Ê ¸¨¸É¥³ ¸¢Ö§ ´´ÒÌ
¸μ¸ÉμÖ´¨° ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· ¢μ±. ‚¥²¨Î¨´  E(M2, M3) μ¶·¥¤¥²Ö¥É¸Ö ± ±
¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö.

‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê Î ¸É¨Í ³¨ ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ μ¶¨¸Ò¢ -
ÕÉ¸Ö ¢Ò· ¦¥´¨¥³ (1.11), ±μÉμ·μ¥ ¸μ¤¥·¦¨É ¢¸¥ É¨¶Ò Ë¥°´³ ´μ¢¸±¨Ì ¤¨ £· ³³, ¢ Î ¸É-
´μ¸É¨, ¢Ò· ¦¥´¨Ö W11, W22, W33 ¸μμÉ¢¥É¸É¢ÊÕÉ ¤¨ £· ³³ ³ ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨,   Wij

(i �= j) Å ¤¨ £· ³³¥ μ¤´μËμÉμ´´μ£μ μ¡³¥´  ¢ Š�„. �´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ (‚”) μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ “˜ ¸ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸μ° μj .
�μ¶· ¢± , ¸¢Ö§ ´´ Ö ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶·¨·μ¤μ° ¢§ ¨³μ¤¥°¸É¢¨Ö, ÊÎ¨ÉÒ¢ ¥É¸Ö ´¥ Éμ²Ó±μ
¶μ¶· ¢± ³¨ ± ¶μÉ¥´Í¨ ²Ê ¢§ ¨³μ¤¥°¸É¢¨Ö, ´μ É ±¦¥ Î¥·¥§ ¶ · ³¥É·Ò μj (±μ´¸É¨ÉÊ¥´É-
´Ò¥ ³ ¸¸Ò), ±μÉμ·Ò¥ ¶·¥¤¸É ¢²¥´Ò ¢ (1.16) ¨ (1.19). �μÔÉμ³Ê ¨§ “˜ ¸ ±μ´¸É¨ÉÊ¥´É´μ°
³ ¸¸μ° ¡Ê¤¥³ μ¶·¥¤¥²ÖÉÓ ¸¶¥±É· ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¸ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶μ¶· ¢±μ°.

2. ��…�ƒˆŸ �‘��‚��ƒ� ‘�‘’�Ÿ�ˆŸ ’�…•’…‹œ��‰
Š“‹���‚‘Š�‰ ‘ˆ‘’…Œ›

‚ · ³± Ì ´ Ï¥£μ ¶μ¤Ìμ¤  ³Ò · ¸¸³μÉ·¥²¨ ¤¢ÊÌÉ¥²Ó´Ò¥ ±Ê²μ´μ¢¸±¨¥ ¸¨¸É¥³Ò [6, 7]
¨ μ¶·¥¤¥²¨²¨ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨ ‚” ¸ ÊÎ¥Éμ³ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· ¢μ±. ’¥¶¥·Ó
μ¶·¥¤¥²¨³ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ±Ê²μ´μ¢¸±μ° É·¥ÌÉ¥²Ó´μ° ¸¨¸É¥³Ò ¸ § ·Ö¤ ³¨ Z1e, Z2e
¨ −Z3e ¢ · ³± Ì ´ Ï¥£μ ¶μ¤Ìμ¤ . ŒÒ ¨¸¶μ²Ó§Ê¥³  Éμ³´ÊÕ ¸¨¸É¥³Ê ¥¤¨´¨Í (me = � =
e = 1). ’μ£¤  ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ “˜ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥⎧⎨⎩1

2

3∑
j=1

P2
j

μj
+

Z1Z2

|R1 − R2|
− Z1Z3

|R1 − R3|
− Z3Z2

|R3 − R2|

⎫⎬⎭Ψ = EΨ. (2.1)

‚¢μ¤¨³ ±μμ·¤¨´ ÉÒ Ÿ±μ¡¨ (r1, r2) ¨ Í¥´É·  ³ ¸¸ x

R1 = x +
μ3

M
r1 +

μ2

M
r2,

R2 = x +
μ3

M
r1 −

μ1 + μ2

M
r2, (2.2)

R3 = x − μ3 + μ2

M
r1 +

μ2

M
r2,
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£¤¥ M = μ1 + μ2 + μ3. ‚ ¨Éμ£¥, “˜ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥{
− 1

2μ13
∇2

r1
− 1

2μ12
∇2

r2
− 1

μ1
(∇r1∇r2) +

Z1Z2

r12
− Z1Z3

r1
− Z3Z2

r2

}
Ψ = EΨ, (2.3)

£¤¥ μ¶ÊÐ¥´  ¶μ²´ Ö ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö ¨ ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

1
μij

=
1
μi

+
1
μj

(i �= j), r12 = |r1 − r2|. (2.4)

ˆ§ (2.3) ¡Ê¤¥³ μ¶·¥¤¥²ÖÉÓ Ê·μ¢´¨ Ô´¥·£¨¨ ¨ ‚” ¸ ¶μ³μÐÓÕ ³¥Éμ¤  μ¸Í¨²²ÖÉμ·´μ£μ ¶·¥¤-
¸É ¢²¥´¨Ö (��) [11]. Œ¥Éμ¤Ò �� Ï¨·μ±μ ¶·¨³¥´Ö²¨¸Ó ¶·¨ μ¶·¥¤¥²¥´¨¨ Ô´¥·£¥É¨Î¥¸±μ£μ
¸¶¥±É·  ¨ ‚” ¤¢ÊÌÉ¥²Ó´ÒÌ ¸¨¸É¥³. ‚ Î ¸É´μ¸É¨, ‚” ¢ É ±¨Ì ¸¨¸É¥³ Ì ¢Ò¡¨· ²¨¸Ó ¢ ¢¨¤¥

Ψ(r) = r�Y�m(θ, ϕ)ψ(r), (2.5)

£¤¥ ψ(r) Å · ¤¨ ²Ó´ Ö Î ¸ÉÓ ‚”. �´ ²μ£¨Î´μ ÔÉμ³Ê ¢ É·¥ÌÉ¥²Ó´μ³ ¸²ÊÎ ¥ ‚” ¶·¥¤¸É ¢¨³
¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Ψ(r1, r2) = r�1
1 r�2

2 Y�1�2
LM (r1, r2)ψ(r1, r2, r12). (2.6)

‡¤¥¸Ó ψ(r1, r2, r12) ¥¸ÉÓ · ¤¨ ²Ó´ Ö Î ¸ÉÓ ‚”, § ¢¨¸ÖÐ Ö μÉ ±μμ·¤¨´ É •¨²²¥·  ¸ 
(r1, r2, r12) [12], ¨ ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

Y�1�2
LM (r1, r2) = {Y�1(r1) ⊗ Y�2(r2)}LM (2.7)

Å ¡¨¶μ²Ö·´Ò¥ £ ·³μ´¨±¨ [13] ¨

Y�1�2
LM (r1, r2) = r�1

1 r�2
2 Y�1�2

LM (r1, r2) (2.8)

Å ·¥£Ê²Ö·´Ò¥ ¡¨¶μ²Ö·´Ò¥ £ ·³μ´¨±¨. „¥°¸É¢¨¥ ´¥±μÉμ·ÒÌ μ¶¥· Éμ·μ¢ ´  ·¥£Ê²Ö·´Ò¥
¡¨¶μ²Ö·´Ò¥ £ ·³μ´¨±¨ ¶μ± § ´μ ¢ ¶·¨²μ¦¥´¨¨ �. ‚ (2.3) ³Ò ÊÎ¨ÉÒ¢ ²¨ ¶μÉ¥´Í¨ ²Ò,
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Éμ²Ó±μ μ¡³¥´´Ò³ ¢§ ¨³μ¤¥°¸É¢¨Ö³. ‚ ¤ ´´μ° · ¡μÉ¥ · ¸¸Î¨ÉÒ¢ ¥É¸Ö
Ô´¥·£¨Ö ¸¢Ö§¨ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ‚” μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ±Ê²μ´μ¢¸±μ° É·¥ÌÉ¥²Ó´μ°
¸¨¸É¥³Ò. ‚ ÔÉμ³ ¸²ÊÎ ¥ ±¨´¥É¨Î¥¸± Ö Î ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  ¶·¥¤¸É ¢²¥´  ¢ (A.6).

