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ŠÊ¸µÎ´µ-±Ê¡¨Î¥¸± Ö  ¶¶·µ±¸¨³ Í¨Ö ¢ ·¥¦¨³¥  ¢Éµ³ É¨Î¥¸±µ£µ ¸²¥¦¥´¨Ö

‚ · ³± Ì Î¥ÉÒ·¥ÌÉµÎ¥Î´ÒÌ ¶·¥µ¡· §µ¢ ´¨° ¶·¥¤²µ¦¥´ ³¥Éµ¤ ±Ê¸µÎ´µ-
±Ê¡¨Î¥¸±µ°  ¶¶·µ±¸¨³ Í¨¨ ¸  ¢Éµ³ É¨Î¥¸±¨³ µ¡´ ·Ê¦¥´¨¥³ Ê§²µ¢ ¸¥£³¥´Éµ¢ ¶µ
µÉ¸Î¥É ³ ±·¨¢µ° ¢ ·¥¦¨³¥ ¸²¥¦¥´¨Ö. ‚ ± Î¥¸É¢¥ ²µ± ²Ó´µ°  ¶¶·µ±¸¨³ ´ÉÒ ¨¸-
¶µ²Ó§Ê¥É¸Ö ³µ¤¥²Ó É·¥ÌÉµÎ¥Î´µ£µ ±Ê¡¨Î¥¸±µ£µ ¸¶² °´  (TPS). ’µÎ¥Î´ Ö µÍ¥´± 
±µÔËË¨Í¨¥´É  ¶·¨ x3 (¸¢µ¡µ¤´µ£µ ¶ · ³¥É·  θ) µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê· ¢´¥´¨Ö ³µ-
¤¥²¨,   ¥£µ ¨´É¥·¢ ²Ó´ Ö µÍ¥´±  ÊÉµÎ´Ö¥É¸Ö ¢ ¶·µÍ¥¸¸¥ µÉ¸²¥¦¨¢ ´¨Ö ±Ê¡¨Î¥-
¸±µ£µ ¸¥£³¥´É  ±·¨¢µ°. �µ²ÊÎ¥´µ  ´ ²¨É¨Î¥¸±µ¥ ¢Ò· ¦¥´¨¥ ¶ · ³¥É·  θ Î¥·¥§
¤²¨´Ê ¨´É¥·¢ ²  ¨ §´ Î¥´¨Ö ËÊ´±Í¨¨ ¨ ¶·µ¨§¢µ¤´ÒÌ ¢ Ê§² Ì, Ê± §Ò¢ ÕÐ¥¥ ´ 
¶·Ö³ÊÕ § ¢¨¸¨³µ¸ÉÓ C1-£² ¤±µ¸É¨ µÉ ÉµÎ´µ¸É¨ ¢ÒÎ¨¸²¥´¨Ö µÍ¥´±¨ θ. �µ± § ´ 
Ê¸Éµ°Î¨¢µ¸ÉÓ ³¥Éµ¤  ± ¢Ìµ¤´Ò³ µÏ¨¡± ³. �¸´µ¢´Ò³¨ ¶ · ³¥É· ³¨  ¶¶·µ±¸¨-
³ Í¨¨ Ö¢²ÖÕÉ¸Ö ¶ · ³¥É·Ò ¡ §¨¸´ÒÌ ËÊ´±Í¨°, ¢¥²¨Î¨´  ¤¨¸¶¥·¸¨¨ ¢Ìµ¤´ÒÌ
µÏ¨¡µ± ¨ Ï £ ±¢ ´Éµ¢ ´¨Ö. �ËË¥±É¨¢´µ¸ÉÓ ³¥Éµ¤  ¨  ²£µ·¨É³  ¶µ¤É¢¥·¦¤¥´Ò
Î¨¸²¥´´Ò³¨ · ¸Î¥É ³¨ ´  ¶·¨³¥· Ì  ¶¶·µ±¸¨³ Í¨¨ ¸²µ¦´ÒÌ ±·¨¢ÒÌ ¨ ·¥ ²Ó-
´ÒÌ ¤ ´´ÒÌ.

� ¡µÉ  ¢Ò¶µ²´¥´  ¢ ‹ ¡µ· Éµ·¨¨ ¨´Ëµ·³ Í¨µ´´ÒÌ É¥Ì´µ²µ£¨° �ˆŸˆ.

‘µµ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´µ£µ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°. „Ê¡´ , 2004

Dikoussar N. D., Téoréok Cs. P11-2004-187
Piecewise-Cubic Approximation in Autotracking Mode

A method for piecewise-cubic approximation within the frame of four-point
transforms is proposed. The knots of the segments are detected in autotracking
mode using a digitized curve. A three-point cubic parametric spline (TPS) is used as
a model of a local approximant. A free parameter θ (a coefˇcient at x3) is found in a
line following mode, using step-by-step averaging. A formula for expression of the
free parameter via a length of the segment and values of a function and derivatives
in joining points is received. The C1-smoothness depends on the accuracy of the
θ-estimate. The stability of the method w.r.t. input errors is shown as well. The
key parameters of the approximation are: the parameters of the basic functions, the
variance of the input errors, and a sampling step. The efˇciency of the method is
shown by numerical calculations on test examples.

The investigation has been performed at the Laboratory of Information Tech-
nologies.
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‚ Î¨¸²¥´´ÒÌ · ¸Î¥É Ì ¤²Ö ¶·¨¡²¨¦¥´¨Ö £² ¤±¨Ì ËÊ´±Í¨° Î ¸Éµ ¨¸¶µ²Ó-
§ÊÕÉ ±Ê¸µÎ´µ-³´µ£µÎ²¥´´ÊÕ ¨´É¥·¶µ²ÖÍ¨Õ ( ¶¶·µ±¸¨³ Í¨Õ). ‘µµÉ¢¥É¸É¢Ê-
ÕÐ¨¥ ¶·µÍ¥¤Ê·Ò ¢±²ÕÎ¥´Ò ¢ ¡µ²ÓÏ¨´¸É¢µ ¸µ¢·¥³¥´´ÒÌ ¶·µ£· ³³´ÒÌ ¶ ±¥-
Éµ¢ [1]. �¡ÒÎ´µ ¤²Ö ÔÉ¨Ì Í¥²¥° ¨¸¶µ²Ó§ÊÕÉ ¸¶² °´Ò. � ¨¡µ²¥¥ ¨´É¥´¸¨¢´µ
¶·¨³¥´ÖÕÉ¸Ö ±Ê¡¨Î¥¸±¨¥ ¸¶² °´Ò, µ¡² ¤ ÕÐ¨¥ C1- ¨ C2-£² ¤±µ¸ÉÓÕ ¢ Ê§-
² Ì Ä ÉµÎ± Ì ¸ÉÒ±µ¢±¨ ¸µ¸¥¤´¨Ì §¢¥´Ó¥¢ ¸¶² °´ . Š ± ¶· ¢¨²µ, ¶·¨³¥´¥´¨¥
¸¶² °´-¨´É¥·¶µ²ÖÍ¨¨ ¶·¨¢µ¤¨É ± ¸¨¸É¥³ ³ ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¸ ²¥´ÉµÎ-
´Ò³¨ ³ É·¨Í ³¨, ·¥Ï¥´¨¥ ±µÉµ·ÒÌ ´ Ìµ¤¨É¸Ö ³¥Éµ¤µ³ ¶·µ£µ´±¨ [2]. ˆ¸-
¶µ²Ó§µ¢ ´¨¥ É ±¨Ì ¶·µÍ¥¤Ê· ¢ ¸¨¸É¥³ Ì ·¥ ²Ó´µ£µ ¢·¥³¥´¨ ¸¢Ö§ ´µ ¸ É·Ê¤´µ-
¸ÉÖ³¨, É ±¨³¨ ± ± µ¶É¨³ ²Ó´Ò° ¢Ò¡µ· Ê§²µ¢ ¨ ¡µ²ÓÏ Ö · §³¥·´µ¸ÉÓ ³ É·¨Í.

ˆ¸¶µ²Ó§µ¢ ´¨¥ Ô·³¨Éµ¢µ° ±Ê¡¨Î¥¸±µ° ¨´É¥·¶µ²ÖÍ¨¨ µ¸¢µ¡µ¦¤ ¥É µÉ ·¥-
Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨° [3], ´µ ¤²Ö µ¡¥¸¶¥Î¥´¨Ö C1-£² ¤±µ¸É¨ ´¥µ¡Ìµ¤¨³µ
§ ¤ ¢ ÉÓ µÍ¥´±¨ ¨²¨ §´ Î¥´¨Ö ¶¥·¢ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¢ Ê§² Ì. �¶É¨³ ²Ó´Ò°
¢Ò¡µ· Ê§²µ¢ ¶·¥¤¸É ¢²Ö¥É ±· °´¥ É·Ê¤´ÊÕ § ¤ ÎÊ [4], ¶µÔÉµ³Ê ´  ¶· ±É¨±¥
Ê§²Ò Î ¸Éµ µ¶·¥¤¥²ÖÕÉ ³¥Éµ¤µ³ ¶·µ¡ ¨ µÏ¨¡µ±.

‚ ¸¨¸É¥³ Ì Í¨Ë·µ¢µ° µ¡· ¡µÉ±¨ ¸¨£´ ²µ¢ [5, 6] ¶µÉµ±¨ ¤ ´´ÒÌ Å µÉ-
¸Î¥ÉÒ ¸ Í¨Ë·µ ´ ²µ£µ¢ÒÌ ¶·¥µ¡· §µ¢ É¥²¥° Å ¶µ¸ÉÊ¶ ÕÉ ¶µ¸²¥¤µ¢ É¥²Ó´µ
§  ¢¥¸Ó³  ±µ·µÉ±¨¥ ¶·µ³¥¦ÊÉ±¨ ¢·¥³¥´¨, ¨ µÍ¥´±¨ µ¸´µ¢´ÒÌ ¶ · ³¥É·µ¢ ¸¨£-
´ ²µ¢ (³¥¸Éµ¶µ²µ¦¥´¨¥ ¶¨± ,  ³¶²¨ÉÊ¤ , ¶²µÐ ¤Ó ¨ É.¶.) ´¥µ¡Ìµ¤¨³µ µ¶·¥-
¤¥²ÖÉÓ ¢ ³ ¸ÏÉ ¡¥ ·¥ ²Ó´µ£µ ¢·¥³¥´¨. „²Ö ·¥Ï¥´¨Ö É ±¨Ì § ¤ Î É·¥¡Ê¥É¸Ö
· §· ¡µÉ±  ¡µ²¥¥ ÔËË¥±É¨¢´ÒÌ  ²£µ·¨É³µ¢  ¶¶·µ±¸¨³ Í¨¨ ¨ ¸£² ¦¨¢ ´¨Ö.

‚ ´¥¶ · ³¥É·¨Î¥¸±¨Ì ³¥Éµ¤ Ì [7, 8] ¢ ¦´Ò³ ¶ · ³¥É·µ³ ¸£² ¦¨¢ ´¨Ö
Ö¢²Ö¥É¸Ö ¶·µÉÖ¦¥´´µ¸ÉÓ µÉ·¥§±  (span), ´  ±µÉµ·µ³ ¢ÒÎ¨¸²Ö¥É¸Ö ÉµÎ¥Î´ Ö
µÍ¥´± . ‚ ¸²ÊÎ ¥ ±Ê¸µÎ´µ-±Ê¡¨Î¥¸±µ°  ¶¶·µ±¸¨³ Í¨¨ ÔÉµÉ ¶ · ³¥É·  ¸¸µÍ¨-
¨·Ê¥É¸Ö ¸ ¤²¨´µ° ¶·µ³¥¦ÊÉ± , ´  ±µÉµ·µ³ ±·¨¢ Ö ¶·¨¡²¨¦ ¥É¸Ö ±Ê¡¨Î¥¸±µ°
¤Ê£µ°. ‡ ¤ Î   ¢Éµ³ É¨Î¥¸±µ£µ µ¡´ ·Ê¦¥´¨Ö £· ´¨Í É ±¨Ì ¸¥£³¥´Éµ¢ (Ê§²µ¢)
¶µ ¢Ìµ¤´Ò³ ¤ ´´Ò³ µ¸É ¥É¸Ö  ±ÉÊ ²Ó´µ°. „²Ö ¥¥ ·¥Ï¥´¨Ö ³Ò ¶·¨³¥´Ö¥³ ³¥-
Éµ¤ Î¥ÉÒ·¥ÌÉµÎ¥Î´ÒÌ ¶·¥µ¡· §µ¢ ´¨° (Discrete Projective Transforms Å DPT)
[9, 10], ¢ ±µÉµ·µ³ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ ¶µ²¨´µ³¨ ²Ó´µ° ³µ¤¥²¨ ³µ£ÊÉ ¨¸¶µ²Ó-
§µ¢ ÉÓ  ¡¸Í¨¸¸Ò ±µ´Íµ¢ ¨´É¥·¢ ²   ¶¶·µ±¸¨³ Í¨¨ ¢ ± Î¥¸É¢¥ ´¥¶·¥·Ò¢´ÒÌ
¶ · ³¥É·µ¢.

