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ˆ´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨° ���, Œμ¸±¢ 

�·μ¢¥¤¥´´Ò°  ´ ²¨§ ¶μ± §Ò¢ ¥É, ÎÉμ ¶·¨ Ê¸±μ·¥´¨¨ ¶·μÉμ´μ¢ ¢ ¤¨ ¶ §μ´¥ ¸·¥¤´¨Ì Ô´¥·£¨° ¶μ-
²¥³ μ¡· É´μ° £ ·³μ´¨±¨ ¡¥£ÊÐ¥° ¢μ²´Ò ¸ÊÐ¥¸É¢Ê¥É μ¡² ¸ÉÓ ¶· ±É¨Î¥¸±¨ ·¥ ²¨§Ê¥³ÒÌ ¶ · ³¥É·μ¢
Ê¸±μ·ÖÕÐ¥° ¸É·Ê±ÉÊ·Ò, ¶μ§¢μ²ÖÕÐ Ö μ¤´μ¢·¥³¥´´μ μ¡¥¸¶¥Î¨ÉÓ Ê¸Éμ°Î¨¢μ¸ÉÓ ¶·μ¤μ²Ó´μ£μ, ¶μ¶¥-
·¥Î´μ£μ ¤¢¨¦¥´¨° Î ¸É¨Í ¨ ¢Ò¸μ±¨° É¥³¶ Ê¸±μ·¥´¨Ö. �ËË¥±É Ëμ±Ê¸¨·μ¢±¨ μ¡¥¸¶¥Î¨¢ ¥É¸Ö ¶μ²¥³
³¥¤²¥´´μ° μ¸´μ¢´μ° £ ·³μ´¨±¨. �·¨¢μ¤ÖÉ¸Ö · ¸Î¥É´Ò¥ Ì · ±É¥·¨¸É¨±¨ Ê¸±μ·ÖÕÐ¥° ¸É·Ê±ÉÊ·Ò ¨
μÍ¥´±  ¶ · ³¥É·μ¢ ²¨´¥°´μ£μ Ê¸±μ·¨É¥²Ö ¶·μÉμ´μ¢ ¤²Ö ÊÎ ¸É±  Ô´¥·£¨¨ 15Ä230 ŒÔ‚.

Approximated analytical analysis shows that accelerating particle in intermediate velocity range using
backward harmonic of the traveling wave is possible to provide simultaneously stability conditions for
both longitudinal and transverse particle motion. Calculated parameters of the corresponding accelerating
structure are given and proton linac parameters for energy region 15Ä230 MeV are estimated.

PACS: 29.27.-a; 41.85.-p; 07.78.+s
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Š·Ê£²Ò° ¤¨ Ë· £³¨·μ¢ ´´Ò° ¢μ²´μ¢μ¤ (Š„‚) Ö¢²Ö¥É¸Ö ´ ¨¡μ²¥¥ · ¸¶·μ¸É· ´¥´´μ° ¨
Ìμ·μÏμ ¨§ÊÎ¥´´μ° Ê¸±μ·ÖÕÐ¥° ¸É·Ê±ÉÊ·μ° (“‘) ¤²Ö Ê¸±μ·¥´¨Ö ¢ ·¥¦¨³¥ ¡¥£ÊÐ¥° ¢μ²´Ò
(	‚) ²¥£±¨Ì Î ¸É¨Í Å Ô²¥±É·μ´μ¢ Å ¢ μ¡² ¸É¨ ¢Ò¸μ±¨Ì Ô´¥·£¨°, β ∼ 1, ¸ ¢Ò¸μ±¨³,
� 10 ŒÔ‚/³, É¥³¶μ³ Ê¸±μ·¥´¨Ö. �¥¦¨³ 	‚ μ¶·¥¤¥²Ö¥É ¶·¨³¥´¥´¨Ö “‘ ´  ¢Ò¸μ±¨Ì,
� 2,5 ƒƒÍ, Î ¸ÉμÉ Ì. �¡ÒÎ´μ ¶·¨³¥´ÖÕÉ Š„‚ ´  μ¸´μ¢´μ° £ ·³μ´¨±¥ n = 0 ¨ Éμ²Ó±μ ¢
μ¤´μ³ Ê¸±μ·¨É¥²¥ Ô²¥±É·μ´μ¢ [1], ¤²Ö ¸¶¥Í¨ ²Ó´μ° Í¥²¨ Ê³¥´ÓÏ¥´¨Ö ¢μ§¡Ê¦¤¥´¨Ö ¢Ò¸-
Ï¨Ì ³μ¤ ¶ÊÎ±μ³ Î ¸É¨Í ¶·¨³¥´¥´ Š„‚ ´  μ¡· É´μ° £ ·³μ´¨±¥ n = −1.