ˆ§ (A.6)Ä(A.8) ¢¨¤´μ, ÎÉμ ¤¥°¸É¢¨¥ μ¶¥· Éμ·  ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨ ´  ‚” ¢Ò· ¦ -
¥É¸Ö · §²¨Î´Ò³¨ ¡¨¶μ²Ö·´Ò³¨ £ ·³μ´¨± ³¨. „²Ö ¶μ²ÊÎ¥´¨Ö · ¤¨ ²Ó´μ£μ “˜ ¨§ (2.3) ÔÉμ
Ê· ¢´¥´¨¥ Ê³´μ¦ ¥É¸Ö ¸²¥¢  ´  ¡¨¶μ²Ö·´ÊÕ £ ·³μ´¨±Ê,   § É¥³ ¨´É¥£·¨·Ê¥É¸Ö ¶μ Ê£²μ-
¢Ò³ ¶¥·¥³¥´´Ò³. „¥É ²¨ ¢ÒÎ¨¸²¥´¨° ¨´É¥£· ²μ¢ ¶μ Ê£²μ¢Ò³ ¶¥·¥³¥´´Ò³ ¶·¨¢¥¤¥´Ò ¢
¶·¨²μ¦¥´¨¨ �.

�·¨³¥´Ö¥³Ò° §¤¥¸Ó ³¥Éμ¤ �� [11] μ¸´μ¢ ´ ´  ¨¤¥ÖÌ ¨ É¥Ì´¨± Ì Š’�. �¤´μ ¨§ ¸ÊÐ¥-
¸É¢¥´´ÒÌ μÉ²¨Î¨° Š’� μÉ ŠŒ § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ±¢ ´Éμ¢ ´´Ò¥ ¶μ²Ö, ¶·¥¤¸É ¢²Ö-
ÕÐ¨¥ ´ ¡μ· ¡¥¸±μ´¥Î´μ£μ Î¨¸²  μ¸Í¨²²ÖÉμ·μ¢ ¤²Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö (¨²¨ ¢ ±ÊÊ³ ),
¸μÌ· ´ÖÕÉ ¸¢μÕ μ¸Í¨²²ÖÉμ·´ÊÕ ¶·¨·μ¤Ê ¶·¨ ±¢ ´Éμ¢μ-¶μ²¥¢μ³ ¢§ ¨³μ¤¥°¸É¢¨¨. ‚ ŠŒ
¶μ¢¥¤¥´¨¥ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° ¡μ²ÓÏ¨´¸É¢  ¶μÉ¥´Í¨ ²μ¢ μÉ²¨Î ¥É¸Ö μÉ £ Ê¸¸μ¢  ¶μ¢¥-
¤¥´¨Ö μ¸Í¨²²ÖÉμ·´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨. �μÔÉμ³Ê ¶¥·¥³¥´´Ò¥ ¢ ¨¸Ìμ¤´μ³ “˜ ¤μ²¦´Ò
¡ÒÉÓ ¶·¥μ¡· §μ¢ ´Ò É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ³μ¤¨Ë¨Í¨·μ¢ ´´μ¥ “˜ μ¡² ¤ ²μ ·¥Ï¥´¨Ö³¨,
¨³¥ÕÐ¨³¨ μ¸Í¨²²ÖÉμ·´μ¥ ¶μ¢¥¤¥´¨¥ ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ. ‘μ£² ¸´μ ¢ÒÏ¥¸± § ´-
´μ³Ê μ¸ÊÐ¥¸É¢¨³ ¶·¥μ¡· §μ¢ ´¨¥ ¶¥·¥³¥´´ÒÌ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥ (¤¥É ²¨ ¸³. ¢ [11,14]):

r1 = q2ρ
1 , r2 = q2ρ

2 , r12 = q2ρ
12 . (2.9)
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�μ¸²¥ ´¥±μÉμ·ÒÌ ¸É ´¤ ·É´ÒÌ Ê¶·μÐ¥´¨° ¤²Ö ±¨´¥É¨Î¥¸±μ° Î ¸É¨ £ ³¨²ÓÉμ´¨ ´  ³Ò
¶μ²ÊÎ¨³

T̂q =
1

2μ13

1

4ρ2q
2(2ρ−1)
1

[
−

(
∂2

∂q2
1

+
d − 1

q1

∂

∂q1

)
− 2ρ(�1 − �2)

q1

∂

∂q1

]
+

+
1

2μ23

1

4ρ2q
2(2ρ−1)
2

[
−

(
∂2

∂q2
2

+
d − 1

q2

∂

∂q2

)
− 2ρ(�2 − �1)

q2

∂

∂q2

]
+

+
1

2μ12

1

4ρ2q
2(2ρ−1)
12

[
−

(
∂2

∂q2
12

+
d − 1
q12

∂

∂q12

)
+

2ρ(�1 + �2)
q12

∂

∂q12

]
−

− 1
2μ3

q4ρ
1 + q4ρ

2 − q4ρ
12

4ρ2q
2(2ρ−1)
1 q

2(2ρ−1)
2

1
q1

∂

∂q1

1
q2

∂

∂q2
− 1

2μ2

q4ρ
2 + q4ρ

12 − q4ρ
1

4ρ2q
2(2ρ−1)
12 q

2(2ρ−1)
2

×

× 1
q2

∂

∂q2

1
q12

∂

∂q12
− 1

2μ1

q4ρ
1 + q4ρ

12 − q4ρ
2

4ρ2q
2(2ρ−1)
1 q

2(2ρ−1)
12

1
q1

∂

∂q1

1
q12

∂

∂q12
−

−
(

�1

μ1
+

�2

μ2

)
1

2ρ q
2(2ρ−1)
12

1
q12

∂

∂q12
, (2.10)

¨ ¶μÉ¥´Í¨ ²Ó´ Ö Î ¸ÉÓ ¨³¥¥É ¢¨¤

V =
Z1Z2

q2ρ
12

− Z1Z3

q2ρ
1

− Z2Z3

q2ρ
2

. (2.11)

‡¤¥¸Ó d ¥¸ÉÓ · §³¥·´μ¸ÉÓ ¢¸¶μ³μ£ É¥²Ó´μ£μ ¶·μ¸É· ´¸É¢  d = 2 + 2ρ + 2ρ(�1 + �2). ‚ ³¥-
Éμ¤¥ �� ± ´μ´¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ μ¶¥· Éμ·Ò ·μ¦¤¥´¨Ö (a+) ¨ Ê´¨-
ÎÉμ¦¥´¨Ö (a) ¢ ¶·μ¸É· ´¸É¢¥ Rd, ¨ ¶μ ´¨³ ¶·μ¢μ¤¨É¸Ö Ê¶μ·Ö¤μÎ¥´¨¥. ’ ±¨³ μ¡· §μ³,
¤²Ö £ ³¨²ÓÉμ´¨ ´  ³Ò ¨³¥¥³

H = H0 + ε0(E) + HI . (2.12)

‡¤¥¸Ó H0 Å ¥¸ÉÓ £ ³¨²ÓÉμ´¨ ´ ¸¢μ¡μ¤´μ£μ μ¸Í¨²²ÖÉμ· ; ε0 Å Ô´¥·£¨Ö μ¸´μ¢´μ£μ ¸μ-
¸ÉμÖ´¨Ö ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ �� ¨ HI ¥¸ÉÓ £ ³¨²ÓÉμ´¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö, ±μÉμ·Ò°
É ±¦¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ´μ·³ ²Ó´μ³ ¢¨¤¥ ¶μ μ¶¥· Éμ· ³ (a+) ¨ (a) ¨ ´¥ ¸μ¤¥·¦¨É ±¢ -
¤· É¨Î´ÒÌ ¸² £ ¥³ÒÌ ¶μ ± ´μ´¨Î¥¸±¨³ ¶¥·¥³¥´´Ò³. �·¥¤¸É ¢²¥´¨¥ £ ³¨²ÓÉμ´¨ ´  ¢
¢¨¤¥ (2.12) ¤¥É ²Ó´μ ¨§²μ¦¥´μ ¢ · ¡μÉ Ì [6Ä8], ¶μÔÉμ³Ê ¶·¨¢μ¤¨³ μ±μ´Î É¥²Ó´Ò° ·¥§Ê²Ó-
É É ¤²Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ��:

E =
σ2

1

μ13

Γ(d/2)
4ρ2

[d/4 + ρ(�1 − �2)]
Γ(d/2 + 2ρ− 1)

+
σ2

2

μ23

Γ(d/2)
4ρ2

[d/4 + ρ(�2 − �1)]
Γ(d/2 + 2ρ − 1)

+

+
σ2

12

μ12

Γ(d/2)
4ρ2

[d/4 − ρ(�1 + �2)]
Γ(d/2 + 2ρ− 1)

− Γ(d/2 + ρ − 1)
Γ(d/2 + 2ρ − 1)

[Z1Z3σ1 + Z2Z3σ2 −

− Z1Z2σ12] +
Γ2(d/2)Γ(d/2 + 4ρ − 1)

8ρ2Γ3(d/2 + 2ρ − 1)

[
σ2

1 σ2
12

σ2
2 μ1

+
σ2

2 σ2
12

σ2
1 μ2

+
σ2

1 σ2
2

σ2
12 μ3

]
−

− Γ(d/2)Γ(d/2 + 2ρ)
8ρ2Γ2(d/2 + 2ρ − 1)

