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‚ �’ƒ ¢ÒÎ¨¸²¥´ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¤²Ö ³¥É·¨±¨ �¥°¸¸´¥· Ä�μ·¤¸É·¥³ . � °¤¥´  ¢´¥Ï-
´ÖÖ £· ¢¨É Í¨μ´´ Ö Ô´¥·£¨Ö ±μ²² ¶¸¨·ÊÕÐ¥£μ É¥² . �  μ¸´μ¢ ´¨¨  ´ ²¨§  ¥¥ ¶μ¢¥¤¥´¨Ö ¢¡²¨§¨
£· ¢¨É Í¨μ´´μ£μ · ¤¨Ê¸  ¸¤¥² ´ ¢Ò¢μ¤ μ ´¥¢μ§³μ¦´μ¸É¨ £· ¢¨É Í¨μ´´μ£μ ±μ²² ¶¸ .

In RTG the energy-momentum tensor of the ReissnerÄNordstréom metric has been calculated. The
external gravitational energy of collapsing body has been obtained. The conclusion on impossibility of
gravitational collapse has been deduced from the analysis of its behaviour near gravitational radius.

PACS: 04.20.Cv

‚ · ¡μÉ¥ [1] · ¸¸³ É·¨¢ ² ¸Ó ¸É·Ê±ÉÊ·  ¨´É¥£· ² , μ¶·¥¤¥²ÖÕÐ¥£μ £· ¢¨É Í¨μ´´ÊÕ
³ ¸¸Ê ¸É É¨Î¥¸±μ£μ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ É¥²  ¢ ·¥²ÖÉ¨¢¨¸É¸±μ° É¥μ·¨¨ £· ¢¨É Í¨¨
(�’ƒ). 	Ò²μ ¶μ± § ´μ, ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¨´É¥£· ² ¶μ ¢´¥Ï´¥° ¢ ±ÊÊ³´μ° μ¡² ¸É¨
· ¸Ìμ¤¨É¸Ö ¶·¨ ¸É·¥³²¥´¨¨ · ¤¨Ê¸  É¥²  ± · ¤¨Ê¸Ê ˜¢ ·ÍÏ¨²Ó¤ . ‘¨´£Ê²Ö·´μ¸ÉÓ É ±μ£μ
É¨¶  ¸¢¨¤¥É¥²Ó¸É¢Ê¥É μ ´¥¢μ§³μ¦´μ¸É¨ £· ¢¨É Í¨μ´´μ£μ ±μ²² ¶¸  §  £μ·¨§μ´É ¸μ¡ÒÉ¨°.
�´ ²μ£¨Î´Ò° ¢Ò¢μ¤ ¡Ò² ¸¤¥² ´ ¢ ´ Ï¥° · ¡μÉ¥ [2] ¶·¨ ´ ²¨Î¨¨ Ê É¥²  ³μ³¥´É  ±μ²¨Î¥-
¸É¢  ¢· Ð¥´¨Ö.

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ³Ò μ¡μ¡Ð¨³ ¶μ²ÊÎ¥´´Ò¥ ¢ [1, 2] ·¥§Ê²ÓÉ ÉÒ ´  ¸²ÊÎ ° ¸É -
É¨Î¥¸±μ£μ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ § ·Ö¦¥´´μ£μ É¥²  ¢ �’ƒ ¸ ³ ¸¸μ° ¶μ±μÖ £· ¢¨-
Éμ´ , · ¢´μ° ´Ê²Õ. ‚ �’� É ±μ¥ ·¥Ï¥´¨¥ μ¶¨¸Ò¢ ¥É¸Ö ³¥É·¨±μ° �¥°¸¸´¥· Ä�μ·¤¸É·¥³ 
¢ Ï¢ ·ÍÏ¨²Ó¤μ¢ÒÌ ±μμ·¤¨´ É Ì:

ds2 =
r2 − 2mr + q2

r2
dT 2 − r2

r2 − 2mr + q2
dr2 − r2(dϑ2 + sin2 ϑ dF 2). (1)

Œ¥É·¨±  �¥°¸¸´¥· Ä�μ·¤¸É·¥³  § ¢¨¸¨É μÉ ¤¢ÊÌ ¶μ¸ÉμÖ´´ÒÌ ¶ · ³¥É·μ¢, m ¨ q,
¸³Ò¸² ±μÉμ·ÒÌ Ö¸¥´ ¨§ ¶·¥¤¥²Ó´μ£μ ¢¨¤  ³¥É·¨±¨ ¨ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ´  ¡μ²Ó-
Ï¨Ì · ¸¸ÉμÖ´¨ÖÌ r. �´ ²¨§ ÔÉμ£μ ¶μ¢¥¤¥´¨Ö ¶μ± §Ò¢ ¥É, ÎÉμ m ¥¸ÉÓ ³ ¸¸  ¨¸ÉμÎ´¨± ,
  q Å ¥£μ § ·Ö¤. ŒÒ · ¸¸³ É·¨¢ ¥³ ¸²ÊÎ ° q2 < m2.

