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‚ · ¡μÉ¥ ¢ · ³± Ì �’ƒ ¨¸¸²¥¤Ê¥É¸Ö ¢μ¶·μ¸ μ¡ Ê¸Éμ°Î¨¢μ¸É¨ μ¤´μ·μ¤´μ° ¨ ¨§μÉ·μ¶´μ° ‚¸¥²¥´-
´μ° μÉ´μ¸¨É¥²Ó´μ ³ ²ÒÌ ¢μ§³ÊÐ¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨ Ì · ±É¥·¨¸É¨± ¢¥Ð¥¸É¢ . �μ²ÊÎ¥´Ò
¢ ²¨´¥°´μ³ ¶·¨¡²¨¦¥´¨¨ Ê· ¢´¥´¨Ö ¤²Ö ³ ²ÒÌ ¢μ§³ÊÐ¥´¨° ³¥É·¨Î¥¸±μ£μ É¥´§μ·  gμν , ¶²μÉ´μ¸É¨
Ô´¥·£¨¨ ρ ¨ ¤ ¢²¥´¨Ö p. � °¤¥´Ò ·¥Ï¥´¨Ö ÔÉ¨Ì Ê· ¢´¥´¨° ¢ ¸²ÊÎ ¥, ±μ£¤  ¢μ§³ÊÐ¥´¨Ö § ¢¨¸ÖÉ
Éμ²Ó±μ μÉ ¢·¥³¥´¨. �·μ¢¥¤¥´  ´ ²¨§ Ë¨§¨Î¥¸±μ£μ Ì · ±É¥·  ¶μ²ÊÎ¥´´ÒÌ ·¥Ï¥´¨°. ‘· ¢´¥´¨¥ ¸
·¥§Ê²ÓÉ É ³¨ �’� ¶·¨¢μ¤¨É ± ¢Ò¢μ¤Ê, ÎÉμ ¢¸¥ · §²¨Î¨Ö μ¡Ê¸²μ¢²¥´Ò ³ ¸¸μ° £· ¢¨Éμ´ .

In the paper the question of stability of homogeneous and isotropic Universe relative to small
	uctuations of gravitational ˇeld and matter characteristics has been investigated in the framework of
RTG. The equations for small perturbations of metric tensor gμν , energy density ρ and pressure p are
obtained in linear approximation. The solutions of these equations are found provided the perturbations
depend on time only. The analysis of physical nature of derived solutions is carried out. The comparison
with the results of GR leads to the conclusion that all the distinctions are caused by the mass of graviton.
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�¡Ð Ö É¥μ·¨Ö μÉ´μ¸¨É¥²Ó´μ¸É¨ (�’�) ¨ ·¥²ÖÉ¨¢¨¸É¸± Ö É¥μ·¨Ö £· ¢¨É Í¨¨ (�’ƒ) Å
ÔÉμ · §´Ò¥ É¥μ·¨¨. �¸´μ¢Ò �’ƒ ¶μ¤·μ¡´μ ¨§²μ¦¥´Ò ¢ ³μ´μ£· Ë¨¨ [1]. “· ¢´¥´¨Ö ¤¢¨-
¦¥´¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢ �’ƒ Ö¢´μ ¸μ¤¥·¦ É ³¥É·¨Î¥¸±¨° É¥´§μ· ¶·μ¸É· ´¸É¢ 
Œ¨´±μ¢¸±μ£μ, ¨ ¸ ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ Ê £· ¢¨Éμ´  ¢μ§´¨± ¥É ³ ¸¸  ¶μ±μÖ. ˆ³¥´´μ ¶μÔÉμ³Ê,
¢ μÉ²¨Î¨¥ μÉ �’�, ¢μ§³μ¦´μ · ¸¸³μÉ·¥´¨¥ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ± ± Ë¨§¨Î¥¸±μ£μ ¶μ²Ö
¢ ¤ÊÌ¥ ” · ¤¥ÖÄŒ ±¸¢¥²² .

� ²¨Î¨¥ ³ ¸¸Ò ¶μ±μÖ Ê £· ¢¨Éμ´  ¸ÊÐ¥¸É¢¥´´μ ¨§³¥´Ö¥É ³¥Ì ´¨§³ ±μ²² ¶¸  ³ ¸¸¨¢-
´ÒÌ É¥²,   É ±¦¥ ¶·μÍ¥¸¸ Ô¢μ²ÕÍ¨¨ μ¤´μ·μ¤´μ° ¨ ¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ°. �É¨ ¢μ¶·μ¸Ò
¶μ¤·μ¡´μ ¨§²μ¦¥´Ò ¢ §§10, 11 ³μ´μ£· Ë¨¨ [1].

–¥²Ó ´ ¸ÉμÖÐ¥° · ¡μÉÒ Å ¨§ÊÎ¥´¨¥ ¢ · ³± Ì �’ƒ ¢μ¶·μ¸  μ¡ Ê¸Éμ°Î¨¢μ¸É¨ μ¤´μ·μ¤-
´μ° ¨ ¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ° μÉ´μ¸¨É¥²Ó´μ ³ ²ÒÌ ¢μ§³ÊÐ¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨
Ì · ±É¥·¨¸É¨± ¢¥Ð¥¸É¢ . ‚ �’� ÔÉ  § ¤ Î  · ¸¸³ É·¨¢ ² ¸Ó ¤ ¢´μ [2Ä6].

ˆ´É¥·¥¸ ± ³ ²Ò³ ¢μ§³ÊÐ¥´¨Ö³ ¢ μ¤´μ·μ¤´μ° ¨ ¨§μÉ·μ¶´μ° ³μ¤¥²¨ ‚¸¥²¥´´μ°, ¶μ-
³¨³μ ¸ ³μ¸ÉμÖÉ¥²Ó´μ£μ ´ ÊÎ´μ£μ §´ Î¥´¨Ö, μ¡Ê¸²μ¢²¥´ É ±¦¥ É¥³, ÎÉμ μ´μ, ¢ ¶·¨´Í¨¶¥,
³μ¦¥É ¶·μ²¨ÉÓ ¸¢¥É ´  ¢μ§´¨±´μ¢¥´¨¥ ±·Ê¶´μ³ ¸ÏÉ ¡´μ° ¸É·Ê±ÉÊ·Ò ‚¸¥²¥´´μ° [7].

1E-mail: modestov@goa.bog.msu.ru
2E-mail: chugreev@goa.bog.msu.ru
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1. “��‚�…�ˆŸ „‚ˆ†…�ˆŸ ƒ��‚ˆ’�–ˆ����ƒ� ��‹Ÿ ‚ �’ƒ

„²Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö Φμν ¢ �’ƒ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö Ê¤μ¡´μ ¶·¥¤¸É ¢¨ÉÓ ¢
Ëμ·³¥ [1, §§ 4, 5]

Rμν − m2

2
(gμν − γμν) = κ

(
Tμν − 1

2
gμνT

)
, (1.1)

Dμg̃μν = 0. (1.2)

‚ (1.1) γμν Å ³¥É·¨Î¥¸±¨° É¥´§μ· ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ,   gμν Å ³¥É·¨Î¥¸±¨°
É¥´§μ· ÔËË¥±É¨¢´μ£μ ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢ , ¢μ§´¨± ÕÐ¥£μ ¨§-§  ´ ²¨Î¨Ö £· ¢¨É Í¨μ´-
´μ£μ ¶μ²Ö Φμν ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ. ‘¢Ö§Ó ³¥¦¤Ê Φμν ¨ gμν ¢ �’ƒ Ê¸É ´ ¢²¨¢ -
¥É¸Ö ¸μμÉ´μÏ¥´¨¥³ [1, §2]

√
−ggμν ≡ g̃μν =

√
−γγμν +

√
−γΦμν ≡ γ̃μν + Φ̃μν , (1.3)

£¤¥ gμν Å μ¡· É´Ò° ± gμν É¥´§μ·. ‚ (1.3) g = det gμν ,   γ = det γμν . �μ¸ÉμÖ´´Ò¥ κ ¨
m2 ¢ (1.1) · ¢´Ò

κ =
8πG

c2
, (1.4)

m =
mgc

�
, (1.5)

£¤¥ mg Å ³ ¸¸  ¶μ±μÖ £· ¢¨Éμ´ . Rμν Å É¥´§μ· �¨ÎÎ¨, ¶μ¸É·μ¥´´Ò° ¸ ¶μ³μÐÓÕ É¥´§μ·μ¢
gμν ¨ gμν ¨ ¨³¥ÕÐ¨° ¢¨¤

Rμν = ∂λΓλ
μν − ∂μΓλ

νλ + Γσ
μνΓλ

σλ − Γσ
μλΓλ

σν . (1.6)

‡¤¥¸Ó, ± ± μ¡ÒÎ´μ,

Γλ
μν =

1
2
gλρ (∂μgρν + ∂νgρμ − ∂ρgμν) . (1.7)

� ±μ´¥Í, ¢ (1.1) Tμν Å É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢¥Ð¥¸É¢ . �¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ
¨§ (1.1) ¨ (1.2) ¸²¥¤Ê¥É ®Ê· ¢´¥´¨¥ ¢¥Ð¥¸É¢ ¯

∇μT μ
ν = 0, (1.8)

£¤¥ ∇μ Å ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¢ ÔËË¥±É¨¢´μ³ ·¨³ ´μ¢μ³ ¶·μ¸É· ´¸É¢¥1.
‚ (1.2) Î¥·¥§ Dμ μ¡μ§´ Î¥´  ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ.
‡ ³¥É¨³, ÎÉμ ¸μ£² ¸´μ �’ƒ ¢ ± Î¥¸É¢¥ xν ³μ£ÊÉ ¡ÒÉÓ ¢Ò¡· ´Ò ²Õ¡Ò¥ ¤μ¶Ê¸É¨³Ò¥ ¢

¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ ±μμ·¤¨´ ÉÒ, ¢ Éμ³ Î¨¸²¥ ¨ £ ²¨²¥¥¢Ò (É. ¥. ¨´¥·Í¨ ²Ó´Ò¥).

1�¨¦¥ ¤²Ö ¶·μ¸ÉμÉÒ ¡Ê¤¥³ ¶¨¸ ÉÓ ®·¨³ ´μ¢μ ¶·μ¸É· ´¸É¢μ¯, μ¶Ê¸± Ö ¶·¨² £ É¥²Ó´μ¥ ®ÔËË¥±É¨¢´μ¥¯.



‚μ¶·μ¸ Ê¸Éμ°Î¨¢μ¸É¨ μ¤´μ·μ¤´μ° ¨ ¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ° ¢ �’ƒ 451

2. �‚�‹�–ˆŸ �„����„��‰ ˆ ˆ‡�’�����‰ ‚‘…‹…���‰

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¶·¨´ÖÉμ ¸Î¨É ÉÓ, ÎÉμ ¢ · ´´¥° ‚¸¥²¥´´μ° ¢¥Ð¥¸É¢μ ¡Ò²μ · ¸-
¶·¥¤¥²¥´μ μ¤´μ·μ¤´μ ¨ ¨§μÉ·μ¶´μ ¨ ÎÉμ μ´  ¨ ¢ ¤ ²Ó´¥°Ï¥³ ¸μÌ· ´¨²  ÔÉ¨ ¸¢μ°¸É¢ ,
´μ Éμ²Ó±μ Ê¦¥ ¢ μÉ´μ¸¨É¥²Ó´μ ¡μ²ÓÏ¨Ì ³ ¸ÏÉ ¡ Ì. �μÔÉμ³Ê ³μ¦´μ μ¦¨¤ ÉÓ, ÎÉμ ³μ-
¤¥²Ó μ¤´μ·μ¤´μ° ¨ ¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ° ¡Ê¤¥É ¤μ¸É ÉμÎ´μ Ìμ·μÏ¨³ ¶·¨¡²¨¦¥´¨¥³ ¤²Ö
μ¶¨¸ ´¨Ö ·¥ ²Ó´μ£μ ³¨· .

‚ ¤ ´´μ³ ¶ · £· Ë¥ ³Ò, ¸²¥¤ÊÖ [1, § 10] (¸³. É ±¦¥ [8,9]), ¶·¨¢¥¤¥³ μ¸´μ¢´Ò¥ Ë ±ÉÒ,
Ê¸É ´μ¢²¥´´Ò¥ ¢ �’ƒ, ¤²Ö μ¤´μ·μ¤´μ° ¨ ¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ°. ˆ´É¥·¢ ² É ±μ° ‚¸¥²¥´-
´μ° ¨³¥¥É ¢¨¤

ds2 = a6(t) dt2 − a4
maxa

2(t)
(
dx2 + dy2 + dz2

)
, (2.1)

£¤¥ t, x, y, z Å £ ²¨²¥¥¢Ò ±μμ·¤¨´ ÉÒ ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ. ‚ (2.1) a (t) Å
³ ¸ÏÉ ¡´Ò° Ë ±Éμ·, ¨, ¸μ£² ¸´μ �’ƒ, ¥£μ μ¡² ¸ÉÓ ¨§³¥´¥´¨Ö § ±²ÕÎ¥´  ³¥¦¤Ê Î¨¸² ³¨
amin ¨ amax, £¤¥ ¨§-§  ´ ²¨Î¨Ö Ê £· ¢¨Éμ´  ³ ¸¸Ò ¶μ±μÖ amin > 0,   amax < ∞. �¥·¥Ìμ¤Ö
¢ (2.1) ± ®¸μ¡¸É¢¥´´μ³Ê ¢·¥³¥´¨¯

dτ = a3 (t) dt, (2.2)

¨´É¥·¢ ² (2.1) ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

ds2 = dτ2 − α2(τ)
(
dx2 + dy2 + dz2

)
, (2.3)

  ¨´É¥·¢ ² ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ Å ¢ ¢¨¤¥

dσ2 =
α4

max

α6
dτ2 − dx2 − dy2 − dz2. (2.4)

‡¤¥¸Ó ³Ò ¤²Ö Ê¤μ¡¸É¢  ¢¢¥²¨ μ¡μ§´ Î¥´¨¥

α = a2
maxa, αmax = a3

max. (2.5)

�Î¥¢¨¤´μ, μ¡² ¸ÉÓ ¨§³¥´¥´¨Ö α (τ) ¡Ê¤¥É

a2
maxamin ≡ αmin � α � αmax. (2.6)

�  μ¸´μ¢¥ (2.3) ¨ (2.4) ´¥É·Ê¤´μ Ê¸É ´μ¢¨ÉÓ, ÎÉμ μÉ²¨Î´Ò¥ μÉ ´Ê²Ö ±μÔËË¨Í¨¥´ÉÒ
¸¢Ö§´μ¸É¨, ¸μμÉ¢¥É¸É¢¥´´μ, ¨³¥ÕÉ ¢¨¤

Γ0
ij = αα̇δij ; Γi

0j =
α̇

α
δij ; (2.7)

γ0
00 = −3

α̇

α
. (2.8)

‡¤¥¸Ó ¨ ¤ ²¥¥ ÉμÎ±¨ ´ ¤ ¡Ê±¢ ³¨ ¡Ê¤ÊÉ μ¡μ§´ Î ÉÓ ¶·μ¨§¢μ¤´Ò¥ ¶μ τ , ² É¨´¸±¨¥ ¨´¤¥±¸Ò
¡Ê¤ÊÉ ¶·¨´¨³ ÉÓ §´ Î¥´¨Ö 1, 2, 3,   £·¥Î¥¸±¨¥ Å 0, 1, 2, 3.

