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OU3UKA TBEPIOI'O TEJIA U KOHIEHCHPOBAHHBIX CPEN

DETERMINATION OF IVC BREAKPOINT FOR
JOSEPHSON JUNCTION STACK.
NON-PERIODIC BOUNDARY CONDITIONS WITH + =1

S. I Serdyukova '
Joint Institute for Nuclear Research, Dubna

We prove that, in the case of non-periodic (with v = 1) boundary conditions, the calculation of the
current-voltage characteristic (IVC) for a stack of n intrinsic Josephson junctions reduces to solving a
system of [(n+1)/2] nonlinear differential equations instead of the n original ones. The current-voltage
characteristic V'(I) has the shape of a hysteresis loop. On the back branch of the loop, V' (I) decreases
to zero rapidly near the breakpoint /. We managed to derive an algorithm determining the approximate
breakpoint location and to improve simultaneously the mixed numerical-analytical algorithm of IVC
calculation for a stack of Josephson junctions developed by us before. The efficiency of the improved
algorithm is shown by the calculations of IVC for stacks consisting of various numbers of intrinsic
Josephson junctions.

JIOK 3 HO, 9TO B CJIyd € HENEePUOANIECKUX (¢ v = 1) Ip HUYHBIX YCJIOBHIl BBIMHCIIEHHE BOJIBT-
MIIepHOii X p Krepuctuku (BAX) mwist cucTeMbl 1 BHYTPEHHHX JK03¢(DCOHOBCKHMX HEPEXONOB CBOAUTCS
K petueHnio [(n + 1)/2] HenuHe#HbIX quddepeHI JIbHBIX Yp BHEHHIT BMECTO 1 OPUIHH JIBHBIX. BombT-
MIlepH 51 X p krepuctuk V (I) umeer Bux nermiu rucrepesuc . H o6p THOIi BETBH METIIH TUCTEPE3HC
31 yerne V (I) GBICTPO CII 1 €T K HYJII0 B OKPECTHOCTH TOYKH u3ioM [p. H M yu soch p 3p 6o-
T Th JIFOPHTM, ONPEENSIOIII IPUGTIAKCHHOE 3H YEHHE TOYKH M3I0OM I, I OJHOBPEMEHHO Y/TydLIHTh
P 3BUTHIA H MU P Hee CMeLl HHbIHl YHMCIEHHO- H JIMTHYECKMii Jroput™ Beruucienus BAX mist cucrem
IK03e(PCOHOBCKHUX MEPEXOI0B. DPPEKTUBHOCTD YAYUIIEHHOTO JITOPHTM TMPOJEMOHCTPUPOB H H TIPH-
Mepe BbruuciieHus BAX Juis cucteM ¢ p 3IMYHBIM YKCIIOM BHYTPEHHHX JK03e(PCOHOBCKHX MEPEXOMOB.