‚ ±μ´Í¥ ´ ¸ÉμÖÐ¥° · ¡μÉÒ ¶μ²´ Ö Ô´¥·£¨Ö ¨¸ÉμÎ´¨±  ¡Ê¤¥É ¢ÒÎ¨¸²¥´  ÉμÎ´μ.

1E-mail: modestov@goa.bog.msu.ru
2E-mail: chugreev@goa.bog.msu.ru
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’ ± ± ± r2 − 2mr + q2 = (r − rg)(r − m +
√

m2 − q2), £¤¥ rg ≡
√

m2 − q2 + m,
Éμ ²¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ³¥É·¨±  (1) ¸É ´μ¢¨É¸Ö ¸¨´£Ê²Ö·´μ° ´  ¶μ¢¥·Ì´μ¸É¨ r = rg , ±μÉμ· Ö
Ö¢²Ö¥É¸Ö £μ·¨§μ´Éμ³ ¸μ¡ÒÉ¨°.

‘¨¸É¥³  Ê· ¢´¥´¨° �’ƒ [3] ¢±²ÕÎ ¥É ¢ ¸¥¡Ö, ¶μ³¨³μ μ¡ÒÎ´μ£μ Ê· ¢´¥´¨Ö ƒ¨²Ó¡¥·É Ä
�°´ÏÉ¥°´  μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨, ¤μ¶μ²´¨É¥²Ó´μ¥ Ê· ¢´¥´¨¥ ¶¥·¢μ£μ ¶μ·Ö¤± ,
¸μ¤¥·¦ Ð¥¥ ±μ¢ ·¨ ´É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ¶μ ³¥É·¨±¥ Ëμ´μ¢μ£μ ¶·μ¸É· ´¸É¢  Œ¨´±μ¢-
¸±μ£μ ¨ Ö¢²ÖÕÐ¥¥¸Ö μ¡Ð¥±μ¢ ·¨ ´É´Ò³ μ¡μ¡Ð¥´¨¥³ ±μμ·¤¨´ É´μ£μ Ê¸²μ¢¨Ö £ ·³μ´¨Î-
´μ¸É¨ ”μ± . �μÔÉμ³Ê ´¥μ¡Ìμ¤¨³μ ¢ÒÖ¢¨ÉÓ ¸¢Ö§Ó Ï¢ ·ÍÏ¨²Ó¤μ¢ÒÌ ±μμ·¤¨´ É ¸ ±μμ·¤¨´ -
É ³¨, ¢ ±μÉμ·ÒÌ ·¥Ï¥´¨¥ (1) Ê¤μ¢²¥É¢μ·Ö¥É ÔÉμ³Ê ¢Éμ·μ³Ê Ê· ¢´¥´¨Õ ¢ § · ´¥¥ § ¤ ´´μ°
³¥É·¨±¥ Ëμ´μ¢μ£μ ¶·μ¸É· ´¸É¢  γμν . 	² £μ¤ ·Ö ÔÉμ³Ê �’ƒ ¶μ§¢μ²Ö¥É μ¤´μ§´ Î´μ Ê¸É -
´μ¢¨ÉÓ μ¡² ¸ÉÓ ¨§³¥´¥´¨Ö ±μμ·¤¨´ É ÔËË¥±É¨¢´μ£μ ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢  ± ± μ¡² ¸ÉÓ
¢§ ¨³´μ-μ¤´μ§´ Î´μ£μ ¸μμÉ¢¥É¸É¢¨Ö ÔÉ¨Ì ±μμ·¤¨´ É ±μμ·¤¨´ É ³ ¶·μ¸É· ´¸É¢  Œ¨´±μ¢-
¸±μ£μ ¸ Ö±μ¡¨ ´μ³, μÉ²¨Î´Ò³ μÉ ´Ê²Ö.

‚ �’ƒ ·¥Ï¥´¨¥ �¥°¸¸´¥· Ä�μ·¤¸É·¥³  ¢¶¥·¢Ò¥ ¡Ò²μ ¶μ²ÊÎ¥´μ 
.�.‚Ò¡²Ò³ [4].
‚ · ¡μÉ Ì [5, 6] ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ¥¤¨´¸É¢¥´´μ¥ ¢ ±ÊÊ³´μ¥ ·¥Ï¥´¨¥,
¢§ ¨³´μ-μ¤´μ§´ Î´μ μÉμ¡· ¦ ÕÐ¥¥ (¸ Ö±μ¡¨ ´μ³, μÉ²¨Î´Ò³ μÉ ´Ê²Ö) μ¡² ¸ÉÓ ¢´¥ £μ·¨-
§μ´É  ¸μ¡ÒÉ¨° ¢· Ð ÕÐ¥£μ¸Ö § ·Ö¦¥´´μ£μ ¨¸ÉμÎ´¨±  ¸μ ¸Ë¥·¨Î¥¸±¨³¨ ±μμ·¤¨´ É ³¨
¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ {t, R, θ, ϕ}.