“¸±μ·¥´¨¥ ´  μ¡· É´μ° £ ·³μ´¨±¥ ¶μ§¢μ²Ö¥É μ¸² ¡¨ÉÓ ¥¸É¥¸É¢¥´´μ¥ ÊÌÊ¤Ï¥´¨¥
‚—-Ì · ±É¥·¨¸É¨± Š„‚ ¸ n = 0 ¤²Ö Ê¸±μ·¥´¨Ö Î ¸É¨Í ¸ ¡μ²¥¥ ´¨§±μ° μÉ´μ¸¨É¥²Ó´μ°
¸±μ·μ¸ÉÓÕ 0,1 � β � 0,6 ¨ ¶·¥¤²μ¦¨ÉÓ “‘ ¤²Ö Ê¸±μ·¥´¨Ö ¢ μ¡² ¸É¨ ¸·¥¤´¨Ì Ô´¥·£¨°
Î ¸É¨Í ¶·μ³¥¦ÊÉμÎ´μ° ³ ¸¸Ò Å ³Õμ´μ¢ ¨ ¶·μÉμ´μ¢ [2, 3]. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢ · ¸¶·¥-
¤¥²¥´¨¨ ¶μ²Ö ¢¸¥£¤  ¶·¨¸ÊÉ¸É¢Ê¥É ¡μ²¥¥ ³¥¤²¥´´ Ö μ¸´μ¢´ Ö £ ·³μ´¨± . ‚μ§³μ¦´μ¸ÉÓ
μ¡¥¸¶¥Î¥´¨Ö Ê¸Éμ°Î¨¢μ¸É¨ · ¤¨ ²Ó´μ£μ ¤¢¨¦¥´¨Ö ÉÖ¦¥²ÒÌ ¨μ´μ¢ ¶μ²¥³ ³¥¤²¥´´μ° £ ·-
³μ´¨±¨, · ¸¶·μ¸É· ´ÖÕÐ¥°¸Ö ¢ μ¤´μ³ ´ ¶· ¢²¥´¨¨ ¸ Ê¸±μ·ÖÕÐ¥°, ¶μ± § ´  ¢ [4].

1E-mail: paramono@inr.ru
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‚ · ¡μÉ¥ · ¸¸³μÉ·¥´  ¢μ§³μ¦´μ¸ÉÓ ¶·¨³¥´¥¨Ö “‘ ´  μ¸´μ¢¥ Š„‚ c n = −1 ¤²Ö Ê¸±μ-
·¥´¨Ö Î ¸É¨Í ¶·μ³¥¦ÊÉμÎ´μ° ³ ¸¸Ò ¢ μ¡² ¸É¨ ¸·¥¤´¨Ì Ô´¥·£¨° ¢ ·¥¦¨³¥, μ¤´μ¢·¥³¥´´μ
μ¡¥¸¶¥Î¨¢ ÕÐ¥³ Ê¸±μ·¥´¨¥ ¨ Ëμ±Ê¸¨·μ¢±Ê Î ¸É¨Í, ¢Ò¸μ±¨° É¥³¶ Ê¸±μ·¥´¨Ö ¨ ¤μ¶Ê¸É¨-
³ÊÕ ¤²Ö ´ ¤¥¦´μ° · ¡μÉÒ ³ ±¸¨³ ²Ó´ÊÕ ´ ¶·Ö¦¥´´μ¸ÉÓ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö Es max ´ 
¶μ¢¥·Ì´μ¸É¨ “‘.

1. ���‹ˆ’ˆ—…‘Šˆ‰ ���‹ˆ‡ ��‘��…„…‹…�ˆŸ
��‹Ÿ ˆ „‚ˆ†…�ˆŸ —�‘’ˆ–

‚ ¶¥·¨μ¤¨Î¥¸±μ° “‘ · ¸¶·¥¤¥²¥´¨¥ ²Õ¡μ° ±μ³¶μ´¥´ÉÒ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ³μ-
¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ±μ³¶²¥±¸´μ³ ¢¨¤¥, Ê¤μ¢²¥É¢μ·ÖÕÐ¥³ É¥μ·¥³¥ ”²μ±¥, ¨ ¢ ¢¨¤¥
¸Ê³³Ò ¶·μ¸É· ´¸É¢¥´´ÒÌ £ ·³μ´¨± [5]:

Ez(r, z) = ̂Ez(r, z) e−iψz(r,z), 0 � z � dp, Ez(r, z + mdp) = ̂Ez(r, z) e−i(ψz(r,z)+mθ),

Ez(r, z) =
n→+∞∑
n→−∞

E(n)I0(ks,nr) e−ikz,nz, (1)

kzn =
θ + 2nπ

dp
, k2

s,n = k2
z,n − k2, n = 0,±1, . . . ,±∞,

£¤¥ ̂Ez(r, z) ¨ ψz(r, z) Å · ¸¶·¥¤¥²¥´¨Ö  ³¶²¨ÉÊ¤Ò ¨ Ë §Ò ±μ³¶μ´¥´ÉÒ Ez ¢ ¶¥·¨μ¤¥
¸É·Ê±ÉÊ·Ò; dp Å ¤²¨´  ¶¥·¨μ¤ ; 0 � θ � π Å ´ ¡¥£ Ë §Ò ¶μ²Ö ´  ¶¥·¨μ¤ ¸É·Ê±ÉÊ·Ò;
m Å ´μ³¥· ¶¥·¨μ¤ ; E(n) Å  ³¶²¨ÉÊ¤  n-° ¶·μ¸É· ´¸É¢¥´´μ° £ ·³μ´¨±¨ ¨ I0(ks,nr) Å
³μ¤¨Ë¨Í¨·μ¢ ´´ Ö ËÊ´±Í¨Ö 	¥¸¸¥²Ö. „¥°¸É¢ÊÕÐ Ö ´  Î ¸É¨ÍÊ ¸¨²  ‹μ·¥´Í  FL ¢ Í¨-
²¨´¤·¨Î¥¸±μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É

FL = q(z0Ez + r0(Er − βZ0Hφ)), Z0 =
√

μ0

ε0
, (2)

£¤¥ q Å § ·Ö¤ Î ¸É¨ÍÒ; β Å μÉ´μ¸¨É¥²Ó´ Ö ¸±μ·μ¸ÉÓ Ê¸±μ·Ö¥³ÒÌ Î ¸É¨Í. „²¨´  ¶¥·¨μ¤ 
“‘ ¢Ò¡¨· ¥É¸Ö ¨§ Ê¸²μ¢¨° ¸¨´Ì·μ´¨§³  ¸ ¨¸¶μ²Ó§Ê¥³μ° £ ·³μ´¨±μ°:

n = 0, dp =
βaθλ

2π
, kz,0 =

k

βa
, kz,−1 =

k(θ − 2π)
βaθ

, k =
2πf

c
=

2π

λ
,

n = −1, dp =
βa(2π − θ)λ

2π
, kz,0 =

kθ

βa(2π − θ)
, kz,−1 = − k

βa
.

