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1 Introduction

The new Brookhaven experimental result for the anomalous magnetic mo-
ment of the muon [1] induced considerable excitement in the physics com-
munity, because it was interpreted as indicating towards a new physics
beyond the Standard Model [2]. However such claims, too premature in
our opinion, assume that the theoretical prediction for the muon anom-
aly is well understood at the level of necessary precision. And hadronic
uncertainties raise the main concern [3]. Fortunately the leading hadronic
contribution is related to the hadronic corrections to the photon vacuum
polarization function, which can be accurately calculated provided that the
precise experimental data about the low energy hadronic cross sections in
ete™ annihilation are in our disposition.

In last years new, high statistics, experimental data was collected in
the p-w region in Novosibirsk experiments at VEPP-2M collider [4]. In
this region the hadronic cross sections are dominated by ete™ — 27 and
ete™ — 37 channels. The former is of uppermost importance for reduction
of errors in evaluation of the hadronic vacuum polarization contribution to
muon g-2. Considerable progress was reported for this channel by CMD-2
collaboration [5]. The e*e™ — 3w channel, which gives less important but
still significant contribution to the hadronic error, was also investigated in
the same experiment in w-meson region [6]. Such high precision experi-
ments require accurate knowledge of various backgrounds. Among them
ete™ — 3wy channel provides an important background needed to be well
understood. This experimental necessity motivated our investigation of the
three pion radiative production presented here. Besides being interesting
as the important background source, this process could be interesting by
itself, because a detailed experimental study of the final state radiation
will allow to get important information about pion-photon dynamics at
low energies. But such experimental investigation will require much more
statistics than available in VEPP-2M experiments and maybe would be
feasible only at ¢-factories, where the low energy region can be reached by
radiative return technique as was recently demonstrated in KLOE experi-
ment [7].
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2 Initial state radiation

Let J, be the matrix element of the electromagnetic current between the
vacuum and the 77~ 7 final state. Then the initial state radiation (ISR)
contribution to the e*e™ — 77~ nly process cross section is given at O(«a)
by the standard expression [§]

6 2 2
doisr(ete” — 3my) = 1 ¢ { ) J - J* ( P+ P- ) -

eor@r i T By TR
_@ p+'JP+‘J*+P—'Jp_-J*_J-J*(k~p+ k-p—)+ (1)
2E? k-pik-p_ 252 \k-p_ " k-p;
mg (p+-J  p—-J\(py-J* p-J* e 2
+ﬁ(k'19—_k-p+)<k~p_ B k-p+)}d¢:24"(27)s|AISR| de,

where d® stands for the Lorentz invariant phase space
dk dg, di- dg
B _—-k—qy—q_—
2w 2E+ 26 2E0 (p++p 4+ q QO)
and Q? = (¢4++¢-+qo)? = 4E(E —w) is the photon virtuality, F being the

beam energy and w — the energy of the v quantum. Particle 4-momenta
assignment can be read from the corresponding diagrams presented on

Fig.1
Current matrix element J, has a general form

J/,t = Euua'rq:-qiqz; F31r(q+7 q-, q0)- (2)

And for the Fj, form-factor, which depends only on invariants constructed
from the pions 4-momenta, we will take the expression from [9]

F3, = #ﬁ [sin @ cosn R.,(Q%) — cosfsiny Ry(Q)] (1 - 3ak — axH).
©)

Here ag = 0.5, fr =~ 93 MeV is the pion decay constant, 7 = f—arcsin \/ig ~

3.4° characterizes the departure of the w-¢ mixing from the ideal one, and

H= RP(Q%) + RP(Q?F) + RP(QQ—)a

where

Q=1+ +¢-)%, Q%= (00+a1)% Q¥ =(g0+g)%



Dimensionless Breit-Wigner factors have the form
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where V = w, ¢ and for the p meson the energy dependent width is used
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The last term in (1) is completely irrelevant for VEPP-2M energies if the
hard photon is emitted at large angle. So we will neglect it in the following.

3 Final state radiation

To describe final state radiation (FSR), we use effective low energy Wess-
Zumino-Witten Lagrangian [10]. The relevant piece of this Lagrangian is
reproduced below.
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Here U = exp( L) DU = 0,U +ied,[Q,U}, Q = dzag( , %,-—%) is
the quark charge matrix, and terms with x = B diag (m,, m4,m;) intro-
duce explicit chiral symmetry breaking due to nonzero quark masses. The
constant B has dimension of mass and is determined through the equation
Bm, = m%, m, = m, = my. The pseudoscalar meson matrix P has its
standard form

— - 1 0
P = 71’_ \/—7r 0+ \/-77 K
K K \/-

It is straightforward to get from (4) the relevant interaction vertexes shown
on Fig.2



Using these Feynman rules, one can calculate v* — w7~ 7%y amplitude
originated from the diagrams shown on Fig.3

The result is .
ie?

