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There are several theoretical indications that the quantum gravity approaches may have predictions
for a minimal measurable length, maximal observable momentum, and thereby a generalization for the
Heisenberg uncertainty principle. The generalized uncertainty principle (GUP) is based on a momentum-
dependent modiˇcation in the standard dispersion relation which is conjectured to violate the principle
of Lorentz invariance. From the resulting Hamiltonian, the velocity and time of 	ight of relativistic
distant particles at the Planck energy can be derived. The ˇrst comparison is made with recent obser-
vations for the Hubble parameter in redshift dependence in early-type galaxies. We ˇnd that Lorentz
invariance violation (LIV) has two types of contributions to the time-of-	ight delay Δt comparable
with these observations. Second, although the OPERA measurement on faster-than-light muon neutrino
anomaly, Δt, and the relative change in the speed of muon neutrino Δv in dependence on redshift z
turn to be wrong, we utilize its main features to estimate Δv. Accordingly, the results could not be
interpreted as LIV. The third comparison is made with the ultra high-energy cosmic rays (UHECR).
It is found that an essential ingredient of the approach combining string theory, loop quantum gravity,
black hole physics, and doubly spacial relativity is the one assuming a perturbative departure from the
exact Lorentz invariance. Fixing the sensitivity factor and its energy dependence are essential inputs
for a reliable confronting of our calculations to UHECR. The sensitivity factor is related to the special
time-of-	ight delay and the time structure of the signal. Furthermore, the upper and lower bounds to the
parameter α, that characterizes the generalized uncertainty principle, have to be ˇxed in related physical
systems such as gamma-ray bursts.

�¥±μÉμ·Ò¥ ¨§ · §¢¨ÉÒÌ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ³μ¤¥²¥° ±¢ ´Éμ¢μ° £· ¢¨É Í¨¨ ³μ£ÊÉ ¶·¥¤¸± § ÉÓ ¢¥-
²¨Î¨´Ò ³¨´¨³ ²Ó´μ° ¨§³¥·Ö¥³μ° ¤²¨´Ò, ³ ±¸¨³ ²Ó´μ£μ ´ ¡²Õ¤ ¥³μ£μ ¨³¶Ê²Ó¸  ¨ É ±¨³ μ¡· §μ³
¶μ³μÎÓ ¸Ëμ·³Ê²¨·μ¢ ÉÓ μ¡μ¡Ð¥´´Ò° ¶·¨´Í¨¶ ´¥μ¶·¥¤¥²¥´´μ¸É¨ ƒ¥°§¥´¡¥·£ . �¡μ¡Ð¥´´Ò° ¶·¨´-
Í¨¶ ´¥μ¶·¥¤¥²¥´´μ¸É¨ μ¸´μ¢Ò¢ ¥É¸Ö ´  ³μ¤¨Ë¨± Í¨¨ § ¢¨¸ÖÐ¥£μ μÉ ¨³¶Ê²Ó¸  ¸É ´¤ ·É´μ£μ ¤¨¸¶¥·-
¸¨μ´´μ£μ ¸μμÉ´μÏ¥´¨Ö, ±μÉμ·μ¥ £¨¶μÉ¥É¨Î¥¸±¨ ³μ¦¥É ´ ·ÊÏ ÉÓ ¶·¨´Í¨¶ ²μ·¥´Í-¨´¢ ·¨ ´É´μ¸É¨.
‘ ¶μ³μÐÓÕ ¶μ²ÊÎ ¥³μ£μ ´  μ¸´μ¢ ´¨¨ ¶μ¤μ¡´μ£μ ¤¨¸¶¥·¸¨μ´´μ£μ ¸μμÉ´μÏ¥´¨Ö £ ³¨²ÓÉμ´¨ ´ 
³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ¸±μ·μ¸ÉÓ ¨ ¢·¥³Ö ¶·μ²¥É  Ê¤ ²¥´´ÒÌ ¤·Ê£ μÉ ¤·Ê£  ·¥²ÖÉ¨¢¨¸É¸±¨Ì Î ¸É¨Í ¶·¨
¶² ´±μ¢¸±¨Ì Ô´¥·£¨ÖÌ.

‚ ¶·¥¤¸É ¢²¥´´μ° · ¡μÉ¥ ¤¥² ¥É¸Ö ¸· ¢´¥´¨¥ ¶μ²ÊÎ ¥³ÒÌ ·¥§Ê²ÓÉ Éμ¢ ¸μ §´ Î¥´¨Ö³¨ ¶ · ³¥É· 
• ¡¡² , μ¶·¥¤¥²¥´´Ò³¨ ´¥¤ ¢´μ ¢ Ìμ¤¥ ¨§³¥·¥´¨° ¢¥²¨Î¨´Ò ±· ¸´μ£μ ¸³¥Ð¥´¨Ö ¤²Ö £ ² ±É¨±,
¸Ëμ·³¨·μ¢ ¢Ï¨Ì¸Ö ´  · ´´¨Ì ÔÉ ¶ Ì ·μ¦¤¥´¨Ö ‚¸¥²¥´´μ°. �μ± § ´μ, ÎÉμ ´ ·ÊÏ¥´¨¥ ²μ·¥´Í-
¨´¢ ·¨ ´É´μ¸É¨ ¶·¨¢μ¤¨É ± ¤¢Ê³ É¨¶ ³ ¢±² ¤μ¢ ¢ § ¤¥·¦±Ê ¢·¥³¥´¨ ¶·μ²¥É  Δt, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É
´ ¡²Õ¤ ¥³Ò³ §´ Î¥´¨Ö³.

