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This paper analyzed the role of intrinsic degrees of freedom of colliding nuclei in the enhancement
of sub-barrier fusion cross-section data of various heavy-ion fusion reactions. The in	uences of in-
elastic surface vibrations of colliding pairs are found to be dominant and their couplings result in the
signiˇcantly larger fusion enhancement over the predictions of the one-dimensional barrier penetration
model at sub-barrier energies. The theoretical calculations are performed by using the energy-dependent
WoodsÄSaxon potential model (EDWSP model) in conjunction with the one-dimensional Wong for-
mula. The effects of dominant intrinsic channels are entertained within the framework of the coupled
channel calculations obtained by using the CCFULL code. It is quite interesting to note that the energy
dependence in the WoodsÄSaxon potential simulates the effects of inelastic surface vibrational states
of reactants, wherein signiˇcantly larger value of diffuseness parameter ranging from a = 0.85 fm to
a = 0.95 fm is required to address the observed fusion excitation function data of the various heavy-ion
fusion reactions.

�·μ ´ ²¨§¨·μ¢ ´  ·μ²Ó ¢´ÊÉ·¥´´¨Ì ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ¸É ²±¨¢ ÕÐ¨Ì¸Ö Ö¤¥· ¢ Ê¢¥²¨Î¥´¨¨ ¸¥Î¥-
´¨Ö ¶·μÍ¥¸¸  ¶μ¤¡ ·Ó¥·´μ£μ ¸²¨Ö´¨Ö ¶·¨ ¸¨´É¥§¥ · §²¨Î´ÒÌ ÉÖ¦¥²ÒÌ Ö¤¥·. �μ± § ´μ, ÎÉμ ¢²¨Ö´¨¥
´¥Ê¶·Ê£¨Ì ¢¨¡· Í¨° ¶μ¢¥·Ì´μ¸É¨ ¸É ²±¨¢ ÕÐ¨Ì¸Ö ¶ · Ö¢²Ö¥É¸Ö ¤μ³¨´¨·ÊÕÐ¨³ ¨ ¸μ¥¤¨´¥´¨¥ ¶ ·
¶·¨¢μ¤¨É ± §´ Î¨É¥²Ó´μ ¡μ²ÓÏ¥³Ê Ê¸¨²¥´¨Õ ÔËË¥±É  ¸¨´É¥§  ¶μ ¸· ¢´¥´¨Õ ¸ ¶·¥¤¸± § ´¨Ö³¨
³μ¤¥²¨ ¶·μ´¨±´μ¢¥´¨Ö Î¥·¥§ μ¤´μ³¥·´Ò° ¡ ·Ó¥· ¶·¨ ¶μ¤¡ ·Ó¥·´ÒÌ Ô´¥·£¨ÖÌ. ’¥μ·¥É¨Î¥¸±¨¥ ¢Ò-
Î¨¸²¥´¨Ö ¢Ò¶μ²´¥´Ò ´  μ¸´μ¢¥ § ¢¨¸ÖÐ¥£μ μÉ Ô´¥·£¨¨ ¶μÉ¥´Í¨ ²  ‚Ê¤¸ Ä‘ ±¸μ´  ¢ ¸μÎ¥É ´¨¨ ¸
μ¤´μ³¥·´μ° Ëμ·³Ê²μ° ‚μ´£ . �ËË¥±ÉÒ ¤μ³¨´ ´É´ÒÌ ¢´ÊÉ·¥´´¨Ì ± ´ ²μ¢ ÊÎ¨ÉÒ¢ ÕÉ¸Ö ¢ · ³± Ì
¢ÒÎ¨¸²¥´¨° ¸¢Ö§ ´´μ£μ ± ´ ² , ¶μ²ÊÎ¥´´ÒÌ ¸ ¶μ³μÐÓÕ ±μ¤  CCFULL. ‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ § ¢¨-
¸¨³μ¸ÉÓ μÉ Ô´¥·£¨¨ ¢ ¶μÉ¥´Í¨ ²¥ ‚Ê¤¸ Ä‘ ±¸μ´  ¸¨³Ê²¨·Ê¥É ÔËË¥±ÉÒ ¢¨¡· Í¨μ´´ÒÌ ¸μ¸ÉμÖ´¨°
´¥Ê¶·Ê£μ° ¶μ¢¥·Ì´μ¸É¨ ÊÎ ¸É¢ÊÕÐ¨Ì ¢ ·¥ ±Í¨¨ Ö¤¥· É ³, £¤¥ §´ Î¨É¥²Ó´μ ¡μ²ÓÏ¥¥ §´ Î¥´¨¥ ¶ -
· ³¥É·  ¤¨ËËÊ§´μ¸É¨ ¢ ¤¨ ¶ §μ´¥ μÉ a = 0,85 ¤μ a = 0,95 Ë³ ´¥μ¡Ìμ¤¨³μ ¤²Ö ÊÎ¥É  ¤ ´´ÒÌ ¶μ
ËÊ´±Í¨¨ ¢μ§¡Ê¦¤¥´¨Ö ·¥ ±Í¨° ¸²¨Ö´¨Ö ÉÖ¦¥²ÒÌ Ö¤¥·.