‚ ± Î¥¸É¢¥ É¥´§μ·  Tμν , ± ± ¶· ¢¨²μ, ¢Ò¡¨· ¥É¸Ö É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¨¤¥ ²Ó´μ°
¦¨¤±μ¸É¨

Tμν =
(
ρ +

p

c2

)
uμuν − gμν

p

c2
, (2.9)
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£¤¥ ρ Å ¶²μÉ´μ¸ÉÓ ³ ¸¸Ò ¢¥Ð¥¸É¢ ; p Å ¨§μÉ·μ¶´μ¥ ¤ ¢²¥´¨¥,   uμ = gμλ
dxλ

ds
Å

4-¸±μ·μ¸ÉÓ Ô²¥³¥´É  μ¡Ñ¥³ . ‚¸Õ¤Ê ¢ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸¨¸É¥³Ê ¥¤¨´¨Í, ¢
±μÉμ·μ° ¸±μ·μ¸ÉÓ ¸¢¥É  · ¢´  ¥¤¨´¨Í¥. �¥¢μ§³ÊÐ¥´´Ò¥ ρ ¨ p § ¢¨¸ÖÉ Éμ²Ó±μ μÉ τ .

�μ¤¸É ¢²ÖÖ (2.7) ¢ (1.6), ¶μ²ÊÎ¨³

R00 = −3
α̈

α
; R11 = R22 = R33 = 2α̇2 + αα̈; R0i = 0. (2.10)

’ ± ± ± g0i = 0 ¨ R0i = 0, ¨§ Ê· ¢´¥´¨° (1.1) ¨ (2.9) ¸²¥¤Ê¥É, ÎÉμ ui = 0. �Éμ μ§´ Î ¥É,
ÎÉμ ¢ · ¸¸³ É·¨¢ ¥³μ° ³μ¤¥²¨ ¢¥Ð¥¸É¢μ ´ Ìμ¤¨É¸Ö ¢ ¶μ±μ¥ μÉ´μ¸¨É¥²Ó´μ ¨´¥·Í¨ ²Ó´μ°
¸¨¸É¥³Ò μÉ¸Î¥É . ‘μ£² ¸´μ (2.9), ¤²Ö ±μ³¶μ´¥´É Tμν , ¸ ÊÎ¥Éμ³ ui = 0, ¨³¥¥³

T00 = ρ; T11 = T22 = T33 = α2p; Tμν = 0 ¶·¨ μ �= ν. (2.11)

�μ¤¸É ¢²ÖÖ (2.10), (2.11) ¢ (1.1), ¶μ²ÊÎ¨³ Ê· ¢´¥´¨Ö

α̈

α
= −κ

6
(ρ + 3p) − m2

6

(
1 − α4

max

α6

)
, (2.12)

α̇2

α2
=

κ

3
ρ − m2

6

(
1 − 3

2α2
+

α4
max

2α6

)
, (2.13)

  ¨§ ±μ¢ ·¨ ´É´μ£μ § ±μ´  (1.8) Å Ê· ¢´¥´¨¥

α̇

α
= − ρ̇

3 (ρ + p)
. (2.14)

’ ± ± ± ²¥¢ Ö Î ¸ÉÓ (2.13) ´¥μÉ·¨Í É¥²Ó´ , Éμ · ¸Ï¨·¥´¨¥ ‚¸¥²¥´´μ° ¤μ²¦´μ ´ Î¨´ ÉÓ¸Ö
¸ ´¥±μÉμ·μ£μ ³¨´¨³ ²Ó´μ£μ §´ Î¥´¨Ö αmin = a2

maxamin �= 0 ¨ μ¸É ´ ¢²¨¢ ÉÓ¸Ö ¶·¨ α =
αmax, ÎÉμ μÉ· ¦¥´μ ¢ (2.6). �É¨ §´ Î¥´¨Ö α μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ê¸²μ¢¨Ö α̇ = 0. �Î¥¢¨¤´μ,
¶²μÉ´μ¸ÉÓ ¢¥Ð¥¸É¢  ρ ¶·¨ α = αmax ¤μ¸É¨£ ¥É ¸¢μ¥£μ, μÉ²¨Î´μ£μ μÉ ´Ê²Ö, ³¨´¨³ ²Ó´μ£μ
§´ Î¥´¨Ö

ρmin =
m2

2κ

(
1 − 1

α2
max

)
. (2.15)

‡ ³¥É¨³, ÎÉμ (2.14) ¸²¥¤Ê¥É ¨§ (2.12), (2.13), ¨ ¶μÔÉμ³Ê ´  É·¨ ¨¸±μ³Ò¥ ¢¥²¨Î¨´Ò α,
ρ ¨ p ·¥ ²Ó´μ ¨³¥¥³ ¤¢  Ê· ¢´¥´¨Ö, É. ¥. ¸¨¸É¥³  (2.12)Ä(2.14) ´¥ ¶μ²´ Ö. �μ¶μ²´¥-
´¨¥ ÔÉμ° ¸¨¸É¥³Ò ¤μ¸É¨£ ¥É¸Ö ¶·¨¡ ¢²¥´¨¥³ ± ´¨³ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¤²Ö ¢¥Ð¥¸É¢ ,
¸¢Ö§Ò¢ ÕÐ¥£μ p ¸ ρ.

�¨¦¥ ³Ò ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ É·¨ ¢¨¤  Ê· ¢´¥´¨° ¸μ¸ÉμÖ´¨Ö:
� ¤¨ Í¨μ´´μ-¤μ³¨´¨·ÊÕÐ Ö ¸É ¤¨Ö. ‚ · ¤¨ Í¨μ´´μ-¤μ³¨´¨·ÊÕÐ¥³ ¸μ¸ÉμÖ´¨¨ ¢¥-

Ð¥¸É¢ 

p =
1
3
ρ. (2.16)

‘ ÊÎ¥Éμ³ (2.16) ¨§ (2.14) ²¥£±μ ¶μ²ÊÎ¨ÉÓ

ρr =
Ar

α4
, (2.17)

£¤¥ Ar Å ¶μ¸ÉμÖ´´ Ö ¨´É¥£·¨·μ¢ ´¨Ö. �¡² ¸ÉÓ ¨§³¥´¥´¨Ö α ¤²Ö ÔÉμ° Ë §Ò ´ Î¨´ ¥É¸Ö ¸
α = αmin ¨ ±μ´Î ¥É¸Ö ¶·¨ α = αr = a2

maxar, £¤¥ ar Å §´ Î¥´¨¥ ³ ¸ÏÉ ¡´μ£μ Ë ±Éμ·  a,
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¶·¨ ±μÉμ·μ³ ¢μ ‚¸¥²¥´´μ° ¶·μ¨¸Ìμ¤¨É ·¥±μ³¡¨´ Í¨Ö. ar Å ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ¥ Î¨¸²μ,
¨ ¶μÔÉμ³Ê αr � αmin. ’ ±¨³ μ¡· §μ³, ¨´É¥·¢ ²

αmin � α � αr (2.18)

Ö¢²Ö¥É¸Ö μ¡² ¸ÉÓÕ ¤μ³¨´¨·μ¢ ´¨Ö ¨§²ÊÎ¥´¨Ö.
�¥·¥²ÖÉ¨¢¨¸É¸± Ö (¡ ·¨μ´´ Ö) ¸É ¤¨Ö. ‚ ¸μ¸ÉμÖ´¨¨, ±μ£¤  ¢μ ‚¸¥²¥´´μ° ¶·¥μ¡² -

¤ ¥É ¡ ·¨μ´´μ¥ ¢¥Ð¥¸É¢μ,
p = 0, (2.19)

¨ ¨§ (2.14) ´ Ìμ¤¨³

ρm =
Am

α3
. (2.20)

�¡² ¸ÉÓ ¨§³¥´¥´¨Ö α ¤²Ö ÔÉμ° Ë §Ò · §¢¨É¨Ö ¤ ¥É¸Ö ´¥· ¢¥´¸É¢μ³

αr � α � αm, (2.21)

£¤¥ αm Å ¢¥·Ì´ÖÖ £· ´¨Í  ¤²Ö α, ¶·¨ ±μÉμ·ÒÌ ¢μ ‚¸¥²¥´´μ° ¤μ³¨´¨·Ê¥É ¡ ·¨μ´´μ¥
¢¥Ð¥¸É¢μ.

‘É ¤¨Ö ±¢¨´ÉÔ¸¸¥´Í¨¨. � ¡²Õ¤ É¥²Ó´Ò¥ ¤ ´´Ò¥ [10Ä12] Ê± §Ò¢ ÕÉ ´  Éμ, ÎÉμ ¶·¨
α = α0 ≡ a2

maxa0, £¤¥ a0 Å §´ Î¥´¨¥ ³ ¸ÏÉ ¡´μ£μ Ë ±Éμ· , ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¢μ§· ¸ÉÊ
‚¸¥²¥´´μ°, ¢ ´¥° ¤μ²Ö ¡ ·¨μ´´μ£μ ¢¥Ð¥¸É¢  ´¥ ¶·¥¢ÒÏ ¥É 10%,   90 % ¶·¨Ìμ¤¨É¸Ö ´ 
¤μ²Õ ®±¢¨´ÉÔ¸¸¥´Í¨¨¯, É. ¥. ´  ³ É¥·¨Õ ´¥¡ ·¨μ´´μ£μ ¶·μ¨¸Ìμ¦¤¥´¨Ö. �μ ÔÉμ° ¶·¨Î¨´¥,
μÎ¥¢¨¤´μ, αm ¤μ²¦´μ ¡ÒÉÓ ´ ³´μ£μ ³¥´ÓÏ¥, Î¥³ α0.

�·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¤²Ö ±¢¨´ÉÔ¸¸¥´Í¨¨ Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö ¨³¥¥É ¢¨¤

p = − (1 − ν) ρ, (2.22)

  ¶²μÉ´μ¸ÉÓ ¥¥ ³ ¸¸Ò, ¸μ£² ¸´μ (2.14), ¡Ê¤¥É

ρq =
Aq

α3ν
. (2.23)

Š ± ¡Ò²μ Ê¸É ´μ¢²¥´μ ¢ · ¡μÉ¥ [9], §´ Î¥´¨¥ ¶ · ³¥É·  ν ³μ¦¥É ´ Ìμ¤¨ÉÓ¸Ö ³¥¦¤Ê
Î¨¸² ³¨ 0,05 ¨ 0,3.

Šμ£¤  ¢μ ‚¸¥²¥´´μ° ¤μ³¨´¨·Ê¥É ±¢¨´ÉÔ¸¸¥´Í¨Ö, ¨´É¥·¢ ² ¨§³¥´¥´¨Ö α § ¤ ¥É¸Ö ´¥-
· ¢¥´¸É¢ ³¨

αm � α � αmax. (2.24)

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ, ¢ Éμ ¢·¥³Ö ± ± Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö ¤²Ö · ¤¨ Í¨¨ (2.16) ¨ ¡ -
·¨μ´´μ£μ ¢¥Ð¥¸É¢  (2.19) ¨³¥ÕÉ ¤μ¸É ÉμÎ´μ μ¸³Ò¸²¥´´Ò¥ Ë¨§¨Î¥¸±¨¥ μ¸´μ¢Ò, ±¢¨´ÉÔ¸-
¸¥´Í¨Ö ± ± μ¸μ¡Ò° ¢¨¤ ³ É¥·¨¨ ¸ Ê· ¢´¥´¨¥³ ¸μ¸ÉμÖ´¨Ö (2.22) Ö¢²Ö¥É¸Ö £¨¶μÉ¥É¨Î¥¸±μ°,
¨ ¥¥ ®¢¢¥¤¥´¨¥¯ ¡Ò²μ ¶·μ¤¨±Éμ¢ ´μ ¸É·¥³²¥´¨¥³ μ¡ÑÖ¸´¨ÉÓ μ¡´ ·Ê¦¥´´μ¥ Ê¸±μ·¥´´μ¥
· ¸Ï¨·¥´¨¥ ‚¸¥²¥´´μ°.

�Î¥¢¨¤´μ, ¶μ²´ Ö ¶²μÉ´μ¸ÉÓ ³ ¸¸Ò ρ ¢μ ‚¸¥²¥´´μ° ¡Ê¤¥É

ρ = ρr + ρm + ρq, (2.25)

  ¶μ²´μ¥ ¤ ¢²¥´¨¥ Å
p = pr + pq. (2.26)
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3. “��‚�…�ˆŸ „‹Ÿ Œ�‹›• ‚�‡Œ“™…�ˆ‰ ‚ �’ƒ

‚ · §¤. 2 ³Ò ¶·¨¢¥²¨ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ �’ƒ ¤²Ö μ¤´μ·μ¤´μ° ¨ ¨§μÉ·μ¶´μ° ‚¸¥²¥´-
´μ°. „ ²¥¥ ´ ¸ ¡Ê¤¥É ¨´É¥·¥¸μ¢ ÉÓ ¢μ¶·μ¸ μ¡ Ê¸Éμ°Î¨¢μ¸É¨ Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ° μÉ´μ¸¨-
É¥²Ó´μ ³ ²ÒÌ ¢μ§³ÊÐ¥´¨° ³¥É·¨Î¥¸±μ£μ É¥´§μ·  gμν ¨ Ì · ±É¥·¨¸É¨± ¢¥Ð¥¸É¢ . �μÔÉμ³Ê
´ Ï¥° ¡²¨¦ °Ï¥° § ¤ Î¥° ¡Ê¤¥É ¶μ²ÊÎ¥´¨¥ ¨§ (1.1), (1.2) ¨ (1.8) Ê· ¢´¥´¨Ö ¤²Ö ³ ²ÒÌ
¢μ§³ÊÐ¥´¨° ¢ ²¨´¥°´μ³ ¶·¨¡²¨¦¥´¨¨.


