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Shirkov D. V., Kovalev V. F. P5-2004-29

Renormgroup Symmetry for Solution Functionals

A paper contains generalization of the renormgroup algorithm for boundary value

problems of mathematical physics and related concept of the renormgroup symmetry,

formulated earlier by the authors with reference to models based on differential equa-

tions. These algorithm and symmetry are formulated now for models with nonlocal

(integral) equations. We discuss in detail and illustrate by examples the applications

of the generalized algorithm to models with nonlocal terms which appear as linear

functionals of the solution.

The investigation has been performed at the Bogoliubov Laboratory of Theoreti-

cal Physics, JINR.
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Ðåíîðìãðóïïîâàÿ ñèììåòðèÿ äëÿ ôóíêöèîíàëîâ îò ðåøåíèÿ

Ðàáîòà ñîäåðæèò îáîáùåíèå ðåíîðìãðóïïîâîãî àëãîðèòìà äëÿ êðàåâûõ çà-

äà÷ ìàòåìàòè÷åñêîé ôèçèêè è ñâÿçàííîãî ñ íèì ïîíÿòèÿ ðåíîðìãðóïïîâîé ñèì-

ìåòðèè, ñôîðìóëèðîâàííûõ ðàíåå â ðàáîòàõ àâòîðîâ ïðèìåíèòåëüíî ê ìîäåëÿì,

èñïîëüçóþùèì äèôôåðåíöèàëüíûå óðàâíåíèÿ. Ýòè àëãîðèòì è cèììåòðèÿ ôîð-

ìóëèðóþòñÿ òåïåðü äëÿ çàäà÷ ñ íåëîêàëüíûìè (èíòåãðàëüíûìè) óðàâíåíèÿìè.

Ïîäðîáíî îáñóæäàþòñÿ è èëëþñòðèðóþòñÿ ïðèìåðàìè ïðèëîæåíèÿ îáîáùåííî-

ãî àëãîðèòìà ê ìîäåëÿì ñ íåëîêàëüíûìè âêëàäàìè, èìåþùèìè âèä ëèíåéíûõ

ôóíêöèîíàëîâ îò ðåøåíèÿ.

Ðàáîòà âûïîëíåíà â Ëàáîðàòîðèè òåîðåòè÷åñêîé ôèçèêè èì. Í. Í. Áîãîëþ-

áîâà ÎÈßÈ.

Ïðåïðèíò Îáúåäèíåííîãî èíñòèòóòà ÿäåðíûõ èññëåäîâàíèé. Äóáíà, 2004
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�µ¸¢ÖÐ ¥É¸Ö ‹Ó¢Ê ‚ ¸¨²Ó¥¢¨ÎÊ �¢¸Ö´´¨±µ¢Ê
¢ ¸¢Ö§¨ ¸ ¥£µ 85-²¥É¨¥³

1. ‚‚…„…�ˆ…

�µ´ÖÉ¨¥ ·¥´µ·³£·Ê¶¶µ¢µ° ¸¨³³¥É·¨¨ (�ƒ‘) ¢µ§´¨±²µ ¢ ³ É¥³ É¨Î¥¸±µ°
Ë¨§¨±¥ ¢ ´ Î ²¥ 90-Ì ££. [1, 2] (¸³. É ±¦¥ µ¡§µ·Ò [3, 4]), ¡Ê¤ÊÎ¨ ¶·¨¢´¥¸¥´µ
¨§ É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¨.

1.1. �¥´µ·³£·Ê¶¶  ¢ Š’�. ‚ ¸¢µÕ µÎ¥·¥¤Ó, ¶µ´ÖÉ¨¥ ·¥´µ·³ ²¨§ Í¨µ´´µ°
£·Ê¶¶Ò (�ƒ) ¢¶¥·¢Ò¥ ¶µÖ¢¨²µ¸Ó ¢ ´ ¨¡µ²¥¥ ¸²µ¦´µ³ · §¤¥²¥ É¥µ·¥É¨Î¥¸±µ°
Ë¨§¨±¨ Å ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö (Š’�). � ²¨Î¨¥ £·Ê¶¶µ¢µ° ¸É·Ê±ÉÊ·Ò
(£·Ê¶¶Ò ¶·¥µ¡· §µ¢ ´¨° ‹¨) ¢ ·¥§Ê²ÓÉ É Ì ¢ÒÎ¨¸²¥´¨° Š’� ¡Ò²µ µÉ±·ÒÉµ ¢
´ Î ²¥ 50-Ì ££. ˜ÉÕ±¥²Ó¡¥·£µ³ ¨ �¥É¥·³ ´µ³ [5] (¸³. É ±¦¥ [6,7]).

�É  ¸É·Ê±ÉÊ·  ¨ ¶µ¤²¥¦ Ð Ö ¥° ÉµÎ´ Ö ¸¨³³¥É·¨Ö ·¥Ï¥´¨° ¡Ò²¨ § -
É¥³ ¨¸¶µ²Ó§µ¢ ´Ò �. �. �µ£µ²Õ¡µ¢Ò³ ¤²Ö ¸µ§¤ ´¨Ö ·¥£Ê²Ö·´µ£µ ³¥Éµ¤  ÊÉµÎ-
´¥´¨Ö ¶·¨¡²¨¦¥´´ÒÌ ·¥Ï¥´¨° § ¤ Î Š’� Å ³¥Éµ¤  ·¥´µ·³ ²¨§ Í¨µ´´µ°
£·Ê¶¶Ò [8] (¸³. É ±¦¥ [9Ä11]), ¢±²ÕÎ ÕÐ¥£µ Ô²¥³¥´ÉÒ  ¶¶ · É  É¥µ·¨¨ £·Ê¶¶
´¥¶·¥·Ò¢´ÒÌ ¶·¥µ¡· §µ¢ ´¨° (É¥µ·¨¨ ‘µËÊ¸  ‹¨). “²ÊÎÏ¥´¨¥  ¶¶·µ±¸¨³ -
Í¨µ´´ÒÌ ¸¢µ°¸É¢ µ± §Ò¢ ¥É¸Ö ´ ¨¡µ²¥¥ ¸ÊÐ¥¸É¢¥´´Ò³ ¢ µ±·¥¸É´µ¸É¨ ¸¨´£Ê-
²Ö·´µ¸É¨ ·¥Ï¥´¨Ö. ‚ ±¢ ´Éµ¢µ-¶µ²¥¢µ³ ¸²ÊÎ ¥ ÔÉµ ¸¨´£Ê²Ö·´µ¸É¨ ¢ ¨´Ë· -
±· ¸´µ° (¸³. [9, 10, 12]),   É ±¦¥ ¢ Ê²ÓÉ· Ë¨µ²¥Éµ¢µ° µ¡² ¸ÉÖÌ. Š ¶µ¸²¥¤-
´¥³Ê ¸²ÊÎ Õ µÉ´µ¸¨É¸Ö ´ ¨¡µ²¥¥ Ö·±¨° Ë¨§¨Î¥¸±¨° ·¥§Ê²ÓÉ É ³¥Éµ¤  �ƒ Å
µÉ±·ÒÉ¨¥ ¸¢µ°¸É¢   ¸¨³¶ÉµÉ¨Î¥¸±µ° ¸¢µ¡µ¤Ò ´¥ ¡¥²¥¢ÒÌ ± ²¨¡·µ¢µÎ´ÒÌ É¥-
µ·¨° [13].

‚ 70-Ì ££. �ƒ-¸¨³³¥É·¨Ö ¨ ³¥Éµ¤ �ƒ ¡Ò²¨ ¸ Ê¸¶¥Ìµ³ Ô±¸¶µ·É¨·µ¢ ´Ò
¢ ´¥±µÉµ·Ò¥ ¤·Ê£¨¥, ¤µ¸É ÉµÎ´µ ¸²µ¦´Ò¥ · §¤¥²Ò ¸µ¢·¥³¥´´µ° É¥µ·¥É¨Î¥-
¸±µ° Ë¨§¨±¨. ‘·¥¤¨ ´¨Ì É¥µ·¨Ö ±·¨É¨Î¥¸±¨Ì Ö¢²¥´¨°, É¥µ·¨Ö ÉÊ·¡Ê²¥´É´µ-
¸É¨ ¨ É¥µ·¨Ö Ì µ¸  ¢ ¡µ²ÓÏ¨Ì ¸É É¨¸É¨Î¥¸±¨Ì ¸¨¸É¥³ Ì. ‡ É¥³, ¢ 80-Ì ££.,
�ƒ-¸¨³³¥É·¨Ö ¡Ò²  µ¡´ ·Ê¦¥´  ¢ ·¥Ï¥´¨ÖÌ ´¥±µÉµ·ÒÌ ¡µ²¥¥ ¶·µ¸ÉÒÌ Ë¨§¨-
Î¥¸±¨Ì § ¤ Î Å ¨§ ¸É É¨±¨, É¥µ·¨¨ ¶¥·¥´µ¸ , ±² ¸¸¨Î¥¸±µ° £¨¤·µ¤¨´ ³¨±¨.
‘ÊÐ¥¸É¢¥´´ÊÕ ·µ²Ó ¢ ÔÉµ³ ¶·µÍ¥¸¸¥ ¸Ò£· ²µ ¸µ¶µ¸É ¢²¥´¨¥ [14] ¸ ®¶·¨´Í¨-
¶µ³ ¨´¢ ·¨ ´É´µ¸É¨¯ ‚. �. �³¡ ·ÍÊ³Ö´ , ¸Ëµ·³Ê²¨·µ¢ ´´Ò³ ¨³ ¤²Ö  ¸¨³-
¶ÉµÉ¨±¨ ·¥Ï¥´¨Ö ¢ ¶²µ¸±µ° § ¤ Î¥ ¶¥·¥´µ¸  ¨§²ÊÎ¥´¨Ö [15]. ‚ ¨Éµ£¥ ¡Ò² 
Ê¸É ´µ¢²¥´  ¡²¨§µ¸ÉÓ �ƒ-¸¨³³¥É·¨¨ ¸ ¸¨³³¥É·¨¥° ¸ ³µ¶µ¤µ¡¨Ö (¨´ Î¥  ¢-
Éµ³µ¤¥²Ó´µ¸É¨) ¨ ¡Ò²µ ¶·¥¤²µ¦¥´µ [16] · ¸¸³ É·¨¢ ÉÓ �ƒ-¸¨³³¥É·¨Õ ± ±
ËÊ´±Í¨µ´ ²Ó´µ¥ µ¡µ¡Ð¥´¨¥ ¸É¥¶¥´´µ£µ ¸ ³µ¶µ¤µ¡¨Ö, É. ¥. ± ± ®ËÊ´±Í¨µ´ ²Ó-
´µ¥ ¸ ³µ¶µ¤µ¡¨¥¯ (”‘�).

‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¢ ¡µ²ÓÏµ° Î ¸É¨ Ê¶µ³Ö´ÊÉÒÌ ¸²ÊÎ ¥¢ ¨¸¶µ²Ó§µ-
¢ ² ¸Ó  ´ ²µ£¨Ö ¸ ¶¥·¥´µ·³¨·µ¢µÎ´Ò³¨ ¶·¥µ¡· §µ¢ ´¨Ö³¨ „ °¸µ´ , ¢¢¥¤¥´-

1



´Ò³¨ [17] ¶·¨ Ëµ·³ ²¨§ Í¨¨ ¶·µÍ¥¤Ê·Ò ¶¥·¥´µ·³¨·µ¢µ±, ¸²Ê¦ Ð¥° ¢ Š’�
¤²Ö Ê¸É· ´¥´¨Ö É ± ´ §Ò¢ ¥³ÒÌ Ê²ÓÉ· Ë¨µ²¥Éµ¢ÒÌ · ¸Ìµ¤¨³µ¸É¥°. �·¨ ÔÉµ³
Ê¦¥ ¢ · ´´¨Ì · ¡µÉ Ì [7,9,18] ¡Ò²  µÉ³¥Î¥´  ´¥§ ¢¨¸¨³µ¸ÉÓ �ƒ-¸¨³³¥É·¨¨ µÉ
´ ²¨Î¨Ö ¶µ¤µ¡´ÒÌ É·Ê¤´µ¸É¥° Š’�. �ƒ-¸¨³³¥É·¨Ö · ¸¸³ É·¨¢ ² ¸Ó §¤¥¸Ó ¢
±µ´É¥±¸É¥ ±µ´¥Î´ÒÌ ¶¥·¥´µ·³¨·µ¢µÎ´ÒÌ ¶·¥µ¡· §µ¢ ´¨° (¸³., ´ ¶·¨³¥·, [11],
£². VI), É. ¥. ¶·¥µ¡· §µ¢ ´¨° ·¥¶ · ³¥É·¨§ Í¨¨ ·¥Ï¥´¨°. ˆ³¥´´µ ¢ ¶µ¸²¥¤-
´¥³ ± Î¥¸É¢¥ µ´  ¨ ¡Ò²  ®¶·µÉ¨· ¦¨·µ¢ ´ ¯ ¢ ¤·Ê£¨Ì · §¤¥² Ì É¥µ·¥É¨Î¥¸±µ°
Ë¨§¨±¨, ¢±²ÕÎ Ö ´ ¨³¥´¥¥ ¸²µ¦´Ò¥. ˆ³¥´´µ É ±µ¥ ¶µ´¨³ ´¨¥ �ƒ-¸¨³³¥É·¨¨
¶·¨¢µ¤¨É ± ¥¥ Ô±¢¨¢ ²¥´É´µ¸É¨ ¸ ”‘�.

�¡· É¨³ ¢´¨³ ´¨¥ ´  Éµ, ÎÉµ ¢ ¸²ÊÎ ÖÌ § ¤ Î, µ¶¨¸Ò¢ ¥³ÒÌ ¸²µ¦´Ò³¨
Ê· ¢´¥´¨Ö³¨, Å ± ±, ´ ¶·¨³¥·, É¥µ·¨Ö ¶¥·¥´µ¸  (¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´µ¥
Ê· ¢´¥´¨¥ �µ²ÓÍ³ ´ ) ¨²¨ ±¢ ´Éµ¢ Ö É¥µ·¨Ö ¶µ²Ö (¡¥¸±µ´¥Î´ Ö § Í¥¶²ÖÕÐ -
Ö¸Ö Í¥¶µÎ±  ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° „ °¸µ´ Ä˜¢¨´£¥· ), Å
¤µ¸É ÉµÎ´µ ¶·µ¸Éµ° ¸¨³³¥É·¨¥° µ¡² ¤ ÕÉ ²¨ÏÓ ´¥±µÉµ·Ò¥ ¸µ¸É ¢²ÖÕÐ¨¥
(±µ³¶µ´¥´ÉÒ) ·¥Ï¥´¨Ö ¨²¨ ¨Ì ¨´É¥£· ²Ó´Ò¥ Ì · ±É¥·¨¸É¨±¨. ’ ±, ¢ Š’�
Í¥´É· ²Ó´Ò³ µ¡Ñ¥±Éµ³ �ƒ-¶·¥µ¡· §µ¢ ´¨° Ö¢²Ö¥É¸Ö É ± ´ §Ò¢ ¥³ Ö ®ËÊ´±-
Í¨Ö ¨´¢ ·¨ ´É´µ£µ § ·Ö¤ ¯ ᾱ (¨´ Î¥ ®¡¥£ÊÐ Ö ±µ´¸É ´É  ¸¢Ö§¨¯), ¶·¥¤¸É -
¢²ÖÕÐ Ö ¸µ¡µ° ¸¶¥Í¨Ë¨Î¥¸±µ¥ ¶·µ¨§¢¥¤¥´¨¥ ²µ·¥´Í-¨´¢ ·¨ ´É´ÒÌ  ³¶²¨ÉÊ¤
¶·µ¶ £ Éµ·µ¢ di, ¢¥·É¥±¸µ¢ Γk ¨ ¶ · ³¥É·  · §²µ¦¥´¨Ö α:

ᾱ = αΓ2Πidi.

�·¨ ÔÉµ³ ¢ Ê· ¢´¥´¨Ö „ °¸µ´ Ä˜¢¨´£¥·  ¢Ìµ¤ÖÉ ²¨ÏÓ ËÊ´±Í¨¨ di, Γk ¨ ±µ´-
¸É ´É  ¢§ ¨³µ¤¥°¸É¢¨Ö α ¶µ µÉ¤¥²Ó´µ¸É¨, ´µ ´¥ ¨Ì ¶·µ¨§¢¥¤¥´¨¥ ᾱ. ‚ ¶·µ-
¸É¥°Ï¥° ¶²µ¸±µ° µ¤´µ¸±µ·µ¸É´µ° § ¤ Î¥ ¶¥·¥´µ¸  ¸¢µ°¸É¢µ³ �ƒ-¨´¢ ·¨ ´É-
´µ¸É¨ µ¡² ¤ ¥É  ¸¨³¶ÉµÉ¨±  ®¶²µÉ´µ¸É¨ Î ¸É¨Í, ¤¢¨¦ÊÐ¨Ì¸Ö ¢ £²Ê¡Ó ¸·¥¤Ò¯
n+(x), x → ∞, ´¥ ¢Ìµ¤ÖÐ¥° ¢ Ê· ¢´¥´¨¥ �µ²ÓÍ³ ´ ∗.

1.2. �ƒ‘ ¢ ³ É¥³ É¨Î¥¸±µ° Ë¨§¨±¥. �·¨ ¶¥·¥´µ¸¥ ·¥´µ·³£·Ê¶¶µ¢ÒÌ
¶·¥¤¸É ¢²¥´¨° ¢ § ¤ Î¨ ³ É¥³ É¨Î¥¸±µ° Ë¨§¨±¨ [1, 2] ¢ ±µ´¥Î´µ³ ¸Î¥É¥ ¸É -
¢¨²¨¸Ó É¥ ¦¥ Í¥²¨, ÎÉµ ¨ ¢ Š’�, Å ®¨¸¶· ¢²¥´¨¥¯ ¶µ¢¥¤¥´¨Ö ·¥Ï¥´¨° ¢
µ±·¥¸É´µ¸É¨ ¸¨´£Ê²Ö·´µ¸É¨. �·¨ ÔÉµ³ Å ¶µ¤µ¡´µ Éµ³Ê ± ± · ¸¶·µ¸É· ´¥´¨¥
�ƒ-³¥Éµ¤  ¨§ Š’� ¢ ¤·Ê£¨¥ µ¡² ¸É¨ É¥µ·¥É¨Î¥¸±µ° Ë¨§¨±¨ (É ±¨¥ ± ± É¥µ-
·¨Ö ±·¨É¨Î¥¸±¨Ì Ö¢²¥´¨°, Ë¨§¨±  ¶µ²¨³¥·µ¢ ¨ ¤¨´ ³¨Î¥¸±¨° Ì µ¸) ¶µ·µ¤¨²µ
· §²¨Î´Ò¥ ¨ ¨´µ£¤  ¸ÊÐ¥¸É¢¥´´µ µÉ²¨Î´Ò¥ µÉ ¨¸Ìµ¤´µ° Ëµ·³Ò ·¥ ²¨§ Í¨¨
�ƒ-¨¤¥µ²µ£¨¨ (¸³., ´ ¶·¨³¥·, µ¡§µ· [19]) Å ¢ ¶·¨³¥´¥´¨ÖÌ ± § ¤ Î ³ ³ É¥-
³ É¨Î¥¸±µ° Ë¨§¨±¨ ¢µ§´¨±²¨ · §²¨Î´Ò¥ ¢ ·¨ ´ÉÒ Ëµ·³Ê²¨·µ¢±¨ �ƒ-³¥Éµ¤ .
� ¶·¨³¥·, ¶µ¤Ìµ¤, ¡²¨§±¨° ± ±¢ ´Éµ¢µ-¶µ²¥¢µ° �ƒ ¨ ´ §¢ ´´Ò°  ¢Éµ· ³¨

∗ˆ ¶·¥¤¸É ¢¨³µ° ¢ ¢¨¤¥ ¨´É¥£· ² 
1∫

0

n(x, ϑ) d cos ϑ µÉ ·¥Ï¥´¨Ö µ¤´µ¸±µ·µ¸É´µ£µ ±¨´¥É¨-

Î¥¸±µ£µ Ê· ¢´¥´¨Ö n(x, ϑ).
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®¶¥·ÉÊ·¡ É¨¢´µ° É¥µ·¨¥° ·¥´µ·³ ²¨§ Í¨µ´´µ° £·Ê¶¶Ò¯, ¨¸¶µ²Ó§µ¢ ²¸Ö ƒµ²Ó-
¤¥´Ë¥²Ó¤µ³ ¸ ¸µ ¢Éµ· ³¨ [20] ¤²Ö ´ Ìµ¦¤¥´¨Ö  ¸¨³¶ÉµÉ¨± ·¥Ï¥´¨° ´¥²¨´¥°-
´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° („“) ¶ · ¡µ²¨Î¥¸±µ£µ É¨¶  ¨ £²µ¡ ²Ó´µ£µ
 ¸¨³¶ÉµÉ¨Î¥¸±µ£µ  ´ ²¨§ . �¸´µ¢´µ° Í¥²ÓÕ §¤¥¸Ó Ö¢²Ö²µ¸Ó Ê²ÊÎÏ¥´¨¥ ¶¥·-
ÉÊ·¡ É¨¢´µ£µ ·¥Ï¥´¨Ö, ¶·¥¤¸É ¢²¥´´µ£µ ´  ³ ²ÒÌ ¢·¥³¥´ Ì · §²µ¦¥´¨¥³ ¢
·Ö¤ ¶µ ¸É¥¶¥´Ö³ ´¥±µÉµ·µ£µ ³ ²µ£µ ¶ · ³¥É·  ¨ ¸µ¤¥·¦ Ð¥£µ ¸¥±Ê²Ö·´Ò¥
¢±² ¤Ò, ¨ ¶µ¸É·µ¥´¨¥ · ¢´µ³¥·´µ ¶·¨£µ¤´µ°  ¸¨³¶ÉµÉ¨±¨ ÔÉµ£µ ·¥Ï¥´¨Ö ´ 
¡µ²ÓÏ¨Ì ¢·¥³¥´ Ì ¢ § ¤ ´´µ³ ¶µ·Ö¤±¥ ¶µ ³ ²µ³Ê ¶ · ³¥É·Ê. ƒ¥µ³¥É·¨Î¥-
¸± Ö É· ±Éµ¢±  ÔÉµ£µ ¶·¨¥³  ¡Ò²  ¸Ëµ·³Ê²¨·µ¢ ´  ŠÊ´¨Ì¨·µ [21] ´  µ¸´µ¢¥
±² ¸¸¨Î¥¸±µ° É¥µ·¨¨ µ£¨¡ ÕÐ¨Ì ¨ § É¥³ ¶¥·¥Ëµ·³Ê²¨·µ¢ ´  ¸ ¨¸¶µ²Ó§µ¢ -
´¨¥³ ¶µ´ÖÉ¨Ö µ¡ ¨´¢ ·¨ ´É´µ³ ³´µ£µµ¡· §¨¨ [22]. �µÌµ¦¨° ³¥Éµ¤ ¨¸¶µ²Ó-
§µ¢ ²¸Ö § É¥³ ¢ ¶·¨²µ¦¥´¨¨ ± ±¨´¥É¨Î¥¸±¨³ Ê· ¢´¥´¨Ö³ (¸³., ´ ¶·¨³¥·, µ¡-
§µ· [23] ¨ Í¨É¨·Ê¥³ÊÕ É ³ ²¨É¥· ÉÊ·Ê),   É ±¦¥ ¢ ¤·Ê£¨Ì Ë¨§¨Î¥¸±¨Ì § ¤ Î Ì
(¸³. [24Ä27]).

�¥¸±µ²Ó±µ ¨´µ° ³¥Éµ¤, ¨¸¶µ²Ó§ÊÕÐ¨° ¶·µÍ¥¤Ê·Ê ¶µ¸²¥¤µ¢ É¥²Ó´µ£µ ¨§-
³¥´¥´¨Ö ³ ¸ÏÉ ¡µ¢ ¨ ¡²¨§±¨° ¶µ ¤ÊÌÊ ± ¢¨²Ó¸µ´µ¢¸±µ° ·¥´µ·³£·Ê¶¶¥ [28],
¶·¨³¥´¨²¨ ¢ ¸¢µ¨Ì ¶µ¸É·µ¥´¨ÖÌ �·¨±³µ´ ¨ ŠÊ¶¨ °´¥´ [29] ¤²Ö ¨¸¸²¥¤µ¢ ´¨Ö
·¥Ï¥´¨° ´¥²¨´¥°´ÒÌ „“. ‘ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¨É¥· Í¨µ´´µ° ¶·µÍ¥¤Ê·Ò ¶·¥-
µ¡· §µ¢ ´¨Ö ³ ¸ÏÉ ¡µ¢ ¨³ Ê¤ ²µ¸Ó Ê¸É ´µ¢¨ÉÓ Ë ±É £²µ¡ ²Ó´µ° Ê¸Éµ°Î¨¢µ¸É¨
·¥Ï¥´¨Ö ¨ ¨¸¸²¥¤µ¢ ÉÓ ¥£µ  ¸¨³¶ÉµÉ¨±¨ ´  ¡µ²ÓÏ¨Ì ¢·¥³¥´ Ì ¤²Ö ´¥±µÉµ·ÒÌ
±² ¸¸µ¢ ´¥²¨´¥°´ÒÌ ¶ · ¡µ²¨Î¥¸±¨Ì Ê· ¢´¥´¨°.

„²Ö ±· ¥¢ÒÌ § ¤ Î (Š‡) ³ É¥³ É¨Î¥¸±µ° Ë¨§¨±¨, ¨¸¶µ²Ó§ÊÕÐ¨Ì „“, ´ ³¨
¡Ò² · §¢¨É (¸³. [1,2],   É ±¦¥ ´¥¤ ¢´¨¥ µ¡§µ·Ò [4, c. 232Ä249; 30]) ¸µ¢¥·Ï¥´´µ
¨´µ°, µÉ²¨Î´Ò° µÉ ¨§¢¥¸É´ÒÌ · ´¥¥ �ƒ- ²£µ·¨É³. —Éµ¡Ò ÔÉµ µÉ²¨Î¨¥ ¸É ²µ
µÎ¥¢¨¤´Ò³, ´ ¶µ³´¨³, ÎÉµ ¢ µ¸´µ¢¥ ³¥Éµ¤  �ƒ, ¢ Éµ³ ¢¨¤¥, ¢ ±µÉµ·µ³ µ´
¨§´ Î ²Ó´µ ¡Ò² ¸Ëµ·³Ê²¨·µ¢ ´ �. �. �µ£µ²Õ¡µ¢Ò³ ¨ µ¤´¨³ ¨§  ¢Éµ·µ¢ ÔÉµ°
· ¡µÉÒ [8] ¤²Ö § ¤ Î Š’�, ²¥¦¨É ¨¸¶µ²Ó§µ¢ ´¨¥ ÉµÎ´µ£µ £·Ê¶¶µ¢µ£µ ¸¢µ°¸É¢ 
·¥Ï¥´¨Ö ¤²Ö Ê²ÊÎÏ¥´¨Ö ¶·¨¡²¨¦¥´´µ£µ ¶¥·ÉÊ·¡ É¨¢´µ£µ (É. ¥. ¶µ²ÊÎ¥´´µ£µ
¶µ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° (’‚)) ·¥Ï¥´¨Ö. �¤´µ° ¨§ ¨§¢¥¸É´ÒÌ Ëµ·³Ê²¨·µ¢µ±
ÔÉµ£µ ¸¢µ°¸É¢  Ö¢²Ö¥É¸Ö ËÊ´±Í¨µ´ ²Ó´µ¥ Ê· ¢´¥´¨¥ (¶·¥¤¸É ¢²ÖÕÐ¥¥ ¸µ¡µ°
¢¸¥£µ ²¨ÏÓ § ¶¨¸Ó £·Ê¶¶µ¢µ£µ § ±µ´  ¸²µ¦¥´¨Ö) ¤²Ö ¨´¢ ·¨ ´É´µ£µ § ·Ö¤  ¢
Š’�. ‚ ± ¦¤µ³ ±µ´±·¥É´µ³ ¸²ÊÎ ¥ µ¡´ ·Ê¦¥´¨¥ ¶µ¤µ¡´µ° ¸¨³³¥É·¨¨ (É. ¥.
£·Ê¶¶µ¢µ£µ ¸¢µ°¸É¢ ) ·¥Ï¥´¨Ö É·¥¡Ê¥É ¸¶¥Í¨ ²Ó´µ£µ, § Î ¸ÉÊÕ ´¥¸É ´¤ ·É-
´µ£µ,  ´ ²¨§  (¸³., ´ ¶·¨³¥·, µ¡¸Ê¦¤¥´¨¥ ¢ · ¡µÉ Ì [19,20,31]), ÎÉµ Ö¢²Ö¥É¸Ö
 ²£µ·¨É³¨Î¥¸±¨³ ´¥¤µ¸É É±µ³ É¥Ì´¨±¨ �ƒ.

‚µ§¢· Ð Ö¸Ó ± ³ É¥³ É¨Î¥¸±µ° Ë¨§¨±¥ (Œ”), µÉ³¥É¨³, ÎÉµ §¤¥¸Ó ¨³¥ÕÉ
¤¥²µ ¸ § ¤ Î ³¨, ¨¸¶µ²Ó§ÊÕÐ¨³¨ ¸¨¸É¥³Ò „“, ¸¨³³¥É·¨¨ ±µÉµ·ÒÌ ³µ£ÊÉ ¡ÒÉÓ
´ °¤¥´Ò ·¥£Ê²Ö·´Ò³ ¸¶µ¸µ¡µ³ ¸ ¶µ³µÐÓÕ É¥Ì´¨±¨ £·Ê¶¶µ¢µ£µ  ´ ²¨§  ‘µ-
ËÊ¸  ‹¨. ‚ § ¤ Î Ì Œ” ÔÉµ µ¡¸ÉµÖÉ¥²Ó¸É¢µ µ± § ²µ¸Ó µ¶·¥¤¥²ÖÕÐ¨³ ¶·¨
¸µ§¤ ´¨¨ ®�ƒ- ²£µ·¨É³ ¯, ±µÉµ·Ò° µ¡Ñ¥¤¨´¨² �ƒ-¨¤¥µ²µ£¨Õ ¨§ Š’� ¸ ·¥-
£Ê²Ö·´Ò³ ¸¶µ¸µ¡µ³ ¶µ¸É·µ¥´¨Ö ¸¨³³¥É·¨° ·¥Ï¥´¨° Š‡. ˆ³¥´´µ ¡² £µ¤ ·Ö
ÔÉµ³Ê  ²£µ·¨É³Ê ¨ ¢µ§´¨±²µ ¶µ´ÖÉ¨¥ ·¥´µ·³£·Ê¶¶µ¢µ° ¸¨³³¥É·¨¨ ¤²Ö ·¥Ï¥-
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´¨° Š‡: ÔÉ¨ ¸¨³³¥É·¨¨ ´ Ìµ¤ÖÉ¸Ö ¢ ·¥§Ê²ÓÉ É¥ ¢ÒÎ¨¸²¨É¥²Ó´µ° ¶·µÍ¥¤Ê·Ò,
¶µ¤µ¡´µ° ¨¸¶µ²Ó§Ê¥³µ° ¢ ¸µ¢·¥³¥´´µ³ £·Ê¶¶µ¢µ³  ´ ²¨§¥, ¨ ¶·¨ ÔÉµ³ ¨³¥ÕÉ
Éµ ¦¥ ´ §´ Î¥´¨¥, ÎÉµ ¨ ¢ ³¥Éµ¤¥ �ƒ �µ£µ²Õ¡µ¢ , É. ¥. ¶µ²ÊÎ¥´¨¥ Ê²ÊÎÏ¥´´µ£µ
(¶µ ¸· ¢´¥´¨Õ ¸ ¨¸Ìµ¤´Ò³ ¶·¨¡²¨¦¥´´Ò³) ·¥Ï¥´¨Ö.

�¥·¢Ò¥ ·¥§Ê²ÓÉ ÉÒ ¢ ÔÉµ³ ´ ¶· ¢²¥´¨¨ ¡Ò²¨ ¶µ²ÊÎ¥´Ò ¡µ²¥¥ ¶ÖÉ´ ¤Í É¨
²¥É ´ § ¤ ¢ § ¤ Î¥ µ £¥´¥· Í¨¨ ¢Ò¸Ï¨Ì £ ·³µ´¨± ¢ ¶² §³¥ [1, 32]. ‚ ¤ ²Ó-
´¥°Ï¥³ ·¥£Ê²Ö·´Ò° �ƒ- ²£µ·¨É³ ¡Ò² ¸ Ê¸¶¥Ìµ³ ¶·¨³¥´¥´ ± · §²¨Î´Ò³ Š‡
(¸³. [3, 4],   É ±¦¥ [30], £¤¥ Ê± § ´Ò ¸¸Ò²±¨ ´  ¶µ¸²¥¤´¨¥ ¶Ê¡²¨± Í¨¨). ‚
¸²¥¤ÊÕÐ¥³ · §¤¥²¥ ³Ò µ¸É ´µ¢¨³¸Ö ´  ¤¥É ²ÖÌ ÔÉµ£µ  ²£µ·¨É³  ¶µ¤·µ¡´¥¥.

�  ´ Î ²Ó´µ³ ÔÉ ¶¥ [1,2] ¶·¨³¥´¥´¨¥ �ƒ‘ ¢ µ¸´µ¢´µ³ µ£· ´¨Î¨¢ ²µ¸Ó § -
¤ Î ³¨ ´  µ¸´µ¢¥ „“, ÌµÉÖ Ëµ·³ ²Ó´µ �ƒ- ²£µ·¨É³ ³µ¦¥É ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´ ¢
²Õ¡µ° ¶·µ¡²¥³¥, ¤²Ö ±µÉµ·µ° ³µ¦´µ Ê± § ÉÓ ·¥£Ê²Ö·´Ò° ¸¶µ¸µ¡ ¢ÒÎ¨¸²¥´¨Ö
¸¨³³¥É·¨° ¥¥ Ê· ¢´¥´¨°. ‚ ÔÉµ³ ¶² ´¥ ¶¥·¥Ìµ¤ ± É ±¨³ µ¡Ñ¥±É ³, ±µÉµ·Ò¥
¤µ ´¥¤ ¢´¥£µ ¢·¥³¥´¨ ´¥ Ö¢²Ö²¨¸Ó ¶·¥¤³¥Éµ³ £·Ê¶¶µ¢µ£µ  ´ ²¨§ , ´ ¶·¨³¥·
± ¨´É¥£· ²Ó´Ò³ ¨ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨Ö³, ¸ÊÐ¥¸É¢¥´´µ · ¸-
Ï¨·Ö¥É µ¡² ¸ÉÓ ¶·¨²µ¦¥´¨Ö �ƒ‘.

‚ Éµ²Ó±µ ÎÉµ Ê¶µ³Ö´ÊÉÒÌ ¸²ÊÎ ÖÌ ¨´É¥£· ²Ó´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¸µ¸É ¢²ÖÕÉ
µ¸´µ¢Ê § ¤ Î¨. �´¨, µ¤´ ±µ, ³µ£ÊÉ Ö¢²ÖÉÓ¸Ö ´¥±¨³ ¸ ³µ¸ÉµÖÉ¥²Ó´Ò³ µ¡Ñ¥±Éµ³
¶·¨²µ¦¥´¨Ö ¤²Ö �ƒ‘, ¶µ¸É·µ¥´´ÒÌ ¤²Ö ·¥Ï¥´¨° Š‡ ¤²Ö „“. ‡ Î ¸ÉÊÕ Ë¨§¨-
Î¥¸±¨° ¨´É¥·¥¸ ¶·¥¤¸É ¢²Ö¥É ´¥ ¸ ³µ ·¥Ï¥´¨¥ ¢µ ¢¸¥³ ¤¨ ¶ §µ´¥ ¨§³¥´¥´¨Ö
¶¥·¥³¥´´ÒÌ ¨ ¶ · ³¥É·µ¢,   ´¥± Ö ¥£µ ¨´É¥£· ²Ó´ Ö Ì · ±É¥·¨¸É¨±  Å ËÊ´±-
Í¨µ´ ² µÉ ·¥Ï¥´¨Ö. �É  Ì · ±É¥·¨¸É¨±  ³µ¦¥É ¶µÖ¢²ÖÉÓ¸Ö, ´ ¶·¨³¥·, ¢ ·¥-
§Ê²ÓÉ É¥ Ê¸·¥¤´¥´¨Ö (¨´É¥£·¨·µ¢ ´¨Ö) ¶µ µ¤´µ° ¨§ ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ∗

¨²¨ ¢ ·¥§Ê²ÓÉ É¥ ¶¥·¥Ìµ¤  ± ´µ¢µ³Ê ¨´É¥£· ²Ó´µ³Ê ¶·¥¤¸É ¢²¥´¨Õ, ´ ¶·¨³¥·
¶·¥¤¸É ¢²¥´¨Õ ”Ê·Ó¥. ‚ ÔÉµ³ ¸²ÊÎ ¥ �ƒ- ²£µ·¨É³ ³µ¦¥É ¡ÒÉÓ ¶·¨³¥´¥´ ´¥
¤²Ö ÊÉµÎ´¥´¨Ö Î ¸É´µ£µ ·¥Ï¥´¨Ö ¸ ¶µ¸²¥¤ÊÕÐ¨³ ¢ÒÎ¨¸²¥´¨¥³ ¥£µ ¨´É¥£· ²Ó-
´µ° Ì · ±É¥·¨¸É¨±¨,   ´¥¶µ¸·¥¤¸É¢¥´´µ ¤²Ö Ê²ÊÎÏ¥´¨Ö §´ Î¥´¨Ö ËÊ´±Í¨µ-
´ ²  µÉ ¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö. “± § ´´Ò¥ ³µÉ¨¢Ò ¶µ¸²Ê¦¨²¨ µ¸´µ¢ ´¨¥³
¤²Ö · ¸¶·µ¸É· ´¥´¨Ö �ƒ- ²£µ·¨É³  ´  ³µ¤¥²¨ ¸ ´¥²µ± ²Ó´Ò³¨ (¨´É¥£· ²Ó-
´Ò³¨) Ê· ¢´¥´¨Ö³¨.

‘µ¤¥·¦ ´¨¥ · ¡µÉÒ ¸É·Ê±ÉÊ·¨·µ¢ ´µ ¸²¥¤ÊÕÐ¨³ µ¡· §µ³. ‚ · §¤. 2 Ëµ·-
³Ê²¨·Ê¥É¸Ö µ¡µ¡Ð¥´¨¥ �ƒ- ²£µ·¨É³ , · §· ¡µÉ ´´µ£µ ¢ ¶·¨²µ¦¥´¨¨ ± Š‡
¤²Ö „“ [3] (¨ ¨§²µ¦¥´´µ£µ ¢ [4, 30]), ´  ³µ¤¥²¨ ¸ ´¥²µ± ²Ó´Ò³¨ Ê· ¢´¥´¨-
Ö³¨. ‚ · §¤. 3 ¶·¥¤¸É ¢²¥´ µ¡§o· ´¥¤ ¢´¨Ì ·¥§Ê²ÓÉ Éµ¢, ¶µ²ÊÎ¥´´ÒÌ ´  µ¸´µ¢¥
³µ¤¨Ë¨Í¨·µ¢ ´´µ£µ �ƒ- ²£µ·¨É³ ,   É ±¦¥ ¤¥³µ´¸É·¨·Ê¥É¸Ö ÔËË¥±É¨¢´µ¸ÉÓ
³¥Éµ¤  ´  Ê¦¥ ¨§¢¥¸É´ÒÌ ·¥Ï¥´¨ÖÌ. ‚ ± Î¥¸É¢¥ ¶·¨³¥·µ¢ · ¸¸³µÉ·¥´Ò: ¨´-
É¥£· ²Ó´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö, ¸µÌ· ´ÖÕÐ¨¥ �ƒ-¨´¢ ·¨ ´É´µ¸ÉÓ ¢ Š’�, ¨´É¥-
£· ²Ó´Ò¥ Ì · ±É¥·¨¸É¨±¨ ·¥Ï¥´¨° ´ Î ²Ó´µ° § ¤ Î¨ ¤²Ö Ê· ¢´¥´¨Ö •µ¶Ë  ¨
§ ¤ Î¨ µ · ¸¶·µ¸É· ´¥´¨¨ ¸¢¥Éµ¢µ£µ ¶ÊÎ±  ¢ ´¥²¨´¥°´µ° µ¶É¨±¥, ¶·¥µ¡· §µ¢ -

∗‘³., ´ ¶·¨³¥·, ¶·¨³¥Î ´¨¥ ´  ¸. 2.
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´¨¥ ´¥²¨´¥°´ÒÌ ¤¨Ô²¥±É·¨Î¥¸±¨Ì ¶·µ´¨Í ¥³µ¸É¥° ¢ ¶² §³¥ ¶·¨ ¶¥·¥Ìµ¤¥ µÉ
£¨¤·µ¤¨´ ³¨Î¥¸±µ£µ ± ±¨´¥É¨Î¥¸±µ³Ê µ¶¨¸ ´¨Õ, ¶µ¸É·µ¥´¨¥ ¨ ¨¸¶µ²Ó§µ¢ ´¨¥
�ƒ‘ ¢ § ¤ Î¥ µ · §²¥É¥ ¶² §³¥´´µ£µ ¸£Ê¸É±  ¨ Ê¸±µ·¥´¨¨ Î ¸É¨Í. ’¥Ì´¨Î¥¸±¨¥
¶µ¤·µ¡´µ¸É¨ ¢Ò´¥¸¥´Ò ¢ ¶·¨²µ¦¥´¨¥ 1. �¥±µÉµ·Ò¥ µ¡Ð¨¥ § ±µ´µ³¥·´µ¸É¨,
µ¡Ñ¥¤¨´ÖÕÐ¨¥ ¶µ´ÖÉ¨Ö �ƒ-¸¨³³¥É·¨¨, ËÊ´±Í¨µ´ ²Ó´µ£µ ¸ ³µ¶µ¤µ¡¨Ö ¨  ¢-
Éµ³µ¤¥²Ó´µ¸É¨, · ¸¸³µÉ·¥´Ò ¢ ¶·¨²µ¦¥´¨¨ 2.

2. ‘•…Œ� �ƒ-�‹ƒ��ˆ’Œ� „‹Ÿ �…‹�Š�‹œ�›• ‡�„�—

�·µÍ¥¤Ê·  ¶µ¸É·µ¥´¨Ö ¨ ¨¸¶µ²Ó§µ¢ ´¨Ö �ƒ‘ ¶·¨³¥´¨É¥²Ó´µ ± Š‡ ¤²Ö „“
¤¥É ²Ó´µ µ¶¨¸ ´  ¢ ´ Ï¨Ì ¶·¥¤Ò¤ÊÐ¨Ì · ¡µÉ Ì, ´ ¶·¨³¥·, ¢ µ¡§µ· Ì [4,30].
’¥³ ´¥ ³¥´¥¥, ¤²Ö ¸¢Ö§´µ¸É¨ ¨§²µ¦¥´¨Ö, ´¨¦¥ ±· É±µ µ¡·¨¸µ¢ ´Ò µ¸´µ¢´Ò¥
ÔÉ ¶Ò ¸Ì¥³Ò ¸  ±Í¥´Éµ³ ´  É¥ ¨§³¥´¥´¨Ö, ±µÉµ·Ò¥ ´ ¤µ ¢´¥¸É¨ ¢ �ƒ- ²£µ·¨É³,
¤²Ö Éµ£µ ÎÉµ¡Ò µ´ ³µ£ ¶·¨³¥´ÖÉÓ¸Ö ¨ ± ´¥²µ± ²Ó´Ò³ § ¤ Î ³.

‚ ± Î¥¸É¢¥ ¨¸Ìµ¤´µ° ¢ ÔÉ¨Ì § ¤ Î Ì ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¸¨¸É¥³Ê ¨§ ν � 1
¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ (¢ Éµ³ Î¨¸²¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¨ ¨´É¥£· ²Ó´ÒÌ)
Ê· ¢´¥´¨° ¤²Ö ËÊ´±Í¨° u = {uα}, α = 1, . . . , m, µÉ ¶¥·¥³¥´´ÒÌ x = {xi},
i = 1, . . . , n,

[E] : Eν(u(x)) = 0 (1)

�¨¸. 1. �¡Ð Ö ¸Ì¥³  ·¥ ²¨§ Í¨¨
�ƒ- ²£µ·¨É³ 

¸ ´¥²µ± ²Ó´Ò³¨ ¢±² ¤ ³¨, § ¢¨¸ÖÐ¨³¨
µÉ ¨´É¥£· ²µ¢ µÉ ÔÉ¨Ì ËÊ´±Í¨°, ¤µ¶µ²-
´¥´´ÊÕ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ±· ¥¢Ò³¨ (£· -
´¨Î´Ò³¨ ¨²¨ ´ Î ²Ó´Ò³¨) Ê¸²µ¢¨Ö³¨.
�·¥¤¶µ²µ¦¨³, ÎÉµ ´ ³ ¨§¢¥¸É´µ ´¥±µÉµ-
·µ¥ ¶·¨¡²¨¦¥´´µ¥ ·¥Ï¥´¨¥ uα = Uα,
´ ¶·¨³¥·, ¶·¥¤¸É ¢²¥´´µ¥ µÉ·¥§±µ³ ·Ö¤ 
’‚ ¶µ ¸É¥¶¥´Ö³ ³ ²µ£µ ¶ · ³¥É·  ¨²¨ ¶µ
¸É¥¶¥´Ö³ ³ ²µ£µ µÉ±²µ´¥´¨Ö µÉ £· ´¨ÍÒ
µ¡² ¸É¨, ·¥Ï¥´¨¥ ´  ±µÉµ·µ° ¸Î¨É ¥É¸Ö
¨§¢¥¸É´Ò³.

’µ£¤ , Ê¸²µ¢´µ, ¸Ì¥³  ·¥ ²¨§ Í¨¨
�ƒ- ²£µ·¨É³  ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥ ¶µ¸²¥-
¤µ¢ É¥²Ó´µ¸É¨ Î¥ÉÒ·¥Ì ÔÉ ¶µ¢:

(I) ¶µ¸É·µ¥´¨Ö ·¥´µ·³£·Ê¶¶µ¢µ£µ ³´µ-
£µµ¡· §¨Ö,

(II) ´ Ìµ¦¤¥´¨Ö ¤µ¶Ê¸± ¥³µ° ¨³
£·Ê¶¶Ò ¸¨³³¥É·¨° ¨

(III) ¥¥ ¸Ê¦¥´¨Ö ´  Î ¸É´µ³ ·¥Ï¥´¨¨ Š‡ ¨ ´ Ìµ¦¤¥´¨Ö �ƒ‘,   É ±¦¥
(IV) µÉÒ¸± ´¨Ö µÉ¢¥Î ÕÐ¥£µ �ƒ‘  ´ ²¨É¨Î¥¸±µ£µ ·¥Ï¥´¨Ö.
�É¨ Ï £¨ ¶·¥¤¸É ¢²¥´Ò ´  ¸Ì¥³¥ (¸³. ·¨¸. 1). Š ¦¤Ò° ¨§ ´¨Ì ¨§µ¡· -

¦ ¥É¸Ö ¢ ¢¨¤¥ ¸É·¥²±¨ (¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ ´µ³¥·µ³), ¸µ¥¤¨´ÖÕÐ¥° ¨¸Ìµ¤-
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´Ò° µ¡Ñ¥±É ¸ ¤·Ê£¨³, ¶µ²ÊÎ¨¢Ï¨³¸Ö ¢ ·¥§Ê²ÓÉ É¥ ¤ ´´µ£µ ÔÉ ¶ . �µ¤·µ¡-
´µ¥ · ¸¸³µÉ·¥´¨¥ ± ¦¤µ£µ ¨§ Ï £µ¢ ¶·¨¢µ¤¨É¸Ö ´¨¦¥, ¢ ¶. 2.1Ä2.4. �µ³¨³µ
µ¸´µ¢´ÒÌ, ®Ï¨·µ±¨Ì¯ ¸É·¥²µ±, µ¶¨¸Ò¢ ÕÐ¨Ì ¢µ§´¨±´µ¢¥´¨¥ ´µ¢ÒÌ µ¡Ñ¥±-
Éµ¢, ¸Ì¥³  ¸µ¤¥·¦¨É ¶Ê´±É¨·´Ò¥ ¸É·¥²±¨, µÉ¢¥Î ÕÐ¨¥ ¨¸¶µ²Ó§µ¢ ´¨Õ (¶·¨
¶µ¸É·µ¥´¨¨ µÎ¥·¥¤´µ£µ µ¡Ñ¥±É ) ¤µ¶µ²´¨É¥²Ó´µ° ¨´Ëµ·³ Í¨¨, ¨§¢²¥± ¥³µ°
¨§ ¡µ²¥¥ ®· ´´¥£µ¯ µ¡Ñ¥±É . �É¨ ¸É·¥²±¨ ±µ³³¥´É¨·ÊÕÉ¸Ö ¶·¨ µ¶¨¸ ´¨¨ ± -
¦¤µ£µ ¨§ Ï £µ¢  ²£µ·¨É³ .