PACS: 25.60.Pj; 21.60.Ev; 24.10.Eq

INTRODUCTION

Dynamics of fusion reactions at near-barrier and sub-barrier energies is an active area of
research on the theoretical as well as on the experimental grounds. Heavy-ion fusion reactions
can be used to probe different aspects of nuclear interactions and nuclear structure of colliding
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nuclei. The importance of fusion reactions is also evident from production of nuclei away from
the valley of stability and superheavy elements. During the last few decades, an anomalously
large enhancement in the sub-barrier fusion cross sections in comparison with the predictions
of one-dimensional barrier penetration model, which have been observed in many projectile-
target combinations, shows puzzling features of the low-energy fusion excitation function
data [1Ä7]. Such a fusion enhancement of dinuclear system has an intimate link with the
internal degrees of freedom of reactants, such as permanent deformation, vibrations of nuclear
surface, rotations, neck formation, and nucleon transfer reactions. The relations between static
deformation and inelastic surface vibrations with sub-barrier fusion enhancement have been
well established by various coupled channel formulation, and hence strongly recommended
that such internal structure degrees of freedom of fusing pairs can be ascribed to an anomalous
behavior of the fusion cross-section data in the domain of the Coulomb barrier [1Ä18].

The nucleusÄnucleus potential, which is directly related to the fundamental characteristics
of nuclear interactions, plays a central role in better understanding of the nuclear reaction
dynamics. The properties of surface region of nucleusÄnucleus potential can be extracted
by studying the elastic and inelastic scattering processes, while the properties of inner re-
gion of nucleusÄnucleus potential can be explored by studying the ˇssion and fusion reac-
tions [19Ä21]. The Coulomb and centrifugal terms are well understood due to their sim-
ple expression, whereas because of the large ambiguities in the optimum form of nuclear
potential, it limits the complete understanding of nuclear reaction dynamics. Among the
different forms of nuclear potential proposed in literature, the standard energy-independent
WoodsÄSaxon potential is most widely used for description of the diverse form of nuclear
interactions [22Ä29]. The various theoretical models also make use of this potential for ex-
ploring the sub-barrier fusion dynamics [1Ä7]. A value of a = 0.65 fm is best suited for
elastic scattering analysis. Interestingly, the diffuseness parameter of the static WoodsÄSaxon
potential is related to the slope of fusion excitation functions, and signiˇcantly larger value of
diffuseness parameter ranging from a = 0.75 fm to a = 1.5 fm has been exploited to explain
the observed fusion dynamics. Surprisingly, the cause of this diffuseness anomaly, which
might be an artifact of various kinds of static and dynamical physical effects, is still far from
good understanding [30, 31].

Following this concept, the present work is motivated to address the fusion dynamics of
16
8O + 46,50

22Ti, 16
8O + 58,60,64

28Ni, and 58
28Ni+ 58

28Ni reactions within the context of the energy-
dependent WoodsÄSaxon potential model (EDWSP model) [32Ä47] and coupled channel
approach [48]. In EDWSP model, closely similar physical effects that are induced because of
couplings between elastic channel and internal structure degrees of freedom of fusing nuclei
can be governed by introducing the energy dependence in the nucleusÄnucleus real potential
in such a way that it becomes more attractive at sub-barrier energies. The energy-dependent
nucleusÄnucleus potential in conjunction with the one-dimensional Wong formula [49] predicts
signiˇcantly larger sub-barrier fusion cross sections with respect to the energy-independent
one-dimensional barrier penetration model [32Ä47]. Very recently, the EDWSP model has
been successfully used for entertaining the effects of neutron transfer channels and inelastic
surface vibrations in the fusion dynamics of wide range of projectile-target combinations. The
present work has been extended to explain effects of rapid variation of collectivity of target
nuclei, target isotopic dependence of sub-barrier fusion enhancement, and also to explore the
fusion hindrance at deep sub-barrier energies. In case of 16