(3)

�·¨ n = 0 Î ¸É¨Í  ¤¢¨¦¥É¸Ö ¢ μ¤´μ³ ´ ¶· ¢²¥´¨¨ ¸ Ë·μ´Éμ³ ´ · ¸É ´¨Ö Ë §Ò ¢μ²´Ò,  
¶·¨ n = −1 Å ´ ¢¸É·¥ÎÊ Ë·μ´ÉÊ ´ · ¸É ´¨Ö Ë §Ò. �¡· §Ê¥³ · §´μ¸ÉÓ Ë §Ò ¢μ²´Ò ¢ (1)
¨ Î ¸É¨ÍÒ Δψz = ψz(0, z) + (2πz)/(βaλ).

�  ·¨¸. 1 ¶μ± § ´Ò ±μ´Ë¨£Ê· Í¨¨ “‘ ¤²Ö n = 0, n = −1 ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ · ¸¶·¥-
¤¥²¥´¨Ö Δψz,  ³¶²¨ÉÊ¤ Eza, Era ¨ ÔËË¥±É¨¢´ÒÌ, ¤¥°¸É¢ÊÕÐ¨Ì ´  Î ¸É¨ÍÊ ¸μ¸É ¢²ÖÕ-
Ð¨Ì ¶μ²Ö Eze, Ere ´  μ¸¨ ¶¥·¨μ¤  “‘. �·¨ n = 0 ¢¸¥£¤  |Δψz | < π/2, Δψz = 0 ¶·¨
z = 0, dp/2, dp ¨ Ê¸±μ·¥´¨¥ ´¥¶·¥·Ò¢´μ. �·¨ n = −1 Δψz ³μ´μÉμ´´μ ´ · ¸É ¥É μÉ 0 ¤μ
2π, ¶·¨ ÔÉμ³ ´  ¤²¨´¥ ¶¥·¨μ¤  Ë §  ¢μ²´Ò ¨§³¥´Ö¥É¸Ö ´  θ,   Ë §  Î ¸É¨ÍÒ Å ´  2π−θ.
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�¨¸. 1. Šμ´Ë¨£Ê· Í¨¨ “‘ ¤²Ö n = 0, n = −1 (a, ¡) ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ · ¸¶·¥¤¥²¥´¨Ö Δψz (a1, ¡1),

 ³¶²¨ÉÊ¤ Eza, Era ¨ ÔËË¥±É¨¢´ÒÌ, ¤¥°¸É¢ÊÕÐ¨Ì ´  Î ¸É¨ÍÊ ¸μ¸É ¢²ÖÕÐ¨Ì ¶μ²Ö Eze, Ere ´  μ¸¨

“‘ ( 2, ¡2)

�·¨ z = dp/2 Δψz = π ¨ ¥¸ÉÓ ÊÎ ¸Éμ± ´  μ¸¨ “‘, ´  ±μÉμ·μ³ π/2 � Δψz � 3π/2 ¨
¶·μ¨¸Ìμ¤¨É Éμ·³μ¦¥´¨¥ Î ¸É¨Í.

„²Ö ¶·μ¢¥¤¥´¨Ö  ´ ²¨É¨Î¥¸±μ£μ ¨¸¸²¥¤μ¢ ´¨Ö ¤¢¨¦¥´¨Ö ¶·μÉμ´μ¢ ¶·¨ 0,1 � β � 0,6,
¸²¥¤ÊÖ [4], ¶·¥¤¶μ²μ¦¨³, ÎÉμ · ¸¶·¥¤¥²¥´¨¥ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö μ¶¨¸Ò¢ ¥É¸Ö ¤¢Ê³Ö
£ ·³μ´¨± ³¨ Å μ¸´μ¢´μ°, n = 0, Ëμ±Ê¸¨·ÊÕÐ¥° c ¨´¤¥±¸μ³ ®f¯, ¨ ¶¥·¢μ° μ¡· É´μ°,
n = −1, Ê¸±μ·ÖÕÐ¥°, ¸ ¨´¤¥±¸μ³ ®a¯. ‚ ¶¥·¨μ¤¨Î¥¸±μ° “C ¶μ²Ö ¢Ò¸Ï¨Ì £ ·³μ´¨±
¶μ ³¥·¥ ¶·¨¡²¨¦¥´¨Ö ± μ¸¨ “‘ r → 0 § ÉÊÌ ÕÉ Ô±¶μ´¥´Í¨ ²Ó´μ, ¶μÔÉμ³Ê ´  μ¸¨ “‘ ¢
· §²μ¦¥´¨¨ ¶μ²Ö (1) ¸ÊÐ¥¸É¢¥´´Ò³¨ μ¸É ÕÉ¸Ö Éμ²Ó±μ ´¨§Ï¨¥ £ ·³μ´¨±¨.

