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‚ · ¡μÉ¥ ¢¶¥·¢Ò¥ ¶μ± § ´μ ´ ²¨Î¨¥ ±·¨É¨Î¥¸±¨Ì ÉμÎ¥± ¨ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ Ê ¢· Ð ÕÐ¨Ì¸Ö
´ÓÕÉμ´μ¢¸±¨Ì ¶μ²¨É·μ¶ ¸ ¨´¤¥±¸μ³ 1 � n � 1,6. �μ£·¥Ï´μ¸ÉÓ ¸¨³¢μ²Ó´μ-Î¨¸²¥´´ÒÌ ¢ÒÎ¨¸²¥´¨°
¢ ³¥É·¨±¥ L2 ¸μ¸É ¢¨²  ¢¥²¨Î¨´Ê ¶μ·Ö¤±  10−4. �μ¸É·μ¥´μ ¶·¨¡²¨¦¥´´μ¥  ´ ²¨É¨Î¥¸±μ¥ ·¥Ï¥´¨¥
§ ¤ Î¨ ¸ ¢ÒÏ¥Ê± § ´´μ° ¸É¥¶¥´ÓÕ ÉμÎ´μ¸É¨. ‚ÒÎ¨¸²¥´μ ±·¨É¨Î¥¸±μ¥ §´ Î¥´¨¥ ¨´¤¥±¸  ¶μ²¨É·μ¶Ò
n = nk = 1,51025, ¢ÒÏ¥ ±μÉμ·μ£μ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ¨ ±·¨É¨Î¥¸±¨Ì ÉμÎ¥± ´¥É. ‡´ Î¥´¨¥ nk ¸μμÉ-
¢¥É¸É¢Ê¥É ¡¥¸±μ´¥Î´μ ³¥¤²¥´´μ³Ê ¢· Ð¥´¨Õ ¶μ²¨É·μ¶Ò. Š·μ³¥ Éμ£μ, ¢ ¤ ´´μ° · ¡μÉ¥ ¶·¥¤¸± § ´μ
´ ²¨Î¨¥ ¸± Î±μ¢ ¶¥·¨μ¤  ¢ ÉμÎ±¥ ¡¨ËÊ·± Í¨¨ Tb ¨ μÍ¥´¥´  μÉ´μ¸¨É¥²Ó´ Ö ¢¥²¨Î¨´  ÔÉμ£μ ¸± Î± 

ΔTb/Tb ∼ B
4/3
0 in .

In this paper, the presence of critical points and bifurcation points of rotating Newtonian polytropic
curves with an index of 1 � n � 1.6 has been shown for the ˇrst time. The symbolic-numerical
calculation error in metric L2 has reached the size of 10−4 order. The approximate analytical solution
of the problem to the above-mentioned accuracy has been set forth. The critical value of polytropic curve
index n = nk = 1.51025 has been calculated which is the highest one among the critical points and
bifurcation points. Value nk corresponds to the inˇnitely slow polytropic curve rotation. Furthermore,
in this paper, the presence of the period jump at the bifurcation point Tb has been predicted and the

relative value of this jump ΔTb/Tb ∼ B
4/3
0 in estimated.
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� ¡²Õ¤¥´¨Ö §  Ô¢μ²ÕÍ¨¥° ¢· Ð ÕÐ¨Ì¸Ö ´ ³ £´¨Î¥´´ÒÌ ´¥°É·μ´´ÒÌ §¢¥§¤ (¶Ê²Ó¸ -
·μ¢) ¶μ§¢μ²ÖÕÉ ¶μ²ÊÎ¨ÉÓ Ê´¨± ²Ó´Ò¥ ¤ ´´Ò¥ μ¡ Ê· ¢´¥´¨ÖÌ ¸μ¸ÉμÖ´¨Ö ¸¢¥·Ì¶²μÉ´μ°
Ö¤¥·´μ° ³ É¥·¨¨. ’ ± Ö ¢μ§³μ¦´μ¸ÉÓ ¢μ§´¨± ¥É §  ¸Î¥É ´ ²¨Î¨Ö ±·¨É¨Î¥¸±¨Ì ÉμÎ¥± ¢
· ¸¶·¥¤¥²¥´¨¨ ¶²μÉ´μ¸É¨ £· ¢¨É¨·ÊÕÐ¨Ì ¢· Ð ÕÐ¨Ì¸Ö ´ ³ £´¨Î¥´´ÒÌ ±μ´Ë¨£Ê· Í¨°
¶·¨ μ¶·¥¤¥²¥´´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ ¨Ì Ê· ¢´¥´¨° ¸μ¸ÉμÖ´¨Ö. ‚¡²¨§¨ ÔÉ¨Ì ÉμÎ¥±
¢μ§´¨± ÕÉ  ´μ³ ²¨¨ ¶¥·¨μ¤  ¨Ì ¢· Ð¥´¨Ö, ÎÉμ ³μ¦¥É ¡ÒÉÓ § ·¥£¨¸É·¨·μ¢ ´μ ¸ ¶μ³μ-
ÐÓÕ μ¶ÒÉ .

� ¨¡μ²ÓÏ¥° ¶μ¶Ê²Ö·´μ¸ÉÓÕ ¶μ²Ó§Ê¥É¸Ö § ¤ ´¨¥ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¢ ¢¨¤¥ ¶μ²¨-
É·μ¶Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¨´¤¥±¸  n.

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö · ¸¶·μ¸É· ´¥´  ÉμÎ±  §·¥´¨Ö ¢ É¥μ·¨¨ ´ÓÕÉμ´μ¢¸±¨Ì ¶μ²¨É·μ¶,
¢μ¸Ìμ¤ÖÐ Ö ± · ¡μÉ ³ „¦. „¦¨´¸  [1] ¨ �. „¦¥°³¸  [2], ÎÉμ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ Ê ´¨Ì
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¶·¨ n > 0,83 ¨ n > 0,808 ¸μμÉ¢¥É¸É¢¥´´μ ´¥É. …¸É¥¸É¢¥´´μ, É ±μ¥ ÊÉ¢¥·¦¤¥´¨¥ ´¨Î¥³
´¥ μ¡μ¸´μ¢ ´μ ¨ Ö¢²Ö¥É¸Ö ¢¸¥£μ ²¨ÏÓ ¶·¥¤¶μ²μ¦¥´¨¥³. �μÔÉμ³Ê  ±ÉÊ ²Ó´  § ¤ Î  μ ¨¸-
¸²¥¤μ¢ ´¨¨ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ´ÓÕÉμ´μ¢¸±¨Ì ¶μ²¨É·μ¶ ¸μ §´ Î¥´¨¥³ ¨´¤¥±¸  ¶μ·Ö¤±  ¨
¡μ²ÓÏ¥ ¥¤¨´¨ÍÒ.

