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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

� §· ¡μÉ ´ ¥¤¨´Ò° ¶μ¤Ìμ¤ ¤²Ö μ¶¨¸ ´¨Ö ¢μ²´μ¢ÒÌ Ê· ¢´¥´¨° ¸É ¡¨²Ó´ÒÌ ¨ ´¥¸É ¡¨²Ó´ÒÌ ²¥¶-
Éμ´μ¢. …£μ  ²£μ·¨É³ μ¸´μ¢ ´ ´  Î¥ÉÒ·¥Ì ¨¸Ìμ¤´ÒÌ ¶·¨´Í¨¶ Ì, ±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö ´¥μ¡Ìμ¤¨³Ò³¨ ¨
¤μ¸É ÉμÎ´Ò³¨ Ê¸²μ¢¨Ö³¨ ¤²Ö ´ Ìμ¦¤¥´¨Ö Ê· ¢´¥´¨°. ƒ² ¢´μ¥ ¶·¥¨³ÊÐ¥¸É¢μ ¨ ¤μ¸Éμ¨´¸É¢μ ¶·¥¤-
²μ¦¥´´μ£μ ³¥Éμ¤  ¢ Éμ³, ÎÉμ μ´ ¶μ§¢μ²Ö¥É μ¶¨¸ ÉÓ ¨ ¶¥·¥Î¨¸²¨ÉÓ ¢¸¥ ¢μ§³μ¦´Ò¥ É¨¶Ò ¸¢μ¡μ¤´ÒÌ
Ê· ¢´¥´¨° ¤²Ö ¸É ¡¨²Ó´ÒÌ ¨ ´¥¸É ¡¨²Ó´ÒÌ ²¥¶Éμ´μ¢ ¢ · ³± Ì μ¤´μ·μ¤´μ° £·Ê¶¶Ò ‹μ·¥´Í  ´ 
μ¸´μ¢¥ ¥¤¨´μ£μ ¶μ¤Ìμ¤ , ´¥ μ¡· Ð Ö¸Ó ± Ëμ·³ ²¨§³Ê ‹ £· ´¦ .

A unique approach to wave equations for stable and unstable leptons has been developed. The
algorithm is based on four initial principles which are necessary and sufˇcient conditions for obtaining
the wave equations. The main advantage and virtue of the proposed method is a possibility to describe
and enumerate all possible types of free equations for stable and unstable leptons in the framework of
a homogeneous Lorentz group by means of a unique approach without using the Lagrange formalism.
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�·μ¡²¥³  ±¢ ´Éμ¢ÒÌ Î¨¸¥² ¤²Ö ²Õ¡ÒÌ Î ¸É¨Í ¨³¥¥É ¤¢¥ ¸μ¸É ¢²ÖÕÐ¨¥. ‚μ-¶¥·¢ÒÌ,
ÔÉμ § ¤ Î  μ¶¨¸ ´¨Ö ¸¢μ¡μ¤´ÒÌ Ê· ¢´¥´¨°, ·¥Ï¥´¨Ö ±μÉμ·ÒÌ ¶·¨ § ¶¨¸¨ ³ É·¨Î´ÒÌ Ô²¥-
³¥´Éμ¢ ¨£· ÕÉ ·μ²Ó ´ Î ²Ó´ÒÌ ¨ ±μ´¥Î´ÒÌ μ¡±² ¤μ±. ‚Éμ· Ö ¸Éμ·μ´  ¶·μ¡²¥³Ò ¸¢Ö§ ´ 
¸ μ¶¨¸ ´¨¥³ ¢§ ¨³μ¤¥°¸É¢¨° É¥Ì ¦¥ ¸ ³ÒÌ Î ¸É¨Í ¸ Î ¸É¨Í ³¨, ¢ μ¡Ð¥³ ¸²ÊÎ ¥, ¤·Ê-
£μ£μ ¸μ·É . �¡¥ ¸Éμ·μ´Ò ¸¢Ö§ ´Ò ³¥¦¤Ê ¸μ¡μ° ´¥ ¢¸¥£¤  μÎ¥¢¨¤´Ò³ ¨²¨ É·¨¢¨ ²Ó´Ò³
μ¡· §μ³. �¥¶·μÉ¨¢μ·¥Î¨¢μ¥ ·¥Ï¥´¨¥ ¶·μ¡²¥³Ò ¢ Í¥²μ³ ´ ±² ¤Ò¢ ¥É μ£· ´¨Î¥´¨Ö ¶μ ¸μ-
£² ¸μ¢ ´¨Õ ÔÉ¨Ì ¤¢ÊÌ ¸Éμ·μ´ ¶·μÖ¢²¥´¨Ö ¸¢μ°¸É¢ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í. � ¶·¨³¥·, § ·Ö¤
Ô²¥±É·μ´  μÉ¸ÊÉ¸É¢Ê¥É ¢ ¸¢μ¡μ¤´μ³ Ê· ¢´¥´¨¨ „¨· ± , μ¤´ ±μ ¤²Ö  ¤¥±¢ É´μ£μ μ¶¨¸ ´¨Ö
¶μ¢¥¤¥´¨Ö Ô²¥±É·μ´  ¢ ³ £´¨É´μ³ ¶μ²¥ £·Ê¶¶  γ-³ É·¨Í ¸¢μ¡μ¤´μ£μ Ê· ¢´¥´¨Ö „¨· ± 
¤μ²¦´  Ê¤μ¢²¥É¢μ·ÖÉÓ μ¶·¥¤¥²¥´´Ò³ É·¥¡μ¢ ´¨Ö³.

“· ¢´¥´¨Ö ¸¢μ¡μ¤´ÒÌ ¸μ¸ÉμÖ´¨° Ö¢²ÖÕÉ¸Ö ¥¤¨´¸É¢¥´´μ° ¢μ§³μ¦´μ¸ÉÓÕ ¶μ²ÊÎ ÉÓ É¥-
μ·¥É¨Î¥¸±¨ ±¢ ´Éμ¢Ò¥ Î¨¸² , ¨¤¥´É¨Ë¨Í¨·ÊÕÐ¨¥ ²Õ¡Ò¥ ²¥¶Éμ´Ò ¢ Éμ° ³¥·¥, ¢ ± ±μ°
ÔÉμ ¢μ§³μ¦´μ ¤²Ö ¸¢μ¡μ¤´ÒÌ Ê· ¢´¥´¨°. ’ ±¨¥ ±¢ ´Éμ¢Ò¥ Î¨¸²  (¨²¨ ¨Ì ´¥±μÉμ·ÊÕ ¸μ-
¢μ±Ê¶´μ¸ÉÓ) ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¸É·Ê±ÉÊ·´Ò³¨ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ Éμ£μ ¨²¨ ¨´μ£μ ²¥¶Éμ´ ,
´¥ § ¡Ò¢ Ö ¶·¨ ÔÉμ³, ÎÉμ ¢μ ¢¸¥° ¶μ²´μÉ¥ ¸¢μ°¸É¢  ²¥¶Éμ´μ¢, ¢±²ÕÎ Ö ±¢ ´Éμ¢Ò¥ Î¨¸² ,
¶·μÖ¢²ÖÕÉ¸Ö ¢ ·¥§Ê²ÓÉ É¥ ¢§ ¨³μ¤¥°¸É¢¨Ö.
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�¥¸³μÉ·Ö ´  Ö¸´ÊÕ ¨ ¢¶μ²´¥ μ¶·¥¤¥²¥´´ÊÕ ·μ²Ó ¸¢μ¡μ¤´ÒÌ ¸μ¸ÉμÖ´¨°, ³Ò ´¥ ¨³¥¥³
¥¤¨´μ£μ ¨ Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ£μ É¥μ·¥É¨Î¥¸±μ£μ μ¶¨¸ ´¨Ö μ¡Ñ¥±Éμ¢, ±μÉμ·Ò¥ ´ §Ò¢ ¥³
²¥¶Éμ´ ³¨ ± ± ¸É ¡¨²Ó´Ò³¨, É ± ¨ ´¥¸É ¡¨²Ó´Ò³¨, ¢¶²μÉÓ ¤μ ´ Ï¨Ì ¤´¥°. ‚ Î ¸É´μ¸É¨,
É¥μ·¨Ö ´¥ μ¡ÑÖ¸´Ö¥É ¶·¨Î¨´Ò ¨ Ì · ±É¥· · §²¨Î¨° ³¥¦¤Ê ¸É ¡¨²Ó´Ò³¨ ²¥¶Éμ´ ³¨ e± ¨
´¥¸É ¡¨²Ó´Ò³¨ ³Õμ´ ³¨ É¨¶  μ± ((μ − e)-Ê´¨¢¥·¸ ²Ó´μ¸ÉÓ). �´  ´¥ ¢ ¸μ¸ÉμÖ´¨¨ μÉ¢¥-
É¨ÉÓ ´  ¢μ¶·μ¸ μ ¶μ²´μ³ Î¨¸²¥ ²¥¶Éμ´μ¢ ¨ ·Ö¤ ¤·Ê£¨Ì ¢μ¶·μ¸μ¢. ’ ±μ¥ ¶μ²μ¦¥´¨¥ ¸²Ê¦¨É
¶·¨§´ ±μ³ ´¥¶μ²´μÉÒ É¥μ·¨¨ ¢ ¢μ¶·μ¸¥, ±μÉμ·Ò° Ö¢²Ö¥É¸Ö ¨¸Ìμ¤´Ò³ ¤²Ö Ë¨§¨±¨ Ô²¥³¥´-
É ·´ÒÌ Î ¸É¨Í. ‡´ Î¨³μ¸ÉÓ ±μ´Í¥¶Í¨¨ ±¢ ´Éμ¢ÒÌ Î¨¸¥² ¡Ê¤¥É ¢μ§· ¸É ÉÓ ¢ Éμ° ³¥·¥, ¢
± ±μ° ¡Ê¤¥É · ¸É¨ ·μ²Ó £·Ê¶¶μ¢ÒÌ ³¥Éμ¤μ¢ ¢ É¥μ·¨¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í. �μ¤É¢¥·-
¦¤¥´¨¥³ Éμ³Ê ¸²Ê¦¨É μ¶·¥¤¥²¥´¨¥ ±¢ ´Éμ¢ÒÌ Î¨¸¥², ¤ ´´μ¥ ‚¥°²¥³ [1]: ®. . . ±¢ ´Éμ¢Ò¥
Î¨¸²  Ö¢²ÖÕÉ¸Ö ¨´¤¥±¸ ³¨, Ì · ±É¥·¨§ÊÕÐ¨³¨ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶¯. �¸´μ¢ ´¨¥³ ¤²Ö
É ±μ£μ § ±²ÕÎ¥´¨Ö ¶μ¸²Ê¦¨²  ´ ²¨§  Éμ³´ÒÌ ¸¶¥±É·μ¢.

Š Î¥¸É¢¥´´μ ´μ¢ÊÕ ·μ²Ó ±μ´Í¥¶Í¨Ö ±¢ ´Éμ¢ÒÌ Î¨¸¥² ¸Ò£· ²  ¢ ÊÉ¢¥·¦¤¥´¨¨ ¨ · §-
¢¨É¨¨ Ê´¨É ·´μ° ¸¨³³¥É·¨¨. …¥ ·μ²Ó ¢  ¤·μ´´μ³ ¸¥±Éμ·¥ μ± § ² ¸Ó μ¶·¥¤¥²ÖÕÐ¥° ¤²Ö
¶μ¸²¥¤ÊÕÐ¥£μ ¶·μ£·¥¸¸  Ë¨§¨±¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í. ‡¤¥¸Ó ±¢ ´Éμ¢Ò¥ Î¨¸²  ¶·Ö³μ
¸¢Ö§Ò¢ ÕÉ¸Ö ¸μ ¸É·Ê±ÉÊ·μ° Î ¸É¨Í ¨, ¶μ ¸ÊÉ¨ ¤¥² , ¶μ¤³¥´ÖÕÉ ¥¥. “´¨É ·´ Ö ¸¨³³¥É·¨Ö
´ Î¨´ ¥É¸Ö ¸ ±μ´Í¥¶Í¨¨ ¸μÌ· ´ÖÕÐ¨Ì¸Ö ±¢ ´Éμ¢ÒÌ Î¨¸¥², ¢ μ¸´μ¢¥ ±μÉμ·μ° ²¥¦¨É ±μ³-
¶²¥±¸ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ Ë ±Éμ¢, Ê¸É ´μ¢²¥´´ÒÌ ¸ ¤μ¸É ÉμÎ´μ° ÉμÎ´μ¸ÉÓÕ, ¶·¨ ¶μ²´μ³
μÉ¸ÊÉ¸É¢¨¨ É¥μ·¥É¨Î¥¸±μ£μ μ¡ÑÖ¸´¥´¨Ö ¶·¨·μ¤Ò ¸ ³¨Ì ±¢ ´Éμ¢ÒÌ Î¨¸¥². 	μ²¥¥ ¥¸É¥¸É¢¥´-
´Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö ¶μ²μ¦¥´¨¥, ±μ£¤  ¸μ¸ÉμÖ´¨Ö Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í Ö¢²ÖÕÉ¸Ö μ¸´μ¢μ°
¤²Ö ¶μÖ¢²¥´¨Ö ±¢ ´Éμ¢ÒÌ Î¨¸¥². —Éμ ± ¸ ¥É¸Ö ¶·¥¤¶μ²μ¦¥´¨Ö μ Éμ³, ÎÉμ Ô²¥³¥´É ·´Ò¥
Î ¸É¨ÍÒ Ê±² ¤Ò¢ ÕÉ¸Ö ¢ · ³±¨ ¶·¥¤¸É ¢²¥´¨° Ê´¨É ·´ÒÌ £·Ê¶¶, Éμ μ´μ, ¤¥°¸É¢¨É¥²Ó´μ,
¢Ò¶μ²´Ö¥É¸Ö, ´μ ´¥ ¥¤¨´μμ¡· §´μ, ´¥ ÉμÎ´μ, ´¥ ¢¸¥£¤ . 	μ²¥¥ Éμ£μ, ¨§ Ê´¨É ·´μ° ¸Ì¥³Ò
¶μ²´μ¸ÉÓÕ ¢Ò¶ ¤ ¥É ²¥¶Éμ´´Ò° ¸¥±Éμ·. �  ± Î¥¸É¢¥´´μ³ Ê·μ¢´¥ ÔÉμ ³μ¦´μ ¶μ´¨³ ÉÓ
É ±, ÎÉμ ²¥¶Éμ´´Ò° ¸¥±Éμ· ´¥¢μ§³μ¦´μ μ¶¨¸ ÉÓ ¢´¥ · ³μ± ¶μ¸²¥¤μ¢ É¥²Ó´μ£μ ·¥²ÖÉ¨-
¢¨§³ , Éμ£¤  ± ± Ê´¨É ·´ Ö ¸¨³³¥É·¨Ö ´¥ Ê¤μ¢²¥É¢μ·Ö¥É ÔÉμ³Ê É·¥¡μ¢ ´¨Õ. �μ¤μ¡´Ò¥
¸μμ¡· ¦¥´¨Ö ¸²Ê¦ É ¤μ¶μ²´¨É¥²Ó´Ò³¨  ·£Ê³¥´É ³¨ ¢ ¶μ²Ó§Ê ¢μ²´μ¢ÒÌ Ê· ¢´¥´¨° ¤²Ö
²¥¶Éμ´μ¢ ± ± ´μ¸¨É¥²¥° ¸É·Ê±ÉÊ·´μ° ¨´Ëμ·³ Í¨¨.

�μ ¶·μÏ¥¸É¢¨¨ ¶μ²Ê¢¥±  ¸μ ¢·¥³¥´¨ μÉ±·ÒÉ¨Ö ´¥¸μÌ· ´¥´¨Ö ¶·μ¸É· ´¸É¢¥´´μ° Î¥É-
´μ¸É¨ ´¥²Ó§Ö ´¥ μÉ³¥É¨ÉÓ, ÎÉμ §´ Î¨É¥²Ó´Ò° ¶·μ£·¥¸¸ ¢ μ¶¨¸ ´¨¨ ²¥¶Éμ´´μ£μ ¸¥±Éμ·  ´¥
μ¡μÏ¥²¸Ö ¡¥§ ¶·μ¡¥²μ¢ ¢ É¥μ·¨¨. ‘μ¢¥·Ï¥´´μ ´¥ ¶·¥É¥´¤ÊÖ ´  ¶μ²´μ¥ μ¡¸Ê¦¤¥´¨¥ ¤ ´-
´μ£μ ¢μ¶·μ¸ , ¶μ²¥§´μ μÉ³¥É¨ÉÓ ²¨ÏÓ Éμ ´¥³´μ£μ¥, ÎÉμ ³μ¦¥É μ± § ÉÓ¸Ö ¸ÊÐ¥¸É¢¥´´Ò³ ¢
¤ ²Ó´¥°Ï¥³ ¶·¨ ¶¥·¥Ìμ¤¥ ± ±μ²¨Î¥¸É¢¥´´Ò³ μÍ¥´± ³ ¨ ¢ÒÎ¨¸²¥´¨Ö³.

•·μ´μ²μ£¨Î¥¸±¨ ¶¥·¢Ò³¨, ±Éμ μ¡· É¨²¸Ö ± ¢ÒÎ¨¸²¥´¨Ö³ ¸ ÊÎ ¸É¨¥³ ´¥°É·¨´μ, ´ -
·ÊÏ ÕÐ¨³ ¶·μ¸É· ´¸É¢¥´´ÊÕ Î¥É´μ¸ÉÓ, ¸ Î¥É±μ μ¡μ§´ Î¥´´μ° ¶μ§¨Í¨¥°, ¡Ò²¨ ‹¨ ¨
Ÿ´£ [2]. �¢Éμ·Ò ¸¤¥² ²¨ ¢Ò¡μ· ¢ ¶μ²Ó§Ê É ± ´ §Ò¢ ¥³μ° ¤¢ÊÌ±μ³¶μ´¥´É´μ° É¥μ·¨¨ ´¥°-
É·¨´μ, ¶·¥¤²μ¦¥´´μ° � Ê²¨ [3]. ’ ±μ° ¢Ò¡μ· ¤ ¦¥ ¢ Éμ ¢·¥³Ö ´¥ Ö¢²Ö²¸Ö μ¤´μ§´ Î´μ
μ¡μ¸´μ¢ ´´Ò³.

‚ ¨§¢¥¸É´μ° · ¡μÉ¥ Œ °μ· ´Ò [4] ¸ ¶μ³μÐÓÕ ¨¸±Ê¸´μ£μ, ´μ Î ¸É´μ£μ ¶·¨¥³  ¶μ²ÊÎ¥´μ
Ê· ¢´¥´¨¥ ¤²Ö ´¥°É· ²Ó´μ° Î ¸É¨ÍÒ. Œμ¦´μ ¶μ± § ÉÓ [5], ÎÉμ μ´μ μ¶¨¸Ò¢ ¥É ¤Ê¡²¥É´μ¥
³ ¸¸¨¢´μ¥ ´¥°É·¨´μ, ¢¶μ²´¥ ¶·¨£μ¤´μ¥ ¤²Ö ¶μ¸É·μ¥´¨° ‹¨ ¨ Ÿ´£ . ‘ ³ Œ °μ· ´  ´¥
¸É ²  ´ ²¨§¨·μ¢ ÉÓ ¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥,   ´  ¥£μ μ¸´μ¢¥ ¶ÒÉ ²¸Ö ¶μ²ÊÎ¨ÉÓ ¤·Ê£¨¥
Ê· ¢´¥´¨Ö ¤²Ö μ¶¨¸ ´¨Ö Î ¸É¨Í, ±μÉμ·Ò¥ É¥¶¥·Ó ¨³¥´ÊÕÉ¸Ö ± ± ¨¸É¨´´μ ´¥°É· ²Ó´Ò¥.
‚Ò¢μ¤ Œ °μ· ´Ò μ Éμ³, ÎÉμ ¢ ·¥§Ê²ÓÉ É¥ É ±¨Ì ¶μ¸É·μ¥´¨° ®´¥É ´¨± ±μ£μ μ¸´μ¢ ´¨Ö
¶·¥¤¶μ² £ ÉÓ ´ ²¨Î¨¥  ´É¨´¥°É·μ´  ¨²¨  ´É¨´¥°É·¨´μ¯, ¸¥£μ¤´Ö ´¥ ³μ¦¥É ¡ÒÉÓ ¶·¨´ÖÉ,
  ¸ ³¨ ¶μ¸É·μ¥´¨Ö ´¥²Ó§Ö ¸Î¨É ÉÓ ¢¶μ²´¥ § ±μ´Î¥´´Ò³¨.
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‘²¥¤Ê¥É μÉ³¥É¨ÉÓ É ±¦¥, ÎÉμ · ¡μÉ  [2] ¸μ¤¥·¦¨É ´¨Î¥³ ´¥ μ¶· ¢¤ ´´Ò° ¶·¨¥³, ±μ£¤ 
¤¢ÊÌ±μ³¶μ´¥´É´μ¥ ´¥°É·¨´μ, ¶·¥¤¸É ¢²ÖÕÐ¥¥ ·¥Ï¥´¨¥ μ¤´μ£μ Ê· ¢´¥´¨Ö, ¢¸É· ¨¢ ¥É¸Ö
¢ ¢ÒÎ¨¸²¨É¥²Ó´ÊÕ ¸Ì¥³Ê ¸ Î¥ÉÒ·¥Ì±μ³¶μ´¥´É´Ò³¨ ¸¶¨´μ· ³¨, ¶·¥¤¸É ¢²ÖÕÐ¨³¨ ·¥Ï¥-
´¨Ö ¤·Ê£μ£μ Ê· ¢´¥´¨Ö, ¶ÊÉ¥³ ¤μ¡ ¢±¨ ¤¢ÊÌ ´Ê²¥¢ÒÌ ±μ³¶μ´¥´Éμ¢. �Î¥¢¨¤´μ, ÎÉμ ¥¸²¨
´¥°É·¨´μ μ¶¨¸Ò¢ ÉÓ ¤¢ÊÌ±μ³¶μ´¥´É´Ò³ ¸¶¨´μ·μ³, Éμ ¢μ§´¨± ¥É É·Ê¤´μ¸ÉÓ ¸μ£² ¸μ¢ ´¨Ö
¢ÒÎ¨¸²¥´¨° ´  μ¸´μ¢¥ μ¡ÒÎ´μ° Î¥ÉÒ·¥ÌË¥·³¨μ´´μ° É¥Ì´¨±¨, ¢  ·¸¥´ ²¥ ±μÉμ·μ° ¨³¥-
ÕÉ¸Ö Éμ²Ó±μ Î¥ÉÒ·¥Ì±μ³¶μ´¥´É´Ò¥ ¸¶¨´μ·Ò,   ¤¢ÊÌ±μ³¶μ´¥´É´Ò¥ ´¥ ¶·¥¤Ê¸³μÉ·¥´Ò.

‚ ¤·Ê£μ° ¨§¢¥¸É´μ° · ¡μÉ¥, ¸¢Ö§ ´´μ° ¸ ¨³¥´ ³¨ ”¥°´³ ´  ¨ ƒ¥²²-Œ ´´  [6], ¸Ëμ·-
³Ê²¨·μ¢ ´  É ± ´ §Ò¢ ¥³ Ö Ê´¨¢¥·¸ ²Ó´ Ö (VÄA)-É¥μ·¨Ö. �¸´μ¢´Ò¥ ¶·¥¤¶μ²μ¦¥´¨Ö É¥-
μ·¨¨ ¸¢μ¤ÖÉ¸Ö ± ¸²¥¤ÊÕÐ¥³Ê. ‚μ²´μ¢ÊÕ ËÊ´±Í¨Õ Ô²¥±É·μ´  ¢ β-· ¸¶ ¤¥ ¢ μ¡ÒÎ´μ°
Î¥ÉÒ·¥ÌÎ ¸É¨Î´μ° ¸¢Ö§¨ ψe ¢¸¥£¤  ´Ê¦´μ § ³¥´ÖÉÓ ´ 

ψe −→ 1
2
(1 + iγ5)ψe ≡ aψe.

�·¨ ÔÉμ³ a2 = a, a = (1 − iγ5), aa = 0.
„ ²¥¥ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ÔÉμ ¦¥ ¶· ¢¨²μ ¶·¨²μ¦¨³μ ±μ ¢¸¥³ ¢μ²´μ¢Ò³ ËÊ´±Í¨Ö³,

¢Ìμ¤ÖÐ¨³ ¢μ ¢§ ¨³μ¤¥°¸É¢¨¥ (n, p, μ, ν). ’μ²Ó±μ ¢ É ±μ³ ¸²ÊÎ ¥ É¥μ·¨Ö ¸É ´μ¢¨É¸Ö Ê´¨-
¢¥·¸ ²Ó´μ°. � §²¨Î¨¥ ³¥¦¤Ê Î ¸É¨Í ³¨ ¸¢μ¤¨É¸Ö ± · §²¨Î¨Õ ³ ¸¸. �¥μ¡Ìμ¤¨³μ¸ÉÓ ¢
¸Éμ²Ó ¸¨²Ó´ÒÌ ¶·¥¤¶μ²μ¦¥´¨ÖÌ ¡Ò²  ¶·μ¤¨±Éμ¢ ´  ¤²Ö  ¢Éμ·μ¢ É¥³, ÎÉμ Ô²¥±É·μ´Ò,
μ¡· §ÊÕÐ¨¥¸Ö ¢ ¶·μÍ¥¸¸¥ β-· ¸¶ ¤ , ¨³¥ÕÉ ¶·μ¤μ²Ó´ÊÕ ¶μ²Ö·¨§ Í¨Õ.

‘²¥¤Ê¥É ¶μ³´¨ÉÓ, ÎÉμ ¶·¨´ÖÉÓ ´ §¢ ´´Ò¥ ¶·¥¤¶μ²μ¦¥´¨Ö ¢ É¥μ·¨¨ μ§´ Î ¥É μÉ± § ÉÓ¸Ö
μÉ ¢μ§³μ¦´μ¸É¨ § ¶¨¸ ÉÓ ¢μ²´μ¢Ò¥ Ê· ¢´¥´¨Ö É¨¶  „¨· ±  ¨²¨ ¨³ ¶μ¤μ¡´Ò¥ ¨ É¥³ ¸ ³Ò³
¨¸±²ÕÎ¨ÉÓ ¶μ¨¸± ±¢ ´Éμ¢ÒÌ Î¨¸¥² ¤²Ö ¨¤¥´É¨Ë¨± Í¨¨ ²¥¶Éμ´μ¢. „¥²μ ¢ Éμ³, ÎÉμ ¢ ¸¨²Ê
 ¸¸μÍ¨ É¨¢´μ¸É¨ £·Ê¶¶  ´¥ ³μ¦¥É ¸μ¤¥·¦ ÉÓ Ô²¥³¥´ÉÒ É¨¶  (1 ± iγ5), É ± ± ± μ´¨ ´¥
¨³¥ÕÉ μ¡· É´ÒÌ.

Š ± ¡Ò²μ ¶μ± § ´μ · ´¥¥ [8], Ô²¥±É·μ´Ò ¨³¥ÕÉ ¢ ¸É·Ê±ÉÊ·¥ ¸¢μ¥£μ Ê· ¢´¥´¨Ö P -
¸μ¶·Ö¦¥´´Ò° ±μ³¶μ´¥´É ¸¢Ö§´μ¸É¨. …£μ ´ ²¨Î¨¥ ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¶·¨¶¨¸ ÉÓ ²¥¶Éμ´ ³
¶·μ¤μ²Ó´ÊÕ ¶μ²Ö·¨§ Í¨Õ, ¶μ¸²¥ Î¥£μ § ¤ Î  ¸¢μ¤¨É¸Ö ± £· ³μÉ´μ° Ëμ·³Ê²¨·μ¢±¥ ¢§ ¨-
³μ¤¥°¸É¢¨Ö, É. ¥.  ¤¥±¢ É´μ° § ¶¨¸¨ ¨´¢ ·¨ ´Éμ¢ ¢§ ¨³μ¤¥°¸É¢¨Ö. ‚ É ±μ³ ¸²ÊÎ ¥ ´¥μ¡-
Ìμ¤¨³μ¸ÉÓ ¢ ¶·μ¥±Í¨μ´´ÒÌ μ¶¥· Éμ· Ì (1± iγ5) ¤²Ö Ô²¥±É·μ´μ¢ μÉ¶ ¤ ¥É. �μ-¢¨¤¨³μ³Ê,
¶·¨ ¤ ²Ó´¥°Ï¥³ · §¢¨É¨¨ É¥μ·¨¨ μÉ¶ ¤¥É ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¢ ¶·μ¥±Í¨μ´´ÒÌ μ¶¥· Éμ· Ì ¨
¤²Ö  ¤·μ´´ÒÌ ¸μ¸É ¢²ÖÕÐ¨Ì ·¥ ±Í¨¨.

