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�¡Ñ¥¤¨´¥´´Ò° ¨´¸É¨ÉÊÉ Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°, „Ê¡´ 

’·¥¡μ¢ ´¨¥ ±μ³³ÊÉ É¨¢´μ¸É¨ ±μ³¶μ´¥´É μ¶¥· Éμ·  ¶μ²μ¦¥´¨Ö ´¥Ö¢´μ ¢Ìμ¤¨É ¢ Î¨¸²μ ¶μ¸ÉÊ² -
Éμ¢ ‚¨£´¥· Ä�ÓÕÉμ´ , μ¶·¥¤¥²ÖÕÐ¨Ì ²μ± ²¨§μ¢ ´´μ¥ ¸μ¸ÉμÖ´¨¥ ·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ. ‘´¨³ Ö
ÔÉμ μ£· ´¨Î¥´¨¥, ³Ò ¶·¨Ìμ¤¨³ ± ¡μ²¥¥ μ¡Ð¥° ±μ´Í¥¶Í¨¨ ²μ± ²¨§ Í¨¨, μ¸´μ¢ ´´μ° ´  ¨¸¶μ²Ó§μ-
¢ ´¨¨ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò �Ê ´± ·¥.

The requirement of commutativity of the components of the position operator is implicitly included to
the set of the WiegnerÄNewton postulates deˇning the localized state of relativistic particle. Omitting this
constraint we obtain more general comcept of localization based on the Poincare group representation.

‚‚…„…�ˆ…

� ¸ÉμÖÐ Ö · ¡μÉ  ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶μ¶ÒÉ±Ê · ¸¸³μÉ·¥ÉÓ ¸ ¡μ²¥¥ μ¡Ð¥° ÉμÎ±¨ §·¥-
´¨Ö ¸É ·ÊÕ ¶·μ¡²¥³Ê μ¡ μ¶¥· Éμ·¥ ±μμ·¤¨´ ÉÒ Î ¸É¨ÍÒ ¢ ·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° É¥-
μ·¨¨ [1]. �μ´ÖÉ¨¥ ·¥²ÖÉ¨¢¨¸É¸±μ£μ μ¶¥· Éμ·  ¶μ²μ¦¥´¨Ö Ö¢²Ö¥É¸Ö ´¥μ¡Ìμ¤¨³Ò³ Ô²¥³¥´-
Éμ³ ²Õ¡μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö Î ¸É¨Í, ¶·¥¦¤¥ ¢¸¥£μ, ¢¸²¥¤¸É¢¨¥ ´¥μ¡Ìμ¤¨-
³μ¸É¨ ¸· ¢´¨¢ ÉÓ ·¥§Ê²ÓÉ ÉÒ ¨§³¥·¥´¨° ¸ ¶·¥¤¸± § ´¨Ö³¨ É¥μ·¨¨ ¨ ÊÎ¨ÉÒ¢ ÉÓ ¸μμÉ´μÏ¥-
´¨Ö ´¥μ¶·¥¤¥²¥´´μ¸É¨. ˆ§ÊÎ¥´¨¥ ¨ μ¡μ¡Ð¥´¨Ö ±μ´Í¥¶Í¨¨ ±μμ·¤¨´ ÉÒ ¢ ·¥²ÖÉ¨¢¨¸É¸±μ°
±¢ ´Éμ¢μ° É¥μ·¨¨ ´ Î ²¨¸Ó ¶· ±É¨Î¥¸±¨ μ¤´μ¢·¥³¥´´μ ¸ ¢μ§´¨±´μ¢¥´¨¥³ ¶μ¸²¥¤´¥°.
ƒ² ¢´Ò³ ¸É¨³Ê²μ³ ¤²Ö ¶μ¨¸±μ¢ (¨ μ¡μ¡Ð¥´¨°) ¢ ÔÉμ° μ¡² ¸É¨ ¡Ò²¨ Ê²ÓÉ· Ë¨μ²¥Éμ¢Ò¥
· ¸Ìμ¤¨³μ¸É¨ Å Ö¢²¥´¨¥ μ¡Ð¥£μ ¶μ·Ö¤± , ¶·¨¸ÊÐ¥¥ ¢¸¥³ Ëμ·³Ê²¨·μ¢± ³ ±¢ ´Éμ¢μ° É¥-
μ·¨¨ ¶μ²Ö. ‚ Î ¸É´μ¸É¨, ¢μ§´¨±²¨ É¥μ·¨¨ ¸ ´¥±μ³³ÊÉ É¨¢´Ò³ ¶·μ¸É· ´¸É¢μ³-¢·¥³¥´¥³.
(‘³. [4,7,8] ¨ ¸¸Ò²±¨ ´  ¤·Ê£¨¥ · ¡μÉÒ ¶μ ±¢ ´Éμ¢μ³Ê ¶·μ¸É· ´¸É¢Ê-¢·¥³¥´¨, ¶·¨¢¥¤e´-
´Ò¥ ¢ ÔÉ¨Ì · ¡μÉ Ì.) ‚ ¦´Ò³ ±·¨É¥·¨¥³ ¶· ¢¨²Ó´μ¸É¨ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ£μ
μ¶¨¸ ´¨Ö Ö¢²Ö¥É¸Ö Ëμ·³Ê²¨·μ¢±  ¨ ·¥Ï¥´¨¥ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶·μ¡²¥³Ò ¤¢ÊÌ É¥². �μ-
¸±μ²Ó±Ê ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö ·¥ ²Ó´μ ¸ÊÐ¥¸É¢ÊÕÉ, ³Ò ¤μ²¦´Ò ¨³¥ÉÓ
¸¶μ¸μ¡ μÉ¤¥²ÖÉÓ ±μμ·¤¨´ ÉÒ Í¥´É·  ³ ¸¸ (–Œ) μÉ ¶¥·¥³¥´´ÒÌ, μ¶¨¸Ò¢ ÕÐ¨Ì ¢´ÊÉ·¥´-
´e¥ ¤¢¨¦¥´¨¥.

‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¸²ÊÎ ¥ ¶·¨ ¶¥·¥Ìμ¤¥ ¨§ μ¤´μ° ¨´¥·Í¨ ²Ó´μ° ¸¨¸É¥³Ò μÉ¸ÎeÉ 
¢ ¤·Ê£ÊÕ ±μμ·¤¨´ ÉÒ –Œ ¨¸¶ÒÉÒ¢ ÕÉ ¶·¥μ¡· §μ¢ ´¨Ö ƒ ²¨²¥Ö. �·¨ ÔÉμ³ ¨³¥¥É ³¥¸Éμ
· §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ –Œ R ¨ μÉ´μ¸¨É¥²Ó´ÒÌ r. — ¸ÉÓ £ ³¨²ÓÉμ´¨ ´ , μ¶¨¸Ò¢ ÕÐ Ö

1— ¸ÉÓ ¤ ´´μ° · ¡μÉÒ ¢Ò¶μ²´¥´  ¢ ˆ§³¨·¸±μ³ É¥Ì´μ²μ£¨Î¥¸±μ³ ¨´¸É¨ÉÊÉ¥, ˆ§³¨·, ’Ê·Í¨Ö.
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μÉ´μ¸¨É¥²Ó´μ¥ ¤¢¨¦¥´¨e, ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ƒ ²¨²¥Ö. �¥μ¡Ìμ-
¤¨³Ò³ Ê¸²μ¢¨¥³ ÔÉμ£μ Ö¢²Ö¥É¸Ö ¸Ë¥·¨Î¥¸± Ö ¸¨³³¥É·¨Ö ¶μÉ¥´Í¨ ²  V (r), É. ¥. § ¢¨¸¨-
³μ¸ÉÓ ¥£μ Éμ²Ó±μ μÉ μÉ´μ¸¨É¥²Ó´μ£μ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨³¨ Î ¸É¨Í ³¨
r = |r|. ‚ ÔÉμ³ ¸²ÊÎ ¥ (¸¢μ¡μ¤´μ¥) ¤¢¨¦¥´¨¥ ¸μ¸É ¢´μ° Î ¸É¨ÍÒ, É. ¥. ¤¢¨¦¥´¨¥ ¸¨¸É¥³Ò
± ± Í¥²μ£μ, μ¶¨¸Ò¢ ¥É¸Ö ´¥¶·¨¢μ¤¨³Ò³¨ Ê´¨É ·´Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨ £·Ê¶¶Ò ƒ ²¨²¥Ö.
�μ ÔÉμ° ¶·¨Î¨´¥ ¡Ò²μ ¡Ò ¡μ²¥¥ ¥¸É¥¸É¢¥´´μ ´ §Ò¢ ÉÓ ¶μÉ¥´Í¨ ²Ò ¢¨¤  V (r) £ ²¨²¥¥-
¢Ò³¨ ¶μÉ¥´Í¨ ² ³¨. ‚´ÊÉ·¥´´¥¥ ¤¢¨¦¥´¨¥ ¸¨¸É¥³Ò ¸¢μ¤¨É¸Ö ± ¤¢¨¦¥´¨Õ ÔËË¥±É¨¢´μ°
Î ¸É¨ÍÒ ¸ ¶·¨¢¥¤e´´μ° ³ ¸¸μ° μ ¢ ¶μ²¥ ¶μÉ¥´Í¨ ²  V (r). ‘ ³   ¡¸μ²ÕÉ´ Ö ¢¥²¨Î¨´  μÉ-
´μ¸¨É¥²Ó´μ° ±μμ·¤¨´ ÉÒ r Ö¢²Ö¥É¸Ö £ ²¨²¥¥¢Ò³ ¨´¢ ·¨ ´Éμ³. „ ¦¥ ¢ ¸¢μ¡μ¤´μ³ ¸²ÊÎ ¥
ÔÉμ · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ Ö¢²Ö¥É¸Ö ¢ ¦´Ò³ ¸¢μ°¸É¢μ³ É¥μ·¨¨, ¶μ§¢μ²ÖÕÐ¨³ ¶μ´ÖÉÓ
³´μ£¨¥ ¸¢μ°¸É¢  ´¥·¥²ÖÉ¨¢¨¸É¸±μ£μ ¤¢¨¦¥´¨Ö. ŒÒ ³μ¦¥³ É ±¦¥, ¶μ  ´ ²μ£¨¨ ¸ [1],
´ §Ò¢ ÉÓ ¸¨¸É¥³Ò ¸ ¶μÉ¥´Í¨ ² ³¨ ¢¨¤  V (r) £ ²¨²¥¥¢Ò³ Ô²¥³¥´É ·´Ò³¨ ¸¨¸É¥³ ³¨.

�μ¸É·μ¥´¨¥  ´ ²μ£¨Î´μ° ¸Éμ²Ó ¦¥ Ö¸´μ° ± ·É¨´Ò ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ¸²ÊÎ ¥ (¶μ¤-
¸É ´μ¢±  £·Ê¶¶  ƒ ²¨²¥Ö → £·Ê¶¶  ‹μ·¥´Í ) Å ¢ ¦´ Ö ¶·μ¡²¥³ , ·¥Ï¥´¨¥ ±μÉμ·μ°
¶μ±  ´¥ ´ °¤¥´μ. ”¨§¨Î¥¸±¨ ± ·É¨´  Ö¸´ . �¥²ÖÉ¨¢¨¸É¸±¨¥ ¸μ¸É ¢´Ò¥ Î ¸É¨ÍÒ ¸ÊÐ¥-
¸É¢ÊÕÉ. � ¶·¨³¥·, π-³¥§μ´, ¸μ¸ÉμÖÐ¨° ¨§ ±¢ ·±  ¨  ´É¨±¢ ·± , Ö¢²Ö¥É¸Ö ·¥²ÖÉ¨¢¨¸É-
¸±μ° Î ¸É¨Í¥°. �μ¤Î¥·±´e³, ÎÉμ ¸μ£² ¸´μ [1] π-³¥§μ´ Ö¢²Ö¥É¸Ö Ô²¥³¥´É ·´μ° ¸¨¸É¥³μ°.
‘Éμ¨É É ±¦¥ ¸± § ÉÓ μ ¢Ò¸μ±μ° ÔËË¥±É¨¢´μ¸É¨ ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ¸μ¸É ¢´ÒÌ ³μ¤¥²¥°
¤²Ö ¸μ¸É ¢´Òx ³μ¤¥²¥°  ¤·μ´μ¢. ‘ μ¤´μ° ¸Éμ·μ´Ò, ÔÉ¨ ´¥·¥²ÖÉ¨¢¨¸É¸±¨¥ ³μ¤¥²¨ (¸μ
¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò³¨ ¶μÉ¥´Í¨ ² ³¨) Ìμ·μÏμ μ¶¨¸Ò¢ ÕÉ ¸¶¥±É· ¸μ¸ÉμÖ´¨°  ¤·μ-
´μ¢, É. ¥. Ô²¥³¥´É ·´ÒÌ ¸¨¸É¥³. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò,  ¤·μ´Ò Å ·¥²ÖÉ¨¢¨¸É¸±¨e μ¡Ñ¥±ÉÒ.
ŒÒ ³μ¦¥³ ¶μ² £ ÉÓ, ÎÉμ ¢ÒÏ¥Ê± § ´´Ò¥ ¶μÉ¥´Í¨ ²Ó´Ò¥ ³μ¤¥²¨  ¤·μ´μ¢ Ö¢²ÖÕÉ¸Ö ´¥±μ-
Éμ·Ò³ ¶·¨¡²¨¦¥´¨¥³ ¢ · ³± Ì (¶μ±  ´¥¨§¢¥¸É´μ°) ·¥²ÖÉ¨¢¨¸É¸±μ° É¥μ·¨¨, μ¡² ¤ ÕÐ¥°
¢ Éμ ¦¥ ¸ ³μ¥ ¢·¥³Ö ¢ÒÏ¥μ¶¨¸ ´´Ò³¨ ¨´¢ ·¨ ´É´Ò³¨ ¸μ°¸É¢ ³¨. �μ¤Î¥·±´e³ É ±¦¥,
ÎÉμ Ô²¥³¥´É ·´Ò¥ ¸¨¸É¥³Ò ¨£· ÕÉ ¢ ¦´ÊÕ ·μ²Ó ± ± ´ Î ²Ó´Ò¥ ¨ ±μ´¥Î´Ò¥ ¸μ¸ÉμÖ´¨Ö ¢
É¥μ·¨¨ · ¸¸¥Ö´¨Ö.