ˆ¸¶μ²Ó§μ¢ ´¨¥ ´μ¢ÒÌ ³ É¥³ É¨Î¥¸±¨Ì ¶μ¤Ìμ¤μ¢ ¢ É¥μ·¨¨ ¢· Ð ÕÐ¨Ì¸Ö ´ÓÕÉμ´μ¢-
¸±¨Ì ¶μ²¨É·μ¶,   ¨³¥´´μ ¸¨³¢μ²Ó´μ-Î¨¸²¥´´ÒÌ ¢ÒÎ¨¸²¥´¨°, ¶μ§¢μ²Ö¥É ¶μ¤´ÖÉÓ ¥¥ ´ 
´μ¢Ò° ± Î¥¸É¢¥´´Ò° Ê·μ¢¥´Ó [3Ä5]. ’ ±, ¢ · ¡μÉ¥ [4] ¢ · ³± Ì ¤ ´´μ£μ ¶μ¤Ìμ¤  ¢¶¥·¢Ò¥
¤μ± § ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ´ÓÕÉμ´μ¢¸±¨Ì ¢· Ð ÕÐ¨Ì¸Ö ¶μ²¨É·μ¶ ¢ ¨´-
É¥·¢ ²¥ §´ Î¥´¨° ¨Ì ¨´¤¥±¸  1 � n � 1,0795, ¢ ±μÉμ·ÒÌ μÉ¢¥É¢²ÖÕÉ¸Ö  ¸¨³³¥É·¨Î´Ò¥
μÉ´μ¸¨É¥²Ó´μ μ¸¨ ¢· Ð¥´¨Ö ·¥Ï¥´¨Ö, μ¶¨¸Ò¢ ÕÐ¨¥ · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¥°. �·¨Î¥³
¢ μ¡² ¸É¨ §´ Î¥´¨° ¨´¤¥±¸  ¶μ²¨É·μ¶Ò, ¡²¨§±¨Ì ± §´ Î¥´¨Õ 1,0795, §´ Î¥´¨¥ ¶ · ³¥É· 
¸¶²Õ¸´ÊÉμ¸É¨ ±μ´Ë¨£Ê· Í¨¨ e ¢ ÉμÎ±¥ ¡¨ËÊ·± Í¨¨ Ê¦¥ ¤μ¸É ÉμÎ´μ ¡²¨§±μ ± ¥¤¨´¨Í¥,
  ¶ · ³¥É· ¡Ò¸É·μÉÒ ¢· Ð¥´¨Ö ε ³μ¦¥É ¶·¨´¨³ ÉÓ ¸±μ²Ó Ê£μ¤´μ ³ ²Ò¥ §´ Î¥´¨Ö. �¸μ-
¡¥´´μ¸ÉÓÕ · ¡μÉÒ [4] Ö¢²Ö¥É¸Ö ¨¸¶μ²Ó§μ¢ ´¨¥ ¶μ²¨´μ³μ¢ ´ ¨²ÊÎÏ¥£μ ¶·¨¡²¨¦¥´¨Ö ¢ L2

¶μ ¸É¥¶¥´Ö³ ±μμ·¤¨´ É ¶·¨ · ¸Î¥É¥ ¸¨³³¥É·¨Î´ÒÌ μÉ´μ¸¨É¥²Ó´μ μ¸¨ ¢· Ð¥´¨Ö ¶ · ³¥-
É·μ¢ ±μ´Ë¨£Ê· Í¨¨,   ¶·¨ · ¸Î¥É¥  ¸¨³³¥É·¨Î´ÒÌ ¶ · ³¥É·μ¢ μÉ¡· ¸Ò¢ ÕÉ¸Ö ¢¸¥ ¸É¥¶¥´¨
±μμ·¤¨´ É ¢ÒÏ¥ Ï¥¸Éμ°. �¥¤μ¸É Éμ± · ¡μÉÒ Å ¨¸¶μ²Ó§μ¢ ´¨¥ ¶μ²¨´μ³  ¢¸¥£μ ²¨ÏÓ ¢Éμ-
·μ° ¸É¥¶¥´¨ (N = 2) ¶·¨  ¶¶·μ±¸¨³ Í¨¨ ¢±² ¤  ¤ ¢²¥´¨Ö ¢ Ê· ¢´¥´¨¨ £¨¤·μ¸É É¨Î¥¸±μ£μ
· ¢´μ¢¥¸¨Ö. ’ ±μ° ¶μ¤Ìμ¤, ± ± ¡Ê¤¥É ´ ³¨ ¶μ± § ´μ, ¶μ¢²¨Ö² ´  ÉμÎ´μ¸ÉÓ ·¥§Ê²ÓÉ Éμ¢
· ¸Î¥Éμ¢  ¸¨³³¥É·¨Î´ÒÌ ¶ · ³¥É·μ¢.

–¥²Ó ´ Ï¥° · ¡μÉÒ Å · ¸Î¥É ± ± ¸¨³³¥É·¨Î´ÒÌ, É ± ¨  ¸¨³³¥É·¨Î´ÒÌ ¶ · ³¥É·μ¢
¢· Ð ÕÐ¥°¸Ö ´ÓÕÉμ´μ¢¸±μ° ¶μ²¨É·μ¶Ò ¸ ¨´¤¥±¸μ³ 1 � n � 1,6 ¸ ¥¤¨´Ò³ ¨¸¶μ²Ó§μ¢ -
´¨¥³ ¶μ²¨´μ³μ¢ ´ ¨²ÊÎÏ¥£μ ¶·¨¡²¨¦¥´¨Ö ¢ L2 ¶μ ¸É¥¶¥´Ö³ ±μμ·¤¨´ É ±μ´Ë¨£Ê· Í¨¨.
�·¨ ÔÉμ³ ³Ò ¢μ§Ó³¥³ §´ Î¥´¨¥ N = 4, ÎÉμ ¡μ²ÓÏ¥ Î¥³ ´  ¶μ·Ö¤μ± Ê³¥´ÓÏ ¥É ¶μ£·¥Ï-
´μ¸ÉÓ ¨¸¶μ²Ó§Ê¥³μ°  ¶¶·μ±¸¨³ Í¨¨.

1. �‘��‚�›… “��‚�…�ˆŸ Œ�„…‹ˆ

‚ μ¸´μ¢Ê ´ Ï¥° ³ É¥³ É¨Î¥¸±μ° ³μ¤¥²¨ ¢· Ð ÕÐ¨Ì¸Ö ´ ³ £´¨Î¥´´ÒÌ ¶μ²¨É·μ¶, ± ±
¨ ¢ [4], ¶μ²μ¦¨³ Ê· ¢´¥´¨¥

1
2πa2

1

∫
D

ρ̃(r′)
(

1
|r′| −

1
|r − r′|

)
dV ′ − (1 + n)K0(1 − ρ̃1/n) − ε

r2
⊥

a2
1

= Π(m)(r), (1)

£¤¥ Π(m) Å ¢±² ¤ ³ £´¨É´ÒÌ ´ ÉÖ¦¥´¨° ¶μÉ¥´Í¨ ²Ó´μ£μ Ì · ±É¥· ; ρ̃ = ρ/ρ0, ρ Å ¶²μÉ-
´μ¸ÉÓ ±μ´Ë¨£Ê· Í¨¨, ρ0 Å ¶²μÉ´μ¸ÉÓ ¶μ²¨É·μ¶Ò ¢ Í¥´É·¥; a1, a3 Å ¶μ²Êμ¸¨ ¸Ë¥·μ¨¤ ,
 ¶¶·μ±¸¨³¨·ÊÕÐ¥£μ ¶μ¢¥·Ì´μ¸ÉÓ ±μ´Ë¨£Ê· Í¨¨; K0 = P0/(2πGρ2

0a
2
1), P0 Å Í¥´É· ²Ó-

´μ¥ §´ Î¥´¨¥ ¤ ¢²¥´¨Ö, G Å £· ¢¨É Í¨μ´´ Ö ¶μ¸ÉμÖ´´ Ö; ε = ω2/(4πGρ0), ω Å Ê£²μ¢ Ö
¸±μ·μ¸ÉÓ ¢· Ð¥´¨Ö ±μ´Ë¨£Ê· Í¨¨; r⊥ = x1e1 + x2e2, x1 = x/a1, x2 = y/a1, x3 = z/a3;
D Å μ¡² ¸ÉÓ R3, ¢ ±μÉμ·μ° ρ̃ � 0.

