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  	 Í¨μ´ ²Ó´Ò° ´ ÊÎ´Ò° Í¥´É· ®• ·Ó±μ¢¸±¨° Ë¨§¨±μ-É¥Ì´¨Î¥¸±¨° ¨´¸É¨ÉÊÉ¯,
	 ÊÎ´μ-¶·μ¨§¢μ¤¸É¢¥´´Ò° ±μ³¶²¥±¸ ®‚μ§μ¡´μ¢²Ö¥³Ò¥ ¨¸ÉμÎ´¨±¨ Ô´¥·£¨¨

¨ ·¥¸Ê·¸μ¸¡¥·¥£ ÕÐ¨¥ É¥Ì´μ²μ£¨¨¯, • ·Ó±μ¢, “±· ¨´ 
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“· ¢´¥´¨Ö Œ ±¸¢¥²²  ¤²Ö ¶·μ¤μ²Ó´μ ´¥μ¤´μ·μ¤´ÒÌ (´¥·¥£Ê²Ö·´ÒÌ) ¢μ²´μ¢μ¤μ¢ ¸ ¨³¶¥¤ ´¸-
´Ò³¨ ¸É¥´± ³¨ Ô±¢¨¢ ²¥´É´μ ¸¢¥¤¥´Ò ± ¸¨¸É¥³¥ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶Ê-
É¥³ ¶·¨³¥´¥´¨Ö ¶μ¶¥·¥Î´ÒÌ · §²μ¦¥´¨°. �μ²ÊÎ¥´´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¤²Ö  ³¶²¨ÉÊ¤ ¸¢Ö§ ´´ÒÌ
³μ¤ ¨¸¶μ²Ó§Ê¥É¸Ö ¶·¨ · ¸Î¥É Ì ·¥§μ´ Éμ·μ¢ £¨·μÉ·μ´μ¢. ‚ Î ¸É´μ¸É¨,  ´ ²¨§¨·Ê¥É¸Ö ¢²¨Ö´¨¥ ÔË-
Ë¥±Éμ¢ ±μ´¢¥·¸¨¨ ³μ¤ ¨ μ³¨Î¥¸±¨Ì ¶μÉ¥·Ó ´  ¸μ¡¸É¢¥´´Ò¥ Î ¸ÉμÉÒ, ¤μ¡·μÉ´μ¸É¨ ¨ · ¸¶·¥¤¥²¥´¨¥
¶μ²¥° ¢ ·¥§μ´ Éμ· Ì £¨·μÉ·μ´μ¢, · ¡μÉ ÕÐ¨Ì ¢ É¥· £¥·Í¥¢μ³ ¤¨ ¶ §μ´¥.

Maxwell's equations for longitudinally inhomogeneous (irregular) waveguides with impedance walls
are equivalently reduced to an inˇnite set of ordinary differential equations (SODE) by applying the
transverse expansions. The resulting set of equations for the amplitudes of the coupled modes is used
for calculations of gyrotron cavities. In particular, the impact of the mode conversion and ohmic losses
on the eigenfrequencies, quality factors and ˇeld distributions in the gyrotron cavities operating in the
terahertz (THz) wave range is investigated.

PACS: 84.40.Ik; 42.65.Wi
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�·μ¤μ²Ó´μ ´¥μ¤´μ·μ¤´Ò¥ ¢μ²´μ¢μ¤Ò · §²¨Î´μ° ¶·¨·μ¤Ò (Ô²¥±É·μ³ £´¨É´Ò¥, μ¶É¨Î¥-
¸±¨¥,  ±Ê¸É¨Î¥¸±¨¥, Ê¶·Ê£¨¥ ¨ É. ¤.) Ö¢²ÖÕÉ¸Ö ¶·¥¤³¥Éμ³ Ï¨·μ±¨Ì ¨ ¨´É¥´¸¨¢´ÒÌ ¨¸¸²¥-
¤μ¢ ´¨°. ‚¥¸Ó³  · ¸¶·μ¸É· ´¥´Ò ¨ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¨³¶¥¤ ´¸´μ£μ É¨¶ . ‚ Î ¸É´μ¸É¨,
μ´¨ ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò ¤²Ö μ¶¨¸ ´¨Ö ¥¸É¥¸É¢¥´´μ£μ § ÉÊÌ ´¨Ö ´  ³¥É ²²¨Î¥¸±¨Ì
¶μ¢¥·Ì´μ¸ÉÖÌ, ³μ¤¥²¨·μ¢ ´¨Ö ¶¥·¨μ¤¨Î¥¸±¨Ì ¨ Ï¥·μÌμ¢ ÉÒÌ ¶μ¢¥·Ì´μ¸É¥°, Éμ´±¨Ì ¤¨-
Ô²¥±É·¨Î¥¸±¨Ì ¨ ³¥É ²²¨Î¥¸±¨Ì ¸²μ¥¢, ±μ³¶μ§¨Í¨μ´´ÒÌ ³ É¥·¨ ²μ¢ ¨ É. ¤. ’ ±¨³ μ¡· -
§μ³, É¥μ·¨Ö ¶·μ¤μ²Ó´μ ´¥μ¤´μ·μ¤´ÒÌ ¢μ²´μ¢μ¤μ¢ ¸ ¨³¶¥¤ ´¸´Ò³¨ ¸É¥´± ³¨ ³μ¦¥É ¡ÒÉÓ
¶·¨³¥´¥´  ¤²Ö Ï¨·μ±μ£μ ±·Ê£  ¶·¨±² ¤´ÒÌ § ¤ Î.

	¥¸³μÉ·Ö ´  μ¶·¥¤¥²¥´´μ¥ ³´μ£μμ¡· §¨¥ ¶μ¤Ìμ¤μ¢ ±  ´ ²¨§Ê ¶·μ¤μ²Ó´μ ´¥μ¤´μ·μ¤-
´ÒÌ ¢μ²´μ¢μ¤μ¢, ±²ÕÎ¥¢ÊÕ ·μ²Ó ¢ ¨Ì É¥μ·¨¨ ¨£· ÕÉ ³¥Éμ¤Ò ¶μ¶¥·¥Î´ÒÌ ¸¥Î¥´¨° [1Ä3],
¢ ´¥±μÉμ·μ° ¸É¥¶¥´¨ μ¡μ¡Ð ÕÐ¨¥ ³¥Éμ¤ · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ. ‚ μ¸´μ¢¥ ÔÉ¨Ì ³¥-
Éμ¤μ¢ ²¥¦¨É ±μ´Í¥¶Í¨Ö ¢μ²´μ¢μ¤  ¸· ¢´¥´¨Ö (·¥£Ê²Ö·´Ò° ¢μ²´μ¢μ¤, ¸¥Î¥´¨¥ ±μÉμ·μ£μ
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¸μ¢¶ ¤ ¥É ¸ ¸¥Î¥´¨¥³ ´¥·¥£Ê²Ö·´μ£μ ¢μ²´μ¢μ¤  ¶·¨ § ¤ ´´μ³ §´ Î¥´¨¨ ¶·μ¤μ²Ó´μ° ±μμ·-
¤¨´ ÉÒ). �μ²Ö ¢ ¶·μ¨§¢μ²Ó´μ³ ¸¥Î¥´¨¨ ´¥·¥£Ê²Ö·´μ£μ ¢μ²´μ¢μ¤  · §² £ ÕÉ¸Ö ¢ ¤¢Ê³¥·-
´Ò¥ [1, 3] ²¨¡μ É·¥Ì³¥·´Ò¥ [2] ·Ö¤Ò ¶μ ¶μ²Ö³ ¢μ²´μ¢μ¤  ¸· ¢´¥´¨Ö. �μ¸²¥¤´¨¥, ± ±
¨§¢¥¸É´μ, ³μ£ÊÉ ¡ÒÉÓ ²¥£±μ ¶μ²ÊÎ¥´Ò ³¥Éμ¤μ³ · §¤¥²¥´¨Ö ¶¥·¥³¥´´ÒÌ. ’ ±¦¥ ¸²¥¤Ê¥É
Ê¶μ³Ö´ÊÉÓ ³¥´¥¥ ¨§¢¥¸É´Ò° ¶μ¤Ìμ¤ ´  μ¸´μ¢¥ ¸± ²Ö·´ÒÌ · §²μ¦¥´¨° ¶·μ¤μ²Ó´ÒÌ ¶μ-
²¥° [4], ±μÉμ·Ò°, μ¤´ ±μ, ´¥ ´ Ï¥² Ï¨·μ±μ£μ ¶· ±É¨Î¥¸±μ£μ ¶·¨³¥´¥´¨Ö ¢¸²¥¤¸É¢¨¥
¸¢μ¥° ¸²μ¦´μ¸É¨. �´ É ±¦¥ ¶μ§¢μ²Ö¥É ¸¢¥¸É¨ ¸¨¸É¥³Ê Ê· ¢´¥´¨° Œ ±¸¢¥²²  ± ¸¨¸É¥³¥
μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (‘�„“) ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö.

