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I. ’…��ˆŸ
Š. �. Œμ¤¥¸Éμ¢ 1, �. ‚. —Ê£·¥¥¢ 2

Œμ¸±μ¢¸±¨° £μ¸Ê¤ ·¸É¢¥´´Ò° Ê´¨¢¥·¸¨É¥É ¨³. Œ.‚. ‹μ³μ´μ¸μ¢ , Œμ¸±¢ 

�μ²ÊÎ¥´  ¸¨¸É¥³  μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢Éμ·μ£μ ¶μ·Ö¤± , μ¶¨¸Ò¢ -
ÕÐ¨Ì · §¢¨É¨¥ ³ ²ÒÌ ¢μ§³ÊÐ¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨ Ì · ±É¥·¨¸É¨± ¢¥Ð¥¸É¢  ´  ±μ¸³μ-
²μ£¨Î¥¸±μ³ Ëμ´¥ ¢ �’ƒ. �μ± § ´μ, ÎÉμ ÔÉ¨ Ê· ¢´¥´¨Ö ¤μ¶Ê¸± ÕÉ ÔËË¥±É¨¢´ÊÕ ± ²¨¡·μ¢μÎ´ÊÕ
¨´¢ ·¨ ´É´μ¸ÉÓ, ¶μ¸±μ²Ó±Ê ¢ ¡μ²ÓÏ¨´¸É¢¥ ¨´É¥·¥¸ÊÕÐ¨Ì ´ ¸ ¸²ÊÎ ¥¢ ³ ¸¸μ° £· ¢¨Éμ´  ³μ¦´μ
¶·¥´¥¡·¥ÎÓ. �·μ¨§¢¥¤¥´μ ¸É ´¤ ·É´μ¥ · §²μ¦¥´¨¥ ´  ¸± ²Ö·´Ò¥, ¢¥±Éμ·´Ò¥ ¨ É¥´§μ·´Ò¥ ±μ³¶μ-
´¥´ÉÒ. „²Ö ± ¦¤μ° ¸μ¸É ¢²ÖÕÐ¥° ¢Ò¢¥¤¥´Ò Ê· ¢´¥´¨Ö.

The system of ordinary differential equations of the second order describing evolution of small per-
turbations of gravitational ˇeld and matter characteristics in RTG have been obtained, with cosmological
solution being a background. It was shown also that these equations admit effective gauge invariance,
because one can neglect the mass of the graviton in most cases of interest. The standard expansion on
scalar, vector and tensor components has been performed. The equations of each component have been
derived.

PACS: 04.50.Kd; 95.30.Sf

‚‚…„…�ˆ…

�É  · ¡μÉ  Ö¢²Ö¥É¸Ö ¶·μ¤μ²¦¥´¨¥³ ¨¸¸²¥¤μ¢ ´¨Ö [1] ¢μ¶·μ¸  Ê¸Éμ°Î¨¢μ¸É¨ μ¤´μ·μ¤-
´μ° ¨ ¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ° μÉ´μ¸¨É¥²Ó´μ ³ ²ÒÌ ¢μ§³ÊÐ¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö
¨ ¢¥Ð¥¸É¢  ¢ ·¥²ÖÉ¨¢¨¸É¸±μ° É¥μ·¨¨ £· ¢¨É Í¨¨ [2]. ‚ [1] · ¸¸³ É·¨¢ ²¨¸Ó ¢μ§³ÊÐ¥-
´¨Ö, § ¢¨¸ÖÐ¨¥ Éμ²Ó±μ μÉ ¢·¥³¥´¨. ’¥¶¥·Ó ³Ò ¨§ÊÎ¨³ ¡μ²¥¥ μ¡Ð¨° ¸²ÊÎ ° ¢μ§³ÊÐ¥´¨°,
§ ¢¨¸ÖÐ¨Ì μÉ ¢¸¥Ì ±μμ·¤¨´ É ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. ‚ · ³± Ì �’� ÔÉ  § ¤ Î  ¢¶¥·¢Ò¥
¨§ÊÎ ² ¸Ó ¢ ¨§¢¥¸É´ÒÌ · ¡μÉ Ì ….Œ. ‹¨ËÏ¨Í  [3, 4] ¨ ¢¶μ¸²¥¤¸É¢¨¨ ¨§²μ¦¥´  ¢ μ¡§μ·´ÒÌ
±Ê·¸ Ì [5, 6].