“· ¢´¥´¨¥ (1) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¨´É¥£· ²Ó´μ¥ Ê· ¢´¥´¨¥ ¸ ¶μ¤¢¨¦´μ° £· ´¨Í¥°
¢ R3. �ÉÊ £· ´¨ÍÊ δD ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ ¢μ§³ÊÐ¥´´μ° Ô²²¨¶¸μ¨¤ ²Ó´μ° ¶μ¢¥·Ì-
´μ¸É¨ [6]:

δD: x2
1 + x2

2 + x2
3 +

L∑
ijk

Zijk xi
1 xj

2 xk
3 = 1. (2)
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�μ²Êμ¸¨  ¶¶·μ±¸¨³¨·ÊÕÐ¥£μ ¸Ë¥·μ¨¤  a1, a3 ¨ ±μÔËË¨Í¨¥´ÉÒ Zijk ´ Ìμ¤ÖÉ¸Ö ¨§ Ê¸²μ-
¢¨Ö ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨μ´ ²  Λ [3]:

Λ =
1
4π

∫
δD

ρ̃2dΩ, (3)

∂Λ
∂Zijk

= 0, a1
∂Λ
∂a1

= 0, a3
∂Λ
∂a3

= 0. (3 )

‘¨¸É¥³  Ê· ¢´¥´¨° (1)Ä(3) § ³±´ÊÉ  ¨ ¨§ ´¥¥ ´ Ìμ¤ÖÉ¸Ö ¶ · ³¥É·Ò ±μ´Ë¨£Ê· Í¨¨
a1, a3, Zijk, ρ̃.

�²μÉ´μ¸ÉÓ ±μ´Ë¨£Ê· Í¨¨ ρ̃ ¶·¨¡²¨§¨³ ¶μ²¨´μ³μ³ ¸É¥¶¥´¨ P :

ρ̃ ∼=
P∑

a,b,c

ρabc xa
1 xb

2 xc
3. (4)

‘μ£² ¸´μ É¥μ·¥³¥ ‘ÉμÊ´ Ä‚¥°¥·ÏÉ· ¸¸ , ¢Ò· ¦¥´¨¥ (4)  ¶¶·μ±¸¨³¨·Ê¥É ρ̃ ¸ ²Õ¡μ° ¸É¥-
¶¥´ÓÕ ÉμÎ´μ¸É¨. „μ¸É ÉμÎ´μ ¢Ò¡· ÉÓ P ¡μ²ÓÏ¨³.

ŠμÔËË¨Í¨¥´ÉÒ ρabc ¨ Zijk , μ¶·¥¤¥²ÖÕÐ¨¥ ¸É·Ê±ÉÊ·Ê ±μ´Ë¨£Ê· Í¨¨, · §μ¡Ó¥³ ´ 
¸¨³³¥É·¨Î´Ò¥ ρ(ab)c, Z(ij)k ¨  ´É¨¸¨³³¥É·¨Î´Ò¥ ρ[ab]c, Z[ij]k Î ¸É¨ μÉ´μ¸¨É¥²Ó´μ μ¸¨
¢· Ð¥´¨Ö ¨ ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ ³ ²μ³Ê ¶ · ³¥É·Ê  ¸¨³³¥É·¨¨ X , ¶μ¤-
²¥¦ Ð¥³Ê ¢ ¤ ²Ó´¥°Ï¥³ μ¶·¥¤¥²¥´¨Õ:

ρabc =

(
a + b

2

)
!(

a

2

)
!
(

b

2

)
!
ρa+b,c + ρ1[ab]cX + ρ2(ab)cX

2,

Zijk =

(
i + j

2

)
!(

i

2

)
!
(

j

2

)
!
Zi+j,k + Z1[ij]kX + Z2(ij)kX2.

(5)

‡¤¥¸Ó ¨ ¤ ²¥¥ a, b, c ¨ i, j, k Ö¢²ÖÕÉ¸Ö Î¥É´Ò³¨, ¨ ¨³¥ÕÉ ³¥¸Éμ ¸μμÉ´μÏ¥´¨Ö ¸¨³³¥É·¨§ -
Í¨¨: ρ2(ab)c = ρ2(ba)c, ρ1[ab]c = −ρ1[ba]c, Z2(ij)k = Z2(ji)k , Z1[ij]k = −Z1[ji]k.

ˆ³¥ÕÐ¨¥¸Ö ± ´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨ μÍ¥´±¨ ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö ¶Ê²Ó¸ ·μ¢ B0 out

¶μ § ³¥¤²¥´¨Õ ¶¥·¨μ¤  ¤ ÕÉ B0 out ∼ 1010−1012 ƒ¸. …¸²¨ ¢´ÊÉ·¥´´¥¥ ³ £´¨É´μ¥
¶μ²¥ B0 in ´  ¤¢  ¶μ·Ö¤±  ¡μ²ÓÏ¥ ¢´¥Ï´¥£μ ¶μ²Ö B0 out, Éμ ¢ ÔÉμ³ ¸²ÊÎ ¥ |Π(m)| ∼
10−12−10−9 ¶·¨ ρ0 = 4 · 1014 £/¸³3. �μÔÉμ³Ê ³Ò ¡Ê¤¥³ ÊÎ¨ÉÒ¢ ÉÓ ¢²¨Ö´¨¥ Π(m) Éμ²Ó±μ
´   ¸¨³³¥É·¨Î´Ò¥ μÉ´μ¸¨É¥²Ó´μ μ¸¨ ¢· Ð¥´¨Ö ±μÔËË¨Í¨¥´ÉÒ.

�·¥¤¸É ¢¨³ Π(m), ± ± ¨ ¢ (4), ¶μ²¨´μ³μ³ ¸É¥¶¥´¨ P :

Π(m) =
P∑

a,b,c

(Π(m)(ab)c + Π(m)[ab]c)xa
1 xb

2 xc
3. (6)

�·¨Î¥³ Π(m)(ab)c = Π(m)(ba)c ¨ Π(m)[ab]c = −Π(m)[ba]c.
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�  μ¸´μ¢ ´¨¨ ¸¤¥² ´´ÒÌ μÍ¥´μ± ¶μ²μ¦¨³ Π(m)(ab)c = 0,   Π(m)[ab]c ¢Ò¡¥·¥³ ¢ ¸ -
³μ³ ¶·μ¸Éμ³ ¢¨¤¥,   ¨³¥´´μ ¡Ê¤¥³ ¸Î¨É ÉÓ μÉ²¨Î´Ò³¨ μÉ ´Ê²Ö Éμ²Ó±μ ±μÔËË¨Í¨¥´ÉÒ
Π(m)[20]0 = −Π(m)[02]0 = −kηm. ‡¤¥¸Ó k Å ¶μ± § É¥²Ó ¸±μ·μ¸É¨ Ê¡Ò¢ ´¨Ö ³ £´¨É´μ£μ
¶μ²Ö μÉ ³ £´¨É´μ° μ¸¨,   ηm = B2

0 in sin2 α/(32π2Gρ2
0a

2
1) (B0 in Å Ì · ±É¥·´μ¥ §´ Î¥´¨¥

³ £´¨É´μ° ¨´¤Ê±Í¨¨ ¢ Í¥´É·¥ ±μ´Ë¨£Ê· Í¨¨, α Å Ê£μ² ´ ±²μ´  ³ £´¨É´μ° μ¸¨ ± μ¸¨
¢· Ð¥´¨Ö).