‚ ¦´μ ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ, ¨³¥Ö ¢ ¢¨¤Ê ¶μÉ¥´Í¨ ²Ó´Ò¥ ·¥²ÖÉ¨¢¨¸É¸±¨¥ ³μ¤¥²¨, ³Ò
¤μ²¦´Ò ´ °É¨ É ±μ° ·¥²ÖÉ¨¢¨¸É¸±¨°  ´ ²μ£ ·¥²ÖÉ¨¢¨¸É¸±μ° ±μμ·¤¨´ ÉÒ r, μÉ ±μÉμ·μ°
§ ¢¨¸¨É ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö É ±¨³ μ¡· §μ³, ÎÉμ μ¡Ð Ö ·¥²ÖÉ¨¢¨¸É¸± Ö ¨´¢ ·¨-
 ´É´μ¸ÉÓ ¸μ¡²Õ¤ ¥É¸Ö ¶μ¤μ¡´μ £ ²¨²¥¥¢μ° ¨´¢ ·¨ ´É´μ¸É¨ ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ¶·μ¡²¥³¥
¤¢ÊÌ É¥² ¸ ¶μÉ¥´Í¨ ²μ³ V (r), § ¢¨¸ÖÐ¨³ μÉ μÉ´μ¸¨É¥²Ó´μ° ±μμ·¤¨´ ÉÒ.

�É¨ · ¸¸Ê¦¤¥´¨Ö ³μ¦´μ ¶·μ¤μ²¦¨ÉÓ, μ¤´ ±μ Ö¸´μ, ÎÉμ ¶·μ¡²¥³  μ¶·¥¤¥²¥´¨Ö ·¥²Ö-
É¨¢¨¸É¸±μ£μ μ¶¥· Éμ·  ¶μ²μ¦¥´¨Ö § ¸²Ê¦¨¢ ¥É ¢´¨³ ´¨Ö. �¸´μ¢´Ò¥ ¨¤¥¨, μÉ´μ¸ÖÐ¨¥¸Ö
± ÔÉμ° ¶·¡²¥³¥, ¡Ò²¨ ¢Ò¸± § ´Ò ‚¨£´¥·μ³ ¨ �ÓÕÉμ´μ³ [1]. ˆÌ μ¸´μ¢´μ° ·¥§Ê²ÓÉ É ¸μ-
¸Éμ¨É ¢ Éμ³, ÎÉμ ¤²Ö ¨§μ²¨·μ¢ ´´μ° Î ¸É¨ÍÒ ¶μ´ÖÉ¨¥ ²μ± ²¨§Ê¥³μ¸É¨ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
(±μ³³ÊÉ¨·ÊÕÐ¨Ì) ´ ¡²Õ¤ ¥³ÒÌ μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É¸Ö ·¥²ÖÉ¨¢¨¸É¸±μ° ±¨´¥³ É¨±μ°.
‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ´¥ ¸ÊÐ¥¸É¢Ê¥É ± ±μ°-²¨¡μ ·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° É¥μ·¨¨ ¢§ ¨³μ-
¤¥°¸É¢¨Ö, μ¸´μ¢ ´´μ° ´  ÔÉ¨Ì ¨¤¥ÖÌ. ‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ³Ò · ¸¸³μÉ·¨³  ²ÓÉ¥·´ É¨¢´ÊÕ
¢μ§³μ¦´μ¸ÉÓ, μ¸´μ¢ ´´ÊÕ ´  ¢¢¥¤¥´¨¨ ¢ É¥μ·¨Õ ´¥±μ³³ÊÉ¨·ÊÕÐ¨Ì ·¥²ÖÉ¨¢¨¸É¸±¨Ì μ¶¥-
· Éμ·μ¢ ¶μ²μ¦¥´¨Ö, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì ¢¸¥³ ¶μ¸ÉÊ² É ³ ‚¨£´¥· Ä�ÓÕÉμ´ .

�μ¤Î¥·±´e³, ÎÉμ ¸É ´¤ ·É´Ò¥ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨¥ μ¶¥· Éμ·Ò ¶μ²μ¦¥´¨Ö x̂ =
i �∇p ¸¢Ö§ ´Ò ¸ ¥¢±²¨¤μ¢Ò³¨ ¸É·Ê±ÉÊ· ³¨, ¢ É¥·³¨´ Ì ±μÉμ·ÒÌ μ´¨ · ¸¸³ É·¨¢ ÕÉ¸Ö.
�·¨¢¥¤e³ Í¨É ÉÊ ¨§ · ¡μÉÒ [1]: ®‘ÊÐ¥¸É¢μ¢ ´¨¥ ¨ ¥¤¨´¸É¢¥´´μ¸ÉÓ ¶μ´ÖÉ¨° ²μ± ²¨§Ê¥³μ-
¸É¨ ¤²Ö Ë¨§¨Î¥¸±μ° ¸¨¸É¥³Ò Ö¢²ÖÕÉ¸Ö ¸¢μ°¸É¢ ³¨, ±μÉμ·Ò¥ § ¢¨¸ÖÉ Éμ²Ó±μ μÉ § ±μ´  ¶·¥-
μ¡· §μ¢ ´¨Ö ¸¨¸É¥³Ò μÉ´μ¸¨É¥²Ó´μ £·Ê¶¶Ò …¢±²¨¤ , É. ¥. £·Ê¶¶Ò ¢¸¥Ì ¶·μ¸É· ´¸É¢¥´´ÒÌ
É· ´¸²ÖÍ¨° ¨ ¢· Ð¥´¨°. �´ ²¨§ ²μ± ²¨§Ê¥³μ¸É¨ ¢ ²μ·¥´Í- ¨ £ ²¨²¥¥¢μ-¨´¢ ·¨ ´É´ÒÌ
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¸²ÊÎ ÖÌ ¸¢Ö§ ´ ¸ · ¸¸Ê¦¤¥´¨Ö³¨ μ Éμ³, ± ± Ö ¥¢±²¨¤μ¢  £·Ê¶¶  ³μ¦¥É §¤¥¸Ó ¢μ§´¨±´ÊÉÓ¯.
�¡¥ £·Ê¶¶Ò Å ƒ ²¨²¥Ö ¨ �Ê ´± ·¥ Å ¸μ¤¥·¦ É £·Ê¶¶Ê …¢±²¨¤  ± ± ¸¢μÕ ¶μ¤£·Ê¶¶Ê.
�¤´ ±μ, ³μ¦¥É ¡ÒÉÓ, ¸ÊÐ¥¸É¢ÊÕÉ ¤·Ê£¨¥ ·¥ ²¨§ Í¨¨ ¥¢±²¨¤μ¢μ° £·Ê¶¶Ò ¢ · ³± Ì É¥μ-
·¨¨ ¶·¥¤¸É ¢²¥´¨°, ±μÉμ·Ò¥ ¤μ¶Ê¸± ÕÉ ¤·Ê£μ¥ μ¶·¥¤¥²¥´¨¥ μ¶¥· Éμ·  ¶μ²μ¦¥´¨Ö. –¥²Ó
´ ¸ÉμÖÐ¥° · ¡μÉÒ Å ¢´μ¢Ó ¶·¨¢²¥ÎÓ ¢´¨³ ´¨¥ ± ¸ÊÐ¥¸É¢μ¢ ´¨Õ É ±¨Ì ·¥ ²¨§ Í¨° ¨
¶μ± § ÉÓ, ÎÉμ ¢μ§´¨± ÕÐ¨¥ §¤¥¸Ó ¥¢±²¨¤μ¢Ò ¸É·Ê±ÉÊ·Ò [4, 7] ¶μ§¢μ²ÖÕÉ μ¶·¥¤¥²¨ÉÓ ´¥-
¶·μÉ¨¢μ·¥Î¨¢Ò³ μ¡· §μ³ ·¥²ÖÉ¨¢¨¸É¸±¨° μ¶¥· Éμ· ¶μ²μ¦¥´¨Ö ¨ ±μ´Í¥¶Í¨Õ ²μ± ²¨§ Í¨¨
·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ.

� ¶μ³´¨³ ¤¢  ±²ÕÎ¥¢ÒÌ ¶μ²μ¦¥´¨Ö · ¡μÉÒ [1]. (Šμ´Í¥¶Í¨¨ ²μ± ²¨§ Í¨¨ ·¥²Ö-
É¨¢¨¸É¸±¨Ì ¸μ¸ÉμÖ´¨° ‚¨£´¥· Ä�ÓÕÉμ´  ¶μ¸¢ÖÐ¥´μ ¡μ²ÓÏμ¥ ±μ²¨Î¥¸É¢μ · ¡μÉ. ‘³.,
´ ¶·¨³¥·, [10Ä14] ¨ ¶·¨¢¥¤¥´´Ò¥ É ³ ¸¸Ò²±¨.)

• �²¥³¥´É ·´Ò¥ ¸¨¸É¥³Ò. ’ ±μ¢Ò³¨ Ö¢²ÖÕÉ¸Ö ¸¨¸É¥³Ò, ¸μ¸ÉμÖ´¨Ö ±μÉμ·ÒÌ ¶·¥-
μ¡· §ÊÕÉ¸Ö ¶μ ´¥¶·¨¢μ¤¨³Ò³ ¶·¥¤¸É ¢²¥´¨Ö³ £·Ê¶¶Ò �Ê ´± ·¥, É. ¥. ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨
¸¶²μÏ´μ£μ ¸¶¥±É·  [1]. �Éμ Ê¸²μ¢¨¥ ¢¶μ²´¥ μ¤´μ§´ Î´μ. ®. . . ‚¸¥ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò
³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¨§ ·¥²ÖÉ¨¢¨¸É¸±μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ²Õ¡μ£μ ¸μ¸ÉμÖ´¨Ö ¸ ¶μ³μÐÓÕ
¸Ê¶¥·¶μ§¨Í¨¨. ˆ´Ò³¨ ¸²μ¢ ³¨, ´¥ ¤μ²¦´μ ¸ÊÐ¥¸É¢μ¢ ÉÓ ·¥²ÖÉ¨¢¨¸É¸±¨-¨´¢ ·¨ ´É´μ£μ
¸¶μ¸μ¡  μÉ²¨Î¨ÉÓ ³¥¦¤Ê ¸μ¡μ° ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò, ± ±μÉμ·Ò³ ¶·¨³¥´¨³ ¶·¨´Í¨¶ ¸Ê¶¥·-
¶μ§¨Í¨¨¯ [1].

• — ¸É¨ÍÒ. �¢Éμ·Ò · ¡μÉÒ [1] ¶μ¤Î¥·±¨¢ ÕÉ, ÎÉμ ¤ ´´μ¥ ¶μ´ÖÉ¨¥ ´¥ ³μ¦¥É ¡ÒÉÓ
(¢μ ¢¸Ö±μ³ ¸²ÊÎ ¥ ´  ³μ³¥´É ´ ¶¨¸ ´¨Ö ¸É ÉÓ¨) μ¶·¥¤¥²¥´μ ¸ Éμ° ¦¥ ¸É¥¶¥´ÓÕ μ¤´μ-
§´ Î´μ¸É¨, ÎÉμ ¨ Ô²¥³¥´É ·´ Ö ¸¨¸É¥³ . ‘μ£² ¸´μ [1] ÔÉμ Å ¡¥¸¸É·Ê±ÉÊ·´Ò¥ μ¡Ñ¥±ÉÒ,
Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ¸²¥¤ÊÕÐ¨³ μ£· ´¨Î¥´¨Ö³:  ) cμ¸ÉμÖ´¨Ö Î ¸É¨ÍÒ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ°
Ô²¥³¥´É ·´ÊÕ ¸¨¸É¥³Ê. ¡) ®�¥ ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ Î ¸É¨ÍÊ, ± ± μ¡Ñ¥¤¨´¥´¨¥ ¤·Ê£¨Ì
Î ¸É¨Í¯. �μ¤Î¥·±´¥³, ÎÉμ ¤ ´´Ò¥ ¸²μ¢  ¡Ò²¨ ´ ¶¨¸ ´Ò ¡μ²¥¥ 50 ²¥É Éμ³Ê ´ § ¤. �¥¸³μ-
É·Ö ´  μ£·μ³´Ò° ¶·μ£·¥¸¸ ¢ ®Ë¨§¨±¥ Î ¸É¨Í¯, Ö¸´μ£μ ¶μ´ÖÉ¨Ö (Ô²¥³¥´É ·´μ°) Î ¸É¨ÍÒ ´¥
¸ÊÐ¥¸É¢Ê¥É ¤μ ¸¨Ì ¶μ·. ‚¢¥¤¥´´Ò¥ ‚¨£´¥·μ³ ¨ �ÓÕÉμ´μ³ ¶μ´ÖÉ¨Ö Ô²¥³¥´É ·´μ° ¸¨¸É¥³Ò
¨ Î ¸É¨ÍÒ § É¥´¥´Ò ¤·Ê£¨³¨ ¶μ´ÖÉ¨Ö³¨, ¢¢¥¤¥´´Ò³¨ ¶μ§¤´¥¥ ¨ μÉ´Õ¤Ó ´¥ ¶·μÖ¸´ÖÕÐ¨³¨
¸¨ÉÊ Í¨Õ. ŒÒ ´¥ ¡Ê¤¥³ Ê£²Ê¡²ÖÉÓ¸Ö ¢ ¤ ´´ÊÕ É¥³Ê. �μ¤Î¥·±´¥³ ²¨ÏÓ, ÎÉμ ¢μ§³μ¦´μ¸ÉÓ
·¥ ²¨§ Í¨¨ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° Ô²¥³¥´É ·´ÒÌ ¸¨¸É¥³ ± ± ´μ¢ÒÌ Ô²¥³¥´É ·´ÒÌ ¸¨¸É¥³
μÎ¥¢¨¤´μ ·¥ ²¨§Ê¥É¸Ö ¢ ¶·¨·μ¤¥. ˆ´ Î¥ É·Ê¤´μ £μ¢μ·¨ÉÓ μ ¸É ¡¨²Ó´ÒÌ  ¤·μ´ Ì (¶·μÉμ´)
± ± ¸μ¸É ¢´ÒÌ ¸μ¸É ¢´ÒÌ ¸μ¸ÉμÖ´¨ÖÌ ±¢ ·±μ¢. ŒÒ ¡Ê¤¥³ ´ §Ò¢ ÉÓ É ±¨¥ ¸μ¸ÉμÖ´¨Ö ·¥-
²ÖÉ¨¢¨¸É¸±¨³¨ ¸¢Ö§ ´´Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨. �Éμ ¶·μÉ¨¢μ·¥Î¨É ¢Ò¸± §Ò¢ ´¨Õ (¶· ¢¤ , ¸¤¥-
² ´´μ³Ê ¸ μ£μ¢μ·±μ°) ‚¨£´¥· , ¶·¨¢¥¤¥´´μ³Ê ¢ÒÏ¥. �μ¤Î¥·±´¥³, ÎÉμ ´¥¶·μÉ¨¢μ·¥Î¨¢μ£μ
¶μ´ÖÉ¨Ö ·¥²ÖÉ¨¢¨¸É¸±μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö É ±¦¥ ´¥ ¸ÊÐ¥¸É¢Ê¥É [15,16].