‚ÒÏ¥Ê¶μ³Ö´ÊÉÒ¥ ³¥Éμ¤Ò ¨ ¨Ì · §²¨Î´Ò¥ ³μ¤¨Ë¨± Í¨¨ Ê¸¶¥Ï´μ · ¡μÉ ÕÉ ¤²Ö ¢μ²-
´μ¢μ¤μ¢ ¸ ¨¤¥ ²Ó´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨. �¤´ ±μ ¸ÊÐ¥¸É¢¥´´Ò¥ ³ É¥³ É¨Î¥¸±¨¥ ¨
¢ÒÎ¨¸²¨É¥²Ó´Ò¥ É·Ê¤´μ¸É¨ ¢μ§´¨± ÕÉ ¢ ¸²ÊÎ ¥ ¨¸¶μ²Ó§μ¢ ´¨Ö ¡μ²¥¥ ·¥ ²¨¸É¨Î´ÒÌ Å
¨³¶¥¤ ´¸´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨° [5]. �·¨ ÔÉμ³, ¥¸²¨ ¢ ± Î¥¸É¢¥ ¢μ²´μ¢μ¤  ¸· ¢´¥´¨Ö
¡· ÉÓ ·¥£Ê²Ö·´Ò° ¨³¶¥¤ ´¸´Ò° ¢μ²´μ¢μ¤, ¸μ¡¸É¢¥´´Ò¥ ¶μ²Ö ¢ ´¥³ ´¥μ¡Ö§ É¥²Ó´μ μ¡² -
¤ ÕÉ ¸¢μ°¸É¢μ³ ¡ §¨¸´μ¸É¨. •μÉÖ ¡ §¨¸, ¢ ¶·¨´Í¨¶¥, ³μ¦¥É ¡ÒÉÓ ¶μ¸É·μ¥´ ´  μ¸´μ¢¥
¸μ¡¸É¢¥´´ÒÌ ¨ ¶·¨¸μ¥¤¨´¥´´ÒÌ ËÊ´±Í¨° É ±μ£μ ¢μ²´μ¢μ¤ , Ï¨·μ±μ£μ ¶· ±É¨Î¥¸±μ£μ ¨¸-
¶μ²Ó§μ¢ ´¨Ö É ±μ° ¶μ¤Ìμ¤ ´¥ ¶μ²ÊÎ¨²,   ¶·¨¸μ¥¤¨´¥´´Ò¥ ËÊ´±Í¨¨  ´ ²¨§¨·μ¢ ²¨¸Ó ²¨ÏÓ
¤²Ö ´¥³´μ£¨Ì ¶·μ¸É¥°Ï¨Ì £¥μ³¥É·¨° (¸³., ´ ¶·¨³¥·, [5]). …¸²¨ ¦¥ ¢ ± Î¥¸É¢¥ ¡ §¨¸´ÒÌ
ËÊ´±Í¨° ¶μ-¶·¥¦´¥³Ê ¨¸¶μ²Ó§μ¢ ÉÓ ¢¥±Éμ·´Ò¥ ¶μ²Ö ¢μ²´μ¢μ¤  ¸· ¢´¥´¨Ö ¸ ¨¤¥ ²Ó´Ò³¨
¸É¥´± ³¨, Éμ § ¤ Î  ´¥ ³μ¦¥É ¡ÒÉÓ Ô±¢¨¢ ²¥´É´μ ¸¢¥¤¥´  ± ‘�„“ [6].

‚μ§³μ¦¥´ É ±¦¥  ²ÓÉ¥·´ É¨¢´Ò° ¶μ¤Ìμ¤, μ¸´μ¢ ´´Ò° ´  ¶·¥¤¢ ·¨É¥²Ó´μ³ ¶·¥μ¡· -
§μ¢ ´¨¨ ´¥·¥£Ê²Ö·´μ£μ ¢μ²´μ¢μ¤  ¢ ·¥£Ê²Ö·´Ò° ¸ ´¥μ¤´μ·μ¤´Ò³  ´¨§μÉ·μ¶´Ò³ § ¶μ²´¥-
´¨¥³ [7, 8] ¶ÊÉ¥³ ¢¢¥¤¥´¨Ö ±·¨¢μ²¨´¥°´ÒÌ ±μμ·¤¨´ É. �¤´ ±μ μ´ ¸μ¶·Ö¦¥´ ¸ ¡μ²ÓÏ¨³
±μ²¨Î¥¸É¢μ³  ´ ²¨É¨Î¥¸±¨Ì ¶·¥μ¡· §μ¢ ´¨° ¨ Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢, ´¥ ¢¸¥£¤  Ê¤μ¡¥´ ¨
¶·¨³¥´¨³ ²¨ÏÓ ¤²Ö μ£· ´¨Î¥´´μ£μ Î¨¸²  ¶μ¶¥·¥Î´ÒÌ ¸¥Î¥´¨°.

Š ± ¶· ¢¨²μ, ¸± ²Ö·´Ò¥ · §²μ¦¥´¨Ö μ¡² ¤ ÕÉ ²ÊÎÏ¥° ¸Ìμ¤¨³μ¸ÉÓÕ ¨ £¨¡±μ¸ÉÓÕ.
�μ¸²¥¤´¥¥ ¨ ¶μ§¢μ²Ö¥É ¢ ¸²ÊÎ ¥ ´¥·¥£Ê²Ö·´ÒÌ ¢μ²´μ¢μ¤μ¢ ¸ ¨³¶¥¤ ´¸´Ò³¨ ¸É¥´± ³¨
¶μ²ÊÎ¨ÉÓ ‘�„“ ¶·Ö³Ò³ μ¡· §μ³ ¨§ Ê· ¢´¥´¨° Œ ±¸¢¥²² , ¡¥§ ± ±¨Ì-²¨¡μ Ê¶·μÐ¥´¨°.

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¶μ²ÊÎ¥´´ Ö ‘�„“ ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö · ¸Î¥Éμ¢ ·¥§μ´ Éμ·  £¨-
·μÉ·μ´ , · ¡μÉ ÕÐ¥£μ ¢ É¥· £¥·Í¥¢μ° μ¡² ¸É¨. Š ± ¨§¢¥¸É´μ [9], £¨·μÉ·μ´Ò ¶·¥¤¸É ¢-
²ÖÕÉ¸Ö ¤μ¢μ²Ó´μ ¶¥·¸¶¥±É¨¢´Ò³¨ ¨¸ÉμÎ´¨± ³¨ ³μÐ´μ£μ É¥· £¥·Í¥¢μ£μ ¨§²ÊÎ¥´¨Ö. �´¨
³μ£ÊÉ ÔËË¥±É¨¢´μ ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö ¢ É ±¨Ì ¶·¨²μ¦¥´¨ÖÌ É¥· £¥·Í¥¢μ£μ ¨§²ÊÎ¥´¨Ö, ± ±
¤¨´ ³¨Î¥¸± Ö ¶μ²Ö·¨§ Í¨Ö Ö¤¥· ¢ ¸¶¥±É·μ¸±μ¶¨¨, μ¸´μ¢ ´´μ° ´  Ö¤¥·´μ³ ³ £´¨É´μ³
·¥§μ´ ´¸¥ [10], ¨§ÊÎ¥´¨¥ Éμ´±μ° ¸É·Ê±ÉÊ·Ò ¶μ§¨É·μ´¨Ö [11], ¤¨¸É ´Í¨μ´´μ¥ μ¡´ ·Ê-
¦¥´¨¥ ¸±·ÒÉÒÌ · ¤¨μ ±É¨¢´ÒÌ ³ É¥·¨ ²μ¢ [12], μ¡· §μ¢ ´¨¥ ¶² §³Ò [13] ¨ ¤·. �¤-
´ ±μ ÔËË¥±É¨¢´μ¸ÉÓ · ¡μÉÒ É¥· £¥·Í¥¢ÒÌ £¨·μÉ·μ´μ¢ ¶μ±  ¥Ð¥ μ¸É ¥É¸Ö ¤μ¸É ÉμÎ´μ
´¨§±μ°, ÎÉμ μ¡Ê¸²μ¢²¥´μ ¡μ²ÓÏ¨³ ¢²¨Ö´¨¥³ ¤¨¸¸¨¶ É¨¢´ÒÌ ÔËË¥±Éμ¢ ¢ ·¥§μ´ Éμ·¥ £¨-
·μÉ·μ´ , ¢ Î ¸É´μ¸É¨ ¡μ²ÓÏ¨³¨ μ³¨Î¥¸±¨³¨ ¶μÉ¥·Ö³¨ ¢ ¸É¥´± Ì ·¥§μ´ Éμ· . Š ± ¨§-
¢¥¸É´μ, ÊÎ¥É ÔÉ¨Ì ¶μÉ¥·Ó ÔËË¥±É¨¢´μ ³μ¤¥²¨·Ê¥É¸Ö £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¨³¶¥¤ ´¸-
´μ£μ É¨¶  [5], ÎÉμ ¨ ¶·¨¢μ¤¨É ± ´¥μ¡Ìμ¤¨³μ¸É¨ ¨ Í¥²¥¸μμ¡· §´μ¸É¨ · §¢¨É¨Ö  ¤¥±¢ É-
´μ° É¥μ·¨¨ ¶μÉ¥·Ó Ô´¥·£¨¨ ¢ ·¥§μ´ Éμ· Ì É¥· £¥·Í¥¢ÒÌ £¨·μÉ·μ´μ¢ §  ¸Î¥É ±μ´¢¥·-
¸¨¨ ¨ μ³¨Î¥¸±μ£μ § ÉÊÌ ´¨Ö ³μ¤. ‚¸²¥¤¸É¢¨¥ ¸¢μ¥° μ¡Ð´μ¸É¨ · §¢¨É Ö É¥μ·¨Ö ¶·¥¤-
¸É ¢²Ö¥É ¨´É¥·¥¸ ¨ ¤²Ö ³´μ£¨Ì ¤·Ê£¨Ì ¶·¨²μ¦¥´¨°, ¢ Î ¸É´μ¸É¨ ¤²Ö · ¸Î¥Éμ¢ ±μ´¢¥·-
É¥·μ¢ [14, 15], É· ´¸¶μ·É¨·μ¢±¨ ¶ÊÎ±μ¢ § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ¢μ²´μ¢μ¤ Ì [16], · ¸¶·μ-
¸É· ´¥´¨Ö ¢μ²´ ¢ ´¥·¥£Ê²Ö·´ÒÌ Ê¶·Ê£¨Ì [17],  ±Ê¸É¨Î¥¸±¨Ì [18, 19] ¨ μ¶É¨Î¥¸±¨Ì [20]
¢μ²´μ¢μ¤ Ì ¨ ¤·.
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	¥¶μ¸·¥¤¸É¢¥´´μ¥ ¸¢¥¤¥´¨¥ Ê· ¢´¥´¨° Œ ±¸¢¥²²  ± ¸¨¸É¥³¥ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥-
·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¶·μ¤μ²Ó´μ ´¥μ¤´μ·μ¤´ÒÌ ¨³¶¥¤ ´¸´ÒÌ ¢μ²´μ¢μ¤μ¢ ¸ ¶μ³μ-
ÐÓÕ · §²¨Î´ÒÌ ¶μ¶¥·¥Î´ÒÌ · §²μ¦¥´¨° ´¥ ¢Ò§Ò¢ ¥É μ¸μ¡ÒÌ  ´ ²¨É¨Î¥¸±¨Ì É·Ê¤´μ¸É¥° ¨
¶·μ¢μ¤¨É¸Ö É ± ¦¥, ± ± ¨ ¤²Ö ´¥μ¤´μ·μ¤´ÒÌ ¢μ²´μ¢μ¤μ¢ ¸ ¨¤¥ ²Ó´Ò³¨ ¸É¥´± ³¨ (¸³., ´ -
¶·¨³¥·, [1, 2, 21, 22] ¨ ¸¸Ò²±¨ ¢ ´¨Ì). ‚ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ ¢ ± Î¥¸É¢¥ ¢¥±Éμ·´ÒÌ ¡ §¨¸-