‚ · ¡μÉ Ì [1, 7, 8] ¡Ò² ¶·¥¤¸É ¢²¥´ ¸É ´¤ ·É´Ò° ±μ¸³μ²μ£¨Î¥¸±¨° ¸Í¥´ ·¨° ¶¥·¨μ-
¤¨Î¥¸±μ£μ · §¢¨É¨Ö Ë·¨¤³ ´μ¢¸±μ° ‚¸¥²¥´´μ° ´  ¶ÖÉ¨ ÔÉ ¶ Ì ¥¥ Ô¢μ²ÕÍ¨¨:

1) μÉ¸±μ± ´  ³ ±¸¨³ ²Ó´μ° ¶²μÉ´μ¸É¨,
2) · ¤¨ Í¨μ´´μ-¤μ³¨´¨·ÊÕÐ Ö ¸É ¤¨Ö,
3) ¡ ·¨μ´´ Ö ¸É ¤¨Ö,
4) ±¢¨´ÉÔ¸¸¥´Í¨Ö (Ê¸±μ·¥´¨¥),
5) ÉμÎ±  ¶μ¢μ·μÉ  ´  ³¨´¨³ ²Ó´μ° ¶²μÉ´μ¸É¨ ¢¥Ð¥¸É¢ .

1E-mail: modestov@goa.bog.msu.ru
2E-mail: chugreev@goa.bog.msu.ru
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1. “��‚�…�ˆŸ „‚ˆ†…�ˆŸ ‘ ’�—��‘’œ� „� 1-ƒ� ���Ÿ„Š�

�μ¸±μ²Ó±Ê, ± ± ¨§¢¥¸É´μ, ¢ ±μ´Ëμ·³´μ³ ¢·¥³¥´¨ dη ≡ dτ/α ¢¸¥ ±μ¸³μ²μ£¨Î¥¸±¨¥
¢ÒÎ¨¸²¥´¨Ö Ê¶·μÐ ÕÉ¸Ö, Ê· ¢´¥´¨Ö Ë·¨¤³ ´μ¢¸±μ° ‚¸¥²¥´´μ° ((2.12)Ä(2.14) [1]) § ¶¨-
Ï¥³ ¨³¥´´μ ¢ ´¥³ (¶μ¶ÊÉ´μ ÔÉμ ¶μ§¢μ²¨É μ¡²¥£Î¨ÉÓ ¸· ¢´¥´¨¥ ¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢
¸ ·¥§Ê²ÓÉ É ³¨ �’�, É ± ± ± ¢ ¡μ²ÓÏ¨´¸É¢¥ ¨¸ÉμÎ´¨±μ¢ [3Ä5] ¨¸¶μ²Ó§Ê¥É¸Ö ¨³¥´´μ
ÔÉμ ¢·¥³Ö): (

α′

α

)′
=

α′′

α
− α′2

α2
= −κα2

6
(ε + 3p) − m2α2

6

(
1 − α4

max

α6

)
, (1.1)

α′2

α2
=

κα2

3
ε − m2α2

6

(
1 − 3

2α2
+

α4
max

2α6

)
, (1.2)

α′

α
= − ε′

3 (ε + p)
. (1.3)

‡¤¥¸Ó ¨ ¤ ²¥¥ ÏÉ·¨Ì¨ ¡Ê¤ÊÉ μ¡μ§´ Î ÉÓ ¶·μ¨§¢μ¤´Ò¥ ¶μ η.
Š ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥° · ¡μÉ¥, ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¢¥Ð¥¸É¢  ¢¨¤ 

p = wε, (1.4)

£¤¥ w Å ¶ · ³¥É· Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö. ‚¢¥¤¥³ ¢¸¶μ³μ£ É¥²Ó´Ò° ¶ · ³¥É·

β ≡ 1 − w

w + 1/3
. (1.5)

� ¤¨ Í¨μ´´μ-¤μ³¨´¨·ÊÕÐ¥° ¸É ¤¨¨ ¸μμÉ¢¥É¸É¢Ê¥É w = 1/3, β = 1, ´¥·¥²ÖÉ¨¢¨¸É¸±μ° Å
w = 0, β = 3, ±¢¨´ÉÔ¸¸¥´Í¨¨ Å −1 (¢ ±ÊÊ³) < w < 0 (· ¢´μ³¥·´μ¥ · ¸Ï¨·¥´¨¥),
−∞ (· ¢´μ³¥·´μ¥ · ¸Ï¨·¥´¨¥) < β < −3 (¢ ±ÊÊ³).

”²Ê±ÉÊ Í¨¨ ¸´μ¢  ¡Ê¤¥³ ¸Î¨É ÉÓ  ¤¨ ¡ É¨Î¥¸±¨³¨. ‚¢¨¤Ê ¨Ì ³ ²μ¸É¨ ³μ¦´μ § ¶¨¸ ÉÓ

p1 =
dp

dε
ε1 = wε1. (1.6)

‘ ÊÎ¥Éμ³ ¶¥·¥Ìμ¤  ± ´μ¢μ° ¢·¥³¥´´μ° ¶¥·¥³¥´´μ° ¨³¥¥³ ¸²¥¤ÊÕÐÊÕ ¸¢Ö§Ó ³¥¦¤Ê
±μ³¶μ´¥´É ³¨ ¢μ§³ÊÐ¥´¨° ¸±μ·μ¸É¨ ¨ ³¥É·¨±¨ ((3.5), (3.6) [1]):

u0
(1) = − 1

α

h0
0

2
, (1.7)

u
(1)
0 = α

h0
0

2
, (1.8)

uα
1 =

1
α

h0
α − 1

α2
u1

α. (1.9)