[
σ2

1

μ1
+

σ2
12

μ1
+

σ2
2

μ2
+

σ2
12

μ2
+

σ2
2

μ3
+

σ2
1

μ3

]
. (2.13)
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‡¤¥¸Ó σ1, σ2 ¨ σ12 Å ¶ · ³¥É·Ò, ¸¢Ö§ ´´Ò¥ ¸ Î ¸ÉμÉμ° μ¸Í¨²²ÖÉμ·  ¨ μ¶·¥¤¥²Ö¥³Ò¥ ¨§
¸²¥¤ÊÕÐ¥° ¸¨¸É¥³Ò Ê· ¢´¥´¨°

σ1

μ13

Γ(d/2)
2ρ2

[d/4 + ρ(�1 − �2)]
Γ(d/2 + 2ρ − 1)

− Γ(d/2)Γ(d/2 + 2ρ)
4ρ2Γ2(d/2 + 2ρ − 1)

σ1

μ13
− Z1Z3 ×

× Γ(d/2 + ρ − 1)
Γ(d/2 + 2ρ − 1)

+
Γ2(d/2)Γ(d/2 + 4ρ− 1)

4ρ2Γ3(d/2 + 2ρ − 1)

[
σ1σ

2
12

σ2
2μ1

− σ2
2σ

2
12

σ3
1μ2

+
σ1σ

2
2

σ2
12μ3

]
= 0,

σ2

μ23

Γ(d/2)
2ρ2

[d/4 + ρ(�2 − �1)]
Γ(d/2 + 2ρ − 1)

− Γ(d/2)Γ(d/2 + 2ρ)
4ρ2Γ2(d/2 + 2ρ − 1)

σ2

μ23
− Z2Z3 ×

× Γ(d/2 + ρ − 1)
Γ(d/2 + 2ρ − 1)

+
Γ2(d/2)Γ(d/2 + 4ρ − 1)

4ρ2Γ3(d/2 + 2ρ − 1)

[
σ2σ

2
12

σ2
1μ2

− σ2
1σ2

12

σ3
2μ1

+
σ2

1σ2

σ2
12μ3

]
= 0, (2.14)

σ12

μ12

Γ(d/2)
2ρ2

[d/4 − ρ(�1 + �2)]
Γ(d/2 + 2ρ − 1)

− Γ(d/2)Γ(d/2 + 2ρ)
4ρ2Γ2(d/2 + 2ρ − 1)

σ12

μ12
+ Z1Z2 ×

× Γ(d/2 + ρ − 1)
Γ(d/2 + 2ρ − 1)

+
Γ2(d/2)Γ(d/2 + 4ρ− 1)

4ρ2Γ3(d/2 + 2ρ − 1)

[
σ2

2σ12

σ2
1μ2

+
σ2

1σ12

σ2
2μ1

− σ2
1σ2

2

σ3
12μ3

]
= 0.

ˆ§ ÔÉμ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° μ¶·¥¤¥²Ö¥³ ¶ · ³¥É·Ò σ1, σ2 ¨ σ3 ± ± ËÊ´±Í¨¨ μÉ ±μ´¸É¨ÉÊ-
¥´É´ÒÌ ³ ¸¸. „ ²¥¥, ¶μ¤¸É ¢²ÖÖ §´ Î¥´¨Ö ÔÉ¨Ì ¶ · ³¥É·μ¢ ¢ (2.13), ´ Ìμ¤¨³ § ¢¨¸¨³μ¸ÉÓ
Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μÉ ±μ´¸É¨ÉÊ¥´É´ÒÌ ³ ¸¸ Î ¸É¨Í. ’μ£¤ 
¨§ (1.16) ¨²¨ (1.19) μ¶·¥¤¥²Ö¥³ ±μ´¸É¨ÉÊ¥´É´ÊÕ ³ ¸¸Ê Î ¸É¨Í.

3. ���…„…‹…�ˆ… ‚Š‹�„� „ˆ�ƒ��ŒŒ› ‘��‘’‚…���‰ ��…�ƒˆˆ

’¥¶¥·Ó ¶·¨¸ÉÊ¶¨³ ± μ¶·¥¤¥²¥´¨Õ ¢¥²¨Î¨´Ò Wjj , ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¢±² ¤Ê ¤¨ £· ³³Ò
¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨. ‚±² ¤ ÔÉμ° ¤¨ £· ³³Ò ¶·¨¢μ¤¨É ± ¶μ¶· ¢±¥ ± ±μ´¸É¨ÉÊ¥´É´μ°
³ ¸¸¥ Î ¸É¨Í ¢ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨ÖÌ. Šμ£¤  § ·Ö¦¥´´ Ö Î ¸É¨Í  ´ Ìμ¤¨É¸Ö ¢ ¸¢Ö§ ´´μ³
¸μ¸ÉμÖ´¨¨, ÔÉÊ Î ¸É¨ÍÊ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± Î ¸É¨ÍÊ, ´ Ìμ¤ÖÐÊÕ¸Ö ¢ ±Ê²μ´μ¢¸±μ³
¶μ²¥, ¸μ§¤ ´´μ³ ¤·Ê£¨³¨ Î ¸É¨Í ³¨. ‚ ÔÉμ³ ¸²ÊÎ ¥ ³ É·¨Î´Ò° Ô²¥³¥´É ¤¨ £· ³³Ò ¸μ¡-
¸É¢¥´´μ° Ô´¥·£¨¨ (¢ μ¡ÒÎ´μ° ¸¨¸É¥³¥ ¥¤¨´¨Í), ¢ ´¨§Ï¥³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°,
§ ¶¨¸Ò¢ ¥É¸Ö ¢ ¸É ´¤ ·É´μ³ [15] ¢¨¤¥:

δMSE = e2

∫
CF

dw

2iπ

∫
dk

(2π)3
Dαβ(k2)

〈
Ψ

∣∣∣∣γα 1

p̂ − k̂ − μe

γβ

∣∣∣∣Ψ〉
−

〈
Ψ |δμe|Ψ

〉
, (3.1)

£¤¥ Dαβ(k2) ¥¸ÉÓ ËμÉμ´´Ò° ¶·μ¶ £ Éμ·; CF Å Ë¥°´³ ´μ¢¸±¨° ±μ´ÉÊ· ¨´É¥£·¨·μ¢ -
´¨Ö ¶μ w (μ¤´μ¶¥É²¥¢ Ö ¸μ¡¸É¢¥´´ Ö Ô´¥·£¨Ö),   δμe Ö¢²Ö¥É¸Ö ³ ¸¸μ¢Ò³ ±μ´É·Î²¥´μ³.
‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥ ¨§ (3.1) ¨³¥¥³

δMSE =
(

e

μe

)2 ∫
d3k

(2π)3
1

2|k|

{
δij −

kikj

k2

}
×

×
〈

Ψ0

∣∣∣∣←−p eirk 1
E0 − k − HC

0

e−irk−→p
∣∣∣∣Ψ0

〉
− δμ 〈Ψ0|Ψ0〉 , (3.2)
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£¤¥ HC
0 ¥¸ÉÓ £ ³¨²ÓÉμ´¨ ´ Ô²¥±É·μ´ , ¸¢Ö§ ´´μ£μ ¢ ±Ê²μ´μ¢¸±μ³ ¶μ²¥. „²Ö ¢ÒÎ¨¸²¥´¨Ö

ÔÉμ£μ ¨´É¥£· ² , ¶·¥¦¤¥ ¢¸¥£μ, ¶·μ¢¥¤¥³ Ê¸·¥¤´¥´¨¥ ¶μ ´ ¶· ¢²¥´¨Ö³ ¨³¶Ê²Ó¸  ËμÉμ´ 
¨ É ±¦¥ ¢Ò¤¥²¨³ Î²¥´, ¸¢Ö§ ´´Ò° ¸ ¶¥·¥´μ·³¨·μ¢±μ° ³ ¸¸Ò. �·μ¢μ¤Ö ´¥μ¡Ìμ¤¨³Ò¥
Ê¶·μÐ¥´¨Ö, μ±μ´Î É¥²Ó´μ ¶μ²ÊÎ ¥³

δMSE = −4α(Zα)
3μ2

e

[
ln α2 + ln

(
K0(n, �)

R∞

)
− 5

6

]
〈Ψ |δ(r)|Ψ〉 +

α(Zα)
2πμ2

e

〈
Ψ

∣∣∣∣r × p
r3

σ

2

∣∣∣∣Ψ〉
.