PACS: 60.64

INTRODUCTION

A detailed investigation of the breakpoint current I, and the breakpoint region width
gives important information concerning the occurrence of longitudional plasma waves and
the peculiarities of stacks with a finite number of intrinsic Josephson junctions [1-3]. The
breakpoint region in the current-voltage characteristics (IVC) follows from the solution of the
system of n dynamical equations of the phase differences for a stack of n intrinsic Josephson
junctions. In this work we prove that, in the case of non-periodic (with v = 1) boundary
conditions, the IVC calculation for a stack of n intrinsic Josephson junctions reduces to solving
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a system of [(n+1)/2] nonlinear differential equations instead of the n original ones. Solving
this system on the interval [0, Tynax] for different I, we get the current-voltage characteristic
V(I) as a hysteresis loop. First the Cauchy problem with the zero initial conditions is solved.
For each next I = Ijy1, the already found v (I, Tmax) and 1(Ij, Tiax) are used as initial
data. On the back branch of the hysteresis loop, voltage V' (I) decreases to zero rapidly near
the breakpoint I, [3]. Effective numerical and analytical methods for IVC calculation were
developed in [4]. In [5] an equation determining the approximate breakpoint location in the
case of periodic and non-periodic (with v = 0) boundary conditions was developed. Now we
report an algorithm which finds the approximate breakpoint location in the more complicated
case of non-periodic (with v = 1) boundary conditions and improves, at the same time, the
mixed numerical-analytical method proposed in [4]. The improved mixed method showed
excellent results in IVC calculation for stacks with different number of intrinsic Josephson
junctions. Moreover, the calculation time reduced by an order of magnitude. The calculations
were performed by using the REDUCE 3.8 system. As a matter of fact, this paper is a second
part of [5], where the mathematical formulation of the hysteresis calculation problem and the
system transformation was given in general form in Secs.1 and 2, respectively. Omitting
the details reported in [5], we directly start this work from spectral data of matrix A in the
considered case of non-periodic boundary conditions with v = 1. In Sec.2 we prove three
lemmas. Lemmas 1 and 3 enable the reduction of the problem to the solution of [(n + 1)/2]
nonlinear differential equations instead of n original ones. Lemma 2 is a fundamental point
for the long-time «asymptotic» construction, reported in Sec.3. In Sec.4 we present an
improved analytical method of voltage V' calculation which made it possible to define the
approximate breakpoint location in the considered case of non-periodic boundary conditions
with v = 1. In Sec. 5 we discuss the results of the Josephson loop calculations for different n.

1. THE SPECTRAL DATA. THE SYSTEM TRANSFORMATION

The solution of the system

él = ZAI,Z’(I_Sin((bl')_Bél’% l= 17"')”7 (1)

'=1

for different I: I = Iy + kAT < Imax; I = Inmax — kAI, yields the current-voltage char-
acteristics of stacks as hysteresis loops [3]. For the initial value of the current, I = I, the
system (1) is solved with zero initial data on an interval [0, Tiyay]. For each next I: [ = I},
the found ¢; (Ix, Tmax), ®1 ({x, Tmax) are used as initial data.

In the case of non-periodic, with v = 1, boundary conditions, the A matrix is three-
diagonal,

1+ 2« -« 0 0 0
—Q 1+ 2« —Q 0 0

A— 0 -« 14+2a -« 0 ?)
0 0 —a 142« -«

0 0 0 -« 1+ 2«



786 Serdyukova S. I.

Matrices of such kind have been previously noticed as well [6]. The eigenvalues and eigen-
vectors of A can be written down explicitly:

Aj =14+ 2a(1 —cos (j9)), 9:n+1’ j=1,...,n;
sin (j0)
2 |sin(256) ‘
E; = ] : , j=1,...,n. 3)
sin (nj0)

The fundamental matrices D, the columns of which are E;, reduce the A-matrices to
diagonal forms [8],
D*AD = A = diag (A1, A2y - -, An).

After the change of variables

n n
o= Z di iy, Vi= Z diy Wy,

=1 r=1
we get a system

n

Uy = —NBi + NS, — N Z dy i sin (ér), I=1,...,n,

I'=1

where S is the sum of the F; elements,

Si=Y di,.

I'=1

The equations determining voltages (see (4) and (5) in [3]) result in

&bz _ ¥ wl( Inax) wl( mm)
ot B )\ZWZ, VVl B )\l( max — Tmln) ’

respectively, while the total voltage of the stack is given by

_n _ wl max 2/}l( mln)

IIlaX Il’lll’l)

2. THREE LEMMAS

Let us remind that .S; is sum of elements of orthonormal eigenvector £; of the matrix (2).
The following lemma holds.

Lemma 1. For odd j

(j9)
=/ sin (76) j=1,3,..,2k—1<n. (5
n—l—l n—|—1 n—|—1 (1 —cos(50))

And for even j, j =2,4,...,2k <n, S; = 0.
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Proof. Further on we denote cn = /2/(n+ 1), ns is integer part of (n+ 1)/2, ns =
[(n +1)/2]. Remark that ns = n/2 for even n and ns = (n+ 1)/2 for odd n. Using (5) and
the well-known formula (3.6.2) of [9],

N ~ cos(60/2) —cos((n+1/2)0)
,;S’m(w) - 2sin (0/2) ’

after substituting in the last j6 instead of 6, we get

S; = cnzn:sin (kjO) = en 228 (J0/2) — cos ((n +1/2);6) _

— 2sin (j6/2)
_ oS08 (j0/2) — cos (mj — jO/2) _ oS08 (70/2) — (—1)7 cos (j0/2)
2sin (j6/2) 2sin (j6/2)

Thus, S; = 0 for even j, j = 2,4,...,2ns. And S; = cncot(j6/2) for odd j, j =
1,3,...,2ns — 1. The lemma is proved.