‡¤¥¸Ó ¨ ¤ ²¥¥ £·¥Î¥¸±¨¥ ¨´¤¥±¸Ò ¶·μ¡¥£ ÕÉ §´ Î¥´¨Ö 1, 2, 3 ¨ ¸μμÉ¢¥É¸É¢ÊÕÉ É·¥Ì³¥·-
´μ° £ ²¨²¥¥¢μ° ³¥É·¨±¥,   ² É¨´¸±¨¥ Å 0, 1, 2, 3 ¨ ¸μμÉ¢¥É¸É¢ÊÕÉ ³¥É·¨±¥ Î¥ÉÒ·¥Ì³¥·-
´μ£μ ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢  gij ; μÎ¥¢¨¤´μ, ¤²Ö ¶¥·¢ÒÌ ´¥É · §²¨Î¨Ö, ¶¨¸ ÉÓ ¨Ì ¸¢¥·ÌÊ
¨²¨ ¸´¨§Ê.
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’ ±¦¥ ¢ · ¡μÉ¥ [1] ¡Ò²¨ ¶μ²ÊÎ¥´Ò Ê· ¢´¥´¨Ö ¤²Ö ³ ²ÒÌ ²¨´¥°´ÒÌ ¢μ§³ÊÐ¥´¨° ¢ �’ƒ.
�É¨ Ê· ¢´¥´¨Ö ((3.22)Ä(3.24) [1]) ¢ ¶¥·¥³¥´´ÒÌ η, x, y, z ¶·¨³ÊÉ ¢¨¤

Δh0
0 − α2

(
1
α2

h0′

0

)′
− m2α2h0

0 = κ (ε1 + 3p1) α2 + κ (ε + 3p)α2h0
0 =

= κεα2 (3w + 1)
[ε1

ε
+ h0

0

]
, (1.10)

Δhα
β −

(
α2hα′

β

)′

α2
− m2hα

β = −2

[(
α′

α

)2

+
α′′

α

]
h0

0δ
α
β − κ (ε1 − p1)α2δα

β =

= −
[
κ (ε − p)α2 − m2

(
α2 − 1

)]
h0

0δ
α
β − κ (ε1 − p1)α2δα

β =

= m2
(
α2 − 1

)
h0

0δ
α
β + κεα2 (w − 1)

[ε1

ε
+ h0

0

]
δα
β , (1.11)

u1
α

α
=

Δh0
α − h0′′

α − 2
α′

α
h0′

α − 4
α′′

α
h0

α − m2α2h0
α + κ (ε − p)α2h0

α + 2
α′

α
h0

0,α

2κ (ε + p)α2
=

=
Δh0

α −
[

1
α2

(
α2h0

α

)′]′
− m2h0

α + 2
α′

α
h0

0,α

2κ (ε + p)α2
, (1.12)

£¤¥ Δ ≡ ∂α∂α.
‚Éμ·μ¥ Ê· ¢´¥´¨¥ �’ƒ ((3.15), (3.16) [1]) ¢ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ ³μ¦´μ § ¶¨¸ ÉÓ É ±:

h0′

0 − h′ = 2h0
α,α, (1.13)

h0
0,α + h,α = 2hβ

α,β +
2
α2

(
α2h0

α

)′
, (1.14)

£¤¥ h ≡ hα
α.

ˆ§ (1.10) ¶μ²ÊÎ¨³ Ëμ·³Ê²Ê ¤²Ö ¢ÒÎ¨¸²¥´¨Ö Ë²Ê±ÉÊ Í¨¨ ¶²μÉ´μ¸É¨ ¶μ ¨§¢¥¸É´μ° ±μ³-
¶μ´¥´É¥ h0

0 Ë²Ê±ÉÊ Í¨¨ ³¥É·¨±¨

ε1

ε
=

Δh0
0 − α2

(
1
α2

h0′

0

)′
− m2α2h0

0

κα2 (ε + 3p)
− h0

0. (1.15)

Šμ¢ ·¨ ´É´Ò° § ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  ((3.30), (3.31) [1]) ¢ ´μ-
¢ÒÌ ¶¥·¥³¥´´ÒÌ

1
α

u1
α,α =

(
ε1

ε + p

)′
+

h0′

0

2
(1.16)

¨ [
α3 (ε + p)u1

α

]′
α4

= (ε + p)
h0

0,α

2
+ p1,α. (1.17)

�É¨ Ê· ¢´¥´¨Ö ¸²¥¤ÊÕÉ ¨§ (1.10)Ä(1.14), ¶μ¸±μ²Ó±Ê ±μ¢ ·¨ ´É´Ò° § ±μ´ ¸μÌ· ´¥´¨Ö
Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢  ((1.8) [1]) ¢ÒÉ¥± ¥É ¨§ Ê· ¢´¥´¨° �’ƒ ((1.1), (1.2) [1]).