’μÉ Ë ±É, ÎÉμ ³´μ£μμ¡· §¨¥ Ë¨§¨Î¥¸±¨ ·¥ ²¨§Ê¥³ÒÌ ¸μ¸ÉμÖ´¨° ¸μ¤¥·¦¨É ²¨ÏÓ ·¥Ï¥-
´¨Ö ¸ ¶μ²μ¦¨É¥²Ó´μ° Ô´¥·£¨¥°, ¶·¨¢μ¤¨É ± ·Ö¤Ê ¸²¥¤¸É¢¨° ¤²Ö ´ ¡²Õ¤ ¥³ÒÌ. � ¸¸³μÉ·¨³
·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö Š²¥°´ Äƒμ·¤μ´  ϕ, ψ:

ϕ, ψ ∈
{
(+) : pμpμ = (p0)2 − p̃2 = m2c2, p0 � 0

}
(1)

¸ ¥¸É¥¸É¢¥´´μ° ³¥É·¨±μ° ¢ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥

(ϕ, ψ) =
∫

(+)

dΩp ϕ(p)ψ(p), dΩp =
dpmc

p0
. (2)

‘É ´¤ ·É´Ò° μ¶¥· Éμ· ¶μ²μ¦¥´¨Ö ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨

ˆ̂x = i�∇p (3)
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´¥Ô·³¨Éμ¢ ¢ ³¥É·¨±¥ (2):(
ϕ, ˆ̂xψ

)
=

∫
(+)

dΩp ϕ(p) i�∇p ψ(p) =
∫

(+)

dΩp

[(
i�∇p −

i�p
p2 + m2c2

)
ϕ(p)

]
ψ(p). (4)

ˆ´Ò³¨ ¸²μ¢ ³¨, ¢¥²¨Î¨´  i�∇p ´¥ ¸μμÉ¢¥É¸É¢Ê¥É ± ±μ°-²¨¡μ ´ ¡²Õ¤ ¥³μ° ¨ ¥e ´¥²Ó§Ö
É· ±Éμ¢ ÉÓ ± ± Ë¨§¨Î¥¸±¨° μ¶¥· Éμ·. �É¸Õ¤  É ±¦¥ ¸²¥¤Ê¥É, ÎÉμ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö, ·¥-
Ï¥´¨¥ Ê· ¢´¥´¨Ö Š²¥°´ Äƒμ·¤μ´ , ´¥ ³μ¦¥É · ¸³ É·¨¢ ÉÓ¸Ö ± ±  ³¶²¨ÉÊ¤  ¢¥·μÖÉ´μ¸É¨
μ¡´ ·Ê¦¨ÉÓ Î ¸É¨ÍÊ ¢ ÉμÎ±¥ x ¢ ³μ³¥´É ¢·¥³¥´¨ x0.

—Éμ¡Ò μÉ¢¥É¨ÉÓ ´  ¢μ¶·μ¸: ± ±μ¢  ¢¥·μÖÉ´μ¸ÉÓ μ¡´ ·Ê¦¨ÉÓ Î ¸É¨ÍÊ ¢ ÉμÎ±¥ y ¢
´¥±μÉμ·Ò° ³μ³¥´É ¢·¥³¥´¨ y0 ³Ò ¤μ²¦´Ò:

1) ¶μ¸É·μ¨ÉÓ Ô·³¨Éμ¢ μ¶¥· Éμ·, ±μÉμ·Ò° ³μ£ ¡Ò ¶·¥É¥´¤μ¢ ÉÓ ´  ·μ²Ó μ¶¥· Éμ· 
¶μ²μ¦¥´¨Ö;

2) ´ °É¨ ¥£μ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ψy, y0(x).
…¸²¨ Î ¸É¨Í  ´ Ìμ¤¨É¸Ö ¢ ¸μ¸ÉμÖ´¨¨, ±μÉμ·μ³Ê ¸μμÉ¢¥É¸É¢Ê¥É ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ϕ(x),

Éμ ¢¥·μÖÉ´μ¸ÉÓ μ¡´ ·Ê¦¨ÉÓ Î ¸É¨ÍÊ ¢ ÉμÎ±¥ y ¢ ³μ³¥´É ¢·¥³¥´¨ y0 = x0 ¡Ê¤¥É · ¢´ (
ψy, x0(x), ϕ

)
.

�·μ¸É¥°Ï¨° ¸¶μ¸μ¡ μ¶·¥¤¥²¨ÉÓ μ¶¥· Éμ· ¶μ²μ¦¥´¨Ö Å ÔÉμ ¶·¨´ÖÉÓ ¥£μ · ¢´Ò³ Ô·-
³¨Éμ¢μ° Î ¸É¨ μ¶¥· Éμ·  x̂ = i�∇p. ŒÒ μ¡μ§´ Î¨³ ÔÉμÉ μ¶¥· Éμ· Î¥·¥§ x̂NW:

x̂NW =
1
2

[
x̂ + x̂†] = i�∇p −

i�

2
p

p2 + m2c2
. (5)

�ÓÕÉμ´ ¨ ‚¨£´¥· ¢Ò¢¥²¨ ÔÉμÉ μ¶¥· Éμ· ¨¸Ìμ¤Ö ¨§ ·Ö¤  Ê¸²μ¢¨° (¶μ¸ÉÊ² Éμ¢), ±μÉμ·Ò³
¤μ²¦´Ò Ê¤μ¢²¥É¢μ·ÖÉÓ ²μ± ²¨§μ¢ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö:

a) ‘μ¸ÉμÖ´¨Ö, ¶·¥¤¸É ¢²ÖÕÐ¨¥ ¸¨¸É¥³Ê, ²μ± ²¨§μ¢ ´´ÊÕ ¢ ³μ³¥´É ¢·¥³¥´¨ x0 ¢ ¶μ²μ-
¦¥´¨¨ y, ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ²¨´¥°´μ¥ ³´μ£μμ¡· §¨¥ S0, É ±μ¥, ÎÉμ ¸Ê¶¥·¶μ§¨Í¨Ö ¤¢ÊÌ
Ô²¥³¥´Éμ¢ ¤ ´´μ£μ ³´μ£μμ¡· §¨Ö Ö¢²Ö¥É¸Ö Ô²¥³¥´Éμ³ Éμ£μ ¦¥ ³´μ£μμ¡· §¨Ö. ‘Ê¶¥·¶μ-
§¨Í¨Ö ¤¢ÊÌ ²μ± ²¨§μ¢ ´´ÒÌ ¸μ¸ÉμÖ´¨° ²μ± ²¨§μ¢ ´  É ±¨³ ¦¥ μ¡· §μ³, ÎÉμ ¨ ¨¸Ìμ¤´Ò¥
¸μ¸ÉμÖ´¨Ö.

¡) ‹Õ¡μ° Ô²¥³¥´É S0 ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´ ¨§ ¨¸Ìμ¤´μ£μ Ô²¥³¥´É  ¶ÊÉ¥³ ¶·μ¸É· ´-
¸É¢¥´´ÒÌ ¢· Ð¥´¨° ¨ ¶·μ¸É· ´¸É¢¥´´ÒÌ ¨ ¢·¥³¥´´ÒÌ μÉ· ¦¥´¨°. ˆ´Ò³¨ ¸²μ¢ ³¨, ³´μ-
£μμ¡· §¨¨¥, ¶·¥¤¸É ¢²ÖÕÐ¥¥ ¸μ¸ÉμÖ´¨¥, ²μ± ²¨§μ¢ ´´μ¥ ¢ ´ Î ²¥ ±μμ·¤¨´ É, ¨´¢ ·¨-
 ´É´μ μÉ´μ¸¨É¥²Ó´μ ¢· Ð¥´¨° μ±μ²μ ´ Î ²  ±μμ·¤¨´ É ¨ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ
μÉ· ¦¥´¨°.

¢) …¸²¨ ¸μ¸ÉμÖ´¨¥ ψ0 ²μ± ²¨§μ¢ ´μ (Ê± § ´´Ò³ ¢ÒÏ¥ μ¡· §μ³) ¢ ´ Î ²¥ ±μμ·¤¨´ É,
Éμ ¶·μ¸É· ´¸É¢¥´´Ò° ¸¤¢¨£

0 −→ a (6)

¶¥·¥¢μ¤¨É ¥£μ ¢ ¸μ¸ÉμÖ´¨¥ ψa, μ·Éμ£μ´ ²Ó´μ¥ ±μ ¢¸¥³ ¸μ¸ÉμÖ´¨Ö³ ∈ S0.
£) “¸²μ¢¨¥ ·¥£Ê²Ö·´μ¸É¨: ¢¸¥ £¥´¥· Éμ·Ò £·Ê¶¶Ò ‹μ·¥´Í , ¤¥°¸É¢ÊÖ ´  ²μ± ²¨§μ¢ ´-

´Ò¥ ¸μ¸ÉμÖ´¨Ö, ´¥ ´ ·ÊÏ ÕÉ Ê¸²μ¢¨Ö ´μ·³¨·μ¢±¨. …¸²¨ ψ ´μ·³ ²¨§Ê¥³ , Éμ

(Mμν ψ, Mμν ψ, )
(ψ, ψ)

< ∞. (7)

„ ´´μ¥ Ê¸²μ¢¨¥ ¨¸±²ÕÎ ¥É · §·Ò¢´Ò¥ ËÊ´±Í¨¨ ¨§ Î¨¸²  ²μ± ²¨§Ê¥³ÒÌ ¸μ¸ÉμÖ´¨°
¨ Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³ ¶·¨ Ë¨±¸¨·μ¢ ´¨¨ Ë §Ò ¢μ²´μ¢μ° ËÊ´±Í¨¨ ²μ± ²¨§μ¢ ´´μ£μ
¸μ¸ÉμÖ´¨Ö.
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�·¨´Í¨¶¨ ²Ó´μ ¢ ¦´μ¥ É·¥¡μ¢ ´¨¥ ±μ³³ÊÉ É¨¢´μ¸É¨ ±μ³¶μ´¥´É ·¥²ÖÉ¨¢¨¸É¸±μ£μ μ¶¥-
· Éμ·  ¶μ²μ¦¥´¨Ö ³¥¦¤Ê ¸μ¡μ° ´¥ ¢±²ÕÎ¥´μ  ¢Éμ· ³¨ · ¡μÉÒ [1] ¢ ¸¶¨¸μ± μ¸´μ¢´ÒÌ É·¥-
¡μ¢ ´¨°. �Î¥¢¨¤´μ,  ¢Éμ·Ò ¸Î¨É ²¨ ¤ ´´μ¥ Ê¸²μ¢¨¥ ¸ ³μμÎ¥¢¨¤´Ò³. ‚ ÔÉμ° ¸¢Ö§¨ É ±¦¥
¢ ¦´  · ¡μÉ  [3]. �¨¦¥ ³Ò ¡Ê¤¥³ ¶μ²Ó§μ¢ ÉÓ¸Ö ¸¨¸É¥³μ° ¥¤¨´¨Í, ¢ ±μÉμ·μ° � = c = 1
¥¸²¨ ´¥ μ£μ¢μ·¥´μ μ¡· É´μ¥. �¡μ§´ Î¨³ Î¥·¥§ ψ0(k) ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¢ ¨³¶Ê²Ó¸´μ³
¶·¥¤¸É ¢²¥´¨¨ ¸μ¸ÉμÖ´¨Ö, ²μ± ²¨§μ¢ ´´μ£μ ¢ ´ Î ²¥ ±μμ·¤¨´ É x = 0 ¢ ³μ³¥´É ¢·¥³¥´¨
x0 = 0. �¶¥· Éμ· É· ´¸²ÖÍ¨¨ (6) ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥ ¥¸ÉÓ ¶·μ¸Éμ μ¶¥· Éμ·
Ê³´μ¦¥´¨Ö ´  ËÊ´±Í¨Õ

e−ika, (8)

É ± ÎÉμ ¸μ¸ÉμÖ´¨¥ ψa(k), ¶μ²ÊÎ¥´´μ¥ É· ´¸²ÖÍ¨¥° ¸μ¸ÉμÖ´¨Ö ψ0 ´  ¢¥±Éμ· a ²μ± ²¨§μ-
¢ ´μ ¢ ÉμÎ±¥ a ¢ ³μ³¥´É ¢·¥³¥´¨ a0 = x0 = 0 ¨ ¨³¥¥É ¢¨¤