In the derivation of long-time asymptotic, the system of nonlinear differential equations is
replaced by an equivalent system of integral equations, which is solved using simple iterations.
We succeeded in obtaining suitable asymptotic formulas based on the following result.

Lemma 2. For all m =1,2,...,n and for any n, the sums

n
Sm = S
j=1

have the same value and, hence, coincide with 1 = 1.

Proof. The lemma was proved in general case by induction on m with the use of simple
trigonometric relations, specifically, for odd n

ns

Smp = Zcos (m(2k—1)0) =0 (6)
k=1
and for even n .
—1)ym+
Smn = % (7

For any m and n holds

exp [imb] — exp [im(2ns + 1)0) .

Sman =R 1 — exp [2im¥)]

When n is odd, 2ns = n + 1 and for any m

1 1 m+1
Sm,n = i ( )

—2isin[mf] 0
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When n is even, 2ns = n and for any m

14 (=1)™*exp[—imb]  (—1)™*!
—2i sin [mb)] N 2

Sm,n = R

The relations (6) and (7) are proved. They imply that s, , + Sp41,, = 0 for any m and n.
Additionally, we used the relation

1—cos((2k—1)9) 2~

i sin? ((2k — 1)0) n+1
k=1

which holds for any m and n. Indeed,

=MNs+ S1,n-

f: sin” (2k —1)0) i 1 — cos? ((2k — 1)6)

= 1—cos (2k —1)8) — 1 —cos ((2k = 1)0)
For odd n we have ns = (n+1)/2 and s1,, = 0, hence ns + 51, = (n+1)/2.

And for even n we have ns = n/2 and s1, = 1/2, hence ns + s1, = (n + 1)/2 again.

Suppose that the lemma holds for any m. Performing elementary trigonometric transfor-

mations, we get

ns .

sin ((m + 1)(2k — 1)0) sin ((2k — 1)6)

d S =

m1 = Z AL T Z 1— cos ((2k — 1)0)

_ <X (sin (m(2k — 1)6) cos ((2k — 1)0) sin ((2k — 1))
n+1 kZ ( *

1—cos((2k — 1)0)

cos (m(2k — 1)0) sin?((2k — 1)8)
1 —cos((2k —1)0) )

Using cos (x)/(1 —cos (z)) = —1+1/(1 — cos (z)) and sin? (z)/(1 — cos (z)) = 1+ cos (z),
we get

ns

Y1 = Xm + ni—l—l Z(cos (m(2k — 1)0) + cos ((m + 1)(2k — 1)9)) =
k=1

2
=X, + n—_’_l(sm,n + 5m+1,n> =Y.
The lemma is proved.
Taking into account the trivial symmetry properties of F; and the relations S; = 0 for
even [, it is easy to conclude that the solution of the system (1) with zero initial data is
reduced to solving the following system of ns equations:

0o 0oy — - .
Yaiy = A1 (-5 Yai + S — Z dm 21—1 Sln(¢m)> )

ot ot P

ne (3
¢m - de,,Qk’—lek—h l= 17 2) NS

k=1
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The other equations associated with .S; = 0 have the trivial solutions 9, = 0; therefore, the
number of equations was halved. As the proof we present the following result.

Lemma 3. For all n,l,m and any 1); it holds that ¢n, = Pni1—m, which implies the

relations
n ns
> dyp i sin <Z dm,2k1¢2k1> =0.
m=1 k=1

The validity of this lemma follows from the trivial symmetry properties of £; components:

ot =\ Gy ((Z Tl)) oS (W) = ()i ((,’[ Tl)) |

The sense of Lemma 3 was to show that the nonzero components t»;_; with odd numbers
give no contribution to the components with even numbers.