�¥¸³μÉ·Ö ´  Éμ, ÎÉμ ·¥§Ê²ÓÉ ÉÒ OPERA ¶μ μ¡´ ·Ê¦¥´¨Õ ³Õμ´´ÒÌ ´¥°É·¨´μ, ¤¢¨¦ÊÐ¨Ì¸Ö
¸μ ¸±μ·μ¸ÉÖ³¨, ¡μ²ÓÏ¨³¨ ¸±μ·μ¸É¨ ¸¢¥É , Δt ¨ § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ ´¥°É·¨´μ Δv μÉ ¢¥²¨Î¨´Ò
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±· ¸´μ£μ ¸³¥Ð¥´¨Ö z μ± § ²¨¸Ó ´¥¢¥·´Ò³¨, ³Ò ¨¸¶μ²Ó§Ê¥³ ¨Ì ¤²Ö μÍ¥´±¨ Δv. ‘μμÉ¢¥É¸É¢¥´´μ,
ÔÉ¨ ·¥§Ê²ÓÉ ÉÒ ´¥²Ó§Ö ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ¸²¥¤¸É¢¨¥ ´ ·ÊÏ¥´¨Ö ²μ·¥´Í-¨´¢ ·¨ ´É´μ¸É¨.

� ¸¸³μÉ·¥´Ò ·¥§Ê²ÓÉ ÉÒ ¨¸¸²¥¤μ¢ ´¨° ±μ¸³¨Î¥¸±¨Ì ²ÊÎ¥° ¸¢¥·Ì¢Ò¸μ±¨Ì Ô´¥·£¨°. “¸É ´μ¢²¥´μ,
ÎÉμ ¤²Ö ¨Ì ¶μ´¨³ ´¨Ö ´¥μ¡Ìμ¤¨³μ ¸±μ³¡¨´¨·μ¢ ÉÓ É¥μ·¨Õ ¸É·Ê´, ±¢ ´Éμ¢ÊÕ £· ¢¨É Í¨Õ ¸ ¶¥É²Ö³¨,
Ë¨§¨±Ê Î¥·´ÒÌ ¤Ò· ¨ É¥μ·¨Õ μÉ´μ¸¨É¥²Ó´μ¸É¨,   É ±¦¥ ¶·¥¤¶μ²μ¦¨ÉÓ ¶¥·ÉÊ·¡ É¨¢´μ¥ μÉ±²μ´¥´¨¥
μÉ ÉμÎ´μ° ²μ·¥´Í-¨´¢ ·¨ ´É´μ¸É¨. Š·μ³¥ Éμ£μ, ´Ê¦´μ § Ë¨±¸¨·μ¢ ÉÓ Ë ±Éμ· ÎÊ¢¸É¢¨É¥²Ó´μ¸É¨ ¨
¥£μ § ¢¨¸¨³μ¸ÉÓ μÉ Ô´¥·£¨¨. ” ±Éμ· ÎÊ¢¸É¢¨É¥²Ó´μ¸É¨ ¸¢Ö§ ´ ¸ § ¤¥·¦±μ° ¢·¥³¥´¨ ¶·μ²¥É  ¨ ¢·¥-
³¥´´μ° ¸É·Ê±ÉÊ·μ° ¸¨£´ ² . ‚¥·Ì´¨° ¨ ´¨¦´¨° ¶·¥¤¥²Ò §´ Î¥´¨° ¶ · ³¥É·  α, ±μÉμ·Ò° Ì · ±-
É¥·¨§Ê¥É μ¡μ¡Ð¥´´Ò° ¶·¨´Í¨¶ ´¥μ¶·¥¤¥²¥´´μ¸É¨, ¤μ²¦´Ò ¡ÒÉÓ § Ë¨±¸¨·μ¢ ´Ò ¢ É¥Ì Ë¨§¨Î¥¸±¨Ì
¸¨¸É¥³ Ì, ¤²Ö ±μÉμ·ÒÌ ¤¥² ÕÉ¸Ö ¢ÒÎ¨¸²¥´¨Ö, É ±¨Ì ± ± ¢¸¶ÒÏ±¨ £ ³³ -¨§²ÊÎ¥´¨Ö.

PACS: 04.60.-m; 11.30.Cp; 95.85.Pw

INTRODUCTION

The combination of the Heisenberg uncertainty principle and ˇniteness of speed of light c
is assumed to lead to creation and annihilation processes, especially when studying the Comp-
ton wavelength of the particle of interest [1]. Another consequence of the space-time foamy
structure at small scales is the Lorentz invariance violation (LIV). For completeness, we men-
tion that the foamy structure at short distances combines quantum mechanics with general
relativity. Different approaches for quantum gravity [2], the yet-to-be-built quantum theory of
gravity, have been proposed [1,3]. They provide a set of predictions for a minimal measurable
length, maximal observable momentum, and thereby an essential modiˇcation of the Heisen-
berg uncertainty principle. The corresponding effective quantum mechanics would be based
on the generalized uncertainty principle (GUP) [4]. According to string theory, loop quan-
tum gravity, and black hole physics, GUP is found proportional to a quadratic momenta [5].
Based on doubly spacial relativity, a proportionality to the ˇrst-order moments (linear) has
been suggested. As introduced in [6, 7], both approaches can be integrated. The resulting
one is obviously consistent with doubly special relativity (linear momenta), string theory, and
black hole physics (quadratic momenta). In this regards, one could combine quantum mechan-
ics and special relativity and hope to reveal serious difˇculties in describing the one-particle
theories. The quantum ˇeld theory (QFT) is a perfectly well-deˇned theoretical framework
involving renormalization. According to Wilson, Weinberg and others, there is nothing wrong
with it, i.e., QFT provides precise predictions that are successfully tested in experiments.

