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For a set of the measured diffusion moisture proˇles a numerical method for determination of the
moisture transfer coefˇcient D(w, t) is suggested. The transfer coefˇcient is found as a sum of the
degree p0w

p(t) and exponential A e μ(w−v0) functions of the moisture concentration w, as opposed to
the previous works. The exponent p(t) of the power function depends on the time t. The exponential
function describes proˇles for large times nearby the boundary of the sample, where evaporation of the
moisture to the atmosphere takes place. A conservative difference scheme for numerical solution of
the direct problem is suggested. An inverse problem for minimization of an error functional is solved
by the Newton method. Thus, a more accurate coincidence of the calculated proˇles of the moisture
concentration with the measured proˇles is gained.

�·¥¤²μ¦¥´ Î¨¸²¥´´Ò° ³¥Éμ¤ μ¶·¥¤¥²¥´¨Ö ±μÔËË¨Í¨¥´É  ¶¥·¥´μ¸  ¢² £¨ D(w, t) ¤²Ö ´ ¡μ· 
¨§³¥·Ö¥³ÒÌ ¤¨ËËÊ§¨μ´´ÒÌ ¶·μË¨²¥° ¢² ¦´μ¸É¨. ŠμÔËË¨Í¨¥´É ¶¥·¥´μ¸  ´ Ìμ¤¨É¸Ö ± ± ¸Ê³³ 
¸É¥¶¥´´μ° p0w

p(t) ¨ Ô±¸¶μ´¥´Í¨ ²Ó´μ° A eμ(w−v0) ËÊ´±Í¨° ±μ´Í¥´É· Í¨¨ ¢² £¨ w ¢ μÉ²¨Î¨¥ μÉ
¶·¥¤Ò¤ÊÐ¨Ì · ¡μÉ. �±¸¶μ´¥´É  p(t) ¸É¥¶¥´´μ° ËÊ´±Í¨¨ § ¢¨¸¨É μÉ ¢·¥³¥´¨ t. �±¸¶μ´¥´Í¨ ²Ó´ Ö
ËÊ´±Í¨Ö μ¶¨¸Ò¢ ¥É ¶·μË¨²¨ ¢² £¨ ¤²Ö ¡μ²ÓÏ¨Ì ¢·¥³¥´ ¢¡²¨§¨ £· ´¨ÍÒ μ¡· §Í , £¤¥ ¶·μ¨¸Ìμ-
¤¨É ¨¸¶ ·¥´¨¥ ¢² £¨ ¢  É³μ¸Ë¥·Ê. �·¥¤²μ¦¥´  ±μ´¸¥·¢ É¨¢´ Ö · §´μ¸É´ Ö ¸Ì¥³  ¤²Ö Î¨¸²¥´´μ£μ
·¥Ï¥´¨Ö ¶·Ö³μ° § ¤ Î¨. �¡· É´ Ö § ¤ Î  ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨μ´ ²  ¶μ£·¥Ï´μ¸É¨ ·¥Ï ¥É¸Ö ³¥-
Éμ¤μ³ 	ÓÕÉμ´ . ‘²¥¤μ¢ É¥²Ó´μ, μ¡¥¸¶¥Î¨¢ ¥É¸Ö ¡μ²¥¥ ÉμÎ´μ¥ ¸μ¢¶ ¤¥´¨¥ ¢ÒÎ¨¸²Ö¥³ÒÌ ¶·μË¨²¥°
±μ´Í¥´É· Í¨¨ ¢² £¨ ¸ ¨§³¥·Ö¥³Ò³¨ ¶·μË¨²Ö³¨.

