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The theory of spinor field in the general case of Riemannian space-time is
reviewed in [1]. The metric in four-dimensional space-time for any ortogonal
coordinates &, 7, (, 7 has the following form:

ds* = h? d€* + h2 dn? + h? d¢? — B2 dr?, (1)

where hg, by, he, s are some functions depending on &,7,¢ and 7.
The Dirac-Fock-Ivanenko equation for the spinor field ¥ in Lame basis

f'=hodr, f' =hi d¢, f* = hydn, f* = hy d( (2)

we can write as

5. H* 9 [ ime
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0 0 0 —1 0 01 0
o_| O 01 0 1[0 00 -1
H = 0o -10 o0} H 11 00 0|’
1 00 O 0 -1 0 0
0 0 2 0 0001
2 0 0 0 =2 3 | 0010
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These matrixes, H* and K, are chosen in accordance to the ones in the
book [2] of Elie Cartan, who ”is the creator of general spinor theory, which
foundations were published in 1913 in his classical research in the theory of
representations of simple groups.” (The quotation is taken from the preface
to the Russian translation of the book [2], which is written by the well-known
geometrician P. Shirokov from Kasan university, who recommended this book



not only for beginners in mathematics, but for theoretical physicists, wanting
to get a deeper knowledge of spinor theory).
The particular case is the Lobachevsky space-time with the metric

ds® = di* — c2dt? | (6)

where dI? is a metric in Lobachevsky space, ¢ is the speed of light, ¢ is time.
For example, in the spherical coordinates the metric di? is

di2 = dp? + r2d6? + rsin 0 dg? | (7)

where
r = ksinh % , (8)

k is characteristic measure of lenghs in Lobachevsky space.
Choosing the Lame basis in the form

fo=cdt, fl=dp, f°=rdf, f>=rsinbdp, 9)

we can write the equation of Dirac-Fock-Ivanenko for the spinor field ¥ in
the Lobachevsky space-time in the following kind:

E@_W+E6(TW)+ H? B(VSinO\II)_I_ H® 9¥ _ imc
c Ot r  0Op r+/sin 6 00 rsinf 0¢p  h

Let us transform this equation to the special form like the one, which
Dirac has found in the paper [3] in 1935. In the paper [4], the procedure of
such transformation have been worked out in the case of De Sitter spherical
space-time. The procedure is based on the transformation from basis f to
basis dz in enveloping pseudo-Euclidean space.

In conformity with the afore-mentioned procedure let us put

KV . (10)

x=Rsinh£sinHCos¢, y=Rsinh£—sin0sin¢, (11)
z=Rsinh£cos€, u=Rcosh£.
k k
So far as R
2
da? + dy? + dz® — du? = (E) di* — dR? | (12)



then in the four-dimensional pseudo-Euclidean space-time with Cartesian
coordinates
=z =y, 2P=2z z*=u (13)
the inner geometry of the three-dimensional surface, which is set by equations
(11) with R = k, is has coinsided with the Lobachevsky geometry.
Let us consider the differential forms (9) together with the form f* = dR.
Accodding to (12) on the surface R = k have fulfilled the following equation:

Nap dz°dz® = gy fO£° (14)

where is meant summation up from 1 to 4 by the indexes @ ad b. The
numerals 7, are equal 0, if a # b, and 711 = 722 = m33 = 1, Nyga = —1. The
numerals 7,, form metrical tensor of the four-dimensional pseudo-Euclidean
space-time in the basis dzx. '

In view of the equation (14) the transition from the basis f to the fasis
dz is achieved by the Lorenz transformation

fe=L¢da®. (15)

Differentiating functions (11), we can get constructively the inverse transfor-
mation 5
dx® = L¢ f°. (16)
The mutually inverse matrixes L and L are linked by the orthogonality con-
dition ~
_ Nas Ly = mhs L, . (17)
Then it is convinient to introduce matrixes

H,=H', Hy=H? Hs;=H? Hy=-iK, H*=iK. (18)

They fulfill the following requirements

Ha, = nabe ) (19)
H,Hy+ HyHy = 274 - (20)

Moreover
H,H+ H°H,=0, H°H°=-1. (21)



A matrix S can be selected so, that the following equations are accomplished:
SH*S™ = L¢H®, S7'HS=L{H®,
S'H,S=L'H,, SH,S™'=1I'H,. (22)
If it is designated as
dX = Hydz®, F=H,F*, (23)
the terms will come out as
dX =SFS™', F=571dXS. (24)

