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�³¨·Ì ´μ¢ ˆ. ‚. ¨ ¤·. P11-2005-158
—¨¸²¥´´μ¥ ·¥Ï¥´¨¥ μ¡· É´μ° § ¤ Î¨ ¤¨ËËÊ§¨¨ ¤²Ö ±μÔËË¨Í¨¥´É 
¶¥·¥´μ¸  ¢² £¨ ¢ ¶μ·¨¸Éμ³ ³ É¥·¨ ²¥

�  μ¸´μ¢¥ ·¥Ï¥´¨Ö ´¥²¨´¥°´μ£μ Ê· ¢´¥´¨Ö ¤¨ËËÊ§¨¨ ¸ ´ Î ²Ó´Ò³ ¨ £· -
´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö ±μÔËË¨Í¨¥´É ¶¥·¥´μ¸  ¢² £¨ ¢ μ¡· §Í¥
¶μ·¨¸Éμ£μ ³ É¥·¨ ²  ¶ÊÉ¥³ ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨μ´ ² , ±μÉμ·Ò° ¢Ò· ¦ ¥É μÉ-
±²μ´¥´¨¥ ¢ÒÎ¨¸²¥´´ÒÌ ¶·μË¨²¥° ±μ´Í¥´É· Í¨¨ ¢² £¨ ¤²Ö μ¶·¥¤¥²Ö¥³μ£μ ±μ-
ÔËË¨Í¨¥´É  ¶¥·¥´μ¸  ¢² £¨ μÉ ¨Ì Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ §´ Î¥´¨° ¢ μ¶·¥¤¥²¥´-
´Ò¥ ³μ³¥´ÉÒ ¢·¥³¥´¨. ŠμÔËË¨Í¨¥´É ¶¥·¥´μ¸  ¢ μÉ²¨Î¨¥ μÉ ¶·¥¤Ò¤ÊÐ¨Ì · ¡μÉ
¨Ð¥É¸Ö ¢ ¢¨¤¥ ¸Ê³³Ò ¸É¥¶¥´´μ° ¨ Ô±¸¶μ´¥´Í¨ ²Ó´μ° ËÊ´±Í¨° ±μ´Í¥´É· Í¨¨
¢² £¨. �μ± § É¥²Ó ¸É¥¶¥´´μ° ËÊ´±Í¨¨ § ¢¨¸¨É μÉ ¢·¥³¥´¨. �·¨ ÔÉμ³ ¶μ²ÊÎ ¥É¸Ö
¡μ²¥¥ ÉμÎ´μ¥ ¸μ¢¶ ¤¥´¨¥ ¢ÒÎ¨¸²¥´´ÒÌ ¶·μË¨²¥° ±μ´Í¥´É· Í¨¨ ¸ ¨Ì Ô±¸¶¥·¨-
³¥´É ²Ó´Ò³¨ §´ Î¥´¨Ö³¨ ¶μ ¸· ¢´¥´¨Õ ¸ ¶·¥¤Ò¤ÊÐ¨³¨ · ¡μÉ ³¨.

�±¸¶μ´¥´Í¨ ²Ó´μ¥ ¸² £ ¥³μ¥ μ¡¥¸¶¥Î¨¢ ¥É Ìμ·μÏ¥¥ ¸μ¢¶ ¤¥´¨¥ Ê¶μ³Ö´ÊÉÒÌ
¶·μË¨²¥° ¶·¨ ¡μ²ÓÏ¨Ì ¢·¥³¥´ Ì ¢¡²¨§¨ £· ´¨ÍÒ μ¡· §Í , μÉ±Ê¤  ¶·μ¨¸Ìμ¤¨É
¨¸¶ ·¥´¨¥ ¢² £¨ ¢  É³μ¸Ë¥·Ê.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2005

Amirkhanov I. V. et al. P11-2005-158
Numerical Solution of an Inverse Diffusion Problem for the Moisture
Transfer Coefˇcient in a Porous Material

On the basis of the solution of a nonlinear diffusion equation with initial and
boundary conditions, a transport coefˇcient of moisture in a sample of a porous
material is found by minimization of a functional, which expresses diversion of the
computed proˇle of moisture concentration in well-deˇned time moments from their
experimental values for the deˇned moisture transport coefˇcient. In this case the
transport coefˇcient as opposed to the previous works is found as a sum of the
degree and exponential functions of the moisture concentration. The exponent of the
power function depends on time. Thus, a more accurate coincidence of the computed
proˇles of the moisture concentration with their experimental proˇles is gained in
comparison to previous works performed by other authors.

The exponential term provides a good coincidence of the mentioned proˇles for
big times nearby the boundary of the sample, where evaporation of the moisture to
the atmosphere takes place.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.