�·¨ ¶·μ¨§¢μ²Ó´ÒÌ §´ Î¥´¨ÖÌ ¨´¤¥±¸  ¶μ²¨É·μ¶Ò n Ê· ¢´¥´¨¥ (1) ¡Ê¤¥É ¢¥¸Ó³  ¸²μ¦-
´Ò³ ¤²Ö ·¥Ï¥´¨Ö. “¶·μ¸É¨³ ¥£μ,  ¶¶·μ±¸¨³¨·μ¢ ¢ ρ̃1/n ¶μ²¨´μ³μ³ ¸É¥¶¥´¨ N :

ρ̃1/n =
N∑

k=1

δk(n)ρ̃k + ΔN (n). (7)

„²Ö ´ Ìμ¦¤¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ δk ¢ ¸¨¸É¥³¥ ¸¨³¢μ²Ó´μ° ³ É¥³ É¨±¨ MAPLE ´ ³¨
¸μ¸É ¢²¥´  ¶·μ£· ³³ . �´  ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ  ´ ²¨É¨Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö δn ¨ ΔN (n)
¢ ³¥É·¨±¥ L2 ¤²Ö ²Õ¡ÒÌ §´ Î¥´¨° N .

„²Ö ¸²ÊÎ Ö N = 4 £· Ë¨± ΔN (n) ¶·¥¤¸É ¢²¥´ ´  ·¨¸. 1.

�¨¸. 1. ƒ· Ë¨± ËÊ´±Í¨¨ ΔN (n) ¶·¨ N = 4

‘ ÊÎ¥Éμ³ (7) Ê· ¢´¥´¨¥ (1) ¶·¨¢μ¤¨É¸Ö ± ¢¨¤Ê

1
2πa2

1

∫
D

ρ̃(r′)
(

1
|r′| −

1
|r − r′|

)
dV ′ + (1 + n)K0

(
N∑

k=1

δk(n)ρ̃k − 1

)
−

− ε(x2
1 + x2

2) + ηm(x2
1 − x2

2) = 0. (8)

‚ (8) ¤²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¢§Ö²¨ k = 1.
�Î¥¢¨¤´μ, Ê· ¢´¥´¨¥ (8) ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ·¥ ²¨¸É¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¸μ¸ÉμÖ-

´¨Ö £· ¢¨É¨·ÊÕÐ¥° ³ É¥·¨¨, ¢Ò¡¨· Ö ´ ¤²¥¦ Ð¨³ ¸¶μ¸μ¡μ³ ±μÔËË¨Í¨¥´ÉÒ δk ¨ ¸É¥¶¥´Ó
¶μ²¨´μ³  N .

2. �…˜…�ˆ… �‘��‚��ƒ� “��‚�…�ˆŸ Œ�„…‹ˆ

�·¨ ·¥Ï¥´¨¨ (8) ´ ³ ¡Ê¤¥É Ê¤μ¡´μ ¸Î¨É ÉÓ ¢¸¥ ¶ · ³¥É·Ò ³μ¤¥²¨ ËÊ´±Í¨Ö³¨ ¸¶²Õ¸-
´ÊÉμ¸É¨ ±μ´Ë¨£Ê· Í¨¨ e:

ρabc = ρabc(e), Zijk = Zijk(e), K0 = K0(e), ε = ε(e). (9)
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„²Ö  ´ ²¨É¨Î¥¸±μ£μ ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²μ¢ ¢ ²¥¢μ° Î ¸É¨ (8) ´ ³¨ ¢ ¸¨¸É¥³¥ MAPLE
¸μ¸É ¢²¥´  ¨ ·¥ ²¨§μ¢ ´  ¶·μ£· ³³  [7]. �´  ¶μ§¢μ²Ö¥É ¶·¥¤¸É ¢¨ÉÓ Ê· ¢´¥´¨¥ (8) ¢ ¢¨¤¥
¶μ²¨´μ³  ¶μ ¸É¥¶¥´Ö³ ±μμ·¤¨´ É x1, x2, x3:

p+q+r=S∑
p+q+r=2

Fpqr(ρabs(e), Zijk(e), K0(e), ε(e), ηm, X)xp
1x

q
2x

r
3 = 0. (10)

‘É¥¶¥´Ó ³´μ£μÎ²¥´  ²¥¢μ° Î ¸É¨ (10) S ´ Ìμ¤¨É¸Ö ¨§ Ê¸²μ¢¨Ö S = max {P+
s(L − 2) + 2, NP}, £¤¥ s = 0, 1, 2 . . . , ¨ μ¶·¥¤¥²Ö¥É ¢ÒÎ¨¸²¥´´Ò° ´ ³¨ ´ ¨¢Ò¸Ï¨° Î²¥´
·Ö¤  	Ê·³ ´ Ä‹ £· ´¦ , ¨¸¶μ²Ó§Ê¥³μ£μ ¢ ¶·μ£· ³³¥.

„²Ö ·¥Ï¥´¨Ö (10) ¨¸¶μ²Ó§Ê¥³ ³μ³¥´É´Ò° ³¥Éμ¤:

Mabc =
p+q+r=S∑
p+q+r=2

Fpqr

∫
D

xp+a
1 xq+b

2 xr+c
3 dV ′ = 0. (11)

� Ï  ¶·μ£· ³³  ¶μ§¢μ²Ö¥É É ±¦¥ ¶·μ¢¥¸É¨  ´ ²¨É¨Î¥¸±μ¥ ¢ÒÎ¨¸²¥´¨¥ Mabc.
‚ ¶¥·¢μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ²μ¦¨³ X = 0 ¨ ´ °¤¥³ §´ Î¥´¨Ö ρab, Zij , K0, ε, ¸μμÉ-

¢¥É¸É¢ÊÕÐ¨¥ Ë¨£Ê·¥ ¢· Ð¥´¨Ö. „¢Ê³¥·´Ò¥ ³ ¸¸¨¢Ò ´¥¨§¢¥¸É´ÒÌ ¶¥·¥¢¥¤¥³ ¢ μ¤´μ³¥·-
´Ò¥ ym, m = 1, 2, . . . , N1. ‹¥£±μ ´ Ìμ¤¨³

N1 =
1
8
(P + 2)(P + 4) +

1
8
(L + 2)(L + 4). (12)

„ ²Ó´¥°Ï¨¥ ¢ÒÎ¨¸²¥´¨Ö ¡Ê¤¥³ ¶·μ¢μ¤¨ÉÓ ¢ ¶·¨¡²¨¦¥´¨¨ P = 6, L = 2, s = 1. ’μ£¤ 
¨³¥¥³ N1 = 13.

‚ ÔÉμ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨Ö (11) ¨ (3a) ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¸¨¸É¥³Ê ¨§ 13  ²£¥¡· ¨Î¥¸±¨Ì
Ê· ¢´¥´¨° ¨ ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ ¢¨¤¥

f(y, e, n) = 0, y = (y1, y2, . . . , y13). (13)

„²Ö ·Ö¤  ¨´É¥·¥¸ÊÕÐ¨Ì ´ ¸ §´ Î¥´¨° n ¨ e ³ É·¨Í  Ÿ±μ¡¨ f ′(y, e, n) ¶²μÌμ μ¡Ê¸²μ-
¢²¥´ . �μÔÉμ³Ê ¤²Ö ·¥Ï¥´¨Ö (12) ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ·¥£Ê²Ö·¨§μ¢ ´´Ò°  ´ ²μ£ ³¥-
Éμ¤  �ÓÕÉμ´  [8] ¸ ¶ · ³¥É·μ³ ·¥£Ê²Ö·¨§ Í¨¨ α = 10−6. ‚ ·¥§Ê²ÓÉ É¥ ¨³¥¥³ ¸²¥¤ÊÕÐÊÕ
¨É¥· Í¨μ´´ÊÕ ¸Ì¥³Ê:

y(k+1)(e, n) = y(k)(e, n) − τk[αf2(y(k), e, n)+

+ f̃
′
(y(k), e, n)f

′
(y(k), e, n)]−1f̃

′
(y(k), e, n)f(y(k), e, n), (14)

£¤¥ k Å ´μ³¥· ¨É¥· Í¨¨; τk (Θ0 � τn � 1) Å ¨É¥· Í¨μ´´Ò° ¶ · ³¥É·; f ′(y(k), e, n) Å

³ É·¨Í  Ÿ±μ¡¨; f̃
′
(y(k), e, n) Å É· ´¸¶μ´¨·μ¢ ´´ Ö ³ É·¨Í  Ÿ±μ¡¨.