ψa(k) = e−ikaψ0(k). (9)

�Éμ ¶·¥μ¡· §μ¢ ´´μ¥ ¸μ¸ÉμÖ´¨¥ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¢) ¤μ²¦´μ ¡ÒÉÓ μ·Éμ£μ´ ²Ó´μ ±
ψ0(k):

(ψa, ψ0) = δ(a) =
∫

dΩk |ψ0(k) |2 e−ika =
1

(2π)3

∫
dk e−ika. (10)

„ ´´μ¥ ¸μμÉ´μÏ¥´¨¥ ¢Ò¶μ²´Ö¥É¸Ö, ¥¸²¨ |ψ0(k) |2 =
k0

(2π)3
. �·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥

Ê¸²μ¢¨¥ ·¥£Ê²Ö·´μ¸É¨ (7), ¡² £μ¤ ·Ö ±μÉμ·μ³Ê ´¥¢μ§³μ¦´μ ¶·¨¸ÊÉ¸É¢¨¥ ± ±μ£μ-²¨¡μ Ë -
§μ¢μ£μ ³´μ¦¨É¥²Ö, § ¢¨¸ÖÐ¥£μ μÉ k, ¶μ² £ Ö ¶μ¸ÉμÖ´´Ò° Ë ±Éμ· · ¢´Ò³ 1, ¶μ²ÊÎ ¥³
¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¸μ¸ÉμÖ´¨Ö, ²μ± ²¨§μ¢ ´´μ£μ ¢ ´ Î ²¥ ±μμ·¤¨´ É ¢ ³μ³¥´É ¢·¥³¥´¨
x0 = 0,

ψ0(k) = (2π)−3/2
(
k0

)1/2
(11)

¨ ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¸μ¸ÉμÖ´¨Ö, ²μ± ²¨§μ¢ ´´μ£μ ¢ ÔÉμÉ ¦¥ ³μ³¥´É ¢·¥³¥´¨ ¢ ÉμÎ±¥ y,

ψy(k) = (2π)−3/2 e−iky
(
k0

)1/2
. (12)

„²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¸μ¸ÉμÖ´¨Ö ψy(x), ²μ± ²¨§μ¢ ´´μ£μ (¢ ³μ³¥´É ¢·¥³¥´¨ x0) ¢
±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥, ¶μ²ÊÎ ¥³

ψy(x) =
∫

dΩk eikx ψy(k) =
1

(2π)3/2

∫
dk√
k0

eik(x−y) =

= const
(mc

�r

)5/4

K5/4

(
r

λ0

)
, r = |x − y|, λ0 =

�

mc
, (13)

£¤¥ Kν(z) Å ËÊ´±Í¨Ö Œ ±-„μ´ ²Ó¤ ; λ0 Å ±μ³¶Éμ´μ¢¸± Ö ¤²¨´  ¢μ²´Ò Î ¸É¨ÍÒ.

‡ ³¥Î ´¨Ö

�¥·¢μ¥: ‚¥²¨Î¨´  ψ0(k) Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¥° μ¶¥· Éμ·  ¶μ²μ¦¥´¨Ö ‚¨£-
´¥· Ä�ÓÕÉμ´ :

x̂NW

{
e−iky

(
k0

)1/2
}

= i

{
∇k − 1

2
k

(k0)2

}{
e−iky k0

1/2
}

= y
{
e−iky k0

1/2
}

. (14)
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‚Éμ·μ¥: ‚ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ x̂NW Ö¢²Ö¥É¸Ö ´¥²μ± ²Ó´Ò³ μ¶¥· Éμ·μ³:

x̂NW =
{
x̂ +

1
2

1
� + m2c2

∇
}

. (15)

’·¥ÉÓ¥: ‚ μÉ²¨Î¨¥ μÉ ´¥·¥²ÖÉ¨¢¨¸É¸±μ£μ ¸²ÊÎ Ö, ²μ± ²¨§μ¢ ´´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö
´¥ · ¢´  δ(x − y),   ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¢¥²¨Î¨´Ê, · ¸¶·¥¤¥²e´´ÊÕ ¢ ¶·μ¸É· ´¸É¢¥´´μ°
μ¡² ¸É¨, ¨³¥ÕÐÊÕ · §³¥· ¶μ·Ö¤±  ±μ³¶Éμ´μ¢¸±μ° ¤²¨´Ò ¢μ²´Ò Î ¸É¨ÍÒ λ0. �Éμ ¸¢Ö§ ´μ
¸ É¥³, ÎÉμ δ(x − y) ´¥ ³μ¦¥É ¡ÒÉÓ ¸±μ´¸É·Ê¨·μ¢ ´  Éμ²Ó±μ ¨§ ·¥Ï¥´¨°, μÉ¢¥Î ÕÐ¨Ì
¶μ²μ¦¨É¥²Ó´μ° Ô´¥·£¨¨.

—¥É¢e·Éμ¥: ‚Ò¶μ²´ÖÕÉ¸Ö ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö:[
x̂i

NW, x̂j
NW

]
= 0,

[
x̂i

NW, pj
]

= iδij . (16)

�ÖÉμ¥: �¶¥· Éμ· ¶μ²μ¦¥´¨Ö x̂NW Ö¢²Ö¥É¸Ö ¢¥±Éμ·μ³ ¶μ μÉ´μÏ¥´¨Õ ± ¢· Ð¥´¨Ö³.
�·¨ ¶·μ¸É· ´¸É¢¥´´ÒÌ ¢· Ð¥´¨ÖÌ ¨³¥¥³

Tax̂NWT−1
a . (17)

˜¥¸Éμ¥: ‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥

x̂NW −→ x̂ = i∇p. (18)

‘É ÉÓÖ μ·£ ´¨§μ¢ ´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‚ · §¤. 1 · ¸¸³ É·¨¢ ¥É¸Ö ´¥±μ³³ÊÉ É¨¢´ Ö
 ²ÓÉ¥·´ É¨¢  ±μμ·¤¨´ É¥ ‚¨£´¥· Ä�ÓÕÉμ´  ¨ ¸¢Ö§ ´´´ Ö ¸ ´¥° ±μ´Í¥¶Í¨Ö ·¥²ÖÉ¨¢¨¸É-
¸±μ£μ ±μ´Ë¨£Ê· Í¨μ´´μ£μ ¶·μ¸É· ´¸É¢ . ‚ · §¤. 2 · ¸¸³μÉ·¥´  ·¥²ÖÉ¨¢¨¸É¸± Ö ¶·μ¡²¥³ 
¤¢ÊÌ É¥². � §¤. 3 ¶μ¸¢ÖÐ¥´ ¸²ÊÎ Õ ´Ê²¥¢μ° ³ ¸¸Ò.

1. �‹œ’…���’ˆ‚� ’…��ˆˆ ‚ˆƒ�…��Ä�œ�’���

‚ É¥μ·¨¨ ‚¨£´¥· Ä�ÓÕÉμ´  ¨³¶Ê²Ó¸´μ¥ ¶·μ¸É· ´¶¸É¢μ ¨£· ¥É ¸ÊÐ¥¸É¢¥´´ÊÕ ·μ²Ó.
�μ²ÊÎ¨ÉÓ ¢ Ö¢´μ³ ¢¨¤¥ ´¥²μ± ²Ó´Ò° μ¶¥· Éμ· x̂NW (15) ´¥¶μ¸·¥¤¸É¢¥´´μ ¢ ±μ´Ë¨£Ê· -
Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ¡Ò²μ ¡Ò ¢¥¸Ó³  § É·Ê¤´¨É¥²Ó´μ.

‘ÊÐ¥¸É¢Ê¥É, μ¤´ ±μ, ¥Ð¥ μ¤´μ μ¡¸ÉμÖÉ¥²Ó¸É¢μ, ¸ÊÐ¥¸É¢¥´´μ¥ ¤²Ö Ëμ·³Ê²¨·μ¢±¨ μ¸-
´μ¢´μ° ¨¤¥¨ ´ ¸ÉμÖÐ¥° · ¡μÉÒ. ‚ · ¡μÉ¥ [2] ¢ ¦´ÊÕ ·μ²Ó ¨£· ¥É ÉμÉ Ë ±É, ÎÉμ ¢μ²´μ¢Ò¥
ËÊ´±Í¨¨ ¸μ¸ÉμÖ´¨°, ²μ± ²¨§μ¢ ´´ÒÌ ¢ · §²¨Î´ÒÌ ÉμÎ± Ì, ¸¢Ö§ ´Ò ³¥¦¤Ê ¸μ¡μ° ¶·¥μ¡· -
§μ¢ ´¨¥³ É· ´¸²ÖÍ¨¨

x −→ x + a, (19)

±μÉμ·μ¥ ¢Ò· ¦ ¥É¸Ö É ±¦¥ É¥μ·¥³μ° ¸²μ¦¥´¨Ö ¤²Ö ¶²μ¸±¨Ì ¢μ²´ Å ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢
£·Ê¶¶Ò É· ´¸²ÖÍ¨° ¢ ¢¨¤¥

eik(x+a) = eik x eika. (20)

�μ¸²¥¤´¥¥ ¸μμÉ´μÏ¥´¨¥ ¨³¥¥É ¤¢¥ ³ É¥³ É¨Î¥¸±¨¥ ¨´É¥·¶·¥É Í¨¨.
1. 	Ê¤¥³, ¸²¥¤ÊÖ [2], · ¸¸³ É·¨¢ ÉÓ É· ´¸²ÖÍ¨¨ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥.

‚ ÔÉμ³ ¸²ÊÎ ¥ ¶²μ¸±¨¥ ¢μ²´Ò (Ô±¸¶μ´¥´ÉÒ) Ö¢²ÖÕÉ¸Ö ³ É·¨Î´Ò³¨ Ô²¥³¥´É ³¨ μ¤´μ£μ
¨ Éμ£μ ¦¥ Ê´¨É ·´μ£μ ´¥¶·¨¢μ¤¨³μ£μ ¶·¥¤¸É ¢²¥´¨Ö É· ´¸²ÖÍ¨° ±μ´Ë¨£Ê· Í¨μ´´μ£μ
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¶·μ¸É· ´¸É¢  (19), ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸É ·Ï¥³Ê ¢¥¸Ê (§´ Î¥´¨Õ ¨³¶Ê²Ó¸ ) k. ‘μμÉ¢¥É-
¸É¢¥´´μ ¶·¥μ¡· §μ¢ ´¨¥ ”Ê·Ó¥

ψ(x) =
∫

dk eikx ψ(k) (21)

Ö¢²Ö¥É¸Ö · §²μ¦¥´¨¥³ ¶μ ³ É·¨Î´Ò³ Ô²¥³¥´É ³ Ê´¨É ·´ÒÌ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨°
£·Ê¶¶Ò É· ´¸²ÖÍ¨° ±μ´Ë¨£Ê· Í¨μ´´μ£μ ¶·μ¸É· ´¸É¢ .

2. � ¸¸³μÉ·¨³ (¢ ¤μ¶μ²´¥´¨¥ ± [1]) É· ´¸²ÖÍ¨¨ ¨³¶Ê²Ó¸´μ£μ ¶·μ¸É· ´¸É¢  ´  ¢¥±Éμ·
k. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢Ò· ¦¥´¨¥ ¢ Ëμ·³Ê²¥ (20) · ¢´μ ¶·μ¨§¢¥¤¥´¨Õ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢
¤¢ÊÌ · §²¨Î´ÒÌ ´¥¶·¨¢μ¤¨³ÒÌ Ê´¨É ·´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¸¤¢¨£μ¢ ¨³¶Ê²Ó¸´μ£μ ¶·μ¸É· ´-
¸É¢ , μÉ¢¥Î ÕÐ¨Ì ¸É ·Ï¨³ ¢¥¸ ³ x ¨ a. �·¨ ÔÉμ³ μ¡  ³ É·¨Î´ÒÌ Ô²¥³¥´É  ¸μμÉ¢¥É¸É¢ÊÕÉ
μ¤´μ³Ê ¨ Éμ³Ê ¦¥ ¢¥±Éμ·Ê ¸¤¢¨£  k ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥. �¡· É´μ¥ ¶·¥μ¡· §μ-
¢ ´¨¥ ”Ê·Ó¥ Ö¢²Ö¥É¸Ö · §²μ¦¥´¨¥³ ¶μ ³ É·¨Î´Ò³ Ô²¥³¥´É ³ Ê´¨É ·´ÒÌ ´¥¶·¨¢μ¤¨³ÒÌ
¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò É· ´¸²ÖÍ¨° ¨³¶Ê²Ó¸´μ£μ ¶·μ¸É· ´¸É¢ .

‚μ§³μ¦´μ¸ÉÓ É ±μ° ¤¢μÖ±μ° ¨´É¥·¶·¥É Í¨¨ ¶·μ¨§¢¥¤¥´¨Ö (20) ± ± 1) ¶·μ¨§¢¥¤¥´¨Ö
¶·¥μ¡· §μ¢ ´¨° É· ´¸²ÖÍ¨¨ ¢ · ³± Ì μ¤´μ£μ ¨ Éμ£μ ¦¥ ¶·¥¤¸É ¢²¥´¨Ö Å ¨ ¤Ê ²Ó´μ, ± ±
2) ¶·μ¨§¢¥¤¥´¨Ö ¤¢ÊÌ · §²¨Î´ÒÌ ¶·¥¤¸É ¢²¥´¨° Å ¸¶¥Í¨Ë¨Î´  ¤²Ö ¥¢±²¨¤μ¢ÒÌ É· ´¸²Ö-
Í¨°. ‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° É¥μ·¨¨ · §²¨Î¨¥ ³¥¦¤Ê 1) ¨ 2) Ëμ·³ ²Ó´μ ¨ ´¥ ¨£· ¥É ¡μ²ÓÏμ°
·μ²¨, ¶μ¸±μ²Ó±Ê ±μ´Ë¨£Ê· Í¨μ´´μ¥ ¨ ¨³¶Ê²Ó¸´μ¥ ¶·μ¸É· ´¸É¢  ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° É¥-
μ·¨¨ ¸ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¨§μ³μ·Ë´Ò. Šμ´¥Î´μ, Ë¨§¨Î¥¸±¨° ¸³Ò¸² ±μ´Ë¨-
£Ê· Í¨μ´´μ£μ ¨ ¨³¶Ê²Ó¸´μ£μ ¶·μ¸É· ´¸É¢ · §²¨Î¥´. � ¶·¨³¥·, É· ´¸²ÖÍ¨¨ ¨³¶Ê²Ó¸´μ£μ
¶·μ¸É· ´¸É¢  ¸μμÉ¢¥É¸É¢ÊÕÉ ¶·¥μ¡· §μ¢ ´¨Ö³ ƒ ²¨²¥Ö:

x −→ x + V t,

ẋ −→ ẋ + V,

m ẋ −→ m ẋ + mV,

p −→ p + k, p = m ẋ, k = mV.

