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We develop a superfield formulation of A/ = 4 supersymmetric Yang-Mills theory with the rigid
central charge in USp(4) harmonic superspace. Component formulation of this theory was given by
Sohnius, Stelle, and West [1], but its superfield formulation has not been constructed so far. We
construct the superfield action, corresponding to this model, and show that it reproduces the component
action from [1].
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INTRODUCTION

Maximally extended N' = 4 SYM theory with R-symmetry group SU(4) possesses many
remarkable properties on classical and quantum levels and is widely explored in modern
theoretical and mathematical physics. Field content of this theory involves one vector, six
real scalars and four Majorana spinors [2,3]. By construction, such a model is nonmanifestly
supersymmetric and the supersymmetry transformations are closed only on-shell. In many
cases, especially to study the quantum aspects, it would be preferable to get an off-shell
formulation of A/ = 4 SYM theory. However, in spite of the considerable efforts, superfield
formulation of N = 4 SYM theory in terms of unconstrained N' = 4 superfields is still
unknown. The best, that has been obtained so far is its formulation in terms of NV = 1
superfields and AV = 2,3 harmonic superfields [4].

We would like to draw attention to another N' = 4 supersymmetric model, namely,
USp(4) SYM theory with central charge®. Due to the central charge, the R-symmetry group
of the corresponding superalgebra is a subgroup USp(4) of the group SU(4). The gauge
theory, based on N' = 4 superalgebra with the central charge was constructed by Sohnius,
Stelle, and West [1] in component approach. Field content of such a gauge model involves
one real vector, five real scalars, four Majorana spinors and auxiliary fields — axial vector and
five real scalars. Furthermore, special constraints are imposed on the auxiliary and dynamical
fields. After eliminating the auxiliary fields with the help of an additional scalar field, the
conventional SU(4), N' = 4 SYM theory is restored. In Abelian case, the constraint is
solved for the auxiliary vector field in terms of an antisymmetric second-rank field [1]. As
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2The structure of the extended supersymmetry theories with the central charges is discussed in [5].
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a result, we get the conventional NV = 4 SYM theory, where one of the scalars is replaced
by an antisymmetric tensor field. Therefore, such a model can be treated as some kind of
vector—tensor multiplet theory'.

In this paper, we develop a superspace formulation of A/ = 4 SYM theory with the
rigid central charge [1] in terms of N' = 4 superfields. Some superspace aspects of the
theory under consideration have been discussed in the earlier papers [8,9]. In the present
paper, we prove that the constraint for the auxiliary field, introduced in [1] for non-Abelian
theory, automatically follows from the N = 4 superfield constraints stipulated by the Bianchi
identities, obtained in [8]. Also, we develop a USp(4), N' = 4 harmonic superspace formalism
and propose a gauge-invariant, N’ = 4 supersymmetric action, which exactly reproduces the
component action of [1] for non-Abelian theory.

N = 4 SYM Model with Central Charge. ' = 4 SYM model with the central charge
has been proposed by Sohnius, Stelle, and West in the component formulation [1]. This
model possesses the USp(4) R-symmetry and is described by the action

1 mn 1 m 1 m 1] 1 iJ
S =tr /d4l‘ (_ZFm,nF - QVmV + §D7n¢’ijD ¢ J + EHUH I—
7 —. . 1 -
=N DA = NV, ] + {1045, mz][w,qb“]) - (M

Here, the vector field A,,, USp(4)-Majorana spinor fields \;, = Xjﬁ(Cfl)gani and the
antisymmetric, {2-traceless scalar fields ¢;; are the propagating fields, whereas the pseudovec-
tor V,, and antisymmetric, {2-traceless scalar fields H;; are the auxiliary fields?. All fields
take the values in the Lie algebra of gauge group. D,, are the conventional gauge covari-
ant derivatives. The multiplet under consideration contains 16 bosonic and 16 fermionic
components. The supersymmetry transformations are closed off-shell, up to field-dependent
gauge transformations. The action (1) is invariant under these transformations if the following
additional constraint:

1 -, -
0= D"Vin + {7 A} — il HY), @)

is satisfied. Moreover, the action (1) is invariant under central charge transformations [1].