The roots of LIV are originated in the suggestion that Lorentz invariance (LI) may
represent an approximate symmetry of nature which dates back to about four decades [8].
A self-consistent framework for analyzing possible violation of LI was suggested by Coleman
and Glashow [9, 10]. In gamma-ray bursts (GRB), the energy-dependent time offsets are
investigated in different energy bands assuming standard cosmological model [11]. A kind
of weak indication for the redshift dependence of the time delays suggestive of LIV has
been found. A comprehensive review on the main theoretical motivations and observational
constraints on the Planck scale suppressed Lorentz invariance violation are given in [12]
and references therein. Recently, the Planck scale itself turns to be accessible in quantum
optics [13].

Various implications of GUP have been studied so far. References [14, 15] give up-
to-date reviews. Effects of GUP on atomic, condensed matter systems, quarkÄgluon plasma,
preheating phase and in	ationary era of the Universe, black hole production at LHC [7,16Ä22]
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have been investigated. The implications on the SalekerÄWigner inequality, compact stars,
and modiˇed Newton's law of gravitation have been reported [23Ä25].

The present paper discusses GUP that potentially leads to observable experimental effects
related to the Lorentz invariance violation. Computations in the model characterized by
linear modiˇcations are presented and the data are compared with some experimental results.
Following the proposal of utilizing astrophysical objects to search for the energy-dependent
time of the arrival delays [26], we present an estimation for the time-of-	ight delays and the
relative change in the velocity. We compare the results with the observations of the Hubble
parameter in early-type galaxies in redshift dependence in Subsec. 2.1. Also, we compare the
results of muon neutrino based on GUP approach in Subsec. 2.2. Subsection 2.3 is devoted
to the calculations which are confronted with the ultra high-energy cosmic ray (UHECR)
observations. The conclusions are addressed in Sec. 3.

1. THE APPROACH

According to GUP approach, the momentum of a particle with mass M having distant
origin and an energy scale comparable to Planck's one would be the subject of a slight
modiˇcation [6,7], so that the comoving momenta can be given as

pν = pν(1 − αp0 + 2α2p2
0), p2

ν = p2
ν(1 − 2αp0 + 10α2p2

0), (1)

where p0 is momentum at low energy. The parameter α = α0/(cMPl) = α0lPl/� [6, 7],
where c, α0, MPl(lPl) are speed of light as introduced by Lorentz and implemented in special
relatively dimensionless parameter of order one and the Planck mass (length), respectively.
Then in the comoving frame, the dispersion relation is given as

E2
ν = p2

νc2(1 − 2αp0) + M2
ν c4. (2)

Taking into consideration a linear dependence of p on α and ignoring the higher orders of α,
the Hamiltonian is

H = (p2
νc2 − 2αp3

νc2 + M2
ν c4)1/2. (3)

The derivative of Eq. (3) with respect to the momentum results in a comoving time-dependent
velocity, i.e., the Hamilton equation,

v(t) =
c

a(t)

(
1 − 2αp0 −

M2
ν c2

2p2
ν

+ αp0

[
M2

ν c2

p2
ν

− M2
ν c4

p2
νc2 + M2

ν c4
+

M2
ν c4

p2
νc2 + M2

ν c4

M2
ν c2

2p2
ν

])
.

(4)
The comoving momentum is related to the physical one through pν = pν0(t0)/a(t), where a
is the scale factor, which in turn can be related to the redshift z:

a(z) =
1

1 + z
. (5)

In the relativistic limit, p � M , the fourth and ˇfth terms in Eq. (4) simply cancel each other.
Then

v(z) = c(1 + z)
[
1 − 2α(1 + z)pν0 −

M2
ν c2

2(1 + z)2p2
ν0

+ α
M4

ν c4

2(1 + z)3p3
ν0

]
. (6)
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In getting this expression, p0 is treated as a comoving momentum. Then, it becomes straight-
forward to deduce the relative change in the relative velocity

Δv(z)
c

= α

(
−2(1 + z)2pν0 +

M4
ν c4

2(1 + z)2p3
ν0

)
− M2

ν c2

2(1 + z)p2
ν0

. (7)

Despite the entire results are given in Sec. 2, a few remarks can be outlined here. The curves
in left panel of Fig. 2 represent the results of our approach. For a massless muon neutrino,
the sign of Δv(z)/c remains negative with increasing z. When the muon neutrino mass
is taken into account, the sign turns to positive. In this case, its value nearly vanishes at
large z. Accordingly, the resulting sign of the summation of the ˇrst two terms of Eq. (7) is
determined by the second term, i.e., positive, at small z. Then, the sign is 	ipped to negative
at z ∼ 0.2, i.e., the ˇrst term becomes dominant.

