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‚ · ¡μÉ¥ μ¡¸Ê¦¤ ¥É¸Ö ·¥ ²¨§ Í¨Ö Î¨¸²¥´´ÒÌ ³¥Éμ¤μ¢ ³μ¤¥²¨·μ¢ ´¨Ö ¤¨´ ³¨±¨ ¶μÉμ±μ¢ § -
·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ¨³¶Ê²Ó¸´ÒÌ ¨¸ÉμÎ´¨± Ì. „²Ö · ¸Î¥Éμ¢ ¨¸¶μ²Ó§Ê¥É¸Ö ¨É¥· Í¨μ´´Ò° ³¥Éμ¤ ¸
³μ¤¥²ÓÕ ®É·Ê¡μ± Éμ± ¯. „²Ö μ¶·¥¤¥²¥´¨Ö Éμ±  Ô³¨¸¸¨¨ ¢ ·¥¦¨³¥ μ£· ´¨Î¥´¨Ö Éμ±  ¶·μ¸É· ´-
¸É¢¥´´Ò³ § ·Ö¤μ³ ¢ ¸²ÊÎ ¥ ±·¨¢μ²¨´¥°´μ£μ Ô³¨ÉÉ¥·  ¶·¥¤² £ ¥É¸Ö ³μ¤¥²Ó Ô³¨¸¸¨¨, μ¸´μ¢ ´´ Ö ´ 
¶·¨³¥´¥´¨¨ § ±μ´  ƒ Ê¸¸ . �·¨¢μ¤ÖÉ¸Ö ·¥§Ê²ÓÉ ÉÒ ³μ¤¥²¨·μ¢ ´¨Ö ¤¨´ ³¨±¨ ¶μÉμ±μ¢ § ·Ö¦¥´´ÒÌ
Î ¸É¨Í ¢ ¡¨¶μ²Ö·´μ³ Í¨²¨´¤·¨Î¥¸±μ³ ¤¨μ¤¥ ¨ ¢ ¤¨μ¤¥ ¸ Ô²²¨¶É¨Î¥¸±¨³ Ô³¨ÉÉ¥·μ³.

Implemetation of numerical methods for studying dynamics of particles 	ows which are produced
by pulsed sources is discussed. A particle tracking method with so-called gun iteration for simulations
of beam dynamics is used. For the space charge limited emission problem we suggest Gauss law
emission model for preciese current density calculation in the case of curvilinear emitter. The results
of numerical simulations of particles 	ows formation for cylindrical bipolar diode and for diode with
elliptical emitter are presented.

PACS: 29.27.Bd
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�·¨ ¨§ÊÎ¥´¨¨ ¤¨´ ³¨±¨ ¶μÉμ±μ¢ Ô²¥±É·μ´μ¢ ¨ ¨μ´μ¢ ¢ ¨³¶Ê²Ó¸´ÒÌ ¨¸ÉμÎ´¨± Ì § -
·Ö¦¥´´ÒÌ Î ¸É¨Í ´ ¨¡μ²ÓÏ¨° ¨´É¥·¥¸ ¶·¥¤¸É ¢²Ö¥É ¸É Í¨μ´ ·´ Ö ¸É ¤¨Ö · ¡μÉÒ ¨¸ÉμÎ-
´¨± , Ì · ±É¥·¨§ÊÕÐ Ö¸Ö ´¥§ ¢¨¸¨³μ¸ÉÓÕ · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·¨Î¥¸±¨Ì ¶μ²¥° ¨ ¶²μÉ-
´μ¸É¨ ¶·μ¸É· ´¸É¢¥´´μ£μ § ·Ö¤  μÉ ¢·¥³¥´¨. ’ ±¦¥ § Î ¸ÉÊÕ Éμ± Ô³¨¸¸¨¨ ¶·¨ É ±μ³
·¥¦¨³¥ · ¡μÉÒ μ£· ´¨Î¥´ ¶·μ¸É· ´¸É¢¥´´Ò³ § ·Ö¤μ³. ‚ É ±μ³ ¸²ÊÎ ¥ ¤²Ö ¢ÒÎ¨¸²¥-
´¨Ö Ô²¥±É·¨Î¥¸±μ£μ ¶μÉ¥´Í¨ ²  U ¨ ´ ¶·Ö¦¥´´μ¸É¨ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö E ¢ μ¡² ¸É¨
Ω = Ω ∪ Γ(Γ = Γ1 ∪ Γ2 Å £· ´¨Í  μ¡² ¸É¨) ¢μ§³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ Ê· ¢´¥´¨¥ �Ê ¸-
¸μ´  [1]

ΔU(r) = −ρ(r)
εa

¶·¨ r ∈ Ω, E(r) = −gradU(r),

U(r) = g(r) ¶·¨ r ∈ Γ1,
∂U(r)

∂n
= 0 ¶·¨ r ∈ Γ2.