Ê¤¥³ ´ §Ò¢ ÉÓ ¢¥²¨Î¨´Ò

g(0)μν =
(
1,−α2,−α2,−α2

)
, ρ0, p0 ¨ u(0)μ = (1, 0, 0, 0) (3.1)

´¥¢μ§³ÊÐ¥´´Ò³¨ ¨²¨ Ëμ´μ¢Ò³¨. Œ ²Ò¥ μÉ±²μ´¥´¨Ö μÉ ³¥É·¨±¨ g(0)μν μ¡μ§´ Î¨³ Î¥·¥§
hμν , μÉ ¸±μ·μ¸É¨ Å Î¥·¥§ u(1)μ,   μÉ ρ0 ¨ p0 Å Î¥·¥§ ρ1 ¨ p1 ¸μμÉ¢¥É¸É¢¥´´μ.

‚ ¶¥·¢μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ ¢μ§³ÊÐ¥´¨Ö³ ¨§ (1.1) ´ Ìμ¤¨³

δRμν − m2

2
hμν = κδ

(
Tμν − 1

2
gμνT

)
, (3.2)

£¤¥ δRμν Å ²¨´¥°´ Ö ¶μ ¢μ§³ÊÐ¥´¨Ö³ Î ¸ÉÓ · §´μ¸É¨ Rμν −R(0)μν . ‡¤¥¸Ó R(0)μν § ¤ ´Ò
Ëμ·³Ê² ³¨ (2.10),   Rμν Å É¥´§μ· �¨ÎÎ¨, ¶μ¸É·μ¥´´Ò° ´  ³¥É·¨±¥

gμν = g(0)μν + hμν . (3.3)

ˆ§ Ê¸²μ¢¨Ö gμλgλν = δν
μ ¸ ÊÎ¥Éμ³ (3.3) ´¥É·Ê¤´μ Ê¸É ´μ¢¨ÉÓ, ÎÉμ ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥

³ ²μ¸É¨

g00 = g00
(0) − h00, g0i = g0i

(0) +
1
α2

h0i, gij = gij
(0) −

1
α4

hij , (3.4)

£¤¥ g00
(0) = 1, g11

(0) = g22
(0) = g33

(0) = − 1
α2

, gμν
(0) = 0 ¶·¨ μ �= ν.

�´ ²μ£¨Î´μ, ¢ ¸¨²Ê · ¢¥´¸É¢  gμνuμuν = 1, ´ Ìμ¤¨³

uμ
(1) =

(
−1

2
h00, u

1
(1), u

2
(1), u

3
(1)

)
. (3.5)

’ ± ± ± uμ = gμνuν = gμν

(
uν

(0) + uν
(1)

)
, ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥ ³ ²μ¸É¨ ¶μ²ÊÎ¨³

u(1)μ =
(

1
2
h00,−α2u1

(1) + h01,−α2u2
(1) + h02,−α2u3

(1) + h03

)
. (3.6)

�·¥¤¶μ²μ¦¨³, ÎÉμ ¨ ¢ ¢μ§³ÊÐ¥´´μ³ ¸μ¸ÉμÖ´¨¨ ¢¥Ð¥¸É¢μ μ¶¨¸Ò¢ ¥É¸Ö É¥´§μ·μ³ Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ¨¤¥ ²Ó´μ° ¦¨¤±μ¸É¨. ’μ£¤ 

Sμν ≡ Tμν − 1
2
gμνT = (ρ + p)uμuν − 1

2
gμν (ρ − p) , (3.7)
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¨ ¶μÔÉμ³Ê ¤²Ö ±μ³¶μ´¥´É δSμν =
(

Tμν − 1
2
gμνT

)
−

(
T(0)μν − 1

2
g(0)μνT(0)

)
¢ ´¨§Ï¥³

¶μ·Ö¤±¥ ³ ²μ¸É¨ ¶μ²ÊÎ¨³

δS00 =
1
2

(ρ1 + 3p1) +
1
2

(ρ0 + 3p0)h00, (3.8)

δS0k = (ρ0 + p0)u(1)k − 1
2

(ρ0 − p0) h0k, (3.9)

δSik =
1
2
α2 (ρ1 − p1) δik − α2 (ρ0 − p0)σik, (3.10)

£¤¥

σik ≡ 1
2α2

hik. (3.11)

�·¥¦¤¥ Î¥³ ´ °É¨ δRμν , § °³¥³¸Ö Ê· ¢´¥´¨¥³ (1.2). Š ± ¡Ê¤¥É ¢¨¤´μ ´¨¦¥, ÊÎ¥É ¶μ²ÊÎ¥´-
´ÒÌ ¨§ (1.2) ¸μμÉ´μÏ¥´¨° ¸ÊÐ¥¸É¢¥´´μ Ê¶·μ¸É¨É ¢Ò· ¦¥´¨Ö ¤²Ö δRμν ¨, ¸²¥¤μ¢ É¥²Ó´μ,
¢¨¤ Ê· ¢´¥´¨° (3.2). ˆ§ (1.3) ´¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ ¢ ²¨´¥°´μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ hμν

√
−g � α3

(
1 +

1
2
h00 − σ

)
, (3.12)

£¤¥ σ ≡ σll.
’ ± ± ± ¶μ μ¶·¥¤¥²¥´¨Õ g̃μν =

√−ggμν , ¢ ¸¨²Ê (3.4) ¨ (3.12) ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥ ¶μ
¢μ§³ÊÐ¥´¨Ö³ ´ Ìμ¤¨³

g̃00 = α3

(
1 − 1

2
h00 − σ

)
,

g̃0i = αh0i,

g̃ik = −α

[(
1 +

1
2
h00 − σ

)
δik + 2σik

]
.

(3.13)

‡ ¶¨Ï¥³ (1.2) ¢ ¢¨¤¥

Dμg̃μν ≡ ∂μg̃μν + γν
αβ g̃αβ = 0. (3.14)

�É¸Õ¤  ¤²Ö ν = 0 ¸ ÊÎ¥Éμ³ (2.8) ¨ (3.13) ¢ ²¨´¥°´μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ hμν ¶μ²ÊÎ¨³
Ê· ¢´¥´¨¥

α2

(
1
2
h00 + σ

)
,0

= h0i,i, (3.15)

  ¤²Ö ν = k Å Ê· ¢´¥´¨¥

(αh0k),0 − α

(
1
2
h00 − σ

)
,k

− 2ασik,i = 0 (k = 1, 2, 3) . (3.16)
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�·¨¢¥¤¥³ ¢ ´¨§Ï¥³ ¶μ·Ö¤±¥ ¶μ ¢μ§³ÊÐ¥´¨Ö³ ¢Ò· ¦¥´¨Ö ¤²Ö δΓλ
αβ ≡ Γλ

αβ − Γλ
(0)αβ ,

£¤¥ Γλ
(0)αβ § ¤ ´Ò Ëμ·³Ê² ³¨ (2.7),   Γλ

αβ ¢ÒÎ¨¸²Ö¥É¸Ö ´  (3.3) ¸μ£² ¸´μ (1.7).

δΓ0
00 =

1
2
h00,

δΓ0
0k =

1
2
h00,k − α̇

α
h0k,

δΓk
00 =

1
2α2

(
h00,k − 2ḣ0k

)
,

δΓ0
ik = −αα̇h00δik − 1

2
ḣik +

1
2

(h0k,i + h0i,k) ,

δΓi
0k =

1
2α2

(h0k,i − h0i,k) − σ̇ik,

δΓj
ik =

α̇

α
h0jδik − σkj,i − σij,k + σik,j ,

δΓν
0ν =

1
2
ḣ00 − σ̇,

δΓν
kν =

(
1
2
h00 − σ

)
,k

.

(3.17)

�¥É·Ê¤´μ Ê¸É ´μ¢¨ÉÓ ¢ ²¨´¥°´μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ hμν ¢¨¤ ±μ³¶μ´¥´É δRμν = Rμν −
R(0)μν , ¨¸¶μ²Ó§ÊÖ (3.17),   É ±¦¥ ¢Ò· ¦¥´¨Ö (2.10) ¤²Ö R(0)μν .

δR00 = σ̈ + 2
α̇

α
σ̇ +

3
2

α̇

α
ḣ00 +

1
2α2

(
	h00 − ḣ0k,k

)
.

“Î¨ÉÒ¢ Ö §¤¥¸Ó (3.15), ¶μ²ÊÎ¨³

δR00 =
1

2α2
	h00 −

1
2
ḧ00 +

1
2

α̇

α
ḣ00. (3.18)

„²Ö δR0k ¨³¥¥³

δR0k =
α̇

α
h00,k − σ̇lk,l + σ̇,k −

(
α̈

α
+ 2

α̇2

α2

)
h0k +

1
2α2

(	h0k − h0l,kl) .

‘μ£² ¸´μ (2.12), (2.13)

α̈

α
+ 2

α̇2

α2
=

κ

2
(ρ0 − p0) −

m2

2

(
1 − 1

α2

)
, (3.19)

¨ ¶μÔÉμ³Ê δR0k ¶·¨³¥É ¢¨¤

δR0k =
α̇

α
h00,k − σ̇lk,l + σ̇,k − κ

2
(ρ0 − p0)h0k+

+
m2

2

(
1 − 1

α2

)
h0k +

1
2α2

(	h0k − h0l,kl) . (3.20)
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� ±μ´¥Í, ¤²Ö δRik ´ Ìμ¤¨³

δRik =
[
−1

2
αα̇ḣ00 − αα̇σ̇ −

(
2α̇2 + αα̈

)
h00 +

α̇

α
h0l,l

]
δik+

+
1
2

(
ḣ0k,i + ḣ0i,k

)
−

(
1
2
h00 − σ

)
,ik

+
1
2

α̇

α
(h0k,i + h0i,k) +

+ 	σik − σkl,il − σil,kl − 2σik

(
2α̇2 + αα̈

)
− 3αα̇σ̇ik − α2σ̈ik.

�Éμ ¢Ò· ¦¥´¨¥ ¸ ÊÎ¥Éμ³ (3.15), (3.16) ¨ (3.19) ³μ¦´μ ¶·¨¢¥¸É¨ ± ¢¨¤Ê

δRik = −α2

[
κ

2
(ρ0 − p0) −

m2

2

(
1 − 1

α2

)]
h00δik − α2σ̈ik+

+ 	σik − 3αα̇σ̇ik − m2σik +
m2

2
hik − α2

κ (ρ0 − p0)σik. (3.21)

�μ¤¸É ¢²ÖÖ (3.8)Ä(3.10), (3.18), (3.20) ¨ (3.21) ¢ (3.2), ´ °¤¥³

1
α2

	h00 − ḧ00 +
α̇

α
ḣ00 − m2h00 = κ (ρ1 + 3p1) + κ (ρ0 + 3p0)h00, (3.22)

α̇

α
h00,k − σ̇lk,l + σ̇,k − m2

2α2
h0k +

1
2α2

(	h0k − h0l,kl) = κ (ρ0 + p0)u(1)k, (3.23)

σ̈ik − 1
α2

	σik + 3
α̇

α
σ̇ik +

m2

α2
σik +

[
κ

2
(ρ0 − p0) −

m2

2

(
1 − 1

α2

)]
h00δik =

= −κ

2
(ρ1 − p1) δik. (3.24)

’¥¶¥·Ó μ¡· É¨³¸Ö ± ®Ê· ¢´¥´¨Õ ¢¥Ð¥¸É¢ ¯ (1.8) ¨ § ¶¨Ï¥³ ¥£μ ¢ ²¨´¥°´μ³ ¶μ ¢μ§-
³ÊÐ¥´¨Ö³ ¶·¨¡²¨¦¥´¨¨. ’ ± ± ±

∇μT μν ≡ ∂μT μν + Γμ
μλT λν + Γν

μλT μλ = 0, (3.25)

£¤¥, ± ± μ¡ÒÎ´μ,
T μν = (ρ + p)uμuν − gμνp, (3.26)

¨³¥¥³
∂μδT μν + δΓμ

μλT λν + Γμ
μλδT λν + δΓν

μλT μλ + Γν
μλδT μλ = 0. (3.27)

�μ¸±μ²Ó±Ê

T 00 = T (0)00 + ρ1 − ρ0h00,

T 0i =
1
α2

ρ0h0i −
1
α2

(ρ0 + p0)u(1)i,

T ij = T (0)ij +
1
α2

(
p1δij +

1
α2

p0hij

)
,

(3.28)
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£¤¥ T (0)μν § ¤ ´Ò Ëμ·³Ê² ³¨ (2.11), ¤²Ö δT μν ¶μ²ÊÎ¨³ ¢Ò· ¦¥´¨Ö

δT 00 = ρ1 − ρ0h00,

δT 0i =
1
α2

ρ0h0i −
1
α2

(ρ0 + p0)u(1)i,

δT ij =
1
α2

(
p1δij +

1
α2

p0hij

)
.