ŒÒ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¢¸¥ ÔÉ¨ ·¥§Ê²ÓÉ ÉÒ ¨ ¢ ÔÉμ° · ¡μÉ¥.
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„²Ö ´ Ìμ¦¤¥´¨Ö Ê· ¢´¥´¨Ö ¤²Ö ¸²¥¤  ¶·μ¸É· ´¸É¢¥´´μ° Î ¸É¨ ¢μ§³ÊÐ¥´¨° ³¥É·¨±¨ h
¸¢¥·´¥³ (1.11)

Δh −
(
α2h′)′
α2

− m2h − 3m2
(
α2 − 1

)
h0

0 = 3κεα2 (w − 1)
[ε1

ε
+ h0

0

]
. (1.18)

�¡Ñ¥¤¨´ÖÖ (1.10) ¨ (1.18), ¶μ²ÊÎ¨³

Δh−
(
α2h′)′
α2

−m2h−3m2
(
α2 − 1

)
h0

0 = −β

{
Δh0

0 − α2

(
1
α2

h0′

0

)′
− m2α2h0

0

}
. (1.19)

’¥¶¥·Ó μ¡Ñ¥¤¨´¨³ (1.13) ¨ ¤¨¢¥·£¥´Í¨Õ (1.14):

Δ
(
h0

0 + h
)

= 2hβ
α,αβ +

(
α2(h0

0 − h)′
)′

α2
. (1.20)

„ ²¥¥ ¢¶²μÉÓ ¤μ · §¤. 5 Î ¸É¨ II (¶·¨²μ¦¥´¨Ö) ³Ò ¡Ê¤¥³ ¶·μ¨§¢μ¤¨ÉÓ ¢ÒÎ¨¸²¥´¨Ö,
¶·¥´¥¡·¥£ Ö ³ ¸¸μ° ¶μ±μÖ £· ¢¨Éμ´ .

2. �””…Š’ˆ‚�›… Š�‹ˆ	��‚�—�›… ��…�	��‡�‚��ˆŸ

�¥ ¢¸¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (1.10)Ä(1.14) ¡Ê¤ÊÉ ¨³¥ÉÓ Ë¨§¨Î¥¸±¨° ¸³Ò¸². ‚ ¤¥°¸É¢¨-
É¥²Ó´μ¸É¨, ¢ ¸¨²Ê ³ ²μ° ¢¥²¨Î¨´Ò ³ ¸¸Ò £· ¢¨Éμ´  ¢ · ¸¸³ É·¨¢ ¥³μ³ ²¨´¥°´μ³ ¶·¨-
¡²¨¦¥´¨¨ ´  ´¥±μÉμ·ÒÌ ÔÉ ¶ Ì Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ° Î²¥´ ³¨ ¸ ³ ¸¸μ° £· ¢¨Éμ´  ¢ Ê· ¢-
´¥´¨ÖÌ �’ƒ ³μ¦´μ ¡Ê¤¥É ¶·¥´¥¡·¥ÎÓ. ‚ ÔÉμ³ ¸²ÊÎ ¥ μ´¨ ÔËË¥±É¨¢´μ ¸¢μ¤ÖÉ¸Ö ± Ê· ¢-
´¥´¨Ö³ ¶μ²Ö ¡¥§³ ¸¸μ¢μ° �’ƒ, ¸μ¤¥·¦ Ð¥°, ± ± ¨§¢¥¸É´μ [2], ± ²¨¡·μ¢μÎ´Ò° ¶·μ¨§¢μ².
� ¨³¥´´μ: ¤²Ö ²Õ¡μ£μ ¨´Ë¨´¨É¥§¨³ ²Ó´μ£μ ¢¥±Éμ·  ξk, Ê¤μ¢²¥É¢μ·ÖÕÐ¥£μ Ê· ¢´¥´¨Õ

gijDiDjξ
k = 0, (2.1)

·¥Ï¥´¨¥³ É ±¦¥ ¡Ê¤ÊÉ Ö¢²ÖÉÓ¸Ö ¤·Ê£¨¥ ËÊ´±Í¨¨, ¸¢Ö§ ´´Ò¥ ¸ ¨¸Ìμ¤´Ò³¨ ¶μ·μ¦¤ ¥³Ò³¨
¢¥±Éμ·μ³ ξk ± ²¨¡·μ¢μÎ´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨ [2].

�μ¤³´μ¦¥¸É¢μ³ ÔÉ¨Ì ¶·¥μ¡· §μ¢ ´¨° ¡Ê¤ÊÉ ¶·¥μ¡· §μ¢ ´¨Ö £·Ê¶¶Ò �Ê ´± ·¥, Ö¢²Ö-
ÕÐ¨¥¸Ö ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨Ö Š¨²²¨´£ 

Diξj + Djξi = 0.

