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Introduction

The K.z decay is important since it is the cleanest way to measure the Vs matrix
element of the CKM matrix. If one uses the current values for V4, Vs, and Vy, taken
from the PDG then [V,4|? + |Vis|? + [Vip|? misses unity by 2.2 standard deviations
which contradicts the unitarity of the CKM matrix and might indicate physics
beyond the Standard Model. The uncertainty brought to the above expression by
Vs 1s about the same as uncertainty that comes from V4, therefore reducing the
error in the V,, matrix element would reduce substantially the error in the whole
unitarity equation. In order to extract the 1, matrix element from the K,3 decay
width with high precision one needs a good estimate of the radiative corrections
that in general could be of the order of few percent.
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Figure 1: virtual photons

Figure 2: real photons

For corrections due to virtual photons see figure 1, for corrections due to real
photons see figure 2.



The calculations of the radiative corrections to the K.3 decay were performed
independently by E.S.Ginsberg and T.Becherrawy in the late 60’s [2, 1]. Their
results for corrections to the decay rate, Dalitz plot, pion and positron spectra
disagree, in some places quite sharply; for example Ginsberg’s correction to the
decay rate is —0.45% while that of Becherrawy is —2%. We have decided to perform
a new calculation because of the results of new experiments will become available
soon and because of the existing descrepancies in the previous calculations. This is
the motivation for the present paper.

The lowest order perturbation theory (PT) matrix element of the process

K*(p) = 7°(p)) + e* (pe) + v(py)

has the form
_Gr
V2

where F,(t) = %(p + p'), f+(t). Dalitz plot density which takes into account the
radiative corrections (RC) of the lowest order PT is

M Vo B (1) a(py) v (1 + v5)v(pe) (1)

d’T

——— = p(y,2) = poly, 2)(1 +9), (2)

dydz

where
WE Gzﬁ Vo2
ofy,2) = METly 7 24,2,
Aoy, 2) = 4{(z +y = 1)(1 = y) = 7] + O(re). (3)
Here we follow the notation of [4]:

re = mg/Mic,rr = my /M ; (4)

where m,, m,, and My are the masses of electron, pion, and kaon;
y = 2ppe/ M, z = 2pp' M . (5)

In the kaon’s rest frame, which we’ll imply throughout the paper, ¥ and z are the
energy fractions of the positron and pion,

y=2E,/My ,z=2E./My . (6)



The physical region for y and z is

2Te <y<l+re—ry,

Fi(y) - Faly) < 2 < Fi(y) + Fa(y)

Fy)=QC-y)(l+re+tra—y)/ 20 +r.—y)],
By) = vy —dre(l4+re—re—y)/2(L+ 71— y)] . (7)

For our aims we use the simplified form of physical region (omitting the terms of
the order of r.):

T’TI'
1—y+m<z<1+rﬂ, Yo<y<l—rr; (8)

and choose the values of y and z inside this region with an additional requirement
that the value of Ag/4 is larger than 0.07 (see table 1). In terms of the kinematic
variables the momentum transfer squared between kaon and pion is:

t=(p—p) =Mg(l+rs—2z)

We accept here the following form for the strong interactions induced formfactor

f+(@):

f(t) = Ij*t“l*""p“, (9)

MZ T

which takes into account the K7} -meson intermadiate state with quantum numbers
I(J*) = (17), mass of M = 892MeV, and the width of I' = 50MeV.