(1)

1E-mail: altsybeyev@gmail.com
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‡¤¥¸Ó r Å ¢¥±Éμ· Ë §μ¢ÒÌ ±μμ·¤¨´ É; ρ(r) Å · ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ ¶·μ¸É· ´¸É¢¥´-
´μ£μ § ·Ö¤ ; g(r) Å ´¥±μÉμ· Ö ËÊ´±Í¨Ö, μ¶¨¸Ò¢ ÕÐ Ö ¶μÉ¥´Í¨ ²Ò Ô²¥±É·μ¤μ¢; εa Å
¤¨Ô²¥±É·¨Î¥¸± Ö ¶·μ´¨Í ¥³μ¸ÉÓ ³ É¥·¨ ²  · ¸Î¥É´μ° μ¡² ¸É¨; n Å ¢¥±Éμ· ´μ·³ ²¨ ±
£· ´¨Í¥ Γ2. �²μÉ´μ¸ÉÓ ¶·μ¸É· ´¸É¢¥´´μ£μ § ·Ö¤  ρ(r) ¢´μ¸¨É¸Ö ¶μÉμ± ³¨ § ·Ö¦¥´´ÒÌ
Î ¸É¨Í, ¤¢¨¦¥´¨¥ ±μÉμ·ÒÌ ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ¸²ÊÎ ¥ μ¶¨¸Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³¨ Ê· ¢´¥´¨-
Ö³¨ [1]:

dpi,α

dτ
=

qαE(ri,α)
m0αc2

,
dri,α

dτ
=

pi,α

γi,α
,

ri,α(0) ∈ Γeα , pi,α(0) = p0
i,α.

(2)

‡¤¥¸Ó i = 1 . . .Niα Å ´μ³¥·  Î ¸É¨Í ¢ ¶μÉμ±¥ Î ¸É¨Í ¸ ´μ³¥·μ³ α = 1 . . .Nα; γi,α Å
Ë ±Éμ· ‹μ·¥´Í ; c Å ¸±μ·μ¸ÉÓ ¸¢¥É , τ = ct; pi,α = vi,αγi,α/c Å ¨³¶Ê²Ó¸Ò Î ¸É¨Í
(vi,α Å ¸±μ·μ¸É¨ Î ¸É¨Í); r i,α Å ¶μ²μ¦¥´¨Ö Î ¸É¨Í; p i,α Å ´ Î ²Ó´Ò¥ ¨³¶Ê²Ó¸Ò
Î ¸É¨Í; m0α Å ³ ¸¸  ¶μ±μÖ Î ¸É¨Í ¶μÉμ±  ¸ ´μ³¥·μ³ α; qα Å § ·Ö¤ Î ¸É¨Í ¶μÉμ±  ¸
´μ³¥·μ³ α; Γeα Å ¶μ¢¥·Ì´μ¸ÉÓ Ô³¨¸¸¨¨ ¶μÉμ±  Î ¸É¨Í ¸ ´μ³¥·μ³ α. „²Ö ¶²μÉ´μcÉ¨
Éμ±  Î ¸É¨Í J ¢Ò¶μ²´Ö¥É¸Ö Ê· ¢´¥´¨¥ ´¥· §·Ò¢´μ¸É¨

divJ = 0, J = ρ(r)vav(r), (3)

£¤¥ vav(r) Å ¸·¥¤´ÖÖ ¸±μ·μ¸ÉÓ Î ¸É¨Í. Œμ¤Ê²Ó ¶²μÉ´μ¸É¨ Éμ±  Î ¸É¨Í ± ¦¤μ£μ ¶μÉμ± 
´  Ô³¨ÉÉ¥·¥ Jemα