(3.3)

ˆ§ (3.3) ¢¨¤´μ, ÎÉμ ¤²Ö μ¶·¥¤¥²¥´¨Ö δMSE ´¥μ¡Ìμ¤¨³μ ¢ÒÎ¨¸²¨ÉÓ ²μ£ ·¨Ë³ �¥É¥

ln
(

K0(n, �)
R∞

)
[16] ¤²Ö É·¥ÌÉ¥²Ó´μ° ±Ê²μ´μ¢¸±μ° ¸¨¸É¥³Ò,   É ±¦¥ ¢ÒÎ¨¸²¨ÉÓ ¢¥²¨Î¨´Ê

〈Ψ|δ(r)|Ψ〉. ‹μ£ ·¨Ë³ �¥É¥ ¤²Ö É·¥ÌÉ¥²Ó´μ° ±Ê²μ´μ¢¸±μ° ¸¨¸É¥³Ò μ¶·¥¤¥²¥´ · §²¨Î´Ò³¨
 ¢Éμ· ³¨ ¨ ¢ÒÎ¨¸²¥´ ¢ [17, 18]. ŒÒ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¨Ì ·¥§Ê²ÓÉ ÉÒ ¶·¨ ±μ´±·¥É´ÒÌ
· ¸Î¥É Ì.

’¥¶¥·Ó ¨§²μ¦¨³ ¤¥É ²¨ ¢ÒÎ¨¸²¥´¨Ö ¢¥²¨Î¨´Ò 〈Ψ|δ(r)|Ψ〉 ¢ · ³± Ì ��. „²Ö ÔÉμ£μ
¨¸¶μ²Ó§Ê¥³ Éμ¦¤¥¸É¢μ

Δ
1
r

= −4πδ(r).

’ ±¨³ μ¡· §μ³, ´ Ï  § ¤ Î  ¸¢μ¤¨É¸Ö ± ¢ÒÎ¨¸²¥´¨Õ 〈Ψ|Δ1/r|Ψ〉 ¢ · ³± Ì ��. „²Ö
¶·¨³¥´¥´¨Ö ³¥Éμ¤  �� ¶·μ¢¥¤¥³ § ³¥´Ê ¶¥·¥³¥´´ÒÌ

r = q2ρ, ΨR ⇒ q2ρ�Φ(q2), (3.4)

£¤¥ ΨR Å · ¤¨ ²Ó´ Ö Î ¸ÉÓ ‚”. �μ¸²¥ ´¥±μÉμ·ÒÌ Ê¶·μÐ¥´¨° ¨³¥¥³

〈Ψ |δ(r)|Ψ〉 = − 1
4π

〈
Ψ

∣∣∣∣Δ1
r

∣∣∣∣Ψ〉
=

= − 1
4π

〈
Φ
∣∣∣∣ q4ρ�

4ρ2q2(2ρ−1)

[(
∂2

∂q2
+

d − 1
q

∂

∂q

)
1

q2ρ

]∣∣∣∣Φ〉
=

=
�

π

ω3ρ+2ρ�

Γ(3ρ + 2ρ�)

∞∫
0

dq q4ρ�−1 exp (−ωq2) =
1
4π

ω3ρΓ(1 + 2ρ�)
ρΓ(3ρ + 2ρ�)

. (3.5)

‡¤¥¸Ó ω Å Î ¸ÉμÉ  μ¸Í¨²²ÖÉμ· , ¨ Î¨¸²¥´´Ò¥ §´ Î¥´¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö ¤²Ö ± ¦¤μ£μ ¸¢Ö-
§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¶μ μÉ¤¥²Ó´μ¸É¨.

’ ±¨³ μ¡· §μ³, ³μ¦¥³ μ¶·¥¤¥²¨ÉÓ ¶μ¶· ¢±Ê ± ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸¥ Î ¸É¨Í, ±μÉμ-
· Ö ¸¢Ö§ ´  ¸ ¤¨ £· ³³μ° ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨. �¤´ ±μ ¨§ (3.3) ¢¨¤´μ, ÎÉμ ÔÉ  ¶μ¶· ¢± 
μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´  ±¢ ¤· ÉÊ ³ ¸¸Ò, ¶μÔÉμ³Ê ¤²Ö ÉÖ¦¥²ÒÌ Î ¸É¨Í μ´  ´¥ É ± ÎÊ¢-
¸É¢¨É¥²Ó´ . �Ê¤¥³ ÊÎ¨ÉÒ¢ ÉÓ ¤ ´´ÊÕ ¶μ¶· ¢±Ê Éμ²Ó±μ ± ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸¥ Ô²¥±É·μ´ .

4. ��‘—…’ ��…�ƒˆ‰ Œ�‹…Š“‹Ÿ��›• ˆ���‚ ‚�„���„�

’¥¶¥·Ó ¶·¨¸ÉÊ¶¨³ ± ¢ÒÎ¨¸²¥´¨Ö³ Ô´¥·£¨° μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ³μ²¥±Ê²Ö·´ÒÌ ¨μ´μ¢
¢μ¤μ·μ¤  H+

2 , D+
2 ¨ T+

2 ¢ · ³± Ì ´ Ï¥£μ ¶μ¤Ìμ¤ . �·¥Í¨§¨μ´´Ò¥ ¢ÒÎ¨¸²¥´¨Ö ´¥·¥²Ö-
É¨¢¨¸É¸±¨Ì Ô´¥·£¨° ³μ²¥±Ê²Ö·´ÒÌ ¨μ´μ¢ ¢μ¤μ·μ¤  ¡Ò²¨ ¢Ò¶μ²´¥´Ò ³´μ£¨³¨  ¢Éμ· ³¨
§  ¶μ¸²¥¤´¥¥ ¤¥¸ÖÉ¨²¥É¨¥. ˆ¸¶μ²Ó§Ê¥³ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö ³ ¸¸ ¶·μÉμ´ , ¤¥°É·μ´  ¨
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É·¨Éμ´ , ±μÉμ·Ò¥ ¡Ò²¨ ¨¸¶μ²Ó§μ¢ ´Ò ¢ ´¥¤ ¢´¨Ì · ¸Î¥É Ì [19], ¤²Ö Éμ£μ ÎÉμ¡Ò ¨³¥ÉÓ
· §Ê³´μ¥ ¸· ¢´¥´¨¥ ¢ÒÎ¨¸²¥´´ÒÌ §´ Î¥´¨° ³ ¸¸: mp = 1836,152701, md = 3670,483014,
mt = 5496,92158 , ¨ me = 1,0. ’ ±¦¥ ¶·¨¢¥¤¥³ §´ Î¥´¨Ö Ô´¥·£¨° μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö
³μ²¥±Ê²Ö·´ÒÌ ¨μ´μ¢ ¨§μÉμ¶μ¢ ¢μ¤μ·μ¤ , ¢ÒÎ¨¸²¥´´ÒÌ · §²¨Î´Ò³¨  ¢Éμ· ³¨, [19]:

E(H+
2 ) = −0,597 139 063 123 405 074 5(4),

E(D+
2 ) = −0,598 788 784 330 683 464 4(1),

E(T+
2 ) = −0,599 506 910 111 541 451 5(4).

� Î´¥³ ¸ ¢ÒÎ¨¸²¥´¨Ö ´¥·¥²ÖÉ¨¢¨¸É¸±μ° Ô´¥·£¨¨ ³μ²¥±Ê²Ö·´μ£μ ¨μ´  ¢μ¤μ·μ¤  H+
2 . �·¨

μp = mp, μe = me, ÊÎ¨ÉÒ¢ Ö (2.14), ¨§ (2.13) ¶μ²ÊÎ¨³ ¤²Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö
¨ ¶ · ³¥É·μ¢ (¢ ¥¤¨´¨Í Ì me = � = e = 1):

E = −0,485349, ρ = 0,714729, σp = 2,35512, σe = 3,53822. (4.1)

ˆ§ (4.1) ¢¨¤´μ, ÎÉμ ÔÉμ §´ Î¥´¨¥ Ô´¥·£¨¨ ¸ÊÐ¥¸É¢¥´´μ ³¥´ÓÏ¥, Î¥³ ÉμÎ´μ¥ ¤²Ö H+
2 . �¶·¥-

¤¥²¨³ É¥¶¥·Ó ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò Î ¸É¨Í ¨§ (1.16),   § É¥³ ¨§ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (2.14)
μ¶·¥¤¥²¨³ ¶ · ³¥É·Ò σ1, σ2 ¨ σ3. ’μ£¤ , ¶μ¤¸É ¢²ÖÖ §´ Î¥´¨Ö ÔÉ¨Ì ¶ · ³¥É·μ¢ ¢ (2.13),
¤²Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¶μ²ÊÎ¨³

E = −0,678021, ρ = 0,71581661, σp = 3,30626, σe = 5,070485,

μp = 1836,15590, μe = 1,39924.
(4.2)