8O + 46,50
22Ti and 16

8O + 58,60,64
28Ni re-

actions, the common projectile (168O) is kept as inert, while the low-lying surface vibrational
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states of target nuclei are included in the coupled channel calculations performed by using the
CCFULL code [48]. Various coupled channel models suggested that the fusion dynamics of
16
8O + 46,50

22Ti, 16
8O + 58,60,64

28Ni, and 58
28Ni+ 58

28Ni systems is signiˇcantly in	uenced by the in-
elastic surface vibrational states, such as 2+ and 3− vibrational states of target nuclei [50Ä52].
Furthermore, the applicability of the EDWSP model has also been tested for the exploration
of the fusion dynamics of 58

28Ni+ 58
28Ni reaction, wherein the hindrance of the fusion excitation

function data with respect to the coupled channel calculations has been clearly identiˇed [52].
Therefore, due to the energy dependence in nucleusÄnucleus potential, the EDWSP model
calculations result in the barrier modiˇcation effects, and hence adequately describe the ob-
served sub-barrier fusion enhancement of various heavy-ion fusion reactions. It is worth
noting here that the energy dependence in nucleusÄnucleus potential simulates the dominant
effects of nuclear structure degrees of freedom of the fusing systems in the sub-barrier fusion
dynamics. The details of the theoretical method adopted for this paper are discussed in Sec. 1.
The results are discussed in detail in Sec. 2, while the summary of the work is presented at
the end of the paper.

1. THEORETICAL FORMALISM

1.1. One-Dimensional Wong Formula. The partial wave fusion cross section is given by
the following expression:

σF =
π

k2

∞∑
�=0

(2� + 1)T F
� . (1)

Hill and Wheeler proposed an expression for tunneling probability (T F
� ) which is based upon

the parabolic approximation, wherein the effective interaction between the collision partners
has been replaced by an inverted parabola [53]:

T HW
� =

1

1 + exp
[

2π

�ω�
(V� − E )

] . (2)

This approximation was further simpliˇed by Wong using the following assumptions for
barrier position, barrier curvature, and barrier height [49]:

R� = R�=0 = RB, ω� = ω�=0 = ω, V� = VB +
�

2

2μR2
B

[
� +

1
2

]2

.

By using these assumptions and Eq. (2) into Eq. (1), the fusion cross section can be written as

σF =
π

k2

∞∑
�=0

(2� + 1)
1

1 + exp
2π

�ω
[V� − E]

. (3)

Wong assumes that the inˇnite number of partial waves contribute to the fusion process, so
one can change the summation over � into integral with respect to � in Eq. (3) and, by solving
the integral, one can get the following expression of the Wong formula [49]:

σF =
�ωR2

B

2E
�n

[
1 + exp

(
2π

�ω
(E − VB)

)]
. (4)
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1.2. Energy-Dependent WoodsÄSaxon Potential Model (EDWSP Model). Very recently,
the EDWSP model has been successfully used to probe the role of nuclear structure of
degrees of freedom of the colliding pairs on the dynamics of sub-barrier fusion cross sections.
The theoretical calculations make use of the EDWSP model in conjunction with the one-
dimensional Wong formula and the static WoodsÄSaxon potential in the coupled channel
calculations. Therefore, the shape of the static WoodsÄSaxon potential is deˇned as

VN (r) =
−V0[

1 + exp
(

r − R0

a

)] , (5)

with R0 = r0(A
1/3
P +A

1/3
T ). The quantity V0 is the depth and a is the diffuseness parameter of

the WoodsÄSaxon potential. In the EDWSP model, the depth of real part of the WoodsÄSaxon
potential is deˇned as

V0 =
[
A

2/3
P + A

2/3
T − (AP + AT )2/3

] [
2.38 + 6.8(1 + IP + IT )

A
1/3
P A

1/3
T

(A1/3
P + A

1/3
T )