‚ · ¡µÉ¥ ´  µ¸´µ¢¥ DPT-³¥Éµ¤¨±¨ ¶µ¸É·µ¥´  ³µ¤¥²Ó ²µ± ²Ó´µ£µ É·¥ÌÉµ-
Î¥Î´µ£µ ±Ê¡¨Î¥¸±µ£µ ¸¶² °´  (TPS) [10] ¨ · §· ¡µÉ ´ ¶·µ¸Éµ° ¨ Ê¸Éµ°Î¨¢Ò°
± µÏ¨¡± ³  ¤ ¶É¨¢´Ò° ³¥Éµ¤ ( ²£µ·¨É³) µ¡´ ·Ê¦¥´¨Ö ¶µ ¢Ìµ¤´Ò³ ¤ ´´Ò³
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Ê§²µ¢ ±Ê¡¨Î¥¸±µ£µ ¸¥£³¥´É  ¨ ¢ÒÎ¨¸²¥´¨Ö µÍ¥´µ± ¥£µ ¶ · ³¥É·µ¢ ¢ ·¥¦¨³¥
¸²¥¦¥´¨Ö.

‚´ Î ²¥ ¤ ÕÉ¸Ö µ¸´µ¢´Ò¥ µ¶·¥¤¥²¥´¨Ö ¨ µ¡µ§´ Î¥´¨Ö, ¨¸¶µ²Ó§Ê¥³Ò¥ ¢
±µ´¸É·Ê±Í¨¨ ³µ¤¥²¨. ‡ É¥³ ¢Ò¢µ¤¨É¸Ö Ëµ·³Ê²  ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¸¢µ¡µ¤´µ£µ
¶ · ³¥É·  θ. ‚ · §¤. 3 ¨ 4 · ¸¸³ É·¨¢ ÕÉ¸Ö ³¥Éµ¤ ¨  ²£µ·¨É³ ¤²Ö µ¡´ ·Ê¦¥-
´¨Ö Ê§²µ¢ ±Ê¡¨Î¥¸±¨Ì ¸¥£³¥´Éµ¢ ¢ ·¥¦¨³¥ ¸²¥¦¥´¨Ö. �´ ²¨§ Ê¸Éµ°Î¨¢µ¸É¨
³¥Éµ¤  ± µÏ¨¡± ³ ¶·¨¢µ¤¨É¸Ö ¢ · §¤. 5. ‚ · §¤. 6, 7 ¤ ¥É¸Ö ±· É±µ¥ ¨§²µ¦¥´¨¥
¶·µÍ¥¤Ê·Ò ¸£² ¦¨¢ ´¨Ö ¨ ¶·¨³¥·Ò ·¥§Ê²ÓÉ Éµ¢ · ¡µÉÒ  ²£µ·¨É³   ¶¶·µ±¸¨-
³ Í¨¨ ¤²Ö · §²¨Î´ÒÌ ´ ¡µ·µ¢ ¤ ´´ÒÌ.

1. TPS-Œ�„…‹œ

�Ê¸ÉÓ ³´µ¦¥¸É¢µ ÉµÎ¥±

{xm, fm}N
m=1, fm = f(xm); xm < xm+1, 4 � N (1)

§ ¤ ¥É ¢·¥³¥´´ÊÕ ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ µÉ¸Î¥Éµ¢. �Éµ ³µ£ÊÉ ¡ÒÉÓ ÉµÎ±¨ ´  ±·¨-
¢µ° ¸ ¨§¢¥¸É´µ° § ¢¨¸¨³µ¸ÉÓÕ f(x) ∈ C[a,b], ·¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨° ¶µ ¸²µ¦-
´Ò³ ¨É¥· Í¨µ´´Ò³ ¸Ì¥³ ³, µÉ¸Î¥ÉÒ µÍ¨Ë·µ¢±¨ ¸¨£´ ²  ¢ ¶·¨¡µ·¥ ¨²¨ ´ 
¨§µ¡· ¦¥´¨¨, ¢·¥³¥´´µ° ·Ö¤ ¨ É.¶. ‚ ¸¨¸É¥³ Ì ·¥ ²Ó´µ£µ ¢·¥³¥´¨ Î¨¸²µ µÉ-
¸Î¥Éµ¢ N Î ¸Éµ ¡Ò¢ ¥É ¤µ¸É ÉµÎ´µ ¡µ²ÓÏ¨³ ¨ ´¥¨§¢¥¸É´Ò³ § · ´¥¥,   ¤ ´´Ò¥
µ¡· §ÊÕÉ ¢·¥³¥´´ÊÕ ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ (1). „²Ö µ¡· ¡µÉ±¨ É ±¨Ì ¤ ´´ÒÌ
µ¡ÒÎ´µ ¶·¨³¥´ÖÕÉ ·¥±Ê··¥´É´Ò¥ ³¥Éµ¤Ò (·¥±Ê·¸¨¢´Ò° Œ�Š, ³¥Éµ¤Ò  ¢Éµ-
·¥£·¥¸¸¨¨ ¨ ¤·.).

� Ï ¶µ¤Ìµ¤ ± ·¥Ï¥´¨Õ É ±¨Ì § ¤ Î ¨¸¶µ²Ó§Ê¥É ·¥±Ê··¥´É´µ¥ ¢ÒÎ¨¸²¥-
´¨¥ µÍ¥´±¨ ¶ · ³¥É·  ¨ ¡ §¨·Ê¥É¸Ö ´  ¶ · ³¥É·¨Î¥¸±µ° ±Ê¡¨Î¥¸±µ° ³µ¤¥²¨,
¸µ¤¥·¦ Ð¥° µ¤¨´ ¸¢µ¡µ¤´Ò° ¨ É·¨ Ë¨±¸¨·µ¢ ´´ÒÌ ¶ · ³¥É· . �·¨ ¨§¢¥¸É´ÒÌ
Ë¨±¸¨·µ¢ ´´ÒÌ ¶ · ³¥É· Ì ³¥Éµ¤ ¶µ§¢µ²Ö¥É ´ °É¨ ²µ± ²Ó´µ-µ¶É¨³ ²Ó´ÊÕ
µÍ¥´±Ê  ¶¶·µ±¸¨³ ´ÉÒ ¢ ·¥¦¨³¥ ¸²¥¦¥´¨Ö (¡¥§ ¸µ¸É ¢²¥´¨Ö ¨ ·¥Ï¥´¨Ö
¸¨¸É¥³Ò  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°).

‚¢¥¤¥³ µ¶·¥¤¥²¥´¨Ö ¨ µ¡µ§´ Î¥´¨Ö, ¨¸¶µ²Ó§ÊÕÐ¨¥¸Ö ¢ ±µ´¸É·Ê±Í¨¨ TPS-
³µ¤¥²¨ (·¨¸. 1). ’·¨ ÉµÎ±¨ (xα, rα), (xβ , rβ) ¨ (x0, r0), xα, xβ , x0 ∈ [a, b],
xi �= xj , i, j = α, β, 0 ¡Ê¤¥³ ´ §Ò¢ ÉÓ ·¥¶¥·µ³. ‡´ Î¥´¨Ö r∗ ¡¥·¥³ ¨§ ¤ ´´ÒÌ

(r∗ ≡ f∗) ²¨¡µ ¢ÒÎ¨¸²Ö¥³ ¨Ì µÍ¥´±¨ (r∗ = f̂∗). ˆ§ µ·¤¨´ É ·¥¶¥·  ¨ É¥±ÊÐ¥°
ÉµÎ±¨ (xτ , fτ ) ¸Ëµ·³¨·Ê¥³ ¤¢  ¢¥±Éµ·  r0 = [rα, rβ , r0]T ¨ r = [rα, rβ , fτ ]T .
�¥·¥´¥¸¥³ ´ Î ²µ ¢ ÉµÎ±Ê x0 : α = xα − x0, β = xβ − x0, τ = xτ − x0,
α �= β �= 0. ‚¥²¨Î¨´Ò α, β ¨ x0 ¦¥¸É±µ ¸¢Ö§ ´Ò ¸ ¢¥±Éµ·µ³ r0 ¨ ¨¸¶µ²Ó§ÊÕÉ¸Ö
± ± ¶ · ³¥É·Ò ¡ §¨¸´ÒÌ ËÊ´±Í¨° ³µ¤¥²¨ di(τ ; α, β), i = 1, 2, 3 ¨ Q(τ ; α, β)
(µ di ¨ Q ¸³. ´¨¦¥). „²Ö µ¶·¥¤¥²¥´´µ¸É¨ ¸Î¨É ¥³, ÎÉµ α < β ¨ τ ∈ [α, β] ⊆
[a − x0, b − x0].
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�¨¸. 1. Šµ´¸É·Ê±Í¨Ö TPS-³µ¤¥²¨

‚ ÔÉ¨Ì µ¡µ§´ Î¥´¨ÖÌ Ê· ¢´¥´¨¥ TPS-³µ¤¥²¨ § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥ ¸Ê³³Ò ¤¢ÊÌ
¶ · ¡µ² Å ±¢ ¤· É¨Î´µ° (Π) ¨ ±Ê¡¨Î¥¸±µ° (θQ) ¸ ¶ · ³¥É· ³¨ a, r0 ¨ θ:

C(τ ;a, r0, θ) = Π(τ ;a, r0) + θQ(τ ; a), τ ∈ [a − x0, b − x0], (2)

£¤¥ a = (α, β, x0); θ Å ¸¢µ¡µ¤´Ò° ¶ · ³¥É·, ¸µ¢¶ ¤ ÕÐ¨° ¸ ±µÔËË¨Í¨¥´Éµ³
¶·¨ τ3; Q Å ®§ ´Ê²ÖÕÐ Ö¯ ±Ê¡¨Î¥¸± Ö ¶ · ¡µ²  ¢¨¤ 

Q = τ(τ − α)(τ − β), (3)

  Π(τ ;a, r0) Å ®·¥¶¥·´ Ö ¶ · ¡µ² ¯, ¶·µÌµ¤ÖÐ Ö Î¥·¥§ ·¥¶¥·´Ò¥ ÉµÎ±¨ r0.
‘ ÊÎ¥Éµ³ ¢¥±Éµ·  ¢¥¸µ¢ d = [d1, d2, d3]T ¥¥ Ê· ¢´¥´¨¥ ¶·¨´¨³ ¥É ¸²¥¤ÊÕÐ¨°
¢¨¤

Π(τ ; a, r0) = (r0,d). (4)

”Ê´±Í¨¨ di(τ ; α, β), i = 1, 2, 3 µ¶·¥¤¥²ÖÕÉ¸Ö ¸¶¥Í¨ ²Ó´Ò³ ¶· ¢¨²µ³
 ´£ ·³µ´¨Î¥¸±µ£µ µÉ´µÏ¥´¨Ö Î¥ÉÒ·¥Ì ÉµÎ¥± {ταβ0} [9,10], ¶µ·µ¦¤ ÕÐ¥£µ
É·¨ ËÊ´±Í¨¨, ±¢ ¤· É¨Î´Ò¥ µÉ´µ¸¨É¥²Ó´µ τ ¨ ¤·µ¡´µ-· Í¨µ´ ²Ó´Ò¥ µÉ´µ¸¨-
É¥²Ó´µ α ¨ β:

d1 =
−τ(τ − β)

αγ
, d2 =

τ(τ − α)
βγ

,

d3 =
(τ − α)(τ − β)

αβ
, £¤¥ γ = β − α.