�¤´ ±μ μ´¨ ´¥ ¤ ÕÉ ¢μ²´μ¢ÒÌ ·¥Ï¥´¨°,   ²¨ÏÓ ¶μ¸ÉμÖ´´Ò¥ ¨²¨ ²¨´¥°´μ · ¸ÉÊÐ¨¥ ¸
±μμ·¤¨´ É ³¨. �¥·¢Ò¥ μ¡¸Ê¦¤¥´Ò ¢ Î ¸É¨ I [1],   ¢Éμ·Ò¥ ´¥¢μ§³μ¦´μ ¸¤¥² ÉÓ ³ ²Ò³¨
μ¤´μ¢·¥³¥´´μ ¢μ ¢¸¥Ì ÉμÎ± Ì É·¥Ì³¥·´μ£μ ¶·μ¸É· ´¸É¢ , É ± ± ± μ´¨ ¸É·¥³ÖÉ¸Ö ± ¡¥¸±μ-
´¥Î´μ¸É¨ ¶·¨ r → ∞.

‚ ±μμ·¤¨´ É Ì {η, x, y, z} (1.1) ¶·¨³¥É ¢¨¤[
α2

(
ξ0

α2

)′]′

α2
− Δ

(
ξ0

α2

)
=

(
ξ0

α2

)′′
+ 2

α′

α

(
ξ0

α2

)′
− Δ

(
ξ0

α2

)
= 0,

(2.2)[
α2ξα′

]′
α2

− Δξα = ξα′′
+ 2

α′

α
ξα′

− Δξα = 0.
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„²Ö · ¸¸³ É·¨¢ ¥³μ£μ ¸²ÊÎ Ö ÔÉ¨ Ê· ¢´¥´¨Ö ¶·¨´¨³ ÕÉ ¢¨¤[
ηβ+1

(
ξ0

ηβ+1

)′]′

ηβ+1
+ n2

(
ξ0

ηβ+1

)
=

(
ξ0

ηβ+1

)′′
+

β + 1
η

(
ξ0

ηβ+1

)′
+ n2

(
ξ0

ηβ+1

)
= 0,

(2.3)[
ηβ+1ξα′

]′
ηβ+1

+ n2ξα = ξα′′
+

β + 1
η

ξα′
+ n2ξα = 0.

‚μ§³ÊÐ¥´¨Ö ³¥É·¨±¨ ¨ Ì · ±É¥·¨¸É¨± ¢¥Ð¥¸É¢ , ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¤ ´´Ò³ ¶·¥μ¡· -
§μ¢ ´¨Ö³:

h0
0 =

2
α

(
αξ0

)′
, h0

α = ξ0
,α − ξα′

, hβ
α = ξα

,β + ξβ
,α + 2

α′

α
δβ
αξ0,

(2.4)

h = 2ξα
,α + 6

α′

α
ξ0,

u1
α

α
= ξ0

,α,
ε1

ε
= −3ν

α′

α
ξ0.

„²Ö ¤ ²Ó´¥°Ï¥£μ · ¸¸³μÉ·¥´¨Ö ¶·μ¨§¢¥¤¥³ ¶·¥μ¡· §μ¢ ´¨¥ ”Ê·Ó¥ ¶μ ¶²μ¸±¨³ ¢μ²-
´ ³ einr, £¤¥ nα Å ¢μ²´μ¢μ° ¢¥±Éμ·; ¢ Ê· ¢´¥´¨ÖÌ ¶·μ¨§μ°¤¥É § ³¥´  ∂α → inα. ˆ³¥ÕÉ¸Ö
É·¨ É¨¶  ¢μ§³ÊÐ¥´¨°, ´¥§ ¢¨¸¨³ÒÌ ¤·Ê£ μÉ ¤·Ê£ : ¸± ²Ö·´Ò¥ ¢μ§³ÊÐ¥´¨Ö £· ¢¨É Í¨μ´-
´μ£μ ¶μ²Ö, ¶²μÉ´μ¸É¨ ¢¥Ð¥¸É¢  ¨ ¤¨¢¥·£¥´Í¨¨ ¸±μ·μ¸É¨ ¢¥Ð¥¸É¢ ; ¢¥±Éμ·´Ò¥ ¢μ§³ÊÐ¥´¨Ö
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨ ¢¨Ì·¥¢μ° ±μ³¶μ´¥´ÉÒ ¸±μ·μ¸É¨; Î¨¸Éμ £· ¢¨É Í¨μ´´Ò¥ É¥´§μ·-
´Ò¥ ¢μ§³ÊÐ¥´¨Ö. � ¸¸³μÉ·¨³ ¢¸¥ ÔÉ¨ É·¨ É¨¶  ¢μ§³ÊÐ¥´¨° ¶μ μÉ¤¥²Ó´μ¸É¨.