“¸±μ·Ö¥³ Ö Î ¸É¨Í  ¤¢¨¦¥É¸Ö ¸²¥¢  ´ ¶· ¢μ, dz = cβa dt, ¶μÔÉμ³Ê Ë §  ¶μ²Ö ¢ (1)
¤μ²¦´  Ê¡Ò¢ ÉÓ ¸²¥¢  ´ ¶· ¢μ. ‚ ¶·¨¡²¨¦¥´¨¨ ¤¢ÊÌ £ ·³μ´¨± n = 0 ¨ n = −1

Ez(r, z) = Ef

(
I0(ks,0r) exp

[
−i

(
ωt +

kz

βf

)]
+

+χI0(ks,−1r) exp
[
−i

(
ωt − kz

βa

)])
, χ =

E(−1)

E(0)
=

Ea

Ef
. (4)

�  ·¨¸. 2 ¶μ± § ´Ò · ¸¶·¥¤¥²¥´¨Ö  ³¶²¨ÉÊ¤Ò Ez ´  μ¸¨ “‘, ¶μ²ÊÎ¥´´Ò¥ ¶·Ö³Ò³ Î¨¸-
²¥´´Ò³ ³μ¤¥²¨·μ¢ ´¨¥³ · ¸¶·¥¤¥²¥´¨Ö ¶μ²Ö, É. ¥. ¶μ²´Ò° ´ ¡μ· £ ·³μ´¨± ¢ · §²μ¦¥´¨¨
(1), ¨ ¶·¨¡²¨¦¥´¨Ö ¤¢ÊÌ £ ·³μ´¨±. �·¨ β ∼ 0,2, ∼ 0,4 ¶·¨¡²¨¦¥´¨¥ ¤¢ÊÌ £ ·³μ´¨±
¤μ¸É ÉμÎ´μ Ìμ·μÏμ μ¶¨¸Ò¢ ¥É ¢¥²¨Î¨´Ê ¨ ¢¨¤ § ¢¨¸¨³μ¸É¨ Ez(z) ¤²Ö · ¸¸³ É·¨¢ ¥³μ°
±μ´Ë¨£Ê· Í¨¨ “‘. ‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¸μμÉ´μÏ¥´¨¥  ³¶²¨ÉÊ¤ £ ·³μ´¨± E(n) ¢ (1) ¸¨²Ó´μ
§ ¢¨¸¨É μÉ ¶·¨μ¸¥¢μ° ±μ´Ë¨£Ê· Í¨¨ ÖÎ¥¥± “‘.
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�¨¸. 2. � ¸¶·¥¤¥²¥´¨¥  ³¶²¨ÉÊ¤Ò Ez ¶μ²´μ£μ ¶μ²Ö (2) ¨ ¶·¨¡²¨¦¥´¨Ö ¤¢ÊÌ £ ·³μ´¨± (1) ¶·¨
β = 0,2; 0,4; 0,6

ˆ¸¶μ²Ó§ÊÖ Ê· ¢´¥´¨Ö Œ ±¸¢¥²² , ¨§ (4) ´ °¤¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ £ ·³μ´¨±¨ ¤²Ö ¶μ-
¶¥·¥Î´ÒÌ ±μ³¶μ´¥´É Er, Hφ ¨, · §² £ Ö ¢ ·Ö¤Ò ËÊ´±Í¨¨ 	¥¸¸¥²Ö, ¶μ²ÊÎ¨³ ²¨´¥°´Ò¥
¶·¨¡²¨¦¥´¨Ö ¤²Ö ¸μ¸É ¢²ÖÕÐ¨Ì FL ¢¡²¨§¨ μ¸¨:

FLz(r, z) ≈ qEf

(
exp

[
−i

(
ωt +

kz

βf

)]
+ χ exp

[
−i

(
ωt − kz

βa

)])
,

FLr(r, z) ≈ iqkrEf

2

((
1
βf

− β

)
exp

[
−i

(
ωt +

kz

βf

)]
−

−χ

(
1
βa

+ β

)
exp

[
−i

(
ωt − kz

βa

)])
.

(5)

� ¸¸³ É·¨¢ Ö Ê¸±μ·¥´¨¥ ¶·μÉμ´μ¢ ¤μ ¸·¥¤´¨Ì Ô´¥·£¨°, β ∼ 0,6, ¸ ÊÎ¥Éμ³ ¢±² ¤  Hφ ¢
FLr, ¶·¥¤¶μ²μ¦¨³ ·¥¦¨³ ³ ²μ£μ Éμ±  ¶ÊÎ±  ¨ μÉ´μ¸¨É¥²Ó´μ ³¥¤²¥´´μ¥ Ê¸±μ·¥´¨¥ ¶·μ-
Éμ´μ¢, Δβ/β � 1, £¤¥ Δβ Å ¶·¨·μ¸É ¸±μ·μ¸É¨ Î ¸É¨Í ´  ¶¥·¨μ¤¥ ±μ²¥¡ ´¨°. ‡ ¶¨Ï¥³
Ê· ¢´¥´¨Ö ¶·μ¤μ²Ó´μ£μ ¨ ¶μ¶¥·¥Î´μ£μ ¤¢¨¦¥´¨°:

m0√
1 − β2

d2z

dt2
= qEf (cos ϕf + χ cos ϕa),

m0√
1 − β2

d2r

dt2
=

qkrEf

2

((
1
βf

− β

)
sin ϕf − χ

(
1
βa

+ β

)
sin ϕa

)
,

(6)