(3.29)

“Î¨ÉÒ¢ Ö ¢ (3.27) (2.7), (3.17), (3.28) ¨ (3.29), ´ °¤¥³

ρ̇1

ρ0 + p0
+

1
α2

h0k,k − 1
α2

u(1)k,k + 3
α̇

α

ρ1 + p1

ρ0 + p0
− σ̇ = 0 (3.30)

¨

p1,k +
1
2

(ρ0 + p0)h00,k − ṗ0u(1)k − (ρ0 + p0) u̇(1)k = 0. (3.31)

�¡· É¨³ ¢´¨³ ´¨¥ ´  Éμ, ÎÉμ ¨§ ¶μ²ÊÎ¥´´ÒÌ ¢ÒÏ¥ 18 Ê· ¢´¥´¨° (3.15), (3.16), (3.22)Ä
(3.24) ¨ (3.30), (3.31) ´¥ ¢¸¥ ´¥§ ¢¨¸¨³Ò. �μ ±· °´¥° ³¥·¥ Î¥ÉÒ·¥ ¨§ ´¨Ì Ö¢²ÖÕÉ¸Ö
¸²¥¤¸É¢¨Ö³¨ μ¸É ²Ó´ÒÌ, ¶μ¸±μ²Ó±Ê, ± ± ¡Ò²μ μÉ³¥Î¥´μ ¢ÒÏ¥, (1.8) ¢ÒÉ¥± ¥É ¨§ (1.1)
¨ (1.2). ’ ±¨³ μ¡· §μ³, ¤²Ö 15 ¢¥²¨Î¨´ ¢μ§³ÊÐ¥´¨Ö: hμν , u(1)k, ρ1 ¨ p1 Å ¨³¥¥³
14 Ê· ¢´¥´¨°, É. ¥. ¸¨¸É¥³  ´¥¶μ²´ . Š ± μ¡ÒÎ´μ, ¶μ¶μ²´¥´¨¥ ¸¨¸É¥³Ò μ¸ÊÐ¥¸É¢²Ö¥É¸Ö
¤μ¡ ¢²¥´¨¥³ Ê· ¢´¥´¨Ö, ¸¢Ö§Ò¢ ÕÐ¥£μ ³¥¦¤Ê ¸μ¡μ° ¤ ¢²¥´¨¥ ¨ ¶²μÉ´μ¸ÉÓ. ˆ¸¸²¥¤μ-
¢ ´¨¥ ÔÉμ° ¶μ¶μ²´¥´´μ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° ¨ ¤ ¸É μÉ¢¥É ´  ¶μ¸É ¢²¥´´Ò° ¢μ¶·μ¸ μ¡
Ê¸Éμ°Î¨¢μ¸É¨ μ¤´μ·μ¤´μ° ¨ ¨§μÉ·μ¶´μ° ³μ¤¥²¨ ¨, ¢μ§³μ¦´μ, μ¡ÑÖ¸´¨É ¢μ§´¨±´μ¢¥´¨¥
±·Ê¶´μ³ ¸ÏÉ ¡´μ° ¸É·Ê±ÉÊ·Ò ‚¸¥²¥´´μ°.

‘·¥¤¨ ·¥Ï¥´¨° Ê· ¢´¥´¨° ³ ²ÒÌ ¢μ§³ÊÐ¥´¨° ¥¸ÉÓ É ±¨¥, ±μÉμ·Ò¥ ³μ£ÊÉ ¡ÒÉÓ ¨¸-
±²ÕÎ¥´Ò ¶·μ¸ÉÒ³ ¶¥·¥Ìμ¤μ³ ± Ë¨§¨Î¥¸±¨ Ô±¢¨¢ ²¥´É´μ° ¸¨¸É¥³¥ μÉ¸Î¥É  ¨ ¶μÔÉμ³Ê ´¥
¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ·¥ ²Ó´μ£μ Ë¨§¨Î¥¸±μ£μ ¨§³¥´¥´¨Ö ³¥É·¨±¨ Œ¨´±μ¢¸±μ£μ. ˆ³¥´´μ
É ±¨¥ ·¥Ï¥´¨Ö ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ´¥Ë¨§¨Î¥¸±¨³¨ ¢μ§³ÊÐ¥´¨Ö³¨ ¢ �’ƒ. Œ¥É·¨±  Œ¨´-
±μ¢¸±μ£μ ¤μ¶Ê¸± ¥É ¤¥¸ÖÉ¨¶ · ³¥É·¨Î¥¸±ÊÕ £·Ê¶¶Ê ¶·¥μ¡· §μ¢ ´¨°, ¨³¥´Ê¥³ÊÕ £·Ê¶¶μ°
�Ê ´± ·¥, ±μÉμ· Ö μ¸É ¢²Ö¥É ¨´É¥·¢ ² ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ (2.4) Ëμ·³¨´¢ ·¨ ´É-
´Ò³. ‚ ±μμ·¤¨´ É Ì {x′μ} = {t, x, y, z} ÔÉ¨ ¶·¥μ¡· §μ¢ ´¨Ö ¨³¥ÕÉ ¢¨¤

x′μ → x′μ − ξ′μ, ¶·¨Î¥³ ξ′0 = ω0ix
i + a0, ξ′i = ωjix

j + ω0it + ai,

£¤¥ ωαβ = −ωβα, aα Å ±μ´¸É ´ÉÒ. „²Ö ³ ²μ¸É¨ ξμ ¢μ ¢¸¥³ ¶·μ¸É· ´¸É¢¥ ´¥μ¡Ìμ¤¨³μ
¶μ²μ¦¨ÉÓ ωαβ = 0. ‚ ¨¸¶μ²Ó§Ê¥³ÒÌ ´ ³¨ ±μμ·¤¨´ É Ì {xμ} = {τ, x, y, z} ¢¥²¨Î¨´Ò ξμ

¶·¨³ÊÉ ¢¨¤

ξ0 =
dτ

dt
ξ′0 =

α3

α2
max

a0, ξi = ξ′i = ai,

ξ0 = ξ0 =
α3

α2
max

a0, ξi = −α2ξi = −α2ai.

(3.32)
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� °¤¥³ ¢¸¥ ¢¥²¨Î¨´Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¤ ´´μ° É· ´¸²ÖÍ¨¨

hcoord
μν = ∇νξμ + ∇μξν = ∂νξμ − Γρ

μνξρ + ∂νξμ − Γρ
νμξρ =

= ∂νξμ + ∂νξμ − 2Γρ
μνξρ, hcoord

00 = 6
α2

α2
max

α̇a0,

hcoord
0i = 0, hcoord

ij = −2
α4

α2
max

α̇a0δij , σcoord
ij = − α2

α2
max

α̇a0δij ,

σcoord = −3
α2

α2
max

α̇a0, ucoord
(1)i = uβ∇iξ

β + ξβ∇βui = 0,

δcoord ≡ ρcoord
1

p + ρ
=

ξαρ,α

p + ρ
=

ξ0ρ̇

p + ρ
= −3ξ0 α̇

α
= −3

a0

α2
max

α2α̇.

(3.33)

’ ±¨³ μ¡· §μ³, μÉ²¨Î´Ò μÉ ´Ê²Ö ¢¥²¨Î¨´Ò hcoord
00 , σcoord

11 = σcoord
22 = σcoord

33 = −hcoord
00 /6,

σcoord = −hcoord
00 /2, δcoord = −hcoord

00 /2. ‘ ÊÎ¥Éμ³ (2.2) ´¥Ë¨§¨Î¥¸±μ¥ ¢μ§³ÊÐ¥´¨¥ ¨³¥¥É
¢¨¤

hcoord
00 ∼ α2α̇ ∼

dτ

dt
α̇

α
=

∂tα

α
. (3.34)

‚ μ¡² ¸É¨ αmin � α � αmax, ±μ£¤  § ¢¨¸¨³μ¸ÉÓ α μÉ ¢·¥³¥´¨ ´μ¸¨É ¸É¥¶¥´´μ° Ì · ±É¥·,
¶μ¸²¥¤´¥¥ ¢Ò· ¦¥´¨¥ ¸¶ ¤ ¥É ± ± t−1.

4. ‚�‡Œ“™…�ˆŸ, ‡�‚ˆ‘Ÿ™ˆ… ’�‹œŠ� �’ ‚�…Œ…�ˆ

‚ ÔÉμ³ · §¤¥²¥ ³Ò · ¸¸³μÉ·¨³ ¶·μ¸É¥°Ï¨° ¸²ÊÎ °, ±μ£¤  hμν , u(1)k, ρ1 ¨ p1 ´¥
§ ¢¨¸ÖÉ μÉ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É, ¨ ¡Ê¤¥³ ¸· ¢´¨¢ ÉÓ ¶μ²ÊÎ¥´´Ò¥ §¤¥¸Ó ·¥§Ê²ÓÉ ÉÒ
¸  ´ ²μ£¨Î´Ò³¨ ·¥§Ê²ÓÉ É ³¨, Ê¸É ´μ¢²¥´´Ò³¨ ¢ �’�.

‘¨¸É¥³  Ê· ¢´¥´¨° (3.15), (3.16), (3.22)Ä(3.24) ¨ (3.30), (3.31) ¢ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ
hμν , u(1)k, ρ1 ¨ p1 § ¢¨¸ÖÉ Éμ²Ó±μ μÉ τ , ¶·¨³¥É ¢¨¤(

1
2
h00 + σ

)
,0

= 0, (4.1)

(αh0k),0 = 0, (4.2)

ḧ00 −
α̇

α
ḣ00 + m2h00 = −κ (ρ1 + 3p1) − κ (ρ0 + 3p0)h00, (4.3)

m2

2α2
h0k = −κ (ρ0 + p0)u(1)k, (4.4)

σ̈ik +3
α̇

α
σ̇ik +

m2

α2
σik +

[
κ

2
(ρ0 − p0) −

m2

2

(
1 − 1

α2

)]
h00δik = −κ

2
(ρ1 − p1) δik, (4.5)

ρ̇1

ρ0 + p0
+ 3

α̇

α

ρ1 + p1

ρ0 + p0
− σ̇ = 0, (4.6)

ṗ0u(1)k + (ρ0 + p0) u̇(1)k = 0. (4.7)
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‚ Ê· ¢´¥´¨Ö (4.1) ¨ (4.2) ´¥ ¢Ìμ¤ÖÉ Ì · ±É¥·¨¸É¨±¨ ¢¥Ð¥¸É¢  ρ0, p0, ρ1 ¨ p1, ¨ ¶μÔÉμ³Ê
¨Ì ·¥Ï¥´¨Ö ¡Ê¤ÊÉ μ¤¨´ ±μ¢Ò ¤²Ö ¢¸¥Ì Ë § ´¥§ ¢¨¸¨³μ μÉ Ê· ¢´¥´¨° ¸μ¸ÉμÖ´¨Ö. ˆ§ (4.1)
¨ (4.2) ¨³¥¥³

σ = −h00

2
+ F, (4.8)

h0k =
Hk

α
(k = 1, 2, 3) , (4.9)

£¤¥ F ¨ Hk (k = 1, 2, 3) Å ¶μ¸ÉμÖ´´Ò¥ ¨´É¥£·¨·μ¢ ´¨Ö.
‘μ£² ¸´μ (4.4) ¨ (4.9) ´ Ìμ¤¨³

u(1)k = −Hk
m2

2κα3 (ρ0 + p0)
. (4.10)

ˆ§ (4.5), · ¸¶¨¸ ¢ ¥£μ ¶μ±μ³¶μ´¥´É´μ, ´¥É·Ê¤´μ Ê¢¨¤¥ÉÓ, ÎÉμ ¤²Ö σ12, σ13 ¨ σ23 ¨³¥¥³
μ¤¨´ ±μ¢Ò¥ Ê· ¢´¥´¨Ö

σ̈12 + 3
α̇

α
σ̇12 +

m2

α2
σ12 = 0, (4.11)

¨ ¶μÔÉμ³Ê ·¥Ï¥´¨Ö ¤²Ö σ12, σ13 ¨ σ23 ¨³¥ÕÉ μ¤¨´ ¨ ÉμÉ ¦¥ ¢¨¤.
�¸É ¢ÏÊÕ¸Ö Î ¸ÉÓ Ê· ¢´¥´¨° ¨§ (4.5) ¸ ÊÎ¥Éμ³ (4.8) Ê¤μ¡´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

σ̈11 + 3
α̇

α
σ̇11 +

m2

α2
σ11 −

m2

2

(
1 − 1

α2

)
h00 = −κ

2
(ρ1 − p1) −

κ

2
(ρ0 − p0)h00 (4.12)

¨

σ̈ + 3
α̇

α
σ̇ +

m2

α2
σ − 3m2

2

(
1 − 1

α2

)
h00 = −3κ

2
(ρ1 − p1) −

3κ

2
(ρ0 − p0)h00. (4.13)

�¥É·Ê¤´μ § ³¥É¨ÉÓ, ÎÉμ Ê· ¢´¥´¨Ö ¤²Ö σ22 ¨ σ33 ¶μ²´μ¸ÉÓÕ ¸μ¢¶ ¤ ÕÉ ¸ (4.12), ¨
¶μÔÉμ³Ê ³Ò ¨Ì ´¥ ¶·¨¢¥²¨. ‘²¥¤μ¢ É¥²Ó´μ, ¨Ì ·¥Ï¥´¨Ö ¨³¥ÕÉ ÉμÉ ¦¥ ¢¨¤.

“· ¢´¥´¨Ö (4.6) ¨ (4.7) ¶μ²ÊÎ ÕÉ¸Ö ¨§ ±μ¢ ·¨ ´É´μ£μ § ±μ´  ¸μÌ· ´¥´¨Ö (1.8), ±μ-
Éμ·Ò° Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ Ê· ¢´¥´¨° �’ƒ (1.1) ¨ (1.2). �μÔÉμ³Ê μ´¨ ¢Ò¢μ¤ÖÉ¸Ö ¨§
Ê· ¢´¥´¨° (4.1)Ä(4.5). ‹¥£±μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ¶μ²ÊÎ¥´´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¸±μ·μ¸É¨ (4.10)
Ê¤μ¢²¥É¢μ·Ö¥É (4.7).

„²Ö ´ Ìμ¦¤¥´¨Ö ¢¥²¨Î¨´ h00, σ, p1, ρ1 ¡Ê¤¥³ ¶μ²Ó§μ¢ ÉÓ¸Ö Ê· ¢´¥´¨Ö³¨ (4.8), (4.3) ¨
(4.13). „²Ö ÔÉ¨Ì Î¥ÉÒ·¥Ì ´¥¨§¢¥¸É´ÒÌ ¨³¥¥³ É·¨ Ê· ¢´¥´¨Ö. �μ¶μ²´¥´¨¥ ÔÉμ° ¸¨¸É¥³Ò,
± ± μ¡ÒÎ´μ, ¸²¥¤Ê¥É μ¸ÊÐ¥¸É¢¨ÉÓ ¤μ¡ ¢²¥´¨¥³ ± ´¨³ Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö p1 = f(ρ1).