(5)

�É³¥É¨³, ÎÉµ ¶ · ³¥É·Ò α ¨ β ¢Ìµ¤ÖÉ ¢ ±µ´¸É·Ê±Í¨Õ di ¨ Q ´¥¶·¥·Ò¢-
´Ò³ µ¡· §µ³, ÎÉµ ¶µ§¢µ²Ö¥É ¨¸¶µ²Ó§µ¢ ÉÓ ¨Ì ¢ ± Î¥¸É¢¥ ´µ¢ÒÌ ¶¥·¥³¥´´ÒÌ.
�·¨ ¨§¢¥¸É´µ³ r0 ³µ¤¥²Ó (2) ¸µ¤¥·¦¨É µ¤¨´ ´¥¨§¢¥¸É´Ò° ¶ · ³¥É· Å ±µÔË-
Ë¨Í¨¥´É θ (θ = C′′′/6). ‚ Í¥²µ³ TPS-³µ¤¥²Ó § ¢¨¸¨É µÉ ¸¥³¨ ¶ · ³¥É·µ¢ a,
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r0 ¨ θ, Éµ£¤  ± ± (¸ ÊÎ¥Éµ³ Ê§²µ¢) ¸É ´¤ ·É´ Ö ³µ¤¥²Ó f =
3∑

i=0

cix
i ¨¸¶µ²Ó§Ê¥É

Éµ²Ó±µ Ï¥¸ÉÓ. ŠµÔËË¨Í¨¥´ÉÒ ci ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¶ · ³¥É·Ò TPS-³µ¤¥²¨
¸²¥¤ÊÕÐ¨³¨ Ëµ·³Ê² ³¨

c3 = θ, c2 = (α∆β0 − β∆α0)/(αβγ) + θαβ,

c1 = (β2∆α0 − α2∆β0)/(αβγ) − θ(α + β), c0 = f0,
(6)

£¤¥ ∆α0 = fα − f0, ∆β0 = fβ − f0.
ˆ§ (2) ¨ ·¨¸. 1 ¸²¥¤Ê¥É, ÎÉµ TPS Ö¢²Ö¥É¸Ö ¥¸É¥¸É¢¥´´Ò³ ±Ê¡¨Î¥¸±¨³ ¸¶² °-

´µ³ ¸ ¤¢Ê³Ö §¢¥´ÓÖ³¨ [α, 0] ¨ [0, β]. …£µ ¢¨¤ µ¶·¥¤¥²Ö¥É¸Ö ¶ · ³¥É· ³¨ γ, r0

¨ ¶·µ¨§¢µ¤´Ò³¨ f ′
α ¨ f ′

β ¢ ÉµÎ± Ì α ¨ β. ‡ ¢¨¸¨³µ¸ÉÓ µÉ ´¥¶·¥·Ò¢´ÒÌ ¶ · -
³¥É·µ¢ ¶µ§¢µ²Ö¥É ¨¸¶µ²Ó§µ¢ ÉÓ TPS-³µ¤¥²Ó ¢ ¤¢ÊÌ ·¥¦¨³ Ì: ¸É É¨Î¥¸±µ³ (α,
β Ë¨±¸¨·ÊÕÉ¸Ö, τ ¨§³¥´Ö¥É¸Ö) ¨ ¤¨´ ³¨Î¥¸±µ³ (ÌµÉÖ ¡Ò µ¤¨´ ¨§ ¶ · ³¥É·µ¢
¨§³¥´Ö¥É¸Ö ¢³¥¸É¥ ¸ τ). „¨´ ³¨Î¥¸±¨° ·¥¦¨³ ¨¸¶µ²Ó§Ê¥É¸Ö ´  ÔÉ ¶¥ ¸²¥¦¥-
´¨Ö ¶µ ±Ê¡¨Î¥¸±µ³Ê ÊÎ ¸É±Ê ±·¨¢µ°,   ¸É É¨Î¥¸±¨° ´  ¸É ¤¨¨ ®¸µ¥¤¨´¥´¨Ö¯
¸¥£³¥´Éµ¢ ¢ µ¤´Ê ±Ê¸µÎ´µ-±Ê¡¨Î¥¸±ÊÕ  ¶¶·µ±¸¨³ ´ÉÊ.

…¸²¨ α ¨ β  ¸¸µÍ¨¨·µ¢ ÉÓ ¸ Ê§² ³¨ ak ¨ bk k-£µ µÉ·¥§± , Éµ ®¸É É¨-
Î¥¸± Ö¯  ¶¶·µ±¸¨³ ´É  Ck µ¶·¥¤¥²¨É¸Ö §´ Î¥´¨Ö³¨ ±µÔËË¨Í¨¥´Éµ¢ r0k

=
[rαk

, rβk
, r0k

]T , θk ¨ §´ Î¥´¨Ö³¨ ¶ · ³¥É·µ¢ Ak = (ak, bk, x0k
), k = 1, 2, ...

�  ± ¦¤µ³ ¨§ É ±¨Ì ¶µ¤Ò´É¥·¢ ²µ¢, ¶·¨ r∗k ≡ f∗k, Ê· ¢´¥´¨Ö (2)Ä(5) £ · ´-
É¨·ÊÕÉ · ¢¥´¸É¢µ §´ Î¥´¨°  ¶¶·µ±¸¨³ ´ÉÒ ¨ ËÊ´±Í¨¨ ¢ Ê§² Ì ak, bk ¨ x0k

.
‚´¥ k-£µ µÉ·¥§±  ¸Î¨É ¥³ Ck = 0.

‚¥²¨Î¨´Ò θk, ak ¨ bk ´ ³ ´¥¨§¢¥¸É´Ò. ’ ± ± ± ¤²Ö ±Ê¸µÎ´µ-±Ê¡¨Î¥¸±µ°
 ¶¶·µ±¸¨³ ´ÉÒ bk ≡ ak+1, Éµ ¢ ·¥¦¨³¥ ¸²¥¦¥´¨Ö ¤µ¸É ÉµÎ´µ ´ Ìµ¤¨ÉÓ Éµ²Ó±µ
¶· ¢ÊÕ £· ´¨ÍÊ µÉ·¥§±  (bk), ±µÉµ·ÊÕ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ®ÉµÎ±µ° µ¸É ´µ¢ ¯.

2. ‘‚Ÿ‡œ ����Œ…’�� θ ‘ ���ˆ‡‚�„��‰ ‚ “‡‹�•

‚ ¸²ÊÎ ¥ ±Ê¸µÎ´µ-¶µ²¨´µ³¨ ²Ó´µ° ¨´É¥·¶µ²ÖÍ¨¨ C1-£² ¤±µ¸ÉÓ µ¡¥¸¶¥-
Î¨¢ ¥É¸Ö · ¢¥´¸É¢ ³¨ §´ Î¥´¨° ËÊ´±Í¨¨ ¨ ¶¥·¢ÒÌ ¶·µ¨§¢µ¤´ÒÌ ¢ Ê§² Ì ¸
¸µµÉ¢¥É¸É¢ÊÕÐ¨³¨ §´ Î¥´¨Ö³¨ ¶·¨¡²¨¦ ÕÐ¥° ËÊ´±Í¨¨. �·Ö³µ¥ Î¥ÉÒ·¥ÌÉµ-
Î¥Î´µ¥ ¶·¥µ¡· §µ¢ ´¨¥ ¤²Ö f ¶µ§¢µ²Ö¥É ´ °É¨ µÍ¥´±Ê §´ Î¥´¨° ¶·µ¨§¢µ¤´ÒÌ
¢ Ê§²µ¢ÒÌ ÉµÎ± Ì f ′

α ¨ f ′
β . �µ µ¶·¥¤¥²¥´¨Õ, µ¶¥· Í¨Ö DPT § ¤ ¥É¸Ö Ëµ·³Ê²µ°

f�
τ (τ ; a, r0) � (r,p),

£¤¥ p = [p1, p2, p3]T Å ¢¥±Éµ· ¢¥¸µ¢ÒÌ ËÊ´±Í¨°, µ¶·¥¤¥²Ö¥³ÒÌ Î¥É¢¥·±µ°
{0ταβ}. ”Ê´±Í¨¨ pi ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ di ¢ ¢¨¤¥ p = [−d1/d3,−d2/d3,
1/d3]T . �·¨³¥´¥´¨¥ DPT-µ¶¥· Í¨¨ ± ³µ¤¥²¨ (2) ¤ ¥É Ê· ¢´¥´¨¥ ¶·Ö³µ°
µÉ´µ¸¨É¥²Ó´µ τ :

C�(τ ;a, r0) = Π�(τ ; r0) + θQ� = f0 + θαβτ,
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É ± ± ± Π� = rβp1 + rαp2 + Πτp3 = f0,   Q� = Qαp1 + Qβp2 + Qτp3 =
0p1 + 0p2 + Qτp3 = αβτ .

‚ [10] ¶µ²ÊÎ¥´Ò Ëµ·³Ê²Ò ¤²Ö ¢ÒÎ¨¸²¥´¨Ö f ′
α ¨ f ′

β Î¥·¥§ f�
α, f�

β , r0 ¨ a:

f ′
α =

1
αβγ

[α2∆βα + γ2(fα − f�
α)], (7)

f ′
β =

1
αβγ

[β2∆βα − γ2(fβ − f�
β)], (8)

£¤¥ γ = β − α, α �= β; α, β �= 0,   ∆βα = fβ − fα, f�
∗ = f�(τ∗).

‡ ³¥´ÖÖ f�
α ¨ f�

β ¢ (7) ¨ (8) ´  C�
α ¨ C�

β ¸µµÉ¢¥É¸É¢¥´´µ, ´ °¤¥³ ¢Ò· ¦¥´¨Ö
µÍ¥´µ± ¶·µ¨§¢µ¤´ÒÌ ¢ Ê§²µ¢ÒÌ ÉµÎ± Ì Î¥·¥§ α, β, r0 ¨ θ:

f̂ ′
α =

1
αβγ

[α2∆βα + γ2(∆α0 − θα2β)], (9)

f̂ ′
β =

1
αβγ

[β2∆βα − γ2(∆β0 − θαβ2)]. (10)

ˆ§ (9) ¨ (10) ²¥£±µ ¶µ²ÊÎ¨ÉÓ Ëµ·³Ê²Ê, ¢Ò· ¦ ÕÐÊÕ θ̂ Î¥·¥§ γ, r0 ¨
µÍ¥´±¨ ¶·µ¨§¢µ¤´ÒÌ f̂ ′

α, f̂ ′
β ´  ±µ´Í Ì ¸¥£³¥´É :

θ̂ =
1
γ2

(
f̂ ′

α + f̂ ′
β − 2

γ
∆βα

)
. (11)

”µ·³Ê²  (11) Ê¸É ´ ¢²¨¢ ¥É ¸¢Ö§Ó ±µÔËË¨Í¨¥´É  θ ¸ µ¸´µ¢´Ò³¨ ¶ · -
³¥É· ³¨ ²µ± ²Ó´µ£µ ±Ê¡¨Î¥¸±µ£µ ¸¶² °´  (2), ¢±²ÕÎ Ö ¤²¨´Ê µÉ·¥§±  γ. �µ-
ÔÉµ³Ê ‘1-£² ¤±µ¸ÉÓ ¸ÊÐ¥¸É¢¥´´µ § ¢¨¸¨É µÉ ÉµÎ´µ¸É¨ θ̂ ¨ r0 ´  ± ¦¤µ³ §¢¥´¥.

…¸²¨ Ê§²Ò α ¨ β ¨§¢¥¸É´Ò,   r0, f̂ ′
α ¨ f̂ ′

β § ¤ ´Ò ¸ Ìµ·µÏ¥° ÉµÎ´µ-
¸ÉÓÕ, Éµ Ëµ·³Ê²Ò (2)Ä(5) ¨ (11) ¶µ§¢µ²ÖÕÉ ¶µ¸É·µ¨ÉÓ ±Ê¸µÎ´µ-±Ê¡¨Î¥¸±ÊÕ
 ¶¶·µ±¸¨³ ´ÉÊ, É. ¥. ·¥Ï¨ÉÓ § ¤ ÎÊ ¢ ¶µ¸É ´µ¢±¥ Ô·³¨Éµ¢µ° ±Ê¡¨Î¥¸±µ° ¨´-
É¥·¶µ²ÖÍ¨¨ [3].

�Í¥´±¨ f̂ ′
α ¨ f̂ ′

β ³µ¦´µ ´ °É¨ ¶µ (9) ¨ (10). …¸²¨ ¢¥±Éµ· r0 § ¤ ´, Éµ ¤²Ö

·¥Ï¥´¨Ö § ¤ Î¨ ²µ± ²Ó´µ° ±Ê¡¨Î¥¸±µ°  ¶¶·µ±¸¨³ Í¨¨ ¤µ¸É ÉµÎ´µ ´ °É¨ θ̂k

¨ ±µ´ÍÒ ¶·µ³¥¦ÊÉ±  ak ¨ bk. �Í¥´±Ê θ̂k ³µ¦´µ ´ °É¨ ²¨¡µ ·¥±Ê·¸¨¢´Ò³ ³¥-
Éµ¤µ³ ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éµ¢ (��Š) (¶·µÍ¥¤Ê·  É¨¶  �µ¡¡¨´¸ ÄŒµ´·µ) [11],
²¨¡µ ¶µ¸²¥¤µ¢ É¥²Ó´Ò³ Ê¸·¥¤´¥´¨¥³ ÉµÎ¥Î´ÒÌ µÍ¥´µ± θ̂m, µ¶·¥¤¥²Ö¥³ÒÌ ¶µ
¸¶¥Í¨ ²Ó´Ò³ Î¥ÉÒ·¥ÌÉµÎ¥Î´Ò³ ´ ¡µ· ³. ‡´ Î¥´¨¥ bk µ¶·¥¤¥²Ö¥É¸Ö ¤¨´ ³¨Î¥-
¸±¨, ¢ ¶·µÍ¥¸¸¥ ·¥±Ê··¥´É´µ£µ ¢ÒÎ¨¸²¥´¨Ö µÍ¥´±¨ θ̂k, ±µÉµ· Ö ¤µ²¦´  ¸µÌ· -
´ÖÉÓ ¶µ¸ÉµÖ´´µ¥ §´ Î¥´¨¥ ´  ±Ê¡¨Î¥¸±µ³ ÊÎ ¸É±¥ ±·¨¢µ° (±·¨É¥·¨° ®ÉµÎ±¨
µ¸É ´µ¢ ¯).