The comoving redshift-dependent distance travelled by the particle of interest is deˇned as

r(z) =

z∫
0

v(z)
(1 + z)H(z)

dz, (8)

where H(z) is the Hubble parameter depending on z. From Eqs. (6) and (8), the time of
	ight reads

tν =

z∫
0

[
1 − 2α(1 + z)pν0 −

M2
ν c2

2(1 + z)2p2
ν0

+ α
M4

ν c4

2(1 + z)3p3
ν0

]
dz

H(z)
, (9)

which counts for the well-known time of 	ight of a prompt low-energetic photon (ˇrst term).
In other words, the time of 	ight is invariant in the Lorentz symmetry. Furthermore, it is
apparent that Eq. (9) contains a time-of-	ight delay given as

Δtν =

z∫
0

[
2α

(
(1 + z)pν0 −

M4
ν c4

4(1 + z)3p3
ν0

)
+

M2
ν c2

2(1 + z)2p2
ν0

]
dz

H(z)
. (10)

It is clear that the ˇrst and second terms are due to LIV effects stemming from GUP. Both
have α parameter. The third term re	ects the effects of the particle mass on the time-of-	ight
delay. Furthermore, the second term alone seems to contain mixed effects from LIV (GUP)
and the rest mass.

In order to determine Δtν , Eq. (10), it is essential to ˇnd out observational results and/or
a reliable theoretical model for the redshift dependence of the Hubble parameter H . What we
have is that H depends on the time-dependent redshift, dz/dt,

H(z) =
1

a(z)

(
da(z)
dz

dz

dt

)
= − 1

1 + z

dz

dt
. (11)

It is obvious that this expression can be deduced from Eq. (5). In general, the expansion rate
of the Universe varies with the cosmological time [27Ä34]. It depends on the background
matter/radiation and its dynamics [33]. The cosmological constant, re	ecting among others
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the dark matter content, seems to affect the temporal evolution of H [32]. Fortunately, the
redshift z itself can be measured with high accuracy through measuring the spectroscopic
redshifts of galaxies having deˇnite uncertainties (σz � 0.001). Based on this, a differential
measurement of time, dt, at the given redshift interval automatically provides a direct and
clean measurement of H(z) [35Ä37]. These measurements can be used to derive constraints on
essential cosmological parameters [38]. In the present work, we implement the measurements
of the expansion rate and their constrains in evaluating the integrals given in Eq. (10).

2. CONFRONTING WITH OBSERVATIONS AND MEASUREMENTS

First, we compare with recent observations of the early-type galaxies, which apparently
provide a direct probe for the dependence of the Hubble parameter H and z. Making use
of LIV contributions to Δv/c and Δt, we study the dependence of each of these quantities
on z and compare the meanwhile wrong-declared results with OPERA in Subsec. 2.2. The
lesson we gain from such a comparison is that GUP can be applied even in judgement
about edge-cutting observations. The ability of distant neutrinos to feel z-shift is discussed
in Subsec. 2.2. Then, ultra high-energy cosmic rays (UHECR) are utilized as a laboratory to
study the consequences of LIV. Following the γ-ray observations from Mrk 501, constraints on
the Lorentz invariance breaking parameter based on potential departure from the exact Lorentz
invariance introduced in a perturbative framework motivate the comparison with UHECR.

2.1. Early-Type Galaxies. Out of a large sample of early-type galaxies (about 11000) ex-
tracted from several spectroscopic surveys spanning over ∼ 8 · 109 years of cosmic look-back
time, i.e., 0.15 < z < 1.42 [36], most massive, red elliptical galaxies, passively evolving and
without a signature of ongoing star formation are picked up and used as standard cosmic
chronometers [38]. The differential age evolution turns to be accessible, which gives an esti-
mation for the cosmic time and can directly probe the dependence of the Hubble parameter H
and z. A list of new measurements of H(z) with 5−12% uncertainty is introduced in [36].
The uncertainty in these observational data seems to be comparable with our calculation for

Fig. 1. a) Hubble parameter H calculated from BC03 model (open triangle) and in combination with
CMB data constraining possible deviations from standard (minimal) 	at ΛCDM model (solid circles)

is given in dependence on redshift z. b) The results from MS model. The curves represent the ˇtting
parameters (see the text for details)
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H(z ∼ 0.2). Figure 1 illustrates these observations as estimated in the BC03 [39] model.
They are combined with the cosmic microwave background (CMB) data and can be used to
set constraints on possible deviations from the standard (minimal) 	at ΛCDM model [37].
Figure 1, b shows a data set taken from MS model [40]. It is obvious that the results are
model-dependent.