�¨¸. 1. �·μ¤μ²Ó´μ ´¥μ¤´μ·μ¤´Ò° ¢μ²´μ¢μ¤

´ÒÌ ËÊ´±Í¨° ¨¸¶μ²Ó§μ¢ ²¨¸Ó ²¨¡μ ¶μ²-
´Ò¥ É·¥Ì³¥·´Ò¥ ¶μ²Ö ·¥£Ê²Ö·´μ£μ ¢μ²´μ-
¢μ¤  ¸ ¨¤¥ ²Ó´Ò³¨ ¸É¥´± ³¨ [1] (¢μ²´μ-
¢μ¤  ¸· ¢´¥´¨Ö), ²¨¡μ ¶μ¶¥·¥Î´Ò¥ ±μ³-
¶μ´¥´ÉÒ ¶μ²¥° ¢μ²´μ¢μ¤  ¸· ¢´¥´¨Ö [2].
’ ± ± ± μ¡μ¡Ð¥´¨¥ ÔÉ¨Ì ³¥Éμ¤μ¢ ´  ¸²Ê-
Î ° ´¥·¥£Ê²Ö·´ÒÌ ¨³¶¥¤ ´¸´ÒÌ ¢μ²´μ¢μ-
¤μ¢ ´¥¢μ§³μ¦´μ (¸³., ´ ¶·¨³¥·, [6]), § 
¨¸±²ÕÎ¥´¨¥³ ¶² ´ ·´ÒÌ ¢μ²´μ¢μ¤μ¢ [23],
´¨¦¥ ¶·¨¢μ¤¨É¸Ö ¨´μ° ¶μ¤Ìμ¤, ±μÉμ·Ò°
¶μ§¢μ²Ö¥É ÔÉμ ¸¤¥² ÉÓ [21, 22]. „²Ö ÔÉμ£μ
¸²¥¤Ê¥É μÉ± § ÉÓ¸Ö μÉ ¢¥±Éμ·´ÒÌ ¡ §¨¸´ÒÌ

ËÊ´±Í¨°,   ¸²¥¤μ¢ É¥²Ó´μ, ¨ μÉ ±μ´Í¥¶Í¨¨ ¢μ²´μ¢μ¤  ¸· ¢´¥´¨Ö. ‚³¥¸Éμ ÔÉμ£μ Ô²¥±É·μ-
³ £´¨É´Ò¥ ¶μ²Ö ¢ ¶·μ¨§¢μ²Ó´μ³ ¶μ¶¥·¥Î´μ³ ¸¥Î¥´¨¨ ´¥·¥£Ê²Ö·´μ£μ ¢μ²´μ¢μ¤  (·¨¸. 1)
¢Ò· ¦ ¥³ Î¥·¥§ ¤¢¥ ¸± ²Ö·´Ò¥ ËÊ´±Í¨¨ (³ £´¨É´Ò° ¨ Ô²¥±É·¨Î¥¸±¨° ¶μÉ¥´Í¨ ²Ò ƒ¥·Í ),
Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ μ¤´μ³Ê ¨ Éμ³Ê ¦¥ Ê· ¢´¥´¨Õ ƒ¥²Ó³£μ²ÓÍ  [5]:(

Δ⊥ +
∂2

∂z2
+ k2

)
Ψ = 0,

(
Δ⊥ +

∂2

∂z2
+ k2

)
Φ = 0, (1)

£¤¥ k = ω/c, c Å ¸±μ·μ¸ÉÓ ¸¢¥É  ¢ ¢ ±ÊÊ³¥; ω Å Î ¸ÉμÉ  ±μ²¥¡ ´¨°, ¢·¥³¥´´μ° ³´μ¦¨-
É¥²Ó e−iωt μ¶ÊÐ¥´.

�·¥¤¸É ¢¨³ ´¥¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ ¢ ¢¨¤¥ [21, 22]

Ψ =
∞∑

i=1

Ai(z)Ψi(r⊥; z), Φ =
∞∑

i=1

Bi(z)Φi(r⊥; z), (2)

£¤¥ Ψi(r⊥; z) ¨ Φi(r⊥; z) Å ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ § ¤ Î „¨·¨Ì²¥ ¨ 	¥°³ ´  ¸μμÉ¢¥É-
¸É¢¥´´μ ¤²Ö μ¶¥· Éμ·  ‹ ¶² ¸  ¢ ¤¢Ê³¥·´μ° μ¡² ¸É¨ S(z):

(Δ⊥ + α2
i )Ψi = 0, (Δ⊥ + β2

i )Φi = 0,

∂Ψi

∂n

∣∣∣∣
C(z)

= 0, Φi|C(z) = 0, r⊥ ∈ S(z).
(3)

�·¨Î¥³ ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö Ψ ¸Ìμ¤¨É¸Ö · ¢´μ³¥·´μ ± Ψ ¢¸Õ¤Ê ¢
¶μ¶¥·¥Î´μ³ ¸¥Î¥´¨¨ S(z), ¢±²ÕÎ Ö ±μ´ÉÊ· C(z), μ£· ´¨Î¨¢ ÕÐ¨° ÔÉμ ¸¥Î¥´¨¥. ‚ Éμ ¦¥
¢·¥³Ö ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö Φ · ¢´μ³¥·´μ ¸Ìμ¤¨É¸Ö ± Φ Éμ²Ó±μ ¢´ÊÉ·¨ S(z),   ´  C(z) ¸É·¥-
³¨É¸Ö ± ´Ê²Õ. 
 §¨¸´Ò¥ ËÊ´±Í¨¨ Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ Ê¸²μ¢¨Ö³ μ·Éμ£μ´ ²Ó´μ¸É¨:∫

S(z)

∇⊥Ψ∗
i∇⊥Ψk ds = δik,

∫
S(z)

∇⊥Φ∗
i∇⊥Φk ds = δik. (4)
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“· ¢´¥´¨Ö (1) § ³¥´Ö¥³ ¤¢Ê³Ö ¡¥¸±μ´¥Î´Ò³¨ ¸¥·¨Ö³¨ ¶·μ¥±Í¨μ´´ÒÌ · ¢¥´¸É¢:
∫

S(z)

Ψ∗
i

(
Δ⊥ +

∂2

∂z2
+ k2

)
Ψ ds = 0,

∫
S(z)

Φ∗
i

(
Δ⊥ +

∂2

∂z2
+ k2

)
Φ ds = 0. (5)

ˆ¸¶μ²Ó§ÊÖ ¢Éμ·ÊÕ Ëμ·³Ê²Ê ƒ·¨´  ¢ ¤¢Ê³¥·´μ³ ¢ ·¨ ´É¥ ¤²Ö ËÊ´±Í¨° Ψ∗
i ¨ Ψ:

∫
S(z)

(
Ψ∗

i Δ⊥Ψ − ΨΔ⊥Ψ∗
i

)
ds =

∮
C(z)

(
Ψ∗

i

∂

∂n
Ψ − Ψ

∂

∂n
Ψ∗

i

)
dl, (6)

¨  ´ ²μ£¨Î´ÊÕ ¤²Ö Φ∗
i ¨ Φ,   É ±¦¥ ¶·¥¤¸É ¢²¥´¨Ö (2) ¨ Ê¸²μ¢¨Ö μ·Éμ£μ´ ²Ó´μ¸É¨ (3),

¶·¨¤¥³ ± ¤¢Ê³ ¡¥¸±μ´¥Î´Ò³ ‘�„“

(L̂2
1 + p̂)A = 0, (L̂2

2 + q̂)B = 0, (7)

£¤¥

L̂1 = δik
d

dz
+ Tik, p̂ = δik

(
p2

k + IA
k

)
, L̂2 = δik

d

dz
+ Sik, q̂ = δik

(
q2
k + IB

k

)
,

p2
k = k2 − α2

i , q2
k = k2 − β2

i , A =
{
Ai

}∞
i=1

, B =
{
Bi

}∞
i=1

,

Tik = α2
i

∫
S(z)

Ψ∗
i

∂

∂z
Ψk ds, Sik = β2

i

∫
S(z)

Φ∗
i

∂

∂z
Φk ds, IA

i = α2
i

∮
C(z)

Ψ∗
i

∂

∂n
Ψ dl,

IB
i = −β2

i

∮
C(z)

Φ
∂

∂n
Φ∗

i dl.

„¥É ²¨ ¢Ò¢μ¤  ¶·¨¢¥¤¥´Ò ¢ ¶·¨²μ¦¥´¨¨.