�μ¸²¥¤ÊÕÐ¥¥ ´ ±μ¶²¥´¨¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ¶·¨¢¥²μ ± μÉ±·ÒÉ¨Õ É Ê-
μ´ . “¦¥ ¸ÊÐ¥¸É¢μ¢ ¢Ï Ö (μ − e)-Ê´¨¢¥·¸ ²Ó´μ¸ÉÓ · ¸Ï¨·¨² ¸Ó ¤μ (μ − e − τ)-Ê´¨¢¥·-
¸ ²Ó´μ¸É¨. “´¨¢¥·¸ ²Ó´μ¸ÉÓ ¢ ¤ ´´μ³ ±μ´É¥±¸É¥ μ§´ Î ¥É ´¥μ¶·¥¤¥²¥´´μ¸ÉÓ ¢ ¶μ´¨³ -
´¨¨, É. ¥. ¢ É¥μ·¥É¨Î¥¸±μ³ μ¶¨¸ ´¨¨ · §²¨Î¨° ³¥¦¤Ê É·¥³Ö ¤Ê¡²¥É ³¨ Î ¸É¨Í e±, μ±, τ±.
„·Ê£¨³ ¸²¥¤¸É¢¨¥³ Éμ£μ ¦¥ μÉ±·ÒÉ¨Ö ¸É ²μ · ¸Ï¨·¥´¨¥ ¸¥³¥°¸É¢  ´¥°É·¨´μ. �·¨ ÔÉμ³
¢μ§´¨± ¥É ´¥μ¡ÑÖ¸´¨³μ¥ ¶μ²μ¦¥´¨¥, ±μ£¤  · §²¨Î´Ò¥ É¨¶Ò ´¥°É·¨´μ ³Ò ¸¢Ö§Ò¢ ¥³ ¶μ
¨Ì ¶·μ¨¸Ìμ¦¤¥´¨Õ μÉ Î ¸É¨Í, ±μÉμ·Ò¥ ³Ò ´¥ ³μ¦¥³ · §²¨Î ÉÓ ¨´ Î¥, Î¥³ ¶μ ³ ¸¸ ³.
�¢Éμ³ É¨Î¥¸±¨ É ± Ö ¦¥ ÊÎ ¸ÉÓ ¶μ¸É¨£ ¥É νe, νμ, ντ . �Éμ μ§´ Î ¥É, ÎÉμ ¶·¨ É ±μ³ ¶μ¤-
Ìμ¤¥ ³Ò ´¥ ¨³¥¥³ ¤μ¸ÉÊ¶  ± Éμ° Î ¸É¨ ¨´Ëμ·³ Í¨¨, ±μÉμ· Ö ¸¢Ö§ ´  ¸ ¢´ÊÉ·¥´´¨³¨
Ì · ±É¥·¨¸É¨± ³¨ É ±¨Ì ²¥¶Éμ´μ¢, É. ¥. ± ¸É·Ê±ÉÊ·´Ò³ ±¢ ´Éμ¢Ò³ Î¨¸² ³.

‘μμ¡· ¦¥´¨Ö, ¶μ¤μ¡´Ò¥ ¢Ò¸± § ´´Ò³ ¢ÒÏ¥, ¸¢¨¤¥É¥²Ó¸É¢ÊÕÉ μ Éμ³, ÎÉμ É·Ê¤´μ¸É¨
¨ ´¥Ê¢Ö§±¨ ¢ É¥μ·¨¨ ²¥¶Éμ´μ¢, ¸ ÊÎ¥Éμ³ ¤²¨É¥²Ó´μ¸É¨ ¨Ì ¸ÊÐ¥¸É¢μ¢ ´¨Ö, ¶·¨´Ö²¨ ¸¨-
¸É¥³´Ò° Ì · ±É¥· [7]. �¥ ¨¸±²ÕÎ¥´μ É ±¦¥, ÎÉμ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ³Ò ¸Éμ²±´Ê²¨¸Ó ¸
É ±¨³ ¶μ²μ¦¥´¨¥³, ±μ£¤  ´¥É ¸³Ò¸²  £μ¢μ·¨ÉÓ μ¡ μÉ¤¥²Ó´ÒÌ ·¥ ±Í¨ÖÌ ¨²¨ ¶·μÍ¥¸¸ Ì, ´¥
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μÌ¢ É¨¢ ¢¸¥£μ ±·Ê£  ¢μ§³μ¦´ÒÌ ÊÎ ¸É´¨±μ¢ ÌμÉÖ ¡Ò Ô²¥±É·μ¸² ¡ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°. �μ-
²μ¦¥´¨¥ μ¸²μ¦´Ö¥É¸Ö ¥Ð¥ É¥³, ÎÉμ ± ± ¶μ¸É ´μ¢±  Ô±¸¶¥·¨³¥´Éμ¢, É ± ¨ ¨´É¥·¶·¥É Í¨Ö
¨Ì ·¥§Ê²ÓÉ Éμ¢ ¶· ±É¨Î¥¸±¨ ¢¸¥£¤  Ö¢²ÖÕÉ¸Ö ³μ¤¥²Ó´μ-§ ¢¨¸¨³Ò³¨.

�É³¥Î¥´´Ò³ É·Ê¤´μ¸ÉÖ³ ³μ¦´μ ¶·μÉ¨¢μ¶μ¸É ¢¨ÉÓ ¸¨¸É¥³´Ò° ¶μ¤Ìμ¤. ‚ ¤ ´´μ³ ¸²Ê-
Î ¥ ÔÉμ μ§´ Î ¥É ³ ±¸¨³ ²Ó´ÊÕ ¸¢μ¡μ¤Ê μÉ ¶·μ¨§¢μ²Ó´ÒÌ ¶·¥¤¶μ²μ¦¥´¨° ¨ μ£· ´¨-
Î¥´´μ¸ÉÓ ³¨´¨³ ²Ó´Ò³ ±μ²¨Î¥¸É¢μ³ ´ ¤¥¦´ÒÌ ¶·¨´Í¨¶μ¢ ¤²Ö Ëμ·³Ê²¨·μ¢±¨ ¢μ²´μ¢ÒÌ
Ê· ¢´¥´¨°. �· ±É¨Î¥¸±μ° ·¥ ²¨§ Í¨¥° É ±μ° ¶·μ£· ³³Ò Ö¢¨²μ¸Ó ¶μ¸É·μ¥´¨¥ Ê· ¢´¥´¨°
¤²Ö ¸É ¡¨²Ó´ÒÌ ¨ ´¥¸É ¡¨²Ó´ÒÌ ²¥¶Éμ´μ¢ [8, 9] ¢ · ³± Ì ¥¤¨´μ£μ ¶μ¤Ìμ¤ . …£μ  ²£μ·¨É³
μ¸´μ¢ ´ ´  ¸²¥¤ÊÕÐ¨Ì É·¥¡μ¢ ´¨ÖÌ:

1) ¨´¢ ·¨ ´É´μ¸ÉÓ ¨ ±μ¢ ·¨ ´É´μ¸ÉÓ Ê· ¢´¥´¨° μÉ´μ¸¨É¥²Ó´μ μ¤´μ·μ¤´μ° £·Ê¶¶Ò ‹μ-
·¥´Í  ¸ ÊÎ¥Éμ³ Î¥ÉÒ·¥Ì ±μ³¶μ´¥´Éμ¢ ¸¢Ö§´μ¸É¨;

2) Ëμ·³Ê²¨·μ¢±  Ê· ¢´¥´¨° ´  μ¸´μ¢¥ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶, μ¶·¥¤¥-
²ÖÕÐ¨Ì ± ¦¤μ¥ ²¥¶Éμ´´μ¥ Ê· ¢´¥´¨¥;

3) ¸μÌ· ´¥´¨¥ Î¥ÉÒ·¥Ì¢¥±Éμ·  Éμ±  ¢¥·μÖÉ´μ¸É¨ ¨ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´Ò° Î¥-
É¢¥·ÉÒ° ±μ³¶μ´¥´É Éμ± ;

4) ¢¥²¨Î¨´  ¸¶¨´  ²¥¶Éμ´μ¢ ¶·¥¤¶μ² £ ¥É¸Ö · ¢´μ° 1/2.
‘μ¢μ±Ê¶´μ¸ÉÓ ¶¥·¥Î¨¸²¥´´ÒÌ Ë¨§¨Î¥¸±¨Ì É·¥¡μ¢ ´¨° ¸ ÊÎ¥Éμ³ ´¥±μÉμ·ÒÌ É¥μ·¥É¨±μ-

£·Ê¶¶μ¢ÒÌ § ±μ´μ³¥·´μ¸É¥° ¶μ§¢μ²Ö¥É Ëμ·³Ê²¨·μ¢ ÉÓ ²¥¶Éμ´´Ò¥ ¢μ²´μ¢Ò¥ Ê· ¢´¥´¨Ö, ´¥
μ¡· Ð Ö¸Ó ± Ëμ·³ ²¨§³Ê ‹ £· ´¦ .

‚ Ê¶μ³Ö´ÊÉμ³ Í¨±²¥ · ¡μÉ [8, 9] Ê¸É ´μ¢²¥´Ò ´¥μ¡Ìμ¤¨³Ò¥ ¨ ¤μ¸É ÉμÎ´Ò¥ Ê¸²μ¢¨Ö
Ëμ·³Ê²¨·μ¢±¨ ¢μ²´μ¢ÒÌ Ê· ¢´¥´¨° ¤²Ö ²¥¶Éμ´μ¢ ¢ · ³± Ì μ¤´μ·μ¤´μ° £·Ê¶¶Ò ‹μ·¥´Í .
�´¨ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ÉμÎ´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¢ÒÉ¥± ÕÐ¨¥ ¨§ ¤μ¸É ÉμÎ´μ μ¡Ð¨Ì ËÊ´-
¤ ³¥´É ²Ó´ÒÌ ¶·¨´Í¨¶μ¢. �·¥¤² £ ¥³Ò° ¶μ¤Ìμ¤, ¸²¥¤ÊÖ ‚¨£´¥·Ê [10], ³μ¦´μ ´ §¢ ÉÓ
±¨´¥³ É¨Î¥¸±¨³. ‚³¥¸É¥ ¸ É¥³ ¸ÊÐ¥¸É¢¥´´Ò³ ¤μ¶μ²´¥´¨¥³ Ö¢²Ö¥É¸Ö ÊÎ¥É ¸É·Ê±ÉÊ·Ò ¨§Ê-
Î ¥³ÒÌ μ¡Ñ¥±Éμ¢. �μÔÉμ³Ê ³¥Éμ¤ ¸²¥¤Ê¥É μÌ · ±É¥·¨§μ¢ ÉÓ ¢ Éμ ¦¥ ¢·¥³Ö ± ± ¸É·Ê±ÉÊ·-
´Ò°.

‚ÒÖ¸´¨²μ¸Ó, ÎÉμ ´¥μ¡Ìμ¤¨³Ò¥ ¨ ¤μ¸É ÉμÎ´Ò¥ Ê¸²μ¢¨Ö Ëμ·³Ê²¨·μ¢±¨ ¢μ²´μ¢ÒÌ Ê· ¢-
´¥´¨° ³μ£ÊÉ ¡ÒÉÓ ¨§¢²¥Î¥´Ò ¨§ ¸É·Ê±ÉÊ·Ò Ê· ¢´¥´¨Ö „¨· ±  ¸ ¶·¨¢²¥Î¥´¨¥³ ´¥±μÉμ·ÒÌ
É¥μ·¥É¨±μ-£·Ê¶¶μ¢ÒÌ É¥μ·¥³ ¨  ²£¥¡·Ò ‹¨ £·Ê¶¶Ò ‹μ·¥´Í .

�μ¢¨§´  ³¥Éμ¤  μ¶·¥¤¥²Ö¥É¸Ö ´¥¸±μ²Ó±¨³¨ Ë ±Éμ· ³¨. ‚μ-¶¥·¢ÒÌ, ´  μ¸´μ¢¥ É¥μ·¥³Ò
μ É·¥Ì É¨¶ Ì ´¥¶·¨¢μ¤¨³ÒÌ ³ É·¨Î´ÒÌ £·Ê¶¶ [11] ¡Ò² ´ °¤¥´ ¨ ¨¸¶μ²Ó§μ¢ ´ ´μ¢Ò° É¨¶
¨´¢ ·¨ ´Éμ¢ ¢μ²´μ¢ÒÌ Ê· ¢´¥´¨°, ¶·¥¤¸É ¢²ÖÕÐ¨° ¸μ¡μ° Î¨¸²μ¢ÊÕ Ì · ±É¥·¨¸É¨±Ê. „²Ö
± ¦¤μ£μ ±μ´±·¥É´μ£μ Ê· ¢´¥´¨Ö μ´  ¶·¨´¨³ ¥É μ¤´μ ¨§ É·¥Ì §´ Î¥´¨° (±1, 0). „ ²¥¥ ÔÉ 
¢¥²¨Î¨´  ¡Ê¤¥É ´ §Ò¢ ÉÓ¸Ö ¸É·Ê±ÉÊ·´Ò³ ¨´¢ ·¨ ´Éμ³. „²Ö Ê· ¢´¥´¨Ö „¨· ±  μ´ μ± § ²¸Ö
· ¢´Ò³ In[Dγ(II)] = −1.

„·Ê£μ° Ë ±Éμ· ¸¢Ö§ ´ ¸ É¥³, ÎÉμ ¢ÒÖ¸´¨² ¸Ó ·μ²Ó · §²¨Î´ÒÌ ±μ³¶μ´¥´Éμ¢ ¸¢Ö§´μ-
¸É¨ £·Ê¶¶Ò ‹μ·¥´Í  ¢ Ëμ·³¨·μ¢ ´¨¨ Ê· ¢´¥´¨Ö „¨· ±  ¨ ¤·Ê£¨Ì ²¥¶Éμ´´ÒÌ Ê· ¢´¥´¨°.
—¥ÉÒ·¥ ±μ³¶μ´¥´É  ¸¢Ö§´μ¸É¨ ¶¥·¥Ìμ¤ÖÉ ¤·Ê£ ¢ ¤·Ê£  ¶·¨ ¤¨¸±·¥É´ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ:
¶·μ¸É· ´¸É¢¥´´ÒÌ μÉ· ¦¥´¨ÖÌ (P ), μ¡· Ð¥´¨¨ ¢·¥³¥´¨ (T ) ¨ ¶μ²ÊÎ¥´¨¨ ¨Ì ¶·μ¨§¢¥-
¤¥´¨Ö (PT ). �μ²ÊÎ¥´Ò ¢ Ö¢´μ³ ¢¨¤¥ £·Ê¶¶Ò (dγ , fγ , bγ , cγ), ´  ±μÉμ·ÒÌ ·¥ ²¨§ÊÕÉ¸Ö
¢¸¥ Î¥ÉÒ·¥ ±μ³¶μ´¥´É  ¸¢Ö§´μ¸É¨. �´¨ ¨³¥ÕÉ ¶¥·¢μ¥ ¢¥¸μ¢μ¥ Î¨¸²μ, · ¢´μ¥ l0 = 1/2.
�Éμ μ¤´μ ¨§ ¤¢ÊÌ Î¨¸¥², μ¤´μ§´ Î´μ μ¶·¥¤¥²ÖÕÐ¨Ì ± ¦¤μ¥ ´¥¶·¨¢μ¤¨³μ¥ ¶·¥¤¸É ¢²¥´¨¥
£·Ê¶¶Ò ‹μ·¥´Í  [13]. Šμ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¤²Ö (P )-, (T )- ¨ (PT )-¸μ¶·Ö¦¥´´ÒÌ
¶·¥¤¸É ¢²¥´¨° (¶μ μÉ´μÏ¥´¨Õ ¸ ¸μ¡¸É¢¥´´μ³Ê ¶·¥¤¸É ¢²¥´¨Õ £·Ê¶¶Ò ‹μ·¥´Í ), É. ¥. ¤²Ö
£·Ê¶¶ bγ , cγ , fγ , ¢ Ë¨§¨Î¥¸±μ° ²¨É¥· ÉÊ·¥ ¡Ò²¨ ¶·¥¤¸É ¢²¥´Ò ¢¶¥·¢Ò¥. —Éμ ± ¸ ¥É¸Ö
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´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° ¸μ¡¸É¢¥´´μ° μ·ÉμÌ·μ´´μ° £·Ê¶¶Ò ‹μ·¥´Í , Éμ μ´¨ ¤ ¢´μ
μ¶¨¸ ´Ò ¢ Ë¨§¨Î¥¸±μ° ¨ ³ É¥³ É¨Î¥¸±μ° ²¨É¥· ÉÊ·¥ [12Ä14].

ˆ ´ ±μ´¥Í, ¸· ¢´¥´¨¥ ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨° μ¤´μ° ¨§ ¶μ¤£·Ê¶¶ (dγ) £·Ê¶¶Ò
γ-³ É·¨Í „¨· ±  ¨ ±μ³³ÊÉ Éμ·μ¢ ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ ³ É·¨Í ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥-
´¨° (��) ¸μ¡¸É¢¥´´μ° £·Ê¶¶Ò ‹μ·¥´Í  [13] ¶μ§¢μ²¨²μ Ê¸É ´μ¢¨ÉÓ ³¥¦¤Ê ´¨³¨ μ¤´μ§´ Î-
´μ¥ ¸μμÉ¢¥É¸É¢¨¥. ’ ±¨³ μ¡· §μ³ ¡Ò²  ¶μ²ÊÎ¥´  ¢μ§³μ¦´μ¸ÉÓ Ë¨§¨Î¥¸±μ° ¨´É¥·¶·¥É Í¨¨
μ¶¥· Éμ·μ¢ (³ É·¨Í) Ê· ¢´¥´¨Ö „¨· ±  ¸´ Î ²  ¤²Ö �� ¸μ¡¸É¢¥´´μ° £·Ê¶¶Ò ‹μ·¥´Í ,  
§ É¥³ ¤²Ö É·¥Ì ¤·Ê£¨Ì ±μ³¶μ´¥´Éμ¢ ¸¢Ö§´μ¸É¨. ˆ³¥´´μ μ´¨ Ö¢¨²¨¸Ó ¸μ¸É ¢²ÖÕÐ¨³¨ ²¥¶-
Éμ´´ÒÌ Ê· ¢´¥´¨°.

1. ‘’�“Š’“��›‰ ��„•�„ Š ��ˆ‘��ˆ� ‘’��ˆ‹œ�›• ‹…�’���‚

BcÖ ¶o²´oÉa ¨´Ëop³aÍ¨¨, ±oÉopaÖ co¤ep¦¨ÉcÖ ¢ c¢o¡o¤´o³ Êpa¢´e´¨¨ „¨pa±a, μ¶·¥-
¤¥²Ö¥É¸Ö Ée³, ÎÉo γ-³aÉp¨ÍÒ o¡pa§ÊÕÉ ±o´eÎ´ÊÕ £pÊ¶¶Ê [11] (¤ ²¥¥ £·Ê¶¶  „¨· ±  Å
Dγ(II)) ¨ ¸É·Ê±ÉÊ·μ° ÔÉo° £pÊ¶¶Ò. ˆ§¢ecÉ´oe o¡cÉoÖÉe²ÓcÉ¢o, ±oÉopoe ¢ ¶o²´o° ³epe
´e ¨§ÊÎa²ocÓ ¨ ´e ¨c¶o²Ó§μ¢ ²μ¸Ó. ˆ§²μ¦¥´´Ò° ¤ ²¥¥  ´ ²¨§ ¢μ¸¶μ²´Ö¥É ¨³¥ÕÐ¨°¸Ö
¶·μ¡¥² ¶μ ¤ ´´μ³Ê ¢μ¶·μ¸Ê.

1.1. ‘É·Ê±ÉÊ·  £·Ê¶¶Ò „¨· ± . �p¨³e³ o¶pe¤e²e´¨e γ-³aÉp¨Í, ¶pe¤²o¦e´´oe ¢
pa¡oÉe [15], ±oÉopoe ¶p¨¢o¤¨É ± Êpa¢´e´¨Õ „¨pa±a ¢ ¢¨¤e

[i(γμpμ) + m]ψ = 0, (1)

£¤¥
γμγν + γνγμ = 2δμν , μ, ν = 1, 2, 3, 4, γ2

μ = 1.

‡¤¥¸Ó ¨ ¤ ²¥¥ ¨¸¶μ²Ó§Ê¥É¸Ö ¸¨¸É¥³  ¥¤¨´¨Í c = � = 1.
�¡o§´aÎ¨³

a1 ∼ γ3γ2, a2 ∼ γ1γ3, a3 ≡ a1a2 ∼ γ2γ1. (2)

‘¨³¢o² ∼ o§´aÎaeÉ cooÉ¢eÉcÉ¢¨e oÉ´oÏe´¨° ³e¦¤Ê Ô²e³e´Éa³¨ ¨c±o³o° ¶μ¤£pÊ¶¶Ò,
¸μ¤¥·¦ Ð¥° a1, a2, ¨ γ-³aÉp¨Í ³¨. ’μ£¤  ¶μ²ÊÎ ¥³ · ¢¥´¸É¢  a2

1 = a2
2 = a2

3 = −1,
a2a1a

−1
2 = a−1

1 , μÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉo Ô²e³e´ÉÒ a1, a2 £e´ep¨pÊÕÉ £pÊ¶¶Ê ±¢aÉep´¨o´o¢.
�¡o§´aÎ¨³ ¥¥ ±a± Q2[a1, a2].

„ ²¥¥ o¡o§´aÎ¨³ c ∼ γ1γ2γ3. ‚¨¤´o, ÎÉo c ±o³³ÊÉ¨pÊeÉ co ¢ce³¨ Ô²e³e´Éa³¨ ¶μ¤-
£pÊ¶¶Ò Q2[a1, a2] ¨ c2 = a2

1. �pÖ³Ò³ ¢ÒÎ¨c²e´¨e³ ³o¦´o Ê¡e¤¨ÉÓcÖ, ÎÉo pacÏ¨pe´¨e
Q2[a1, a2] c ¶o³oÐÓÕ c ¶p¨¢o¤¨É ± £pÊ¶¶e 16-£μ ¶opÖ¤±a. ’ ±¨³ μ¡· §μ³, £·Ê¶¶  γ-
³ É·¨Í „¨· ±  ¸μ¤¥·¦¨É ¶μ¤£·Ê¶¶Ê, ±μÉμ· Ö ¤ ²¥¥ ¡Ê¤¥É μ¡μ§´ Î ÉÓ¸Ö ± ± dγ .

‘²¥¤ÊÖ · §¢¨Éμ° · ´¥¥ ³¥Éμ¤¨±¥ [8], ³μ¦´μ ¶μ¸É·μ¨ÉÓ ´¥¶·¨¢μ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö
£·Ê¶¶Ò dγ , ¨ Éμ£¤  ±μ³³ÊÉ Éμ·Ò μ¡· §ÊÕÐ¨Ì Ô²¥³¥´Éμ¢  ²£¥¡·Ò ¶·¨´¨³ ÕÉ ¢¨¤

[a1, a2] = 2a3, [a2, a3] = 2a1, [a3, a1] = 2a2,

[b1, b2] = −2a3, [b2, b3] = −2a1, [b3, b1] = −2a2,

[a1, b1] = 0, [a2, b2] = 0, [a3, b3] = 0, (3)

[a1, b2] = 2b3 [a1, b3] = −2b2,

[a2, b3] = 2b1, [a2, b1] = −2b3,

[a3, b1] = 2b2, [a3, b2] = −2b1.
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‡¤¥¸Ó ¢¢¥¤¥´Ò μ¡μ§´ Î¥´¨Ö

b1 = a1c, b2 = a2c, b3 = a3c. (4)

…¸²¨ μÉ¢²¥ÎÓ¸Ö μÉ μ¡Ð¥£μ ¤²Ö ¢¸¥Ì ¸μμÉ´μÏ¥´¨° ´μ·³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö 2, Éμ Ê¢¨-
¤¨³, ÎÉμ ¶μ²ÊÎ¥´´Ò¥ ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö (Š‘) ¶μ²´μ¸ÉÓÕ ¸μ¢¶ ¤ ÕÉ ¸ ±μ³-
³ÊÉ Éμ· ³¨ ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ ³ É·¨Í ¸μ¡¸É¢¥´´μ£μ μ·ÉμÌ·μ´´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ‹μ-
·¥´Í  [13]. ‘ Ï¥¸ÉÓÕ μ¶¥· Éμ· ³¨ (a1, a2, a3) ¨ (b1, b2, b3) ¸¢Ö§ ´Ò Ï¥¸ÉÓ ¤¥°¸É¢¨É¥²Ó´ÒÌ
¶ · ³¥É·μ¢ £·Ê¶¶Ò ‹μ·¥´Í . �¶¥· Éμ· c ¢ ¤ ´´μ° £·Ê¶¶¥ ¶¥·¥¢μ¤¨É ¨´Ë¨´¨É¥§¨³ ²Ó´Ò¥
μ¶¥· Éμ·Ò É·¥Ì³¥·´ÒÌ ¢· Ð¥´¨° (a1, a2, a3) ¢ μ¶¥· Éμ·Ò ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ ¶·¥μ¡· -
§μ¢ ´¨° ‹μ·¥´Í  ¢¤μ²Ó ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì μ¸¥° ±μμ·¤¨´ É (b1, b2, b3). Š ± ¸²¥¤Ê¥É ¨§
μ¶·¥¤¥²¥´¨Ö, μ¶¥· Éμ· c Ö¢²Ö¥É¸Ö Ô²¥³¥´Éμ³ Í¥´É·  £·Ê¶¶Ò dγ , ¶μÔÉμ³Ê ¢ ¤ ´´μ³ ¶·¥¤-
¸É ¢²¥´¨¨ μ´ · ¢¥´ ¥¤¨´¨Î´μ³Ê μ¶¥· Éμ·Ê, Ê³´μ¦¥´´μ³Ê ´  ³´¨³ÊÕ ¥¤¨´¨ÍÊ i. „ ²¥¥
¸μ¡¸É¢¥´´Ò¥ μ·ÉμÌ·μ´´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¸ ±μ³³ÊÉ Í¨μ´´Ò³¨ ¸μμÉ´μÏ¥´¨Ö³¨ É¨¶  (3)
¡Ê¤ÊÉ ´ §Ò¢ ÉÓ¸Ö ¸É ´¤ ·É´Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨ £·Ê¶¶Ò ‹μ·¥´Í .

�oc²e¤ÊÕÐee pacÏ¨pe´¨e dγ c ¶o³oÐÓÕ ¤o¶o²´¨Ée²Ó´o£o £e´epaÉopa b4 ¶p¨¢o¤¨É
± £pÊ¶¶e γ-³aÉp¨Í „¨pa±a. �·¨ ÔÉμ³ ¸Ê³³Ê ¢¸¥Ì Ô²¥³¥´Éμ¢ £·Ê¶¶Ò „¨· ±  (¨²¨ ¥¥
Í¨±²¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê [8]) ³μ¦´μ § ¶¨¸ ÉÓ ¢ ±μ³¶ ±É´μ³, ³Ê²ÓÉ¨¶²¨± É¨¢´μ³ ¢¨¤¥

Dγ(II) = dγ [a1, a2, c][e + b4], (5)

£¤e b4 Ö¢²ÖeÉcÖ £pÊ¶¶o¢Ò³ Ô±¢¨¢a²e´Éo³ γ4 ¨ b2
4 = e; e Å ¥¤¨´¨Î´Ò° Ô²¥³¥´É ¨

dγ [a1, a2, c] = Q2[a1, a2][e + c] Ö¢²Ö¥É¸Ö Í¨±²¨Î¥¸±μ° ¸É·Ê±ÉÊ·μ° £·Ê¶¶Ò dγ , É. ¥. ¸Ê³-
³μ° ¢¸¥Ì Ô²¥³¥´Éμ¢, § ¶¨¸ ´´μ° ¢ ³Ê²ÓÉ¨¶²¨± É¨¢´μ° Ëμ·³¥.