The observational measurements can be ˇtted as follows. For the results obtained from
BC03 model [39], using a combination with CMB data and setting constraints on possible
deviations from the standard (minimal) 	at ΛCDM model [37], the expression

H(z) = β1 + γ1z + δ1z
2, (12)

where β1 = 72.68±3.03, γ1 = 19.14±5.4, and δ1 = 29.71±6.44, ˇts well the observations.
The solid curve in Fig. 1, a represents the results from this expression. For the MS model [40]
measurements, we suggest two expressions:

H(z) = β2 + γ2z + δ2z
2 + ε2z

3, (13)

H(z) = β3 + γ3 tanh (δ3z), (14)

where β2 = 66.78 ± 8.19, γ2 = 113.27 ± 7.5, δ2 = −140.72 ± 12.6, ε2 = 60.61 ± 5.48,
β3 = 71.94 ± 4.35, γ3 = 33.51 ± 7.94, and δ3 = 1.6 ± 0.1. The results of Eq. (13) are given
by the dashed curve in Fig. 1, b. Equation (14) is drawn by the dotted curve, where the largest
point is excluded, while the remaining points build up the ensemble used in the ˇtting. It is
clear that the implementation of Eq. (13), which is obviously a rational function, in Eq. (10)
results in a nonanalytic integral. On the other hand, implementing Eq. (14) in Eq. (10) makes
the second and third integrals nonsolvable. The ˇrst term can be solved, Appendix A, where
the results are also illustrated, graphically.

It is apparent that Eq. (12) simpliˇes the integrals given in Eq. (10). Accordingly, there
are two types of LIV contributions to the time-of-	ight delay. The ˇrst type is originated in
ˇnite α. Finite α appears in two terms as follows:

2αpν0

z∫
0

(1 + z)
dz

H(z)
=

α

γ
pν0

[
ln [β1 + z(γ1 + δ1z)] − 2(γ1 − 2δ1)

A
artanh

(
γ1 + 2δ1z

A

)]
,

(15)

− 2α
M4

ν c4

4p3
ν0

z∫
0

1
(1 + z)3

dz

H(z)
=

−α

(β1 − γ1 + δ1)3
M4

ν c4

4p3
ν0

[
2(γ1 − 2δ1)(β1 − γ1 + δ1)

1 + z
+

+ (3γ1δ1 − γ2
1 + δ(β1 − 3δ1)) ln (β1 + z(γ1 + δ1z))−

− (β1 − γ1 + δ1)2

(1 + z)2
+ 2(γ2

1 − 3γ1δ1 + δ1(3δ1 − β1)) ln (1 + z)−

− 2(γ1 − 2δ1)
A

(γ2
1 − γ1δ1 + δ1(δ1 − 3β1)) artanh

(
γ1 + 2δ1z

A

)]
, (16)



Lorentz Invariance Violation and Generalized Uncertainty Principle 107

where A = (4β1δ1−γ2
1)1/2. Furthermore, Eq. (12) gives an exclusive estimation for the mass

contribution to the time-of-	ight delay,

M2
ν c2

2p2
ν0

z∫
0

1
(1 + z)2

dz

H(z)
=

1
(β1 − γ1 + δ1)2

M2
ν c2

2p2
ν0

{
γ2
1 − 2γ1δ1 + δ1(δ1 − β1)

A
×

× artanh
(

γ1 + 2δ1z

A

)
− β1 − γ1 + δ1

1 + z
− 1

2
(γ1 − 2δ1) ln

[
(1 + z)2

β1 + z(γ1 + δ1z)

]}
. (17)

The results are discussed in Subsec. 2.2. Although the OPERA measurement on faster-than-
light muon neutrino anomaly, Δt, and the relative change in the speed of neutrino Δv
in dependence on the redshift z turn to be wrong, we utilize its main features to esti-
mate Δv and Δt.

2.2. Comparing Δt and Δv with Controversial OPERA Measurements. For the neu-
trino beam covering the distance between the source at CERN and the OPERA detector
at the underground Gran Sasso Laboratory (LNGS), � 730 km, a time-of-	ight delay of
� (1045.1 ± 11.3) ns is ˇrst believed to be registered [41].

As discussed in the previous section, LIV comes up with two sources of contributions
to Δv/c and Δt. The ˇrst source is stemming from ˇnite α and vanishing mass, Eq. (15).
The second source requires ˇnite α and mass, Eq. (16). The dependence of each of these
quantities on z is presented in Fig. 2, a. In performing these calculations, we use the same
parameters of the controversial OPERA experiment in which a faster-than-light muon neutrino
anomaly has been claimed [41,42]. They are the muon neutrino mass Mν = 1 eV and beam
energy Eν = 17 GeV. The comparison with our approach assumes that the muon neutrino
beam has a distant origin and was witnessing a huge redshift z while the Universe expanded.
Then, the time-of-	ight delay Δt can be calculated in dependence on redshift z. The ˇrst two
terms of Eq. (10) are calculated and drawn in Fig. 2, b. They are labelled by α and α, Mν ,
respectively. We ˇnd that the ˇrst term, α, is one or two orders of magnitude higher than the

Fig. 2. Although the controversial OPERA measurement on faster-than-light muon neutrino anomaly,

Δt, and the relative change in the speed of neutrino Δv in dependence on the redshift z turn to be

wrong, using its main features, the relative change in the velocity of muon neutrino is given as a
function of redshift z in panel a. Panel b shows the time-of-	ight delay. The curves represent different

contributions to Δv/c and Δt (see the text)
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second one, α, Mν . It is apparent that the sum of these two terms combines all LIV sources.
Accordingly, the time-of-	ight delay can be approximated as Δt ∼ 10−12 s.

Disregarding its conˇdent and statistical interpretation, the comparison with the LIV time-
of-	ight delay leads to the conclusion that the OPERA measurement is too huge (about six
orders of magnitude) to be understood as LIV.