]
MeV, (6)

where IP =
(

NP − ZP

AP

)
and IT =

(
NT − ZT

AT

)
are the isospin asymmetry of colliding

systems. This parameterization of potential depth has been deduced by reproducing the fusion
excitation function data of large number of fusion reactions ranging from ZP ZT = 84 to
ZP ZT = 1640 [32Ä47]. In heavy-ion collisions, the various static and dynamical physical
effects occur in the tail region of nuclear potential, which, in turn, modify the parameters of
the nuclear potential. In heavy-ion collisions, the 	uctuation in the surface energy of colliding
nuclei strongly depends upon the collective motion of all the nucleons inside the nucleus. The
ˇrst term in the square brackets of Eq. (6) accommodates such kinds of the static and dynamical
physical effects. In addition to this, the densities of collision partners in neck region are also
responsible for 	uctuations of diffuseness parameter of the static WoodsÄSaxon potential,
which, in turn, bring the requirement of abnormally large diffuseness parameter ranging
from a = 0.75 fm to a = 1.5 fm for accounting the fusion excitation function data [1Ä
7, 30, 31]. The second term inside the square brackets of Eq. (6) is directly proportional
to isospin asymmetry effects of colliding nuclei which is different for different isotopes of
a particular element. The isotopic effects of reactants are entered in the nucleusÄnucleus
potential through this term. Furthermore, the nonlocal quantum effects that arise due to the
nucleonÄnucleon interactions induce the energy dependence in nucleusÄnucleus potential. The
energy dependence in nucleusÄnucleus potential is also re	ected from the microscopic time-
dependent HartreeÄFock theory, wherein it arises due to various channel coupling effects [54Ä
57]. Therefore, owing to the importance of the 	uctuations of diffuseness parameter of the
WoodsÄSaxon potential, the energy dependence in the WoodsÄSaxon potential is taken via its
diffuseness parameter. The energy-dependent diffuseness parameter is deˇned as [32Ä47]:

a(E) = 0.85

⎡
⎢⎢⎣1 +

r0

13.75
(
A

−1/3
P + A

−1/3
T

)(
1 + exp

(
(E/VB0) − 0.96

0.03

))
⎤
⎥⎥⎦ fm. (7)
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In real physical situations, there is dissipation of kinetic energy of relative motion to internal
structure of colliding pairs which must be incorporated in the theoretical calculations of the
fusion excitation functions. Therefore, in fusion dynamics, the variation of surface energy,
N/Z ratio, variation of densities in neck region, dissipation of kinetic energy of relative mo-
tion to internal structure of collision partners or other static and dynamical physical effects,
which bring the modiˇcation in the value of diffuseness parameter of the static WoodsÄSaxon
potential, are accurately accommodated in the EDWSP model. In the EDWSP model calcu-
lations, all such physical effects are entering through energy-dependent diffuseness parameter
(see Eq. (7)). For heavy-ion fusion reactions, the EDWSP model provides a wide range of dif-
fuseness parameter depending upon the value of range parameter (r0) and bombarding energy
of reactants. The value of range parameter (r0) is adjusted in order to vary the diffuseness
parameter required to address the observed fusion excitation function data of fusing system
under consideration [32Ä47]. It will be shown later that the theoretical calculations based
upon the static WoodsÄSaxon potential (CCFULL calculations) must include different kinds
of channel coupling effects, such as inelastic surface excitations of colliding pairs, rotational
states of deformed nuclei and multinucleon transfer channels, or other static and dynamical
physical effects to reproduce the sub-barrier fusion data. However, the energy dependence in
the WoodsÄSaxon potential produces similar kinds of barrier modiˇcation effects that arise
due to coupling of relative motion of reactants to their intrinsic degrees of freedom, and thus
accurately explain the energy dependence of sub-barrier fusion cross-section data.