Ay = 370) = An? 3le> (5)
where (Q = ¢4 + ¢— + qo + k is the virtual photon 4-momentum)
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The tensor T}, is gauge invariant

Q'T,, = kT, = 0.

Note that our result for A,, (v} = 377,) is in agreement with the known re-
sult [11, 12] for y*y* — 37 amplitude (these two amplitudes are connected
by crossing symmetry, of course).

It J; (") is the amplitude of the transition Y = ntrn w0y, then the final
state rad1at1on (FSR) contribution to the e"’e — v* = w7~ 70 process
cross section is given by [8]
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where the sum is over the photon polarization € and z axis was assumed
to be along p_. But Jl(ﬂ) = €"A (7" — 37y). So we can perform the
polarization sum by using Py €u€y = —gu- Introducing gauge invariant real
4-vectors ¢, and ty by t1, = T1,, t3, = Ty, the result can be casted in the
form (note that the norm of gauge invariant 4-vector is always negative)

et 1
(2m)8 64E* (2m)
But for the photon virtualities of real experimental interest vector meson
effects can no longer be neglected. So we replace (7) by
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where we have introduced a phenomenological Breit-Wigner factor

|Apsr|*d®, (8)

Kpw = 3|sinf cos R, (4E?) — cos fsin nR¢(4E2)|2 .

This factor is similar to one presented in ISR ( see (3) ) and tends to
unity then £ — 0. It gives about order of magnitude increase in opgg for
energies 2E = 0.65 = 0.7 GeV.

4 Monte-Carlo event generator

Although what follows can be considered as a textbook material [13], nev-
ertheless we will give somewhat detailed description of the Monte Carlo
algorithm for reasons of convenience.

The important first step is the following transformation of the Lorentz

invariant phase space. Let R,(p?;m?,...,m2) be n-particle phase space

dq,
R (P mla y M / ].:.[1 Z QZ)
Inserting the identity
1= [dky dpd 6(p — 1 — k1)5(} — i)

we get
d
Ra(p® mi,mb,mi,md) = [ 57-Ra((p — @)% mi, m3, ml) =
dq
/ qn dk1 12 Ry (k2 m3, m3, m3)é(p — q1 — k1)6(k% — ).
But (note that (p —qi)o=Ey+ Es+ E4 > 0)

dqi dg dky
SE, ki 8 (k — i) (p—q1—k1) = 3E, 2y ——0(p—q1—Fk1) = Ry(p*;m3, 1i3).

Therefore

R4(p ml7m%,m§am4 /dN1R3 :U’lam27m3’m4)R2(p ml?:u'l) (9)
But [13]
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where X stands for the triangle function and €2} describes the orientation
of the ¢ vector in the p-particle rest frame.

It is more convenient to integrate over g-particle energy E* instead of
mass s, the two being interconnected by the relation y* = p?+q>—2+/p2E*
in the p-particle rest frame.

Using the relation [13]

A2(p%m?, p?) -
2vp? ’

where 7 is the y-factor of the “particle” (subsystem) with the invariant
mass p, we get after repeatedly using 9)

/—V’712 1 dETd H1V72 dEzdﬂz 19512,

where 7§ momentum is in the rest frame of the (3,4) subsystem and E3, €23,
7, are in the rest frame of the (2,3,4) subsystem.

Now it is straightforward to rewrite the differential cross-section in the
following form

3
do(ete™ — 3my) = -f“-—|A|2 Fdo*, (10)

where |A|? = |Arsr|? + |Arsg|® (we do not take into account interference
between initial and final state radiations. This interference integrates to
zero if we do not distinguish between negative and positive 7-mesons),

f= ﬂ'l(wma:c - wmi")(Egmaz - Eszn)\/(E*2 - m2)(71 - 1)( 1) (11)

and

iD= dw depdcosf dE; dipj d cos 8 dp” d cos 6
(Wmaz — Wmin) 27 2 (Efmaz — E§min) 27 2 27 2
(12)
The upper and lower limits for energies are
5 — 9m?2 pd — 3m2
maz — —Ja E, maz — —_—Ea E*mm = Mg.
“ 2Vs Omaz 21 0 "

The minimal photon energy wpm, is an external experimental cut. At last,
|Arsr|? and |Apsg|? can be read from the corresponding expressions (1)
and (8) respectively.