‚ ´ Ï¥³ ¸²ÊÎ ¥ ¢§ ¨³´μ-μ¤´μ§´ Î´ Ö ¸¢Ö§Ó ÔÉ¨Ì ±μμ·¤¨´ É ¸μ Ï¢ ·ÍÏ¨²Ó¤μ¢¸±¨³¨
±μμ·¤¨´ É ³¨ § ¤ ¥É¸Ö ¸μμÉ´μÏ¥´¨Ö³¨

t = T, R = r − m, θ = ϑ, ϕ = F.

Œ¥É·¨±  �¥°¸¸´¥· Ä�μ·¤¸É·¥³  ¢ ÔÉ¨Ì ±μμ·¤¨´ É Ì ¶·¨³¥É ¢¨¤

ds2 =
R2 − m2 + q2

(R + m)2
dt2 − (R + m)2

R2 − m2 + q2
dR2 − (R + m)2(dθ2 + sin2 θ dϕ2) =

=
R2 − R2

g

(R + m)2
dt2 − (R + m)2

R2 − R2
g

dR2 − (R + m)2(dθ2 + sin2 θ dϕ2), (2)

£¤¥ Rg ≡ rg − m =
√

m2 − q2.
‚ · ¡μÉ¥ [7] ¡Ò²μ ¶μ± § ´μ, ÎÉμ ÔÉμ ·¥Ï¥´¨¥ Ê¤μ¢²¥É¢μ·Ö¥É ¶·¨´Í¨¶Ê ¶·¨Î¨´-

´μ¸É¨ [8] ¢μ ¢¸¥° μ¡² ¸É¨ R > Rg .
’¥´§μ· Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¢ ¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì ¨³¥¥É ¢¨¤

F ≡ Fik dxi ∧ dxk = −2q

r2
dR ∧ dt. (3)

Šμμ·¤¨´ É´Ò¥ ®¢¥±Éμ·Ò¯ Ô²¥±É·¨Î¥¸±μ£μ ¨ ³ £´¨É´μ£μ ¶μ²¥° ¢ÒÎ¨¸²ÖÕÉ¸Ö ¸É ´¤ ·É´μ:

ER =
q

r2
, Eθ = 0, Eϕ = 0, Bα = 0. (4)

’¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö:

T k
emi

≡ 1
4π

(
−FinF kn +

1
4
FmnFmnδk

i

)
=

1
8π

q2

r4

⎛⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

⎞⎟⎟⎠ . (5)
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� ¸¸Î¨É ¥³ É¥¶¥·Ó ¤²Ö ·¥Ï¥´¨Ö �¥°¸¸´¥· Ä�μ·¤¸É·¥³  (2) ¨´É¥£· ², μ¶·¥¤¥²ÖÕÐ¨°
£· ¢¨É Í¨μ´´ÊÕ ³ ¸¸Ê ¨¸ÉμÎ´¨± . „²Ö ÔÉμ£μ ¢Ò¶¨Ï¥³ Ê· ¢´¥´¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö
�’ƒ ¢ ¶·¨¡²¨¦¥´¨¨ ´Ê²¥¢μ° ³ ¸¸Ò £· ¢¨Éμ´  ¢ ¶·¨¢ÒÎ´μ³ ¢¨¤¥ [3]

DαDβ(ĝελĝαβ − ĝεαĝλβ) = 16π(T̂ ελ + t̂ελ
g ), Dβ ĝαβ = 0, (6)

£¤¥ Dα Å ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¶μ ³¥É·¨±¥ Œ¨´±μ¢¸±μ£μ γμν , ĝμν ≡
√

g/γgμν ,

T̂ μν ≡ (g/γ)T μν ,   É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö t̂μν
g · ¢¥´

16πt̂ελ
g =

1
2

(
gεαgλβ − 1

2
gελgαβ

) (
gνσgτμ − 1

2
gτσgνμ

)
DαĝτσDβ ĝμν +

+ gαβgτσDαĝετDβ ĝλσ +
1
2
gελgτσDαĝσβDβ ĝατ −

− gεβgτσDαĝλσDβ ĝατ − gλαgτσDαĝβσDβ ĝετ . (7)