1.3. Coupled Channel Model. This section brie	y reviews the structure of the coupled
channel model. Theoretically, the standard way to entertain the effects of internal structure
degrees of freedom of colliding nuclei is to solve the coupled channel equations by including
all the relevant channels [48, 58, 59]. Therefore, the set of the coupled channel equations can
be written as[

−�
2

2μ

d2

dr2
+

J (J + 1) �
2

2μr2
+ VN (r) +

ZP ZT e2

r
+ εn − Ecm

]
ψn(r)+

+
∑
m

Vnm(r)ψm(r) = 0, (8)

where r is the radial coordinate for the relative motion between fusing nuclei; μ is deˇned as
the reduced mass of the projectile and target system. The quantities Ecm and εn represent the
bombarding energy in the centre-of-mass frame and the excitation energy of the nth channel,
respectively. The Vnm is the matrix elements of the coupling Hamiltonian, which in the
collective model consists of the Coulomb and nuclear components. For the coupled channel
calculations, one can use the CCFULL code [48], wherein the coupled channel equations are
numerically solved by using the following basic approximations. The rotating frame approx-
imation has been used for reducing the number of the coupled channel equations [48, 58, 59].
In the condition of no transfer of the angular momentum from relative motion of reactants to
their intrinsic motion, the total orbital angular momentum quantum number L can be replaced
by the total angular momentum quantum number J . This approximation is also known as
the isocentrifugal approximation. Under this approximation, the number of the coupled chan-
nel equations is reduced to great extent. For instance, in this approximation, the z-axis is
chosen in the direction of the relative separation r of colliding nuclei so that θ = 0, and the

spherical harmonics becomes Y ∗
λμ(r̂) =

√
2λ + 1

4π
δμ,0. This implies that the excited states
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of each nucleus will have the same spin projection on the rotating z-axis as in the respective
ground states, and the number of the coupled equations to be solved is signiˇcantly reduced.
For example, the multipole excitation 0+ → λ is represented by only one channel in this
approximation, whereas (λ+1) channels are required in the full problem. Speciˇcally, if one
wants to entertain 0+, 2+, 4+, and 6+ rotational states of the deformed nucleus, a set of 16
coupled channel equations is to be solved but in rotating frame approximation, and one has to
solve only 4 coupled channel equations [48, 58, 59]. The ingoing wave boundary conditions
(IWBC), which are well applicable for heavy-ion reactions, are another approximations used
to obtain the numerical solution of the coupled channel equations. According to IWBC, there
are only incoming waves at the minimum position of the Coulomb pocket inside the barrier
and there are only outgoing waves at inˇnity for all channels except the entrance channel
(n = 0) [48, 58, 59]. The CCFULL code [48] makes use of the static WoodsÄSaxon potential
for addressing the role of the internal structure degrees of freedom of colliding pairs, such as
inelastic surface vibrations, rotational states, and multinucleon transfer channels. By including
all the relevant channels, the fusion cross section can be written as

σF (E) =
∑
J

σJ (E) =
π

k2
0

∑
J

(2J + 1)PJ(E), (9)

where PJ (E) is the total transmission coefˇcient corresponding to the angular momentum J .

2. RESULTS AND DISCUSSION

The focus of the present work is to address the interplay of the vibrational states of
colliding systems on the energy dependence of the fusion excitation functions at sub-barrier
energies. The inclusions of these collective vibrational states signiˇcantly enhance the mag-
nitude of sub-barrier fusion cross sections over the predictions of the one-dimensional barrier
penetration model. Furthermore, the effects of rapid variation of collectivity of target nuclei,
as well as the target isotopic dependence of the sub-barrier fusion enhancement, are also
evident from the analysis of 16

8O + 46,50
22Ti, 16

8O + 58,60,64
28Ni, and 58

28Ni+ 58
28Ni reactions. The

values of the deformation parameters and corresponding excitation energies of the low-lying
2+ and 3− vibrational states of the colliding nuclei are listed in Table 1. The barrier height,
barrier position, and barrier curvature of the fusing nuclei as required in the EDWSP model
calculations along with the one-dimensional Wong formula are listed in Table 2. The values
of range, depth, and diffuseness parameters used in the EDWSP model calculations for various
combinations of the colliding nuclei are listed in Table 3.