£¤¥ m0 Å ³ ¸¸  ¶μ±μÖ Î ¸É¨ÍÒ; ϕa Å Ë §  Î ¸É¨ÍÒ μÉ´μ¸¨É¥²Ó´μ Ê¸±μ·ÖÕÐ¥° £ ·³μ-
´¨±¨; ϕf Å Ë §  Î ¸É¨ÍÒ μÉ´μ¸¨É¥²Ó´μ μ¸´μ¢´μ° £ ·³μ´¨±¨.
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‘²¥¤ÊÖ ³¥Éμ¤¨±¥ · ¡μÉÒ [4], ¶·¥μ¡· §Ê¥³ Ê· ¢´¥´¨¥ ¶·μ¤μ²Ó´μ£μ ¤¢¨¦¥´¨Ö ¢ (6) ¢
Ê· ¢´¥´¨¥ ¤²Ö ³ ²ÒÌ Ë §μ¢ÒÌ μÉ±²μ´¥´¨° ψ = ϕa − ϕs � 1 ¢ ´μ·³¨·μ¢ ´´ÒÌ ±μμ·¤¨-
´ É Ì ξ = z/λ, η = r/λ, dt = (dz)/(βac) = (dξλ)/(βac), £¤¥ ϕs Å · ¢´μ¢¥¸´ Ö Ë § 
¸¨´Ì·μ´´μ° Î ¸É¨ÍÒ μÉ´μ¸¨É¥²Ó´μ Ê¸±μ·ÖÕÐ¥° £ ·³μ´¨±¨. �É±²μ´¥´¨¥ Ë §Ò Î ¸É¨ÍÒ
μÉ´μ¸¨É¥²Ó´μ Ëμ±Ê¸¨·ÊÕÐ¥° £ ·³μ´¨±¨: ψf = −ψaν. �É¨ ¶·¨· Ð¥´¨Ö ¨³¥ÕÉ · §´Ò¥
§´ ±¨ ¨§-§  ¶·μÉ¨¢μ¶μ²μ¦´μ° ´ ¶· ¢²¥´´μ¸É¨ £ ·³μ´¨±. �μ²ÊÎ¨³ Ê· ¢´¥´¨Ö ¤²Ö ³ ²ÒÌ
μÉ±²μ´¥´¨° Î ¸É¨Í ¶μ Ë §¥ ¨ ¶μ · ¤¨Ê¸Ê:

d2ψ

dξ2
−2πA1

β3
a

(ν sin ϕfs − χ sin ϕs)ψ = 0, A1 =
qEaλ

√
1 − β2

χm0c2
, ν =

∣∣∣∣βf

βa

∣∣∣∣ ,
d2η

dξ2
− A1π

β2
a

((
1
βf

− β

)
sin ϕf − χ

(
1
βa

+ β

)
sin ϕa

)
η = 0.

(7)

�¥·¥Ìμ¤Ö ¢ (7) ± ´μ¢μ° ¶¥·¥³¥´´μ° u = ϕfs

(
du =

2π(1 + ν)dξ

βaν

)
¨ · ¸¸³ É·¨¢ Ö · ¤¨-

 ²Ó´μ¥ ¤¢¨¦¥´¨¥ · ¢´μ¢¥¸´μ° Î ¸É¨ÍÒ, ¶μ²ÊÎ¨³ ¤¢  Ê· ¢´¥´¨Ö Œ ÉÓ¥:

d2ψ

du2
+ (δϕ + εϕ sin u)ψ,

d2η

du2
+ (δr + εr sin u)η, (8)

δϕ =
A1χν2

2πβa(1 + ν)2
sin ϕs, εϕ = − A1ν

3

2πβa(1 + ν)2
,

δr =
A1χ(1 + β2

a)ν2

4πβa(1 + ν)2
sin ϕs, εr = −A1ν(1 − νβ2

a)
4πβa(1 + ν)2

.

�·¨ Ê¸±μ·¥´¨¨ ¶·μÉμ´μ¢ A1 � 0,1, εϕ, εr � 1 ¨ £· ´¨ÍÒ · ¡μÎ¥° μ¡² ¸É¨ Å ¶¥·¢μ°
§μ´Ò Ê¸Éμ°Î¨¢μ¸É¨ ¤²Ö ¶·μ¤μ²Ó´μ£μ ¨ · ¤¨ ²Ó´μ£μ ¤¢¨¦¥´¨° Å μ¶·¥¤¥²ÖÕÉ¸Ö ´¥· ¢¥´-
¸É¢ ³¨ [6]

δϕ,r � −
ε2

ϕ,r

2
, δϕ,r � 1 − 2εϕ,r

4
. (9)