(r) ¶μ¤²¥¦¨É μ¶·¥¤¥²¥´¨Õ ¨§ Ê¸²μ¢¨Ö · ¢¥´¸É¢  ´Ê²Õ ´μ·³ ²Ó´μ°
±μ³¶μ´¥´ÉÒ ´ ¶·Ö¦¥´´μ¸É¨ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö Enα ´  Ô³¨ÉÉ¥· Ì [2, 3]

Enα(r) = 0 ¶·¨ r ∈ Γeα . (4)

’·¥¡Ê¥É¸Ö ´ °É¨ ¸É Í¨μ´ ·´μ¥ ·¥Ï¥´¨¥ § ¤ Î¨ (1)Ä(4): · ¸¶·¥¤¥²¥´¨¥ Ô²¥±É·¨Î¥¸±μ£μ
¶μ²Ö, É· ¥±Éμ·¨¨ Î ¸É¨Í ¨ · ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¥° Éμ±μ¢ Ô³¨¸¸¨¨ ¤²Ö ± ¦¤μ£μ ¶μÉμ± .
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ˆÉ¥· Í¨μ´´Ò° ³¥Éμ¤ ·¥Ï¥´¨Ö § ¤ Î¨ (1)Ä(4) Ö¢²Ö¥É¸Ö ´ ¨¡μ²¥¥ Ï¨·μ±μ ¨¸¶μ²Ó§Ê-
³Ò³ ¢ ¸¨²Ê ¥£μ ¡Ò¸É·μ¤¥°¸É¢¨Ö [4Ä8]. Šμ´Í¥¶Í¨Ö ¤ ´´μ£μ ³¥Éμ¤  ¶μ¤·μ¡´μ ¨§²μ¦¥´ 
¢ [8]. „²Ö ± ¦¤μ° Ô³¨É¨·Ê¥³μ° É· ¥±Éμ·¨¨ ³Ò ¤μ²¦´Ò ¶μ¸É ¢¨ÉÓ ¢ ¸μμÉ¢¥É¸É¢¨¥ ´¥±μ-
Éμ·Ò° Éμ± ¸μ£² ¸´μ · ¸¶·¥¤¥²¥´¨Õ ¶²μÉ´μ¸É¨ Éμ±  Ô³¨¸¸¨¨. ’ ±¨³ μ¡· §μ³, ¸Ê³³ ·´Ò°
Éμ±, ¸μ¶μ¸É ¢²¥´´Ò° ¢¸¥³ É· ¥±Éμ·¨Ö³, ¡Ê¤¥É · ¢¥´ Éμ±Ê Ô³¨¸¸¨¨. �·¨ ÔÉμ³ ¶·μ¸É· ´-
¸É¢¥´´Ò° § ·Ö¤, ¢´μ¸¨³Ò° ± ¦¤μ° É· ¥±Éμ·¨¥°, ³μ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´ ¨ ¶·μ¸Ê³³¨·μ¢ ´.
�μ¸²¥ ÔÉμ£μ ³Ò ³μ¦¥³ · ¸¸Î¨É ÉÓ Ô²¥±É·¨Î¥¸±¨¥ ¶μ²Ö ¸ ÊÎ¥Éμ³ ¢´¥¸¥´´μ£μ Î ¸É¨Í ³¨
§ ·Ö¤ , · ¸¸Î¨É ÉÓ Éμ± Ô³¨¸¸¨¨ ± ¦¤μ£μ ¶μÉμ±  Î ¸É¨Í, ¨¸¶μ²Ó§ÊÖ ± ±ÊÕ-²¨¡μ ³μ¤¥²Ó
Ô³¨¸¸¨¨, ¨ ¶¥·¥¸Î¨É ÉÓ É· ¥±Éμ·¨¨ Î ¸É¨Í, ¨¸¶μ²Ó§ÊÖ ´μ¢Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¶μ²¥° [8].
�É  ¶·μÍ¥¤Ê·  ¶μ¢Éμ·Ö¥É¸Ö ¤μ É¥Ì ¶μ·, ¶μ±  ´¥ ¡Ê¤¥É ¤μ¸É¨£´ÊÉ  ¸Ìμ¤¨³μ¸ÉÓ. ‚ ± Î¥¸É¢¥
±·¨É¥·¨Ö μ¸É ´μ¢±¨ ¨É¥· Í¨° ³¥Éμ¤  ¨¸¶μ²Ó§Ê¥É¸Ö ¸²¥¤ÊÕÐ¥¥ Ê¸²μ¢¨¥:

max
s=1...Nh

∣∣∣∣U
n
s − Un−1

s

Un
s

∣∣∣∣ < εiter.
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‡¤¥¸Ó Un
s Å Ô²¥±É·¨Î¥¸±¨° ¶μÉ¥´Í¨ ² ´  n-° ¨É¥· Í¨¨ ¢ s-³ Ê§²¥ · ¸Î¥É´μ° ¸¥É±¨;