1.2. T -¸μ¶·Ö¦¥´´μ¥ ¶·¥¤¸É ¢²¥´¨¥. BÒpa¦e´¨e (5) ¤o¶Êc±aeÉ ¨´ÊÕ §a¶¨cÓ Í¨±²¨-
Î¥¸±μ° ¸É·Ê±ÉÊ·Ò ¡²a£o¤apÖ ¤pÊ£o³Ê ¢Ò¡opÊ £e´epaÉopo¢ £pÊ¶¶Ò γ-³aÉp¨Í. B³ecÉo
£e´epaÉopo¢ {a1, a2, c, b4} ³o¦´o ¢Ò¡paÉÓ {a1, a2, c

′, b′4}. ‡¤ecÓ c′ ∼ −γ1γ2γ3γ4 ¨ b′4 ∼
γ1γ2γ4.

B pe§Ê²ÓÉaÉe Í¨±²¨Î¥¸± Ö ¸É·Ê±ÉÊ·  Éμ° ¦¥ ¸ ³μ° £·Ê¶¶Ò ¶p¨´¨³aeÉ ¢¨¤

Dγ [a1, a2, c
′, b′4] = Q2[a1, a2][e + c′][e + b′4]. (6)

Ta± ¦e ±a± ¨ ¢ c²ÊÎae (5), ¤a´´oe ¢Òpa¦e´¨e ¶pe¤cÉa¢²ÖeÉ co¡o° cÊ³³Ê ¢ceÌ Ô²e³e´Éo¢
£pÊ¶¶Ò, ´o §a¶¨ca´´ÊÕ ¢ ¢¨¤e ¤pÊ£¨Ì co³´o¦¨Ée²e°. �pÖ³o° ¶po¢ep±o° ³o¦´o Ê¡e¤¨ÉÓcÖ,
ÎÉo ¢Òpa¦e´¨¥

bγ [a1, a2, c
′] = Q2[a1, a2][e + c′] (7)

¶pe¤cÉa¢²Ö¥É co¡o° Í¨±²¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê ¶o¤£pÊ¶¶Ò 16-£μ ¶opÖ¤±a. ˆ§ ¢Ò· ¦¥´¨° ¤²Ö
£¥´¥· Éμ·μ¢ a1, a2, c

′ c²e¤ÊÕÉ É ±¨¥ o¶pe¤e²ÖÕÐ¨¥ cooÉ´oÏe´¨Ö ¤²Ö ¶μ¤£·Ê¶¶Ò bγ :

a2a1a
−1
2 = a−1

1 , a1a2a
−1
1 = a−1

2 ,

c′a1c
′−1 = a1, c′a2c

′−1 = a2.
(8)

‘· ¢´¥´¨¥ ¶μ± §Ò¢ ¥É, ÎÉμ dγ ¨ bγ ¡²¨§±¨ ¶μ ¸¢μ¨³ ¸¢μ°¸É¢ ³. „¥°¸É¢¨É¥²Ó´μ, ± ¦¤ Ö
£·Ê¶¶  ¨³¥¥É ¶μ·Ö¤μ± 16, Í¥´É·Ò ¸μ¤¥·¦ É ¶μ Î¥ÉÒ·¥ Ô²¥³¥´É , ¨ ¸μ¢¶ ¤ ¥É Î¨¸²μ ¸μ-
¶·Ö¦¥´´ÒÌ ±² ¸¸μ¢ Å 10. Š ± dγ , É ± ¨ bγ ¸μ¤¥·¦ É ¶μ¤£·Ê¶¶Ê ±¢ É¥·´¨μ´μ¢. �o
¨³¥ÕÉ¸Ö ¨ · §²¨Î¨Ö. ’ ±, £¥´¥· Éμ· c ¨³¥¥É ¶μ·Ö¤μ± 4, Éμ£¤  ± ± c′ Å ¢Éμ·μ£μ ¶μ·Ö¤± .
‚ ·¥§Ê²ÓÉ É¥ £·Ê¶¶  bγ ´e ¨§o³opË´  £pÊ¶¶e dγ .



�·μ¡²¥³  ±¢ ´Éμ¢ÒÌ Î¨¸¥² ²¥¶Éμ´´μ£μ ¸¥±Éμ·  155

O¡o§´aÎ¨³

b′1 ≡ c′a1 ∼ −γ1γ4, b′2 ≡ c′a2 ∼ −γ2γ4, b′3 ≡ c′a3 ∼ −γ3γ4, (9)

Ec²¨ ´a Ô²e³e´ÉaÌ £pÊ¶¶Ò bγ [a1, a2, c
′] = Q2[a1, a2][e+c′] o¶pe¤e²¨ÉÓ a²£e¡pÊ a´a²o£¨Î´o

c²ÊÎaÕ dγ , Éo ¶o²ÊÎ¨³ ±o³³ÊÉaÍ¨o´´Òe cooÉ´oÏe´¨Ö, ¢ecÓ³a ¶oÌo¦¨e ´a (3):

[a1, a2] = 2a3, [a2, a3] = 2a1, [a3, a1] = 2a2,

[b′1, b
′
2] = 2a3, [b′2, b

′
3] = 2a1, [b′3, b

′
1] = 2a2,

[a1, b
′
1] = 0, [a2, b

′
2] = 0, [a3, b

′
3] = 0, (10)

[a1, b
′
2] = 2b′3 [a1, b

′
3] = −2b′2,

[a2, b
′
3] = 2b′1, [a2, b

′
1] = −2b′3,

[a3, b
′
1] = 2b′2, [a3, b

′
2] = −2b′1.

�Î¥¢¨¤´μ, ÎÉμ (3) ¶¥·¥Ìμ¤¨É ¢ (10) ¶·¨ § ³¥´¥

bk → b′k = ibk (k = 1, 2, 3). (11)

�·¨ ÔÉμ³ ¶·μ¨¸Ìμ¤¨É ¶¥·¥Ìμ¤ μ¤´μ° £·Ê¶¶Ò ¢ ¤·Ê£ÊÕ: dγ → bγ . � §²¨Î¨¥ Š‘ (3)
¨ (10) § ±²ÕÎ ¥É¸Ö ¢ ¶·μÉ¨¢μ¶μ²μ¦´ÒÌ §´ ± Ì É·¥Ì ±μ³³ÊÉ Éμ·μ¢, · ¸¶μ²μ¦¥´´ÒÌ ¢μ
¢Éμ·μ° ¢¥·Ì´¥° ¸É·μ±¥. H¨±a±¨³ ´eoco¡e´´Ò³ ¶peo¡pa§o¢a´¨e³ ÔÉo pacÌo¦¤e´¨e ´e
ÊcÉpa´ÖeÉcÖ, Éa± ±a± £pÊ¶¶Ò dγ ¨ bγ ´e¨§o³opË´Ò. ‚·¥³Ö ± ± ¶ · ³¥É· ¶·¥μ¡· §μ¢ ´¨°
‹μ·¥´Í  ¶·μÖ¢²Ö¥É¸Ö ´ Î¨´ Ö ¸ ÔÉμ° ¸É·μ±¨. ‚¸¥ μ¸É ²Ó´Ò¥ ±μ³³ÊÉ Éμ·Ò, · ¸¶μ²μ¦¥´-
´Ò¥ ´¨¦¥, Ö¢²ÖÕÉ¸Ö ¸²¥¤¸É¢¨¥³ ¶¥·¢ÒÌ Ï¥¸É¨ μ¶¥· Éμ·μ¢, · ¸¶μ²μ¦¥´´ÒÌ ¢ ¤¢ÊÌ ¢¥·Ì´¨Ì
¸É·μÎ± Ì. �μÔÉμ³Ê ¤ ´´Ò° É¨¶ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° ¡Ò² ´ §¢ ´ T -¸μ¶·Ö¦¥´´Ò³
¶μ μÉ´μÏ¥´¨Õ ± ¸É ´¤ ·É´μ³Ê, ±μÉμ·Ò° ·¥ ²¨§Ê¥É¸Ö ´  £·Ê¶¶¥ dγ . „·Ê£¨³¨ ¸²μ¢ ³¨, ´ 
£·Ê¶¶¥ bγ ·¥ ²¨§Ê¥É¸Ö T -¸μ¶·Ö¦¥´´Ò° ±μ³¶μ´¥´É ¸¢Ö§´μ¸É¨ £·Ê¶¶Ò ‹μ·¥´Í . �Î¥¢¨¤´μ,
ÎÉμ T -¸μ¶·Ö¦¥´¨¥ ´¥ § É· £¨¢ ¥É μ¶¥· Éμ·Ò a1, a2, a3, ¶μÔÉμ³Ê μ´μ ´¥ ³¥´Ö¥É ¢¥²¨Î¨´Ê
l0 = 1/2 ¨ ´¥ ³¥´Ö¥É É¨¶ ¸¶¨´ , É. ¥. ¢¸¥ É·¨ ¶·μ¸É· ´¸É¢¥´´ÒÌ μ¸¨ μ¸É ÕÉ¸Ö μ¤¨´ ±μ¢μ
¢μ§³μ¦´Ò³¨ ¤²Ö ¢Ò¡μ·  μ¸¨ ±¢ ´Éμ¢ ´¨Ö. �Éμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ Ö¢²Ö¥É¸Ö μ¤´¨³ ¨§ ¢ ¦-
´ÒÌ Ë ±Éμ·μ¢ ¤²Ö Ëμ·³¨·μ¢ ´¨Ö μ¡Ñ¥±É¨¢´ÒÌ ±·¨É¥·¨¥¢ ¤²Ö Ëμ·³Ê²¨·μ¢±¨ μÉ´μÏ¥´¨°
Î ¸É¨Í Ä ´É¨Î ¸É¨Í .

„²Ö ¶oc²e¤ÊÕÐe£o oÉ³eÉ¨³, ÎÉμ ¢ £pÊ¶¶e Dγ(II) ¸μ¤¥·¦¨É¸Ö ¤¢  É¨¶  ¶μ¤£·Ê¶¶ dγ ¨
bγ ¨ ´¥ ¸μ¤¥·¦¨É¸Ö ¤·Ê£¨Ì ¶μ¤£·Ê¶¶ 16-£μ ¶μ·Ö¤± , ´¥ ¨§μ³μ·Ë´ÒÌ ¨³.

1.3. P -¸μ¶·Ö¦¥´´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¨ ¤¢μ°¸É¢¥´´μ¸ÉÓ dγ . „¥É ²Ó´μ¥ ¨§ÊÎ¥´¨¥ ¸É·Ê±-
ÉÊ·Ò ¶μ¤£·Ê¶¶Ò dγ ¶μ± § ²μ, ÎÉμ μ´  μ¡² ¤ ¥É ¤¢μ°¸É¢¥´´μ¸ÉÓÕ. ‚Ò· ¦ ¥É¸Ö ÔÉμ ¢ Éμ³,
ÎÉμ ¶μ³¨³μ ¶μ¤£·Ê¶¶Ò Q2 ¢ dγ ¸μ¤¥·¦¨É¸Ö ¥Ð¥ μ¤´  ¶μ¤£·Ê¶¶  ¢μ¸Ó³μ£μ ¶μ·Ö¤±  q2 ¸
Í¨±²¨Î¥¸±μ° ¸É·Ê±ÉÊ·μ° ¢¨¤ 

q2[a1, a
′
2, a

′
3] = C4[a1][e + a′

2], (12)

£¤e a1 ∼ γ3γ2, a′
2 ∼ γ2, a3 ≡ a1a

′
2 ∼ γ3 ¨ C4[a1] μ§´ Î ¥É ¸Ê³³Ê Ô²¥³¥´Éμ¢ Í¨±²¨Î¥-

¸±μ° £·Ê¶¶Ò Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  ¸ £¥´¥· Éμ·μ³ a1. O¶pe¤e²ÖÕÐ¨e cooÉ´oÏe´¨Ö ³e¦¤Ê
Ô²e³e´Éa³¨ q2 Ée ¦e, ÎÉo ¨ ¢ Q2. Pa§´¨Ía §a±²ÕÎaeÉcÖ ¢ Éo³, ÎÉo ¢ Q2 ¢ce Ép¨ Ô²e³e´Éa
a1, a2, a3 ¨³eÕÉ ¶opÖ¤o± 4, Éo£¤a ±a± ¢ q2 Éo²Ó±o Ô²e³e´É a1 ¨³eeÉ ¶opÖ¤o± 4, ¤¢a ¤pÊ-
£¨Ì Å ¶opÖ¤μ± 2. �²e³e´ÉÒ a²£e¡pÒ, ¶ocÉpoe´´o° ´a q2, Ê¤o¢²eÉ¢opÖÕÉ c²e¤ÊÕÐ¨³
±o³³ÊÉaÍ¨o´´Ò³ cooÉ´oÏe´¨Ö³:

[a1, a
′
2] = 2a′

3, [a′
2, a

′
3] = −2a1, [a′

3, a1] = 2a′
2. (13)
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O´¨ ¶pa±É¨Îec±¨ co¢¶a¤aÕÉ c Éa±o¢Ò³¨ ¤²Ö £pÊ¶¶Ò ÉpeÌ³ep´ÒÌ ¢paÐe´¨° (c³. ¶ep¢ÊÕ
cÉpo±Ê (10) ¨²¨ (3)). OÉ²¨Î¨e ²¨ÏÓ ¢ §´a±e ¢Éopo£o ±o³³ÊÉaÉopa.

�¥·¥Ìμ¤ μÉ ¶¥·¢μ° ¸É·μÎ±¨ ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨° (10) ± (13) · ¢´μ¸¨²¥´
§ ³¥´¥ a2 → ia′

2, ¨, ¶μ μ¶·¥¤¥²¥´¨Õ, (a3 ≡ a1a2) ¶μ²ÊÎ ¥³ a3 → ia′
3. �·¨ ÔÉμ³

¶μ¤£·Ê¶¶  ±¢ É¥·´¨μ´μ¢ Q2[a1, a2] ¶¥·¥Ìμ¤¨É ¢ ¶μ¤£·Ê¶¶Ê q2[a1, a
′
2] ¸ É¥³¨ ¦¥ ¸ ³Ò³¨

μ¶·¥¤¥²ÖÕÐ¨³¨ μÉ´μÏ¥´¨Ö³¨ ³¥¦¤Ê £¥´¥· Éμ· ³¨. Š ± ¸²¥¤¸É¢¨¥ · §²¨Î´ÒÌ ¶μ·Ö¤±μ¢
Ô²¥³¥´Éμ¢ a′

2, a
′
3 ¨ a1, ³Ò ¶μ²ÊÎ ¥³ §¤¥¸Ó ¨ ¤ ²¥¥ ¢ ¶μ¤μ¡´ÒÌ ¸²ÊÎ ÖÌ ´¥Ô±¢¨¢ ²¥´É´μ¸ÉÓ

¶·μ¸É· ´¸É¢¥´´ÒÌ ´ ¶· ¢²¥´¨°, ¨²¨, ± ± ¶·¨´ÖÉμ £μ¢μ·¨ÉÓ,  ¸¨³³¥É·¨Õ ³¥¦¤Ê ²¥¢Ò³ ¨
¶· ¢Ò³.

�oc²e¤ÊÕÐee pacÏ¨pe´¨e £pÊ¶¶Ò q2[a1, a
′
2] c ¶o³oÐÓÕ Éμ£μ ¦¥ £e´epaÉopa c, ±μÉμ·Ò°

Ë¨£Ê·¨·Ê¥É ¢ · ¢¥´¸É¢¥ (5), ¢¥¤¥É ± £pÊ¶¶¥ 16-£o ¶opÖ¤±a

fγ = C4[a1][e + a′
2][e + c]. (14)

‚ ¸¨²Ê ¶μ¸É·μ¥´¨Ö ¶μ¤£·Ê¶¶  fγ ¨§μ³μ·Ë´  dγ . � §²¨Î¨¥ Í¨±²¨Î¥¸±¨Ì ¸É·Ê±ÉÊ· μÉ· ¦ ¥É
´¥μ¤¨´ ±μ¢Ò° ¢Ò¡μ· É·¥Ì £¥´¥· Éμ·μ¢ ¢ ¶¥·¢μ³ ¨ ¢Éμ·μ³ ¸²ÊÎ ÖÌ. �·¨ ÔÉμ³ c ∼ γ1γ2γ3

¶μ-¶·¥¦´¥³Ê Ö¢²Ö¥É¸Ö Ô²¥³¥´Éμ³ Í¥´É·  ¶μ¤£·Ê¶¶Ò.
Šμ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö ´  μ¸´μ¢¥ ¶μ¤£·Ê¶¶Ò fγ ¸É·μÖÉ¸Ö ¢ ¶μ²´μ°  ´ ²μ£¨¨

¸ ¤¢Ê³Ö ¶·¥¤Ò¤ÊÐ¨³¨ ¸²ÊÎ Ö³¨:

[a1, a
′
2] = 2a′

3, [a′
2, a

′
3] = −2a1, [a′

3, a1] = 2a′
2,

[b′1, b
′
2] = −2a′

3, [b′2, b
′
3] = 2a1, [b′3, b

′
1] = −2a′

2,

[a1, b
′
1] = 0, [a′

2, b
′
2] = 0, [a′

3, b
′
3] = 0, (15)

[a1, b
′
2] = 2b′3, [a1, b

′
3] = −2b′2,

[a′
2, b

′
3] = −2b′1, [a′

2, b
′
1] = −2b′3,

[a′
3, b

′
1] = 2b′2, [a′

3, b
′
2] = 2b′1.

„ ´´Ò° ¢¨¤ ¶·¥¤¸É ¢²¥´¨Ö ¡Ò² ´ §¢ ´ P -¸μ¶·Ö¦¥´´Ò³ ¶μ μÉ´μÏ¥´¨Õ ± dγ , É ±
± ± · §²¨Î¨¥ ¢μ§´¨± ¥É Ê¦¥ ¢ ¶¥·¢μ° ¸É·μ±¥ ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨° (15), É. ¥.
´  Ê·μ¢´¥ ¶μ¤£·Ê¶¶Ò É·¥Ì³¥·´ÒÌ ¢· Ð¥´¨°. ‚¸¥ ¶μ¸²¥¤ÊÕÐ¨¥ (´¨¦¥ ¶¥·¢μ° ¸É·μÎ±¨)
μÉ±²μ´¥´¨Ö μÉ ¸É ´¤ ·É  (3) Ö¢²ÖÕÉ¸Ö ¸²¥¤¸É¢¨Ö³¨ ¶¥·¢¨Î´μ£μ ¨§³¥´¥´¨Ö §´ ±  ±μ³³Ê-
É Éμ·  ¢ ¶μ¤£·Ê¶¶¥ É·¥Ì³¥·´ÒÌ ¢· Ð¥´¨°.

�  μ¸´μ¢¥ ¸μμÉ´μÏ¥´¨° (15) ¡Ò²μ Ê¸É ´μ¢²¥´μ [5], ÎÉμ £·Ê¶¶  fγ , ¢¸²¥¤¸É¢¨¥  ¸¨³-
³¥É·¨¨ ³¥¦¤Ê ²¥¢Ò³ ¨ ¶· ¢Ò³ ¢ ¶μ¤£·Ê¶¶¥ q2, μ¡² ¤ Ö É¥³ ¦¥ ¸ ³Ò³ ¢¥¸μ¢Ò³ Î¨¸²μ³
l0 = 1/2, μÉ²¨Î ¥É¸Ö μÉ dγ . „ ´´μ¥ Î¨¸²μ ¢ ¸²ÊÎ ¥ £·Ê¶¶Ò fγ ¶·¨´¨³ ¥É ¤¥°¸É¢¨É¥²Ó-
´μ¥ §´ Î¥´¨¥ Éμ²Ó±μ ¤²Ö μ¤´μ£μ ¨§ É·¥Ì ¶·μ¸É· ´¸É¢¥´´ÒÌ ´ ¶· ¢²¥´¨°. �Éμ ¶·¨¢μ¤¨É
± Éμ³Ê, ÎÉμ ¤²Ö ´¥±μÉμ·ÒÌ ¢μ²´μ¢ÒÌ Ê· ¢´¥´¨° ¸¶¨´ Î ¸É¨ÍÒ ³μ¦¥É ¡ÒÉÓ μ·¨¥´É¨·μ¢ ´
Éμ²Ó±μ ¢ ´ ¶· ¢²¥´¨¨ ¨³¶Ê²Ó¸  ¨²¨ ¶·μÉ¨¢ ´¥£μ.

Š ± Ê¦¥ μÉ³¥Î ²μ¸Ó, £·Ê¶¶  γ-³ É·¨Í „¨· ±  ¸μ¤¥·¦¨É Éμ²Ó±μ ¤¢  É¨¶  ¶μ¤£·Ê¶¶
16-£μ ¶μ·Ö¤± , ´¥ ¨§μ³μ·Ë´ÒÌ ¤·Ê£ ¤·Ê£Ê, dγ ¨ bγ . �μÔÉμ³Ê ¤²Ö Ê· ¢´¥´¨Ö „¨· ±  ¸μμÉ-
´μÏ¥´¨Ö (3), (10) ¨ (15) ¨¸Î¥·¶Ò¢ ÕÉ, ÊÎ¨ÉÒ¢ Ö ¤¢μ°¸É¢¥´´μ¸ÉÓ dγ , ¢¸¥ ¢μ§³μ¦´Ò¥ É¨¶Ò
· ¢¥´¸É¢, ±μÉμ·Ò¥ ´ §Ò¢ ÕÉ¸Ö ±μ³³ÊÉ Í¨μ´´Ò³¨ ¸μμÉ´μÏ¥´¨Ö³¨ (Š‘) ¤²Ö ¨´Ë¨´¨É¥§¨-
³ ²Ó´ÒÌ μ¶¥· Éμ·μ¢ £·Ê¶¶Ò ‹μ·¥´Í . „·Ê£¨Ì Š‘ ´¥ ¨³¥¥É¸Ö.

‚¢¥¤¥³ μ¡μ§´ Î¥´¨Ö ¤²Ö μ¶¥· Í¨° ¶¥·¥Ìμ¤  ³¥¦¤Ê ´ °¤¥´´Ò³¨ ¶μ¤£·Ê¶¶ ³¨ ¨ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨³¨ Š‘. ‚ ´¥±μÉμ·μ° Ë¨±¸¨·μ¢ ´´μ° ³ É·¨Î´μ° ·¥ ²¨§ Í¨¨ ´¥¶·¨¢μ¤¨³μ£μ
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¶·¥¤¸É ¢²¥´¨Ö ¶¥·¥Ìμ¤ dγ → bγ ¡Ê¤¥³ μ¡μ§´ Î ÉÓ ± ±

bγ = 〈T 〉dγ , (16)

ÎÉμ Ô±¢¨¢ ²¥´É´μ § ³¥´¥
bk → b′k = ibk (k = 1, 2, 3). (17)

‘²¥¤¸É¢¨¥³ ¶¥·¥Ìμ¤  μÉ ¶μ¤£·Ê¶¶Ò dγ ± bγ Ö¢²Ö¥É¸Ö ¶¥·¥Ìμ¤ μÉ Š‘ (3) ± (10). �¶¥· Í¨Õ,
μ¡· É´ÊÕ ± ´ §¢ ´´μ°, μ¡μ§´ Î¨³ 〈T−1〉. ’μ£¤  ¶¥·¥Ìμ¤ dγ = 〈T−1〉bγ , μÎ¥¢¨¤´μ, ¸¢Ö§ ´
¸ § ³¥´μ°

b′k → bk = ib′k (k = 1, 2, 3). (18)

�´ ²μ£¨Î´μ ¤²Ö ¶¥·¥Ìμ¤  dγ → fγ ¨ μ¡· É´μ ¢¢¥¤¥³ É ±¨¥ μ¡μ§´ Î¥´¨Ö:

fγ = 〈P 〉dγ , dγ = 〈P−1〉fγ ; (19)

§¤¥¸Ó 〈P 〉 μ§´ Î ¥É § ³¥´Ê £¥´¥· Éμ·μ¢ ¶μ ¶· ¢¨²Ê

a2 → a′
2 = ia2. (20)

Š ± ¸²¥¤¸É¢¨¥ ¶μ²ÊÎ ¥³

a3 → a′
3 = ia3, b1 → b′1 = b1, b2 → b′2 = ib2, b3 → b′3 = ib3

¨ ¶¥·¥Ìμ¤ μÉ Š‘ (3) ± (10). �·μÍ¥¤Ê·  μ¡· É´μ£μ ¶¥·¥Ìμ¤  〈P−1〉 ¸μμÉ¢¥É¸É¢Ê¥É ¶·¥-
μ¡· §μ¢ ´¨Õ a′

2 → a2 = ia′
2.

…¸É¥¸É¢¥´´μ, ÎÉμ ¶μ¤£·Ê¶¶Ò fγ ¨ bγ Éμ¦¥ ³μ£ÊÉ ¡ÒÉÓ ¸¢Ö§ ´Ò ³¥¦¤Ê ¸μ¡μ° ¸ ¶μ³μ-
ÐÓÕ μ¶¥· Í¨° 〈T 〉 ¨ 〈P 〉. „¥°¸É¢¨É¥²Ó´μ, dγ = 〈P−1〉fγ . �¡μ§´ Î¨¢ ¶μ¸²¥¤μ¢ É¥²Ó´μ¥
¤¥°¸É¢¨¥ μ¶¥· Í¨° 〈T 〉〈P−1〉 ≡ 〈TP−1〉, ¶μ²ÊÎ ¥³, ÊÎ¨ÉÒ¢ Ö (16),

〈TP−1〉fγ = bγ . (21)

�¥É·Ê¤´μ § ³¥É¨ÉÓ, ÎÉμ ¸ ³¨ ¶μ ¸¥¡¥ μ¡¥ μ¶¥· Í¨¨ ±μ³³ÊÉ¨·ÊÕÉ:

〈TP−1〉 = 〈P−1T 〉. (22)

�μ ¶·¨ ÔÉμ³ ¢ÒÖ¸´Ö¥É¸Ö, ÎÉμ Ê· ¢´¥´¨¥ „¨· ±  ´¥ § ³±´ÊÉμ μÉ´μ¸¨É¥²Ó´μ ¤¥°¸É¢¨Ö ¢¸¥-
¢μ§³μ¦´ÒÌ ±μ³¡¨´ Í¨° 〈T 〉 ¨ 〈P 〉. �Éμ μ§´ Î ¥É, ÎÉμ ¤¥°¸É¢¨¥ ÔÉ¨Ì μ¶¥· Í¨° ´  ¶μ¤-
£·Ê¶¶Ò dγ , fγ , bγ ¶·¨¢μ¤¨É ± ¶μÖ¢²¥´¨Õ ¶μ¤£·Ê¶¶Ò, ´¥ ¸μ¤¥·¦ Ð¥°¸Ö ¢ £·Ê¶¶¥ γ-³ É·¨Í
„¨· ± . „μ¸É ÉμÎ´μ ¶·μ¸Éμ ¨ ´ £²Ö¤´μ ¢ ÔÉμ³ ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö ´  ¶·¨³¥·¥ Š‘ (3).
�¡μ§´ Î¨³ ¶μ¸²¥¤μ¢ É¥²Ó´μ¥ ¤¥°¸É¢¨¥ ¤¢ÊÌ μ¶¥· Í¨° 〈T 〉 ¨ 〈P 〉 ´  dγ É ±:

〈TP 〉dγ = cγ . (23)

„¥°¸É¢¨¥ ÔÉ¨Ì ¦¥ μ¶¥· Í¨° ´  ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö (3) ¶·¨¢μ¤¨É ± Š‘, μÉ²¨Î-
´Ò³ μÉ É·¥Ì ¶·¥¤Ò¤ÊÐ¨Ì (3), (10), (15):

[a1, a
′
2] = 2a′

3, [a′
2, a

′
3] = −2a1, [a′

3, a1] = 2a′
2,

[b′′1 , b′′2 ] = 2a′
3, [b′′2 , b′′3 ] = −2a1, [b′′3 , b′′1 ] = 2a′

2,

[a1, b
′′
1 ] = 0, [a′

2, b
′′
2 ] = 0, [a′

3, b
′′
3 ] = 0, (24)

[a1, b
′′
2 ] = 2b′′3 , [a1, b

′′
3 ] = −2b′′2 ,

[a′
2, b

′′
3 ] = −2b′′1 , [a′

2, b
′′
1 ] = −2b′′3 ,

[a′
3, b

′′
1 ] = 2b′′2 , [a′

3, b
′′
2 ] = 2b′′1 .
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�¨± ±¨³ ´¥μ¸μ¡¥´´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³ ¶μ²ÊÎ¨ÉÓ Š‘ (24) ¨§ ¶·¥¤Ò¤ÊÐ¨Ì ´¥¢μ§³μ¦´μ,
É ± ± ± μ´¨ ¸¢Ö§ ´Ò ¸ £·Ê¶¶μ° cγ , ´¥ ¨§μ³μ·Ë´μ° ¶μ¤£·Ê¶¶ ³ dγ ¨ bγ [5]. ’ ± ¦¥ ± ± ¢
¸²ÊÎ ¥ ¶μ¤£·Ê¶¶Ò fγ , μÉ²¨Î¨¥ μÉ ¸É ´¤ ·É´ÒÌ Š‘ (3) ¢μ§´¨± ¥É Ê¦¥ ¢ ¶¥·¢μ° ¸É·μ±¥. �Éμ
μ§´ Î ¥É, ÎÉμ cγ ¸μ¤¥·¦¨É ¶μ¤£·Ê¶¶Ê q2[a1, a

′
2]. …¥ Í¨±²¨Î¥¸± Ö ¸É·Ê±ÉÊ·  μÉ²¨Î ¥É¸Ö μÉ

Í¨±²¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò fγ É¥³, ÎÉμ É·¥É¨° £¥´¥· Éμ· c′′, É ±¦¥ ¡Ê¤ÊÎ¨ Í¥´É·μ³ £·Ê¶¶Ò,
¨³¥¥É ¶μ·Ö¤μ± ¤¢ :

cγ = C4[a1][e + a′
2][e + c′′], (25)

£¤¥ c′′2 = e.
ƒpÊ¶¶a cγ , Éa± ¦e ±a± dγ ¨ bγ , ¨³eeÉ Í¥´É·, ¸μ¸ÉμÖÐ¨° ¨§ Î¥ÉÒ·¥Ì Ô²¥³¥´Éμ¢, ¨

¤¥¸ÖÉÓ ¸μ¶·Ö¦¥´´ÒÌ ±² ¸¸μ¢. �Éμ μ§´ Î ¥É, ÎÉμ ¨³¥¥É¸Ö ¢μ¸¥³Ó μ¤´μ³¥·´ÒÌ ¨ ¤¢  ´¥-
Ô±¢¨¢ ²¥´É´ÒÌ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨Ö (��). ‚ ÔÉμ³ μÉ´μÏ¥´¨¨ ¢¸¥ É·¨ £·Ê¶¶Ò
¸Ìμ¦¨. ‚¸¥ ¸± § ´´μ¥ μ ¶¥·¢μ³ ¢¥¸μ¢μ³ Î¨¸²¥ l0 = 1/2 ¤²Ö fγ ¢¥·´μ ¨ ¤²Ö cγ , É ± ± ±
μ´μ μ¶·¥¤¥²Ö¥É¸Ö ¶μ¤£·Ê¶¶μ° q2[a1, a

′
2].

