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Uxetu nHu O.T. u np. E17-2005-135
CKelTMHIOBble PeXUMBI B MOJIEM I CCUBHOHM CK JIIpPHOH Ipumecu

B TypOYJIEHTHOM I10JIe CKOPOCTH ¢ KOHEYHBIMH BPEMEHHBIMH KOPPETISALUSIMH.
BimsiHue H pymieHus 3epK JIbHOM CUMMETPHHU B JBYXIIETIIEBOM MPUOIMKEHUN

Hccnenyercs nBeKLUs I CCUBHOH CK JIAPHOH IIPUMECU HECXKHUM EMBIM TMPOTPOII-
HBIM TypOYJIEHTHBIM IIOTOKOM B p MK X p cluupeHHoil Monenu Kpeitun u . Ilpenro-
J T ercd, 4TO CT TUCTHYecKHe (IyKTy LM IOJIs CKOPOCTH HMEIOT I YyCCOBO P C-
[peJesieHue C HYJIEBbIM CPEJHUM M IIYMOM C KOHEYHbIMH BPEMEHHBIMU KOppeJsiLu-
SIMU. BprYncIieHns MpoBeNeHbl B ABYXIIETICBOM MPHOIUKEHHN B P MK X TEOPETHKO-
10JIEBOI PEHOPM JIM3 LIMOHHOU rpymibl. [IoK 3 HO, 4TO H pyLLEHHUE MPOCTP HCTBEH-
HOM Y€THOCTH (TMPOTPOMNHUS) CTOX CTHUUECKOM Cpelibl He BJUSIET H HOM JIbHBINA CKel-
JIMHT, KOTOPBIH SIBJIsIeTCSl CrIelM(pUUIecKUM CBOMCTBOM T KOrO poi Mopjesei 6e3 ru-
porporuu. OOH KO YCTOWYMBOCTh CHUMITOTHYECKHX PEXUMOB, B KOTOPBIX HMEET
MECTO HOM JIbHBII CKEeWIHHT, T KXe 3(deKTuBH g mu¢y3us CHIBHO 3 BUCIT OT
KOJINYECTB TUPOTPOIHH.
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Scaling Regimes in the Model of Passive Scalar Advected by the

Turbulent Velocity Field with Finite Correlation Time. Influence

of Helicity in Two-Loop Approximation

The advection of a passive scalar quantity by incompressible helical turbulent flow
has been investigated in the framework of an extended Kraichnan model. Statistical
fluctuations of the velocity field are assumed to have the Gaussian distribution with
zero mean and defined noise with finite-time correlation. Actual calculations have
been done up to two-loop approximation in the framework of the field-theoretic
renormalization group approach. It turned out that the space parity violation (helicity)
of a stochastic environment does not affect anomalous scaling which is the peculiar
attribute of a corresponding model without helicity. However, stability of asymptotic
regimes, where anomalous scaling takes place, and the effective diffusivity strongly
depend on the amount of helicity.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.
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INTRODUCTION

It has become common practice to say that the theoretical understanding
of turbulence remains one of the last unsolved problem of classical physics.
Within the one part of the wide concept of turbulence, namely, fully developed
turbulence, one of the most interesting open question is the theoretical explanation
of the possible deviations from the classical Kolmogorov theory [1-3] which is
suggested by both natural as well as numerical experiments. Such a behavior is
contained in concepts of intermittency and anomalous scaling. During the last
decade this problem was intensively studied within the scope of the models of
a passively advected scalar field (concentration of an admixture, or temperature
are examples) by a «synthetic» velocity field with prescribed Gaussian statistics.
The reason is twofold. First, the deviation from the classical theory is even more
strongly noticeable for a passively advected scalar field than for the velocity
field itself, see, e.g., [3-6], and second, the problem of passive advection is
considerably easier for theoretical investigation [7]. Moreover, it reproduces
many of the anomalous features of genuine turbulent heat or mass transport
observed in experiments. Thus, the theoretical study of the models of a passive
scalar (or also vector) advection can be treated as the first step on the long way
of the investigation of intermittency and anomalous scaling in fully developed
turbulence. On the other hand, the problem of advection has also its own practical
importance.

The central role in the studies of a passive advection was played by a simple
model of a passive scalar quantity advected by a random Gaussian velocity field,
white in time and self-similar in space, the so-called Kraichnan rapid-change
model [8]. There, for the first time, the anomalous scaling was established on
the basis of a microscopic model [9], and corresponding anomalous exponents
were calculated within controlled approximations [10] (see also review [11] and
references therein).

An effective method for investigation of a self-similar scaling behavior is
the renormalization group (RG) technique [12-14]. It was widely used in the
theory of critical phenomena to explain the origin of the critical scaling and also
to calculate corresponding universal quantities (e.g., critical dimensions). This



method can be also directly used in the theory of turbulence [13, 15-17] and
related models like a simpler stochastic problem of a passive scalar advected by
prescribed stochastic flow. In what follows we use the conventional («quantum
field theory» or field theoretic) RG which is based on the standard renormalization
procedure, i.e., on an elimination of the ultraviolet (UV) divergences.

In paper [18] the field-theoretic RG and operator-product expansion (OPE)
were used in the systematic investigation of the rapid-change model. It was shown
that within the field theoretic approach the anomalous scaling is related to the very
existence of the so-called «dangerous» composite operators with negative critical
dimensions in OPE (see, e. g., [13,17] for details). In the subsequent papers [19]
the anomalous exponents of the model were calculated within the £ expansion
to order €3 (three-loop approximation). Here ¢ is a parameter which describes
a given equal-time pair correlation function of the velocity field (see subsequent
section).

Afterwards, various descendants of the Kraichnan model, namely, models
with inclusion of large and small scale anisotropy [20], compressibility [21] and
finite correlation time of the velocity field [22-24] were studied by the field
theoretic approach. Moreover, advection of a passive vector field by the Gaussian
self-similar velocity field (with and without large and small scale anisotropy,
pressure, compressibility, and finite correlation time) has been also investigated
and all possible asymptotic scaling regimes and cross-over among them have
been classified [25]. General conclusion is: the anomalous scaling, which is the
most important feature of the Kraichnan rapid change model, remains valid for
all generalized models.