„²Ö μÍ¥´±¨ Ï¨·¨´Ò μ¡² ¸É¨ Ê¸Éμ°Î¨¢μcÉ¨ ¶·μ¤μ²Ó´μ£μ ¤¢¨¦¥´¨Ö ÊÎÉ¥³, ¸²¥¤ÊÖ [4, 7],
ÎÉμ ¢ ¶·μ¤μ²Ó´μ³ ¤¢¨¦¥´¨¨ Î ¸É¨Í (7) ¶·¨¸ÊÉ¸É¢ÊÕÉ ± ± ³¥¤²¥´´μ ³¥´ÖÕÐ Ö¸Ö ¸¨²  μÉ
Ê¸±μ·ÖÕÐ¥° £ ·³μ´¨±¨, É ± ¨ ¡Ò¸É·μ μ¸Í¨²²¨·ÊÕÐ Ö ¸¨²  μÉ Ëμ±Ê¸¨·ÊÕÐ¥°. �μÉ¥´Í¨-
 ²Ó´ Ö ËÊ´±Í¨Ö Ue ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  [7] ¢ ¢¨¤¥ ¸Ê³³Ò ¶μÉ¥´Í¨ ²Ó´μ° ËÊ´±Í¨¨
¤²Ö ³¥¤²¥´´ÒÌ ¶·μ¤μ²Ó´ÒÌ ±μ²¥¡ ´¨° U0 ¨ ¤μ¡ ¢±¨ ¨§-§  ¡Ò¸É·μ μ¸Í¨²²¨·ÊÕÐ¥° ¸¨²Ò.
�·μ¢μ¤Ö ¢ÒÎ¨¸²¥´¨Ö Ue, · ¸±² ¤Ò¢ Ö ¶μ²ÊÎ¥´´μ¥ ¢Ò· ¦¥´¨¥ ¢ ·Ö¤ ¶μ Δϕ ¤μ ±Ê¡¨Î-
´ÒÌ Î²¥´μ¢ ¨ ´ Ìμ¤Ö Ô±¸É·¥³Ê³Ò Ue, ¶·¨¡²¨¦¥´´μ μÍ¥´¨³ Ë §μ¢ÊÕ ¶·μÉÖ¦¥´´μ¸ÉÓ Ψ
μ¡² ¸É¨ Ê¸Éμ°Î¨¢μ¸É¨ ¶·μ¤μ²Ó´μ£μ ¤¢¨¦¥´¨Ö:

Ue =
qEaβaλ

2π

(
Δϕ cos ϕs − sin (ϕs + Δϕ) +

A1χν2

2π(1 + ν)2
sin2 νΔϕ

2

)
+ C,

Ψ ≈ 3ϕm, ϕm =
sin ϕs +

A1χν4Δϕ2

8π(1 + ν)2

cos ϕs
.

(10)
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�´ ²¨§ ·¥§Ê²ÓÉ Éμ¢ ¶μ± §Ò¢ ¥É, ÎÉμ ¸μ±· Ð¥´¨¥ Ï¨·¨´Ò μ¡² ¸É¨ Ê¸Éμ°Î¨¢μ¸É¨ ¶·μ-
¤μ²Ó´μ£μ ¤¢¨¦¥´¨Ö ¢ (10) ¨§-§  μ¸Í¨²²¨·ÊÕÐ¥° ¤μ¡ ¢±¨ ´¥ μÎ¥´Ó ¸ÊÐ¥¸É¢¥´´μ. ˆ§ (8)
¸²¥¤Ê¥É, ÎÉμ ¥¸ÉÓ ¶¥·¥¸¥Î¥´¨¥ μ¡² ¸É¥° Ê¸Éμ°Î¨¢μ¸É¨ · ¤¨ ²Ó´μ£μ ¨ ¶·μ¤μ²Ó´μ£μ ¤¢¨¦¥-
´¨°. �μ μ¡² ¸ÉÓ Ê¸Éμ°Î¨¢μ¸É¨ · ¤¨ ²Ó´μ£μ ¤¢¨¦¥´¨Ö Ê¦¥ ¨ ´ Ìμ¤¨É¸Ö ¢´ÊÉ·¨ μ¡² ¸É¨
Ê¸Éμ°Î¨¢μ¸É¨ ¶·μ¤μ²Ó´μ£μ ¤¢¨¦¥´¨Ö. �Éμ ¨ ´ ±² ¤Ò¢ ¥É μ£· ´¨Î¥´¨¥ ´  ¤μ¶Ê¸É¨³ÊÕ  ³-
¶²¨ÉÊ¤Ê Ë §μ¢ÒÌ ±μ²¥¡ ´¨°. ‘£Ê¸Éμ± ¤μ²¦¥´ ¶μ²´μ¸ÉÓÕ Ê³¥Ð ÉÓ¸Ö ´  ÊÎ ¸É±¥ Éμ·³μ¦¥-
´¨Ö ´  μ¸¨ “‘ (¸³. ·¨¸. 1, ¡2), ¨ ¢´ÊÉ·¨ ÔÉμ£μ ÊÎ ¸É±  ¶·¨ Ëμ·³¨·μ¢ ´¨¨ “‘ ´¥μ¡Ìμ¤¨³μ
· §³¥¸É¨ÉÓ ³ ±¸¨³Ê³Ò · ¸¶·¥¤¥²´¨Ö Er.

�·¨¢μ¤¨³Ò¥  ´ ²¨É¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ ¶μ²ÊÎ¥´Ò ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ·Ö¤  ¤μ¶ÊÐ¥´¨°
¨ Ê¶·μÐ¥´¨°. „²Ö ÊÉμÎ´¥´¨Ö μÍ¥´μ± ´¥μ¡Ìμ¤¨³μ ¶·Ö³μ¥ Î¨¸²¥´´μ¥ ³μ¤¥²¨·μ¢ ´¨¥ ¤¢¨-
¦¥´¨Ö Î ¸É¨Í.