‘· ¢´¨¢ Ö ÔÉÊ Ëμ·³Ê²Ê ¸ ¢Ò· ¦¥´¨¥³ ¤²Ö ¶¸¥¢¤μÉ¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ‹ ´¤ ÊÄ
‹¨ËÏ¨Í  [9], Ê¡¥¦¤ ¥³¸Ö, ÎÉμ μ´¨ μÉ²¨Î ÕÉ¸Ö Éμ²Ó±μ § ³¥´μ° ±μ¢ ·¨ ´É´ÒÌ ¶·μ¨§¢μ¤-
´ÒÌ ´  μ¡ÒÎ´Ò¥ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¢ £ ²¨²¥¥¢ÒÌ ±μμ·¤¨´ É Ì ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ
¸μ¢¶ ¤ ÕÉ.

ˆ§ (6) ²¥£±μ ¶μ²ÊÎ¨ÉÓ ¤¨ËË¥·¥´Í¨ ²Ó´Ò° § ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥-
¸É¢  ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, ¢³¥¸É¥ ¢§ÖÉÒÌ:

Dλ(T̂ ελ + t̂ελ
g ) = 0. (8)

‚ ¨¸±·¨¢²¥´´μ³ ¶·μ¸É· ´¸É¢¥ ¶μ¤μ¡´μ¥ ¸μμÉ´μÏ¥´¨¥ ¢μ¢¸¥ ´¥ μ§´ Î ²μ ¡Ò ´ ²¨Î¨Ö
± ±μ°-²¨¡μ ¸μÌ· ´ÖÕÐ¥°¸Ö ¢¥²¨Î¨´Ò ¢ ¸¨²Ê μÉ¸ÊÉ¸É¢¨Ö ¢¥±Éμ·μ¢ Š¨²²¨´£  ¨ £ ²¨²¥¥-
¢ÒÌ ±μμ·¤¨´ É. �¤´ ±μ ¶·μ¸É· ´¸É¢μ Œ¨´±μ¢¸±μ£μ Ö¢²Ö¥É¸Ö ¶²μ¸±¨³, ¨ ¶μÔÉμ³Ê μ´μ
¨³¥¥É ¶μ²´ÊÕ ¤¥¸ÖÉ¨¶ · ³¥É·¨Î¥¸±ÊÕ £·Ê¶¶Ê ¸¨³³¥É·¨° ¨ ¤μ¶Ê¸± ¥É ¢¢¥¤¥´¨¥ £ ²¨²¥¥-
¢ÒÌ ±μμ·¤¨´ É. ‚ ÔÉ¨Ì ±μμ·¤¨´ É Ì (8) ¶·¨³¥É ¢¨¤

∂λ(T̂ ελ + t̂ελ
g ) = 0, (9)

£¤¥ ∂λ ≡ ∂/∂xλ.
� §¡¨¢ Ö ¶μ²´ÊÕ 4-¤¨¢¥·£¥´Í¨Õ ´  ¶·μ¸É· ´¸É¢¥´´ÊÕ ¨ ¢·¥³¥´´ÊÕ Î ¸É¨, ¶μ²ÊÎ¨³

(T̂ ε0 + t̂ε0g ),0 = −(T̂ εk + t̂εk
g ),k.

’¥¶¥·Ó ¶·μ¨´É¥£·¨·Ê¥³ ¶μ É·¥Ì³¥·´μ³Ê μ¡Ñ¥³Ê

d

dt

∫
(T̂ ε0 + t̂ε0g ) dV = −

∫
(T̂ εk + t̂εk

g ),k dV.

�¡Ñ¥³´Ò° ¨´É¥£· ² ¢ ¶· ¢μ° Î ¸É¨ ¶μ É¥μ·¥³¥ �¸É·μ£· ¤¸±μ£μÄƒ Ê¸¸  ³μ¦´μ ¶·¥-
μ¡· §μ¢ ÉÓ ¢ ¶μ¢¥·Ì´μ¸É´Ò° ¶μ μ£· ´¨Î¨¢ ÕÐ¥° ÔÉμÉ μ¡Ñ¥³ ¶μ¢¥·Ì´μ¸É¨

d

dt

∫
(T̂ ε0 + t̂ε0g ) dV = −

∫
(T̂ εk + t̂εk

g ) dSk.
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‚¢¥¤¥³ 4-¢¥±Éμ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¨¸É¥³Ò ®¢¥Ð¥¸É¢μ + £· ¢¨É Í¨μ´´μ¥ ¶μ²¥¯

P ε =
∫

(T̂ ε0 + t̂ε0g ) dV. (10)

’μ£¤ 
d

dt
P ε = −

∫
(T̂ εk + t̂εk

g ) dSk = −
∫

(T̂ εR + t̂εR
g ) dSR.