2.1. �µ¸É·µ¥´¨¥ �ƒ-³´µ£µµ¡· §¨Ö. � Î ²Ó´µ° § ¤ Î¥° Ö¢²Ö¥É¸Ö ¶µ¸É·µ-
¥´¨¥ �ƒ‘ ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·¥µ¡· §µ¢ ´¨°, § É· £¨¢ ÕÐ¨Ì ¢ Éµ³ Î¨¸²¥
¶ · ³¥É·Ò Î ¸É´µ£µ ·¥Ï¥´¨Ö. �µÔÉµ³Ê ´ §´ Î¥´¨¥ ¶¥·¢µ£µ (I) Ï £  ¸µ¸Éµ¨É
¢ Éµ³ ¨²¨ ¨´µ³ ¸¶µ¸µ¡¥ ¢µ¢²¥Î¥´¨Ö ¢ £·Ê¶¶µ¢Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö ¶ · ³¥É·µ¢,
¢Ìµ¤ÖÐ¨Ì ± ± ¢ Ê· ¢´¥´¨Ö § ¤ Î¨, É ± ¨ ¢ ±· ¥¢Ò¥ Ê¸²µ¢¨Ö, µÉ ±µÉµ·ÒÌ § ¢¨-
¸¨É ÔÉµ Î ¸É´µ¥ ·¥Ï¥´¨¥. �É  Í¥²Ó ¤µ¸É¨£ ¥É¸Ö ¶ÊÉ¥³ ¶µ¸É·µ¥´¨Ö ¸¶¥Í¨ ²Ó-
´µ£µ �ƒ-³´µ£µµ¡· §¨Ö RM, ±µÉµ·µ¥ ³Ò ¶µ² £ ¥³ § ¤ ´´Ò³ ¢ ¢¨¤¥ ¸¨¸É¥³Ò
¨§ s „“ k-£µ ¶µ·Ö¤±  ¨ q ´¥²µ± ²Ó´ÒÌ ¸µµÉ´µÏ¥´¨°

Fσ(z, u, u(1), . . . , u(k)) = 0, σ = 1, . . . , s, (2)

Fσ(z, u, u(1), . . . , u(r), Ja(u)) = 0, σ = 1 + s, . . . , q + s. (3)

‡¤¥¸Ó ¨ ´¨¦¥ ¨¸¶µ²Ó§Ê¥É¸Ö É¥·³¨´µ²µ£¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ°  ²£¥¡·Ò ¨ ¶·¨-
´ÖÉÒ¥ ¢ £·Ê¶¶µ¢µ³  ´ ²¨§¥ [33] µ¡µ§´ Î¥´¨Ö ¤²Ö ¶¥·¥³¥´´ÒÌ:

z = {zi}, u = {uα}, u(1) = {uα
i },

u(2) = {uα
ij}, . . . , i, j = 1, . . . , n + l.

(4)

‘¢Ö§Ó ³¥¦¤Ê ÔÉ¨³¨ ¶¥·¥³¥´´Ò³¨ § ¤ ¥É¸Ö ¸¨¸É¥³µ° ¸µµÉ´µÏ¥´¨°

uα
i = Di(uα), uα

ij = Dj(uα
i ) = DjDi(uα), . . . (5)

¸ ¶µ³µÐÓÕ µ¶¥· Éµ·  ¶µ²´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö

Di =
∂

∂zi
+ uα

i

∂

∂uα
+ uα

ij

∂

∂uα
j

+ . . . (6)

�¥·¥³¥´´Ò¥ z ´ §Ò¢ ÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨, ¶¥·¥³¥´´Ò¥ u Å ¤¨ËË¥·¥´Í¨ ²Ó-
´Ò³¨ ¶¥·¥³¥´´Ò³¨, ¨³¥ÕÐ¨³¨ ¶µ¸²¥¤µ¢ É¥²Ó´Ò¥ ¶·µ¨§¢µ¤´Ò¥ u(1), u(2) . . .
‚ z ´ ·Ö¤Ê ¸ ®É· ¤¨Í¨µ´´Ò³¨¯ ¶¥·¥³¥´´Ò³¨ x = {xi} ¢±²ÕÎ¥´Ò É ±¦¥ ¶ · -
³¥É·Ò § ¤ Î¨ p = {pj}, j = 1, . . . , l, É. ¥. z = {x, p}. ‹µ± ²Ó´µ  ´ ²¨É¨Î¥¸± Ö
ËÊ´±Í¨Ö ¶¥·¥³¥´´ÒÌ (4), ´ ¶·¨³¥· ËÊ´±Í¨Ö Fσ(z, u, u(1), . . . , u(k)) ¨§ (2), ¸
´ ¨¢Ò¸Ï¨³ ¶µ·Ö¤±µ³ ¶·µ¨§¢µ¤´ÒÌ k, ´ §Ò¢ ¥É¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ° ËÊ´±-
Í¨¥° k-£µ ¶µ·Ö¤± ,   ¸µ¢µ±Ê¶´µ¸ÉÓ ¢¸¥Ì É ±¨Ì ËÊ´±Í¨° ¸ ¶·µ¨§¢µ²Ó´Ò³¨
§´ Î¥´¨Ö³¨ k µ¡· §Ê¥É ¶·µ¸É· ´¸É¢µ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ËÊ´±Í¨° A[z, u].
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‹Õ¡ Ö ËÊ´±Í¨Ö Fσ ∈ A[z, u] ¶µ·µ¦¤ ¥É ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ³´µ£µµ¡· §¨¥
[Fσ], µ¶·¥¤¥²Ö¥³µ¥ ¡¥¸±µ´¥Î´µ° ¸¨¸É¥³µ° Ê· ¢´¥´¨°

[Fσ ] : Fσ = 0, DiFσ = 0, DiDjFσ = 0, . . . . (7)

‚Ìµ¤ÖÐ¨¥ ¢ (3) ´¥²µ± ²Ó´Ò¥ ¶¥·¥³¥´´Ò¥ Ja(u) ¢¢µ¤ÖÉ¸Ö ¨´É¥£· ²Ó´Ò³¨ µ¶¥-
· Í¨Ö³¨

Ja(u) =
∫

Fa(u(z))dz . (8)

� ²¨Î¨¥ ¸µµÉ´µÏ¥´¨° (3) Ì · ±É¥·¨§Ê¥É µ¸´µ¢´µ¥ µÉ²¨Î¨¥ RM ¤²Ö ´¥²µ-
± ²Ó´ÒÌ § ¤ Î µÉ ¸²ÊÎ Ö Š‡ ¤²Ö „“, ¤²Ö ±µÉµ·ÒÌ �ƒ-³´µ£µµ¡· §¨¥ Ö¢²Ö¥É¸Ö
¤¨ËË¥·¥´Í¨ ²Ó´Ò³.

�É³¥É¨³, ÎÉµ ¢ µ¡Ð¥³ ¸²ÊÎ ¥ RM ´¥ ¸µ¢¶ ¤ ¥É ¸ ¸¨¸É¥³µ° ¨¸Ìµ¤´ÒÌ
Ê· ¢´¥´¨°. ’µ²Ó±µ ¢ µÉ¤¥²Ó´ÒÌ ¸²ÊÎ ÖÌ, µ ±µÉµ·ÒÌ ¡Ê¤¥É ¸± § ´µ ´¨¦¥, ¨ c
¤µ¶µ²´¨É¥²Ó´Ò³¨ µ£µ¢µ·± ³¨, · ¸Ï¨·ÖÕÐ¨³¨ ¨ ÊÉµÎ´ÖÕÐ¨³¨ ¸¶¨¸µ± ¶¥·¥-
³¥´´ÒÌ ¨ ¶ · ³¥É·µ¢, ÊÎ ¸É¢ÊÕÐ¨Ì ¢ �ƒ-¶·¥µ¡· §µ¢ ´¨ÖÌ, ³µ¦´µ Ê¸É ´µ¢¨ÉÓ
¸µµÉ¢¥É¸É¢¨¥ ³¥¦¤Ê (1) ¨ (2)Ä(3). �¤´ ±µ ¤²Ö ¶·µ¨§¢µ²Ó´ÒÌ ±· ¥¢ÒÌ § ¤ Î
¢Ò¶µ²´¨ÉÓ ¶¥·¢Ò° Ï £  ²£µ·¨É³ , ¶·µ¸Éµ É· ±ÉÊÖ [E] ± ± RM, ´¥ Ê¤ ¥É¸Ö,
¨ ±µ´±·¥É´ Ö Ëµ·³  ·¥ ²¨§ Í¨¨ ¶¥·¢µ£µ Ï £  § ¢¨¸¨É ± ± µÉ ¢¨¤  ¨¸Ìµ¤´ÒÌ
Ê· ¢´¥´¨° (1), É ± ¨ µÉ Ëµ·³Ò § ¶¨¸¨ £· ´¨Î´ÒÌ Ê¸²µ¢¨°. ‘Ëµ·³Ê²¨·µ¢ ´-
´Ò° · ´¥¥ ¤²Ö ³µ¤¥²¥° ¸ „“ µ¡Ð¨° ¸¶µ¸µ¡ ¶µ¸É·µ¥´¨Ö RM µ¸É ¥É¸Ö ¢ ¸¨²¥
¨ ¤²Ö ´¥²µ± ²Ó´ÒÌ § ¤ Î. ‚ ÔÉµ³ ¸³Ò¸²¥ ¶µ-¶·¥¦´¥³Ê ¢¥·´Ò ´¥¸±µ²Ó±µ Ê± -
§ ´´ÒÌ · ´¥¥ (¸³., ´ ¶·¨³¥·, [4]) ¨ ¶¥·¥Î¨¸²¥´´ÒÌ ´¨¦¥ ¢µ§³µ¦´ÒÌ ¶ÊÉ¥°
¶µ¸É·µ¥´¨Ö ÔÉµ£µ ³´µ£µµ¡· §¨Ö:

1. �¤¨´ ¨§ ÔÉ¨Ì ¶ÊÉ¥° ¸¢Ö§ ´ ¸ ¶·µÍ¥¤Ê·µ° · ¸Ï¨·¥´¨Ö ¶·µ¸É· ´¸É¢ 
¶¥·¥³¥´´ÒÌ, ¢µ¢²¥± ¥³ÒÌ ¢ £·Ê¶¶µ¢Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö, ¨ ¶µ ¸ÊÉ¨ ¤¥²  Ê¦¥
·¥ ²¨§µ¢ ´ ¶·¨ § ¶¨¸¨ RM ¢ Ëµ·³¥ (2)Ä(3). ‡¤¥¸Ó ¢ ± Î¥¸É¢¥ ¤µ¶µ²´¨É¥²Ó-
´ÒÌ ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ ¤µ¡ ¢²¥´Ò ¶ · ³¥É·Ò p, ¢Ìµ¤ÖÐ¨¥ ¢ ·¥Ï¥´¨Ö
± ± Î¥·¥§ ¨¸Ìµ¤´Ò¥ Ê· ¢´¥´¨Ö, É ± ¨ Î¥·¥§ ±· ¥¢Ò¥ Ê¸²µ¢¨Ö. ‘µµÉ¢¥É¸É¢¥´´µ,
¶·µ¨§¢µ¤´Ò¥ ¶µ ÔÉ¨³ ¶ · ³¥É· ³ · ¸Ï¨·ÖÕÉ ¶·µ¸É· ´¸É¢µ ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ ¶¥·¥³¥´´ÒÌ. ‡ Î ¸ÉÊÕ É ±µ¥ · ¸Ï¨·¥´¨¥ ¶·µ¸É· ´¸É¢  ´¥§ ¢¨¸¨³ÒÌ ¨
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ ¶·¥µ¡· §Ê¥É ¨¸Ìµ¤´Ò¥ Ê· ¢´¥´¨Ö (1) ¢ ³´µ-
£µµ¡· §¨¥ RM, µ¤´ ±µ ¶·¨¸ÊÐ Ö ¨³ ´¥²µ± ²Ó´µ¸ÉÓ ¶·¨ ÔÉµ³ ¸µÌ· ´Ö¥É¸Ö.

2. „·Ê£ Ö ¢µ§³µ¦´µ¸ÉÓ µ¸´µ¢ ´  ´  ¨¸¶µ²Ó§µ¢ ´¨¨ ´¥¸É ´¤ ·É´µ° Ëµ·³Ò
§ ¶¨¸¨ ±· ¥¢ÒÌ Ê¸²µ¢¨°, ´ ¶·¨³¥· ¨Ì Ëµ·³Ê²¨·µ¢±¥ ¢ ¢¨¤¥ ´¥±µÉµ·ÒÌ ¤µ-
¶µ²´¨É¥²Ó´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¸µµÉ´µÏ¥´¨° (¸¢Ö§¥°) ¨²¨ Ê· ¢´¥´¨° ¶µ-
£·Ê¦¥´¨Ö. ‚ ÔÉµ³ ¸²ÊÎ ¥ ¶·¨³¥´Ö¥É¸Ö Ìµ·µÏµ ¨§¢¥¸É´Ò° ¶·¨¥³ [15; 34,
£². VII, § 3; 35; 36], ¶·¨ ±µÉµ·µ³ ·¥Ï¥´¨Ö Š‡ É· ±ÉÊÕÉ¸Ö ± ±  ´ ²¨É¨Î¥¸±¨¥
ËÊ´±Í¨¨ ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ ¨ ¶ · ³¥É·µ¢, ¢Ìµ¤ÖÐ¨Ì ¢ £· ´¨Î´Ò¥ Ê¸²µ-
¢¨Ö b = {xi

0, u
α
0 }. „¨ËË¥·¥´Í¨·µ¢ ´¨¥ ÔÉ¨Ì ËÊ´±Í¨° ¶µ ¶µ¸²¥¤´¨³ ¤ ¥É ¤µ-

¶µ²´¨É¥²Ó´Ò¥ ¸µµÉ´µÏ¥´¨Ö Å Ê· ¢´¥´¨Ö ¶µ£·Ê¦¥´¨Ö, ±µÉµ·Ò¥ ¸µ¢³¥¸É´µ ¸
¨¸Ìµ¤´Ò³¨ (1) µ¡· §ÊÕÉ ¨¸±µ³µ¥ ³´µ£µµ¡· §¨¥ RM.
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‘É·Ê±ÉÊ·  Ê· ¢´¥´¨° ¶µ£·Ê¦¥´¨Ö µ¶·¥¤¥²Ö¥É¸Ö ´¥ Éµ²Ó±µ ¢¨¤µ³ ¨¸Ìµ¤-
´µ£µ Ê· ¢´¥´¨Ö, ´µ ¨ É¨¶µ³ ±· ¥¢ÒÌ ¤ ´´ÒÌ ± ´¥³Ê [34, 36]. �¤´¨³ ¨ É¥³
¦¥ ¨¸Ìµ¤´Ò³ Ê· ¢´¥´¨Ö³ ¶·¨ · §´ÒÌ ±· ¥¢ÒÌ ¤ ´´ÒÌ ¸µµÉ¢¥É¸É¢ÊÕÉ · §´Ò¥
Ê· ¢´¥´¨Ö ¶µ£·Ê¦¥´¨Ö. ‚ ¶·µ¸É¥°Ï¥³ ¸²ÊÎ ¥ Ê· ¢´¥´¨Ö ¶µ£·Ê¦¥´¨Ö ¨³¥ÕÉ
¢¨¤ Ô¢µ²ÕÍ¨µ´´ÒÌ „“ ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¶µ·Ö¤± , µ¤´ ±µ ¢µ§-
³µ¦´Ò ¨ ¡µ²¥¥ ¸²µ¦´Ò¥ ¢ ·¨ ´ÉÒ, ±µ£¤  Ê· ¢´¥´¨Ö ¶µ£·Ê¦¥´¨Ö ¸É ´µ¢ÖÉ¸Ö
´¥²µ± ²Ó´Ò³¨∗. ’ ±¨³ µ¡· §µ³, ¨¸¶µ²Ó§µ¢ ´¨¥ Ê· ¢´¥´¨° ¶µ£·Ê¦¥´¨Ö ³µ¦¥É
¶·¨¢¥¸É¨ ± ´¥²µ± ²Ó´µ³Ê RM ¤ ¦¥ ¢ Éµ³ ¸²ÊÎ ¥, ±µ£¤  ¨¸Ìµ¤´Ò¥ Ê· ¢´¥-
´¨Ö (1) ¶·¥¤¸É ¢²ÖÕÉ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ³´µ£µµ¡· §¨¥.

�¡µ¡Ð¥´¨¥³ ¶·¨¥³  ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ Ê· ¢´¥´¨° ¶µ£·Ê¦¥´¨Ö Ö¢²Ö¥É¸Ö
¶¥·¥Ëµ·³Ê²¨·µ¢ ´¨¥ ±· ¥¢ÒÌ ¤ ´´ÒÌ ´  Ö§Ò±¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ° ¸¢Ö§¨ [37,
38], ¸µ¢³¥¸É´µ° ¸ ¨¸Ìµ¤´Ò³¨ Ê· ¢´¥´¨Ö³¨. ‚ Î ¸É´µ¸É¨, É ±¨¥ ¤¨ËË¥·¥´-
Í¨ ²Ó´Ò¥ ¸¢Ö§¨ ¢Ò¸µ±µ£µ ¶µ·Ö¤±  ³µ£ÊÉ ¢µ§´¨± ÉÓ ¨§ ¨¸¸²¥¤µ¢ ´¨Ö ¢Ò¸Ï¨Ì
¸¨³³¥É·¨° (¡µ²¥¥ ¶µ¤·µ¡´µ¥ · §ÑÖ¸´¥´¨¥ ÔÉµ£µ É¥·³¨´  ¤ ´µ ¢ ¸²¥¤ÊÕÐ¥³
· §¤¥²¥) ¤²Ö ¨¸Ìµ¤´ÒÌ Ê· ¢´¥´¨° [37] ¨ Ê· ¢´¥´¨° ¶µ£·Ê¦¥´¨Ö [39].

3. ‚ Éµ³ ¸²ÊÎ ¥, ±µ£¤  · ¸¸³µÉ·¥´¨¥ ¢ ± Î¥¸É¢¥ RM ¨¸Ìµ¤´ÒÌ Ê· ¢´¥-
´¨° ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ±· ¥¢Ò³¨ Ê¸²µ¢¨Ö³¨ ´¥ ¤ ¥É ¢µ§³µ¦´µ¸É¨ ¶µ¸É·µ¨ÉÓ
�ƒ‘, ´µ ¶·¨ ÔÉµ³ § ¤ ÕÐ¨¥ ³µ¤¥²Ó Ê· ¢´¥´¨Ö ¸µ¤¥·¦ É ³ ²Ò° ¶ · ³¥É· α,
¨¸±µ³µ¥ ¶·¨¡²¨¦¥´´µ¥ ³´µ£µµ¡· §¨¥ RM ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¶ÊÉ¥³ · ¸¸³µ-
É·¥´¨Ö Ê¶·µÐ¥´´µ° § ¤ Î¨ ¶·¨ α = 0, Ê· ¢´¥´¨Ö ±µÉµ·µ° ¤µ¶Ê¸± ÕÉ ¡µ²¥¥
Ï¨·µ±ÊÕ £·Ê¶¶Ê ¸¨³³¥É·¨¨ ¶µ ¸· ¢´¥´¨Õ ¸ ¢ ·¨ ´Éµ³ α �= 0, ¨ ¶·¨³¥´¥-
´¨Ö § É¥³ ³¥Éµ¤  ¢µ§³ÊÐ¥´¨° ¢ £·Ê¶¶µ¢µ³  ´ ²¨§¥ (¸³. [33, É. 3, £². 2, ¸. 31]).
�·¨ ÊÎ¥É¥ ¢±² ¤µ¢, ¢µ§´¨± ÕÐ¨Ì ¨§-§  ¢²¨Ö´¨Ö ³ ²µ£µ α, ÔÉ  ¸¨³³¥É·¨Ö
¸µÌ· ´Ö¥É¸Ö ¨ ´ ¸²¥¤Ê¥É¸Ö ¨¸Ìµ¤´Ò³¨ Ê· ¢´¥´¨Ö³¨ ¢ ¢¨¤¥ ¤µ¶µ²´¨É¥²Ó´ÒÌ
¢±² ¤µ¢ (¨³¥ÕÐ¨Ì ¢¨¤ ¶µ¶· ¢µ± ¶µ ¸É¥¶¥´Ö³ α) ¢ Ëµ·³Ê² Ì ¤²Ö µ¶¥· Éµ·µ¢
£·Ê¶¶Ò. Š ± ¸²¥¤¸É¢¨¥,  ´ ²µ£¨Î´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ·Ö¤  ¶µ ¸É¥¶¥´Ö³
³ ²µ£µ ¶ · ³¥É·  ¢µ§´¨± ¥É É ±¦¥ ¤²Ö µ¶¥· Éµ·µ¢ �ƒ‘, ¶µ²ÊÎ ¥³ÒÌ ¨§ ÔÉ¨Ì
µ¶¥· Éµ·µ¢ ´  ¸²¥¤ÊÕÐ¨Ì Ï £ Ì  ²£µ·¨É³ ∗∗.

�¥·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥ ¶ÊÉ¨ ´¥ ¨¸Î¥·¶Ò¢ ÕÉ ¢¸¥Ì ¢µ§³µ¦´µ¸É¥° ¶µ ¶µ¸É·µ-
¥´¨Õ RM, ¸±µ·¥¥ µ´¨ ¶µ¤Î¥·±¨¢ ÕÉ · §´µµ¡· §¨¥ ¶µ¤Ìµ¤µ¢ ± ·¥ ²¨§ Í¨¨
¶¥·¢µ£µ Ï £  ¢ § ¢¨¸¨³µ¸É¨ µÉ Ì · ±É¥·  · ¸¸³ É·¨¢ ¥³µ° § ¤ Î¨. ‚Ò¡µ·
±µ´±·¥É´µ° ·¥ ²¨§ Í¨¨ Î Ð¥ ¢¸¥£µ ¤¨±ÉÊ¥É¸Ö ± ± ¢¨¤µ³ Ê· ¢´¥´¨° (1) ¨ ±· -
¥¢ÒÌ Ê¸²µ¢¨° ± ´¨³, É ± ¨ ¢¨¤µ³ ¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö. �µ¤µ¡´ Ö ³´µ£µ-
¢ ·¨ ´É´µ¸ÉÓ ¶·¨¸ÊÐ  Éµ²Ó±µ ¶¥·¢µ³Ê Ï £Ê  ²£µ·¨É³  ¨ ´ Í¥²¥´  ´  µÌ¢ É
´ ¨¡µ²¥¥ Ï¨·µ±µ£µ ±·Ê£  § ¤ Î, ¨¸¸²¥¤Ê¥³ÒÌ ¤ ´´Ò³ ³¥Éµ¤µ³. “¦¥ ¸²¥¤Ê-

∗� ¶·¨³¥·, ¥¸²¨ ´ Î ²Ó´µ¥ §´ Î¥´¨¥ ¨¸±µ³µ° ËÊ´±Í¨¨ uα
0 Ë¨£Ê·¨·Ê¥É ¢ ± Î¥¸É¢¥ ¶ · -

³¥É·  ¢ ¨¸Ìµ¤´µ³ Ê· ¢´¥´¨¨, Éµ Ê· ¢´¥´¨Ö ¶µ£·Ê¦¥´¨Ö ¸É ´µ¢ÖÉ¸Ö ´¥²¨´¥°´Ò³¨ ¨´É¥£·µ¤¨ËË¥-
·¥´Í¨ ²Ó´Ò³¨ Ê· ¢´¥´¨Ö³¨ [37].

∗∗’¥µ·¨Ö ¶·¨¡²¨¦¥´´ÒÌ ¸¨³³¥É·¨° · §¢¨É  ¶µ±  Éµ²Ó±µ ¢ ¶·¨²µ¦¥´¨¨ ± „“, ¶µÔÉµ³Ê
¶µ¸É·µ¥´¨¥ ¶·¨¡²¨¦¥´´ÒÌ �ƒ‘ ¶·¥¤¸É ¢²Ö¥É¸Ö µ¡µ¸´µ¢ ´´Ò³ ¶µ ±· °´¥° ³¥·¥ ¢ Éµ³ ¸²ÊÎ ¥,
±µ£¤  ³ ²Ò° ¶ · ³¥É· ¶·¨¸ÊÉ¸É¢Ê¥É Éµ²Ó±µ ¢ „“ (2).
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ÕÐ¨° Ï £ ¸Ì¥³Ò ¢Ò¶µ²´Ö¥É¸Ö ¢ · ³± Ì Ìµ·µÏµ · §· ¡µÉ ´´ÒÌ É¥µ·¥É¨±µ-
£·Ê¶¶µ¢ÒÌ ³¥Éµ¤µ¢.

2.2. ‚ÒÎ¨¸²¥´¨¥ £·Ê¶¶Ò ¶·¥µ¡· §µ¢ ´¨°. ‘²¥¤ÊÕÐ¨°, ¢Éµ·µ° (II) Ï £
¸µ¸Éµ¨É ¢ ¢ÒÎ¨¸²¥´¨¨ ´ ¨¡µ²¥¥ Ï¨·µ±µ° ¤µ¶Ê¸± ¥³µ° £·Ê¶¶Ò ¸¨³³¥É·¨¨ G
¤²Ö (2)Ä(3). ˆ³¥´´µ §¤¥¸Ó É·¥¡Ê¥É¸Ö ¸ÊÐ¥¸É¢¥´´µ¥ ¨§³¥´¥´¨¥ �ƒ- ²£µ·¨É³ 
¶µ ¸· ¢´¥´¨Õ ¸ ¥£µ ·¥ ²¨§ Í¨¥° ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´µ£µ �ƒ-³´µ£µµ¡· §¨Ö. ‚
¸ ³µ³ ¤¥²¥, ¢ ¶·¨²µ¦¥´¨¨ ± RM, § ¤ ¢ ¥³µ³ ²¨ÏÓ ¸¨¸É¥³µ° „“ (2), ·¥ÎÓ
Ï²  µ ²µ± ²Ó´µ° £·Ê¶¶¥ ¶·¥µ¡· §µ¢ ´¨° ¢ ¶·µ¸É· ´¸É¢¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
ËÊ´±Í¨° A, ¶·¨ ±µÉµ·ÒÌ ¸¨¸É¥³  (2) µ¸É ¥É¸Ö ´¥¨§³¥´´µ°.

�·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ±² ¸¸¨Î¥¸±µ£µ  ²£µ·¨É³  ‹¨ ¤²Ö ´ Ìµ¦¤¥´¨Ö ¸¨³³¥-
É·¨° ¶·µÍ¥¤Ê·  § ±²ÕÎ ¥É¸Ö ¢ ¶µ¸É·µ¥´¨¨ ± ¸ É¥²Ó´µ£µ ¢¥±Éµ·´µ£µ ¶µ²Ö,
µ¶·¥¤¥²Ö¥³µ£µ µ¶¥· Éµ·µ³

X = ξi∂zi + ηα∂uα , ξi, ηα ∈ A, (9)

¸ ±µµ·¤¨´ É ³¨ ξi, ηα, ±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ £·Ê¶¶µ¢ÒÌ ¶¥·¥³¥´-
´ÒÌ {zi, uα} ¨ Ê¤µ¢²¥É¢µ·ÖÕÉ ¸¨¸É¥³¥ ²¨´¥°´ÒÌ µ¤´µ·µ¤´ÒÌ „“ ¢ Î ¸É´ÒÌ
¶·µ¨§¢µ¤´ÒÌ

X(k) Fσ
∣∣∣[Fσ]

= 0, σ = 1, . . . , s, (10)

¨§¢¥¸É´ÒÌ ¶µ¤ ´ §¢ ´¨¥³ µ¶·¥¤¥²ÖÕÐ¨Ì Ê· ¢´¥´¨° (�“) ¨ ¢µ§´¨± ÕÐ¨Ì ¨§
Ê¸²µ¢¨Ö ¨´¢ ·¨ ´É´µ¸É¨ ¸¨¸É¥³Ò (2) µÉ´µ¸¨É¥²Ó´µ £·Ê¶¶Ò ¸ µ¶¥· Éµ·µ³
X . ‡¤¥¸Ó X(k) µ¡µ§´ Î ¥É µ¶¥· Éµ· X , ¶·µ¤µ²¦¥´´Ò° (¸³., ´ ¶·¨³¥·, [33])
´  ¢¸¥ ¢Ìµ¤ÖÐ¨¥ ¢ Fσ ¶·µ¨§¢µ¤´Ò¥:

X(k) = X + ζα
i ∂uα

i
+ . . . + ζα

i1...ik
∂uα

i1...ik
,

ζα
i1...ik

= Dik
(ζα

i1...ik−1
) − uα

ji1...ik
Dik

(ξj),
(11)

¨ §´ ± |[Fσ] µ§´ Î ¥É ¢ÒÎ¨¸²¥´¨¥ ´  ¤¨ËË¥·¥´Í¨ ²Ó´µ³ ³´µ£µµ¡· §¨¨ (7),
¶µ·µ¦¤ ¥³µ³ (2). �“ (10) ´ ·Ö¤Ê ¸ ËÊ´±Í¨Ö³¨ µÉ ¶¥·¥³¥´´ÒÌ {zi, uα} ¸µ-
¤¥·¦ É É ±¦¥ ¨ ¶·µ¨§¢µ¤´Ò¥ {u(k)}. „¨ËË¥·¥´Í¨·µ¢ ´¨¥ (¨²¨, ± ± ¥Ð¥ £µ-
¢µ·ÖÉ, ®· ¸Ð¥¶²¥´¨¥¯) ¶µ ÔÉ¨³ ¶·µ¨§¢µ¤´Ò³ ¶·¥µ¡· §Ê¥É ¸¨¸É¥³Ê �“ (10)
¢ Ô±¢¨¢ ²¥´É´ÊÕ ¥° ¸¨¸É¥³Ê ²¨´¥°´ÒÌ „“ ¤²Ö ξi, ηα, Ê¦¥ ´¥ ¸µ¤¥·¦ ÐÊÕ
¶·µ¨§¢µ¤´ÒÌ, ±µÉµ· Ö, ± ± ¶· ¢¨²µ, µ± §Ò¢ ¥É¸Ö ¶¥·¥µ¶·¥¤¥²¥´´µ°. …¥ ·¥Ï¥-
´¨¥ ¤ ¥É ´ ¡µ· §´ Î¥´¨° ±µµ·¤¨´ É ξi, ηα, É. ¥. ´ ¡µ· ¨´Ë¨´¨É¥§¨³ ²Ó´ÒÌ
µ¶¥· Éµ·µ¢ (9) (¨²¨ £¥´¥· Éµ·µ¢ £·Ê¶¶Ò), ±µÉµ·Ò¥ ¸µµÉ¢¥É¸É¢ÊÕÉ ¤µ¶Ê¸-
± ¥³µ³Ê ¢¥±Éµ·´µ³Ê ¶µ²Õ ¨ µ¡· §ÊÕÉ  ²£¥¡·Ê ‹¨. ‚ ¸²ÊÎ ¥, ±µ£¤  µ¡Ð¨°
Ô²¥³¥´É ÔÉµ°  ²£¥¡·Ò

X =
∑

j

AjXj (12)

¸ ¶·µ¨§¢µ²Ó´Ò³¨ ¶µ¸ÉµÖ´´Ò³¨ Aj ¸µ¤¥·¦¨É ±µ´¥Î´Ò° ´ ¡µ· µ¶¥· Éµ·µ¢
(1 � j � r), £·Ê¶¶  ´ §Ò¢ ¥É¸Ö ±µ´¥Î´µ³¥·´µ° (±µ´¥Î´µ°) ¸ · §³¥·´µ¸ÉÓÕ r;
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¢ ¶·µÉ¨¢´µ³ ¸²ÊÎ ¥, ±µ£¤  j ´¥ µ£· ´¨Î¥´µ, ¨²¨ ±µ£¤  ±µµ·¤¨´ ÉÒ ξi, ηα

§ ¢¨¸ÖÉ µÉ ¶·µ¨§¢µ²Ó´ÒÌ ËÊ´±Í¨° £·Ê¶¶µ¢ÒÌ ¶¥·¥³¥´´ÒÌ, £·Ê¶¶  ´ §Ò¢ ¥É¸Ö
¡¥¸±µ´¥Î´µ°.

�¡·¨¸µ¢ ´´Ò° §¤¥¸Ó ±² ¸¸¨Î¥¸±¨°  ²£µ·¨É³ ¶·¨³¥´¨³ ¤²Ö ´ Ìµ¦¤¥´¨Ö
ÉµÎ¥Î´ÒÌ ¸¨³³¥É·¨°. „²Ö Í¥²¥° ¶µ¸É·µ¥´¨Ö ¨ ¶·¨³¥´¥´¨Ö �ƒ‘ ¶µ²¥§´Ò³¨
Ö¢²ÖÕÉ¸Ö É ±¦¥ ¨¸¶µ²Ó§Ê¥³Ò¥ ¢ ¸µ¢·¥³¥´´µ³ £·Ê¶¶µ¢µ³  ´ ²¨§¥ · §²¨Î´Ò¥
³µ¤¨Ë¨± Í¨¨ ¨ µ¡µ¡Ð¥´¨Ö ±² ¸¸¨Î¥¸±µ£µ  ²£µ·¨É³  ‹¨ (¸³. [40Ä42],   É ±¦¥
[33] ¨ Í¨É¨·Ê¥³ÊÕ É ³ ²¨É¥· ÉÊ·Ê). ’¨¶¨Î´Ò³ ¨ Î ¸Éµ ·¥ ²¨§Ê¥³Ò³ ¢ ¶·¨-
²µ¦¥´¨ÖÌ ¶·¨³¥·µ³ µ¡µ¡Ð¥´¨Ö ¸²Ê¦¨É £·Ê¶¶  ¸¨³³¥É·¨¨, § ¤ ¢ ¥³ Ö ¶·µ-
¤µ²¦¥´´Ò³ ´  ¢¸¥ ¢Ò¸Ï¨¥ ¶·µ¨§¢µ¤´Ò¥ µ¶¥· Éµ·µ³ É¨¶  (9)

X = ξi∂zi + ηα∂uα + ζα
i ∂uα

i
+ ζα

i1i2∂uα
i1i2

+ . . . ,

ζα
i = Di(κα) + ξjuα

ij , ζα
i1i2 = Di1Di2(κ

α) + ξjuα
ji1i2 ,

κ
α = ηα − ξiuα

i ,

(13)

¸ ±µµ·¤¨´ É ³¨ ξi([z, u]), ηα([z, u]), ζα
i ([z, u]) . . ., Ö¢²ÖÕÐ¨³¨¸Ö ¤¨ËË¥·¥´Í¨-

 ²Ó´Ò³¨ ËÊ´±Í¨Ö³¨ ¨§ ¶·µ¸É· ´¸É¢  A, Å É ± ´ §Ò¢ ¥³ Ö £·Ê¶¶  ¸¨³³¥É·¨¨
‹¨Ä�¥±²Ê´¤  (¨¸¶µ²Ó§ÊÕÉ É ±¦¥ É¥·³¨´Ò ®¢Ò¸Ï¨¥¯ ¨²¨ ®µ¡µ¡Ð¥´´Ò¥¯ ¸¨³-
³¥É·¨¨). Œ´µ¦¥¸É¢µ ¢¸¥Ì µ¶¥· Éµ·µ¢ ‹¨Ä�¥±²Ê´¤  µ¡· §Ê¥É ¡¥¸±µ´¥Î´µ³¥·-
´ÊÕ  ²£¥¡·Ê ‹¨ LB, ¶·¨Î¥³ ²Õ¡µ° µ¶¥· Éµ· ¢¨¤  X∗ = ξiDi ¤²Ö ¶·µ¨§¢µ²Ó-
´µ° ¤¨ËË¥·¥´Í¨ ²Ó´µ° ËÊ´±Í¨¨ ξi([z, u]) Ö¢²Ö¥É¸Ö µ¶¥· Éµ·µ³ ‹¨Ä�¥±²Ê´¤ ,
  ³´µ¦¥¸É¢µ L∗ µ¶¥· Éµ·µ¢ X∗ µ¡· §Ê¥É ¨¤¥ ² ¢ LB. �Éµ ¸¢µ°¸É¢µ ¶µ§¢µ²Ö¥É
¢¢¥¸É¨ ¶µ´ÖÉ¨¥ Ô±¢¨¢ ²¥´É´µ¸É¨ ¤¢ÊÌ µ¶¥· Éµ·µ¢ ‹¨Ä�¥±²Ê´¤  X1, X2 ∈ LB,
¥¸²¨ X1 − X2 ∈ L∗ (§ ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ X1 ∼ X2). ‚ Î ¸É´µ¸É¨, ²Õ¡µ°
µ¶¥· Éµ· ‹¨Ä�¥±²Ê´¤  X ∈ LB Ô±¢¨¢ ²¥´É¥´ µ¶¥· Éµ·Ê (13) ¸ ξi = 0:

X ∼ Y = X − ξiDi = κ
α∂uα , κ

α ≡ ηα − ξiuα
i . (14)

�¶¥· Éµ· Y ¨§¢¥¸É¥´ ± ± ± ´µ´¨Î¥¸±µ¥ ¶·¥¤¸É ¢²¥´¨¥ X , ¶·¨Î¥³ ¢ § ¶¨¸¨
(14) ¶µ¤· §Ê³¥¢ ¥É¸Ö · ¸¶·µ¸É· ´¥´¨¥ ¤¥°¸É¢¨Ö µ¶¥· Éµ·  ´  ¢¸¥ ¢Ò¸Ï¨¥
¶·µ¨§¢µ¤´Ò¥ ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ Ëµ·³Ê² ³¨ (13). ‘ÊÐ¥¸É¢¥´´µ, ÎÉµ ¨´Ë¨-
´¨É¥§¨³ ²Ó´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ £·Ê¶¶Ò G ¸ µ¶¥· Éµ·µ³ (14) ¨ ¶ · ³¥É·µ³ a
§ É· £¨¢ ¥É Éµ²Ó±µ § ¢¨¸¨³Ò¥ ¶¥·¥³¥´´Ò¥ uα:

u′α = uα + aκ
α + O(a2), z′i = zi, (15)

´¥ ³¥´ÖÖ ´¥§ ¢¨¸¨³Ò¥ ¶¥·¥³¥´´Ò¥ zi. Š ± ¡Ê¤¥É ¸²¥¤µ¢ ÉÓ ¨§ ¤ ²Ó´¥°Ï¥£µ,
± ´µ´¨Î¥¸±¨° µ¶¥· Éµ· £·Ê¶¶Ò ‹¨Ä�¥±²Ê´¤  (14) ¨£· ¥É ¢ ¦´ÊÕ ·µ²Ó ¢ ¶µ-
¸É·µ¥´¨¨ �ƒ‘, ¢ Éµ³ Î¨¸²¥ ¨ ¤²Ö ³µ¤¥²¥° ¸ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨
Ê· ¢´¥´¨Ö³¨ (ˆ„“).

‚ ¶·¨´Í¨¶¥, ¢ · ³± Ì ¶·¥¤² £ ¥³µ£µ  ²£µ·¨É³  ¢ ± Î¥¸É¢¥ ¨¸Ìµ¤´ÒÌ ¤²Ö
¶µ¸É·µ¥´¨Ö �ƒ‘ ³µ£ÊÉ µ¡¸Ê¦¤ ÉÓ¸Ö ¨ ¤·Ê£¨¥ ¢µ§³µ¦´Ò¥ É¨¶Ò ¤µ¶Ê¸± ¥³ÒÌ
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¸¨³³¥É·¨°, É ±¨¥ ± ± ¶·¨¡²¨¦¥´´Ò¥ ¸¨³³¥É·¨¨ [43], ´¥²¨¥¢¸±¨¥ ¨ Ê¸²µ¢-
´Ò¥ ¸¨³³¥É·¨¨ [44Ä47], ¸±·ÒÉÒ¥ (´¥²µ± ²Ó´Ò¥) ¸¨³³¥É·¨¨ [48], ¤¨¸±·¥É´Ò¥
¸¨³³¥É·¨¨ [49] ¨ É. ¤.

�·¨ ¶¥·¥Ìµ¤¥ ± �ƒ-³´µ£µµ¡· §¨Õ, ±µÉµ·µ¥ § ¤ ¥É¸Ö ¸¨¸É¥³µ° (2)Ä(3),
±² ¸¸¨Î¥¸±¨°  ²£µ·¨É³ ‹¨, ¨¸¶µ²Ó§ÊÕÐ¨° ¨´Ë¨´¨É¥§¨³ ²Ó´Ò° ¶µ¤Ìµ¤, µ± -
§Ò¢ ¥É¸Ö ´¥¶·¨³¥´¨³Ò³. �¸´µ¢´Ò³ ¶·¥¶ÖÉ¸É¢¨¥³ §¤¥¸Ó µ± §Ò¢ ¥É¸Ö Éµ, ÎÉµ
RM ¢ ÔÉµ³ ¸²ÊÎ ¥ ´¥ µ¶·¥¤¥²¥´µ ²µ± ²Ó´µ ¢ ¶·µ¸É· ´¸É¢¥ ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ ËÊ´±Í¨°, ¶µÔÉµ³Ê µ¸´µ¢´µ¥ ¶·¥¨³ÊÐ¥¸É¢µ ¢ÒÎ¨¸²¨É¥²Ó´µ£µ  ²£µ·¨É³ 
‹¨,   ¨³¥´´µ ¶·¥¤¸É ¢²¥´¨¥ �“ ¢ ¢¨¤¥ ¶¥·¥µ¶·¥¤¥²¥´´µ° ¸¨¸É¥³Ò Ê· ¢´¥´¨°,
§¤¥¸Ó ´¥ ·¥ ²¨§Ê¥É¸Ö. ’ ±¦¥ ¢ · ³± Ì ±² ¸¸¨Î¥¸±µ£µ £·Ê¶¶µ¢µ£µ  ´ ²¨§  ´¥
µ¶·¥¤¥²¥´  ¶·µÍ¥¤Ê·  ¶·µ¤µ²¦¥´¨Ö µ¶¥· Éµ·  £·Ê¶¶Ò ÉµÎ¥Î´ÒÌ ¶·¥µ¡· §µ-
¢ ´¨° ´  ´¥²µ± ²Ó´Ò¥ ¶¥·¥³¥´´Ò¥. �µÔÉµ³Ê ´¨¦¥ Ê± § ´Ò ¢µ§³µ¦´Ò¥ ¶ÊÉ¨
¶·¥µ¤µ²¥´¨Ö ÔÉ¨Ì ¸²µ¦´µ¸É¥° ¶·¨ ¢Ò¶µ²´¥´¨¨ ¢Éµ·µ£µ Ï £  �ƒ- ²£µ·¨É³ .

� §²¨Î´Ò¥ ¨§¢¥¸É´Ò¥ ¶µ¤Ìµ¤Ò ± ¢ÒÎ¨¸²¥´¨Õ £·Ê¶¶Ò ¸¨³³¥É·¨¨ ¤²Ö ´¥-
²µ± ²Ó´ÒÌ Ê· ¢´¥´¨° (´ ¶·¨³¥·, ˆ„“) ³µ£ÊÉ ¡ÒÉÓ · §¤¥²¥´Ò ´  ¤¢¥ ¡µ²ÓÏ¨¥
£·Ê¶¶Ò: ´¥¶·Ö³Ò¥ ¨ ¶·Ö³Ò¥ ³¥Éµ¤Ò.

�²£µ·¨É³Ò ¶¥·¢µ° £·Ê¶¶Ò µ¸´µ¢ ´Ò ´  Éµ³ ¨²¨ ¨´µ³ ¸¶µ¸µ¡¥ § ³¥´Ò ¨¸-
Ìµ¤´µ° ¸¨¸É¥³Ò ´¥²µ± ²Ó´ÒÌ Ê· ¢´¥´¨° ¸¨¸É¥³µ° „“. �µ²ÊÎ¥´´ Ö ¸¨¸É¥³ 
„“  ´ ²¨§¨·Ê¥É¸Ö § É¥³ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¸É ´¤ ·É´ÒÌ ³¥Éµ¤µ¢ ±² ¸¸¨Î¥¸±µ£µ
£·Ê¶¶µ¢µ£µ  ´ ²¨§  ‹¨. “± ¦¥³ ¤¢  ¢µ§³µ¦´ÒÌ ¸¶µ¸µ¡  ¸¢¥¤¥´¨Ö ´¥²µ± ²Ó-
´ÒÌ Ê· ¢´¥´¨° ± ¤¨ËË¥·¥´Í¨ ²Ó´Ò³: ³¥Éµ¤ ³µ³¥´Éµ¢ ¨ ³¥Éµ¤ £· ´¨Î´µ-
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°.

�¥·¢Ò° ¨§ ´¨Ì ¶·¨³¥´Ö²¸Ö ¤²Ö ¸¨¸É¥³ ˆ„“ ¸ ´¥²µ± ²Ó´Ò³¨ ¢±² ¤ ³¨,
§ ¢¨¸ÖÐ¨³¨ µÉ ³µ³¥´Éµ¢ ¢Ìµ¤ÖÐ¥° ¢ Ê· ¢´¥´¨¥ ËÊ´±Í¨¨. ‚ ÔÉµ³ ¸²ÊÎ ¥
¨¸Ìµ¤´ Ö ¸¨¸É¥³  ˆ„“ ¸¢µ¤¨É¸Ö ± ¡¥¸±µ´¥Î´µ° ¸¨¸É¥³¥ „“ ¤²Ö ÔÉ¨Ì ³µ-
³¥´Éµ¢. Œ¥Éµ¤ ³µ³¥´Éµ¢ ¡Ò² ¨¸¶µ²Ó§µ¢ ´ ¶·¨ ¶µ¸É·µ¥´¨¨ ÉµÎ¥Î´ÒÌ ¸¨³-
³¥É·¨° ‹¨ ¤²Ö Ê· ¢´¥´¨° ‚² ¸µ¢ ÄŒ ±¸¢¥²²  ¢ É¥µ·¨¨ ¶² §³Ò [50], ¤²Ö
Ê· ¢´¥´¨° �¥´´¨ [51] ¨ ±¨´¥É¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¢² ¸µ¢¸±µ£µ ¨ ¡µ²ÓÍ³ ´µ¢-
¸±µ£µ É¨¶µ¢ [52].

‚Éµ·µ° ¸¶µ¸µ¡ Å ³¥Éµ¤ £· ´¨Î´µ-¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [53] Å
¡Ò² ¶·¨³¥´¥´ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¸¨³³¥É·¨° ±¨´¥É¨Î¥¸±µ£µ Ê· ¢´¥´¨Ö, ¨¸¶µ²Ó-
§Ê¥³µ£µ ¶·¨ µ¶¨¸ ´¨¨ ¶·µÍ¥¸¸  ±µ £Ê²ÖÍ¨¨. Š ¦¤Ò° ¨§ µ¶·¥¤¥²¥´´ÒÌ ¨´É¥-
£· ²µ¢ ¢ ±¨´¥É¨Î¥¸±µ³ Ê· ¢´¥´¨¨ § ³¥´Ö²¸Ö ´  ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ · §´µ¸ÉÓ
§´ Î¥´¨° ¶¥·¢µµ¡· §´µ° ËÊ´±Í¨¨ ´  £· ´¨Î´µ³ ³´µ¦¥¸É¢¥. �·¨ ÔÉµ³ ¨¸Ìµ¤-
´µ¥ ˆ„“ ¶·¨´¨³ ²µ Ëµ·³Ê £· ´¨Î´µ-¤¨ËË¥·¥´Í¨ ²Ó´µ£µ (¨²¨ ËÊ´±Í¨µ´ ²Ó-
´µ£µ) Ê· ¢´¥´¨Ö.