ˆ¸Ìμ¤Ö ¨§ ¸μμÉ´μÏ¥´¨° (16), (19) ¨ (23), ³μ¦´μ § ¶¨¸ ÉÓ ¸²¥¤ÊÕÐ¨° ·Ö¤ · ¢¥´¸É¢:

〈T 〉dγ = bγ , 〈P 〉dγ = fγ , 〈PT 〉dγ = cγ , (26)

〈T−1〉bγ = dγ , 〈P 〉bγ = cγ , 〈T−1P 〉bγ = fγ , (27)

〈T−1〉cγ = fγ , 〈P−1〉cγ = bγ , 〈T−1P−1〉cγ = dγ , (28)

〈T 〉fγ = cγ , 〈P−1〉fγ = dγ , 〈P−1T 〉fγ = bγ . (29)

� ¢¥´¸É¢  ¸μ ¢¸¥° μÎ¥¢¨¤´μ¸ÉÓÕ ¶μ± §Ò¢ ÕÉ, ÎÉμ Î¥ÉÒ·¥ £·Ê¶¶Ò dγ , fγ , bγ , cγ μ¡· -
§ÊÕÉ ¶μ²´Ò° ´ ¡μ·, ±μÉμ·Ò° § ³±´ÊÉ μÉ´μ¸¨É¥²Ó´μ ¶·μ¨§¢μ²Ó´μ£μ ¸μÎ¥É ´¨Ö ¤¨¸±·¥É´ÒÌ
¶·¥μ¡· §μ¢ ´¨°. —¥ÉÒ·¥ £·Ê¶¶Ò ¸¢Ö§ ´Ò ¸ Î¥ÉÒ·Ó³Ö ±² ¸¸ ³¨ ¶·¥μ¡· §μ¢ ´¨° £·Ê¶¶Ò
‹μ·¥´Í . �·¨´ÖÉμ · §²¨Î ÉÓ ÔÉ¨ ±² ¸¸Ò ¶μ ¢¥²¨Î¨´¥ ¤¥É¥·³¨´ ´É  (±1) ¨ ¨§³¥´¥´¨Õ
§´ ±  (±) ¢·¥³¥´´μ£μ ±μ³¶μ´¥´É  Î¥ÉÒ·¥Ì¢¥±Éμ·  ¶·¨ ¶·¥μ¡· §μ¢ ´¨ÖÌ. Š ± ¢¨¤´μ ¨§
±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨° (3), (10), (15) ¨ (24), ´  ± ¦¤μ° ¨§ ¶μ¤£·Ê¶¶ ·¥ ²¨§Ê-
¥É¸Ö ¶μ μ¤´μ³Ê ´¥¶·¨¢μ¤¨³μ³Ê ¶·¥¤¸É ¢²¥´¨Õ £·Ê¶¶Ò ‹μ·¥´Í  ¨§ Î¥ÉÒ·¥Ì ¢μ§³μ¦´ÒÌ
±² ¸¸μ¢. “± § ´´Ò¥ ¶¥·¥Ìμ¤Ò ³¥¦¤Ê · §²¨Î´Ò³¨ ±μ³¶μ´¥´É ³¨ ¸¢Ö§´μ¸É¨ ¨§¢¥¸É´Ò ¢
²¨É¥· ÉÊ·¥ É ± ¦¥, ± ±  ´ ²¨É¨Î¥¸±¨¥ ¶·μ¤μ²¦¥´¨Ö ¶μ ¶ · ³¥É· ³ £·Ê¶¶ [16].

Š ± ¢¨¤´μ ¨§ μ¶·¥¤¥²¥´¨° (17) ¨ (20), ¢¸¥ μ¶¥· Í¨¨ ¸μ¶·Ö¦¥´¨Ö Ö¢²ÖÕÉ¸Ö ¶·¥μ¡· -
§μ¢ ´¨Ö³¨ Î¥É¢¥·Éμ£μ ¶μ·Ö¤± , É. ¥. ±¢ ¤· É ± ¦¤μ£μ ¨§ ´¨Ì ´¥ Ö¢²Ö¥É¸Ö Éμ¦¤¥¸É¢¥´´Ò³
¶·¥μ¡· §μ¢ ´¨¥³. �Éμ μ§´ Î ¥É, ´ ¶·¨³¥·, ÎÉμ 〈T 〉〈T 〉 ≡ 〈T 2〉 �= I ¨ Éμ²Ó±μ 〈T 4〉 = I .
�μ²μ¦¥´¨¥ §¤¥¸Ó ¶μ²´μ¸ÉÓÕ ¶μ¢Éμ·Ö¥É Ì · ±É¥· ¨§³¥´¥´¨Ö ¸¶¨´μ·μ¢ ¶·¨ É·¥Ì³¥·´ÒÌ
¶μ¢μ·μÉ Ì ´  2π ¨ 4π.

1.4. ‘É·Ê±ÉÊ·´Ò¥ ¨´¢ ·¨ ´ÉÒ. „μ¶μ²´¨É¥²Ó´Ò³ ¨´¸É·Ê³¥´Éμ³  ´ ²¨§  μ¡Ñ¥±Éμ¢ É¨¶ 
£·Ê¶¶Ò γ-³ É·¨Í „¨· ±  ¨ ¶μ´¨³ ´¨Ö ´μ¢ÒÌ ¢μ§³μ¦´μ¸É¥° ¢ · ³± Ì ¥¤¨´ÒÌ μ¡Ð¨Ì É·¥-
¡μ¢ ´¨° Ö¢²Ö¥É¸Ö É¥μ·¥³  μ É·¥Ì É¨¶ Ì ³ É·¨Î´ÒÌ £·Ê¶¶ [11]. Teope³a ÊÉ¢ep¦¤aeÉ: ¥c²¨
Dγ = {γ1, . . . , γn} Ö¢²ÖeÉcÖ ´e¶p¨¢o¤¨³o° ³aÉp¨Î´o° £pÊ¶¶o°, Éo

In[Dγ ] =
1
n

n∑
i=1

Sp(γ2
i ) =

⎧⎨
⎩

1,
−1,
0.

(30)

‡¤ecÓ n Å ¶opÖ¤o± £pÊ¶¶Ò; Sp(γ2
i ) Å c²e¤ ±¢a¤paÉa i-° ³aÉp¨ÍÒ ¨§ ¤a´´o° ³aÉp¨Î´o°

£pÊ¶¶Ò. „a²ee Î¨¸²μ In[Dγ ] ¡Ê¤eÉ ´a§Ò¢aÉÓcÖ cÉpÊ±ÉÊp´Ò³ ¨´¢ap¨a´Éo³ (Cˆ) £pÊ¶¶Ò Dγ .
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‘μ£² ¸´μ É¥μ·¥³¥, ec²¨ £pÊ¶¶a oÉ´oc¨ÉcÖ ± ¶ep¢o³Ê É¨¶Ê (In = 1), Éo o´a Ô±¢¨¢a²e´É´a
£pÊ¶¶e pea²Ó´ÒÌ ³aÉp¨Í. B Éa±o³ c²ÊÎae o´a Ô±¢¨¢a²e´É´a Éa±¦e £pÊ¶¶e opÉo£o´a²Ó´ÒÌ
³aÉp¨Í. Ec²¨ £pÊ¶¶a oÉ´oc¨ÉcÖ ±o ¢Éopo³Ê É¨¶Ê (In = −1), Éo o´a Ô±¢¨¢a²e´É´a c¢oe°
±o³¶²e±c´o-co¶pÖ¦e´´o° £pÊ¶¶e (Éa±, ÎÉo cÊÐecÉ¢ÊeÉ S Éa±aÖ, ÎÉo γ∗

i = S−1γiS), ´o ´e
pea²Ó´o° £pÊ¶¶e. ‡¤ecÓ ∗ Å c¨³¢o² ±o³¶²e±c´o£o co¶pÖ¦e´¨Ö. TpeÉ¨° É¨¶ (In = 0)
Ìapa±Éep¨§ÊeÉcÖ Ée³, ÎÉo £pÊ¶¶a ´e Ô±¢¨¢a²e´É´a ±o³¶²e±c´o-¸μ¶·Ö¦¥´´μ°, Éo ecÉÓ ´e
cÊÐecÉ¢ÊeÉ S Éa±o°, ÎÉo γ∗

i = S−1γiS.

„²Ö £pÊ¶¶Ò γ-³aÉp¨Í „¨pa±a cÉpÊ±ÉÊp´Ò° ¨´¢ap¨a´É (30) ¶o²ÊÎaeÉcÖ pa¢´Ò³ In =
−1, ÎÉμ Ö¢²Ö¥É¸Ö μ¤´μ§´ Î´Ò³ ¸²¥¤¸É¢¨¥³ μ¶·¥¤¥²¥´¨Ö

γμγν + γνγμ = 2δμν , μ, ν = 1, 2, 3, 4. γ2
μ = 1. (31)

‚e²¨Î¨´a ¨´¢ap¨a´Éa ´e §a¢¨c¨É oÉ ±o´±peÉ´o£o ¢Ò¡opa ¶pe¤cÉa¢²e´¨Ö ¤²Ö γ-³aÉp¨Í ¨
o¶pe¤e²ÖeÉcÖ Éo²Ó±o cooÉ´oÏe´¨e³ ³e¦¤Ê Î¨c²o³ Ô²e³e´Éo¢ ÎeÉ¢epÉo£o ¨ ¢Éopo£o ¶opÖ¤-
±μ¢ ¢ £pÊ¶¶e „¨· ±  Dγ(II), É. e. Ö¢²ÖeÉcÖ ´e±oÉopo° cÉpÊ±ÉÊp´o° Ìapa±Éep¨cÉ¨±o° [17].
„²Ö ¶μ¸²¥¤ÊÕÐ¨Ì ¢ÒÎ¨¸²¥´¨° ¢ ¦´μ ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ¢ § ¢¨¸¨³μ¸É¨ μÉ ¢¥²¨Î¨´Ò ¸É·Ê±-
ÉÊ·´μ£μ ¨´¢ ·¨ ´É  ³¥´ÖÕÉ¸Ö ¸¢μ°¸É¢  £·Ê¶¶Ò Dγ = {γ1, . . . , γn} ¢ Í¥²μ³. ’ ±, ´ ¶·¨-
³¥·, ¤²Ö £·Ê¶¶Ò „¨· ± , ±μ£¤  In = −1, É·¥¡μ¢ ´¨¥ Ô±¢¨¢ ²¥´É´μ¸É¨ γ∗

i = S−1γiS
μ¡μ· Î¨¢ ¥É¸Ö  ¢Éμ³μ·Ë¨§³μ³ Dγ(II) = Dγ(II)∗. ˆ³¥´´μ ¶μÔÉμ³Ê Ê· ¢´¥´¨¥ „¨· ± 
μ¤¨´ ±μ¢μ Ê¸¶¥Ï´μ μ¶¨¸Ò¢ ¥É ¤¢¨¦¥´¨¥ ¢ Ô²¥±É·μ³ £´¨É´μ³ ¶μ²¥ ± ± Ô²¥±É·μ´  ¸ § -
·Ö¤μ³ −e, É ± ¨ ¶μ§¨É·μ´  ¸ § ·Ö¤μ³ e. ’ ±μ¥ ¶μ²μ¦¥´¨¥ ´¥¢μ§³μ¦´μ ¢ ¸²ÊÎ ¥, ¥¸²¨
In = 1, É ± ± ± ¶·¨ ÔÉμ³ ¢¸¥ γ-³ É·¨ÍÒ ¸É ´μ¢ÖÉ¸Ö ¤¥°¸É¢¨É¥²Ó´Ò³¨.

„·Ê£μ¥, ´¥ ³¥´¥¥ ¢ ¦´μ¥, μ¡¸ÉμÖÉ¥²Ó¸É¢μ Å Éμ, ÎÉμ ¶·¥¤¸É ¢²¥´¨¥ £·Ê¶¶Ò „¨· ± 
¢ Í¥²μ³ Ö¢²Ö¥É¸Ö ´¥¶·¨¢μ¤¨³Ò³,   ³ ±¸¨³ ²Ó´Ò¥ ¨´¢ ·¨ ´É´Ò¥ ¶μ¤£·Ê¶¶Ò dγ , fγ , bγ

¸¢Ö§ ´Ò ¸ · §²¨Î´Ò³¨ ´¥¶·¨¢μ¤¨³Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨ μ¡Ð¥° £·Ê¶¶Ò ‹μ·¥´Í . �É¨³
¸ ³Ò³ μÎ¥·Î¨¢ ÕÉ¸Ö · ³±¨ ¤²Ö ¶μ¸É·μ¥´¨Ö Ê· ¢´¥´¨° É¨¶  „¨· ± .

…¸²¨ ¶μ μÉ´μÏ¥´¨Õ ± Ê¶μ³Ö´ÊÉÒ³ ¶o¤£pÊ¶¶ ³ dγ , fγ , bγ , cγ ¢oc¶o²Ó§o¢aÉÓcÖ Éeope³o°
(30), Éo ¶o²ÊÎ¨³ É ±¨¥ Î¨¸² :

In[dγ ] = In[fγ ] = 0, In[bγ ] = −1, In[cγ ] = 1. (32)

�μ¸±μ²Ó±Ê ¶μ¤£·Ê¶¶Ò dγ , fγ ¨§μ³μ·Ë´Ò, ¨Ì ¸É·Ê±ÉÊ·´Ò¥ ¨´¢ ·¨ ´ÉÒ ¸μ¢¶ ¤ ÕÉ. �¥-
¨§μ³μ·Ë´Ò¥ ¶μ¤£·Ê¶¶Ò ¨³¥ÕÉ · §²¨Î´Ò¥ ¸É·Ê±ÉÊ·´Ò¥ ¨´¢ ·¨ ´ÉÒ. ˆÌ Î¨¸²μ ¸¢¨¤¥É¥²Ó-
¸É¢Ê¥É ¢ ¶μ²Ó§Ê Éμ£μ, ÎÉμ ´ °¤¥´´Ò¥ Î¥ÉÒ·¥ £·Ê¶¶Ò ¨¸Î¥·¶Ò¢ ÕÉ ¢¥¸Ó ´ ¡μ·, ´  ±μÉμ·μ³
·¥ ²¨§ÊÕÉ¸Ö ´¥¶·¨¢μ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¢¸¥Ì Î¥ÉÒ·¥Ì ±² ¸¸μ¢ ¶·¥μ¡· §μ¢ ´¨° μ¡Ð¥°
£·Ê¶¶Ò ‹μ·¥´Í  ¸ ¶¥·¢Ò³ ¢¥¸μ¢Ò³ Î¨¸²μ³ l0 = 1/2.

1.5. ‚μ²´μ¢μ¥ Ê· ¢´¥´¨¥ ¤²Ö ¤Ê¡²¥É  ´¥°É·¨´μ. ƒpÊ¶¶a „¨pa±a co¤ep¦¨É 20 Ô²e³e´-
Éo¢ ÎeÉ¢epÉo£o ¶opÖ¤±a ¨ 12 Ô²e³e´Éo¢ ¢Éopo£o. �Éo o¤´o§´aÎ´Ò° pe§Ê²ÓÉaÉ o¶pe¤e²e´¨Ö
(31) ¨, ±a± c²e¤cÉ¢¨e, In[Dγ(II)] = −1. Ec²¨, ± ¶p¨³epÊ, ¶o²o¦¨ÉÓ γ2

s = 1 (s = 1, 2, 3)
¨ γ2

4 = −1, Éo ¢ Éa±o° £pÊ¶¶e ¶o²ÊÎaeÉcÖ 12 Ô²e³e´Éo¢ ÎeÉ¢epÉo£o ¶opÖ¤±a ¨ 20 Ô²e³e´-
Éo¢ ¢Éopo£o. �μ²ÊÎ ¥É¸Ö cooÉ´oÏe´¨e ³¥¦¤Ê Ô²¥³¥´É ³¨ Î¥É¢¥·Éμ£μ ¨ ¢Éμ·μ£μ ¶μ·Ö¤± ,
o¡paÉ´oe ¶μ μÉ´μÏ¥´¨Õ ± Dγ(II). BÒÎ¨c²e´¨e ¢ ¤a´´o³ c²ÊÎae ¤aeÉ In[Dγ(I)] = 1.

Bce£o ¨³eeÉcÖ ¶ÖÉÓ pa§²¨Î´ÒÌ ¢o§³o¦´ocÉe° ¢Ò¡opa γ2
μ = ±1 (μ = 1, 2, 3, 4). Bce

o´¨ ¶p¨¢o¤ÖÉ ± £pÊ¶¶a³ 32-£o ¶opÖ¤±a ¨ Éo²Ó±o ± ¤¢Ê³ ´eco¢¶a¤aÕÐ¨³ §´aÎe´¨Ö³ cÉpÊ±-
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ÉÊp´o£o ¨´¢ap¨a´Éa (−1) ¢ ¶¥·¢μ³ ¸²ÊÎ ¥ ¨ (+1) Å ¢μ ¢Éμ·μ³:

1) γ2
μ = 1 (μ = 1, 2, 3, 4),

2) γ2
μ = −1 (μ = 1, 2, 3, 4), (33)

3) γ2
s = −1 (s = 1, 2, 3), γ2

4 = 1.

Šμ ¢Éμ·μ³Ê ¸²ÊÎ Õ μÉ´μ¸ÖÉ¸Ö ¢ ·¨ ´ÉÒ

4) γ2
s = 1 (s = 1, 2, 3), γ2

4 = −1, (34)

5) γ2
s = 1 (s = 1, 2), γ2

3,4 = −1.

�ep¢Òe Ép¨ ¢ap¨a´Éa ¤aÕÉ £pÊ¶¶Ò, ¨§o³opË´Òe £pÊ¶¶e „¨pa±a c In[Dγ(II)] = −1. ‚ -
·¨ ´ÉÒ 4 ¨ 5 Éa±¦e ¶·¨¢μ¤ÖÉ ± ¨§o³opË´Ò³ ³¥¦¤Ê ¸μ¡μ° £·Ê¶¶ ³, ´μ ± ¤·Ê£μ³Ê ¸É·Ê±-
ÉÊ·´μ³Ê ¨´¢ ·¨ ´ÉÊ In[Dγ(I)] = 1. Pa§²¨Î¨e ³e¦¤Ê ¨§o³opË´Ò³¨ £pÊ¶¶a³¨ c¢o¤¨ÉcÖ ±
· §²¨Î´Ò³ ¢ ·¨ ´É ³ ¢Ò¡μ·  ÎeÉÒpeÌ £e´epaÉopo¢, ´μ ± ¦¤Ò° · § ¢ · ³± Ì ¸μμÉ´μÏ¥´¨°
(33) ¨²¨ (34).

„²Ö ¶μ²´μÉÒ  ´ ²¨§  Ê· ¢´¥´¨Ö „¨· ±  ¨³¥¥É ¸³Ò¸² μ¸É ´μ¢¨ÉÓ¸Ö ´  É·¥Ì · ¢¥´-
¸É¢ Ì (33). “· ¢´¥´¨¥ „¨· ±  μ¶¨¸Ò¢ ¥É ¤Ê¡²¥É ¨ ¨³¥¥É ¢ ¸¢μ¥° ¸É·Ê±ÉÊ·¥ ´¥μ¡Ìμ¤¨³Ò¥
Ô²¥³¥´ÉÒ, μÉ¢¥É¸É¢¥´´Ò¥ §  μ¡  ±μ³¶μ´¥´É . �¤´ ±μ ¢ ± ¦¤μ³ ¸²ÊÎ ¥ ¢ Ö¢´μ³ ¢¨¤¥ ¢
Ê· ¢´¥´¨¨ ¸μ¤¥·¦¨É¸Ö Éμ²Ó±μ μ¤¨´ ¨§ ´¨Ì. ‚Éμ·μ° ¶·¨¸ÊÉ¸É¢Ê¥É, ´μ ´¥ Ö¢´μ, μ´ ¸±·ÒÉ
¢ μ¶·¥¤¥²ÖÕÐ¨Ì ¸μμÉ´μÏ¥´¨ÖÌ. ‚ ¸²ÊÎ ¥ Ê· ¢´¥´¨Ö „¨· ±  (1) ¨ ¸É ´¤ ·É´μ° § ¶¨¸¨
μ¶·¥¤¥²ÖÕÐ¨Ì ¸μμÉ´μÏ¥´¨° ¤²Ö γ-³ É·¨Í (31) ³Ò ¨³¥¥³ Ö¢´ÊÕ § ¶¨¸Ó Ê· ¢´¥´¨Ö ´ 
μ¸´μ¢¥ ¶μ¤£·Ê¶¶Ò dγ . �Éμ μ§´ Î ¥É, ÎÉμ ¶¥·¢Ò¥ É·¨ ³ É·¨ÍÒ γ1, γ2, γ3 Ö¢²ÖÕÉ¸Ö £¥´¥-
· Éμ· ³¨, ¶μ·μ¦¤ ÕÐ¨³¨ ¶μ¤£·Ê¶¶Ê dγ . —Éμ¡Ò § ¶¨¸ ÉÓ Ê· ¢´¥´¨¥, ±μ£¤  ¢ Ö¢´μ³ ¢¨¤¥
¶·¥¤¸É ¢²¥´  ¶μ¤£·Ê¶¶  bγ , ´¥μ¡Ìμ¤¨³μ ¢ · ³± Ì ÔÉμ° ¦¥ £·Ê¶¶Ò ¶¥·¥°É¨ ± ¤·Ê£μ³Ê
´ ¡μ·Ê £¥´¥· Éμ·μ¢. �¥·¢Ò¥ É·¨ ¨§ ´¨Ì ´ Ìμ¤ÖÉ¸Ö ¨§ ¸μμÉ´μÏ¥´¨° (9) ¨ · ¢¥´¸É¢, ¸¢Ö-
§Ò¢ ÕÐ¨Ì a1, a2, a3 ¨ γ1, γ2, γ3 (2). „ ²¥¥ ¢ÒÎ¨¸²Ö¥É¸Ö γ4 ¨¸Ìμ¤Ö ¨§ ¸μμÉ¢¥É¸É¢ÊÕÐ¥°
Í¨±²¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò (7) ¤²Ö Dγ(II). ‚ ·¥§Ê²ÓÉ É¥ ¡Ê¤¥³ ¨³¥ÉÓ

[(γ′
μp′μ) + m]Ψ′ = 0, γ′

μγ′
ν + γ′

νγ′
μ = −2δμν , μ′, ν′ = 1, 2, 3, 4, (35)

£¤¥ ±μÔËË¨Í¨¥´ÉÒ É¨¶  ±i ¶·¨ (γ′
μp′μ) ¢Ò¡¨· ÕÉ¸Ö ¨§ É·¥¡μ¢ ´¨Ö ·¥¤Ê±Í¨¨ ¤ ´´μ°

²¨´¥°´μ° Ëμ·³Ò ± Ê· ¢´¥´¨Õ Š²¥°´ Äƒμ·¤μ´ . “· ¢´¥´¨¥ (35) Ö¢²Ö¥É¸Ö ·¥ ²¨§ Í¨¥°
¶Ê´±É  2 ¨§ (33).

‘· ¢´¨É¥²Ó´Ò° a´a²¨§ ¤¢ÊÌ É¨¶o¢ ´e¨§o³opË´ÒÌ £pÊ¶¶, μ¶·¥¤¥²Ö¥³ÒÌ ¸ ¶μ³μÐÓÕ
· ¢¥´¸É¢ (33), (34), ¶o±a§Ò¢aeÉ, ÎÉo o¡e ¨³eÕÉ ¶opÖ¤o± 32, ¨ ±a¦¤aÖ ¨³eeÉ 17 co¶pÖ¦e´-
´ÒÌ ±²acco¢. �Éo o§´aÎaeÉ, ÎÉo o¡e ¨³eÕÉ 16 o¤´o³ep´ÒÌ H� ¨ o¤´o ÎeÉÒpeÌ³ep´oe.
O¤´a±o ¥¸ÉÓ pa§²¨Î¨Ö, ¢ecÓ³a cÊÐecÉ¢e´´Òe c ÉoÎ±¨ §pe´¨Ö Ë¨§¨Îec±o° ¨´Éep¶peÉaÍ¨¨.

‘μ¶μ¸É ¢²¥´¨¥ £·Ê¶¶ dγ , fγ , bγ , cγ ¶μ± §Ò¢ ¥É, ÎÉμ £¥´¥· Éμ·Ò ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ
¶·¥μ¡· §μ¢ ´¨° ‹μ·¥´Í   ´É¨±μ³³ÊÉ¨·ÊÕÉ ¤²Ö ¢¸¥Ì Î¥ÉÒ·¥Ì ±μ³¶μ´¥´Éμ¢ ¸¢Ö§´μ¸É¨. ‚
μ¡Ð¥³ ¸²ÊÎ ¥ ¢¸¥ μ´¨ ¶·¥¤¸É ¢¨³Ò ¢ ¢¨¤¥

b1 ≡ ca1 ∼ γ1, b2 ≡ ca2 ∼ γ2, b3 ≡ ca3 ∼ γ3,

£¤¥ c Å Ô²¥³¥´É Í¥´É·  ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¶μ¤£·Ê¶¶Ò dγ , fγ , bγ , cγ . Š ¦¤ Ö ¨§ Î¥ÉÒ·¥Ì
¶μ¤£·Ê¶¶ ¶μ·μ¦¤ ¥É¸Ö É·¥³Ö £¥´¥· Éμ· ³¨ ¨ Ö¢²Ö¥É¸Ö · ¸Ï¨·¥´¨¥³ ²¨¡μ ¶μ¤£·Ê¶¶Ò Q2,
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²¨¡μ ¶μ¤£·Ê¶¶Ò q2. ‚ ¸¢μÕ μÎ¥·¥¤Ó, ± ¦¤ Ö ¨§ ÔÉ¨Ì ¤¢ÊÌ ¶μ¤£·Ê¶¶ ¶μ·μ¦¤ ¥É¸Ö ¤¢Ê³Ö
£¥´¥· Éμ· ³¨, ±μÉμ·Ò¥  ´É¨±μ³³ÊÉ¨·ÊÕÉ. �μ¸²¥¤ÊÕÐ¥¥ · ¸Ï¨·¥´¨¥ ¤μ £·Ê¶¶Ò ‹μ·¥´Í 
¢ ²Õ¡μ³ ¨§ Î¥ÉÒ·¥Ì ¸²ÊÎ ¥¢ ³μ¦´μ μ¸ÊÐ¥¸É¢¨ÉÓ ¸ ¶μ³μÐÓÕ Ô²¥³¥´É , μÉ´μ¸ÖÐ¥£μ¸Ö ±
Í¥´É·Ê £·Ê¶¶Ò. ’μ£¤  ¶·μ¨§¢¥¤¥´¨¥ ¶¥·¢ÒÌ ¤¢ÊÌ £¥´¥· Éμ·μ¢ ¨ Ô²¥³¥´É  Í¥´É·  Éμ¦¥  ´-
É¨±μ³³ÊÉ¨·Ê¥É ¸ ¤¢Ê³Ö ¶¥·¢Ò³¨ £¥´¥· Éμ· ³¨ ¨ ³μ¦¥É ¨£· ÉÓ ·μ²Ó É·¥ÉÓ¥£μ £¥´¥· Éμ· .