It is interesting to point out that in the Abelian theory, the constraint (2) can be resolved
for vector V,,, in terms of antisymmetric second-rank tensor field [1]. This field describes
a propagating spin-0 mode, which is known as a «notoph». In addition, with respect to
central charge transformations the vector transforms into the dual of the field strength of the
antisymmetric tensor and the antisymmetric tensor transforms into the dual field strength of
the vector.

The conventional on-shell SU(4) N’ = 4 SYM theory is obtained by introducing the scalar
Lagrange multiplier A for the constraint and eliminating the auxiliary fields V;,, and H;; from
the equations of motion

Vin = —DmAs, Hij =i[As, ¢ij]. 3

IThe A = 2 vector—tensor multiplet theories are discussed in [6,7].
2Q) is the invariant metric of the U Sp(4) group.
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In this case, the scalar field A5 is unified with five scalar fields ¢;; and, as a result, one gets
six scalar fields of conventional SU(4) N' =4 SYM theory.

The aim of the paper is to develop a formulation of the model under consideration in
terms of A/ = 4 harmonic superfields and present the action in superfield form.

1. N = 4 CENTRAL CHARGE SUPERSPACE AND ITS GAUGING

The N = 4 central charge superspace is characterized by the coordinates Z™ = {z™, z,
02,0%} and the supercovariant derivatives Dy = (O, 0, D%, D). These derivatives are
used for the definitions of the gauge covariant derivatives Vs = Dy + i['j; with supercon-
nections I'j; and gauge transformations V', = ¢"V ;™" where 7 is a gauge superfield
parameter. Then, one introduces the curvature tensors or superfield strengths defined on the
USp(4) N = 4 central charge superspace with the help of the algebra

{Vai, Vj,;} = 2ie459, V. £ 2ie,3Wij,  {Vai, Vot = —2iQ%Vaa, ' )
where we impose the reality conditions under the internal symmetry:
QIW; =0, (Wiy) = WY = QP Wy = —o M Wi, ©)

Here, ©;; is the invariant tensor of the USp(4) group. The other commutators of the gauge
supercovariant derivatives look like

Vai, V2] = £iGai,  [Vai, Vi) = £iFsim, [V, V2] =iVin, [V, Vo] =iFp,. (6)

In this representation, let G,; be the USp(4) Majorana spinor with the reality condition
(Gai) = G%, = QUGgi. As a result, the gauge theory in USp(4), N = 4 central charge su-
perspace is characterized by the superfields W;;, Gai, Faim, Vi, Fmn. The superfield strengths
satisfy some number of constraints to reduce the number of fields to an irreducible multiplet
stipulated by the Bianchi identities. The solution of these relations determines the field content
of the theory as well as the transformation laws of the component fields.

One can prove that the Bianchi identities are satisfied if and only if all superfield strengths
are expressed in terms of a single real scalar superfield W;; and its spinor derivatives. Here,
we only list the results of [8] in our conventions concerning the solution to the constraints of
dimension from 3/2 to 3:

e Solution to the dim = 3/2 Bianchi identities is Fpim = —0, G,

VarWij = i1QijGar + 2iQ;Gay),  51Gai = VEWyi, V.Wi = Hyj. @)
e Solution to the dim = 2 Bianchi identities

1 1 , = .
VaiGy; = —Edgﬂij:F§Q¢jF&5i§E&B[Wm, W; ¥, VaiGaj = i Vaa — VaaWij. (8)

"Here and below, we use the notation é& for the set {a, &}. Upper sign here corresponds to « in & and lower
sign corresponds to ¢ in G.
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e Solution to the dim = 5/2 Bianchi identities