�·¨ ³µ¤¨Ë¨± Í¨¨ �ƒ- ²£µ·¨É³  ¡Ê¤¥³ µ¶¨· ÉÓ¸Ö ´  ¶·Ö³Ò¥ ³¥Éµ¤Ò ¢Ò-
Î¨¸²¥´¨Ö ¸¨³³¥É·¨°, ±µÉµ·Ò¥ ¡Ò²¨ · §¢¨ÉÒ ¢ [54, 55] ¨ ¨¸¶µ²Ó§µ¢ ´Ò ¤²Ö
´ Ìµ¦¤¥´¨Ö ¸¨³³¥É·¨° ±¨´¥É¨Î¥¸±µ£µ Ê· ¢´¥´¨Ö �µ²ÓÍ³ ´ , Ê· ¢´¥´¨° ¤¢¨-
¦¥´¨Ö ¢Ö§±µÔ² ¸É¨Î´µ° ¸·¥¤Ò ¨ Ê· ¢´¥´¨° ‚² ¸µ¢ ÄŒ ±¸¢¥²²  ¢ ±¨´¥É¨Î¥-
¸±µ° É¥µ·¨¨ ¶² §³Ò. ‡¤¥¸Ó ¨¸±²ÕÎ¨É¥²Ó´µ ¶²µ¤µÉ¢µ·´Ò³ µ± § ²¨¸Ó ¶µ´ÖÉ¨Ö
£·Ê¶¶Ò ‹¨Ä�¥±²Ê´¤  ¨ ± ´µ´¨Î¥¸±µ£µ µ¶¥· Éµ·  £·Ê¶¶Ò, ¶µ¸±µ²Ó±Ê ¶·¨ ± -
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´µ´¨Î¥¸±µ³ ¶·¥¤¸É ¢²¥´¨¨ µ¶¥· Éµ·  £·Ê¶¶Ò ´¥§ ¢¨¸¨³Ò¥ ¶¥·¥³¥´´Ò¥ {zi}
´¥ ¶·¥µ¡· §ÊÕÉ¸Ö. �Éµ ¸¢µ°¸É¢µ ¶µ§¢µ²¨²µ ¸Ëµ·³Ê²¨·µ¢ ÉÓ ¶µ´ÖÉ¨¥ £·Ê¶¶Ò
¸¨³³¥É·¨¨ ˆ„“ ¢¨¤  (3) ± ± ²µ± ²Ó´µ° £·Ê¶¶Ò ¶·¥µ¡· §µ¢ ´¨° G ¸ µ¶¥· -
Éµ·µ³ (14), ¶·¨ ±µÉµ·µ° ¢¨¤ ËÊ´±Í¨¨ Fσ µ¸É ¥É¸Ö ´¥¨§³¥´´Ò³ ¤²Ö ²Õ¡µ£µ
§´ Î¥´¨Ö ¶ · ³¥É·  £·Ê¶¶Ò a. „¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ ¶ · ³¥É·Ê £·Ê¶¶Ò a
¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ Ê¸²µ¢¨Ö ¨´¢ ·¨ ´É´µ¸É¨, § ¶¨¸ ´´µ£µ ¤²Ö ËÊ´±Í¨¨ Fσ , § -
¢¨¸ÖÐ¥° µÉ ¶·¥µ¡· §µ¢ ´´µ° § ¢¨¸¨³µ° ¶¥·¥³¥´´µ° u′α, ¨ ¶¥·¥Ìµ¤ ± ¶·¥¤¥²Ê
a → 0 ¤ ¥É �“. ‚ µÉ²¨Î¨¥ µÉ ¸²ÊÎ Ö ¨¸Ìµ¤´ÒÌ „“, ÔÉ¨ �“ ¢ µ¡Ð¥³ ¸²ÊÎ ¥
É ±¦¥ Ö¢²ÖÕÉ¸Ö ´¥²µ± ²Ó´Ò³¨.

‘ ¶µ³µÐÓÕ ± ´µ´¨Î¥¸±µ£µ µ¶¥· Éµ·  Y ±·¨É¥·¨° ¨´¢ ·¨ ´É´µ¸É¨ ¤²Ö (3)
µÉ´µ¸¨É¥²Ó´µ ¤µ¶Ê¸± ¥³µ° £·Ê¶¶Ò ³µ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¢ ¨´Ë¨´¨É¥§¨³ ²Ó´µ°
Ëµ·³¥

Y Fσ

∣∣∣
[Fσ ]

= 0, σ = 1 + s, . . . , q + s, £¤¥ Y ≡
∫

dz κ (z)
δ

δu (z)
. (16)

ˆ³¥Ö ¢ ¢¨¤Ê µ¡µ¡Ð¥´¨¥ ¤¥°¸É¢¨Ö ± ´µ´¨Î¥¸±µ£µ µ¶¥· Éµ·  £·Ê¶¶Ò ´¥ Éµ²Ó±µ
´  ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨, ´µ ¨ ´  ËÊ´±Í¨µ´ ²Ò, §¤¥¸Ó ¢ µ¶·¥¤¥²¥´¨¨
Y ¨¸¶µ²Ó§µ¢ ´µ ¢ ·¨ Í¨µ´´µ¥ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ [55]. „²Ö ¨´É¥£· ²Ó´µ£µ
ËÊ´±Í¨µ´ ²  (8) ¶·µ¨§¢µ¤´ Ö δJ/δu(z) ¶µ ËÊ´±Í¨¨ u µ¶·¥¤¥²¥´  Î¥·¥§ £² ¢-
´ÊÕ (²¨´¥°´ÊÕ) Î ¸ÉÓ ¶·¨· Ð¥´¨Ö ËÊ´±Í¨µ´ ²  ± ± ¶·¥¤¥² (¥¸²¨ µ´ ¸ÊÐ¥-
¸É¢Ê¥É) (¸³. [56])∗:

δJ [u]
δu(z)

= lim
ε→0

J [u + δuε] − J [u]∫
∆ dτδuε(τ)

; z ∈ (τ1, τ2) .

‡¤¥¸Ó ¡¥¸±µ´¥Î´µ ³ ² Ö ¢ ·¨ Í¨Ö δuε(z) � 0 Å ´¥¶·¥·Ò¢´µ ¤¨ËË¥·¥´Í¨·Ê-
¥³ Ö ËÊ´±Í¨Ö, § ¤ ´´ Ö ´  Ë¨±¸¨·µ¢ ´´µ³ ¨´É¥·¢ ²¥ ∆ = [τ1, τ2] ¨ µÉ²¨Î´ Ö
µÉ ´Ê²Ö ²¨ÏÓ ¢ ε-µ±·¥¸É´µ¸É¨ ÉµÎ±¨ z, ¶·¨Î¥³ ´µ·³  ‖δuε‖C1 → 0 ¶·¨ ε → 0.

�·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³ ³µ¦´µ ¶·µ¢¥·¨ÉÓ, ÎÉµ ¤¥°¸É¢¨¥ µ¶¥· Éµ·  Y ´ 
²Õ¡ÊÕ ¤¨ËË¥·¥´Í¨ ²Ó´ÊÕ ËÊ´±Í¨Õ ¨ ¥¥ ¶·µ¨§¢µ¤´Ò¥, ´ ¶·¨³¥· u, uz, . . .,
¶·¨¢µ¤¨É ± µ¡ÒÎ´µ³Ê ·¥§Ê²ÓÉ ÉÊ: Y u = κ, Y uz = Dz(κ) ¨ É. ¤. ‘²¥¤µ¢ -
É¥²Ó´µ, ¥¸²¨ Fσ = 0 Ö¢²Ö¥É¸Ö µ¡ÒÎ´Ò³ „“, Éµ Ëµ·³Ê²Ò (16) ¶·¨¢µ¤ÖÉ ±
²µ± ²Ó´µ³Ê �“,   ¢ ¸²ÊÎ ¥, ±µ£¤  Fσ = 0 ¨³¥¥É ¢¨¤ ¸¨¸É¥³Ò ˆ„“, Ëµ·³Ê²Ò
(16) ³µ¦´µ · ¸¸³ É·¨¢ ÉÓ ± ± ´¥²µ± ²Ó´Ò¥ �“, § ¢¨¸ÖÐ¨¥ ± ± µÉ ²µ± ²Ó´ÒÌ,
É ± ¨ µÉ ´¥²µ± ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ.

� ¸¸³µÉ·¥´¨¥ ²µ± ²Ó´ÒÌ ¨ ´¥²µ± ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ ¢ �“ ± ± ´¥§ -
¢¨¸¨³ÒÌ ¶µ§¢µ²Ö¥É · §¤¥²¨ÉÓ ÔÉ¨ Ê· ¢´¥´¨Ö ´  ²µ± ²Ó´Ò¥ ¨ ´¥²µ± ²Ó´Ò¥.
�·µÍ¥¤Ê·  ·¥Ï¥´¨Ö ²µ± ²Ó´ÒÌ �“ ¢Ò¶µ²´Ö¥É¸Ö ¸É ´¤ ·É´Ò³ ¸¶µ¸µ¡µ³, c

∗�¶·¥¤¥²¥´¨¥ ¢ ·¨ Í¨µ´´µ° ¶·µ¨§¢µ¤´µ° ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ ËÊ´±Í¨µ´ ²  ¸³. ¢ [57].

12



¨¸¶µ²Ó§µ¢ ´¨¥³  ²£µ·¨É³  ‹¨, µ¸´µ¢ ´´µ£µ ´  · ¸Ð¥¶²¥´¨¨ ¸¨¸É¥³Ò ¶¥·¥-
µ¶·¥¤¥²¥´´ÒÌ Ê· ¢´¥´¨° ¶µ µÉ´µÏ¥´¨Õ ± ²µ± ²Ó´Ò³ ¶¥·¥³¥´´Ò³ ¨ ¨Ì ¶·µ-
¨§¢µ¤´Ò³. ‚ ·¥§Ê²ÓÉ É¥ ´ Ìµ¤ÖÉ ¢Ò· ¦¥´¨Ö ¤²Ö ±µµ·¤¨´ É µ¶¥· Éµ·  £·Ê¶¶Ò,
µ¶·¥¤¥²ÖÕÐ¨Ì É ± ´ §Ò¢ ¥³ÊÕ £·Ê¶¶Ê ¶·µ³¥¦ÊÉµÎ´ÒÌ ¸¨³³¥É·¨° [55], ±µ-
Éµ·Ò¥ ¢ ¤ ²Ó´¥°Ï¥³ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¶·¨  ´ ²¨§¥ ´¥²µ± ²Ó´ÒÌ �“. �·µÍ¥¤Ê· 
·¥Ï¥´¨Ö ´¥²µ± ²Ó´ÒÌ �“ ¢Ò¶µ²´Ö¥É¸Ö  ´ ²µ£¨Î´Ò³ µ¡· §µ³, ¶µ¤¸É ´µ¢±µ°
´ °¤¥´´ÒÌ ±µµ·¤¨´ É µ¶¥· Éµ·µ¢ £·Ê¶¶Ò ¶·µ³¥¦ÊÉµÎ´µ° ¸¨³³¥É·¨¨ ¢ ´¥²µ-
± ²Ó´Ò¥ �“ ¨ ¨Ì · ¸Ð¥¶²¥´¨¥³ ¸ ¶µ³µÐÓÕ ¢ ·¨ Í¨µ´´µ£µ ¤¨ËË¥·¥´Í¨·µ-
¢ ´¨Ö. ’ ±¨³ µ¡· §µ³, ¶µ¸É·µ¥´¨¥ ¸¨³³¥É·¨° ´¥²µ± ²Ó´ÒÌ Ê· ¢´¥´¨° É ±¦¥
¸É ´µ¢¨É¸Ö  ²£µ·¨É³¨Î¥¸±µ° ¶·µÍ¥¤Ê·µ°, ±µÉµ·ÊÕ ³µ¦´µ ¶·¥¤¸É ¢¨ÉÓ ± ±
¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ¸²¥¤ÊÕÐ¨Ì µ¶¥· Í¨°:

a) µ¶·¥¤¥²¥´¨¥ ´ ¡µ·  ²µ± ²Ó´ÒÌ £·Ê¶¶µ¢ÒÌ ¶¥·¥³¥´´ÒÌ,

¡) ¶µ¸É·µ¥´¨¥ �“ ´  µ¸´µ¢¥ ¨´Ë¨´¨É¥§¨³ ²Ó´µ£µ ±·¨É¥·¨Ö ¨´¢ ·¨ ´É´µ-
¸É¨, ±µÉµ·Ò° ¨¸¶µ²Ó§Ê¥É µ¡µ¡Ð¥´¨¥ µ¶·¥¤¥²¥´¨Ö ± ´µ´¨Î¥¸±µ£µ µ¶¥· -
Éµ· ,

¢) · §¤¥²¥´¨¥ �“ ´  ²µ± ²Ó´Ò¥ ¨ ´¥²µ± ²Ó´Ò¥,

£) ·¥Ï¥´¨¥ ²µ± ²Ó´ÒÌ �“ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¸É ´¤ ·É´µ£µ  ²£µ·¨É³  ‹¨,

¤) ·¥Ï¥´¨¥ ´¥²µ± ²Ó´ÒÌ �“ ¸ ¶µ³µÐÓÕ µ¶¥· Í¨¨ ¢ ·¨ Í¨µ´´µ£µ ¤¨ËË¥-
·¥´Í¨·µ¢ ´¨Ö.

�É¨ ¤¥°¸É¢¨Ö Ö¢²ÖÕÉ¸Ö µ¡µ¡Ð¥´¨¥³ ¢Éµ·µ£µ Ï £   ²£µ·¨É³  ´  ¸²ÊÎ °, ±µ£¤ 
RM ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¨´É¥£· ²Ó´µ¥ ¨²¨ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ ³´µ-
£µµ¡· §¨¥.

‚ § ±²ÕÎ¥´¨¥ µ¶¨Ï¥³ µ¶¥· Í¨Õ ¶·µ¤µ²¦¥´¨Ö £·Ê¶¶Ò ¸¨³³¥É·¨¨ ´  ´¥-
²µ± ²Ó´Ò¥ ¶¥·¥³¥´´Ò¥. „²Ö Éµ£µ ÎÉµ¡Ò ¢Ò¶µ²´¨ÉÓ ¸É ´¤ ·É´ÊÕ (¢ ±² ¸¸¨Î¥-
¸±µ³ £·Ê¶¶µ¢µ³  ´ ²¨§¥) µ¶¥· Í¨Õ ¶·µ¤µ²¦¥´¨Ö µ¶¥· Éµ·  ÉµÎ¥Î´µ° £·Ê¶¶Ò
‹¨ ´  ´¥²µ± ²Ó´ÊÕ ¶¥·¥³¥´´ÊÕ, § ¤ ¢ ¥³ÊÕ, ´ ¶·¨³¥·, ¨´É¥£· ²Ó´Ò³ ¸µ-
µÉ´µÏ¥´¨¥³ (8), ¸²¥¤Ê¥É ¢´ Î ²¥ ¶¥·¥¶¨¸ ÉÓ ÔÉµÉ µ¶¥· Éµ· ¢ ± ´µ´¨Î¥¸±µ³
¢¨¤¥ Y ¨ Ëµ·³ ²Ó´µ ¶·µ¤µ²¦¨ÉÓ ¥£µ ´  ´¥²µ± ²Ó´ÊÕ ¶¥·¥³¥´´ÊÕ J :

Y + κ
J∂J ≡ κ∂u + κ

J∂J . (17)

ˆ´É¥£· ²Ó´µ¥ ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê κ ¨ κ
J ¶µ²ÊÎ ¥É¸Ö ¶·¨³¥´¥´¨¥³ µ¶¥· -

Éµ·  (17) ± Ê· ¢´¥´¨Õ (8), ±µÉµ·µ¥ ¡Ò²µ ¢¢¥¤¥´µ ± ± µ¶·¥¤¥²¥´¨¥ ¢¥²¨Î¨´Ò
J . �µ¤¸É ¢²ÖÖ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ±µµ·¤¨´ ÉÒ κ µ¶¥· Éµ·  Y ¨ ¢ÒÎ¨¸²ÖÖ
¶µ²ÊÎ¥´´Ò¥ ¨´É¥£· ²Ò, ´ Ìµ¤¨³ ¨¸±µ³ÊÕ ±µµ·¤¨´ ÉÊ κ

J ¶·µ¤µ²¦¥´´µ£µ µ¶¥-
· Éµ· :

κ
J =

∫
δJ(u)
δu(z)

κ(z) dz ≡
∫

δF(u(z′))
δu(z)

κ(z) dz dz′ =
∫

Fu κ(z) dz. (18)
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‡¤¥¸Ó, ¤²Ö ±· É±µ¸É¨, Ê± § ´ ²¨ÏÓ µ¤¨´  ·£Ê³¥´É ±µµ·¤¨´ ÉÒ £¥´¥· Éµ·  Å
ÉµÉ, ¶µ ±µÉµ·µ³Ê ¢¥¤¥É¸Ö ¨´É¥£·¨·µ¢ ´¨¥.

ˆ§ ¨§²µ¦¥´´µ£µ Ö¸´µ, ÎÉµ ¶·¨ ¶¥·¥Ìµ¤¥ µÉ ³µ¤¥²¥° ¸ „“ ± § ¤ Î ³ ¸ ˆ„“
´ ¨¡µ²ÓÏ¥¥ ¨§³¥´¥´¨¥ ¶·¥É¥·¶¥² ¢Éµ·µ° Ï £ �ƒ- ²£µ·¨É³ . �µÔÉµ³Ê ¢ ¶·¨-
²µ¦¥´¨¨ 1, ¶. 1 ÔÉµÉ Ï £ ¶µ¤·µ¡´µ ¶·µ¨²²Õ¸É·¨·µ¢ ´ ´  ¶·¨³¥·¥ ¢ÒÎ¨¸²¥´¨Ö
£·Ê¶¶Ò ¸¨³³¥É·¨¨ ¤²Ö ¸¨¸É¥³Ò ˆ„“, µ¶·¥¤¥²ÖÕÐ¥° Ô¢µ²ÕÍ¨Õ ¡¥¸¸Éµ²±´µ-
¢¨É¥²Ó´µ° ¶² §³Ò. ‚Ò¡µ· ¢ ± Î¥¸É¢¥ ¶·¨³¥·  ÔÉµ° ¸¨¸É¥³Ò µ¡Ê¸²µ¢²¥´ É¥³,
ÎÉµ ¨³¥´´µ µ´  (¨²¨ ¥¥ ¡µ²¥¥ ¶·µ¸Éµ° ¢ ·¨ ´É) ¨¸¶µ²Ó§Ê¥É¸Ö ¢ ± Î¥¸É¢¥ RM
¢ ¤¢ÊÌ ¶µ¸²¥¤´¨Ì ¶·¨³¥· Ì ¢ ¶. 3.4.

�¶¨¸ ´´Ò¥ ¢ ÔÉµ³ ¶ · £· Ë¥ ¤¥°¸É¢¨Ö, ¶·¨¢µ¤ÖÐ¨¥ ± µ¶¥· Éµ· ³ ¤µ¶Ê¸-
± ¥³µ° £·Ê¶¶Ò ¢ ´¥± ´µ´¨Î¥¸±µ³ (9) ¨²¨ ¢ ± ´µ´¨Î¥¸±µ³ (14) ¶·¥¤¸É ¢²¥-
´¨¨, ¸µ¸É ¢²ÖÕÉ ¸ÊÉÓ ¢Éµ·µ£µ Ï £  �ƒ- ²£µ·¨É³ . ˆ¸¶µ²Ó§µ¢ ´¨¥ ¨´Ë¨´¨É¥§¨-
³ ²Ó´µ£µ ¶µ¤Ìµ¤ , ¶·¨ ±µÉµ·µ³ ¶·µÍ¥¤Ê·  ´ Ìµ¦¤¥´¨Ö ±µµ·¤¨´ É µ¶¥· Éµ·µ¢
£·Ê¶¶Ò ¸¢µ¤¨É¸Ö ± ·¥Ï¥´¨Õ ¸¨¸É¥³ ²µ± ²Ó´ÒÌ (10) ¨ ´¥²µ± ²Ó´ÒÌ (16) �“,
¶µ§¢µ²Ö¥É (¶µ ±· °´¥° ³¥·¥ ¤²Ö ²µ± ²Ó´ÒÌ �“) ¢µ¸¶µ²Ó§µ¢ ÉÓ¸Ö ¸¨¸É¥³ ³¨
±µ³¶ÓÕÉ¥·´µ°  ²£¥¡·Ò, ÎÉµ ¸ÊÐ¥¸É¢¥´´µ µ¡²¥£Î ¥É ¢Ò¶µ²´¥´¨¥ £·µ³µ§¤±¨Ì
·ÊÉ¨´´ÒÌ ¢ÒÎ¨¸²¥´¨°.

2.3. ‘Ê¦¥´¨¥ £·Ê¶¶Ò ´  ·¥Ï¥´¨¨. � °¤¥´´ Ö ´  ¢Éµ·µ³ Ï £¥ £·Ê¶¶  G,
µ¶·¥¤¥²Ö¥³ Ö µ¶¥· Éµ· ³¨ (9) ¨ (14), ¢ µ¡Ð¥³ ¸²ÊÎ ¥ Ö¢²Ö¥É¸Ö ¡µ²¥¥ Ï¨-
·µ±µ°, Î¥³ ¨´É¥·¥¸ÊÕÐ Ö ´ ¸ ·¥´µ·³£·Ê¶¶ . �µ¸±µ²Ó±Ê ¶µ¸²¥¤´ÖÖ ¸¢Ö§ ´  ¸
±µ´±·¥É´Ò³ Î ¸É´Ò³ ·¥Ï¥´¨¥³ ±· ¥¢µ° § ¤ Î¨, Éµ ¤²Ö Éµ£µ, ÎÉµ¡Ò ¶µ²ÊÎ¨ÉÓ
�ƒ‘, ¸²¥¤Ê¥É ¸¤¥² ÉÓ É·¥É¨° (III) Ï £, § ±²ÕÎ ÕÐ¨°¸Ö ¢ ¸Ê¦¥´¨¨ £·Ê¶¶Ò G ´ 
³´µ£µµ¡· §¨¨, § ¤ ¢ ¥³o³ ÔÉ¨³ Î ¸É´Ò³ ·¥Ï¥´¨¥³. ‘ ³ É¥³ É¨Î¥¸±µ° ÉµÎ±¨
§·¥´¨Ö ÔÉ  ¶·µÍ¥¤Ê·  ¸µ¸Éµ¨É ¢ ¶·µ¢¥·±¥ Ê¸²µ¢¨Ö µ¡· Ð¥´¨Ö ¢ ´Ê²Ó ²¨´¥°´µ°
±µ³¡¨´ Í¨¨ ±µµ·¤¨´ É κ

α
j ± ´µ´¨Î¥¸±µ£µ µ¶¥· Éµ· , Ô±¢¨¢ ²¥´É´µ£µ (12), ´ 

´¥±µÉµ·µ³ Î ¸É´µ³ ·¥Ï¥´¨¨ Uα(z) ±· ¥¢µ° § ¤ Î¨


∑
j

Aj
κ

α
j ≡

∑
j

Aj
(
ηα

j − ξi
ju

α
i

) 
∣∣∣uα = Uα(z)

= 0. (19)

”µ·³  Ê¸²µ¢¨Ö, § ¤ ¢ ¥³µ£µ ¸µµÉ´µÏ¥´¨¥³ (19), Ö¢²Ö¥É¸Ö µ¡Ð¥° ¤²Ö ²Õ¡µ£µ
·¥Ï¥´¨Ö Š‡, ´µ ¸¶µ¸µ¡ ·¥ ²¨§ Í¨¨ ¶·µÍ¥¤Ê·Ò ¸Ê¦¥´¨Ö £·Ê¶¶Ò ¢ ± ¦¤µ³
µÉ¤¥²Ó´µ³ ¸²ÊÎ ¥ · §²¨Î¥´. �¡ÒÎ´µ ¨¸¶µ²Ó§ÊÕÉ Î ¸É´µ¥ ¶·¨¡²¨¦¥´´µ¥ ·¥-
Ï¥´¨¥ ¤²Ö ±µ´±·¥É´µ° Š‡. �  µ¡Ð¥° ¸Ì¥³¥ ÔÉµ Ê± § ´µ ¢ ¢¨¤¥ ¶Ê´±É¨·´µ°
¸É·¥²±¨, ¸µ¥¤¨´ÖÕÐ¥° ®¨¸Ìµ¤´Ò° µ¡Ñ¥±É¯ Å ¶·¨¡²¨¦¥´´µ¥ ·¥Ï¥´¨¥ ¤²Ö
Î ¸É´µ° Š‡ Å ¸ É¥³ µ¡Ñ¥±Éµ³, ±µÉµ·Ò° ¢µ§´¨± ¥É ¢ ¨Éµ£¥ É·¥ÉÓ¥£µ Ï £ .

�·¨ ¢ÒÎ¨¸²¥´¨¨ ±µ³¡¨´ Í¨¨ (19) ´  ±µ´±·¥É´µ³ Î ¸É´µ³ ·¥Ï¥´¨¨ Uα(z)
µ´  ¨§ ¸¨¸É¥³Ò „“ ¤²Ö ¨´¢ ·¨ ´Éµ¢ £·Ê¶¶Ò ¶·¥µ¡· §Ê¥É¸Ö ¢  ²£¥¡· ¨Î¥¸±¨¥
¸µµÉ´µÏ¥´¨Ö. �É³¥É¨³ ¤¢  ¸²¥¤¸É¢¨Ö Ê± § ´´ÒÌ ¤¥°¸É¢¨°. ‚µ-¶¥·¢ÒÌ, ¶·µ-
Í¥¤Ê·  ¸Ê¦¥´¨Ö ¶·¨¢µ¤¨É ± ´ ¡µ·Ê ¸µµÉ´µÏ¥´¨° ³¥¦¤Ê · §²¨Î´Ò³¨ Aj ¨
É ±¨³ µ¡· §µ³ ®¸¢Ö§Ò¢ ¥É¯ ±µµ·¤¨´ ÉÒ · §²¨Î´ÒÌ µ¶¥· Éµ·µ¢ £·Ê¶¶Ò Xj ,
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¤µ¶Ê¸± ¥³ÒÌ RM (2)Ä(3). ‚µ-¢Éµ·ÒÌ, µ´  Ê¸É· ´Ö¥É (Î ¸É¨Î´µ ¨²¨ ¶µ²´µ-
¸ÉÓÕ) ¶·µ¨§¢µ², ±µÉµ·Ò° ³µ¦¥É ¢µ§´¨± ÉÓ ¢ §´ Î¥´¨¨ ±µµ·¤¨´ É ξi, ηα ¢
¸²ÊÎ ¥ ¡¥¸±µ´¥Î´µ° £·Ê¶¶Ò G.

Š ± ¶· ¢¨²µ, ¶·µÍ¥¤Ê·  ¸Ê¦¥´¨Ö £·Ê¶¶Ò G Ê³¥´ÓÏ ¥É ¥¥ · §³¥·´µ¸ÉÓ.
’ ±¨³ µ¡· §µ³, µ¡Ð¨° Ô²¥³¥´É (12) £·Ê¶¶Ò G ¶µ¸²¥ ¢Ò¶µ²´¥´¨Ö ÔÉµ° ¶·µÍ¥-
¤Ê·Ò ¶·¥¤¸É ¢²Ö¥É¸Ö ²¨´¥°´µ° ±µ³¡¨´ Í¨¥° ´µ¢ÒÌ £¥´¥· Éµ·µ¢ Ri ¸ ±µµ·¤¨-
´ É ³¨ ξ̂i, η̂α:

X ⇒ R =
∑

j

BjRj , Rj = ξ̂i
j∂xi + η̂α

j ∂uα , (20)

¨ ¶·µ¨§¢µ²Ó´Ò³¨ ¶µ¸ÉµÖ´´Ò³¨ Bj .
� ¡µ· µ¶¥· Éµ·µ¢ Rj , ± ¦¤Ò° ¨§ ±µÉµ·ÒÌ ¸µ¤¥·¦¨É ¨¸±µ³µ¥ ·¥Ï¥´¨¥

§ ¤ Î¨ ¢ ¸¢µ¥³ ¨´¢ ·¨ ´É´µ³ ³´µ£µµ¡· §¨¨, µ¶·¥¤¥²Ö¥É £·Ê¶¶Ê ¶·¥µ¡· §µ¢ -
´¨°, ±µÉµ·ÊÕ ³Ò ¶µ  ´ ²µ£¨¨ ¸ �ƒ ¤²Ö ³µ¤¥²¥° ¸ „“ É ±¦¥ ¡Ê¤¥³ ´ §Ò¢ ÉÓ
·¥´µ·³£·Ê¶¶µ°.

Š ± ¨ ¤²Ö „“ ³µ¤¥²¥°, ÔÉ  £·Ê¶¶ , ¨³¥ÕÐ Ö ±µ´¥Î´ÊÕ ¨²¨ ¡¥¸±µ´¥Î´ÊÕ
· §³¥·´µ¸ÉÓ, µ± §Ò¢ ¥É¸Ö ¢ µ¡Ð¥³ ¸²ÊÎ ¥ Ï¨·¥, Î¥³ µ¡¸Ê¦¤ ¥³ Ö ¢ Š’� �ƒ,
±µÉµ· Ö µ¡ÒÎ´µ ¤ ¥É¸Ö ÉµÎ¥Î´µ° µ¤´µ¶ · ³¥É·¨Î¥¸±µ° £·Ê¶¶µ°. Š·µ³¥ Éµ£µ,
± ± Ê¦¥ ¡Ò²µ µÉ³¥Î¥´µ, �ƒ ¢ Œ” Ì · ±É¥·¨§Ê¥É¸Ö ¡µ²ÓÏ¨³ · §´µµ¡· §¨¥³
É¨¶µ¢ �ƒ‘, ¢±²ÕÎ ÕÐ¨Ì ¶µ³¨³µ ÉµÎ¥Î´ÒÌ ¨ ¤·Ê£¨¥ ¸¨³³¥É·¨¨, ´ ¶·¨³¥·
¸¨³³¥É·¨¨ ‹¨Ä�¥±²Ê´¤  ¢Ò¸µ±µ£µ ¶µ·Ö¤± .

�É¢²¥± Ö¸Ó µÉ ¢¨¤  ¶µ²ÊÎ ¥³µ° �ƒ‘, µÉ³¥É¨³ ± ± µ¡Ð¨¥, É ± ¨ · §²¨Î-
´Ò¥ Î¥·ÉÒ ¢ ³¥Éµ¤ Ì ¶µ¸É·µ¥´¨Ö �ƒ ¢ Œ” ¨ Š’�. ‚ Š’� �ƒ-¶·¥µ¡· §µ¢ ´¨Ö
¤²Ö Ï¨·µ±µ£µ ±² ¸¸  ±¢ ´Éµ¢µ-¶µ²¥¢ÒÌ § ¤ Î µ¶·¥¤¥²ÖÕÉ¸Ö ± ± ¶·¥µ¡· §µ-
¢ ´¨Ö · ¸ÉÖ¦¥´¨Ö ¶ · ³¥É·µ¢ ¨ ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ ¨ ¡µ²¥¥ ¸²µ¦´Ò¥
ËÊ´±Í¨µ´ ²Ó´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö Ì · ±É¥·¨¸É¨±¨ ·¥Ï¥´¨Ö, ¶µ¤Î¨´ÖÕÐ¨¥¸Ö
´¥±µÉµ·µ³Ê ËÊ´±Í¨µ´ ²Ó´µ³Ê Ê· ¢´¥´¨Õ. „¨ËË¥·¥´Í¨·µ¢ ´¨¥ ÔÉµ£µ Ê· ¢´¥-
´¨Ö ¶µ ¶ · ³¥É·Ê £·Ê¶¶Ò ¤ ¥É ¨´Ë¨´¨É¥§¨³ ²Ó´ÊÕ Ëµ·³Ê²¨·µ¢±Ê �ƒ ¢ Š’�
¸ ¶µ³µÐÓÕ É ± ´ §Ò¢ ¥³µ° β-ËÊ´±Í¨¨ (¨²¨ ®£¥´¥· Éµ·  �ƒ¯ ¢ ¶·¨´ÖÉµ° ¢
Š’� É¥·³¨´µ²µ£¨¨). �·¨ ÔÉµ³ ±µ´±·¥É´Ò° ¢¨¤ β-ËÊ´±Í¨¨ Ê¸É ´ ¢²¨¢ ¥É¸Ö ¸
¶µ³µÐÓÕ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö ¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö ¶µ ¸µµÉ¢¥É¸É¢ÊÕÐ¥³Ê
± ´µ´¨Î¥¸±µ³Ê ¶ · ³¥É·Ê �ƒ ¢ ÉµÎ±¥, £¤¥ ÔÉµÉ ¶ · ³¥É· µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó.
�É  ¶·µÍ¥¤Ê·  Ö¢²Ö¥É¸Ö  ´ ²µ£µ³ ¶·µÍ¥¤Ê·Ò ¸Ê¦¥´¨Ö £·Ê¶¶Ò ´  ·¥Ï¥´¨¨ ¢
Œ”. �É³¥É¨³, ÎÉµ ¢ Š’� É¥·³¨´ ®·¥´µ·³£·Ê¶¶ ¯ ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö µ¡µ§´ -
Î¥´¨Ö £·Ê¶¶Ò ¶·¥µ¡· §µ¢ ´¨° ¥Ð¥ ¤µ µ¶·¥¤¥²¥´¨Ö ±µ´±·¥É´µ° ·¥ ²¨§ Í¨¨
¤²Ö β-ËÊ´±Í¨¨ (É. ¥. ¤µ ¶·µ¢¥¤¥´¨Ö µ¶¥· Í¨¨ ¸Ê¦¥´¨Ö £·Ê¶¶Ò ´  Î ¸É´µ³ ·¥-
Ï¥´¨¨). �Éµ µ¡Ê¸²µ¢²¥´µ µ¡Ð¨³ ¢¨¤µ³ �ƒ-µ¶¥· Éµ· , ±µÉµ·Ò° µ¤¨´ ±µ¢ ¤²Ö
Ï¨·µ±µ£µ ±·Ê£  § ¤ Î Š’�. ‚ Œ”, ¢¢¨¤Ê ´¥¢µ§³µ¦´µ¸É¨ ¶µ¸É·µ¥´¨Ö �ƒ‘ ¢
¤µ¸É ÉµÎ´µ µ¡Ð¥³ ¢¨¤¥, É¥·³¨´ ®·¥´µ·³£·Ê¶¶ ¯ ³Ò ¨¸¶µ²Ó§Ê¥³ ¤²Ö µ¡µ§´ -
Î¥´¨Ö  ²£¥¡·Ò ¸¨³³¥É·¨¨, ±µÉµ· Ö ¶µ²ÊÎ ¥É¸Ö ¶µ¸²¥ ¶·µ¢¥¤¥´¨Ö ¶·µÍ¥¤Ê·Ò
¸Ê¦¥´¨Ö £·Ê¶¶Ò ´  ·¥Ï¥´¨¨.
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�  É·¥ÉÓ¥³ Ï £¥ É ±¦¥ ´ £²Ö¤´µ ¶·µÖ¢²Ö¥É¸Ö µÉ²¨Î¨¥ µ¡¸Ê¦¤ ¥³µ£µ
�ƒ- ²£µ·¨É³  µÉ ¸É ´¤ ·É´µ£µ £·Ê¶¶µ¢µ£µ  ´ ²¨§ , ¨¸¶µ²Ó§Ê¥³µ£µ ¢ µ¸´µ¢´µ³
¸ Í¥²ÓÕ ±² ¸¸¨Ë¨± Í¨¨ ¨ ¶µ¸É·µ¥´¨Ö ¢¸¥Ì ¤µ¶Ê¸± ¥³ÒÌ £·Ê¶¶µ° ¸¨³³¥É·¨¨
·¥Ï¥´¨° (¨´¢ ·¨ ´É´ÒÌ, Î ¸É¨Î´µ ¨´¢ ·¨ ´É´ÒÌ ¨ É. ¤.) ¶·¨ ´¥ ±µ´±·¥É¨§¨-
·µ¢ ´´ÒÌ  ¶·¨µ·¨ ±· ¥¢ÒÌ ¤ ´´ÒÌ, ±µÉµ·Ò¥ ÊÉµÎ´ÖÕÉ¸Ö ¢ ¶·µÍ¥¸¸¥ ¶µ¸É·µ-
¥´¨Ö ± ¦¤µ£µ µÉ¤¥²Ó´µ£µ ·¥Ï¥´¨Ö.

‚ µÉ²¨Î¨¥ µÉ ÔÉµ£µ ¢Ò¶µ²´Ö¥³ Ö ´  É·¥ÉÓ¥³ Ï £¥ ¶·µÍ¥¤Ê·  ¶·µ¢¥·±¨
Ê¸²µ¢¨° ¨´¢ ·¨ ´É´µ¸É¨ ¶·¨¡²¨¦¥´´µ£µ Î ¸É´µ£µ ·¥Ï¥´¨Ö µÉ´µ¸¨É¥²Ó´µ
£·Ê¶¶Ò ¶·¥µ¡· §µ¢ ´¨° ¸ µ¶¥· Éµ· ³¨, ±µµ·¤¨´ ÉÒ ±µÉµ·ÒÌ ¡Ò²¨ ´ °¤¥´Ò
´  ¢Éµ·µ³ Ï £¥, ·¥Ï ¥É ¸· §Ê ¤¢¥ § ¤ Î¨. ‚µ-¶¥·¢ÒÌ, µ´  Ê± §Ò¢ ¥É ´  £·Ê¶¶Ê
¶·¥µ¡· §µ¢ ´¨°, ±µÉµ· Ö ¶µ ¸ ³µ³Ê ³¥Éµ¤Ê ¶µ¸É·µ¥´¨° µ¸É ¢²Ö¥É ¨´¢ ·¨ ´É-
´Ò³ ·¥Ï¥´¨¥ § ¤ Î¨ ¸ § ¤ ´´Ò³¨ ±· ¥¢Ò³¨ (´ Î ²Ó´Ò³¨) ¤ ´´Ò³¨. ’ ±¨³
µ¡· §µ³, µÉ¶ ¤ ¥É ´¥µ¡Ìµ¤¨³µ¸ÉÓ ¢ ¨¸¸²¥¤µ¢ ´¨¨ ¢¸¥Ì ¢µ§³µ¦´ÒÌ ¨´¢ ·¨ ´É-
´ÒÌ ·¥Ï¥´¨° ¢ ¶µ¶ÒÉ±¥ ´ °É¨ ·¥Ï¥´¨¥ ¸ É·¥¡Ê¥³Ò³¨ ±· ¥¢Ò³¨ Ê¸²µ¢¨Ö³¨.
‚µ-¢Éµ·ÒÌ, ÔÉ  ¶·µÍ¥¤Ê·  ¤ ¥É ÉµÎ´µ¥ (¢ · ³± Ì ¨¸¶µ²Ó§Ê¥³µ£µ £·Ê¶¶µ¢µ£µ
¶·¨¥³ ) ¢Ò· ¦¥´¨¥ ¤²Ö �ƒ-µ¶¥· Éµ· , ±µÉµ·Ò° µ¡¥¸¶¥Î¨¢ ¥É ¶·¥µ¡· §µ¢ ´¨¥
¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö ¢ Ê²ÊÎÏ¥´´µ¥ ·¥Ï¥´¨¥ Š‡.

�·¨¢¥¤¥´´µ¥ ¢ ÔÉµ³ ¶ · £· Ë¥ ¨§²µ¦¥´¨¥ É·¥ÉÓ¥£µ Ï £   ²£µ·¨É³  § -
¢¥·Ï ¥É µ¶¨¸ ´¨¥ ¶·µÍ¥¤Ê·Ò ¶µ¸É·µ¥´¨Ö �ƒ‘. ‚ ¸²¥¤ÊÕÐ¥³ ¶ · £· Ë¥ ¶µ± -
§ ´µ, ± ± �ƒ‘ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¤²Ö ¤µ¸É¨¦¥´¨Ö ±µ´¥Î´µ° Í¥²¨ �ƒ- ²£µ·¨É³  Å
Ê²ÊÎÏ¥´¨Ö ¶·¨¡²¨¦¥´´µ£µ ·¥Ï¥´¨Ö.

2.4. �µ¸É·µ¥´¨¥ �ƒ-¨´¢ ·¨ ´É´µ£µ ·¥Ï¥´¨Ö. �¶¨¸ ´´Ò¥ ¢ÒÏ¥ É·¨ Ï £ 
¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²ÖÕÉ ·¥£Ê²Ö·´Ò°  ²£µ·¨É³ ¶µ¸É·µ¥´¨Ö �ƒ‘, ´µ ´¥µ¡Ìµ¤¨³
¥Ð¥ µ¤¨´, Î¥É¢¥·ÉÒ° (IV), § ±²ÕÎ¨É¥²Ó´Ò° Ï £. �  ÔÉµ³ Ï £¥ µ¶¥· Éµ·Ò �ƒ‘
¨¸¶µ²Ó§ÊÕÉ¸Ö ¤²Ö ´ Ìµ¦¤¥´¨Ö  ´ ²¨É¨Î¥¸±¨Ì ¢Ò· ¦¥´¨° ¤²Ö ´µ¢ÒÌ, Ê²ÊÎÏ¥´-
´ÒÌ (¶µ ¸· ¢´¥´¨Õ ¸ ¨¸Ìµ¤´Ò³¨) ·¥Ï¥´¨° Š‡.

‘ ³ É¥³ É¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö ·¥ ²¨§ Í¨Ö ÔÉµ£µ Ï £  ¸µ¸Éµ¨É ¢ ¨¸¶µ²Ó-
§µ¢ ´¨¨ Ê¸²µ¢¨° ·¥´µ·³£·Ê¶¶µ¢µ° ¨´¢ ·¨ ´É´µ¸É¨∗, ±µÉµ·Ò¥ § ¤ ÕÉ¸Ö ¸µ-
¢³¥¸É´µ° ¸¨¸É¥³µ° Ê· ¢´¥´¨° (2)Ä(3) ¨ Ê¸²µ¢¨° µ¡· Ð¥´¨Ö ¢ ´Ê²Ó ²¨´¥°´µ°
±µ³¡¨´ Í¨¨ ±µµ·¤¨´ É κ̂

α
j ± ´µ´¨Î¥¸±µ£µ µ¶¥· Éµ· , Ô±¢¨¢ ²¥´É´µ£µ (20):

∑
j

Rj
κ̂

α
j ≡

∑
j

Bj
(
η̂α

j − ξ̂i
ju

α
i

)
= 0. (21)

�¥µ¡Ìµ¤¨³µ¸ÉÓ ¨¸¶µ²Ó§µ¢ ´¨Ö RM ¶·¨ ¶µ¸É·µ¥´¨¨ ·¥Ï¥´¨Ö Š‡ ´  ·¨¸. 1
µÉ³¥Î¥´  ¶Ê´±É¨·´µ° ¸É·¥²±µ°, ¸µ¥¤¨´ÖÕÐ¥° ÔÉ¨ ¤¢  µ¡Ñ¥±É .

‚¨¤´µ, ÎÉµ Ê¸²µ¢¨Ö (21) ¶µ Ëµ·³¥ ¡²¨§±¨ ± (19). �¤´ ±µ, ¢ µÉ²¨Î¨¥ µÉ
¶·¥¤Ò¤ÊÐ¥£µ Ï £ , ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ ¶¥·¥³¥´´Ò¥ uα

i ¢ (21) ´¥ § ³¥´ÖÕÉ¸Ö

∗‡¤¥¸Ó ¸²¥¤Ê¥É Ê± § ÉÓ ´  ¸ÊÐ¥¸É¢ÊÕÐÊÕ  ´ ²µ£¨Õ ³¥¦¤Ê ÔÉ¨³ ¶µ´ÖÉ¨¥³ ¨ ¶µ´ÖÉ¨¥³ ËÊ´±-
Í¨µ´ ²Ó´µ°  ¢Éµ³µ¤¥²Ó´µ¸É¨ [58, 59] (¸³. É ±¦¥ µ¡¸Ê¦¤¥´¨¥ ¢ ¶·¨²µ¦¥´¨¨ 2).
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¶·¨¡²¨¦¥´´Ò³¨ ¢Ò· ¦¥´¨Ö³¨ ¤²Ö ·¥Ï¥´¨° Š‡ U(z),   · ¸¸³ É·¨¢ ÕÉ¸Ö ± ±
µ¡ÒÎ´Ò¥ § ¢¨¸¨³Ò¥ ¶¥·¥³¥´´Ò¥.

‚ ´ ¨¡µ²¥¥ · ¸¶·µ¸É· ´¥´´µ³ ¸²ÊÎ ¥, ±µ£¤  ¢ ·µ²¨ ·¥´µ·³£·Ê¶¶Ò ¢Ò¸ÉÊ-
¶ ¥É µ¤´µ¶ · ³¥É·¨Î¥¸± Ö ÉµÎ¥Î´ Ö £·Ê¶¶  ‹¨, Ê¸²µ¢¨¥ �ƒ-¨´¢ ·¨ ´É´µ¸É¨
¶·¨¢µ¤¨É ± Ê· ¢´¥´¨Ö³ ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¶µ·Ö¤± . �¥Ï¥´¨Ö
¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ¨³ Ì · ±É¥·¨¸É¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤ ÕÉ £·Ê¶¶µ¢Ò¥ ¨´¢ ·¨-
 ´ÉÒ (¶µ¤µ¡´Ò¥ ¨´¢ ·¨ ´É´Ò³ § ·Ö¤ ³ ¢ Š’�), Î¥·¥§ ±µÉµ·Ò¥ ¢Ò· ¦ ¥É¸Ö
¨¸±µ³µ¥ ·¥Ï¥´¨¥ Š‡. Š  ´ ²µ£¨Î´µ³Ê ·¥§Ê²ÓÉ ÉÊ ¶·¨¢µ¤¨É É ±¦¥ ¶µ¸É·µ¥´¨¥
±µ´¥Î´ÒÌ ¶·¥µ¡· §µ¢ ´¨° £·Ê¶¶Ò (¶ÊÉ¥³ ·¥Ï¥´¨Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì Ê· ¢´¥-
´¨° ‹¨) ¨ ¶·¨³¥´¥´¨¥ ÔÉ¨Ì ±µ´¥Î´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ± ±· ¥¢Ò³ ¤ ´´Ò³ (¸³.
µ¡¸Ê¦¤¥´¨¥  ´ ²µ£¨Î´µ° ¶·µ¡²¥³Ò ¤²Ö § ¤ Î¨ ŠµÏ¨ ¤²Ö Ê· ¢´¥´¨° ¶¥·¢µ£µ
¶µ·Ö¤±  ¢ [40, § 29]).

‚ µ¡Ð¥³ ¸²ÊÎ ¥ ¶·µ¨§¢µ²Ó´µ° �ƒ‘ Ê¸²µ¢¨Ö �ƒ-¨´¢ ·¨ ´É´µ¸É¨, § ¶¨-
¸ ´´Ò¥ ¤²Ö Š‡, ´¥ ¶·¥¤¸É ¢²ÖÕÉ ¸µ¡µ° Ì · ±É¥·¨¸É¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤²Ö
µ¶¥· Éµ·  ÉµÎ¥Î´µ° £·Ê¶¶Ò ‹¨. �´¨ ³µ£ÊÉ ¨³¥ÉÓ ¡µ²¥¥ ¸²µ¦´Ò° ¢¨¤, ´ ¶·¨-
³¥· ¶·¥¤¸É ¢²ÖÉÓ ±µ³¡¨´ Í¨Õ „“ ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¨ µ¡Ò±´µ¢¥´´ÒÌ
„“ ¢Ò¸µ±µ£µ ¶µ·Ö¤± . �¤´ ±µ µ¡Ð¨° ¶µ¤Ìµ¤ ± ¶µ¸É·µ¥´¨Õ ·¥Ï¥´¨Ö Š‡ ± ±
¨´¢ ·¨ ´É´µ£µ �ƒ-·¥Ï¥´¨Ö µ¸É ¥É¸Ö ¢ ¸¨²¥.

ˆ§²µ¦¥´¨¥ Î¥É¢¥·Éµ£µ Ï £  § ¢¥·Ï ¥É µ¶¨¸ ´¨¥ ·¥£Ê²Ö·´µ£µ  ²£µ·¨É³ 
¶µ¸É·µ¥´¨Ö �ƒ‘ ¤²Ö ³µ¤¥²¥° ¸ ˆ„“. ‘²¥¤ÊÕÐ¨° · §¤¥² ¸µ¤¥·¦¨É ·Ö¤ ±µ´-
±·¥É´ÒÌ ¶·¨³¥·µ¢, ¤¥³µ´¸É·¨·ÊÕÐ¨Ì ¥£µ ¢µ§³µ¦´µ¸É¨.