Taking into account the accuracy level of 0.1% for determination of p/py we
will drop the terms of order r,. We will distinguish 3 kinds of contributions to 9:
from emission of virtual, soft real, and hard real photons in the rest frame of kaon:
§ = &y + ds -+ dy. Standard calculation (see Appendix A for details) allows one to
obtain the contribution from the soft photons dg:

21 1 2
(Ly—m22E 1, A T (10)

05 = A2 4 6

>HQ

where Lg = 2Iny + ln L X\ is (fictituous) photon mass and Ae is the maximal
energy (in the rest frame’ of kaon) of a real soft photon. We imply Ae << Mg/2.
When calculating hard real photons we must distinguish between inner bremsstra-
hlung (IB) and the structure-dependent (SD) contributions: 65 = Dyp+Din+Dsp,
where D;,; is the interference term between the two. The terms D, and Dgp we
consider in the frame of the chiral perturbation theory (ChPT) to the orders of
(p?) and (p*) and find their contribution to be at the level of 0.2%. The natural



suggestion is that the contribution from SD part in virtual photon emission (which
we do not calculate here) is of the same order of magnitude. The uncertainty in the
SD contributions restricts the level of accuracy of our calculation. So the result of
our calculation may be written in the form (which is our final result):

;’ (1+ 65+ (v +0m)y5) (1+0 (2 x 107%)) . (11)
0

The total 1-loop RC may be written in form(details in Appendices A,B):

ds + (Ov +du) s =

N
o 3 de 1+ (75) Aoy + =, 2)
—(Lsg—1) |2InA+ = —
g (Lo = 1) |20 +2+/y 1—2 Ayly,2)

v A—0

dz (2y +2)Ao(y + 7, 2)
L~ Lgln InN + - /
{4 P 2Jo v (y+a)dl(y,2)

9-%—z2-2z 3 2 1 1
/ s x—~—£+—lny—Li2(1-y)+§D13 . (12)
0

Aoy, 2 8 6 2
where

M2

L:lnﬁ%,

[n(1—

LzZ(z)=—/ =2,
X
0

and

N =min[l,2 -y — 2] .

The explicit form of D;p is given in Appendix B. The Dalitz plot corrections for
(r/a)((p/po) — 1 and D; are presented in the tables. The first term on the right
hand side of the eqn(12)is exactly the result expected from the structure function
(SF) approach in leading order (LO) [10):

N
dx Y
Lo :/—dF , D<—,L> , 13
al'“(y, 2) ; o(y+a,2) sl (13)
0

D(z,L)zd(l—z)+%(L_1)P1)( )-I—%(% )



P<1>(z) =

[1—!—22

l_zeﬂ—z—Ay+Ml—@<ﬂnA+gﬂAHO, (15)
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z

z .
), =23, (16)

However we see some deviation from the SF approach based on twist—2 evolution
equations even in the LO. Namely the term (3c/(4))In(M3, /M%) which arises
from very small distances of the order of 1/My and the term (a/7)In(1/y)Ls
whose appearence reflects essentially the 3 particle character of the final state.

Discussion

When calculating §y we neglect SD part in virtual photon emission. The effect
of SD contribution to the virtual photons is of the same order of magnitude as SD
contribution to the real photons which is about 0.2% . We assume such a setup of
experiment in which only one positron in the final state is present (we assume no
limits on the number of photons). The ratio of the LO contributions in the first
order to the Born contribution is about 3.5%, for the second order it is about 0.1%.
We omit them in our accuracy frames.

We accept here the approach of papers [8, 9] in description of the effects of
the strong interactions. Namely we consider them as deviations from point-like
mesons. This deviations are belived to be described properly in the frame of the
chiral perturbation theory [4-6]. We estimate their contribution for the case of real
hard photon emission at the level of 0.2% in the main part of the Dalitz plot and
omit them in calculations of virtual corrections.

The contribution of the O(p*) terms [5] turns out to be small. Really,one can
see that they are of the order O(L5, (p/A)%) < O(1072), A = 4nF, ~ 1.2GeV,
where p is the characteristic momentum of a final particle in the given reaction,
p* < M%/16 ~ F2. So the terms of the orders O(p*) and O(p°) can be omitted
within the accuracy of O (2 x 1072) < O (107%).

The Dalitz plot distributions (7/a)d; (m/a)D; are presented in the tables 1-4.

We are grateful to S.I.Eidelman for interest to this problem and to O.N.Ivanov
for help. The work of one of us (EAK) was supported partly by grant RFFI 99-02-
17730.