3. NUMERICAL-ANALYTICAL METHOD FOR CALCULATING IVC

The general scheme of the suggested numerical-analytical method of the hysteresis loop
calculation is the following: the right branch of the hysteresis loop and the back branch
(not nearing some finite distance to Ij) are calculated using the «asymptotic» formulas. The
rest points (I, V(I)) of the hysteresis loop are calculated numerically using the fourth-order
Runge—Kutta method [7].

The numerical-analytical method was used to calculate the IVC for a stack of 19 ho-
mogeneous Josephson junctions [4]. The hysteresis loop was calculated both numerically
and with the use of the «asymptotic» formulas. For each value of I, the system (8) of ten
nonlinear differential equations was first solved with zero initial data on the interval [0, Tiax]
by applying the fourth-order Runge—Kutta method. For each subsequent I, the found

87/}2171

— TIIIX7
211 (T max) BN

(Timax), 1=1,...,10,
were used as initial data. Similar computations were performed using «asymptotic» formulas,
which were calculated during the run. The voltages were calculated by formula (4).

The system (8) with initial data

01
ot

Po1-1(0) = dy (21 - 1), (0) =do(20 - 1)

is equivalent to the system of ns integral equations (ns = 10)

d2(2l — 1) — Wor—-1 (

hoi—1 = wo—1t +di (20— 1) + o

¢
/ 1 —exp(—BAa-1(t —s)) dem 1 sin <de2k 1Y2k— 1) ds, (9
0

1 —exp (—6/\21_175)) -

QIH
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where
l= 1, 2, N 2] and wo1—-1 = Sgl_lf/ﬁ.

For each I and given initial data the system (9) was solved using simple iterations starting
with zero. The result obtained after three iterations was regarded [10] as «asymptotic» of the
solution of the system (8) for large ¢t. After the first iteration step, we obtained

dg(ZZ — 1) — Wor—-1
BA2r-1

Every time we rejected the exponentially small (for large t) terms.

Wy = wy 1t +di (20 — 1) + = wy 1t + Ay 4. (10)

Since wo;—1 = S9;—11/3, Lemma 2 implies that Z dmoi—1we—1 = I/f for all m. In

other words, ¢, = (I/3)t+ B,,. For brevity we use the notations w = I /3, ¥} = wt+ B,
Evaluating integrals

/ (1 —exp(—B(t —s)))sin (ws + a)ds =
0

~cos(a)  Psin(wt+a) (2 cos(wt+a) 5
= T T BT ol +0(e™ 7 1)

and after some algebra, we get
V2 | =wy 1t + A3+ Coy_qsin(wt 4+ Dy_1), 1=1,...,ns. (12)

The functions sin (wt + a + csin (wt + d)) were replaced by sin (wt + a)(1 — si%/2) +
cos (wt + a)si(1 — si?/6), where si = csin (wt + d). It remained to transform the resulting
trigonometric polynomials into linear combinations of functions of the form sin (kwt+ d) and
to calculate the integrals termwise. These «asymptotic» formulas were used in [4].

4. IMPROVED NUMERICAL-ANALYTICAL METHOD FOR CALCULATING IVC.
APPROXIMATE BREAKPOINT LOCATION

The attempts to find an approximate breakpoint location by analogy with [5] were useless.
The following remark helped to overcome the difficulty. Namely, it is sufficient to calculate
V(I) for different I, I = 0.5-0.055, solving «analytically» the system (8) with zero initial
data, until I, satisfying V(I.)V (I. 4+ 0.05) < 0, is obtained. The obtained I, is taken for
the approximate breakpoint location. The results obtained in this way are in good agreement
with the numerical ones. The key to the solution came from the definition of an alternative
way to simplify the calculation of the voltage V. Apart from an accurate definition of the
breakpoint location, the calculating time of the hysteresis loop for a stack of 19 Josephson
junctions decreased more than 9 times (against 5 obtained in [4]), as compared to the program
used in numerical calculations). Below we present the result of calculating I, = 0.3 for the
stack of 19 Josephson junctions.
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vb :=
{{0.5,33.7167375273},{0.45,40.235725455},{0.4,63.5053115073},
{0.35,62.9218862448}, {0.3, - 0.0454510614144}}$

shut "D:\brt\vbbx3.txt"$

The derivation of the improved algorithm of calculating V' (I) started from recalculating
1o;—1(t). First we have