Nh Å Î¨¸²μ Ê§²μ¢ ¸¥É±¨; εiter Å § · ´¥¥ μ¶·¥¤¥²¥´´ Ö ÉμÎ´μ¸ÉÓ.
�μ£·¥Ï´μ¸ÉÓ, ¸¢Ö§ ´´ Ö ¸ ¤¨¸±·¥É¨§ Í¨¥° § ¤ Î¨, ¨ ¢ÒÎ¨¸²¨É¥²Ó´Ò¥ μÏ¨¡±¨ ¡Ê¤ÊÉ

¶·¨¢μ¤¨ÉÓ ± Ë²Ê±ÉÊ Í¨Ö³ ¶·μ¸É· ´¸É¢¥´´μ£μ § ·Ö¤  ¨ · ¸¶·¥¤¥²¥´¨° ¶μ²Ö, ÎÉμ ³μ¦¥É
¶·¨¢¥¸É¨ ± · ¸Ìμ¤¨³μ¸É¨ ¨É¥· Í¨° ³¥Éμ¤ . � ¨¡μ²¥¥ Ï¨·μ±μ ¨¸¶μ²Ó§Ê¥³Ò° ³¥Éμ¤ ¶μ¤ -
¢²¥´¨Ö ±μ²¥¡ ´¨° Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö § ±²ÕÎ ¥É¸Ö ¢ ¶·μ¢¥¤¥´¨¨ ¶·μÍ¥¸¸  ·¥² ±¸ Í¨¨.
‡´ Î¥´¨Ö ¶²μÉ´μ¸É¨ ¶·μ¸É· ´¸É¢¥´´μ£μ § ·Ö¤  ρ ¢ ¸¥ÉμÎ´ÒÌ Ê§² Ì ¤²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö
�Ê ¸¸μ´  (1) ´  ± ¦¤μ° ¨É¥· Í¨¨ ¡Ê¤ÊÉ μ¶·¥¤¥²ÖÉÓ¸Ö ¸ ¶μ³μÐÓÕ ¢Ò· ¦¥´¨Ö [8]

ρn = (1 − ω)ρn−1 + ωρn.

‡¤¥¸Ó ω Å ±μÔËË¨Í¨¥´É ·¥² ±¸ Í¨¨; ρn Å ¶²μÉ´μ¸ÉÓ ¶·μ¸É· ´¸É¢¥´´μ£μ § ·Ö¤ , ¢´μ¸¨-
³ Ö Î ¸É¨Í ³¨ ´  n-° ¨É¥· Í¨¨.

Œ�„…‹œ �Œˆ‘‘ˆˆ

„²Ö · ¸Î¥É  ¶²μÉ´μ¸É¨ Éμ±  Ô³¨¸¸¨¨ ¢¡²¨§¨ ± ¦¤μ£μ Ô³¨ÉÉ¥·  ¸É·μ¨É¸Ö ¤μ¶μ²´¨-
É¥²Ó´ Ö ¸¥É± , ¸μ¸ÉμÖÐ Ö ¨§ ¶·Ö³μÊ£μ²Ó´ÒÌ (¤²Ö ¤¢Ê³¥·´ÒÌ § ¤ Î) Ô³¨¸¸¨μ´´ÒÌ ÖÎ¥¥±
· ¢´μ£μ · §³¥·  Lem ´  Hem, ¶·¨²¥£ ÕÐ¨Ì μ¤´μ° £· ´ÓÕ ± Ô³¨ÉÉ¥·Ê (·¨¸. 1). „²Ö ± -
¦¤μ° ¨§ ´¨Ì ¢Ò¶μ²´Ö¥É¸Ö § ±μ´ ƒ Ê¸¸  [9, 10]

∫

∂Ci

En dS =
Qi

εa
. (5)