2. “‘Š��Ÿ�™�Ÿ ‘’�“Š’“��

‚ ·¥¦¨³¥ 	‚ ´ ¨¡μ²¥¥ ¢ ¦´Ò³¨ ¶ · ³¥É· ³¨ “‘ Ö¢²ÖÕÉ¸Ö ¢¥²¨Î¨´  ¤μ¸É¨¦¨³μ£μ
¶μ²Ö Ea ¶·¨ ‚—-³μÐ´μ¸É¨ ¶¨É ´¨Ö Pi ¨ ¢¥²¨Î¨´  § ÉÊÌ ´¨Ö α. � ¤¥¦´μ¸ÉÓ · ¡μÉÒ
“‘ § ¢¨¸¨É μÉ ¢¥²¨Î¨´Ò Es max, ¢Ò· ¦ ¥³μ° ¢ ¥¤¨´¨Í Ì ±·¨É¥·¨Ö Š¨²¶ É·¨± , EK ≈
47 Œ‚/³, λ = 10 ¸³. �É´μÏ¥´¨¥ ν =

∣∣∣∣βf

βa

∣∣∣∣ =
2π − θ

θ
μ¶·¥¤¥²Ö¥É¸Ö ¢Ò¡μ·μ³ θ.

‚ ¢Ò· ¦¥´¨ÖÌ ¤²Ö Ea ¨ α

Ea =

√
2πZenPi

λ|βg |Q
, α =

π

λ|βg|Q
(11)

¢¥²¨Î¨´Ò βg, Q Å £·Ê¶¶μ¢ Ö ¸±μ·μ¸ÉÓ ¢μ²´Ò ¨ ¤μ¡·μÉ´μ¸ÉÓ ÖÎ¥°±¨ “‘; Zen Å ÔËË¥±-
É¨¢´μ¥ ÏÊ´Éμ¢μ¥ ¸μ¶·μÉ¨¢²¥´¨¥ ¤²Ö n-° £ ·³μ´¨±¨. „¥É ²Ó´μ Ì · ±É¥·¨¸É¨±¨ Š„‚ ¤²Ö
£ ·³μ´¨± n = 0, n = −1 · ¸¸³μÉ·¥´Ò ¢ [2].
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α (¡), Es max/Ea (¢), Ea (Pi = 1 Œ‚É) (£)
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‚ ·¨ ´ÉÒ ²¨´¥°´μ£μ Ê¸±μ·¨É¥²Ö, Ns, Wi (ŒÔ‚), Wo (ŒÔ‚) Å ´μ³¥· ¸¥±Í¨¨ “‘, ¢Ìμ¤´ Ö ¨
¢ÒÌμ¤´ Ö Ô´¥·£¨¨ ¶·μÉμ´μ¢ ¤²Ö ¸¥±Í¨¨, ϕs = 25◦, Eac = Ea sin ϕs

Ns
Eac, Œ‚/³ Wi Wo Es max/EK Eac, Œ‚/³ Wi Wo Es max/EK

Pi = 9,5 Œ‚É Pi = 22 Œ‚É

1 8,44 9,25 18,73 0,89 14,32 17,1 38,78 1,01
2 9,39 18,73 32,48 0,79 16,22 38,78 63,34 1,00
3 10,28 32,48 48,11 0,79 17,36 63,34 89,72 1,03
4 11,00 48,11 64,56 0,7 17,74 89,72 116,66 1,03
5 11,38 64,56 81,6 0,74 18,24 116,66 144,13 1,04
6 11,66 81,6 99,41 0,74 18,71 144,13 172,55 1,05
7 11,965 99,41 117,27 0,72 18,99 172,55 201,07 1,05
8 12,126 117,27 135,33 0,70 19,09 201,07 230 1,05
9 12,278 135,33 153,78 0,70
10 12,359 153,78 172,34 0,68
11 12,435 172,34 191,35 0,68
12 12,444 191,35 210,5 0,67
13 12,643 210,5 230 0,66

�·¨ ¤μ¶μ²´¥´¨¨ ÖÎ¥°±¨ Š„‚ ¤²¨´´Ò³¨ É·Ê¡± ³¨ ¤·¥°Ë  ¤²Ö ¶μ¢ÒÏ¥´¨Ö μÉ´μÏ¥´¨Ö
Zen/Q ¢ (11) [3] ÊÎ ¸Éμ± Éμ·³μ¦¥´¨Ö ´  μ¸¨ “‘ ¢Ò·μ¦¤ ¥É¸Ö ¢ ÊÎ ¸Éμ± ¤·¥°Ë , Ez 0,
´μ ·¥§±μ ¢μ§· ¸É ¥É μÉ´μÏ¥´¨¥ Es max/Ea. ‡ Ö¢²Ö¥³Ò¥ ¢ [3, 8] ¢¥²¨Î¨´Ò Es max �
3EK . Œ ±¸¨³Ê³Ò · ¸¶·¥¤¥²´¨Ö Er ¢¡²¨§¨ μ¸¨ ¸³¥Ð ÕÉ¸Ö §  ¶·¥¤¥²Ò ÊÎ ¸É±  ¤·¥°Ë .
�·¥¤¢ ·¨É¥²Ó´Ò¥ μÍ¥´±¨ ¶μ± §Ò¢ ÕÉ, ÎÉμ ·¥ ²¨§μ¢ ÉÓ Ê¸²μ¢¨Ö · ¤¨ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨
¢ ÔÉμ³ ¸²ÊÎ ¥ ´  Ê¤ ¥É¸Ö Å ¤μ³¨´¨·Ê¥É ¤¥Ëμ±Ê¸¨·ÊÕÐ¥¥ ¤¥°¸É¢¨¥ Ê¸±μ·ÖÕÐ¥£μ § §μ· .