Furthermore, the wrong OPERA experiment suggested an increase in the speed of light
by ∼ 7.5 km/s (∼ 25 part per millionth c) [41]. In the recent measurement [42], it is found
that the difference between speed of muon neutrino and speed of light ranges from −1.8 to
2.3 part per millionth c. Figure 2, a presents the redshift evolution of the possible change in
the velocity of muon neutrino according to LIV. It is assumed that the mass of muon neutrino
M = 1 eV with 17-GeV energy. The ˇrst two terms of Eq. (7) are compared with each other.
The results are illustrated in Fig. 2, a.

We notice that the ˇrst term (massless muon neutrino) results in a negative speed differ-
ence. Its absolute value increases almost linearly with increasing z. The second term remains
in the positive site of the ordinate. The resulting speed difference is positive. While abscissa
rises, the value of the second term decreases exponentially. The upper and lower values of
speed difference range between ∼ 10−11 and 0. With increasing z, the sum of these two
terms changes the sign of Δv(z)/c. At small z, the second term seems to be dominant.
At z ∼ 0.2, the positive sign is switched into negative. At larger z-values, the ˇrst term
becomes dominant. The average speed difference can be approximated as Δv ∼ −2 · 10−11c.
Comparing to the value measured in OPERA [41, 42], the LIV-value is about six orders of
magnitude smaller.

The sign of Δv(z) ≡ cν − c is 	ipped, meaning that

Δv(z) =

{
O(+ve), then cν = c + O,

O(−ve), then cν = c −O,
(18)

where cν is the velocity of muon neutrino. In Eq. (18), the second case apparently follows
the Lorentz invariance symmetry. The ˇrst case suggests that the speed of light would not be
constant in all inertia frames. Furthermore, it would not be the maximum of travelling matter
and information in the Universe. The value of the additional quantity O is about ∼ 10−11c,
i.e., O ∼ 3 mm/s, which indicates a superluminal propagation of high-energy muon neutrino
at z � 0.2.

It was believed that OPERA gave results comparable to MINOS [43], where the value of
the relative speed change was found as O ∼ 10−5. On the other hand, these measurements are
not compatible with the observations of ∼ 10 MeV-neutrino from supernova SN1987a [44].
In these observations, the value of O is estimated as ∼ 10−9. Therefore, the faster-than-
light anomaly is energy-dependent. It drops rapidly, when reducing energy from GeV- to
MeV-scale [10]. Nevertheless, the velocity anomaly is conjectured to re	ect the propagation
of all decay channels of neutrino and new physics such as LIV.

A few remarks on comparison with OPERA are as follows:
• The energy and mass of muon neutrino do not matter, as the applicability of GUP is

not doubtable.
• The OPERA measurements are neither approved nor disapproved.
• Our GUP approaches are not biased. Therefore, we present the comparison even after

withdrawing the OPERA measurements.
• It intends to illustrate trustable judgement even about edge-cutting conclusion.
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Another point under study is the ability of distant neutrinos to feel z-shift. Before CMB,
the extremely long interaction length of neutrinos while traversing the relic background leads
to integration over cosmic time, or redshift, in order to estimate their survival probabil-
ity [45, 46]. This would be considered as an indirect observation that CMB neutrinos would
feel the redshift. According to standard cosmology, neutrinos should be the most abundant
particles in the Universe, especially after CMB photons. Even the CMB temperature can be
expressed in dependence on redshift z, TCMB(z) = 2.7(1+z) K. While traversing the expand-
ing Universe we live in, the effective relic UHECR neutrino density per unit redshift reads
nν0(1+z)/H(z) dz [45,46]. The indirect dependence on H(z) means that the possibility that
the observation of neutrino absorption could even reveal the thermal history of the Universe
becomes high [46]. Furthermore, the GRB neutrino 	ux in dependence on redshift can be
estimated [47]. Last but not least, we refer to the γ-ray observations from Mrk 501 which
assume constraints on the Lorentz invariance breaking parameter based on potential departure
from the exact Lorentz invariance introduced in a perturbative framework [9, 10]. Accord-
ingly, we could assume that the sensitivity of neutrinos to redshift might not be negligible.
Amelino-Camelia et al. [26] proposed to use astrophysical objects to look for energy-dependent
time-of-arrival delays. As discussed in the section that follows, ˇxing the sensitivity factor
and its energy dependence are essential inputs for this purpose. The sensitivity factor is
related to the special time-of-	ight delay and the time structure of the signal. Furthermore, a
weak indication for redshift dependence of time delays suggestive of LIV has been observed
by Ellis et al. [11]. They investigated the energy-dependent time offsets in different energy
bands on a sample of gamma-ray bursts and assuming the standard cosmological model.

2.3. Ultra High-Energy Cosmic Rays. Following from Eqs. (9) and (10), the time of
	ight is conjectured to possess a delay of factor Δt. The generic ultra high-energy cosmic
rays (UHECR) can be utilized as a laboratory to study the consequences of LIV. The pair
production is kinematically allowed, when energy available to γ rays [10]

Eγ � me

(
2
|D|

)1/2

, (19)

where the subscript e stands for electron or positron and D = (ve − c)/c. Depending on the
values of ve and c, D can be positive and negative.