Š ± ¡Ò²μ μÉ³¥Î¥´μ ¢ · §¤. 3 (¸³. É ±¦¥ [9]), ³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ ³μ¤¥²Ó μ¤´μ·μ¤´μ°
¨ ¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ° ¸ É·¥³Ö ¸μ¸ÉμÖ´¨Ö³¨ ¢¥Ð¥¸É¢ : · ¤¨ Í¨¥°, ¡ ·¨μ´´Ò³ ¢¥Ð¥-
¸É¢μ³ ¨ ±¢¨´ÉÔ¸¸¥´Í¨¥° Å Ö¢²Ö¥É¸Ö ¤μ¸É ÉμÎ´μ Ìμ·μÏ¨³ ¶·¨¡²¨¦¥´¨¥³ ·¥ ²Ó´μ£μ ³¨· .
�μÔÉμ³Ê ´¨¦¥ ³Ò ¨ ¡Ê¤¥³ ¨§ÊÎ ÉÓ ¢μ¶·μ¸ Ê¸Éμ°Î¨¢μ¸É¨ ‚¸¥²¥´´μ° ¨³¥´´μ ¤²Ö ÔÉ¨Ì ¸μ-
¸ÉμÖ´¨°.

’ ±¨³ μ¡· §μ³, ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ Éμ²Ó±μ ¸μ¸ÉμÖ´¨Ö ¢¨¤  (2.22), £¤¥ ν Å ±μ´¸É ´É .
‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ν = 4/3 ¤²Ö · ¤¨ Í¨μ´´μ-¤μ³¨´¨·ÊÕÐ¥° ¸É ¤¨¨, ν = 1 ¤²Ö ¡ ·¨μ´-
´μ° ¸É ¤¨¨, 0 < ν < 2/3 ¤²Ö ¸É ¤¨¨ ±¢¨´ÉÔ¸¸¥´Í¨¨. ‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¢¸¥ Ëμ·³Ê²Ò,
¶μ²ÊÎ¥´´Ò¥ ´ ³¨ ¢ · §¤. 2 ¤²Ö ±¢¨´ÉÔ¸¸¥´Í¨¨, ¸¶· ¢¥¤²¨¢Ò ¨ ¤²Ö μ¸É ²Ó´ÒÌ ¸É ¤¨°, ¥¸²¨
¶μ¤¸É ¢¨ÉÓ ¢ ´¨Ì ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ §´ Î¥´¨Ö ν.
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”²Ê±ÉÊ Í¨¨ ¡Ê¤¥³ ¸Î¨É ÉÓ  ¤¨ ¡ É¨Î¥¸±¨³¨. ‚¢¨¤Ê ³ ²μ¸É¨ p1 ¨ ρ1 ³μ¦´μ ´ ¶¨¸ ÉÓ

p1 =
dp

dρ
ρ1 = (ν − 1)ρ1.

’μ£¤  ¸μ£² ¸´μ (2.23) (4.10) ¶·¨³¥É ¢¨¤

u(1)k = −Hk
m2

2νκAν
α3(ν−1), (4.10′)

  ²¥¢ Ö Î ¸ÉÓ (4.6) ¸ ÊÎ¥Éμ³ (2.14) ¶·¥μ¡· §Ê¥É¸Ö ± ¢¨¤Ê

ρ̇1

ρ0 + p0
+ 3

α̇

α

ρ1 + p1

ρ0 + p0
=

ρ̇1

ρ0 + p0
− ρ̇ (ρ1 + p1)

(ρ0 + p0)
2 =

=
ρ̇1

ρ0 + p0
− νρ̇ρ1

(ρ0 + p0)
2 =

ρ̇1

ρ0 + p0
−

(ρ0 + p0),0 ρ1

(ρ0 + p0)
2 =

(
ρ1

ρ0 + p0

)
,0

= δ̇.

’¥¶¥·Ó (4.6) ¶·¨´¨³ ¥É ¶·μ¸Éμ° ¢¨¤

(δ − σ),0 = 0, (4.6′)

μÉ±Ê¤  ¸ ÊÎ¥Éμ³ (4.8) ¨³¥¥³

δ = σ + const ¨ δ = −h00

2
+ const. (4.14)

„²Ö Ê· ¢´¥´¨° ¸μ¸ÉμÖ´¨Ö (2.22) (4.3) ¨ (4.13) ¶·¨³ÊÉ ¢¨¤

ḧ00 −
α̇

α
ḣ00 + m2h00 = −κ (3ν − 2) ρ1 − κ (3ν − 2) ρh00 = −κ (3ν − 2) (ρ1 + ρ0h00)

(4.3′)
¨

σ̈ + 3
α̇

α
σ̇ +

m2

α2
σ +

3
2
m2

(
1 − 1

α2

)
h00 = −3κ

2
(2 − ν) (ρ1 + ρ0h00) . (4.13′)

�· ¢Ò¥ Î ¸É¨ ÔÉ¨Ì Ê· ¢´¥´¨° ¶·μ¶μ·Í¨μ´ ²Ó´Ò ¤·Ê£ ¤·Ê£Ê. ˆ¸±²ÕÎ¨³ ¨§ μ¡μ¨Ì Ê· ¢´¥-
´¨° ¶¥·¥³¥´´ÊÕ ρ1. „²Ö ÔÉμ£μ ¢Ò· §¨³ ρ1 + ρ0h00 ¨§ (4.13′) ¨ ¶μ¤¸É ¢¨³ ¢ (4.3′).

ḧ00 −
α̇

α
ḣ00 + m2h00 =

2 (3ν − 2)
3 (2 − ν)

(
σ̈ + 3

α̇

α
σ̇ +

m2

α2
σ − 3m2

2

(
1 − 1

α2

)
h00

)
. (4.15)

’¥¶¥·Ó ¶μ¤¸É ¢¨³ ¢ ÔÉμ Ê· ¢´¥´¨¥ ¸μμÉ´μÏ¥´¨¥ (4.8)

ḧ00 + 3 (ν − 1)
α̇

α
ḣ00 +

m2

2

(
3ν − 3ν − 2

α2

)
h00 =

m2

2α2
(3ν − 2)F. (4.16)

�¤´μ ·¥Ï¥´¨¥ ¤ ´´μ£μ Ê· ¢´¥´¨Ö ´ ³ ¨§¢¥¸É´μ Å ÔÉμ ´¥Ë¨§¨Î¥¸±μ¥ ·¥Ï¥´¨¥ (3.33)
α2α̇, ±μÉμ·μ¥ ¸μμÉ¢¥É¸É¢Ê¥É F = 0. �Éμ ·¥Ï¥´¨¥ ¶μ§¢μ²¨É ´ ³ ´ °É¨ ¢Éμ·μ¥ ·¥Ï¥´¨¥
μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö ¨ Î ¸É´μ¥ ·¥Ï¥´¨¥ ´¥μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö (4.16)
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h00 = α2α̇

∫
ζdτ,

ḣ00 =
(
α2α̇

)
,0

∫
ζdτ + α2α̇ζ,

ḧ00 =
(
α2α̇

)
,00

∫
ζdτ + 2

(
α2α̇

)
,0

ζ + α2α̇ζ̇.

(4.17)

�μ¤¸É ¢²ÖÖ (4.17) ¢ (4.16) ¨ ¸μ±· Ð Ö Î²¥´Ò ¸

∫
ζdτ , ¶μ²ÊÎ¨³

α2α̇ζ̇ + 2
(
α2α̇

)
,0

ζ + 3 (ν − 1)
α̇

α
α2α̇ζ =

m2

2α2
(3ν − 2)F.

“³´μ¦ Ö ¶μ¸²¥¤´¥¥ ´  α2α̇, ¶μ²ÊÎ¨³

(
α4α̇2ζ

)
,0

+ 3 (ν − 1)
α̇

α
α4α̇2ζ =

m2α̇

2
(3ν − 2)F.

“³´μ¦ Ö ´  α3(ν−1), ¶μ²ÊÎ¨³

(
α3(ν−1)α4α̇2ζ

)
,0

=
m2

2
(3ν − 2)α3(ν−1)α̇F,

α3ν+1α̇2ζ =
m2 (3ν − 2)

2
F

∫
α3(ν−1)α̇dτ,

α3ν+1α̇2ζ = νAνG +
m2

2
Fα3ν−2,

ζ = νAνG
1

α3ν+1α̇2
+

m2

2
Fα3ν−2

α3ν+1α̇2
= Gκ (ρ0 + p0)

1
αα̇2

+
m2

2α2

F

αα̇2
.

�μ¤¸É ¢²ÖÖ ´ °¤¥´´μ¥ ·¥Ï¥´¨¥ ¤²Ö ζ ¢ (4.17), ¶μ²ÊÎ¨³ ¤²Ö ¢Éμ·μ£μ ·¥Ï¥´¨Ö μ¤´μ·μ¤´μ£μ
Ê· ¢´¥´¨Ö ¨ Î ¸É´μ£μ ·¥Ï¥´¨Ö ´¥μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö (4.16)

h00 = α2α̇

(
G

∫
κ (ρ0 + p0)

dτ

αα̇2
+ F

∫
m2

2α2

dτ

αα̇2

)
.

„²Ö μ¡Ð¥£μ ·¥Ï¥´¨Ö (4.16) ¨³¥¥³

h00 = α2α̇

(
C

√
3

κAν
+ G

∫
κ (ρ0 + p0)

dτ

αα̇2
+ F

∫
m2

2α2

dτ

αα̇2

)
, (4.18)

£¤¥ ±μ´¸É ´É  C ¸μμÉ¢¥É¸É¢Ê¥É ´¥Ë¨§¨Î¥¸±μ³Ê ·¥Ï¥´¨Õ (3.33). σ ´ Ìμ¤¨É¸Ö ¸μ£² ¸-
´μ (4.8).

�¥Ï¥´¨Ö ¢ ¢¨¤¥ ±¢ ¤· ÉÊ·  ¢Éμ³ É¨Î¥¸±¨ ¸Ï¨ÉÒ ¢´ÊÉ·¨ Ë § ¨ ¶μ μ¡ÒÎ´μ° ¶·μÍ¥¤Ê·¥
³μ£ÊÉ ¡ÒÉÓ ¸Ï¨ÉÒ ³¥¦¤Ê Ë § ³¨.
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� °¤¥³ É¥¶¥·Ó δ. „²Ö ÔÉμ£μ ¢Ò· §¨³ ¶· ¢ÊÕ Î ¸ÉÓ (4.3) Î¥·¥§ δ:

− κ (3ν − 2) (ρ1 + ρ0h00) = −κ (3ν − 2) ((p0 + ρ0) δ + ρ0h00) =
= −κ (3ν − 2)ρ0 (νδ + h00) .

‚ÒÎ¨É Ö (4.3) ¨§ (4.16), ´ Ìμ¤¨³

α̇

α
ḣ00 +

m2

2

(
1 − 1

α2

)
h00 =

m2

2α2
F + κρ0 (νδ + h00) .

“Î¨ÉÒ¢ Ö, ÎÉμ

m2

2

(
1 − 1

α2

)
= −

(
2
α̇2

α2
+

α̈

α

)
+

κ

2
(ρ0 − p0) = −

(
α2α̇

)
,0

α3
+

κ

2
(2 − ν) ρ0,

¶μ²ÊÎ ¥³ (
h00

α2α̇

)
,0

α2α̇ +
κ

2
(2 − ν) ρ0h00 =

m2

2α2
F + κρ0 (νδ + h00) ,

(
h00

α2α̇

)
,0

α2α̇ =
m2

2α2
F + κρ0ν

(
δ +

h00

2

)
.

�É¸Õ¤ , ¶μ¤¸É ¢²ÖÖ (4.18), ´ Ìμ¤¨³

Gκ (p0 + ρ0) +
m2

2α2
F =

m2

2α2
F + κρ0ν

(
δ +

h00

2

)
,

Gκρ0ν = κρ0ν

(
δ +

h00

2

)
.

‚ ¨Éμ£¥ ¶μ²ÊÎ ¥³

δ = −h00

2
+ G (4.19)

¢ ¶μ²´μ³ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¢Ò¢μ¤μ³ (4.14) ¨§ § ±μ´  ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ (4.6).
�  · ¤¨ Í¨μ´´μ-¤μ³¨´¨·ÊÕÐ¥° ¸É ¤¨¨ ¢ Ê· ¢´¥´¨¨ Ô¢μ²ÕÍ¨¨ (2.13) ³Ò ¡Ê¤¥³ μÉ-

¡· ¸Ò¢ ÉÓ Î²¥´Ò m2 ¨ m2/α2, ´  ¡ ·¨μ´´μ° ¸É ¤¨¨ Å ¢¸¥ Î²¥´Ò, ¸μ¤¥·¦ Ð¨¥ ³ ¸¸Ê

£· ¢¨Éμ´ ,   ´  ¸É ¤¨¨ ±¢¨´ÉÔ¸¸¥´Í¨¨ Å Î²¥´Ò
m2α4

max

α6
¨

m2

α2
. ‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ

Î²¥´ m2/α2 ³Ò ¡Ê¤¥³ μÉ¡· ¸Ò¢ ÉÓ ´  ¢¸¥Ì ¸É ¤¨ÖÌ Ô¢μ²ÕÍ¨¨, ¶μÔÉμ³Ê ¶·¨ ¢Ò¡· ´´μ°
ÉμÎ´μ¸É¨ ¢Éμ·Ò³ ¨´É¥£· ²μ³ ¢ (4.18) ´¥μ¡Ìμ¤¨³μ ¶·¥´¥¡·¥ÎÓ. ’μ£¤ 

h00 = α2α̇

(
C

√
3

κAν
+ G

∫
κ (ρ0 + p0)

dτ

αα̇2

)
. (4.20)

’¥¶¥·Ó ´ °¤¥³ ¢¥²¨Î¨´Ò σ12, σ23, σ13. ‘¤¥² ¥³ ¶μ¤¸É ´μ¢±Ê σ12 = αy ¢ (4.11) ¨
· §¤¥²¨³ ¥£μ ´  α

ÿ + 5
α̇

α
ẏ +

(
α̈

α
+ 3

α̇2

α2
+

m2

α2

)
y = 0.
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‘μ£² ¸´μ ¸¤¥² ´´Ò³ ¢ÒÏ¥ § ³¥Î ´¨Ö³, ³Ò ¤μ²¦´Ò ¶·¥´¥¡·¥ÎÓ ¸² £ ¥³Ò³ m2/α2 ¢ ³´μ-
¦¨É¥²¥ ¶·¨ y. ’μ£¤ , ¶¥·¥Ìμ¤Ö μ¡· É´μ ± σ12, ¶μ²ÊÎ¨³, ÎÉμ (4.11) ¶·¨ ¢Ò¡· ´´μ°
ÉμÎ´μ¸É¨ ¶·¨³¥É ¢¨¤

σ̈12 + 3
α̇

α
σ̇12 = 0.