� §²¨Î¨¥ ³¥¦¤Ê bk (k = 1, 2, 3) ¤²Ö · §´ÒÌ ±μ³¶μ´¥´Éμ¢ ¸¢Ö§´μ¸É¨ ¸¢μ¤¨É¸Ö ± · §-
²¨Î´Ò³ ¶μ·Ö¤± ³ ÔÉ¨Ì μ¶¥· Éμ·μ¢. ‚ ¸²ÊÎ ¥ dγ ¢¸¥ É·¨ bk ¨³¥ÕÉ ¶μ·Ö¤μ± 2, ¢ ¸²ÊÎ ¥
bγ ¢¸¥ É·¨ Å ¶μ·Ö¤μ± 4. ‚ ¸²ÊÎ ¥ ¶μ¤£·Ê¶¶Ò fγ ¶μ²μ¦¥´¨¥ Ê¸²μ¦´Ö¥É¸Ö. ‡¤¥¸Ó ¤¢ 
μ¶¥· Éμ·  Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  ¨ μ¤¨´ ¢Éμ·μ£μ. ‚ ¶μ¤£·Ê¶¶¥ cγ , ´ μ¡μ·μÉ, ¨³¥¥É¸Ö μ¤¨´
μ¶¥· Éμ· Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  ¨ ¤¢  ¢Éμ·μ£μ. �É¸Õ¤  ¸²¥¤Ê¥É ¢Ò¢μ¤. ‚ · ³± Ì μ¤´¨Ì ¨
É¥Ì ¦¥  ´É¨±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨°, ¢ ·Ó¨·ÊÖ Éμ²Ó±μ ¶μ·Ö¤μ± É·¥Ì £¥´¥· Éμ·μ¢
£·Ê¶¶Ò (¶μ·Ö¤μ± Ô²¥³¥´É  £·Ê¶¶Ò ¥¸ÉÓ ³¨´¨³ ²Ó´ Ö ¸É¥¶¥´Ó ¥£μ, ¶·¨ ±μÉμ·μ° ÔÉμÉ Ô²¥-
³¥´É μ¡· Ð ¥É¸Ö ¢ ¥¤¨´¨ÍÊ), ³Ò ¶μ²ÊÎ ¥³ ¢¸¥ Î¥ÉÒ·¥ ±μ³¶μ´¥´É  ¸¢Ö§´μ¸É¨ £·Ê¶¶Ò
‹μ·¥´Í . �μÔÉμ³Ê ¤²Ö Éμ£μ, ÎÉμ¡Ò ¢ ¢μ²´μ¢μ³ Ê· ¢´¥´¨¨ É¨¶  „¨· ±  ¢Ò¶μ²´¨ÉÓ É·¥¡μ-
¢ ´¨¥ ²μ·¥´Í-¨´¢ ·¨ ´É´μ¸É¨, ´¥μ¡Ìμ¤¨³μ ¤²Ö ´ Î ²  ´ ²¨Î¨¥ É·¥Ì  ´É¨±μ³³ÊÉ¨·ÊÕÐ¨Ì
£¥´¥· Éμ·μ¢.

‚³¥¸É¥ ¸ É¥³ ³Ò ¢¨¤¨³, ÎÉμ £·Ê¶¶  „¨· ±  ¶μ·μ¦¤ ¥É¸Ö Î¥ÉÒ·Ó³Ö £¥´¥· Éμ· ³¨.
ˆ¸Ìμ¤´Ò³ É·¥¡μ¢ ´¨¥³ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ Ö¢²Ö¥É¸Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ¥ Ê¸²μ¢¨¥ ¸Ê-
Ð¥¸É¢μ¢ ´¨Ö ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ° ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨, Î¥ÉÒ·¥Ì¢¥±Éμ·  Éμ± 
¢¥·μÖÉ´μ¸É¨ ¨ Ê· ¢´¥´¨Ö ´¥¶·¥·Ò¢´μ¸É¨ ¤²Ö Éμ±  ¢¥·μÖÉ´μ¸É¨, ¢ ±μÉμ·μ³ ¶·¨¸ÊÉ¸É¢ÊÕÉ
Î¥ÉÒ·¥ μ¶¥· Éμ· : ∂/∂t, ∂/∂x, ∂/∂y, ∂/∂z. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ÔÉ¨ ¦¥ Î¥ÉÒ·¥ μ¶¥· -
Éμ·  ¶·¨¸ÊÉ¸É¢ÊÕÉ ¢ ²¨´¥°´μ³ ¶μ ÔÉ¨³ μ¶¥· Éμ· ³ Ê· ¢´¥´¨¨ „¨· ± . ˆ Éμ²Ó±μ ¨§ ¸μ-
¢³¥¸É´μ£μ ¢Ò¶μ²´¥´¨Ö ± ± Ê· ¢´¥´¨Ö ´¥¶·¥·Ò¢´μ¸É¨, É ± ¨ ·¥²ÖÉ¨¢¨¸É¸±μ£μ ¢μ²´μ¢μ£μ
Ê· ¢´¥´¨Ö ¢ÒÉ¥± ÕÉ ¢¸¥ ¸¢μ°¸É¢  £·Ê¶¶Ò γ-³ É·¨Í. �μÔÉμ³Ê ¤²Ö § ¶¨¸¨ ·¥²ÖÉ¨¢¨¸É¸±μ£μ
¢μ²´μ¢μ£μ Ê· ¢´¥´¨Ö ¢ ±μ¢ ·¨ ´É´μ° Ëμ·³¥ ´¥μ¡Ìμ¤¨³μ ± ± ³¨´¨³Ê³ Î¥ÉÒ·¥ £¥´¥· Éμ· ,
¶μ·μ¦¤ ÕÐ¨Ì ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ £·Ê¶¶Ê γ-³ É·¨Í.

‘μ¢μ±Ê¶´μ¸ÉÓ ¢Ò¸± § ´´ÒÌ ¢ÒÏ¥ ¸μμ¡· ¦¥´¨° ¶μ± §Ò¢ ¥É, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ¥Ð¥ μ¤´ 
£·Ê¶¶  (Dγ(I)), ±μÉμ· Ö ¶μ§¢μ²Ö¥É ¸Ëμ·³Ê²¨·μ¢ ÉÓ ¢μ²´μ¢μ¥ Ê· ¢´¥´¨¥ É¨¶  „¨· ± .
‘μ£² ¸´μ (34) £·Ê¶¶Ê ³μ¦´μ μ¶·¥¤¥²¨ÉÓ, ´ ¶·¨³¥·, É ±¨³¨ ¸μμÉ´μÏ¥´¨Ö³¨:

γsγt + γtγs = 2δst, γ2
s,t = 1 (s, t = 1, 2, 3),

γsγ4 + γ4γs = 0 (s = 1, 2, 3),

γ2
4 = −1.

(36)

Ta± ±a± ¤²Ö μ, ν = 1, 2, 3 cooÉ´oÏe´¨Ö (1), (2) ´e ¨§³e´¨²¨cÓ, Éo ¢ce ¶ocÉpoe´¨Ö ¨
¢Ò¢o¤Ò, ±acaÕÐ¨ecÖ ¶o¤£pÊ¶¶ Q2 ¨ dγ , ocÉaÕÉcÖ ¢ c¨²e, É. e. Í¨±²¨Î¥¸±¨¥ ¸É·Ê±ÉÊ·Ò ¨
cooÉ´oÏe´¨Ö ³e¦¤Ê cocÉa¢²ÖÕÐ¨³¨ ¨Ì Ô²e³e´Éa³¨ ocÉaÕÉcÖ ¡e§ ¨§³e´e´¨°.

–¨±²¨Î¥¸± Ö ¸É·Ê±ÉÊ·  £pÊ¶¶Ò ¢ Íe²o³ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥

Dγ(I) = dγ [a1, a2, c][e + b′4] = Q2[a1, a2][e + c][e + b′4], (37)

£¤e b′4 ∼ γ4. �p¨ ³aÉp¨Î´o° pea²¨§aÍ¨¨ H� ÔÉo ¢e¤eÉ ± b′4
2 = −I , ¨¡o §¤ecÓ γ4

Ê¤o¢²eÉ¢opÖeÉ (36). Š ± ¨ · ´¥¥, §¤¥¸Ó ¶·¨´ÖÉÒ μ¡μ§´ Î¥´¨Ö:

a1 ∼ γ3γ2, a2 ∼ γ1γ3, a3 ≡ a1a2 ∼ γ2γ1, c ∼ γ1γ2γ3.



162 Šμ¸³ Î¥¢ �.‘.

ˆ§ ¶μ¸É·μ¥´¨Ö Dγ(I) ¢¨¤´μ, ÎÉμ μ´  co¤ep¦¨É ¶o¤£pÊ¶¶Ê dγ . � ´¥¥ ¡Ò²μ Ê¸É ´μ¢²¥´μ,
ÎÉo ±a¦¤aÖ dγ ¸μ¤¥·¦¨É ¶o¤£pÊ¶¶Ê q2:

q2[a1, a
′
2, a

′
3] = C4[a1][e + a′

2],

£¤e a1 ∼ γ3γ2, a′
2 ∼ γ2, a′

3 = a1a
′
2 ∼ γ3.

�oc²e¤ÊÕÐee pacÏ¨pe´¨e £pÊ¶¶Ò q2[a1, a
′
2, a

′
3] c ¶o³oÐÓÕ £e´epaÉopa c′′ = a1b

′
4

¤μ¸É ¢²ÖeÉ £pÊ¶¶Ê 16-£o ¶opÖ¤±a cγ :

cγ = C4[a1][e + a′
2][e + c′′].

�o¤o¡´o Éo³Ê, ±a± Dγ(II) co¤ep¦¨É Éo²Ó±o ¶o¤£pÊ¶¶Ò dγ ¨ bγ , £pÊ¶¶a Dγ(I) co¤ep¦¨É
Éo²Ó±o ¶o¤£pÊ¶¶Ò dγ ¨ cγ . …¸É¥¸É¢¥´´μ, ¶·¨ ÔÉμ³ ´¥μ¡Ìμ¤¨³μ ¶μ³´¨ÉÓ μ ¶μ¤£·Ê¶¶¥ fγ ,
¨§μ³μ·Ë´μ° dγ . ‘É·Ê±ÉÊ·´Ò° ¨´¢ ·¨ ´É ¢ É ±μ³ ¸²ÊÎ ¥ ¶μ²ÊÎ ¥É¸Ö In[Dγ(I)] = 1.

Co£²ac´o ÊÉ¢ep¦¤e´¨Õ Éeope³Ò (30), ec²¨ In = 1, Éo £pÊ¶¶a Ô±¢¨¢a²e´É´a £pÊ¶¶e
¤¥°¸É¢¨É¥²Ó´ÒÌ ³aÉp¨Í. ‘ ¶μ³μÐÓÕ · §¢¨Éμ° · ´¥¥ ³¥Éμ¤¨±¨ μ´¨ ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¢
Ö¢´μ³ ¢¨¤¥ [8]:

γ
′

1 =

⎛
⎜⎜⎝

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

⎞
⎟⎟⎠ , γ

′

2 =

⎛
⎜⎜⎝

0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0

⎞
⎟⎟⎠ ,

γ
′

3 =

⎛
⎜⎜⎝

0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

⎞
⎟⎟⎠ , γ

′

4 =

⎛
⎜⎜⎝

0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

⎞
⎟⎟⎠ .

‚ ·¥§Ê²ÓÉ É¥ ¢Ò¶μ²´¥´´ÒÌ ¶μ¸É·μ¥´¨° ¶μ²ÊÎ¥´Ò ¢Ò· ¦¥´¨Ö ¤²Ö Î¥ÉÒ·¥Ì  ´É¨±μ³-
³ÊÉ¨·ÊÕÐ¨Ì £¥´¥· Éμ·μ¢. ƒ·Ê¶¶  ¢ Í¥²μ³ ¸μ¤¥·¦¨É Éμ²Ó±μ É·¨ ¶μ¤£·Ê¶¶Ò dγ , fγ , cγ ,
´  ±μÉμ·ÒÌ ·¥ ²¨§ÊÕÉ¸Ö ´¥¶·¨¢μ¤¨³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ‹μ·¥´Í . �·¨ ÔÉμ³ ¶·¥¤-
¸É ¢²¥´¨¥ £·Ê¶¶Ò Dγ(I) ¢ ¸¨²Ê É¥μ·¥³Ò (30) ¸ ³μ Ö¢²Ö¥É¸Ö ´¥¶·¨¢μ¤¨³Ò³, £ · ´É¨-
·ÊÖ É¥³ ¸ ³Ò³ ²μ·¥´Í-¨´¢ ·¨ ´É´μ¸ÉÓ. Š ± Ê¦¥ μÉ³¥Î ²μ¸Ó, ¤²Ö ¢Ò¶μ²´¥´¨Ö ²μ·¥´Í-
¨´¢ ·¨ ´É´μ¸É¨ ¤μ¸É ÉμÎ´μ É·¥Ì  ´É¨±μ³³ÊÉ¨·ÊÕÐ¨Ì £¥´¥· Éμ·μ¢. �¸É ¢Ï¨°¸Ö Î¥É¢¥·-
ÉÒ° £¥´¥· Éμ· ¸μ¢³¥¸É´μ ¸ É·¥³Ö ¶¥·¢Ò³¨ μ¶·¥¤¥²Ö¥É ¢ ¨Éμ£¥ É¨¶ Ê· ¢´¥´¨Ö, ¸μ¸É ¢
£·Ê¶¶Ò ¢ Í¥²μ³, É. ¥. ±μ²¨Î¥¸É¢μ ³ ±¸¨³ ²Ó´ÒÌ ¨´¢ ·¨ ´É´ÒÌ ¶μ¤£·Ê¶¶ ¨ ¨Ì ¶·¨´ ¤-
²¥¦´μ¸ÉÓ ± · §²¨Î´Ò³ �� £·Ê¶¶Ò ‹μ·¥´Í . ” ±É¨Î¥¸±¨ ÔÉμ μ§´ Î ¥É, ÎÉμ Î¥É¢¥·ÉÒ°
£¥´¥· Éμ· ·¥£Ê²¨·Ê¥É Ì · ±É¥· μÉ´μÏ¥´¨° ³¥¦¤Ê ¶μ¤¸¨¸É¥³ ³¨, ±μÉμ·Ò¥ (¢ Éμ³ Î¨¸²¥)
¶·¨¢μ¤ÖÉ ± μ¶¨¸ ´¨Õ ± ± Î ¸É¨ÍÒ, É ± ¨  ´É¨Î ¸É¨ÍÒ.

‡ ¶¨¸Ó ¢μ²´μ¢μ£μ Ê· ¢´¥´¨Ö ¤²Ö £·Ê¶¶Ò Dγ(I) ¢Ò¶μ²´Ö¥É¸Ö ¶μ Éμ³Ê ¦¥ ·¥Í¥¶ÉÊ, ÎÉμ
¨ Ê· ¢´¥´¨¥ „¨· ±  ¸ ¶·¥¤¢ ·¨É¥²Ó´Ò³ ¢Ò¡μ·μ³ ¤²Ö Ö¢´μ£μ ¶·¥¤¸É ¢²¥´¨Ö μ¤´μ° ¨§ É·¥Ì
¶μ¤¸É·Ê±ÉÊ· dγ , fγ , cγ . „²Ö ¡μ²ÓÏ¥° Ö¸´μ¸É¨ ´¥μ¡Ìμ¤¨³μ μÉ³¥É¨ÉÓ ¸²¥¤ÊÕÐÊÕ ¤¥É ²Ó.
‚ ¸μμÉ´μÏ¥´¨ÖÌ (33), (34) Î¥·¥§ γμ μ¡μ§´ Î¥´Ò £¥´¥· Éμ·Ò £·Ê¶¶ Dγ(II) ¨ Dγ(I). ‚
Ê· ¢´¥´¨¨ „¨· ±  γ1, γ2, γ3, ± ± Ê¦¥ μÉ³¥Î ²μ¸Ó (4), ¨³¥ÕÉ ¸³Ò¸² ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ
μ¶¥· Éμ·μ¢ ¡Ê¸Éμ¢. ƒμ¢μ·¨ÉÓ μ ¸³Ò¸²μ¢μ³ ¸μ¢¶ ¤¥´¨¨ μ¤¨´ ±μ¢ÒÌ ¸¨³¢μ²μ¢ ¢ ¢μ²´μ¢ÒÌ
Ê· ¢´¥´¨ÖÌ ¨ ¢ ¸μμÉ´μÏ¥´¨ÖÌ (33), (34) ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥²Ó§Ö. 	¥§Ê¸²μ¢´μ ¢¥·´μ Éμ²Ó±μ
ÊÉ¢¥·¦¤¥´¨¥ μ¡ ¨§μ³μ·Ë¨§³¥ £·Ê¶¶, μ¶·¥¤¥²Ö¥³ÒÌ ¸μμÉ´μÏ¥´¨Ö³¨ (33) ¨²¨ (34).

…¸²¨ ¤²Ö Ö¢´μ° § ¶¨¸¨ ¢μ²´μ¢μ£μ Ê· ¢´¥´¨Ö ¢Ò¡· ÉÓ ¶μ¤£·Ê¶¶Ê dγ , Éμ ·μ²Ó É·¥Ì ¨´-
Ë¨´¨É¥§¨³ ²Ó´ÒÌ μ¶¥· Éμ·μ¢ ¡Ê¸Éμ¢ ¨£· ÕÉ ± ± · § ³ É·¨ÍÒ γ1, γ2, γ3 · ¢¥´¸É¢  4 ¨§
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Ëμ·³Ê²Ò (34). „²Ö ´¨Ì μ¸É ÕÉ¸Ö ¢¥·´Ò³¨ ¸μμÉ´μÏ¥´¨Ö (2), (4). �μ²Ó Î¥É¢¥·Éμ£μ £¥´¥· -
Éμ·  ³μ¦¥É ¢Ò¶μ²´ÖÉÓ γ4 ¢ ¶μ²´μ³ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ê¸²μ¢¨Ö³¨ 4 ¨§ (34) ¨ μ¶·¥¤¥²ÖÕÐ¨³¨
¸μμÉ´μÏ¥´¨Ö³¨ (36). ‚ ·¥§Ê²ÓÉ É¥ ¢μ²´μ¢μ¥ Ê· ¢´¥´¨¥ ¶·¨´¨³ ¥É ¢¨¤

[i(γμpμ) − m0]ψ = 0, μ = 1, 2, 3, 4, (38)

£¤¥

γsγt + γtγs = 2δst, γ2
s,t = 1 (s, t = 1, 2, 3),

γsγ4 + γ4γs = 0 (s = 1, 2, 3),

γ2
4 = −1.

’·¥¡μ¢ ´¨Ö ·¥¤Ê±Í¨¨ ¶μ²ÊÎ¥´´μ£μ Ê· ¢´¥´¨Ö ± Ê· ¢´¥´¨Õ Š²¥°´ Äƒμ·¤μ´  ¤μ¶Ê¸-
± ÕÉ m0 �= 0. �μ Ëμ·³¥ μ´μ ¸μ¢¶ ¤ ¥É ¸ Ê· ¢´¥´¨¥³ „¨· ± . �É²¨Î¨¥ § ±²ÕÎ ¥É¸Ö ¢
¨´μ° ¸É·Ê±ÉÊ·¥ £·Ê¶¶Ò Dγ(I), ±μÉμ· Ö μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨Ö³¨ (36).
’ ± ¦¥ ± ± ¢ ¸²ÊÎ ¥ Ê· ¢´¥´¨Ö „¨· ± , Ö¢´ Ö Ëμ·³  § ¶¨¸¨ ¸ ±μ´±·¥É´Ò³ ¢Ò¡μ·μ³ ¤²Ö
¶·¥¤¸É ¢²¥´¨Ö μ¤´μ° ¨§ ¶μ¤£·Ê¶¶ ´¥ ¢ÒÖ¢²Ö¥É ¢¸¥Ì Ì · ±É¥·¨¸É¨± Ê· ¢´¥´¨Ö. “· ¢´¥-
´¨¥ ¸ ¤¥°¸É¢¨É¥²Ó´Ò³¨ γ-³ É·¨Í ³¨ ³μ¦´μ ´ °É¨ Ê¦¥ ¢ · ¡μÉ¥ Œ °μ· ´Ò [4]. �´ ²¨§
¥£μ Ë¨§¨Î¥¸±μ£μ ¸μ¤¥·¦ ´¨Ö ¶·¨ ÔÉμ³ ´¥ ¡Ò² ¶·μ¨§¢¥¤¥´, É ± ± ± μ¤´μ° ¨§ £² ¢´ÒÌ § -
¤ Î  ¢Éμ·  ¡Ò²  Ëμ·³Ê²¨·μ¢±  Ê· ¢´¥´¨°, ´¥ ¸μ¤¥·¦ Ð¨Ì ¤Ê¡²¥ÉÒ Î ¸É¨Í Ä ´É¨Î ¸É¨Í .
�·¨¢¥¤¥´´μ¥ ¢ÒÏ¥ ¶μ¸É·μ¥´¨¥ ¶·¥¸²¥¤Ê¥É Í¥²Ó ´¥ Éμ²Ó±μ ¶·μ ´ ²¨§¨·μ¢ ÉÓ ±μ´±·¥É´ÊÕ
£·Ê¶¶Ê, ´μ ¨ ¤ ²¥¥ Ê´¨Ë¨Í¨·μ¢ ÉÓ ³¥Éμ¤Ò ¶μ²ÊÎ¥´¨Ö ²¥¶Éμ´´ÒÌ Ê· ¢´¥´¨°.

1.6. Š¢ ·É¥É´μ¥ Ê· ¢´¥´¨¥. �oc²e a´a²¨§a ¤¢ÊÌ ¶pe¤Ò¤ÊÐ¨Ì £pÊ¶¶ ¢o§´¨±aeÉ ecÉecÉ-
¢e´´Ò° ¢o¶poc o ¢o§³o¦´ocÉ¨ cÊÐecÉ¢o¢a´¨Ö £pÊ¶¶Ò c In = 0. Ka± Ê¦e oÉ³eÎa²ocÓ ¢ÒÏe,
¢ce ¤o¶ÊcÉ¨³Òe ¢ap¨a´ÉÒ coÌpa´e´¨Ö ±²¨Ëop¤o¢ÒÌ a´É¨±o³³ÊÉaÍ¨o´´ÒÌ cooÉ´oÏe´¨°
É¨¶a (31) ¨ (36) ¶p¨¢o¤ÖÉ Éo²Ó±o ± ¤¢Ê³ ¢o§³o¦´ocÉÖ³ Dγ(II) ¨ Dγ(I).

…¸²¨ μ£· ´¨Î¨ÉÓ¸Ö ¶μ¨¸±μ³ Ê· ¢´¥´¨Ö ¤²Ö Î ¸É¨Í ¸μ ¸¶¨´μ³ 1/2 (l0 = 1/2), Éμ ³ ±-
¸¨³ ²Ó´Ò³¨ ¶μ¤£·Ê¶¶ ³¨ ³μ£ÊÉ ¡ÒÉÓ Éμ²Ó±μ dγ , fγ , bγ , cγ . ‘²¥¤μ¢ É¥²Ó´μ, ¶μ·Ö¤μ± £¥-
´¥· Éμ·μ¢ ± ± Ô²¥³¥´Éμ¢ ¶μ¤£·Ê¶¶ ³μ¦¥É ¡ÒÉÓ ²¨¡μ 4, ²¨¡μ 2. Š ± μÉ³¥Î ²μ¸Ó ¢ÒÏ¥,
´¥μ¡Ìμ¤¨³Ò³ Ê¸²μ¢¨¥³ Ëμ·³Ê²¨·μ¢±¨ ²μ·¥´Í-¨´¢ ·¨ ´É´μ£μ ¢μ²´μ¢μ£μ Ê· ¢´¥´¨Ö Ö¢²Ö-
¥É¸Ö ´ ²¨Î¨¥ É·¥Ì  ´É¨±μ³³ÊÉ¨·ÊÕÐ¨Ì £¥´¥· Éμ·μ¢. �·¨ ÔÉμ³ ¶μ²´μ¥ Î¨¸²μ £¥´¥· Éμ·μ¢
¤²Ö Ëμ·³Ê²¨·μ¢±¨ ¢μ²´μ¢μ£μ Ê· ¢´¥´¨Ö ¶μ±  ¶·¥¤¶μ² £ ¥É¸Ö · ¢´Ò³ Î¥ÉÒ·¥³. ’ ±μ¢Ò
´¥μ¡Ìμ¤¨³Ò¥ μ£· ´¨Î¥´¨Ö. �¤¨´ ¨§ ´¥³´μ£¨Ì ¢ ·¨ ´Éμ¢ ¶μ²μ¦¨É¥²Ó´μ£μ μÉ¢¥É  ´  ¶μ-
¸É ¢²¥´´Ò° ¢μ¶·μ¸ ¶·¥¤¸É ¢²¥´ ¢ · ¡μÉ¥ [18].

�Ê¸ÉÓ Ëop³a²Ó´aÖ §a¶¨cÓ Í¨±²¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò ¤²Ö ´¥±μÉμ·μ° £·Ê¶¶Ò γ-³ É·¨Í
¨³eeÉ ¢¨¤

Dγ(III) = Dγ [a1, a2, c1, b6] = Q2[a1, a2][e + c1][e + b6]. (39)

‡¤ecÓ, ±a± pa´ee, Q2[a1, a2] Å ¶o¤£pÊ¶¶a ±¢aÉep´¨o´o¢ c £e´epaÉopa³¨ a1, a2. ‚Ò¡¥-
·¥³ £¥´¥· Éμ·Ò c1 ¨ b6 É ±, ÎÉμ¡Ò Dγ(III) ¸μ¤¥·¦ ²  ¤¢e ¶o¤£pÊ¶¶Ò 16-£o ¶opÖ¤±a
dγ [a1, a2, c1] = Q2[a1, a2][e+c1] ¨ bγ [a1, a2, b6] = Q2[a1, a2][e+b6]. Bce Î¥ÉÒ·¥ £e´epaÉopa
a1, a2, c1, b6 ¨³eÕÉ ¶opÖ¤o± 4.

Š·μ³¥ Éμ£μ, μ± § ²μ¸Ó, ÎÉμ ³μ¦´μ ¢Ò¶μ²´¨ÉÓ ¶μ¸É·μ¥´¨¥ É ±, ÎÉμ¡Ò Ô²e³e´É c1

cÉa² Ô²e³e´Éo³ Íe´Épa ´e Éo²Ó±o ¶o¤£pÊ¶¶Ò dγ [a1, a2, c1], ´o ¨ ¢ce° £pÊ¶¶Ò Dγ(III).
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’μ£¤  c ÊÎeÉo³ o¶pe¤e²e´¨° Q2, dγ ¨ bγ ¶o²ÊÎae³ c²e¤ÊÕÐ¨° ´a¡op cooÉ´oÏe´¨° ³¥¦¤Ê
£¥´¥· Éμ· ³¨:

a2a1a
−1
2 = a−1

1 , a1a2a
−1
1 = a−1

2 , b6c1b
−1
6 = c1,

c1a1c
−1
1 = a1, c1a2c

−1
1 = a2, c1b6c

−1
1 = b6, (40)

b6a1b
−1
6 = a−1

1 , b6a2b
−1
6 = a−1

2 .