PACS: 02.60.Cb; 02.90.+·

INTRODUCTION

A method of the moisture quantity analysis in building materials was suggested in [1].
The method is based on the exposure of a sample of a building material to neutrons that do
not destroy the sample and registration of the signals of non-absorbed neutrons by the sample.
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The experimental data of moisture distribution are presented as an example in a rectangular
porous sample of size 3 × 9 × 12 cm during the drying of the sample. All sides of surfaces
are water- and air-proof except one side with dimensions 3 × 12 cm where evaporation of
moisture to the atmosphere takes place. The moisture transfer coefˇcient is calculated on the
assumption that one-dimensional moisture moves along the sample's width of the 9 cm size
and is empirically determined in the form of a polynomial of the third order of the moisture
concentration. The polynomial coefˇcients were calculated under a condition of a minimal
quadratic functional that determines a diversion of theoretical results obtained by a numerical
solution of the nonlinear diffusion equation, from the experimental data obtained in [1] (see
Fig. 1, a). Later the solution was obtained in [2], too.

Fig. 1. a) Moisture distribution in dimensional units. Space variable x in millimeters (0, 90) and

moisture values w in grams per cm3 (0; 0.2). Moisture proˇles were obtained by neutron radiography

method and by processing of appropriate neutron signals [1]. b) Moisture proˇles in dimensionless units.
Transformation of space variable x = x/9 cm and moisture values w = w/0.2 g/cm3. c) Computed

proˇles (dotted lines) which approximate measured proˇle of the second day. The proˇles are calculated

for parameter p0 = 60, different constant exponents p = 2, p = 4, p = 6 and are denoted by
corresponding functional values Sp

In this paper we deal with drying of a sample of porous material which is described in [1]
and we construct a method for determination of a new type of moisture transfer coefˇcient.
At the beginning we divide the abscissa axis interval (0, 90) of Fig. 1, a into 101 equidistant
points and we display values w of humidity content in these points in the dimensionless
units in Fig. 1, b. Later, we compare the calculated moisture proˇles just with the processed
moisture proˇles of Fig. 1, b . Notice that we consider the values of the ˇrst day of measuring
ϕ(x) as an initial condition in the next formulation of a direct problem.

FORMULATION AND NUMERICAL SOLUTION
OF DIRECT PROBLEM

We consider the following diffusion problem of moisture transfer from the sample of
porous material to the atmosphere:

∂w

∂t
=

∂

∂x

[
D(w, t)

∂w

∂x

]
, 0 < x < 1, 0 < t < 1, (1)

with initial
w(x, 0) = ϕ(x), 0 < x < 1, (2)
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and boundary conditions
∂w

∂x
(0, t) = 0, 0 < t < 1, (3)

−D(w(1, t), t)
∂w

∂x
(1, t) = 1500[w(1, t) − v0], 0 < t < 1, (4)

where v0 = 0.019545 is the smallest value in Fig. 1, b. First, we introduce an equidistant net
with time step τ and space step h

{tj = jτ, (j = 0, 1, . . . , m); xi = ih, (i = 0, 1, . . . , n), h = 1/n}.

Then, the problem (1)Ä(4) can be approximated by the linearized difference scheme (5)Ä(8)

−C(wj+1(s)
i−1 )wj+1(s+1)

i−1 +
[
C̄

j+1(s)
i +

h2

τ

]
w

j+1(s+1)
i − C(wj+1(s)

i )wj+1(s+1)
i+1 = 0, (5)

C̄
j+1(s)
i = C(wj+1(s)

i−1 ) + C(wj+1(s)
i ),

w0
i = ϕ(xi), (6)

3w
j+1(s+1)
0 − 4w

j+1(s+1)
1 + w

j+1(s+1)
2 = 0, (7)

−D(wj+1(s)
n , tj)

w
j+1(s+1)
n − w

j+1(s+1)
n−1

h
= 1500(wj+1(s+1)

n − v0), (8)

where w
j+1(s+1)
i is a successive approximation to the approximation w

j+1(s)
i for the j + 1

time layer. The values w
j+1(s+1)
i can be found by the Gauss elimination method. The scheme

(5)Ä(8) is conservative and its order of approximation is O(τ + h2).