��…����‡�‚��ˆ… ƒ���ˆ—�›• “‘‹�‚ˆ‰ ˆŒ�…„��‘��ƒ� ‚ˆ„�
Š ��›Š��‚…��›Œ „ˆ””…�…�–ˆ�‹œ�›Œ “��‚�…�ˆŸŒ

�¸´μ¢´ Ö ¶·¨´Í¨¶¨ ²Ó´ Ö É·Ê¤´μ¸ÉÓ, ¢μ§´¨± ÕÐ Ö ¶·¨  ´ ²¨§¥ ¶·μ¤μ²Ó´μ ´¥·¥£Ê²Ö·-
´ÒÌ ¨³¶¥¤ ´¸´ÒÌ ¢μ²´μ¢μ¤μ¢ ³¥Éμ¤ ³¨ ¶μ¶¥·¥Î´ÒÌ ¸¥Î¥´¨°, § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ¡Ò
¢Ò· §¨ÉÓ ±μ´ÉÊ·´Ò¥ ¨´É¥£· ²Ò IA,B

i , ¢Ìμ¤ÖÐ¨¥ ¢ (7), Î¥·¥§ Ê¦¥ ¢¢¥¤¥´´Ò¥ ´¥¨§¢¥¸É´Ò¥
±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨° (2). �´ ²μ£¨Î´ Ö § ¤ Î  ·¥Ï¥´  ¢ [1, 3] ¤²Ö ¶·μ¤μ²Ó´μ ´¥-
·¥£Ê²Ö·´ÒÌ ¢μ²´μ¢μ¤μ¢ ¸ ¨¤¥ ²Ó´Ò³¨ ¸É¥´± ³¨. �¤´ ±μ ´¥¶μ¸·¥¤¸É¢¥´´μ¥ μ¡μ¡Ð¥´¨¥
ÔÉ¨Ì ¶μ¤Ìμ¤μ¢ ´  ¸²ÊÎ ° ¶·μ¤μ²Ó´μ ´¥·¥£Ê²Ö·´ÒÌ ¢μ²´μ¢μ¤μ¢ ¸ ¨³¶¥¤ ´¸´Ò³¨ ¸É¥´-
± ³¨ ´¥¢μ§³μ¦´μ (¸³., ´ ¶·¨³¥·, [6]). ‚ · ³± Ì ¶·¥¤² £ ¥³μ£μ ¶μ¤Ìμ¤  ÔÉμ ¸É ´μ¢¨É¸Ö
¢μ§³μ¦´Ò³. ’ ± ± ± ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¢μ²´μ¢μ¤  ¶·μ¨§¢μ²Ó´μ£μ ¶μ¶¥·¥Î´μ£μ ¸¥Î¥´¨Ö ³ -
É¥³ É¨Î¥¸±¨¥ ¶·¥μ¡· §μ¢ ´¨Ö ¤μ¸É ÉμÎ´μ £·μ³μ§¤±¨, ¤²Ö ¶·μ¸ÉμÉÒ ¨ ´ £²Ö¤´μ¸É¨ · ¸-
¸³μÉ·¨³ μ¤¨´ ¨§ ´ ¨¡μ²¥¥ · ¸¶·μ¸É· ´¥´´ÒÌ ¨ Ê¶μÉ·¥¡¨É¥²Ó´ÒÌ ¸²ÊÎ ¥¢ Å ¶·μ¤μ²Ó´μ
´¥·¥£Ê²Ö·´Ò° ¢μ²´μ¢μ¤ ±·Ê£²μ£μ ¸¥Î¥´¨Ö. ‡¤¥¸Ó ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨

¥¸¸¥²Ö,   ·Ö¤Ò (2) Å ·Ö¤ ³¨ „¨´¨ ¨ ”Ê·Ó¥Ä
¥¸¸¥²Ö [24]. Ÿ¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¡ -
§¨¸´ÒÌ ËÊ´±Í¨° ¤μ¸É ÉμÎ´μ ¶·μ¸ÉÒ (¸³., ´ ¶·¨³¥·, [2]). ‚Ò· ¦ Ö £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö
¨³¶¥¤ ´¸´μ£μ É¨¶ 

n′ × E = −Zsn′ × (n′ × H)|C(z) , (8)
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£¤¥ n′ Å ´μ·³ ²Ó ± ¶μ¢¥·Ì´μ¸É¨ ¢μ²´μ¢μ¤  ´  ±μ´ÉÊ·¥ ¶μ¶¥·¥Î´μ£μ ¸¥Î¥´¨Ö (¸³. ·¨¸. 1),
Zs Å ¨³¶¥¤ ´¸ ¸É¥´μ±, Î¥·¥§ ¶μÉ¥´Í¨ ²Ò ƒ¥·Í , ¶·¨Ìμ¤¨³ ± ¤¢Ê³ ¸μμÉ´μÏ¥´¨Ö³:(

1 − iZs sin θ

k

∂

∂z

)
∂Ψ
∂r

=
m

kR

(
iZsk sin θ +

∂

∂z

)
Φ +

iZs cos θ

k

(
k2 +

∂2

∂z2

)
Ψ

∣∣∣∣
C(z)

,

(9)(
k2 +

∂2

∂z2

)
Φ =

m

R

(
k tg θ − iZs

cos θ

∂

∂z

)
Ψ −

(
iZsk

cos θ
+ tg θ

∂

∂z

)
∂Φ
∂r

∣∣∣∣
C(z)

,

£¤¥ m Å  §¨³ÊÉ ²Ó´Ò° ´μ³¥·, tg θ = R′(z).
„¢  ¸μμÉ´μÏ¥´¨Ö (9) ¸¢Ö§Ò¢ ÕÉ Î¥ÉÒ·¥ ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨¨ Å ¤¢  ¶μÉ¥´Í¨ ²  ƒ¥·Í 

¨ ¨Ì ´μ·³ ²Ó´Ò¥ ¶·μ¨§¢μ¤´Ò¥. ’ ±¨³ μ¡· §μ³, ³Ò ³μ¦¥³ ¢¢¥¸É¨ ¤¢¥ ´μ¢Ò¥ ´¥¨§¢¥¸É´Ò¥
ËÊ´±Í¨¨,   ¤¢¥ ¤·Ê£¨¥ ´¥μ¡Ìμ¤¨³μ ¢Ò· §¨ÉÓ Î¥·¥§ ´¨Ì ¨ Ê¦¥ ¢¢¥¤¥´´Ò¥ ´¥¨§¢¥¸É´Ò¥
±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨° (2). ’μ£¤  ¸¨¸É¥³  Ê· ¢´¥´¨° (7) ¸μ¢³¥¸É´μ ¸ (9) μ¡· §Ê¥É
§ ³±´ÊÉÊÕ ¸¨¸É¥³Ê ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. Š·μ³¥ Éμ£μ, ´¥μ¡Ìμ¤¨³μ Î ¸É´Ò¥ ¶·μ-
¨§¢μ¤´Ò¥ μÉ ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨°, ¢Ìμ¤ÖÐ¨Ì ¢ (9), ¢Ò· §¨ÉÓ Î¥·¥§ ¶μ²´Ò¥ ¶·μ¨§¢μ¤´Ò¥.
‚ ± Î¥¸É¢¥ ´μ¢ÒÌ ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° Í¥²¥¸μμ¡· §´μ ¢§ÖÉÓ (∂/∂n)Ψ ≡ A0 ¨ Φ ≡ B0.
�μ¸±μ²Ó±Ê ¤²Ö Ψ ¨ ¥¥ z-¶·μ¨§¢μ¤´ÒÌ ´  ±μ´ÉÊ·¥ C(z) ³Ò ³μ¦¥³ ¨¸¶μ²Ó§μ¢ ÉÓ · §²μ-
¦¥´¨Ö É¨¶  (2) (¸³. ¶·¨²μ¦¥´¨¥), μ¸É ¥É¸Ö Éμ²Ó±μ μ¤´  ®²¨Ï´ÖÖ¯ ´¥¨§¢¥¸É´ Ö ËÊ´±Í¨Ö,
  ¨³¥´´μ (∂/∂n)Φ, ±μÉμ· Ö ¢ · ¸¸³ É·¨¢ ¥³μ³ Î ¸É´μ³ ¸²ÊÎ ¥ ¸μ¢¶ ¤ ¥É ¸ (∂/∂r)Φ.
Š ± ¶μ± § ´μ ¢ ¶·¨²μ¦¥´¨¨, ¥¥ ³μ¦´μ ¢Ò· §¨ÉÓ Î¥·¥§ {Bi}∞i=0. ’ ±¨³ μ¡· §μ³, ¶μ¸²¥
§ ³¥´Ò Î ¸É´ÒÌ z-¶·μ¨§¢μ¤´ÒÌ ¢ (9) ¶μ²´Ò³¨ (¸³. É ±¦¥ ¶·¨²μ¦¥´¨¥) ¶·¨Ìμ¤¨³ ± ¤¢Ê³
μ¡Ò±´μ¢¥´´Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨Ö³:

a0A
′
0 + b0A0 + c0B

′
0 + d0B0 =

∞∑
i=1

((F̂1A)iai + d1((L̂2
2B)ibi + Bici)),

B′′
0 + d2B0 =

∞∑
i=1

((F̂2A)iai + (Ĝ1B)ibi + (Ĝ2B)ici),
(10)

£¤¥

a0 = −kδ sin θ, b0 = k

(
1 − δR′(z) sin θ

R(z)

)
, c0 = − m

R(z)
, d0 = −k2mδ sin θ

R(z)
,

d1 =
mR′(z)
R2(z)

, F̂1 = kδ cos θ(1 + R′2(z)) L̂2
1 + kδ cos θ

(
R′2(z)

(
k2 − m2

R2(z)

)
+ k2

)
,

δ =
iZs

k
, ai =

1√
π(μ′2

i − m2)
, bi =

R(z)∫
0

Φir dr, ci =
(

k2 − μ2
i

R2(z)

)
bi −

1√
π

,

Zs =
( ω

8πσ

)1/2

(1 − i), d2 = k2 −
(

R′(z)m
R(z)

)2

, F̂2 =
km(1 − R′2(z))

R(z) cos θ
(sin θ − δL̂1),

Jm(μi) = 0, J ′
m(μ′

i) = 0,

Ĝ1 =
(R′2(z) − R′′(z)R(z)) cos θ + k2δ R(z)(1 − R′2(z))

R2(z) cos θ
L̂2

2 −
(1 + R′2(z))R′(z)

R(z)
L̂3

2,

Ĝ2 =
(R′2(z) − R′′(z)R(z)) cos θ + k2δ R(z)(1 − R′2(z))

R2(z) cos θ
− (1 + R′2(z))R′(z)