ˆ§ (4.2) ¢¨¤´μ, ÎÉμ ¤ ´´μ¥ §´ Î¥´¨¥ Ô´¥·£¨¨ ¸ÊÐ¥¸É¢¥´´μ ¡μ²ÓÏ¥, Î¥³ ÉμÎ´μ¥ ¤²Ö H+
2 ,  

· §´μ¸É¨ ±μ´¸É¨ÉÊ¥´É´ÒÌ ³ ¸¸ ¨ ³ ¸¸ ¸¢μ¡μ¤´ÒÌ ¸μ¸ÉμÖ´¨° · ¢´Ò

μp − mp = 0,00320; μe − me = 0,39924. (4.3)

Šμ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò Î ¸É¨Í Ê¢¥²¨Î¨¢ ÕÉ¸Ö. ˆ§ (4.3) ¢¨¤´μ, ÎÉμ Ê¢¥²¨Î¥´¨¥ ±μ´¸É¨-
ÉÊ¥´É´ÒÌ ³ ¸¸ ²¥£±¨Ì Î ¸É¨Í, ¢ Î ¸É´μ¸É¨ ³ ¸¸Ò Ô²¥±É·μ´ , ´¥¸±μ²Ó±μ ¡μ²ÓÏ¥, Î¥³
³ ¸¸ ÉÖ¦¥²ÒÌ Î ¸É¨Í. ŒÒ ÊÎ¨ÉÒ¢ ²¨ Éμ²Ó±μ μ¡³¥´´ÊÕ ¤¨ £· ³³Ê, É. ¥. ÊÎÉ¥´Ò ¢±² ¤Ò
Wij (i �= j). ‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ ¤²Ö μ¶¨¸ ´¨Ö ¸¢μ°¸É¢ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° É ±¦¥ ´¥-
μ¡Ìμ¤¨³ ÊÎ¥É ¤¨ £· ³³Ò ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨. “Î¨ÉÒ¢ Ö (3.5), ¨§ (3.3) ¶μ²ÊÎ ¥³ ¤²Ö
μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö

δMSE = −α(Zα)
3πμ2

e

[
ln α2 + ln

(
K0(n, �)

R∞

)
− 5

6

]
ω3ρΓ(1 + 2ρ�)
ρΓ(3ρ + 2ρ�)

. (4.4)

‹μ£ ·¨Ë³ �¥É¥ ¤²Ö ³μ²¥±Ê²Ö·´μ£μ ¨μ´  ¢μ¤μ·μ¤  H+
2 ¢ÒÎ¨¸²¥´ ¢ [20] ¨ · ¢¥´

ln
(

K0(n, �)
R∞

)
= 3,012246. (4.5)

“Î¨ÉÒ¢ Ö (4.5),   É ±¦¥ ¨¸¶μ²Ó§ÊÖ §´ Î¥´¨Ö ¶ · ³¥É·μ¢ Ô²¥±É·μ´´μ° ‚”, ¶·¥¤¸É ¢²¥´´μ°
¢ (4.2), ¨§ (4.4) ¶μ²ÊÎ ¥³ ¤²Ö ¶μ¶· ¢±¨ ± ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸¥ Ô²¥±É·μ´  ¢  Éμ³´μ°
¸¨¸É¥³¥ ¥¤¨´¨Í

δM e
SE = −0,16776427. (4.6)



�¶·¥¤¥²¥´¨¥ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ³μ²¥±Ê²Ö·´ÒÌ ¨μ´μ¢ H+
2 , D+

2 ¨ T+
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’μ£¤ , ¸ ÊÎ¥Éμ³ ¢±² ¤  ¤¨ £· ³³Ò ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨, ¤²Ö ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò Ô²¥±-
É·μ´  ¶μ²ÊÎ ¥³

μe = 1,39924− 0,16776427 = 1,2314794. (4.7)

�μ¶· ¢±¨, ¸¢Ö§ ´´Ò¥ ¸ ¢±² ¤μ³ ¤¨ £· ³³Ò ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨ ¢ ±μ´¸É¨ÉÊ¥´É´ÊÕ ³ ¸¸Ê
¶·μÉμ´ , μÎ¥´Ó ³ ²Ò. “Î¨ÉÒ¢ Ö ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò Ô²¥±É·μ´  ¨ ¶·μÉμ´ , ¶·¥¤¸É -
¢²¥´´Ò¥ ¢ (4.7) ¨ (4.2), ¤²Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¨ ¶ · ³¥É·μ¢, μ¶·¥¤¥²ÖÕÐ¨Ì
‚” H+

2 , ¶μ²ÊÎ ¥³

E = −0,597139, ρ = 0,715817, σp = 2,90582, σe = 4,36717. (4.8)

� Ï ·¥§Ê²ÓÉ É Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ ¸μ£² ¸Ê¥É¸Ö ¸ ·¥§Ê²ÓÉ É ³¨ Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢.
’¥¶¥·Ó ¶·¨¸ÉÊ¶¨³ ± · ¸¸³μÉ·¥´¨Õ ³μ²¥±Ê²Ö·´μ£μ ¨μ´  ¨§μÉμ¶  ¢μ¤μ·μ¤  D+

2 . ‚ ÔÉμ³
¸²ÊÎ ¥, ¶·¨ §´ Î¥´¨ÖÌ ±μ´¸É¨ÉÊ¥´É´ÒÌ ³ ¸¸ μd = md ¨ μe = me, ¶μ²ÊÎ¨³

E = −0,486302, ρ = 0,712416, σp = 2,34547, σe = 3,52096. (4.9)

„ ²¥¥ μ¶·¥¤¥²Ö¥³ ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò Î ¸É¨Í ¨§ (1.16),   § É¥³, ¨§ ¸¨¸É¥³Ò Ê· ¢´¥-
´¨° (2.14), μ¶·¥¤¥²Ö¥³ ¶ · ³¥É·Ò σ1, σ2 ¨ σ3. ’μ£¤ , ¶μ¤¸É ¢²ÖÖ §´ Î¥´¨Ö ÔÉ¨Ì ¶ · ³¥-
É·μ¢ ¢ (2.13), ¤²Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¨³¥¥³

E = −0,681372, ρ = 0,713342, σd = 3,29433, σe = 5,087468,

μd = 3670,4846076, μe = 1,4022234.
(4.10)

‚ ÔÉμ³ ¸²ÊÎ ¥ · §´μ¸É¨ ±μ´¸É¨ÉÊ¥´É´ÒÌ ³ ¸¸ ¨ ³ ¸¸ ¢ ¸¢μ¡μ¤´ÒÌ ¸μ¸ÉμÖ´¨ÖÌ · ¢´Ò

μd − md = 0,00159361, μe − me = 0,4022234. (4.11)

ˆ§ (4.11) ¢¨¤´μ, ÎÉμ ¸ ¢μ§· ¸É ´¨¥³ ³ ¸¸ ÉÖ¦¥²ÒÌ Î ¸É¨Í · §´μ¸ÉÓ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò
¨ ³ ¸¸Ò ¸¢μ¡μ¤´μ£μ ¸μ¸ÉμÖ´¨Ö Ê³¥´ÓÏ ¥É¸Ö,   · §´μ¸ÉÓ ÔÉ¨Ì ³ ¸¸ ¤²Ö ²¥£±μ° Î ¸É¨ÍÒ
Ê¢¥²¨Î¨¢ ¥É¸Ö, ÎÉμ ¢¨¤´μ, ¢ Î ¸É´μ¸É¨, ¶·¨ ¸· ¢´¥´¨¨ ¸ · §´μ¸ÉÖ³¨ ³ ¸¸ ¢ ¸¨¸É¥³¥ H+

2 .
ˆ¸¶μ²Ó§ÊÖ §´ Î¥´¨Ö ¶ · ³¥É·μ¢ Ô²¥±É·μ´´μ° ‚” ¨ §´ Î¥´¨¥ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò,

¶·¥¤¸É ¢²¥´´μ° ¢ (4.10),   É ±¦¥ ÊÎ¨ÉÒ¢ Ö §´ Î¥´¨¥ ²μ£ ·¨Ë³  �¥É¥ (3,012452) ¤²Ö D+
2 ,

¨§ (4.4) ¶μ²ÊÎ ¥³ ¤²Ö ¶μ¶· ¢±¨ ± ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸¥ Ô²¥±É·μ´  ¢  Éμ³´μ° ¸¨¸É¥³¥
¥¤¨´¨Í

δM e
SE = −0,17036276. (4.12)

‘ ÊÎ¥Éμ³ ¢±² ¤  ¤¨ £· ³³Ò ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨ ¢ ±μ´¸É¨ÉÊ¥´É´ÊÕ ³ ¸¸Ê Ô²¥±É·μ´ 
¨³¥¥³

μe = 1,4022234− 0,17036276 = 1,231865. (4.13)

’μ£¤  ¤²Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¨ ¶ · ³¥É·μ¢, μ¶·¥¤¥²ÖÕÐ¨Ì ‚” ³μ²¥±Ê²Ö·´μ£μ
¨μ´  ¨§μÉμ¶  ¢μ¤μ·μ¤  D+

2 , ¶μ²ÊÎ ¥³

E = −0,598790, ρ = 0,712949, σd = 2,89205, σe = 4,34223. (4.14)
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� ±μ´¥Í, μ¶·¥¤¥²¨³ μ¸´μ¢´Ò¥ ¶ · ³¥É·Ò ³μ²¥±Ê²Ö·´μ£μ ¨μ´  ¨§μÉμ¶  ¢μ¤μ·μ¤  T+
2 .