V.Gai = VasGS + Wik, GE],  VaiVin = 0% [Wik, G| 4+ i(0mn) 2 VG,

Vailjk = —iQxVaa G — 20 Vaa Gy — i[Wjk, Gail - (C))
— i [War, GL] — 20, [Wiyi, GL],
Vailasg = ZiV(adGﬁ)i, V,iFag = —2i€7(aVﬁ)dG?. (10)
e Solution to the dim = 3 Bianchi identities
' 1 1, -
VinVin = =7 [Wis H¥] 4+ S{Gar, G} + S{Gar, GO, (11)
V.V = —0™ {G GSY — i[Wik, Vo W] — Vo Fom, (12)

VoHji = OWje = 5Q51{Gai, G} = 20{Gaj, G2} + 5%u{ Gai G+
LA v 1 7
+2i{Ga4;, G} + ngk (WaW*, W] (13)

By analogy with the case of N' = 2 [6,7], Egs. (9), (12), (13) can be called the generalized
Dirac equation, the Yang—Mills equation and the Klein—Gordon equation, respectively, with
central charge playing a role of “fifth coordinate”. As a consequence of (7)—(13), we can

construct the complete power expansion of the W% = 3 W(llg)zk in superspace from the first
k=0

two coefficients W(ig), W(if). The set of constraints shows that the component fields in [1] are

completely determined by the lowest orders in the expansion W;;(x, 6, 0,z),in z,0,0. Then,
it is clear that we can completely fix the dependence of all quantities under consideration
on the central charge coordinate z, as well as for theories with AV = 2 rigid supersymme-
try with the central charge [6,7]. Using the covariant derivatives and solving the Bianchi
identities, we can immediately write down the supersymmetry transformations of the com-
ponent fields in the form J®| = —eV®|. Rigid central charge transformations are realized
on Vs and matter superfields ® as 5,V = [wV, V], and §,® = wV. P, with w being a
constant real gauge parameter, corresponding to transformation of central charge coordinate
0z = w.

Now, we clarify how the conditions (3) appear in the superfield approach. It is known
from [1] that Egs. (3) allow us to reduce the N' =4, USp(4) SYM theory to the conventional
N = 4,5U(4) SYM theory. The relations (3) are the solutions of equations of motion for
auxiliary fields V,,, H;; with the help of constraint (2). Therefore, if we want to get the
analogous relation between the above two theories in the superfield approach, we also should
use, besides the identities (7)—(13), some additional constraints. We take such restrictions in
the form

0.I'm.=0, 0.W;;=0 (14)

and show that these conditions are equivalent to (3). In this case, the identities (9), (11), (12),
(13) are converted into equations of motion for the conventional N = 4 SYM theory. If we
do not impose the conditions (14), we have the U Sp(4) superfield gauge theory satisfying the
identities (7)—(13).
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The constraints (7) allow us to get the important consequences. Specifying concrete values
of the indices i, j, k and using explicit form of the matrix €2, one gets various constraints for
the superfield W;;. For example, Vo1 Wis = 0, VWis = 0, and the other analogous
equations. These equations mean the very special dependence of the superfield W;; on
anticommuting coordinates

Wia(03,60%,02,0,), Wi3(02,6%,03,01), Wou(0',0% 04,05), Wis(6',0% 0,,03). (15)

As a result, we see that W;; with different values 4, j belong to different subspaces of the
full superspace. More transparent covariant solution of such constraints will take place in the
framework of the harmonic superspace.