R(z)
L̂2,

σ Å ¶·μ¢μ¤¨³μ¸ÉÓ ¸É¥´μ±.
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“· ¢´¥´¨Ö (7), (10) μ¡· §ÊÕÉ § ³±´ÊÉÊÕ ‘�„“ ¤²Ö ´¥¨§¢¥¸É´ÒÌ ±μÔËË¨Í¨¥´Éμ¢
{Ai}∞i=0 ¨ {Bi}∞i=0. �μ²ÊÎ¥´´ Ö ‘�„“ ¶μ²´μ¸ÉÓÕ Ô±¢¨¢ ²¥´É´  ¶¥·¢μ´ Î ²Ó´μ° ¸¨¸É¥³¥
Ê· ¢´¥´¨° Œ ±¸¢¥²²  ¨ ¶·¨£μ¤´  ¤²Ö  ´ ²¨§  ¢μ²´μ¢μ¤μ¢ ¸ ¶·μ¨§¢μ²Ó´Ò³¨ ¶·μ¤μ²Ó-
´Ò³¨ ´¥·¥£Ê²Ö·´μ¸ÉÖ³¨ ¨ ¶·μ¨§¢μ²Ó´Ò³ ¨³¶¥¤ ´¸μ³ ¸É¥´μ±. �¡μ¡Ð¥´¨¥ ¤ ´´μ£μ ¶μ¤-
Ìμ¤  ´  ¸²ÊÎ ° ¨³¶¥¤ ´¸´ÒÌ Ê¸²μ¢¨° ¤·Ê£μ£μ É¨¶  ´¥ ¢Ò§Ò¢ ¥É ¶·¨´Í¨¶¨ ²Ó´ÒÌ § É·Ê¤-
´¥´¨°. ‚ μÉ²¨Î¨¥ μÉ  ´ ²μ£¨Î´ÒÌ ‘�„“, ¶μ²ÊÎ¥´´ÒÌ ¤·Ê£¨³¨ ¶μ¶¥·¥Î´Ò³¨ · §²μ¦¥-
´¨Ö³¨ [1Ä4], ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ¸¢Ö§Ó  ³¶²¨ÉÊ¤´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ Ai ¨ Bi

μ¡Ê¸²μ¢²¥´  ²¨ÏÓ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ (8). ’ ±¦¥ ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ ¸· ¢´¨É¥²Ó´ÊÕ
¶·μ¸ÉμÉÊ ¨ ±μ³¶ ±É´μ¸ÉÓ ¶μ²ÊÎ¥´´μ° ‘�„“, ÎÉμ, ¡¥§Ê¸²μ¢´μ, ¸ÊÐ¥¸É¢¥´´μ μ¡²¥£Î ¥É
Î¨¸²¥´´ÊÕ ·¥ ²¨§ Í¨Õ. „²Ö ¸· ¢´¥´¨Ö μÉ³¥É¨³, ÎÉμ ¢ [1] ´¥μ¡Ìμ¤¨³μ ¢¢μ¤¨ÉÓ Î¥-
ÉÒ·¥ ¡¥¸±μ´¥Î´Ò¥ ¸¥·¨¨ ´¥¨§¢¥¸É´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ ¤ ¦¥ ¢ ¸²ÊÎ ¥ ¨¤¥ ²Ó´ÒÌ ¸É¥´μ±,
  ¢ [3, 4] Å Ï¥¸ÉÓ.

��ˆŒ…�…�ˆ… ��‹“—…���‰ ‘ˆ‘’…Œ›
��›Š��‚…��›• „ˆ””…�…�–ˆ�‹œ�›• “��‚�…�ˆ‰

„‹Ÿ ��‘—…’�‚ �…‡���’���‚ ’…��ƒ…�–…‚›• ƒˆ��’����‚

ˆ¤¥ ²Ó´Ò³ ¶·¨³¥·μ³ ¶·¨²μ¦¥´¨Ö · §· ¡μÉ ´´μ£μ ¶μ¤Ìμ¤  Ö¢²Ö¥É¸Ö · ¸Î¥É ·¥§μ´ -
Éμ·μ¢ £¨·μÉ·μ´μ¢, · ¡μÉ ÕÐ¨Ì ¢ ¸Ê¡³¨²²¨³¥É·μ¢μ³ (É¥· £¥·Í¥¢μ³) ¨ ³¨²²¨³¥É·μ¢μ³
¤¨ ¶ §μ´ Ì. �¥§μ´ Éμ·Ò £¨·μÉ·μ´μ¢ Î Ð¥ ¢¸¥£μ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¸¥±Í¨Õ ¢μ²´μ¢μ¤ 
±·Ê£²μ£μ ¸¥Î¥´¨Ö ¸ ¨§³¥´ÖÕÐ¨³¸Ö · ¤¨Ê¸μ³ (¸³. ·¨¸. 1). –¥´É· ²Ó´ Ö Î ¸ÉÓ ·¥§μ´ Éμ· 
¨³¥¥É ¶μ¸ÉμÖ´´Ò° · ¤¨Ê¸. �´  ¸μ¥¤¨´Ö¥É¸Ö ¸ ¢Ìμ¤´μ° Î ¸ÉÓÕ, ¶·¥¤¸É ¢²ÖÕÐ¥° ¸μ¡μ°
§ ±·¨É¨Î¥¸±μ¥ (¤²Ö · ¡μÎ¥° ³μ¤Ò) ¸Ê¦¥´¨¥, ¨ ¢ÒÌμ¤´μ° Î ¸ÉÓÕ ¢ ¢¨¤¥ ¶² ¢´μ · ¸Ï¨·ÖÕ-
Ð¥£μ¸Ö ¢μ²´μ¢μ¤  (¸³., ´ ¶·¨³¥·, [21, 22]).

„²Ö  ´ ²¨§  ·¥§μ´ Éμ·  £¨·μÉ·μ´  ‘�„“ (7), (10) ¤μ²¦´  ¡ÒÉÓ ¤μ¶μ²´¥´  £· ´¨Î´Ò³¨
Ê¸²μ¢¨Ö³¨ ´  ±μ´Í Ì ·¥§μ´ Éμ· . �¡ÒÎ´μ ÔÉμ Ê¸²μ¢¨Ö ¨§²ÊÎ¥´¨Ö ²¨¡μ Ê¸²μ¢¨Ö § ÉÊÌ ´¨Ö
(¥¸²¨ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¢μ²´  ´¥ Ö¢²Ö¥É¸Ö · ¸¶·μ¸É· ´ÖÕÐ¥°¸Ö). ’ ±¦¥ ¤²Ö ¶·μ¸ÉμÉÒ
¶μ² £ ¥³, ÎÉμ ·¥§μ´ Éμ· ¸ μ¡μ¨Ì ±μ´Íμ¢ ¸μ¥¤¨´¥´ ¸ ¶μ²Ê¡¥¸±μ´¥Î´Ò³¨ ·¥£Ê²Ö·´Ò³¨
¢μ²´μ¢μ¤ ³¨ ¸ ¨¤¥ ²Ó´Ò³¨ ¸É¥´± ³¨. �Éμ ¶μ§¢μ²Ö¥É ¶μ²μ¦¨ÉÓ A0 = B0 = 0 ´  μ¡μ¨Ì
±μ´Í Ì ·¥§μ´ Éμ· .

Šμ´±·¥É´Ò¥ · ¸Î¥ÉÒ ¢Ò¶μ²´Ö²¨¸Ó ¤²Ö 1-’ƒÍ £¨·μÉ·μ´  [25], ¤²Ö ±μÉμ·μ£μ ¶·μ¤μ²Ó-
´Ò° ¶·μË¨²Ó · ¤¨Ê¸  ¶·¨¢¥¤¥´ ¢ [21, 22]. “Î¨ÉÒ¢ Ö, ÎÉμ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥
¨³¥¥É¸Ö ¤¢  ³ ²ÒÌ ¶ · ³¥É·  Zs � 1 ¨ sin θ � 1, £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ³μ¦´μ Ê¶·μ¸É¨ÉÓ,
μ¸É ¢²ÖÖ ¢ ´¨Ì ²¨ÏÓ ²¨´¥°´Ò¥ Î²¥´Ò ¶μ ÔÉ¨³ ³ ²Ò³ ¶ · ³¥É· ³. ‚ É ±μ³ ¶·¨¡²¨¦¥´¨¨
¸¢Ö§ÓÕ ³¥¦¤Ê ’…- ¨ ’Œ-³μ¤ ³¨ ¶μ²Ö·¨§ Í¨¨ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ (Φ(r⊥; z) ≡ 0),   ‘�„“
ÊÎ¨ÉÒ¢ ¥É ²¨ÏÓ ¸¢Ö§Ó ³¥¦¤Ê · §²¨Î´Ò³¨ · ¤¨ ²Ó´Ò³¨ ’…-³μ¤ ³¨.

‘�„“ (7), (10) ·¥Ï ² ¸Ó ³¥Éμ¤μ³ ±μ´¥Î´ÒÌ · §´μ¸É¥°. „μ¸É¨£´ÊÉ  ¸Ìμ¤¨³μ¸ÉÓ μÉ-
´μ¸¨É¥²Ó´μ ± ± ±μ²¨Î¥¸É¢  ÉμÎ¥± ¤¨¸±·¥É¨§ Í¨¨, É ± ¨ ±μ²¨Î¥¸É¢  ÊÎ¨ÉÒ¢ ¥³ÒÌ ¢ (2)
Î²¥´μ¢ · §²μ¦¥´¨Ö. ’μÎ´μ¸ÉÓ · ¸Î¥Éμ¢ ±μ´É·μ²¨·μ¢ ² ¸Ó ¶·μ¢¥·±μ° § ±μ´  ¸μÌ· ´¥´¨Ö
Ô´¥·£¨¨. ‡´ Î¥´¨¥ ¶·μ¢μ¤¨³μ¸É¨ ¢Ò¡¨· ²μ¸Ó · ¢´Ò³ 107 ‘³/³, ÎÉμ Ö¢²Ö¥É¸Ö É¨¶¨Î´μ°
¢¥²¨Î¨´μ° ¤²Ö ¶·μ¢μ¤¨³μ¸É¨ ³¥¤¨ ¢ É¥· £¥·Í¥¢μ° μ¡² ¸É¨.