�Î¥¢¨¤´μ, ÎÉμ ¶· ¢ Ö Î ¸ÉÓ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶μÉμ± Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¨¸É¥³Ò Î¥-
·¥§ μ£· ´¨Î¨¢ ÕÐÊÕ μ¡Ñ¥³ ¶μ¢¥·Ì´μ¸ÉÓ. ‚Ò¡¥·¥³ ¢ ± Î¥¸É¢¥ É ±μ° ¶μ¢¥·Ì´μ¸É¨ ¡¥¸±μ-
´¥Î´μ Ê¤ ²¥´´ÊÕ ¶μ¢¥·Ì´μ¸ÉÓ R → ∞. ’ ± ± ± ¶²μÐ ¤Ó · ¸É¥É ± ± R2 ¶·¨ R → ∞, Éμ
¤²Ö Éμ£μ ÎÉμ¡Ò ¨´É¥£· ² ¸É·¥³¨²¸Ö ± ´Ê²Õ, ¶μ¤Ò´É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¤μ²¦´μ Ê¡Ò¢ ÉÓ
¡Ò¸É·¥¥, Î¥³ 1/R2. �¥¶μ¸·¥¤¸É¢¥´´μ¥ ¢ÒÎ¨¸²¥´¨¥ ¶μ± §Ò¢ ¥É, ÎÉμ ¤²Ö ε = t, θ, ϕ ¢¥²¨-
Î¨´  T̂ εR + t̂εR

g = 0,   ¢¥²¨Î¨´  T̂ εR + t̂εR
g Ê¡Ò¢ ¥É ± ± 1/R4. �μÔÉμ³Ê 4-¢¥±Éμ· ¶μ²´ÒÌ

Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¸¨¸É¥³Ò P ε ¸μÌ· ´Ö¥É¸Ö ¢μ ¢·¥³¥´¨.
‚ÒÎ¨¸²¨³ É¥¶¥·Ó ¶μ²´ÊÕ Ô´¥·£¨Õ ¸¨¸É¥³Ò P 0. ˆ´É¥£· ² (10) ³μ¦¥É ¡ÒÉÓ ¸¢¥¤¥´ ±

¶μ¢¥·Ì´μ¸É´μ³Ê ¨´É¥£· ²Ê. ‡ ¶¨¸ ¢ (6) ¢ ¢¨¤¥

Dαĥελα = 16π(T̂ ελ + t̂ελ
g ),

£¤¥

ĥαελ ≡ Dβ(ĝελĝαβ − ĝεαĝλβ), (11)

´ °¤¥³ Ô´¥·£¨Õ ¢´ÊÉ·¨ ¸Ë¥·Ò · ¤¨Ê¸  R, ¶·¨Î¥³ ¨´É¥£· ² ¢ ¸Ë¥·¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ
¢ÒÎ¨¸²Ö¥É¸Ö ÉμÎ´μ:

P 0(R) =
∮

ĥ00αdSα =
∮

ĥ00RdSR =

=

2π∫
0

π∫
0

ĥ00RR2 sin θ dθ dϕ =
r3(RR2

g + 2mR2 − mR2
g)

2R3(R2 − R2
g)

. (12)

�·¥¤¥² R → ∞ ¶·¨¢μ¤¨É ± ¨´É¥£· ²Ê ¤¢¨¦¥´¨Ö m Å £· ¢¨É Í¨μ´´μ° ³ ¸¸¥
¨¸ÉμÎ´¨± :

P 0(∞) = m.

� §μ¡Ó¥³ É¥¶¥·Ó μ¡² ¸ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö ¢ (10) ´  ¤¢¥: μ¡² ¸ÉÓ V0, £¤¥ ¶·¨¸ÊÉ¸É¢Ê¥É
μ¡ÒÎ´μ¥ ¢¥Ð¥¸É¢μ,   ´¥ Éμ²Ó±μ Ô²¥±É·μ³ £´¨É´μ¥ ¶μ²¥ (T μν �= T μν

em ), ¨ μ¡² ¸ÉÓ V1,
£¤¥ μ¡ÒÎ´μ¥ ¢¥Ð¥¸É¢μ μÉ¸ÊÉ¸É¢Ê¥É,   ¶·¨¸ÊÉ¸É¢Ê¥É Éμ²Ó±μ Ô²¥±É·μ³ £´¨É´μ¥ ¶μ²¥
(T μν = T μν

em ):

P 0 =
∫
V0

(T̂ 00 + t̂00g ) dV +
∫
V1

(t̂00g + T̂ 00
em) dV.