Let us describe briefly the solution of the problem in the framework of the
field theoretic approach. It can be divided into two main stages. On the first stage
the multiplicative renormalizability of the corresponding field theoretic model is
demonstrated and the differential RG equations for its correlation functions are
obtained. The asymptotic behavior of the latter on their ultraviolet argument (r/¢)
for r > ¢ and any fixed (r/L) is given by infrared stable fixed points of those
equations. Here ¢ and L are the inner (ultraviolet) and outer (infrared) scales. It
involves some «scaling functions» of the infrared argument (r/L), whose form
is not determined by the RG equations. On the second stage, their behavior at
r < L is found from the OPE within the framework of the general solution of
the RG equations. There, the crucial role is played by the critical dimensions of
various composite operators, which give rise to an infinite family of independent
aforementioned scaling exponents (and hence to multiscaling).

In [22] the problem of a passive scalar advected by the Gaussian self-similar
velocity field with finite correlation time [26] was studied by the field theoretic
RG method. There, the systematic study of the possible scaling regimes and
anomalous behavior were presented at one-loop level. The two-loop corrections to
the anomalous exponents were obtained in [24]. It was shown that the anomalous



exponents are nonuniversal as a result of their dependence on a dimensionless
parameter, the ratio of the velocity correlation time, and turnover time of a
scalar field.

In what follows, we shall continue with the investigation of this model from
the point of view of the influence of helicity on the scaling regimes within two-
loop approximation.

Helicity is defined as the scalar product of velocity and vorticity and its
nonzero value expresses mirror symmetry breaking of turbulent flow. It plays
significant role in the processes of magnetic field generation in electrically con-
ductive fluid [27-33] and represents one of the most important characteristics of
large-scale motions as well [34-37]. The presence of helicity is observed in vari-
ous natural (like large air vortices in atmosphere) and technical flows [35,38,39].
Despite of this fact the role of the helicity in hydrodynamical turbulence is not
completely clarified up to now.

The Navier—Stokes equations conserve kinetic energy and helicity in inviscid
limit. Presence of two quadratic invariants leads to the possibility of appearance
of double cascade. It means that cascades of energy and helicity take place in
different ranges of wave numbers analogously to the two-dimensional turbulence
and/or the helicity cascade appears concurrently to the energy one in the direction
of small scales [40,41]. Particularly, helicity cascade is closely connected with
the existence of exact relation between triple and double correlations of velocity
known as «2/15» law analogously to the «4/5» Kolmogorov law [42]. Corre-
sponding to [40] aforementioned scenarios of turbulent cascades differ each other
by spectral scaling. Theoretical arguments given by Kraichnan [43] and results of
numerical calculations of Navier—Stokes equations [44—46] support the scenario
of concurrent cascades. The appearance of helicity in turbulent system leads
to constraint of non-linear cascade to the small scales. This phenomenon was
first demonstrated by Kraichnan [43] within the modelling problem of statistically
equilibrium spectra and later in numerical experiments.

Turbulent viscosity and diffusivity, which characterize influence of small-
scale motions on heat and momentum transport, are basic quantities investigated
in the theoretic and applied models. The constraint of direct energy cascade
in helical turbulence has to be accompanied by decrease of turbulent viscos-
ity. However, no influence of helicity on turbulent viscosity was found in some
works [47,48]. Similar situation is observed for turbulent diffusivity in helical
turbulence. Although the modelling calculations demonstrate intensification of
turbulent transfer in the presence of helicity [49,50] direct calculation of dif-
fusivity does not confirm this effect [49,51,52]. Helicity is the pseudoscalar
quantity hence it can be easily understood, that its influence appears only in
quadratic and higher terms of perturbation theory or in the combination with other
pseudoscalar quantities (e. g. large-scale helicity). Really, simultaneous consider-
ation of memory effects and second-order approximation indicate effective influ-



ence of helicity on turbulent viscosity [53,54] and turbulent diffusivity [50,55,56]
already in the limit of small or infinite correlation time.

Helicity, as we shall see below, does not affect known results in one-loop
approximation and, therefore, it is necessary to turn to the second order (two-loop)
approximation to be able to analyze possible consequences. It is also important
to say that within the framework of the classical Kraichnan model, i.e., model
of passive advection by the Gaussian velocity field with J-like correlations in
time, it is not possible to study the influence of the helicity because all potentially
«helical» diagrams are identically equal to zero at all orders in the perturbation
theory. In this sense, the investigation of the helicity in the present model can be
consider as the first step to analyze the helicity in genuine turbulence.

The paper is organized as follows: In Sec. 1 we present definition of the model
and introduce the helicity to the transverse projector of a given pair correlation
function of the velocity field. We give the field theoretic formulation of the
original stochastic problem and discuss the corresponding diagrammatic technique.
In Sec.2 we analyze the ultraviolet (UV) divergences of the model, establish its
multiplicative renormalizability and calculate the renormalization constants in the
two-loop approximation. In Sec.3 we analyze possible scaling regimes of the
model, associated with nontrivial and physically acceptable fixed points of the
corresponding RG equations. There are five such regimes, anyone of them can be
realized in dependence on the values of parameters of the model. We discuss the
physical meaning of these regimes (e. g., some of them correspond to zero, finite,
or infinite correlation time of the advecting field) and their regions of stability
in the space of the model parameters. In Sec.4 the two-loop corrections to the
effective diffusivity are calculated. In Conclusion the discussion of results is
presented.