‚ ÔÉμ³ ¸²ÊÎ ¥, ¶·¨ §´ Î¥´¨ÖÌ ±μ´¸É¨ÉÊ¥´É´ÒÌ ³ ¸¸ μt = mt ¨ μe = me, ¨³¥¥³

E = −0,486612, ρ = 0,711655, σt = 2,34228, σe = 3,515255. (4.15)

�¶·¥¤¥²Ö¥³ ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò Î ¸É¨Í ¨§ (1.16) ¨ ¸ ÊÎ¥Éμ³ ÔÉ¨Ì §´ Î¥´¨° ¨§ ¸¨-
¸É¥³Ò Ê· ¢´¥´¨° (2.14) ´ Ìμ¤¨³ ¶ · ³¥É·Ò σ1, σ2 ¨ σ3. ’μ£¤ , ¶μ¤¸É ¢²ÖÖ §´ Î¥´¨Ö ÔÉ¨Ì
¶ · ³¥É·μ¢ ¢ (2.13), ¤²Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¨³¥¥³

E = −0,682464, ρ = 0,712271, σt = 3,29031, σe = 5,08613,

μt = 5496,9226421, μe = 1,4032020.
(4.16)

‚ ÔÉμ³ ¸²ÊÎ ¥ · §´μ¸É¨ ±μ´¸É¨ÉÊ¥´É´ÒÌ ³ ¸¸ ¨ ³ ¸¸ ¸¢μ¡μ¤´ÒÌ ¸μ¸ÉμÖ´¨° μ± § ²¨¸Ó
· ¢´Ò³¨

μt − mt = 0,00106211, μe − me = 0,403202. (4.17)

’ ± ¦¥ ± ± ¨ ¢ ¸²ÊÎ ¥ ¸ D+
2 , · §´μ¸ÉÓ ³ ¸¸ ÉÖ¦¥²μ° Î ¸É¨ÍÒ ¸É ´μ¢¨É¸Ö ¢ ¸· ¢´¥´¨¨

¸ · §´μ¸ÉÓÕ ³ ¸¸ ²¥£±μ° Î ¸É¨ÍÒ ´¥¡μ²ÓÏμ°. „²Ö T+
2 ¢±² ¤ ¤¨ £· ³³Ò ¸μ¡¸É¢¥´´μ°

Ô´¥·£¨¨ ¢ ±μ´¸É¨ÉÊ¥´É´ÊÕ ³ ¸¸Ê Ô²¥±É·μ´  · ¢¥´

δM e
SE = −0,1708320. (4.18)

‘ ÊÎ¥Éμ³ ¢±² ¤  ¤¨ £· ³³Ò ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨ ¢ ±μ´¸É¨ÉÊ¥´É´ÊÕ ³ ¸¸Ê Ô²¥±É·μ´ 
¶μ²ÊÎ ¥³

μe = 1,403202− 0,1708320 = 1,23237. (4.19)

’μ£¤  ¤²Ö Ô´¥·£¨¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¨ ¶ · ³¥É·μ¢, μ¶·¥¤¥²ÖÕÐ¨Ì ‚” ³μ²¥±Ê²Ö·´μ£μ
¨μ´  ¨§μÉμ¶  ¢μ¤μ·μ¤  T+

2 , ¶μ²ÊÎ ¥³

E = −0,599509, ρ = 0,71201, σt = 2,88839, σe = 4,33538. (4.20)

“Î¨ÉÒ¢ Ö ¢±² ¤Ò ¢¸¥¢μ§³μ¦´ÒÌ ¤¨ £· ³³ ”¥°´³ ´ , ³Ò μ¶·¥¤¥²¨²¨ Ê·μ¢´¨ Ô´¥·£¨¨ ³μ-
²¥±Ê²Ö·´ÒÌ ¨μ´μ¢ ¢μ¤μ·μ¤ : H+

2 , D+
2 ¨ T+

2 . ˆ§ (4.8), (4.14) ¨ (4.20) ¢¨¤´μ, ÎÉμ ´ Ï¨ ·¥-
§Ê²ÓÉ ÉÒ  ´ ²¨É¨Î¥¸±μ£μ ¢ÒÎ¨¸²¥´¨Ö Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ ¸μ£² ¸ÊÕÉ¸Ö ¸ ¸ÊÐ¥¸É¢ÊÕÐ¨³¨
¤ ´´Ò³¨ Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢.

5. �…‡“‹œ’�’› ˆ ��‘“†„…�ˆŸ

• �·¥¤²μ¦¥´Ò ³¥Éμ¤Ò  ´ ²¨É¨Î¥¸±μ£μ ¢ÒÎ¨¸²¥´¨Ö Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  ±Ê²μ´μ¢-
¸±μ° É·¥ÌÉ¥²Ó´μ° ¸¨¸É¥³Ò. �¶·¥¤¥²¥´Ò ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö.
� Ï¨ ·¥§Ê²ÓÉ ÉÒ ¶μ± § ²¨, ÎÉμ ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò Î ¸É¨Í μÉ²¨Î ÕÉ¸Ö μÉ ³ ¸¸ Î -
¸É¨Í ¢ ¸¢μ¡μ¤´μ³ ¸μ¸ÉμÖ´¨¨ ¨ ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò Î ¸É¨Í ¡μ²ÓÏ¥, Î¥³ ³ ¸¸Ò Î ¸É¨Í
¢ ¸¢μ¡μ¤´μ³ ¸μ¸ÉμÖ´¨¨. ‚μ§· ¸É ´¨¥ ±μ´¸É¨ÉÊ¥´É´ÒÌ ³ ¸¸ ²¥£±¨Ì Î ¸É¨Í, ¢ Î ¸É´μ¸É¨
Ô²¥±É·μ´ , ´¥¸±μ²Ó±μ ¡μ²ÓÏ¥¥, Î¥³ ¢μ§· ¸É ´¨¥ ³ ¸¸ ¶·μÉμ´ , ¤¥°É·μ´  ¨ É·¨Éμ´ . ’ ±¦¥
Ê¸É ´μ¢¨²¨, ÎÉμ ±μ´¸É¨ÉÊ¥´É´Ò¥ ³ ¸¸Ò Ô²¥±É·μ´  μÉ²¨Î ÕÉ¸Ö ¤·Ê£ μÉ ¤·Ê£  ¤²Ö ³μ²¥±Ê-
²Ö·´ÒÌ ¨μ´μ¢ ¢μ¤μ·μ¤  H+

2 , D+
2 ¨ T+

2 .
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• �´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸²¥¤ÊÕÐ¨Ì ³μ²¥±Ê²Ö·´ÒÌ ¨μ´μ¢ ¢μ¤μ·μ¤  H+
2 , D+

2 ¨ T+
2

μ¶·¥¤¥²Ö¥É¸Ö ¨§ “˜, ±μÉμ·μ¥ § ¶¨¸Ò¢ ¥É¸Ö ¸ ±μ´¸É¨ÉÊ¥´É´Ò³¨ ³ ¸¸ ³¨ Î ¸É¨Í ¢ ¸¢Ö-
§ ´´μ³ ¸μ¸ÉμÖ´¨¨,   ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¨ ÔÉμ³ μ¶·¥¤¥²Ö¥É¸Ö ¢¸¥¢μ§³μ¦´Ò³¨
É¨¶ ³¨ ¤¨ £· ³³ ”¥°´³ ´ . �·¨ μ¶·¥¤¥²¥´¨¨ Ô´¥·£¥É¨Î¥¸±μ£μ ¸¶¥±É·  É·¥ÌÉ¥²Ó´μ° ±Ê-
²μ´μ¢¸±μ° ¸¨¸É¥³Ò ÊÎÉ¥´Ò ¢±² ¤Ò μ¡ÒÎ´μ° μ¡³¥´´μ° ¤¨ £· ³³Ò,   É ±¦¥ ¤¨ £· ³³Ò
¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨. � Ï¨ ·¥§Ê²ÓÉ ÉÒ ¶μ± § ²¨, ÎÉμ ¢±² ¤ ¤¨ £· ³³Ò ¸μ¡¸É¢¥´´μ°
Ô´¥·£¨¨ Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³ ¤²Ö ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò Ô²¥±É·μ´ . ‚±² ¤ ¤¨ £· ³³Ò
¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨ μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²¥´ ±¢ ¤· ÉÊ ±μ´¸É¨ÉÊ¥´É´μ° ³ ¸¸Ò Î ¸É¨ÍÒ,
¶μÔÉμ³Ê ¤²Ö ¶·μÉμ´ , ¤¥°É·μ´  ¨ É·¨Éμ´  ÔÉμÉ ¢±² ¤ μ± § ²¸Ö ´¨ÎÉμ¦´μ ³ ²Ò³.