Preprint of the Joint Institute for Nuclear Research. Dubna, 2005
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�·μ´¨±´μ¢¥´¨¥ ¨ ¶¥·¥´μ¸ ¢² £¨ ¶·¨¢μ¤ÖÉ ± Ì¨³¨Î¥¸±¨³ ¨ Ë¨§¨Î¥¸±¨³
¶μ¢·¥¦¤¥´¨Ö³ ¸É·μ¨É¥²Ó´ÒÌ ³ É¥·¨ ²μ¢. �μÔÉμ³Ê ¨§ÊÎ¥´¨¥ ÔÉ¨Ì ¶·μÍ¥¸¸μ¢
¢ ¶μ·¨¸ÉÒÌ ¸É·μ¨É¥²Ó´ÒÌ ³ É¥·¨ ² Ì ¢ ¦´μ ¤²Ö μÍ¥´±¨ ¤μ²£μ¢¥Î´μ¸É¨ ¸É·μ-
¨É¥²Ó´ÒÌ ¸μμ·Ê¦¥´¨°, ¨¸¶μ²Ó§ÊÕÐ¨Ì ÔÉ¨ ³ É¥·¨ ²Ò. ”¥´μ³¥´μ²μ£¨Î¥¸±¨
¶¥·¥´μ¸ ¢² £¨ μ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨¥³ ¤¨ËËÊ§¨¨ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ±μÔËË¨-
Í¨¥´É  ¶¥·¥´μ¸  ¢² £¨, ±μÉμ·Ò° § ¢¨¸¨É μÉ ±μ²¨Î¥¸É¢  ¢² £¨. �¥±μÉμ·Ò¥ É -
±¨¥ § ¢¨¸¨³μ¸É¨ ³μ¦´μ ´ °É¨ ¢ · ¡μÉ¥ [1]. „²Ö μ¶·¥¤¥²¥´¨Ö ±μÔËË¨Í¨¥´É 
¶¥·¥´μ¸  ¢² £¨ ¢ μ¶·¥¤¥²¥´´μ³ ³ É¥·¨ ²¥ ´¥μ¡Ìμ¤¨³Ò Ô±¸¶¥·¨³¥´É ²Ó´Ò¥
±μ²¨Î¥¸É¢¥´´Ò¥ ¨§³¥·¥´¨Ö ¶·μ¸É· ´¸É¢¥´´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¢² £¨ ¢ · §´Ò¥
³μ³¥´ÉÒ ¢·¥³¥´¨.

‚ · ¡μÉ¥ [2] ¶·¥¤²μ¦¥´ ³¥Éμ¤  ´ ²¨§  ±μ²¨Î¥¸É¢  ¢² £¨ ¢ ¸É·μ¨É¥²Ó´ÒÌ
³ É¥·¨ ² Ì, μ¸´μ¢ ´´Ò° ´  μ¡²ÊÎ¥´¨¨ ´¥°É·μ´ ³¨ μ¡· §Í  ¸É·μ¨É¥²Ó´μ£μ
³ É¥·¨ ² , ´¥ · §·ÊÏ ÕÐ¥³ ¥£μ, ¨ ·¥£¨¸É· Í¨¨ ¸¨£´ ²μ¢ μÉ ´¥ ¶μ£²μÐ¥´´ÒÌ
μ¡· §Íμ³ ´¥°É·μ´μ¢. ‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¶·¨¢μ¤ÖÉ¸Ö Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´-
´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¢² £¨ ¢ ¶·Ö³μÊ£μ²Ó´μ³ ±¨·¶¨Î¥ ¸ · §³¥· ³¨ 3×9×12 ¸³
¢ ¶·μÍ¥¸¸¥ ¥£μ ¸ÊÏ±¨. ‚¸¥ ¡μ±μ¢Ò¥ ¶μ¢¥·Ì´μ¸É¨ μ¡· §Í  ¢μ¤μ- ¨ ¢μ§¤ÊÌμ´¥-
¶·μ´¨Í ¥³Ò, ±·μ³¥ μ¤´μ°, ¸ · §³¥· ³¨ 3 × 12 ¸³, μÉ±Ê¤  ¶·μ¨¸Ìμ¤¨É ¨¸¶ -
·¥´¨¥ ¢² £¨ ¢  É³μ¸Ë¥·Ê. ‚ ¶·¥¤¶μ²μ¦¥´¨¨ μ¤´μ³¥·´μ£μ ¤¢¨¦¥´¨Ö ¢² £¨ ¢
μ¡· §Í¥ ¢¤μ²Ó ¥£μ Ï¨·¨´Ò, · ¢´μ° 9 ¸³, ¢ÒÎ¨¸²¥´ ±μÔËË¨Í¨¥´É ¶¥·¥´μ¸ 
¢² £¨ ¢ μ¡· §Í¥, Ô³¶¨·¨Î¥¸±¨ μ¶·¥¤¥²¥´´Ò° ¢ ¢¨¤¥ ¶μ²¨´μ³  É·¥ÉÓ¥° ¸É¥-
¶¥´¨ μÉ ±μ´Í¥´É· Í¨¨ ¢² £¨. ŠμÔËË¨Í¨¥´ÉÒ ¶μ²¨´μ³  ¢ÒÎ¨¸²Ö²¨¸Ó ¨§ Ê¸²μ-
¢¨Ö ³¨´¨³Ê³  ±¢ ¤· É¨Î´μ£μ ËÊ´±Í¨μ´ ² , μ¶·¥¤¥²ÖÕÐ¥£μ μÉ±²μ´¥´¨¥ Ô±¸-
¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ μÉ É¥μ·¥É¨Î¥¸±¨Ì ·¥§Ê²ÓÉ Éμ¢, ¶μ²ÊÎ ¥³ÒÌ ´  μ¸´μ¢¥
Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ´¥²¨´¥°´μ£μ Ê· ¢´¥´¨Ö ¤¨ËËÊ§¨¨.