1. FIELD THEORETIC DESCRIPTION OF THE MODEL

The advection of a passive scalar field 6(z) = 6(t,x) in helical turbulent
environment is described by the stochastic equation

0:0 + v;0;0 = 1Al + f, (D

where 0; = 9/0t, 0; = 0/0x;, vy is the molecular diffusivity coefficient (hereafter
all parameters with a subscript 0 denote bare parameters of unrenormalized theory;
see below), A = 9? is the Laplace operator, v; = v;(x) is the ith component
of the divergence-free (owing to the incompressibility) velocity field v(x), and
f = f(z) is an artificial Gaussian random noise with zero mean and correlation
function

(flx)f(2")) =d0(t =t')C(r/L), r=x—x, 2)



where parentheses (...) hereafter denote average over corresponding statistical
ensemble and L is an integral scale. The random noise maintains the steady-
state of the system but the detailed form of the function C(r/L) in Eq.(2) is
inessential in our further consideration. It is only important that the function
C(r/L) is finite and decreases rapidly for r = |r| > L. In spite of the fact that
in real problems the velocity field v(z) satisfies the Navier—Stokes equation, in
what follows, we suppose that statistics of velocity field is given in the form of
the Gaussian distribution with zero mean and pair correlation function

B d
(vi(x)vj(2')) = / %P{;(k)m(w,mexp[_i(t—t’)+z’k(x—x')], ©)

with
D0k47d7257n
(iw + uorok?=)(—iw + uorok?=—")’

Dy(w, k) = “)
where & = [k|. The transverse projector P/, (k) reflects vectorial nature of the
solenoidal velocity field and will be specified below. Here Do = go1/ is a positive
amplitude factor and introduced parameter go plays the role of the coupling
constant of the model, the analog of the coupling constant \g in the A\ge* model
of critical behavior [12,13]. In addition, gy is a formal small parameter of the
ordinary perturbation theory. The parameter ug gives the ratio of the turnover time
of a scalar field and the velocity correlation time. The positive exponents € and
1 (¢ = O(n)) are small RG expansion parameters, the analogs of the parameter
€ = 4—d in the \gp? theory. Thus we have a kind of double expansion model in
the € — n plane around the origin ¢ = n = 0. Correlation function (4) is directly
related to the energy spectrum via the frequency integral [22,58,59]

2
B(k) ~ ki /dev(w,k) ~ gzﬂkl%. )
0
Therefore, the coupling constant g and the exponent € control the behavior of the
equal-time pair correlation function of the velocity field (mean square velocity)
or, equivalently, energy spectrum. On the other hand, the parameter uy and the
second exponent 7 are related to the frequency w ~ ugrpk?~" which characterizes
the mode %k [58-61]. Thus, in our notation, the value ¢ = 4/3 corresponds
to the celebrated Kolmogorov «two-thirds law» for the spatial statistics of the
velocity field or, equivalently, «five-thirds law» for the energy spectrum, and
1 = 4/3 corresponds to the Kolmogorov frequency. Simple dimensional analysis
shows that go and ug, which we commonly term as charges, are related to the
characteristic ultraviolet (UV) momentum scale A (or inner length [ ~ A~1) by

go = A25+’7, ug ~ A". (6)



For completeness, we remain d-dependence in expressions (3) and (4) (d is the
dimensionality of the x space), although, of course, when one investigates system
with helicity the dimension of the x space must be strictly equal to three. It
allows one to study d-dependence of the non-helical case of the model. To
include helicity aforementioned transverse projector PZ.’;. (k) is taken in the form

k
PP(k) = Py (k) + Hij(K) = 6;; — kik; /K> + ipeiji—

i - (7

Here P;j(k) = d;j — k;k;j/k? represents non-helical part of the total transverse

projector PZ (k). On the other hand, H;;(k) = ipeijl% mimics the presence of
helicity in the flow. Thus, formally, the transition to the helical fluid corresponds
to the breaking of spatial parity, and, technically, this is expressed by the fact
that the correlation function is specified in the form of mixture of a true tensor
and a pseudotensor. The tensor e;5 is Levi-Civita’s completely antisymmetric
tensor of rank 3 (it is equal to 1 or —1 according to whether (7, j,1) is an even
or odd permutation of (1,2,3) and zero otherwise), and the real parameter of
helicity p controls the amount of helicity. Due to the requirement of positive
definiteness of the correlation function the absolute value of p must be in the
interval |p| € (0,1) [29,30]. Nonzero helical part proportional to p physically
expresses existence of nonzero correlations (v rotv).

The general model (3), (4) contains two important special cases: the rapid-
change model limit when uy — oo and g} = go/ug = const,

Dy(w, k) — ghrok™ 4721, ®)

and the quenched (time-independent or frozen) velocity field limit which is defined
by ug — 0 and g{ = go/uo = const,

Dy(w, k) — govgk™ 7% 8 (w), 9)

which is similar to the well-known models of the random walks in random
environment with long range correlations; see, e. g., Refs. [62,63].

Using the Martin—Siggia—Rose mechanism [64] the stochastic problem
(1)-(4) can be treated as a field theory with action functional

S(0,0',v) =0 Dgd /2 + 0 [-0; + v\ — (v;0;)]0 — vD, 'v/2,  (10)

where 6 is an auxiliary scalar field, and Dy and D, are correlators (2) and
(3), respectively. In the action (10) all the required integrations over x = (¢, x)
and summations over the vector indices are understood. The first four terms in
Eq. (10) represent the Dominicis—Janssen-type action for the stochastic problem
(1), (2) at fixed v, and the last term represents the Gaussian averaging over v.



Model (10) corresponds to a standard Feynman diagrammatic technique with
the bare propagators (#0')¢ and (v;v;)o (in the time-momentum representation)

OEK)O (K)o = 0t —t)e ok =t (11)
D —uorok? M (t—t'
it ket K)o = gommre e OPEK), - (12)

where 6(t—t) is the step function, or (in the momentum-frequency representation)

o
—iw + vok?’
<vi(wak)vj(ka)>0 = PZ (k)Dv(ka)a (14)

(B(w, k)0 (w,k))o

(13)

where D, (w, k) is given directly by Eq.(4). In the Feynman diagrams, these
propagators are represented by the lines which are shown in Fig. 1 (the end with
a slash in the propagator (#0')o corresponds to the field ¢, and the end with-
out a slash corresponds to the field 8). The triple vertex (or interaction vertex)
—0'v;0;6 = 0'v;V;0, where V; = ik; (in the momentum-frequency representa-
tion), is presented in Fig. 1, where momentum k is flowing into the vertex via the
auxiliary field ¢’.