Appendix A

Contribution from emission of a soft real photon can be written in a standard
form in terms of the classical currents:

5 :_4M/§‘°’_Q<£_&)2
T (Amt) 2w \pg  peq

(17)

w=/G2+A2<Ae



We use the following formulas:
3 2
L[l v N (2R g,
2m ) 2w \p-q A

3 2
_1_ i_q _Pe =In %E —EL[;;
2m ) 2w \pe-q A 2

1 [d% 2p-pe 2Ae T 1
@9 _PPe g, (226 “12
2wp-ape-a AT ’ (18)

2 6 4
We obtain the result given above.

Consider now radiative corrections that arise from emission of virtual photons.
Feynman graphs containing self-energy insertion to positron and kaon Green func-
tions may be taken into account by introducing the wave function renormalization
constants Z, and Zyx: My — MO(ZKZC)I/Q_ The remaining Feynman graph contain
the virtual photon emitted by positron and absorbed by kaon or by W-boson in
the intermediate state.

The long distance part is calculated using a phenomenological model with point—
like mesons as a relevant degrees of freedom. To calculate the contribution from
the region |k|? < Q% (Q? is ultra violet cutoff parameter) we use the following
expressions for loop momenta scalar, vector, and tensor integrals:

d* 1, k*, kHEY
5 ) — n 2
R{/ <k2—A?)((k—p)?—M&)((k—pa?—mz)} h I

A standard calculation yields:

-1 f1 Mg v 1
J = W{—l Vi 1n~—+ln y—I—ng(l—y)—Zln?re ; (19)
L — {——_ylnyp”+p“(——~ylny+ln§’—>}- (20)
yMg | 9 ‘\ g re) )’
1 1 g+ylny
uu:_ Hv L — —
J 19 <A+2+ J
1 7+ yln y J+ylny 1ny>
- P oL+ (- - ) +
oME [pp p2 + ('pl +p'pe) 7 7
1. 42 1 1
peD. <—1 L yoty y—#—y)] ;o (21)
Yy Te Yy Yy



with § = 1 — y with Ly = In(A?/M%),A-is the ultraviolet cut-off parameter. As a
result we obtain

/ d* (1/4)Sp pu(p + ) (=pe + k)(2p — K)pe(p + 1)
in? (k2 = A ((k = p)? = Mg)((k = pe)* — m2)

((1—y)(y+z—1)—r,r){—LA——-;—lnzre~21n-r—2+lnz\—4———ln—2+w( )} (22)

= 2Mp x

)\2
where
Y(y) = —1+2In’y +2Iny +2Lir(1 - y) .

Counterterms contribution are
a1 1 3 MZ 9 M2 3
Ag X =< = |—=L 1 In —=* — = L K _Z )
OXW{Q[ 2,\—{—2117 -+-n/\2 2} 2[A+ln 2 4]} (23)

The total contribution of virtual and real soft photon emission RC may be
parametrized as:

Ay — Ao(l + g + (5\/)13) ;

with
ds+ (0v)iB =

a |3 3
;{ZLA—F (Lg —2)InA + <Z—lny> Lg—

2

—Z— - % — Liy(1 —y) + %hly} , (24)
In a series of papers [7] A.Sirlin has conducted a detailed analysis of UV behaviuor
of amplitudes of processes with hadrons in 1-loop level. He showed that they are
UV finite (if considered on the quark level), but the effective cutoff scale on loop
momenta is of the order My, . This is the reason for our choice A* = M3,. The first
term in the brackets of eq.(24) being included as a general factor which takes into
account the short-distance contributions is cancelled in the ratio of 2-body decay
widths Ry = I'(r — ev)/T(1m — pv) [12] and Rg = T'(K — ev)/T(K — pv) [9].