3. ��‘’��…�ˆ… �ƒ‘ „‹Ÿ ˆ�’…ƒ��‹œ�›• ‡�„�—

3.1. ˆ´É¥£· ²Ó´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö ¨ �ƒ-¨´¢ ·¨ ´É´µ¸ÉÓ. �¡· É¨³¸Ö
± ¨´É¥£· ²Ó´Ò³ ¶·¥µ¡· §µ¢ ´¨Ö³ ·¥´µ·³-¨´¢ ·¨ ´É´µ° (É ± ´ §Ò¢ ¥³µ° ÔË-
Ë¥±É¨¢´µ°, ¨²¨ ®¡¥£ÊÐ¥°¯) ËÊ´±Í¨¨ ¸¢Ö§¨ ¢ ¶·µ¸Éµ° ³µ¤¥²¨ ±¢ ´Éµ¢µ° É¥-
µ·¨¨ ¶µ²Ö ¸ µ¤´µ° ±µ´¸É ´Éµ° ¸¢Ö§¨, ¶µ¤µ¡´µ° ±¢ ´Éµ¢µ° Ô²¥±É·µ¤¨´ ³¨±¥
(Š�„) ¨²¨ ±¢ ´Éµ¢µ° Ì·µ³µ¤¨´ ³¨±¥ (Š•„).

�µ´ÖÉ¨¥ ¨´¢ ·¨ ´É´µ° ËÊ´±Í¨¨ ¸¢Ö§¨ ¨§´ Î ²Ó´µ ¡Ò²µ ¢¢¥¤¥´µ (¢ Š�„ Å
¶µ¤ ´ §¢ ´¨¥³ ¨´¢ ·¨ ´É´µ£µ § ·Ö¤  Ô²¥±É·µ´ ) ± ± ¶·µ¨§¢¥¤¥´¨¥ ±µ´¸É ´ÉÒ
¸¢Ö§¨ (¢ Š�„ Å ±¢ ¤· É  § ·Ö¤  Ô²¥±É·µ´  e ) ¨ ¤¥°¸É¢¨É¥²Ó´ÒÌ ¶µ¸Éµ-
Ö´´ÒÌ zi, ¢Ìµ¤ÖÐ¨Ì ¢ ±µ´¥Î´Ò¥ ¶¥·¥´µ·³¨·µ¢µÎ´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö „ °-
¸µ´ . �µ¸²¥¤´¨¥ ³Ê²ÓÉ¨¶²¨± É¨¢´µ ¶·¥µ¡· §ÊÕÉ ¶ · ³¥É· · §²µ¦¥´¨Ö Š�„
α = e2/4π,   É ±¦¥ ¶·µ¶ £ Éµ·Ò Î ¸É¨Í ∆i(. . . , α) = ∆i(Q, m, µ; α)

∆i(. . . , α) → ∆′
i(. . . , α

′) = z−1
i ∆i(. . . , z3α), α → α′ = z3α, (22)

¨ ¢¥·Ï¨´´Ò¥ ËÊ´±Í¨¨ ƒ·¨´  Γi, ±µÉµ·Ò¥ · ¸¸³ É·¨¢ ÕÉ¸Ö µ¡ÒÎ´µ ¢
¨³¶Ê²Ó¸´µ-Ô´¥·£¥É¨Î¥¸±µ³ ¶·¥¤¸É ¢²¥´¨¨.

�É¨ ±µ´¸É ´ÉÒ zi,   ¢¸²¥¤¸É¢¨¥ ÔÉµ£µ ¨ ¨´¢ ·¨ ´É´ Ö ËÊ´±Í¨Ö ¸¢Ö§¨
ᾱ(Q2) ³µ£ÊÉ ¡ÒÉÓ ¢Ò· ¦¥´Ò Î¥·¥§ §´ Î¥´¨Ö É ± ´ §Ò¢ ¥³ÒÌ ¸± ²Ö·´ÒÌ  ³-
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¶²¨ÉÊ¤ ¶·µ¶ £ Éµ·µ¢ ¨ ¢¥·Ï¨´ ¢ Éµ³ ¦¥ ¶·¥¤¸É ¢²¥´¨¨. � ¶·¨³¥·, ¢ ³ ¸¸¨¢-
´µ° Š�„ [7,9]

ᾱ(Q2) ≡ αd

(
Q2

µ2
,
m2

µ2
; α

)
, (23)

£¤¥ m Å ³ ¸¸  Ô²¥±É·µ´ , µ Å ´¥±µÉµ·Ò° ¶ · ³¥É·, ¸¢Ö§ ´´Ò° ¸ £· ´¨Î-
´Ò³¨ Ê¸²µ¢¨Ö³¨, d Å ¶µ¶¥·¥Î´ Ö ¸± ²Ö·´ Ö  ³¶²¨ÉÊ¤  ËµÉµ´´µ£µ ¶·µ¶ -
£ Éµ· , ±µÉµ· Ö ¢¥Ð¥¸É¢¥´´  ¢ ¥¢±²¨¤µ¢µ° Î ¸É¨ ¨³¶Ê²Ó¸´µ-Ô´¥·£¥É¨Î¥¸±µ£µ
¶·µ¸É· ´¸É¢ . �É  ËÊ´±Í¨Ö Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´É´µ° µÉ´µ¸¨É¥²Ó´µ µ¤´µ¢·¥³¥´-
´µ£µ ¶·¥µ¡· §µ¢ ´¨Ö

Rt : µ2 → tµ2; α → ᾱ

(
t,

m2

µ2
; α

)
, (24)

¶·¥¤¸É ¢²ÖÕÐ¥£µ ¸µ¡µ° µ¡ÒÎ´ÊÕ Ëµ·³Ê �ƒ-¶·¥µ¡· §µ¢ ´¨Ö ¢ ³ ¸¸¨¢´µ° µ¤-
´µ§ ·Ö¤´µ° Š’�. �·¨ ÔÉµ³ ËÊ´±Í¨Ö ᾱs(Q2) Ö¢²Ö¥É¸Ö ¤¥°¸É¢¨É¥²Ó´µ° ËÊ´±-
Í¨¥° ¸¢µ¥£µ ¤¥°¸É¢¨É¥²Ó´µ£µ ¶µ²µ¦¨É¥²Ó´µ£µ  ·£Ê³¥´É  Å ±¢ ¤· É 
4-¨³¶Ê²Ó¸ :

Q2 ≡ Q2 − Q2
0 � 0. (25)

‚ Š•„ ¨´¢ ·¨ ´É´ Ö ËÊ´±Í¨Ö ¸¢Ö§¨ ᾱs(Q2) ¢¢µ¤¨É¸Ö  ´ ²µ£¨Î´Ò³ µ¡· -
§µ³ ± ± ¶·µ¨§¢¥¤¥´¨¥ ¶ · ³¥É·  · §²µ¦¥´¨Ö αs ´  ¸µµÉ¢¥É¸É¢ÊÕÐ¨¥ ¸± ²Ö·-
´Ò¥  ³¶²¨ÉÊ¤Ò ¢¥·Ï¨´ ¨ ¶·µ¶ £ Éµ·µ¢. ‘µ¢·¥³¥´´ Ö ¶· ±É¨±  ¢ÒÎ¨¸²¥´¨°
¢ Š’�, ± ± ¶· ¢¨²µ, ¨¸¶µ²Ó§Ê¥É ¢Ò· ¦¥´¨Ö ¤²Ö ´ ¡²Õ¤ ¥³ÒÌ ¨ ´¥±µÉµ·ÒÌ
¤·Ê£¨Ì ¶·µ³¥¦ÊÉµÎ´ÒÌ ·¥´µ·³£·Ê¶¶µ¢ÒÌ ¨´¢ ·¨ ´É´ÒÌ (¨²¨ ±µ¢ ·¨ ´É´ÒÌ)
µ¡Ñ¥±Éµ¢, ¢Ò· ¦¥´´ÒÌ ¶ · ³¥É·¨Î¥¸±¨ ¢ É¥·³¨´ Ì ¨´¢ ·¨ ´É´µ° ËÊ´±Í¨¨
¸¢Ö§¨. „²Ö ÔÉµ£µ ¨´É¥·¥¸ÊÕÐ Ö ¨´¢ ·¨ ´É´ Ö ¢¥²¨Î¨´  ¤µ²¦´  ¡ÒÉÓ § ¶¨-
¸ ´  ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¥³ ¶·¥¤¸É ¢²¥´¨¨. � ¶·¨³¥·, ¢ É¥·³¨´ Ì ᾱs(Q2) ³µ£ÊÉ
¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò Éµ²Ó±µ ²¨ÏÓ µ¡Ñ¥±ÉÒ, µ¶·¥¤¥²¥´´Ò¥ ¢ ¥¢±²¨¤µ¢µ° Î ¸É¨
¨³¶Ê²Ó¸´µ£µ ¶·¥¤¸É ¢²¥´¨Ö (25).

�¤´ ±µ ´¥±µÉµ·Ò¥ ´ ¡²Õ¤ ¥³Ò¥, ´ ¶·¨³¥· ÔËË¥±É¨¢´Ò¥ ¶µ¶¥·¥Î´Ò¥ ¸¥-
Î¥´¨Ö · ¸¸¥Ö´¨Ö, ± ± · § Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ ¶µ²µ¦¨É¥²Ó´µ£µ  ·£Ê³¥´É 
s = Q2

0 − Q2 Å ±¢ ¤· É  Ô´¥·£¨¨ ¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸. Œ¥¦¤Ê É¥³ ¶¥-
·¥Ìµ¤ µÉ ¶µ²µ¦¨É¥²Ó´ÒÌ (®¥¢±²¨¤µ¢ÒÌ¯) ± µÉ·¨Í É¥²Ó´Ò³ (®³¨´±µ¢¸±¨³¯)
§´ Î¥´¨Ö³  ·£Ê³¥´É  Q2 ¢ ±µ´É¥±¸É¥ ·¥´µ·³£·Ê¶¶Ò ´¥ ³µ¦¥É ¡ÒÉÓ µ¸ÊÐ¥-
¸É¢²¥´ ´¥¶µ¸·¥¤¸É¢¥´´µ. „¥²µ ¢ Éµ³, ÎÉµ  ³¶²¨ÉÊ¤Ò ¶·µ¶ £ Éµ·µ¢, ¶µ¤µ¡´Ò¥
ËµÉµ´´µ°  ³¶²¨ÉÊ¤¥ d(Q2), ¶·¨´¨³ ÕÉ ±µ³¶²¥±¸´Ò¥ §´ Î¥´¨Ö ¶·¨ ¤¥°¸É¢¨-
É¥²Ó´ÒÌ µÉ·¨Í É¥²Ó´ÒÌ Q2 < 0, É. ¥. ¢ ¶¸¥¢¤µ¥¢±²¨¤µ¢µ° µ¡² ¸É¨ §´ Î¥´¨°
¸¢µ¥£µ ¤¥°¸É¢¨É¥²Ó´µ£µ  ·£Ê³¥´É .

�µÔÉµ³Ê ¸µµÉ´µÏ¥´¨Ö ¸µµÉ¢¥É¸É¢¨Ö ³¥¦¤Ê ·¥´µ·³-¨´¢ ·¨ ´É´Ò³¨ ¢¥²¨-
Î¨´ ³¨ ¢ · §²¨Î´ÒÌ µ¡² ¸ÉÖÌ Å ¥¢±²¨¤µ¢µ° ¨ ³¨´±µ¢¸±µ° Å ³µ£ÊÉ ¡ÒÉÓ
Ê¸É ´µ¢²¥´Ò ²¨ÏÓ ¡µ²¥¥ µ¶µ¸·¥¤µ¢ ´´Ò³ µ¡· §µ³, ´ ¶·¨³¥· ¶·¨ ¶µ³µÐ¨
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²¨´¥°´ÒÌ ¨´É¥£· ²Ó´ÒÌ ¶·¥µ¡· §µ¢ ´¨°. ’ ±, ´ ¶·¨³¥·, ®ÔËË¥±É¨¢´ Ö ³¨´-
±µ¢¸± Ö¯ ËÊ´±Í¨Ö ¸¢Ö§¨ α̃ ³µ¦¥É ¡ÒÉÓ ¸¢Ö§ ´  c ¢¢¥¤¥´´µ° ¢ÒÏ¥ ®¥¢±²¨¤µ-
¢µ°¯ ᾱ µ¸µ¡Ò³ ¨´É¥£· ²Ó´Ò³ ¶·¥µ¡· §µ¢ ´¨¥³

ᾱ(Q2) = Q2

∞∫
0

α̃ (s) ds

(s + Q2)2
, (26)

¢¢¥¤¥´´Ò³ ¢ [60] ¨ ¶µ¤·µ¡´µ · ¸¸³µÉ·¥´´Ò³ ¢ [61].
‚Éµ·µ° ¸µ¤¥·¦ É¥²Ó´Ò° ¶·¨³¥· ¤ ¥É ´ ³ ¶¥·¥Ìµ¤ µÉ ¥¢±²¨¤µ¢  ¨³¶Ê²Ó¸-

´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ± ®¶·¥¤¸É ¢²¥´¨Õ · ¸¸ÉµÖ´¨°¯ ¢ µ¡ÒÎ´µ³ ±µ´Ë¨£Ê· Í¨-
µ´´µ³ ¶·µ¸É· ´¸É¢¥. �ÉµÉ ¶¥·¥Ìµ¤ ³µ¦¥É ¡ÒÉÓ ¢Ò¶µ²´¥´ ¸ ¶µ³µÐÓÕ ¸µµÉ-
¢¥É¸É¢ÊÕÐ¥£µ ¸¨´Ê¸-¶·¥µ¡· §µ¢ ´¨Ö ”Ê·Ó¥ [62]

ᾱ(Q) ≡ 2
π

∞∫
0

dr

r
sin(Qr)αD(r). (27)

‚ ÔÉµ° ¸¢Ö§¨ ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ µ¡Ð¨° ¢µ¶·µ¸ µ �ƒ-¨´¢ ·¨ ´É´µ¸É¨
¢¥²¨Î¨´, ¸¢Ö§ ´´ÒÌ ³¥¦¤Ê ¸µ¡µ° ²¨´¥°´Ò³¨ ¨´É¥£· ²Ó´Ò³¨ ¶·¥µ¡· §µ¢ ´¨-
Ö³¨. ŒÒ ¶µ± ¦¥³ ´¨¦¥, ÎÉµ § ¤ Î  Ê¸É ´µ¢²¥´¨Ö µ¤´µ§´ Î´µ£µ ¸µµÉ¢¥É¸É¢¨Ö
¨´¢ ·¨ ´É´ÒÌ ¢¥²¨Î¨´ ¢ · §²¨Î´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ ²¥£±µ ·¥Ï ¥É¸Ö ¶·µÍ¥¤Ê-
·µ° ¶·µ¤µ²¦¥´¨Ö �ƒ‘-µ¶¥· Éµ·  ´  ´¥²µ± ²Ó´Ò¥ ¶¥·¥³¥´´Ò¥.

„µ¶Ê¸É¨³, ÎÉµ ´ ³ § ¤ ´ �ƒ‘-µ¶¥· Éµ·, ¨³¥ÕÐ¨° ¸²¥¤ÊÕÐÊÕ, Ì · ±É¥·-
´ÊÕ ¤²Ö Ê²ÓÉ· Ë¨µ²¥Éµ¢µ£µ ¸²ÊÎ Ö Š’�, Ëµ·³Ê:

R1 = u∂u − β(g)∂g. (28)

ˆ´¢ ·¨ ´Éµ³ ÔÉµ£µ µ¶¥· Éµ·  Ö¢²Ö¥É¸Ö ÔËË¥±É¨¢´ Ö ËÊ´±Í¨Ö ¸¢Ö§¨ ḡ(u, g)∗,
§ ¤ ´´ Ö ¢ {u, g}-¶·¥¤¸É ¢²¥´¨¨. �·¥¤¶µ²µ¦¨³, ÎÉµ ´ ¸ ¨´É¥·¥¸Ê¥É É¥¶¥·Ó ´¥-
±µ¥ ¨´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ÔÉµ° ¢¥²¨Î¨´Ò, µ¶·¥¤¥²Ö¥³µ¥ ¤·Ê£¨³¨ ¶¥·¥³¥´´Ò³¨
{v, g}. �Ê¸ÉÓ ÔËË¥±É¨¢´ Ö ËÊ´±Í¨Ö ¸¢Ö§¨ g̃(v, g) ¢ ÔÉµ³ ´µ¢µ³ ¶·¥¤¸É ¢²¥´¨¨
¸¢Ö§ ´  ¸ ḡ(u, g) ²¨´¥°´Ò³ ¨´É¥£· ²Ó´Ò³ ¶·¥µ¡· §µ¢ ´¨¥³

g̃ =

∞∫
0

K(u, v)ḡ du. (29)

‡ ¶¨¸Ò¢ Ö µ¶¥· Éµ· R1 ¢ ± ´µ´¨Î¥¸±µ³ ¢¨¤¥

R̄1 = κ̄∂ḡ, κ̄ = β(g)ḡg − uḡu, (30)

∗‡¤¥¸Ó Ëµ·³  § ¶¨¸¨ µÉ¢¥Î ¥É ¸É·Ê±ÉÊ·¥  ·£Ê³¥´Éµ¢ ¶· ¢µ° Î ¸É¨ (23) ¢ ¡¥§³ ¸¸µ¢µ³ m = 0
¸²ÊÎ ¥.
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¨ ¶·¨³¥´ÖÖ  ²£µ·¨É³, µ¶¨¸ ´´Ò° ¢ÒÏ¥, ²¥£±µ ¶¥·¥¶¨¸ ÉÓ ÔÉµÉ µ¶¥· Éµ· ¢
{v, g, g̃}-¶¥·¥³¥´´ÒÌ:

R̄2 = κ̃∂g̃, κ̃ = β(g)g̃g +

∞∫
0

du ḡ(uK(u, v))u. (31)

�·¨ ¶µ²ÊÎ¥´¨¨ (31) ³Ò ¶µ² £ ²¨, ÎÉµ Ö¤·µ K(u, v) ¨ ÔËË¥±É¨¢´ Ö ËÊ´±Í¨Ö
¸¢Ö§¨ µ£· ´¨Î¥´Ò ¨ ¤µ¸É ÉµÎ´µ ¡Ò¸É·µ Ê¡Ò¢ ÕÉ ¸ ·µ¸Éµ³ u, É ± ÎÉµ ¶·µ¨§-
¢¥¤¥´¨¥ uK(u, v)ḡ µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ± ± ¶·¨ u → 0, É ± ¨ ¶·¨ u → ∞.
�¶¥· Éµ· R̄2 ¨³¥¥É ÉµÉ ¦¥ ¢¨¤, ÎÉµ ¨ (30), ¶·¨ Ê¸²µ¢¨¨ ÎÉµ K(u, v) ¶µ¤Î¨-
´Ö¥É¸Ö Ê· ¢´¥´¨Õ

∂u(uK(u, v)) − v∂vK(u, v) = 0. (32)

…£µ ·¥Ï¥´¨¥ ¤ ¥É ¸²¥¤ÊÕÐ¨° µ¡Ð¨° ¢¨¤ Ö¤·  ¶·¥µ¡· §µ¢ ´¨Ö:

K(u, v) = vK(uv). (33)

�µ¤¸É ¢²ÖÖ (32) ¢ (31) ¨ ¢µ§¢· Ð Ö¸Ó ´ § ¤ ± ´¥± ´µ´¨Î¥¸±µ³Ê ¶·¥¤¸É ¢²¥-
´¨Õ, ¶·¨Ìµ¤¨³ ± �ƒ‘-µ¶¥· Éµ·Ê ¢ ¶·¥µ¡· §µ¢ ´´ÒÌ ¶¥·¥³¥´´ÒÌ {v, g}

R2 = −v∂v − β(g)∂g , (34)

¨´¢ ·¨ ´Éµ³ ±µÉµ·µ£µ Ö¢²Ö¥É¸Ö ¢¥²¨Î¨´  ÔËË¥±É¨¢´µ° ËÊ´±Í¨¨ ¸¢Ö§¨ g̃(v, g)
¢ {v, g}-¶·¥¤¸É ¢²¥´¨¨. �¥±µÉµ·Ò¥ Î ¸É´Ò¥ ¸²ÊÎ ¨ ·¥ ²¨§ Í¨¨ Ö¤·  K ¸µµÉ-
¢¥É¸É¢ÊÕÉ ¨´É¥£· ²Ó´Ò³ ¶·¥µ¡· §µ¢ ´¨Ö³, ±µÉµ·Ò¥ Ê¦¥ µ¡¸Ê¦¤ ²¨¸Ó ¢ ²¨-
É¥· ÉÊ·¥ [62]. � ¶·¨³¥·, ¶µ² £ Ö K = 1/(1 + uv)2, u = s ¨ v = 1/Q2,
¶µ²ÊÎ ¥³ ¶·¥µ¡· §µ¢ ´¨¥ (26),   ¶·¨ K = (1/π) sin(

√
uv)/(uv), u = r2 ¨

v = Q2 ³Ò ¶·¨Ìµ¤¨³ ± ¸¨´Ê¸-¶·¥µ¡· §µ¢ ´¨Õ ”Ê·Ó¥ (27). Œµ¦´µ ¸± -
§ ÉÓ, ÎÉµ ¶·¨¢¥¤¥´´Ò¥ ¶·¨³¥·Ò Ê± §Ò¢ ÕÉ ´  ´µ¢Ò°  ²£µ·¨É³ Ê¸É ´µ¢²¥´¨Ö
¢§ ¨³´µ-µ¤´µ§´ Î´µ£µ ¸µµÉ¢¥É¸É¢¨Ö ¨´¢ ·¨ ´É´ÒÌ ¢¥²¨Î¨´ ¢ · §²¨Î´ÒÌ ¶·¥¤-
¸É ¢²¥´¨ÖÌ.

3.2. ‘²ÊÎ ° ËÊ´±Í¨µ´ ²µ¢ µÉ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö •µ¶Ë . � ¸¸³µÉ·¨³
É¥¶¥·Ó ¶·µ¸Éµ° ³¥Éµ¤µ²µ£¨Î¥¸±¨° ¶·¨³¥·, ¨²²Õ¸É·¨·ÊÕÐ¨° ¶·¨²µ¦¥´¨Ö
�ƒ‘- ²£µ·¨É³  ± ËÊ´±Í¨µ´ ²Ê µÉ ·¥Ï¥´¨Ö. �Ê¸ÉÓ ¨³¥¥É¸Ö ´ Î ²Ó´ Ö § ¤ Î 
¤²Ö Ê· ¢´¥´¨Ö •µ¶Ë :

ut + auux = 0, u(0, x) = V(x), (35)

·¥Ï¥´¨¥ ±µÉµ·µ° Ìµ·µÏµ ¨§¢¥¸É´µ ¨ ¶·¨ t, µÉ²¨Î´µ³ µÉ ´Ê²Ö, § ¤ ¥É¸Ö ¢
´¥Ö¢´µ³ ¢¨¤¥

u = V(x − aut). (36)

‚Ò¡¨· Ö, ´ ¶·¨³¥·, ´ Î ²Ó´µ¥ · ¸¶·¥¤¥²¥´¨¥ ¢ ¢¨¤¥ Ô±¸¶µ´¥´ÉÒ

V = V0 exp(x), (37)
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¶µ²ÊÎ ¥³

x − aut = ln(u/V0). (38)

�Ê¸ÉÓ ´ ¸ ¨´É¥·¥¸Ê¥É ¢¨¤ ·¥Ï¥´¨Ö ´¥ ¢µ ¢¸¥³ ¶·µ¸É· ´¸É¢¥,   ²¨ÏÓ ¥£µ §´ -
Î¥´¨¥ ¢ ÉµÎ±¥ x = 0, ±µÉµ·µ¥ ³Ò ¡Ê¤¥³ µ¡µ§´ Î ÉÓ ËÊ´±Í¨¥° u0(t) = u(t, 0).
’µ£¤  ¨§ Ê· ¢´¥´¨Ö (38) ¶µ²ÊÎ ¥³ ¸µµÉ´µÏ¥´¨¥, ´¥ ¸µ¤¥·¦ Ð¥¥ x:

au0t + ln (u0/V0) = 0. (39)

�¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (39) ¤²Ö u0(t) § ¶¨¸Ò¢ ¥É¸Ö Î¥·¥§ ¸¶¥Í¨ ²Ó´ÊÕ, É ± ´ -
§Ò¢ ¥³ÊÕ W -ËÊ´±Í¨Õ ‹ ³¡¥·É ∗

u0(t) =
1
at

W−1(aV0t). (40)

‚ ¤¢ÊÌ ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ ÖÌ ³ ²ÒÌ (t 
 1/aV0) ¨ ¡µ²ÓÏ¨Ì (t � 1/aV0)
§´ Î¥´¨° ¢·¥³¥´¨ t ÔÉµ ·¥Ï¥´¨¥ ¶·¨´¨³ ¥É ¡µ²¥¥ ¶·µ¸Éµ° ¢¨¤

u0(t) = V0(1 − atV0), t 
 1/aV0, (41)

u0(t) =
1
at

(ln (aV0t) − ln ln (aV0t)), t � 1/aV0. (42)

�Î¥¢¨¤´µ, ÎÉµ ¶¥·¢Ò° ·¥§Ê²ÓÉ É (41) ²¥£±µ ¶µ²ÊÎ ¥É¸Ö ¨§ ·¥Ï¥´¨Ö ¨¸Ìµ¤-
´µ£µ Ê· ¢´¥´¨Ö (38) ¶µ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨°, ¥¸²¨ · ¸¸³ É·¨¢ ÉÓ ¥£µ ´  ³ ²ÒÌ
¢·¥³¥´ Ì. �¥Ï¥´¨¥, ¤ ¢ ¥³µ¥ ¢Éµ·Ò³ ¸µµÉ´µÏ¥´¨¥³ (42), ¶·¥¤¸É ¢²Ö¥É ¶·µ-
É¨¢µ¶µ²µ¦´Ò° ¶·¥¤¥² ¡µ²ÓÏ¨Ì ¢·¥³¥´. �¥·¥Ìµ¤ µÉ ¶¥·¢µ°  ¸¨³¶ÉµÉ¨±¨ ±µ
¢Éµ·µ° ¶·µ¨¸Ìµ¤¨É ¢ · ³± Ì ¶µ²´µ£µ ·¥Ï¥´¨Ö (40).

�·¥¤¶µ²µ¦¨³, ÎÉµ ´ ³ ´¥¨§¢¥¸É¥´ Ö¢´Ò° ¢¨¤ ·¥Ï¥´¨Ö (40), ¨ ¶µ¶·µ¡Ê¥³
µ¸ÊÐ¥¸É¢¨ÉÓ ¶¥·¥Ìµ¤ µÉ µ¤´µ°  ¸¨³¶ÉµÉ¨±¨ (41) ± ¤·Ê£µ° (42), ¨¸¶µ²Ó§ÊÖ
�ƒ-¶µ¤Ìµ¤. �¥µ¡Ìµ¤¨³Ò¥ ¤²Ö É ±µ£µ ¶¥·¥Ìµ¤  �ƒ‘ ¡Ê¤¥³ ¸É·µ¨ÉÓ ¸ ¶µ³µÐÓÕ
Ê¶µ³Ö´ÊÉµ£µ ¢ÒÏ¥ ·¥£Ê²Ö·´µ£µ  ²£µ·¨É³ .

‚ ± Î¥¸É¢¥ RM ¢µ§Ó³¥³ ¨¸Ìµ¤´µ¥ Ê· ¢´¥´¨¥ (35), · ¸¸³ É·¨¢ ¥³µ¥ ¢
· ¸Ï¨·¥´´µ³ ¶·µ¸É· ´¸É¢¥ £·Ê¶¶µ¢ÒÌ ¶¥·¥³¥´´ÒÌ, ±µÉµ·µ¥ ¢±²ÕÎ ¥É ´¥§ -
¢¨¸¨³Ò¥ ¶¥·¥³¥´´Ò¥ t, x, § ¢¨¸¨³ÊÕ ¶¥·¥³¥´´ÊÕ v ¨ ¶ · ³¥É· a. „µ¶Ê¸-
± ¥³ Ö É ±¨³ �ƒ-³´µ£µµ¡· §¨¥³ ¡¥¸±µ´¥Î´ Ö ÉµÎ¥Î´ Ö ´¥¶·¥·Ò¢´ Ö £·Ê¶¶ 
¶·¥µ¡· §µ¢ ´¨° ‹¨ ¶·¥¤¸É ¢²Ö¥É¸Ö µ¶¥· Éµ·µ³

X = ξ1∂t + ξ2∂x + ξ3∂a + η∂u, (43)

∗Œ´µ£µ²¨¸É´ Ö ËÊ´±Í¨Ö ‹ ³¡¥·É  ´¥Ö¢´µ µ¶·¥¤¥²Ö¥É¸Ö ¸µµÉ´µÏ¥´¨¥³ W exp (W ) = z.
…¥ Î ¸É´ Ö ¢¥É¢Ó W−1(z) ¤¥°¸É¢¨É¥²Ó´  ´  ¶µ²µ¦¨É¥²Ó´µ° ¤¥°¸É¢¨É¥²Ó´µ° µ¸¨ [63].
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±µµ·¤¨´ ÉÒ ±µÉµ·µ£µ § ¢¨¸ÖÉ µÉ Î¥ÉÒ·¥Ì ¶·µ¨§¢µ²Ó´ÒÌ ËÊ´±Í¨° ψi, i =
1, . . . , 4, ¸¢µ¨Ì  ·£Ê³¥´Éµ¢:

ξ1 = ψ1(t, x, u, a), ξ2 = auψ1(t, x, u, a) + tψ2(u, χ, a) + ψ3(u, χ, a),

ξ3 = aψ4(u, χ, a), η = −ψ4(u, χ, a)u + (1/a)ψ2(u, χ, a), (44)

χ = x − aut.

‚Ò¶µ²´Ö¥³ Ö ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ±·¨É¥·¨Ö (19) ¶·µÍ¥¤Ê·  ¸Ê¦¥´¨Ö ÉµÎ¥Î´µ°
£·Ê¶¶Ò (43) ´  ¶·¨¡²¨¦¥´´µ³ ·¥Ï¥´¨¨ ¶µ ¸É¥¶¥´Ö³ ³ ²µ£µ t

upt = V(x) − atVVx + O(t2) (45)

µ¸É ¢²Ö¥É ¶·µ¨§¢µ²Ó´µ° ËÊ´±Í¨Õ ψ1 ¨ ´ ² £ ¥É µ¤´µ µ£· ´¨Î¥´¨¥ ´  É·¨
ËÊ´±Í¨¨ ψ3, ψ2 ¨ ψ4. �¤´Ê ¨§ ÔÉ¨Ì ËÊ´±Í¨°, ´ ¶·¨³¥· ψ4, ³µ¦´µ ¶µ²µ¦¨ÉÓ
· ¢´µ° ´Ê²Õ, É. ¥. ¸Î¨É ÉÓ ¶ · ³¥É· a ¨´¢ ·¨ ´Éµ³ �ƒ-¶·¥µ¡· §µ¢ ´¨Ö, Éµ£¤ 
µ£· ´¨Î¥´¨¥ ´  ¤¢¥ µ¸É ¢Ï¨¥¸Ö ËÊ´±Í¨¨ ¶·¨´¨³ ¥É ¢¨¤ ¶·µ¸Éµ£µ ²¨´¥°´µ£µ
¸µµÉ´µÏ¥´¨Ö ψ2 = aVxψ3. ‚¢¨¤Ê ¶·µ¨§¢µ²Ó´µ¸É¨ ËÊ´±Í¨° ψ2 ¨ ψ3 ¡Ê¤¥³
¸Î¨É ÉÓ ¨Ì § ¢¨¸ÖÐ¨³¨ Éµ²Ó±µ µÉ u,   É ±¦¥ ¶·¥¤¸É ¢¨³ ¸ ¶µ³µÐÓÕ (45)
¶·µ¨§¢µ¤´ÊÕ Vx ± ± ´¥±µÉµ·ÊÕ ËÊ´±Í¨Õ H(u), ÎÉµ ¤ ¥É

ψ2 = aH(u)ψ3. (46)

ˆ¸¶µ²Ó§ÊÖ ÔÉµ ¸µµÉ´µÏ¥´¨¥, § ¶¨Ï¥³ �ƒ-µ¶¥· Éµ· ¢ ¢¨¤¥

R3 = ψ1∂t + [auψ1 + (atH(u) + 1)ψ3(u)]∂x + ψ3(u)H(u)∂u. (47)

�·µ¨§¢µ²Ó´µ¸ÉÓ ¢Ìµ¤ÖÐ¨Ì ¢ (47) ËÊ´±Í¨° ψ1,3 ¶µ§¢µ²Ö¥É ¢Ò¡· ÉÓ É ±¨¥ ¨Ì
§´ Î¥´¨Ö, ±µÉµ·Ò¥, ´¥ ¸´¨¦ Ö µ¡Ð´µ¸É¨ · ¸¸³µÉ·¥´¨Ö, ³ ±¸¨³ ²Ó´µ Ê¶·µ-
Ð ÕÉ ¢Ò· ¦¥´¨¥ ¤²Ö �ƒ-µ¶¥· Éµ· . � ¶·¨³¥·, ³µ¦´µ ¶µ²µ¦¨ÉÓ ψ3 = 1 ¨
¢Ò¡· ÉÓ

ψ1 = −(1/au)(atH(u) + 1), (48)

É. ¥. ¸Î¨É ÉÓ, ÎÉµ ±µµ·¤¨´ É  x É ±¦¥ Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´Éµ³ �ƒ-¶·¥µ¡· §µ¢ ´¨Ö.
‚ ·¥§Ê²ÓÉ É¥ �ƒ-µ¶¥· Éµ· (47) ¶·¨´¨³ ¥É ¢¨¤

R3 = −(1/au)(atH(u) + 1)∂t + H(u)∂u. (49)

�µ¸±µ²Ó±Ê ´ ¸ ¨´É¥·¥¸Ê¥É § ±µ´ �ƒ-¶·¥µ¡· §µ¢ ´¨Ö ´¥ ¢¥²¨Î¨´Ò u,   ¥¥ §´ -
Î¥´¨Ö ¢ ÉµÎ±¥ x = 0, Éµ ¶µ²ÊÎ¥´´Ò° µ¶¥· Éµ· ´ ¤µ ¶·µ¤µ²¦¨ÉÓ ´  ¶¥·¥³¥´-
´ÊÕ u0, ±µÉµ· Ö Ëµ·³ ²Ó´µ ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ²¨´¥°´Ò³ ËÊ´±Í¨µ´ -
²µ³ µÉ u:

u0 =

+∞∫
−∞

dx δ(x)u(t, x). (50)
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ˆ¸¶µ²Ó§ÊÖ ¤²Ö ÔÉµ£µ ¨§²µ¦¥´´Ò° ¢ ¶. 2.1 ·¥£Ê²Ö·´Ò°  ²£µ·¨É³ ¨ ¸Ê¦ Ö ¶µ²Ê-
Î¥´´Ò° ¶µ¸²¥ É ±µ£µ ¶·µ¤µ²¦¥´¨Ö �ƒ-µ¶¥· Éµ· ´  ¶·µ¸É· ´¸É¢µ £·Ê¶¶µ¢ÒÌ
¶¥·¥³¥´´ÒÌ {t, u0}, ¶·¥¤¸É ¢¨³ ¥£µ ¢ ¢¨¤¥

R3 = −(1/au0)(atH(u0) + 1)∂t + H(u0)∂u0 . (51)

�ÉµÉ �ƒ-µ¶¥· Éµ· ¨³¥¥É ¨´¢ ·¨ ´É

J0 = au0t + J (u0), J (u0) =

u0∫
du′

H(u′)
, (52)

¨ ¨¸±µ³µ¥ ·¥Ï¥´¨¥ ¶·¥¤¸É ¢²Ö¥É¸Ö Î¥·¥§ ÔÉµÉ ¨´¢ ·¨ ´É, ¥¸²¨ ÊÎ¥¸ÉÓ ´ Î ²Ó-
´µ¥ §´ Î¥´¨¥ J0(t = 0) = J (V(0)). ‚ Î ¸É´µ¸É¨, ¤²Ö Ô±¸¶µ´¥´Í¨ ²Ó´µ£µ
´ Î ²Ó´µ£µ ¶·µË¨²Ö (37), ±µ£¤  H(u′) = u′ ¨ V(0) = V0, ¨¸¶µ²Ó§µ¢ ´¨¥
ÔÉµ£µ ¨´¢ ·¨ ´É  ¶·¨¢µ¤¨É ± ¸µµÉ´µÏ¥´¨Õ (39) ¨ ¶·¥¤¸É ¢²¥´¨Õ ¤²Ö u0 ¢
¢¨¤¥ ËÊ´±Í¨¨ ‹ ³¡¥·É  (40). ”µ·³Ê²Ò (52) ¨ (39) ·¥Ï ÕÉ ¶µ¸É ¢²¥´´ÊÕ
§ ¤ ÎÊ µ ¶¥·¥Ìµ¤¥ µÉ ·¥Ï¥´¨Ö ¶µ É¥µ·¨¨ ¢µ§³ÊÐ¥´¨° (41) ±  ¸¨³¶ÉµÉ¨Î¥-
¸±µ³Ê ¶·¥¤¸É ¢²¥´¨Õ (42) ¡¥§ ¶µ¸É·µ¥´¨Ö ·¥Ï¥´¨Ö ¨¸Ìµ¤´µ£µ Ê· ¢´¥´¨Ö, ¸
¨¸¶µ²Ó§µ¢ ´¨¥³ Éµ²Ó±µ ’‚ ¨ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° �ƒC. �  ¶¥·¢Ò° ¢§£²Ö¤ · ¸-
¸³µÉ·¥´´Ò° ³¥Éµ¤¨Î¥¸±¨° ¶·¨³¥· ¨ ¶·µ¢¥¤¥´´µ¥ ¶µ¸É·µ¥´¨¥ ¢Ò£²Ö¤ÖÉ ¤µ¸É -
ÉµÎ´µ £·µ³µ§¤±µ ¨ £µ· §¤µ ¶·µÐ¥ ¨¸Ìµ¤¨ÉÓ ¨§ µÎ¥¢¨¤´µ£µ ·¥Ï¥´¨Ö (36). �µ ¢
¡µ²¥¥ ¸²µ¦´ÒÌ ¸¨ÉÊ Í¨ÖÌ Ö¢´Ò° ¢¨¤ ·¥Ï¥´¨Ö § Î ¸ÉÊÕ ´¥¨§¢¥¸É¥´, Éµ£¤  ± ±
�ƒ‘ Ê¤ ¥É¸Ö ¶µ¸É·µ¨ÉÓ. ˆ²²Õ¸É· Í¨¥° ÔÉµ£µ ÊÉ¢¥·¦¤¥´¨Ö ¸²Ê¦ É ¶·¨³¥·Ò,
¶·¨¢¥¤¥´´Ò¥ ¢ ¤¢ÊÌ ¶µ¸²¥¤ÊÕÐ¨Ì ¶ · £· Ë Ì.

‘²¥¤Ê¥É µÉ³¥É¨ÉÓ, ÎÉµ ¶·µÍ¥¤Ê·  ¸Ê¦¥´¨Ö £·Ê¶¶Ò (43) ¤²Ö ¶µ²ÊÎ¥´¨Ö
�ƒ‘ (51) ³µ¦¥É ¡ÒÉÓ ¢Ò¶µ²´¥´  ´¥¶µ¸·¥¤¸É¢¥´´µ ¢ ¶·µ¸É· ´¸É¢¥ ¶¥·¥³¥´´ÒÌ
{t, u0}. „²Ö ÔÉµ£µ ´Ê¦´µ ¶·µ¤µ²¦¨ÉÓ µ¶¥· Éµ· (43) ´  ´¥²µ± ²Ó´ÊÕ ¶¥·¥³¥´-
´ÊÕ ¨ ¶·µ¢¥·¨ÉÓ Ê¸²µ¢¨Ö �ƒ-¨´¢ ·¨ ´É´µ¸É¨ ´  ·¥Ï¥´¨¨ ¶µ ’‚, § ¶¨¸ ´´µ³
¤²Ö ËÊ´±Í¨¨ u0 ¶·¨ ³ ²ÒÌ t → 0. �·¨ ¶·¥¦´¥³ ¢Ò¡µ·¥ ψ3 = 1 ¨ ψ4 = 0
ÔÉµ ¸· §Ê ¤ ¥É ¸µµÉ´µÏ¥´¨¥ (48) ¨ µ¶·¥¤¥²Ö¥É ± ´µ´¨Î¥¸±ÊÕ ±µµ·¤¨´ ÉÊ ¶·µ-
¤µ²¦¥´´µ£µ ´  ¶¥·¥³¥´´ÊÕ u0 µ¶¥· Éµ· . ’ ±¨³ µ¡· §µ³, ¢ ¢ÒÎ¨¸²¨É¥²Ó´µ³
¶² ´¥ ÔÉ  ¶·µÍ¥¤Ê·  §¤¥¸Ó µ± §Ò¢ ¥É¸Ö ¶·µÐ¥, Î¥³ ¶µ¸É·µ¥´¨¥ µ¶¥· Éµ·  �ƒ‘
¢ ¶·µ¸É· ´¸É¢¥ ¢¸¥Ì £·Ê¶¶µ¢ÒÌ ¶¥·¥³¥´´ÒÌ ¸ ¶µ¸²¥¤ÊÕÐ¨³ ¥£µ ¸Ê¦¥´¨¥³ ´ 
¶·µ¸É· ´¸É¢µ ´¥²µ± ²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ.

3.3. �¥²¨´¥°´ Ö µ¶É¨± : · §¢¨É¨¥ ¸¨´£Ê²Ö·´µ¸É¨ ´  µ¸¨ ² §¥·´µ£µ
¶ÊÎ± . ‘²¥¤ÊÕÐ¨° ¶·¨³¥· µÉ´µ¸¨É¸Ö ± ´¥²¨´¥°´µ° µ¶É¨±¥ ¨ ¸¢Ö§ ´ ¸ µ¶¨¸ -
´¨¥³ ¶µ¢¥¤¥´¨Ö ² §¥·´µ£µ ¶ÊÎ±  ¢ ´¥²¨´¥°´µ° ¸·¥¤¥. ˆ§¢¥¸É´µ (¸³., ´ ¶·¨-
³¥·, µ¡§µ· [64]), ÎÉµ ·¥Ë· ±Í¨Ö ¸¢¥É  ¶·¨ ¥£µ · ¸¶·µ¸É· ´¥´¨¨ ¢ ´¥²¨´¥°´µ°
¸·¥¤¥ µ¡Ê¸²µ¢²¥´  § ¢¨¸¨³µ¸ÉÓÕ ¶µ± § É¥²Ö ¶·¥²µ³²¥´¨Ö ¸·¥¤Ò µÉ ¨´É¥´¸¨¢-
´µ¸É¨ ² §¥·´µ£µ ¶ÊÎ± . ‚ ¶·¥´¥¡·¥¦¥´¨¨ ÔËË¥±É ³¨ ¤¨Ë· ±Í¨¨ ÔÉµÉ ¶·µÍ¥¸¸
µ¶¨¸Ò¢ ¥É¸Ö ¸¨¸É¥³µ° ¤¢ÊÌ „“ ¢ Î ¸É´ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¶¥·¢µ£µ ¶µ·Ö¤±  ¤²Ö
¨´É¥´¸¨¢´µ¸É¨ ¶ÊÎ±  I(z, x) ¨ ¶·µ¨§¢µ¤´µ° ¥£µ Ô°±µ´ ²  ¶µ ¶µ¶¥·¥Î´µ° ±µ-
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µ·¤¨´ É¥ v(z, x) Å Ê· ¢´¥´¨Ö³¨ ´¥²¨´¥°´µ° £¥µ³¥É·¨Î¥¸±µ° µ¶É¨±¨:

vz + vvx − αIx = 0, Iz + vIx + Ivx = νIv/x. (53)

‡¤¥¸Ó α Å ±µÔËË¨Í¨¥´É ´¥²¨´¥°´µ¸É¨ ·¥Ë· ±Í¨¨, z ¨ x Å ±µµ·¤¨´ ÉÒ
¢ ´ ¶· ¢²¥´¨¨ · ¸¶·µ¸É· ´¥´¨Ö ¶ÊÎ±  ¨ ¢ ¶µ¶¥·¥Î´µ³ ´ ¶· ¢²¥´¨¨ ¸µµÉ¢¥É-
¸É¢¥´´µ; ν = 1 ¤²Ö Í¨²¨´¤·¨Î¥¸±µ£µ ¨ ν = 0 ¤²Ö ¶²µ¸±µ£µ ¸²ÊÎ Ö. �É¸ÊÉ¸É¢¨¥
¢ Ê· ¢´¥´¨ÖÌ (53) ¢±² ¤µ¢, µÉ¢¥É¸É¢¥´´ÒÌ §  ¤¨Ë· ±Í¨Õ ¶ÊÎ± , ¸µµÉ¢¥É¸É¢Ê¥É
¶·¥¤¶µ²µ¦¥´¨Õ µ Éµ³, ÎÉµ Ì · ±É¥·´Ò° ¶µ¶¥·¥Î´Ò° ³ ¸ÏÉ ¡ ¨§³¥´¥´¨Ö ¨´-
É¥´¸¨¢´µ¸É¨ ¶ÊÎ±  ¶·¨ ´¥²¨´¥°´µ° ·¥Ë· ±Í¨¨ ¢¥²¨± ¶µ ¸· ¢´¥´¨Õ ¸ ¤²¨´µ°
² §¥·´µ° ¢µ²´Ò. �Éµ ¶·¥¤¶µ²µ¦¥´¨¥, µ¶·¥¤¥²ÖÕÐ¥¥ Ê¸²µ¢¨¥ ¶·¨³¥´¨³µ¸É¨
£¥µ³¥É·¨Î¥¸±µ° µ¶É¨±¨, ´ ·ÊÏ ¥É¸Ö ¢¡²¨§¨ ÉµÎ¥± µ¸µ¡¥´´µ¸É¨, £¤¥ µ¡· Ð -
ÕÉ¸Ö ¢ ¡¥¸±µ´¥Î´µ¸ÉÓ ¶·µ¨§¢µ¤´Ò¥ vx ¨ Ix. Š·µ³¥ Éµ£µ, ¶µ¸²¥ µ¸µ¡ÒÌ ÉµÎ¥±
¢µ§´¨± ÕÉ µ¡² ¸É¨ ¶¥·¥¸¥Î¥´¨Ö ²ÊÎ¥° Å ³´µ£µ²ÊÎ¥¢Ò¥ µ¡² ¸É¨, É·¥¡ÊÕÐ¨¥
¸¶¥Í¨ ²Ó´µ£µ ¨¸¸²¥¤µ¢ ´¨Ö; §¤¥¸Ó ³Ò ´¥ ¡Ê¤¥³ µ¡¸Ê¦¤ ÉÓ ÔÉ¨ ¢µ¶·µ¸Ò ¶µ-
¤·µ¡´µ, µÉ¸Ò² Ö Î¨É É¥²Ö ± ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ ¶µ¸µ¡¨Ö³ (¸³., ´ ¶·¨³¥·, [65]).

�¥²¨´¥°´ Ö ¸·¥¤  § ´¨³ ¥É ¶µ²Ê¶·µ¸É· ´¸É¢µ z � 0, ¨ ±· ¥¢Ò¥ Ê¸²µ¢¨Ö
¤²Ö Ê· ¢´¥´¨° (53) § ¤ ÕÉ¸Ö ´  ¥¥ £· ´¨Í¥, É. ¥. ¶·¨ z = 0:

v(0, x) = 0, I(0, x) = I(x). (54)

‚Ò¡µ· ´Ê²¥¢µ£µ §´ Î¥´¨Ö ¶·µ¨§¢µ¤´µ° Ô°±µ´ ²  ´  £· ´¨Í¥ ¸µµÉ¢¥É¸É¢Ê¥É
¢ ·¨ ´ÉÊ ±µ²²¨³¨·µ¢ ´´µ£µ ¶ÊÎ± . �·¨ ÔÉµ³ · ¸¶·¥¤¥²¥´¨¥ ¨´É¥´¸¨¢´µ¸É¨
¶ÊÎ±  ¶µ ¶µ¶¥·¥Î´µ° ±µµ·¤¨´ É¥ x ´  ¢Ìµ¤¥ ¢ ´¥²¨´¥°´ÊÕ ¸·¥¤Ê Ì · ±É¥·¨-
§Ê¥É¸Ö ËÊ´±Í¨¥° I(x) ¸ ³ ±¸¨³ ²Ó´Ò³ §´ Î¥´¨¥³, · ¢´Ò³ ¥¤¨´¨Í¥.