6



3. ��ˆ‘Š ®’�—Šˆ �‘’���‚�¯

ˆÉ ±, ´ ³ ´ ¤µ ´ °É¨ bk ¨ θ̂k ¶µ ¢Ìµ¤´Ò³ ¤ ´´Ò³. …¸²¨ f(τ) ≈ C(τ ; ·),
τ ∈ [α, β] ¨ α < 0 < τ∗ < β, Éµ ¶·¨ ³ ²µ° ¤¨¸¶¥·¸¨¨ ¢Ìµ¤´ÒÌ µÏ¨¡µ±
ÉµÎ¥Î´ÊÕ µÍ¥´±Ê θ̂∗ ¤²Ö ¸µµÉ¢¥É¸É¢ÊÕÐ¥° Î¥É¢¥·±¨ ³µ¦´µ ´ °É¨ ¨§ Ê· ¢´¥´¨Ö
³µ¤¥²¨ (2) ¢ ¢¨¤¥

θ̂∗ = (f∗ − Π∗)/Q∗. (12)

� ¸¸³µÉ·¨³ ¡µ²¥¥ ¶µ¤·µ¡´µ  ²£µ·¨É³ ¶µ¨¸±  ±µµ·¤¨´ É Ê§²µ¢ÒÌ ÉµÎ¥± ´ 
±·¨¢µ° f . ˆ§ ¤¢ÊÌ Ë¨±¸¨·µ¢ ´´ÒÌ ¸É ·Éµ¢ÒÌ ÉµÎ¥± (xα, rα), (x0, r0) ¨ ¶ ·Ò
É¥±ÊÐ¨Ì (xm, fm) ¨ (xm+s, fm+s) ¸Ëµ·³¨·Ê¥³ Î¥É¢¥·±¨ (·¨¸. 2) ¨ ¶µ (12)
¢ÒÎ¨¸²¨³ θ̂m ´  ÊÎ ¸É±¥, £¤¥ f ≈ C; §´ Î¥´¨Ö θ̂m ¤µ²¦´Ò µ¸É ¢ ÉÓ¸Ö ¶µÎÉ¨
¶µ¸ÉµÖ´´Ò³¨. ‡¤¥¸Ó Î¥·¥§ m µ¡µ§´ Î¥´ ¨´¤¥±¸ ÉµÎ±¨ ¢ ³ ¸¸¨¢¥ ¢Ìµ¤´ÒÌ
¤ ´´ÒÌ, s · ¢´µ Î¨¸²Ê ®¶·µ¶ÊÐ¥´´ÒÌ¯ÉµÎ¥± ³¥¦¤Ê τm ¨ βn ≡ τm+s. �Ê±¢µ°
n µ¡µ§´ Î ¥É¸Ö ¨´¤¥±¸ Î¥É¢¥·±¨ ´  É¥±ÊÐ¥³ µÉ·¥§±¥.

�¨¸. 2. ‘Ì¥³  ¢Ò¡µ·  Î¥É¢¥·µ±

�¥µ¡Ìµ¤¨³µ µ¡· É¨ÉÓ ¢´¨³ ´¨¥ ´  ¶· ¢¨²µ ¢Ò¡µ·  ¶ · ³¥É·µ¢ α ¨ x0,
É. ¥. ¸É ·Éµ¢ÒÌ ÉµÎ¥±. ’ ± ± ± τm ¨ βn ¶·¨ ¸²¥¦¥´¨¨ Ê¤ ²ÖÕÉ¸Ö µÉ ´Ê²¥¢µ°
ÉµÎ±¨, Éµ ¤²Ö Ê¢¥²¨Î¥´¨Ö ¡ §Ò βn − α ÉµÎ±Ê α ´ ¤µ ¡· ÉÓ ¸²¥¢  µÉ ´Ê²Ö
(α < 0).

�¡¸Í¨¸¸Ò ±· °´¨Ì ÉµÎ¥± ¢ É ±¨Ì Î¥É¢¥·± Ì  ¸¸µÍ¨¨·ÊÕÉ¸Ö ¸ ¶ · ³¥-
É· ³¨ α ¨ βn ≡ τm+s, ´Ê²Ó Å ¸ ¡ §¨¸´µ°,   τm Å ¸ É¥±ÊÐ¥° (¶·µ¡´µ°)
ÉµÎ±µ°. �µ¸²¥ ¶µ¤¸É ´µ¢±¨ ÔÉ¨Ì ¶ · ³¥É·µ¢ ¢ (3) ¨ (4) ´ °¤¥³ θ̂m ¶µ Ëµ·-
³Ê²¥ (12) ¨ ¶µ¸²¥¤µ¢ É¥²Ó´µ ¢ÒÎ¨¸²¨³ Ê¸·¥¤´¥´´ÊÕ µÍ¥´±Ê θ̄n ¶µ ¸²¥¤ÊÕÐ¥°
·¥±Ê··¥´É´µ° Ëµ·³Ê²¥:

θ̄n = [(n − 1)/n]θ̄n−1 + θ̂m/n; n = 1, 2, .... (13)

„·Ê£µ° ¸¶µ¸µ¡ ¢ÒÎ¨¸²¥´¨Ö µÍ¥´±¨ θn ¶·¨¢µ¤¨É¸Ö ´¨¦¥ (¸³. Ëµ·³Ê²Ê (21)).
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�  ± ¦¤µ³ Ï £¥ ¨¸¶µ²Ó§Ê¥³ θ̄n ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ´¥¢Ö§±¨

δm = fm − Π(τm; an, r0n) − θ̄nQ(τm, α, βn), (14)

£¤¥ an = (α, βn, x0),   r0n = [rα, r0, fβn ]T Å ·¥¶¥· ¤²Ö Î¥É¢¥·±¨ ¸ ¨´¤¥±-
¸µ³ n.

Šµ´¥Í ¸¥£³¥´É  ¨²¨ ³µ³¥´É ®ÉµÎ±¨ µ¸É ´µ¢ ¯ µ¶·¥¤¥²Ö¥É¸Ö ´¥· ¢¥´-
¸É¢µ³

|δm| > Tδ, (15)

£¤¥ Tδ Å § ¤ ´´Ò° Ê·µ¢¥´Ó ÉµÎ´µ¸É¨ (¸³. · §¤. 5) . ‡´ Î¥´¨Ö ±µµ·¤¨´ É
(τm,fm) ¢ ¶µ¸²¥¤´¥° Î¥É¢¥·±¥, ¶·µÏ¥¤Ï¥° É¥¸É (15), ¶·¨´¨³ ÕÉ¸Ö §  ¶· ¢Ò°
±µ´¥Í É¥±ÊÐ¥£µ ¶·µ³¥¦ÊÉ±  (bk, fbk

) ¨ ²¥¢Ò° ¸²¥¤ÊÕÐ¥£µ (ak+1, fak+1),  

§´ Î¥´¨¥ θ̄ ≡ θ̄n ¨¸¶µ²Ó§Ê¥É¸Ö ¤²Ö ¢ÒÎ¨¸²¥´¨Ö f̂ ′
ak

¨ f̂ ′
bk

. �  µ¸´µ¢¥ (12)Ä(15)
²¥£±µ ¶µ²ÊÎ¨ÉÓ  ¤ ¶É¨¢´Ò°  ²£µ·¨É³ ¸ ¨§³¥´ÖÕÐ¨³¨¸Ö ¢µ ¢·¥³¥´¨ ¶ · ³¥-
É· ³¨ ³µ¤¥²¨.

�·¨ ´µ·³ ²Ó´µ³ · ¸¶·¥¤¥²¥´¨¨ θ̂m µÍ¥´±  θ̄ ¸µ¢¶ ¤ ¥É ¸µ ¸·¥¤´¨³ ¢
¢Ò¡µ·±¥ µ¡Ñ¥³  n ¨ Ö¢²Ö¥É¸Ö µ¶É¨³ ²Ó´µ° ¨ ´¥¸³¥Ð¥´´µ°, É. ¥. ¶·¨ ´¥¡µ²Ó-
Ïµ° ¤¨¸¶¥·¸¨¨ ¢Ìµ¤´ÒÌ µÏ¨¡µ± Ëµ·³Ê²Ò (12) ¨ (13) £ · ´É¨·ÊÕÉ ÉµÎ´µ¸ÉÓ
¢ÒÎ¨¸²¥´¨Ö f̂ ′

ak
, f̂ ′

bk
¨ θ̂ ¶µ Ëµ·³Ê² ³ (9)Ä(11). �Ï¨¡±  ¢ÒÎ¨¸²¥´¨Ö θ̂m ·¥£Ê-

²¨·Ê¥É¸Ö ¶ · ³¥É·µ³ s ¨ ¨³¥¥É ¶µ·Ö¤µ± (n−2) ¶µ µÉ´µÏ¥´¨Õ ± ³ ±¸¨³ ²Ó´µ°
¢Ìµ¤´µ° µÏ¨¡±¥ ´  ¶·µ³¥¦ÊÉ±¥ (¸³. (17)).

‚ ³µ³¥´É µ¡´ ·Ê¦¥´¨Ö ®ÉµÎ±¨ µ¸É ´µ¢ ¯ ±µµ·¤¨´ ÉÒ ÉµÎ¥± (ak, fak
) ¨

(bk, fbk
) ¢ ¶·¥¤¶µ¸²¥¤´¥° Î¥É¢¥·±¥ ¶·¨´¨³ ÕÉ¸Ö §  Ê§²Ò k-£µ ¸¥£³¥´É . „²Ö

¡µ²¥¥ £² ¤±µ° ¸ÉÒ±µ¢±¨ ¸µ ¸²¥¤ÊÕÐ¨³ §¢¥´µ³ ¥£µ ´ Î ²µ ´ ¤µ ¢·¥³¥´´µ
 ¸¸µÍ¨¨·µ¢ ÉÓ ¸ ÉµÎ±µ° (τm−1, fτm−1). �É³¥É¨³, ÎÉµ ¢ ¶·µÍ¥¤Ê·¥ ¶µ¨¸± 
Ê§²  §´ Î¥´¨¥ β ¨§³¥´Ö¥É¸Ö µÉ ÉµÎ±¨ ± ÉµÎ±¥,   §´ Î¥´¨Ö α ¨ x0 Ë¨±¸¨·ÊÕÉ¸Ö
¨, ¢ µ¶·¥¤¥²¥´´µ³ ¸³Ò¸²¥, µ¡¥¸¶¥Î¨¢ ÕÉ ¶ ³ÖÉÓ  ²£µ·¨É³  ´  ²µ± ²Ó´µ³
µÉ·¥§±¥.

�µ¸²¥ µ¡´ ·Ê¦¥´¨Ö  ±ÉÊ ²Ó´ÒÌ £· ´¨Í µÉ·¥§±  Ëµ·³¨·ÊÕÉ¸Ö ¥£µ ®¸É É¨-
Î¥¸±¨¥ Ê§²µ¢Ò¥¯ ¶ · ³¥É·Ò Ak = (ak, bk, x0k

≈ (ak + bk)/2) ¨ ¸µµÉ¢¥É¸É¢Ê-
ÕÐ¨° ¨³ ¢¥±Éµ· R0. ‡´ Î¥´¨¥ x0k

, ¶µ ¢µ§³µ¦´µ¸É¨, ¢Ò¡¨· ¥É¸Ö ¢ ¸¥·¥¤¨´¥
µÉ·¥§± .