‚¥²¨Î¨´ 
√

f2(y(k), e, n) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ´¥¢Ö§±Ê ¨ μ¶·¥¤¥²Ö¥É ÉμÎ´μ¸ÉÓ ·¥Ï¥´¨Ö
¸¨¸É¥³Ò Ê· ¢´¥´¨° (13).

ˆ´É¥·¥¸ÊÕÐ¨¥ ´ ¸ ¨´É¥·¢ ²Ò §´ Î¥´¨° ¶ · ³¥É·μ¢ e ¨ n · §μ¡Ó¥³ ´  ÊÎ ¸É±¨ ¸
Ï £ ³¨ he ¨ hn ¸μμÉ¢¥É¸É¢¥´´μ:

e → eμ = 1 − μhe, μ = 0, 1, 2, . . . ,

[
0,5
he

]
,

n → nν = 1,6 − νhn, ν = 0, 1, 2, . . . ,

[
0,6
hn

]
.

(15)
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ŒÒ ¨¸¶μ²Ó§μ¢ ²¨ ¤²Ö · ¸Î¥Éμ¢ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö: he = 0,02, hn = 0,025.
‘μ¸É ¢²¥´´ Ö ¨ ·¥ ²¨§μ¢ ´´ Ö ´ ³¨ ¶·μ£· ³³  ¢ ¸¨¸É¥³¥ MAPLE ¶μ§¢μ²¨²  ´ °É¨

³ ¸¸¨¢ Î¨¸²¥´´ÒÌ ·¥Ï¥´¨° ym(eμ, nν). �μ£·¥Ï´μ¸ÉÓ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (8) μ± § ² ¸Ó
¶μ·Ö¤±  10−3 ¢ ³¥É·¨±¥ L2.

„ ²¥¥ ³Ò ¢μ¸¶μ²Ó§μ¢ ²¨¸Ó ¶ ±¥Éμ³ CurveFitting ¸¨¸É¥³Ò MAPLE ¤²Ö  ¶¶·μ±¸¨³ Í¨¨
¶μ²ÊÎ¥´´ÒÌ Î¨¸²¥´´ÒÌ ·¥Ï¥´¨° ym(eμ, nν) ¶μ²¨´μ³ ³¨ μÉ e ¨ n ¢μ¸Ó³μ° ¸É¥¶¥´¨ ¶μ
μ¡μ¨³ ¶ · ³¥É· ³. �μ£·¥Ï´μ¸ÉÓ ÔÉμ°  ¶¶·μ±¸¨³ Í¨¨ ¸μ¸É ¢¨²  10−5 ¢ C-³¥É·¨±¥, ÎÉμ
´  ¤¢  ¶μ·Ö¤±  ³¥´ÓÏ¥, Î¥³ ¶μ£·¥Ï´μ¸ÉÓ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (8), ¢ÒÎ¨¸²¥´-
´ Ö ¢ L2-³¥É·¨±¥.

� §· ¡μÉ ´´Ò° ´ ³¨ ³¥Éμ¤ ¶μ§¢μ²¨² ´ °É¨ ¶·¨¡²¨¦¥´´μ¥  ´ ²¨É¨Î¥¸±μ¥ ·¥Ï¥´¨¥
Ê· ¢´¥´¨Ö (8).

‚ Ö¢´μ³ ¢¨¤¥ ¶·¥¤¸É ¢²ÖÕÐ¨¥ ËÊ´±Í¨¨ ρab, Zij , K0, ε ¶μ²¨´μ³Ò ¢¢¨¤Ê ¨Ì £·μ³μ§¤-
±μ¸É¨ ³Ò ¶·¨¢μ¤¨ÉÓ ´¥ ¡Ê¤¥³,   ¤ ¤¨³ ¨Ì £· Ë¨±¨ ´  ·¨¸. 2Ä8.

�¨¸. 2. ƒ· Ë¨±¨ ËÊ´±Í¨° ρ02(e, n) ( ) ¨ ρ04(e, n) (¡)

�¨¸. 3. ƒ· Ë¨±¨ ËÊ´±Í¨° ρ06(e, n) ( ) ¨ ρ20(e, n) (¡)
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�¨¸. 4. ƒ· Ë¨±¨ ËÊ´±Í¨° ρ22(e, n) ( ) ¨ ρ24(e, n) (¡)

�¨¸. 5. ƒ· Ë¨±¨ ËÊ´±Í¨° ρ40(e, n) ( ) ¨ ρ42(e, n) (¡)

�¨¸. 6. ƒ· Ë¨± ËÊ´±Í¨¨ ρ60(e, n)

‚ ¸²¥¤ÊÕÐ¥³ ²¨´¥°´μ³ ¶μ X ¶·¨¡²¨¦¥´¨¨ É·¥Ì-
³¥·´Ò¥ ³ ¸¸¨¢Ò ´¥¨§¢¥¸É´ÒÌ ρ1[ab]c ¨ Z1[ij]k ¶¥·¥-
¢¥¤¥³ ¢ μ¤´μ³¥·´Ò¥ xk (k = 1, 2, . . . , N2),   É ±¦¥
¶μ²μ¦¨³ x1 = ρ1[20]0 = 1.

‚ ¸²ÊÎ ¥ P = 6, L = 2 ¨³¥¥³ N2 = 8.
‚ ²¨´¥°´μ³ ¶μ X ¶·¨¡²¨¦¥´¨¨ ¸¨¸É¥³  Ê· ¢´¥-

´¨° ¤²Ö Xk ¸²¥¤Ê¥É ¨§ (11) ¨ ¨³¥¥É ¢¨¤

X

N2=2∑
k=1

Ak
i (ym(e, n), e, n)xk = −ηmδi, (16)

£¤¥ δi μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ¨´É¥£· ²Ò∫
D

(x2
1 − x2

2) xa
1 xb

2 xc
3 dV. (17)
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�¨¸. 7. ƒ· Ë¨±¨ ËÊ´±Í¨° Z02(e, n) ( ) ¨ Z20(e, n) (¡)

�¨¸. 8. ƒ· Ë¨±¨ ËÊ´±Í¨° K0(e, n) ( ) ¨ ε(e, n) (¡)

‘¨¸É¥³  Ê· ¢´¥´¨° (16) ¤μ¸É ÉμÎ´μ Ìμ·μÏμ μ¶¨¸Ò¢ ¥É  ¸¨³³¥É·¨Î´ÊÕ Î ¸ÉÓ ±μ´Ë¨-
£Ê· Í¨¨ ¢¤ ²¨ μÉ ±·¨É¨Î¥¸±¨Ì ÉμÎ¥± ¶μ ¶ · ³¥É·Ê ek (εk), £¤¥ μ¶·¥¤¥²¨É¥²Ó ³ É·¨ÍÒ Ak

i

¸ÊÐ¥¸É¢¥´´μ μÉ²¨Î¥´ μÉ ´Ê²Ö. ‚ ÔÉμ° μ¡² ¸É¨ (16) ²¥£±μ ¸¢μ¤¨É¸Ö ± μ¤´μ³Ê Ê· ¢´¥´¨Õ