Fig. 1. Left: Graphical representations of the needed propagators of the model. Right:
The triple (interaction) vertex of the model. Momentum k is entering into the vertex via
field ¢’

2. RENORMALIZATION GROUP ANALYSIS

Model (10) is logarithmic for e = 1 = 0 (the coupling constant gg is dimen-
sionless) and, in the framework of known dimensional regularization and minimal
substraction (MS) scheme, which we use, possible ultraviolet (UV) divergences
have the form of poles in various linear combinations of ¢ and 7 in the correla-
tion functions. Using the standard analysis of quantum field theory one finds that,
in the model under consideration, all divergences can be removed by the only



counter-term of the form 6’26 [22]. Thus, the model is multiplicatively renor-
malizable, which is expressed explicitly in the multiplicative renormalization of
the parameters gg, ug, and v in the form

v =vZy, go=gu"Zy, ug=up"Zy,. (15)

Here the dimensionless parameters g,u and v are the renormalized counterparts
of the corresponding bare ones, p is the renormalization mass (a scale setting
parameter), an artefact of dimensional regularization. Newly introduced quantities
Z; = Zi(g,u;d, p;e,n) = Z;(g,u;d, p; €) are renormalization constants (note that
if p is nonzero then d = 3) and, in general, contain poles of linear combinations
of € and . However, as detailed analysis shows, to obtain all important quantities
as the ~ functions, ( functions, coordinates of fixed points, and the critical
dimensions, the knowledge of the renormalization constants for the special choice
n = 0 is sufficient up to two-loop approximation (see details in [22]).
The renormalized action functional has the following form:

Sr(0,0',v) =0'Dgb' )2 +0'[—0; + vZ,/\ — (vD)]0 —vD, v /2, (16)

where the correlator D,, is written in renormalized parameters (in wave-number-
frequency representation)

Pf; (k)gz/3u2€+”k4_d_2€_"
(iw + uvpk2=1)(—iw + uvpnk2=-"m) "

Dv,ij(w,k) = (17)

By comparison of the renormalized action (16) with definitions of the renormal-
ization constants Z;, ¢ = g, u, v (15) one comes to the relations among them
Z, =21, Zyg=2,°% Z,=27". (18)

The second and third relations are consequences of the absence of the renormal-
ization of the term with D,

govp = gu* M ugry = upv (19)

in renormalized action (16).

The issue of interest is, in particular, the behavior of response functions,
e.g. (8(x)0(z')), correlation functions (A(x1)0(x2)...0(zy)), and the equal-
time structure functions

Sn(r) = ([0(t,x) = 0(t,x)]"), r=|x — x| (20)

in the inertial range, specified by the inequalities [ < r < L (I is an internal
length). Here parentheses (...) mean functional average over fields 6,6, v with



weight exp(Sg). In the isotropic case, the odd functions Sa,, 11 vanish, while for
So,, simple dimensional considerations give

Son(r) =vi" r2n Roy(r/l,7r/L, go, uo, p), 21)

where R, are some functions of dimensionless variables. In principle, they
can be calculated within the ordinary perturbation theory (i.e., as series in gg),
but this is not useful for investigation of the inertial-range behavior: the coeffi-
cients are singular in the limits r/l — oo and/or r/L — 0, which compensate
the smallness of gg, and in order to find correct IR behavior we have to sum
the entire series. The desired summation can be accomplished using the field
theoretic renormalization group (RG) and operator product expansion (OPE);
see [18,19,22].

The RG analysis consists of two main stages. On the first stage, the multi-
plicative renormalizability of the model is demonstrated and the differential RG
equations for its correlation (structure) functions are obtained. The asymptotic
behavior of the functions like (20) for »/l > 1 and any fixed r/L is given by IR
stable fixed points (see below) of the RG equations and has the form

Son(r) =v5" r2n (r/l)""Ron(r/L,p), r/l>1 (22)

with certain, as yet unknown, «scaling functions» Ro,(r/L,p). In the theory
of critical phenomena [12, 13] the quantity A[S2,] = —2n + 7, is termed the
«critical dimension», and the exponent +v,, the difference between the critical
dimension A[Ss,] and the «canonical dimension» —2n, is called the «anomalous
dimension». In the case at hand, the latter has an extremely simple form: v, =
ne. Whatever be the functions R, (r/L, p), the representation (22) implies the
existence of a scaling (scale invariance) in the IR region (r/l > 1, r/L fixed) with
definite critical dimensions of all «IR relevant» parameters, A[Sa,] = —2n + ne,
A, =—1, Ar-1 =1 and fixed «irrelevant» parameters v and [.

On the second stage, the small r/L behavior of the functions Ra,(r/L, p)
is studied within the general representation (22) using the OPE. It shows that, in
the limit /L — 0, the functions Rg,(r/L, p) have the asymptotic form

Ron(r/L) =Y Cr(r/L)(r/L)*", (23)
F

where C'r are coefficients regular in /L. In general, the summation is implied
over certain renormalized composite operators F' with critical dimensions A,,. In
case under consideration the leading operators F' have the form F,, = (9;00,6)™.

We have performed the complete two-loop calculation of the critical dimen-
sions of the composite operators F), for arbitrary values of n, d, u and p

A[F] =AlDe+ AP e, (24)



where

1) _ —n(n—2)(d-1)

" T od—1)(d+ 2) (25)

is expression obtained in one-loop approximation.

Two-loop contribution Ag ) in non-helical case is rather cumbersome and
can be found in [24]. The main result of our investigation of the influence of
the helicity on the result given in [24] is that although separated two-loop Feyn-
man graphs of operators F;, strongly depend on helicity parameter p, such a
dependence disappears in their sum, which gives rise to the critical dimensions
A,. We can conclude that in two-loop approximation anomalous scaling with
negative exponents (24) is not affected by the existence of nonzero helical cor-
relations (vrotv) in turbulent incompressible flow. It turns out, however, that
region of stability of possible asymptotic regimes governed by fixed points of RG
equations, where anomalous scaling takes place, and effective diffusivity rather
strongly depends on p.