4. �‹ƒ��ˆ’Œ LOCUSD

�µ ¶·¨¢¥¤¥´´Ò³ ¢ÒÏ¥ Ëµ·³Ê² ³ ¶µ¸É·µ¨³  ²£µ·¨É³ ¶µ¨¸±  ²µ± ²Ó´ÒÌ
±Ê¡¨Î¥¸±¨Ì ¸¥£³¥´Éµ¢ ¶µ ¢Ìµ¤´Ò³ ¤ ´´Ò³ (LOcal CUbic Segments Detector Å
LOCUSD). �·¨ ¶µ¨¸±¥ k-£µ ¸¥£³¥´É  ¢ ÔÉµ³  ²£µ·¨É³¥ ¢Ò¤¥²ÖÕÉ¸Ö ¤¢  ÔÉ ¶ .

�  ¶¥·¢µ³ ÔÉ ¶¥ ¨¸¶µ²Ó§Ê¥É¸Ö TPS-³µ¤¥²Ó ¢ ¤¨´ ³¨Î¥¸±µ³ ·¥¦¨³¥ ¤²Ö
¸²¥¦¥´¨Ö ¶µ ±Ê¡¨Î¥¸±µ³Ê ÊÎ ¸É±Ê ±·¨¢µ°, ¶µ¸²¥ Î¥£µ ´ Ìµ¤ÖÉ¸Ö θ̄k, Ê§²Ò
Ak ¨ ·¥¶¥·´Ò¥ µ·¤¨´ ÉÒ R0k. �  ¢Éµ·µ³ ÔÉ ¶¥ ±µ··¥±É¨·Ê¥É¸Ö Ê·µ¢¥´Ó
C1-£² ¤±µ¸É¨ ¢ Ê§² Ì. „²Ö ÔÉµ£µ ¨¸¶µ²Ó§ÊÕÉ¸Ö ¶µ²ÊÎ¥´´Ò¥ ´  ¶¥·¢µ³ ÔÉ ¶¥
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Ak, R0k ¨ θ̄k ¤²Ö ¢ÒÎ¨¸²¥´¨Ö f̂ ′
ak

, f̂ ′
bk

¶µ (9), (10) ¨ ÊÉµÎ´¥´¨Ö θ̂k ¶µ (11),
É. ¥.

θ̂k =
1
γ2

k

(
f̂ ′

ak
+ f̂ ′

bk
− 2

γk
∆bkak

)
, γk = bk − ak. (16)

Š ± µÉ³¥Î ²µ¸Ó ¢ÒÏ¥, ³µ¤¥²Ó (2) £ · ´É¨·Ê¥É ¸µ¢¶ ¤¥´¨¥ §´ Î¥´¨° ËÊ´±-
Í¨¨ ¢ Ê§² Ì,   £² ¤±µ¸ÉÓ  ¶¶·µ±¸¨³ ´ÉÒ ¸ÊÐ¥¸É¢¥´´µ § ¢¨¸¨É µÉ ÉµÎ´µ¸É¨
R0k. Š Î¥¸É¢µ ¸ÉÒ±µ¢±¨ ³µ¦´µ Ê²ÊÎÏ¨ÉÓ, ¥¸²¨ ¶·µÍ¥¸¸ ¸²¥¦¥´¨Ö ¤²Ö k-
£µ ¸¥£³¥´É  ´ Î¨´ ÉÓ ¸ ¶·¥¤¶µ¸²¥¤´¥° ÉµÎ±¨, ¢±²ÕÎ¥´´µ° ¢ (k-1)-° ¸¥£³¥´É
(¢´ Ì²¥¸É).

’ ±¨³ µ¡· §µ³, µ¸´µ¢´µ° Í¨±²  ²£µ·¨É³  LOCUSD ´  k-³ ¸¥£³¥´É¥ ³µ-
¦¥É ¡ÒÉÓ ·¥ ²¨§µ¢ ´ ¸²¥¤ÊÕÐ¨³¨ Ï £ ³¨ (m Å ¨´¤¥±¸ ÉµÎ±¨ ´  ¢Ìµ¤¥, n Å
¨´¤¥±¸ ¶·µ¡´µ° Î¥É¢¥·±¨, k Å ¨´¤¥±¸ ¸¥£³¥´É ):

• Ï £ 1: n = 0;
• Ï £ 2: n ← n + 1; ¢Ò¡· ÉÓ Î¥É¢¥·±Ê, ¸Ëµ·³¨·µ¢ ÉÓ r0n ¨ ¢ÒÎ¨¸²¨ÉÓ

dim, Πm, Qm, θm ¨ δm ¶µ Ëµ·³Ê² ³ (3)Ä(5), (12), (14), i = 1, 2, 3;
• Ï £ 3: ¥¸²¨ (|δm| > Tδ), Éµ ¶¥·¥°É¨ ´  Ï £ 6; (®¤¥É¥±Éµ· Ê§² ¯)
• Ï £ 4: ¢ÒÎ¨¸²¨ÉÓ θ̄n ¶µ Ëµ·³Ê²¥ (13); m ← m + 1;
• Ï £ 5: ¶¥·¥°É¨ ´  Ï £ 2 (§  ¸²¥¤ÊÕÐ¥° ÉµÎ±µ°);
• Ï £ 6: ®breakpoint¯: ¸Ëµ·³¨·µ¢ ÉÓ Ak, R0k ¨ ¢ÒÎ¨¸²¨ÉÓ f̂ ′

ak
, f̂ ′

bk
¨ θ̂k

(16);
• Ï £ 7: § ¶µ³´¨ÉÓ Ak, R0k ¨ ±µÔËË¨Í¨¥´ÉÒ (6); k ← k + 1; ¢ÒÌµ¤.
�ÉµÉ  ²£µ·¨É³ ²¥£±µ ¶·µ£· ³³¨·Ê¥É¸Ö ¨ ¨³¥¥É ¶·µ¸ÉÊÕ ¸É·Ê±ÉÊ·Ê (·¨¸. 3).

�´ ¨³¥¥É ¶·µ¸ÉÊÕ ¢ÒÎ¨¸²¨É¥²Ó´ÊÕ ¸Ì¥³Ê,   ¸±µ·µ¸ÉÓ  ²£µ·¨É³  µ¶·¥¤¥²Ö¥É¸Ö
¢ µ¸´µ¢´µ³ ¸²µ¦´µ¸ÉÓÕ ¢Ìµ¤´ÒÌ ¤ ´´ÒÌ (¸²µ¦´µ¸ÉÓÕ Ëµ·³Ò ±·¨¢µ°).

�¨¸. 3. ‘É·Ê±ÉÊ·   ²£µ·¨É³  LOCUSD

5. ���‹ˆ‡ “‘’�‰—ˆ‚�‘’ˆ

�´ ²¨§ Ê¸Éµ°Î¨¢µ¸É¨ ³¥Éµ¤  ¶µ µÉ´µÏ¥´¨Õ ± ¶µ£·¥Ï´µ¸ÉÖ³ ¢ ¨¸Ìµ¤´ÒÌ
¤ ´´ÒÌ ¶·µ¢¥¤¥³ ´  µ¸´µ¢¥ Ëµ·³Ê² (9)Ä(12) ¨ (13). �¡µ§´ Î¨³ µÏ¨¡±¨ ¢
§´ Î¥´¨ÖÌ fm Î¥·¥§ em, m = 1, 2, ..., N . —Ê¢¸É¢¨É¥²Ó´µ¸ÉÓ ³¥Éµ¤  ± em ´ 
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ÔÉ ¶¥ ¸²¥¦¥´¨Ö µ¶·¥¤¥²Ö¥É¸Ö µÏ¨¡± ³¨ ¢ r0 ¨ ÉµÎ´µ¸ÉÓÕ ¢ÒÎ¨¸²¥´¨Ö µÍ¥´±¨
θ̄n ¶µ Ëµ·³Ê²¥ (13). �Ï¨¡±  eθ̄ § ¢¨¸¨É µÉ n ¨ eθm Å µÏ¨¡µ± ¢ÒÎ¨¸²¥´¨Ö
θ̂m ¢ ÉµÎ± Ì τm ¶µ Î¥É¢¥·± ³. ‘µ£² ¸´µ (12) eθm ¢Ò· ¦ ¥É¸Ö Î¥·¥§ em ¨
¢§¢¥Ï¥´´Ò¥ µÏ¨¡±¨ e0 = [eα, eβ, e0]T ¢ ¢¨¤¥

eθm =
1

Qm
(em − d1meα − d2meβ − d3me0) .

‘ ÊÎ¥Éµ³ ¢Ò· ¦¥´¨° ¤²Ö Qm ¨ dim ¢ (3) ¨ (5) ¶µ²ÊÎ¨³

eθm =
em

τm(τm − α)(τm − βn)
+

eα

αγ(τm − α)
− eβ

βnγ(τm − βn)
− e0

αβnτm
,

É. ¥. ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ²µ± ²Ó´µ° µÍ¥´±¨ θ̂m µÏ¨¡±  eθm ¶·¥µ¡· §Ê¥É¸Ö Î¥·¥§
α, βn ¨ τm ¢ §´ ³¥´ É¥²ÖÌ. �µÔÉµ³Ê ¢ ·¨ Í¨¨ α ¨ βn ¢²¨ÖÕÉ ´  eθm.
� ¶·¨³¥·, ¸ ÊÎ¥Éµ³ · §³¥·´µ¸É¨ eθm ¶·¨ α = −h, βn = (n + s)h, τm = nh
¨ s = 1 ¶µ²ÊÎ¨³

|eθm | < 4emax/[n(n + 2)], n = 1, 2, 3, ..., (17)

£¤¥ emax = max{|em|, |eα|, |eβ |, |e0|}, É. ¥. ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ¶ · ³¥É·  θm

µÏ¨¡±¨ eθm ¶µ¤ ¢²ÖÕÉ¸Ö ±¢ ¤· É¨Î´µ µÉ´µ¸¨É¥²Ó´µ n,   µÏ¨¡±  eθ̄ Ê¡Ò-
¢ ¥É ± ± (n−3), £¤¥ n Å ¨´¤¥±¸ Î¥É¢¥·±¨ ´  µÉ¤¥²Ó´µ³ µÉ·¥§±¥. ’ ±µ° Ê·µ-
¢¥´Ó ¶µ¤ ¢²¥´¨Ö µÏ¨¡µ± µ¡¥¸¶¥Î¨¢ ¥É Ê¸Éµ°Î¨¢µ¸ÉÓ ¶·µÍ¥¸¸  ¸²¥¦¥´¨Ö ¨,
¢ µ¶·¥¤¥²¥´´µ° ¸É¥¶¥´¨, £ · ´É¨·Ê¥É ÉµÎ´µ¸ÉÓ ¢ÒÎ¨¸²¥´¨Ö f̂ ′

α ¨ f̂ ′
β ¶µ Ëµ·-

³Ê² ³ (9) ¨ (10), ¢²¨ÖÕÐÊÕ ´  £² ¤±µ¸ÉÓ ¸µ¶·Ö¦¥´¨Ö §¢¥´Ó¥¢. ‚ Ëµ·³Ê²¥
¤²Ö eθm §´ Î¥´¨Ö α ¨ β ¸ÊÐ¥¸É¢¥´´µ ¢²¨ÖÕÉ ´  ÉµÎ´µ¸ÉÓ µÍ¥´±¨ θ̂m, É. ¥.
µ´¨ Ö¢²ÖÕÉ¸Ö ¶ · ³¥É· ³¨  ¶¶·µ±¸¨³ Í¨¨ (¸£² ¦¨¢ ´¨Ö). „µ¶µ²´¨É¥²Ó´Ò°
¶ · ³¥É· sβ ≡ s ¨  ´ ²µ£¨Î´Ò° ¥³Ê sα ¸²Ê¦ É ¤²Ö ¡µ²¥¥ Éµ´±µ° ´ ¸É·µ°±¨
 ²£µ·¨É³  ¶µ ¶ · ³¥É· ³ α ¨ β.

‡´ Î¥´¨Ö f̂ ′
ak

¨ f̂ ′
bk

¢ÒÎ¨¸²ÖÕÉ¸Ö ¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ®Ê§²µ¢ÒÌ¯¶ · ³¥É·µ¢.
‘ ÊÎ¥Éµ³ e0 ¨ eθ̄ µÏ¨¡±¨ ¢ÒÎ¨¸²¥´¨Ö ¶·µ¨§¢µ¤´ÒÌ ¢ Ê§² Ì ¶·¥µ¡· §ÊÕÉ¸Ö ¶µ
Ëµ·³Ê² ³ (9) ¨ (10). � ¶·¨³¥·, µÏ¨¡±  ¢ §´ Î¥´¨¨ ¶·µ¨§¢µ¤´µ° ¢ Ê§²¥ β
· ¢´ 

e′β = − β

αγ
eα +

2
β

eβ − γ

αβ
e0 − γβeθ̄, £¤¥ γ − ¤²¨´  µÉ·¥§± .