A(e, n)X = −ηm. (18)

�¨¸. 9. ƒ· Ë¨± ËÊ´±Í¨¨ A(e, n). †¨·-
´μ° ²¨´¨¥° ¨§μ¡· ¦¥´  ±·¨É¨Î¥¸± Ö ±·¨¢ Ö

A(ek, n) = 0

�¨¸. 10. ƒ· Ë¨± ËÊ´±Í¨¨ A(ε, n). †¨·-
´μ° ²¨´¨¥° ¨§μ¡· ¦¥´  ±·¨É¨Î¥¸± Ö ±·¨¢ Ö

A(εk, n) = 0
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�¨¸. 11. ƒ· Ë¨±¨ ËÊ´±Í¨° ek(n) ( ) ¨ εk(n) (¡)

�¨¸. 12. ƒ· Ë¨± ËÊ´±Í¨¨ Bk(n)

ˆ§ (18) ¶μ²ÊÎ ¥É¸Ö Ê· ¢´¥´¨¥ ¤²Ö ±·¨É¨Î¥¸±¨Ì
§´ Î¥´¨° ek:

A(ek, n) = 0. (19)

Œ´μ¦¥¸É¢μ ÉμÎ¥± ek μ¡· §Ê¥É ±·¨É¨Î¥¸±ÊÕ ±·¨-
¢ÊÕ ek = ek(n).

�´ ²¨É¨Î¥¸±¨° ¢¨¤ ËÊ´±Í¨¨ A(e, n) ¸²μ¦¥´, ¨
³Ò μ£· ´¨Î¨³¸Ö ¥¥ £· Ë¨±μ³ ´  ·¨¸. 9.

…¸²¨ ¨¸¶μ²Ó§μ¢ ÉÓ ¢³¥¸Éμ e Ë¨§¨Î¥¸±¨° ¶ · -
³¥É· ¡Ò¸É·μÉÒ ¢· Ð¥´¨Ö ε, Éμ £· Ë¨± § ¢¨¸¨³μ-
¸É¨ A(ε, n) ¤ ´ ´  ·¨¸. 10.

ˆ§ (19) ´ Ìμ¤¨³ § ¢¨¸¨³μ¸É¨ ek(n) ¨ εk(n)
μÉ ¨´¤¥±¸  ¶μ²¨É·μ¶Ò ¢ ¨´É¥·¢ ²¥ 1 � n � 1,6.
ƒ· Ë¨±¨ ÔÉ¨Ì § ¢¨¸¨³μ¸É¥° ¶·¥¤¸É ¢²¥´Ò
´  ·¨¸. 11.

‚¡²¨§¨ ±·¨É¨Î¥¸±¨Ì ÉμÎ¥± ´Ê¦´μ ÊÎ¨ÉÒ¢ ÉÓ
Ê¦¥ Î²¥´Ò ¶μ·Ö¤±  X3. ’μ£¤  ¡Ê¤¥³ ¨³¥ÉÓ Ê· ¢-
´¥´¨¥

A(e, n)X + Bk(n)X3 = −ηm. (20)

ƒ· Ë¨± Bk(n) ¶·¨¢μ¤¨É¸Ö ´  ·¨¸. 12.

“· ¢´¥´¨¥ (20) ³μ¦´μ Ê¶·μ¸É¨ÉÓ § ³¥´μ°:

X = 3

√
−ηm

Bk
ξ(λ), λ = − A(e, n)

B
1/3
k (n)η2/3

m

.

’μ£¤  (20) ¶·¨μ¡·¥É ¥É ¢¨¤

ξ2 − 1
ξ

= λ. (21)
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Šμ·´¨ (21) ¸μμÉ¢¥É¸É¢¥´´μ · ¢´Ò

ξ1 = 2

√
−λ

3
sh

(
1
3

ln

(√
− 27

4λ3
+

√
1 − 27

4λ3

))
, λ < 0,

ξ1 = 2

√
λ

3
ch

(
1
3

ln

(√
27
4λ3

+

√
27
4λ3

− 1

))
, 0 < λ <

3

√
27
4

,

(22)

ξ1,2,3 = 2

√
λ

3
cos (3d1,2,3) cos

(
1
3
arccos

√
27
4λ3

+ d1,2,3

)
, λ >

3

√
27
4

,

d1 = 0, d2,3 = ∓π

3
.

� ¨¡μ²ÓÏ¨° ¨´É¥·¥¸ ¤²Ö ´ ¸ ¶·¥¤¸É ¢²ÖÕÉ ³¥¤²¥´´μ ¢· Ð ÕÐ¨¥¸Ö ¶μ²¨É·μ¶Ò ¸ ε
³¥´ÓÏ¥ ¨²¨ ¶μ·Ö¤±  10−4 (T ¡μ²ÓÏ¥ ¨²¨ ¶μ·Ö¤±  10−2 ¸), 1 − e � 1. „²Ö ¨Ì ¨¸¸²¥¤μ-
¢ ´¨Ö ´ °¤¥³ §´ Î¥´¨¥ ¨´¤¥±¸  ¶μ²¨É·μ¶Ò nk É ±μ¥, ÎÉμ εk = 0, ek = 1. ˆ§ Ê· ¢´¥´¨Ö
A(e = 1, nk) = 0 ¶μ²ÊÎ ¥³ nk = 1,51025. �Éμ §´ Î¥´¨¥ μ± § ²μ¸Ó μÎ¥´Ó ¡²¨§±¨³ ± §´ Î¥-
´¨Õ n = 1,5, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É Ê· ¢´¥´¨Õ ¸μ¸ÉμÖ´¨Ö ¢Ò·μ¦¤¥´´μ£μ ´¥·¥²ÖÉ¨¢¨¸É¸±μ£μ
Ë¥·³¨-£ § . �μ¢μ¥ §´ Î¥´¨¥ nk = 1,51025 ³μ¦´μ μ¡ÑÖ¸´¨ÉÓ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¶·¨¡²¨-
¦¥´¨Ö ¶μ²¨É·μ¶Ò ¶μ²¨´μ³μ³ Î¥É¢¥·Éμ° ¸É¥¶¥´¨ ¢³¥¸Éμ ¢Éμ·μ° ¢ [4] ¨ ´μ¢Ò³ ³¥Éμ¤μ³
· ¸Î¥É , ¡μ²¥¥ ÉμÎ´Ò³ ¶μ ¸· ¢´¥´¨Õ ¸ [4],  ¸¨³³¥É·¨Î´ÒÌ ¶ · ³¥É·μ¢ ±μ´Ë¨£Ê· Í¨¨.

„²Ö ³¥¤²¥´´μ ¢· Ð ÕÐ¨Ì¸Ö ¶μ²¨É·μ¶ ¨³¥¥³

ek = 1 − 1,71367(1,51025− n), εk = 0,16859(1,51025− n),
A(e, n) = 0,86034(1,51025− n) − 0,05720(1− e), Bk = −13,72356,

(23)

λ = −0,41801r + 0,07047p, r =
ε

η
2/3
m

, p =
1,51025− n

η
2/3
m

,

X(r, p, ηm) = −0,41768η1/3
m ξ(λ(r, p)).

�¨¸. 13. ƒ· Ë¨± ËÊ´±Í¨¨ ξ(r, p). †¨·´μ°
²¨´¨¥° ¨§μ¡· ¦¥´  ¡¨ËÊ·± Í¨μ´´ Ö ±·¨¢ Ö

…¸²¨ |λ| � 1, Éμ

ξ(λ) ∼= 1 +
1
3
λ. (24)

�·¨ λ � 1

ξ1,3(λ) ∼= ±
√

λ, ξ2(λ) = − 1
λ

.