‡´ Î¥´¨Ö · ¡μÎ¥° Î ¸ÉμÉÒ ¨ ¤μ¡·μÉ´μ¸É¨ ·¥§μ´ Éμ·  ¢ § ¢¨¸¨³μ¸É¨ μÉ ±μ²¨Î¥¸É¢ 
ÊÎÉ¥´´ÒÌ Î²¥´μ¢ · §²μ¦¥´¨Ö N ¢ (2), ±μÉμ·μ¥ ¸μμÉ¢¥É¸É¢Ê¥É ±μ²¨Î¥¸É¢Ê ÊÎÉ¥´´ÒÌ · -
¤¨ ²Ó´ÒÌ ³μ¤, ¶·¨¢¥¤¥´Ò ¢ É ¡²¨Í¥. �·¨Î¥³ ´Ê³¥· Í¨Ö ³μ¤ μ¸ÊÐ¥¸É¢²Ö² ¸Ó ¸²¥¤ÊÕÐ¨³
μ¡· §μ³: N = 1 ¸μμÉ¢¥É¸É¢Ê¥É · ¡μÎ¥° ³μ¤¥ ’…17,4, N = 2 Å ’…17,3, N = 3 Å ’…17,5,
N = 4 Å ’…17,2 ¨ É. ¤. ’ ±, ´μ³¥· · ¤¨ ²Ó´μ° ³μ¤Ò ¢μ§· ¸É ¥É ¶μ ³¥·¥ Ê¢¥²¨Î¥´¨Ö Ê¤ -
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‡ ¢¨¸¨³μ¸ÉÓ Î ¸ÉμÉÒ ¨ ¤μ¡·μÉ´μ-
¸É¨ · ¡μÎ¥° ³μ¤Ò μÉ ±μ²¨Î¥¸É¢ 
· ¤¨ ²Ó´ÒÌ ³μ¤, ÊÎÉ¥´´ÒÌ ¢ (2)

N — ¸ÉμÉ , ƒƒÍ „μ¡·μÉ´μ¸ÉÓ

1 1029,2366 1102,6
2 1029,2355 1134
3 1029,2444 1107,6
4 1029,243 1110,2
5 1029,245 1107,8
6 1029,2449 1109,4

²¥´´μ¸É¨ ±·¨É¨Î¥¸±μ° Î ¸ÉμÉÒ ¸μμÉ¢¥É¸É¢ÊÕÐ¥°
³μ¤Ò μÉ ±·¨É¨Î¥¸±μ° Î ¸ÉμÉÒ · ¡μÎ¥° ³μ¤Ò. Š ±
¢¨¤´μ ¨§ É ¡²¨ÍÒ, ·¥§μ´ ´¸´ Ö Î ¸ÉμÉ  ´¥¸ÊÐ¥-
¸É¢¥´´μ § ¢¨¸¨É μÉ N . 
μ²¥¥ ¸ÊÐ¥¸É¢¥´´ Ö § -
¢¨¸¨³μ¸ÉÓ μÉ N ´ ¡²Õ¤ ¥É¸Ö Ê ¤μ¡·μÉ´μ¸É¨. ’¥³
´¥ ³¥´¥¥ ¶·¨ Ê¢¥²¨Î¥´¨¨ N §´ Î¥´¨Ö μ¡¥¨Ì ¢¥²¨-
Î¨´ ¸Ìμ¤ÖÉ¸Ö ± μ¶·¥¤¥²¥´´Ò³ ¶·¥¤¥² ³. �Éμ ¤¥³μ´-
¸É·¨·ÊÕÉ £· Ë¨±¨ ´  ·¨¸. 2 ¨ 3, ´  ±μÉμ·ÒÌ ¶·¥¤-
¸É ¢²¥´Ò (¢ ²μ£ ·¨Ë³¨Î¥¸±μ³ ³ ¸ÏÉ ¡¥) ¢¥²¨Î¨´Ò

ζ(N) =
∣∣∣∣ωN+1 − ωN

ωN

∣∣∣∣ ¨ ξ(N) =
∣∣∣∣QN+1 − QN

QN

∣∣∣∣,
£¤¥ ωN ¨ QN Å Î ¸ÉμÉ  ¨ ¤μ¡·μÉ´μ¸ÉÓ, ¢ÒÎ¨¸²¥´-

´Ò¥ ¶·¨ ÊÎ¥É¥ N Î²¥´μ¢ · §²μ¦¥´¨Ö ¢ (2). �É³¥É¨³, ÎÉμ ´¥³μ´μÉμ´´μ¸ÉÓ ζ(N) ¨ ξ(N)
¢Ò§¢ ´  ¸¶μ¸μ¡μ³ ´Ê³¥· Í¨¨ · ¤¨ ²Ó´ÒÌ ³μ¤, É ± ± ± ¢Ò¸Ï¨¥ ¨ ´¨§Ï¨¥ ¸μ¸¥¤´¨¥ · -

�¨¸. 2. �·μË¨²Ó ¶μ²¥° ¤²Ö ¶¥·¢μ£μ  ±¸¨ ²Ó´μ£μ ·¥§μ´ ´¸  £¨·μÉ·μ´  ¨ ¶·μË¨²Ó ·¥§μ´ Éμ· 

£¨·μÉ·μ´ 

�¨¸. 3. �·μË¨²Ó ¶μ²¥° ¤²Ö ¢Éμ·μ£μ  ±¸¨ ²Ó´μ£μ ·¥§μ´ ´¸  £¨·μÉ·μ´  ¨ ¶·μË¨²Ó ·¥§μ´ Éμ· 
£¨·μÉ·μ´ 
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¤¨ ²Ó´Ò¥ ³μ¤Ò ´¥· ¢´μÍ¥´´μ ¢²¨ÖÕÉ ´  ¶μ²ÊÎ ¥³Ò¥ ·¥§Ê²ÓÉ ÉÒ. ’ ±¦¥ μÉ³¥É¨³, ÎÉμ
· ¸¸Î¨É ´´ Ö · ¡μÎ Ö Î ¸ÉμÉ  £¨·μÉ·μ´  Ìμ·μÏμ ¸μ¢¶ ¤ ¥É ¸ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ §´ Î¥-
´¨¥³ [25].

—Éμ ± ¸ ¥É¸Ö ¤μ¡·μÉ´μ¸É¨, Éμ Ô±¸¶¥·¨³¥´É ²Ó´ Ö ¶μ£·¥Ï´μ¸ÉÓ ¨§³¥·¥´¨Ö ÔÉμ° ¢¥-
²¨Î¨´Ò ¢ · ¸¸³ É·¨¢ ¥³μ³ ¤¨ ¶ §μ´¥ Î ¸ÉμÉ ³´μ£μ ¡μ²ÓÏ¥ ¶·μ¤¥³μ´¸É·¨·μ¢ ´´μ° ¶μ-
£·¥Ï´μ¸É¨ ¢ÒÎ¨¸²¥´¨°, ¶μÔÉμ³Ê ¨Ì ¸· ¢´¥´¨¥ ´¥ μ¸μ¡¥´´μ ¨´Ëμ·³ É¨¢´μ. „²Ö μÍ¥´±¨
¢²¨Ö´¨Ö ´  ¤μ¡·μÉ´μ¸ÉÓ μ³¨Î¥¸±¨Ì ¶μÉ¥·Ó ¨ ±μ´¢¥·¸¨¨ ³μ¤ ¶·¨¢¥¤¥³ §´ Î¥´¨¥ ¤μ¡·μÉ-
´μ¸É¨ ÔÉμ£μ ¦¥ ·¥§μ´ Éμ·  ¢ μ¤´μ³μ¤μ¢μ³ ¶·¨¡²¨¦¥´¨¨ ¢ μÉ¸ÊÉ¸É¢¨¥ μ³¨Î¥¸±¨Ì ¶μÉ¥·Ó:
Q0 = 1312. ‘· ¢´¨¢ Ö ÔÉμ §´ Î¥´¨¥ ¸μ §´ Î¥´¨Ö³¨ ¢ É ¡²¨Í¥, ¶·¨Ìμ¤¨³ ± ¢Ò¢μ¤Ê, ÎÉμ
μ¸´μ¢´μ° ¨ ¸ÊÐ¥¸É¢¥´´Ò° ¢±² ¤ (∼ 20%) ¢ Ê³¥´ÓÏ¥´¨¥ ¤μ¡·μÉ´μ¸É¨ ¢´μ¸¨É ¨³¥´´μ ÊÎ¥É
μ³¨Î¥¸±¨Ì ¶μÉ¥·Ó. ‚ Éμ ¦¥ ¢·¥³Ö ÊÎ¥É ´¨§Ï¨Ì · ¤¨ ²Ó´ÒÌ ³μ¤ ¶·¨¢μ¤¨É ± ´¥±μÉμ·μ³Ê
Ê¢¥²¨Î¥´¨Õ ¤μ¡·μÉ´μ¸É¨,   ¢Ò¸Ï¨Ì Å ± μ¡· É´μ³Ê ÔËË¥±ÉÊ.

	  ·¨¸. 4, 5 ¤¥³μ´¸É·¨·Ê¥É¸Ö · ¸¶·¥¤¥²¥´¨¥ ¶μ²Ö ¢ ¸²ÊÎ ¥ μ¸´μ¢´μ£μ (· ¡μÎ¥£μ) ¨
¢Éμ·μ£μ  ±¸¨ ²Ó´μ£μ ·¥§μ´ ´¸  ¸μμÉ¢¥É¸É¢¥´´μ. …£μ ¢¨¤ ¢ μ¸´μ¢´μ³ É ±μ° ¦¥, ± ± ¨ ¢
μ¤´μ³μ¤μ¢μ³ ¶·¨¡²¨¦¥´¨¨ ¢ μÉ¸ÊÉ¸É¢¨¥ ¶μÉ¥·Ó. �¤´ ±μ ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¢±² ¤
¶ · §¨É´ÒÌ ³μ¤ ¢ ¨§²ÊÎ¥´¨¥ ¤μ¸É ÉμÎ´μ ¢¥²¨± (∼ 7−9%) ¤²Ö μ¡μ¨Ì ·¥§μ´ ´¸μ¢.

Š·μ³¥ Éμ£μ, ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ ´¥±μÉμ·Ò¥ μ¡Ð¨¥ § ±μ´μ³¥·´μ¸É¨ ±μ´¢¥·¸¨¨ ³μ¤ ¤²Ö
·¥§μ´ Éμ·μ¢ £¨·μÉ·μ´μ¢.