‡¤¥¸Ó ∂Ci Å ¶μ¢¥·Ì´μ¸ÉÓ ÖÎ¥°±¨ Ci; En Å ´μ·³ ²Ó´ Ö ±μ³¶μ´¥´É  Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö
± ¶μ¢¥·Ì´μ¸É¨ ÖÎ¥°±¨; Qi Å ¶·μ¸É· ´¸É¢¥´´Ò° § ·Ö¤, ´ Ìμ¤ÖÐ¨°¸Ö ¢ ÖÎ¥°±¥ Ci. „²Ö

Qi�1

Qi

Qi�1

L
em

H
em

i th emission cell

�¨¸. 1. Š ³μ¤¥²¨ Ô³¨¸¸¨¨ Î ¸É¨Í. �Ê´±É¨·´Ò³¨ ²¨´¨Ö³¨ μ¡μ§´ Î¥´Ò Ô³¨¸¸¨μ´´Ò¥ ÖÎ¥°±¨, ¸¶²μÏ-
´μ° ¦¨·´μ° ²¨´¨¥° μ¡μ§´ Î¥´  ¶μ¢¥·Ì´μ¸ÉÓ Ô³¨¸¸¨¨, ¸¶²μÏ´Ò³¨ Éμ´±¨³¨ ²¨´¨Ö³¨ μ¡μ§´ Î¥´Ò

ÖÎ¥°±¨ · ¸Î¥É´μ° ¸¥É±¨
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§ ¤ Î ¸ Éμ±μ³, μ£· ´¨Î¥´´Ò³ ¶·μ¸É· ´¸É¢¥´´Ò³ § ·Ö¤μ³, ¶μÉμ± ¢¥±Éμ·  ´ ¶·Ö¦¥´´μ¸É¨
Î¥·¥§ ¶·¨²¥£ ÕÐÊÕ ± Ô³¨ÉÉ¥·Ê £· ´Ó ÖÎ¥°±¨ ¡Ê¤¥É · ¢¥´ ´Ê²Õ [9, 10].

�¡Ð¨° § ·Ö¤, ¢´μ¸¨³Ò° Î ¸É¨Í ³¨ ¢ ± ¦¤ÊÕ Ô³¨É¨·ÊÕÐÊÕ ÖÎ¥°±Ê, ³μ¦¥É ¡ÒÉÓ ¶·¥¤-
¸É ¢²¥´ ¢ ¢¨¤¥ ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ ¸Ê³³ ·´ÒÌ Éμ±μ¢ ICi Î ¸É¨Í, ¢Ò¶Ê¸± ¥³ÒÌ ¢´ÊÉ·¨
Ô³¨É¨·ÊÕÐ¥° ÖÎ¥°±¨ Ci

Qi =
j=NC∑
j=1

aijICj , j = 1, . . . , NC .

‡¤¥¸Ó aij Å ±μÔËË¨Í¨¥´É, μ¶·¥¤¥²ÖÕÐ¨° ¢±² ¤ Éμ±  ICj ¢ ¸Ê³³ ·´Ò° § ·Ö¤ ÖÎ¥°±¨
Ci. ’ ±¨³ μ¡· §μ³, ¢ÒÎ¨¸²¨¢ ´  ± ¦¤μ° ¨É¥· Í¨¨ ±μÔËË¨Í¨¥´ÉÒ aij ¨ ¶μÉμ±¨ ¢¥±Éμ· 
´ ¶·Ö¦¥´´μ¸É¨ Î¥·¥§ £· ´¨ÍÒ ± ¦¤μ° Ô³¨É¨·ÊÕÐ¥° ÖÎ¥°±¨, ¨¸¶μ²Ó§ÊÖ (5), ³μ¦´μ · ¸-
¸Î¨É ÉÓ ¢¥±Éμ· I Éμ±μ¢, ¶¥·¥´μ¸¨³ÒÌ Î¥·¥§ ± ¦¤ÊÕ Ô³¨É¨·ÊÕÐÊÕ ÖÎ¥°±Ê, ·¥Ï¨¢ ¸¨¸É¥³Ê
²¨´¥°´ÒÌ Ê· ¢´¥´¨°

AI = εaF.