The spherical nuclei exhibit low-lying inelastic surface vibrations as dominant mode of
couplings, and coupling to inelastic surface vibrations of colliding nuclei signiˇcantly en-
hances the magnitude of sub-barrier fusion cross sections. The dynamics of spherical nuclei
is expected to be very simple due to involvement of the fewer internal structure degrees of
freedom, and hence provides the concrete conclusion about the role played by the nuclear
structure of reactants [50, 51]. In addition, the rapid variation of collectivity of target iso-
topes, as well as the target isotopic dependence of the enhancement of sub-barrier fusion
cross sections, is directly re	ected from the present analysis. As far as the projectile (168O) is
concerned, it possesses low-lying surface vibrations only and, due to very high excitation en-
ergies of the inelastic surface excitations, it offers negligible in	uence on the fusion dynamics
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Table 1. The deformation parameter (βλ) and the corresponding energy (Eλ) of the quadrupole
and octupole vibrational states of various colliding nuclei

Nucleus β2 E2, MeV β3 E3, MeV Reference

16
8O 0.362 6.917 0.370 6.192 [60]

46
22Ti 0.317 0.899 0.122 3.059 [12]
50
22Ti 0.166 1.555 0.156 4.410 [12]
58
28Ni 0.183 1.450 0.175 4.480 [61]
60
28Ni 0.207 1.330 0.190 4.040 [61]
64
28Ni 0.179 1.350 0.230 3.560 [61]

Table 2. The values of VB0, RB , and �ω used in the EDWSP model calculations for various heavy-ion
systems

System VB0, MeV RB , fm �ω, MeV Reference

16
8O+ 46

22Ti 25.70 8.63 2.60 [50]
16
8O+ 50

22Ti 25.40 9.15 3.80 [50]
16
8O+ 58

28Ni 33.60 8.70 3.51 [51]
16
8O+ 60

28Ni 33.70 8.67 3.51 [51]
16
8O+ 64

28Ni 33.40 8.76 3.47 [51]
58
28Ni+ 58

28Ni 97.87 10.50 3.30 [48]

Table 3. Range, depth, and diffuseness of the WoodsÄSaxon potential used in the EDWSP model
calculations for various heavy-ion fusion reactions [32Ä47]

System r0, fm V0, MeV
apresent/Energy range,

fm/MeV

16
8O+ 46

22Ti 1.090 45.36
0.94 to 0.85

15 to 55

16
8O+ 50

22Ti 1.070 49.45
0.94 to 0.85

15 to 55

16
8O+ 58

28Ni 1.020 48.62
0.94 to 0.85

25 to 55

16
8O+ 60

28Ni 1.030 50.40
0.94 to 0.85

25 to 55

16
8O+ 64

28Ni 1.030 53.74
0.94 to 0.85

25 to 60

58
28Ni+ 58

28Ni 1.120 101.69
0.95 to 0.85

90 to 115



Sub-Barrier Fusion Excitation Function Data and the Energy-Dependent WoodsÄSaxon Potential 685

of 16
8O+ 46,50

22Ti and 16
8O+ 58,60,64

28Ni systems [50, 51]. However, there is signiˇcant variation
in the collectivity of 2+ vibrational states in target isotopes which mirrors the difference in
the energy dependence of sub-barrier fusion cross sections of these systems. The beauty of
Ti isotopes is that the collectivity decreases with increase of neutron richness, and hence
spans a signiˇcant variation in the quadrupole deformation with increase in the number of
neutrons. Furthermore, due to low excitation energy (E = 0.889 MeV) and large quadrupole
deformation of 46

22Ti nucleus, it exhibits the strongest low-lying quadrupole vibration in the
mass region A = 40−60. Therefore, the effects of the quadrupole vibrational states are
more pronounced in comparison with those of the other vibrational states of the colliding
pairs. As the strength of quadrupole deformation in 46

22Ti is almost double (β2 = 0.317 and
E2 = 0.889 MeV) and lies at very small excitation energy with respect to the corresponding
values in 50

22Ti (β2 = 0.166 and E2 = 1.555 MeV); therefore, it is expected that the addition
of the 2+ vibrational state of 46

22Ti nucleus strongly alters the behavior of the low-energy
fusion excitation functions.

The octupole vibration in lighter target nucleus lies at low excitation energy in comparison
with heavier target nucleus, but has almost the same coupling strength, and hence displays
weak in	uences on sub-barrier fusion process. For 16

8O + 46,50
22Ti reactions, the experimental

data are strongly underpredicted by the no coupling calculations, wherein the colliding pairs
are taken as inert. This suggests that the low-lying surface vibrations of colliding nuclei must
be incorporated to reproduce the sub-barrier fusion enhancement. The inclusion of one-phonon
2+ vibrational state of target alone or one-phonon 3− vibrational state of target alone is unable
to bring the observed fusion enhancement at below barrier energies. However, coupling to
one-phonon 2+ and 3− vibrational states along with their mutual couplings in target recovers
the observed enhancement of sub-barrier fusion excitation function of 16

8O + 46,50
22Ti reactions.