�É¸Õ¤  ¶·¨ α = −b ¨ b = γ/2 ¶µ²ÊÎ¨³

e′b = (−ea + 4eb − 4e0)/γ − γ2eθ̄/2, (18)

É.¥. ¶·¨ ¢ÒÎ¨¸²¥´¨¨ µÍ¥´µ± ¶·µ¨§¢µ¤´ÒÌ ¢²¨Ö´¨¥ µÏ¨¡µ± ·¥¶¥·´ÒÌ µ·-
¤¨´ É ´  £² ¤±µ¸ÉÓ ¢ ÉµÎ± Ì ¸µ¶·Ö¦¥´¨Ö Ê³¥´ÓÏ ¥É¸Ö ¸ Ê¢¥²¨Î¥´¨¥³ ¡ §Ò
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γ = bk − ak. ’ ± ± ± γ = nh, Éµ ¸ ÊÎ¥Éµ³ Ê¸·¥¤´¥´¨Ö θ̂m ¨ Ëµ·³Ê²Ò (17)
³µ¤Ê²Ó µÏ¨¡±¨ eθ̄ ´¥ ¶·¥¢Ò¸¨É 4(n+2)emax/(nγ3) ≈ 4emax/γ3, £¤¥ emax Å
³ ±¸¨³ ²Ó´µ¥ §´ Î¥´¨Ö ³µ¤Ê²¥° µÏ¨¡µ± ¶µ ¢¸¥³ ÉµÎ± ³ ¸¥£³¥´É . �µ¤¸É -
¢²ÖÖ ÔÉµ ¢Ò· ¦¥´¨¥ ¢³¥¸Éµ eθ̄ ¢ (18), ¶µ²ÊÎ¨³ µÍ¥´±Ê ³ ±¸¨³ ²Ó´µ° µÏ¨¡±¨
¢ÒÎ¨¸²¥´¨Ö f̂ ′

bk
¶µ Ëµ·³Ê²¥ (10)

|e′b| < 11emax/γ. (19)

’ ±¨³ µ¡· §µ³, µÏ¨¡±  ¢ÒÎ¨¸²¥´¨Ö µÍ¥´±¨ θ̂k ¶µ Ëµ·³Ê²¥ (16) ¸µ¸É ¢¨É
¢¥²¨Î¨´Ê (γ−3) ¶µ µÉ´µÏ¥´¨Õ ± ³ ±¸¨³ ²Ó´µ° ¢Ìµ¤´µ° µÏ¨¡±¥ ´  ¸¥£³¥´É¥.
�µ²ÊÎ¥´´Ò¥ µÍ¥´±¨ ¤µ²¦´Ò ÊÎ¨ÉÒ¢ ÉÓ¸Ö ¶·¨ ¢Ò¡µ·¥ §´ Î¥´¨Ö Tδ.

‘²¥¤Ê¥É É ±¦¥ µÉ³¥É¨ÉÓ, ÎÉµ ¤²Ö ¸µÌ· ´¥´¨Ö Ê¸Éµ°Î¨¢µ¸É¨ ¸²¥¦¥´¨Ö ¶·¨
Ê¢¥²¨Î¥´¨¨ ¤¨¸¶¥·¸¨¨ ¢Ìµ¤´ÒÌ µÏ¨¡µ± ®·¥¶¥·´Ò¥ µ·¤¨´ ÉÒ¯ rα, rβ ¨ r0

´¥µ¡Ìµ¤¨³µ Ê¸·¥¤´ÖÉÓ ¶µ ´¥¸±µ²Ó±¨³ ¡²¨¦ °Ï¨³ ÉµÎ± ³.

6. ‘ƒ‹�†ˆ‚��ˆ…

�µ²¥¥ ¶µ¤·µ¡´µ Î¥ÉÒ·¥ÌÉµÎ¥Î´Ò° ³¥Éµ¤ ¸£² ¦¨¢ ´¨Ö ±Ê¡¨Î¥¸±¨³¨ ¸¥£-
³¥´É ³¨ ¢ ·¥¦¨³¥  ¤ ¶É Í¨¨ ¨§²µ¦¥´ ¢ · ¡µÉ Ì [11, 12]. �¨¦¥ · ¸¸³ É·¨¢ -
¥É¸Ö ³µ¤¨Ë¨± Í¨Ö ÔÉµ£µ ³¥Éµ¤ , ¨¸¶µ²Ó§ÊÕÐ Ö ¶ · ³¥É·¨Î¥¸±µ¥ ¢ÒÎ¨¸²¥´¨¥
¢¥¸µ¢ÒÌ (¡ §¨¸´ÒÌ) ËÊ´±Í¨°. Šµ´Í¥¶ÉÊ ²Ó´µ ³¥Éµ¤ ¸£² ¦¨¢ ´¨Ö ¢ ·¥¦¨³¥
¸²¥¦¥´¨Ö ¶µ²´µ¸ÉÓÕ ¸µ¢¶ ¤ ¥É ¸ ¨§²µ¦¥´´Ò³ ¢ÒÏ¥ ³¥Éµ¤µ³  ¶¶·µ±¸¨³ Í¨¨.
�¸´µ¢´Ò¥ µÉ²¨Î¨Ö ¸¢Ö§ ´Ò ¸ ¶·µÍ¥¤Ê·µ° ·¥±Ê··¥´É´µ£µ ¢ÒÎ¨¸²¥´¨Ö µÍ¥´±¨
θ̂ ´  ¶¥·¢µ³ ÔÉ ¶¥ ¨ ¢ÒÎ¨¸²¥´¨¥³ µÍ¥´µ± ·¥¶¥·´ÒÌ µ·¤¨´ É ´  ¢Éµ·µ³.

‚ ¸²ÊÎ ¥ ¸£² ¦¨¢ ´¨Ö, ¶·¨ ¡µ²ÓÏµ° ¤¨¸¶¥·¸¨¨ ¢Ìµ¤´ÒÌ µÏ¨¡µ± (e =
f̃ − f), µÍ¥´±  ¶ · ³¥É·  θ µ¶·¥¤¥²Ö¥É¸Ö ´  µ¸´µ¢¥ ±·¨É¥·¨Ö Œ�Š

n∑
i=1

(
f̃i − Πi(a, r̄0) − θQi

)2

→min
θ

(20)

¸ ¨¸¶µ²Ó§µ¢ ´¨¥³ ¶·¨¡²¨¦¥´´ÒÌ §´ Î¥´¨° ·¥¶¥·´ÒÌ µ·¤¨´ É r̄0. ’ ± ± ±
· §³¥· ¢Ò¡µ·±¨ n ´ ³ § · ´¥¥ ´¥ ¨§¢¥¸É¥´,   ËÊ´±Í¨µ´ ² (20) Ö¢²Ö¥É¸Ö ²¨-
´¥°´Ò³ ¶µ µÉ´µÏ¥´¨Õ ± ¨¸±µ³µ³Ê ¶ · ³¥É·Ê, Éµ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö µÍ¥´±¨ θ̂
¨¸¶µ²Ó§Ê¥É¸Ö Ëµ·³Ê²  ��Š ¢ ¢¨¤¥

θ̂n = θ̂n−1 + Kn

(
f̃n − Πn − θ̂n−1Qn

)
, θ̂0 = 0, n = 1, 2, ..., (21)

£¤¥ Kn = Qn/
∑n

j=1 Q2
j Å ±µÔËË¨Í¨¥´É Ê¸¨²¥´¨Ö, ¶µ¤ ¢²ÖÕÐ¨° µÏ¨¡±Ê en.

�µ¢¥¤¥´¨¥ ±µÔËË¨Í¨¥´É  Kn ¸ÊÐ¥¸É¢¥´´µ § ¢¨¸¨É µÉ ¢Ò¡µ·  ¶ · ³¥É·µ¢ α
¨ βn, É. ¥. Kn = Kn(α, βn). �±ÉÊ ²Ó´µ¥ §´ Î¥´¨¥ βn ¸¢Ö§ ´µ ¸ ¶µ¤¢¨¦´µ°
¶· ¢µ° £· ´¨Í¥° ¸¥£³¥´É ,   ¶ · ³¥É·Ò α ¨ x0 Ë¨±¸¨·ÊÕÉ¸Ö. ’· ´¸Ëµ·³ Í¨Ö
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·¥¶¥·´ÒÌ µÏ¨¡µ± e0 ¢ (21) § ¢¨¸¨É µÉ ±µÔËË¨Í¨¥´É  Kn Ê³´µ¦¥´´µ£µ ´ 
¢¥¸  din, i = 1, 2, 3. �µ¤¸É ¢²ÖÖ Q ¨§ (3) ¢ ¢Ò· ¦¥´¨¥ ¤²Ö Kn ¶·¨ α = −1 ¨
βn = (n − 1), ¶µ²ÊÎ¨³

Kn =
n(n − α)(n − βn)∑

j

j2(j − α)2(j − βj)2
=

n(n + 1)∑
j

j2(j + 1)2
=

15n

3(n + 1)4 − 5(n + 1)2 + 2
.

�·¨ É ±µ³ ¢Ò¡µ·¥ ¶ · ³¥É·  βn ¢¥¸µ¢Ò¥ ËÊ´±Í¨¨ din ¸µµÉ¢¥É¸É¢¥´´µ
· ¢´Ò:

d1n = 1, d2n =
n + 1
n − 1

¨ d3n =
−(n + 1)

n − 1
, n > 1,

É. ¥. ¢²¨Ö´¨¥ din ´  µÏ¨¡±¨ e0 ´¥¸ÊÐ¥¸É¢¥´´µ, É ± ± ± ¸ ·µ¸Éµ³ n ¨Ì §´ Î¥´¨Ö
¡²¨§±¨ ± ±1. �  ·¨¸.4 ¶·¨¢¥¤¥´ £· Ë¨± Kn ¢ ²µ£ ·¨Ë³¨Î¥¸±µ³ ³ ¸ÏÉ ¡¥ ¶µ
µ¡¥¨³ µ¸Ö³ ¤²Ö n = 1Ä75. „²Ö ¸· ¢´¥´¨Ö ¶·¨¢¥¤¥´Ò É ±¦¥ £· Ë¨±¨ ¤²Ö n−1,

�¨¸. 4. Log 10Kn ¨ log 10×
|dinKn|

n−2 ¨ n−3 ¢ Éµ³ ¦¥ ³ ¸ÏÉ ¡¥. ŒÒ ¢¨¤¨³, ÎÉµ
±·¨¢Ò¥ Kn ¨ |dinKn|, i = 1, 2 ¶· ±É¨Î¥¸±¨
¸µ¢¶ ¤ ÕÉ ¨ · ¸¶µ² £ ÕÉ¸Ö ³¥¦¤Ê n−3 ¨ n−2,
¶·¨Î¥³ ¡²¨¦¥ ± n−3. ’ ±¨³ µ¡· §µ³, ÔËË¥±-
É¨¢´µ¸ÉÓ ¶µ¤ ¢²¥´¨Ö µÏ¨¡µ± en ¨ e0 ¢ ¶·µÍ¥-
¤Ê·¥ (21) ¡²¨§±  ± O(n−3). Š ± ¨ · ´ÓÏ¥,
¶·µÍ¥¸¸ (21) ±µ´É·µ²¨·Ê¥É¸Ö Ê¸²µ¢¨¥³ (15).
‚ ³µ³¥´É µ¡´ ·Ê¦¥´¨Ö ®breakpoint¯, ¶·¥¤¶µ-
¸²¥¤´¥¥ §´ Î¥´¨¥ βn µ¶·¥¤¥²¨É ¶· ¢ÊÕ £· -
´¨ÍÊ ¨´É¥·¢ ² .

�  ¸²¥¤ÊÕÐ¥³ ÔÉ ¶¥ Ëµ·³¨·Ê¥É¸Ö Ak =
(ak, bk, x0k

), £¤¥ ¡ §¨¸´ Ö ÉµÎ±  x0k
¡¥·¥É¸Ö

¢ ¸¥·¥¤¨´¥ µÉ·¥§±  [ak, bk]. �µ¸²¥ ÔÉµ£µ, ¨¸¶µ²Ó§ÊÖ ´ °¤¥´´Ò¥ n ¨ θ̂, ¶µ
¸É ´¤ ·É´µ° ¶·µÍ¥¤Ê·¥ Œ�Š ´ Ìµ¤ÖÉ µÍ¥´±¨ R0 = [f̂ak

, f̂bk
, f̂0k

]T :

n∑
i=1

(
f̃i − Πi(A,R0) − θ̂Qi

)2

→min
R0

.