‡¤¥¸Ó A Å ³ É·¨Í  ±μÔËË¨Í¨¥´Éμ¢ aij ; F Å ¢¥±Éμ·, ¸μ¤¥·¦ Ð¨° ¸Ê³³ ·´Ò¥ ¶μÉμ±¨
¢¥±Éμ·  ´ ¶·Ö¦¥´´μ¸É¨ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö Î¥·¥§ · ¸¶μ²μ¦¥´´Ò¥ ¢ ¢ ±ÊÊ³¥ Î ¸É¨ ¶μ-
¢¥·Ì´μ¸É¥° Ô³¨É¨·ÊÕÐ¨Ì ÖÎ¥¥±.

��ˆŒ…� 1.
–ˆ‹ˆ�„�ˆ—…‘Šˆ‰ „ˆ�„ ‚ „…Š��’�‚�‰ ƒ…�Œ…’�ˆˆ

� ¸¸³μÉ·¨³ § ¤ ÎÊ ³μ¤¥²¨·μ¢ ´¨Ö ¤¨´ ³¨±¨ ¡¨¶μ²Ö·´μ£μ ¶μÉμ±  ¢ ¡¥¸±μ´¥Î´μ ¤²¨´-
´μ³ Í¨²¨´¤·¨Î¥¸±μ³ ¤¨μ¤¥ ¢ ¸²ÊÎ ¥ ¤¥± ·Éμ¢μ° £¥μ³¥É·¨¨. „ ´´Ò° ¶·¨³¥· Ìμ·μÏμ ¨²-
²Õ¸É·¨·Ê¥É · ¡μÉÊ ³μ¤¥²¨ Ô³¨¸¸¨¨, μ¸´μ¢ ´´μ° ´  ¶·¨³¥´¥´¨¨ § ±μ´  ƒ Ê¸¸ , ¶μ¸±μ²Ó±Ê
¤²Ö ÔÉμ° § ¤ Î¨ ¨§¢¥¸É´μ  ´ ²¨É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ ‹¥´£³Õ·  [3]. „¨μ¤ ¨³¥¥É ¢´¥Ï´¨°
± Éμ¤ ¸ · ¤¨Ê¸μ³ Rc = 0,2 ³,  ´μ¤ ¸ · ¤¨Ê¸μ³ Ra = 0,05 ³. � ¶·Ö¦¥´¨¥ Ua = 12000 ‚
¶·¨²μ¦¥´μ ±  ´μ¤Ê ¸ § §¥³²¥´´Ò³ ± Éμ¤μ³. � ¸Î¥É ¶·μ¨§¢μ¤¨²¸Ö ¨É¥· Í¨μ´´Ò³ ³¥Éμ¤μ³
´  ¶·Ö³μÊ£μ²Ó´μ° ¸¥É±¥ ¸ Ï £ ³¨ hx = 2 ³³, hy = 2 ³³. �μ μÉ´μÏ¥´¨Õ ± · §³¥· ³ ÖÎ¥¥±
· ¸Î¥É´μ° ¸¥É±¨ ¤²¨´  ¨ Ï¨·¨´  Ô³¨É¨·ÊÕÐ¨Ì ÖÎ¥¥± ¢Ò¡· ´  ¸²¥¤ÊÕÐ¥°: Lem = 4hx,
Hem = hx. ‚Ò¡μ· ¤μ¸É ÉμÎ´μ ¤²¨´´ÒÌ Ô³¨É¨·ÊÕÐ¨Ì ÖÎ¥¥± ¶μ§¢μ²Ö¥É ¤μ¶μ²´¨É¥²Ó´μ
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Аналитическое решение Ленгмюра

�¨¸. 2. �¥§Ê²ÓÉ ÉÒ ³μ¤¥²¨·μ¢ ´¨Ö Í¨²¨´¤·¨Î¥¸±μ£μ ¤¨μ¤ .  ) � ¸¶·¥¤¥²¥´¨Ö ¶²μÉ´μ¸É¥° Éμ±μ¢

Ô³¨¸¸¨¨; ¡) ¸Ìμ¤¨³μ¸ÉÓ ¨É¥· Í¨° ³¥Éμ¤ 
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�¨¸. 3. � ¸¶·¥¤¥²¥´¨¥ ³μ¤Ê²Ö ´ ¶·Ö¦¥´´μ¸É¨ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö ¢ Í¨²¨´¤·¨Î¥¸±μ³ ¤¨μ¤¥ ¢