The larger fusion enhancement of 16
8O + 46

22Ti system (Fig. 1, a) with respect to 16
8O+ 50

22Ti sy-

Fig. 1. The fusion excitation functions of 16
8O + 46,50

22Ti reactions obtained by using the EDWSP

model [32Ä47] and the coupled channel CCFULL code [48]. The theoretical results are compared with
the available experimental data taken from [50]
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stem (Fig. 1, b) is the signature of the opposite target mass dependence of the sub-barrier
fusion enhancement. In both cases, the possibility of the neutron transfer channel can be
ruled out because of negative Q values for neutron transfer channels. Therefore, the observed
sub-barrier fusion enhancement can only be correlated with the dominance of the inelastic
surface vibrations of target nuclei. It is worth mentioning here that the predictions of the
EDWSP model along with the one-dimensional Wong formula provide quite close agreement
with the experimental data of 16

8O+ 46,50
22Ti reactions in all range of energies spread across

the Coulomb barrier as evident from Fig. 1. The close resemblance of the predictions of
the coupled channel model and the EDWSP model for the observed fusion dynamics of
16
8O + 46,50

22Ti systems unambiguously indicates that the energy dependence in the WoodsÄ
Saxon potential mimics the effects of dominant internal degrees of freedom of the collision
partners.

The fusion dynamics of 16
8O + 58,60,64

28Ni systems [51] has been strongly in	uenced by the
low-lying surface vibrations of the Ni isotopes and also displays the target isotopic dependence
of sub-barrier fusion enhancement. With the increase of neutron richness of target nuclei,
the magnitude of the sub-barrier fusion enhancement increases and such a physical effect in
the fusion process is the consequence of different collective properties of Ni isotopes. In
other words, one can say that with increase of neutron richness in Ni isotopes, the target
nuclei become more collective and display their signature by enhancing the magnitude of sub-
barrier fusion excitation function data. In this regard, the fusion dynamics of 16

8O+ 58,60,64
28Ni

systems is very interesting, wherein with increase of the target isotopic mass, the excitation
energies of inelastic surface vibrations decrease. Therefore, the effect of coupling of 2+

and 3− vibrational states in target nuclei becomes more pronounced as one moves from the
lighter target isotope to the heavier one, and consequently large isotopic enhancement in
the fusion cross sections has been found in sub-barrier energy regions. Due to the lower
quadrupole excitation energy, the effect of coupling to 2+ vibrational state of target is playing
a signiˇcant role, and hence strongly modiˇes the energy dependence of the sub-barrier fusion
cross sections of these fusing systems.

For 16
8O + 58,60,64

28Ni reactions, the projectile is taken as inert in the coupled channel
calculations. If both colliding pairs are considered as inert, no coupling calculations are
signiˇcantly smaller than those of the experimental fusion data. The inclusion of the one-
phonon 2+ vibrational state alone in target or one-phonon 3− vibrational state alone in target
fails to recover experimental fusion data particularly at below barrier energies. This sug-
gests that more intrinsic channels are required to reproduce the observed fusion enhancement
at sub-barrier energies. The couplings to one-phonon 2+ and 3− vibrational states along
with their mutual couplings in target reasonably account the magnitude of sub-barrier fu-
sion enhancement for all Ni isotopes. In the fusion of 16

8O + 58,60,64
28Ni systems, the coupled

channel calculations show that the contribution of the inelastic surface vibrations enhances
the sub-barrier fusion excitation functions over the predictions of the one-dimensional bar-
rier penetration model as evident from Fig. 2. Furthermore, it is worth noting here that the
predictions made by the EDWSP model along with the one-dimensional Wong formula give
quite close agreement with the experimental data in domain of the Coulomb barrier. Both the
coupled channel model and the EDWSP model predict closely similar behavior of the various
heavy-ion fusion reactions, which, in turn, concrete the conclusion that the EDWSP model
mocks up the effects of dominant internal degrees of freedom of collision partners, and hence
produces barrier modiˇcation effects in similar way to that of the coupled channel approach.
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Fig. 2. The same as in Fig. 1, but for 16
8O + 58,60,64