�o²ÊÎ¥´´ Ö É ±¨³ μ¡· §μ³ £pÊ¶¶  Dγ(III) ¨³¥¥É ¶μ·Ö¤μ± 32. ƒpÊ¶¶a, ±a± ¨ o¡e
¶pe¤Ò¤ÊÐ¨e, ÊcÉpoe´  Éa±, ÎÉo ±¢a¤paÉÒ ²Õ¡ÒÌ Ô²e³e´Éo¢ Î¥É¢¥·Éμ£μ ¶opÖ¤±a co¢¶a¤aÕÉ.
O¡o§´aÎ¨³ ÔÉoÉ Ô²e³e´É (k):

(a1)2 = (a2)2 = (c1)2 = (b6)2 = (k), (k)2 = e. (41)

CÊÐecÉ¢e´´o ¨§³e´¨²acÓ cÉpÊ±ÉÊpa £pÊ¶¶Ò. Ec²¨ ¢ ¤¢ÊÌ ¶pe¤Ò¤ÊÐ¨Ì c²ÊÎaÖÌ Íe´ÉpÒ
£pÊ¶¶ cocÉoÖ²¨ ¨§ ¤¢ÊÌ Ô²e³e´Éo¢ (e ∼ I, k ∼ −I), Éo Ée¶epÓ Íe´Ép co¤ep¦¨É ¢μ¸¥³Ó
Ô²e³e´Éo¢. ˆ³e´´o:

e, k, c1, c−1
1 , a3b6, a3b

−1
6 , a3b6c1, a3b6c

−1
1 . (42)

—¨c²o co¶pÖ¦e´´ÒÌ ±²acco¢ cÉa´o¢¨ÉcÖ pa¢´Ò³ 20, ¶μÔÉμ³Ê £·Ê¶¶  ¨³¥¥É 16 o¤´o³ep´ÒÌ
´e¶p¨¢o¤¨³ÒÌ ¶pe¤cÉa¢²e´¨° ¨ Î¥ÉÒ·¥ ´eÔ±¢¨¢a²e´É´ÒÌ ¤¢Ê³ep´ÒÌ. �Éμ μ§´ Î ¥É, ÎÉμ
·¥Ï¥´¨Ö ¡Ê¤ÊÉ ´¥ ¡¨¸¶¨´μ·´Ò¥, ´μ ¸¶¨´μ·´Ò¥. „·Ê£μ¥ ¢ ¦´μ¥ μÉ²¨Î¨¥ μÉ ¤Ê¡²¥É´ÒÌ
Ê· ¢´¥´¨° § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ £·Ê¶¶  Dγ(III) ¸μ¤¥·¦¨É ¢¸¥ É·¨ ¢μ§³μ¦´ÒÌ ¶μ¤£·Ê¶¶Ò
dγ , bγ , cγ . ‚ ¸¨²Ê ¶μ¸É·μ¥´¨Ö (39) ¸μ¤¥·¦¨É ¶μ¤£·Ê¶¶Ò dγ ¨ bγ .

Œμ¦´μ § ³¥É¨ÉÓ, ÎÉμ ´ ¡μ· É ±¨Ì Ô²¥³¥´Éμ¢

{e, a1, a2
1, a3

1, a2c, a3
2c, a1a2c, a1a2c

3}

μ¡· §Ê¥É ¶μ¤£·Ê¶¶Ê q2. „ ²Ó´¥°Ï¥¥ ¥¥ · ¸Ï¨·¥´¨¥ ¸ ¶μ³μÐÓÕ Ô²¥³¥´É  a1a2b6 ¤ ¥É
¶μ¤£·Ê¶¶Ê cγ . �¶·¥¤¥²ÖÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö (40) ¶μ§¢μ²ÖÕÉ ¶¥·¥°É¨ ± ¢Ò· ¦¥´¨Ö³ ¢ ¶·¨-
¢ÒÎ´μ³ ¢¨¤¥, É. ¥. ¢ ¢¨¤¥ ¸μμÉ´μÏ¥´¨° ³¥¦¤Ê γ-³ É·¨Í ³¨, ±μÉμ·Ò¥ É ±¦¥ ¶μ·μ¦¤ ÕÉ
´¥¶·¨¢μ¤¨³Ò¥ ³ É·¨Î´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö. ‚ ¶μ²´μ°  ´ ²μ£¨¨ ¸ Ê· ¢´¥´¨¥³ „¨· ±  ¶μ-
²ÊÎ ¥³

γsγt + γtγs = 2δst, γ2
s = 1 (s, t = 1, 2, 3).

γsγ4 − γ4γs = 0 (s = 1, 2, 3),

γ2
4 = 1.

(43)

�Î¥¢¨¤´μ¥ ¨ ¶·¨´Í¨¶¨ ²Ó´μ¥ μÉ²¨Î¨¥ μÉ Ê¸²μ¢¨Ö „¨· ±  (31) § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ γ4

±μ³³ÊÉ¨·Ê¥É ¸μ ¢¸¥³¨ μ¸É ²Ó´Ò³¨ £¥´¥· Éμ· ³¨. �·Ö³μ° ¶·μ¢¥·±μ° ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö,
ÎÉμ ¢ £·Ê¶¶¥ ´¥ ¨³¥¥É¸Ö Î¥É¢¥·Éμ£μ £¥´¥· Éμ· , ±μÉμ·Ò°  ´É¨±μ³³ÊÉ¨·Ê¥É ¸ ¶¥·¢Ò³¨
É·¥³Ö. �·¨ ÔÉμ³ ¢ÒÖ¸´Ö¥É¸Ö, ÎÉo £pÊ¶¶a Dγ(III) co¤ep¦¨É 16 Ô²e³e´Éo¢ ÎeÉ¢epÉo£o
¶opÖ¤±a ¨ 16 Å ¢Éopo£o ¶opÖ¤±a, É. e. ¶oc²e ¶ocÉpoe´¨Ö H� ¶o²ÊÎae³ In = 0.

ˆ§ Ê¸²μ¢¨Ö ·¥¤Ê±Í¨¨ ¤ ´´μ£μ (¤ ²¥¥ ±¢ ·É¥É´μ£μ) Ê· ¢´¥´¨Ö ± Ê· ¢´¥´¨Õ Š²¥°´ Ä
ƒμ·¤μ´  ¶μ²ÊÎ ¥³, ÎÉμ ³ ¸¸  Î ¸É¨Í m = 0. Ÿ¢´ Ö Ëμ·³  ¢μ²´μ¢μ£μ Ê· ¢´¥´¨Ö § ¢¨¸¨É,
± ± Ê¦¥ μÉ³¥Î ²μ¸Ó, μÉ ¢Ò¡μ·  ¶μ¤£·Ê¶¶Ò, ¸¢Ö§ ´´μ° ¸ É¥³ ¨²¨ ¨´Ò³ ´¥¶·¨¢μ¤¨³Ò³
¶·¥¤¸É ¢²¥´¨¥³. …¸²¨ ¤²Ö Ö¢´μ° § ¶¨¸¨ ¢Ò¡· ÉÓ dγ , Éμ ¶μ²ÊÎ ¥³

(γsps)ψ − γ4
∂ψ

∂t
= 0 (s = 1, 2, 3), (44)
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£¤¥ γ-³ É·¨ÍÒ μ¶·¥¤¥²ÖÕÉ¸Ö · ¢¥´¸É¢ ³¨ (43). ‡¤¥¸Ó ¨ ¢ ¶μ¸²¥¤ÊÕÐ¨Ì ¢μ²´μ¢ÒÌ Ê· ¢-
´¥´¨ÖÌ ¶μ ¶μ¢Éμ·ÖÕÐ¨³¸Ö ¨´¤¥±¸ ³ ¶μ¤· §Ê³¥¢ ¥É¸Ö ¸Ê³³¨·μ¢ ´¨¥. �μ¤μ¡´μ Éμ³Ê, ± ±
¸¤¥² ´ ¶¥·¥Ìμ¤ μÉ Ê· ¢´¥´¨Ö (1) ± (35), ³μ¦´μ § ¶¨¸ ÉÓ Ê· ¢´¥´¨¥ (44) ¤²Ö Ö¢´μ£μ ¶·¥¤-
¸É ¢²¥´¨Ö ¸ ¶μ¤£·Ê¶¶ ³¨ bγ ¨²¨ cγ .

�μ¸±μ²Ó±Ê γ4 ±μ³³ÊÉ¨·Ê¥É ¸ γ1, γ2, γ3, §´ Î¨É μ´  ±μ³³ÊÉ¨·Ê¥É ¸μ ¢¸¥³¨ μ¸É ²Ó´Ò³¨,
¨ ¶μÉμ³Ê γ4 ±· É´  ¥¤¨´¨Î´μ° ³ É·¨Í¥. ‚ É ±μ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ ¶·¨´¨³ ¥É ¢¨¤

(γsps)ψ ± ∂ψ

∂t
= 0 (s = 1, 2, 3). (45)

‡´ ±¨ ®±¯ ¢μ§´¨± ÕÉ ¨§ Éμ£μ É·¥¡μ¢ ´¨Ö, ÎÉμ ²¨´¥°´ Ö Ëμ·³  (45) ¤μ²¦´  ¶¥·¥Ìμ¤¨ÉÓ
(¶·¨ Ê³´μ¦¥´¨¨ ´  ¸μ¶·Ö¦¥´´ÊÕ ± ´¥°) ¢ ±¢ ¤· É¨Î´ÊÕ, ±μÉμ· Ö ´ §Ò¢ ¥É¸Ö Ê· ¢´¥´¨¥³
Š²¥°´ Äƒμ·¤μ´ . ‚¨¤´μ, ÎÉμ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ³Ò ¨³¥¥³ ¤¥²μ ¸ Î¥ÉÒ·Ó³Ö ¶μ¤¸É·Ê±ÉÊ· ³¨.
‚ ¤Ê¡²¥É´ÒÌ ¸²ÊÎ ÖÌ ¢μ¶·μ¸ μ Éμ³, ÎÉμ ¸Î¨É ÉÓ Î ¸É¨Í¥° ¨  ´É¨Î ¸É¨Í¥°, ¶·¥¤¸É ¢²Ö¥É¸Ö
¢μ ³´μ£μ³ Ê¸²μ¢´μ¸ÉÓÕ. ’¥¶¥·Ó ´¥μ¡Ìμ¤¨³μ ¸¤¥² ÉÓ ¢Ò¡μ· Éμ£μ ±·¨É¥·¨Ö, ¶μ ±μÉμ·μ³Ê
³Ò ¢Ò¤¥²Ö¥³ ¶ ·Ê Î ¸É¨Í Ä ´É¨Î ¸É¨Í . ”¨§¨Î¥¸±μ¥ É·¥¡μ¢ ´¨¥, ± ¦ÊÐ¥¥¸Ö ¶·μ¸ÉÒ³ ¨
¥¸É¥¸É¢¥´´Ò³, Å ¶·μÉ¨¢μ¶μ²μ¦´μ¸ÉÓ §´ Î¥´¨° É ± ´ §Ò¢ ¥³ÒÌ ±¢ ´Éμ¢ÒÌ Î¨¸¥² Å ¢
Ê¸²μ¢¨ÖÌ ¸¢μ¡μ¤´μ£μ Ê· ¢´¥´¨Ö Ö¢²Ö¥É¸Ö ´¥¤μ¸É ÉμÎ´Ò³. �μÔÉμ³Ê ³μ¦´μ ¨¸Ìμ¤¨ÉÓ ¨§
 ´ ²μ£¨¨ ¸ Ê· ¢´¥´¨¥³ „¨· ± . 	Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ¶ ·  ¶μ¤£·Ê¶¶, ¸¢Ö§ ´´ÒÌ ³¥¦¤Ê
¸μ¡μ° 〈T 〉-¶·¥μ¡· §μ¢ ´¨¥³, μÉ¢¥É¸É¢¥´´  §  ¤Ê¡²¥É Î ¸É¨Í Ä ´É¨Î ¸É¨Í . �ÉμÉ ¢Ò¡μ·
£ · ´É¨·Ê¥É μ¤´μÉ¨¶´μ¸ÉÓ ¸¶¨´μ¢ÒÌ ¸¢μ°¸É¢ ¤Ê¡²¥É  [19]. ‚ É ±μ³ ¸²ÊÎ ¥ ¨³¥¥É¸Ö ¤¢¥
¢μ§³μ¦´μ¸É¨ μ¤´μ¢·¥³¥´´μ, ±μ£¤  μ¤´  ¶ ·  ¸¢Ö§ ´  ¸ ¶μ¤£·Ê¶¶ ³¨ dγ ¨ bγ ,   ¢Éμ· Ö ¸
¶μ¤£·Ê¶¶ ³¨ fγ ¨ cγ .

ˆ§ Ê¸É ´μ¢²¥´´μ° ¢ÒÏ¥ Ë¨§¨Î¥¸±μ° ¨´É¥·¶·¥É Í¨¨ ¢¥²¨Î¨´ ai ¨ bk (i, k = 1, 2, 3) ¨
³¥Éμ¤¨±¨ ¢ÒÎ¨¸²¥´¨Ö ´  ¨Ì μ¸´μ¢¥ ¢¥¸μ¢ÒÌ Î¨¸¥² ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò
‹μ·¥´Í  ¢¨¤´μ, ÎÉμ ¶¥·¢μ¥ ¢¥¸μ¢μ¥ Î¨¸²μ (l0 = 1/2) μ¤¨´ ±μ¢μ ¤²Ö ¶μ¤£·Ê¶¶Ò dγ ¨ ¤²Ö
bγ É ± ¦¥, ± ± ¨ ¢ Ê· ¢´¥´¨¨ „¨· ± . �μÔÉμ³Ê ¸¶¨´μ¢Ò¥ ¸¢μ°¸É¢  ¶ ·Ò Î ¸É¨Í, ¸¢Ö§ ´´μ°
¸ ¶μ¤£·Ê¶¶ ³¨ dγ , bγ , ¸μ¢¶ ¤ ÕÉ ¸ É ±μ¢Ò³¨ ¤²Ö ¤Ê¡²¥É  e+e− ¢ Éμ³ ¸³Ò¸²¥, ÎÉμ ± ¦¤ Ö
¨§ É·¥Ì ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É ³μ¦¥É ¡ÒÉÓ ¢Ò¡· ´  ¢ ± Î¥¸É¢¥ μ¸¨ ±¢ ´Éμ¢ ´¨Ö.

�¸´μ¢´Ò¥ Ì · ±É¥·¨¸É¨±¨ ¢Éμ·μ° ¶ ·Ò Î ¸É¨Í, ¸¢Ö§ ´´μ° ¸ ¶μ¤£·Ê¶¶ ³¨ fγ , cγ , ¶μ
¸¶¨´μ¢Ò³ ¸¢μ°¸É¢ ³ ¸μ¢¶ ¤ ÕÉ ¸μ ¸¢μ°¸É¢ ³¨ É ±μ° ¦¥ ¶ ·Ò ¶μ¤£·Ê¶¶ ¢ · ³± Ì £·Ê¶¶Ò
Dγ(I). ‚ Î ¸É´μ¸É¨, ´¥ ³¥´ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö μ¶¥· Éμ·μ¢, μ¶·¥¤¥²ÖÕÐ¨Ì ¢¥-
¸μ¢Ò¥ Î¨¸²  ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ‹μ·¥´Í  [13]. �Éμ μ§´ Î ¥É ¸μ¢¶ ¤¥´¨¥ ¸¶¨´μ¢ÒÌ
¸¢μ°¸É¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¶ ·Ò Î ¸É¨Í Ä ´É¨Î ¸É¨Í . ’ ±¨³ μ¡· §μ³, ¢Éμ· Ö ¶ ·  Î -
¸É¨Í ¨³¥¥É ¸¶¨´, μ·¨¥´É¨·μ¢ ´´Ò° ¶μ ´ ¶· ¢²¥´¨Õ ¨²¨ ¶·μÉ¨¢ ¨³¶Ê²Ó¸  É ± ¦¥, ± ±
ÔÉμ ¨³¥¥É ³¥¸Éμ ¢ ¸²ÊÎ ¥ Dγ(I).

‚ μÉ²¨Î¨¥ μÉ ¤Ê¡²¥É´ÒÌ Ê· ¢´¥´¨°, ¢ ±¢ ·É¥É´μ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ § ³±´ÊÉμ μÉ´μ¸¨-
É¥²Ó´μ ± ¦¤μ£μ ¨§ ¢μ§³μ¦´ÒÌ ¶·¥μ¡· §μ¢ ´¨° (26)Ä(29). ‹Õ¡ Ö ¨§ ¤¨¸±·¥É´ÒÌ μ¶¥· Í¨°
²¨¡μ μ¸É ¢²Ö¥É ± ¦¤Ò° ¨§ ¤¢ÊÌ ´ ¡μ·μ¢ ¶μ¤£·Ê¶¶ (dγ , bγ ¨ fγ , cγ) ¡¥§ ¨§³¥´¥´¨Ö, ²¨¡μ
¶¥·¥¢μ¤¨É μ¤¨´ ¢ ¤·Ê£μ°. �μ ¢ ±¢ ·É¥É´μ³ ¸²ÊÎ ¥ £·Ê¶¶  ¢ Í¥²μ³ ¶¥·¥Ìμ¤¨É ¸ ³  ¢ ¸¥¡Ö.
’ ±μ¥ ¢§ ¨³´μ μ¡· É´μ¥ ¶·¥¢· Ð¥´¨¥ ¤¢ÊÌ ¶ · ¢ Ê¸²μ¢¨ÖÌ ¥¤¨´μ£μ Ê· ¢´¥´¨Ö ¥¸É¥¸É¢¥´´μ
¸¢Ö§Ò¢ ÉÓ ¸ μ¸Í¨²²ÖÍ¨Ö³¨. �¥μ¡Ìμ¤¨³Ò³ Ê¸²μ¢¨¥³ ¨Ì ·¥ ²¨§ Í¨¨ Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ ±¢ ·-
É¥É´ÒÌ ¸μ¸ÉμÖ´¨°. Š¸É É¨ ¸± § ÉÓ, É ±μ¥ ¶μ²μ¦¥´¨¥ ´ ¡²Õ¤ ¥É¸Ö ¢ ¸²ÊÎ ¥ μ¸Í¨²²ÖÍ¨°
K-³¥§μ´μ¢. ‚μ¶·μ¸ μ ¤μ¸É ÉμÎ´ÒÌ Ê¸²μ¢¨ÖÌ § ¢¨¸¨É μÉ Éμ£μ, ¡Ê¤¥É ²¨ ´ °¤¥´ ³¥Ì ´¨§³
¨²¨ Ê¸²μ¢¨Ö ¤²Ö ¶¥·¥Ìμ¤  μ¤´μ°  ´´¨£¨²¨·ÊÕÐ¥° ¶ ·Ò ¢ ¤·Ê£ÊÕ.
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	¥§³ ¸¸μ¢μ¥ ¤¢ÊÌ±μ³¶μ´¥´É´μ¥ ´¥°É·¨´μ ´¥ Ö¢²Ö¥É¸Ö ´μ¢μ¸ÉÓÕ, ¶μÔÉμ³Ê ¢μ§´¨± ¥É
´¥μ¡Ìμ¤¨³μ¸ÉÓ μÉ³¥É¨ÉÓ · §²¨Î¨¥ ¶·¥¤²μ¦¥´´μ£μ Ëμ·³ ²¨§³  ¨  ´ ²μ£¨Î´ÒÌ ¨³¥Õ-
Ð¨Ì¸Ö.

Š ± Ê¦¥ μÉ³¥Î ²μ¸Ó ¢μ ¢¢¥¤¥´¨¨, ‹¨ ¨ Ÿ´£ [2] ¢ ¸¢μ¨Ì ¶μ¸É·μ¥´¨ÖÌ ´  μ¸´μ¢¥ ¤¢ÊÌ-
±μ³¶μ´¥´É´μ£μ ´¥°É·¨´μ ¨¸Ìμ¤¨²¨ ¨§ · ¡μÉÒ � Ê²¨ [3]. ‚ ¶μ¸²¥¤´¥° ¨³¥¥É¸Ö ¸²μ¢¥¸´ Ö
´¥Î¥É±μ¸ÉÓ. � ¨³¥´´μ, £μ¢μ·¨É¸Ö μ ´¥μ¡Ìμ¤¨³μ¸É¨ ®§ Î¥·±¨¢ ´¨Ö¯ (¢ ±´¨£¥ 1947 £.)
®³ ¸¸μ¢μ£μ Î²¥´ ¯ ¨²¨ ¥£μ ®μÉ¡· ¸Ò¢ ´¨Ö¯ ¢ ¤·Ê£μ³ ¨§¤ ´¨¨ [20]. �μ ÎÉμ ¶·¨´Í¨-
¶¨ ²Ó´μ, ´¥ ¶·μ¸Éμ ³ ¸¸Ò m,   ¢¸¥£μ Î²¥´  mγ4, £¤¥ γ4 Å Î¥ÉÒ·¥Ì·Ö¤´ Ö ³ É·¨Í  ¨§
Ê· ¢´¥´¨Ö „¨· ± . ‚ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥, ¥¸²¨ μ¸É ¢¨ÉÓ γ4, ´¥ ¶·μ¨§μ°¤¥É · §¤¥²¥´¨¥ Ê· ¢-
´¥´¨Ö ´  · ¸Í¥¶²¥´´Ò¥ ¤¢ÊÌ±μ³¶μ´¥´É´Ò¥ Î ¸É¨. �Éμ £μ¢μ·¨É μ Éμ³, ÎÉμ É ±μ° ¸¶μ¸μ¡
¶μ²ÊÎ¥´¨Ö ¡¥§³ ¸¸μ¢μ£μ Ê· ¢´¥´¨Ö ´  μ¸´μ¢¥ Ê· ¢´¥´¨Ö „¨· ±  ´¥¢μ§³μ¦¥´, ¨¡μ ¶¥·¥Ìμ¤
± ¸²ÊÎ Õ m = 0 É·¥¡Ê¥É ¸É·Ê±ÉÊ·´μ° ¶¥·¥¸É·μ°±¨. �´  ´¥ ¢μ§´¨± ¥É  ¢Éμ³ É¨Î¥¸±¨. Š
Î¥¸É¨ � Ê²¨, ÔÉ  ¸²μ¢¥¸´ Ö ´¥¤μ£μ¢μ·¥´´μ¸ÉÓ ´¥ ¶·¨¢¥²  ± μÏ¨¡±¥ ¢ ³ É¥³ É¨Î¥¸±μ°
Ëμ·³Ê²¨·μ¢±¥ Ê· ¢´¥´¨Ö.

„²Ö ´ ¸ ¢ ¦´Ò³ ¢  ´ ²¨§¨·Ê¥³μ° · ¡μÉ¥ Ö¢²Ö¥É¸Ö Éμ, ÎÉμ � Ê²¨ ´ ¶¨¸ ² ¢ ±μ¢ -
·¨ ´É´μ³ ¢¨¤¥ ¨ ¢μ²´μ¢μ¥ Ê· ¢´¥´¨¥, ¨ Ê· ¢´¥´¨¥ ´¥¶·¥·Ò¢´μ¸É¨ ¤²Ö Î¥ÉÒ·¥Ì¢¥±Éμ· 
¶²μÉ´μ¸É¨ Éμ±  ¢¥·μÖÉ´μ¸É¨. ‡¤¥¸Ó, ± ± ¨ ¶μ²μ¦¥´μ, ¶·¨¸ÊÉ¸É¢ÊÕÉ ¢¸¥ Î¥ÉÒ·¥ μ¶¥· -
Éμ·  ∂/∂t, ∂/∂x, ∂/∂y, ∂/∂z. ’μ£¤  ¢ ¸²ÊÎ ¥ m = 0 ¢ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ μ¶¥· Éμ·Ê ∂/∂t
´¥μ¡Ìμ¤¨³μ ¸μμÉ´¥¸É¨ ³´μ¦¨É¥²Ó γ4 (É. ¥. ´ ¶¨¸ ÉÓ γ4∂/∂t), ±μÉμ·Ò° ¢ ¡¥§³ ¸¸μ¢μ³
¸²ÊÎ ¥ ±· É¥´ ¥¤¨´¨Î´μ° ³ É·¨Í¥. �Éμ μ§´ Î ¥É, ÎÉμ γ4 ∼ I ±μ³³ÊÉ¨·Ê¥É ¸ μ¸É ²Ó-
´Ò³¨ É·¥³Ö γ1, γ2, γ3, ± ± ÔÉμ § ¶¨¸ ´μ ¢μ ¢Éμ·μ° ¸É·μ±¥ · ¢¥´¸É¢ (43) ¨ ± ± ÔÉμ ¨³¥¥É
³¥¸Éμ ¢ Ëμ·³Ê²¨·μ¢± Ì � Ê²¨. ‚ ·¥§Ê²ÓÉ É¥ ¢μ²´μ¢μ¥ Ê· ¢´¥´¨¥ � Ê²¨ ¸μ¢¶ ¤ ¥É ¸
Ê· ¢´¥´¨¥³ (45), ¶μ²ÊÎ¥´´Ò³ ´  μ¸´μ¢¥ (43). ‚ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥, ±μ£¤  μÉ¸ÊÉ¸É¢Ê¥É
γ4, ¢μ²´μ¢μ¥ Ê· ¢´¥´¨¥ É¥·Ö¥É ±μ¢ ·¨ ´É´μ¸ÉÓ Ëμ·³Ò. �·¨ ÔÉμ³ γ4 μÉ´μ¸¨É¸Ö Ê¦¥ ±
Ê· ¢´¥´¨Õ ¤²Ö ¤¢ÊÌ±μ³¶μ´¥´É´ÒÌ ¸¶¨´μ·μ¢,   ´¥ ± Ê· ¢´¥´¨Õ „¨· ± . �μ¤μ¡´Ò°  ´ -
²¨§ Ê· ¢´¥´¨° É¨¶  (45) ¸μ ¢¸¥³¨ ¢ÒÉ¥± ÕÐ¨³¨ μÉ¸Õ¤  ¶μ¸²¥¤¸É¢¨Ö³¨ · ´¥¥ ´¨±¥³ ´¥
¶·μ¢μ¤¨²¸Ö.

1.7. ‘¨´£²¥É´Ò¥ ¸μ¸ÉμÖ´¨Ö ²¥¶Éμ´μ¢. �É± § μÉ  ´É¨±μ³³ÊÉ Í¨¨ Î¥É¢¥·Éμ£μ £¥´¥· -
Éμ·  ¨ ¥£μ ±μ³³ÊÉ Í¨Ö ¸ É·¥³Ö ¶¥·¢Ò³¨ μÉ±·Ò¢ ÕÉ ¥Ð¥ ¤¢  ´μ¢ÒÌ ¢ ·¨ ´É . �´¨ μÉ²¨-
Î ÕÉ¸Ö μÉ ±¢ ·É¥É´μ° £·Ê¶¶Ò (43) §´ Î¥´¨Ö³¨ ¸É·Ê±ÉÊ·´ÒÌ ¨´¢ ·¨ ´Éμ¢,   ¶μ²ÊÎ ÕÉ¸Ö ¢
· ³± Ì É·¥¡μ¢ ´¨° ±μ³³ÊÉ Í¨¨ μ¤´μ£μ ¨§ £¥´¥· Éμ·μ¢ ¸ É·¥³Ö μ¸É ²Ó´Ò³¨ ¨ ¢ ·¨ Í¨¥°
¶·¨ ÔÉμ³ ¶μ·Ö¤±μ¢ ¢¸¥Ì Î¥ÉÒ·¥Ì £¥´¥· Éμ·μ¢ [21].

�¥·¢Ò° ¨§ ¤¢ÊÌ ¢μ§³μ¦´ÒÌ ¢ ·¨ ´Éμ¢, μ¡μ§´ Î ¥³Ò° ¤ ²¥¥ Dγ(IV), § ¤ ¥É¸Ö É ±¨³¨
μ¶·¥¤¥²ÖÕÐ¨³¨ ¸μμÉ´μÏ¥´¨Ö³¨:

γsγt + γtγs = −2δst (s, t = 1, 2, 3) (46)

γ4γs − γsγ4 = 0, γ2
4 = 1.

‚ÒÎ¨¸²¥´¨Ö ¤ ÕÉ ¶·¨ ÔÉμ³ In[Dγ(IV)] = −1.
�·¨ ¤·Ê£μ³ ¢Ò¡μ·¥ μ¶·¥¤¥²ÖÕÐ¨Ì ¸μμÉ´μÏ¥´¨°

γsγt + γtγs = 0, s �= t (s, t = 1, 2, 3),

γ2
3 = γ2

2 = 1, γ2
1 = −1, (47)

γ4γs − γsγ4 = 0, γ2
4 = 1

¶μ²ÊÎ ¥³ £·Ê¶¶Ê, μ¡μ§´ Î ¥³ÊÕ ¤ ²¥¥ Dγ(V), ¨ ¢¥²¨Î¨´Ê ¸É·Ê±ÉÊ·´μ£μ ¨´¢ ·¨ ´É 
In[Dγ(V)] = 1.



