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OU3UKA TBEPIOI'O TEJIA U KOHIEHCHPOBAHHBIX CPEN

STOKES-ANTI-STOKES
ENTANGLEMENT IN STIMULATED
RAMAN SCATTERING

A. V. Chizhov'!

Joint Institute for Nuclear Research, Dubna

A cavity model of Raman scattering from phonons by an undepleted laser field is considered. The
fields in the interaction are coupled to the boson reservoir that produces the damping mechanism in the
model. An analysis for the origination of quantum entanglement between the Stokes and anti-Stokes
fields, depending on their coupling constants with the reservoir bosons and on the state of the reservoir,
is performed under the assumption of the initial coherent state of phonons.

P ccM TpuB eTcs pe3oH TOpH s MOzeNnh KOMOMH LIHOHHOTO P cCesHHS H (POHOH X C KJI CCHYECKOH
71 3epHOH H K 4KOH. B3 mMoxeiicTByromue mosnst cBS3 HBl ¢ GO30HHBIM pe3epBY poM, 4TO obecriedyd-
B €T MeX HHU3M IIOTeph B MOZEIH. AH JIU3UPYIOTCS YCIOBHS BO3HUKHOBEHHS! KB HTOBOTO NEPETyThIB HUS
MEXJly CTOKCOBBIM M HTHCTOKCOBBIM IIOJISIMH B 3 BHCHMOCTH OT MX KOHCT HT B3 UMojeiicTBusd ¢ 6030-
H MH B pe3epBy pe U OT COCTOSHHS PE3ePBy P B MPEANONOKEHHH, 9TO (DOHOHBI U3H 4 JIBHO H XOIUIHCH
B KOT€PEHTHOM COCTOSIHUH.

PACS: 03.67.Bg; 01.30.Cc; 03.67.-a

INTRODUCTION

Stimulated Raman scattering is a useful method for spectroscopy in condensed matter
physics and in examining fundamental aspects of quantum electrodynamics. Investigation of
the nonclassical behavior of stimulated Raman scattering has been the subject of a number
of papers [1,2]. Recently, in view of the development of quantum information there has
been arisen some interest in the study of the entanglement phenomenon between the fields in
Raman scattering and estimation of the measure of their entanglement [3,4].

In this paper, the entanglement initiation between scattered fields in stimulated Raman
scattering with damping is considered with taking into account the dynamics of phonons. It
allows one to study the quantum correlations in the model on conditions that phonons can
initially be in a coherent state rather than in a chaotic one.
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1. MODEL

In this model, we assume an undepleted laser field of frequency wy, and phase ¢p,
which can be treated classically. The fields in the interaction, a;, are the Stokes field,
subscript S, anti-Stokes field, subscript A, and vibrational phonon field, subscript V'; their
respective frequencies are wg, wa, and wy. The boson reservoir with multiple modes, I;l(j ),
and frequencies wl(j ), provides a damping mechanism for the single-mode fields through its

interaction with coupling constants «;. The Hamiltonian of the system is given by [5]

H = hwyal,ay +hwsalas+hwadaa+hd S (0009 +rpualbl? +r%a,00")~
J l

— (hgsakal, =" @rt+or) 4 pgayal e (@rtHor) L he), j=V,8 A4, (1)

where the laser—Stokes and laser—anti-Stokes coupling constants are gg and g4, respectively.
The operators a; and bl(j ) satisfy the commutation relations

la,al] =, b, 00T = e, Gk =V, 5, A @)
The frequencies wy, wg, wa, and wy are assumed to satisfy the resonance condition

ws = wr — wvy, WA =wp +wy. (3)

The reservoir frequencies d)l(j ) are considered to be strongly coupled only to those radiation

modes for which wl(j) ~ wj.
The Heisenberg equations of motion are given by

da , . .
BV — vy + igsak e HWHtmOL) gt etlwrt—on) _ ZZ nVlbl(V),
dt p
da . .
% = —lwsag + igsd{; e iwrt=¢L) _ Zzl: /@Slbl(s),
i “)
% = —iwAld +igaay e (WEtmoL) Zzl: HAIBZ(A)’
d? i)
dlt = —zwl(])bl(]) — 1Ky 05.

In the Markorvian approximation, the equations are simplified by eliminating the BZ(J ) opera-
tors. These equations in the interaction picture a;(t) = A;(t) e~*s! are reduced into

dA Lo ot e —ibr 3 2
d—tv =—5wAv +igs eVt Al +igh eV Ay + Fa,
dA | ~
dts = —5sds +igse Wi Al + s, %)
dAa

1
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where the Langevin forces due to the boson fields are
o x 7(V) —i(p") —wy )t
Fy = zanbl (0)e "% ,
l

Fs =03 maibf*) (0) 70—, ©)
l

Fa= i3 RO 0) e o
l

which satisfy the quantum fluctuation—dissipation theorem, and v; = 27|r;(w;)|?0(w;) are
the damping constants, p(w,) is the density function of the damping oscillators.

The equations of motion in Egs.(5) can be directly solved using the Laplace transform
method and the solutions are given as

Av () = Av(B)ayv + As()al + Aa(t)aa + > [Avi(0)b") + Asi ()b + Aai()bf ],
l

As(t) = pv (t)al, + pst)as + pat)aly + S [Myvi)b"T + M ()™ + Mo (861,
l

Aa(t) = vw(Day +vs(t)al +va)aa + Y [Nvi®)b” + Nai(®)b™T + Na(6)bi],
l

where the operators on the right-hand side are with respect to the initial state and explicit
forms of the time-dependent functions are written down in [6].