Let us analyze asymptotic regimes in detail. The structure functions and
the other statistical averages of random fields 6, ¢’ satisfy linear differential RG
equations with linear differential operator Dgg. For example, RG equation for
pair structure function Sy has the form

DraSa(r) = 0, (26)
with
Dre =D, + 69(% U)ag + Bu(g,u)0u — Y (9,u)Dy. (27)

Here D, = x0, stands for any variable x and the RG functions (the § and -~
functions) are given by well-known definitions and in our case, using the relations
(18) for the renormalization constants, they acquire the following form:

Y = ﬁu InZ,, (28)
59 = Zsug = g(_26 -n+ 37V)a (29)
Bu = ,D“’U, = u(_n + 'Yl/)- (30)

The renormalization constant 7, is determined by the requirement that response
function G = (#9') must be UV finite when it is written in renormalized variables.
In our case it means that it has no singularities in the limit ,7 — 0. The response
function G is related to the self-energy operator ¥¢/9, which is expressed via the
Feynman graphs, by the Dyson equation. In frequency-momentum representation
it has the following form:

1
—iw + 1pp? — Bgrg(w, p)’

G(w,p) = 31

10



Thus, Z, is found from the requirement that the UV divergences are canceled in
Eq. (31) after substitution vy = vZ,. This determines Z, up to an UV finite
contribution, which is fixed by the choice of the renormalization scheme. In the
MS scheme all the renormalization constants have the form: 1 + poles in €, and
their linear combinations. In contrast to rapid-change model, where only one-loop
diagram exists (it is related to the fact that all higher-order loop diagrams contain
at least one closed loop which is built on by only retarded propagators, thus are
automatically equal to zero), in the case with finite correlations in time of the
velocity field, higher-order corrections are nonzero. In two-loop approximation
the self-energy operator g/ is defined by diagrams which are shown in Fig. 2.

Fig. 2. The one- and two-loops contributions to the self-energy operator ¥/

As was already mentioned, in our calculations we can put n = 0. This
possibility essentially simplifies the evaluations of all quantities [22-24]. Then
the divergent parts of diagrams in Fig.2 have the following analytical form:

Sa  gup® d—1, 5.1
A= - L ,
(2n)d du(l+u) d (uL) . (32)
[ o d. 1
B, — S; gQVpQ(d—l)Q (ML)4€ i_‘_ 2F1 (1,1,2—}— 57@) (33)
PTOen2M 1621+ upd e |2 d+2) 1+ u)? )
B . d.
B, — S7  g*vp*(d-1) (ML)4€ 2k (15172+ §7ﬁ)
2 (2m)24 16u2(1 + u)3d? ¢ d+2)1+)
(d — 2)mp? 11, d 1
S —— | s - 4
2 2141 2727 +27(1+u)2 ) (3 )

where A corresponds to one-loop contribution (the first diagram in Fig.2), B; is
related to the second diagram in Fig. 2, and Bs is the result for the third diagram.
Here S; = 27%/2/T(d/2) denotes the d-dimensional sphere, 2 F(a,b,c,z) =

ab ala+1)bb+1) , . )
14+ —2+——F——"—=2"+. .. represents the corresponding hypergeometric

c-1 cle+1)-1-2
function. In further investigations the helical term with p2 in By has to be taken
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with d = 3 but for completeness we remain the d-dependence in this part of Bs
in (34).
In the end, the renormalization constant Z,, is given as follows:

Sy gd-1_ 1 3 (d—1)° 1
v e d 4du(l+w) 2 d 32u?(1+u)d
=2
g% (d—=1)(d+ u) 1 d 1
g A2+ S ——
T T A2 e rwp VT Y A (35)

e w1151
P T +up3 2\ 22272 0+ )’

where in the helical part (the last line) we already substitute d = 3, and we have
introduced new notation g = gS;/(2m)¢ for simplicity.

Now using the definition of the anomalous dimension 7, in Eq. (28) one
comes to the following expression for it:

v, = —2(gA + 25°B), (36)

where
d—1 1

A== d 4u(l+u)

(37)

is the one-loop contribution to anomalous dimension 7, and the two-loop one is

(d—1)(d+w) d 1
= (L2452 ——
B 62(d 1+ 221 +ap >\ 2Ty e
2
™ 115 1
144u2(1 + u)? 2F1 <2’2’2’ (1+u)2)' (38)

In the following section we shall use these results to determine possible scaling
regimes of the model.

3. FIXED POINTS AND SCALING REGIMES

Possible scaling regimes of a renormalized model are directly given by the
infrared (IR) stable fixed points of the corresponding system of the RG equations
[12,13]. The fixed point of the RG equations is defined by § functions, namely,
by requirement of their vanishing. In our model the coordinates g.,u. of the
fixed points are found from the system of two equations

ﬁg(g*, u*) = Bu(g*a u*) =0. (39)

12



The beta functions 3, and (3, are defined in Egs.(29) and (30). To investigate
the IR stability of a fixed point it is enough to analyze the eigenvalues of the
matrix ) of first derivatives

[ 95,/09 0B,/0u
i = ( 96u/8g 9/ ) (“40)

The IR asymptotic behavior is governed by the IR stable fixed points, i.e., those
for which both eigenvalues are positive.

The possible scaling regimes of the model in one-loop approximation were
investigated in [22], and the two-loop approximation without helicity was studied
in [24]. Our question is what restrictions on «phase» diagram of scaling regimes
are given by helicity (in two-loop approximation).