(22)

�¶¥· Éμ· ¶μ²μ¦¥´¨Ö (3) Ö¢²Ö¥É¸Ö £¥´¥· Éμ·μ³ É· ´¸²ÖÍ¨° ¨³¶Ê²Ó¸´μ£μ ¶·μ¸É· ´¸É¢ .
‘Ëμ·³Ê²¨·Ê¥³ É¥¶¥·Ó  ²ÓÉ¥·´ É¨¢Ê ±μ´Í¥¶Í¨¨ ‚¨£´¥· Ä�ÓÕÉμ´ . �´  μ¸´μ¢ ´  ´ 

¶·μ¸ÉÒÌ ´ ¡²Õ¤¥´¨ÖÌ.
ˆ§ (1) ¸²¥¤Ê¥É, ÎÉμ ³´μ£μμ¡· §¨¥ ¸μ¸ÉμÖ´¨° ·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ ¶·¥¤¸É ¢²Ö¥É ¸μ-

¡μ° ¶·μ¸É· ´¸É¢μ ‹μ¡ Î¥¢¸±μ£μ. ’·eÌ³¥·´μ¥ ¨³¶Ê²Ó¸´μ¥ ¶·μ¸É· ´¸É¢μ ·¥²ÖÉ¨¢¨¸É¸±μ°
Î ¸É¨ÍÒ ¥¸ÉÓ ¶·μ¸É· ´¸É¢μ ¶μ¸ÉμÖ´´μ° μÉ·¨Í É¥²Ó´μ° ±·¨¢¨§´Ò. 	Ê¤¥³ ¸É·μ¨ÉÓ ·¥²Ö-
É¨¢¨¸É¸±ÊÕ É¥μ·¨Õ μ¤´μÎ ¸É¨Î´μ£μ ¸μ¸ÉμÖ´¨Ö ± ± ¶·Ö³μ¥ μ¡μ¡Ð¥´¨¥ ´¥·¥²ÖÉ¨¢¨¸É¸±μ°
É¥μ·¨¨, ¨¸¶μ²Ó§ÊÖ ÔÉμÉ Ë ±É ± ± μÉ¶· ¢´ÊÕ ÉμÎ±Ê. ’ ±¨³ μ¡· §μ³, ¶¥·¥Ìμ¤Ö ± ·¥²Ö-
É¨¢¨¸É¸±μ° É¥μ·¨¨, ³Ò ¤μ²¦´Ò ¶·μ¨§¢¥¸É¨ § ³¥´Ê: £·Ê¶¶  ƒ ²¨²¥Ö−→ £·Ê¶¶  ‹μ·¥´Í ,
£¥´¥· Éμ·Ò ¶·¥μ¡· §μ¢ ´¨Ö ƒ ²¨²¥Ö−→ £¥´¥· Éμ·Ò ¶·¥μ¡· §μ¢ ´¨Ö ‹μ·¥´Í 

x̂ = i�∇p −→ x̂rel, (23)

£¤¥

x̂rel = i�

√
1 +

p2

m2c2
∇p. (24)

’ ±¨³ μ¡· §μ³, ³Ò · ¸¸³ É·¨¢ ¥³ ¢Ò· ¦¥´¨¥ (24) ¢ ± Î¥¸É¢¥ ± ´¤¨¤ É  ´  ·μ²Ó ·¥-
²ÖÉ¨¢¨¸É¸±μ£μ μ¶¥· Éμ·  ¶μ²μ¦¥´¨Ö. �É¸Õ¤  ´¥¶μ¸·¥¤¸É¢¥´´μ ¢ÒÉ¥± ¥É, ÎÉμ ¢ · ³± Ì
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ÔÉμ£μ, £¥μ³¥É·¨Î¥¸±¨ ¥¸É¥¸É¢¥´´μ£μ ¶μ¤Ìμ¤ , ³Ò ¤μ²¦´Ò, ¢ ± Î¥¸É¢¥ ¶¥·¢μ£μ Ï £ , μÉ± -
§ ÉÓ¸Ö μÉ ±μ³³ÊÉ É¨¢´μ¸É¨ ±μ³¶μ´¥´É μ¶¥· Éμ·  ¶μ²μ¦¥´¨Ö. �μ¤Î¥·±´e³ ¥Ðe · §, ÎÉμ
É·¥¡μ¢ ´¨¥ ±μ³³ÊÉ É¨¢´μ¸É¨ ´¥Ö¢´μ ¢Ìμ¤¨É ¢ Î¨¸²μ ¥¸É¥¸É¢¥´´ÒÌ ¶μ²μ¦¥´¨°, μ¶·¥¤¥²Ö-
ÕÐ¨Ì ·¥²ÖÉ¨¢¨¸É¸±¨° μ¶¥· Éμ· ¶μ²μ¦¥´¨Ö ¢ [1].

�¶¥· Éμ·Ò (24) Ô·³¨Éμ¢Ò ¢ ³¥É·¨±¥ (2). �μÔÉμ³Ê, ¥¸²¨ μÉ± § ÉÓ¸Ö μÉ É·¥¡μ¢ ´¨Ö
±μ³³ÊÉ É¨¢´μ¸É¨, ³μ¦´μ ÊÉ¢¥·¦¤ ÉÓ, ÎÉμ Ô·³¨Éμ¢Ò μ¶¥· Éμ·Ò (24) Ö¢²ÖÕÉ¸Ö ´ ¨¡μ²¥¥
¶·μ¸ÉÒ³¨ ·¥²ÖÉ¨¢¨¸É¸±¨³¨ μ¶¥· Éμ·μ³¨ ¶μ²μ¦¥´¨Ö.

� ¸¸³μÉ·¨³ É¥¶¥·Ó ¶·μ¡²¥³Ê ¨§³¥·¥´¨Ö. �Î¥¢¨¤´μ, ¢ μÉ²¨Î¨¥ μÉ ±μ³³ÊÉ É¨¢´μ£μ
¸²ÊÎ Ö, · §²¨Î´Ò¥ ¶·μ¥±Í¨¨ ±μμ·¤¨´ ÉÒ ´¥ ³μ£ÊÉ ¡ÒÉÓ μ¤´μ¢·¥³¥´´μ ÉμÎ´μ ¨§³¥·¥´Ò.
ˆ³¥´´μ ¶μ ÔÉμ° ¶·¨Î¨´¥ · ¸¸³ É·¨¢ ²¨¸Ó Éμ²Ó±μ ±μ³³ÊÉ¨·ÊÕÐ¨¥ ¶·¥É¥´¤¥´ÉÒ ´  ·μ²Ó
μ¶¥· Éμ·  ¶μ²μ¦¥´¨Ö. �É³¥É¨³, ÎÉμ �. “ °É³¥´ ¢ ¢ ¦´μ° · ¡μÉ¥ [3] ¶μ²´μ¸ÉÓÕ μÉ-
¢¥·£ ¥É ¢μ§³μ¦´μ¸ÉÓ · ¸¸³μÉ·¥´¨Ö ´¥±μ³³ÊÉ¨·ÊÕÐ¨Ì μ¶¥· Éμ·μ¢ ¶μ²μ¦¥´¨Ö ¨³¥´´μ ¸
ÉμÎ±¨ §·¥´¨Ö ¨§³¥·¨³μ¸É¨: ®. . .¤ ´´Ò¥ μ¶¥· Éμ·Ò ´¥ ³μ£ÊÉ · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± μ¶¥· -
Éμ·Ò ¶μ²μ¦¥´¨Ö, ± ± ´ ¡²Õ¤ ¥³Ò¥, ¶μ¸±μ²Ó±Ê ¨Ì É·¨ ±μ³¶μ´¥´ÉÒ ´¥ ±μ³³ÊÉ¨·ÊÕÉ¯. ‘
¤·Ê£μ° ¸Éμ·μ´Ò, ¢ ¶·¨´Í¨¶¥, ´¥É ¶·¨Î¨´ ¸Î¨É ÉÓ, ÎÉμ ¸ ³  ±μ´Í¥¶Í¨Ö ±μ´Ë¨£Ê· Í¨μ´-
´μ£μ ¶·μ¸É· ´¸É¢  ¨§³¥´Ö¥É¸Ö ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ¸²ÊÎ ¥ ¶μ ¸· ¢´¥´¨Õ ¸ ´¥·¥²ÖÉ¨¢¨¸É¸±μ°
É¥μ·¨¥°. ‘²¥¤¸É¢¨¥³ É ±μ° ³μ¤¨Ë¨± Í¨¨ ¤μ²¦´μ ¡ÒÉÓ ¨§³¥´¥´¨¥ ¢¸¥° ¸¨ÉÊ Í¨¨ ¸ ¨§³¥-
·¨³μ¸ÉÓÕ ¶μ²μ¦¥´¨Ö, ¸μμÉ´μÏ¥´¨Ö³¨ ´¥μ¶·¥¤¥²e´´μ¸É¨ ¨ É. ¤.

—Éμ¡Ò ¶μ¸É·μ¨ÉÓ ´¥μ¡Ìμ¤¨³μ¥ ·¥²ÖÉ¨¢¨¸É¸±μ¥ μ¡μ¡Ð¥´¨¥ ±μ´Í¥¶Í¨¨ ±μ´Ë¨£Ê· Í¨-
μ´´μ£μ ¶·μ¸É· ´¸É¢ , ¢¥·´¥³¸Ö ´  ¢·¥³Ö ± ´¥·¥²ÖÉ¨¢¨¸É¸±μ³Ê ¸²ÊÎ Õ. �μ¸±μ²Ó±Ê ±μ³-
¶μ´¥´ÉÒ μ¶¥· Éμ·  ¶μ²μ¦¥´¨Ö ±μ³³ÊÉ¨·ÊÕÉ, ³Ò ³μ¦¥³ μ¤´μ¢·¥³¥´´μ ¤¨ £μ´ ²¨§μ¢ ÉÓ
¢¸¥ É·¨ ±μ³¶μ´¥´ÉÒ. ‚ Éμ ¦¥ ¢·¥³Ö ³´μ£¨¥ ¤·Ê£¨¥ μ¶¥· Éμ·Ò ¨§ Ê´¨¢¥·¸ ²Ó´μ° μ¡¥·-
ÉÒ¢ ÕÐ¥°  ²£¥¡·Ò ‹¨ ¥¢±²¨¤μ¢μ° £·Ê¶¶Ò ¨³¶Ê²Ó¸´μ£μ ¶·μ¸É· ´¸É¢  É ±¦¥ ³μ£ÊÉ ¡ÒÉÓ
¤¨ £μ´ ²¨§μ¢ ´Ò. � ¶·¨³¥·, μ¶¥· Éμ· Š §¨³¨·  x̂2 Å μ¶¥· Éμ· ±¢ ¤· É  · ¸¸ÉμÖ´¨Ö.[

x̂2
]

eipx = �p eipx = x2 eipx,

x̂i eipx = xi eipx, (25)

0 � x < ∞, −∞ < xi < ∞.

‚ ¦´μ, ÎÉμ μ¡Ð¨¥ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ÔÉ¨Ì μ¶¥· Éμ·μ¢ eipx Ö¢²ÖÕÉ¸Ö Ö¤· ³¨ ¶·¥-
μ¡· §μ¢ ´¨Ö ”Ê·Ó¥, ¸¢Ö§Ò¢ ÕÐ¥£μ ¥¢±²¨¤μ¢μ ¨³¶Ê²Ó¸´μ¥ ¶·μ¸É· ´¸É¢μ ´¥·¥²ÖÉ¨¢¨¸É¸±μ°
±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ±μ´Ë¨£Ê· Í¨μ´´μ¥ ¶·μ¸É· ´¸É¢μ.