3. ‚�‡Œ“™…�ˆŸ ‘ ˆ‡Œ…�…�ˆ…Œ �‹�’��‘’ˆ Œ�’…�ˆˆ
(‘Š�‹Ÿ��›… ‚�‡Œ“™…�ˆŸ)

‘ ¶μ³μÐÓÕ ¸± ²Ö·´μ° ËÊ´±Í¨¨ Q = einr ³μ¦´μ ¸μ¸É ¢¨ÉÓ É¥´§μ·Ò ¨ ¢¥±Éμ·

Qβ
α =

1
3
δβ
αQ,

P β
α =

(
1
3
δβ
α − nαnβ

n2

)
Q, (3.1)

Pα =
nα

n
Q.

‚ ¤ ´´μ³ ¸²ÊÎ ¥ ¨´Ë¨´¨É¥§¨³ ²Ó´Ò° ± ²¨¡·μ¢μÎ´Ò° ¢¥±Éμ· ξk ¨³¥¥É ¨ ¢·¥³¥´-
´ÊÕ ξ0, ¨ ¶·μ¸É· ´¸É¢¥´´ÊÕ ξα Î ¸É¨. � §²μ¦¨³ ¢¸¥ ¢¥±Éμ·´Ò¥ ¨ É¥´§μ·´Ò¥ ¢¥²¨Î¨´Ò
¶μ ¶μ²Ö·¨§ Í¨Ö³:

ξ0 = Ω(η)Q, ξα = −ia(η)Pα, h0
0 = ω(η)Q, h0

α = −iρ(η)Pα,
(3.2)

hβ
α = μ(η)Qβ

α + λ(η)P β
α , h = μ(η)Q,

u1
α

α
= iv(η)Pα,

ε1

ε
= δ(η)Q.
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ˆ§ (2.4) ¢ÒÉ¥± ÕÉ ¸²¥¤ÊÕÐ¨¥ Ëμ·³Ê²Ò ¤²Ö ¢μ§³ÊÐ¥´¨° ³¥É·¨±¨ ¨ Ì · ±É¥·¨¸É¨± ¢¥Ð¥-
¸É¢ , ¶μ·μ¦¤ ¥³ÒÌ ± ²¨¡·μ¢μÎ´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨,

ω =
2
α

(αΩ)′ , ρ = −nΩ − a′, λ = −2na, μ = 6
α′

α
Ω + 2na, μ̃ ≡ μ + λ = 6

α′

α
Ω,

(3.3)
v = nΩ, δ = −3(w + 1)

α′

α
Ω.

“· ¢´¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö λ ¢Ò¢μ¤¨É¸Ö ¨§ (1.11) ¶·¨ α �= β

λ′′ +
β + 1

η
λ′ + n2λ = 0. (3.4)

‘¨¸É¥³  Ê· ¢´¥´¨° ¤²Ö ´ Ìμ¦¤¥´¨Ö μ̃ ¨ ω (¶¥·¢μ¥ ¶μ²ÊÎ ¥É¸Ö ¨§ (1.19), ¢Éμ·μ¥ Å
¨§ (1.20)):

μ̃′′ +
β + 1

η
μ̃′ + n2μ̃ = −β

[
ω′′ − β + 1

η
ω′ + n2ω

]
,

(3.5)

μ̃′′ +
β + 1

η
μ̃′ − n2

3
μ̃ = ω′′ +

β + 1
η

ω′ + n2ω.

ˆ§ ´¨Ì ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨Ö Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  ´  μ̃ ¨²¨ ω:

μ̃IV +
4
η
μ̃′′′ +

1 − β2

η2
μ̃′′ +

β2 − 1
η3

μ̃′ + n2 2
3(β + 1)

{
(β + 3)μ̃′′

+
2(β2 + 2β + 3)

η
μ̃

′
}

+ n4 3 − β

3(β + 1)
μ̃ = 0,

(3.6)

ωIV +
2
η
ω′′′ − (β − 1)2

η2
ω′′ +

(β − 1)2

η3
ω′ + n2 2

3

{
β + 3
β + 1

ω′′+

+
2β + 3

η
ω′

}
+ n4 3 − β

3(β + 1)
ω = 0.

δ Ê¤μ¡´¥¥ ¢¸¥£μ ¶μ²ÊÎ¨ÉÓ ¨§ (1.15).