‚ ÔÉμ° ¸É·Ê±ÉÊ·¥ ¶¥·¢Ò° Î²¥´ ¸¶· ¢  μ¶·¥¤¥²Ö¥É Ô´¥·£¨Õ ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö ¢´ÊÉ·¨ É¥² , Éμ£¤  ± ± ¢Éμ·μ° § ¤ ¥É Ô´¥·£¨Õ ¢´¥Ï´¨Ì Ô²¥±É·μ³ £´¨É´μ£μ ¨ £· ¢¨-
É Í¨μ´´μ£μ ¶μ²¥°.
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�μ¸±μ²Ó±Ê, ¢μ-¶¥·¢ÒÌ, ¶·μ ¨¸ÉμÎ´¨± T μν ´ ³ ¨§¢¥¸É´μ Éμ²Ó±μ Éμ, ÎÉμ μ´ μ¡² ¤ ¥É
¸Ë¥·¨Î¥¸±μ° ¸¨³³¥É·¨¥°, ¨, ¢μ-¢Éμ·ÒÌ, ÎÉμ ³¥É·¨±  �¥°¸¸´¥· Ä�μ·¤¸É·¥³  (2) ¸¶· -
¢¥¤²¨¢  Éμ²Ó±μ ¢´¥ ¢¥Ð¥¸É¢  T ελ = T ελ

em, ³Ò ³μ¦¥³ ¢§ÖÉÓ ¢ Ö¢´μ³ ¢¨¤¥ Éμ²Ó±μ ¢Éμ·μ°
¨´É¥£· ². „²Ö ´ Î ²  ¢ÒÎ¨¸²¨³ t̂00g + T̂ 00

em, ¨¸¶μ²Ó§ÊÖ (6):

t̂00g + T̂ 00
em =

= −
r2(R4R2

g + R2R4
g + 6mR3R2

g − 2RmR4
g + 6R4m2 − 7R2m2R2

g + 3m2R4
g)

8πR6(R2 − R2
g)2

.

‹¥£±μ ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö, ´ ¶·¨³¥·, · §² £ Ö ³´μ£μÎ²¥´ ¶μ ¸É¥¶¥´Ö³ R − Rg , ÎÉμ

t̂00g + T̂ 00
em < 0,   ¶μ¸±μ²Ó±Ê ¨§ (5) ¢¨¤´μ, ÎÉμ T̂ 00

em > 0, Éμ μ¡Ñ¥³´ Ö ¶²μÉ´μ¸ÉÓ Ô´¥·-

£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö t̂00g ¢¸Õ¤Ê μÉ·¨Í É¥²Ó´ .
�μ¸±μ²Ó±Ê ¨ ¨´É¥£·¨·Ê¥³ Ö ËÊ´±Í¨Ö, ¨ μ¡² ¸ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö ¨³¥ÕÉ ´ ¨¡μ²¥¥

¶·μ¸Éμ° ¢¨¤ ¢ ¸Ë¥·¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ, ¢ÒÎ¨¸²¨³ ¢ ´¨Ì ¨¸±μ³Ò° ¨´É¥£· ². Ÿ±μ¡¨ ´
ÔÉμ£μ ¶·¥μ¡· §μ¢ ´¨Ö ¶¥·¥³¥´´ÒÌ · ¢¥´ ±μ·´Õ ¨§ μ¶·¥¤¥²¨É¥²Ö ³¥É·¨Î¥¸±μ£μ É¥´§μ· √−γ = R2 sin θ:∫

V1

(t̂00g + T̂ 00
em) dV =

2π∫
0

π∫
0

∞∫
R

(t̂00g + T̂ 00
em)R2 sin θ dR dθ dϕ.

ˆ´É¥£·¨·μ¢ ´¨¥ ¶μ ϕ ¨ θ ¤ ¥É ¶·μ¸Éμ ³´μ¦¨É¥²Ó 4π,   ¨´É¥£·¨·ÊÖ ¶μ R, ¶μ¸²¥
¤²¨É¥²Ó´ÒÌ ¢ÒÎ¨¸²¥´¨° ³μ¦´μ ´ °É¨ ¢Ò· ¦¥´¨¥ ¤²Ö Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¨ Ô²¥±-
É·μ³ £´¨É´μ£μ ¶μ²¥° ¢ ¢ ±ÊÊ³¥ ¢ Ö¢´μ³ ¢¨¤¥:∫

V1

(t̂00g + T̂ 00
em) dV = m − P 0(R). (13)

’ ±μ° ¦¥ ·¥§Ê²ÓÉ É ¸· §Ê ¶μ²ÊÎ ¥É¸Ö ¨§ (12).
�μ¸±μ²Ó±Ê ¨§ (5) ¢ÒÉ¥± ¥É

T̂ 00
em =

q2r2

8πR4(R2 − Rg
2)