�·μ¡²¥³  ±¢ ´Éμ¢ÒÌ Î¨¸¥² ²¥¶Éμ´´μ£μ ¸¥±Éμ·  167

�¡¥ £·Ê¶¶Ò, ± ± É·¨ ¶·¥¤Ò¤ÊÐ¨¥, ¨³¥ÕÉ ¶μ·Ö¤μ± 32 ¨, ¶μ¤μ¡´μ ±¢ ·É¥É´μ³Ê ¸μ¸Éμ-
Ö´¨Õ, ¨³¥ÕÉ 20 ¸μ¶·Ö¦¥´´ÒÌ ±² ¸¸μ¢. –¥´É· £·Ê¶¶Ò ¸μ¸Éμ¨É ¨§ ¢μ¸Ó³¨ Ô²¥³¥´Éμ¢ ¢Éμ-
·μ£μ ¶μ·Ö¤± . ‘²¥¤μ¢ É¥²Ó´μ, ¸¨´£²¥É´Ò¥ ¸μ¸ÉμÖ´¨Ö μ¶¨¸Ò¢ ÕÉ¸Ö ¤¢ÊÌ±μ³¶μ´¥´É´Ò³¨
¸¶¨´μ· ³¨. ˆ§ ¸μμÉ´μÏ¥´¨° (46), (47) ¸μ¢³¥¸É´μ ¸ É·¥¡μ¢ ´¨¥³ ·¥¤Ê±Í¨¨ ± Ê· ¢´¥´¨Õ
Š²¥°´ Äƒμ·¤μ´  μ¤´μ§´ Î´μ ¸²¥¤Ê¥É, ÎÉμ m = 0 ¤²Ö μ¡μ¨Ì Ê· ¢´¥´¨°.

�¸´μ¢´ Ö μ¸μ¡¥´´μ¸ÉÓ μ¡¥¨Ì £·Ê¶¶ § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ± ¦¤ Ö ¨§ ´¨Ì ¸μ¤¥·¦¨É
¶μ¤£·Ê¶¶Ò μ¤´μ£μ É¨¶ : £·Ê¶¶  Dγ(IV) ¸μ¤¥·¦¨É Éμ²Ó±μ ¶μ¤£·Ê¶¶Ò bγ ,   £·Ê¶¶  Dγ(V)
Éμ²Ó±μ ¶μ¤£·Ê¶¶Ò cγ . ‡¤¥¸Ó ¨³¥ÕÉ¸Ö ¢ ¢¨¤Ê ¶μ¤£·Ê¶¶Ò 16-£μ ¶μ·Ö¤± , É. ¥. ¶μ¤£·Ê¶¶Ò,
±μÉμ·Ò¥ ¶·¥¤¸É ¢²ÖÕÉ ÉμÉ ¨²¨ ¨´μ° ±μ³¶μ´¥´É ¸¢Ö§´μ¸É¨ £·Ê¶¶Ò ‹μ·¥´Í . “· ¢´¥´¨Ö,
¸¢Ö§ ´´Ò¥ ¸ É ±¨³¨ £·Ê¶¶ ³¨, ´¥ ¸μ¤¥·¦ É 〈T 〉-¸μ¶·Ö¦¥´´ÒÌ ±μ³¶μ´¥´Éμ¢ ¸¢Ö§´μ¸É¨,  
Î ¸É¨ÍÒ ´¥ ¨³¥ÕÉ  ´É¨Î ¸É¨Í. ’ ±¨³ μ¡· §μ³, ³Ò ¶μ²ÊÎ ¥³ ¸¨´£²¥É´Ò¥ ¸μ¸ÉμÖ´¨Ö.

‚ ¶μ²´μ°  ´ ²μ£¨¨ ¸ ¶·¥¤Ò¤ÊÐ¨³¨ ¸²ÊÎ Ö³¨ ¸É·μÖÉ¸Ö ¢μ²´μ¢Ò¥ Ê· ¢´¥´¨Ö. „²Ö
Dγ(IV) É ±μ¥ Ê· ¢´¥´¨¥ ¶·¨´¨³ ¥É ¢¨¤

(ip4γ4 − p1γ1 − p2γ2 − p3γ3)Ψ(x, t) = 0. (48)

‚μ²´μ¢μ¥ Ê· ¢´¥´¨¥ Dγ(V) ¤²Ö μ¤´μ£μ ¨§ ±μ´±·¥É´ÒÌ ¢Ò¡μ·μ¢ γ-³ É·¨Í (47) ¶·¨´¨-
³ ¥É ¢¨¤

(p4γ4 − ip1γ1 − p2γ2 − p3γ3)Ψ(x, t) = 0. (49)

�´ ²μ£¨Î´Ò¥ · ¢¥´¸É¢  ³μ¦´μ § ¶¨¸ ÉÓ ¤²Ö ¤·Ê£¨Ì ¢ ·¨ ´Éμ¢, ±μ£¤  ¸μ£² ¸´μ (47) ¨²¨
γ2
2 = −1, ¨²¨ γ2

3 = −1.
ˆ§ ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨° (24) ¨ μ¶·¥¤¥²ÖÕÐ¨Ì ¸μμÉ´μÏ¥´¨° (47) ¸²¥¤Ê¥É

´¥· ¢´μ§´ Î´μ¸ÉÓ É·¥Ì ¶·μ¸É· ´¸É¢¥´´ÒÌ ´ ¶· ¢²¥´¨° ¤²Ö ¶μ¤£·Ê¶¶Ò cγ ¢ £·Ê¶¶¥ ¸¨´-
£²¥Éμ¢ É¨¶  Dγ(V). �Éμ ¥¸ÉÓ ¸²¥¤¸É¢¨¥ ´¥μ¤´μÉ¨¶´μ¸É¨ μ¶¥· Éμ·μ¢ a1, a2, a3. �¶¥· -
Éμ· a1 ¨³¥¥É ¶μ·Ö¤μ± 4 (a4

1 = I), ¢ Éμ ¢·¥³Ö ± ± μ¶¥· Éμ·Ò a2, a3 ¨³¥ÕÉ ¶μ·Ö¤μ± 2:
a2
2 = a2

3 = I . Š¢ ´Éμ¢μ¥ Î¨¸²μ ¸¶¨´ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¶·¨´¨³ ¥É ¤¥°¸É¢¨É¥²Ó´μ¥ §´ Î¥´¨¥
1/2 Éμ²Ó±μ ¢¤μ²Ó ´ ¶· ¢²¥´¨Ö a1. ‘μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö μ¶¥· Éμ·μ¢ a2 ¨ a3 Ö¢²ÖÕÉ¸Ö
³´¨³Ò³¨. �Éμ μ§´ Î ¥É, ÎÉμ ¸¶¨´ ¨³¥¥É ´ ¶· ¢²¥´¨¥ ²¨¡μ ¢¤μ²Ó, ²¨¡μ ¶·μÉ¨¢ ¨³¶Ê²Ó¸ ,
¸¢Ö§ ´´μ£μ ¸ ´ ¶· ¢²¥´¨¥³ a1. ‡¤¥¸Ó ¶μ²μ¦¥´¨¥ ¢μ ³´μ£μ³  ´ ²μ£¨Î´μ ¤Ê¡²¥ÉÊ ³ ¸¸¨¢-
´ÒÌ ´¥°É·¨´μ.

�¥μ¡Ìμ¤¨³μ μÉ³¥É¨ÉÓ, ÎÉμ ´  ¶¥·¢Ò° ¢§£²Ö¤ ¢ Ê· ¢´¥´¨¨ (49) ¨³¥¥É¸Ö ¢Ò¤¥²¥´´μ¸ÉÓ
μ¤´μ° ¨§ ¶·μ¸É· ´¸É¢¥´´ÒÌ μ¸¥°. „¥°¸É¢¨É¥²Ó´μ, ¢Ò· ¦¥´¨¥ ip1γ1 ¸μ¤¥·¦¨É ³´μ¦¨-
É¥²Ó i, Éμ£¤  ± ± ¤¢   ´ ²μ£¨Î´ÒÌ ´¥ ¸μ¤¥·¦ É. �μ ´  ¸ ³μ³ ¤¥²¥ ¸ ¶μ³μÐÓÕ Ô²¥³¥´Éμ¢
ÔÉμ° ¦¥ ¸ ³μ° £·Ê¶¶Ò ³μ¦´μ ¸μ¢¥·Ï¨ÉÓ ¶μ¢μ·μÉ ¢μ±·Ê£ μ¤´μ° ¨§ ¶·μ¸É· ´¸É¢¥´´ÒÌ μ¸¥°,
¨ Éμ£¤  ³´μ¦¨É¥²Ó i ¡Ê¤¥É ¸ÉμÖÉÓ ¶·¨ γ2 ¨²¨ ¶·¨ γ3. ’ ±¨³ μ¡· §μ³, ´¨± ±¨Ì μ£· ´¨-
Î¥´¨° ´  ´ ¶· ¢²¥´¨¥ ¨³¶Ê²Ó¸  ´¥ ¨³¥¥É¸Ö, ´μ ¢¸¥£¤  ¶·¨ ÔÉμ³ ¸¶¨´ μ·¨¥´É¨·μ¢ ´ ¶μ
¨³¶Ê²Ó¸Ê. ‚ ÔÉμ³ ¸³Ò¸²¥ ³μ¦´μ £μ¢μ·¨ÉÓ, ÎÉμ ±μ¢ ·¨ ´É´μ¸ÉÓ Ëμ·³Ê²¨·μ¢±¨ ¢ Í¥²μ³
¢Ò¶μ²´Ö¥É¸Ö, É ± ± ± ¢¸¥ ´¥μ¡Ìμ¤¨³Ò¥ ¤²Ö ÔÉμ£μ ¶·¥¤¶μ¸Ò²±¨ ¨³¥ÕÉ¸Ö, ´μ ¢ ¸±·ÒÉμ°
Ëμ·³¥. �Éμ ³μ¦´μ ¢μ¸¶·¨´¨³ ÉÓ ± ± ´¥¤μ¸É ÉμÎ´μ¸ÉÓ ¸É ´¤ ·É´μ£μ (¸μ¡¸É¢¥´´μ£μ μ·Éμ-
Ì·μ´´μ£μ) ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ‹μ·¥´Í  ¤²Ö  ¤¥±¢ É´μ£μ μ¶¨¸ ´¨Ö ¢¸¥£μ ³´μ£μμ¡· §¨Ö
¸¢μ°¸É¢ ²¥¶Éμ´μ¢.

Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ±μ³¶²¥±¸´μ¥ ¸μ¶·Ö¦¥´¨¥ Ö¢²Ö¥É¸Ö ¶·¥μ¡· §μ¢ ´¨¥³  ¢Éμ³μ·-
Ë¨§³  ¤²Ö ± ¦¤μ° ¨§ Ê¶μ³Ö´ÊÉÒÌ £·Ê¶¶ γ-³ É·¨Í. ‚ ¸¨²Ê É ±μ£μ ¸¢μ°¸É¢  ¢μ¶·μ¸ μ
¶μ²μ¦¨É¥²Ó´μ° μ¶·¥¤¥²¥´´μ¸É¨ ¶²μÉ´μ¸É¨ ¢¥·μÖÉ´μ¸É¨ (ΨΨ), ± ± ¸¶· ¢¥¤²¨¢μ μÉ³¥Î ²
� Ê²¨ [3], Ö¢²Ö¥É¸Ö ¶·μ¸ÉÒ³ ¸²¥¤¸É¢¨¥³ ²¨´¥°´μ¸É¨ Ê· ¢´¥´¨Ö ¨ ³´μ£μ±μ³¶μ´¥´É´μ¸É¨
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Ψ. ”μ·³Ê²¨·μ¢±  Ê· ¢´¥´¨Ö ´¥¶·¥·Ò¢´μ¸É¨ ¤²Ö Éμ±  ¢¥·μÖÉ´μ¸É¨ É ±¦¥ ´¥ ¶·¥É¥·¶¥¢ ¥É
¶·¨´Í¨¶¨ ²Ó´ÒÌ ¨§³¥´¥´¨°.

�·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³ ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¢μ ¢¸¥Ì ¸²ÊÎ ÖÌ, ±μ£¤  m = 0, μ¶¥· Éμ·
γ4 (β ¢ μ¡μ§´ Î¥´¨ÖÌ � Ê²¨) ¸É ´μ¢¨É¸Ö ±· É´Ò³ ¥¤¨´¨Í¥. �ÉμÉ μ¶¥· Éμ· Ê³´μ¦ ¥É¸Ö ´ 
∂/∂t ¢ ±μ¢ ·¨ ´É´μ° Ëμ·³Ê²¨·μ¢±¥, ¡Ê¤Ó Éμ ¢μ²´μ¢μ¥ Ê· ¢´¥´¨¥ ¨²¨ Ê· ¢´¥´¨¥ ´¥¶·¥-
·Ò¢´μ¸É¨. �μÔÉμ³Ê Ê· ¢´¥´¨¥ ´¥¶·¥·Ò¢´μ¸É¨ ¢ ¢¨¤¥, ¶·¥¤²μ¦¥´´μ³ � Ê²¨ [3, ¸. 252],

∂Ψ(x, t)
∂t

+
n∑

k=1

σk
∂Ψ(x, t)

∂xk
= 0, (50)

μ¸É ¥É¸Ö ¸¶· ¢¥¤²¨¢Ò³ ¶·¨ Ê¸²μ¢¨¨ § ³¥´Ò σk ´  (bγ)k ¢ ¸²ÊÎ ¥ Dγ(IV) ¨ ´  (cγ)k Å ¢
¸²ÊÎ ¥ Dγ(V). ‡¤¥¸Ó σk Å ³ É·¨ÍÒ � Ê²¨; k = 1, 2, 3,   (bγ)k ¨ (cγ)k Å ³ É·¨Î´μ¥ ¶·¥¤-
¸É ¢²¥´¨¥ ¤²Ö μ¶¥· Éμ·μ¢ ¡Ê¸Éμ¢ ¤²Ö T - ¨ P -¸μ¶·Ö¦¥´´ÒÌ ±μ³¶μ´¥´Éμ¢ ¸¢Ö§´μ¸É¨, É. ¥.
£·Ê¶¶ bγ ¨ cγ ¸μμÉ¢¥É¸É¢¥´´μ. �μ ¨¸±²ÕÎ¨ÉÓ ¶·¨ ÔÉμ³ γ4 ¨§ · ¸¸³μÉ·¥´¨Ö, ¸μ£² ¸´μ (46)
¨ (47), μ§´ Î ¥É μÉ± § ÉÓ¸Ö μÉ ¢μ²´μ¢μ£μ Ê· ¢´¥´¨Ö.

Ÿ¢´Ò° ¢¨¤ ³ É·¨Í (bγ)k ¨ (cγ)k, ±μÉμ·Ò¥ ¨£· ÕÉ ·μ²Ó Ô±¢¨¢ ²¥´Éμ¢ ³ É·¨Í σk , ¤²Ö
±μ´±·¥É´μ£μ ¢Ò¡μ·  Ê· ¢´¥´¨° (48) ¨ (49) É ±μ¢ [19]:

(bγ)1 =
(

−i 0
0 i

)
; (bγ)2 =

(
0 −i
−i 0

)
; (bγ)3 =

(
0 −1
1 0

)

¨

(cγ)1 =
(

i 0
0 −i

)
; (cγ)2 =

(
0 −1
−1 0

)
; (cγ)3 =

(
0 −i
i 0

)
.

�μ¤¸É ´μ¢±  ¢ Ê· ¢´¥´¨Ö (48) ¨ (49) ·¥Ï¥´¨° ¢ ¢¨¤¥ ¶²μ¸±¨Ì ¢μ²´, É. ¥. ¶¥·¥Ìμ¤ ±
p-¶·¥¤¸É ¢²¥´¨Õ ¤²Ö ¸É Í¨μ´ ·´ÒÌ ·¥Ï¥´¨°, ¶μ± §Ò¢ ¥É, ÎÉμ ·¥Ï¥´¨Ö ¸ÊÐ¥¸É¢ÊÕÉ ¶·¨
¶μ²μ¦¨É¥²Ó´ÒÌ ¨ μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨ÖÌ Ô´¥·£¨¨ E = ±

√
p2
1 + p2

2 + p2
3. �É²¨Î¨¥ μÉ

Ê· ¢´¥´¨Ö „¨· ±  ¨ ¢ ·¨ ´É  ³ ¸¸¨¢´μ£μ ¤Ê¡²¥É  ´¥°É·¨´μ § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ¢
¤Ê¡²¥É´ÒÌ ¸μ¸ÉμÖ´¨ÖÌ ¨³¥¥É ³¥¸Éμ ¤¢Ê±· É´μ¥ ¢Ò·μ¦¤¥´¨¥ μ¡μ¨Ì §´ Î¥´¨° Ô´¥·£¨¨.

ˆ§ μ¶·¥¤¥²ÖÕÐ¨Ì ¸μμÉ´μÏ¥´¨° (46) ¨ (47) ¸²¥¤Ê¥É, ÎÉμ ¸¢Ö§ ´´Ò¥ ¸ ´¨³¨ £·Ê¶¶Ò
¨³¥ÕÉ Î¥ÉÒ·¥ ´¥Ô±¢¨¢ ²¥´É´ÒÌ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨Ö · §³¥·´μ¸É¨ 2. Š ¦¤μ³Ê
¨§ ´¨Ì, ¸μ£² ¸´μ É¥μ·¥³¥ 	¥·´¸ °¤ , ¸μ¶ÊÉ¸É¢Ê¥É ¶μ μ¤´μ³Ê Ô±¢¨¢ ²¥´É´μ³Ê ´¥¶·¨¢μ-
¤¨³μ³Ê ¶·¥¤¸É ¢²¥´¨Õ. Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ Ô±¢¨¢ ²¥´É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö μÉ²¨Î ÕÉ¸Ö
μ¤´μ μÉ ¤·Ê£μ£μ Éμ²Ó±μ ¶·μ¸É· ´¸É¢¥´´Ò³ ¶μ¢μ·μÉμ³.

—¥ÉÒ·¥ ´¥Ô±¢¨¢ ²¥´É´ÒÌ ¶·¥¤¸É ¢²¥´¨Ö μÉ²¨Î ÕÉ¸Ö μ¡· É´Ò³¨ §´ ± ³¨ Ô²¥³¥´Éμ¢
Í¥´É·  ¸μ ¸²¥¤ ³¨, ´¥ · ¢´Ò³¨ ´Ê²Õ. ‚ ·¥§Ê²ÓÉ É¥ ¶μÖ¢²ÖÕÉ¸Ö Î¥ÉÒ·¥ É¨¶  ·¥Ï¥´¨°,
μÉ²¨Î ÕÐ¨Ì¸Ö ¤¢Ê³Ö §´ ± ³¨ Ô´¥·£¨° ¨ ¤¢Ê³Ö §´ Î¥´¨Ö³¨ ¶·μ¥±Í¨° ¸¶¨´μ¢. �Éμ ¶·Ö³μ¥
¸²¥¤¸É¢¨¥ Éμ£μ, ÎÉμ £·Ê¶¶Ò Dγ(IV) ¨ Dγ(V) ¶μ·μ¦¤ ÕÉ¸Ö Î¥ÉÒ·Ó³Ö £¥´¥· Éμ· ³¨ ¨
¨³¥ÕÉ ¶μ·Ö¤μ± 32. ‚ ÔÉμ³ μÉ´μÏ¥´¨¨ ¸¨´£²¥É´Ò¥ Ê· ¢´¥´¨Ö ¢¶μ²´¥  ´ ²μ£¨Î´Ò ¤Ê¡-
²¥É´Ò³.

Š ± Ê¦¥ μÉ³¥Î ²μ¸Ó, ± ¦¤ Ö ¨§ £·Ê¶¶ Dγ(IV) ¨ Dγ(V) ¨³¥¥É ¢ ¸¢μ¥° ¸É·Ê±ÉÊ·¥ ³ ±-
¸¨³ ²Ó´ÊÕ ¨´¢ ·¨ ´É´ÊÕ ¶μ¤£·Ê¶¶Ê μ¤´μ£μ ¸μ·É  Å bγ ¨ cγ ¸μμÉ¢¥É¸É¢¥´´μ. � §²¨Î¨¥
¸¢μ°¸É¢ ¶μ¤£·Ê¶¶ ¢¥¤¥É ± · §²¨Î¨Õ ¸¶¨´μ¢ÒÌ Ì · ±É¥·¨¸É¨± ¸¨´£²¥Éμ¢. ˆ§ ±μ³³ÊÉ Í¨-
μ´´ÒÌ ¸μμÉ´μÏ¥´¨° (10) ¤²Ö ¶μ¤£·Ê¶¶Ò bγ μÎ¥¢¨¤´μ, ÎÉμ ¢¸¥ É·¨ ¶·μ¸É· ´¸É¢¥´´ÒÌ
´ ¶· ¢²¥´¨Ö Ô±¢¨¢ ²¥´É´Ò ¤²Ö ¸¨´£²¥Éμ¢ É¨¶  Dγ(IV). ‘²¥¤μ¢ É¥²Ó´μ, μ¸Ó ±¢ ´Éμ¢ ´¨Ö
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¸¶¨´  ³μ¦¥É ¡ÒÉÓ ´ ¶· ¢²¥´  ¢¤μ²Ó ²Õ¡μ° ¨§ ´¨Ì É ± ¦¥, ± ± Ê Ô²¥±É·μ´  ¨²¨ ¶μ§¨-
É·μ´ . “Î¨ÉÒ¢ Ö, ÎÉμ ¶μ¤£·Ê¶¶  bγ ¸¢Ö§ ´  ¸ dγ 〈T 〉-¶·¥μ¡· §μ¢ ´¨¥³ (16), ¤ ´´Ò° É¨¶
¸μ¸ÉμÖ´¨Ö ¤ ²¥¥ ¡Ê¤¥É ´ §Ò¢ ÉÓ¸Ö T -¸¨´£²¥Éμ³.

“Î¨ÉÒ¢ Ö, ÎÉμ ¶μ¤£·Ê¶¶  cγ ¸¢Ö§ ´  ¸ ¶·μ¸É· ´¸É¢¥´´μ-´¥¸¨³³¥É·¨Î´μ° ¶μ¤£·Ê¶¶μ°
q2[a1, a2], ¤ ´´Ò° É¨¶ ¸μ¸ÉμÖ´¨Ö ¤ ²¥¥ ¡Ê¤¥É ´ §Ò¢ ÉÓ¸Ö P -¸¨´£²¥Éμ³.

‹Õ¡μ¥ ¨§ · ¸¸³μÉ·¥´´ÒÌ · ´¥¥ ²¥¶Éμ´´ÒÌ Ê· ¢´¥´¨° μ¡² ¤ ¥É Éμ° ¨²¨ ¨´μ° ¨´¢ -
·¨ ´É´μ¸ÉÓÕ μÉ´μ¸¨É¥²Ó´μ ¤¨¸±·eÉ´ÒÌ ¶·¥μ¡· §μ¢ ´¨° 〈T 〉, 〈P 〉, 〈PT 〉. ‘μ£² ¸´μ · -
¢¥´¸É¢ ³ (26)Ä(29) ¸μ¸É ¢²ÖÕÐ¨¥ ¸¨´£²¥É´ÒÌ Ê· ¢´¥´¨° ´¥¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ
²Õ¡μ£μ ¨§ ¤¨¸±·¥É´ÒÌ ¶·¥μ¡· §μ¢ ´¨°. �μÔÉμ³Ê ¥¸²¨ ¸¨´£²¥É´Ò¥ ¸μ¸ÉμÖ´¨Ö ·¥ ²¨§Ê-
ÕÉ¸Ö ¢ ¶·¨·μ¤¥ ± ± ¸ ³μ¸ÉμÖÉ¥²Ó´Ò¥ μ¡Ñ¥±ÉÒ, Éμ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ ¨Ì ÊÎ ¸É¨¥³ ³μ£ÊÉ
¨£· ÉÓ ¢Ò¤¥²¥´´ÊÕ ·μ²Ó ¢ ¶μ¨¸± Ì ´¥μ¡· É¨³μ¸É¨ ¢μ ¢·¥³¥´¨ ¨²¨  ¸¨³³¥É·¨¨ ¢¥Ð¥¸É¢μÄ
 ´É¨¢¥Ð¥¸É¢μ ´  ³¨±·μ¸±μ¶¨Î¥¸±μ³ Ê·μ¢´¥.

�¥·¥Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ¢¸¥Ì É¨¶μ¢ Ê· ¢´¥´¨° ¶μ§¢μ²ÖÕÉ ÊÉ¢¥·¦¤ ÉÓ, ÎÉμ ± -
¦¤μ¥ Ê· ¢´¥´¨¥ ¤²Ö ¸É ¡¨²Ó´μ£μ ²¥¶Éμ´  ¨³¥¥É ¸μ¡¸É¢¥´´Ò°, ´¥¶μ¢Éμ·ÖÕÐ¨°¸Ö ¸μ¸É ¢,
É. ¥. ´ ¡μ· ¶μ¤¸É·Ê±ÉÊ·, ´  ±μÉμ·ÒÌ ·¥ ²¨§Ê¥É¸Ö Î¥ÉÒ·¥ · §²¨Î´ÒÌ ±μ³¶μ´¥´É  ¸¢Ö§´μ¸É¨
μ¤´μ·μ¤´μ° £·Ê¶¶Ò ‹μ·¥´Í .

1. “· ¢´¥´¨¥ „¨· ±  Å Dγ(II): dγ , bγ , fγ .

In[Dγ(II)] = −1.

2. “· ¢´¥´¨¥ ¤²Ö ¤Ê¡²¥É  ³ ¸¸¨¢´ÒÌ ´¥°É·¨´μ Å Dγ(I): dγ , cγ , fγ .

In[Dγ(I)] = 1.

3. “· ¢´¥´¨¥ ¤²Ö ±¢ ·É¥É  ¡¥§³ ¸¸μ¢ÒÌ ´¥°É·¨´μ ÅDγ(III): dγ , bγ , cγ , fγ .

In[Dγ(III)] = 0.

4. “· ¢´¥´¨¥ ¤²Ö ¡¥§³ ¸¸μ¢μ£μ T -¸¨´£²¥É  Å Dγ(IV): bγ .

In[Dγ(IV)] = −1.

5. “· ¢´¥´¨¥ ¤²Ö ¡¥§³ ¸¸μ¢μ£μ P -¸¨´£²¥É  Å Dγ(V): cγ .

In[Dγ(V)] = 1.

‚¨¤´μ, ÎÉμ ¸É·Ê±ÉÊ·  Ê· ¢´¥´¨° ¶μ§¢μ²Ö¥É μÉ²¨Î¨ÉÓ μ¤´μ Ê· ¢´¥´¨¥ μÉ ¤·Ê£μ£μ. ‚¸¥ ¶ÖÉÓ
É¨¶μ¢ Ê· ¢´¥´¨° ´¥ ¨³¥ÕÉ ¶μ¤¸É·Ê±ÉÊ·, ¤μ¶Ê¸± ÕÐ¨Ì Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ. �μ
ÔÉμ° ¶·¨Î¨´¥ ´¥É μ¸´μ¢ ´¨° ¸Î¨É ÉÓ ¨Ì ´¥¸É ¡¨²Ó´Ò³¨ É ± ¦¥, ± ± ÔÉμ ¨³¥¥É ³¥¸Éμ ¢ ¸²Ê-
Î ¥ Ô²¥±É·μ´ . �·μ¸Éμ° ¶¥·¥¡μ· ¢¸¥Ì ¢μ§³μ¦´μ¸É¥° ´  μ¸´μ¢¥ ¸É·Ê±ÉÊ·´ÒÌ ¨´¢ ·¨ ´Éμ¢
Î¥ÉÒ·¥Ì ±μ³¶μ´¥´Éμ¢ ¸¢Ö§´μ¸É¨ ¨ ¢μ§³μ¦´ÒÌ ¨´¢ ·¨ ´Éμ¢ Ê· ¢´¥´¨° ¢ Í¥²μ³ ¶μ§¢μ²Ö¥É
ÊÉ¢¥·¦¤ ÉÓ, ÎÉμ ¤·Ê£¨Ì ¸É ¡¨²Ó´ÒÌ ²¥¶Éμ´μ¢ ¢ · ³± Ì μ£μ¢μ·¥´´ÒÌ ¶·¥¤¶μ²μ¦¥´¨° ¨
É·¥¡μ¢ ´¨° ´¥ ¨³¥¥É¸Ö.
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2. ��‘˜ˆ�…�ˆ… ƒ�“�� ‘’��ˆ‹œ�›• ‹…�’���‚

Œμ¦´μ ²¨, μ¸É ¢ Ö¸Ó ¢ · ³± Ì ¶·¥¦´¨Ì Î¥ÉÒ·¥Ì ¶·¥¤¶μ²μ¦¥´¨°, ¶μ²ÊÎ¨ÉÓ ¤μ¶μ²´¨-
É¥²Ó´Ò¥ ²¥¶Éμ´´Ò¥ Ê· ¢´¥´¨Ö? �± § ²μ¸Ó, ÎÉμ ¢μ§³μ¦´μ [9].