‚ · ¡μÉ¥ [3] ¢ ± Î¥¸É¢¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¡¥·¥É¸Ö ·¥Ï¥´¨¥ ³μ-
¤¥²Ó´μ° § ¤ Î¨. ˆ¸¶μ²Ó§ÊÖ ¶μ¤Ìμ¤, ¶·¥¤²μ¦¥´´Ò° ¢ [1], ¶·μ¢¥²¨ ¨§ÊÎ¥´¨¥
¸¢μ°¸É¢ ³μ¤¥²¨ ¢ § ¢¨¸¨³μ¸É¨ μÉ ¸É¥¶¥´¨ ¶μ²¨´μ³ , ´ ¡μ·  ¥£μ ±μÔËË¨Í¨-
¥´Éμ¢ ¨ ±μ²¨Î¥¸É¢  ¨¸¶μ²Ó§Ê¥³ÒÌ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ. �·¨ ³¨´¨³¨-
§ Í¨¨ ËÊ´±Í¨μ´ ²  ¡Ò² ¨¸¶μ²Ó§μ¢ ´ ³¥Éμ¤ �ÓÕÉμ´ . ‚ · ¡μÉ¥ [4] ¨¸Ìμ¤´ Ö
³μ¤¥²Ó ¨¸¸²¥¤μ¢ ² ¸Ó £· ¤¨¥´É´Ò³ ³¥Éμ¤μ³ ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨μ´ ² .

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ±μÔËË¨Í¨¥´É ¶¥·¥´μ¸  ¢² £¨ ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö ¶μ
Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¤ ´´Ò³ · ¡μÉÒ [2] (·¨¸. 1, ¡) ¸ ¶μ³μÐÓÕ ³¨´¨³¨§ Í¨¨
ËÊ´±Í¨μ´ ²  ³¥Éμ¤μ³ �ÓÕÉμ´ . ‚ μÉ²¨Î¨¥ μÉ ¶·¥¤Ò¤ÊÐ¨Ì · ¡μÉ ¶·¥¤¶μ² -
£ ¥É¸Ö Ö¢´ Ö § ¢¨¸¨³μ¸ÉÓ ±μÔËË¨Í¨¥´É  ¶¥·¥´μ¸  ¢² £¨ μÉ ¢·¥³¥´¨ D(w, t).
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�¨¸. 1. �·μË¨²¨ ¶¥·¥´μ¸  ´¥°É·μ´μ¢ ¢¤μ²Ó Ï¨·¨´Ò μ¡· §Í  ´  1, 2, 7, 14 ¨ 21-e
¸ÊÉ (a) ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì · ¸¶·¥¤¥²¥´¨° ±μ´Í¥´É· Í¨° ¢² ¦´μ¸É¨ (¡), ¶μ²ÊÎ¥´´ÒÌ
¸ ¶μ³μÐÓÕ  ´ ²¨§  ¶·¥μ¡· §μ¢ ´´ÒÌ ¸¨£´ ²μ¢ [2]

1. ��‘’���‚Š� ‡�„�—ˆ

Œμ¤¥²¨·μ¢ ´¨¥ ¶¥·¥´μ¸  ¢² £¨ ¡Ê¤¥³ ¶·μ¢μ¤¨ÉÓ ´  μ¸´μ¢¥ ´¥²¨´¥°´μ£μ
Ê· ¢´¥´¨Ö ¤¨ËËÊ§¨¨:

∂w

∂t
=

∂

∂x

[
D(w, t)

∂w

∂x

]
, t > 0, 0 < x < 1. (1)

‡¤¥¸Ó w Å ±μ´Í¥´É· Í¨Ö ¢² £¨; D(w, t) Å ±μÔËË¨Í¨¥´É ¶¥·¥´μ¸  ¢² £¨; t Å
¢·¥³Ö; x Å ¶·μ¸É· ´¸É¢¥´´ Ö ±μμ·¤¨´ É  ¢¤μ²Ó Ï¨·¨´Ò μ¡· §Í . ‚ ¤ ´´μ°
· ¡μÉ¥ D(w, t) ¢Ò¡¨· ¥³ ¢ ¢¨¤¥

D(w, t) = p0w
p(t) +Ae−μ(w−v0), p(t) = e0 +

e1 − e0

1 + (e1/e0 − 1)eB(t−t0/20)
. (2)

�¡μ¸´μ¢ ´¨¥ É ±μ£μ ¢Ò¡μ·  ¶·¨¢¥¤¥´μ ¢ · §¤. 3.
“· ¢´¥´¨¥ (1) ¡Ê¤¥³ ·¥Ï ÉÓ ¸μ ¸²¥¤ÊÕÐ¨³¨ ´ Î ²Ó´Ò³

w(x, 0) = w0(x), 0 < x < 1 (3)

¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨

∂w

∂x
(0, t) = 0, −D(w(1, t), t)

∂w

∂x
(1, t) = β(w(1, t) − v0), t > 0, (4)

£¤¥ w0(x) Å · ¸¶·¥¤¥²¥´¨¥ ¢² £¨ ¶·¨ t = 0 (v0 = 0, 019645); p0, μ, A, e0, e1,
B, t0, β Å ¶ · ³¥É·Ò § ¤ Î¨.
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� · ³¥É·Ò A, μ, B, β ²¥£±μ μ¶·¥¤¥²ÖÕÉ¸Ö ·¥Ï¥´¨¥³ ¶·Ö³μ° § ¤ Î¨
(1)Ä(4),   μ¸É ²Ó´μ° ´ ¡μ· ¶ · ³¥É·μ¢ P = [p0, e0, e1, t0] ¡Ê¤¥³ ÊÉμÎ´ÖÉÓ
³¨´¨³¨§ Í¨¥° ËÊ´±Í¨μ´ ² 

S(P ) =
M∑

j=1

∫ 1

0

[w(x, tj) − we(x, tj)]2dx, (5)

£¤¥ M = 4 Å ±μ²¨Î¥¸É¢μ ¤´¥°, ¢ ±μÉμ·Ò¥ ¶·μ¢μ¤¨²¨¸Ó ¨§³¥·¥´¨Ö ±μ´-
Í¥´É· Í¨¨ ¢² £¨; we(x, tj) Å ¶·μË¨²Ó Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ tj-Ì ¸ÊÉ,
w(x, t) Å ·¥Ï¥´¨¥ § ¤ Î¨ (1)Ä(4).

‚¸¥ ¢¥²¨Î¨´Ò, ¢Ìμ¤ÖÐ¨¥ ¢ § ¤ ÎÊ (1)Ä(5), ¶¥·¥¢¥¤¥´Ò ¢ ¡¥§· §³¥·´Ò¥
¥¤¨´¨ÍÒ. ‡¤¥¸Ó w = w(x, t)/w0 (w0 = 0, 2 £/¸³3 Å · §³¥·´ Ö ±μ´¸É ´É );
t = t/t0 (t0 = 28800 ³¨´ Å ¢·¥³Ö ¨¸¶ ·¥´¨Ö); x = x/x0 Å ±μμ·¤¨´ É 
(x0 = 9 ¸³ Å Ï¨·¨´  μ¡· §Í , ¢¤μ²Ó ±μÉμ·μ° ¶·μ¨¸Ìμ¤¨É ¶¥·¥´μ¸ ¢² £¨).

�±¸¶¥·¨³¥´É ²Ó´Ò¥ ¤ ´´Ò¥ (·¨¸. 1, ¡) ¶¥·¥¢¥¤¥´Ò ¢ ¡¥§· §³¥·´Ò¥ Ëμ·-
³Ò, ±μÉμ·Ò¥ ¶μ± § ´Ò ´  ·¨¸. 2. ‚ ¤ ²Ó´¥°Ï¥³ ¸· ¢´¥´¨¥ ¢ÒÎ¨¸²Ö¥³ÒÌ ¶·μ-
Ë¨²¥° ¶μ°¤¥É ¨³¥´´μ ¸ ÔÉ¨³¨ μ¡· ¡μÉ ´´Ò³¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨ ¤ ´´Ò³¨.

�¨¸. 2. �·μË¨²¨ ¡¥§· §³¥·´ÒÌ ±μ´Í¥´É· Í¨° ¢² £¨ ¢¤μ²Ó Ï¨·¨´Ò μ¡· §Í  ¢ 1, 2, 7,
14 ¨ 21-¥ ¸ÊÉ (t = 0; 0,05; 0,3; 0,65; 1) ¸μμÉ¢¥É¸É¢¥´´μ ¸¢¥·ÌÊ ¢´¨§. ‚¥·Ì´ÖÖ ±·¨¢ Ö
¶·¥¤¸É ¢²Ö¥É ´ Î ²Ó´μ¥ Ê¸²μ¢¨¥ (3)

“³´μ¦ Ö μ¡¥ ¸Éμ·μ´Ò Ê· ¢´¥´¨Ö (1) ´  dx dt, ¶μ¸²¥ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ t
μÉ T1 ¤μ T2 ¨ ¶μ x μÉ ´Ê²Ö ¤μ ¥¤¨´¨ÍÒ, ¶μ²ÊÎ ¥³ ¨´É¥£· ²Ó´ÊÕ Ëμ·³Ê § ±μ´ 
¸μÌ· ´¥´¨Ö:∫ 1

0

[w(x, T1) − w(x, T2)] dx = −
∫ T2

T1

dtD(w(1, t))
∂w

∂x
(1, t). (6)

3



‚ ¤ ²Ó´¥°Ï¥³ ¨¸¶μ²Ó§Ê¥³ ÔÉμ ¸μμÉ´μÏ¥´¨¥ ¤²Ö ¶·μ¢¥·±¨ ÉμÎ´μ¸É¨ Î¨-
¸²¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢.