�¥Ï¥´¨¥ ¤ ´´μ£μ Ê· ¢´¥´¨Ö ¨³¥¥É ¢¨¤

σ12 = K12

√
3κAν

(ν

2
− 1

)∫
dτ

α3
+ L12. (4.21)

�¸É ²μ¸Ó ´ °É¨ ¢¥²¨Î¨´Ò σ11, σ22, σ33. �μ¸±μ²Ó±Ê μ¤´μ·μ¤´ Ö Î ¸ÉÓ (4.12) ¸μ¢¶ ¤ ¥É
¸ (4.11), Éμ μ¡Ð¥¥ ·¥Ï¥´¨¥ μ¤´μ·μ¤´μ£μ Ê· ¢´¥´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ (4.12), ¨³¥¥É ¢¨¤,
 ´ ²μ£¨Î´Ò° (4.20). ˆ§ ¸· ¢´¥´¨Ö (4.12) ¨ (4.13) ²¥£±μ ¢¨¤¥ÉÓ, ÎÉμ Î ¸É´μ¥ ·¥Ï¥´¨¥
(4.12) ³μ¦´μ ¢§ÖÉÓ ¢ ¢¨¤¥ σ/3. ’μ£¤  μ¡Ð¥¥ ·¥Ï¥´¨¥ (4.12) ¶μ²ÊÎ¨³ ¢ ¢¨¤¥

σ11 =
σ

3
+ K11

√
3κAν

(ν

2
− 1

)∫
dτ

α3
+ L11 = −α2α̇

6

(
C

√
3

κAν
+

+ G

∫
κ (ρ0 + p0)

dτ

αα̇2

)
+

F

3
+ K11

√
3κAν

(ν

2
− 1

)∫
dτ

α3
+ L11. (4.22)

’ ± ± ± σ11 + σ22 + σ33 = σ, Éμ K11 + K22 + K33 = 0 ¨ L11 + L22 + L33 = 0.
� ¤¨ Í¨μ´´μ-¤μ³¨´¨·ÊÕÐ Ö ¸É ¤¨Ö. �  ¤ ´´μ° ¸É ¤¨¨ ¸ ¢Ò¡· ´´μ° ÉμÎ´μ¸ÉÓÕ

(2.13) ¶·¨³¥É ¢¨¤

α̇2

α2
=

κ

3
ρ − m2

12
α4

max

α6
=

κAr

3α4
− m2

12
α4

max

α6
=

κAr

3α6

(
α2 − α2

min

)
, (4.23)

μÉ±Ê¤ 

α2α̇ =

√
κAr

3

√
α2 − α2

min ,

¶·¨Î¥³

α2α̇

∫
κ (ρ0 − p0)

dτ

αα̇2
= −4.

�·μ¨§¢μ² ¢ ¢Ò¡μ·¥ ±μ´¸É ´ÉÒ ¨´É¥£·¨·μ¢ ´¨Ö ¢ ¤ ´´μ³ ¨´É¥£· ²¥ ¸μμÉ¢¥É¸É¢Ê¥É ¶·μ¨§-
¢μ²Ê ¢ ¢Ò¡μ·¥ ±μ´¸É ´ÉÒ C ¤²Ö ´¥Ë¨§¨Î¥¸±μ£μ ¢μ§³ÊÐ¥´¨Ö. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ ¸μ£² ¸´μ
(4.20), (4.8), (4.19)

h00 = C
√

α2 − α2
min − 4G, σ = −C

2

√
α2 − α2

min + 2G + F,

δ = −C

2

√
α2 − α2

min + 3G.

(4.24)

�·¨ α → αmin ´¥Ë¨§¨Î¥¸±μ¥ ·¥Ï¥´¨¥ ¸É·¥³¨É¸Ö ± ´Ê²Õ,   ¶·¨ α � αmin ¨³¥¥³

h00 = Cα − 4G, σ = −C

2
α + 2G + F, δ = −C

2
α + 3G. (4.25)
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„²Ö ´ Ìμ¦¤¥´¨Ö ¢¥²¨Î¨´ σ12 ¨ σ11 ¶μ Ëμ·³Ê² ³ (4.21) ¨ (4.22) ¢ÒÎ¨¸²¨³ ¢Ìμ¤ÖÐ¨°
¢ ´¨Ì ¨´É¥£· ² ∫

dτ

α3
=

√
3

κAr

1
αmin

(
arccos

αmin

α
− π

2

)
.

�·μ¨§¢μ² ¢ ¢Ò¡μ·¥ ±μ´¸É ´ÉÒ ¨´É¥£·¨·μ¢ ´¨Ö ¢ ÔÉμ³ ¨´É¥£· ²¥ ¸μμÉ¢¥É¸É¢Ê¥É ¶·μ¨§¢μ²Ê
¢ ¢Ò¡μ·¥ ±μ´¸É ´ÉÒ L. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³

σ12 = −K12
1

αmin

(
arccos

αmin

α
− π

2

)
+ L12,

σ11 =
1
3

(
−C

2

√
α2 − α2

min + 2G + F

)
− K11

1
αmin

(
arccos

αmin

α
− π

2

)
+ L11.

(4.26)

�·¨ α → αmin

σ12 → πK12

2αmin
+ L12, σ11 → 1

3
(2G + F ) +

πK11

2αmin
+ L11,

  ¶·¨ α � αmin ¨³¥¥³

σ12 = K12α
−1 + L12, σ11 =

1
3

(
−C

2
α + 2G + F

)
+ K11α

−1 + L11. (4.27)

�¥·¥²ÖÉ¨¢¨¸É¸± Ö (¡ ·¨μ´´ Ö) ¸É ¤¨Ö. �  ¤ ´´μ° ¸É ¤¨¨ ¸ ¢Ò¡· ´´μ° ÉμÎ´μ¸ÉÓÕ
(2.13) ¶·¨³¥É ¢¨¤

α̇2

α2
=

κ

3
ρ =

κAb

3α3
, (4.28)

μÉ±Ê¤ 

α2α̇ =

√
κAb

3
α3/2,

¶·¨Î¥³

α2α̇

∫
κ (ρ0 − p0)

dτ

αα̇2
= −2.

�·μ¨§¢μ² ¢ ¢Ò¡μ·¥ ±μ´¸É ´ÉÒ ¨´É¥£·¨·μ¢ ´¨Ö ¢ ¤ ´´μ³ ¨´É¥£· ²¥ ¸μμÉ¢¥É¸É¢Ê¥É ¶·μ¨§-
¢μ²Ê ¢ ¢Ò¡μ·¥ ±μ´¸É ´ÉÒ C ¤²Ö ´¥Ë¨§¨Î¥¸±μ£μ ¢μ§³ÊÐ¥´¨Ö. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ ¸μ£² ¸´μ
(4.20), (4.8), (4.19)

h00 = Cα3/2 − 2G, σ = −C

2
α3/2 + G + F, δ = −C

2
α3/2 + 2G. (4.29)

„²Ö ´ Ìμ¦¤¥´¨Ö ¢¥²¨Î¨´ σ12 ¨ σ11 ¶μ Ëμ·³Ê² ³ (4.21) ¨ (4.22) ¢ÒÎ¨¸²¨³ ¢Ìμ¤ÖÐ¨°
¢ ´¨Ì ¨´É¥£· ² ∫

dτ

α3
= − 2√

3κAb

α−3/2.

�·μ¨§¢μ² ¢ ¢Ò¡μ·¥ ±μ´¸É ´ÉÒ ¨´É¥£·¨·μ¢ ´¨Ö ¢ ÔÉμ³ ¨´É¥£· ²¥ ¸μμÉ¢¥É¸É¢Ê¥É ¶·μ¨§¢μ²Ê
¢ ¢Ò¡μ·¥ ±μ´¸É ´ÉÒ L. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³

σ12 = K12α
−3/2 + L12, σ11 =

1
3

(
−C

2
α3/2 + G + F

)
+ K11α

−3/2 + L11. (4.30)
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‘É ¤¨Ö ±¢¨´ÉÔ¸¸¥´Í¨¨. �  ¤ ´´μ° ¸É ¤¨¨ ¸ ¢Ò¡· ´´μ° ÉμÎ´μ¸ÉÓÕ (2.13) ¶·¨³¥É ¢¨¤

α̇2

α2
=

κ

3
ρ − m2

6
=

κAq

3
(
α−3ν − α−3ν

max

)
, (4.31)

μÉ±Ê¤ 

α2α̇ =

√
κAq

3
α3

√
α−3ν − α−3ν

max,

¶·¨Î¥³

α2α̇

∫
κ (ρ0 + p0)

dτ

αα̇2
= −2

(
α

αmax

)3

2F1

(
−1

2
,−1

ν
,
1
2
, 1 − α3ν

max

α3ν

)
.

�·μ¨§¢μ² ¢ ¢Ò¡μ·¥ ±μ´¸É ´ÉÒ ¨´É¥£·¨·μ¢ ´¨Ö ¢ ¤ ´´μ³ ¨´É¥£· ²¥ ¸μμÉ¢¥É¸É¢Ê¥É ¶·μ¨§-
¢μ²Ê ¢ ¢Ò¡μ·¥ ±μ´¸É ´ÉÒ C ¤²Ö ´¥Ë¨§¨Î¥¸±μ£μ ¢μ§³ÊÐ¥´¨Ö. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ ¸μ£² ¸´μ
(4.20)

h00 = Cα3
√

α−3ν − α−3ν
max + 2G

α3ν

α3ν
max

2F1

(
−1

2
,−1

ν
,
1
2
, 1 − α3ν

max

α3ν

)
, (4.32)

σ ¨ δ ¤ ÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö³¨ (4.8) ¨ (4.19) ¸μμÉ¢¥É¸É¢¥´´μ.
�·¨ α → αmax

h00 → 2G, σ → −G + F, δ → 0,

  ¶·¨ α � αmax ¨³¥¥³

h00 = Cα3(1− ν
2 ) +

2ν

ν − 2
G, σ = −C

2
α3(1− ν

2 ) − ν

ν − 2
G + F,

δ = −C

2
α3(1− ν

2 ) − 2
ν − 2

G.

(4.33)

„²Ö ´ Ìμ¦¤¥´¨Ö ¢¥²¨Î¨´ σ12 ¨ σ11 ¶μ Ëμ·³Ê² ³ (4.21) ¨ (4.22) ¢ÒÎ¨¸²¨³ ¢Ìμ¤ÖÐ¨°
¢ ´¨Ì ¨´É¥£· ²∫

dτ

α3
= − 2√

3κAq

α
3(ν−1)
max

ν

√
α−3ν − α−3ν

max 2F1

(
1
2
, 1 − 1

ν
,
3
2
, 1 − α3ν

max

α3ν

)
.

�·μ¨§¢μ² ¢ ¢Ò¡μ·¥ ±μ´¸É ´ÉÒ ¨´É¥£·¨·μ¢ ´¨Ö ¢ ÔÉμ³ ¨´É¥£· ²¥ ¸μμÉ¢¥É¸É¢Ê¥É ¶·μ¨§¢μ²Ê
¢ ¢Ò¡μ·¥ ±μ´¸É ´ÉÒ L. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³

σ12 = K12

(
2
ν
− 1

)
α3(ν−1)

max

√
α−3ν − α−3ν

max 2F1

(
1
2
, 1 − 1

ν
,
3
2
, 1 − α3ν

max

α3ν

)
+ L12,

σ11 =
1
3

[
−C

2
α3

√
α−3ν − α−3ν

max − G
α3

α3
max

2F1

(
−1

2
,−1

ν
,
1
2
, 1 − α3ν

max

α3ν

)
+ F

]
+

+ K11

(
2
ν
− 1

)
α3(ν−1)

max

√
α−3ν − α−3ν

max 2F1

(
1
2
, 1 − 1

ν
,
3
2
, 1 − α3ν

max

α3ν

)
+ L11.

(4.34)

�·¨ α → αmax

σ12 → L12, σ11 → 1
3

(−G + F ) + L11,



‚μ¶·μ¸ Ê¸Éμ°Î¨¢μ¸É¨ μ¤´μ·μ¤´μ° ¨ ¨§μÉ·μ¶´μ° ‚¸¥²¥´´μ° ¢ �’ƒ 467

  ¶·¨ α � αmax ¨³¥¥³

σ12 = K12α
3( ν

2 −1) + L12,

σ11 =
1
3

(
−C

2
α3(1− ν

2 ) +
ν

2 − ν
G + F

)
+ K11α

3( ν
2−1) + L11.

(4.35)

5. Š�‹ˆ
��‚�—�›… ��…�
��‡�‚��ˆŸ ‚ ‘‹“—�… ‚�‡Œ“™…�ˆ‰,
‡�‚ˆ‘Ÿ™ˆ• ’�‹œŠ� �’ ‚�…Œ…�ˆ

� ¸¸³μÉ·¨³ ¢μ¶·μ¸ μ ± ²¨¡·μ¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ ¤²Ö ¢μ§³ÊÐ¥´¨°, ´¥ § ¢¨¸ÖÐ¨Ì
μÉ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É. Š ± ¨§¢¥¸É´μ [1, § 3], Ê· ¢´¥´¨¥ ¤²Ö ± ²¨¡·μ¢μÎ´ÒÌ
¶·¥μ¡· §μ¢ ´¨° ¨³¥¥É ¢¨¤

gμνDμDνεσ = 0. (5.1)

�·¥μ¡· §μ¢ ´¨Ö, ¤ ¢ ¥³Ò¥ £·Ê¶¶μ° �Ê ´± ·¥,

γμαDαεν + γναDαεμ = 0, (5.2)

Ö¢²ÖÕÉ¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ ÔÉ¨Ì ¶·¥μ¡· §μ¢ ´¨°.
—²¥´ ¸ ³ ¸¸μ° £· ¢¨Éμ´  ¢ ¶¥·¢μ³ Ê· ¢´¥´¨¨ �’ƒ (1.1) ´ ·ÊÏ ¥É £·Ê¶¶Ê ± ²¨¡·μ-

¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¤μ £·Ê¶¶Ò �Ê ´± ·¥, ¨ ¶μÉμ³Ê ¶·¥μ¡· §μ¢ ´¨Ö, £¥´¥·¨·Ê¥³Ò¥
¶¥·¢μ°, ¤ ÕÉ ÉμÎ´μ¥ ·¥Ï¥´¨¥ Éμ²Ó±μ ¢ μ¡² ¸É¨, £¤¥ ³ ¸¸μ° £· ¢¨Éμ´  ³μ¦´μ ¶·¥´¥¡·¥ÎÓ,
É. ¥. ¶·¨ αmin � α � αmax.