, (14)

É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö · ¢¥´

t̂00g = −
r2(2R2R4

g + 6mR3R2
g − 2RmR4

g + 7R4m2 − 8R2m2R2
g + 3m2R4

g)
8πR6(R2 − R2

g)2
. (15)

’¥¶¥·Ó ´ °¤¥³ Ô´¥·£¨Õ ¢´¥Ï´¥£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö, É. ¥. ¢ÒÎ¨¸²¨³ ¨´É¥£· ²

∫
V1

T̂ 00
em dV =

2π∫
0

π∫
0

∞∫
R

T̂ 00
emR2 sin θ dR dθ dϕ =

q2

2

∞∫
R

r2

R2(R2 − R2
g)

dR =

= −q2m2

2R2
g

{
1
R

+
1

2Rg

[
1 +

R2
g

m2

]
ln

(
R − Rg

R + Rg

)
+

1
m

ln

(
1 −

R2
g

R2

)}
=

= − q2

4R3
g

{
2m2Rg

R
+ (Rg + m)2 ln

(
1 − Rg

R

)
− (Rg − m)2 ln

(
1 +

Rg

R

)}
. (16)
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�É³¥É¨³, ÎÉμ · ¸Ìμ¤¨³μ¸ÉÓ Ô´¥·£¨¨ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¢¡²¨§¨ £μ·¨§μ´É  ¨³¥¥É
²μ£ ·¨Ë³¨Î¥¸±¨° Ì · ±É¥·.

� §² £ Ö (13) ¢ μ±·¥¸É´μ¸É¨ ¸¨´£Ê²Ö·´μ¸É¨ R = Rg =
√

m2 − q2 ¢ ·Ö¤ ‹μ· ´  ¨ Ê¤¥·-
¦¨¢ Ö Éμ²Ó±μ Î²¥´Ò ¸ μÉ·¨Í É¥²Ó´Ò³¨ ¸É¥¶¥´Ö³¨, ´ °¤¥³∫

V1

(t̂00g + T̂ 00
em) dV = −

r4
g

4R2
g

(R − Rg)−1 + o((R − Rg)−1). (17)

‚ ¸¨²Ê ²μ£ ·¨Ë³¨Î´μ¸É¨ · ¸Ìμ¤¨³μ¸É¨ Ô²¥±É·μ³ £´¨É´μ° Ô´¥·£¨¨  ´ ²μ£¨Î´μ¥ · §²μ¦¥-
´¨¥ ¢´¥Ï´¥° £· ¢¨É Í¨μ´´μ° Ô´¥·£¨¨

∫
V1

t̂00g dV ¨³¥¥É É ±μ° ¦¥ ¢¨¤.

ˆ§ (17) ¢¨¤´μ, ÎÉμ ¶·¨ ¶·¨¡²¨¦¥´¨¨ · §³¥·  ±μ²² ¶¸¨·ÊÕÐ¥£μ É¥²  ± £μ·¨§μ´ÉÊ
¸μ¡ÒÉ¨° Rg ¸Ê³³ ·´ Ö Ô´¥·£¨Ö Ô²¥±É·μ³ £´¨É´μ£μ ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²¥° ¢´¥ É¥² 
¸É·¥³¨É¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨ μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´μ μÉ±²μ´¥´¨Õ ¥£μ ¶μ¢¥·Ì´μ¸É¨ μÉ
¶μ¢¥·Ì´μ¸É¨ £μ·¨§μ´É . „²Ö ¶·¥¤¥²Ó´μ£μ ¸²ÊÎ Ö ´¥§ ·Ö¦¥´´μ£μ É¥²  (q = 0), ¢´¥Ï´¥¥ ·¥-
Ï¥´¨¥ ¤²Ö ±μÉμ·μ£μ ¤ ¥É¸Ö ³¥É·¨±μ° ˜¢ ·ÍÏ¨²Ó¤ , ÔÉμÉ ·¥§Ê²ÓÉ É ¶¥·¥Ìμ¤¨É ¢ ·¥§Ê²ÓÉ É
· ¡μÉÒ [1]. �μ¸±μ²Ó±Ê ¶μ²´ Ö Ô´¥·£¨Ö ¸¨¸É¥³Ò P 0, ± ± ³Ò ¤μ± § ²¨ ¢ÒÏ¥, ¸μÌ· ´Ö¥É¸Ö,
  ¤μ ±μ²² ¶¸  ¡Ò²  ±μ´¥Î´μ°, Éμ μ´  ¨ ¡Ê¤¥É μ¸É ¢ ÉÓ¸Ö ±μ´¥Î´μ°. �μÔÉμ³Ê, ± ± ¸²¥¤Ê¥É
¨§ (13), ¶·¨ £· ¢¨É Í¨μ´´μ³ ¸¦ É¨¨ ¤μ²¦´  ¸É·¥³¨ÉÓ¸Ö ± ¶μ²μ¦¨É¥²Ó´μ° ¡¥¸±μ´¥Î´μ¸É¨
¨ ¶μ²´ Ö Ô´¥·£¨Ö ¢¥Ð¥¸É¢  ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢´ÊÉ·¨ ±μ²² ¶¸¨·ÊÕÐ¥£μ É¥²  P0(R).
�μ, ± ± μÉ³¥Î ²μ¸Ó ¢ [1], É¥²μ ±μ´¥Î´μ° ³ ¸¸Ò ¢ ¶·¨´Í¨¶¥ ´¥ ³μ¦¥É ¨³¥ÉÓ ¡¥¸±μ´¥Î-
´ÊÕ ¢´¥Ï´ÕÕ ¶μÉ¥´Í¨ ²Ó´ÊÕ Ô´¥·£¨Õ, ¶μÔÉμ³Ê É ± Ö ¸¨ÉÊ Í¨Ö ´¥¢μ§³μ¦´ , ¶μ¸±μ²Ó±Ê
μ´  ¶·μÉ¨¢μ·¥Î¨É ¶·¨´Í¨¶Ê ¶·¨Î¨´´μ¸É¨ ƒ¨²Ó¡¥·É  ¨ § ±μ´Ê ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨. ’ -
±¨³ μ¡· §μ³, ¨³¥´´μ ¡² £μ¤ ·Ö É¥´§μ·´μ³Ê Ì · ±É¥·Ê Ô´¥·£¨¨-¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö tμν