4. ‚��™�’…‹œ�›… ‚�‡Œ“™…�ˆŸ (‚…Š’���›… ‚�‡Œ“™…�ˆŸ)

‘ ¶μ³μÐÓÕ ¶μ¶¥·¥Î´μ° ¢¥±Éμ·´μ° ¢μ²´Ò Sα = sα einr , sαnα = 0 ³μ¦´μ ¸μ¸É ¢¨ÉÓ
É¥´§μ·

Sβ
α = Sα

nβ

n
+

nα

n
Sβ . (4.1)

‚ ¤ ´´μ³ ¸²ÊÎ ¥ ¨´Ë¨´¨É¥§¨³ ²Ó´Ò° ± ²¨¡·μ¢μÎ´Ò° ¢¥±Éμ· ξk ¨³¥¥É Éμ²Ó±μ ¶·μ-
¸É· ´¸É¢¥´´ÊÕ Î ¸ÉÓ ξα, É ± ± ± μÉ¸ÊÉ¸É¢ÊÕÉ ± ±¨¥ ¡Ò Éμ ´¨ ¡Ò²μ ¸± ²Ö·Ò. � §²μ¦¨³
´¥´Ê²¥¢Ò¥ ¢¥±Éμ·´Ò¥ ¨ É¥´§μ·´Ò¥ ¢¥²¨Î¨´Ò ¶μ ¶μ²Ö·¨§ Í¨Ö³:

ξα = −iA(η)Sα, h0
α = −iP (η)Sα, hβ

α = σ(η)Sβ
α ,

u1
α

α
= iV (η)Sα. (4.2)



484 Œμ¤¥¸Éμ¢ Š. �., —Ê£·¥¥¢ �. ‚.

ˆ§ (2.4) ¢ÒÉ¥± ÕÉ ¸²¥¤ÊÕÐ¨¥ Ëμ·³Ê²Ò ¤²Ö ¢μ§³ÊÐ¥´¨° ³¥É·¨±¨ ¨ Ì · ±É¥·¨¸É¨± ¢¥Ð¥-
¸É¢ , ¶μ·μ¦¤ ¥³ÒÌ ± ²¨¡·μ¢μÎ´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨

P = −A′, σ = nA, V = 0. (4.3)

“· ¢´¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö σ ¸²¥¤Ê¥É ¨§ (1.11)

σ′′ +
β + 1

η
σ′ + n2σ = 0. (4.4)

ˆ§ (1.15) ¶μ²ÊÎ ¥³ ¤²Ö ¸³¥Ï ´´ÒÌ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ ±μ³¶μ´¥´É ³¥É·¨±¨[
ηβ+1P

]′
= nηβ+1σ. (4.5)

„²Ö ¸±μ·μ¸É¨, ÊÎ¨ÉÒ¢ Ö ¢ (1.12) ¶·μ¨§¢μ¤´ÊÕ μÉ (1.14), ¨³¥¥³

V =
(σ′ + nP )n
2κα2(ε + p)

. (4.6)

5. ƒ��‚ˆ’�–ˆ���›… ‚�‹�› (’…�‡���›… ‚�‡Œ“™…�ˆŸ)

�μ¶¥·¥Î´ Ö É¥´§μ·´ Ö ¢μ²´ :

Gβ
α = gβ

α einr, gβ
αnβ = 0. (5.1)

‚ ¤ ´´μ³ ¸²ÊÎ ¥ ¨´Ë¨´¨É¥§¨³ ²Ó´Ò° ± ²¨¡·μ¢μÎ´Ò° ¢¥±Éμ· ξk ´¥ ¨³¥¥É ´¨ ¢·¥³¥´-
´μ°, ´¨ ¶·μ¸É· ´¸É¢¥´´μ° Î ¸É¨, É ± ± ± μÉ¸ÊÉ¸É¢ÊÕÉ ± ±¨¥ ¡Ò Éμ ´¨ ¡Ò²μ ¸± ²Ö·Ò ¨
¢¥±Éμ·Ò. � §²μ¦¨³ ´¥´Ê²¥¢Ò¥ ±μ³¶μ´¥´ÉÒ ³¥É·¨±¨ ¶μ ¶μ²Ö·¨§ Í¨Ö³:

hβ
α = ν(η)Gβ

α. (5.2)

“· ¢´¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö ν(η) ¢ÒÉ¥± ¥É ¨§ (1.11)

υ′′ +
β + 1

η
υ′ + n2υ = 0. (5.3)

�Éμ Ê· ¢´¥´¨¥ ³Ò Ê¦¥ ¢¸É·¥Î ²¨ ¢ ¶·¥¤Ò¤ÊÐ¨Ì ¤¢ÊÌ · §¤¥² Ì. �´μ ¶μ²´μ¸ÉÓÕ ¸μ-
¢¶ ¤ ¥É ¸ Ê· ¢´¥´¨¥³ ¤²Ö É¥´§μ·´ÒÌ ¢μ§³ÊÐ¥´¨° ¢ �’�.

’ ±¨³ μ¡· §μ³, ¢ ¨Éμ£¥ ¢¸¥ ¢¥±Éμ·´Ò¥ ¨ É¥´§μ·´Ò¥ ¢¥²¨Î¨´Ò ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨¥ · §-
²μ¦¥´¨Ö ¶μ ¶μ²Ö·¨§ Í¨Ö³:

ξ0 = Ω(η)Q, ξα = −i (a(η)Pα + A(η)Sα) ,

h0
0 = ω(η)Q, h0

α = −i (ρ(η)Pα + P (η)Sα) ,

hβ
α = μ(η)Qβ

α + λ(η)P β
α + σ(η)Sβ

α + υ(η)Gβ
α, h = μ(η)Q,

u1
α

α
= i (v(η)Pα + V (η)Sα) ,

ε1

ε
= δ(η)Q.