V3 =y + Faa(t), 1=1,2,...,ns,

where
ng
Fa1(t) ZZ [Bai—1(§) + C31_1 (&) sin (wt + Dy;_1(£)) 4+ C3_1 () cos (wt + D%zq(@)] ;
=1

l=1,...,ns.

Instead of arriving at the compact formulas (12), we have simply rewritten (11) as

t

/(1 —exp (—6(t — s))) sin (ws + a)ds = Coi(a) -
0
_ B(Bcos(a) +wsin (a)) cos (wt) — B(w cos (a) — Bsin (a)) sin (w o Bt
w(w? + (32) () w(w? + 52) o)

and instead of (12) we get at once

3y = Uy 1+ Faa(t) = ¥y, + A5, + cs(2l — 1) cos (wt) + cc(2l — 1) sin (wt) =
= by + A% | +Coy_y1sin(wt+ Dy 1), 1=1,....,ns. (13)

Remark that Co;—1 = 1/cs(20 — 1)2 + cc(2] — 1)2 and Dg;—1 = arctan (cs(21—1)/cc(21—1)).
ns

We denote at(j) = 3 djo—1A},_,, where AL, | are the free terms of 13, (see (10)),
=1

and s
ft(j) = Zdj,zzszzq, j=1,...,n.
=1

And let pp(2] — 1) be free terms of the trigonometric polynomials

ft(5)°

Y djzia [cos (wt + at(j5)) (ft(j) - —) — sin (wt + at(j)) f1()

2

5 ], l=1,...,ns.

j=1
After integrating we find
pp(2l — 1) <t . exp (_6)\2l1Tmin)> l
b B2 Aai-1 ’

Taking into account (10) and (13), we obtain from (14) the «asymptotic» formulas of
interest

wgl—l = 1/’51—1 - =1,...,ns. (14)

U3 = (war—1 + 1)t + A3 + Coy_ysin(wt + Dyy—1), I =1,...,ns.  (15)
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The «analytical» method of IVC calculation means successive calculation of (10), (13),
and (14) by the algorithm described above for every I and given initial data. As a result,
the coefficients of (15) are determined.

Following (4), we obtain

B ns 7#5’171(Tmax) — ’Lpglfl(Tmin)
V()= lz:; So1—1 X211 (Timax — Tomin)

The calculations were performed for a = 0.2, 8 = 0.2 by using the REDUCE 3.8
system [11] with Ti;n = 50, Tiax = 1000, and a step h = 0.1 was chosen in the numerical
calculations by means of the fourth-order Runge—Kutta method.

5. RESULTS OF THE CALCULATIONS

Figure 1 depicts the back branch of the hysteresis loop for n = 19. The solid and dotted
lines, which are hardly distinguishable from each other at large I, refer to numerical and
«analytical» calculations of the hysteresis loop, respectively. The numerical method of IVC
calculation means that all points (I, V (Ix)) of the hysteresis loop (the whole right branch
and the whole back branch) are calculated numerically using the fourth-order Runge—Kutta
method. The «analytical» method of IVC calculation means that all points (I, V(1)) of
the hysteresis loop (the right and the back branch) are calculated «analytically» using the
«asymptotic» formulas.