Stecker and Glashow used γ-ray observations from Mrk 501 constraining the Lorentz in-
variance breaking parameter [10] based on potential departure from the exact Lorentz invari-
ance introduced in a perturbative framework [9]. According to Eq. (18), we can for simplicity
assume that the electron has the same energy and mass as that of the muon neutrino in the
OPERA experiment. The observations of UHECR refer to the existence of electrons with
energies Ee � 1 ·1012 eV [48] and γ rays with energies Eγ � 50 ·1012 eV [49] are observed.
These observation would set upper limits to De � 1.3·10−13 and Dγ � 2·10−16, respectively.
It is apparent that all these values are smaller than the values that were estimated using the
GUP approach, Δv � 10−11c, Subsec. 2.2. Such a discrepancy would be interpreted as fol-
lows. In our calculations, the GUP approach assumes a linear momentum modiˇcation [6,7].
As discussed above, this approach combines string theory, loop quantum gravity, black hole
physics, and doubly spacial relativity.

Recent theoretical work on quantum gravity, especially within string theory, shows that
the sensitivity factor of gamma-ray bursts (GRB) η can be related to Δt∗, the special time-
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of-	ight delay and δt, the time structure of the signal η ≡ |Δt∗|/δt [26]. The special
time-of-	ight delay is characterized by Eqg (EPl), effective quantum gravity energy scale
(Planck energy scale). The condition that Eqg ≈ EPl means that quantum gravity energy
reaches the Planck energy. At this scale, η is determined by |Δt∗|/δt. In the present work,
Δt∗ is taken equivalent to Δt. Depending on distant origin, GRB emission can reach the
Earth with different time structures δt. Therefore, the time structure might be sophisticated.

On the other hand, the conventional gravitational lensing is achromatic. Therefore, the
energy-dependent time delay would not be dependent on the actual emission mechanism GRB.
Couple decades ago, lensed GRB was observed [50]. It can be used to estimate the sensitivity
factor as η ≈ 10−6. This value reveals that δt ≈ 10−7 s. It is found that η ≈ 10−10 and
therefore δt ≈ 10−3 s, when pulsars, supernovae, and other astrophysical phenomena, but
not GRB, are taken into consideration [51]. The third estimation was done using neutrinos
stemming from type-II supernovae, like SN1987a. In this case, η ≈ 10−4 and the time
structure can be estimated as δt ≈ 10−9 s. In principle, the upper bound on α parameter,
which characterizes the GUP approach, can be found by comparing the calculations with the
experimental observations [7].

Confronting our calculations to UHECR requires ˇxing the sensitivity factor and its energy
dependence. The sensitivity factor is related to the special time-of-	ight delay and the time
structure of the signal. To judge about the applicability of GUP on UHECR, we recall
the two main scenarios of their origin. BottomÄtop scenario assumes that cosmic rays are
generated at low energies. Over their path to the Earth they gain energy through various
mechanisms [52]. The topÄbottom scenario proposes that cosmic rays are produced at much
higher energies (Planck scale). Over their path to the Earth they lose energies through various
mechanisms [52]. Thus, the applicability is guaranteed.

3. CONCLUSIONS AND OUTLOOK

In this paper, we introduced the calculations for the time-of-	ight delays and the relative
change in the velocity of muon neutrino with mass of 1 eV and energy 17 GeV. In doing this,
we utilized the GUP approach, which is based on the momentum-dependent modiˇcation in the
standard dispersion relation. For a particle having a distant origin and energy comparable with
the Planck energy scale, the comoving momentum is given as a series of linear modiˇcations
on momentum. Varying the redshift, we have calculated the relative change in the speed of
massive muon neutrino and its time-of-	ight delays. The redshift depends on the temporal
evolution of the Hubble parameter, which can be estimated from a large sample of early-type
galaxies extracted from several spectroscopic surveys spanning over ∼ 8 ·109 years of cosmic
lookback time, most massive, red elliptical galaxies, passively evolving and without a signature
of ongoing star formation are picked up and used as standard cosmic chronometers giving the
cosmic time directly probe for H(z). The measurements, according to BC03 model and in
combination with CMB data constraining the possible deviations from the standard (minimal)
	at ΛCDM model, are used to estimate the z-dependence of the Hubble parameter. The
measurements based on the MS model are used to show that the results are model-dependent.

We compared the results with the OPERA experiment. We conclude that the OPERA
measurements for Δt and Δv are too large to be interpreted as LIV. Depending on the
rest masses, the propagation of high-energy muon neutrino can be superluminal. The other
possibility is not excluded. The comparison with UHECR reveals the potential discrepancy
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between the approach, combining string theory, loop quantum gravity, black hole physics,
and doubly spacial relativity and a perturbative departure from the exact Lorentz invariance.
For reliable confronting of our calculations to UHECR, we need to ˇx the sensitivity factor
and its energy dependence. The sensitivity factor is related to the special time-of-	ight delay
and the time structure of the signal.

In the light of this study, we believe that GRB would be able to set an upper bound to the
GUP-characterizing parameter α. Furthermore, the velocity anomaly is conjectured to re	ect
the propagation of all decay channels of neutrino and new physics such as LIV.

Acknowledgements. This work of AT and HM is partly supported by the GermanÄ
Egyptian Scientiˇc Projects (GESP ID: 1378).