‘£² ¦¨¢ ´¨¥ µÉ²¨Î ¥É¸Ö µÉ  ¶¶·µ±¸¨³ Í¨¨ ¸¶µ¸µ¡µ³ ¢ÒÎ¨¸²¥´¨Ö µÍ¥´±¨
θ̂ ¨ ¡²µ±µ³ ¢ÒÎ¨¸²¥´¨Ö R̂0, ¶µÔÉµ³Ê Ï £¨ ¨Ì  ²£µ·¨É³µ¢ ¶· ±É¨Î¥¸±¨ ¸µ¢¶ -
¤ ÕÉ.

7. ��ˆŒ…�›

� ¡µÎ¨¥ Ì · ±É¥·¨¸É¨±¨ ¨ ÔËË¥±É¨¢´µ¸ÉÓ  ²£µ·¨É³  LOCUSD ¨¸¸²¥¤µ-
¢ ²¨¸Ó ¶·µ£· ³³´µ ¢ ¸·¥¤¥ Maple [13]. �²£µ·¨É³ ¶·µ¢¥·Ö²¸Ö ´  ³µ¤¥²¨-
·µ¢ ´´ÒÌ ¨ · ¸Î¥É´ÒÌ ¤ ´´ÒÌ,   É ±¦¥ ´  µÉ¸Î¥É Ì ·¥ ²Ó´µ£µ ¸¨£´ ²  µÉ
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· ¤¨µ ±É¨¢´µ£µ ¨¸ÉµÎ´¨± , ¨¸¶µ²Ó§ÊÕÐ¥£µ § ·Ö¤µ¢µ-ÎÊ¢¸É¢¨É¥²Ó´Ò° ¶·¥¤Ê-
¸¨²¨É¥²Ó ¨ ¸É ´¤ ·É´Ò° ¸¶¥±É·µ³¥É·¨Î¥¸±¨° Ê¸¨²¨É¥²Ó [14].

�¨¸. 5. �¥§Ê²ÓÉ ÉÒ ¶µ¨¸±  ±Ê¡¨Î¥¸±¨Ì  ¶¶·µ±¸¨³ Í¨µ´´ÒÌ ¸¥£³¥´Éµ¢ ¶µ ¢Ìµ¤´Ò³
¤ ´´Ò³ ¢ ·¥¦¨³¥  ¢Éµ³ É¨Î¥¸±µ£µ ¸²¥¦¥´¨Ö

�  ·¨¸. 5, a ¶·¨¢¥¤¥´ ¶·¨³¥·  ¶¶·µ±¸¨³ Í¨¨ ËÊ´±Í¨¨ �Ê´£¥, § ¤ ´´µ°
É ¡²¨Í¥° ¨§ 80 ÉµÎ¥± ¸ ¶µ¸ÉµÖ´´Ò³ Ï £µ³ ´  µÉ·¥§±¥ −1 � x � 1. ‚Ìµ¤´Ò¥
¤ ´´Ò¥ ¨§µ¡· ¦¥´Ò ÉµÎ± ³¨,   ¸¶²µÏ´µ° ²¨´¨¥° ¶µ± § ´   ¶¶·µ±¸¨³ ´É .
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�·µÍ¥¸¸ ¸²¥¦¥´¨Ö ´ Î¨´ ²¸Ö Ë¨±¸¨·µ¢ ´¨¥³ ¶¥·¢ÒÌ ¤¢ÊÌ ÉµÎ¥± Å (α =
−h, fα) ¨ (x0, f0). ‡ É¥³, ¢ ¸µµÉ¢¥É¸É¢¨¨ ¸ Ï £ ³¨  ²£µ·¨É³  LOCUSD, ¢
·¥¦¨³¥ ¸²¥¦¥´¨Ö ´ Ìµ¤¨²¨¸Ó Ê§²Ò, µÉ³¥Î¥´´Ò¥ ¡µ²ÓÏ¨³ §´ ±µ³ ®+¯. Œ -
²Ò³ ®¶²Õ¸µ³¯ µÉ³¥Î¥´Ò ÉµÎ±¨ (x0k, f0k). �²£µ·¨É³ µ¡´ ·Ê¦¨² 8 ²µ± ²Ó´ÒÌ
¸¶² °´µ¢. � °¤¥´´Ò¥  ²£µ·¨É³µ³ ±Ê¡¨Î¥¸±¨¥ ¸¥£³¥´ÉÒ µÉ³¥Î¥´Ò ¶Ê´±É¨·-
´µ° ®²¥¸É´¨Í¥°¯. �·¨¢¥¤¥´ É ±¦¥ £· Ë¨± ¶¥·¢µ° ¶·µ¨§¢µ¤´µ° C′(x; ak, bk,
R0k, θ̂k), ¶µ²ÊÎ¥´´µ° ¤¨ËË¥·¥´Í¨·µ¢ ´¨¥³ ´ °¤¥´´µ°  ¶¶·µ±¸¨³ ´ÉÒ (ÎÉµ¡Ò
¸µÌ· ´¨ÉÓ ³ ¸ÏÉ ¡, £· Ë¨± ¶·µ¨§¢µ¤´µ° ¸¦ É ¢ É·¨ · §  ¶µ µ¸¨ µ·¤¨´ É).
Š·¥¸É¨± ³¨ ´  ±·¨¢µ° C′ µÉ³¥Î¥´Ò §´ Î¥´¨Ö ¶·µ¨§¢µ¤´µ° ¢ Ê§² Ì. �² ¢-
´µ¸ÉÓ ¸µ¶·Ö¦¥´¨Ö ¶·µ¨§¢µ¤´µ° ¢ Ê§² Ì Ì · ±É¥·¨§Ê¥É C1-£² ¤±µ¸ÉÓ. ˆ§ £· -
Ë¨±  ¢¨¤´µ, ÎÉµ ´Ê²Ó ¶·µ¨§¢µ¤´µ° ¸µµÉ¢¥É¸É¢Ê¥É ÉµÎ±¥ ³ ±¸¨³Ê³ . ‘¶· ¢ 
¶µ± § ´Ò £¨¸Éµ£· ³³Ò ¢Ìµ¤´ÒÌ µÏ¨¡µ± ¨ µ¸É É±µ¢ ´  ¢ÒÌµ¤¥,   É ±¦¥ ¶·¨-
¢¥¤¥´Ò £· Ë¨±¨ µ¸É É±µ¢ ¨ §´ Î¥´¨° δm.

�¨¸. 6. ‘£² ¦¨¢ ´¨¥ ·¥ ²Ó´µ£µ Í¨Ë·µ¢µ£µ ¸¨£´ ²   ²£µ·¨É³µ³ LOCUSD

�  ·¨¸. 5, ¡ ¶µ± § ´   ¶¶·µ±¸¨³ Í¨Ö W-µ¡· §´µ° ËÊ´±Í¨¨ ²µ± ²Ó´Ò³¨
±Ê¡¨Î¥¸±¨³¨ ¸¶² °´ ³¨ ¢ ·¥¦¨³¥ ¸²¥¦¥´¨Ö. �µ £· Ë¨±Ê ¶·µ¨§¢µ¤´µ°  ¶-
¶·µ±¸¨³ ´ÉÒ ¢¨¤´Ò É·Ê¤´µ¸É¨ ¶·¨¡²¨¦¥´¨Ö ¢ ÉµÎ± Ì ¨§£¨¡ .

�¥§Ê²ÓÉ ÉÒ ±Ê¸µÎ´µ-±Ê¡¨Î¥¸±µ°  ¶¶·µ±¸¨³ Í¨¨ ËÊ´±Í¨¨, £· Ë¨± ±µÉµ-
·µ° ¸µ¤¥·¦¨É Ô±¸É·¥³Ê³Ò ¨ ÉµÎ±¨ ¶¥·¥£¨¡ , ¶µ± § ´ ´  ·¨¸. 5,¢. �  ¢Ìµ¤  ²£µ-
·¨É³  ¶µ¤ ¢ ² ¸Ó ¶µ¸²¥¤µ¢ É¥²Ó´µ¸ÉÓ ±µµ·¤¨´ É (xm, fm), m = 1, 2, . . . , 134,
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¶µ²ÊÎ¥´´ÒÌ ´  µÉ·¥§±¥ −10 � x � 17 ¸ Ï £µ³ h = 0, 2 ¤²Ö ËÊ´±Í¨¨

f(x) = 25/(x2 + 25) − 0.55 sin (x + 2)/(x + 2) + e(x),

£¤¥ ¸²ÊÎ °´ Ö µÏ¨¡±  e(x) ∼ N(0, σ2) ¢ÒÎ¨¸²Ö² ¸Ó ¤²Ö σ = 0.00001.
‚ ·¥§Ê²ÓÉ É¥, ¶µ 134 ¢Ìµ¤´Ò³ ÉµÎ± ³ ´ °¤¥´µ 12 ±Ê¡¨Î¥¸±¨Ì ¸¥£³¥´Éµ¢

(¸¶²µÏ´ Ö Éµ´± Ö ²¨´¨Ö), Ê§²Ò ±µÉµ·ÒÌ ¶µ± § ´Ò ´  £· Ë¨±¥. ‚´¨§Ê ¶·¨¢¥-
¤¥´Ò £· Ë¨±¨ ¶¥·¢µ° ¨ ¢Éµ·µ° ¶·µ¨§¢µ¤´ÒÌ. ‚¥·É¨± ²Ó´Ò³¨ ¶Ê´±É¨·´Ò³¨
²¨´¨Ö³¨ µÉ³¥Î¥´Ò Ô±¸É·¥³ ²Ó´Ò¥ ÉµÎ±¨ (³¨´¨³Ê³Ò, ³ ±¸¨³Ê³Ò ¨ ÉµÎ±¨

�¨¸. 7. �¶¶·µ±¸¨³ Í¨Ö ¨ ¸£² ¦¨¢ ´¨¥ £ Ê¸¸µ¶µ¤µ¡´µ° ËÊ´±Í¨¨

¶¥·¥£¨¡ ). � ¡²Õ¤ ÕÉ¸Ö £² ¤±µ¸ÉÓ ¶¥·¢µ° ¶·µ¨§¢µ¤´µ° ¨ ÉµÎ±¨ · §·Ò¢  ¢Éµ-
·µ° ¶·µ¨§¢µ¤´µ°. ‘¶· ¢  ¶·¨¢¥¤¥´Ò £· Ë¨±¨ µ¸É É±µ¢ res ¨ δm (®¤¥É¥±Éµ·
Ê§²µ¢¯). ‚´¨§Ê ¶µ± § ´Ò £· Ë¨±¨ ¨§³¥´¥´¨° ¶ · ³¥É·µ¢ θk ¢ ¶·µÍ¥¸¸¥ ¶µ-
Ï £µ¢µ£µ Ê¸·¥¤´¥´¨Ö.

�  ·¨¸. 6 ¶·¨¢µ¤¨É¸Ö ¶·¨³¥· µ¡· ¡µÉ±¨ ·¥ ²Ó´µ£µ µÍ¨Ë·µ¢ ´´µ£µ ¸¨£-
´ ² . ‘²¥¢  ´  ·¨¸. 6 ¶µ± § ´ 901 µÉ¸Î¥É ¸¨£´ ² , ¶µ²ÊÎ¥´´µ£µ ¸ µ¸Í¨²²µ-
£· Ë . ‘¶· ¢  Å ·¥§Ê²ÓÉ ÉÒ µ¡· ¡µÉ±¨ ¶·µ·¥¦¥´´µ£µ ¸¨£´ ²  (¢ µ¡· ¡µÉ±Ê
¢±²ÕÎ ² ¸Ó ± ¦¤ Ö 5-Ö ÉµÎ± ): Ê§²Ò 21-£µ ²µ± ²Ó´µ£µ ±Ê¡¨Î¥¸±µ£µ ¸¶² °´ ,
£· Ë¨± £²µ¡ ²Ó´µ° µÍ¥´±¨ (¸¶²µÏ´ Ö ²¨´¨Ö), £· Ë¨± ¶·µ¨§¢µ¤´µ° ¸ Ê± § -
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´¨¥³ Ô±¸É·¥³ ²Ó´ÒÌ ÉµÎ¥± (¶Ê´±É¨·´Ò¥ ²¨´¨¨). ‚´¨§Ê ¸¶· ¢  ¶·¨¢¥¤¥´ £· -
Ë¨± δm ¨ £· Ë¨± µ¸É É±µ¢. ‘²¥¢  ¢´¨§Ê ¶µ± § ´  É ±¦¥ £¨¸Éµ£· ³³  µ¸É É±µ¢.