� ¸¸³ É·¨¢ ¥³ Ö §¤¥¸Ó ±μ´Ë¨£Ê· Í¨Ö “‘, n = −1, μ¶É¨³¨§¨·μ¢ ´  ¤²Ö ³¨´¨³¨§ Í¨¨
μÉ´μÏ¥´¨Ö Es max/Ea ¸ ÊÎ¥Éμ³ Ëμ·³¨·μ¢ ´¨Ö ´¥μ¡Ìμ¤¨³μ° ¤²¨´Ò μÉ·¥§±  Éμ·³μ¦¥´¨Ö
´  μ¸¨ “‘ ¨ μ¡¥¸¶¥Î¥´¨Ö ¶·¨ ÔÉμ³ ¤μ¸É ÉμÎ´μ° ¢¥²¨Î¨´Ò Ea. �  ·¨¸. 3 ¶μ± § ´Ò £· -
Ë¨±¨ μ¸´μ¢´ÒÌ § ¢¨¸¨³μ¸É¥° ¶ · ³¥É·μ¢ “‘ Å § ¢¨¸¨³μ¸É¨ χ(β), α(θ), Es max/Ea(θ),
Ea(θ) Å ¢ ¶·¥¤¶μ²μ¦¥´¨¨ |βg| = 0,003.

‚ É ¡²¨Í¥ ¶·¨¢¥¤¥´Ò Ì · ±É¥·¨¸É¨±¨ ¤¢ÊÌ ¢ ·¨ ´Éμ¢ Ê¸±μ·¨É¥²Ö ¶·μÉμ´μ¢, ¸μ¸ÉμÖ-
Ð¥£μ ¨§ ¸¥±Í¨° Š„‚, ± ¦¤ Ö ¤²¨´μ° ´¥ ¡μ²¥¥ 1,5 ³, § ¶¨ÉÒ¢ ¥³ Ö μÉ ±²¨¸É·μ´  ‚—-
³μÐ´μ¸ÉÓÕ Pi ¤²Ö Pi = 9,5 Œ‚É ¨ Pi = 22 Œ‚É, λ = 10 ¸³. �¡Ð Ö ¤²¨´  ¸É·Ê±ÉÊ·Ò
¸μ¸É ¢²Ö¥É 19,2 ³ ¢ ¶¥·¢μ³ ¢ ·¨ ´É¥ ¨ 12 ³ ¢μ ¢Éμ·μ³. ‚μ§³μ¦´  ¤ ²Ó´¥°Ï Ö μ¶É¨³¨§ -
Í¨Ö ¶·¥¤¸É ¢²¥´´ÒÌ ¢ ·¨ ´Éμ¢.

‡�Š‹�—…�ˆ…

�·¨¡²¨¦¥´´Ò°  ´ ²¨É¨Î¥¸±¨°  ´ ²¨§ ¶μ± §Ò¢ ¥É ¢μ§³μ¦´μ¸ÉÓ ¶·¨ Ê¸±μ·¥´¨¨ Î ¸É¨Í
´  μ¡· É´μ° £ ·³μ´¨±¥ ¡¥£ÊÐ¥° ¢μ²´Ò ¢ μ¡² ¸É¨ ¸±μ·μ¸É¥° 0,1 � β � 0,6 μ¤´μ¢·¥³¥´-
´μ£μ μ¡¥¸¶¥Î¥´¨Ö Ê¸²μ¢¨° Ê¸Éμ°Î¨¢μ¸É¨ ¶·μ¤μ²Ó´μ£μ ¨ ¶μ¶¥·¥Î´μ£μ ¤¢¨¦¥´¨Ö ¶·¨ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¥³ ¢Ò¡μ·¥ ¶ · ³¥É·μ¢ Ê¸±μ·ÖÕÐ¥° ¸É·Ê±ÉÊ·Ò. �μ²ÊÎ¥´´Ò¥ ¢Ò¢μ¤Ò ¤μ²¦´Ò
¡ÒÉÓ ÊÉμÎ´¥´Ò ·¥§Ê²ÓÉ É ³¨ ¶·Ö³μ£μ Î¨¸²¥´´μ£μ ³μ¤¥²¨·μ¢ ´¨Ö ¤¨´ ³¨±¨ Î ¸É¨Í. ‚ ¸μ-
¢μ±Ê¶´μ¸É¨ ¸ ¶·¨¢μ¤¨³Ò³¨ Ì · ±É¥·¨¸É¨± ³¨ Ê¸±μ·ÖÕÐ¥° ¸É·Ê±ÉÊ·Ò ¨ μÍ¥´± ³¨ ¶ · -
³¥É·μ¢ ·¥ ²¨§Ê¥³μ£μ Ê¸±μ·¨É¥²Ö ·¥§Ê²ÓÉ ÉÒ Ê± §Ò¢ ÕÉ ´  ¶·¨¢²¥± É¥²Ó´ÊÕ ¢μ§³μ¦´μ¸ÉÓ
¸μ§¤ ´¨Ö ±μ³¶ ±É´μ£μ, ¶·μ¸Éμ£μ ¨ ´ ¤¥¦´μ£μ ²¨´¥°´μ£μ Ê¸±μ·¨É¥²Ö ´¨§±μ¨´É¥´¸¨¢´μ£μ
¶ÊÎ±  ¶·μÉμ´μ¢ ¸ Ô´¥·£¨¥° μÉ 15 ¤μ 230 ŒÔ‚.
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