2. Œ…’�„ —ˆ‘‹…���ƒ� �…˜…�ˆŸ

� ¸¸³μÉ·¨³ ¸´ Î ²  Î¨¸²¥´´μ¥ ·¥Ï¥´¨¥ ¶·Ö³μ° § ¤ Î¨ (1)Ä(5).
‚¢¥¤¥³ · ¢´μ³¥·´ÊÕ ¶·Ö³μÊ£μ²Ó´ÊÕ ¸¥É±Ê {tj = τj (j = 0, 1, ..., n), xi =

hi (i = 0, 1, ..., m)} , £¤¥ τ ¨ h Å ¸μμÉ¢¥É¸É¢¥´´μ Ï £¨ ¶μ ¶¥·¥³¥´´Ò³ t ¨ x.
„²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) ¸ £· ´¨Î´Ò³ ¨ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨ (3), (4)

¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸²¥¤ÊÕÐÊÕ  ¡¸μ²ÕÉ´μ Ê¸Éμ°Î¨¢ÊÕ ±μ´¥Î´μ-· §´μ¸É´ÊÕ
¸Ì¥³Ê ¸ ÉμÎ´μ¸ÉÓÕ  ¶¶·μ±¸¨³ Í¨¨ O(τ + h2) [5]:

wj+1
i − wj

i

τ
=

1
h

[
Cj+1

i

wj+1
i+1 − wj+1

i

h
− Cj+1

i−1

wj+1
i − wj+1

i−1

h

]
,

i = 1, 2, · · · , m − 1, (7)

Cj+1
i = C(wj+1

i ) =
[
D(wj+1

i+1 , tj) + D(wj+1
i , tj)

]
/2, (8)

3wj+1
0 − 4wj+1

1 + wj+1
2

2h
= 0, (9)

−Cj+1
m−1

wj+1
m − wj+1

m−1

h
= β(wj+1

m − v0), j = 0, 1, · · · , n − 1. (10)

�  ± ¦¤μ³ j + 1-³ ¸²μ¥ Ê· ¢´¥´¨¥ (7) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ´¥²¨´¥°´ÊÕ
£· ´¨Î´ÊÕ § ¤ ÎÊ, ±μÉμ· Ö ·¥Ï ¥É¸Ö ³¥Éμ¤μ³ ¶·μ¸ÉÒÌ ¨É¥· Í¨°. �·¥¤¶μ²μ-

¦¨³, ÎÉμ §´ Î¥´¨¥ ¢² £¨ w
j+1(s)
i ´  s-° ¨É¥· Í¨¨ ¨§¢¥¸É´μ. �·¨ ¢ÒÎ¨¸²¥´¨¨

¸²¥¤ÊÕÐ¥£μ s+1-£μ ¶·¨¡²¨¦¥´¨Ö ¡Ê¤¥³ ¡· ÉÓ ¢ ËÊ´±Í¨¨ C(wj+1
i ) ¢Ò· ¦¥´¨Ö

(8) §´ Î¥´¨¥ ¢² £¨ w
j+1(s)
i ¨§ ¶·¥¤Ò¤ÊÐ¥° ¨É¥· Í¨¨.

’ ±¨³ μ¡· §μ³, ³Ò ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ ¸Ì¥³Ê ¨É¥· Í¨°:

− C
j+1(s)
i−1 w

j+1(s+1)
i−1 +

[
C

j+1(s)
i−1 + C

j+1(s)
i +

h2

τ

]
w

j+1(s+1)
i −

− C
j+1(s)
i w

j+1(s+1)
i+1 =

h2

τ
wj

i , (11)

i = 1, 2, · · · , m − 1,

3w
j+1(s+1)
0 − 4w

j+1(s+1)
1 + w

j+1(s+1)
2 = 0, (12)

−C
j+1(s)
m−1 w

j+1(s+1)
m−1 + [βh + C

j+1(s)
m−1 ]wj+1(s+1)

m = βhv0. (13)
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‚ ÔÉμ³ ¸²ÊÎ ¥ ³Ò ¨³¥¥³ ²¨´¥°´ÊÕ § ¤ ÎÊ μÉ´μ¸¨É¥²Ó´μ w
j+1(s+1)
i , ±μÉμ-

· Ö ·¥Ï ¥É¸Ö ³¥Éμ¤μ³ ¶·μ£μ´±¨.
ˆÉ¥· Í¨μ´´Ò° ¶·μÍ¥¸¸ § ¢¥·Ï ¥É¸Ö ¶·¨ ¢Ò¶μ²´¥´¨¨ Ê¸²μ¢¨Ö

max |wj+1(s+1)
i − w

j+1(s)
i | < ε, i = 0, 1, · · · , m,

£¤¥ ε > 0 Å § · ´¥¥ § ¤ ´´μ¥ ³ ²μ¥ Î¨¸²μ.
‚ ± Î¥¸É¢¥ ´ Î ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö ´  ± ¦¤μ³ ¸²μ¥ j+1 ¡¥·¥³ §´ Î¥´¨¥