‚ ·¥²ÖÉ¨¢¨¸É¸±μ³ ¸²ÊÎ ¥ ¥¸É¥¸É¢¥´´μ · ¸¸³ É·¨¢ ÉÓ ¢ ± Î¥¸É¢¥ ¨³¶Ê²Ó¸´μ£μ ¶·μ-
¸É· ´¸É¢ ,  ¤¥±¢ É´μ£μ ¸ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö, ¶·μ¸É· ´¸É¢μ ‹μ¡ Î¥¢¸±μ£μ (1) Ë¨§¨-
Î¥¸±¨Ì ·¥Ï¥´¨° Ê· ¢´¥´¨Ö Š²¥°´ Äƒμ·¤μ´ . ˆ´É¥£·¨·μ¢ ´¨¥ ¶μ ÔÉμ³Ê ¶·μ¸É· ´¸É¢Ê (¸
²μ·¥´Í-¨´¢ ·¨ ´É´μ° ³¥·μ° dΩp) μ¶·¥¤¥²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥³ (2). ‘²¥¤ÊÖ ¨¤¥¥, ¢Ò¸± -
§ ´´μ° ¢ ¶·¥¤Ò¤ÊÐ¥³  ¡§ Í¥, · ¸¸³μÉ·¨³ Ê´¨¢¥·¸ ²Ó´ÊÕ μ¡¥·ÉÒ¢ ÕÐÊÕ  ²£¥¡·Ê  ²£¥-
¡·Ò ‹¨ £·Ê¶¶Ò ‹μ·¥´Í , μ¶·¥¤¥²¨³ ³ ±¸¨³ ²Ó´μ¥ ³´μ¦¥¸É¢μ (¶μ²´ÊÕ ¸¨¸É¥³Ê) ¢§ ¨³´μ
±μ³³ÊÉ¨·ÊÕÐ¨Ì μ¶¥· Éμ·μ¢, μ¶·¥¤¥²¨³ ¨Ì μ¡Ð¨¥ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ (´μ¢Ò¥ ¶²μ¸-
±¨¥ ¢μ²´Ò) ¨ ¸¶¥±É·. �¶¥· Éμ· Š §¨³¨·  ¤²Ö  ²£¥¡·Ò ‹¨ £·Ê¶¶Ò ‹μ·¥´Í  ³μ¦¥É ¡ÒÉÓ
¢Ò¡· ´ ¢ ¢¨¤¥

r̂2 = x̂2
rel −

M2

m2c2
− �

2

m2c2
, (26)

£¤¥ M Å μ¶¥· Éμ· Ê£²μ¢μ£μ ³μ³¥´É . ‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥ ¢Ò· ¦¥´¨¥ (26) ¶¥-
·¥Ìμ¤¨É ¢ x̂2 (¸³. (25)). ‘¶¥±É· ¢¥²¨Î¨´Ò r ¤²Ö Ê´¨É ·´ÒÌ ¶·¥¤¸É ¢²¥´¨° ¨³¥¥É ´¥¶·¥-
·Ò¢´ÊÕ ¨ ¤¨¸±·¥É´ÊÕ Î ¸É¨. ‚¸¥ ÔÉ¨ ¶·¥¤¸É ¢²¥´¨Ö ´ Ìμ¤ÖÉ ¶·¨³¥´¥´¨Ö ¢ · §²¨Î´ÒÌ
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·¥²ÖÉ¨¢¨¸É¸±¨Ì ³μ¤¥²ÖÌ ¢§ ¨³μ¤¥°¸É¢¨Ö. ŒÒ ¸±μ´Í¥´É·¨·Ê¥³¸Ö ´  É ± ´ §Ò¢ ¥³μ° £² ¢-
´μ° ¸¥·¨¨, ¤²Ö ±μÉμ·μ° 0 � r < ∞. ‘μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ μ¶¥· Éμ·  r̂2 Ö¢²ÖÕÉ¸Ö
³ É·¨Î´Ò³¨ Ô²¥³¥´É ³¨ Ê´¨É ·´ÒÌ ´¥¶·¨¢μ¤¨³ÒÌ ¶·¥¤¸É ¢²¥´¨° £·Ê¶¶Ò ‹μ·¥´Í  Å
Ö¤· ³¨ ¶·¥μ¡· §μ¢ ´¨Ö ƒ¥²ÓË ´¤ Äƒ· ¥¢ :

r̂2 〈p|r〉 = r2 〈p|r〉, 〈r|p〉 = 〈p|r〉∗. (27)

„ ´´Ò¥ ¢¥²¨Î¨´Ò ¨£· ÕÉ ·μ²Ó ¶²μ¸±¨Ì ¢μ²´ ¢ · ¸¸³ É·¨¢ ¥³μ³ ·¥²ÖÉ¨¢¨¸É¸±μ³ Ëμ·-
³ ²¨§³¥. ‚ Ö¢´μ³ ¢¨¤¥

〈r|p〉 =
(

p0 − pn
mc

)−1−i (rmc)/�

, n2 = 1. (28)

ˆ¸¶μ²Ó§ÊÖ ¥¤¨´¨Î´Ò° ¢¥±Éμ· n, ³Ò ¢¢μ¤¨³ ¸¨³¢μ² r Å ¶μ μ¶·¥¤¥²¥´¨Õ

r = rn. (29)

	Ê¤¥³ ´ §Ò¢ ÉÓ ¶·μ¸É· ´¸É¢μ ¢¥±Éμ·μ¢ r ·¥²ÖÉ¨¢¨¸É¸±¨³ ±μ´Ë¨£Ê· Í¨μ´´Ò³ ¶·μ-
¸É· ´¸É¢μ³ [4]. � ·Í¨ ²Ó´μ¥ · §²μ¦¥´¨¥ ¶²μ¸±μ° ¢μ²´Ò (28) ¨³¥¥É ¢¨¤

〈r|p〉 =
∞∑

l=0

il (2l + 1) pl(coshχ, r)Pl(np · n),

(30)

p0 = coshχ, p = sinh χnp, n2
p = 1,

£¤¥

pl(coshχ, r) = (−1)l

√
π

2 sinh χ

Γ(ir + l + 1)
Γ(ir + 1)

P−(1/2)+ir
−(1/2)+ir(coshχ). (31)

� §²μ¦¥´¨¥ (30)  ´ ²μ£¨Î´μ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³Ê

eipr =
∞∑

l=0

il (2l + 1) jl(p r)Pl(np · n), (32)

£¤¥ jl(p r) =
√

π/(2pr) Jl+(1/2) Å ¸Ë¥·¨Î¥¸±¨¥ ËÊ´±Í¨¨ 	¥¸¸¥²Ö.
‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥

pl(coshχ, r) −→ jl(p r). (33)

“¸²μ¢¨Ö μ·Éμ£μ´ ²Ó´μ¸É¨ ¨ ¶μ²´μÉÒ ¤²Ö ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶²μ¸±¨Ì ¢μ²´ ¨³¥ÕÉ ¢¨¤

1
(2π)3

∫
〈r|p〉 〈p|r′〉 dΩp = δ(r − r′),

(34)

1
(2π)3

∫
〈p|r〉 〈r|p′〉 dr = δ(p (−)p′) = δ(p − p′)

p0

mc
.

�¥²ÖÉ¨¢¨¸É¸±μ¥ ±μ´Ë¨£Ê· Í¨μ´´μ¥ ¶·μ¸É· ´¸É¢μ Ö¢²Ö¥É¸Ö ±¢ ´Éμ¢Ò³ É·¥Ì³¥·´Ò³ ¥¢-
±²¨¤μ¢Ò³ ¶·μ¸É· ´¸É¢μ³ [7]. Š¢ ´Éμ¢ Ö ¶·¨·μ¤  r-¶·μ¸É· ´¸É¢  ¶·¥¤μ¶·¥¤¥²¥´  É¥³
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Ë ±Éμ³, ÎÉμ  ²£¥¡·  ‹¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° £·Ê¶¶Ò ¨§μ³¥É·¨° ·¥ ²¨§Ê¥É¸Ö ¢ · ³± Ì ´¥±μ³-
³ÊÉ É¨¢´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¨¸Î¨¸²¥´¨Ö. �¶¥· Éμ·Ò ¨³¶Ê²Ó¸  (£¥´¥· Éμ·Ò É· ´¸-
²ÖÍ¨°) ¨³¥ÕÉ ¢¨¤

H0 = p̂0 = cosh i
∂

∂r
+

i

r
sinh i

∂

∂r
− �ϑ,ψ

2r2
exp

(
i

∂

∂r

)
,

p̂1 = − sinϑ cosψ

(
exp

(
i

∂

∂r

)
− H0

)
−

− i

(
cosϑ cosψ

r

∂

∂ϑ
− sinψ

r sin ϑ

∂

∂ψ

)
exp

(
i

∂

∂r

)
,

p̂2 = − sinϑ sin ψ

(
exp

(
i

∂

∂r

)
− H0

)
−

− i

(
cosϑ sinψ

r

∂

∂ϑ
+

cosψ

r sin ϑ

∂

∂ψ

)
exp

(
i

∂

∂r

)
,

p̂3 = − cosϑ

(
exp

(
i

∂

∂r

)
− H0

)
+ i

sinϑ

r

∂

∂ϑ
exp

(
i

∂

∂r

)
.

(35)

�´¨ ¨£· ÕÉ ·μ²Ó ¢´ÊÉ·¥´´¨Ì ¶·μ¨§¢μ¤´ÒÌ ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¥³ ´¥±μ³³ÊÉ É¨¢´μ³ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´μ³ ¨¸Î¨¸²¥´¨¨. �¶¥· Éμ·Ò pμ ±μ³³ÊÉ¨·ÊÕÉ

[p̂μ, p̂ν ] = 0, μ, ν = 0, 1, 2, 3. (36)

�¤´ ±μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¤¨ËË¥·¥´Í¨ ²Ò ËÊ´±Í¨° ±μμ·¤¨´ É ´¥ ±μ³³ÊÉ¨·ÊÕÉ ¸ ¸ -
³¨³¨ ËÊ´±Í¨Ö³¨. „¥É ²¨ Î¨É É¥²Ó ³μ¦¥É ´ °É¨, ´ ¶·¨³¥·, ¢ [7, 17, 18]. �É³¥É¨³, ÎÉμ
Ô²¥³¥´É μ¡Ñe³  ¨´É¥£·¨·μ¢ ´¨Ö dr ¢μ ¢Éμ·μ° Ëμ·³Ê²¥ ¢ (1) ¸μμÉ¢¥É¸É¢Ê¥É ¥¢±²¨¤μ¢μ°
£¥μ³¥É·¨¨.

�¡Ð¨³¨ ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ μ¶¥· Éμ·μ¢ p̂μ Ö¢²ÖÕÉ¸Ö 〈r|p〉 (27)

p̂μ〈r|p〉 = pμ〈r|p〉. (37)

ˆ§ (37) ³Ò § ±²ÕÎ ¥³, ÎÉμ ®¶²μ¸±¨¥ ¢μ²´Ò¯ (27) ¤¥°¸É¢¨É¥²Ó´μ μ¶¨¸Ò¢ ÕÉ ¸¢μ¡μ¤-
´μ¥ ·¥²ÖÉ¨¢¨¸É¸±μ¥ ¤¢¨¦¥´¨¥, É. ¥. ¤¢¨¦¥´¨¥ ·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨¨ÍÒ ¸ μ¶·¥¤¥²e´´Ò³
§´ Î¥´¨¥³ 4-¨³¶Ê²Ó¸ . �¶¥· Éμ·Ò p̂μ Éμ¦¤¥¸É¢¥´´μ Ê¤μ¢²¥É¢μ·ÖÕÉ ·¥²ÖÉ¨¢¨¸É¸±μ³Ê ¸μ-
μÉ´μÏ¥´¨Õ ³¥¦¤Ê Ô´¥·£¨¥°, ¨³¶Ê²Ó¸μ³ ¨ ³ ¸¸μ°. (1). ‚ ¦´μ ¶μ¤Î¥·±´ÊÉÓ É ±¦¥, ÎÉμ
¢ É¥·³¨´ Ì ÔÉ¨Ì μ¶¥· Éμ·μ¢ ´ Ìμ¤¨É ¸¢μe ·¥Ï¥´¨¥ ¶·μ¡²¥³  ®¨§¢²¥Î¥´¨Ö ±¢ ¤· É´μ£μ
±μ·´Ö¯ ¢ ¸μμÉ´μÏ¥´¨¨ p0 =

√
p2 + m2c2:

p̂0 〈r|p〉 = p0 〈r|p〉 =
√

p2 + m2c2 〈r|p〉. (38)

‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥

|p| 
 mc, p0 ∼= mc +
p2

2mc
, r � �

mc
(39)
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·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶²μ¸±¨¥ ¢μ²´Ò 〈r|p〉 ¶¥·¥Ìμ¤ÖÉ ¢ ¸É ´¤ ·É´Ò¥ ¶²μ¸±¨¥ ¢μ²´Ò

〈r|p〉 = exp
[
−

(
1 + ir

mc

�

)
ln

(
p0 − pn

mc

)]
∼=

∼= exp
[
−

(
1 + ir

mc

�

)
ln

(
1 − pn

mc
+

p2

2m2c2
+ . . .

)]
∼=

∼= exp
(

i
p · (rn)

�

)
= exp

(
i
pr
�

)
. (40)

‚μ²´μ¢ Ö ËÊ´±Í¨Ö ·¥²ÖÉ¨¢¨¸É¸±μ° Î ¸É¨ÍÒ ³μ¦¥É ¡ÒÉÓ · §²μ¦¥´  ¢ ¨´É¥£· ² ”Ê·Ó¥
¶μ ·¥²ÖÉ¨¢¨¸É¸±¨³ ¶²μ¸±¨³ ¢μ²´ ³

ψ(r) =
1

(2π)3/2

∫
〈r|p〉ψ(p) dΩp. (41)

‘μ¸ÉμÖ´¨Ö ²μ± ²¨§ÊÕÉ¸Ö ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ μ¡ÒÎ-
´Ò³ μ¡· §μ³. �¶¥· Éμ· ¶μ²μ¦¥´¨Ö r̂ ¢ r-¶·¥¤¸É ¢²¥´¨¨ ¤¥°¸É¢Ê¥É ´  ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ
μ¡ÒÎ´Ò³ μ¡· §μ³

r̂ψ(r) = rψ(r). (42)

‘μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ψr0(r) μ¶¥· Éμ·μ¢ r̂, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸μ¡¸É¢¥´´μ³Ê §´ Î¥´¨Õ
r0, · ¢´Ò ψr0(r) = δ (r− r0), Éμ ¥¸ÉÓ

r̂ψr0(r) = rψr0(r). (43)

‘μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ · §²¨Î´Ò³ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³ Å É. ¥.
¸μ¸ÉμÖ´¨Ö, ²μ± ²¨§μ¢ ´´Ò¥ ¢ · §²¨Î´ÒÌ ÉμÎ± Ì, r0 ¨ r̃0 μ·Éμ£μ´ ²Ó´Ò∫

ψr0ψr̃0dr = δ (r̃0 − r0) . (44)

’ ±¨³ μ¡· §μ³ ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ¢Ò¶μ²´Ö¥É¸Ö μ¡ÒÎ-
´μ¥ (É. ¥. ´¥·¥²ÖÉ¨¢¨¸É¸±μ¥ ¶μ Ëμ·³¥) Ê¸²μ¢¨¥ ²μ± ²¨§ Í¨¨.