ƒ· Ë¨± § ¢¨¸¨³μ¸É¨ ξ = ξ(r, p) ¶·¥¤¸É -
¢²¥´ ´  ·¨¸. 13.

ˆ§ Ëμ·³Ê² (23) ¸²¥¤Ê¥É, ÎÉμ ¶·¨ n = nk =
1,51025 §´ Î¥´¨¥ εk = 0, É. ¥. ¸±μ²Ó Ê£μ¤´μ
³¥¤²¥´´μ ¢· Ð ÕÐ Ö¸Ö ´ÓÕÉμ´μ¢¸± Ö ¶μ²¨-
É·μ¶  ³μ¦¥É ¨³¥ÉÓ ÉμÎ±Ê ¡¨ËÊ·± Í¨¨ ¶·¨

εb = (0,16858p − 4,52112)η2/3
m . �·¨ p = 40, ηm = 10−9 ¨ ρ0 = 4 · 1014 £/¸³3 ¨³¥¥³

εb ∼ 10−6 (Tb ∼ 2,30 · 10−1 ¸).



386 Œ¨Ì¥¥¢ ‘. �., –¢¥É±μ¢ ‚. �.

„²Ö ¤ ²Ó´¥°Ï¥£μ · ¸¸³μÉ·¥´¨Ö Ì · ±É¥·  Ô¢μ²ÕÍ¨¨ ´ ³ £´¨Î¥´´μ° ¢· Ð ÕÐ¥°¸Ö
¶μ²¨É·μ¶Ò Ê¤μ¡´μ ¢¢¥¸É¨ ³μ³¥´É M0m ¶μ Ëμ·³Ê²¥

M2
0m = 2πGρ0J

2η2/3
m , (25)

£¤¥ J Å ³μ³¥´É ¨´¥·Í¨¨ ±μ´Ë¨£Ê· Í¨¨. „²Ö ³¥¤²¥´´μ ¢· Ð ÕÐ¥°¸Ö ±μ´Ë¨£Ê· Í¨¨
§´ Î¥´¨¥ J ¶μ¸ÉμÖ´´μ. ’μ£¤  § ¢¨¸¨³μ¸ÉÓ λ μÉ ³μ³¥´É  ±μ´Ë¨£Ê· Í¨¨ ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

λ = 0,07047p− 0,41801
(

M

M0m

)2

. (26)

‚ ¶·μÍ¥¸¸¥ Ô¢μ²ÕÍ¨¨ ³μ³¥´É M ¶μ¸ÉμÖ´´μ Ê³¥´ÓÏ ¥É¸Ö §  ¸Î¥É ¶μÉ¥·Ó ´  Ô²¥±É·μ-
³ £´¨É´μ¥ ¨ £· ¢¨É Í¨μ´´μ¥ ¨§²ÊÎ¥´¨¥. „²Ö ¤¢μ°´ÒÌ ¸¨¸É¥³ ± ÔÉ¨³ ¶μÉ¥·Ö³ ¤μ¡ ¢²Ö¥É¸Ö
¢²¨Ö´¨¥  ±±·¥Í¨¨ ¢¥Ð¥¸É¢ . �·¨ ÔÉμ³ λ(M) ¡Ê¤¥É · ¸É¨, ¨ ¶·¨ M = Mb ¶ · ³¥É· λ
¤μ¸É¨£´¥É §´ Î¥´¨Ö λ = λb = 3

√
27/4 (Mb = M0m(1,16858p − 4,52112)1/2). �Ê¸ÉÓ ¶·¨

t = 0 §´ Î¥´¨¥ M(t = 0) = M0 > Mb. ’μ£¤  λ(M0) < λb ¨ Î¥·¥§ μ¶·¥¤¥²¥´´μ¥ ¢·¥³Ö μ´

¤μ¸É¨£´¥É ÉμÎ±¨ λb. ‡  ÔÉμ ¢·¥³Ö Ô¢μ²ÕÍ¨Ö ¨¤¥É ¶μ ¢¥É¢¨ X1 = 0,41768η
1/3
m ξ1(λ),

¨ ¢ ÉμÎ±¥ λb ¶ · ³¥É· X1 ¤μ¸É¨£ ¥É §´ Î¥´¨Ö X1 = 0,663026η
1/3
m . ‚ ÔÉμ° ÉμÎ±¥

X2,3 = −0,33151η
1/3
m . ‚μ§´¨± ¥É ¢μ§³μ¦´μ¸ÉÓ ¶¥·¥¸±μ±  ±μ´Ë¨£Ê· Í¨¨ ¸ ¢¥É¢¨ X1

´  ¢¥É¢¨ X2 ¨ X3. „²Ö μÍ¥´±¨ É ±μ° ¢μ§³μ¦´μ¸É¨ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ Ô´¥·£¥É¨Î¥¸±¨°
¶μ¤Ìμ¤. ‘ ÔÉμ° Í¥²ÓÕ ¢ÒÎ¨¸²¨³ ¶μ²´ÊÕ Ô´¥·£¨Õ E ³¥¤²¥´´μ ¢· Ð ÕÐ¥°¸Ö ´ ³ £´¨-
Î¥´´μ° ´ÓÕÉμ´μ¢¸±μ° ¶μ²¨É·μ¶Ò ¶·¨ Ë¨±¸¨·μ¢ ´´μ° ³ ¸¸¥ m, Ê£²μ¢μ³ ³μ³¥´É¥ M ¨
¨´¤¥±¸¥ nk:

E = 2πGρ2
0a

5
1

⎛⎝ε

∫
D

ρ̃(x2
1 + x2

2) d3x +
1
2

∫
D

ρ̃Φ d3x +

+ nkK0

∫
D

ρ̃1+1/nk d3x

⎞⎠ +
a3
1

8π

∫
D

B2
in d3x. (27)

�·μ¢¥¤¥´´Ò° ´ ³¨ · ¸Î¥É ¤ ¥É

E = 2πGρ2
0a

5
1

(
5,81851

(
M

M0

)2

− 0,02285 + 0,00986X2 + 1,05879ηmX

)
. (28)

ˆ§ (28) ¸²¥¤Ê¥É, ÎÉμ ³¨´¨³Ê³ E ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ ³μ³¥´É¥ ¤μ¸É¨£ ¥É¸Ö ¶·¨ μÉ-

·¨Í É¥²Ó´ÒÌ ³ ±¸¨³ ²Ó´μ ¡μ²ÓÏ¨Ì ¶μ ³μ¤Ê²Õ §´ Î¥´¨ÖÌ X ¢ μ¡² ¸É¨ ¶μ·Ö¤±  η
1/3
m .