First of all, we shall study the rapid-change limit: © — oco. In this regime
it is convenient to make transformation to new variables, namely, w = 1/u, and
g’ = g/u?, with the corresponding changes in the 3 functions

Bg’ = 91(77_25""'71/); (41)
Buw = wn—m) (42)

In this notation the anomalous dimension +, acquires the following form:
v = —2(7 A"+ 2¢"*B'), (43)
where again §' = ¢’S;/(27)?. The one-loop contribution A’ acquires the form

d—1 1

A= iy

(44)

and the two-loop correction B’ is

, (d—1)(dw + Dw? o 4w
B = 16d2(d+2)(1+w)52F1 L1245

2 2
TP w 115 w
LY N " 45
144(1 4+ w)3 * 1(2’ ’2’(1+w)2> 45)

It is evident that in the rapid-change limit w — 0 (v — o0) the two-loop
contribution B’ is equal to zero. It is not surprising because in the rapid-change
model there are no higher-loop corrections to the self-energy operator [18, 19],
thus we arrive to the one-loop result of Ref. [22] with the anomalous dimension
v, of the form

(d-1)g _(d-1)7

L = li = . 4
= 080 24(1 + w) 2d “0)
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In this limit we have two fixed points denoted as FPI and FPII in [22]. The first
fixed point is trivial, namely

FPI: w, = g; =0, 47)
with +% = 0, and diagonal matrix {2 with eigenvalues (diagonal elements)
/\1 =, /\2 =n— 2¢. (48)

The region of stability is shown in Fig.3. The second point is defined as

FPIl: w,=0, g, = i@e —n), (49)
d-—1
with ) = 2e — 7. These are exact one-loop expressions as a result of non-
existence of the higher-loop corrections. That means that they have no corrections
of order O(¢?) and higher (we work with assumption that & ~ 7, therefore it also
includes corrections of the types O(n?) and O(ne)). The corresponding «stability
matrix» is triangular with diagonal elements (eigenvalues):

A= 2(77 - E), Ao = 2e — n. (50)

The region of stability of this fixed point is shown in Fig. 3.

10 1 1 1 1 1 1 1 1 10

gl =0/ on /L 8 4 7 e=ns

6 - Is =nL 6 -

FPI

4 FP\/l—loop 47 l

2 L 2 I

° ‘ 401
_5 i 5 ] e =235 &=

2 2 =1 (p =09
=4 FPIII FPIV, 0oy [ 747 I
—6 A L -6 - e=2 1

(p =0) £ =372

_g | - -8 - (p=05F
—10 e e -10 —— ——

~10-8-6-4-2 0 2 4 6 8 10 ~10-8-6-4-2 0 2 4 6 8 10

& &

Fig. 3. Left: The «phase» diagram of scaling regimes in one-loop approximation. The
fixed points FPI-FPIII are not changed in the two-loop approximation (there are no higher-
loops corrections as well). Right: The influence of the helicity on the stability of the fixed
point FPIV in two-loop approximation (details see in text)
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Now let us analyze the «frozen regime» with frozen velocity field, which is
mathematically obtained from the model under consideration in the limit v — 0.
To study this transition it is appropriate to change the variable g to the new

variable g’ = g/u [22]. Then the [ functions are transformed to the following
ones:
Byr = g"(=2e+2v), (51)
Bu = ul=n+m), (52)

where 3, function is not changed, i.e., it is the same as the initial one (30). In
this notation the anomalous dimension -y, has the form

Y = —2(§”AH + 2§/,28/,), (53)

where, as always, §" = g”Sq/(27)%. The one-loop part A" is now defined as

d—1 1
N — 54
A d 4(1+4+uw) %)
and the two-loop one, B”, is given as
d—1)(d+u) d 1
B" = ( (11524 o ——
6@+ 2)(1+up >\ T Y e
2
T 115 1
— F, 5'50 9 . 55
144(1 + u)3 ? 1(2 2°2" (14 u)? (55)
In the limit w — O the functions A" and B aquire the following form:
d—1
o= ——r 56
A 0 4d ) ( )
and d 1 1.5
B, — (d=1):F (L1;2+51)  7p%F (3,5:3:1) 7

16d(d + 2) 144

The system of 8 functions (51) and (52) exhibits two fixed points, denoted as
FPIII and FPIV in [22], related to the corresponding two scaling regimes. One
of them is again trivial, namely,

FPII: u, =g’ =0, (58)

with v} = 0. The eigenvalues of the corresponding matrix €2, which is diagonal
in this case, are
)\1 = —26, /\2 = . (59)
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Thus this regime is IR stable only if both parameters ¢ and 7 are negative

simultaneously as can be seen in Fig. 3. The second, non-trivial, point is
c B//O )

_2./4”0 o 2./4”(2)5 ’

where A”q and B” are defined in Egs. (56) and (57), respectively.

When we study system with the helicity then the dimension of the space is
fixed for d = 3. The fixed point FPIV is given as

3 312 p?
.= 1 _ 2(1= 2 61
U 0 g, =3+ 5 ( 16 )6 (61)

FPIV: u, =0, g’ =

(60)

Therefore, in the helical case, the situation is a little bit more complicated as
a result of a competition between the non-helical and helical terms within the
two-loop corrections. The matrix €2 is triangular with the diagonal elements (they
are taken already at the fixed point)

2 2
% + <—1 T 3”16p ) =3 (62)

Az = e—, (63)

A1

where the explicit dependence of the eigenvalue A; on the parameter p takes
place. The requirement to have positive values for the parameter g7/, and at the
same time for the eigenvalues A, A2 leads to the region of stable fixed point.
The results are shown in Fig. 3. The picture is rather complicated due to the very
existence of the «critical» absolute value of p

4
= — 64
P \/§7r ( )

which is defined from the condition of vanishing of the two-loop corrections in

Egs. (61) and (62):
37T2p2 -
<—1+ T ) =0. (65)

When the helicity is not present, the system exhibits this type of fixed point
(and, of course, the corresponding scaling behavior) in the region restricted by
inequalities: € > 0, e = 7, and € < 2 (d = 3). The last condition is changing
when helicity is switched on. The important feature here is that the two-loop
contributions to g/ and \; have the same structure but opposite sign. This leads
to the different sources of conditions in the case when |p| < p. and |p| > pe,
respectively. In the situation with |p| < p. the positiveness of A plays crucial
role and one has the following region of stability of the IR fixed point FPIV:

32
16 — 3w2p2’

e>0, e>n, e< (66)
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On the other hand, in the case with |p| > p., the principal restriction on the IR
stable regime is yielded by the condition g/ > 0 with the final IR stable region

defined as
32

>0, e>n, < —— .
c €7 £ U6 1 3022

(67)
Therefore, if absolute value of the helicity parameter p continuously increases, the
region of stability of the fixed point defined by the last inequality in Eq. (66) is
increasing too. This restriction vanishes completely when |p| reaches the «critical»
value p., and the picture becomes the same as in the one-loop approximation [22].
In this rather specific situation the two-loop influence on the region of stability of
the fixed point is exactly zero: the helical and non-helical two-loop contributions
are canceled by each other. Then if the absolute value of parameter p increases
further, the last condition appears again, namely the third condition in Eq. (67),
and restriction becomes stronger when |p| tends to it maximal value, |p| = 1.
In the case of the maximal breaking of mirror symmetry (maximal helicity),
|p| = 1, the region of the IR stability of the fixed point is defined by inequalities:
€ > 0,e =, and € < 2.351 (see Fig. 3). It is interesting enough that the presence
of helicity in the system leads to the enlargement of the stability region.