�¨¸. 4. �É´μ¸¨É¥²Ó´ Ö ¶μ£·¥Ï´μ¸ÉÓ ¢ÒÎ¨¸²¥´¨Ö Î ¸ÉμÉÒ £¨·μÉ·μ´  ¤²Ö ¶¥·¢μ£μ  ±¸¨ ²Ó´μ£μ

·¥§μ´ ´¸ 

�¨¸. 5. �É´μ¸¨É¥²Ó´ Ö ¶μ£·¥Ï´μ¸ÉÓ ¢ÒÎ¨¸²¥´¨Ö ¤μ¡·μÉ´μ¸É¨ £¨·μÉ·μ´  ¤²Ö ¢Éμ·μ£μ  ±¸¨ ²Ó´μ£μ
·¥§μ´ ´¸ 
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1. � · §¨É´Ò¥ ³μ¤Ò ¶μÖ¢²ÖÕÉ¸Ö ¶·¥¨³ÊÐ¥¸É¢¥´´μ ¢ ¢ÒÌμ¤´μ° ¸¥±Í¨¨ ·¥§μ´ Éμ· .
2. �³¶²¨ÉÊ¤Ò ³μ¤ Ê³¥´ÓÏ ÕÉ¸Ö ¶·¨ Ê¤ ²¥´¨¨ ±·¨É¨Î¥¸±¨Ì Î ¸ÉμÉ ÔÉ¨Ì ³μ¤ μÉ · ¡μ-

Î¥° Î ¸ÉμÉÒ, ±μÉμ· Ö ´ Ìμ¤¨É¸Ö ¢¡²¨§¨ ±·¨É¨Î¥¸±μ° Î ¸ÉμÉÒ · ¡μÎ¥° ³μ¤Ò.
3. �³¶²¨ÉÊ¤Ò ¢Ò¸Ï¨Ì · ¤¨ ²Ó´ÒÌ ³μ¤ ³¥´ÓÏ¥  ³¶²¨ÉÊ¤ ´¨§Ï¨Ì · ¤¨ ²Ó´ÒÌ ³μ¤,

±·¨É¨Î¥¸±¨¥ Î ¸ÉμÉÒ ±μÉμ·ÒÌ ¶·¨³¥·´μ μ¤¨´ ±μ¢μ Ê¤ ²¥´Ò μÉ · ¡μÎ¥° Î ¸ÉμÉÒ.
4. �³¶²¨ÉÊ¤Ò ± ± · ¡μÎ¥°, É ± ¨ ¶ · §¨É´ÒÌ ³μ¤ ¢ ¢ÒÌμ¤´μ° ¸¥±Í¨¨ Ö¢²ÖÕÉ¸Ö Î ¸Éμ

¨ ³¥²±μ μ¸Í¨²²¨·ÊÕÐ¨³¨ ËÊ´±Í¨Ö³¨ ¶·μ¤μ²Ó´μ° ±μμ·¤¨´ ÉÒ.

‡�Š‹	—…�ˆ…

�·¥¤¸É ¢²¥´´ Ö É¥μ·¨Ö Ö¢²Ö¥É¸Ö ¤ ²Ó´¥°Ï¨³ · §¢¨É¨¥³ ³¥Éμ¤μ¢ ¶μ¶¥·¥Î´ÒÌ ¸¥Î¥´¨°,
¨¸¶μ²Ó§ÊÕÐ¨Ì¸Ö ¤²Ö  ´ ²¨§  ¶·μ¤μ²Ó´μ ´¥μ¤´μ·μ¤´ÒÌ ¢μ²´μ¢¥¤ÊÐ¨Ì ¸É·Ê±ÉÊ·. �μ ¸· ¢-
´¥´¨Õ ¸ ¶·¥¤Ò¤ÊÐ¨³¨ ¢ ·¨ ´É ³¨ ÔÉ¨Ì ³¥Éμ¤μ¢ μ´  ´μ¸¨É ¡μ²¥¥  ¡¸É· ±É´Ò° Ì · ±É¥·
¨ ¶μÔÉμ³Ê Ö¢²Ö¥É¸Ö ¡μ²¥¥ Ê´¨¢¥·¸ ²Ó´μ° ¨ £¨¡±μ°.

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ É ±¦¥ ¶·¥¨³ÊÐ¥¸É¢  ¤ ´´μ£μ ¶μ¤Ìμ¤  ´ ¤ ¶μ¤Ìμ¤ ³¨, μ¸´μ¢ ´´Ò³¨
´  ¨¸¶μ²Ó§μ¢ ´¨¨ ±·¨¢μ²¨´¥°´ÒÌ ¸¨¸É¥³ ±μμ·¤¨´ É [7, 8]. „ ´´Ò° ¶·¨¥³ Ê¶·μÐ ¥É £· -
´¨Î´Ò¥ Ê¸²μ¢¨Ö, ±μÉμ·Ò¥ ¸É ´μ¢ÖÉ¸Ö É ±¨³¨ ¦¥, ± ± ¨ ¢ ·¥£Ê²Ö·´μ³ ¢μ²´μ¢μ¤¥, ¨ ¤μ¶Ê¸-
± ÕÉ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ. �¤´ ±μ ¶·¨ ÔÉμ³ Ê· ¢´¥´¨Ö ¤²Ö ¶μ²¥° ¢´ÊÉ·¨ ¢μ²´μ¢μ¤ 
´¥¢¥·μÖÉ´μ Ê¸²μ¦´ÖÕÉ¸Ö ± ± ¸ ÉμÎ±¨ §·¥´¨Ö ¨Ì ±μ³¶ÓÕÉ¥·´μ° ·¥ ²¨§ Í¨¨, É ± ¨ ¸ ÉμÎ±¨
§·¥´¨Ö ¨Ì ¶μ²ÊÎ¥´¨Ö. ‚ · ³± Ì · ¸¸³ É·¨¢ ¥³μ£μ ¶μ¤Ìμ¤  Ê· ¢´¥´¨Ö ¤²Ö ¶μ²¥° μ¸É ÕÉ¸Ö
É ±¨³¨ ¦¥, ± ± ¢ ¸²ÊÎ ¥ ·¥£Ê²Ö·´μ£μ ¢μ²´μ¢μ¤ . ‚ Éμ ¦¥ ¢·¥³Ö  ´ ²¨É¨Î¥¸±¨¥ ¶·¥μ¡· -
§μ¢ ´¨Ö, ¸¢Ö§ ´´Ò¥ ¸ ¶·¨¢¥¤¥´¨¥³ £· ´¨Î´ÒÌ Ê¸²μ¢¨° ± ´ ¤²¥¦ Ð¥³Ê ¢¨¤Ê, ´¥ Ö¢²ÖÕÉ¸Ö
¸Éμ²Ó ¸²μ¦´Ò³¨, É ± ¦¥ ± ± ¨ ±μ³¶ÓÕÉ¥·´ Ö ·¥ ²¨§ Í¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ê· ¢´¥´¨°.

“± § ´´Ò¥ ¶·¥¨³ÊÐ¥¸É¢  ´ £²Ö¤´μ ¶μ¤É¢¥·¦¤ ÕÉ¸Ö ¨ ¶·μ¤¥³μ´¸É·¨·μ¢ ´Ò ±μ´±·¥É-
´Ò³¨ · ¸Î¥É ³¨ ·¥§μ´ Éμ·  £¨·μÉ·μ´ , · ¡μÉ ÕÐ¥£μ ¢ É¥· £¥·Í¥¢μ° μ¡² ¸É¨. ‚ Î ¸É´μ-
¸É¨, ¶μ± § ´μ, ÎÉμ μ³¨Î¥¸±¨¥ ¶μÉ¥·¨ ¢ ¸É¥´± Ì ·¥§μ´ Éμ·  Ö¢²ÖÕÉ¸Ö μ¸´μ¢´μ° ¶·¨Î¨´μ°
¸ÊÐ¥¸É¢¥´´μ£μ ¶μ´¨¦¥´¨Ö ¤μ¡·μÉ´μ¸É¨ ·¥§μ´ Éμ· . ‚±² ¤ ±μ´¢¥·¸¨¨ ³μ¤ ¢ ÔÉμÉ ÔËË¥±É
´¥ É ±μ° ¸ÊÐ¥¸É¢¥´´Ò°, ÌμÉÖ ¤²Ö £¨·μÉ·μ´μ¢ μ´  ¤μ¸É ÉμÎ´μ ¢¥²¨± . � ¸¸³ É·¨¢ ¥³Ò¥
ÔËË¥±ÉÒ ³μ£ÊÉ ¶·¨¢¥¸É¨ ± ¸´¨¦¥´¨Õ ÔËË¥±É¨¢´μ¸É¨ · ¡μÉÒ £¨·μÉ·μ´μ¢ ¢ É¥· £¥·Í¥¢μ°
μ¡² ¸É¨. Œ¥Éμ¤ μ¸² ¡²¥´¨Ö μ³¨Î¥¸±¨Ì ¶μÉ¥·Ó ³μ¦¥É ¡ÒÉÓ μ¸´μ¢ ´ ´  ¨¸¶μ²Ó§μ¢ ´¨¨
£μË·¨·μ¢ ´´ÒÌ ¸É¥´μ± ·¥§μ´ Éμ·  [26Ä28].

„²Ö ±μ³¶ÓÕÉ¥·´μ° ·¥ ²¨§ Í¨¨ · §¢¨Éμ° É¥μ·¨¨ ´¥ É·¥¡Ê¥É¸Ö ³μÐ´μ£μ ±μ³¶ÓÕÉ¥·´μ£μ
μ¡μ·Ê¤μ¢ ´¨Ö,   ¤²Ö ¢μ¸¶·μ¨§¢¥¤¥´¨Ö ¢Ò¢μ¤  ‘�„“ Å £²Ê¡μ±μ° ³ É¥³ É¨Î¥¸±μ° ¶μ¤£μ-
Éμ¢±¨, ÎÉμ ¢¶μ²´¥ ¶μ ¸¨² ³  ¸¶¨· ´É ³, ³μ²μ¤Ò³ ¸¶¥Í¨ ²¨¸É ³ ¨ Ô±¸¶¥·¨³¥´É Éμ· ³.