±μ´Í¥´É· Í¨¨ ¢² £¨ ¸ ¶·¥¤Ò¤ÊÐ¥£μ ¸²μÖ j (wj+1(0)
i = wj

i , i = 0, 1, 2, . . . , m).
‚ · ¡μÉ¥ [3] ¤²Ö ¤ ´´μ° ¸Ì¥³Ò ´  μ¸´μ¢¥ ¥¥  ´ ²¨§  ³Ò ¢Ò¡¨· ²¨ Ï £¨ ¨´É¥-
£·¨·μ¢ ´¨Ö h = 10−2, τ = 1/28800. ‚ ÔÉμ° · ¡μÉ¥ Î¨¸²¥´´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ
¶·μ¢μ¤¨³ ¸ É¥³¨ ¦¥ Ï £ ³¨.

Œ¥Éμ¤ �ÓÕÉμ´  ¶·¨³¥´Ö¥³ ¤²Ö ¶μ¨¸±  ÉμÎ±¨ P ²μ± ²Ó´μ£μ ³¨´¨³Ê³ 
ËÊ´±Í¨μ´ ²  (5), ¢ ±μÉμ·μ°, ± ± ¨§¢¥¸É´μ, £· ¤¨¥´É S′(P ) = 0. �μÔÉμ³Ê
Ëμ·³Ê²  ³¥Éμ¤  �ÓÕÉμ´  ¨³¥¥É ¢¨¤ [6,7]

P (k+1) = P (k) − [S′′(P (k)]−1S′(P (k)). (14)

‡¤¥¸Ó S′′(P (k)) = A Å ¸¨³³¥É·¨Î´ Ö ³ É·¨Í  ƒ¥¸¸¥ · §³¥·´μ¸É¨ 4×4 ¢Éμ·ÒÌ
¶·μ¨§¢μ¤´ÒÌ ËÊ´±Í¨μ´ ²  (5), ¢ÒÎ¨¸²Ö¥³ÒÌ ¶μ Ëμ·³Ê²¥

Ars =
∂2S

∂Pr∂Ps
, r, s = 0, 1, 2, 3. (15)

�¥·¢Ò¥ ¨ ¢Éμ·Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¶μ ¶ · ³¥É· ³ ∂S/∂Pr, ∂2S/∂Pr∂Ps, ±μÉμ·Ò¥
¢Ò¸ÉÊ¶ ÕÉ ¢ ¶· ¢ÒÌ Î ¸ÉÖÌ Ê· ¢´¥´¨° (14) ¨ (15), μ¶·¥¤¥²Ö¥³ Î¨¸²¥´´μ ¨§
·¥Ï¥´¨Ö ¶·Ö³μ° § ¤ Î¨ (1)Ä(5) ¶·¨ · §´ÒÌ ´ ¡μ· Ì ¶ · ³¥É·μ¢. �μ± ¦¥³
ÔÉμ, ´ ¶·¨³¥·, ¤²Ö ¶·μ¨§¢μ¤´ÒÌ ∂S/∂P1, ∂2S/∂P 2

1 ¨ ∂2S/∂P1∂P2:

∂S

∂P1
=

S(P0, P1 + Δ1, P2, P3) − S(P0, P1 − Δ1, P2, P3)
2Δ1

,

∂2S

∂P 2
1

=
S(P0, P1 + Δ1, P2, P3) − 2S(P0, P1, P2, P3) + S(P0, P1 − Δ1, P2, P3)

Δ2
1

,

∂2S

∂P1∂P2
=

(
∂S

∂P1
(P0, P1, P2 + Δ2, P3) −

∂S

∂P1
(P0, P1, P2 − Δ2, P3)

)
/2Δ2.

‡¤¥¸Ó Δ1, Δ2 ¤μ¸É ÉμÎ´μ ³ ²Ò¥ ¶μ²μ¦¨É¥²Ó´Ò¥ Î¨¸² . ˆÉ¥· Í¨μ´´Ò° ¶·μ-
Í¥¸¸ �ÓÕÉμ´  ³μ¦´μ § ¢¥·Ï¨ÉÓ ¶μ · §´Ò³ ¶·¨§´ ± ³. � ¶·¨³¥·, ¶μ ³ ²μ¸É¨
´μ·³Ò ËÊ´±Í¨μ´ ²  (5) ¢ ÉμÎ±¥ P (k+1), ´μ·³Ò ||P (k+1) −P (k)||, μÉ´μ¸¨É¥²Ó-
´μ° μÏ¨¡±¨ ||P (k+1) − P ∗||/||P ∗||, ´μ·³Ò £· ¤¨¥´É  ||S′(P (k))||. ‚ ¸²ÊÎ ¥
¸Ìμ¤¨³μ¸É¨ ¨É¥· Í¨μ´´μ£μ ¶·μÍ¥¸¸  ¢¸¥ ÔÉ¨ §´ Î¥´¨Ö ¸É·¥³ÖÉ¸Ö ± ´Ê²Õ.
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3. �…‡“‹œ’�’› —ˆ‘‹…��›• �Š‘�…�ˆŒ…�’�‚