‡ ¤ Î  µ ·¥Ë· ±Í¨¨ ¶ÊÎ±  ¢ ´¥²¨´¥°´µ° ¸·¥¤¥ ¨§ÊÎ ² ¸Ó ¸ ¶·¨³¥´¥´¨¥³
· §²¨Î´ÒÌ  ´ ²¨É¨Î¥¸±¨Ì ¶·¨¥³µ¢ (¸³. [64, 66, 67]), µ¤´ ±µ ´¥ ¸ÊÐ¥¸É¢Ê¥É
Ê´¨¢¥·¸ ²Ó´µ£µ ³¥Éµ¤ , ¶·¨£µ¤´µ£µ ¤²Ö ²Õ¡µ° £¥µ³¥É·¨¨ § ¤ Î¨ ¨ ¶·µ¨§-
¢µ²Ó´ÒÌ ´ Î ²Ó´ÒÌ ¤ ´´ÒÌ. ˆ¸¶µ²Ó§µ¢ ´¨¥ �ƒ- ²£µ·¨É³  µÉ±·Ò¢ ¥É ´µ¢Ò¥
¢µ§³µ¦´µ¸É¨ ¤²Ö ¶µ¸É·µ¥´¨Ö ·¥Ï¥´¨° Š‡ ¤²Ö Ê· ¢´¥´¨° (53) (¸³., ´ ¶·¨-
³¥·, [4, 68]). ‚ Î ¸É´µ¸É¨, µ´ ¶µ§¢µ²Ö¥É ¶·µ¤µ²¦¨ÉÓ ·¥Ï¥´¨¥, ¨§¢¥¸É´µ¥ ¢
³ ²µ° µ±·¥¸É´µ¸É¨ £· ´¨ÍÒ z � 0 ´¥²¨´¥°´µ° ¸·¥¤Ò, ¢ µ±·¥¸É´µ¸ÉÓ ¸¨´-
£Ê²Ö·´µ¸É¨ ·¥Ï¥´¨Ö, ¢µ§´¨±´µ¢¥´¨¥ ±µÉµ·µ° ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ´ ¨¡µ²¥¥
¨´É¥·¥¸´Ò° Ë¨§¨Î¥¸±¨° ÔËË¥±É.

� ¸ ¡Ê¤¥É ¨´É¥·¥¸µ¢ ÉÓ ¶µ¢¥¤¥´¨¥ I(x) ¨ v(x) ´  µ¸¨ ¶ÊÎ±  ¢¶²µÉÓ ¤µ
ÉµÎ±¨, £¤¥ µ¡· §Ê¥É¸Ö ¸¨´£Ê²Ö·´µ¸ÉÓ. �µ± ¦¥³, ÎÉµ ÔÉµÉ ÔËË¥±É ³µ¦¥É ¡ÒÉÓ
¨¸¸²¥¤µ¢ ´ ¶·¨³¥´¥´¨¥³ �ƒ- ²£µ·¨É³  ± ¤¢Ê³ ËÊ´±Í¨µ´ ² ³ µÉ ·¥Ï¥´¨Ö Š‡
(53)Ä(54),   ¨³¥´´µ ± ¨´É¥´¸¨¢´µ¸É¨ ² §¥·´µ£µ ¶ÊÎ±  I0(z) ≡ I(z, 0) ¨ ±µ
¢Éµ·µ° ¶·µ¨§¢µ¤´µ° µÉ Ô°±µ´ ²  W 0(z) ≡ vx(z, 0), ¢ÒÎ¨¸²¥´´ÒÌ ´  µ¸¨ ¶ÊÎ± 
¨ ¸¢Ö§ ´´ÒÌ ¸ ÔÉ¨³ ·¥Ï¥´¨¥³ Ëµ·³ ²Ó´Ò³¨ ¸µµÉ´µÏ¥´¨Ö³¨

I0(z) =
∫

dx δ(x)I(z, x), W 0(z) =
∫

dx δ(x)vx(z, x). (55)
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ƒ· ´¨Î´Ò¥ Ê¸²µ¢¨Ö ¤²Ö ÔÉ¨Ì ËÊ´±Í¨µ´ ²µ¢ ¸ ÊÎ¥Éµ³ (54) § ¶¨¸Ò¢ ÕÉ¸Ö ¢
¢¨¤¥

I0(0) = 1, W 0(0) = 0. (56)

�¥¸³µÉ·Ö ´  Éµ, ÎÉµ ÔÉ¨ Ê¸²µ¢¨Ö ´¥ ¸µ¤¥·¦ É ¸¢¥¤¥´¨° µ § ¢¨¸¨³µ¸É¨ ¨´É¥´-
¸¨¢´µ¸É¨ ¶ÊÎ±  µÉ ±µµ·¤¨´ ÉÒ x, É ± Ö ¨´Ëµ·³ Í¨Ö § ±²ÕÎ ¥É¸Ö ¢ µ¶¥· Éµ·¥
�ƒ‘, Ö¢´Ò° ¢¨¤ ±µÉµ·µ£µ µ¶·¥¤¥²Ö¥É¸Ö ¶·µË¨²¥³ ¨´É¥´¸¨¢´µ¸É¨ ¶ÊÎ±  I(x)
¶·¨ z = 0. �·¨¢¥¤¥³ ¤¢  ¶·¨³¥· , µÉ¢¥Î ÕÐ¨Ì Í¨²¨´¤·¨Î¥¸±µ³Ê ¨ ¶²µ¸±µ³Ê
(®Ð¥²¥¢µ³Ê¯) ² §¥·´µ³Ê ¶ÊÎ± ³ ¸ · §²¨Î´Ò³¨ I(x).

„²Ö Í¨²¨´¤·¨Î¥¸±µ£µ ¶ÊÎ±  (ν = 1) ¸ ¶ · ¡µ²¨Î¥¸±¨³ · ¸¶·¥¤¥²¥´¨¥³
¨´É¥´¸¨¢´µ¸É¨ I(x) = 1 − x2 �ƒ‘-µ¶¥· Éµ· ¨³¥¥É ¢¨¤ [4]

Rpar = (1 − 2αz2)∂z − 2αzx∂x − 2α(x − vz)∂v + 4αIz∂I . (57)

„²Ö µ¶·¥¤¥²¥´¨Ö § ¢¨¸¨³µ¸É¨ I0 ¨ v0
x µÉ ±µµ·¤¨´ ÉÒ z ¶·µ¤µ²¦¨³ (57) ´ 

´¥²µ± ²Ó´Ò¥ ¶¥·¥³¥´´Ò¥ I0 ¨ W 0 ¨ ¶¥·¥°¤¥³ ± ¶·µ¸É· ´¸É¢Ê ¶¥·¥³¥´´ÒÌ
{z, I0, W 0}, ÎÉµ ¤ ¥É µ¶¥· Éµ·

R4 = (1 − 2αz2)∂z + 4αI0z∂I0 − 2α(1 − 2zW 0)∂W 0 . (58)

�¥Ï¥´¨¥ Ê· ¢´¥´¨° ‹¨ (¸³., ´ ¶·¨³¥·, [40, £². 1, § 1]) ¤²Ö R4 ¸ ÊÎ¥Éµ³
Ê¸²µ¢¨° (56) ¶·¨¢µ¤¨É ± ¢Ò· ¦¥´¨Ö³∗

I0 =
1

1 − 2αz2
, W 0 = − 2αz

1 − 2αz2
, (59)

Ì · ±É¥·¨§ÊÕÐ¨³ ¶·µ¸É· ´¸É¢¥´´ÊÕ § ¢¨¸¨³µ¸ÉÓ ¢¥²¨Î¨´ I0(z) ¨ W 0(z) µÉ
£· ´¨ÍÒ ´¥²¨´¥°´µ° ¸·¥¤Ò z = 0 ¤µ ÉµÎ±¨ ¶µÖ¢²¥´¨Ö µ¸µ¡¥´´µ¸É¨ ¢ ·¥Ï¥´¨¨
zsing = 1/

√
2α, £¤¥ ¨´É¥´¸¨¢´µ¸ÉÓ ¶ÊÎ±  ¨ ¶·µ¨§¢µ¤´ Ö ¥£µ Ô°±µ´ ²  µ¡· Ð -

ÕÉ¸Ö ¢ ¡¥¸±µ´¥Î´µ¸ÉÓ; §  ÔÉµ° ÉµÎ±µ° ¢µ§´¨± ¥É µ¡² ¸ÉÓ ¶¥·¥¸¥Î¥´¨Ö ²ÊÎ¥°,
£¤¥ ´ ·ÊÏ ¥É¸Ö ¶·¨³¥´¨³µ¸ÉÓ Ê· ¢´¥´¨° (53). Š ¸µµÉ´µÏ¥´¨Ö³ (59) É ±¦¥
³µ¦´µ ¶·¨°É¨, ¨¸¶µ²Ó§ÊÖ ¢Ò· ¦¥´¨Ö ¤²Ö ¤¢ÊÌ ¨´¢ ·¨ ´Éµ¢ µ¶¥· Éµ·  (58)
J1 = (1 − 2αz2)I0 ¨ J2 = W 0(1 − 2αz2) + 2αz. � ¢¥´¸É¢  J1 = 1 ¨ J2 = 0
¤²Ö ÔÉ¨Ì ¨´¢ ·¨ ´Éµ¢, ¸¶· ¢¥¤²¨¢Ò¥ ¶·¨ ÊÎ¥É¥ £· ´¨Î´ÒÌ Ê¸²µ¢¨° (56), ¸· §Ê
¶·¨¢µ¤ÖÉ ± Ëµ·³Ê² ³ (59).

ƒ· Ë¨±¨ É¨¶¨Î´ÒÌ § ¢¨¸¨³µ¸É¥° ¢¥²¨Î¨´ I0(z) ¨ W 0(z) µÉ ¡¥§· §³¥·´µ°
±µµ·¤¨´ ÉÒ z/zsing ¶·¨ α = 0,1 ¶·¨¢¥¤¥´Ò ´  ·¨¸. 2. ˆ§³¥´¥´¨¥ ¶ · ³¥É· 
α ´¥ ³¥´Ö¥É ¢¨¤ £· Ë¨±  ¤²Ö ¨´É¥´¸¨¢´µ¸É¨ I0,   §´ Î¥´¨Ö W 0 ´  ·¨¸. 2, a

∗�É¨ ¢Ò· ¦¥´¨Ö É ±¦¥ ¸²¥¤ÊÕÉ ¨§ Ëµ·³Ê², ¶µ²ÊÎ¥´´ÒÌ · ´¥¥ [69] ¡¥§ ¨¸¶µ²Ó§µ¢ ´¨Ö
�ƒ- ²£µ·¨É³ .
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�¨¸. 2. ‡ ¢¨¸¨³µ¸É¨ ¨´É¥´¸¨¢´µ¸É¨ ² §¥·´µ£µ ¶ÊÎ±  (a) ¨ ¢Éµ·µ° ¶·µ¨§¢µ¤´µ° ¥£µ
Ô°±µ´ ²  (¡) ´  µ¸¨ ¶ÊÎ±  x = 0 ± ± ËÊ´±Í¨¨ ¶¥·¥³¥´´µ° z/zsing, £¤¥ z Å · ¸-
¸ÉµÖ´¨¥ µÉ £· ´¨ÍÒ ´¥²¨´¥°´µ° ¸·¥¤Ò. ‡ ¢¨¸¨³µ¸É¨ ¶µ¸É·µ¥´Ò ¶µ Ëµ·³Ê² ³ ¤²Ö
Í¨²¨´¤·¨Î¥¸±µ£µ (59) (¸¶²µÏ´Ò¥ ²¨´¨¨) ¨ ¶²µ¸±µ£µ (63) (ÏÉ·¨Ìµ¢Ò¥ ²¨´¨¨) ¸²ÊÎ ¥¢

³¥´ÖÕÉ¸Ö ¶·µ¶µ·Í¨µ´ ²Ó´µ
√

α. ‘¶²µÏ´Ò¥ ²¨´¨¨ ¸µµÉ¢¥É¸É¢ÊÕÉ Ëµ·³Ê² ³
(59), É. ¥. ¶ · ¡µ²¨Î¥¸±µ³Ê · ¸¶·¥¤¥²¥´¨Õ ¨´É¥´¸¨¢´µ¸É¨ Í¨²¨´¤·¨Î¥¸±µ£µ
¶ÊÎ±  ´  ¢Ìµ¤¥ ¢ ¸·¥¤Ê; ÏÉ·¨Ìµ¢Ò¥ ²¨´¨¨ µÉ¢¥Î ÕÉ ¶²µ¸±µ° £¥µ³¥É·¨¨ ¶ÊÎ± ,
· ¸¸³ É·¨¢ ¥³µ° ´¨¦¥.

�·µÍ¥¤Ê·  ¶·µ¤µ²¦¥´¨Ö µ¶¥· Éµ·  ´  ´¥²µ± ²Ó´Ò¥ ¶¥·¥³¥´´Ò¥ ¨¸¶µ²Ó-
§Ê¥É ± ´µ´¨Î¥¸±¨° ¢¨¤ µ¶¥· Éµ·µ¢ (µ¶¥· Éµ·Ò ‹¨Ä�¥±²Ê´¤ ) ¨ ¶·¨£µ¤´  É ±-
¦¥ ¢ Éµ³ ¸²ÊÎ ¥, ±µ£¤  ÔÉµÉ µ¶¥· Éµ· µÉ¢¥Î ¥É ¢Ò¸Ï¥° ¸¨³³¥É·¨¨ ‹¨Ä�¥±²Ê´-
¤ . ˆ³¥´´µ É ±µ° ¸²ÊÎ ° ·¥ ²¨§Ê¥É¸Ö ¤²Ö ¶²µ¸±µ£µ ² §¥·´µ£µ ¶ÊÎ±  ¸ ®¸µ²¨-
Éµ´´Ò³¯ ¶·µË¨²¥³ · ¸¶·¥¤¥²¥´¨Ö ¨´É¥´¸¨¢´µ¸É¨ ´  £· ´¨Í¥: I(x) =
cosh−2(x). ‡¤¥¸Ó ¸µµÉ¢¥É¸É¢ÊÕÐ¨° µ¶¥· Éµ· �ƒ‘ ¨³¥¥É ¤µ¢µ²Ó´µ £·µ³µ§¤±¨°
¢¨¤

Rsol =
{ I

(Iv2
x + αI2

x)2

[(
1
2
(Iv2

x − αI2
x)(v2 + 4α(1 − I)) + 4αvIIxvx

)
vxx+

+ (2αv(αI2
x − Iv2

x) + αvxIx(v2 + 4α(1 − I)))×

×
(

Ixx − I2
x

2I

)]
− v(1 − tvx) − αtIx

}
∂v +

{ I

(Iv2
x + αI2

x)2
×

×
[(

1
2
(
Iv2

x − αI2
x

) (
v2 + 4α(1 − I)

)
+ 4αvIvxIx

)(
Ixx − I2

x

2I

)
−

−
[
2v

(
αI2

x − Iv2
x

)
+ vxIx

(
v2 + 4α(1 − I)

)]
Ivxx+

+
1
4I

(Iv2
x + αI2

x)
[
4αI2

x +(Ixv − 2Ivx)2
] ]

− I(2 − tvx) + tvIx

}
∂I . (60)
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�·µ¤µ²¦¥´¨¥ (60) ´  ´¥²µ± ²Ó´Ò¥ ¶¥·¥³¥´´Ò¥ (55) ¤ ¥É ¡µ²¥¥ ¶·µ¸Éµ° µ¶¥-
· Éµ· ¢ ¶·µ¸É· ´¸É¢¥ ËÊ´±Í¨µ´ ²µ¢ (55)

R5 ≡ κ
I0

∂I0 + κ
W 0

∂W 0 =

=
(

4 − 5I0 − zI0
z + 2(I0 − 1)

I0I0
zz

(I0
z )2

)
∂I0 +

(
I0
z

I0
+ z

I0
zz

I0
− z

(
I0
z

I0

)2

−

− 2(I0 − 1)
[

I0
zzz

(I0
z )2

+ 2
I0
z

(I0)2
− 2

(I0
zz)

2

(I0
z )3

])
∂W 0 . (61)

�·¨ ¶µ²ÊÎ¥´¨¨ ÔÉµ° Ëµ·³Ê²Ò ¨¸¶µ²Ó§µ¢ ² ¸Ó ¸²¥¤ÊÕÐ Ö ¨§ ¨¸Ìµ¤´ÒÌ Ê· ¢-
´¥´¨° ¸¢Ö§Ó ¶·µ¨§¢µ¤´ÒÌ ËÊ´±Í¨° I ¨ vx ¶µ ¶·µ¸É· ´¸É¢¥´´Ò³ ¶¥·¥³¥´´Ò³
´  µ¸¨ ¶ÊÎ±  (¶·¨ x = 0)

vxxx(z, 0) =
1

αI0

[
I0
zzz

I0
+ 10

(
I0
z

I0

)3

− 8
I0
zzI

0
z

(I0)2

]
,

vx(z, 0) =
I0
z

I0
, Ixx(z, 0) =

1
α

[
2
(

I0
z

I0

)2

− I0
zz

I0

]
.

(62)

ˆ´É¥´¸¨¢´µ¸ÉÓ ¶ÊÎ±  ¨ ¢Éµ· Ö ¶·µ¨§¢µ¤´ Ö ¥£µ Ô°±µ´ ²  ´  µ¸¨ µ¶·¥¤¥²ÖÕÉ¸Ö
¨§ Ê¸²µ¢¨Ö �ƒ-¨´¢ ·¨ ´É´µ¸É¨ (21), ±µÉµ·µ¥ Ô±¢¨¢ ²¥´É´µ · ¢¥´¸É¢Ê ´Ê²Õ ±µ-
µ·¤¨´ É κ

I0
¨ κ

W 0
µ¶¥· Éµ·  (61). �Éµ Ê¸²µ¢¨¥ ¤ ¥É ¤¢  �„“ ¸µµÉ¢¥É¸É¢¥´´µ

¢Éµ·µ£µ ¨ É·¥ÉÓ¥£µ ¶µ·Ö¤± . �¥Ï Ö ¸´ Î ²  �„“ ¢Éµ·µ£µ ¶µ·Ö¤±  ¸ ´ Î ²Ó-
´Ò³¨ Ê¸²µ¢¨Ö³¨ (56) ¨ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸²µ¢¨¥³ ´  ¶¥·¢ÊÕ ¶·µ¨§¢µ¤´ÊÕ
(I0

z /
√

I0 − 1)|z→0 = 2
√

α, ±µÉµ·µ¥ ¸²¥¤Ê¥É ¨§ ¶µ¸²¥¤´¥£µ ¸µµÉ´µÏ¥´¨Ö (62)
¶·¨ z = 0, ¶µ²ÊÎ ¥³ ¢ ´¥Ö¢´µ° Ëµ·³¥ § ±µ´ ¨§³¥´¥´¨Ö I0 ¨ W 0 (¸·. ¸
Ëµ·³Ê² ³¨ (59) ¤²Ö ¶ · ¡µ²¨Î¥¸±µ£µ ¶ÊÎ± )

z =
√

I0 − 1√
αI0

, W 0 = − 2αzI0

1 − 2αz2I0
. (63)

�É¨ Ëµ·³Ê²Ò ¸¶· ¢¥¤²¨¢Ò µÉ £· ´¨ÍÒ ´¥²¨´¥°´µ° ¸·¥¤Ò z = 0 ¤µ ÉµÎ±¨
¢µ§´¨±´µ¢¥´¨Ö µ¸µ¡¥´´µ¸É¨ ·¥Ï¥´¨Ö. Šµµ·¤¨´ É  µ¸µ¡¥´´µ¸É¨ ´ Ìµ¤¨É¸Ö
¨§ Ê¸²µ¢¨Ö µ¡· Ð¥´¨Ö ¢ ¡¥¸±µ´¥Î´µ¸ÉÓ ¶·µ¨§¢µ¤´µ° W 0, ÎÉµ ¤ ¥É zsing =
1/2

√
α,   §´ Î¥´¨¥ ¨´É¥´¸¨¢´µ¸É¨ I0 ¢ ÔÉµ° ÉµÎ±¥ · ¢´µ ¤¢Ê³. �¥Ï¥´¨¥ µ¸É ¢-

Ï¥£µ¸Ö �„“ É·¥ÉÓ¥£µ ¶µ·Ö¤±  ¤ ¥É ÉµÉ ¦¥ ¸ ³Ò° ·¥§Ê²ÓÉ É. ‡ ¢¨¸¨³µ¸ÉÓ I0

¨ W 0 µÉ ¡¥§· §³¥·´µ° ±µµ·¤¨´ ÉÒ z/zsing ¶·¨ α = 0,1 ¶µ± § ´  ´  ·¨¸. 2
ÏÉ·¨Ìµ¢Ò³¨ ²¨´¨Ö³¨. �¥§ ¶·µ¤µ²¦¥´¨Ö �ƒ‘ ´  ´¥²µ± ²Ó´Ò¥ ¶¥·¥³¥´´Ò¥
·¥§Ê²ÓÉ É (63) ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ �ƒ- ²£µ·¨É³  ¡Ò² ¶µ²ÊÎ¥´ · ´¥¥ ¢ [4].

�µ¤¢µ¤Ö ¨Éµ£ ÔÉµ³Ê ¶ · £· ËÊ, µÉ³¥É¨³, ÎÉµ Ê´¨¢¥·¸ ²Ó´µ¸ÉÓ ¶·µÍ¥¤Ê·Ò
¶·µ¤µ²¦¥´¨Ö �ƒ-µ¶¥· Éµ·µ¢, ¶·¥¤¸É ¢²¥´´ÒÌ ²¨¡µ ¢ ¢¨¤¥ µ¶¥· Éµ·µ¢ ÉµÎ¥Î-
´µ° £·Ê¶¶Ò, ²¨¡µ ¢ ¢¨¤¥ µ¶¥· Éµ·µ¢ £·Ê¶¶Ò ‹¨Ä�¥±²Ê´¤ , ¶µ§¢µ²¨²  ¸ ¥¤¨´ÒÌ
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¶µ§¨Í¨° µ¶¨¸ ÉÓ ¢µ§´¨±´µ¢¥´¨¥ ¸¨´£Ê²Ö·´µ¸É¨ ·¥Ï¥´¨Ö Š‡ (53), ¨¸¶µ²Ó§ÊÖ
¤²Ö ÔÉµ£µ ¸µ±· Ð¥´´µ¥ µ¶¨¸ ´¨¥ ´  Ö§Ò±¥ ËÊ´±Í¨µ´ ²µ¢ µÉ ·¥Ï¥´¨Ö.

3.4. �ƒ‘ ¤²Ö ËÊ´±Í¨µ´ ²µ¢ µÉ ·¥Ï¥´¨° Ê· ¢´¥´¨° ‚² ¸µ¢ ÄŒ ±¸¢¥²² .
‚ ÔÉµ³ ¶ · £· Ë¥ ¶·¨²µ¦¥´¨Ö �ƒ‘ ± ËÊ´±Í¨µ´ ² ³ µÉ ·¥Ï¥´¨Ö ¤¥³µ´¸É·¨-
·ÊÕÉ¸Ö ´  ¶·¨³¥·¥ ¤¢ÊÌ § ¤ Î ¨§ ±¨´¥É¨Î¥¸±µ° É¥µ·¨¨ ¶² §³Ò. �¥·¢ Ö ¨§
´¨Ì ¸¢Ö§ ´  ¸ ¶µ¸É·µ¥´¨¥³ É¥´§µ·µ¢ ´¥²¨´¥°´µ° ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥-
³µ¸É¨ ¶² §³Ò,   ¢Éµ· Ö ¶µ¸¢ÖÐ¥´  µ¡¸Ê¦¤¥´¨Õ ·¥Ï¥´¨Ö ´ Î ²Ó´µ° § ¤ Î¨ µ
· §²¥É¥ ´¥µ¤´µ·µ¤´µ£µ ¸£Ê¸É±  ¶² §³Ò.

3.4.1. �¥²¨´¥°´ Ö ¤¨Ô²¥±É·¨Î¥¸± Ö ¶·µ´¨Í ¥³µ¸ÉÓ ¶² §³Ò ¨ É·¥Ì¶ · -
³¥É·¨Î¥¸± Ö �ƒ‘. �¥²¨´¥°´µ¸ÉÓ Ô²¥±É·µ¤¨´ ³¨±¨ ·¥ ²Ó´ÒÌ ¸·¥¤ µ¡Ê¸²µ-
¢²¥´  ´¥²¨´¥°´µ¸ÉÓÕ ¸¢Ö§¨ ¨´¤ÊÍ¨·Ê¥³ÒÌ ¢ ¸·¥¤¥ ¶²µÉ´µ¸É¥° Éµ±  ¨ § ·Ö¤ 
¸ Ô²¥±É·µ³ £´¨É´Ò³ ¶µ²¥³. �µ²ÊÎ¥´¨¥ ÔÉµ° ¸¢Ö§¨, ´ §Ò¢ ¥³µ° ³ É¥·¨ ²Ó-
´Ò³ Ê· ¢´¥´¨¥³, ¸¢µ¤¨É¸Ö ± µ¶·¥¤¥²¥´¨Õ § ¢¨¸¨³µ¸É¨ µÉ Ô²¥±É·µ³ £´¨É´µ£µ
¶µ²Ö ¢¥±Éµ·  Ô²¥±É·¨Î¥¸±µ° ¨´¤Ê±Í¨¨ D(t, r) (¸³. [70, c. 48]), ¸¢Ö§ ´´µ£µ ¸
Ô²¥±É·¨Î¥¸±¨³ ¶µ²¥³ E(t, r) ¨ ¶²µÉ´µ¸ÉÓÕ Éµ±  j(t, r) · ¢¥´¸É¢µ³, ±µÉµ·µ¥
¢ ¶·¥¤¸É ¢²¥´¨¨ ”Ê·Ó¥ ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤ (§¤¥¸Ó ¶¥·¥³¥´´Ò¥ ®¸ ¢µ²´µ°¯
¨¸¶µ²Ó§ÊÕÉ¸Ö ¤²Ö µÉ²¨Î¨Ö ¶·¥¤¸É ¢²¥´¨Ö ”Ê·Ó¥ µÉ µ¡ÒÎ´µ£µ ¶·µ¸É· ´¸É¢¥´-
´µ-¢·¥³¥´´µ£µ ¶·¥¤¸É ¢²¥´¨Ö):

D̃(ω, k) = Ẽ(ω, k) + i
4π

ω
j̃(ω, k). (64)

„²Ö µ¶¨¸ ´¨Ö ¸² ¡µÉÊ·¡Ê²¥´É´µ° ¶² §³Ò, ¶·µÍ¥¸¸µ¢ · ¸¸¥Ö´¨Ö ¢µ²´ ´  Î -
¸É¨Í Ì, ¶ · ³¥É·¨Î¥¸±¨Ì ´¥Ê¸Éµ°Î¨¢µ¸É¥°, £¥´¥· Í¨¨ £ ·³µ´¨± ¨ É. ¤. ³ É¥-
·¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ ¶·¥¤¸É ¢²ÖÕÉ ¢ ¢¨¤¥ · §²µ¦¥´¨Ö ¢ ·Ö¤ ¶µ Í¥²Ò³ ¶µ²µ¦¨-
É¥²Ó´Ò³ ¸É¥¶¥´Ö³ Ô²¥±É·µ³ £´¨É´ÒÌ ¶µ²¥°, É. ¥. § ¶¨¸Ò¢ ÕÉ ¶²µÉ´µ¸ÉÓ Éµ± 
j̃(ω, k) ¢ ¢¨¤¥ ¸Ê³³Ò

j̃(ω, k) =
∑

l

˜j(l)(ω, k), ˜j(l)(ω, k) � O(Ẽ
l
). (65)

� ²¨Î¨¥ ¢·¥³¥´´	µ° ¨ ¶·µ¸É· ´¸É¢¥´´µ° ¤¨¸¶¥·¸¨¨ ¤¥² ¥É ¸¢Ö§Ó ³¥¦¤Ê ¨´¤Ê-
Í¨·µ¢ ´´Ò³ Éµ±µ³ ¨ ¶µ²¥³ ¨´É¥£· ²Ó´µ° ´¥²µ± ²Ó´µ°, ÎÉµ ¶·¨¢µ¤¨É ± ³ -
É¥·¨ ²Ó´µ³Ê Ê· ¢´¥´¨Õ, ¨³¥ÕÐ¥³Ê ¢ ËÊ·Ó¥-¶·¥¤¸É ¢²¥´¨¨ ¸²¥¤ÊÕÐ¨° ¢¨¤
[70]∗:

D̃i(ω, k) = εij(ω, k)Ẽj(ω, k) +
∞∑

n=2

∫
dω1dk1 . . . dωndkn×

× δ(ω − ω1 − . . . − ωn) δ(k − k1 − . . . − kn)×
× εij1...jn(ω1, k1; . . . ; ωn, kn)Ẽj1 (ω1, k1) . . . Ẽjn(ωn, kn). (66)

∗‡¤¥¸Ó ´¨¦´¨° ¨´¤¥±¸ Ê± §Ò¢ ¥É ´  ¸µµÉ¢¥É¸É¢ÊÕÐÊÕ ±µ³¶µ´¥´ÉÊ É¥´§µ· ,   ´¥ µ¡µ§´ Î ¥É
¶·µ¨§¢µ¤´ÊÕ.
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‘· ¢´¥´¨¥ (65) ¨ (64) ¸ Ê· ¢´¥´¨¥³ (66) Ê¸É ´ ¢²¨¢ ¥É ¸¢Ö§Ó ³¥¦¤Ê ³´µ£µ-
¨´¤¥±¸´Ò³¨ É¥´§µ· ³¨ ´¥²¨´¥°´µ° ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ¸É¨ (�„�)
¶² §³Ò εij1...jn , ±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö Ö¤· ³¨ ´¥²¨´¥°´ÒÌ ¶µ ¶µ²Õ ¨´É¥£· ²Ó´ÒÌ

¸² £ ¥³ÒÌ ·Ö¤  (66), ¨ ¶²µÉ´µ¸ÉÓÕ Éµ±  j̃
(l)

¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ¶µ·Ö¤±  l � 2.
�¡ÒÎ´µ, ¡¥§ ¨¸¶µ²Ó§µ¢ ´¨Ö �ƒ- ²£µ·¨É³ , �„� £µ·ÖÎ¥° ¶² §³Ò ´ Ìµ-

¤¨É¸Ö ¨É¥· Í¨¥° ¶µ ¸É¥¶¥´Ö³ ¸ ³µ¸µ£² ¸µ¢ ´´µ£µ Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö ±¨-
´¥É¨Î¥¸±µ£µ Ê· ¢´¥´¨Ö ‚² ¸µ¢  ¤²Ö ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í f(t, r, v)
(§´ Îµ± ¸µ·É  Î ¸É¨Í §¤¥¸Ó µ¶ÊÐ¥´)

ft + vfr +
e

mΓ
{E +

1
c
[vB] − 1

c2
v (vE)}fv = 0; Γ =

1√
1 − (v/c)2

, (67)

´  Ëµ´¥ ¸É Í¨µ´ ·´µ£µ ¨ µ¤´µ·µ¤´µ£µ ¶µ ±µµ·¤¨´ É¥ r · ¸¶·¥¤¥²¥´¨Ö f0(v):

f(t, r, v) = f0(v) +
∑
l�1

f (l)(t, r, v),

f (l) � O(El), j(l)(t, r) = em

∫
dvv(Γ)5f (l),

(68)

  �„� Ìµ²µ¤´µ° ¶² §³Ò ¶µ²ÊÎ ¥É¸Ö ¨É¥· Í¨¥° ¡µ²¥¥ ¶·µ¸ÉÒÌ Ê· ¢´¥´¨°
¡¥¸¸Éµ²±´µ¢¨É¥²Ó´µ° £¨¤·µ¤¨´ ³¨±¨ ¤²Ö ¶²µÉ´µ¸É¨ N(t, r) ¨ ¸±µ·µ¸É¨ V(t, r)
Î ¸É¨Í (§ ¶¨¸ ´´ÒÌ §¤¥¸Ó ¤²Ö µ¤´µ£µ ¸µ·É  Î ¸É¨Í ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±µ³ ¶·¨-
¡²¨¦¥´¨¨)

Nt + div (NV) = 0, Vt + (V∇)V =
e

m

{
E +

1
c
[VB]

}
, (69)

¢ ±µÉµ·ÒÌ Ô²¥±É·¨Î¥¸±µ¥ E ¨ ³ £´¨É´µ¥ B ¶µ²Ö Ê¤µ¢²¥É¢µ·ÖÕÉ Ê· ¢´¥´¨Ö³
Œ ±¸¢¥²²  (¸³. (88) ¢ ¶·¨²µ¦¥´¨¨ 1, ¶. 1),   ¶²µÉ´µ¸É¨ § ·Ö¤  ρ ¨ Éµ±  j
¨³¥ÕÉ ¢¨¤

ρ = eN, j = eNV. (70)

‚ ¶· ¢µ° Î ¸É¨ (70) ¶µ¤· §Ê³¥¢ ¥É¸Ö ¸Ê³³¨·µ¢ ´¨¥ ¶µ · §²¨Î´Ò³ ¸µ·É ³
Î ¸É¨Í ¶² §³Ò, µ¤´ ±µ ¤²Ö Ê¶·µÐ¥´¨Ö § ¶¨¸¨ ¨´¤¥±¸ ¸µ·É  µ¶ÊÐ¥´ ¨ ¢ ¤ ²Ó-
´¥°Ï¥³ Ê± §Ò¢ ¥É¸Ö Éµ²Ó±µ µ¤¨´ ¸µ·É Î ¸É¨Í, ´ ¶·¨³¥· Ô²¥±É·µ´Ò.

�·¨´ÖÉµ ¸Î¨É ÉÓ, ÎÉµ Ëµ·³Ê²Ò ¤²Ö �„� ¢ £µ·ÖÎ¥° ¶² §³¥ Ö¢²ÖÕÉ¸Ö ¡µ²¥¥
µ¡Ð¨³¨, Î¥³ ¢ Ìµ²µ¤´µ° (¸³., ´ ¶·¨³¥·, [70, £². 2]), ¨ ¶¥·¥Ìµ¤ÖÉ ¢ ¶µ¸²¥¤´¨¥
¢ Î ¸É´µ³ ¸²ÊÎ ¥, ±µ£¤  ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¶² §³Ò ¶µ ¨³¶Ê²Ó-
¸ ³ ¢ ¨¸Ìµ¤´µ³ · ¢´µ¢¥¸´µ³ ¸µ¸ÉµÖ´¨¨ ¶·¥¤¸É ¢²Ö¥É ¸µ¡µ° ¤¥²ÓÉ -ËÊ´±Í¨Õ
„¨· ±  f0(v) = δ(v). ‘ ·µ¸Éµ³ ¶µ·Ö¤±  ´¥²¨´¥°´µ¸É¨ (l � 4)  ²£¥¡· ¨Î¥¸± Ö
¶·µÍ¥¤Ê·  ¸¨³³¥É·¨§ Í¨¨ É¥´§µ·µ¢ �„� ¸É ´µ¢¨É¸Ö ¢ £µ·ÖÎ¥° ¶² §³¥ ¡µ²¥¥
£·µ³µ§¤±µ°, Î¥³ ¢ Ìµ²µ¤´µ°. ˆ¸¶µ²Ó§µ¢ ´¨¥ �ƒ- ²£µ·¨É³  ¶µ§¢µ²Ö¥É Ê¸É ´µ-
¢¨ÉÓ ¢§ ¨³´µ-µ¤´µ§´ Î´µ¥ ¸µµÉ¢¥É¸É¢¨¥ ³¥¦¤Ê É¥´§µ· ³¨ �„� ¢ Ìµ²µ¤´µ° ¨
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£µ·ÖÎ¥° ¶² §³¥ ¢ ¶·µ¨§¢µ²Ó´µ³ ¶µ·Ö¤±¥ ´¥²¨´¥°´µ¸É¨ l ¨ Ê± §Ò¢ ¥É ¸¶µ¸µ¡
¶µ²ÊÎ¥´¨Ö ¢Ò· ¦¥´¨° ¤²Ö É¥´§µ·µ¢ �„� ¢ £µ·ÖÎ¥° ¶² §³¥ ¨§ ¸µµÉ¢¥É¸É¢ÊÕ-
Ð¨Ì ®Ìµ²µ¤´ÒÌ¯ ¢Ò· ¦¥´¨°.

„²Ö ÔÉµ£µ ¶·¥¤¸É ¢¨³ ¶²µÉ´µ¸ÉÓ Éµ±  § ¤ ´´µ£µ ¶µ·Ö¤±  j̃
(l)

(ω, k) ¢ £µ·Ö-
Î¥° ¶² §³¥ ¢ ¢¨¤¥ ¸¢¥·É±¨ ¶ ·Í¨ ²Ó´µ°, § ¢¨¸ÖÐ¥° µÉ ² £· ´¦¥¢µ° ¸±µ·µ¸É¨
¤¢¨¦¥´¨Ö Î ¸É¨Í w (¸³. ¶·¨²µ¦¥´¨¥ 1, ¶. 2), ¶²µÉ´µ¸É¨ Éµ±  ̃(l)(ω, k, w)
¸ · ¢´µ¢¥¸´µ° ËÊ´±Í¨¥° · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¶µ ¸±µ·µ¸ÉÖ³ ¢ µÉ¸ÊÉ¸É¢¨¥
Ô²¥±É·µ³ £´¨É´ÒÌ ¶µ²¥° f0(w):

j̃
(l)

(ω, k) =
∫

dw f0(w)̃(l)(ω, k, w). (71)

‚Ò· ¦¥´¨¥ ¤²Ö ¶ ·Í¨ ²Ó´µ° ¶²µÉ´µ¸É¨ Éµ±  ¶·¨ f0(w) = δ(w), É.¥. ¢ Ìµ-
²µ¤´µ° ¶² §³¥ (w = 0), ´ Ìµ¤¨É¸Ö ¨É¥· Í¨¥° ¶µ ¸ ³µ¸µ£² ¸µ¢ ´´µ³Ê ¶µ²Õ
Ê· ¢´¥´¨° (69), (70),   ¶¥·¥Ìµ¤ µÉ ¢Ò· ¦¥´¨° ¤²Ö ̃(l)(ω, k, 0) ± ¢Ò· ¦¥´¨Ö³
̃(l)(ω, k, w) ¶·¨ ¶·µ¨§¢µ²Ó´ÒÌ w �= 0 µ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¸ ¶µ³µÐÓÕ £·Ê¶¶Ò ¶·¥-
µ¡· §µ¢ ´¨°, § ¤ ¢ ¥³µ° ¸µµÉ¢¥É¸É¢ÊÕÐ¨³ µ¶¥· Éµ·µ³ �ƒ‘

R6 = k∂ω + ∂w − 1
c
[B̃, ∂Ẽ] + �̃∂̃, (72)

±µÉµ·Ò° ´ Ìµ¤¨É¸Ö ¢ ¶·¨²µ¦¥´¨¨ 1, ¶. 2 ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¨§²µ¦¥´´µ£µ ¢
· §¤. 2  ²£µ·¨É³ . �¶¥· Éµ·Ê (72) ¸µµÉ¢¥É¸É¢Ê¥É É·¥Ì¶ · ³¥É·¨Î¥¸± Ö £·Ê¶¶ 
¸ ¢¥±Éµ·´Ò³ ¶ · ³¥É·µ³ w, ¨ ¥¥ ±µ´¥Î´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö (ÏÉ·¨Ìµ¢ ´´Ò¥
¶¥·¥³¥´´Ò¥ §¤¥¸Ó ¸µµÉ¢¥É¸É¢ÊÕÉ ¶·¥µ¡· §µ¢ ´´Ò³ ¢¥²¨Î¨´ ³)

ω′ = ω + kw; (β′
is/ω′)Ẽ′

s = (1/ω)Ẽi; �̃′ = �̃; ̃ ′i = β′
sĩs;

k′ = k; B̃
′
= B̃ = (c/ω)[k, Ẽ]; βis = δis + kiws/(ω − kw)

(73)

¤ ÕÉ ¨¸±µ³ÊÕ ¸¢Ö§Ó ¢¥²¨Î¨´Ò ¶ ·Í¨ ²Ó´µ° ¶²µÉ´µ¸É¨ Éµ±  ̃(ω, k, 0) ¶·¨ w =
0 (¢ Ìµ²µ¤´µ° ¶² §³¥) ¸  ´ ²µ£¨Î´µ° ¢¥²¨Î¨´µ° ̃(ω, k, w) ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ
§´ Î¥´¨Ö w �= 0. �µ¸²¥ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ ¸±µ·µ¸ÉÖ³ w ¸ ®¢¥¸µ³¯ f0(w)
¸µ£² ¸´µ (71) ¶µ²ÊÎ ¥É¸Ö ¢Ò· ¦¥´¨¥ ¤²Ö ¶²µÉ´µ¸É¨ Éµ±  § ¤ ´´µ£µ ¶µ·Ö¤± 
¢ £µ·ÖÎ¥° ¶² §³¥, ±µÉµ·µ¥ ¨ µ¶·¥¤¥²Ö¥É ¸µµÉ¢¥É¸É¢ÊÕÐ¨° ³´µ£µ¨´¤¥±¸´Ò°
É¥´§µ· �„� ¶² §³Ò (¶µ¤·µ¡´¥¥ ¸³. ¶·¨²µ¦¥´¨¥ 1, ¶. 2).

‚ Î ¸É´µ¸É¨, ¢ ²¨´¥°´µ³ ¶µ Ô²¥±É·¨Î¥¸±µ³Ê ¶µ²Õ ¶·¨¡²¨¦¥´¨¨ ÔÉ  ¶·µ-
Í¥¤Ê·  Ê¸É ´ ¢²¨¢ ¥É ¸¢Ö§Ó ³¥¦¤Ê ¸± ²Ö·´µ° ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ-
¸ÉÓÕ Ìµ²µ¤´µ° µ¤´µ·µ¤´µ° ´¥·¥²ÖÉ¨¢¨¸É¸±µ° ¶² §³Ò

ε(ω, k) = 1 − 4πe2ne

mω2
(74)
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¨ É¥´§µ·µ³ ²¨´¥°´µ° ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ¸É¨ £µ·ÖÎ¥° µ¤´µ·µ¤´µ°
´¥·¥²ÖÉ¨¢¨¸É¸±µ° ¶² §³Ò ¸ · ¢´µ¢¥¸´µ° ËÊ´±Í¨¥° · ¸¶·¥¤¥²¥´¨Ö f0(w)

εab(ω, k) = δab −
4πe2ne0

mω2

∫
dwf0(w)βsaβsb. (75)

”µ·³Ê²  (75), ¢µ§´¨±Ï Ö ¨§ ¸± ²Ö·´µ£µ · ¢¥´¸É¢  (74) ± ± ·¥§Ê²ÓÉ É ¶·¨³¥´¥-
´¨Ö �ƒ-¶·¥µ¡· §µ¢ ´¨° ± ¶ ·Í¨ ²Ó´Ò³ ¶²µÉ´µ¸ÉÖ³ Éµ±  ¢ Ìµ²µ¤´µ° ¶² §³¥ ¸
¶µ¸²¥¤ÊÕÐ¨³ ¨´É¥£·¨·µ¢ ´¨¥³ ¶µ ¶ · ³¥É·Ê £·Ê¶¶Ò, ¨²²Õ¸É·¨·Ê¥É ¢µ§³µ¦-
´µ¸ÉÓ ¶µ²ÊÎ¥´¨Ö É¥´§µ·  ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ¸É¨ £µ·ÖÎ¥° ¶² §³Ò ¨§
¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ®Ìµ²µ¤´µ£µ¯ ¢Ò· ¦¥´¨Ö (¢¶¥·¢Ò¥ ÔÉµÉ ·¥§Ê²ÓÉ É ¡Ò² ¶·¨-
¢¥¤¥´ ¢µ ¢Éµ·µ° ¨§ · ¡µÉ, Ê± § ´´ÒÌ ¢ [2]). ‘µµÉ¢¥É¸É¢ÊÕÐ Ö �ƒ‘ ¸É·µ¨É¸Ö
¨§ µ¶¥· Éµ·µ¢ ¸¨³³¥É·¨¨ Ê· ¢´¥´¨° ±¨´¥É¨±¨ ¶² §³Ò ¸ ¶µ¸²¥¤ÊÕÐ¨³ ¨Ì
¶·µ¤µ²¦¥´¨¥³ ´  ËÊ´±Í¨µ´ ²Ò µÉ ·¥Ï¥´¨Ö Å ¶ ·Í¨ ²Ó´Ò¥ ¶²µÉ´µ¸É¨ Éµ± 
¨ § ·Ö¤  ¢ ËÊ·Ó¥-¶·¥¤¸É ¢²¥´¨¨. �·¨ ÔÉµ³ ¨¸¶µ²Ó§µ¢ ´´µ¥ ¢ÒÏ¥ ²¨´¥°´µ¥
¶µ Ô²¥±É·µ³ £´¨É´µ³Ê ¶µ²Õ ¶·¨¡²¨¦¥´¨¥ ´¥ Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³ µ£· ´¨-
Î¥´¨¥³, ¶µ¸±µ²Ó±Ê ¶·¨ ¶·¥µ¡· §µ¢ ´¨ÖÌ (73) ¸¢Ö§Ó ³¥¦¤Ê ¶·¥µ¡· §µ¢ ´´Ò³¨
(ÏÉ·¨Ìµ¢ ´´Ò³¨) ¨ ´¥¶·¥µ¡· §µ¢ ´´Ò³¨ ¶ ·Í¨ ²Ó´Ò³¨ ¶²µÉ´µ¸ÉÖ³¨ Éµ± 
¨ § ·Ö¤  µ¸É ¥É¸Ö ²¨´¥°´µ°. �Éµ µ§´ Î ¥É, ÎÉµ ¶·¥µ¡· §µ¢ ´¨Ö (73) ³µ¦´µ
É ±¦¥ ¶·¨³¥´ÖÉÓ ± ¶ ·Í¨ ²Ó´Ò³ ¶²µÉ´µ¸ÉÖ³ Éµ±  ¨ § ·Ö¤  ¶·µ¨§¢µ²Ó´µ£µ
¶µ·Ö¤±  l, É. ¥. ¶·¥¤² £ ¥³ Ö �ƒ-¸Ì¥³  ¶µ§¢µ²Ö¥É ¸É·µ¨ÉÓ É¥´§µ· �„� ¶·µ¨§-
¢µ²Ó´µ£µ ¶µ·Ö¤±  ¢ £µ·ÖÎ¥° ¶² §³¥ ¨¸Ìµ¤Ö ¨§ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ®Ìµ²µ¤´ÒÌ¯
¢Ò· ¦¥´¨° ¤²Ö �„�. �·¨³¥· É ±µ£µ ¶µ¸É·µ¥´¨Ö ¤²Ö l = 2 ¶·¨¢¥¤¥´ ¢ ¶·¨-
²µ¦¥´¨¨ 1, ¶. 2.

3.4.2. “¸±µ·¥´¨¥ ¨µ´µ¢ ¨ ¤¨´ ³¨±  · §²¥É  ¶² §³¥´´µ£µ ¸£Ê¸É± . ’¥µ·¥-
É¨Î¥¸±¨¥ ¨¸¸²¥¤µ¢ ´¨Ö £¥´¥· Í¨¨ Ê¸±µ·¥´´ÒÌ Î ¸É¨Í ¶·¨ · §²¥É¥ ¶² §³Ò ¢
¢ ±ÊÊ³, ´ Î ²µ ±µÉµ·Ò³ ¡Ò²µ ¶µ²µ¦¥´µ ¢ 60-Ì ££. ¢ · ¡µÉ Ì [71], ¶·µ¤µ²-
¦ ÕÉ¸Ö ¨ ¢ ´ ¸ÉµÖÐ¥¥ ¢·¥³Ö. �·¨Î¨´  ´¥µ¸² ¡¥¢ ÕÐ¥£µ ¨´É¥·¥¸  ± ÔÉµ°
¶·µ¡²¥³¥ ±·µ¥É¸Ö ¢ Éµ³, ÎÉµ Ö¢²¥´¨¥ Ê¸±µ·¥´¨Ö ¨µ´µ¢ ¶·µÖ¢²Ö¥É¸Ö ¢ ¸ ³ÒÌ
· §²¨Î´ÒÌ Ô±¸¶¥·¨³¥´É Ì ¨ ¶·¨²µ¦¥´¨ÖÌ ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ³µÐ´ÒÌ ² §¥·µ¢,
´ ¶·¨³¥· ¢ ² §¥·´µ³ É¥·³µÖ¤¥·´µ³ ¸¨´É¥§¥, ¶·¨ ¨§ÊÎ¥´¨¨ · §²¥É  ¸¢¥·Ì£µ-
·ÖÎ¥° ±² ¸É¥·´µ° ¶² §³Ò, ¶·¨ ¸µ§¤ ´¨¨ · ¤¨ Í¨µ´´ÒÌ ¨¸ÉµÎ´¨±µ¢ ¤²Ö ³¥¤¨-
Í¨´Ò, ³ É¥·¨ ²µ¢¥¤¥´¨Ö ¨ Ö¤¥·´µ° Ë¨§¨±¨.