�μÔÉμ³Ê ¢ ÉμÎ±¥ ¡¨ËÊ·± Í¨¨ λb ¤μ²¦¥´ ¢μ§´¨±´ÊÉÓ ¸± Îμ± ¸ ¢¥É¢¨ X1 ´  ¢¥É¢Ó X3. �·¨
ÔÉμ³ ¸± Î±¥ μÉ´μ¸¨É¥²Ó´Ò° ¶¥·¨μ¤ ¢· Ð¥´¨Ö ¨§³¥´¨É¸Ö ± ±

ΔT

T
= −2,16403η2/3

m . (29)

”μ·³Ê²  (29) Ê± §Ò¢ ¥É ´  Ê¸±μ·¥´¨¥ ¢· Ð¥´¨Ö ´ ³ £´¨Î¥´´μ° ¶μ²¨É·μ¶Ò ¢ ÉμÎ±¥
¡¨ËÊ·± Í¨¨ λb. �·¨·μ¤  ¸± Î±  μ¡Ê¸²μ¢²¥´  ´ ²¨Î¨¥³ ³ £´¨É´ÒÌ ´ ÉÖ¦¥´¨°, μ¸Ó ¸¨³-
³¥É·¨¨ ±μÉμ·ÒÌ ´ ±²μ´¥´  ± μ¸¨ ¢· Ð¥´¨Ö. …¸²¨ ¶μ²μ¦¨ÉÓ ¢ (29) ηm = 10−9−10−13,
Éμ ¨³¥¥É ³¥¸Éμ μÍ¥´± :

ΔT

T
= −2,16403 · (10−9−10−6). (30)
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�·μ¢¥¤¥´´ Ö ´ ³¨ μÍ¥´±  ¤ ¥É ´ ¡²Õ¤ ¥³Ò° ¶μ·Ö¤μ± ¸± Î±  ¶¥·¨μ¤μ¢ ¶Ê²Ó¸ ·μ¢.
’ ±, μÉ´μ¸¨É¥²Ó´μ¥ ¨§³¥´¥´¨¥ ¶¥·¨μ¤  ΔT/T ¢μ ¢·¥³Ö ¸± Î±  ¸μ¸É ¢²Ö¥É 3 · 10−9 ²¥É
PSR 0531 + 21 ¢ Š· ¡μ¢¨¤´μ° ÉÊ³ ´´μ¸É¨ ¨ 2 · 10−6 ²¥É PSR 0833 − 45 ¢ ¸μ§¢¥§¤¨¨
� ·Ê¸μ¢ [9].

�·μ¢¥¤¥´´Ò¥ ´ ³¨ μÍ¥´±¨ ¸± Î±μ¢ ¶¥·¨μ¤μ¢ ¶Ê²Ó¸ ·μ¢ ¸μ£² ¸ÊÕÉ¸Ö ¸μ §´ Î¥´¨Ö³¨
¢´ÊÉ·¥´´¥£μ ³ £´¨É´μ£μ ¶μ²Ö B0 in ¶μ·Ö¤±  10−14−10−12 ƒ¸, ÎÉμ ¶·¨³¥·´μ ´  ¤¢  ¶μ-
·Ö¤±  ¡μ²ÓÏ¥ Ì · ±É¥·´ÒÌ §´ Î¥´¨° ¢´¥Ï´¨Ì ³ £´¨É´ÒÌ ¶μ²¥° ¶Ê²Ó¸ ·μ¢ B0 out. „ ´´μ¥
¸μμÉ´μÏ¥´¨¥ ¶·¨³¥·´μ ¸μμÉ¢¥É¸É¢Ê¥É μÉ´μÏ¥´¨Õ ¶μ²μ¨¤ ²Ó´μ£μ ¨ Éμ·μ¨¤ ²Ó´μ£μ ¶μ²¥°
¢ ³μ¤¥²¨ ³ £´¨É´μ£μ ¤¨´ ³μ. �É¨ μÍ¥´±¨ ¨³¥ÕÉ ³¥¸Éμ, ¥¸²¨ ³¥Ì ´¨§³ ÔÉ¨Ì ¸± Î±μ¢ ¸¢Ö-
§ ´ ¸ ¤μ¸É¨¦¥´¨¥³ Ë¨£Ê· ¶Ê²Ó¸ ·μ¢ ÉμÎ±¨ ¡¨ËÊ·± Í¨¨ εb. „ ´´Ò° ÔËË¥±É ´¥¸μ³´¥´´μ
³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´ ¤²Ö ¶μ²ÊÎ¥´¨Ö μÍ¥´±¨ ¢´ÊÉ·¥´´¨Ì ³ £´¨É´ÒÌ ¶μ²¥° ¶Ê²Ó¸ ·μ¢.

‡�Š‹�—…�ˆ…

�¥§Ê²ÓÉ ÉÒ ¤ ´´μ° · ¡μÉÒ Ê¡¥¤¨É¥²Ó´μ ¤μ± §Ò¢ ÕÉ ´ ²¨Î¨¥ ±·¨É¨Î¥¸±¨Ì ÉμÎ¥± ¨ Éμ-
Î¥± ¡¨ËÊ·± Í¨¨ ´ ³ £´¨Î¥´´ÒÌ ´ÓÕÉμ´μ¢¸±¨Ì ¶μ²¨É·μ¶ ¸ ¨´¤¥±¸μ³ 1 � n � 1,6. �Éμ
¶·μÉ¨¢μ·¥Î¨É Ê¸É ´μ¢¨¢Ï¥³Ê¸Ö ³´¥´¨Õ [2], ÎÉμ ¶·¨ n > 0,808 ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ´¥É,
¨ Ê± §Ò¢ ¥É ´  ¸²μ¦´Ò° Ì · ±É¥· § ¢¨¸¨³μ¸É¨ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) μÉ ¨´¤¥±¸  ¶μ-
²¨É·μ¶Ò ¤²Ö · §²¨Î´ÒÌ ¨´É¥·¢ ²μ¢ ¥£μ §´ Î¥´¨°, É. ¥. ¶ · ³¥É·μ¢ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö.
�μ²ÊÎ¥´μ Î¨¸²¥´´μ¥ §´ Î¥´¨¥ ±·¨É¨Î¥¸±μ£μ ¨´¤¥±¸  ¶μ²¨É·μ¶Ò nk = 1,51025, ¢ÒÏ¥ ±μ-
Éμ·μ£μ ´¥É ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ¨ ±·¨É¨Î¥¸±¨Ì ÉμÎ¥± ¢ · ¸¸³μÉ·¥´´μ³ ¨´É¥·¢ ²¥ §´ Î¥´¨°
1 � n � 1,6 ¢ ¸²ÊÎ ¥ ¨¸¶μ²Ó§μ¢ ´¨Ö  ¶¶·μ±¸¨³ Í¨¨ ËÊ´±Í¨¨ ρ̃1/n ¶μ²¨´μ³μ³ Î¥É¢¥·Éμ°
¸É¥¶¥´¨ N = 4.

�μ± § ´μ, ÎÉμ ¢¡²¨§¨ nk Ê ³¥¤²¥´´μ ¢· Ð ÕÐ¨Ì¸Ö ´ÓÕÉμ´μ¢¸±¨Ì ¶μ²¨É·μ¶ ¸ÊÐ¥-
¸É¢ÊÕÉ ÉμÎ±¨ ¡¨ËÊ·± Í¨¨.

�·¥¤²μ¦¥´ ´μ¢Ò° ³¥Ì ´¨§³ ¸± Î±  ¶¥·¨μ¤  ¶Ê²Ó¸ · , μ¡Ê¸²μ¢²¥´´Ò° ¶·μÌμ¦¤¥´¨¥³
ÉμÎ±¨ ¡¨ËÊ·± Í¨¨ ¥£μ Ë¨£Ê·Ò ¢ ¶·μÍ¥¸¸¥ Ô¢μ²ÕÍ¨¨ ¨ ¸³¥´μ° §´ ±  ¶ · ³¥É·   ¸¨³³¥-
É·¨¨ X · ¸¶·¥¤¥²¥´¨Ö ¢¥Ð¥¸É¢  μÉ´μ¸¨É¥²Ó´μ μ¸¨ ¢· Ð¥´¨Ö. �·¨ ÔÉμ³ ¢¥²¨Î¨´  ¸± Î± 
³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´  ¤²Ö μÍ¥´±¨ ¢´ÊÉ·¥´´¥£μ ³ £´¨É´μ£μ ¶μ²Ö ¶Ê²Ó¸ ·μ¢.
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