„²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ¶·Ö³μ° § ¤ Î¨ (1)Ä(4) ¢Ò¡¨· ¥³ ´¥±μÉμ·Ò¥ ¶ -
· ³¥É·Ò § ¤ Î¨ A, μ, β. �·¨ Ê¢¥²¨Î¥´¨¨ β ¤μ β = 1500 ËÊ´±Í¨μ´ ² Ê³¥´Ó-
Ï ¥É¸Ö, μ¤´ ±μ ¶·¨ β > 1500 ´¥ ¶·μ¨¸Ìμ¤¨É ¸ÊÐ¥¸É¢¥´´μ£μ Ê³¥´ÓÏ¥´¨ÖÖ
ËÊ´±Í¨μ´ ² , ¶μÔÉμ³Ê ¢Ò¡· ²¨ β = 1500. ‡´ Î¥´¨Ö ¶ · ³¥É·μ¢ A, μ ¢Ò¡¨-
· ¥³ ¶ÊÉ¥³ ·¥Ï¥´¨Ö ¶·Ö³μ° § ¤ Î¨, É ±¨³ μ¡· §μ³, ÎÉμ¡Ò Ô±¸¶¥·¨³¥´É ²Ó-
´Ò¥ ¨ ¢ÒÎ¨¸²¥´´Ò¥ ¶·μË¨²¨ ±μ´Í¥´É· Í¨¨ ¢² £¨ ¶·¨ t = 0, 65; 1 (14-¥ ¨
21-¥ ¸ÊÉ ) ¢¡²¨§¨ £· ´¨ÍÒ x = 1 ¨³¥²¨ μ¡Ð¨¥ £μ·¨§μ´É ²Ó´Ò¥ ÊÎ ¸É±¨ (¸³.
·¨¸. 3). �Éμ ¤μ¸É¨£ ¥É¸Ö ¶·¨ §´ Î¥´¨ÖÌ A = 1, 5; μ = 150.

�¨¸. 3. ‚ÒÎ¨¸²¥´´Ò¥ ¶·μË¨²¨ ±μ´Í¥´É· Í¨¨ ¢² £¨ ¤²Ö ±μÔËË¨Í¨¥´É  ¶¥·¥´μ¸  ¢² £¨
¸ ´ ¡μ·μ³ ¶ · ³¥É·μ¢ μ = 150; A = 1, 5; p0 = 40; B = 30; e0 = 4; e1 =
2; t0 = 4 ¤²Ö 2, 7, 14 ¨ 21-Ì ¸ÊÉ (t = 0,05; 0,3; 0,65; 1) (¶Ê´±É¨·´Ò¥ ²¨´¨¨) ¨
Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¶·μË¨²¨ ±μ´Í¥´É· Í¨¨ ¢² £¨ (¸¶²μÏ´Ò¥ ²¨´¨¨) ¢ ÔÉ¨ ¦¥ ¤´¨.
‡´ Î¥´¨¥ ËÊ´±Í¨μ´ ²  (5): S = 0,0115

„²Ö Ê¸É ´μ¢²¥´¨Ö Ö¢´μ£μ ¢¨¤  ±μÔËË¨Í¨¥´É  ¶¥·¥´μ¸  ¢² £¨ D(w, t) ¶·μ-
¢μ¤¨²¨¸Ó ¸²¥¤ÊÕÐ¨¥ Î¨¸²¥´´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ. �ÊÉ¥³ ·¥Ï¥´¨Ö ¶·Ö³μ° § -
¤ Î¨ ¤²Ö ±μÔËË¨Í¨¥´É  ¶¥·¥´μ¸  ¢ ¢¨¤¥ D(w) = p0w