28 Ni reactions. The theoretical results are compared

with the available experimental data taken from [51]

It is quite interesting to check out the applicability of the EDWSP model to explain the
observed fusion dynamics of 58

28Ni+ 58
28Ni reaction. This reaction is chosen because of two

reasons. The ˇrst reason is that the colliding pairs form a symmetric pair in the entrance
channel and the second reason is lying in the interest to explore the fusion data particularly at
deep sub-barrier energies. In literature, it has been well established that the fusion excitation
function data of 58

28Ni+ 58
28Ni reaction fall more steeply than the theoretical predictions of

the coupled channel approach. This steep fall of the fusion excitation function data at deep
sub-barrier energies is termed as fusion hindrance. For 58

28Ni+ 58
28Ni reaction, the inelastic

surface excitations, such as one-phonon, two-phonon vibrational states, are the dominant
mode of couplings, and the inclusion of such dominant collective vibrational states of the
fusing pairs reasonably explains the observed fusion dynamics of the chosen reaction in near-
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and sub-barrier energy regions. However, at deep sub-barrier energies, such coupled channel
calculations fall more slowly with reference to the experimentally observed fusion data. On
the other hand, the energy dependence in nucleusÄnucleus potential modiˇes the interaction
barrier between the fusing pairs and adequately explains the observed fusion dynamics of
58
28Ni+ 58

28Ni reaction in whole range of energy as shown in Fig. 3. This clearly reveals that

Fig. 3. The same as in Fig. 1, but for 58
28Ni+ 58

28Ni
reaction. The theoretical results are compared with

the available experimental data taken from [52]

the energy dependence in nucleusÄnucleus po-
tential introduces similar kinds of the barrier
modiˇcation effects as observed in the usual
coupled channel approach.

In literature, it is well recognized that the
effect of couplings to inelastic excitations of
projectile (target) or permanent deformations
or nucleon (multinucleon) transfer splits the
Coulomb barrier into the number of barri-
ers of different heights, which is known as
barrier distribution. The penetration through
the barriers, whose height is smaller than that
of the Coulomb barrier, is more probable,
and hence ultimately predicts large fusion en-
hancement at sub-barrier energies. Similarly,
the energy-dependent WoodsÄSaxon potential
model (EDWSP model) produces a distribu-
tion of the energy-dependent fusion barriers
of varying height, which is analogous to the

distribution of barriers that arise due to various channel coupling effects, and hence reason-
ably explains the dynamics of the various heavy-ion fusion reactions. Therefore, whether
the clariˇcations of the fact that the various kinds of static and dynamical physical effects
that are induced due to intrinsic degrees of freedom, such as inelastic surface vibrations,
nucleon transfer channel, and other dynamical effects, represent a true picture of the domi-
nant channels in sub-barrier fusion enhancement or simply mirror the limitations of the static
WoodsÄSaxon potential parameters requires more intensive studies. Furthermore, whether the
energy dependence in the WoodsÄSaxon potential represents optimum form of the nuclear
potential or simulates other static and dynamical physical effects is still not clear.

CONCLUSIONS

This work analyzed the fusion dynamics of 16
8O + 46,50

22Ti, 16
8O + 58,60,64

28Ni, and
58
28Ni+ 58

28Ni reactions in the close vicinity of the Coulomb barrier by using the EDWSP
model and the coupled channel model. The role of inelastic surface vibrations, such as 2+

and 3− vibrational states, is entertained within the context of coupled channel calculations
performed by using the CCFULL code. The coupled channel model and the EDWSP model
provide closely similar behavior of the various heavy-ion fusion reactions considered in the
present work. This unambiguously mirrors that the energy dependence in the WoodsÄSaxon
potential introduces barrier modiˇcation effects in somewhat similar way to that of the usual
coupled channel formulations, and hence simulates different kinds of static and dynamical
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physical effects that arise because of coupling between relative motion of the fusing nuclei
and their intrinsic degrees of freedom. Furthermore, signiˇcantly large values of diffuse-
ness parameter ranging from a = 0.85 fm to a = 0.95 fm are necessarily required to bring
the observed fusion enhancement at below barrier energies. This suggests that the EDWSP
model has an effect that is closely similar to that of the static WoodsÄSaxon potential with
abnormally large diffuseness parameter ranging from a = 0.75 fm to a = 1.5 fm.
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