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In this paper we study the gravitational interaction for massive higher integer spin fields in three-
dimensional AdS space. Within of gauge-invariant description we have constructed cubic vertex s —s—2
and discuss the possible going beyond the first-order approximation.
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INTRODUCTION

Besides the basic interest of three-dimensional (d = 3) models related to various dualities,
it turns out that a theory in three dimensions looks a lot easier than in four dimensions and
higher. From this point of view, it is useful to consider such a technically complicated theory
as a higher-spin one [1,2]. In particular, one can try to study the possible structure of the
massive higher-spin theory which unlike the massless one we know is not much.

The paper is organized as follows. In the rest part of Introduction we formulate a general
scheme for constructing interactions based on the gauge-invariant description. Then using
this approach, in Sec.1 we will consider free theory and gravitational coupling for massless
higher-spin fields in d = 3. In this section a number of known results are reproduced. Then
in Sec.?2 the same aspects are investigated for massive higher-spin fields in d = 3.

Both for massless and for massive higher-spin fields, we will use the gauge-invariant
description. Within such a consideration the general scheme of constructing interactions
looks as follows. The Lagrangian and gauge transformations are represented as a series in
powers of some coupling constant x:

£=£0+/££1+/£2£2+..., 52504—&514-[%252—1—...,

where L is quadratic in the fields Lagrangian corresponding to the free theory; £, is cubic
in the fields Lagrangian corresponding to first-order interactions and so on, and we have the
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same for gauge transformations dg, d1, ... Then the condition of gauge invariance 6L = 0 is
also represented as a series in powers of coupling constant x:
/@0 50£0 = 0,

Kt 6oL1+ 61Ly =0,
K2 0oLy + 01L1 + 62Ly =0,

In zero order the gauge invariance corresponds to a free theory, in the first order we have linear
interaction and so on. The goal of this paper is to formulate free theory and construct first-
order gravitational interaction for massless and massive higher-spin fields !, i.e., to find Lo, &g
and L1, ;. The problem of going beyond the first-order approximation is also discussed.

1. MASSLESS HIGHER-SPIN FIELDS IN d = 3

1.1. Free Theory. Let us firstly consider massless higher-spin fields. We will work
in three-dimensional AdS space and use frame-like formulation [3]. The main objects are
generalized vielbein ®,%*s~1 and dual field to the generalized connection 2,41~ ®*s—1 =
5”0(“19”“2"'“3—1)”70. For these fields, one can determine the new field variables

Q=0+, Q=0Q-)\0.

Here ) is the dimensional parameter related to cosmological constant A as \> = —A. In
terms of new fields the free Lagrangian is rewritten in form of two independent parts [5]:

Lo ~ Lo() = Lo(Q).

Each part depends on its own one field A and represents the linearized Chern—Simons action
with Abelian gauge transformations:

Lo(A) ~ ADA+ \AA, 50A = Dn+ M.

1.2. Gravitational Coupling. It is assumed that after switching on an interaction such
separation of field variables is also preserved, then we can say that every massless higher-spin
field is described by its one field variable A. Let Ay and A, correspond to massless spin-2
and spin-s fields, respectively. The gravitational coupling in the first order corresponds to the
cubic vertex s — s — 2 with suitable first-order corrections to gauge transformations

Ly~ AsAsA27 01 Ag ~ Aan + A27737 01As ~ Asns-

Their explicit form is uniquely determined by the gauge invariance in first-order approxima-
tion oLy + 01 Ly = 0. It is natural to try to close the theory by requiring that §;£; = 0.
For example, for spin-3 it is achieved by adding to the constructed vertex 3 — 3 — 2 the
vertex of the self-interaction of gravitational field 2 — 2 — 2 with corresponding correction to
gauge transformation. The resulting model is the Chern—Simons theory with the symmetry
group SL(3, R) [4,5]. Thus, unlike four dimensions, in three dimensions a system of interact-
ing massless spin-2 and spin-3 fields is allowed without involving any new dynamical fields.