When making a transition from basis f to basis dX, the spinor ¥ is tran-
srorms with the help of the substitution

==287, (25)

so that
dX==SFV . (26)

Differentiating (11), we get the transformation

dr = cosh% sinf cos¢ f' +cosf cos¢ f2 —sin¢ f3+ %f“ ,
dy = COSh% sinf sing f' +cos sin¢g f2 +cos¢ f3 + % f,
dz = cosh% cosf f! —sinf f2 + % 4,
du = sinh% Lt % £t (27)
It follows from (27) that 5
kLi=a", (28)
and so, according to the last of the formulas (22), we get
kSHS™' =X, (29)
where
X =H,z". (30)



In a detailed form we get
SH,S™ = S(—iK)S™! = (31)

= sinh i]:i [sin O(H" cos ¢ + H?sin ¢) + H® cos 8] — iK cosh % .
In the present case the matrix

v

Ly Ly Ly L

L= (32)
Ly Ly L3 I
can be factorized into the product
.Z/ = f/lfzzf/;;i/‘;
of four matrixes
cos¢p —sing 0 0 cosf 0 sinfd 0
|- sing cos¢p 0 0O - 0 1 0 0
Tl oo 0 10| ™ | —sinf 0 cosf 0 |’
0 0 01 0 0 0 1
10 0 0 0100
v 01 0 0 v 0010
La=19 0 cosh2 sinh2 |’ Li=11 00 0 (33)
0 0 sinh# cosh? 0001
Accordingly matrixes S and S~! can be factorized into the products
S = Sl Sz S3 S4 and S_l = (54)—1(53)_1(32)_1(51)_1
of following matrixes:
Sh =cos? + H,H, sin ?,‘ Sy = cosg+H1H3 sing, (34)
2 2 2 2
ngcosh£+H4H3sinh£ Sy = l (Hl—Hg) (HQ—HQ,)
2k 2k’ 2



and

(S1)7! = cos g + H;Hysin g
(Sp)~t = cosg + H3H; sin g
(S3)™! = cosh 5% + H3H,sinh 5%

(817" = 5 (Hy ~ Hy) (Hy ~ Hy).
Now let’s make up the following table:

(S1)"*H'S, = H'cos ¢ — H?sin ¢

(S1)"'H?S, = H'sin ¢ + H?cos ¢
(S))'H3S, = H?
(S,)"'H*S, = H*

(S2)'H'Sy = H'cos§ + H®sin 6
(So) " H?2S, = H?

(Sp) *H3S, = —H'sinf + H® cos 6
(Sy)'HS, = H*
(S3)"*H'S, = H!
(S3)"*H?S, = H!

(S3) ' H3S3 = H® cosh % + H3sinh %

(S3)"'H*S3; = H®sinh —g + H?® cosh %

(Sy)'H'S, = H?
(S4)_1H254 = H3
(54)_1H354 = Hl

(o)~ HAS, = H*.



Using this table we can find the following representation of transformation
(27):

STHS = choshgsin9c05¢+Hzcosﬁcosgb— H3sin ¢ + H* E,
STIH?S = chosh%sinOsin¢+H%os€sin¢+H3cos¢>+H4 %,

STIH3S = chosh% — H?sinf + H* %,

STUH'S = H! sinh—z— + H* % (36)

Multiplaying equations (36) from the left by S and from the right by S~!,
we shall get a system of linear equations. It follows from the last system that

SH'S™ = [(H"cos ¢ + H?sin ¢) sin 6 + H® cos 6] coshg— - H4sinh£ ,

SH?S™' = (H"cos ¢ + H?sin @) cos§ — H’sin @ ,
SH3S™' = —H'sin¢ + H*cos ¢ ,

X
SH*S™! = T (37)
Now let’s introduce the following operators:
3] 10 1 0
T Trae ©T remoas (38)
With a help of the table (35) it is not difficult to prove that
1
-1, o _ E 4
ST e1S =e + 2kH1H R
S'eyS = e + — HyH* + — HyH' coth 2 (39)
2 2 ¥ op it o512 e
§71esS = e + — HyH* + — HyH' coth 2 + %0 i1, g2
TR g 2% ° koo T
and so
3 3 H'dr H? dvsinf 3H!
H"S'e,S=% H'e, + —— + + : 40
;;1 VZ=:1 r dp  ry/sinf df 2k (40)