μ²¥¥ Éμ£μ, ¢ ·Ö¤¥ ±μ´±·¥É´ÒÌ ¸²ÊÎ ¥¢ ¤μ¶Ê¸± ÕÉ¸Ö ¸ÊÐ¥¸É¢¥´´Ò¥ Ê¶·μÐ¥´¨Ö.


²¨¦ °Ï¨¥ μ¡μ¡Ð¥´¨Ö · §¢¨Éμ£μ ¶μ¤Ìμ¤  ³μ£ÊÉ ¡ÒÉÓ ¸¢Ö§ ´Ò ¸ · ¸¸³μÉ·¥´¨¥³ ´¥-
·¥£Ê²Ö·´ÒÌ ¨³¶¥¤ ´¸´ÒÌ ¢μ²´μ¢μ¤μ¢ ¡μ²¥¥ ¸²μ¦´ÒÌ ¶μ¶¥·¥Î´ÒÌ ¸¥Î¥´¨°, ¤¨Ô²¥±É·¨-
Î¥¸±¨Ì ¢μ²´μ¢μ¤μ¢, ¢μ²´μ¢μ¤μ¢ ¸ ´¥μ¤´μ·μ¤´Ò³ ¨  ´¨§μÉ·μ¶´Ò³ § ¶μ²´¥´¨¥³,   É ±¦¥
§ ¤ Î ¢μ§¡Ê¦¤¥´¨Ö Ê± § ´´ÒÌ ¢μ²´μ¢μ¤μ¢.

��ˆ‹�†…�ˆ…

„²Ö Ê¶·μÐ¥´¨Ö ¶μ²ÊÎ¥´¨Ö ‘�„“ ³μ¦´μ Ê¸É ´μ¢¨ÉÓ ¸²¥¤ÊÕÐ¨¥ ¶· ¢¨²  ¤²Ö ¶·¥¤¸É -
¢²¥´¨Ö z-¶·μ¨§¢μ¤´ÒÌ Ψ ¨ Φ:

∂nΨ
∂zn

=
∞∑

i=1

(L̂n
1A)i Ψi,

∂nΦ
∂zn

=
∞∑

i=1

(L̂n
2B)i Φi. (11)
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„²Ö ÔÉμ£μ ¶·¥¤¸É ¢¨³ ∂Ψ/∂z ¢ ¢¨¤¥

∂Ψ
∂z

=
∞∑

i=1

XiΨi. (12)

„μ³´μ¦ Ö (12) ´  Ψ∗
k ¨ ¨´É¥£·¨·ÊÖ ¶μ ¶μ¶¥·¥Î´μ³Ê ¸¥Î¥´¨Õ, ¶μ²ÊÎ ¥³

Xi = α2
i

∫
S(z)

Ψ∗
i

∂

∂z
Ψ ds. (13)

�μ²Ó§ÊÖ¸Ó ¶· ¢¨²μ³ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¨´É¥£· ²μ¢ ¶μ ¶ · ³¥É·Ê, ¨³¥¥³

(
Ai

α2
i

)′
≡ d

dz

∫
S(z)

Ψ∗
i Ψ ds = S′(z)Ψ∗

i Ψ

∣∣∣∣∣
C(z)

+
∫

S(z)

(
Ψ

∂

∂z
Ψ∗

i + Ψ∗
i

∂

∂z
Ψ

)
ds. (14)

„ ²¥¥ ¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨ ¶·¥¤¸É ¢²Ö¥³ Ψ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö (2) ¨ ¨¸-
¶μ²Ó§Ê¥³ Éμ ¦¥ ¶· ¢¨²μ ¥Ð¥ · §:

∫
S(z)

Ψ
∂

∂z
Ψ∗

i ds =
∞∑

k=1

Ak

∫
S(z)

Ψk
∂

∂z
Ψ∗

i ds =

=
∞∑

k=1

Ak

⎛
⎜⎝−

∫
S(z)

Ψ∗
i

∂

∂z
Ψk ds +

d

dz

∫
S(z)

Ψ∗
i Ψk ds − S′(z)Ψ∗

i Ψk

∣∣∣∣∣
C(z)

⎞
⎟⎠.

�μ¤¸É ¢²ÖÖ ¶μ²ÊÎ¥´´μ¥ ¢Ò· ¦¥´¨¥ ¢ (14) ¨ ¨¸¶μ²Ó§ÊÖ · ¢¥´¸É¢μ
∫

S(z)

Ψ∗
i Ψk ds = δik/α2

i

(ÎÉμ ¸²¥¤Ê¥É ¨§ (3), (4)), ¶·¨Ìμ¤¨³ ± ¸μμÉ´μÏ¥´¨Õ

Xi = A′
i +

∞∑
k=1

TikAk ≡ (L1A)i. (15)

„²Ö ËÊ´±Í¨¨ Φ ¢¸¥ ¤¥² ¥É¸Ö  ´ ²μ£¨Î´μ. �μ¢Éμ·ÖÖ ÔÉÊ ¶·μÍ¥¤Ê·Ê n · §, ¶·¨Ìμ¤¨³ ± (11).
ˆ§¡ ¢²¥´¨¥ μÉ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¢ (9) ¶·μ¨¸Ìμ¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. „²Ö Ψ ¨

¥¥ z-¶·μ¨§¢μ¤´ÒÌ ³μ¦´μ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ¶·¥¤¸É ¢²¥´¨¥³ (11), ±μÉμ·μ¥ ¸¶· ¢¥¤²¨¢μ ´¥
Éμ²Ó±μ ¢¸Õ¤Ê ¢´ÊÉ·¨ S(z), ´μ ¨ ´  ±μ´ÉÊ·¥ C(z). — ¸É´ Ö z-¶·μ¨§¢μ¤´ Ö μÉ (∂/∂r)Ψ
´  C(z) ´ Ìμ¤¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ μ¶·¥¤¥²¥´¨¥³:

A0(z) ≡ ∂

∂r
Ψ(R(z); z). (16)

„¨ËË¥·¥´Í¨·ÊÖ (16) ¶μ z, ¶μ²ÊÎ ¥³

A′
0(z) ≡ ∂2

∂r2
Ψ(R(z); z)R′(z) +

∂2

∂z ∂r
Ψ(R(z); z). (17)
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ˆ¸¶μ²Ó§ÊÖ Ê· ¢´¥´¨¥ (1) ´  C(z), ³μ¦´μ ¢Ò· §¨ÉÓ (∂2/∂r2)Ψ(R(z); z) Î¥·¥§ A0(z),
Ψ(R(z); z) ¨ (∂2/∂z2)Ψ(R(z); z). �μ¸²¥¤´¨¥ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¸μ£² ¸´μ (11).

�·¨³¥´ÖÖ  ´ ²μ£¨Î´ÊÕ ¶·μÍ¥¤Ê·Ê ¤¢ ¦¤Ò ± B0(z) ≡ Φ(R(z); z), ³μ¦´μ ¢Ò· §¨ÉÓ
(∂2/∂z2)Φ(R(z); z) Î¥·¥§ B0(z), (∂2/∂z∂r)Φ(R(z); z) ¨ (∂/∂r)Φ(R(z); z). �μ¸²¥¤´¨¥
´ Ìμ¤¨³ ¨§ (1):

∂Φ
∂r

=
1
r

r∫
0

(
m2

r2
− ∂2

∂z2
− k2

)
Φr dr + B(z), (18)

∂2Φ
∂z ∂r

=
1
r

r∫
0

(
m2

r2
− ∂2

∂z2
− k2

)
∂

∂z
Φr dr + B′(z), (19)

£¤¥ B(z) Å ±μ´¸É ´É  ¨´É¥£·¨·μ¢ ´¨Ö. �μ² £ Ö r = R(z) ¨ ¨¸¶μ²Ó§ÊÖ (11), ¢Ò· ¦ ¥³
Ê± § ´´Ò¥ ´¥¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ Î¥·¥§ Ê¦¥ ¢¢¥¤¥´´Ò¥ ´¥¨§¢¥¸É´Ò¥ ±μÔËË¨Í¨¥´ÉÒ Bi(z).
Šμ´¸É ´É  ¨´É¥£·¨·μ¢ ´¨Ö B(z) ´ Ìμ¤¨É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³.

�·¨³¥´ÖÖ ¶¥·¢ÊÕ Ëμ·³Ê²Ê ƒ·¨´  ¤²Ö ËÊ´±Í¨° Φ(r⊥; z) ¨ exp (−imϕ) (ϕ Å  §¨³Ê-
É ²Ó´Ò° Ê£μ²) ¢ ¤¢Ê³¥·´μ° μ¡² ¸É¨ (¶μ¶¥·¥Î´μ£μ ¸¥Î¥´¨Ö), ¨³¥¥³∫
S(z)

exp (−imϕ)Δ⊥Φ ds = −
∫

S(z)

∇⊥ exp (−imϕ)∇⊥Φ ds +
∫

C(z)

exp (−imϕ)
∂Φ
∂r

dl. (20)

ˆ¸¶μ²Ó§ÊÖ (1), ¶μ¸²¥ ´¥¸²μ¦´ÒÌ ¶·¥μ¡· §μ¢ ´¨° (20) ¸¢μ¤¨³ ±

∂Φ
∂r

=
1

R(z)

R(z)∫
0

(
m2

r2
− ∂2

∂z2
− k2

)
Φr dr,

ÎÉμ ¸μ¢¶ ¤ ¥É ¸ (18), ¢§ÖÉÒ³ ¶·¨ r = R(z), ´μ ¡¥§ B(z). ‘²¥¤μ¢ É¥²Ó´μ, B(z) ≡ 0.
�·¥¤¸É ¢²ÖÖ Φ ¨ (∂/∂z)Φ ¶μ¤ ¨´É¥£· ² ³¨ ¢ (18) ¨ (19) ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (11) ¨ ¢Ò¶μ²´ÖÖ

¨´É¥£·¨·μ¢ ´¨¥ ¶μÎ²¥´´μ, ¶μ²ÊÎ ¥³ ¸¢Ö§Ó
∂Φ
∂r

¨
∂2Φ
∂z ∂r

¸ Bi(z) ¨ ¨Ì ¶·μ¨§¢μ¤´Ò³¨.
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