Appendix B

The matrix element of the radiative K3 decay

K*(p) = 7°(p') + " (pe) + v(pv) +7(q) (25)



with terms up to O(p?) in CHPT [3, 4, 5, 6] has the form

Gr

M —eV* (f+ () Mrp + Msp],

Mis = ()0 + 7)1 —5) [% - @—2}%} v(pe)et(a);

Msp = u(py)7"(1 = 75)v(pe) Riwe*(q), (26)
where €#(q) is the polarization vector of hard photon (with energy w > Ae¢) and

Q@ (P —q)u

” (27)

R/,w = Ouw —

Singular at x = 2p.g — 0 terms which provide contribution containing large log-
arithm Ly arises only from Y [Mrp|*. To extract the corresponding terms we
introduce four -vector v = (T/y)pe — q. Note that v — 0 when y — 0. Using the

y
2p’pe=m[M?(($+y+z—m—1)—x+2p’v] : (28)

and using the above we obtain:

16MK

SO 1fe(®)Mys + Msp|® = () x

Y y+z 1-p0, y2+(y+:r)2>
y+ax,z 1 — 2 e
[y +x (y ) < Y (1 - )Bec)2 yz(l - ﬁec)
+drg + dsp +dmt} , (29)

with 82 =1 — (4r,.)/y?, ¢ being the cosine of the angle between the 3-momenta of
posirton and photon and:

2 [y2+(y+x)2 _1} {9(2*?/’”3)

M—f( y23(1—¢) Y+

dig = M} (=x +2p'v) = (2 -y — 2) xM

z? 2
v Tu - Tv )
+qp x] + Moy [ TP } (30)

2

xz
- _Thp; 1
T TSI OF o

2 1
dint = —~—— Re———Th,
MR R



with

1 / /
T, = ZSp(p + ) (p +p')v
1
Ty, = ZSp(p +9")pu(p + p')uppe ;

1
Trr = RMARWZSPPWA%%;

Pu  (Pet+ @)
pq X

We see that in the limit x — 0 the result is in agreement with quasi-real electron
method of Baier, Fadin, and Khoze [11].
The non-leading contributions from hard photon emission we put in form:

Dy =Dip+ Dsp + Dipy (34)

oo

To perform the integration over the phase volume of final states it is convenient to
use

d*p'd’p.d’p,d*q
dTpips = |~ o254 (p—p —po—p, — g) =
/ LIPS / 202,220 (p—p —pe—p,—9q)

1
Tr = R#AZSppu(p + ') { ] DeVr - (33)

dpedps
16MKd ydzwde—SLr 5 (36)
with
D Ap: +2Bp, +C ,
A = —[(1-0b)?—2bp] <0;
B = b(p(l—d)—a)+1-(1-pe)(l—a—dp) ;
¢ = (1'—52) [l_(l_pe)2]_[pe(1_d)—a]2
4ry
g = 1-=1,
2
a = —(e+y+z—1-rg);
Yz
b= -,
Y
d = -2 (37)
z



Table 1: the corrections to the chosen 13 points of the kinematic region

y Z DSD X 106 Dint X 106 65‘/ Dib X 104 55\/ + Dib
0.75 | 0.85 | -4.11 o8 0.0659 | 37 0.069
0.75 1 0.95 | -1.45 7 0.0371 | 22 0.039
0.25 1 0.95 | -2.85 220 0.342 | 906 0.433
0.3 ]0.95]-3.17 251 0.234 | 581 0.293
0.4 |0.95]|-3.47 277 0.141 | 270 0.168
0.4 |0.85]|-6.41 207 0.238 | 338 0.272
0.5 1095 -3.17 257 0.096 | 135 0.110
0.5 | 0.85|-6.48 204 0.147 | 178 0.165
0.6 | 0.95-2.60 200 0.068 | 68 0.074
0.6 |0.85]-5.88 164 0.099 | 96 0.109
0.7 1095 |-1.84 120 0.046 | 33 0.049
0.7 10.85|-4.78 97 0.073 | 52 0.079
0.7 108 |-6.81 78 0.093 |61 0.099