‹¨´¥°´Ò¥ ¢μ§³ÊÐ¥´¨Ö ´  ±μ¸³μ²μ£¨Î¥¸±μ³ Ëμ´¥ ¢ �’ƒ. I. ’¥μ·¨Ö 485

‚ Î ¸É¨ II (¶·¨²μ¦¥´¨¨) ³Ò ¡Ê¤¥³ ¨¸± ÉÓ ·¥Ï¥´¨¥ ¶μ²ÊÎ¥´´ÒÌ μ¡Ð¨Ì Ê· ¢´¥´¨°
´  ´¥¸±μ²Ó±¨Ì Ì · ±É¥·´ÒÌ ÔÉ ¶ Ì, ¸μ¸É ¢²ÖÕÐ¨Ì Ô¢μ²ÕÍ¨Õ ‚¸¥²¥´´μ° ¢ �’ƒ ¸ ´¥´Ê-
²¥¢μ° ³ ¸¸μ° £· ¢¨Éμ´ : ´  ¶¥·¢μ³ ¶μ²Ê¶¥·¨μ¤¥ · §μ¡Ó¥³ ¥¥ ´  ¶ÖÉÓ ÔÉ ¶μ¢: ´¨¦´¨°
(α ∼ const + η2), · ¤¨ Í¨μ´´μ-¤μ³¨´¨·μ¢ ´´Ò° (α ∼ η), ¶Ò²¥¢μ° (α ∼ η2), ¤μ³¨´¨-

·μ¢ ´¨Ö ±¢¨´ÉÔ¸¸¥´Í¨¨ (α ∼ η
β+1
2 ) ¨ ¢¥·Ì´¨° (α ∼ const − η2). �¥Ï¥´¨Ö Ê· ¢´¥´¨°

¤²Ö ¢μ§³ÊÐ¥´¨° ´  ¢Éμ·μ³ ¶μ²Ê¶¥·¨μ¤¥ ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¨§ ·¥Ï¥´¨° ´  ¶¥·¢μ³
¶μ²Ê¶¥·¨μ¤¥. �É¨ Ê· ¢´¥´¨Ö ¸¨³³¥É·¨Î´Ò μÉ´μ¸¨É¥²Ó´μ § ³¥´Ò η → −η (¸ ÊÎ¥Éμ³ Éμ£μ,
ÎÉμ α(η) = α(−η)), ¶μÔÉμ³Ê ·¥Ï¥´¨Ö ¶·¨ −∞ < η < 0 ¶μ²ÊÎ ÕÉ¸Ö ¨§ ·¥Ï¥´¨° ¶·¨
0 < η < ∞ É ±μ° ¦¥ § ³¥´μ° ¶¥·¥³¥´´μ° η. � §¢¨É¨¥ ¢μ§³ÊÐ¥´¨° ´  ¢Éμ·μ³ ¶μ²Ê¶¥·¨-
μ¤¥ μ¶¨¸Ò¢ ¥É¸Ö ÔÉ¨³¨ ¶μ²ÊÎ¥´´Ò³¨ ·¥Ï¥´¨Ö³¨ ¶·¨ η → 0 (η = 0 ¸μμÉ¢¥É¸É¢Ê¥É αmin).
�  ± ¦¤μ³ ÔÉ ¶¥ ¡Ê¤ÊÉ ´ °¤¥´Ò ± ²¨¡·μ¢μÎ´Ò¥ ¢¥±Éμ·Ò ¨ ¡Ê¤¥É ¶μ± § ´μ, ± ±¨¥ ¨³¥´´μ
¨§ ¶μ²ÊÎ¥´´ÒÌ μ¡Ð¨Ì ·¥Ï¥´¨° ´¥ ¨³¥ÕÉ Ë¨§¨Î¥¸±μ£μ ¸³Ò¸²  ¨ ³μ£ÊÉ ¡ÒÉÓ Ê¸É· ´¥´Ò
¶μ¤Ìμ¤ÖÐ¨³ ± ²¨¡·μ¢μÎ´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³.

�¢Éμ·Ò ¢Ò· ¦ ÕÉ £²Ê¡μ±ÊÕ ¡² £μ¤ ·´μ¸ÉÓ �.�. ‹μ£Ê´μ¢Ê ¨ Œ. �.Œ¥¸É¢¨·¨Ï¢¨²¨ § 
¶μ¸ÉμÖ´´Ò° ¨´É¥·¥¸ ± · ¡μÉ¥ ¨ ³´μ£μÎ¨¸²¥´´Ò¥ μ¡¸Ê¦¤¥´¨Ö.
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