‘ÊÐ¥¸É¢¥´´Ò° ¶·µ£·¥¸¸ ¢ ¨§ÊÎ¥´¨¨ ¤¨´ ³¨±¨ · §²¥É  ¶² §³Ò ¨ Ê¸±µ-
·¥´¨¨ ¨µ´µ¢ ¡Ò² ¤µ¸É¨£´ÊÉ ¨¸¶µ²Ó§µ¢ ´¨¥³ ±¢ §¨´¥°É· ²Ó´µ£µ ¶·¨¡²¨¦¥-
´¨Ö [72, 73], ¶·¨£µ¤´µ£µ ¤²Ö µ¶¨¸ ´¨Ö É¥Î¥´¨° ¶² §³Ò ¸ Ì · ±É¥·´Ò³ ³ ¸-
ÏÉ ¡µ³ ¢µ§³ÊÐ¥´¨° ¶²µÉ´µ¸É¨, ¡	µ²ÓÏ¨³ ¶µ ¸· ¢´¥´¨Õ ¸ ¤¥¡ ¥¢¸±¨³ · ¤¨Ê-
¸µ³ Î ¸É¨Í ¶² §³Ò. ‚ ÔÉµ³ ¶·¨¡²¨¦¥´¨¨ ¶²µÉ´µ¸ÉÓ § ·Ö¤  ¨ Éµ±  ¢ ¶² §³¥
¶µ² £ ÕÉ · ¢´Ò³¨ ´Ê²Õ, ÎÉµ ¸ÊÐ¥¸É¢¥´´µ Ê¶·µÐ ¥É ¨¸Ìµ¤´ÊÕ ³µ¤¥²Ó ¸ ´¥-
²µ± ²Ó´Ò³¨ ¢±² ¤ ³¨. ‚³¥¸Éµ ¸¨¸É¥³Ò Ê· ¢´¥´¨° ‚² ¸µ¢ ÄŒ ±¸¢¥²²  (67)
¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ³ É¥·¨ ²Ó´Ò³¨ Ê· ¢´¥´¨Ö³¨ §¤¥¸Ó ¨¸¶µ²Ó§ÊÕÉ Éµ²Ó±µ
±¨´¥É¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¤²Ö ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨° Î ¸É¨Í · §²¨Î´ÒÌ
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¸µ·Éµ¢

fα
t + vfα

x + (eα/mα)E(t, x)fα
v = 0 (76)

¸ ´ ²µ¦¥´´Ò³¨ ´  ´¨Ì ¤µ¶µ²´¨É¥²Ó´Ò³¨ ´¥²µ± ²Ó´Ò³¨ ¸¢Ö§Ö³¨, ¢µ§´¨± Õ-
Ð¨³¨ ¨§ Ê¸²µ¢¨° · ¢¥´¸É¢  ´Ê²Õ ¶²µÉ´µ¸É¨ Éµ±  ¨ § ·Ö¤ :∫

dv
∑
α

eαfα = 0,

∫
dv v

∑
α

eαfα = 0. (77)

�·¨ ÔÉµ³ Ô²¥±É·¨Î¥¸±µ¥ ¶µ²¥ E ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ³µ³¥´ÉÒ ËÊ´±Í¨° · ¸¶·¥-
¤¥²¥´¨Ö:

E(t, x) =

(∫
dv v2 ∂x

∑
α

eαfα

)(∫
dv

∑
α

e2
α

mα
fα

)−1

. (78)

� Î ²Ó´Ò¥ Ê¸²µ¢¨Ö ¤²Ö ·¥Ï¥´¨° ¸¨¸É¥³Ò (76)Ä(77) µÉ¢¥Î ÕÉ § ¤ ´´Ò³ ¢ ³µ-
³¥´É ¢·¥³¥´¨ t = 0 ËÊ´±Í¨Ö³ · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·µ´µ¢ ¨ ¨µ´µ¢:

fα
∣∣

t=0
= fα

0 (x, v). (79)

“· ¢´¥´¨Ö (76), (77) µ¶¨¸Ò¢ ÕÉ µ¤´µ³¥·´ÊÕ ¤¨´ ³¨±Ê ¶² §³¥´´µ£µ µ¡· -
§µ¢ ´¨Ö, ´¥µ¤´µ·µ¤´µ£µ ¶µ ±µµ·¤¨´ É¥ x; ¶·¨ ÔÉµ³ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥-
´¨Ö Î ¸É¨Í fα § ¢¨¸ÖÉ µÉ t, x ¨ ±µ³¶µ´¥´ÉÒ ¸±µ·µ¸É¨ v ¢¤µ²Ó ´ ¶· ¢²¥-
´¨Ö ´¥µ¤´µ·µ¤´µ¸É¨ ¶² §³Ò. �´ ²¨É¨Î¥¸±µ¥ ¨¸¸²¥¤µ¢ ´¨¥ ¤ ¦¥ É ±µ° Ê¶·µ-
Ð¥´´µ° ³µ¤¥²¨ ¶·¥¤¸É ¢²Ö¥É ¡µ²ÓÏ¨¥ É·Ê¤´µ¸É¨, ´µ ¡² £µ¤ ·Ö ¶·¨³¥´¥´¨Õ
�ƒ- ²£µ·¨É³  Ê¤ ¥É¸Ö ´¥ Éµ²Ó±µ ¶µ¸É·µ¨ÉÓ ·¥Ï¥´¨Ö ¶·¨ · §²¨Î´ÒÌ ´ Î ²Ó-
´ÒÌ ËÊ´±Í¨ÖÌ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í [73], ´µ ¨ ´ °É¨ § ±µ´ ¨§³¥´¥´¨Ö ¨Ì
¶²µÉ´µ¸É¨ ¡¥§ ¢ÒÎ¨¸²¥´¨Ö ¢ Ö¢´µ³ ¢¨¤¥ ¸ ³¨Ì ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö Î -
¸É¨Í.

„²Ö ¶µ¸É·µ¥´¨Ö �ƒ‘ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¸µ¢µ±Ê¶´µ¸ÉÓ ²µ± ²Ó´ÒÌ (76)
¨ ´¥²µ± ²Ó´ÒÌ (77) Ê· ¢´¥´¨° ¢ ± Î¥¸É¢¥ RM, ¢ ±µÉµ·µ³ Ô²¥±É·¨Î¥¸±µ¥
¶µ²¥ E(t, x) Ë¨£Ê·¨·Ê¥É ¢ ± Î¥¸É¢¥ ´¥±µÉµ·µ° ¶·µ¨§¢µ²Ó´µ°, ¶µ¤²¥¦ Ð¥°
µ¶·¥¤¥²¥´¨Õ, ËÊ´±Í¨¨ ¸¢µ¨Ì ¶¥·¥³¥´´ÒÌ. „µ¶Ê¸± ¥³ Ö ÔÉ¨³ ³´µ£µµ¡· §¨¥³
£·Ê¶¶  ÉµÎ¥Î´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ‹¨ ¢ÒÎ¨¸²Ö¥É¸Ö ¸¶µ¸µ¡µ³,  ´ ²µ£¨Î´Ò³ ¨¸-
¶µ²Ó§µ¢ ´´µ³Ê ¢ ¶·¨²µ¦¥´¨¨ 1, ¶. 1. �¤´ ±µ ¶µ³¨³µ µ¶¥· Éµ·µ¢ ¶¥·¥´µ¸  ¶µ
¢·¥³¥´¨ ¨ ±µµ·¤¨´ É¥, µ¶¥· Éµ·  £ ²¨²¥¥¢¸±¨Ì ¶·¥µ¡· §µ¢ ´¨° ¨ µ¶¥· Éµ·µ¢
±¢ §¨´¥°É· ²Ó´µ¸É¨, ±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö ¶µ¤£·Ê¶¶µ° (101) ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±µ³
¶·¥¤¥²¥, ¨ É·¥Ì µ¶¥· Éµ·µ¢ · ¸ÉÖ¦¥´¨°, ¸Ê³³  ±µÉµ·ÒÌ É ±¦¥ ¤ ¥É ´¥·¥²Ö-
É¨¢¨¸É¸±¨°  ´ ²µ£ µ¶¥· Éµ·  · ¸ÉÖ¦¥´¨° ¨§ (101), §¤¥¸Ó ¢µ§´¨± ¥É ´µ¢Ò°
¶µ ¸· ¢´¥´¨Õ ¸ (101) µ¶¥· Éµ· ¶·µ¥±É¨¢´µ° £·Ê¶¶Ò. ˆ³¥´´µ ÔÉµÉ µ¶¥· -
Éµ· ¨ ¤ ¥É ¢µ§³µ¦´µ¸ÉÓ ¶µ¸É·µ¥´¨Ö ±² ¸¸  ÉµÎ´ÒÌ ·¥Ï¥´¨° ¨´É¥·¥¸ÊÕÐ¥°
´ ¸ ´ Î ²Ó´µ° § ¤ Î¨, ¶µ¸±µ²Ó±Ê ²¨´¥°´ Ö ±µ³¡¨´ Í¨Ö µ¶¥· Éµ·  ¸¤¢¨£  ¶µ
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¢·¥³¥´¨ ¨ µ¶¥· Éµ·  ¶·µ¥±É¨¢´µ° £·Ê¶¶Ò µ¸É ¢²Ö¥É ¨´¢ ·¨ ´É´Ò³ ¶·¨¡²¨-
¦¥´´µ¥ ·¥Ï¥´¨¥ ´ Î ²Ó´µ° § ¤ Î¨ fα = fα

0 (x, v) + O(t) ¶µ ’‚ ¶·¨ t → 0,
É. ¥. Ö¢²Ö¥É¸Ö µ¶¥· Éµ·µ³ �ƒ‘

R7 = (1 + Ω2t2)∂t + Ω2tx∂x + Ω2(x − vt)∂v (80)

¤²Ö ¶·µ¸É· ´¸É¢¥´´µ-¸¨³³¥É·¨Î´ÒÌ ´ Î ²Ó´ÒÌ ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö ¸ ´Ê-
²¥¢µ° ¸·¥¤´¥° ¸±µ·µ¸ÉÓÕ. �µ¸ÉµÖ´´ÊÕ Ω ³µ¦´µ É· ±Éµ¢ ÉÓ ± ± µÉ´µÏ¥´¨¥
Ì · ±É¥·´µ° ¸±µ·µ¸É¨ §¢Ê±  cs ± ´ Î ²Ó´µ³Ê ³ ¸ÏÉ ¡Ê ´¥µ¤´µ·µ¤´µ¸É¨ Ô²¥±-
É·µ´´µ° ¶²µÉ´µ¸É¨ L0.

�µ³¨³µ ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í fα ¨´¢ ·¨ ´É ³¨ �ƒ-µ¶¥· Éµ· 
(80) Ö¢²ÖÕÉ¸Ö É ±¦¥ ±µ³¡¨´ Í¨¨ x/

√
1 + Ω2t2 ¨ v2 + Ω2(x − vt)2. ‘µµÉ¢¥É-

¸É¢¥´´µ, §´ Î¥´¨Ö ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö ¢ ²Õ¡µ° ³µ³¥´É ¢·¥³¥´¨ t �= 0
¢Ò· ¦ ÕÉ¸Ö ¸ ¶µ³µÐÓÕ ÔÉ¨Ì ¨´¢ ·¨ ´Éµ¢ Î¥·¥§ ´ Î ²Ó´Ò¥ §´ Î¥´¨Ö (79):

fα = fα
0 (I(α)), I(α) =

1
2
(
v2 + Ω2(x − vt)2

)
+

eα

mα
Φ0(x′). (81)

‡¤¥¸Ó § ¢¨¸¨³µ¸ÉÓ Φ0 µÉ ¶¥·¥³¥´´µ° x′ = x/
√

1 + Ω2t2 µ¶·¥¤¥²Ö¥É¸Ö Ê¸²µ-
¢¨Ö³¨ ±¢ §¨´¥°É· ²Ó´µ¸É¨ (77),   Ô²¥±É·¨Î¥¸±µ¥ ¶µ²¥ E = −Φx ´ Ìµ¤¨É¸Ö ¸
¶µ³µÐÓÕ ¶µÉ¥´Í¨ ² 

Φ(t, x) = Φ0(x′)(1 + Ω2t2)−1. (82)

Šµ´±·¥É´Ò° ¶·¨³¥·, ¨²²Õ¸É·¨·ÊÕÐ¨° ÔÉ¨ Ëµ·³Ê²Ò ¤²Ö ¶² §³¥´´µ£µ ¸²µÖ,
¸µ¸ÉµÖÐ¥£µ ¨§ £·Ê¶¶Ò £µ·ÖÎ¨Ì ¨ Ìµ²µ¤´ÒÌ Ô²¥±É·µ´µ¢ ¨ ¨µ´µ¢ ¤¢ÊÌ ¸µ·Éµ¢,
¶·¨¢¥¤¥´ ¢ ¶·¨²µ¦¥´¨¨ 1, ¶. 3.

�·¨³¥´¥´¨¥ µ¶¥· Éµ·  �ƒ‘ ´¥ µ£· ´¨Î¨¢ ¥É¸Ö Éµ²Ó±µ ¶µ¸É·µ¥´¨¥³ ·¥-
Ï¥´¨° ´ Î ²Ó´µ° § ¤ Î¨ ¤²Ö Ê· ¢´¥´¨° (76), (77) ¨ ´ Ìµ¦¤¥´¨¥³ ¸µµÉ¢¥É-
¸É¢ÊÕÐ¨Ì ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í. „²Ö ¶· ±É¨Î¥¸±¨Ì ¶·¨²µ¦¥´¨°
§ Î ¸ÉÊÕ ´Ê¦´  ¡µ²¥¥ £·Ê¡ Ö Ì · ±É¥·¨¸É¨±  ¤¨´ ³¨±¨ ¶² §³Ò, ´ ¶·¨³¥·
¶²µÉ´µ¸ÉÓ Î ¸É¨Í (¨µ´µ¢) ¤ ´´µ£µ ¸µ·É  nq(t, x), ±µÉµ· Ö ³µ¦¥É ¡ÒÉÓ ¢ÒÎ¨-
¸²¥´  ¶µ ¸µµÉ¢¥É¸É¢ÊÕÐ¥° ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö:

nq(t, x) =

∞∫
−∞

dvf q(t, x, v). (83)

�·Ö³µ¥ ¨´É¥£·¨·µ¢ ´¨¥ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶µ ¸±µ·µ¸É¨ ¢  ´ ²¨É¨Î¥-
¸±µ³ ¢¨¤¥ ´¥ ¢¸¥£¤  Ê¤ ¥É¸Ö µ¸ÊÐ¥¸É¢¨ÉÓ ¢¢¨¤Ê ¥¥ ¸²µ¦´µ° § ¢¨¸¨³µ¸É¨ µÉ
¨´¢ ·¨ ´É  I(α), ¶µÔÉµ³Ê §¤¥¸Ó ´  ¶µ³µÐÓ ¶·¨Ìµ¤¨É µ¶¨¸ ´´ Ö ¢ ¶. 2.1 ¶·µ-
Í¥¤Ê·  ¶·µ¤µ²¦¥´¨Ö µ¶¥· Éµ·  ´  ËÊ´±Í¨µ´ ². ˆ³¥´´µ ¶µ¸±µ²Ó±Ê ¶²µÉ´µ¸ÉÓ
nq(t, x) Ö¢²Ö¥É¸Ö ²¨´¥°´Ò³ ËÊ´±Í¨µ´ ²µ³ µÉ f q, Éµ ¶·µÍ¥¤Ê·  ¶·µ¤µ²¦¥´¨Ö
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µ¶¥· Éµ·  (80) ´  ËÊ´±Í¨µ´ ² µÉ ·¥Ï¥´¨Ö (83) ¤ ¥É ¢ ¸Ê¦¥´´µ³ ¶·µ¸É· ´¸É¢¥
¶¥·¥³¥´´ÒÌ {t, x, nq} ¸²¥¤ÊÕÐ¨° �ƒ-µ¶¥· Éµ·:

R8 = (1 + Ω2t2)∂t + Ω2tx∂x − Ω2tnq∂nq . (84)

�¥Ï¥´¨¥ Ê· ¢´¥´¨° ‹¨ ¤²Ö µ¶¥· Éµ·  R8 ¸ ÊÎ¥Éµ³ ´ Î ²Ó´ÒÌ Ê¸²µ¢¨° (79)
¤ ¥É ¸¢Ö§Ó ¨´¢ ·¨ ´Éµ¢ ÔÉµ£µ µ¶¥· Éµ·  Å µ¤´µ° ¨§ Ê¦¥ ¶·¨¢¥¤¥´´ÒÌ ¤²Ö µ¶¥-
· Éµ·  (80) ±µ³¡¨´ Í¨° J3 = x/

√
1 + Ω2t2 ¨ ¶·µ¨§¢¥¤¥´¨Ö Jq

4 =
nq

√
1 + Ω2t2 Å ¢ ¶·µ¨§¢µ²Ó´Ò° ³µ³¥´É ¢·¥³¥´¨ t �= 0 ¸ ¨Ì §´ Î¥´¨Ö³¨

¢ ´ Î ²Ó´Ò° ³µ³¥´É ¢·¥³¥´¨ t = 0: J3|t=0 = x′, Jq
4 |t=0 = Nq(x′). �É  ¸¢Ö§Ó

¸· §Ê ¶·¨¢µ¤¨É ± Ëµ·³Ê² ³, Ì · ±É¥·¨§ÊÕÐ¨³ ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´µ¥
· ¸¶·¥¤¥²¥´¨¥ ¶²µÉ´µ¸É¨ ¨µ´µ¢ ¤ ´´µ£µ ¸µ·É  Î¥·¥§ ´ Î ²Ó´µ¥ · ¸¶·¥¤¥²¥-
´¨¥ ¶²µÉ´µ¸É¨:

nq =
1√

1 + Ω2t2
Nq

(
x√

1 + Ω2t2

)
, Nq(x′) =

∞∫
−∞

dvf q
0 (I(q)). (85)

�  ·¨¸. 3 ¶·¥¤¸É ¢²¥´Ò ±·¨¢Ò¥, ¨²²Õ¸É·¨·ÊÕÐ¨¥ ·¥§Ê²ÓÉ ÉÒ (85) ¤²Ö ¶² §-
³¥´´µ£µ ¸²µÖ, ¸µ¸ÉµÖÐ¥£µ ¨§ Ìµ²µ¤´ÒÌ (α = c) ¨ £µ·ÖÎ¨Ì (α = h) Ô²¥±É·µ´µ¢
¨ ¨µ´µ¢ ¤¢ÊÌ ¸µ·Éµ¢ (q = 1, 2). Šµ´±·¥É´µ¸É¨ · ¤¨ §¤¥¸Ó ¢Ò¡· ´Ò ¨µ´Ò Ê£²¥-
·µ¤  C+4 (q = 1) ¨ ¶·µÉµ´Ò H+1 (q = 2). �·¨ t = 0 ¨µ´Ò Ì · ±É¥·¨§ÊÕÉ¸Ö
³ ±¸¢¥²²µ¢¸±¨³¨ ËÊ´±Í¨Ö³¨ · ¸¶·¥¤¥²¥´¨Ö ¸ ¶²µÉ´µ¸ÉÖ³¨ n10, n20 ¨ É¥³¶¥-
· ÉÊ· ³¨ T1, T2,   ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·µ´µ¢ ¨³¥¥É ¢¨¤ ¤¢ÊÌÉ¥³¶¥-
· ÉÊ·´µ£µ ³ ±¸¢¥²²µ¢¸±µ£µ · ¸¶·¥¤¥²¥´¨Ö ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ¶²µÉ´µ¸ÉÖ³¨
nc0 ¨ nh0 (nc0+nh0 = Z1n10 +Z2n20) ¨ É¥³¶¥· ÉÊ· ³¨ Tc ¨ Th £µ·ÖÎ¥° ¨ Ìµ-
²µ¤´µ° ±µ³¶µ´¥´É. �µ¤·µ¡´Ò¥ Ëµ·³Ê²Ò ¤²Ö ·¥Ï¥´¨Ö § ¤ Î¨ µ · §²¥É¥ É ±µ£µ
¶² §³¥´´µ£µ ¸²µÖ ¸µ¸É ¢²ÖÕÉ ¸µ¤¥·¦ ´¨¥ ¶. 3 ¶·¨²µ¦¥´¨Ö 1. �·¨¢¥¤¥´´Ò¥
´  ·¨¸. 3 ¸¶²µÏ´Ò¥ ±·¨¢Ò¥ ¶µ± §Ò¢ ÕÉ § ¢¨¸¨³µ¸ÉÓ ¡¥§· §³¥·´µ° ®Ê´¨¢¥·-
¸ ²Ó´µ°¯ ¶²µÉ´µ¸É¨ ¨µ´µ¢ ¶² §³Ò Nq = (nq0/nc0)Nq , µÉ´¥¸¥´´µ° ± ³ ±-
¸¨³ ²Ó´µ° ¶²µÉ´µ¸É¨ Ìµ²µ¤´ÒÌ Ô²¥±É·µ´µ¢, µÉ ¡¥§· §³¥·´µ° ®±µµ·¤¨´ ÉÒ¯

10 1 10–2 2 104
� 210–6

10–4

10–2

1

Nq

C

H

�¨¸. 3. Š·¨¢Ò¥, Ì · ±É¥·¨§ÊÕÐ¨¥ § ¢¨-
¸¨³µ¸ÉÓ ¨´¢ ·¨ ´Éµ¢ �ƒ‘-µ¶¥· Éµ·  (84):
®Ê´¨¢¥·¸ ²Ó´ Ö¯ ¶²µÉ´µ¸ÉÓ Nq ¨µ´µ¢
¶² §³Ò Å ¨µ´µ¢ Ê£²¥·µ¤  (±·¨¢ Ö C)
¨ ¶·µÉµ´µ¢ (±·¨¢ Ö H) Å ¨§µ¡· ¦¥´ 
± ± ËÊ´±Í¨Ö ¡¥§· §³¥·´µ° ®±µµ·¤¨´ ÉÒ¯
χ2 = (x/L0)

2/(1 + Ω2t2). „²Ö ´ £²Ö¤´µ-
¸É¨ §¤¥¸Ó ±µ·µÉ±¨³¨ ¨ ¤²¨´´Ò³¨ ÏÉ·¨Ìµ-
¢Ò³¨ ²¨´¨Ö³¨ ¶µ± § ´Ò § ¢¨¸¨³µ¸É¨ µÉ
χ2 ¡¥§· §³¥·´ÒÌ ¶²µÉ´µ¸É¥° Ìµ²µ¤´ÒÌ ¨
£µ·ÖÎ¨Ì Ô²¥±É·µ´µ¢ ¸µµÉ¢¥É¸É¢¥´´µ
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χ2 = (x/L0)2/(1+Ω2t2), ´µ·³¨·µ¢ ´´µ° ´  Ì · ±É¥·´Ò° ´ Î ²Ó´Ò° ³ ¸ÏÉ ¡
¶²µÉ´µ¸É¨ ¨µ´µ¢ L0. ®“´¨¢¥·¸ ²Ó´µ¸ÉÓ¯ ÔÉµ° § ¢¨¸¨³µ¸É¨ µ¡ÑÖ¸´Ö¥É¸Ö É¥³,
ÎÉµ µ´  µÉ· ¦ ¥É ¸¢Ö§Ó ³¥¦¤Ê ¨´¢ ·¨ ´É ³¨ �ƒ‘-µ¶¥· Éµ·  (84). � · ³¥É·Ò
¶² §³Ò ¢Ò¡· ´Ò ¸²¥¤ÊÕÐ¨³¨: T1,2/Tc = 0,1; Th/Tc = 1000; nh0/Z1n10 =
5 ·10−4. ˜É·¨Ìµ¢Ò¥ ±·¨¢Ò¥ ¶µ± §Ò¢ÕÉ · ¸¶·¥¤¥²¥´¨¥ ¡¥§· §³¥·´µ° ¶²µÉ´µ-
¸É¨ Ìµ²µ¤´ÒÌ Ô²¥±É·µ´µ¢ (nc/nc0)

√
1 + Ω2t2 (±µ·µÉ±¨¥ ÏÉ·¨Ì¨) ¨ £µ·ÖÎ¨Ì

Ô²¥±É·µ´µ¢ (nh/nh0)
√

1 + Ω2t2 (¤²¨´´Ò¥ ÏÉ·¨Ì¨).
‘µµÉ´µÏ¥´¨Ö (85) Ö¢²ÖÕÉ¸Ö ¢Ò· ¦¥´¨¥³ Ê± § ´´µ£µ ¢µ ¢¢¥¤¥´¨¨ ¸¢µ°-

¸É¢  ”‘� [58] ·¥Ï¥´¨Ö: ¶·µ¨§¢¥¤¥´¨¥ nq
√

1 + Ω2t2, ¡Ê¤ÊÎ¨ µ¤´¨³ ¨§ ¨´-
¢ ·¨ ´Éµ¢ �ƒ-µ¶¥· Éµ· , ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ´¥±µÉµ·ÊÕ Ê´¨¢¥·¸ ²Ó´ÊÕ ËÊ´±-
Í¨Õ Nq µÉ ¤·Ê£µ£µ ¨´¢ ·¨ ´É  µ¶¥· Éµ·  (84), ¶·¨Î¥³ ¢¨¤ ÔÉµ° ËÊ´±Í¨¨
§ ¤ ¥É¸Ö ´ Î ²Ó´Ò³¨ Ê¸²µ¢¨Ö³¨, É. ¥. µ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ´ Î ²Ó´Ò¥ ËÊ´±-
Í¨¨ · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í f q

0 (¸³. ¶·¨²µ¦¥´¨¥ 1, ¶. 3). ’ ±µ¥ ¶·¥¤¸É ¢²¥´¨¥
¨³¥¥É ¤µ¸É ÉµÎ´µ µ¡ÐÊÕ ¶·¨·µ¤Ê ¨ Ö¢²Ö¥É¸Ö É¨¶¨Î´Ò³ ¸¢µ°¸É¢µ³ ·¥Ï¥´¨°
Š‡, ¶µ²ÊÎ¥´´ÒÌ ¸ ¶·¨³¥´¥´¨¥³ �ƒ‘, ±µÉµ·µ¥ Ê³¥¸É´µ ´ §¢ ÉÓ Φ-É¥µ·¥³µ°
(¶µ  ´ ²µ£¨¨ ¸ ¨§¢¥¸É´µ° Π-É¥µ·¥³µ°). Š· É±µ³Ê µ¡¸Ê¦¤¥´¨Õ ÔÉµ£µ ¸¢µ°¸É¢ 
¶µ¸¢ÖÐ¥´µ ¶·¨²µ¦¥´¨¥ 2.

�´ ²µ£¨Î´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶µ²ÊÎ ÕÉ¸Ö ¤²Ö ¡µ²¥¥ ¸²µ¦´ÒÌ ËÊ´±Í¨° · ¸¶·¥-
¤¥²¥´¨Ö [74] ¨ ¶·¨ ¢ÒÌµ¤¥ §  · ³±¨ ³µ¤¥²¨ ¶²µ¸±µ£µ µ¤´µ³¥·´µ£µ · §²¥É ,
´ ¶·¨³¥· ¤²Ö ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´µ£µ · §²¥É  ¶² §³¥´´µ£µ ¸£Ê¸É±  [75].

�µ¤¢µ¤Ö ¨Éµ£ ¶. 3.4, µÉ³¥É¨³, ÎÉµ ¢ ¶·¨³¥· Ì 3.4.1 ¨ 3.4.2 ¢ ¶µ²´µ°
³¥·¥ ·¥ ²¨§µ¢ ´  ¶·µ£· ³³  ¶·¨³¥´¥´¨Ö �ƒ- ²£µ·¨É³  ¤²Ö ´¥²µ± ²Ó´ÒÌ § -
¤ Î. ‡¤¥¸Ó µ¤´µ¢·¥³¥´´µ ¨¸¶µ²Ó§µ¢ ´Ò ± ± ³µ¤¨Ë¨Í¨·µ¢ ´´Ò° �ƒ- ²£µ·¨É³
¤²Ö ¢ÒÎ¨¸²¥´¨Ö �ƒ‘ ¤²Ö ´¥²µ± ²Ó´µ° ¸¨¸É¥³Ò Ê· ¢´¥´¨°, É ± ¨ ¶·µÍ¥¤Ê· 
¶·µ¤µ²¦¥´¨Ö �ƒ-µ¶¥· Éµ·µ¢ ´  ËÊ´±Í¨µ´ ²Ò µÉ ·¥Ï¥´¨Ö.

4. ‡�Š‹�—…�ˆ…

–¥²Ó · ¡µÉÒ ¸µ¸ÉµÖ²  ¢ ·¥ ²¨§ Í¨¨ ¶·µ£· ³³Ò · ¸Ï¨·¥´¨Ö ¢µ§³µ¦´µ-
¸É¥° ¶·¨²µ¦¥´¨Ö �ƒ- ²£µ·¨É³  ± § ¤ Î ³ ³ É¥³ É¨Î¥¸±µ° Ë¨§¨±¨ ¨ ¡Ò² 
Ö¢´µ ¸Ëµ·³Ê²¨·µ¢ ´  ¢ · §¤. 2 ¤²Ö ´¥²µ± ²Ó´ÒÌ § ¤ Î. ‘µµÉ¢¥É¸É¢ÊÕÐ¨°
±² ¸¸ µÌ¢ ÉÒ¢ ¥É É¥¶¥·Ó (¶µ³¨³µ § ¤ Î ´  µ¸´µ¢¥ „“) ³µ¤¥²¨, ¸µ¤¥·¦ Ð¨¥
´¥²µ± ²Ó´Ò¥ Ô²¥³¥´ÉÒ, ¢ Éµ³ Î¨¸²¥ ¨´É¥£· ²Ó´Ò¥ ¨ ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó-
´Ò¥ Ê· ¢´¥´¨Ö.

�É  Ëµ·³Ê²¨·µ¢±  ¸µÌ· ´Ö¥É ¶·¥¦´ÕÕ µ¡ÐÊÕ ¸Ì¥³Ê ¶µ¸É·µ¥´¨Ö
�ƒ- ²£µ·¨É³  ¢ ¢¨¤¥ Î¥ÉÒ·¥Ì ¶µ¸²¥¤µ¢ É¥²Ó´ÒÌ ÔÉ ¶µ¢ [4]. �¤´ ±µ Ëµ·³ 
·¥ ²¨§ Í¨¨ ¶µ¸²¥¤´¨Ì ¸ÊÐ¥¸É¢¥´´Ò³ µ¡· §µ³ ³¥´Ö¥É¸Ö, ÎÉµ ´ ¨¡µ²¥¥ Ö·±µ
¶·µÖ¢²Ö¥É¸Ö ´  ¶¥·¢ÒÌ ¤¢ÊÌ ÔÉ ¶ Ì  ²£µ·¨É³  (¸³. ·¨¸. 1), ¸¢Ö§ ´´ÒÌ ¸ µ¶·¥-
¤¥²¥´¨¥³ ´¥²µ± ²Ó´µ£µ �ƒ-³´µ£µµ¡· §¨Ö ¨ ´ Ìµ¦¤¥´¨¥³ ¤µ¶Ê¸± ¥³µ° £·Ê¶¶Ò
¸¨³³¥É·¨¨. �É³¥Î¥´µ, ÎÉµ ´¥²µ± ²Ó´µ¸ÉÓ �ƒ-³´µ£µµ¡· §¨Ö ³µ¦¥É ¨³¥ÉÓ ³¥-
¸Éµ ¤ ¦¥ ¤²Ö Ë¨§¨Î¥¸±¨Ì § ¤ Î, µ¸´µ¢ ´´ÒÌ ´  ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥-
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´¨ÖÌ. ‚¢¨¤Ê µÉ¸ÊÉ¸É¢¨Ö §¤¥¸Ó ·¥£Ê²Ö·´µ£µ ¢ÒÎ¨¸²¨É¥²Ó´µ£µ ³¥Éµ¤  ( ´ ²µ-
£¨Î´µ£µ  ²£µ·¨É³Ê ‹¨ ¤²Ö „“) ¶·¨ ¢Ò¶µ²´¥´¨¨ ¢Éµ·µ£µ Ï £   ²£µ·¨É³  ¢µ§-
³µ¦´Ò · §²¨Î´Ò¥ ·¥ ²¨§ Í¨¨. „ ´µ ¨Ì ±· É±µ¥ ¶¥·¥Î¨¸²¥´¨¥ ¨ ¢ ± Î¥¸É¢¥
¨²²Õ¸É· Í¨¨ ¢Ò¡· ´ ¨ ¡µ²¥¥ ¶µ¤·µ¡´µ ¨§²µ¦¥´ ¢ ·¨ ´É ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³
± ´µ´¨Î¥¸±µ£µ µ¶¥· Éµ·  £·Ê¶¶Ò.

‚ · §¤. 3 ¶µ± § ´  ÔËË¥±É¨¢´µ¸ÉÓ ¨¸¶µ²Ó§µ¢ ´¨Ö ¶·µÍ¥¤Ê·Ò ¶·µ¤µ²¦¥´¨Ö
�ƒ-µ¶¥· Éµ·  ´  ´¥²µ± ²Ó´Ò¥ ¶¥·¥³¥´´Ò¥ ¸ Í¥²ÓÕ ¸µ±· Ð¥´´µ£µ µ¶¨¸ ´¨Ö
·¥Ï¥´¨Ö ´  Ö§Ò±¥ ¥£µ ¨´É¥£· ²Ó´µ° Ì · ±É¥·¨¸É¨±¨ Å ËÊ´±Í¨µ´ ²  µÉ ·¥-
Ï¥´¨Ö. ‘ÊÐ¥¸É¢¥´´µ ¶·¨ ÔÉµ³, ÎÉµ §´ ´¨Ö ¸ ³µ£µ ·¥Ï¥´¨Ö ¢ Ö¢´µ³ ¢¨¤¥ ´¥
É·¥¡Ê¥É¸Ö.

�·¨¢¥¤¥´´Ò¥ ¶·¨³¥·Ò ¸²Ê¦ É ¨²²Õ¸É· Í¨¥° ¶·µ£· ³³Ò, ¸Ëµ·³Ê²¨·µ-
¢ ´´µ° ¢ · §¤. 2. ‘ µ¤´µ° ¸Éµ·µ´Ò, µ´¨ ¤¥³µ´¸É·¨·ÊÕÉ ¶·¨³¥´¥´¨¥ ´µ¢µ£µ
 ²£µ·¨É³  ¤²Ö ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¸¨¸É¥³ (¢ÒÎ¨¸²¥´¨¥ �ƒ-¸¨³³¥É·¨¨
¤²Ö ´¥²¨´¥°´µ° ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ¸É¨ ¶² §³Ò) ¨ ¶·µÍ¥¤Ê·Ò ¶·µ-
¤µ²¦¥´¨Ö ´  ËÊ´±Í¨µ´ ²Ò µÉ ·¥Ï¥´¨Ö (§ ¤ Î  ŠµÏ¨ ¤²Ö Ê· ¢´¥´¨Ö •µ¶Ë ,
Ô¢µ²ÕÍ¨Ö ² §¥·´µ£µ ¶ÊÎ±  ¢ ´¥²¨´¥°´µ° £¥µ³¥É·¨Î¥¸±µ° µ¶É¨±¥). ‘ ¤·Ê£µ°
¸Éµ·µ´Ò, ¢ § ¤ Î¥ µ · §²¥É¥ ¶² §³¥´´µ£µ ¸£Ê¸É±  ¨³¥¥É ³¥¸Éµ µ¤´µ¢·¥³¥´-
´µ¥ ¨¸¶µ²Ó§µ¢ ´¨¥ µ¡µ¨Ì ¶·¨¥³µ¢, ¶µ¸±µ²Ó±Ê ¢ ´¥° ¶·µÍ¥¸¸ ¢ÒÎ¨¸²¥´¨Ö
�ƒ-¸¨³³¥É·¨° ¤²Ö ·¥Ï¥´¨Ö ´¥²µ± ²Ó´µ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° ¤µ¶µ²´Ö¥É¸Ö ¶·µ-
Í¥¤Ê·µ° ¶·µ¤µ²¦¥´¨Ö ´ °¤¥´´µ£µ �ƒ-µ¶¥· Éµ·  ´  ËÊ´±Í¨µ´ ² µÉ ·¥Ï¥-
´¨Ö Å ¶²µÉ´µ¸ÉÓ Î ¸É¨Í ¶² §³Ò Å ¸ Í¥²ÓÕ ¶µ²ÊÎ¥´¨Ö § ±µ´  ¥£µ ¨§³¥´¥´¨Ö.

�·¨ Ëµ·³Ê²¨·µ¢±¥ ¨ µ¡¸Ê¦¤¥´¨¨  ´ ²¨É¨Î¥¸±µ° Ëµ·³Ò ·¥§Ê²ÓÉ Éµ¢ ¸¤¥-
² ´  ±Í¥´É ´  ·µ²Ó ¨´¢ ·¨ ´Éµ¢ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì �ƒ-µ¶¥· Éµ·µ¢. �·µÖ¢²ÖÕ-
Ð¨¥¸Ö §¤¥¸Ó µ¡Ð¨¥ § ±µ´µ³¥·´µ¸É¨ · ¸¸³µÉ·¥´Ò ¢ ¶·¨²µ¦¥´¨¨ 2.

Œ É¥·¨ ²Ò · §¤. 3 ¸¢¨¤¥É¥²Ó¸É¢ÊÕÉ µ¡ Ê´¨¢¥·¸ ²Ó´µ¸É¨ ³¥Éµ¤  ·¥´µ·³-
£·Ê¶¶µ¢ÒÌ ¸¨³³¥É·¨°. �µÔÉµ³Ê µ´¨ ¶µ§¢µ²ÖÕÉ · ¸¸Î¨ÉÒ¢ ÉÓ ´  ¤ ²Ó´¥°Ï¥¥
· ¸Ï¨·¥´¨¥ ±² ¸¸  § ¤ Î, ¶µ¤¤ ÕÐ¨Ì¸Ö ¨¸¸²¥¤µ¢ ´¨Õ ¸ ¶µ³µÐÓÕ ³¥Éµ¤ 
�ƒ‘, ´  ´µ¢Ò¥ µ¡Ñ¥±ÉÒ, ¤²Ö ±µÉµ·ÒÌ ¥£µ ¶·¨³¥´¥´¨¥ ¶µ±  ´¥ Ö¢²Ö¥É¸Ö ¸É ´-
¤ ·É´µ° ¶·µÍ¥¤Ê·µ°. ‡¤¥¸Ó ¨³¥ÕÉ¸Ö ¢ ¢¨¤Ê ¡¥¸±µ´¥Î´Ò¥ ¸¨¸É¥³Ò § Í¥¶²ÖÕ-
Ð¨Ì¸Ö ¨´É¥£·µ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ¶µ¤µ¡´Ò¥ ¸¨¸É¥³ ³ ¤²Ö ±µ·-
·¥²ÖÍ¨µ´´ÒÌ ËÊ´±Í¨° ¸É É¨¸É¨Î¥¸±µ° Ë¨§¨±¨ ¨ ¸¨¸É¥³ ³ Ê· ¢´¥´¨° ¤²Ö
µ¡µ¡Ð¥´´ÒÌ ËÊ´±Í¨° ƒ·¨´  Å ¶·µ¶ £ Éµ·µ¢ ¨ ¢¥·Ï¨´´ÒÌ ËÊ´±Í¨° Å ¢
±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö.

� ¡µÉ  ¶µ¤¤¥·¦ ´  £· ´É ³¨ �””ˆ º 02-01-00185 ¨ 03-02-16428,
£· ´Éµ³ �˜-2339.2003.2 ¨ £· ´É ³¨ INTAS 2001-0233; 2001-0572.

��ˆ‹�†…�ˆ… 1

�¸´µ¢Ê ÔÉµ£µ ¶·¨²µ¦¥´¨Ö ¸µ¸É ¢²ÖÕÉ ³ É¥·¨ ²Ò ¨¸¸²¥¤µ¢ ´¨° ¶µ ¶·¨-
³¥´¥´¨Õ �ƒ-¸¨³³¥É·¨° ± § ¤ Î ³ ±¨´¥É¨Î¥¸±µ° É¥µ·¨¨ ¶² §³Ò, µ¶Ê¡²¨±µ-
¢ ´´Ò¥ ¢ [2,55,73Ä76,78,88,90].
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1. ‘¨³³¥É·¨¨ Ê· ¢´¥´¨Ö ‚² ¸µ¢ ÄŒ ±¸¢¥²² . ‚ ÔÉµ³ ¶Ê´±É¥ ¶·¨²µ¦¥-
´¨Ö ¶µ¤·µ¡´µ ¨²²Õ¸É·¨·Ê¥É¸Ö ¢Éµ·µ° Ï £ µ¡Ð¥° ¸Ì¥³Ò ¶µ¸É·µ¥´¨Ö �ƒ‘ ´ 
¶·¨³¥·¥ ¢ÒÎ¨¸²¥´¨Ö £·Ê¶¶Ò ¸¨³³¥É·¨¨ ¤²Ö ¸¨¸É¥³Ò ˆ„“, ±µÉµ·Ò¥ µ¶·¥¤¥-
²ÖÕÉ Ô¢µ²ÕÍ¨Õ ¡¥¸¸Éµ²±´µ¢¨É¥²Ó´µ° ¶² §³Ò. Œ ±·µ¸±µ¶¨Î¥¸±µ¥ ¸µ¸ÉµÖ´¨¥
Î ¸É¨Í ¶² §³Ò § ¤ ¥É¸Ö ËÊ´±Í¨Ö³¨ · ¸¶·¥¤¥²¥´¨Ö fα (¸¢µ¥° ¤²Ö ± ¦¤µ£µ
¸µ·É  Î ¸É¨Í ¶² §³Ò), § ¢¨¸ÖÐ¨³¨ µÉ ¢·¥³¥´¨ t, · ¤¨Ê¸ -¢¥±Éµ·  r Î ¸É¨ÍÒ
¢ ±µµ·¤¨´ É´µ³ ¶·µ¸É· ´¸É¢¥ ¨ ¸±µ·µ¸É¨ Î ¸É¨ÍÒ v. �¢µ²ÕÍ¨Ö ËÊ´±Í¨°
· ¸¶·¥¤¥²¥´¨Ö µ¶¨¸Ò¢ ¥É¸Ö ±¨´¥É¨Î¥¸±¨³¨ Ê· ¢´¥´¨Ö³¨ ‚² ¸µ¢  [81], ¶·¨
ÔÉµ³ § Î ¸ÉÊÕ Ê¤µ¡´¥¥ ¨¸¶µ²Ó§µ¢ ÉÓ ´¥ ¸É ´¤ ·É´Ò¥ Ê· ¢´¥´¨Ö ‚² ¸µ¢  ¸ Ô°-
²¥·µ¢µ° ¸±µ·µ¸ÉÓÕ v,   ¨Ì £¨¤·µ¤¨´ ³¨Î¥¸±¨°  ´ ²µ£ [82Ä84] ¸ ² £· ´¦¥¢µ°
¸±µ·µ¸ÉÓÕ w.

�·¨ ¶¥·¥Ìµ¤¥ ± ² £· ´¦¥¢µ° Ëµ·³Ê²¨·µ¢±¥ ¢³¥¸Éµ Ô°²¥·µ¢µ° ¸±µ·µ¸É¨ v
¨ ¨³¶Ê²Ó¸  p ¤²Ö ± ¦¤µ£µ ¸µ·É  Î ¸É¨Í ¢¢µ¤ÖÉ¸Ö ¤¢¥ ¢¥±Éµ·´Ò¥ ËÊ´±Í¨¨ Å
¸±µ·µ¸ÉÓ Vα(t, r, q) ¨ ¨³¶Ê²Ó¸ Pα(t, r, q), § ¢¨¸ÖÐ¨¥ µÉ ² £· ´¦¥¢  ¨³¶Ê²Ó¸ 
q ¨ Ô°²¥·µ¢ÒÌ ±µµ·¤¨´ ÉÒ r ¨ ¢·¥³¥´¨ t ¨ ¸¢Ö§ ´´Ò¥ ¸ v ¨ p ¸µµÉ´µÏ¥´¨Ö³¨

v = Vα(q, r, t), p = Pα(q, r, t),

Vα = c2Pα(m2c4 + c2(Pα)2)−1/2.

(86)

‚¨¤ § ³¥´Ò (86) ¢Ò¡¨· ¥É¸Ö É ±¨³ µ¡· §µ³, ÎÉµ ¶µ²ÊÎ ÕÐ¨¥¸Ö ¢ ·¥§Ê²Ó-
É É¥ Ê· ¢´¥´¨Ö ¤²Ö ² £· ´¦¥¢ÒÌ ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ± ¦¤µ£µ
¸µ·É  ´¥ ¸µ¤¥·¦ É ¶·µ¨§¢µ¤´µ° ÔÉ¨Ì ËÊ´±Í¨° ¶µ ² £· ´¦¥¢Ê
¨³¶Ê²Ó¸Ê q.

’ ± Ö (² £· ´¦¥¢ ) Ëµ·³Ê²¨·µ¢±  ±¨´¥É¨Î¥¸±µ£µ µ¶¨¸ ´¨Ö ¶² §³Ò ¸¢µ-
¤¨É¸Ö ± Ê· ¢´¥´¨Ö³ £¨¤·µ¤¨´ ³¨Î¥¸±µ£µ É¨¶  ¤²Ö ¶²µÉ´µ¸É¨ Nα(t, r, w) ¨
¸±µ·µ¸É¨ Vα(t, r, w), ±µÉµ·Ò¥ § ¢¨¸ÖÉ µÉ t, r ¨ w:

Nα
t + div (NαVα) = 0,

Vα
t + (Vα∇)Vα =

=
eα

mα

√
1 −

(
Vα

c

)2{
E +

1
c

[Vα, B] − 1
c2

Vα (Vα, E)
}

.

(87)

‡¤¥¸Ó ¨´¤¥±¸ α Ê± §Ò¢ ¥É ´  ¸µ·É Î ¸É¨Í ¶² §³Ò (¸ § ·Ö¤µ³ eα ¨ ³ ¸¸µ°
mα), ¤¢¨¦ÊÐ¨Ì¸Ö ¢ ¸ ³µ¸µ£² ¸µ¢ ´´µ³ Ô²¥±É·µ³ £´¨É´µ³ ¶µ²¥, ¢¥±Éµ·Ò ´ -
¶·Ö¦¥´´µ¸É¨ E ¨ B ±µÉµ·µ£µ ¶µ¤Î¨´ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³ Œ ±¸¢¥²² 

Bt + c rot E = 0; div E = 4πρ;

Et − c rot B + 4πj = 0; div B = 0.
(88)
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�²µÉ´µ¸É¨ § ·Ö¤  ρ ¨ Éµ±  j, ¢ ¸¢µÕ µÎ¥·¥¤Ó, µ¶·¥¤¥²ÖÕÉ¸Ö ¤¢¨¦¥´¨Ö³¨
Î ¸É¨Í ¶² §³Ò:

ρ =
∑
α

eαm3
α

∫
dwNα(γ)5,

j =
∑
α

eαm3
α

∫
dw NαVα(γ)5, γ =

1√
1 − (w/c)2

.

(89)

�µ¸±µ²Ó±Ê ² £· ´¦¥¢Ò ¶²µÉ´µ¸ÉÓ ¨ ¸±µ·µ¸ÉÓ Î ¸É¨Í ¢¸¥Ì ¸µ·Éµ¢ · ¸¸³ É·¨-
¢ ÕÉ¸Ö ¢ ¥¤¨´µ³ Ë §µ¢µ³ ¶·µ¸É· ´¸É¢¥, § ¤ ¢ ¥³µ³ ¶¥·¥³¥´´Ò³¨ {t, r, w}, Éµ
¢ ³ É¥·¨ ²Ó´ÒÌ Ê· ¢´¥´¨ÖÌ (89) ¶·¨ ¶¥·¥Ìµ¤¥ µÉ ¨´É¥£·¨·µ¢ ´¨Ö ¶µ É·¥Ì-
³¥·´µ³Ê ² £· ´¦¥¢Ê ¨³¶Ê²Ó¸Ê ± ¨´É¥£·¨·µ¢ ´¨Õ ¶µ É·¥Ì³¥·´µ° ¸±µ·µ¸É¨
¢µ§´¨± ¥É ¤µ¶µ²´¨É¥²Ó´Ò° ³´µ¦¨É¥²Ó, ¶·µ¶µ·Í¨µ´ ²Ó´Ò° ¶ÖÉµ° ¸É¥¶¥´¨ ·¥-
²ÖÉ¨¢¨¸É¸±µ£µ Ë ±Éµ·  γ.