Now let us turn to the most interesting scaling regime with finite value of the
fixed point for the variable u. By short analysis one immediately concludes that
the system of equations

By = g(—2e—n+3v,)=0, (68)
5u = U(—ﬂ + ’)/1/) =0 (69)

can be fulfilled simultaneously for finite values of g, u only in the case when the
parameter ¢ is equal to 1: € = 7). In this case the function 3, is proportional to
the function (3. As a result we have not one fixed point but a line of fixed points
in the g — u plane. The value of the fixed point for the variable g in two-loop
approximation is given as follows (we denote it as FPV):

1 1B,

FPV: g, — — D2
Vie = e

(70)

with exact one-loop result for ) = € = 7 (this is, of course, already directly
given by Eq. (69)). Here A, and B, are expressions A and 5 from Eqgs. (37), (38)
which are taken in the fixed point value u, of the variable u. The possible values
of the fixed point for variable w, can be restricted (and will be restricted) as we
shall discussed below. The «stability matrix» {2 has the following eigenvalues:

A =0, A= 35" <87”> Tt <%> : an

dg ou
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The vanishing of the eigenvalue A; is an exact result which is related to the
degeneracy of the system of Eqgs. (68) and (69) when nonzero solutions in respect
to g and v are assumed. Equivalently, it reflects the existence of a borderline
direction in the g — u plane along the line of the fixed points.

In the helical case the coordinates of the fixed point are defined by the
following equation:

3u.e? 7 1
gx = «(1 * — | 2 * F 1,1;—;7
g B +“)€+20(1+u*)2< B+ w2 1( 2 (1+u*)2>
115 1
(L4 w2t (112 . 72
571'( +U)p2 1<27272’(1+’U;*)2>> ( )

The competition between the helical and non-helical terms appears again which
yields a nontrivial restriction for the fixed point values of the variable u to have
positive fixed values for the variable g. The eigenvalue Ao of the matrix € is
now

2+ uy g2 9 1
Ay = 8u(3 (225 ——
2 1+u*5+140(1+u*)6[“( )2 1(’ ’2’(1+u*)2)
7 1
141+ uw)?(us 34+ uy) —6) 2 Fy (1,1 =) ——— 73
+ A1+ ) (w3 + u) )21( 2(1+u*)2) (73)

+ Trp*(1 4 u)?

115 1 337 1
1014u)? (50— ) s (=15 5
(04wt (335 a7ap) (G rzarer))]

with nontrivial helical part which plays an important role in determination of the
region of the IR stability of the fixed point.

It cannot be seen immediately from Eqgs. (72) and (73) but numerical analysis
shows that again important role is played by p. = 4/(1/37). First, let us study
the case when |p| < p. = 4/(v/37). The corresponding regions of stable IR fixed
points with g, > 0 are shown in Fig.4. In the case when helicity is not present
(p = 0, see the corresponding curve in Fig.4), the only restriction is given by
condition that A > 0, on the other hand, the condition g, > 0 is fulfilled without
any restriction on the parameter space. When arbitrary small helicity is present,
i.e., p > 0, the restriction related to the positiveness of g, arises and is stronger
when |p| is increasing (the right curve for the concrete value of p in Fig.4) and
starts to play the dominant role. At the same time, with increasing of |p| the
importance of the positiveness of the eigenvalue Ao decreases (the left curve for
the concrete value of p in Fig.4). For a given |p| < p. there exists an interval
of values of the variable u, for which there is no restriction on the value of the
parameter e. For example, for |p| = 0.1 it is 1.128 < . < 13.502, for |p| = 0.5,

X
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Fig. 4. The region of stability of the fixed point FPV as a function of the helicity parameter

p for |p| < pe (left) and for |p| > p. (right). Details see in text

0.217 < us < 0.394, and for |p| = 0.7, 0.019 < u, < 0.029. Now let us turn
to the case |p| > p.. When |p| obtains its «critical» value p, the IR fixed point
is stable for all values of u, > 0 and € > 0, i.e., the condition Ay > 0 becomes
fulfilled without any restrictions on the parameter space. On the other hand, the
condition g, > 0 yields strong enough restriction and it becomes stronger when
|p| tends to its maximal value |p| = 1 as can be seen in Fig. 4.

The most important conclusion of our two-loop investigation of the scaling
regimes is the fact that the possible restrictions on the regions of stability of the
IR fixed points are «pressed» to the region with rather large values of ¢, namely,
€ > 2, and do not disturb the regions with relatively small €. For example, the
Kolmogorov point (¢ = 7 = 4/3) is not influenced.