¸²ÊÎ ¥ ¡¨¶μ²Ö·´μ£μ ¶μÉμ± 

¸£² ¤¨ÉÓ · ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨ Éμ±  Ô³¨¸¸¨¨. �·μ¨§¢μ¤¨²¨¸Ó · ¸Î¥ÉÒ ¤²Ö Ô²¥±É·μ´-
´μ£μ ³μ´μ¶μÉμ± , ¸É ·ÉÊÕÐ¥£μ ¸ ± Éμ¤ , ¨ ¤²Ö ¡¨¶μ²Ö·´μ£μ ¶μÉμ±  (¨μ´Ò H+ ¸É ·ÉÊÕÉ
¸  ´μ¤ ). � Î ²Ó´ Ö Ô´¥·£¨Ö Î ¸É¨Í 10 Ô‚, Î¨¸²μ · ¸¸Î¨ÉÒ¢ ¥³ÒÌ É· ¥±Éμ·¨° ¤²Ö Ô²¥±-
É·μ´μ¢ 3000, ¤²Ö ¨μ´μ¢ 2000. �¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 2, 3. —¨¸²¥´-
´μ¥ ·¥Ï¥´¨¥ ¢ ¸²ÊÎ ¥ Ô²¥±É·μ´´μ£μ ³μ´μ¶μÉμ±  ¸μ£² ¸Ê¥É¸Ö ¸  ´ ²¨É¨Î¥¸±¨³ ·¥Ï¥´¨¥³
‹¥´£³Õ· . ‚ ¸²ÊÎ ¥ ¡¨¶μ²Ö·´μ£μ ¶μÉμ± , ± ± ¨ μ¦¨¤ ¥É¸Ö, Éμ± Ô³¨¸¸¨¨ Ô²¥±É·μ´μ¢ §´ -
Î¨É¥²Ó´μ · ¸É¥É. ‚ ¶·μÍ¥¸¸¥ · ¸Î¥É  §´ Î¥´¨¥ ¸¨²Ò Éμ±  Ê¸É ´ ¢²¨¢ ¥É¸Ö Ê¦¥ §  30
¨É¥· Í¨°.

��ˆŒ…� 2.
„ˆ�„ C �‹‹ˆ�’ˆ—…‘ŠˆŒ �Œˆ’’…��Œ

’ ±¦¥ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ § ¤ ÎÊ ³μ¤¥²¨·μ¢ ´¨Ö ¤¨´ ³¨±¨ ¶ÊÎ±  ¢ ¤¨μ¤¥ ¸ Ô³¨ÉÉ¥-
·μ³ ¢ ¢¨¤¥ ¶μ²ÊÔ²²¨¶¸μ¨¤ . �¸¥¢μ¥ ¸¥Î¥´¨¥ £¥μ³¥É·¨¨ ¤¨μ¤  ¶·¥¤¸É ¢²¥´μ ´  ·¨¸. 4. Œ -
² Ö ¨ ¡μ²ÓÏ Ö ¶μ²Êμ¸¨ Ô²²¨¶¸μ¨¤  b = 0,01 ³, a = 0,02 ³, ¶μ²ÊÏ¨·¨´  ¤¨μ¤  d = 0,15 ³,
· ¸¸ÉμÖ´¨¥ L = 0,07 ³, ¢Ò¸μÉ  Í¨²¨´¤·¨Î¥¸±μ£μ μ¸´μ¢ ´¨Ö Ô³¨ÉÉ¥·  h = 0,02 ³. � -
¶·Ö¦¥´¨¥ Ua = 10000 ‚ ¶·¨²μ¦¥´μ ±  ´μ¤Ê ¸ § §¥³²¥´´Ò³ ± Éμ¤μ³. ‚ ¸¨²Ê ´ ²¨-
Î¨Ö  ±¸¨ ²Ó´μ° ¨ Í¥´É· ²Ó´μ° ¸¨³³¥É·¨¨ ³Ò ³μ¦¥³ · ¸¸³μÉ·¥ÉÓ ¤¢Ê³¥·´ÊÕ £¥μ³¥É·¨Õ
¢ RZ-±μμ·¤¨´ É Ì ´  ¶μ²μ¢¨´¥ ¤¨μ¤  (¸³. ·¨¸. 4). ‘ Éμ·Í¥¢ÒÌ ±μ´Íμ¢ ¤¨μ¤  ¶·¨ Z = 0 ³
¨ Z = 0,15 ³ ¨¸¶μ²Ó§ÊÕÉ¸Ö £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö �¥°³ ´ . � ¸Î¥É ¶·μ¢μ¤¨²¸Ö ´  ¶·Ö³μ-
Ê£μ²Ó´μ° ¸¥É±¥ ¸ Ï £ ³¨ hz = 0,5 ³³ ¨ hr = 0,5 ³³. � Î ²Ó´ Ö Ô´¥·£¨Ö Ô²¥±É·μ´μ¢
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�¨¸. 5. �¥§Ê²ÓÉ ÉÒ ³μ¤¥²¨·μ¢ ´¨Ö ¤¨μ¤  ¸ Ô²²¨¶É¨Î¥¸±¨³ Ô³¨ÉÉ¥·μ³. � ¸¶·¥¤¥²¥´¨¥ ¶²μÉ´μ¸É¨