INITIAL DETERMINATION OF TRANSFER COEFFICIENT D(w, t)

In general, we look for the transfer coefˇcient in the form

D(w, t) = p0w
p + 1.5 exp [−150(w − v0)], p = p(t, p1, p2, p3), 0 � t � 1, (9)

where the exponent p is a function not only of t but also of parameters p1, p2, p3. We ˇnd out
the set of parameters D = [p0 p1 p2 p3] by the Newton method so that the error functional

S(D) =
M∑

j=1

1∫
0

|w(x, tj) − we(x, tj)|2dx (10)

has a minimal value (M = 5 Å number of days of measuring), where we(x, tj) are measured
values of moisture proˇles (see Fig. 1, b ) and w(x, tj) are computed moisture proˇles for given
set of parameters D. The term 1.5 exp [−150(w − v0)] describes the behavior of calculated
moisture proˇles only for w − v0 ∼ 0+ and x ∼ 1− because if, for example, w − v0 � 0.1
then the term 1.5 exp [−150(w − v0)] ∼= 0. Constants 1.5 and 150 are obtained by means of
numerical solution of difference scheme (5)Ä(8). Hence, in the case w − v0 � 0.1, the term
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p0w
p plays the main role in the transfer coefˇcient D(w, t). So, it is important to determine

the exponent p in (9).
Let us use ˇxed constants p = 2, p = 4 and p = 6 and solve direct problem

(1)Ä(4) only for t: 0 � t � 1/20, where the initial condition corresponds to the ˇrst day of
measuring (see Fig. 1, c). After we solve the direct problem (1)Ä(4) for ˇxed constants
p = 5/4, p = 5/2, p = 15/4 and for t: 1/20 � t � 6/20, where the initial condition
corresponds to the proˇle of the second day of measuring (see Fig. 2, a). Solving the direct
problem (1)Ä(4) for p = 9/10, p = 9/5, p = 27/10 and for t: 6/20 � t � 13/20, where
the initial condition corresponds to the proˇle of the seventh day of measuring, we obtain

Fig. 2. a) Computed proˇles (dotted lines) which approximate the seventh day of measuring. The

proˇles are calculated for parameter p0 = 60, different constant exponents p = 5/4, p = 5/2, p = 15/4

and are denoted by corresponding functional values Sp. b) Starting piecewise constant exponent p(t)

(solid line) and limiting piecewise constant exponent p(t) (dotted line). c) Discontinuity of concentration

w(1, t) in the points t = 1/20 and t = 6/20

the corresponding functional values S9/10 = 0.0318, S9/5 = 0.0085 and S27/10 = 0.0001.
Finally, solving the direct problem (1)Ä(4) for the same p = 9/10, p = 9/5, p = 27/10
and for t: 13/20 � t � 1, where the initial condition corresponds to the proˇle of the
fourteenth day of measuring, we obtain the corresponding functional values S9/10 = 0.01884,
S9/5 = 0.00394 and S27/10 = 0.00005. Thus, solving numerically the set of four initial
boundary value problems (1)Ä(4) with different initial conditions, we obtain an initial transfer
coefˇcient (9), where exponent p depends on time t as follows:

p(t) =

⎧⎨
⎩

p1, 0 � t < 1/20,
p2, 1/20 � t < 6/20,
p3, 6/20 � t � 1,

and p1 = 6, p2 = 15/4, p3 = 27/10.

NEWTON METHOD AND CALCULATION RESULTS

Let us consider the widely used Newton formula for minimization of functional (10) with
respect to parameters D = (p0, p1, p2, p3)

D(k+1) = D(k) − [S′′(D(k))]−1S′(D(k)), D(0) = [p(0)
0 p

(0)
1 p

(0)
2 p

(0)
3 ]T ,

S′′(D(k)) =
[

∂2S

∂pr∂ps

]
r,s=0,1,2,3

, S′(D(k)) =
[

∂S

∂p0

∂S

∂p1

∂S

∂p2

∂S

∂p3

]T

,
(11)
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where D(0) is an initial (starting) iteration; S′′(D(k)) is the symmetrical Hessian matrix;
S′(D(k)) is the gradient of functional (10). We start from D(0) = [60 6 15/4 27/10]T