2. THE WIGNER FUNCTION

The dynamics of the fields can be described by means of the Wigner function. Let us
define the symmetric characteristic function for the Stokes, anti-Stokes and phonon fields with
the assumption that they are initially in coherent states |ag), |aa), and |y ), respectively,
whereas the reservoir is found in a chaotic state with the boson mean number (n):

Xevm (B Bs, Bait) = Tr { o(0) exp [ By AL (6) + Bs AL (8) + Badly(6) ~ he |} =
= exp { = By(IBv* = Bs(t)|Bs|* = Ba(t) 8al*+
+ [Dy5(t) By Bs + D 4(t)Bsfa + Dva(t)By By + c.c.] +
+ [0p (D8s + a5(OBy + ai()Ba —ce] }, (D)

where

ayv(t) = Av(t)ay + As(t)as + Aa(t)aa,
as(t) = py (t)ay + ps(t)os + pa(t)ad, ®)
as(t) =vv()ay +vs(t)as +va(t)aa,
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and the functions at bilinear variables for vy = vg = y4 = v are

By (t) = s + (n)(1 — e + 2(n) + 1) Y |Asu(t),
l

Bs(t) = [pv (O + lpa(®)]? = ((n) + 1)(1 — e )
+(2n)+1) Y [Ma(t)?,
l

Ba(t) = [vs() + (n)(1 = e77) + (2(n) + 1) Y [Nsu(1)?, €)
l

Dys(t) = As(t)us(t) + (2(n) +1) Y Msi(t)Asi(t),
l

Dsa(t) = ps(t)vs(t) + (2(n) +1) > Msi(t)Nau(t)
1

Dya(t) = —v5(t)As(t) + (2(n) +1) Y Ng(t)Asi(t).
l

Then the Wigner function of the fields under consideration reads as

W(er,€s.6ait) = =5 [ dBvaisc Baexp (6w i - 600+
+ (§s8s — &5Bs) + (Eafa — €aBa)] Xsym (B, Bs, Bast).  (10)

In order to describe the dynamics of the scattered Stokes and anti-Stokes fields, it is necessary
to pass on to the marginal Wigner function as a result of integration of (10) over the phonon
variable

Wi(Es.ait) = [ @EW(Ev.Es.60) = s exp{ - 57 (Ba®les —as()P+

+ Bs(t)[€a — aa()’ = [Dsa(t)(€s — as(t)(€a — as(t)) + C~C~]) } (1)

with the normalization
N(t) = Bs(t)Ba(t) — [Dsa(t)[. 12)

3. STOKES-ANTI-STOKES ENTANGLEMENT

The Wigner function (11) of the Gaussian type can be represented in the form

1 1
Wyit) = ———exp —=y 'V (¢ } 13
) = p{ V) (13)
with the help of the covariance matrix
BA 0 RGDSA ImDSA
V — X Z o 0 BA ImDSA —ReDSA (14)
B ZT Y o ReDSA ImDSA BS 0 ’

ImDSA —ReDSA 0 BS
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and the vector v = (¢s, ps, qa,pa) is composed by the real elements ¢; = v/2Re[¢; — a;(t)]
and p; = v/2Im[&; — o ()]

The covariance matrix (14) can be used to reveal the presence of entanglement in the
Stokes—anti-Stokes subsystem during its evolution by taking into consideration the measure of
entanglement for Gaussian states suggested in [7]. This measure is completely defined by the
symplectic spectrum of the partial transform of the covariance matrix that for the form (14)
leads to the following expression of the logarithmic negativity [4]:

1
E = —5log, [4f(V)], (15)
where
det X + detY det X + detY 2
f(V)z%—detZ—\/(%—detz) —detV =

1
:5 Bg—I—BE‘+2|DSA|2—(Bs+BA)\/(Bs—BA)2+4|DSA|2 . (16)

It shows the measure of entanglement for ¥ > 0, and the case of ' < 0 indicates the
separability of the subsystem state.

The behavior of the logarithmic negativity (15) depending on the interaction time and the
boson mean number in the reservoir for various damping constants is displayed in Fig. 1 for
the case gs < ga. If the damping constant -y is much less than the field—pump constants gg, 4,
E shows slightly decaying oscillations with definite regions where it takes on positive values
indicating the entanglement in the subsystem of the Stokes and anti-Stokes fields, Fig. 1, a.
These regions are shrunk when the boson mean number increases that demonstrates the
phenomenon of the entanglement destruction by the reservoir noise. A similar periodicity
in time of the antibunching effect between the Stokes and anti-Stokes modes was observed
in [5]. As the damping constant ~y increases, an oscillatory character of E still remains
but the rate of the oscillation damping of the logarithmic negativity turns out to be more
noticeable, Fig.1,b. In case the damping constant 7 becomes comparable with the field—
pump constants gg 4, the logarithmic negativity no longer displays oscillations and keeps
moderate positive values only in a short range of variation of the boson mean number near
to zero, Fig. 1, c.

Fig. 1. Logarithmic negativity £ (15) vs. the scaled time I't and boson mean number (n) in the
reservoir for g4 = 295 = 2-107 s71 (I' = (¢4 —g2) Y2 ~ 0.58 - 1077 s) and v = 10° s ! (a),
v=10%s71 (b), y =107 57! (¢
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In conclusion, it is worth noting that the peculiar pattern of entanglement between the
Stokes and anti-Stokes fields found out in the paper may have promising applications in
optical communication and quantum information processing.
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