„²Ö ´ Ï¥£μ ¸²ÊÎ Ö Ê· ¢´¥´¨¥ (5.1) ¢ ±μμ·¤¨´ É Ì {x′μ} = {t, x, y, z} ¶·¨³¥É ¢¨¤

g′μν∂′
μ∂′

νε′σ = g′00∂′2
0ε

′σ + gij∂i∂jε
′σ =

α4
max

α6
∂′2

0ε
′σ − 1

α2
	ε′σ = 0

¨²¨
α4

max

α4
∂′2

0ε
′σ = 	ε′σ. (5.3)

‚ ¸²ÊÎ ¥ ´¥ § ¢¨¸ÖÐ¨Ì μÉ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É ¢μ§³ÊÐ¥´¨° ¨³¥¥³

∂′2
0ε

′σ = 0.

�¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö ¥¸ÉÓ
ε′σ = Cσ

1 + Cσ
2 t,

£¤¥ Cσ
1 ¨ Cσ

2 Å ´ ¡μ·Ò ¶μ¸ÉμÖ´´ÒÌ. ‚ ±μμ·¤¨´ É Ì {xμ} = {τ, x, y, z}

ε0 =
dτ

dt
ε′0 =

α3

α2
max

(
C0

1 + C0
2 t

)
, εi = ε′i = Ci

1 + Ci
2t,

ε0 = ε0 =
α3

α2
max

(
C0

1 + C0
2 t

)
, εi = −α2εi = −α2

(
Ci

1 + Ci
2t

)
.

(5.4)

‡¤¥¸Ó ¨´¤¥±¸Ò μ¶Ê¸± ÕÉ¸Ö ¸ ¶μ³μÐÓÕ ³¥É·¨±¨ gμν .
Š ± ¸²¥¤Ê¥É ¨§ (5.4), ±μ³¶μ´¥´ÉÒ εσ ¸μ¸ÉμÖÉ ¨§ ¤¢ÊÌ Î ¸É¥°, ¶·μ¶μ·Í¨μ´ ²Ó´ÒÌ,

¸μμÉ¢¥É¸É¢¥´´μ, Cσ
1 ¨ Cσ

2 . ‘² £ ¥³Ò¥ ¸ Cσ
1 Ê¤μ¢²¥É¢μ·ÖÕÉ ´¥ Éμ²Ó±μ (5.1), ´μ ¨ (5.2)
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¨ Ö¢²ÖÕÉ¸Ö ÉμÎ´Ò³ ·¥Ï¥´¨¥³ ¢¸¥° ¸¨¸É¥³Ò Ê· ¢´¥´¨° ¤²Ö ¢μ§³ÊÐ¥´¨° (3.15), (3.16),
(3.22)Ä(3.24) ¢μ ¢¸¥° μ¡² ¸É¨ αmin � α � αmax. �μ Ëμ·³¥ μ´¨ ¶μ²´μ¸ÉÓÕ ¸μ¢¶ ¤ ÕÉ
¸ ±μμ·¤¨´ É´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨ (3.32) ¶·¨ Cσ

1 = aσ . � ¶·μÉ¨¢, ¸² £ ¥³Ò¥ ¸ Cσ
2

Ê¤μ¢²¥É¢μ·ÖÕÉ Éμ²Ó±μ (5.1) ¨ ¸ Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ ¤ ÕÉ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò (3.15), (3.16),
(3.22)Ä(3.24) ¢ μ¡² ¸É¨, £¤¥ ³ ¸¸μ° £· ¢¨Éμ´  ³μ¦´μ ¶·¥´¥¡·¥ÎÓ, É. ¥. αmin � α � αmax.

� °¤¥³ É¥¶¥·Ó ¢μ§³ÊÐ¥´¨Ö ³¥É·¨±¨, § ¤ ¢ ¥³Ò¥ ± ²¨¡·μ¢μÎ´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³
(5.4). ”μ·³Ê²Ò ¤²Ö ± ²¨¡·μ¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨° [1, §3] ¸μ¢¶ ¤ ÕÉ ¸ ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨³¨ Ëμ·³Ê² ³¨ ¤²Ö ±μμ·¤¨´ É´ÒÌ ¶·¥μ¡· §μ¢ ´¨°, ¶·¨¢¥¤¥´´Ò³¨ ¢ÒÏ¥ (3.33),

hgauge
00 = 6

α2α̇

α2
max

(
C0

1 + C0
2 t

)
+ 2C0

2 ,

hgauge
0i = −Ci

2α
2 dt

dτ
= −Ci

2α
2
max

1
α

,

hgauge
ij = −2

α4α̇

α2
max

(
C0

1 + C0
2 t

)
δij ,

σgauge
ij = − α2α̇

α2
max

(
C0

1 + C0
2 t

)
δij ,

σgauge = −3
α2α̇

α2
max

(
C0

1 + C0
2 t

)
,

ugauge
(1)i = 0,

δgauge = −3
α2α̇

α2
max

(
C0

1 + C0
2 t

)
.

(5.5)

’ ±¨³ μ¡· §μ³, μÉ²¨Î´Ò μÉ ´Ê²Ö ¢¥²¨Î¨´Ò hgauge
00 , σgauge, σgauge

11 = σgauge
22 = σgauge

33 =
σgauge/3, δgauge = σgauge, hgauge

0i .
Šμ´¸É ´É  C0

1 ¤ ¥É ÉμÎ´μ¥ ·¥Ï¥´¨¥ α2α̇, ±μÉμ·μ¥ ¸μ¢¶ ¤ ¥É ¸ ´¥Ë¨§¨Î¥¸±¨³ ·¥Ï¥-
´¨¥³ (3.33), ¨ ¸μμÉ¢¥É¸É¢Ê¥É ±μ´¸É ´É¥ C ¢ (4.33).

�μ¸±μ²Ó±Ê ± ²¨¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö (5.1) ¤ ÕÉ ·¥Ï¥´¨¥ Éμ²Ó±μ ¢ μ¡² ¸É¨
αmin � α � αmax, ´¥μ¡Ìμ¤¨³μ ¶μ²μ¦¨ÉÓ

t = α2
max

∫
dτ

α3
= α2

max

∫
dα

α3α̇
= α2

max

∫
dα

α4
α̇

α

�

� α2
max

√
3

κAν

∫
α

3ν
2 −4dα =

α2
max√

3κAν

α3( ν
2−1)

ν

2
− 1

.

C0
2 ¤ ¥É ·¥Ï¥´¨¥ α2α̇t ∼ α3(1− ν

2 )α3( ν
2 −1) = 1, É. ¥. ¶μ¸ÉμÖ´´ÊÕ, ±μÉμ· Ö ¢ (4.33)

¸μμÉ¢¥É¸É¢Ê¥É ±μ´¸É ´É ³ F ¨ G ¶·¨ Ê¸²μ¢¨¨ F = G. ‚±² ¤ ±μ´¸É ´ÉÒ Ci
1 · ¢¥´ ´Ê²Õ

¢ ¸¨²Ê ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö. Ci
2 ¤ ¥É ·¥Ï¥´¨¥ (4.9), (4.10) ¨ ¸μμÉ¢¥É¸É¢Ê¥É ±μ´¸É ´É¥ Hk

Éμ²Ó±μ ¢ ¶·¥´¥¡·¥¦¥´¨¨ ³ ¸¸μ° £· ¢¨Éμ´ , ´μ ¢μ ¢¸¥° μ¡² ¸É¨ αmin � α � αmax.
’ ±¨³ μ¡· §μ³, ¢ ¸²ÊÎ ¥ μÉ¸ÊÉ¸É¢¨Ö § ¢¨¸¨³μ¸É¨ μÉ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É ± -

²¨¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ¶μ·μ¦¤ ÕÉ É·¨ ·¥Ï¥´¨Ö (C, F = G, Hk) ¨§ Ï¥¸É¨ (C, F, G,
Hk, Kij , Lij).
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„²Ö ¶μ²´μÉÒ  ´ ²¨§  ´Ê¦´μ ¥Ð¥ ´ °É¨ ·¥Ï¥´¨Ö ¤²Ö ¢μ§³ÊÐ¥´¨° ¢ �’� ¢ ± ±μ°-
´¨¡Ê¤Ó ¤·Ê£μ° ± ²¨¡·μ¢±¥, ÎÉμ¡Ò ¶μ´ÖÉÓ, ´ ¸±μ²Ó±μ ·¥§Ê²ÓÉ ÉÒ § ¢¨¸ÖÉ μÉ ÔÉμ£μ ¢Ò¡μ· .
� ¨¡μ²ÓÏ¨° ¨´É¥·¥¸, μÎ¥¢¨¤´μ, ¶·¥¤¸É ¢²ÖÕÉ £ ·³μ´¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ ”μ±  [13], ¶μ-
¸±μ²Ó±Ê Ëμ·³ ²Ó´μ Ê· ¢´¥´¨Ö �’� ¢ ÔÉ¨Ì ±μμ·¤¨´ É Ì ¶μ²ÊÎ ÕÉ¸Ö ¨§ Ê· ¢´¥´¨° �’ƒ
¶ÊÉ¥³ μÉ¡· ¸Ò¢ ´¨Ö Î²¥´μ¢ ¸ ³ ¸¸μ° £· ¢¨Éμ´  ¨ É· ±Éμ¢±¨ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö �’ƒ ± ±
¤μ¶μ²´¨É¥²Ó´μ£μ ±μμ·¤¨´ É´μ£μ Ê¸²μ¢¨Ö £ ·³μ´¨Î´μ¸É¨1 (¶·¨ Ë¨±¸¨·μ¢ ´´μ° ³¥É·¨±¥
Œ¨´±μ¢¸±μ£μ). …¸²¨ ¦¥ É¥¶¥·Ó ¢ · ³± Ì �’� ¢ £ ·³μ´¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì ¨¸± ÉÓ ±μ-
μ·¤¨´ É´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö, ´¥ ´ ·ÊÏ ÕÐ¨¥ ¢Ò¡· ´´μ£μ ±μμ·¤¨´ É´μ£μ Ê¸²μ¢¨Ö, Éμ ¶μ-
²ÊÎ¨³ ¶·¥μ¡· §μ¢ ´¨Ö, ¸μ¢¶ ¤ ÕÐ¨¥ ¶μ Ëμ·³¥ ¸ ± ²¨¡·μ¢μÎ´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨
�’ƒ (5.1). ’ ±¨³ μ¡· §μ³, ´ °¤¥´´Ò¥ ´ ³¨ ¢ ÔÉμ³ · §¤¥²¥ ·¥Ï¥´¨Ö (5.5), ¶μ·μ¦¤ ¥³Ò¥
± ²¨¡·μ¢μÎ´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨ (5.4), Ö¢²ÖÕÉ¸Ö ´¥Ë¨§¨Î¥¸±¨³¨ ·¥Ï¥´¨Ö³¨ �’� ¢
£ ·³μ´¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì.

ˆÉ ±, �’� ¢ £ ·³μ´¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì ¨³¥¥É É·¨ ´¥Ë¨§¨Î¥¸±¨Ì ·¥Ï¥´¨Ö, ´μ ¢ �’ƒ
´¥Ë¨§¨Î¥¸±¨³ Ö¢²Ö¥É¸Ö Éμ²Ó±μ μ¤´μ Å C.

6. ‘��‚�…�ˆ… �…‡“‹œ’�’�‚ �’ƒ ˆ �’�

”·¨¤³ ´μ¢¸± Ö ³μ¤¥²Ó Ô¢μ²ÕÍ¨¨ ‚¸¥²¥´´μ° ¢ �’ƒ, ± ± ¨§¢¥¸É´μ [1, § 10], ¨³¥¥É μ¤´μ
¶·¨´Í¨¶¨ ²Ó´μ¥ μÉ²¨Î¨¥ μÉ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¶²μ¸±μ° ³μ¤¥²¨ ¢ �’�: ´ ²¨Î¨¥ ³ ¸¸Ò
¶μ±μÖ £· ¢¨Éμ´  ¶·¨¢μ¤¨É ± Í¨±²¨Î¥¸±μ³Ê · §¢¨É¨Õ μÉ ´¥±μÉμ·μ° ³ ±¸¨³ ²Ó´μ° ¶²μÉ-
´μ¸É¨ ¤μ ³¨´¨³ ²Ó´μ° ¨ μ¡· É´μ. �μÔÉμ³Ê ¨³¥¥É ¸³Ò¸² ¸· ¢´¨¢ ÉÓ Éμ²Ó±μ ÉμÉ ÊÎ ¸Éμ±
Ô¢μ²ÕÍ¨¨, ±μ£¤  ÔÉμ° ³ ¸¸μ° ³μ¦´μ ¶·¥´¥¡·¥ÎÓ, É. ¥. αmin � α � αmax. ‚ ÔÉμ° μ¡² ¸É¨
´¥¢μ§³ÊÐ¥´´Ò¥ ·¥Ï¥´¨Ö ¶μ²´μ¸ÉÓÕ ¸μ¢¶ ¤ ÕÉ.

�μ¸±μ²Ó±Ê Ê· ¢´¥´¨¥ ¸μ¸ÉμÖ´¨Ö ±¢¨´ÉÔ¸¸¥´Í¨¨ (2.22) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° μ¡Ð¨° ¢¨¤
Ê· ¢´¥´¨Ö ¸μ¸ÉμÖ´¨Ö, ¤²Ö ±μÉμ·μ£μ μ¸É ²Ó´Ò¥ Ö¢²ÖÕÉ¸Ö Î ¸É´Ò³¨ ¸²ÊÎ Ö³¨, Éμ, ÊÎ¨ÉÒ¢ Ö
¸± § ´´μ¥ ¢ÒÏ¥, ¤μ¸É ÉμÎ´μ μ£· ´¨Î¨ÉÓ¸Ö ·¥§Ê²ÓÉ É ³¨ (4.33), (4.35), (4.9).