According to (10), we can generate ete™ — nt 7~ 7'y events in the cms
frame by the following algorithm:



e generate the photon energy w as a random number uniformly distrib-
uted from wp,;, t0 Whe,. Calculate for the S; = (7r+7r”7r°) subsystem the
energy Fy = 2E — w, invariant mass ji; = 1/4E(E — w) and Lorentz factor
7 = B/ :

e generate a random number @; uniformly distributed in the interval
[0,27] and take it as the azimuthal angle of the S; subsystem velocity
vector in the cms frame. Generate another uniform random number in the
interval [~ cos Opmin, COS Omin] and take it as a cos §1, & being the polar angle
of the S subsystem velocity vector in the cms frame. This defines the unit
vector 73 = (sin 6, cos @1,sin 6, sin @1, Ccos 91) along S; subsystem velocity.
Omin is the minimal photon radiation angle — an external experimental cut.

e construct the photon momentum in the cms frame & = —wity,

e generate the m’-meson energy Ef in the S; rest frame as a random
number uniformly distributed from Ej,;, to Ef,.... Calculate for the
Sy = (n+,m™) subsystem the energy By = iy — Ef, invariant mass iy =
V2 +m2 — 2 E§ and Lorentz factor 5, = Es/fia.

e generate a random number @, uniformly distributed in the interval
[0,27] and take it as the azimuthal angle of the Sy subsystem velocity
vector in the S; rest frame. Generate another uniform random number
in the interval [-1,1] and take it as a cosfy, fy being the polar angle
of the Sy subsystem velocity vector in the S; rest frame. This defines
the unit vector along Sy subsystem velocity in the S; rest frame 71y =
(sin B3 cos @y, sin By sin @, cos ).

e construct @} = —/E¢? — m2 73 — the 7%-meson momentum in the S;
rest frame.

e generate ¢ and cos #* in the manner analogous to what was described
above for @y and cosfy, construct the unit vector along the 7~ meson
velocity in the Sy rest frame 7i3 = (sin 6% cos ¢* ,sin 6* sin p* | cos 6* ).

e construct the 77-meson 4-momentum in the Sy rest frame E* = [iy/2,
ﬁ = UE_*_Z - m,% 7'i3.

e construct the 7*-meson 4-momentum in the S, rest frame E¥ = Jiy/2,
7 =—q.

e transform =
cms frame.

e transform 7~ and 7" mesons 4-momenta firstly from the S, rest frame
to the S; rest frame and then back to the cms frame.

o for generated 4-momenta of the final state particles, calculate z =

|A[f.

O_meson 4-momentum from the S; rest frame back to the



e generate a random number zp uniformly distributed in the interval
from 0 to zmgg, Where 2, is some number majoring |A|*f for all final
state 4-momenta allowed by 4-momentum conservation.

o if 2 > zg, accept the event, that is the generated 4-momenta of the
7+, 7~ and 7° mesons and the photon. Otherwise repeat the whole pro-
cedure. '

5 Soft and collinear photon corrections

We assume that the photon in the ete™ — 37y reaction is hard enough
W > Wmin and radiated at large angle 6 > 6,,;, so that it could be detected
by experimental equipment (the detector). But in any process with accel-
erated charged particles soft photons are emitted without being detected
because the detector has finite energy resolution. Even moderately hard
photons can escape detection in some circumstances. How important are
such effects? Naively every photon emitted brings extra factor o in the am-
plitude and so a small correction is expected. But this argument (as well
as the perturbation theory) breaks down for soft photons. When electron
(positron) emits soft enough photon, it nearly remains on the mass shell
so bringing a very large propagator in the amplitude. Formal application
of the perturbation theory gives an infinite answer for the correction due
to soft photon emission because of this pole singularity. It is well known
[14] how to deal with this infrared divergence. In real experiments very
low energy photons are never formed because of finite size of the labora-
tory. So we have a natural low energy cut-off. A remarkable fact, however,
is that the observable cross sections do not depend on the actual form of
the cut-off because singularities due to real and virtual soft photons cancel
each other [15]. The net effect is that the soft photon corrections, summed
to all orders of the perturbation theory, factor out as some calculable, so
called Yennie-Frautschi-Suura exponent [14].

Collinear radiation of (not necessarily soft) photons by highly relativistic
initial electrons (positrons) is another source of big corrections which also
should be treated non-perturbatively. Unlike soft photons, however, the
matrix element for a radiation of an arbitrary number of collinear photons
is not known. Nevertheless there is a nice method (the so called Struc-
ture Functions method) [16] which enables to sum leading collinear (and
soft) logarithms. The corrected cross-section, when radiation of unnoticed
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photons with total energy less than AE <« F is allowed, looks like [16]

2

5(s) = 7Ed—‘” c(4E(E - w)) 8 (%)ﬁ [1 +2p42 (“— - 3)] (1)

5 3 2

where 3 = %r‘i (ln ;ns—g — 1) and we have omitted some higher order terms.