Éμ±  Ô³¨¸¸¨¨ ( ) ¨ É· ¥±Éμ·¨¨ Î ¸É¨Í (¡)

10 Ô‚, ¤¨¸±·¥É¨§ Í¨Ö ¶μÉμ±  ¶μ ´ Î ²Ó´Ò³ ¸±μ·μ¸ÉÖ³ ´¥ ¶·μ¢μ¤¨² ¸Ó. —¨¸²μ · ¸¸Î¨ÉÒ-
¢ ¥³ÒÌ É· ¥±Éμ·¨° 1500. �¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 5. Š ± ¨ μ¦¨¤ ²μ¸Ó,
¶²μÉ´μ¸ÉÓ Éμ±  Ô³¨¸¸¨¨ §´ Î¨É¥²Ó´μ ¢μ§· ¸É ¥É ¢ · °μ´¥ ®μ¸É·¨Ö¯ Ô³¨ÉÉ¥· , £¤¥ ´ ¶·Ö-
¦¥´´μ¸ÉÓ ¢´¥Ï´¥£μ ¶μ²Ö ³ ±¸¨³ ²Ó´ .

‡�Š‹�—…�ˆ…

�·¥¤² £ ¥³ Ö ¢ · ¡μÉ¥ ³μ¤¥²Ó Ô³¨¸¸¨¨ ¤²Ö ·¥¦¨³  μ£· ´¨Î¥´¨Ö Éμ±  ¶·μ¸É· ´¸É¢¥´-
´Ò³ § ·Ö¤μ³ ¢ ¸μ¢μ±Ê¶´μ¸É¨ ¸ ¨É¥· Í¨μ´´Ò³ ³¥Éμ¤μ³ · ¸Î¥É  Ô²¥±É·μ¸É É¨Î¥¸±¨Ì § ¤ Î
 ¤¥±¢ É´μ · ¡μÉ ¥É ¢ ¸²ÊÎ ¥ ±·¨¢μ²¨´¥°´μ¸É¨ Ô³¨É¨·ÊÕÐ¥° ¶μ¢¥·Ì´μ¸É¨,   É ±¦¥ ¶·¨
´ ²¨Î¨¨ ¡¨¶μ²Ö·´μ£μ ¶μÉμ±  Î ¸É¨Í. ’ ±¦¥ ³¥Éμ¤ μ¡² ¤ ¥É Ìμ·μÏ¥° ¸Ìμ¤¨³μ¸ÉÓÕ, ÎÉμ
¶μ± § ´μ ¢ ¶·¨¢¥¤¥´´ÒÌ ¶·¨³¥· Ì.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ ‘ ´±É-�¥É¥·¡Ê·£¸±μ£μ £μ¸Ê¤ ·¸É¢¥´-
´μ£μ Ê´¨¢¥·¸¨É¥É  (É¥³  º9.38.673.2013). ˆ¸¸²¥¤μ¢ ´¨Ö ¡Ò²¨ ¶·μ¢¥¤¥´Ò ¸ ¨¸¶μ²Ó§μ-
¢ ´¨¥³ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ·¥¸Ê·¸μ¢ �¥¸Ê·¸´μ£μ Í¥´É·  ®‚ÒÎ¨¸²¨É¥²Ó´Ò° Í¥´É· ‘�¡ƒ“¯
(http://cc.spbu.ru).
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