Appendix A
TIME-OF-FLIGHT DELAY ACCORDING TO MS MODEL

It is apparent that integrating the rational expression (13) into Eq. (10) gives a numerical
solution. In Fig. 3, a, the ˇrst (dashed curve) and second (dotted curve) terms of Eq. (10),
where H(z) is taken from (13), are given in dependence on z. Their summation is given by
the solid curve. The time-of-	ight delay Δt can be averaged as ∼ 10−13 s. This value is
much smaller than the one measured in the OPERA experiment, so that the latter would not
be interpreted by LIV.

Fig. 3. a) The time-of-	ight delay of muon neutrino (mass 1 eV and energy 17 GeV) in dependence on
z, using (13) in Eq. (10). The ˇrst term is given by the dashed curve, while the dotted curve represents

the second term. Panel b draws Eq. (A.1). Both dashed curves seem to represent comparable results

When implementing Eq. (14) into Eq. (10), the integrals in the second and third terms
cannot be solved analytically. The ˇrst term can be solved as follows:

Δt(z) = 2αpν0

z∫
0

(1 + z)
dz

H(z)
=

αpν0B sech (δ3z)
eCβ3(β2

3 − γ2
3)δ2

3 [β3 + γ3 tanh (δ3z)]
×

×
{

β2
3δ2

3 eCz(2 + z) +

[(√
1 − β2

3

γ2
3

− eC

)
γ2
3δ2

3z2 + β3γ3 eC

(
iπ ln [1 + e2δ3z]−

− 2C ln (1 − eδ3z−2C) − iπ ln [cosh (δ3z)] + 2C ln [i sinh (C + δ3z)]−

− 2δ3

{
π

2
z + zC + z ln (1 − e−2[C+δ3z]) + lnB

})]}
, (A.1)
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where B = β3 cosh (δ3z) + γ3 sinh (δ3z) and C = artanh (β3/γ3). The results are drawn
in Fig. 3, b. In these calculations, only the real component of the second line of Eq. (A.1) is
taken into consideration. The values of Δt can be approximated to 10−13 s, which is about
seven orders of magnitude smaller than the time-of-	ight delay measured in the OPERA
experiment. With the dashed curve (ˇrst term) in Fig. 3, a, this term gives comparable results,
qualitatively and almost quantitatively.

Appendix B
BOUNDS ON GUP PARAMETER

The GUP parameter is given as α = α0/(MPlc) = α0
Pl/�, where c, �, and MPl are speed
of light, the Planck constant, and mass, respectively. The Planck length 
Pl ≈ 10−35 m and
the Planck energy MPlc

2 ≈ 1019 GeV. The α0, the proportionality constant, is conjectured to
be dimensionless [6]. In natural units c = � = 1, α will be in GeV−1, while in physical units,
α should be in GeV−1 times c. The bounds on α0, which were summarized in [7, 18, 20],
should be the subject of precise astronomical observations, for instance, gamma-ray bursts.

• Other alternatives were provided by the tunnelling current in the scanning tunnelling
microscope and the potential barrier problem [17], where the energy of the electron beam
is close to the Fermi level. We found that the varying tunnelling current relative to its
initial value is shifted due to the GUP effect [17, 20], δI/I0 ≈ 2.7 · 10−35 times α2

0. In
case of electric current density J relative to the wave function Ψ, the current accuracy
of precision measurements reaches the level of 10−5. Thus, the upper bound α0 < 1017.
Apparently, α tends to order 10−2 GeV−1 in natural units or 10−2 GeV−1 times c in physical
units. This quantum mechanically-derived bound is consistent with the one at the electroweak
scale [17, 18, 20]. Therefore, this could signal an intermediate length scale between the
electroweak and the Planck scales [17,18,20].

• On the other hand, for a particle with mass m, electric charge e affected by a con-
stant magnetic ˇeld B = Bẑ ≈ 10 T, vector potential A = Bxŷ, and cyclotron frequency
ωc = eB/m, the Landau energy is shifted due to the GUP effect [17,20] by

ΔEn(GUP)

En
= −

√
8 mα(�ωc)1/2

(
n +

1
2

)1/2

≈ −10−27α0. (B.1)

Thus, we conclude that if α0 ∼ 1, then ΔEn(GUP)/En is too tiny to be measured. But
with the current measurement accuracy of 1 in 103, the upper bound on α0 < 1024 leads to
α = 10−5 in natural units or α = 10−5 times c in physical units.

• Similarly, for the hydrogen atom with Hamiltonian H = H0 + H1, where standard
Hamiltonian H0 = p2

0/(2m) − k/r and the ˇrst perturbation Hamiltonian H1 = −αp3
0/m, it

can be shown that the GUP effect on the Lamb shift [17,20] reads

ΔEn(GUP)

ΔEn
≈ 10−24α0. (B.2)

Again, if α0 ∼ 1, then ΔEn(GUP)/En is too small to be measured, while the current
measurement accuracy gives 1012. Thus, we assume that α0 > 10−10.
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In the light of this discussion, we should assume that the dimensionless α0 has the order of
unity in natural units, then α equals to the Planck length ≈ 10−35 m. The current experiments
seem unable to register discreteness smaller than about 10−3-th fm, ≈ 10−18 m [17, 20].
We conclude that the assumption that α0 ∼ 1 seems to contradict various observations and
experiments [17,20]. Therefore, such an assumption should be relaxed to meet the accuracy of
the given experiments. Accordingly, the lower bounds on α range from 10−10 to 10−2 GeV−1.
This means that α0 ranges between 109c and 1017c.
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