• · ±É¥·´µ, ÎÉµ Ê· ¢´¥´¨Ö (87) ´¥ ¸µ¤¥·¦ É ¢ Ö¢´µ³ ¢¨¤¥ ² £· ´¦¥¢Ê ¸±µ-
·µ¸ÉÓ w (¨²¨ ² £· ´¦¥¢ ¨³¶Ê²Ó¸ q). „²Ö µÉÒ¸± ´¨Ö ÔÉµ° § ¢¨¸¨³µ¸É¨ ¸²¥¤Ê¥É
·¥Ï ÉÓ ÔÉ¨ Ê· ¢´¥´¨Ö ¸ ®´ Î ²Ó´Ò³¨¯ Ê¸²µ¢¨Ö³¨ Vα = w, Nα = Nα

0 (t0, r, w),
±µÉµ·Ò¥ ¢Ò¶µ²´ÖÕÉ¸Ö ¶·¨ ´Ê²¥¢µ³ §´ Î¥´¨¨ Ô²¥±É·¨Î¥¸±µ£µ ¨ ³ £´¨É´µ£µ ¶µ-
²¥° E = B = 0 ¨ ¶·¨ t = t0. ‚ Î ¸É´µ¸É¨, ¢ µ¤´µ·µ¤´µ° ¶² §³¥ ®´ Î ²Ó´Ò¥¯
Ê¸²µ¢¨Ö ¤²Ö ¶²µÉ´µ¸É¨ Nα ¶·¨´¨³ ÕÉ ¢¨¤ Nα

0 = nα0f
α
0 (q), £¤¥ ¶µ¸ÉµÖ´´ Ö

¢µ ¢·¥³¥´¨ ¨ µ¤´µ·µ¤´ Ö ¢ ¶·µ¸É· ´¸É¢¥ ËÊ´±Í¨Ö fα
0 (q) ² £· ´¦¥¢  ¨³¶Ê²Ó¸ 

¸µ¢¶ ¤ ¥É ¸ ËÊ´±Í¨¥° fα
0 (p) Ô°²¥·µ¢  ¨³¶Ê²Ó¸  p.

‡´ ´¨¥ § ¢¨¸¨³µ¸É¨ ¶²µÉ´µ¸É¨ Nα(t, r, w) ¨ ¸±µ·µ¸É¨ Vα(t, r, w) µÉ ² -
£· ´¦¥¢  ¨³¶Ê²Ó¸  ¶µ§¢µ²Ö¥É ¢µ¸¸É ´µ¢¨ÉÓ ¢¨¤ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö Î -
¸É¨Í ¸ ¶µ³µÐÓÕ ¸µµÉ´µÏ¥´¨° (¨´¤¥±¸ ¸µ·É  Î ¸É¨Í ¢ ÔÉ¨Ì Ëµ·³Ê² Ì µ¶Ê-
Ð¥´)

N(t, r, q) = f
(
p = P(q, r, t), r, t

)
det

(
∂Pi

∂qj

)
,

v = c2p(m2c4 + c2p2)−1/2, (90)

w = c2q(m2c4 + c2q2)−1/2, V = c2P(m2c4 + c2P2)−1/2.

‘¨¸É¥³  Ê· ¢´¥´¨° (87)Ä(89) ¶·¥¤¸É ¢²Ö¥É ² £· ´¦¥¢Ê Ëµ·³Ê²¨·µ¢±Ê [82Ä84]
¨§¢¥¸É´ÒÌ Ê· ¢´¥´¨° ‚² ¸µ¢ -Œ ±¸¢¥²²  [85], ¢ ±µÉµ·ÒÌ (89) ¨£· ÕÉ ·µ²Ó ´¥-
²µ± ²Ó´ÒÌ ³ É¥·¨ ²Ó´ÒÌ ¸µµÉ´µÏ¥´¨°. ˆÌ ´ ²¨Î¨¥ Ö¢²Ö¥É¸Ö µ¸´µ¢´Ò³ ¶·¥-
¶ÖÉ¸É¢¨¥³ ´  ¶ÊÉ¨ ´ Ìµ¦¤¥´¨Ö £·Ê¶¶Ò ¸¨³³¥É·¨¨ ¤²Ö ¸¨¸É¥³Ò (87)Ä(89) ¸
¶µ³µÐÓÕ ¸É ´¤ ·É´µ£µ  ²£µ·¨É³  ‹¨. �¤´ ±µ ¨§²µ¦¥´´Ò° ¢ ¶. 2.2 ¸¶µ¸µ¡
¤ ¥É ¶·Ö³µ° ³¥Éµ¤ ¢ÒÎ¨¸²¥´¨Ö ¸¨³³¥É·¨° ¤²Ö ¸¨¸É¥³Ò ‚² ¸µ¢ ÄŒ ±¸¢¥²² ,
¶·¥¤¸É ¢²¥´´µ° ¢ ¢¨¤¥ (87)Ä(89).
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ˆ´Ë¨´¨É¥§¨³ ²Ó´Ò° µ¶¥· Éµ· ¤µ¶Ê¸± ¥³µ° ²µ± ²Ó´µ° £·Ê¶¶Ò ÉµÎ¥Î´ÒÌ
µ¤´µ¶ · ³¥É·¨Î¥¸±¨Ì ¶·¥µ¡· §µ¢ ´¨° § ¶¨Ï¥³ ¢ ¸É ´¤ ·É´µ° Ëµ·³¥

X = ξ1∂t + ξ2∂r + ξ3∂w +
∑
α

η1 α∂Nα+

+
∑

α

η2 α∂Vα + η3∂E + η4∂B + η5∂j + η6∂ρ, (91)

£¤¥ ±µµ·¤¨´ ÉÒ ξi ¨ ηk § ¢¨¸ÖÉ µÉ t, r, w, Nα, Vα, E, B, j ¨ ρ. ‚ ± ´µ´¨Î¥¸±µ°
Ëµ·³¥ ÔÉµÉ µ¶¥· Éµ· ¶·¨´¨³ ¥É ¢¨¤

Y =
∑
α

κ
1 α∂Nα + −→

κ
2α

∂Vα + −→
κ

3
∂E + −→

κ
4
∂B + −→

κ
5
∂j + κ

6∂ρ, (92)

κ
1 α = η1 α −DNα, −→

κ
2α = η2α −DVα,

−→
κ

3 = η3 −DE, −→
κ

4 = η4 −DB,

−→
κ

5 = η5 −Dj, κ
6 = η6 −Dρ, D ≡ ξ1∂t − (ξ2∇r) − (ξ3∇w).

�²µÉ´µ¸É¨ Éµ±  ¨ § ·Ö¤  ¢ (89) Ö¢²ÖÕÉ¸Ö ³µ³¥´É ³¨ ËÊ´±Í¨° Nα ¨ Vα ¨,
É ± ¦¥ ± ± ¨ µ¶·¥¤¥²Ö¥³Ò¥ ¨³¨ ¢ Ê· ¢´¥´¨ÖÌ Œ ±¸¢¥²²  (88) Ô²¥±É·¨Î¥¸±¨¥
¨ ³ £´¨É´Ò¥ ¶µ²Ö, ´¥ § ¢¨¸ÖÉ µÉ ¸±µ·µ¸É¨ Î ¸É¨Í ¶² §³Ò, ÎÉµ ¶·¨¢µ¤¨É ±
¤µ¶µ²´¨É¥²Ó´Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ ¸¢Ö§Ö³

Ew = 0; Bw = 0; jw = 0; ρw = 0, (93)

µÎ¥¢¨¤´Ò³ ¸ Ë¨§¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö, ´µ ¸ÊÐ¥¸É¢¥´´Ò³ ¤²Ö µÉÒ¸± ´¨Ö ¸¨³-
³¥É·¨° Ê· ¢´¥´¨° ‚² ¸µ¢ ÄŒ ±¸¢¥²² .

�·¨³¥´¥´¨¥ ± ´µ´¨Î¥¸±µ£µ µ¶¥· Éµ·  (92) ± µ¡Ñ¥¤¨´¥´´µ° ¸¨¸É¥³¥ ¨¸-
Ìµ¤´ÒÌ Ê· ¢´¥´¨° (87)Ä(89) ¨ (93) ¤ ¥É ¸¨¸É¥³Ê �“

Dt

(
κ

1 α
)

+ (Vα, Dr) κ
1 α + Nα

(
Dr,

−→
κ

2α
)

= 0,

Dt(−→κ 2α) + (Vα, Dr)−→κ 2α
+ (−→κ 2α

,∇)Vα =

=
eα

mα

√
1 −

(
Vα

c

)2{
−→
κ

3 +
1
c
([Vα,−→κ 4] + [−→κ 2α

, B])−

− 1
c2

(−→κ 2α(Vα, E) + Vα((−→κ 2α
, E) + (Vα,−→κ 2α)))

}
− eα

mα

(Vα,−→κ 2α)
c2

×

×
(

1 −
(

Vα

c

)2
)−1/2 {

E +
1
c
[Vα, B] − 1

c2
Vα(Vα, E)

}
; (94)
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c
[
Dr,

−→
κ

3
]

+ Dt

(−→
κ

4
)

= 0; c
[
Dr,

−→
κ

4
]
− Dt

(−→
κ

3
)

= 4π−→κ 5;(
Dr,

−→
κ

3
)

= 4πκ
6;

(
Dr,

−→
κ

4
)

= 0;

Dw

(−→
κ

3,4,5
)

= 0, Dw
(
κ

6
)

= 0;

κ
6 −

∑
α

eαm4
α

∫
dw(γ)5κ

1α = 0,

−→
κ

5 −
∑
α

eαm3
α

∫
dw(γ)5(κ1αVα + −→

κ
2α

Nα) = 0,

(95)

±µÉµ·ÊÕ ¸²¥¤Ê¥É ·¥Ï ÉÓ ¸ ÊÎ¥Éµ³ ¶µ²´µ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° (87)Ä(89), (93)
¨ ¢¸¥Ì ¨Ì ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¸²¥¤¸É¢¨°. ‡¤¥¸Ó, ± ± ¨ ¢ ¶. 2.2, ¨¸¶µ²Ó§Ê¥É¸Ö
¸¨³¢µ² (6) µ¶¥· Éµ·  ¶µ²´µ£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨Ö D ¶µ ¸µµÉ¢¥É¸É¢ÊÕÐ¥°
(¸± ²Ö·´µ° ¨²¨ ¢¥±Éµ·´µ°) ¶¥·¥³¥´´µ°, Ë¨£Ê·¨·ÊÕÐ¥° ¢ ± Î¥¸É¢¥ ¥£µ ¨´-
¤¥±¸ ,   ±·Ê£²Ò¥ ¨ ±¢ ¤· É´Ò¥ ¸±µ¡±¨ Ö¢²ÖÕÉ¸Ö ¸É ´¤ ·É´Ò³ µ¡µ§´ Î¥´¨¥³
¸± ²Ö·´µ£µ ¨ ¢¥±Éµ·´µ£µ ¶·µ¨§¢¥¤¥´¨°.

�·¨ ·¥Ï¥´¨¨ �“ (94)Ä(95) £·Ê¶¶µ¢Ò¥ ¶¥·¥³¥´´Ò¥

Nα, Nα
r , Nα

w , Vα, Vα
r , Vα

w ,

∫
dv(γ)5Nα,

∫
dv(γ)5Nα

r ,∫
dv(γ)5VαNα,

∫
dv(γ)5VαNα

r ,

∫
dv(γ)5Vα

r Nα, . . .

(96)

· ¸¸³ É·¨¢ ÕÉ¸Ö ± ± ´¥§ ¢¨¸¨³Ò¥. �Éµ ¶·¥¤¶µ²µ¦¥´¨¥ · §¤¥²Ö¥É �“ ´  ²µ-
± ²Ó´Ò¥ (94) ¨ ´¥²µ± ²Ó´Ò¥ (95) Ê· ¢´¥´¨Ö. ‹µ± ²Ó´Ò¥ �“ ·¥Ï ÕÉ¸Ö ¸É ´-
¤ ·É´Ò³ ¸¶µ¸µ¡µ³, ¸ ¶µ³µÐÓÕ ²¨¥¢¸±µ£µ ¢ÒÎ¨¸²¨É¥²Ó´µ£µ  ²£µ·¨É³  £·Ê¶¶µ-
¢µ£µ  ´ ²¨§ . „²Ö Ê¸±µ·¥´¨Ö ¢ÒÎ¨¸²¥´¨° ´  ÔÉµ³ ÔÉ ¶¥ ³µ¦´µ ¨¸¶µ²Ó§µ¢ ÉÓ
²Õ¡µ° ¨§ ¤µ¸ÉÊ¶´ÒÌ ¶ ±¥Éµ¢ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¸¨³³¥É·¨°, ¢Ìµ¤ÖÐ¨Ì ¢ µ¤´Ê ¨§
¸¨¸É¥³ ±µ³¶ÓÕÉ¥·´µ°  ²£¥¡·Ò. ’ ±, ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ ¶ ±¥É  DIMSYM ¢
¸¨¸É¥³¥ ±µ³¶ÓÕÉ¥·´µ°  ²£¥¡·Ò REDUCE ¤²Ö ·¥Ï¥´¨Ö ²µ± ²Ó´ÒÌ �“ ´  ¸µ-
¢·¥³¥´´µ³ ¶¥·¸µ´ ²Ó´µ³ ±µ³¶ÓÕÉ¥·¥ (Pentium-III, 750 ŒƒÍ) É·¥¡Ê¥É¸Ö ¢¸¥£µ
´¥¸±µ²Ó±µ ³¨´ÊÉ. � °¤¥´´Ò¥ É ±¨³ ¸¶µ¸µ¡µ³ ËÊ´±Í¨¨ ξ ¨ η

η1α = ((b, r) + Aα(w))Nα; η2α = bc2 − Vα(b, Vα) + [g, Vα];

η3 = −A2E + [g, E] − c[b, B]; η4 = −A2B + [g, B] + c[b, E];

η5 = −2A2j + [g, j] + c2bρ; η6 = −2A2ρ + (b, j); (97)

ξ1 = A0 + A2t + (b, r);

ξ2 = A1 + c2bt + [g, r] + A2r; ξ3 = ξ(w),

µ¶·¥¤¥²ÖÕÉ ¶·µ³¥¦ÊÉµÎ´ÊÕ (¸³. ¶. 2.2) ¸¨³³¥É·¨Õ (¸·. ¸ [87,88]). ‡¤¥¸Ó A0,
A1, A2, b ¨ g Å ¶·µ¨§¢µ²Ó´Ò¥ ¸± ²Ö·´Ò¥ ¨ ¢¥±Éµ·´Ò¥ ¶µ¸ÉµÖ´´Ò¥, Aα(w) ¨
ξ(w) Å ¶·µ¨§¢µ²Ó´Ò¥ ËÊ´±Í¨¨ ¸¢µ¨Ì  ·£Ê³¥´Éµ¢.
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�¡· É¨³¸Ö ± ·¥Ï¥´¨Õ ´¥²µ± ²Ó´ÒÌ �“ (95), ±µÉµ·Ò¥ ¶¥·¥¶¨Ï¥³ ¢ ¢¨¤¥,
Ö¢´µ ¸µ¤¥·¦ Ð¥³ ¶·µ¨§¢µ¤´Ò¥

η6 −Dρ =
∑

α

eαm3
α

∫
dw(γ)5

(
η1α −DNα

)
,

D ≡ ξ1∂t − (ξ2∇r) − (ξ3∇w),

η5 −Dj =
∑
α

eαm3
α

∫
dw(γ)5(Vα(η1α −DNα) + Nα(η2α −DVα)).

(98)

Š ± ¨ ²µ± ²Ó´Ò¥ �“, ¶µ¸²¥¤´¨¥ ¸²¥¤Ê¥É ·¥Ï ÉÓ ¸ ÊÎ¥Éµ³ ¨¸Ìµ¤´ÒÌ ¸µµÉ´µ-
Ï¥´¨° (87)Ä(89). ’µ£¤ , ¢ÒÎ¨¸²ÖÖ ¶·µ¨§¢µ¤´Ò¥ Nα

t , Vα
t , ρt ¨ jt ¨§ ¨¸Ìµ¤´ÒÌ

Ê· ¢´¥´¨° (87)Ä(89) ¨ ¢¸É ¢²ÖÖ ¨Ì ¢ ¶¥·¢µ¥ ¨§ Ê· ¢´¥´¨° (98) ¶·¨ µ¤´µ¢·¥-
³¥´´µ³ ÊÎ¥É¥ Ö¢´ÒÌ ¢Ò· ¦¥´¨° ¤²Ö ±µµ·¤¨´ É (97), ¶·¨Ìµ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê
´¥²µ± ²Ó´µ³Ê �“:

∫
dw γ5

[∑
α

eαm3
αNα

(
Aα + 2A2 + 5

(w, ξ)
c2

γ2 + (∇w, ξ)
)]

= 0. (99)

�·¨ ¶µ²ÊÎ¥´¨¨ ÔÉµ£µ ¸µµÉ´µÏ¥´¨Ö ¶·¥¤¶µ² £ ²µ¸Ó, ÎÉµ ¶·µ¨§¢¥¤¥´¨¥ γ5Nαξ
µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ´  ±µ´Í Ì ¨´É¥·¢ ²  ¨´É¥£·¨·µ¢ ´¨Ö ¶µ ¸±µ·µ¸É¨ w. Š ±
²Õ¡µ¥ �“, ¸µµÉ´µÏ¥´¨¥ (99) Ö¢²Ö¥É¸Ö Éµ¦¤¥¸É¢µ³ ¶µ ¢¸¥³ £·Ê¶¶µ¢Ò³ ¶¥-
·¥³¥´´Ò³, ±µÉµ·Ò¥ ¢ ´¥³ ¨³¥ÕÉ¸Ö, ¨ ¥£µ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥ ¶µ ²Õ¡µ° ¨§
´¨Ì Éµ¦¥ ¤ ¥É · ¢¥´¸É¢µ ´Ê²Õ. ‘²¥¤µ¢ É¥²Ó´µ, ´¥²µ± ²Ó´µ¥ �“ (99) ³µ¦´µ
· ¸Ð¥¶¨ÉÓ ¶µ µÉ´µÏ¥´¨Õ ± ´¥§ ¢¨¸¨³µ° £·Ê¶¶µ¢µ° ¶¥·¥³¥´´µ° Nα, ¨¸-
¶µ²Ó§ÊÖ ¢ ·¨ Í¨µ´´µ¥ ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥, É. ¥. ¤¥°¸É¢ÊÖ ´  ´¥£µ µ¶¥· Éµ-
·µ³ δ/δN(w′). ®�·µ´µ¸Ö¯ ¢ ·¨ Í¨µ´´ÊÕ ¶·µ¨§¢µ¤´ÊÕ δ/δN(w′) ¶µ¤ §´ ±
¨´É¥£· ² :

∫
dw γ5

[∑
α

eαm3
α

(
Aα + 2A2 + 5

(w, ξ)
c2

γ2 + (∇w, ξ)
)]

δNα(w)
δNα(w′)

= 0

¨ ¸´¨³ Ö ¨´É¥£·¨·µ¢ ´¨¥ ¶µ ¸±µ·µ¸É¨ w ¸ ¶µ³µÐÓÕ ¤¥²ÓÉ -ËÊ´±Í¨¨:
δN(w)/δN(w′) = δ(w − w′), ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥ ¤²Ö Aα:

Aα = −2A2 − 5
(w, ξ)

c2
γ2 − (∇w, ξ). (100)

�¥Ï¥´¨¥ ¢Éµ·µ£µ ´¥²µ± ²Ó´µ£µ �“ ¤ ¥É ÉµÉ ¦¥ ¸ ³Ò° ·¥§Ê²ÓÉ É.
”µ·³Ê²Ò (97) ¨ (100) ¶µ²´µ¸ÉÓÕ µ¶·¥¤¥²ÖÕÉ ´¥¶·¥·Ò¢´ÊÕ ÉµÎ¥Î´ÊÕ

£·Ê¶¶Ê ‹¨ Ê· ¢´¥´¨° ‚² ¸µ¢ ÄŒ ±¸¢¥²²  (¸ ² £· ´¦¥¢µ° ¸±µ·µ¸ÉÓÕ), ±µÉµ-
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·ÊÕ ³Ò ¶·¥¤¸É ¢¨³ ¢ ´¥± ´µ´¨Î¥¸±µ³ ¢¨¤¥ (¸·. ¸ [55,88])

P0 = i∂t ; P = i∂r;

B = r∂t + c2t∂r − c [B, ∂E] + c [E, ∂B] + c2ρ∂j + j∂ρ+

+
∑
α

(NαVα∂Nα + c2∂Vα − Vα(Vα, ∂Vα));

R = [r, ∂r] + [Vα, ∂Vα ] + [E, ∂E] + [B, ∂B] + [j, ∂j];

D = t∂t + r∂r − 2
∑
α

Nα∂Nα − E∂E − B∂B − 2j∂j − 2ρ∂ρ;

X∞ = ξ∂w −
(

5
(w, ξ)

c2
γ2 + (∇w, ξ)

)∑
α

Nα∂Nα .

(101)

‚Ìµ¤ÖÐ¨¥ ¢ (101) µ¶¥· Éµ·Ò ¨³¥ÕÉ ¶·µ¸Éµ° Ë¨§¨Î¥¸±¨° ¸³Ò¸²: Pµ = (P0, P),
£¤¥ µ = 0, 1, 2, 3, § ¤ ÕÉ ¶·¥µ¡· §µ¢ ´¨Ö ¶¥·¥´µ¸  ¶µ ¢·¥³¥´¨ ¨ É·¥³ ±µ³-
¶µ´¥´É ³ · ¤¨Ê¸ -¢¥±Éµ·  r, B µ¶·¥¤¥²Ö¥É ¶·¥µ¡· §µ¢ ´¨Ö ‹µ·¥´Í , ¸µ¸Éµ-
ÖÐ¨¥ ¨§ £¨¶¥·¡µ²¨Î¥¸±¨Ì ¶µ¢µ·µÉµ¢ (¡Ê¸Éµ¢) ¢ ¶²µ¸±µ¸ÉÖÌ {ct, r} ¨ {cρ, j},
¤·µ¡´µ-²¨´¥°´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¸±µ·µ¸É¨ Vα, ¶·¥µ¡· §µ¢ ´¨° ¶²µÉ´µ¸É¨
Nα ¨ ¶·¥µ¡· §µ¢ ´¨° ±µ³¶µ´¥´É 4-É¥´§µ·  Ô²¥±É·µ³ £´¨É´µ£µ ¶µ²Ö (¸³., ´ -
¶·¨³¥·, [86, § 24, 25]),   R § ¤ ¥É ±·Ê£µ¢Ò¥ ¶µ¢µ·µÉÒ. �É¨ ¤¥¸ÖÉÓ (¸± ²Ö·´ÒÌ)
µ¶¥· Éµ·µ¢ µÉ¢¥Î ÕÉ £·Ê¶¶¥ �Ê ´± ·¥∗ (¸·. ¸  ´ ²µ£¨Î´Ò³ ·¥§Ê²ÓÉ Éµ³ ¢ Ìµ-
²µ¤´µ° ¶² §³¥ [89]):

L10 = 〈P0,P,B,R〉.

‚ (101) µ´  ¤µ¶µ²´Ö¥É¸Ö µ¶¥· Éµ·µ³ D, § ¤ ÕÐ¨³ ¶·¥µ¡· §µ¢ ´¨Ö · ¸ÉÖ¦¥-
´¨°, ¨ µ¶¥· Éµ·µ³ ¡¥¸±µ´¥Î´µ° ¶µ¤£·Ê¶¶Ò X∞ (¸³. É ±¦¥ [90; 91, c. 98;
33, É. 2, c. 419], µ¶·¥¤¥²ÖÕÐ¨³ ¸µ£² ¸µ¢ ´´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö ² £· ´¦¥¢µ°
¸±µ·µ¸É¨ ¨ ¶²µÉ´µ¸É¨ Î ¸É¨Í ¶² §³Ò. ’ ±¨³ µ¡· §µ³, ¶·¨ Ê¸²µ¢¨¨ ¨´¢ ·¨-
 ´É´µ¸É¨ ¶ · ³¥É·µ¢ É¥µ·¨¨ eα, mα ¨ c ´¥¶·¥·Ò¢´ Ö ÉµÎ¥Î´ Ö £·Ê¶¶  ‹¨,
¤µ¶Ê¸± ¥³ Ö ¸¨¸É¥³µ° ‚² ¸µ¢ ÄŒ ±¸¢¥²²  ¸ ² £· ´¦¥¢µ° ¸±µ·µ¸ÉÓÕ, ¶·¥¤-
¸É ¢²¥´  11-³¥·´µ° ¶µ¤ ²£¥¡·µ°, § ¤ ´´µ°  ²£¥¡·µ° L10 £·Ê¶¶Ò �Ê ´± ·¥
¨ µ¤´µ³¥·´µ°  ²£¥¡·µ° ¸ µ¶¥· Éµ·µ³ · ¸ÉÖ¦¥´¨° D, ¨ ¡¥¸±µ´¥Î´µ³¥·´µ°
¶µ¤ ²£¥¡·µ° ¸ µ¶¥· Éµ·µ³ X∞.

‚ § ¢¥·Ï¥´¨¥ ¶·¨³¥·  ¶·¥¤¸É ¢¨³ ¶µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨Ö
¸¨³³¥É·¨¨ ¢ ¶·µ¸É· ´¸É¢¥ ¶¥·¥³¥´´ÒÌ ”Ê·Ó¥ ¤²Ö ËÊ´±Í¨°, ´¥ § ¢¨¸ÖÐ¨Ì µÉ
² £· ´¦¥¢µ° ¸±µ·µ¸É¨ w. ‘ ÉµÎ±¨ §·¥´¨Ö ¨¸Ìµ¤´µ£µ ¶·¥¤¸É ¢²¥´¨Ö § ¤ ´¨¥

∗— ¸Éµ ¤²Ö Ï¥¸É¨ µ¶¥· Éµ·µ¢, § ¤ ÕÐ¨Ì £¨¶¥·¡µ²¨Î¥¸±¨¥ ¨ ±·Ê£µ¢Ò¥ ¶µ¢µ·µÉÒ ¢ ¶²µ¸-
±µ¸ÉÖÌ (c2t, xk) ¨ (xj , xk) (j, k = 1, 2, 3; r = (x1, x2, x3)) ¸µµÉ¢¥É¸É¢¥´´µ, ¨¸¶µ²Ó§ÊÕÉ ¥¤¨-
´Ò¥ µ¡µ§´ Î¥´¨Ö ¢ ¢¨¤¥ µ¶¥· Éµ·µ¢ Mµν , £¤¥ M0k = iB0k ¨ Mjk = iRjk . ’·¨ µ¶¥· Éµ· 
(M23, M31, M12) Ö¢²ÖÕÉ¸Ö ±µ³¶µ´¥´É ³¨ ¢¥±Éµ·-µ¶¥· Éµ·  M = [r,P].
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¶·¥µ¡· §µ¢ ´¨Ö ”Ê·Ó¥, ´ ¶·¨³¥·, ¶²µÉ´µ¸É¨ § ·Ö¤ 

ρ̃(ω, k) =
∫

dt drρ(t, r) exp (iωt − ikr) (102)

Ô±¢¨¢ ²¥´É´µ ¢¢¥¤¥´¨Õ ´µ¢µ° ´¥²µ± ²Ó´µ° ¶¥·¥³¥´´µ°. „²Ö Éµ£µ ÎÉµ¡Ò ¢Ò-
¶µ²´¨ÉÓ µ¶¥· Í¨Õ ¶·µ¤µ²¦¥´¨Ö µ¶¥· Éµ·  ÉµÎ¥Î´µ° £·Ê¶¶Ò ‹¨ (91) ´  ´¥-
²µ± ²Ó´ÊÕ ¶¥·¥³¥´´ÊÕ, ¶¥·¥¶¨Ï¥³ ÔÉµÉ µ¶¥· Éµ· ¢ ± ´µ´¨Î¥¸±µ³ ¢¨¤¥ (92)
¨ Ëµ·³ ²Ó´µ ¶·µ¤µ²¦¨³ ¥£µ ´  ´¥²µ± ²Ó´ÊÕ ¶¥·¥³¥´´ÊÕ ρ̃(ω, k):

Ỹ ≡ Y + κ̃
6∂ρ̃. (103)

ˆ´É¥£· ²Ó´µ¥ ¸µµÉ´µÏ¥´¨¥ ³¥¦¤Ê κ
6 ¨ κ̃

6 ¶µ²ÊÎ ¥É¸Ö ¶·¨³¥´¥´¨¥³ µ¶¥· -
Éµ·  (103) ± Ê· ¢´¥´¨Õ (102). ‡¤¥¸Ó µ´µ · ¸¸³ É·¨¢ ¥É¸Ö ± ± µ¶·¥¤¥²¥´¨¥
¢¥²¨Î¨´Ò ρ̃ (± ± ¨ ¢ (18)):

κ̃
6 =

∫
dt dr κ

6 exp (iωt − ikr). (104)

�µ¤¸É ¢²ÖÖ κ
6 ¨§ (97), (100) ¢ (104) ¨ ¢ÒÎ¨¸²ÖÖ ¶µ²ÊÎ¥´´Ò¥ ¨´É¥£· ²Ò

(¨´É¥£·¨·ÊÖ ¶µ Î ¸ÉÖ³), ´ Ìµ¤¨³ ¨¸±µ³ÊÕ ±µµ·¤¨´ ÉÊ κ̃
6. � ¶·¨³¥·, ¤²Ö

µ¶¥· Éµ·  ¶¥·¥´µ¸  ¶µ ¢·¥³¥´¨ P0 ±µµ·¤¨´ É  κ
6 = −iρt ¶µ¸²¥ ¶µ¤¸É -

´µ¢±¨ ¢ (104) ¶·¨¢µ¤¨É ± ¢Ò· ¦¥´¨Õ κ̃
1e = −ωρ̃ ¤²Ö ±µµ·¤¨´ ÉÒ ¢ ËÊ·Ó¥-

¶¥·¥³¥´´ÒÌ. �µ¤µ¡´Ò³ µ¡· §µ³ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¨ µ¸É ²Ó´Ò¥ ±µµ·¤¨´ ÉÒ ± ´µ-
´¨Î¥¸±µ£µ µ¶¥· Éµ· . ‚¸É ¢²ÖÖ ÔÉ¨ ·¥§Ê²ÓÉ ÉÒ ¢ (103), ¸Ê¦ Ö £·Ê¶¶Ê ´  ¶¥·¥-
³¥´´Ò¥ ”Ê·Ó¥, ´¥ ¸µ¤¥·¦ Ð¨¥ § ¢¨¸¨³µ¸É¨ µÉ ² £· ´¦¥¢µ° ¸±µ·µ¸É¨ w (É. ¥.
µ¸É ¢²ÖÖ ¢ (103) ²¨ÏÓ ¢±² ¤Ò, µÉ¢¥É¸É¢¥´´Ò¥ §  ¶·¥µ¡· §µ¢ ´¨¥ ÔÉ¨Ì ¶¥·¥-
³¥´´ÒÌ ¢ ËÊ·Ó¥-¶·¥¤¸É ¢²¥´¨¨), ¨ ¢µ§¢· Ð Ö¸Ó ± ´¥± ´µ´¨Î¥¸±µ³Ê ¶·¥¤¸É -
¢²¥´¨Õ, ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨° ´ ¡µ· µ¶¥· Éµ·µ¢ ¤²Ö ÉµÎ¥Î´µ°
11-¶ · ³¥É·¨Î¥¸±µ° £·Ê¶¶Ò ‹¨ ¢ {ω, k}-¶·¥¤¸É ¢²¥´¨¨:

P̃0 = −ω(Ẽ∂Ẽ + B̃∂B̃ + j̃∂̃j + ρ̃∂ρ̃);

P̃ = k(Ẽ∂Ẽ + B̃∂B̃ + j̃∂̃j + ρ̃∂ρ̃);

B̃ = c2k∂ω + ω∂k − c
[
B̃, ∂Ẽ

]
+ c

[
Ẽ, ∂B̃

]
+ c2ρ̃∂̃j + j̃∂ρ̃; (105)

R̃ = [k, ∂k] +
[
Ẽ, ∂Ẽ

]
+

[
B̃, ∂B̃

]
+

[̃
j, ∂̃j

]
;

D̃ = −ω∂ω − k∂k + 3Ẽ∂Ẽ + 3B̃∂B̃ + 2̃j∂̃j + 2ρ̃∂ρ̃.

”µ·³Ê²Ò (105) ¤µ¶µ²´ÖÕÉ £·Ê¶¶Ê (101) ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ ¶·¥µ¡· §µ¢ ´¨Ö³¨
¢¥²¨Î¨´ ¢ ËÊ·Ó¥-¶·µ¸É· ´¸É¢¥. � ¶·¨³¥·, ¶·¥µ¡· §µ¢ ´¨Ö ‹µ·¥´Í  ¸ µ¶¥· -
Éµ·µ³ B ¤µ¶µ²´ÖÕÉ¸Ö £¨¶¥·¡µ²¨Î¥¸±¨³¨ ¶µ¢µ·µÉ ³¨ ¢ ¶²µ¸±µ¸ÉÖÌ {ω, ck}
¨ {cρ̃, j̃} ¨ ¶·¥µ¡· §µ¢ ´¨Ö³¨ 4-É¥´§µ·  ËÊ·Ó¥-±µ³¶µ´¥´É Ô²¥±É·µ³ £´¨É´µ£µ
¶µ²Ö.
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”µ·³Ê²Ò (101) ¨ (105) ·¥Ï ÕÉ § ¤ ÎÊ ¶µ¸É·µ¥´¨Ö £·Ê¶¶Ò ¸¨³³¥É·¨¨ ¤²Ö
Ê· ¢´¥´¨° ‚² ¸µ¢ ÄŒ ±¸¢¥²²  ¨ ¥¥ § ¶¨¸¨ ¢ ¶¥·¥³¥´´ÒÌ ”Ê·Ó¥,   ¶. 1 ¶·¨²µ-
¦¥´¨Ö 1 ¢ Í¥²µ³ Ö¢²Ö¥É¸Ö ¨²²Õ¸É· Í¨¥° ¢Éµ·µ£µ Ï £   ²£µ·¨É³  ¶µ¸É·µ¥´¨Ö
�ƒ‘.

2. �ƒ‘ ¢ § ¤ Î¥ ¶µ¸É·µ¥´¨Ö É¥´§µ·µ¢ �„� ¢ £µ·ÖÎ¥° ¶² §³¥. ‚ ÔÉµ³
¶Ê´±É¥ ¶·¨²µ¦¥´¨Ö ¤¥É ²¨§¨·Ê¥É¸Ö ¶·µÍ¥¤Ê·  ¶µ¸É·µ¥´¨Ö ³´µ£µ¨´¤¥±¸´µ£µ
É¥´§µ·  �„� £µ·ÖÎ¥° ¶² §³Ò ¨§ ¸µµÉ¢¥É¸É¢ÊÕÐ¥£µ ¢Ò· ¦¥´¨Ö ¤²Ö Ìµ²µ¤´µ°
¶² §³Ò. �µ¸±µ²Ó±Ê ÔÉ  ¶·µÍ¥¤Ê·  µ¤¨´ ±µ¢  ¤²Ö É¥´§µ·µ¢ ¶·µ´¨Í ¥³µ¸É¨
¶·µ¨§¢µ²Ó´µ£µ ¶µ·Ö¤± , Éµ ³Ò ¶·µ¨²²Õ¸É·¨·Ê¥³ ¥¥ ´  ¶·¨³¥·¥ ²¨´¥°´ÒÌ
¶µ ¸ ³µ¸µ£² ¸µ¢ ´´µ³Ê Ô²¥±É·¨Î¥¸±µ³Ê ¶µ²Õ E ³ É¥·¨ ²Ó´ÒÌ ¸µµÉ´µÏ¥´¨°
¢ ´¥·¥²ÖÉ¨¢¨¸É¸±µ° ¶² §³¥. ‚ Ìµ²µ¤´µ° ¶² §³¥ ËÊ·Ó¥-±µ³¶µ´¥´ÉÒ ²¨´¥°-
´ÒÌ ¶µ ¶µ²Õ Ẽ(ω, k) ¶ ·Í¨ ²Ó´ÒÌ ¶²µÉ´µ¸É¥° Éµ±  ̃(1)(ω, k, 0) ¨ § ·Ö¤ 
�̃(1)(ω, k, 0) ¶µ²ÊÎ ÕÉ¸Ö ²¨´¥ ·¨§ Í¨¥° Ê· ¢´¥´¨° (69), (70) ´  Ëµ´¥ µ¤´µ-
·µ¤´µ° ¨ · ¢´µ¢¥¸´µ° ¶²µÉ´µ¸É¨ Ô²¥±É·µ´µ¢ ne0 ¨ µ¶·¥¤¥²¥´Ò Ìµ·µÏµ ¨§-
¢¥¸É´Ò³¨ ¸µµÉ´µÏ¥´¨Ö³¨

̃(1)(ω, k, 0) = i
e2ne0

mω
Ẽ; �̃(1)(ω, k, 0) = i

e2ne0

mω2
(kẼ). (106)

ˆÌ ¨¸¶µ²Ó§µ¢ ´¨¥ ¢ (64) ¤ ¥É ¸± ²Ö·´ÊÕ ¤¨Ô²¥±É·¨Î¥¸±ÊÕ ¶·µ´¨Í ¥³µ¸ÉÓ Ìµ-
²µ¤´µ° µ¤´µ·µ¤´µ° ´¥·¥²ÖÉ¨¢¨¸É¸±µ° ¶² §³Ò, ¢Ò· ¦¥´¨¥ ¤²Ö ±µÉµ·µ° ¤ ¥É¸Ö
Ëµ·³Ê²µ° (74) ¢ µ¸´µ¢´µ° Î ¸É¨ É¥±¸É . ‚Ò· ¦¥´¨Ö (106) µ¶·¥¤¥²ÖÕÉ ´Ê²¥-
¢Ò¥ Î²¥´Ò · §²µ¦¥´¨Ö ¶ ·Í¨ ²Ó´µ° ¶²µÉ´µ¸É¨ Éµ±  ̃(l)(ω, k, w) ¶µ ¸É¥¶¥´Ö³
¸±µ·µ¸É¨ Î ¸É¨Í ¶² §³Ò w. „²Ö ¶µ²ÊÎ¥´¨Ö ¸²¥¤ÊÕÐ¨Ì ¸² £ ¥³ÒÌ ÔÉµ£µ ·Ö¤ 
¸²¥¤Ê¥É ¨¸Ìµ¤¨ÉÓ ¨§ ±¨´¥É¨Î¥¸±µ£µ µ¶¨¸ ´¨Ö ¶² §³Ò, ¤²Ö Î¥£µ Ê¤µ¡´µ ¨¸¶µ²Ó-
§µ¢ ÉÓ ´¥ Ê· ¢´¥´¨Ö ‚² ¸µ¢  (67) ¸ Ô°²¥·µ¢µ° ¸±µ·µ¸ÉÓÕ v,   ´¥·¥²ÖÉ¨¢¨¸É-
¸±¨° £¨¤·µ¤¨´ ³¨Î¥¸±¨°  ´ ²µ£ (87) Ê· ¢´¥´¨° ‚² ¸µ¢  ¸ ² £· ´¦¥¢µ° ¸±µ-
·µ¸ÉÓÕ w ¨ · ¢´µ¢¥¸´µ° ËÊ´±Í¨¥° · ¸¶·¥¤¥²¥´¨Ö f0(w). ’ ± Ö (² £· ´¦¥¢ )
Ëµ·³Ê²¨·µ¢±  ±¨´¥É¨Î¥¸±µ£µ µ¶¨¸ ´¨Ö ¶² §³Ò ¸¢µ¤¨É¸Ö ± ´¥·¥²ÖÉ¨¢¨¸É¸±µ³Ê
¶·¥¤¥²Ê Ê· ¢´¥´¨° (87), ¸µ¢¶ ¤ ÕÐ¥³Ê ¶µ Ëµ·³¥ ¸ (69), ¸ Éµ°, µ¤´ ±µ, ¸Ê-
Ð¥¸É¢¥´´µ° · §´¨Í¥°, ÎÉµ ¢ µÉ²¨Î¨¥ µÉ (69) ¶²µÉ´µ¸ÉÓ N(t, r, w) ¨ ¸±µ·µ¸ÉÓ
V(t, r, w) É¥¶¥·Ó § ¢¨¸ÖÉ É ±¦¥ ¨ µÉ ² £· ´¦¥¢µ° ¸±µ·µ¸É¨ ¨ ¢ µ¤´µ·µ¤´µ³
´¥¢µ§³ÊÐ¥´´µ³ ¸µ¸ÉµÖ´¨¨ ¶² §³Ò ¶µ¤Î¨´ÖÕÉ¸Ö ®´ Î ²Ó´Ò³¯ Ê¸²µ¢¨Ö³ ¶·¨
t = t0 = −∞:

N(t0, r, w) = ne0f0(w), V(t0, r, w) = w;

E(t0, r) = B(t0, r) = 0,

∫
dw f0 = 1.

(107)

‚ ´¥·¥²ÖÉ¨¢¨¸É¸±µ³ ¶·¥¤¥²¥ ³ É¥·¨ ²Ó´Ò¥ ¸µµÉ´µÏ¥´¨Ö (89) É ±¦¥ Ê¶·µÐ -
ÕÉ¸Ö:

ρ(t, r) = e

∫
dw N, j(t, r) = e

∫
dw NV. (108)
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‹¨´¥ ·¨§ Í¨Ö Ê· ¢´¥´¨° ±¨´¥É¨±¨ ¶² §³Ò ¢ ² £· ´¦¥¢ÒÌ ¶¥·¥³¥´´ÒÌ ´ 
Ëµ´¥ µ¸´µ¢´µ£µ ¸µ¸ÉµÖ´¨Ö (107) ¶·¨¢µ¤¨É ± ¸²¥¤ÊÕÐ¨³ Ëµ·³Ê² ³ ¤²Ö ¶µ-
¶· ¢µ± ± ¶ ·Í¨ ²Ó´µ° ¶²µÉ´µ¸É¨ Éµ±  ¶·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ w:

̃(1)(ω, k, w) = i
e2ne0

mω

{
Ẽ + (1/ω)

(
w(kẼ) + k(wẼ)

)}
+ O(w2). (109)

—Éµ¡Ò ¶·µ¤µ²¦¨ÉÓ ÔÉÊ Ëµ·³Ê²Ê ´  ¶·µ¨§¢µ²Ó´Ò¥ ´¥´Ê²¥¢Ò¥ §´ Î¥´¨Ö w, ¨¸-
¶µ²Ó§Ê¥³ µ¶¥· Éµ· �ƒ‘, ±µÉµ·Ò° ´ Ìµ¤¨É¸Ö ¨§ ¤µ¶Ê¸± ¥³µ° Ê· ¢´¥´¨Ö³¨ ±¨-
´¥É¨±¨ ¶² §³Ò £·Ê¶¶Ò ÉµÎ¥Î´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ‹¨ (101). � ¸ ¡Ê¤ÊÉ ¨´É¥-
·¥¸µ¢ ÉÓ ¤¢  µ¶¥· Éµ·  ¨§ ¶µ²´µ° ¤µ¶Ê¸± ¥³µ° £·Ê¶¶Ò,   ¨³¥´´µ µ¶¥· Éµ·
¶¥·¥´µ¸  ¶µ ² £· ´¦¥¢µ° ¸±µ·µ¸É¨, ±µÉµ·Ò° ¶µ²ÊÎ ¥É¸Ö ¨§ µ¶¥· Éµ·  X∞
¶·¨ ξ(w) = 1, ¨ µ¶¥· Éµ· ¶·¥µ¡· §µ¢ ´¨° ƒ ²¨²¥Ö, ±µÉµ·Ò° Ö¢²Ö¥É¸Ö ´¥·¥²Ö-
É¨¢¨¸É¸±¨³  ´ ²µ£µ³ µ¶¥· Éµ·  ¶·¥µ¡· §µ¢ ´¨° ‹µ·¥´Í  B ¢ ´ ¡µ·¥ (101):

Z1 = ∂w, Z2 = t∂r + ∂V − 1
c
[B, ∂E] + ρ∂j. (110)

�¥·¥°¤¥³ ¢ µ¶¥· Éµ·¥ Z2 µÉ ¸±µ·µ¸É¨ V ¨ ¶²µÉ´µ¸É¨ N ± ¶ ·Í¨ ²Ó´Ò³ ¶²µÉ-
´µ¸ÉÖ³ Éµ±   ¨ § ·Ö¤  �, ¶·µ¤µ²¦¨³ ¶µ²ÊÎ¥´´Ò° µ¶¥· Éµ· ´  ¶¥·¥³¥´´Ò¥
”Ê·Ó¥ ¨ ¸²µ¦¨³ ¥£µ ¸ µ¶¥· Éµ·µ³ ¶¥·¥´µ¸  Z1. ‚ ·¥§Ê²ÓÉ É¥ ¶µ²ÊÎ¨³ µ¶¥· -
Éµ·, ±µÉµ·Ò° µ¸É ¢²Ö¥É ¨´¢ ·¨ ´É´µ° ¶ ·Í¨ ²Ó´ÊÕ ¶²µÉ´µ¸ÉÓ Éµ±  (109) ¶·¨
w → 0, É. ¥. Ö¢²Ö¥É¸Ö ¨¸±µ³Ò³ µ¶¥· Éµ·µ³ �ƒ‘

R6 = k∂ω + ∂w − 1
c

[
B̃, ∂Ẽ

]
+ �̃∂̃,

¶·¨¢¥¤¥´´Ò³ É ±¦¥ (72) ¢ ¶. 3.4.1 µ¸´µ¢´µ° Î ¸É¨ É¥±¸É . �¶¥· Éµ·Ê (72)
¸µµÉ¢¥É¸É¢Ê¥É É·¥Ì¶ · ³¥É·¨Î¥¸± Ö £·Ê¶¶  ¸ ¢¥±Éµ·´Ò³ ¶ · ³¥É·µ³ w, ¨ ¥¥
±µ´¥Î´Ò¥ ¶·¥µ¡· §µ¢ ´¨Ö (73) ¤ ÕÉ ¨¸±µ³ÊÕ ¸¢Ö§Ó ¢¥²¨Î¨´Ò ¶ ·Í¨ ²Ó´µ°
¶²µÉ´µ¸É¨ Éµ±  ̃(ω, k, 0) ¶·¨ w = 0 (¢ Ìµ²µ¤´µ° ¶² §³¥) ¸  ´ ²µ£¨Î´µ°
¢¥²¨Î¨´µ° ̃(ω, k, w) ¤²Ö ¶·µ¨§¢µ²Ó´µ£µ §´ Î¥´¨Ö w �= 0. ‚ Î ¸É´µ¸É¨, ¢
²¨´¥°´µ³ ¶µ Ô²¥±É·¨Î¥¸±µ³Ê ¶µ²Õ ¶·¨¡²¨¦¥´¨¨ ¶·¨ ¨¸¶µ²Ó§µ¢ ´¨¨ (106)
¶µ²ÊÎ ¥É¸Ö ¸µµÉ´µÏ¥´¨¥

̃i
(1)(ω, k, w) =

ie2ne0

mω
βsiβsaẼa(ω, k). (111)

�µ¤¸É ´µ¢±  (111) ¢ (71) ¨ ¤ ²¥¥ ¨¸¶µ²Ó§µ¢ ´¨¥ j̃i
(1)

(ω, k) ¢ (64) ¤ ¥É ¨¸±µ-
³µ¥ ¢Ò· ¦¥´¨¥ (75) ¤²Ö É¥´§µ·  ²¨´¥°´µ° ¤¨Ô²¥±É·¨Î¥¸±µ° ¶·µ´¨Í ¥³µ¸É¨
£µ·ÖÎ¥° µ¤´µ·µ¤´µ° ´¥·¥²ÖÉ¨¢¨¸É¸±µ° ¶² §³Ò ¢ µÉ¸ÊÉ¸É¢¨¥ ¢´¥Ï´¨Ì ¶µ²¥° ¸
· ¢´µ¢¥¸´µ° ËÊ´±Í¨¥° · ¸¶·¥¤¥²¥´¨Ö f0(w).