�¥Ï ¥É¸Ö ¶μ¸É ¢²¥´´ Ö § ¤ Î  ¢¢¥¤¥´¨¥³ ¤μ¶μ²´¨É¥²Ó´μ£μ (¶ÖÉμ£μ) £¥´¥· Éμ·  ¤²Ö ¶μ-
·μ¦¤¥´¨Ö ´μ¢μ° £·Ê¶¶Ò ¢μ²´μ¢μ£μ Ê· ¢´¥´¨Ö. ‚ÒÖ¸´¨²μ¸Ó, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É É·¨ ¨ Éμ²Ó±μ
É·¨ ¢μ§³μ¦´μ¸É¨, ±μÉμ·Ò¥ ¤μ¶Ê¸± ÕÉ ¨´É¥·¶·¥É Í¨Õ ± ± ´μ¢Ò¥ ¢μ²´μ¢Ò¥ Ê· ¢´¥´¨Ö
¸μ ¸¢μ¨³¨ ¤μ¶μ²´¨É¥²Ó´Ò³¨ Ì · ±É¥·¨¸É¨± ³¨. �·¨ ÔÉμ³ ¢ ´μ¢ÒÌ £·Ê¶¶ Ì ¶μÖ¢²ÖÕÉ¸Ö
¶μ¤¸É·Ê±ÉÊ·Ò, ¤μ¶Ê¸± ÕÐ¨¥ Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ ¢ É¥·³¨´ Ì ¸É ¡¨²Ó´ÒÌ ²¥¶Éμ-
´μ¢. ‚ ÔÉμ³ ¨Ì μÉ²¨Î¨¥ μÉ £·Ê¶¶ ¸É ¡¨²Ó´ÒÌ ²¥¶Éμ´μ¢, ÎÉμ ¶μ§¢μ²Ö¥É ¨´É¥·¶·¥É¨·μ¢ ÉÓ
¨Ì ± ± ´¥¸É ¡¨²Ó´Ò¥ ¢ Éμ³ ¸²ÊÎ ¥, ¥¸²¨ ³ ¸¸  Î ¸É¨ÍÒ μ± ¦¥É¸Ö ¡μ²ÓÏ¥ ¸Ê³³Ò ³ ¸¸
¸μ¸É ¢²ÖÕÐ¨Ì Î ¸É¨Í.

’ ± · ¸Ï¨·¥´¨¥ £·Ê¶¶Ò γ-³ É·¨Í „¨· ±  (Dγ(II)) ¸ ¶μ³μÐÓÕ μ¤´μ£μ  ´É¨±μ³³Ê-
É¨·ÊÕÐ¥£μ £¥´¥· Éμ·  Γ5 É ±μ£μ, ÎÉμ Γ2

5 = I , ¶·¨¢μ¤¨É ± £·Ê¶¶¥ Δ1 ¸μ ¸É·Ê±ÉÊ·´Ò³
¨´¢ ·¨ ´Éμ³ In[Δ1] = −1. � ¸Ï¨·¥´¨¥ Éμ° ¦¥ £·Ê¶¶Ò ¸ ¶μ³μÐÓÕ £¥´¥· Éμ·  É ±μ£μ,
ÎÉμ Γ′2

5 = −1, ¤μ¸É ¢²Ö¥É Δ3 ¸μ ¸É·Ê±ÉÊ·´Ò³ ¨´¢ ·¨ ´Éμ³ In[Δ3] = 0. � ±μ´¥Í, · ¸Ï¨-
·¥´¨¥ £·Ê¶¶Ò γ-³ É·¨Í ¤Ê¡²¥É´μ£μ ´¥°É·¨´μ (Dγ(I)) ¸ ¶μ³μÐÓÕ Γ′′2

5 = −1 ¶·¨¢μ¤¨É ±
£·Ê¶¶¥ Δ2 ¸ ¨´¢ ·¨ ´Éμ³ In[Δ2] = 1.

‚¸¥ É·¨ £·Ê¶¶Ò ¨³¥ÕÉ ·Ö¤ μ¡Ð¨Ì ¸¢μ°¸É¢. �μ·Ö¤μ± £·Ê¶¶ · ¢¥´ 64, Í¥´É· ± ¦¤μ°
£·Ê¶¶Ò ¸μ¤¥·¦¨É Î¥ÉÒ·¥ Ô²¥³¥´É , Ô²¥³¥´ÉÒ £·Ê¶¶ ¨³¥ÕÉ ¶μ·Ö¤μ± 2 ¨²¨ 4, ¨ ± ¦¤ Ö ¨§
£·Ê¶¶ ¨³¥¥É 34 ¸μ¶·Ö¦¥´´ÒÌ ±² ¸¸ . Š ± ¸²¥¤¸É¢¨¥, £·Ê¶¶Ò ¨³¥ÕÉ ¶μ 32 μ¤´μ³¥·´ÒÌ
´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨Ö ¨ ¶μ ¤¢  ´¥Ô±¢¨¢ ²¥´É´ÒÌ Î¥ÉÒ·¥Ì³¥·´ÒÌ. Š·μ³¥ Éμ£μ,
± ¦¤ Ö £·Ê¶¶  ¨³¥¥É ¢ ¸¢μ¥³ ¸μ¸É ¢¥ ¶μ É·¨ ¨ Éμ²Ó±μ É·¨ ¶μ¤£·Ê¶¶Ò 32-£μ ¶μ·Ö¤± ,
±μÉμ·Ò¥ ¨§μ³μ·Ë´Ò μ¤´μ³Ê ¨§ ¶ÖÉ¨ ¶¥·¥Î¨¸²¥´´ÒÌ ¢ ·¨ ´Éμ¢ Ê· ¢´¥´¨° ¤²Ö ¸É ¡¨²Ó´ÒÌ
²¥¶Éμ´μ¢. �μ ¸μ¸É ¢ ¶μ¤£·Ê¶¶ 32-£μ ¶μ·Ö¤±  ¢ ± ¦¤μ³ ¸²ÊÎ ¥ ¸¢μ°, ´¥¶μ¢Éμ·ÖÕÐ¨°¸Ö.

ƒ·Ê¶¶  Δ1 ¨³¥¥É ¸²¥¤ÊÕÐ¨¥ μ¶·¥¤¥²ÖÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö

ΓμΓν + ΓνΓμ = 2δμν (μ, ν = 1, 2, 3, 4, 5). (51)

ˆ§ ´¨Ì ¢ÒÉ¥± ¥É, ÎÉμ

Γ6Γμ = ΓμΓ6, Γ2
6 = I (μ = 1, 2, 3, 4, 5), (52)

£¤¥ Γ6 ≡ Γ1Γ2Γ3Γ4Γ5.
�Éμ μ§´ Î ¥É, ÎÉμ Γ6 Ö¢²Ö¥É¸Ö Í¥´É·μ³ £·Ê¶¶Ò ¨ ÎÉμ ¶·¨ ¶¥·¥Ìμ¤¥ ± ´¥¶·¨¢μ¤¨³μ³Ê

³ É·¨Î´μ³Ê ¶·¥¤¸É ¢²¥´¨Õ ³μ¦´μ § ¶¨¸ ÉÓ Γ6 = ±1.
�Î¥¢¨¤´μ, ÎÉμ ±μ£¤  μ ¨ ν ¶·μ¡¥£ ÕÉ §´ Î¥´¨Ö 1, 2, 3, 4, ³Ò ¶μ²ÊÎ ¥³ £·Ê¶¶Ê „¨· ± .

Œμ¦´μ ¶μ± § ÉÓ ´  μ¸´μ¢¥ (51), ÎÉμ Δ1 ¶μ³¨³μ ¶μ¤£·Ê¶¶Ò „¨· ±  ¸μ¤¥·¦¨É ¤¢¥ ¨ Éμ²Ó±μ
¤¢¥ ¶μ¤£·Ê¶¶Ò 32-£μ ¶μ·Ö¤± . ‚ ·¥§Ê²ÓÉ É¥ ³Ò ¶μ²ÊÎ ¥³ É ±μ° ¸μ¸É ¢:

Δ1{Dγ(II), Dγ(III), Dγ(IV)}. (53)

‚Ò· ¦¥´¨¥ (53) ¢³¥¸É¥ ¸μ ¸É·Ê±ÉÊ·´Ò³ ¨´¢ ·¨ ´Éμ³ In[Δ1] = −1 ¨¤¥´É¨Ë¨Í¨·ÊÕÉ
£·Ê¶¶Ê Δ1, É. ¥. ¤¥² ÕÉ ¥¥ Ë¨§¨Î¥¸±μ¥ ¸μ¤¥·¦ ´¨¥ μÉ²¨Î´Ò³ μÉ μ¸É ²Ó´ÒÌ.

‚μ²´μ¢μ¥ Ê· ¢´¥´¨¥ Ëμ·³Ê²¨·Ê¥É¸Ö ¢ ¶μ²´μ°  ´ ²μ£¨¨ ¸ Ê· ¢´¥´¨¥³ „¨· ±  ¶·¨
Ê¸²μ¢¨¨ ´ ¤²¥¦ Ð¥£μ ¢Ò¡μ·  Ö¢´μ£μ ¢¨¤  γ-³ É·¨Í:[

i

4∑
a=1

(Γapa) + Γ6m1

]
ψ = 0, Γ6 = ±1, (54)
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£¤¥ pa(a = 1, 2, 3, 4) ¨ m Å Î¥ÉÒ·¥Ì¨³¶Ê²Ó¸ ¨ ³ ¸¸  ´¥¸É ¡¨²Ó´μ° Î ¸É¨ÍÒ. ‡ ¶¨¸Ó
Ê· ¢´¥´¨Ö ¢ ¢¨¤¥ (54) μ± § ² ¸Ó ¢μ§³μ¦´μ° ¡² £μ¤ ·Ö Ê¤ Î´μ³Ê ¸É¥Î¥´¨Õ μ¡¸ÉμÖÉ¥²Ó¸É¢,
¢ ¸¨²Ê ±μÉμ·ÒÌ · §³¥·´μ¸ÉÓ ´¥¶·¨¢μ¤¨³μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¤²Ö £·Ê¶¶Ò Δ1 ¸μ¢¶ ²  ¸
· §³¥·´μ¸ÉÓÕ ¶·¥¤¸É ¢²¥´¨Ö ¤²Ö ¶μ¤£·Ê¶¶Ò „¨· ±  Å Dγ(II). �·¨ ÔÉμ³ ¤¢  §´ ± 
¶·¨ Γ6 = ±1, ¸¢Ö§ ´´Ò¥ ¸ ¤¢Ê³Ö ´¥Ô±¢¨¢ ²¥´É´Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨,  ¸¸μÍ¨¨·ÊÕÉ¸Ö
¸ Î ¸É¨Í¥° ¨  ´É¨Î ¸É¨Í¥°. Š ± ¶μ± § ²  ´ ²¨§ Ê· ¢´¥´¨° ¤²Ö ¸É ¡¨²Ó´ÒÌ ²¥¶Éμ´μ¢,
´¥μ¡Ìμ¤¨³Ò³ Ê¸²μ¢¨¥³ μ¶¨¸ ´¨Ö ¤Ê¡²¥É  Î ¸É¨Í Ä ´É¨Î ¸É¨Í  Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ ¢ Ê· ¢-
´¥´¨¨ T -¸μ¶·Ö¦¥´´ÒÌ ±μ³¶μ´¥´Éμ¢ ¸¢Ö§´μ¸É¨ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ‹μ·¥´Í . „ ´´μ¥
É·¥¡μ¢ ´¨¥ ¢Ò¶μ²´Ö¥É¸Ö ¤²Ö ¢¸¥Ì É·¥Ì ¶¥·¥Î¨¸²¥´´ÒÌ £·Ê¶¶.

� ²¨Î¨¥ ¢ ¸μ¸É ¢¥ Δ1 ¢ Ëμ·³Ê²¥ (53) ¶μ¤£·Ê¶¶Ò „¨· ±  Ö¢²Ö¥É¸Ö ¶·Ö³μ° ¶·¥¤¶μ¸Ò²-
±μ° ¤²Ö μ¶¨¸ ´¨Ö § ·Ö¦¥´´μ£μ ¤Ê¡²¥É , ´  ·μ²Ó ±μÉμ·μ£μ ³μ¦¥É ¶·¥É¥´¤μ¢ ÉÓ μ±. �·¨
ÔÉμ³ ¥¸É¥¸É¢¥´´μ ¢μ§´¨± ÕÉ ´¥ Éμ²Ó±μ ¸Ìμ¤¸É¢μ ¸ ¤Ê¡²¥Éμ³ e±, ´μ ¨ · §²¨Î¨Ö, ¸¢Ö§ ´´Ò¥
¸μ ¸É·Ê±ÉÊ·μ°. Œμ¦´μ ´ ¤¥ÖÉÓ¸Ö, ÎÉμ · §²¨Î¨Ö ¸É·Ê±ÉÊ·Ò ¶μ¸²Ê¦ É μ¸´μ¢μ° ¤²Ö ·¥Ï¥´¨Ö
§ ¸É ·¥²μ° ¶·μ¡²¥³Ò (μ − e)-Ê´¨¢¥·¸ ²Ó´μ¸É¨ [22].

‚ÒÎ¨¸²¥´¨¥ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° ¤²Ö £·Ê¶¶Ò Δ1 ¤ ¥É Ö¢´Ò° ¢¨¤ Γ-³ É·¨Í:

Γ1 =

⎛
⎜⎜⎝
−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

⎞
⎟⎟⎠, Γ2 =

⎛
⎜⎜⎝

0 −1 0 0
−1 0 0 0
0 0 0 1
0 0 1 0

⎞
⎟⎟⎠, Γ3 =

⎛
⎜⎜⎝

0 i 0 0
−i 0 0 0
0 0 0 −i
0 0 i 0

⎞
⎟⎟⎠,

Γ4 =

⎛
⎜⎜⎝

0 0 −1 0
0 0 0 −1
−1 0 0 0
0 −1 0 0

⎞
⎟⎟⎠, Γ5 =

⎛
⎜⎜⎝

0 0 −i 0
0 0 0 −i
i 0 0 0
0 i 0 0

⎞
⎟⎟⎠ .

ƒ·Ê¶¶  Δ3 ¶μ²ÊÎ ¥É¸Ö ¶·¨ · ¸Ï¨·¥´¨¨ £·Ê¶¶Ò „¨· ±  ¸ ¶μ³μÐÓÕ ¶μÌμ¦¨Ì μ¶·¥¤¥-
²ÖÕÐ¨Ì ¸μμÉ´μÏ¥´¨°. �É²¨Î¨¥ ²¨ÏÓ ¢ ¶μ·Ö¤±¥ ¶ÖÉμ£μ £¥´¥· Éμ·  Γ5,

ΓsΓt + ΓtΓs = 2δst (s, t = 1, 2, 3, 4),
ΓsΓ5 + Γ5Γs = 0 (s = 1, 2, 3, 4), (55)

Γ2
5 = −1.

�É¸Õ¤  ¢ÒÉ¥± ¥É, ÎÉμ

Γ6 ≡ Γ1Γ2Γ3Γ4Γ5, Γ6Γμ = ΓμΓ6 (μ = 1, 2, 3, 4, 5). (56)

�μ-¶·¥¦´¥³Ê Γ6 Ö¢²Ö¥É¸Ö Í¥´É·μ³ £·Ê¶¶Ò ¨ Γ2
6 = −I . ‚ ¤ ´´μ³ ¸²ÊÎ ¥ ³ É·¨Î´ Ö

·¥ ²¨§ Í¨Ö ¶·¥¤¸É ¢²¥´¨Ö ¢¥¤¥É ± Γ6 = ±i1.
‘μ¸É ¢ £·Ê¶¶Ò ¨§³¥´¨²¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Δ3{Dγ(II), Dγ(I), Dγ(III)}, (57)

ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ¸É·Ê±ÉÊ·´μ³Ê ¨´¢ ·¨ ´ÉÊ In[Δ3] = 0. �μ¤£·Ê¶¶  „¨· ±  ¶μ-¶·¥¦´¥³Ê
¨³¥¥É¸Ö ¢ ¸μ¸É ¢¥, ´μ ¢ Í¥²μ³ μ´ Ê¸²μ¦´¨²¸Ö. ‚ ¸μ¸É ¢¥ Δ3 ¨³¥¥É¸Ö ¤¢¥ ³ ¸¸¨¢´ÒÌ
¸μ¸É ¢²ÖÕÐ¨Ì, ÎÉμ ¤¥² ¥É · §²¨Î´Ò³¨ ³ ¸¸Ò Δ1 ¨ Δ3, ¨ ¶μÉμ³Ê Î ¸É¨ÍÊ, ¸¢Ö§ ´´ÊÕ ¸
Δ3, ³μ¦´μ ¸Î¨É ÉÓ ¡μ²¥¥ ³ ¸¸¨¢´μ°. Š·μ³¥ Éμ£μ, ÔÉ¨ ³ ¸¸¨¢´Ò¥ ¸μ¸É ¢²ÖÕÐ¨¥ Dγ(II),
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Dγ(I) ¢Ò¸ÉÊ¶ ÕÉ ´  · ¢´ÒÌ ¶· ¢ Ì ¢ Éμ³ ¸³Ò¸²¥, ÎÉμ ¨³¥ÕÉ · §³¥·´μ¸ÉÓ ´¥¶·¨¢μ¤¨-
³ÒÌ ¶·¥¤¸É ¢²¥´¨°, ¸μ¢¶ ¤ ÕÐÊÕ ¸ · §³¥·´μ¸ÉÓÕ Δ3. ‚μ§³μ¦´Ò³ ¶μ¸²¥¤¸É¢¨¥³ É ±μ£μ
μ¡¸ÉμÖÉ¥²Ó¸É¢  ³μ¦¥É Ö¢²ÖÉÓ¸Ö ¡μ²ÓÏ¥¥ Î¨¸²μ ± ´ ²μ¢ ¤²Ö · ¸¶ ¤μ¢. �Éμ ¸μ§¤ ¥É ¶·¥¤-
¶μ¸Ò²±¨ ¸¢Ö§Ò¢ ÉÓ Δ3 ¸ ¤Ê¡²¥Éμ³ τ±.

‚¸¥ § ³¥Î ´¨Ö, ¢Ò¸± § ´´Ò¥ ¤²Ö ¶·¥¤Ò¤ÊÐ¥£μ ¢μ²´μ¢μ£μ Ê· ¢´¥´¨Ö, μ¸É ÕÉ¸Ö ¢ ¸¨²¥
¨ ¢ ¤ ´´μ³ ¸²ÊÎ ¥: [ 4∑

a=1

(Γapa) ± m3

]
ψ = 0, Γ6 = ±i.

‡¤¥¸Ó μ¶ÖÉÓ pa ¨ m3 Å Î¥ÉÒ·¥Ì¨³¶Ê²Ó¸ ¨ ³ ¸¸  ´¥¸É ¡¨²Ó´μ°, ´μ Ê¦¥ ¤·Ê£μ° Î ¸É¨ÍÒ.
—¥ÉÒ·¥Ì³¥·´μ¥ ´¥¶·¨¢μ¤¨³μ¥ ³ É·¨Î´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö £·Ê¶¶Ò Δ3 ¨³¥¥É ¢¨¤

Γ1 =

⎛
⎜⎜⎝
−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

⎞
⎟⎟⎠, Γ2 =

⎛
⎜⎜⎝

0 −1 0 0
−1 0 0 0
0 0 0 1
0 0 1 0

⎞
⎟⎟⎠, Γ3 =

⎛
⎜⎜⎝

0 i 0 0
−i 0 0 0
0 0 0 −i
0 0 i 0

⎞
⎟⎟⎠,

Γ4 =

⎛
⎜⎜⎝

0 0 −1 0
0 0 0 −1
−1 0 0 0
0 −1 0 0

⎞
⎟⎟⎠ , Γ5 =

⎛
⎜⎜⎝

0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

⎞
⎟⎟⎠ .

ƒ·Ê¶¶  Δ2 μ¶·¥¤¥²¥´  ¸ ¶μ³μÐÓÕ ¸μμÉ´μÏ¥´¨°

ΓsΓt + ΓtΓs = 2δst (s, t = 1, 2, 3),
ΓsΓ4 + Γ4Γs = 0 (s = 1, 2, 3),

Γ2
4 = −1. (58)

ΓuΓ5 + Γ5Γu = 0 (u = 1, 2, 3, 4),

Γ2
5 = −1.

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ

Γ6 ≡ Γ1Γ2Γ3Γ4Γ5, Γ6Γμ = ΓμΓ6 (μ = 1, 2, 3, 4, 5), (59)

É. ¥. Γ6 ¢Ìμ¤¨É ¢ Í¥´É· £·Ê¶¶Ò ¨ Ö¢²Ö¥É¸Ö Ô²¥³¥´Éμ³ ¢Éμ·μ£μ ¶μ·Ö¤±  Γ2
6 = I . ‚ ³ É·¨Î-

´μ° ·¥ ²¨§ Í¨¨ μ´ ¶·¨´¨³ ¥É ¢¨¤ Γ6 = ±1.
‘μ¸É ¢ £·Ê¶¶Ò μÉ²¨Î ¥É¸Ö μÉ ¤¢ÊÌ ¶·¥¤Ò¤ÊÐ¨Ì:

Δ2{Dγ(I), Dγ(III), Dγ(V)}, (60)

É ± ¦¥ ± ± ¨ ¸É·Ê±ÉÊ·´Ò° ¨´¢ ·¨ ´É In[Δ2] = 1. ‘· ¢´¥´¨¥ ¸μ¸É ¢  Δ2 ¸ ¶ÖÉÓÕ ¶·¨¢¥-
¤¥´´Ò³¨ · ´¥¥ Ê· ¢´¥´¨Ö³¨ ¤²Ö ¸É ¡¨²Ó´ÒÌ ²¥¶Éμ´μ¢ ¶μ± §Ò¢ ¥É, ÎÉμ ¢Ò· ¦¥´¨¥ (60)
¸μ¤¥·¦¨É Éμ²Ó±μ ´¥°É·¨´´Ò¥ ¸μ¸É ¢²ÖÕÐ¨¥, ¢±²ÕÎ Ö ³ ¸¸¨¢´ÊÕ. �μÔÉμ³Ê Δ2 ³μ¦´μ
¸¢Ö§Ò¢ ÉÓ ¸ ³ ¸¸¨¢´Ò³ ´¥¸É ¡¨²Ó´Ò³ ´¥°É·¨´μ.

‚μ²´μ¢μ¥ Ê· ¢´¥´¨¥ ¤²Ö ¤ ´´μ£μ ¸²ÊÎ Ö ¶·¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥³ ¢Ò¡μ·¥ Ö¢´μ£μ ¢¨¤ 
Γ-³ É·¨Í ¢´¥Ï´¥ ¸μ¢¶ ¤ ¥É ¸ Ê· ¢´¥´¨¥³ (54). � §²¨Î¨Ö ³¥¦¤Ê ´¨³¨ ¶μ²´μ¸ÉÓÕ μ¶·¥-
¤¥²ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö³¨ (51) ¨ (58):[

i

4∑
a=1

(Γapa) + Γ6m2

]
ψ = 0, Γ6 = ±1.
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‘³Ò¸² μ¡μ§´ Î¥´¨° ¶·¥¦´¨°.
�μ²ÊÎ¥´ ¸²¥¤ÊÕÐ¨° ¢¨¤ Γ-³ É·¨Í:

Γ′
1 =

⎛
⎜⎜⎝

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

⎞
⎟⎟⎠, Γ′

2 =

⎛
⎜⎜⎝

0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

⎞
⎟⎟⎠, Γ′

3 =

⎛
⎜⎜⎝

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞
⎟⎟⎠,

Γ′
4 =

⎛
⎜⎜⎝

0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0

⎞
⎟⎟⎠ , Γ′

5 =

⎛
⎜⎜⎝

0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

⎞
⎟⎟⎠ .

�É³¥É¨³, ÎÉμ §¤¥¸Ó ¢¸¥ ¶ÖÉÓ ³ É·¨Í ¶·¨¢¥¤¥´Ò ± ¤¥°¸É¢¨É¥²Ó´μ° Ëμ·³¥, ÎÉμ ¢ ¤ ´´μ³
¸²ÊÎ ¥ ¢μ§³μ¦´μ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ É¥μ·¥³μ° (30) μ ´¥¶·¨¢μ¤¨³ÒÌ ³ É·¨Î´ÒÌ £·Ê¶¶ Ì,
±μ£¤  ¨Ì ¸É·Ê±ÉÊ·´Ò° ¨´¢ ·¨ ´É · ¢¥´ In[Dγ ] = 1.

‡�Š‹�—…�ˆ…

‘ÊÐ¥¸É¢¥´´μ° Ì · ±É¥·¨¸É¨±μ° ¶·¥¤²μ¦¥´´μ£μ ³¥Éμ¤  Ö¢²Ö¥É¸Ö · §· ¡μÉ±   ²£μ·¨É³ 
¶μ¸É·μ¥´¨Ö Ê· ¢´¥´¨° É¨¶  „¨· ± , É. ¥. ¢μ²´μ¢ÒÌ Ê· ¢´¥´¨°, ²¨´¥°´ÒÌ ¶μ ¶·μ¨§¢μ¤´Ò³,
¡¥§ ¶·¨³¥´¥´¨Ö ² £· ´¦¥¢μ° ³¥Éμ¤¨±¨. ’¥μ·¥É¨±μ-£·Ê¶¶μ¢Ò¥ ³¥Éμ¤Ò ¸¤¥² ²¨ ¢¶μ²´¥
μ¡μ§·¨³μ° § ¤ ÎÊ ¶¥·¥Î¨¸²¥´¨Ö ¢¸¥Ì É¨¶μ¢ ²¥¶Éμ´´ÒÌ Ê· ¢´¥´¨° ¢ · ³± Ì ´¥³´μ£¨Ì
¨¸Ìμ¤´ÒÌ ¶μ²μ¦¥´¨°. �¡Ð´μ¸ÉÓ ³¥Éμ¤  ¶μ§¢μ²¨²  ¢ ¥¤¨´μ³ ¶μ¤Ìμ¤¥ μÌ¢ É¨ÉÓ ± ± ¸É -
¡¨²Ó´Ò¥, É ± ¨ ´¥¸É ¡¨²Ó´Ò¥ ²¥¶Éμ´Ò. ’ ± Ö ³¥Éμ¤¨±  ¸É ´μ¢¨É¸Ö μ¸μ¡¥´´μ ¢μ¸É·¥¡μ-
¢ ´´μ° ¢ ¸¢¥É¥ ¶μ¨¸±  μÉ¢¥Éμ¢ ´  ¢μ¶·μ¸Ò, ¶μ¸É ¢²¥´´Ò¥ ¶¥·¥¤ Ë¨§¨±μ° ³¨±·μ³¨· ,
 ¸É·μË¨§¨±μ° ¨ ¤·Ê£¨³¨ ¸³¥¦´Ò³¨ μ¡² ¸ÉÖ³¨ §´ ´¨°. ‚Ò¶μ²´¥´´Ò°  ´ ²¨§ ¶μ§¢μ²Ö¥É
¡μ²¥¥ μ¡μ¸´μ¢ ´´μ μÍ¥´¨ÉÓ ¢μ§³μ¦´μ¸É¨ ¨ μ£· ´¨Î¥´´μ¸ÉÓ μ¤´μ·μ¤´μ° £·Ê¶¶Ò ‹μ·¥´Í ,
μ¤´¨³ ¨§ μÎ¥¢¨¤´ÒÌ ¸²¥¤¸É¢¨° ±μÉμ·μ° Ö¢²Ö¥É¸Ö ÉμÎ¥Î´μ¸ÉÓ μ¡Ñ¥±Éμ¢, μÉ¸ÊÉ¸É¢¨¥ Ê ´¨Ì
¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ¸É·Ê±ÉÊ·Ò.
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