�·¨³¥´¥´¨¥  ²£µ·¨É³  LOCUSD ¤²Ö ¶·¨¡²¨¦¥´¨Ö £ Ê¸¸µ¶µ¤µ¡´µ° ËÊ´±-
Í¨¨

f = A exp
(
− (x − m)2

2(s + ω(x − m))2

)

¤¥³µ´¸É·¨·Ê¥É ·¨¸. 7. ‚Ò¡µ·µ³ ¶ · ³¥É·µ¢ m, s ¨ ω ÔÉ  ËÊ´±Í¨Ö ³µ¤¥²¨·Ê¥É
Ëµ·³Ê ¸¨£´ ²  ¢ · ¤¨ Í¨µ´´ÒÌ ¤¥É¥±Éµ· Ì. �µ± § ´Ò ·¥§Ê²ÓÉ ÉÒ  ¶¶·µ±¸¨-
³ Í¨¨ ¸¨£´ ²  ¤²Ö ¤¢ÊÌ ´ ¡µ·µ¢ ¤ ´´ÒÌ, µÉ²¨Î ÕÐ¨Ì¸Ö Éµ²Ó±µ ¢¥²¨Î¨´µ°
¤¨¸¶¥·¸¨¨ ¢Ìµ¤´ÒÌ µÏ¨¡µ±. �  ²¥¢µ³ ·¨¸Ê´±¥ µÉ³¥Î¥´Ò 12 ²µ± ²Ó´ÒÌ ±Ê-

�¨¸. 8. ‘· ¢´¥´¨¥  ¶¶·µ±¸¨³ ´É, ¶µ²ÊÎ¥´´ÒÌ ¶·µ£· ³³µ° LOCUSD (¸²¥¢ ) ¨ ¶·µÍ¥-
¤Ê·µ° Spline ¨§ ¶ ±¥É  Maple (¸¶· ¢ )

¡¨Î¥¸±¨Ì ¸¥£³¥´Éµ¢, µ¡´ ·Ê¦¥´´ÒÌ ¶·µ£· ³³µ° ¶µ 144 ÉµÎ± ³, ¶·¨¢¥¤¥´Ò
£· Ë¨±¨ ¨Ì ¶·µ¨§¢µ¤´ÒÌ,   É ±¦¥ £· Ë¨± · ¸¶·¥¤¥²¥´¨Ö µ¸É É±µ¢ ´  ¢¸¥³
¶·µ³¥¦ÊÉ±¥.

‘¶· ¢  ¶·¨¢µ¤ÖÉ¸Ö ·¥§Ê²ÓÉ ÉÒ µ¡· ¡µÉ±¨  ´ ²µ£¨Î´µ£µ ´ ¡µ·  ¤ ´´ÒÌ
(99 ÉµÎ¥±, 13 ²µ± ²Ó´ÒÌ ¸¥£³¥´Éµ¢), ¸ µÏ¨¡± ³¨ ¢ ¸Éµ · § ¡µ²ÓÏ¨³¨, Î¥³
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¢ ¶·¥¤Ò¤ÊÐ¥³ ´ ¡µ·¥. ’ ± ± ± ÔÉµÉ ¸²ÊÎ ° µÉ´µ¸¨É¸Ö Ê¦¥ ± ¸£² ¦¨¢ ´¨Õ,
Éµ Ï £ ±¢ ´Éµ¢ ´¨Ö ¡Ò² Ê¢¥²¨Î¥´ (h = 0.25),   ·¥¶¥·´Ò¥ ÉµÎ±¨ ¶·¥¤¢ ·¨-
É¥²Ó´µ Ê¸·¥¤´Ö²¨¸Ó ¶µ É·¥³ ¡²¨¦ °Ï¨³. ’µÎ±  Ô±¸É·¥³Ê³ , ´ °¤¥´´ Ö ¶µ¸²¥
¸£² ¦¨¢ ´¨Ö, Ìµ·µÏµ ¸µ£² ¸Ê¥É¸Ö ¸ ·¥ ²Ó´µ° Ô±¸É·¥³ ²Ó´µ° ÉµÎ±µ°.

�µ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶µ¤É¢¥·¦¤ ÕÉ ¢Ò¸µ±ÊÕ Ê¸Éµ°Î¨¢µ¸ÉÓ ¶·¥¤²µ¦¥´-
´µ£µ ³¥Éµ¤  ± ¢Ìµ¤´Ò³ µÏ¨¡± ³,   ¢¨¤ £¨¸Éµ£· ³³Ò µ¸É É±µ¢ Ê± §Ò¢ ¥É ´ 
µÉ¸ÊÉ¸É¢¨¥ ¸³¥Ð¥´¨° ¶µ²ÊÎ¥´´ÒÌ ÉµÎ¥Î´ÒÌ µÍ¥´µ±.

�  ·¨¸. 8 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ  ¶¶·µ±¸¨³ Í¨¨ ËÊ´±Í¨¨ (·¨¸. 5, ¢), ¶µ²Ê-
Î¥´´Ò¥ ¶·µ£· ³³µ°  ²£µ·¨É³  ¸²¥¦¥´¨Ö LOCUSD ¨ ¸É ´¤ ·É´µ° ¶·µÍ¥¤Ê·µ°
Curve Fitting [Spline] (XU,YU, x, degree=3) ¨§ ¶ ±¥É  Maple [13]. ‚ ·¥§Ê²Ó-
É É¥  ´ ²¨§  89 ÉµÎ¥± (−10 � x � 17; h = 0.3; σ = 0.003; Tδ = 0.01) ¶·µ-
£· ³³  ´ Ï²  17 Ê§²µ¢, ¶µ ±µÉµ·Ò³ ¶µ¸É·µ¨²   ¶¶·µ±¸¨³ ´ÉÊ FLD (£· Ë¨±
¸²¥¢ , ¶Ê´±É¨·). �µ¸²¥ ÔÉµ£µ ¶µ ±µµ·¤¨´ É ³ µ¡´ ·Ê¦¥´´ÒÌ Ê§²µ¢ Ëµ·³¨·µ-
¢ ²¨¸Ó ¢¥±Éµ·Ò XU,YU ¨ ¶µ¤ ¢ ²¨¸Ó ´  ¢Ìµ¤ ¶·µÍ¥¤Ê·Ò Spline. �  ¥¥ ¢ÒÌµ¤¥
¶µ²ÊÎ¥´ ±Ê¡¨Î¥¸±¨° ¸¶² °´ FSP (£· Ë¨± ¸¶· ¢ , ¸¶²µÏ´ Ö ²¨´¨Ö). ‚´¨§Ê
¶·¨¢¥¤¥´Ò £· Ë¨±¨ ¨ £¨¸Éµ£· ³³Ò ´¥¢Ö§µ± RFLD = FM-FLD, RFSP = FM-FSP
¨ RFLS = FLD-FSP,   É ±¦¥ £¨¸Éµ£· ³³  ¢Ìµ¤´ÒÌ µÏ¨¡µ± (FM Ä ËÊ´±Í¨Ö
´  ¢Ìµ¤¥). ‘· ¢´¥´¨Ö µ¡¥¨Ì  ¶¶·µ±¸¨³ ´É ¶µ¤É¢¥·¦¤ ÕÉ · ¡µÉµ¸¶µ¸µ¡´µ¸ÉÓ
¶·¥¤²µ¦¥´´µ£µ  ²£µ·¨É³ .

‡�Š‹�—…�ˆ…

�·¥¤²µ¦¥´´Ò° ³¥Éµ¤ ±Ê¸µÎ´µ-±Ê¡¨Î¥¸±µ°  ¶¶·µ±¸¨³ Í¨¨ ¨ ¸£² ¦¨¢ ´¨Ö
É ¡²¨Î´µ-§ ¤ ´´ÒÌ ±·¨¢ÒÌ ¢ ·¥¦¨³¥  ¢Éµ³ É¨Î¥¸±µ£µ ¸²¥¦¥´¨Ö ¡ §¨·Ê¥É¸Ö
´  ¶µ¸É·µ¥´¨¨ ¶ · ³¥É·¨Î¥¸±¨-§ ¢¨¸¨³ÒÌ ¢¥¸µ¢ÒÌ ¨ ¡ §¨¸´ÒÌ ËÊ´±Í¨° ±Ê-
¡¨Î¥¸±µ° ³µ¤¥²¨. ‚ · ³± Ì Î¥ÉÒ·¥ÌÉµÎ¥Î´µ° ³¥Éµ¤µ²µ£¨¨ [12], ´  µ¸´µ¢¥
³µ¤¥²¨ É·¥ÌÉµÎ¥Î´µ£µ ±Ê¡¨Î¥¸±µ£µ ¸¶² °´  (TPS) ¸µ§¤ ´ ¶·µ¸Éµ° ¢ ¢ÒÎ¨¸²¥-
´¨¨ ¨ Ê¸Éµ°Î¨¢Ò° ± µÏ¨¡± ³  ¤ ¶É¨¢´Ò°  ²£µ·¨É³ ¤²Ö ²µ± ²Ó´µ°  ¶¶·µ±-
¸¨³ Í¨¨ ¨ ¸£² ¦¨¢ ´¨Ö ±·¨¢ÒÌ ¸  ¢Éµ³ É¨Î¥¸±¨³ µ¡´ ·Ê¦¥´¨¥³ Ê§²µ¢ÒÌ
ÉµÎ¥±. �²£µ·¨É³ ¨³¥¥É ¶·µ¸ÉÊÕ ¸É·Ê±ÉÊ·Ê, ²¥£±µ ¶·µ£· ³³¨·Ê¥É¸Ö, µ·¨¥´-
É¨·µ¢ ´ ´  · ¡µÉÊ ¢ ·¥¦¨³¥ ·¥ ²Ó´µ£µ ¢·¥³¥´¨ ¨ ³µ¦¥É ¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´
¤²Ö · §· ¡µÉ±¨ £²µ¡ ²Ó´ÒÌ ³¥Éµ¤µ¢  ¶¶·µ±¸¨³ Í¨¨ ¨ ¸£² ¦¨¢ ´¨Ö. �´ ´¥
É·¥¡Ê¥É ¶·¥¤¢ ·¨É¥²Ó´µ£µ § ¤ ´¨Ö Ê§²µ¢ÒÌ ÉµÎ¥±, ¸µ¸É ¢²¥´¨Ö ¨ ·¥Ï¥´¨Ö ¸¨-
¸É¥³Ò ²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¤²Ö ´ Ìµ¦¤¥´¨Ö ±Ê¸µÎ´µ-±Ê¡¨Î¥¸±µ°  ¶¶·µ±¸¨-
³ ´ÉÒ. Šµµ·¤¨´ ÉÒ Ê§²µ¢ÒÌ ÉµÎ¥±, ¶µ²ÊÎ¥´´Ò¥ ¢ ¶·µÍ¥¸¸¥ ¸²¥¦¥´¨Ö, ³µ£ÊÉ
¡ÒÉÓ ¨¸¶µ²Ó§µ¢ ´Ò ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±² ¸¸¨Î¥¸±µ£µ ±Ê¡¨Î¥¸±µ£µ ¸¶² °´  ¨²¨
¤²Ö ¶µ¸É·µ¥´¨Ö  ¤ ¶É¨¢´ÒÌ ¸¥Éµ± ¢ ¸²ÊÎ ÖÌ  ¶¶·µ±¸¨³ Í¨¨ ËÊ´±Í¨° ³´µ-
£¨Ì ¶¥·¥³¥´´ÒÌ. �ËË¥±É¨¢´µ¸ÉÓ ¨ · ¡µÉµ¸¶µ¸µ¡´µ¸ÉÓ ³¥Éµ¤  ¶µ¤É¢¥·¦¤¥´Ò
¶·¨³¥· ³¨ µ¡· ¡µÉ±¨ ³µ¤¥²Ó´ÒÌ ¨ ·¥ ²Ó´ÒÌ ¤ ´´ÒÌ. �  µ¸´µ¢¥  ²£µ·¨É³ 
LOCUSD · §· ¡µÉ ´Ò MS Visual C# ±µ³¶µ´¥´ÉÒ ¤²Ö ±Ê¸µÎ´µ-±Ê¡¨Î¥¸±µ°
 ¶¶·µ±¸¨³ Í¨¨ ¢ ·¥¦¨³¥  ¢Éµ³ É¨Î¥¸±µ£µ ¸²¥¦¥´¨Ö (��‘�) [15]. „²Ö ¢Ò-
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¶µ²´¥´¨Ö APCA ¨ ±µ´¸É·Ê¨·µ¢ ´¨Ö  ¶¶·µ±¸¨³ ´É ´  µ¸´µ¢¥ ¤ ´´ÒÌ ¸µ§¤ ´µ
Windows-¶·¨²µ¦¥´¨¥, µ¸´µ¢ ´´µ¥ ´  ±µ³¶µ´¥´É Ì ±² ¸¸µ¢.
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