�·¨³¥´¥´¨¥ ¶·¥µ¡· §µ¢ ´¨Ö (73) ± ¶ ·Í¨ ²Ó´Ò³ ¶²µÉ´µ¸ÉÖ³ Éµ±  ¨ § -
·Ö¤  ¶·µ¨§¢µ²Ó´µ£µ ¶µ·Ö¤±  l ¶µ§¢µ²Ö¥É ¸É·µ¨ÉÓ É¥´§µ· �„� ¶·µ¨§¢µ²Ó´µ£µ
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¶µ·Ö¤±  ¢ £µ·ÖÎ¥° ¶² §³¥ ¨¸Ìµ¤Ö ¨§ ¸µµÉ¢¥É¸É¢ÊÕÐ¨Ì ®Ìµ²µ¤´ÒÌ¯ ¢Ò· ¦¥-
´¨° ¤²Ö �„�. �¶Ê¸± Ö ¶·µ³¥¦ÊÉµÎ´Ò¥ ¢Ò±² ¤±¨, ¶·¨¢¥¤¥³ ·¥§Ê²ÓÉ É É ±µ£µ
¶µ¸É·µ¥´¨Ö:

εij1...jn(ω1, k1; . . . ; ωn, kn) =

=
∫

dwf0(w)
ΩΩ1 . . . Ωn

ωω1 . . . ωn
ε̄ab1...bn(Ω1, k1; . . . ; Ωn, kn)×

× βai(ω, k)βb1j1(ω1, k1) . . . βbnjn(ωn, kn); n � 2; (112)

ω = ω1 + . . . + ωn; k = k1 + . . . + kn;

Ω ≡ (ω − kw), Ωi ≡ (ωi − kiw), i = 1, . . . , n.

‡¤¥¸Ó ε̄ µÉ¢¥Î ¥É É¥´§µ·Ê �„� Ìµ²µ¤´µ° ¡¥¸¸Éµ²±´µ¢¨É¥²Ó´µ° ¶² §³Ò ¡¥§
¢´¥Ï´¨Ì ¶µ²¥°. � ¶·¨³¥·, ¤²Ö ´¥²¨´¥°´µ¸É¨ ¢Éµ·µ£µ ¶µ·Ö¤±  µ´ µ¶·¥¤¥²¥´
Ëµ·³Ê²µ° [70]

ε̄isj(Ω1, k1; Ω2, k2) =

= − 4πie3ne0

2!m2ΩΩ1Ω2

(
ki

Ω
δjs +

k1s

Ω1
δij +

k2j

Ω2
δis

)
. (113)

�´ ²µ£¨Î´Ò° ·¥§Ê²ÓÉ É ³µ¦¥É ¡ÒÉÓ ¶µ²ÊÎ¥´ ¨ ¤²Ö ·¥²ÖÉ¨¢¨¸É¸±µ° ¶² §³Ò,
µ¤´ ±µ ¶·¨ ÔÉµ³ ¸²¥¤Ê¥É ¨¸¶µ²Ó§µ¢ ÉÓ ´¥ É·¥Ì¶ · ³¥É·¨Î¥¸±ÊÕ £·Ê¶¶Ê ¶·¥-
µ¡· §µ¢ ´¨° ƒ ²¨²¥Ö,   Ï¥¸É¨¶ · ³¥É·¨Î¥¸±ÊÕ £·Ê¶¶Ê, ¸µ¸ÉµÖÐÊÕ ¨§ ¶·¥-
µ¡· §µ¢ ´¨° ‹µ·¥´Í  ¨ ¢· Ð¥´¨° [2,76].

3. „¨´ ³¨±  · §²¥É  ¶²µ¸±µ£µ ¶² §³¥´´µ£µ ¸²µÖ. �ÉµÉ ¶Ê´±É ¶·¨²µ¦¥-
´¨Ö ¸²Ê¦¨É ¨²²Õ¸É· Í¨¥° ·¥§Ê²ÓÉ Éµ¢ ¶. 3.4.2 ¶·¨³¥´¨É¥²Ó´µ ± · §²¥ÉÊ ¶² §-
³¥´´µ£µ ¸²µÖ, ¸µ¸ÉµÖÐ¥£µ ¨§ Ìµ²µ¤´ÒÌ (α = c) ¨ £µ·ÖÎ¨Ì (α = h) Ô²¥±É·µ´µ¢
¨ ¨µ´µ¢ ¤¢ÊÌ ¸µ·Éµ¢ (α = 1, 2). �µ² £ ¥³, ÎÉµ ¨§´ Î ²Ó´µ (¶·¨ t = 0) ¨µ´Ò
Ì · ±É¥·¨§ÊÕÉ¸Ö ³ ±¸¢¥²²µ¢¸±¨³¨ ËÊ´±Í¨Ö³¨ · ¸¶·¥¤¥²¥´¨Ö ¸ ¶²µÉ´µ¸ÉÖ³¨
n10, n20 ¨ É¥³¶¥· ÉÊ· ³¨ T1, T2,   ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·µ´µ¢ ¨³¥¥É
¢¨¤ ¤¢ÊÌÉ¥³¶¥· ÉÊ·´µ£µ ³ ±¸¢¥²²µ¢¸±µ£µ · ¸¶·¥¤¥²¥´¨Ö ¸ ¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨
¶²µÉ´µ¸ÉÖ³¨ nc0 ¨ nh0 (nc0 +nh0 = Z1n10 +Z2n20) ¨ É¥³¶¥· ÉÊ· ³¨ Tc ¨ Th

Ìµ²µ¤´µ° ¨ £µ·ÖÎ¥° ±µ³¶µ´¥´É. ‘ Ë¨§¨Î¥¸±µ° ÉµÎ±¨ §·¥´¨Ö É ±µ° ¢Ò¡µ· ´ -
Î ²Ó´ÒÌ Ê¸²µ¢¨° ¶·¨ ´¥±µÉµ·ÒÌ ¤µ¶µ²´¨É¥²Ó´ÒÌ Ê¸²µ¢¨ÖÌ, § ±²ÕÎ ÕÐ¨Ì¸Ö ¢
³ ²µ¸É¨ ±µ´Í¥´É· Í¨¨ £µ·ÖÎ¨Ì Ô²¥±É·µ´µ¢ ¨ ²¥£±¨Ì ¨µ´µ¢, ³µ¦¥É ³µ¤¥²¨·µ-
¢ ÉÓ § ¤ ÎÊ · §²¥É  ³¨Ï¥´¨, ¸µ¸ÉµÖÐ¥° ¨§ ÉÖ¦¥²ÒÌ ¨µ´µ¢ ¸ ³ ²µ° ¶·¨³¥¸ÓÕ
 ¤¸µ·¡¨·µ¢ ´´ÒÌ ´  ¶µ¢¥·Ì´µ¸É¨ ²¥£±¨Ì ¨µ´µ¢ (´ ¶·¨³¥·, ¶·µÉµ´µ¢), ±µ-
Éµ· Ö ¶·¥¤¢ ·¨É¥²Ó´µ ¡Ò²  ¡Ò¸É·µ ´ £·¥É  ±µ·µÉ±¨³ ¨³¶Ê²Ó¸µ³ ² §¥·´µ£µ
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¨§²ÊÎ¥´¨Ö, ¢¸²¥¤¸É¢¨¥ Î¥£µ µ¡· §µ¢ ² ¸Ó £·Ê¶¶  £µ·ÖÎ¨Ì Ô²¥±É·µ´µ¢. ’µ£¤ 
·¥Ï¥´¨¥ ´ Î ²Ó´µ° § ¤ Î¨ (81) ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥

fe =
nc0√
2πvTc

exp
(
−I(c)

v2
Tc

)
+

nh0√
2πvTh

exp

(
−I(h)

v2
Th

)
, v2

Tα =
Tα

mα
,

f q =
nq0√
2πvTq

exp

(
−I(q)

v2
Tq

)
, q = 1, 2,

(114)

£¤¥ ¨´¢ ·¨ ´ÉÒ I(α) ¤ ÕÉ¸Ö ¸µµÉ´µÏ¥´¨Ö³¨

I(c)

v2
Tc

= E +
(1 + Ω2t2)

2v2
Tc

(v − u)2,
I(h)

v2
Th

= E Tc

Th
+

(1 + Ω2t2)
2v2

Th

(v − u)2,

I(q)

v2
Tq

= −E
(

ZqTc0

Tq0

)
+

U2

2v2
Tq

(
1 +

Zqme

mq

)
+ (115)

+
(1 + Ω2t2)

2v2
Tq

(v − u)2, q = 1, 2.

‡¤¥¸Ó u = xtΩ2/(1 + Ω2t2) Å ²µ± ²Ó´ Ö ¸±µ·µ¸ÉÓ Î ¸É¨Í ¶² §³Ò, U =
xΩ/

√
1 + Ω2t2,   ¶µÉ¥´Í¨ ² Φ µ¶·¥¤¥²¥´ Î¥·¥§ ËÊ´±Í¨Õ E :

E =
eΦ
Tc

(1 + Ω2t2) +
U2

2v2
Tc

, (116)

±µÉµ· Ö ´ Ìµ¤¨É¸Ö ¨§ É· ´¸Í¥´¤¥´É´µ£µ Ê· ¢´¥´¨Ö

nc0 =
∑

q=1,2

Zqnq0 exp

[(
1 +

ZqTc

Tq

)
E − U2

2v2
Tq

(
1 +

Zqme

mq

)]
−

− nh0 exp
[(

1 − Tc

Th

)
E
]

. (117)

”µ·³Ê²Ò (114)Ä(117) ¶µ²´µ¸ÉÓÕ § ¤ ÕÉ ¶µ¢¥¤¥´¨¥ ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö
¢¸¥Ì · ¸¸³ É·¨¢ ¥³ÒÌ ¢ ¤ ´´µ³ ¶·¨³¥·¥ ¸µ·Éµ¢ Î ¸É¨Í ¶·¨ · §²¥É¥ ¶² §³¥´-
´µ£µ ¸²µÖ. �·¨ ÔÉµ³ ¶·µ¸É· ´¸É¢¥´´µ-¢·¥³¥´´µ¥ · ¸¶·¥¤¥²¥´¨¥ ¶²µÉ´µ¸É¨
¨µ´µ¢ ¤ ´´µ£µ ¸µ·É  µ¶·¥¤¥²¥´µ Ëµ·³Ê² ³¨ (85), ¢ ±µÉµ·ÒÌ ¶²µÉ´µ¸ÉÓ ¨µ´µ¢
Nq ¤²Ö · ¸¸³µÉ·¥´´ÒÌ ¢ÒÏ¥ ´ Î ²Ó´ÒÌ ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö ¶·¨´¨³ ¥É
¢¨¤

Nq = nq0 exp

[
E
(

ZqTc0

Tq0

)
− U2

2v2
Tq

(
1 +

Zqme

mq

)]
, q = 1, 2, (118)

£¤¥ ¸¢Ö§Ó ËÊ´±Í¨¨ E ¸ ¶¥·¥³¥´´µ° U ¶µ-¶·¥¦´¥³Ê ´ Ìµ¤¨É¸Ö ¨§ Ê· ¢´¥´¨Ö
(117).
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Š ± ¶·¨ µ¶¨¸ ´¨¨ �ƒ- ²£µ·¨É³  (· §¤. 2), É ± ¨ ¢ ¨²²Õ¸É·¨·ÊÕÐ¨Ì ¥£µ
¶·¨²µ¦¥´¨ÖÌ (· §¤. 3) ´¥µ¤´µ±· É´µ µÉ³¥Î ² ¸Ó ·µ²Ó ¨´¢ ·¨ ´Éµ¢ �ƒ-¶·¥-
µ¡· §µ¢ ´¨Ö ¢ ¶·µÍ¥¸¸¥ ¶µ¸É·µ¥´¨Ö ·¥Ï¥´¨° Š‡. ‚ ÔÉµ³ ¶·¨²µ¦¥´¨¨ · ¸-
¸³µÉ·¥´  ¸¢Ö§Ó �ƒ-¨´¢ ·¨ ´É´µ£µ ¶·¥¤¸É ¢²¥´¨Ö ·¥Ï¥´¨Ö Š‡ ¸ ¶µ´ÖÉ¨Ö³¨
µ¡ÒÎ´µ° (¸É¥¶¥´´µ°) ¨ ËÊ´±Í¨µ´ ²Ó´µ°  ¢Éµ³µ¤¥²Ó´µ¸É¨ ¨ ¸ ¨§¢¥¸É´Ò³¨
¶·¥¤²µ¦¥´¨Ö³¨ £·Ê¶¶µ¢µ£µ  ´ ²¨§ .

1. �´ ²¨§ · §³¥·´µ¸É¥° ¨ Π-É¥µ·¥³ . ˆ´ÉÊ¨É¨¢´µ ¶µ´ÖÉ¨¥ ¨´¢ ·¨ ´É 
¶·¨³¥´Ö²µ¸Ó ¥Ð¥ ¢ É¥µ·¨¨ ¶µ¤µ¡¨Ö ¨  ´ ²¨§¥ · §³¥·´µ¸É¥° ¶·¨ ¨¸¸²¥¤µ¢ -
´¨¨ Ë¨§¨Î¥¸±¨Ì Ö¢²¥´¨° ¢ · §²¨Î´ÒÌ ¸¨¸É¥³ Ì ¥¤¨´¨Í ¨§³¥·¥´¨Ö.

‚ ¸ ³µ³ ¤¥²¥, ¶Ê¸ÉÓ ¨³¥¥É¸Ö · §³¥·´ Ö ¢¥²¨Î¨´  a, Ö¢²ÖÕÐ Ö¸Ö ËÊ´±Í¨¥°
´ ¡µ·  ´¥§ ¢¨¸¨³ÒÌ · §³¥·´ÒÌ ¢¥²¨Î¨´ a1, a2, . . . , an:

a = f(a1, a2, . . . , ak; ak+1, . . . , an) (119)

¨ ¶Ê¸ÉÓ ¶¥·¢Ò¥ k � n ¨§ ´¨Ì ¨³¥ÕÉ ´¥§ ¢¨¸¨³Ò¥ · §³¥·´µ¸É¨, É. ¥. ´¥ ¸Ê-
Ð¥¸É¢ÊÕÉ · Í¨µ´ ²Ó´Ò¥ Î	̈¸²  r1, . . . , rk, ´¥ ¢¸¥ · ¢´Ò¥ ´Ê²Õ, ¸ ±µÉµ·Ò³¨
³Ê²ÓÉ¨¶²¨± É¨¢´ Ö ±µ³¡¨´ Í¨Ö ÔÉ¨Ì ¢¥²¨Î¨´ ar1

1 . . . ark

k Ö¢²Ö¥É¸Ö ¡¥§· §³¥·-
´µ°. ”Ê´±Í¨µ´ ²Ó´ Ö § ¢¨¸¨³µ¸ÉÓ (119) ³¥¦¤Ê · §³¥·´Ò³¨ ¢¥²¨Î¨´ ³¨ a ¨
ai µÉ· ¦ ¥É § ±µ´µ³¥·´µ¸É¨, ±µÉµ·Ò¥ ´¥ § ¢¨¸ÖÉ µÉ ¸¨¸É¥³Ò ¥¤¨´¨Í ¨§³¥-
·¥´¨°, ¨ ¶µÔÉµ³Ê µ´  ¤µ²¦´  µ¡² ¤ ÉÓ ´¥±µÉµ·µ° ¸¶¥Í¨ ²Ó´µ° ¸É·Ê±ÉÊ·µ°.
‚ÒÖ¸´¥´¨¥ ÔÉµ° ¸É·Ê±ÉÊ·Ò ¶·¨¢¥²µ ¢ ´ Î ²¥ •• ¢. ± Ëµ·³Ê²¨·µ¢±¥ ¶·¥¤²µ-
¦¥´¨Ö, ¨§¢¥¸É´µ£µ [79] ¶µ¤ ´ §¢ ´¨¥³ Π-É¥µ·¥³Ò (¶¨-É¥µ·¥³Ò):

Π-É¥µ·¥³ : �¥§· §³¥·´ Ö ±µ³¡¨´ Í¨Ö

Π =
a

am1
1 am2

2 . . . amk

k

¢¥²¨Î¨´Ò a ¨ ´ ¡µ·  a1, a2, . . . , ak ¶·¥¤¸É ¢¨³  ¢ ¢¨¤¥ ËÊ´±Í¨¨

Π = d(Π1, . . . , Πn−k) (120)

¨Ì ¡¥§· §³¥·´ÒÌ ¸É¥¶¥´´ÒÌ ±µ³¡¨´ Í¨°

Πi = ak+ia
pi
1

1 a
pi
2

2 . . . a
pi

k

k , i = 1, . . . , n − k,

¸ · Í¨µ´ ²Ó´Ò³¨ pi
k, ¶·¨Î¥³ É ± ´ §Ò¢ ¥³ Ö µ¶·¥¤¥²ÖÕÐ Ö ËÊ´±Í¨Ö d ¸¢Ö-

§ ´  ¸ f ¸µµÉ´µÏ¥´¨¥³∗

d(Π1, . . . , Πn−k) = f(1, 1, . . . ; Π1, . . . , Πn−k).

∗‚ ·¨ ´É, ±µ£¤  ËÊ´±Í¨Ö f ¨³¥¥É · §·Ò¢Ò, §¤¥¸Ó ´¥ · ¸¸³ É·¨¢ ¥É¸Ö.
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ˆ´ Î¥ Å ²Õ¡µ¥ ¸µµÉ´µÏ¥´¨¥ (119) ³¥¦¤Ê n + 1 · §³¥·´Ò³¨ ¢¥²¨-
Î¨´ ³¨ · ¢´µ¸¨²Ó´µ ´¥±µÉµ·µ³Ê ¸µµÉ´µÏ¥´¨Õ (120) ³¥¦¤Ê n + 1 − k
¸É¥¶¥´´Ò³¨ ¨´¢ ·¨ ´É ³¨ Π, Π1, . . . , Πn−k, ¶·¥¤¸É ¢²ÖÕÐ¨³¨ ¸µ¡µ° ¨Ì
¡¥§· §³¥·´Ò¥ ±µ³¡¨´ Í¨¨.

�µ¸ÉµÖ´¸É¢µ Î¨¸²¥´´ÒÌ §´ Î¥´¨° ¡¥§· §³¥·´ÒÌ ¨´¢ ·¨ ´Éµ¢ Π1, . . .,
Πn−k Ö¢²Ö¥É¸Ö ´¥µ¡Ìµ¤¨³Ò³ ¨ ¤µ¸É ÉµÎ´Ò³ Ê¸²µ¢¨¥³ ¶µ¤µ¡¨Ö ¤¢ÊÌ Ö¢²¥´¨°
¢ · §²¨Î´ÒÌ ¤¨ ¶ §µ´ Ì ¸±µ·µ¸É¥°, É¥³¶¥· ÉÊ·, ¶²µÉ´µ¸É¥°, ¨´É¥´¸¨¢´µ¸É¨
¢´¥Ï´¨Ì ¢µ§¤¥°¸É¢¨° ¨ É. ¶. � ¶·¨³¥·, ¶·¨ ¨§ÊÎ¥´¨¨ µ¡É¥± ´¨Ö ´¥¸¦¨³ ¥-
³µ° ¢Ö§±µ° ¦¨¤±µ¸ÉÓÕ É¢¥·¤µ£µ É¥²  (¸³., ´ ¶·¨³¥·, [79, £². 2]) ¢ÒÖ¸´Ö¥É¸Ö,
ÎÉµ ± ·É¨´  µ¡É¥± ´¨Ö § ¢¨¸¨É ´¥ µÉ · §³¥·µ¢ É¥²  l, ¸±µ·µ¸É¨ ¤¢¨¦¥´¨Ö V ,
¶²µÉ´µ¸É¨ ρ ¨ ¢Ö§±µ¸É¨ ¦¨¤±µ¸É¨ µ ¶µ µÉ¤¥²Ó´µ¸É¨,   µÉ ¨Ì ¡¥§· §³¥·´µ°
±µ³¡¨´ Í¨¨ Å Î¨¸²  �¥°´µ²Ó¤¸  Re = ρV l/µ, ¨ ¸¨¸É¥³Ò ¸ µ¤¨´ ±µ¢Ò³¨
Î¨¸² ³¨ �¥°´µ²Ó¤¸  ¡Ê¤ÊÉ ¢¥¸É¨ ¸¥¡Ö µ¤¨´ ±µ¢µ. ‚ ¸²ÊÎ ¥, ±µ£¤  ¢Ö§±µ¥ ¸µ-
¶·µÉ¨¢²¥´¨¥ ³ ²µ, ´µ ¸ÊÐ¥¸É¢¥´´µ ¢µ²´µ¢µ¥ ¸µ¶·µÉ¨¢²¥´¨¥ Å ÎÉµ ·¥ ²¨-
§Ê¥É¸Ö, ´ ¶·¨³¥·, ¶·¨ ¤¢¨¦¥´¨¨ É¥²  ¶µ ¶µ¢¥·Ì´µ¸É¨ ¦¨¤±µ¸É¨ ¸ ¡µ²ÓÏµ°
¸±µ·µ¸ÉÓÕ Å ± ·É¨´  É¥Î¥´¨Ö µ¶·¥¤¥²Ö¥É¸Ö ¤·Ê£µ° ¡¥§· §³¥·´µ° ±µ³¡¨´ -
Í¨¥° Å Î¨¸²µ³ ”·Ê¤  Fr = V/

√
lg. ”¨§¨Î¥¸±µ¥ ¶µ¤µ¡¨¥ Ö¢²¥´¨° ¶µ§¢µ²Ö¥É

¢³¥¸Éµ ¨§ÊÎ¥´¨Ö Ö¢²¥´¨Ö ¢ ´ ÉÊ·¥ ¶·µ¢µ¤¨ÉÓ ¥£µ ´  ³µ¤¥²¨ Å µ¡ÒÎ´µ §´ Î¨-
É¥²Ó´µ ³¥´ÓÏ¥£µ ³ ¸ÏÉ ¡  Å ¢ ² ¡µ· Éµ·´ÒÌ Ê¸²µ¢¨ÖÌ, ± ± ÔÉµ ¨ ¤¥² ¥É¸Ö
¤²Ö  ´ ²¨§  ¤¢¨¦¥´¨° ±µ·¶Ê¸µ¢ ±µ· ¡²¥° ¨ ¸ ³µ²¥Éµ¢, ¶·¨ ¨¸¸²¥¤µ¢ ´¨¨ µ¡-
É¥± ´¨Ö ±·Ò²Ó¥¢ ¶·¨ ¡µ²ÓÏ¨Ì ¸±µ·µ¸ÉÖÌ, ¶·¨ ³µ¤¥²¨·µ¢ ´¨¨ ¶·µÍ¥¸¸µ¢ ¶·¨
¸¢¥·Ì¢Ò¸µ±¨Ì ¤ ¢²¥´¨ÖÌ ¨ É¥³¶¥· ÉÊ· Ì.

ˆ§ Π-É¥µ·¥³Ò ¸²¥¤Ê¥É ¶·¥¤¸É ¢²¥´¨¥

a = am1
1 am2

2 . . . amk

k d(Π1, . . . , Πn−k). (121)

‘· ¢´¥´¨¥ Ëµ·³Ê² (119) ¨ (120), (121) ¶µ± §Ò¢ ¥É, ÎÉµ ¨¸¶µ²Ó§µ¢ ´¨¥
¸É¥¶¥´´ÒÌ  ¢Éµ³µ¤¥²Ó´ÒÌ ¶¥·¥³¥´´ÒÌ Ê³¥´ÓÏ ¥É · §³¥·´µ¸ÉÓ  ´ ²¨§¨·Ê¥-
³µ° § ¤ Î¨ ¨ É¥³ ¸ ³Ò³ Ê¶·µÐ ¥É ¥¥  ´ ²¨§. �µ¨¸± ¨´¢ ·¨ ´Éµ¢ Πi ¶·¨
§ ¤ ´´ÒÌ Ê· ¢´¥´¨ÖÌ ¨ £· ´¨Î´ÒÌ Ê¸²µ¢¨ÖÌ ³µ¦´µ ¶·µ¢µ¤¨ÉÓ ¢ µ¡Ð¥³ ¢¨¤¥,
Ëµ·³ ²Ó´µ ¢¢µ¤Ö ´¥§ ¢¨¸¨³Ò¥ ¥¤¨´¨ÍÒ ¨§³¥·¥´¨Ö ¨ µ¶·¥¤¥²ÖÖ · §³¥·´µ¸É¨
µ¸É ²Ó´ÒÌ ¢¥²¨Î¨´ ¸ ¶µ³µÐÓÕ ¸ ³¨Ì Ê· ¢´¥´¨°, ±· ¥¢ÒÌ ¤ ´´ÒÌ ¨²¨ ¤·Ê£¨Ì
¤µ¶µ²´¨É¥²Ó´ÒÌ (¢ Éµ³ Î¨¸²¥ ¨ ¨´É¥£· ²Ó´ÒÌ) µ£· ´¨Î¥´¨°, ¸ÊÐ¥¸É¢ÊÕÐ¨Ì
¤²Ö ¨¸±µ³ÒÌ ·¥Ï¥´¨°.

�É³¥É¨³, ÎÉµ ±µ´¸É·Ê±É¨¢´µ¥ ¨¸¶µ²Ó§µ¢ ´¨¥ ¶·¥¤¸É ¢²¥´¨Ö (121) ¶·¥¤-
¶µ² £ ¥É ´ ²¨Î¨¥ Ö¢´µ£µ ¢¨¤  µ¶·¥¤¥²ÖÕÐ¥° ËÊ´±Í¨¨ d . �  ¶· ±É¨±¥ É ±ÊÕ
¨´Ëµ·³ Í¨Õ ¨§¢²¥± ÕÉ ¨§ É¥Ì ¨²¨ ¨´ÒÌ ¶·¨¡²¨¦¥´´ÒÌ Î ¸É´ÒÌ ·¥Ï¥´¨°.

2. ˆ´¢ ·¨ ´É´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ·¥Ï¥´¨Ö ¨ Φ-É¥µ·¥³ . Π-É¥µ·¥³  ¤µ-
¶Ê¸± ¥É ¶·µ§· Î´Ò° ±µ³³¥´É ·¨° ¢ É¥·³¨´ Ì É¥µ·¥É¨±µ-£·Ê¶¶µ¢µ£µ  ´ ²¨§ .
ˆ¸¶µ²Ó§ÊÖ É¥¸´ÊÕ ¸¢Ö§Ó É¥µ·¨¨ · §³¥·´µ¸É¥° Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´ ¸ £·Ê¶¶µ°
· ¸ÉÖ¦¥´¨° ¨ ¥¥ ¨´¢ ·¨ ´É ³¨, ²Õ¡µ° ·¥§Ê²ÓÉ É É¥µ·¨¨ · §³¥·´µ¸É¥° Ê¤ ¥É¸Ö
¶µ²ÊÎ¨ÉÓ ¸ ¶µ³µÐÓÕ É¥µ·¨¨ £·Ê¶¶ · ¸ÉÖ¦¥´¨° [40, £². 5]. ’ ±, ¶µ ¶µ¢µ¤Ê § -
¤ Î¨ µ ¶µ¤µ¡¨¨, ¤µ± § ´µ, ÎÉµ ¢¥²¨Î¨´  Ö¢²Ö¥É¸Ö ¡¥§· §³¥·´µ°, ¥¸²¨ ¨ Éµ²Ó±µ
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¥¸²¨ ¥¥ §´ Î¥´¨¥ ¥¸ÉÓ ¨´¢ ·¨ ´É ¸µµÉ¢¥É¸É¢ÊÕÐ¥° £·Ê¶¶Ò. —Éµ ¦¥ ± ¸ ¥É¸Ö
µ¸´µ¢´µ° § ¤ Î¨ É¥µ·¨¨ · §³¥·´µ¸É¥° µ ¢ÒÖ¢²¥´¨¨ ¨§ ´ ¡µ·  Ë¨§¨Î¥¸±¨Ì ¢¥-
²¨Î¨´ É¥Ì, ±µÉµ·Ò¥ Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨, ¨ ¢Ò· ¦¥´¨¨ µ¸É ²Ó´ÒÌ ¢¥²¨Î¨´
Î¥·¥§ ´¥§ ¢¨¸¨³Ò¥, Éµ µ´  ·¥Ï ¥É¸Ö ¶µ¸É·µ¥´¨¥³ Ê´¨¢¥·¸ ²Ó´µ£µ ¨´¢ ·¨ ´É 
£·Ê¶¶Ò · ¸ÉÖ¦¥´¨° (µ¡ Ê¸²µ¢¨ÖÌ ¥£µ ¸ÊÐ¥¸É¢µ¢ ´¨Ö ¸³. [40, £². 1, § 3.5]). �µ-
¸²¥¤´¨° ³µ¦¥É ¡ÒÉÓ ¢Ò¡· ´ É ±, ÎÉµ ¢ ´¥³ ¶¥·¥³¥´´Ò¥ · §¤¥²ÖÕÉ¸Ö, ÎÉµ ¨
¤¥² ¥É ¢µ§³µ¦´µ° § ¶¨¸Ó ¨¸±µ³µ° ¢¥²¨Î¨´Ò ¢ ¢¨¤¥ (121). �·¨ ÔÉµ³ ¸ ³µ
¨´¢ ·¨ ´É´µ¥ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò „“ ´ §Ò¢ ¥É¸Ö  ¢Éµ³µ¤¥²Ó´Ò³. „²Ö Ö¢´µ° § -
¶¨¸¨ ·¥Ï¥´¨° Î¥·¥§ ¨´¢ ·¨ ´ÉÒ ¨¸¶µ²Ó§Ê¥É¸Ö Ìµ·µÏµ ¨§¢¥¸É´ Ö ¢ £·Ê¶¶µ¢µ³
 ´ ²¨§¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (¨ ¶·¨³¥´¨³ Ö ´¥ Éµ²Ó±µ ± ¨´¢ ·¨-
 ´É´Ò³ ·¥Ï¥´¨Ö³ £·Ê¶¶Ò · ¸ÉÖ¦¥´¨°) (¸³. [40, £². 5, § 18; 33, v. 3, p. 6])

’¥µ·¥³  µ¡ ¨´¢ ·¨ ´É´µ³ ¶·¥¤¸É ¢²¥´¨¨: �Ê¸ÉÓ ³´µ£µµ¡· §¨¥
M ⊂ R

N ¤µ¶Ê¸± ¥É £·Ê¶¶Ê G. �·¥¤¶µ²µ¦¨³, ÎÉµ M Ö¢²Ö¥É¸Ö
´¥µ¸µ¡Ò³ ³´µ£µµ¡· §¨¥³ £·Ê¶¶Ò G, É. ¥. ¨´Ë¨´¨É¥§¨³ ²Ó´Ò° µ¶¥-
· Éµ· £·Ê¶¶Ò G ´¥ µ¡· Ð ¥É¸Ö ¢ ´Ê²Ó Éµ¦¤¥¸É¢¥´´µ ´  M . ’µ-
£¤  M ³µ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´µ ¸¨¸É¥³µ° Ê· ¢´¥´¨°, ²¥¢Ò¥ Î -
¸É¨ ±µÉµ·ÒÌ Ö¢²ÖÕÉ¸Ö ¨´¢ ·¨ ´É ³¨ £·Ê¶¶Ò G, É. ¥. ¸¨¸É¥³µ°
¸²¥¤ÊÕÐ¥£µ ¢¨¤ :

Fk(J1(z), J2(z), . . . , JN−1(z)) = 0, k = 1, . . . , s. (122)

‡¤¥¸Ó ËÊ´±Í¨¨ J1(z), J2(z), . . . , JN−1(z), z ∈ R
N, µ¡· §ÊÕÉ ¡ §¨¸ ¨´¢ -

·¨ ´Éµ¢ £·Ê¶¶Ò G. ‘²¥¤µ¢ É¥²Ó´µ, Ê· ¢´¥´¨Ö (122) ¸ ¶·µ¨§¢µ²Ó´Ò³¨ ËÊ´±Í¨-
Ö³¨ Fk , § ¢¨¸ÖÐ¨³¨ µÉ N − 1 ¶¥·¥³¥´´µ°, ¤ ÕÉ ¢ µ¡Ð¥³ ¢¨¤¥ ¶·¥¤¸É ¢²¥´¨¥
´¥µ¸µ¡µ£µ ¨´¢ ·¨ ´É´µ£µ ³´µ£µµ¡· §¨Ö £·Ê¶¶Ò G.

�µ¤µ¡´µ Éµ³Ê ± ± ¸¨³³¥É·¨Ö ËÊ´±Í¨µ´ ²Ó´µ£µ ¸ ³µ¶µ¤µ¡¨Ö ¨ ¸µµÉ¢¥É-
¸É¢ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥ ·¥Ï¥´¨° Ö¢²ÖÕÉ¸Ö µ¡µ¡Ð¥´¨¥³ µ¡ÒÎ´µ° (¸É¥¶¥´-
´µ°)  ¢Éµ³µ¤¥²Ó´µ¸É¨, É ± ¨ £·Ê¶¶µ¢µ°  ´ ²¨§ ¶·¨ · ¸¸³µÉ·¥´¨¨ ¶·µ¨§¢µ²Ó-
´ÒÌ £·Ê¶¶ ¶·¥µ¡· §µ¢ ´¨° ¤ ¥É ¡µ²¥¥ ¸²µ¦´µ¥ ¶·¥¤¸É ¢²¥´¨¥ ¨´¢ ·¨ ´É´ÒÌ
·¥Ï¥´¨°, Î¥³ Éµ, ±µÉµ·µ¥ ¤ ¥É £·Ê¶¶  · ¸ÉÖ¦¥´¨°. �É± § µÉ ¶µ²´µ° ¨´¢ ·¨-
 ´É´µ¸É¨ ·¥Ï¥´¨Ö ¨ ¨¸¶µ²Ó§µ¢ ´¨Ö ¶µ´ÖÉ¨Ö Î ¸É¨Î´µ° ¨´¢ ·¨ ´É´µ¸É¨ [40,
£². 5] ¥Ð¥ ¡µ²ÓÏ¥ · ¸Ï¨·Ö¥É ¢µ§³µ¦´Ò¥ ¸¶µ¸µ¡Ò ¶·¥¤¸É ¢²¥´¨Ö ·¥Ï¥´¨°.

‡ ¢¥·Ï Ö µ¡¸Ê¦¤¥´¨¥ ¸É¥¶¥´´µ°  ¢Éµ³µ¤¥²Ó´µ¸É¨ ¨ ¥¥ ¸¢Ö§¨ ¸ ¶·¥¤¸É -
¢²¥´¨¥³ ·¥Ï¥´¨Ö Î¥·¥§ ¸É¥¶¥´´Ò¥ ¨´¢ ·¨ ´ÉÒ ¢ Ëµ·³¥ (121), µÉ³¥É¨³, ÎÉµ
¸ÊÐ¥¸É¢ÊÕÉ § ¤ Î¨, ¢ ±µÉµ·ÒÌ ¶µ± § É¥²¨ ´¥±µÉµ·ÒÌ ¨´¢ ·¨ ´Éµ¢ ´¥ Ö¢²Ö-
ÕÉ¸Ö Í¥²Ò³¨ Î¨¸² ³¨ ¨²¨ · Í¨µ´ ²Ó´Ò³¨ ¤·µ¡Ö³¨ ¨ ´¥ ¶µ²ÊÎ ÕÉ¸Ö ¨§  ´ -
²¨§  · §³¥·´µ¸É¥°. Š ± ¶· ¢¨²µ, ÔÉµ É· ´¸Í¥´¤¥´É´Ò¥ Î¨¸² , ´¥¶·¥·Ò¢´µ
§ ¢¨¸ÖÐ¨¥ µÉ ¶ · ³¥É·µ¢ § ¤ Î¨, ¨ ¨Ì ´ Ìµ¦¤¥´¨¥ ¸¢µ¤¨É¸Ö ± ·¥Ï¥´¨Õ ´¥-
±µ° (µ¡ÒÎ´µ ´¥²¨´¥°´µ°) § ¤ Î¨ ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö. �¢Éµ³µ¤¥²Ó´Ò¥
·¥Ï¥´¨Ö, ¢ ±µÉµ·ÒÌ ¤²Ö Ê¸É ´µ¢²¥´¨Ö  ¢Éµ³µ¤¥²Ó´µ¸É¨ ¨ ´ Ìµ¦¤¥´¨Ö ¸µ-
µÉ¢¥É¸É¢ÊÕÐ¨Ì ¶¥·¥³¥´´ÒÌ ´¥¤µ¸É ÉµÎ´µ ¶·µ¢¥¤¥´¨Ö  ´ ²¨§  · §³¥·´µ¸É¥°,
¶µ²ÊÎ¨²¨ ´ §¢ ´¨¥ [80]  ¢Éµ³µ¤¥²Ó´ÒÌ ·¥Ï¥´¨° ¢Éµ·µ£µ ·µ¤ .
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�¡· É¨³¸Ö É¥¶¥·Ó ± ·¥Ï¥´¨Ö³ Š‡, ±µÉµ·Ò¥ ¶µ²ÊÎ ÕÉ¸Ö ¶·¨ ¨¸¶µ²Ó§µ¢ -
´¨¨ �ƒ- ²£µ·¨É³ , ¨ ´ ¶µ³´¨³, ÎÉµ µ´¨ Ö¢²ÖÕÉ¸Ö ¨´¢ ·¨ ´É´Ò³¨ ·¥Ï¥´¨Ö³¨
¤²Ö �ƒ-µ¶¥· Éµ·µ¢.

”µ·³  É ±¨Ì ·¥Ï¥´¨° ¸µÌ· ´Ö¥É ¸¢Ö§Ó ± ± ¸ ¶µ²µ¦¥´¨Ö³¨ £·Ê¶¶µ¢µ£µ
 ´ ²¨§  (É¥µ·¥³  µ¡ ¨´¢ ·¨ ´É´µ³ ¶·¥¤¸É ¢²¥´¨¨), É ± ¨ ¸ ±² ¸¸¨Î¥¸±¨³¨
¶·¥¤¸É ¢²¥´¨Ö³¨ µ¡  ¢Éµ³µ¤¥²Ó´ÒÌ ·¥Ï¥´¨ÖÌ. Œµ¦´µ ¸± § ÉÓ, ÎÉµ �ƒ-¨´¢ -
·¨ ´É´Ò¥ ·¥Ï¥´¨Ö ¤µ¶Ê¸± ÕÉ ¡µ²¥¥ µ¡Ð¥¥ ÊÉ¢¥·¦¤¥´¨¥, ±µÉµ·µ¥ ³Ò ´ §µ¢¥³
Φ-É¥µ·¥³µ° (Ë¨-É¥µ·¥³µ°):

Φ-É¥µ·¥³ : ˆ´¢ ·¨ ´É´µ¥ ·¥Ï¥´¨¥ ±· ¥¢µ° § ¤ Î¨ ³µ¦¥É ¡ÒÉÓ
¶·¥¤¸É ¢²¥´µ ¸¨¸É¥³µ° Ê· ¢´¥´¨° ¢¨¤  (122), § ¶¨¸ ´´ÒÌ Î¥·¥§
ËÊ´±Í¨µ´ ²Ó´Ò¥ ¨´¢ ·¨ ´ÉÒ φi ÔÉµ° § ¤ Î¨.

�µ¤ φi ¶µ´¨³ ÕÉ¸Ö ¨´¢ ·¨ ´ÉÒ ËÊ´±Í¨µ´ ²Ó´ÒÌ ¶·¥µ¡· §µ¢ ´¨°, ¢µ¢²¥-
± ÕÐ¨Ì ´¥ Éµ²Ó±µ § ¢¨¸¨³Ò¥ ¨ ´¥§ ¢¨¸¨³Ò¥ ¶¥·¥³¥´´Ò¥ Ê· ¢´¥´¨° § ¤ Î¨,
´µ ¨ ¶ · ³¥É·Ò ±· ¥¢ÒÌ Ê¸²µ¢¨°, É. ¥. ¨´¢ ·¨ ´ÉÒ ·¥´µ·³£·Ê¶¶µ¢ÒÌ ¶·¥µ¡· -
§µ¢ ´¨°.

�µ ¸ÊÐ¥¸É¢Ê Φ-É¥µ·¥³  Ö¢²Ö¥É¸Ö  ´ ²µ£µ³ É¥µ·¥³Ò µ¡ ¨´¢ ·¨ ´É´µ³
¶·¥¤¸É ¢²¥´¨¨ ¶·¨³¥´¨É¥²Ó´µ ± ·¥Ï¥´¨Ö³ Š‡, µ¡² ¤ ÕÐ¨³ ¸¢µ°¸É¢µ³ ËÊ´±-
Í¨µ´ ²Ó´µ£µ ¸ ³µ¶µ¤µ¡¨Ö. �·¨ ÔÉµ³ ¢ ± Î¥¸É¢¥ ´¥µ¸µ¡µ£µ ³´µ£µµ¡· §¨Ö ¸²¥-
¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ¶µ¤³´µ£µµ¡· §¨¥ RM, ¨´¢ ·¨ ´É´µ¥ µÉ´µ¸¨É¥²Ó´µ ·¥-
´µ·³£·Ê¶¶Ò G.

‚ Éµ³ Î ¸É´µ³ ¸²ÊÎ ¥, ±µ£¤  ¢ (122) s = 1,   ¢ ËÊ´±Í¨µ´ ²Ó´µ³ ¨´¢ ·¨-
 ´É¥ φ(y, {a}), ¸µ¤¥·¦ Ð¥³ ¥¤¨´¸É¢¥´´ÊÕ ¨¸±µ³ÊÕ ËÊ´±Í¨Õ y, ¶¥·¥³¥´´Ò¥
· §¤¥²ÖÕÉ¸Ö, ·¥Ï¥´¨¥ ³µ¦´µ § ¶¨¸ ÉÓ ¢ Ö¢´µ³ ¢¨¤¥, ¡²¨§±µ³ ± (121):

y = φ−1
(1)(Φ(. . . ), {a}); φ = Φ(. . . , φi, . . . ), i = 1, . . . , N − 1. (123)

‡¤¥¸Ó ËÊ´±Í¨Ö φ−1
(1) Ö¢²Ö¥É¸Ö µ¡· É´µ° ± φ ¶µ µÉ´µÏ¥´¨Õ ± ¶¥·¢µ³Ê  ·-

£Ê³¥´ÉÊ, ¢¸²¥¤¸É¢¨¥ Î¥£µ ·¥Ï¥´¨¥ y µ± §Ò¢ ¥É¸Ö § ¢¨¸ÖÐ¨³ ´¥ Éµ²Ó±µ µÉ
µ¸É ¢Ï¨Ì¸Ö ËÊ´±Í¨µ´ ²Ó´ÒÌ ¨´¢ ·¨ ´Éµ¢ φi, ´µ ¨ µÉ ¶¥·¥³¥´´ÒÌ ¨ ¶ · -
³¥É·µ¢ {a}, ¢Ìµ¤¨¢Ï¨Ì ¢ ¨´¢ ·¨ ´É φ (¸·. ¸ (121)). ’ ±¨³ µ¡· §µ³, ± ± ¨
¤²Ö ¸É¥¶¥´´µ£µ ¸ ³µ¶µ¤µ¡¨Ö, ¸ ³¨ ·¥Ï¥´¨Ö Š‡ ´¥ Ö¢²ÖÕÉ¸Ö, ¢µµ¡Ð¥ £µ¢µ·Ö,
¨´¢ ·¨ ´É ³¨ �ƒ-¶·¥µ¡· §µ¢ ´¨°, ´µ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ´¥±¨¥ ±µ³¡¨´ Í¨¨
¨´¢ ·¨ ´Éµ¢ µ¶¥· Éµ·µ¢ �ƒ‘.

�·¨³¥·µ³ ·¥Ï¥´¨Ö Š‡, Ö¢²ÖÕÐ¥£µ¸Ö É ±¨³ ¨´¢ ·¨ ´Éµ³, ¸²Ê¦ É ¢Ò· -
¦¥´¨Ö (114) ¤²Ö ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö Î ¸É¨Í ¶² §³Ò ¢ · §²¥É ÕÐ¥³¸Ö
¸£Ê¸É±¥.

‚Éµ·µ° ¶·¨³¥· ¤ ¥É ´ ³ ³µ¤¥²Ó ±¢ ´Éµ¢µ° É¥µ·¨¨ ¶µ²Ö ¸ ¤¢Ê³Ö ±µ´-
¸É ´É ³¨ ¸¢Ö§¨ g ¨ h. ‡¤¥¸Ó ¨´¢ ·¨ ´É´Ò¥ ¢¥²¨Î¨´Ò, ´ ¶·¨³¥· ´ ¡²Õ¤ -
¥³Ò¥ ÔËË¥±É¨¢´Ò¥ ¶µ¶¥·¥Î´Ò¥ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö σν(s), ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§
�ƒ-¨´¢ ·¨ ´ÉÒ Å ¤¢¥ ¨´¢ ·¨ ´É´Ò¥ ËÊ´±Í¨¨ ¸¢Ö§¨ ḡ(s/µ2; g, h), h̄(s/µ2; g, h)
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¨ µÉ´µÏ¥´¨¥ m2/s Å ¸µµÉ´µÏ¥´¨Ö³¨

σν(s) = Σν

(
m2/s, ḡ, h̄

)
. (124)

‚ ¸¢µÕ µÎ¥·¥¤Ó, ËÊ´±Í¨¨ ḡ ¨ h̄ ´ Ìµ¤ÖÉ¸Ö ¨§ ¸¨¸É¥³Ò ¤¢ÊÌ ËÊ´±Í¨µ´ ²Ó´ÒÌ
¸µµÉ´µÏ¥´¨° (¸³., ´ ¶·¨³¥·, Ê· ¢´¥´¨¥ (48.37) ¢ [11])

G(y/x, ḡ(x, y; g, h), h̄(x, y; g, h)) = G(y; g, h);
H(y/x, ḡ(x, y; g, h), h̄(x, y; g, h)) = H(y; g, h),

(125)

¸µ¤¥·¦ Ð¨Ì∗ ¤¢¥ ¶·µ¨§¢µ²Ó´Ò¥ ËÊ´±Í¨¨ ¤¢ÊÌ  ·£Ê³¥´Éµ¢ G ¨ H . �µÔÉµ³Ê
µ¶·¥¤¥²¥´¨¥ ± ¦¤µ° ¨§ σν(s) É·¥¡Ê¥É §´ ´¨Ö É·¥Ì µ¶·¥¤¥²ÖÕÐ¨Ì ËÊ´±Í¨°
Σν , G ¨ H . ‡ ³¥É¨³ ¥Ð¥, ÎÉµ ¶·µÍ¥¤Ê·  ¶·¨¢Ö§±¨ Î¨¸²¥´´ÒÌ §´ Î¥´¨° ¶ · -
³¥É·µ¢ g ¨ h ± ±· ¥¢Ò³ ¤ ´´Ò³ ´¥µ¡Ìµ¤¨³µ ¢µ¢²¥± ¥É ¶µ ±· °´¥° ³¥·¥ ¤¢ 
¸µµÉ´µÏ¥´¨Ö (124).

‚ Éµ ¦¥ ¢·¥³Ö ´¥ Ö¢²ÖÕÉ¸Ö ¨´¢ ·¨ ´É ³¨ �ƒ-µ¶¥· Éµ·  ËÊ´±Í¨µ´ ²Ò µÉ
ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö, µ¶·¥¤¥²ÖÕÐ¨¥ ¸µ£² ¸´µ Ëµ·³Ê² ³ (85) ¶²µÉ´µ¸É¨
Î ¸É¨Í · §²¥É ÕÐ¥°¸Ö ¶² §³Ò. „·Ê£µ° ¶·¨³¥·, ±µ£¤  ·¥Ï¥´¨¥ Š‡ ¸É·µ¨É¸Ö
¨§ ¨´¢ ·¨ ´Éµ¢ �ƒ-¶·¥µ¡· §µ¢ ´¨Ö, ´µ ¸ ³µ É ±¨³ ¨´¢ ·¨ ´Éµ³ ´¥ Ö¢²Ö¥É¸Ö,
¶·¥¤¸É ¢²¥´ ¸µµÉ´µÏ¥´¨Ö³¨ (59) ¨ (63) ¤²Ö ËÊ´±Í¨µ´ ²µ¢ (55) ¢ § ¤ Î¥ µ
·¥Ë· ±Í¨¨ ¶ÊÎ±  ¢ ´¥²¨´¥°´µ° ¸·¥¤¥.

‚ ¸²ÊÎ ¥, ±µ£¤  ´¥²Ó§Ö ¢Ò¤¥²¨ÉÓ ·¥Ï¥´¨¥ Š‡ Ö¢´µ, ¢³¥¸Éµ ¶·¥¤¸É ¢²¥´¨Ö
(123) ¶·¨Ìµ¤¨É¸Ö · §·¥Ï ÉÓ ´¥Ö¢´Ò¥ ¸µµÉ´µÏ¥´¨Ö ¢¨¤  (125) ¨²¨ ¥Ð¥ ¡µ²¥¥
µ¡Ð¨¥ Ëµ·³Ê²Ò (122).
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