In our case the hard photon is well separated (because of w > wpin, 6 >
O min cuts) from the soft and collinear regions of the phase space. So equa-
tion (13) is applicable and it indicates that the soft and collinear corrections
to the cross-section of the process ete™ — 37y do not exceed 20% when
AE ~ wWpin = 30 MeV, 0, = 20° and E = 0.7 GeV. Such corrections are
irrelevant for the present VEPP-2M statistics but may become important
in future high statistics experiments.

6 Numerical results and conclusions

On Fig.4 numerical results are shown for o(ete™ — 37my) with wpy, =
30 MeV, Onin = 20°. As expected, the cross section is small, only few
picobarns, for energies 0.65 + 0.7 GeV.

This figure shows also that FSR contributes significantly at such low ener-
gies. So if future ¢-factory experiments produce high enough statistics in
this energy region, the study of FSR will become realistic. FSR and ISR
give different angular and energy distributions for the photon as illustrated
by Fig.5 and Fig.6 This fact can be used for the FSR separation from the
somewhat more intensive ISR.
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Axmenos A. H. u np. E2-2001-280
PamyaliOHHOE poXieHHe 3 BOMU3M 1Opora B e* e -aHHUTWIALUH

PaccMOTpeH paadaliOHHBIA Ipolecc 0o0pa3oBaHHS KOHEYHOIO COCTOSHHUS
ntnn’y npu BeKTPOH-MO3UTPOHHON aHHUIWISALMK BOIH3H nopora. PaccMatpuBa-

€TCs M3JIy4YeHHe XKeCTKOro (pOTOHA KaK B HAYAJIbHOM, TaK U B KOHEYHOM COCTOSIHU-
ax 6e3 ux uHTep(epeHUuH. AMIUTMTYAA, OTBEYaoLIas U3Ty4EHHIO B KOHEYHOM CO-
CTOSHHH, ITOJIy4€HA B COOTBETCTBHH C 3(h(peKTUBHBIM JIarpaHxxuaHoM Becca—-3ymu-
HO—BUTTEHa, UCIONB3YeMbIM U1 ITHOH-(POTOHHBIX B3aUMOIEHCTBUI IIPU HU3KHUX
SHEPIUsX. B peaybHBIX 3KCIEPUMEHTaX SHEPTMH HUKOTIA He ObIBAIOT CTONb Mallbl,
9T0GH 3 EKTOM p- U (»-ME30HOB MOXHO ObuTO IpeHebpeys. [losTomy mnd pac-
CMOTpPEHMS BIIUSHHS BEKTOPHBIX ME30OHOB B aMILTUTYAY U3Ty4€HHS B KOHEYHOM CO-
CTOSIHUH BBOOUTCS (peHOoMeHonornueckuii pakrop Bpeiira—Burnepa. Ilpu ucnosns-
30BaHHM aMIUIMTYAbl POXAeHHs 3m Obul pa3paboTaH CreLUanbHBI MOHTE-Kap-
JIOBCKHIi TeHepaTop COOBITUH, KOTOPBI MOXHO IPUMEHATH B 3KCIIEPUMEHTAILHBIX
HCCIIENOBAHUAX.

Pa6ora BeimonHeHa B Jlaboparopun teoperudeckoi ¢usuku um. H. H. Boro-
mo6osa OMSH.

Coobmenne O6beIHHEHHOr0 HHCTUTYTA SIEPHBIX HccrenoBanuit. ly6Ha, 2001

Ahmedov A.1. et al. E2-2001-280
Near Threshold Radiative 3n Production in e*e”~ Annihilation

We consider the n*mn’y final state in electron-positron annihilation

at the center-of-mass system energies not far from the threshold. Both initial
and final state radiations of the hard photon are considered but without interfer-
ence between them. The amplitude for the final state radiation is obtained by using
the effective Wess—Zumino—Witten Lagrangian for pion-photon interactions valid
for low energies. In real experiments the energies are never so small that p and o
mesons would have negligible effect. So, a phenomenological Breit—~Wigner factor
is introduced in the final state radiation amplitude to consider for the vector
mesons influence. Using the radiation of 3 production amplitudes, a Monte Carlo
event generator was developed which could be useful in experimental studies.

The investigation has been performed at the Bogoliubov Laboratory of Theo-
retical Physics, JINR.
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