The scalar products of 4-momenta are:

2ppe = Myy; 2pp' = Myz 2pp,=Mj(2—y—2—1) ;2pq= Mgz,

1
2pep, = My {1 —Z—z+7r,+ §z:vp7r] ;

1 1
2p,q = My {1 ~ 5% = iype] ;
Ty Tz
2peq =X = M?{?/Oe; 2'q = Mﬁ;m;
2pv = 0;2pv = —X; 2qu = —by;

1
2p'v = =5 Micwz[pr(1 = b) — a = dp.] ;

2p,v = =2p'v + (1 +b)x ;

10



p'pe = Tyz[pw +a+dp);

M2
2p'p, = TK 22 — dry — y2(peb + a + dpe) — w2ps]

The p, integration may be performed using the formulas

dpr T Pxdpr _ TB (38)
VD V-AT VD (VAP

The remaining 2—fold integration was performed numerically. Results of numerical
calculations are given in table 1.
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Bapatr A., Kypaes E.A., Camoiinos B.H. E4-2000-276
Hosprit pacyer nonpasok K mupuHe K ;5 -pacnaga

PaccmoTtpens! paguanonHsie nonpasku (PIT) Husimero nmopsaaka k nudgepen-
LUAFHOM INHPUHE Ke*:,,—pacna,ua. Baxnocts 3Hanus PII obycnoeneHa tem, 4to

K ejé -pacman ABIACTCA Hauboree INEPCIICKTHBHBIM CIoco00M H3BJIEYEHHUS DIIEMEHTA

Vs Matpuusl KKM. CymecTsymomue B tuTeparype 60-X rofoB pacueTsl IpOTHBO-
PEeYMBBI M 3aBHCAT OT IlapaMeTpa YIbTpadHoIeToBOro obpesaHus. DTa 3aBUCH-
MOCTb OTCYTCTBYET Ipu pacuyere B pamkax CM. Brruncnenst PII k pacrpenenenu-
SM IIO 3HEPrUH NMOHA U MO3UTPOHa. 11 onMcaHus CTPYKTYPHO-3aBUCSIIETO H3ITY-
YeHHUs MCIOJNB30BANACh KHMpAIbHAsd TEOpHS BO3MYLUCHHH B HHU3LIEM MOpSIKE.
BxJj1ampl BBICIIMX IOPSIAKOB 110 HALIIMM OLIEHKaM BBIXONST 33 PaMKH IIPUHATOH TOY-
HOCTH, KOTOpasi COCTaBJIsieT NopsaKa ABYX JeCAThIX npoueHTa. [IpuBeneHs! pe3yiib-
TaThl YUCIICHHOTO aHAIN3a.

Pa6ota BrmonHeHna B Jlaboparopuu Teoperudyeckoii ¢usuku um. H.H.Boro-
mo6osa OMSIH.

Ipenpunt O6BbeIMHEHHOr0 HHCTHTYTA SAEPHBIX MccaemoBanuil. [[y6Ha, 2000

Baratt A., Kuraev E.A., Samoilov V.N. E4-2000-276
Radiative Corrections to the K :3 Decay Revised

We consider the lowest order radiative corrections for the decay K* — nlety,

usually referred as K decay. This decay is the best way to extract the value of the

Vs element of the CKM matrix. The radiative corrections become crucial if one
wants a precise value of V. The existing calculations were performed in the late
60’s contradict each other and, besides, depend on ultraviolet cut-off parameter.
The necessity of precise knowledge of V,; and the mentioned contradiction be-
tween the existing results constitutes the motivation of our paper. We calculate
corrections to its Dalitz plot density of K decay and they in turn may be used

to calculate corrections to the energy spectra of pion and positron, and to the total
decay rate. We estimate the accuracy of our results on the level 0.2 %. Numerical
results are presented.

The investigation has been performed at the Bogoliubov Laboratory of Theo-
retical Physics, JINR.
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