and after twelve convergent Newton iterations (11) we obtain the following limiting set of
parameters: D(12) = [41.94743 5.49008 3.21407 2.49168]T . Corresponding piecewise
constant exponents p(t) for starting iteration D(0) and for limiting iteration D(12) are shown
in Fig. 2, b. The functional value is S(D(12)) = 0.00091828623015 and in the point x = 1,
where moisture leaves the sample, the moisture concentration w(1, t) is a jump function (see
Fig. 2, c). Jumps are not acceptable for t = 1/20 and t = 6/20. Discontinuity of p(t) in these
points is probably the reason of the discontinuity of w(1, t). So, we will try to make function
p(t) more smoother. Figure 3, a shows besides limiting piecewise constant exponent (solid
line) also two other exponents Å Fermi exponent (dashed line) and convex exponent (dotted
line) of the following analytical form:

p(t) = p1+
p2 − p1

1 + (p2/p1 − 1) exp [30(t − p3/20)]
, p(t) = p1+p2(1−t)p3, 0 � t � 1.

If we start from the initial set of parameters D(0) = [40 2 4 4]T , after twelve conver-
gent Newton iterations we have the following set of limiting parameters for Fermi expo-
nent: D(12) = [54.56777 2.64318 6.05860 3.39341]T , and if we start from the initial set
of parameters D(0) = [60 2 4 6]T , we have the following set of parameters for convex
exponent: D(12) = [57.16013 2.63424 4.33721 7.66498]T . Appropriate functional values are
S(D(12)) = 0.00068812489061 for Fermi and S(D(12)) = 0.00067954591778 for convex ex-
ponent. Concentration w(1, t) of moisture that leaves the sample for Fermi exponent (dashed
line) and for convex exponent (solid line) can be seen in Fig. 3, b. A convex behavior of
the moisture w(1, t) is expected when isothermal distribution inside the sample is considered
during the experiment of the sample drying. Finally, in Fig. 3, c we compare calculated
and experimental moisture proˇles for the case of convex exponent p(t) that are ˇtted
quite well.

Fig. 3. a) Three limiting exponents p(t): piecewise constant exponent (solid line), Fermi exponent

(dashed line) and convex exponent (dotted line). b) Moisture concentration w(1, t) at the outlet of the
sample for Fermi exponent (dashed line) and convex exponent (dotted line). c) Experimental (solid

lines) and calculated (dotted lines) proˇles in the case of convex exponent p(t), where functional value

is S(D(12)) = 0.00067954591778
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ALGORITHM OF THE METHOD

The following algorithm can be suggested for determination of transfer coefˇcient as a
result of previous consideration:

1) set the term of type 1.5 exp [−150(w − v0)] by solving an appropriate direct problem;
2) look for a piecewise exponent p(t) by solving the set of initial-boundary value problems

(starting from a measured proˇle we calculate a new moisture proˇle that is close to the next
measured proˇle);

3) specify the starting piecewise exponent p(t) by means of convergent Newton method
and obtain a limit piecewise exponent p(t);

4) study physical characteristics for the limit exponent p(t) like moisture content w(1, t),
�ux −D(1, t)∂w(1, t)/∂x or other one;

5) if characteristics are sufˇcient, then the ˇnal p(t) is found as well as the appropriate
transfer coefˇcient, so go to the point 9;

6) if characteristics are not sufˇcient, then improve the exponent p(t) (to make it more
smoother, convex or so);

7) specify the new suggested exponent p(t) by means of convergent Newton method;
8) go to point 4;
9) end.

CONCLUSION

The limit piecewise exponent (Fig. 2, b) leads us to non-physical solution (Fig. 2, c); how-
ever, the exponent is important because the Fermi and convex exponents (Fig. 3, a) are con-
structed as an approximation of the limit piecewise exponent. The Fermi exponent provides a
solution (Fig. 3, b, dashed line) which can be treated as a physical one when the real tempera-
ture of the sample (which is not included in considered model) is changed. This solution was
obtained in [3]. If it is supposed that the temperature of the sample is constant during the
experiment, then we expect the convex solution (Fig. 3, b, dotted line) because the exponent
p(t) is convex.
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