• �¶·¥¤¥²¥´Ò · §´μ¸É¨ ±μ´¸É¨ÉÊ¥´É´ÒÌ ³ ¸¸ ¨ ³ ¸¸ Î ¸É¨Í ¢ ¸¢μ¡μ¤´μ³ ¸μ¸ÉμÖ´¨¨.
„²Ö Ô²¥±É·μ´ :

Δμp
e = 0,39924, ΔμD

e = 0,40222, ΔμT
e = 0,40320,

¨ ¤²Ö ¶·μÉμ´ , ¤¥°É·μ´  ¨ É·¨Éμ´ :

Δμp
h = 0,0032, ΔμD

h = 0,0015936, ΔμT
h = 0,001062

¸μμÉ¢¥É¸É¢¥´´μ. ’ ±¨³ μ¡· §μ³, · §´μ¸É¨ ³ ¸¸ Ô²¥±É·μ´  ¤²Ö H+
2 , D+

2 ¨ T+
2 ¢μ§· ¸É ÕÉ,

  · §´μ¸É¨ ³ ¸¸ Ö¤¥· ÔÉ¨Ì ¨μ´μ¢ ¸ Ê¢¥²¨Î¥´¨¥³ ³ ¸¸Ò Ê³¥´ÓÏ ÕÉ¸Ö.
• � Ï¨ ·¥§Ê²ÓÉ ÉÒ ¶μ± § ²¨, ÎÉμ ¤²Ö μ¶·¥¤¥²¥´¨Ö Ô´¥·£¨¨ ¨ ‚” μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö

É·¥ÌÉ¥²Ó´μ° ±Ê²μ´μ¢¸±μ° ¸¨¸É¥³Ò ´¥μ¡Ìμ¤¨³ ÊÎ¥É ¢±² ¤μ¢ ± ± μÉ μ¡³¥´´ÒÌ ¤¨ £· ³³,
É ± ¨ μÉ ¤¨ £· ³³ ¸μ¡¸É¢¥´´μ° Ô´¥·£¨¨. ˆ§ Ëμ·³Ê² (4.8), (4.14) ¨ (4.20) ¸²¥¤Ê¥É, ÎÉμ
¶ · ³¥É·Ò ρ ¤²Ö ³μ²¥±Ê²Ö·´ÒÌ ¨μ´μ¢ · §²¨Î´ÒÌ ¨§μÉμ¶μ¢ ¢μ¤μ·μ¤  § ³¥É´μ · §²¨Î ÕÉ¸Ö
³¥¦¤Ê ¸μ¡μ°

ρ(H+
2 ) = 0,715817, ρ(D+

2 ) = 0,712949, ρ(T+
2 ) = 0,71201,

ÎÉμ ¶·¨¢μ¤¨É ± ¸ÊÐ¥¸É¢¥´´μ³Ê · §²¨Î¨Õ ¶μ¢¥¤¥´¨Ö ‚” ÔÉ¨Ì ¸¨¸É¥³, ¶μ¸±μ²Ó±Ê ¶μ¢¥¤¥-
´¨¥ ‚” ¢ · ³± Ì �� μ¶·¥¤¥²Ö¥É¸Ö ¶ · ³¥É·μ³ ρ.

�·¨²μ¦¥´¨¥ A
„…‰‘’‚ˆ… �…Š�’��›• ��…��’���‚

�� �…ƒ“‹Ÿ��›… �ˆ��‹Ÿ��›… ƒ��Œ��ˆŠˆ

�·¥¦¤¥ ¢¸¥£μ μ¶·¥¤¥²¨³ ¤¥°¸É¢¨¥ ∇r ´  ·¥£Ê²Ö·´Ò¥ ¡¨¶μ²Ö·´Ò¥ £ ·³μ´¨±¨. ‘ ÊÎ¥Éμ³
¤¥°¸É¢¨Ö

∇r1

{
Y�1�2

LM (r1, r2)Ψ(r1, r2, r12)
}

=
[
∇r1Y�1�2

LM (r1, r2)
]
Ψ(r1, r2, r12)+

+ Y�1�2
LM (r1, r2)

{[
r1

r1

∂

∂r1
+

r1 − r2

r12

∂

∂r12

]
Ψ(r1, r2, r12)

}
(A.1)

μ¶·¥¤¥²¨³ ¸²¥¤ÊÕÐ¨¥ ¤¥°¸É¢¨Ö

∇2
r1

{
Y�1�2

LM (r1, r2)
}

= ∇2
r2

{
Y�1�2

LM (r1, r2)
}
≡ 0,

(∇r1 · r2)Y�1�2
LM (r1, r2) = A(�1, �2)Y�1−1,�2+1

LM (r1, r2) + B(�1, �2)r2
2Y

�1−1,�2−1
LM (r1, r2),

(A.2)
(∇r1 · ∇r2)Y�1�2

LM (r1, r2) = C(�1, �2)Y�1−1,�2−1
LM (r1, r2),

(r1 · ∇r1)Y�1�2
LM (r1, r2) = �1Y�1�2

LM (r1, r2),
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£¤¥ ³Ò ¨¸¶μ²Ó§μ¢ ²¨ μ¡μ§´ Î¥´¨Ö:

C(�1, �2) ≡ C(�2, �1)(−1)�1+�2+L−1(2�1 + 1)(2�2 + 1)
{

�1 �2 L
�2 − 1 �1 − 1 1

}
,

A(�1, �2) = (−1)�1+�2+L(2�1 + 1)
√

�1(�2 + 1)
{

�1 �2 L
�2 + 1 �1 − 1 1

}
, (A.3)

B(�1, �2) =
C(�1, �2)
2�2 + 1

.

ˆ¸¶μ²Ó§μ¢ ´¨¥³ ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° μ¶·¥¤¥²¥´μ ¤¥°¸É¢¨¥ μ¶¥· Éμ·  ±¨´¥É¨Î¥¸±μ° Ô´¥·-
£¨¨ ¨ ² ¶² ¸¨ ´μ¢ ´  ‚”, ±μÉμ·μ¥ ¶·¥¤¸É ¢²¥´μ ¢ (2.10). „²Ö ËÊ´±Í¨°, § ¢¨¸ÖÐ¨Ì Éμ²Ó±μ
μÉ ±μμ·¤¨´ É •¨²²¥·  ¸ , μ¶¥· Éμ· ∇r1 ¨³¥¥É ¢¨¤

∇r1 =
r1

r1

∂

∂r1
+

r1 − r2

r12

∂

∂r12
. (A.4)

‘²¥¤μ¢ É¥²Ó´μ, ¤¥°¸É¢¨¥ ² ¶² ¸¨ ´μ¢ ´  · ¤¨ ²Ó´ÊÕ Î ¸ÉÓ ‚” ¡Ê¤¥É ¢Ò£²Ö¤¥ÉÓ É ±:

∇2
r1

Ψ(r1, r2, r12) =
{[

∂2

∂r2
1

+
2
r1

∂

∂r1

]
+

r2
1 + r2

12 − r2
2

r1r12

∂2

∂r1∂r12
+

[
∂2

∂r2
12

+
2

r12

∂

∂r12

]}
Ψ,

(∇r1∇r2)Ψ(r1, r2, r12) =
{

r2
1 + r2

2 − r2
12

2r1r2

∂2

∂r1∂r2
−

[
∂2

∂r2
12

+
2

r12

∂

∂r12

]
−

− r2
1 + r2

12 − r2
2

2r1r12

∂2

∂r1∂r12
− r2

2 + r2
12 − r1

2

2r2r12

∂2

∂r2∂r12

}
Ψ(r1, r2, r12). (A.5)

�·¥¤¸É ¢¨³ ¤¥°¸É¢¨¥ μ¶¥· Éμ·  ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨ ´  ‚” ± ±

T̂
(
Y�1�2

LM Ψ(r1, r2, r12)
)

= − [F0 + F1 + F2 + F3 + F4] , (A.6)