2. GAUGE THEORY IN USp(4), N = 4 HARMONIC SUPERSPACE

Following the general scheme of harmonic superspace construction [47]", we extend the
N =4 central charge superspace with coordinates ZM = (2™, 2,0,;,0%) by the eight-
dimensional coset space USp(4)/U(1) x U(1) parameterized by harmonic variables ugi’o),

ugo’i), which are inert under supersymmetry and take the values in the fundamental rep-

resentation of USp(4) [9,10]. Using the harmonics ugi’o), ugo’i), we define the harmonic

derivatives 9(91:%2)  which are left-invariant vector fields on U Sp(4), by the rule

9EE0) _ u(_i,o) 9 90, £%) _ u(_O,i) 9
M CEON N MG N
0 c:)‘ 0 Z 1o
(£,£) — 50 0,% (£7F) — ,,(F0) _ 07
o L = R A A =l e
There is a special involution (special complex conjugation) ugi’o) = OB 0.1) =

—ugi’o), and so on, allowing one to define a reality condition in harmonic superspace [9, 10].

With the help of the harmonics ugi’o), ugo’i) one can convert the spinor covariant derivatives

into operators fo’o) = ugﬂ”vg, Vg)’i) = ugo’i)vg, and reformulate the superalgebra (4)
in another, more clear form. Now, we rewrite the constraints (15) as the constraints in
harmonic superspace, where they will have a form of analyticity conditions. In the 7 frame,

we have the obvious anticommuting relations

(V0 vy =0, (VOV} = $2iVas, (17)

IThe structure of harmonic variables for N = 2, 3, 4 harmonic superspaces with various R-symmetries is discus-
sed in [10].
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and the other anticommuting relations that define five harmonic projections of the tensor W%

(Vi) Vg’o)} = 2ie V. £ 2ie, s WO,
(VD VY = 2ie 5V, F 2i WO, ()
(Ve V) = e W),

(£,0) (0,£)y _ . +,4+
{Va 7.V } = d2ie, WS,

where

(3

ulEOu OB = D), (19)

Wt OO 00,

u§i70)u§07$)wij —WEP,

These definitions simply mean that W (91:92) in 7 basis depend linearly on harmonics ul(.i’o),
ul(.o’i), and all five harmonic projections of W;; transform through each other under the action
of symmetry generators.

The USp(4), N' = 4 harmonic superspace with coordinates {mm,z,eff’o),Qéo’i)’,ui}
contains several analytic subspaces of the full superspace with eight anticommuting coordi-
nates. It can be checked that each of the following four superfields lives in its own analytic

subspace. For example,

W (90 9O+ g(+:0) 0.4y,
20
VRO = gOHp ) = v — gOH ) — (. @0

& &

Acting on W (a1.a2) by one, two, three or four spinor derivatives Dg“’(”), one obtains a
set of relations, which allow one to define the superstrength components. We do not write
down all such relations. The relations that will be needed further have the form

G0 _ PO ppr+h . o) ﬁ'v(j,O)W(+,+)
I & 2 & )

& - 2 &

: 1)
VS}O’_)GE;’O) — E&BH(J“’) Feas (W (00 py(+-)), Vf.f’_)ij“o) = Voo W),

Further, we take the superfield W (1) as the basic superfield strength and construct
superfield action in its terms. This superfield is a function on analytic subspace of the
harmonic superspace parameterized by

(M u} = {a7F, 24,0509, 00 gEr0 glob) (=00, 050 (22)

where

2= @™ — g0 gm0 _ jg(+0) gmg(—0) _ (0.2 gmgl0t) _ jg(0:4) m (0.
23
oh = ot OG0 | 0 ag04) _ g0 08 _ g0tz a Y
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One can prove that the above analytic subspace is closed under the supersymmetry transfor-
mations and is real with respect to “tilde”-conjugation. Hence, the analytic superfield 1/ (+:+)
also can be chosen real. In the A frame, the covariant spinor derivatives are short

+0 _ 0 0+ _ 0
DY = o DY = oo (24)

The harmonic derivatives D(1:92) in the analytic basis are presented in [9]. The fundamental
property of the operators D(t+:9 D(EF) and DO+ is that if W(H 1) is a covariantly
analytic superfield, i.e., if Df;’O)W(*’*) =0, Df}O’HW(*’*) = 0, then it is also a harmonic
analytic superfield, i.e., DT HOW ) = o DEFW ) = o, DOAHW(+) = 0,

Similarly, we can consider the solution of the Grassmann constraints for other superfields
W(a1:92) by passing to the corresponding analytic coordinates.