2. �…‹Ÿ’ˆ‚ˆ‘’‘Š�Ÿ ���
‹…Œ� „‚“• ’…‹

� Î´¥³ ¸ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° É¥μ·¨¨. ƒ ³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò ¤¢ÊÌ É¥² ¨³¥¥É ¢¨¤

H = − �
2

2m1
�r1 −

�
2

2m2
�r2 + V (r) (45)

¨²¨

H = − �
2

2M
�R − �

2

2μ
�r + V (r), (46)

£¤¥

M = m1 + m2, μ =
m1m2

M
,

(47)

R =
m1 r1 + m2r2

M
, r = r1 − r2.
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ˆ²¨ ¢ É¥·³¨´ Ì ¨³¶Ê²Ó¸´μ£μ ¶·μ¸É· ´¸É¢ 

H =
p2

2M
+

p2

2μ
+ V (r). (48)

£¤¥

p = p1 + p2, p =
p1

m1
− p2

m2
. (49)

� Ï ¸¶μ¸μ¡ · ¸¸³μÉ·¥´¨Ö ¶·μ¡²¥³Ò ¤¢ÊÌ É¥² ¤μ¸É ÉμÎ´μ ¨¸±Ê¸¸É¢¥´´Ò°, μ¤´ ±μ μ´
¤μ¶Ê¸± ¥É ¥¸É¥¸É¢¥´´μ¥ μ¡μ¡Ð¥´¨¥ ´  ¸²ÊÎ ° ·¥²ÖÉ¨¢¨¸É¸±μ° ¶·μ¡²¥³Ò ¤¢ÊÌ É¥² ¢ · ³-
± Ì μ¡¸Ê¦¤ ¥³μ£μ §¤¥¸Ó ¶μ¤Ìμ¤ . � ¸¸³μÉ·¨³ ¤¢¨¦¥´¨¥ ¤¢ÊÌ ´¥§ ¢¨¸¨³ÒÌ Î ¸É¨Í ¢ μÉ-

¸ÊÉ¸É¢¨¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ψ
(0)
1 (r1), ψ

(0)
2 (r2). ‡ ¶¨¸Ò¢ Ö ¨Ì ¢ É¥·³¨´ Ì ±μμ·¤¨´ É Í¥´É· 

³ ¸¸ (–Œ) R ¨ μÉ´μ¸¨É¥²Ó´ÒÌ ±μμ·¤¨´ É r, ¶μ²ÊÎ¨³ ®¡¨²μ± ²Ó´ÊÕ¯ § ¢¨¸¨³μ¸ÉÓ ¤²Ö
¨´¤¨¢¨¤Ê ²Ó´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°

ψ
(0)
1 (r1) = eip1r1 = ψ

(0)
1 (R, r) = eip1R exp

(
ip1

m2

M
r
)

,

ψ
(0)
2 (r2) = eip2r2 = ψ

(0)
2 (R, r) = eip2R exp

(
−ip2

m1

M
r
)

.
(50)

„ ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö μÉ· ¦ ÕÉ ÉμÉ ¶·μ¸Éμ° Ë ±É, ÎÉμ ¨´¤¨¢¨¤Ê ²Ó´Ò¥ ¢μ²´μ¢Ò¥
ËÊ´±Í¨¨ ¢ ¶·μ¨§¢μ²Ó´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¨§ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì

¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¢ ¸¨¸É¥³¥ –Œ (É. ¥. exp
(
ip1

m2

M
r
)

¨ exp
(
− ip2

m1

M
r
)
, £¤¥

m2

M
r ¨

−m1

M
r Å ±μμ·¤¨´ ÉÒ ¶¥·¢μ° ¨ ¢Éμ·μ° Î ¸É¨ÍÒ ¢ ¸¨¸É¥³¥ –Œ ¸μμÉ¢¥É¸É¢¥´´μ) ¸ ¶μ-

³μÐÓÕ É· ´¸²ÖÍ¨¨ ´  R. ’ ±¨³ μ¡· §μ³ ³μ¦¥É ¡ÒÉÓ Ë ±Éμ·¨§μ¢ ´  § ¢¨¸¨³μ¸ÉÓ μÉ
±μμ·¤¨´ ÉÒ –Œ R ¨ μÉ´μ¸¨É¥²Ó´ÒÌ ±μμ·¤¨´ É r ¤²Ö ¨´¤¨¢¨¤Ê ²Ó´ÒÌ Î ¸É¨Í. ’¥¶¥·Ó,
¡¥·Ö ¶·μ¨§¢¥¤¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Î ¸É¥° ÔÉ¨Ì ¢μ²´μ¢ÒÌ ËÊ´±Í¨°, ³Ò ³μ¦¥³ ¢μ¸¸É -
´μ¢¨ÉÓ § ¢¨¸¨³μ¸ÉÓ ¶μ²´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ μÉ ±μμ·¤¨´ ÉÒ –Œ R

Φcm(R) = eip1R eip2R = eipR (51)

¨ § ¢¨¸¨³μ¸ÉÓ μÉ μÉ´μ¸¨É¥²Ó´μ° ±μμ·¤¨´ ÉÒ r (±μμ·¤¨´ ÉÒ, μ¶¨¸Ò¢ ÕÐ¥° ¸¢μ¡μ¤´μ¥
¤¢¨¦¥´¨¥ ÔËË¥±É¨¢´μ° Î ¸É¨ÍÒ ¸ ³ ¸¸μ° μ)

φ
(0)
eff (r) = exp

(
ip1

m2

M
r
)

exp
(
− ip2

m1

M
r
)

= exp
[
i

(
p1

m1
− p2

m2

)
μ r

]
= eipr (52)

¤¢ÊÌÎ ¸É¨Î´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨

ψ(0) (r1, r2) = ψ(0)
(
R +

m2

M
r, R − m1

M
r
)

= TRψ(0)
(m2

M
r, −m1

M
r
)

, (53)

TR ri = ri + R, (54)

ψ(0) (r1, r2) = ψ
(0)
1 (r1)ψ

(0)
2 (r2) = φ(0) (R, r) = eipReipr. (55)

’ ±¨³ μ¡· §μ³,

φ(0) (R, r) = Φcm(R)φ(0)
eff (r) ¨ φ

(0)
eff (r) = φ(0) (0, r) (56)
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‚ ¶·¨¸ÊÉ¸É¢¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö φ
(0)
eff (r) § ³¥´Ö¥É¸Ö ´  φeff(r), ±μÉμ-

· Ö Ê¦¥ ´¥ Ë ±Éμ·¨§μ¢ ´  ¨ Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· [
p2

2 μ
+ V (r)

]
φeff(r) = E φeff(r). (57)

�ËË¥±É¨¢´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö φeff(r) ³μ¦¥É ¡ÒÉÓ ¢Ò· ¦¥´  ¢ É¥·³¨´ Ì ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨Ì ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥

φeff(r) =
1

(2π)3/2

∫
eiprφeff(p) dp. (58)

‘¨¸É¥³  ± ± Í¥²μ¥ ¤¢¨¦¥É¸Ö ¸ ¶μ¸ÉμÖ´´Ò³ ¨³¶Ê²Ó¸μ³, É ± ÎÉμ ¢¥²¨Î¨´  Φcm(r) ´¥
¨§³¥´Ö¥É¸Ö ¶·¨ ¶¥·¥Ìμ¤¥ ± ¸²ÊÎ Õ ¸ ´¥´Ê²¥¢Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³. ” ±Éμ·¨§ Í¨Ö ¨´¤¨-
¢¨¤Ê ²Ó´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ´¥ ¨³¥¥É ³¥¸É , μ¤´ ±μ ¸μμÉ´μÏ¥´¨¥ (56) ¢Ò¶μ²´Ö¥É¸Ö.
�μÔÉμ³Ê ¶·¥μ¡· §μ¢ ´¨¥ ”Ê·Ó¥ ¶μ²´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ φ(R, r) = Φcm(R)φeff(r)
¨³¥¥É ¢¨¤

φ(R, r) =
1

(2π)3/2

∫
eiKReikrφp(K, k)dKdk, (59)

£¤¥
φp(K, k) = δ (P − K)φeff(p). (60)

‚ ·¥²ÖÉ¨¢¨¸É¸±μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³ r-¶·μ¸É· ´¸É¢¥ ´¥ ¸ÊÐ¥¸É¢Ê¥É ²μ± ²Ó´μ° É¥μ-
·¥³Ò ¸²μ¦¥´¨Ö, ¶μ¤μ¡´μ° (19), ¨ ³Ò ¤μ²¦´Ò ¨¸¶μ²Ó§μ¢ ÉÓ · §²μ¦¥´¨¥ (30). ˆ§ ¤ ´´μ£μ
· §²μ¦¥´¨Ö ¢ÒÉ¥± ¥É ¸²¥¤ÊÕÐ Ö ®´¥²μ± ²Ó´ Ö¯ É¥μ·¥³  ¸²μ¦¥´¨Ö [4]∫

〈r|p1〉 〈p2|r〉 dn =
∫

〈r|p1 (−)p2〉 dn, (61)

£¤¥ ¢¥²¨Î¨´  q = p1 (−)p2 · ¢´  ¢¥±Éμ·Ê p1, ¶·¥μ¡· §μ¢ ´´μ³Ê ¢ ²μ·¥´Í¥¢Ê ¸¨¸É¥³Ê

μÉ¸ÎeÉ , ¤¢¨¦ÊÐÊÕ¸Ö ¸μ ¸±μ·μ¸ÉÓÕ v =
p2c√

p2
2 + m2c2

:

q = p1 (−)p2, (62)

(p1 (−)p2)0 = (coshχ1 coshχ2 − sinh χ1 sinh χ2 (np1 · np2)) .

Šμ´¥Î´μ, ¨´É¥£· ²Ó´ Ö É¥μ·¥³  ¸²μ¦¥´¨Ö, ¶μ¤μ¡´ Ö (61), ¸¶· ¢¥¤²¨¢  ¨ ¤²Ö μ¡ÒÎ´ÒÌ
¶²μ¸±¨Ì ¢μ²´ ∫

exp
(
ip1

m2

M
r
)

exp
(
−ip2

m1

M
r
)

dn =
∫

eipr dn. (63)

”μ·³Ê²  (63) ´¥μ¡Ìμ¤¨³ , ¥¸²¨ Ê³´μ¦ ÕÉ¸Ö ´¥ ¶²μ¸±¨¥ ¢μ²´Ò,   ¨Ì ¶ ·Í¨ ²Ó´Ò¥ · §-
²μ¦¥´¨Ö (32). ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢ ·¥§Ê²ÓÉ É¥ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ dn ¶· ¢ Ö Î ¸ÉÓ ¢Ò· ¦¥´¨Ö
(52) É ±¦¥ ¨³¥¥É ¢¨¤ μ¤´μ±· É´μ£μ ¶ ·Í¨ ²Ó´μ£μ · §²μ¦¥´¨Ö

eipr =
∞∑
l=0

il (2l + 1) j l

(∣∣∣∣m2p1 − m1p2

M

∣∣∣∣
)

Pl(np · n). (64)
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„ ´´μ¥ Ê¸·¥¤´¥´¨¥ ¶μ Ê£²μ¢μ° ¶¥·¥³¥´´μ° ±μ³³ÊÉ¨·Ê¥É ¸ £ ²¨²¥¥¢Ò³ μ¶¥· Éμ·μ³
ƒ ³¨²ÓÉμ´  (¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò¥ ¶μÉ¥´Í¨ ²Ò):∫ [

p2

2 μ
+ V (r)

]
ψ(r) dn =

[
p2

2 μ
+ V (r)

] ∫
ψ(r) dn. (65)

�¥·¥Ìμ¤Ö ± ·¥²ÖÉ¨¢¨¸É¸±μ° ¶·μ¡²¥³¥ ¤¢ÊÌ É¥², μÉ³¥É¨³ ¶·¥¦¤¥ ¢¸¥£μ, ÎÉμ £¨¶¥·¡μ-
²μ¨¤Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Î ¸É¨Í ³ · §²¨Î´ÒÌ ³ ¸¸, · §²¨Î´Ò (¸³. (1)).

�Éμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¤μ²¦´μ ¡ÒÉÓ ÊÎÉ¥´μ, ´ ¶·¨³¥·, ¢ ¢Ò· ¦¥´¨¨ ¤²Ö ¶²μ¸±μ° ¢μ²-
´Ò (28):

〈r|pi〉 = (coshχi − sinh χi (npi · n))−1−i (rmic/�) , i = 1, 2, (66)

£¤¥ r Ö¢²Ö¥É¸Ö (· §³¥·´Ò³)  ´ ²μ£μ³ μÉ´μ¸¨É¥²Ó´μ£μ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê Î ¸É¨Í ³¨ ¢
·¥²ÖÉ¨¢¨¸É¸±μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥. ’ ±¨³ μ¡· §μ³, ¸¢μ¡μ¤´ Ö ¢μ²´μ¢ Ö

ËÊ´±Í¨Ö ·¥²ÖÉ¨¢¨¸É¸±μ° ¤¢ÊÌÎ ¸É¨Î´μ° ¸¨¸É¥³Ò φ
(r,0)
eff (r) ¶μ  ´ ²μ£¨¨ ¸ (52) ³μ¦¥É ¡ÒÉÓ

¢Ò¡· ´  ¢ ¢¨¤¥

φ
(r,0)
eff (r) =

〈
m2

M
r
∣∣∣∣p1

〉 〈
p2

∣∣∣∣m1

M
r
〉

. (67)

�É  ¢¥²¨Î¨´  μ¶¨¸Ò¢ ¥É ¸¢μ¡μ¤´μ¥ ·¥²ÖÉ¨¢¨¸É¸±μ¥ ¤¢¨¦¥´¨¥ ¢ ¸¨¸É¥³¥ –Œ (¸³.
· §¤. 1) ¨ ¨³¥¥É ¶· ¢¨²Ó´Ò° ´¥·¥²ÖÉ¨¢¨¸É¸±¨° ¶·¥¤¥². ‘ÊÐ¥¸É¢Ê¥É ´¥¸±μ²Ó±μ ¢μ§³μ¦´μ-
¸É¥° μ¡μ¡Ð¥´¨Ö Ëμ·³Ê²Ò (52) ´  ·¥²ÖÉ¨¢¨¸É¸±¨° ¸²ÊÎ °. ŒÒ ¢Ò¡¥·¥³ ¸²ÊÎ °, ´ ¨¡μ²¥¥
¶·μ¸Éμ° ¸ Ëμ·³ ²Ó´μ° ÉμÎ±¨ §·¥´¨Ö ¨ ´ ¨¡μ²¥¥ ¶·μ§· Î´Ò° ¸ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö.
‚ Ö¢´μ³ ¢¨¤¥

φ
(r,0)
eff (r) = (coshχ1 − sinh χ1 (np1 · n))−1−i (m2/M) (rm1c/�) ×

× (cosh χ2 − sinh χ2 (np2 · n))−1+i (m1/M) (rm2c/�) . (68)

ˆ¸¶μ²Ó§ÊÖ É¥μ·¥³Ê ¸²μ¦¥´¨Ö (61), ¶μ²ÊÎ ¥³∫ 〈
m2

M
r
∣∣∣∣p1

〉 〈
p2

∣∣∣∣m1

M
r
〉

dn =
∫
〈r|q〉, dn, (69)

£¤¥ ¢¥²¨Î¨´  q μ¶·¥¤¥²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥³ (62). ‡ ³¥Î É¥²Ó´μ, ÎÉμ ³ ¸¸ , ¢Ìμ¤ÖÐ Ö
¢ ¢Ò· ¦¥´¨¥ ·¥²ÖÉ¨¢¨¸É¸±μ° ¶²μ¸±μ° ¢μ²´Ò ¢ ¶· ¢μ° Î ¸É¨ (69), · ¢´  ¶·¨¢¥¤¥´´μ°
³ ¸¸¥ (47):

〈r|q〉 = (cosh χq − sinh χq (nq · n))−1−i (rμc/�)
. (70)

ŒÒ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¢Ò· ¦¥´¨¥ (70) ± ± ¸¢μ¡μ¤´ÊÕ ÔËË¥±É¨¢´ÊÕ ·¥²ÖÉ¨¢¨¸É-
¸±ÊÕ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ, μ¶¨¸Ò¢ ÕÐÊÕ μÉ´μ¸¨É¥²Ó´μ¥ ¤¢¨¦¥´¨¥. �·¨ ´¥´Ê²¥¢μ³ ¶μ-

É¥´Í¨ ²¥ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö φ
(0)
eff (r) ³μ¤¨Ë¨Í¨·Ê¥É¸Ö ¨ ³Ò ¶·¨Ìμ¤¨³ ± ¢Ò· ¦¥´¨Õ,  ´ -

²μ£¨Î´μ³Ê (58),

φ
(r)
eff (r) =

1
(2π)3/2

∫
〈r|k〉φ(r)

eff (k) dΩk. (71)

� ¸¸³μÉ·¨³ ¤ ²¥¥ ¶·μ¨§¢μ²Ó´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É. ‚ μÉ¸ÊÉ¸É¢¨¥ ¢´¥Ï´¨Ì ¶μ²¥°
¤ ´´ Ö ¤¢ÊÌÎ ¸É¨Î´ Ö ¸¨¸É¥³  ¤¢¨¦¥É¸Ö ¸ ¶μ¸ÉμÖ´´μ° ¸±μ·μ¸ÉÓÕ. �Éμ ¶μ§¢μ²Ö¥É § ¶¨¸ ÉÓ
¤¢ÊÌÎ ¸É¨Î´ÊÕ ·¥²ÖÉ¨¢¨¸É¸±ÊÕ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¢ ¢¨¤¥, ¢´¥Ï´¥ ´¥μÉ²¨Î¨³μ³ μÉ (60):

φ(r)
p (K, k) = δ (P− K)φ

(r)
eff (p) (72)
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¨

φ
(r)
P (R, r) = TRφ

(r)
eff (r) = TR

1
(2π)3/2

∫
〈r|k〉φ

(r)
eff (k)dΩk =

=
1

(2π)3/2

∫
eiPR〈r|k〉φ

(r)
eff (k)dΩk (73)

¨²¨

φ
(r)
P (R, r) =

1
(2π)3/2

∫
eiKReikrφ

(r)
P (K, k)dKdΩk. (74)

�¤´ ±μ ¡¨²μ± ²Ó´Ò° Ì · ±É¥· ¤¢ÊÌÎ ¸É¨Î´μ° ·¥²ÖÉ¨¢¨¸É¸±μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨, ¢
μÉ²¨Î¨¥ μÉ ´¥·¥²ÖÉ¨¢¨¸É¸±μ£μ ¸²ÊÎ Ö, ¸É ´μ¢¨É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³, ¶μ¸±μ²Ó±Ê ¶¥·¥³¥´´Ò¥
R ¨ r ¨³¥ÕÉ · §²¨Î´ÊÕ ¶·¨·μ¤Ê.

3. ‘‹“—�‰ �“‹…‚�‰ Œ�‘‘›

‘²ÊÎ ° m = 0 ¢ μ¡ÒÎ´μ³ ¶μ¤Ìμ¤¥ ¶·¨¢´μ¸¨É ·Ö¤ ¤μ¶μ²´¨É¥²Ó´ÒÌ É·Ê¤´μ¸É¥°. �·μ-
¡²¥³  ²μ± ²¨§ Í¨¨ É· ±ÉÊ¥É¸Ö ´  μ¸´μ¢¥ É¥μ·¨¨ ¨³¶·¨³¨É¨¢´ÒÌ ¸¨¸É¥³ Œ ±±¨ [3,19,20].

‚ · ¸¸³ É·¨¢ ¥³μ³ ¶μ¤Ìμ¤¥ ± ¶·μ¡²¥³¥ ²μ± ²¨§ Í¨¨ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¸μ¸ÉμÖ´¨° ¢Ò-
Ï¥Ê± § ´´Ò¥ ¶·μ¡²¥³Ò μÉ¸ÊÉ¸É¢ÊÕÉ, μ¤´ ±μ ±μ´Í¥¶Í¨Ö ·¥²ÖÉ¨¢¨¸É¸±μ° ¶²μ¸±μ° ¢μ²´Ò
É·¥¡Ê¥É ¤μ¶μ²´¨É¥²Ó´μ£μ  ´ ²¨§ . ‚ μÉ²¨Î¨¥ μÉ ¸²ÊÎ Ö m = 0 ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶²μ¸±¨¥
¢μ²´Ò ¤²Ö ¡¥§³ ¸¸μ¢ÒÌ Î ¸É¨Í 〈ρ̃ | p̃〉 Ö¢²ÖÕÉ¸Ö ¸¨´£Ê²Ö·´Ò³¨ ËÊ´±Í¨Ö³¨ ¨ É·¥¡ÊÕÉ ·¥£Ê-
²Ö·¨§ Í¨¨. Š ± ³Ò Ê¢¨¤¨³ ´¨¦¥, ¢ · ³± Ì · ¸¸³ É·¨¢ ¥³μ° ±μ´Í¥¶Í¨¨ ²μ± ²¨§μ¢ ´´ÒÌ
¸μ¸ÉμÖ´¨° ¤·Ê£¨Ì ¸¨´£Ê²Ö·´μ¸É¥° ¢ É¥μ·¨¨ ¡¥§³ ¸¸μ¢ÒÌ Î ¸É¨Í ´¥ ¢μ§´¨± ¥É. �¤´ ¦¤Ò
¢Ò¡· ¢ ¸¶μ¸μ¡ ·¥£Ê²Ö·¨§ Í¨¨, ³Ò ´ Ìμ¤¨³ ·¥Ï¥´¨¥ ¶μ¡²¥³Ò ²μ± ²¨§ Í¨¨ ¡¥§³ ¸¸μ¢μ°
Î ¸É¨ÍÒ ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ±μ´Ë¨£Ê· Í¨μ´´´μ³ ¶·μ¸É· ´¸É¢¥. „²Ö ¶·μ¸ÉμÉÒ ¡Ê¤¥³ · ¸-
¸³ É·¨¢ ÉÓ É¥μ·¨Õ ¸ ¤¢Ê³Ö ¶·μ¸É· ´¸É¢¥´´Ò³¨ ¨§³¥·¥´¨Ö³¨. ’μÎ±  ´  ¢¥·Ì´¥° ¶μ²¥
±μ´Ê¸  ³ ¸¸μ¢μ° ¶μ¢¥·Ì´μ¸É¨ ¡¥§³ ¸¸μ¢μ° Î ¸É¨ÍÒ

pμpμ = (p0)2 − p̃2 = 0, p0 � 0, p̃2 = p1
2 + p2

2 (75)

¶ · ³¥É·¨§Ê¥É¸Ö ¢ ¢¨¤¥

{pμ} = {s, s cosφ, s sinφ}, 0 � s < ∞, 0 � φ < 2π. (76)

‘μμÉ¢¥É¸É¢¥´´μ ·¥²ÖÉ¨¢¨¸É¸±μ¥ ±μ´Ë¨£Ê· Í¨μ´´μ¥ ¶·μ¸É· ´¸É¢μ ¤¢Ê³¥·´μ. Šμμ·¤¨-
´ ÉÒ ¢ ÔÉμ³ ¶·μ¸É· ´¸É¢¥ μ¶·¥¤¥²ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö³¨

ρ̃ = {ρ cosα, ρ sinα}, 0 � ρ < ∞, 0 � α < 2π. (77)

‡ ¶¨Ï¥³ ·¥²ÖÉ¨¢¨¸É¸±ÊÕ ¶²μ¸±ÊÕ ¢μ²´Ê ± ±

〈ρ̃ | p̃〉 = 〈ρ, α | s, φ〉 = s−iρ−(1/2) (1 − cos (φ − α))−iρ−(1/2)
+ , (78)

£¤¥ μ¡μ¡Ðe´´ Ö ËÊ´±Í¨Ö x+ μ¶·¥¤¥²Ö¥É¸Ö ± ±

xλ
+ =

{
0, x � 0,
xλ, x > 0,

(79)
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¨²¨

xλ
+ =

eiπλ (x − iε)λ − e−iπλ (x + iε)λ

2i sin iπλ
. (80)

� §²μ¦¥´¨¥ ¶²μ¸±μ° ¢μ²´Ò (78) ¨³¥¥É ¢¨¤

〈ρ, α | s, φ〉 =
2−iρΓ ((1/2) − iρ) Γ (−iρ) s−iρ−(1/2)

√
2 π

×

×
∞∑

n=−∞

(−1)n ein(φ−α)

Γ ((1/2) + n − iρ) Γ ((1/2)− n − iρ)
. (81)

�²μ¸±¨¥ ¢μ²´Ò Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Ö³ μ·Éμ£μ´ ²Ó´μ¸É¨

1
(2π)2

∫
〈ρ̃ | p̃〉 〈p̃ | ρ̃′〉 dΩp =

δ (ρ̃ − ρ̃′)
μ(ρ)

, (82)

£¤¥

μ(ρ) = ρ tanhπρ, (83)

¨ ¶μ²´μÉÒ
1

(2π)2

∫
〈p̃ | ρ̃〉 〈ρ̃ | p̃′〉 dΩρ = |p̃| δ (p̃ − p̃′) , (84)

£¤¥

dΩp =
dp̃

|p̃| , dΩρ = ρ tanhπρ. (85)

‚ ¸¢¥É¥ ¢ÒÏ¥¸± § ´´μ£μ Ö¸´μ, ÎÉμ ²μ± ²¨§ Í¨Ö ¡¥§³ ¸¸μ¢μ° Î ¸É¨ÍÒ ¢ ·¥²ÖÉ¨¢¨¸É-
¸±μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ¢ ¶·¨´Í¨¶¥ ´¥ μÉ²¨Î ¥É¸Ö μÉ ¸²ÊÎ Ö m = 0.
‹μ± ²¨§μ¢ ´´Ò¥ ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¸μ¸ÉμÖ´¨Ö  ´ ²μ£¨Î´Ò ´¥·¥²ÖÉ¨¢¨¸É¸±¨³. �¶¥· Éμ· ¶μ-
²μ¦¥´¨Ö ρ̂ ¢ ρ-¶·¥¤¸É ¢²¥´¨¨ ¤¥°¸É¢Ê¥É ´  ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ μ¡ÒÎ´Ò³ μ¡· §μ³

ρ̂ψ(ρ) = ρψ(ρ). (86)

‘μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ψρ0
(ρ) ±μμ·¤¨´ ÉÒ ρ, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸μ¡¸É¢¥´´μ³Ê §´ Î¥-

´¨Õ ρ0, ¨³¥ÕÉ ¢¨¤ ψρ0
(ρ) = δ (ρ − ρ0). ’ ±¨³ μ¡· §μ³,

ρ ψρ0
(ρ) = ρψρ0

(ρ). (87)

‘μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ · §²¨Î´Ò³ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨Ö³, ρ0 ¨ ρ̃0

μ·Éμ£μ´ ²Ó´Ò ∫
ψρ0

ψ
˜ρ0

dρ = δ (ρ̃0 − ρ0) , (88)

É. ¥. Ê¸²μ¢¨¥ ²μ± ²¨§ Í¨¨ ¢ ·¥²ÖÉ¨¢¨¸É¸±μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ´¥μÉ²¨Î¨³μ
¶μ Ëμ·³¥ μÉ ¸É ´¤ ·É´μ£μ Ê¸²μ¢¨Ö ²μ± ²¨§ Í¨¨ ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ° É¥μ·¨¨.
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