4. EFFECTIVE DIFFUSIVITY

One of the interesting objects from the theoretical as well as experimen-
tal point of view is so-called effective diffusivity #. In this section let us
briefly investigate the effective diffusivity ©, which replaces initial molecular
diffusivity vy in equation (1) due to the interaction of a scalar field 6 with ran-
dom velocity field v. Molecular diffusivity vy governs exponential dumping in
time all fluctuations in the system in the lowest approximation, which is given
by the propagator (response function) (11) G(t — ¢', k) = (8(¢, k)¢ (¢, k))o =
O(t —t') exp(—vok?(t —t')). Analogously, the effective diffusivity # governs ex-
ponential dumping of all fluctuations described by full response function, which
is defined by Dyson equation (31). Its explicit expression can be obtained by the
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RG approach. In accordance with general rules of the RG (see, e.g., [13]) all
principal parameters of the model gy, uo and 1 are replaced by their effective
(running) counterparts, which satisfy the Gell-Mann-Low RG equations

g . da
S% - ﬁg(gau)v SdS - ﬁu(gvu)a (74)
dv o
SE - _V’YV(‘g?U’)) (75)

with initial conditions §|s—1 = ¢, u|s=1 = u,V|s=1 = v. Here s = k/u, § and
~ functions are defined in (28)—(30) and all running parameters clearly depend
on variable s. Straightforward integration (at least numerical) of equations (74)
gives way how to find their fixed points. Instead one very often solves the set of
equations 3g(g«, ux) = Bu(gx, ux) = 0 which defines all fixed points g, u.. Just
last approach we used above when we classified all fixed points. Due to special
form of § functions (29), (30) we are able to solve equation (75) analytically.
Using (74) and (29) one immediately rewrites (75) in the form
dv v dg
e (76)
v 2e+n1—-3v g
which can be easily integrated. Using initial conditions the solution acquires the
form 5
gy~ 173 _ Do 1/3
§82€+” - (§k2€+”) ’ (77)

7=

where to obtain the last expression we used the equations gu>+t"3 = gov = Dy
(see (19)). We emphasize that above solution is exact, i.e., the exponent 2¢ + 7
is exact too. However, in infrared region k < p ~ 11, § — g., which can be

calculated only pertubatively. In the two-loop approximation g, = gil)e + giz)eQ
and after the Taylor expansion of gi/ % in (77) we obtain
1/3 @)
D ete .
A R u*zl—g(lf. (78)
gs '€ 39

Remind that for the Kolmogorov values ¢ = n = 4/3 the exponent in (78)
becomes equal to —4/3. Let us estimate the contribution of helicity to the effective
diffusivity in nontrivial point above denoted as FPV (72). In this point ¢ = 7
((2¢ +1)/3 = 2¢) and

1o
12(1 4 uy)

2(3 + ) 71 s (115 1
X<5(1+U*)22F1<1;172’ (1+U*)2> T 2F1<2;2a2a (1+’U;*)2>>(79)
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In Fig.5 is shown dependence of the v, on the helicity parameter p and the
IR fixed point u, of the parameter u. As one can see from these figures when
u, — 00 (the rapid change model limit) the two-loop corrections to v, = 1 are
vanishing. Such a behavior is related to the fact, which was already stressed in
the text when the IR fixed points were analyzed, that within the rapid change
model there are no two- and higher-loop corrections at all. On the other hand,
the largest two-loop corrections to the v, are given in the frozen velocity field
limit (v, — 0) (especially for the non-helical case, see Fig.5). It is interesting

1.2

1.25
1.20 1
1.15 1
1.10 A
1.05 A
1.00 A
0.95
0.90 -
0.85 A
0.80 1
0.75 T T T T

0.0 0.2 0.4 0.6 0.8 1.0 0 2 4 6 8 10
P u

0.8 1

Fig. 5. Left: The dependence of v. on the helicity parameter p for definite IR fixed point
values u. of the parameter u. Right: The dependence of v. on the IR fixed point u. for
the concrete values of the helicity parameter p

that for all finite values of the parameter u, there exists a value of the helicity
parameter p for which the two-loop contribution to v, are canceled. For example,
for the frozen velocity field limit (u, = 0) such a situation arises when the helicity
parameter p is equal to its «critical» value p. = 4/(v/37) (this situation can be
seen in Fig.5 (right)). It is again the result of the competition between the non-
helical and helical parts of the the two-loop corrections as is shown in Eq. (79).
Further important feature of expression (79) is that it is linear in the parameter
€. Thus, when one varies the value of ¢ the picture is the same as in Fig.5 and
only the scale of corrections is changed. In Fig.5 we have shown the situation
for the most interesting case when ¢ is equal to its «Kolmogorov» value, namely,
e=4/3.

CONCLUSION

We have studied the advection of a scalar field by turbulent flow in the
framework of the extended Kraichnan model and investigated the influence of
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helicity on anomalous scaling, stability of asymptotic regimes and effective dif-
fusivity. Such an investigation is useful for understanding of efficiency of toy
models (like Kraichnan model) to study the real turbulent motions by means of
modern theoretical methods including the renormalization group approach. Actu-
ally, we performed two-loop calculations of the divergent parts of the Feynman
graphs, which are necessary to achieve multiplicative renormalization of equiv-
alent field theoretic model. In this way we have shown that anomalous scaling,
which is typical for the Kraichnan model and its numerous extensions [10,24],
is not violated by inclusion of helicity to the incompressible fluid. On the other
hand, stability of the asymptotic regimes, values of the fixed RG points, and the
turbulent diffusivity strongly depend on amount of helicity. It is shown that the
presence of helicity in the system leads to the restrictions of the possible values
of the parameters of the model. The most interesting fact is existence of a «crit-
ical» value p. of the helicity parameter p which divides the interval of possible
absolute values of p into two parts with completely different behavior. Such a
situation is given by the fact that in two-loop approximation there is a competition
between the non-helical and helical contributions. Within of the so-called frozen
limit the presence of helicity enlarges the region of parameter space with stable
scaling regime, and, as a result of above-mentioned competition, if |p| = p. the
corresponding two-loop restriction is vanished completely and one is coming to
the one-loop results [22]. Similar splitting, although more complicated, into two
nontrivial behavior of the fixed point was also obtained in the general case with
finite correlations in time of the velocity field. The influence of helicity on the
effective diffusivity was also discussed. The main role in its determination is
played by the fixed point value v,. It was shown that v, strongly depends on the
helicity parameter p mainly in the so-called frozen limit case when . — 0.
Acknowledgement. M. H. is thankful to N. V. Antonov and L. Ts. Adzhemyan
for discussion. The work was supported in part by VEGA grant 3211 of Slo-
vak Academy of Sciences, by Science and Technology Assistance Agency under
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