IWe consider only integer higher spins.
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2. MASSIVE HIGHER-SPIN FIELDS IN d = 3

2.1. Free Theory. Now we study the theory of massive higher-spin fields in three dimen-
sions. For the gauge-invariant frame-like description of massive spin-s field, we need a set
of field variables (®y,Q), k = 0,1,...,s. Here k runs from O to s and characterizes the
spin of corresponding massless field being auxiliary Stueckelberg fields up to k < s — 1. For
example, for spin-2 we should introduce three pairs of fields (®,%,€Q,%), (®,,Q%), (2, 7%).
The last two pairs play the role of auxiliary Stueckelberg spin-1 and spin-0 fields. Doing as
in the massless case, we wish to separate field variables. But we see that in the last pair the
fields do not have a symmetrical structure, one of them being a scalar and another being a
vector. To avoid this problem, we impose the gauge ¢ = 0 and eliminate Stueckelberg spin-0
field. Thereafter the new field variables (Cﬁk, Q) can be introduced as follows:

Qk:Qk—i—kaI)k, Qk:Qk—kaDk, k=1,...,s.

Here my, is the dimensional parameter related to mass m and A\ parameters my ~ my(m, A).
In terms of new fields, the free Lagrangian takes the form [6]

S

Lo~ {EO(Qk) - EO(Qk’)} ;
k=1

where each half has the same structure and depends on its own set of fields Ay:
Lo(Ag) ~ A DA + mARAk—1 + mAR Ay,
with gauge transformations
doAr = D, +m(Nke—1 + Nk + Net1)-

In some sense this Lagrangian looks like an Abelian Chern—Simons action. Turning to the
construction of gravitational interaction, it will be natural to write the vertex of first-order one
5 — s — 2 as follows:

L1(Ag) ~ AskAsk Az + A Asii—1 As.

Unfortunately, the analysis of this naive vertex shows that, when we return to the initial
fields, the @,y part of the auxiliary fields (actually only one field) becomes dynamical.
The reason is that the gauge ® = 0 is inconsistent with this type of interaction.

2.2. Gravitational Coupling. Let us refuse the condition ® = 0 and study gravitational
coupling in terms of initial fields (®y,€2;). The Lagrangian and gauge transformations for
free massive spin-s field will have the following form:

S

Lo~ [ + QDPp + m(QPry + Qo1 @p) + m* Dy Di] | M)
k=0
80 ~ Dig, + m(Met1 + mk—1) + m?&,  00@k ~ D& + ni + m(Ehsr + 1) (2)

Initial field variables for the gravity are the vielbein h,® and dual Lorentz connection w,* =

gew, e, In the first-order approximation, from gauge invariance 6oL1 + 61L9 = 0 it
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follows that the most general solution for gravitational interaction up to a field redefinition
corresponds to the vertex s —s— 2, which is obtained from the free theory (1), (2) by replacing
the background vielbein e,® and derivative D,, on vielbein and connection of gravitational
field, respectively, [7, 8]

L1 =Lo(e," — hy®, Dy — w,”)

and the same replacing for gauge transformations. This coupling represents the minimal one.
The minimal coupling is possible because we work in three dimensions. In four dimensions
and higher minimal coupling is not consistent, we must also consider the nonminimal inter-
action with higher derivatives. What about the closing of the theory? A common question
looks very complicated. We only present some arguments for the spin-3 case. To close the
theory, we should require 6;£; = 0. Note that when spin-3 field is massless this variation
vanishes by adding the vertex of gravitational self-interaction 2 — 2 — 2 with corresponding
correction to gauge transformation. In the massive spin-3 case, such adding is not sufficient.
Hence, we need more contributions by which this variation would be canceled. Since in
three dimensions vertices higher than cubic one cannot be built, it is required to introduce
new dynamical fields and interactions in the system. It seems that the natural candidate for
the role of such a field is a massive spin-4 field. It will give the vertex 4 — 3 — 2 with the
suitable contribution to the variation. Thus, there is an important difference as compared with
massless case where the system of massless spin-2 and spin-3 fields is closed without adding
any new dynamical fields.
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