Taking into account the substitution (25), we get

H' 0(r¥) N H? §(V/sin0¥) + H® 00
r  dp rv/sin 0 00 rsind ¢

’ 1 3 1
=) H"Se,E+ —H,ST'E.
’/2;1 S7e,E+ 2%
Substituting this equality into the equation DFI (10), multiplying the ob-
tained result from the left by kS and taking into account (29), we trasform
(10) to the form

koE 3 3. X
== H"S '¢,E S)TE=
H cat+§1ks Sle +(m+2)k 0, (42)
where "
mc

In order to count incoming in (42) the sum ¥ together with the vectorial
fields (38) let’s introduce the field

0 1,0
and the vectorial fields 8/0z®, which are taken with R = k,
Since Lie, = 8/0a" and kSH*S™! = —z,H® (see Eq. (37)), the following
equality is correct:

€

3
> kSH”S™'e, = kSH*S e, — kSH'S ey = H'm, , (45)
v=1

where

0 0 0 0 0
my ka +xﬁ,m2 ka—-i-yﬁ,ma‘—ka‘f%@» (46)
0
my = ka—- - ua—I{'

are the generators of the conformal transformations of Lobachevsky space.



As a result, equation (10) transforms to the following equation:

HOS%—:+H“maE+(m+g)£]§—E=O. (47)

In fact in the paper [3] Dirac has offered not one, but two special forms

of the spinor equation (in the spherical space-time). We already have come

to the one of them in the examinated case (in the Lobachevsky space-time,

see Eq. 47). To transform equation (47) to the another special form, let’s

introduce generators my, of the isometric transformations of Lobachevsky
space, which are equal

9 .
Map = zaéﬁ - mb'az; ) (48)
and the operator, which is equal
1 arrb 1 a a 0
—2-HHmab=—2-(XH —HX)'é'x—a (49)
Noticing
H°X + XH® =2z°, (50)
we write following equations:
0 1 7] 0
¢— H*X = - (XH*-H°X)— =(XH*-2z)—.
(@ Joz = 3 H'X) gge = XH" =255
It is not difficult to prove that right one of them gives
1 X
5 HH'mgy = - Homa (51)
and the left one of them gives
L HoHPmg, = 3 — Hom, 2 . | (52)
2 k
Consequently, the operator
3 X
=H'm, + - =
N Mat 35 o (53)



is anticommutating with the operator X:
NX+XN=0.. (54)

Equally, the operator

I - 3
M=o H'H'ma — 3 (55)

is anticommutating with the operator X:
MX+XM=0.. (56)

The equation (47) can be written down through the operator N in one
special form, which is:

ko= X
07— = -
H T +Nu+mk

and through the operator M in the other special form, which is:

E=0, (57)

XH9=
- =E=mE. 8
- o + m (568)
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Vpasuenue [lupaka B npoctpaHcTse-BpeMenH Jlo6aueBckoro

IpoctpancTBo-BpeMs JIo6aueBCKOro ONpenendeTcs Kak IpsMoe IpOM3Besie-
Hue npocTpanctsa Jlo6ayeBckoro Ha ock BpeMenH. IIpoctpancTso Jlo6aueBckoro
paccMatpHBaeTcs KaK MOJIOCTb THIepOosIona B YETHIPEXMEPHOM IICEBIOEBKIIHIO-
BOM mpocTpaHcTee. YpasHeHue Jlupaka—Poka-1BaHEHKO NPUBOAUTCA K ypaBHe-
Huio [Jupaka B IByX CHELHAIBHBIX BUIAX MyTeM nepexona ot Gasuca Jlame B npo-
ctpancTBe JI06aueBCKOro K IeKapToBy 6asuCy B 0GBEMITIONMIEM IICEBIOEBKIIMIOBOM
MPOCTPaHCTBE.

Pa6ora BemosnneHa B JlaGoparopun Teoperuyeckort ¢usuku um. H.H.boro-
mo6osa OMSIH.
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The Dirac Equation in the Lobachevsky Space-Time

The product of the Lobachevsky space and the time axis is termed
the Lobachevsky space-time. The Lobachevsky space is considered as a hy-
perboloid’s sheet in the four-dimensional pseudo-Euclidean space.
The Dirac-Fock-Ivanenko equation is reduced to the Dirac equation in two spe-
cial forms by passing from Lame basis in the Lobachevsky space to the Cartesian
basis in the enveloping pseudo-Euclidean space.

The investigation has been performed at the Bogoliubov Laboratory of Theo-
retical Physics, JINR.
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