£¤¥

F0 = Y�1�2
LM

{
1

2μ13

[
∂2

∂r2
1

+
2
r1

∂

∂r1

]
+

1
μ3

r2
1 + r2

2 − r2
12

2r1r2

∂2

∂r1∂r2
+

1
2μ23

[
∂2

∂r2
2

+
2
r2

∂

∂r2

]
+

+
1
μ1

r2
1 + r2

12 − r2
2

2r1r12

∂2

∂r1∂r12
+

1
μ2

r2
2 + r2

12 − r2
1

2r2r12

∂2

∂r2∂r12
+

+
1

2μ12

[
∂2

∂r2
12

+
2

r12

∂

∂r12

]}
Ψ(r1, r2, r12) (A.7)

¨

F1 = Y�1�2
LM

{
�1∂1

μ13
+

�2∂2

μ23
+

(
�1

μ1
+

�2

μ2

)
∂12

}
Ψ(r1, r2, r12),

F2 = A (�1, �2)Y�1−1,�2+1
LM

{
∂2

μ3
− ∂12

μ1

}
Ψ(r1, r2, r12),

F3 = A (�2, �1)Y�1+1,�2−1
LM

{
∂1

μ3
− ∂12

μ2

}
Ψ(r1, r2, r12), (A.8)
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F4 = Y�1−1,�2−1
LM

{
1
μ3

[
B (�1, �2) r2

2∂2 + B (�2, �1) r2
1∂1 + C (�1, �2)

]
−

− 1
μ1

B (�1, �2) r2
2∂12 −

1
μ2

B (�2, �1) r2
1∂12

}
Ψ(r1, r2, r12),

§¤¥¸Ó ∂j = 1/rj(∂/∂rj).

�·¨²μ¦¥´¨¥ �
‚›—ˆ‘‹…�ˆ… ˆ�’…ƒ��‹�‚ �� “ƒ‹�‚›Œ �…�…Œ…��›Œ

‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¨ ‚” μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ · ¤¨ ²Ó´μ£μ “˜.
�μÔÉμ³Ê ¤²Ö ¶μ²ÊÎ¥´¨Ö · ¤¨ ²Ó´μ£μ “˜ ´¥μ¡Ìμ¤¨³μ ¶·μ¢¥¸É¨ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ Ê£²μ-
¢Ò³ ¶¥·¥³¥´´Ò³. ‘μ£² ¸´μ (2.6), Ê£²μ¢ Ö Î ¸ÉÓ ‚” μ¶·¥¤¥²Ö¥É¸Ö ¡¨¶μ²Ö·´Ò³¨ £ ·³μ´¨-
± ³¨. �μÔÉμ³Ê ¤²Ö ¶μ²ÊÎ¥´¨Ö · ¤¨ ²Ó´μ£μ “˜, ÊÎ¨ÉÒ¢ Ö ¤¥°¸É¢¨Ö μ¶¥· Éμ·μ¢ Δ ¨ ∇
´  Y�1�2

LM (r1, r2), ±μÉμ·Ò¥ μ¶·¥¤¥²¥´Ò ¢ ¶·¨²μ¦¥´¨¨ �, Ê³´μ¦ ¥³ (2.3) ¸²¥¢  ´  ¡¨¶μ-
²Ö·´Ò¥ £ ·³μ´¨±¨ ¨ ¶·μ¢μ¤¨³ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ Ê£²μ¢Ò³ ¶¥·¥³¥´´Ò³. �·¥¦¤¥ ¢¸¥£μ,
· ¸¸³μÉ·¨³ ¸²¥¤ÊÕÐ¨° ¨´É¥£· ²

W (θ12) =
∫

dΩY�′1�′2
L′M ′ (r1, r2)Y�1�2

LM (r1, r2), (�.1)

£¤¥ θ12 Å Ê£μ² ³¥¦¤Ê ¢¥±Éμ· ³¨ r1 ¨ r2, ¢Ò· ¦ ÕÐ¨°¸Ö Î¥·¥§ ±μμ·¤¨´ ÉÒ •¨²²¥·  ¸  ¢
¢¨¤¥ cos θ12 = (r2

1 + r2
2 − r2

12)/(2r1r2). �ÉμÉ ¨´É¥£· ² ²¥£±μ ¢ÒÎ¨¸²Ö¥É¸Ö ¶·¨ ±μ´±·¥É´ÒÌ
§´ Î¥´¨ÖÌ ±¢ ´Éμ¢ÒÌ Î¨¸¥²: L, M, �1 ¨ �2. ‚ Î ¸É´μ¸É¨,

{Yl(r̂1) ⊗ Yl(r̂2)}00 =
(−1)l(2l + 1)1/2

4π
Pl(cos θ12). (�.2)

’ ±¦¥ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸²¥¤ÊÕÐ¨¥ Éμ¦¤¥¸É¢ : ¤²Ö ¡¨¶μ²Ö·´ÒÌ £ ·³μ´¨±

Y2m =
√

4π Y 20
2m, Y2m(r̂12) =

√
4π

(
r2
1

r2
12

Y 20
2m +

r2
2

r2
12

Y 02
2m −

√
10
3

r1r2

r2
12

Y 11
2m

)
(�.3)

¨ ¤²Ö ³ É·¨Î´μ£μ Ô²¥³¥´É 

〈
L′l′1l

′
2‖Y 20

2 ‖Ll1l2
〉

= (−1)l1+l2+L

√
5

4π
ΠLL′l1l2 C

l′10
20;l10

{
l1 l2 L
L′ 2 l′1

}
, (�.4)

〈
L′l′1l

′
2‖Y 11

2 ‖Ll1l2
〉

=
3
√

5
4π

ΠLL′l1 C
l′10
10;l10

C
l′20
10;l20

⎧⎨⎩
l1 l2 L
1 1 2
l′1 l′2 L′

⎫⎬⎭ , (�.5)

£¤¥ Clm
l1m1;l2m2

Å μ¡ÒÎ´Ò¥ ±μÔËË¨Í¨¥´ÉÒ Š²¥¡Ï Äƒμ·¤ ´ ,   ³´μ¦¨É¥²¨ ¢ Ë¨£Ê·´ÒÌ
¸±μ¡± Ì Ö¢²ÖÕÉ¸Ö ¸¨³¢μ² ³¨ 3j ¨ 6j. ’ ±¦¥ ¨¸¶μ²Ó§μ¢ ´μ μ¡μ§´ Î¥´¨¥ Πa,b,...,c =√

(2a + 1)(2b + 1) · · · (2c + 1).



38 „¨´¥°Ì ´ Œ. ¨ ¤·.

�·¨ ¢ÒÎ¨¸²¥´¨ÖÌ ¨¸¶μ²Ó§Ê¥³ ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö:⎧⎨⎩
l′1 l′′1 l
l′2 l′′2 l
L L 0

⎫⎬⎭ =
(−1)l′′1 +l′2+l+L√
(2L + 1)(2l + 1)

{
l′1 l′′1 l
l′′2 l′2 L

}
, C00

L−MLM =
(−1)L+M

√
2L + 1

,

Cl0
l′10l′′1 0 = (−1)l′1−l′′1

√
2l + 1

(
l′1 l′′1 l
0 0 0

)
, (�.6)

Cl0
l′20l′′2 0 = (−1)l′2−l′′2

√
2l + 1

(
l′2 l′′2 l
0 0 0

)
.

„²Ö ¶·μ¨§¢¥¤¥´¨Ö ¤¢ÊÌ ¡¨¶μ²Ö·´ÒÌ £ ·³μ´¨± ¶·¨³¥´Ö¥³{
Yl′1

(r̂1) ⊗ Yl′2
(r̂2)

}
L′M ′

{
Yl′′1

(r̂1) ⊗ Yl′′2
(r̂2)

}
L′′M ′′ =

=
∑
LM

CLM
L′M ′L′′M ′′

∑
l1l2

Bl1l2L
l′1l′2L′l′′1 l′′2 L′′ {Yl1(r̂1) ⊗ Yl2(r̂2)}LM , (�.7)

£¤¥

Bl1l2L
l′1l′2L′l′′1 l′′2 L′′ =

√
(2l′1 + 1)(2l′2 + 1)(2l′′1 + 1)(2l′′2 + 1)(2L′ + 1)(2L′′ + 1)

(4π)2
×

× Cl10
l′10l′′1 0C

l20
l′20l′′2 0

⎧⎨⎩
l′1 l′′1 l1
l′2 l′′2 l2
L′ L′′ L

⎫⎬⎭ . (�.8)

‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° ¶·¨ ±μ´±·¥É´ÒÌ §´ Î¥´¨ÖÌ μ·¡¨É ²Ó´μ£μ ±¢ ´-
Éμ¢μ£μ Î¨¸² , ¢ÒÎ¨¸²ÖÕÉ¸Ö ¨´É¥£· ²Ò ¶μ Ê£²μ¢Ò³ ¶¥·¥³¥´´Ò³.
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