g ¢ �’ƒ ¢μ§´¨± ¥É Ê´¨¢¥·¸ ²Ó´Ò° ³¥Ì ´¨§³ μ¸É ´μ¢±¨ ¶·μÍ¥¸¸  £· ¢¨É Í¨μ´´μ£μ
¸¦ É¨Ö É¥²  ¡μ²ÓÏμ° ³ ¸¸Ò (M > 3M�). Šμ£¤  É¥·³μÖ¤¥·´Ò¥ ·¥¸Ê·¸Ò §¢¥§¤Ò ¨¸Î¥·-
¶ ´Ò, ¸μ£² ¸´μ �’ƒ ¨§-§  ´ ²¨Î¨Ö ¸¢μ°¸É¢  Ê¶·Ê£μ¸É¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ±μ²² ¶¸¨·Ê-
ÕÐ Ö §¢¥§¤  ´¥ ³μ¦¥É Ê°É¨ ¶μ¤ ¸¢μ° £· ¢¨É Í¨μ´´Ò° · ¤¨Ê¸. �μÔÉμ³Ê £· ¢¨É Í¨μ´´Ò°
±μ²² ¶¸ ´¥¢μ§³μ¦¥´,   ¸²¥¤μ¢ É¥²Ó´μ, ´¥¢μ§³μ¦´μ ¨ μ¡· §μ¢ ´¨¥ Î¥·´ÒÌ ¤Ò·.

’ ±¨³ μ¡· §μ³, ¸²¥¤ÊÖ [1], ³Ò É ±¦¥ ¶·¨Ìμ¤¨³ ± § ±²ÕÎ¥´¨Õ: ´¥¢μ§³μ¦´μ¸ÉÓ £· -
¢¨É Í¨μ´´μ£μ ±μ²² ¶¸  ¢μ§´¨± ¥É ´¥ Éμ²Ó±μ ¨§-§  ´ ²¨Î¨Ö ³ ¸¸Ò ¶μ±μÖ £· ¢¨Éμ´ , ´μ ¨
¡² £μ¤ ·Ö É¥´§μ·´μ° ¶·¨·μ¤¥ Ô´¥·£¨¨-¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. � ²¨Î¨¥ § ·Ö¤ 
¨²¨ ³μ³¥´É  ±μ²¨Î¥¸É¢  ¢· Ð¥´¨Ö Ê É¥²  ´  ÔÉμÉ ¢Ò¢μ¤ ¢²¨Ö´¨Ö ´¥ μ± §Ò¢ ÕÉ.

‚ § ±²ÕÎ¥´¨¥  ¢Éμ·Ò ¢Ò· ¦ ÕÉ £²Ê¡μ±ÊÕ ¡² £μ¤ ·´μ¸ÉÓ �.�. ‹μ£Ê´μ¢Ê ¨ Œ.�.Œ¥¸É-
¢¨·¨Ï¢¨²¨ §  Í¥´´Ò¥ μ¡¸Ê¦¤¥´¨Ö.
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