� §²¨Î¨Ö ¢Ò¢μ¤μ¢ �’ƒ ¨ �’� ¤²Ö ³ ²ÒÌ Ë²Ê±ÉÊ Í¨° ‚¸¥²¥´´μ° ¢ÒÉ¥± ÕÉ ¨§ ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨Ì · §²¨Î¨° ³¥¦¤Ê ÔÉ¨³¨ É¥μ·¨Ö³¨. ‚ �’ƒ ¤²Ö μ¤´μ§´ Î´μ¸É¨ ·¥Ï¥´¨°
μ¸´μ¢´Ò¥ Ê· ¢´¥´¨Ö ¤μ¶μ²´ÖÕÉ Ê· ¢´¥´¨Ö³¨ (3.15), (3.16), ±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö ¸²¥¤¸É¢¨-
Ö³¨ ¤μ¶μ²´¨É¥²Ó´μ£μ Ê· ¢´¥´¨Ö �’ƒ (1.2). ‚ ¸É ´¤ ·É´μ° Ëμ·³Ê²¨·μ¢±¥ �’� ´¥É É ±μ£μ
¤μ¶μ²´¨É¥²Ó´μ£μ Ê· ¢´¥´¨Ö, ¶μÔÉμ³Ê ¤²Ö μ¤´μ§´ Î´μ¸É¨ ·¥Ï¥´¨Ö ¢ · §²¨Î´ÒÌ ¸¨ÉÊ Í¨ÖÌ
¤μ¡ ¢²ÖÕÉ · §´Ò¥ ±μμ·¤¨´ É´Ò¥ Ê¸²μ¢¨Ö. ‚ Î ¸É´μ¸É¨, ¤²Ö ¤ ´´μ° § ¤ Î¨ ‹¨ËÏ¨Í [2Ä4]
¨¸¶μ²Ó§Ê¥É Ê¸²μ¢¨¥ ¸¨´Ì·μ´´μ¸É¨ (g00 = 1, g0i = 0), ´μ ³μ¦´μ ¥¥ · ¸¸³ É·¨¢ ÉÓ ¨ ¢
£ ·³μ´¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì.

�¥Ë¨§¨Î¥¸±¨³¨ ¢μ§³ÊÐ¥´¨Ö³¨ ¢ �’� Ö¢²ÖÕÉ¸Ö É¥, ±μÉμ·Ò¥ ³μ£ÊÉ ¡ÒÉÓ ¨¸±²ÕÎ¥´Ò
¶·μ¸ÉÒ³ ±μμ·¤¨´ É´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³, ¸μ¢³¥¸É¨³Ò³ ¸ ¢Ò¡· ´´Ò³ ±μμ·¤¨´ É´Ò³ Ê¸²μ-
¢¨¥³, ¨ ¶μÔÉμ³Ê, ¸μ£² ¸´μ ¨¤¥μ²μ£¨¨ �’�, μ´¨ ´¥ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ·¥ ²Ó´μ£μ Ë¨§¨-
Î¥¸±μ£μ ¨§³¥´¥´¨Ö ³¥É·¨±¨. ‚ �’ƒ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ § ¤ ¥É¸Ö ± ± Ë¨§¨Î¥¸±μ¥ ¶μ²¥
¢ ¡ §μ¢μ³ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ, ¨ ¶μÔÉμ³Ê ¢ ´¥° ´¥Ë¨§¨Î¥¸±¨³¨ ³μ£ÊÉ Ö¢²ÖÉÓ¸Ö

1‡ ³¥É¨³, ÎÉμ £ ·³μ´¨Î¥¸±¨³¨ Ö¢²ÖÕÉ¸Ö ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ, É. ¥. t, x, y, z.
�¤´ ±μ ¸¢Ö§Ó (2.2) ³¥¦¤Ê ¨¸¶μ²Ó§Ê¥³Ò³¨ ´ ³¨ ±μμ·¤¨´ É ³¨ ¨ £ ·³μ´¨Î¥¸±¨³¨ Ìμ·μÏμ ¨§¢¥¸É´ , ¨ ¶μÔÉμ³Ê
´¥ ¶·¥¤¸É ¢²Ö¥É ¡μ²ÓÏμ£μ É·Ê¤  ¶·¥μ¡· §μ¢ ÉÓ ± ¶μ¸²¥¤´¨³ ¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ. � Ï¨ ±μμ·¤¨´ ÉÒ ¡μ²¥¥
Ê¤μ¡´Ò ¤²Ö ¸· ¢´¥´¨Ö ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ·¥§Ê²ÓÉ É ³¨, ¨§²μ¦¥´´Ò³¨ ¢ · ¡μÉ Ì ¶μ �’�.
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Éμ²Ó±μ ¢μ§³ÊÐ¥´¨Ö, § ¤ ¢ ¥³Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö³¨ ±μμ·¤¨´ É, ±μÉμ·Ò¥ μ¸É ¢²ÖÕÉ ³¥-
É·¨±Ê ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ Ëμ·³¨´¢ ·¨ ´É´μ°, É. ¥. ¶·¥μ¡· §μ¢ ´¨Ö³¨ £·Ê¶¶Ò �Ê-
 ´± ·¥.

�¥Ë¨§¨Î¥¸±μ¥ ¢μ§³ÊÐ¥´¨¥ ¢ �’ƒ ¨³¥¥É ¢¨¤ t−1 ∼ α3(1− ν
2 ) ∼ τ

2
ν −1, £¤¥ t Å ¢·¥³Ö

¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ, É ± ± ± Ê· ¢´¥´¨Ö �’ƒ Ëμ·³¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ
É· ´¸²ÖÍ¨¨ t,   ¢ �’�  ´ ²μ£¨Î´μ¥ ´¥Ë¨§¨Î¥¸±μ¥ ¢μ§³ÊÐ¥´¨¥ ¨³¥¥É ¢¨¤ τ−1, £¤¥ τ Å
¢·¥³Ö ·¨³ ´μ¢  ¶·μ¸É· ´¸É¢ , ¶μ¸±μ²Ó±Ê Ê· ¢´¥´¨Ö �’� ¢ ¸¨´Ì·μ´´ÒÌ ±μμ·¤¨´ É Ì
Ëμ·³¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ É· ´¸²ÖÍ¨¨ τ .

‚¥²¨Î¨´Ò h00 ¨ σ, ¶μ³¨³μ ´¥Ë¨§¨Î¥¸±μ£μ ¢±² ¤ , ¢ �’ƒ ¸μ¤¥·¦ É ¤¢¥ ´¥§ ¢¨¸¨³Ò¥
±μ´¸É ´ÉÒ,   ¢ �’� ±μ´¸É ´É  ²¨ÏÓ μ¤´ 1, É ± ± ± ¤μ¶μ²´¨É¥²Ó´Ò¥ Ê¸²μ¢¨Ö ¨³¥ÕÉ
¶¥·¢Ò° ¨ ´Ê²¥¢μ° ¶μ·Ö¤μ± ¸μμÉ¢¥É¸É¢¥´´μ.

�¥¤¨ £μ´ ²Ó´Ò¥ ¶·μ¸É· ´¸É¢¥´´Ò¥ ±μ³¶μ´¥´ÉÒ ³¥É·¨±¨ ¢ �’ƒ ¨ ¢ �’� ¸μ¤¥·¦ É ¤¢ 

Î²¥´ : α3( ν
2 −1) ∼ τ1− 2

ν ¨ ±μ´¸É ´ÉÊ.
ˆ, ´ ±μ´¥Í, ¤²Ö ¸³¥Ï ´´ÒÌ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ ±μ³¶μ´¥´É ¢ �’ƒ ¨³¥¥³

§ ¢¨¸¨³μ¸ÉÓ α−1 ∼ τ− 2
3ν , ¢ �’� ¤ ´´Ò¥ ±μ³¶μ´¥´ÉÒ μÉ¸ÊÉ¸É¢ÊÕÉ ¢ ¸¨²Ê ¢Ò¡· ´´μ£μ

Ê¸²μ¢¨Ö ¸¨´Ì·μ´´μ¸É¨.
‚¨¤´μ, ÎÉμ ¤¢  · §²¨Î´ÒÌ ¢Ò¡μ·  ±μμ·¤¨´ É ¢ �’� ¶·¨¢μ¤ÖÉ ± μ¤¨´ ±μ¢Ò³ ·¥§Ê²Ó-

É É ³ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ´¥Ë¨§¨Î¥¸±μ° ±μ³¶μ´¥´ÉÒ. � ¨³¥´´μ, ¢ ¸¨´Ì·μ´´μ° ¸¨¸É¥³¥
±μμ·¤¨´ É ´¥μ¡Ìμ¤¨³μ ¶μ²μ¦¨ÉÓ ±μÔËË¨Í¨¥´É ¶·¨ τ−1 C′ = 0,   ¢ £ ·³μ´¨Î¥¸±μ° Å
C = 0, G = 0, Hk = 0.

’ ±¨³ μ¡· §μ³, ¢¸¥£μ ¨³¥¥É¸Ö Ï¥¸ÉÓ ·¥Ï¥´¨° ¢ �’ƒ ¨ Î¥ÉÒ·¥ ¢ �’� ¸ Ê¸²μ¢¨¥³
¸¨´Ì·μ´´μ¸É¨. ”¨§¨Î¥¸±¨Ì ¦¥ Å ¶ÖÉÓ ¢ �’ƒ, É·¨ ¢ �’� ¢ £ ·³μ´¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì
¨ É·¨ ¢ �’� ¸ Ê¸²μ¢¨¥³ ¸¨´Ì·μ´´μ¸É¨. �É¨ ·¥§Ê²ÓÉ ÉÒ μÉ· ¦¥´Ò ¢ É ¡²¨Í¥.

‘μ¸É ¢²ÖÕÐ Ö
�’� ¸ Ê¸²μ¢¨¥³ �’� ¢ £ ·³μ´¨Î¥¸±¨Ì

�’ƒ
¸¨´Ì·μ´´μ¸É¨ ±μμ·¤¨´ É Ì

�¥Ë¨§¨Î¥¸± Ö 1 (C′) 3 (C, F = G, Hk) 1 (C)
”¨§¨Î¥¸± Ö 3 (F, Kij , Lij) 3 (F �= G, Kij , Lij) 5 (F, G, Hk, Kij , Lij)

’¥¶¥·Ó · ¸¸³μÉ·¨³ Ì · ±É¥·¨¸É¨±¨ ¢¥Ð¥¸É¢ .
‘μ£² ¸´μ (4.33) ¢μ§³ÊÐ¥´¨¥ ¶²μÉ´μ¸É¨ δ ¢ �’ƒ ¨³¥¥É Éμ²Ó±μ μ¤´Ê Ë¨§¨Î¥¸±ÊÕ ¸μ-

¸É ¢²ÖÕÐÊÕ Å G, ±μÉμ· Ö Ö¢²Ö¥É¸Ö ´¥Ë¨§¨Î¥¸±μ° ¢ �’� ¢ £ ·³μ´¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì.
‚ �’� ¸ Ê¸²μ¢¨¥³ ¸¨´Ì·μ´´μ¸É¨ δ ´¥ ¨³¥¥É Ë¨§¨Î¥¸±¨Ì ¸μ¸É ¢²ÖÕÐ¨Ì, ÎÉμ ¥Ð¥ · §
¸¢¨¤¥É¥²Ó¸É¢Ê¥É μ ¸μ¢¶ ¤¥´¨¨ μ¡¥¨Ì ¸¨¸É¥³ ±μμ·¤¨´ É ¢ �’� ¶·¨ G = 0.

‚μ§³ÊÐ¥´¨¥ ¸±μ·μ¸É¨ u(1)i ¸·¥¤¨ ¢¸¥Ì ¨³¥ÕÐ¨Ì¸Ö ¸²ÊÎ ¥¢ μÉ²¨Î´μ μÉ ´Ê²Ö Éμ²Ó±μ
¢ �’ƒ ¨ Éμ²Ó±μ ¸ ÊÎ¥Éμ³ ³ ¸¸Ò £· ¢¨Éμ´ , ÎÉμ ²¨Ï´¨° · § ¶μ¤É¢¥·¦¤ ¥É ÉμÉ Ë ±É, ÎÉμ
· §²¨Î¨Ö ³¥¦¤Ê �’ƒ ¨ �’� μ¡Ê¸²μ¢²¥´Ò ³ ¸¸μ° £· ¢¨Éμ´ .

1‡ ³¥É¨³, ÎÉμ ¢ ¨§¢¥¸É´μ° ³μ´μ£· Ë¨¨ ‘É¨¢¥´  ‚¥°´¡¥·£  [6, £². 15, § 10] ¤ ´´Ò¥ ·¥§Ê²ÓÉ ÉÒ �’� ¨§²μ-
¦¥´Ò ´¥ÉμÎ´μ. � ¨³¥´´μ, ´¥Ë¨§¨Î¥¸±μ¥ ·¥Ï¥´¨¥ τ−1 ¸Î¨É ¥É¸Ö Ë¨§¨Î¥¸±¨³, ±μ´¸É ´É  ¦¥, ´ ¶·μÉ¨¢, ¸Î¨É ¥É¸Ö
´¥Ë¨§¨Î¥¸±μ° (ÎÉμ ¢¥·´μ ¢ ¸²ÊÎ ¥ ¶·μ¸É· ´¸É¢¥´´μ-§ ¢¨¸ÖÐ¨Ì ¢μ§³ÊÐ¥´¨°, ´μ ´¥¢¥·´μ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²Ê-

Î ¥). Š·μ³¥ Éμ£μ, ¤μ¡ ¢²Ö¥É¸Ö ¢μ§³ÊÐ¥´¨¥ τ2(1− 2
3ν ), ±μÉμ·μ¥ ¢μμ¡Ð¥ ´¥ Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ ¸¨¸É¥³Ò Ê· ¢´¥´¨°

�’� ¤²Ö ³ ²ÒÌ Ë²Ê±ÉÊ Í¨°.
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�¢Éμ·Ò ¢Ò· ¦ ÕÉ £²Ê¡μ±ÊÕ ¡² £μ¤ ·´μ¸ÉÓ �.�. ‹μ£Ê´μ¢Ê ¨ Œ. �.Œ¥¸É¢¨·¨Ï¢¨²¨ § 
¶μ¸ÉμÖ´´Ò° ¨´É¥·¥¸ ± · ¡μÉ¥ ¨ ³´μ£μÎ¨¸²¥´´Ò¥ μ¡¸Ê¦¤¥´¨Ö.
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