In Fig.2 the solid line is the same as in Fig. 1, while the circles on this line refer to the
calculation performed by the following mixed numerical-analytical method. The whole right
branch of the hysteresis loop, together with the back branch at 1.45 > I > 0.45 = 1.5,
has been computed using the «asymptotic» formulas (15). The remaining points of the back

140

vV
120
100
80
60
40

20

0

02 04 0.6 0.8 1.0 1.2 14 I

Fig. 1. The solid line refers to the back branch of the hysteresis loop for n = 19, calculated numerically:
all points of the hysteresis loop have been calculated using the fourth-order Runge—Kutta method. The
dotted line refers to the back branch of the hysteresis loop, calculated «analytically»: all points of the
hysteresis loop have been calculated using the «asymptotic» formulas (15)
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140
120
100
80
60
40
20

0.2 0.4 06 08 1.0 1.2 14 I

Fig. 2. The solid line refers to the back branch of the hysteresis loop calculated numerically for n = 19.
The circles on this line refer to calculation performed by the mixed analytical-numerical method: the
whole right branch of the hysteresis loop, together with the back branch at 1.45 > I > 0.45 = 1.515,
has been computed using the «asymptotic» formulas (15). The points at 0.45 > I > 0.2 were computed
numerically by using the fourth-order Runge—Kutta method. The point (0.5, 43.561. ..), marked by the
arrow, is the last point of the hysteresis loop calculated «analytically»

branch of the hysteresis loop were computed numerically by means of the fourth-order Runge—
Kutta method. The point (0.5,43.561...), marked in Fig.2 by the arrow, is the last point
of the hysteresis loop calculated «analytically». In spite of its seeming difference from the
point (0.5,45.998) calculated numerically, the use of the «analytical» value as an input on
the interval [0.45,0.2] of Fig.2 results in points staying very close to the numerical curve.
As a consequence, the numerical results of IVC calculation and the results obtained by the
improved mixed numerical-analytical method are in good agreement with each other. It is
worth noting that the shift from the pure Runge—Kutta method to the mixed method decreased
the CPU time almost by an order of magnitude. For instance, the calculation of a single
additional point using the Runge—Kutta method asks for 339640 ms CPU time, while the
«analytical» computation of all points of the hysteresis loop takes 75759 ms only. The same
calculations were performed for n = 5,9,13,19, and n = 25. The corresponding outputs
look similar to those in Figs. 1 and 2.

Surprisingly, the same I;, = 0.3 was obtained both at n = 9 and at n = 19. To clarify the
problem, we have performed the similarity transform (I, V (Iy,9)V(1.45,19)/V(1.45,9))
in Fig.1 and this confidently reproduced the corresponding solid line. Here and below,
(I, V(Ix,n)) are points of the back branch of the hysteresis loop for the stack of n intrinsic
Josephson junctions, calculated numerically.

Further we made the hypothesis that all the considered V (I, n) can be obtained from
V(Ix,5). Figure 3 confirms this hypothesis. The solid lines in Fig.3 refer to the back
branches of the hysteresis loops calculated numerically for n = 5,9, 13,19, and n = 25, from
bottom to top, respectively.

The bottom graph plots the numerical outputs (I, V (I, 5)). The points on the second,
third, fourth, and fifth graphs are nothing else but (I, V (I, 5)ss(n)/ss(5)), where ss(n) =

> 5(n)? /().
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Fig. 3. The solid lines refer to back branches of the hysteresis loops, calculated numerically, for
n =5,9,13,19, 25, from bottom to top, respectively. In all cases the right branch and the back branch
of the hysteresis loops have been calculated numerically. The first graph plots the outputs (I, V (I, 5)).
The circles on the other graphs are (I, V (Ik,5)ss(n)/ss(5)), respectively. This confirms the possibility
to obtain all the lines by simple similarity transforms of the bottom line

The occurrence of the factors ss(n)/ss(5) can be motivated by the fact that, after the
first iteration, we get V(I,n) = ss(n)l/f, and 1.45ss(n) is an excellent approximation to
V(1.45,n). We observe the same picture as at the end of [5], but the similarity transform
coefficients here are ss(n)/ss(5) instead of n.

CONCLUSIONS

The numerical results of IVC calculation and those obtained by the improved mixed
numerical-analytical method are in good agreement with each other. The latter code is
an order of magnitude faster and is free of computing error accumulation as well. The
technicalities of the new method were described in Sec. 4 above.
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