Superfield Action. Here, we formulate the superfield action. We show that such a super-
field action is written in terms of superfield W (+ %) and exactly reproduces the component
action (1). The action under consideration must be gauge-invariant, N' = 4 supersymmetric
and invariant under central charge transformation. To find such an action, one uses a pre-
scription, which was formulated in N = 2 central charge harmonic superspace [7]. We will
see that this prescription perfectly works in USp(4), N' = 4 harmonic superspace.

We propose the superfield action for USp(4), N =4 SYM theory in the form

S ~ tr /dc(f4,74) du((9(+,0))2 _ (9‘(+,0))2)((9(0,+))2 _ (9‘(0,+))2)£(2,2). (25)

Here, £22) = W)W ) is an analytic (20) and harmonically “short” superfield. Ana-
lytic superspace dimensionless integration measure looks like

d(<74’74)du — d4fEA d29(+,0) d20(0,+) d29_(+,0) d29_(0,+) du7

where du denotes the left-right invariant measure of USp(4). The action (25) is obviously
gauge-invariant. Also, this action is A/ = 4 supersymmetric. The proof of this statement
is analogous to that in A/ = 2 theory with intrinsic central charges [7]. Though the ac-
tion (25) does not contain integration over z, actually it is z-independent due to the identities
DH+.0)£22) — pO.++) £(22) — (. Therefore, this action is invariant under central charge
transformation dz') = 0, 6z4 = w with constant parameter w. Now, we rewrite the action (25)
in component form. To do that, we should integrate over harmonic and over all anticommut-
ing coordinates. We take into account that on a gauge-invariant quantities D? = V2. Also,
one uses the integration rule

1 _ _
(=4, gy, — 4 (£:0) 74, (0:%) (7 (=:0))2 (7 (=.032 (7(0,-))2(7(0,-)\2 (o
/dC du 256/da:du du (V (V 4(V 4(V )%, (26)
After all these integrations, we get

1 L e
S~ —ostr /d‘lx(va“vg — Vv,

=tr / d*zL, (27)
6=0

1 i A )
where the integrand is as follows: L;; = —Q(G?G(yj“‘G?Gdj“‘%Hi *Wi). This expression

contains all the necessary terms corresponding to the component action (1). We can show,
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after some rather cumbersome calculations using the identities (7)—(9), that the action (27)
with a coefficient 1/4 in the definition (25) is rewritten in the form

1 1 1., 1 .
L= = F" P = 5V™Vo + SHY Hiy 4 2V Wi Vi W

1 o . . _. g L
+ = [Wi, W, FW WY 4GV 06 GE + %[Wik, GokGE 4 %[Wik, GEIGY. (28)

16[

We can see that each term in the action (28) has the corresponding analogous term in the
action (1), that is Eq. (28) coincides with Eq. (1) up to the coefficients. As a result, we finally
derive the action (1) from the superfield action (25).

3. SUMMARY

We have developed the harmonic superspace formulation of A" = 4 SYM theory with the
rigid central charge. Component formulation of this theory was given in [1]. We studied the
gauge theory in USp(4), N = 4 superspace and showed that all the constraints in the compo-
nent theory [1], the supersymmetry transformations and the central charge transformation are
the consequences of the Bianchi identities for the superfield strengths. Also, it was proved
that the Lagrange multiple A5 and the expressions of auxiliary fields V;,, and H;; in terms
of As, used in [1], have a natural origin as the conditions of central charge independence of
gauge superconnections I'y, . and superstrength W;;. Gauge-invariant, N' = 4 supersymmet-
ric action, invariant under the central charge transformations is proposed and it is proven that
this action reproduces the component action given in [1].
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