γ + Ae−μ(w−v0) Ê¸É -
´μ¢¨²¨, ÎÉμ ¶·¨ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ p0 = 40, γ = 5 ¢ÒÎ¨¸²¥´´Ò° ¶·μ-
Ë¨²Ó ±μ´Í¥´É· Í¨¨ ¢² £¨ ´  ¢Éμ·Ò¥ ¸ÊÉ±¨ (t = 0, 05) Ìμ·μÏμ ¸μ¢¶ ¤ ¥É ¸
¥¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¶·μË¨²¥³. „ ²ÓÏ¥ Ìμ·μÏ¥¥ ¸μ¢¶ ¤¥´¨¥ ¢ÒÎ¨¸²¥´´μ£μ
¶·μË¨²Ö ±μ´Í¥´É· Í¨¨ ¢² £¨ ¶μ¸²¥ ¶ÖÉ¨ ¸ÊÉμ± ¸ ¥¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¶·μ-
Ë¨²¥³ ´  ¸¥¤Ó³Ò¥ ¶μ²ÊÎ ¥É¸Ö, ±μ£¤  ¢ ³μ³¥´É t = 0, 05 §´ Î¥´¨¥ γ = 5
§ ³¥´Ö¥É¸Ö ´  γ = 3, 3. „ ²Ó´¥°Ï¥¥ ¸μ¢¶ ¤¥´¨¥ ¢ÒÎ¨¸²¥´´ÒÌ ¨ Ô±¸¶¥·¨³¥´-
É ²Ó´ÒÌ ¶·μË¨²¥° ´  14-¥ ¨ 21-¥ ¸ÊÉ ¶·μ¨¸Ìμ¤¨É, ±μ£¤  ¢ ³μ³¥´É ¢·¥³¥´¨
t = 0, 3 (¸¥¤Ó³Ò¥ ¸ÊÉ) §´ Î¥´¨¥ γ = 3, 3 § ³¥´Ö¥É¸Ö ´  γ = 2, 6. ’ ±¨³
μ¡· §μ³, ¶·¨ ¸± Î±μμ¡· §´μ³ ¨§³¥´¥´¨¨ ¶μ± § É¥²Ö ¸É¥¶¥´¨ ¶μ ¢·¥³¥´¨ ¢
Ëμ·³Ê²¥ D(w) ¶·¨ ¢·¥³¥´ Ì t = 0, 05; 0, 3; 0, 65 ¶μ²ÊÎ ¥É¸Ö Ìμ·μÏ¥¥ ¸μ¢¶ -
¤¥´¨¥ ¢ÒÎ¨¸²¥´´ÒÌ ¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¶·μË¨²¥° ¢² £¨. ˆ¸Ìμ¤Ö ¨§ ÔÉμ£μ
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¢Ò¡¨· ¥³ ¶μ± § É¥²Ó ¸É¥¶¥´¨ ¢ ¢Ò· ¦¥´¨¨ ¤²Ö D(w) ¢ ¢¨¤¥ ËÊ´±Í¨¨ ¢·¥³¥´¨
p(t), ±μÉμ· Ö ³¥´Ö¥É¸Ö ´¥¶·¥·Ò¢´μ ¨ ¶·¨´¨³ ¥É Ê¶μ³Ö´ÊÉÒ¥ §´ Î¥´¨Ö γ ¶·¨
¢·¥³¥´ Ì t = 0, 05; 0, 3; 0, 65. „²Ö B Ê¤ Î´Ò³ §´ Î¥´¨¥³ μ± § ²μ¸Ó B = 30.

’ ±¨³ ¸¶μ¸μ¡μ³ ³Ò ¶·¨Ï²¨ ± ¢Ò¡μ·Ê Ëμ·³Ê²Ò ±μÔËË¨Í¨¥´É  ¶¥·¥´μ¸ 
¢² £¨ ¢ ¢¨¤¥ (2). ‚Éμ·μ° Î²¥´ ¢ Ëμ·³Ê²¥ (2) μ¡¥¸¶¥Î¨¢ ¥É Ìμ·μÏ¥¥ ¸μ¢¶ -
¤¥´¨¥ ¢ÒÎ¨¸²¥´´ÒÌ ¶·μË¨²¥° ±μ´Í¥´É· Í¨¨ ¢² £¨ ¸ ¨Ì Ô±¸¶¥·¨³¥´É ²Ó´Ò³¨
¶·μË¨²Ö³¨ ¢¡²¨§¨ £· ´¨ÍÒ x = 1 ´  14-¥ ¨ 21-¥ ¸ÊÉ (t = 0, 65; 1).

„²Ö ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨μ´ ²  ¢Ò¡¨· ¥³ Ê¤ Î´Ò¥ ´ Î ²Ó´Ò¥ §´ Î¥´¨Ö
¶ · ³¥É·μ¢, ¶μ ±μÉμ·Ò³ ¶·μ¨§¢μ¤¨É¸Ö ³¨´¨³¨§ Í¨Ö. � Î¨´ Ö ¸ ÔÉ¨Ì §´ Î¥-
´¨° ¶·μ¢μ¤¨³ ³¨´¨³¨§ Í¨Õ ËÊ´±Í¨μ´ ²  ¶μ ³¥Éμ¤Ê �ÓÕÉμ´ . “¤ Î´Ò¥ ´ -
Î ²Ó´Ò¥ §´ Î¥´¨Ö ¶ · ³¥É·μ¢ μ, A, β, B, ± ± Ê¦¥ Ê¶μ³Ö´Ê²¨, μ¶·¥¤¥²¨²¨¸Ó
¶ÊÉ¥³ ·¥Ï¥´¨Ö ¶·Ö³μ° § ¤ Î¨. �¸É ²Ó´Ò¥ ¶ · ³¥É·Ò P = [p0, e0, e1, t0]
ÊÉμÎ´¨³ ¶μ ³¥Éμ¤Ê �ÓÕÉμ´  ¶·¨ ´ Î ²Ó´ÒÌ §´ Î¥´¨ÖÌ P = [p0, e0, e1, t0],
· ¢´ÒÌ 40, 2, 4, 4 ¸μμÉ¢¥É¸É¢¥´´μ. „²Ö ÔÉμ£μ ´ ¡μ·  ·¥Ï¨³ Î¨¸²¥´´μ § ¤ ÎÊ
(1)Ä(5), ¨¸¶μ²Ó§ÊÖ ²¨´¥ ·¨§μ¢ ´´ÊÕ · §´μ¸É´ÊÕ ¸Ì¥³Ê (11)Ä(13). �  ·¨¸. 3
¶·¨¢¥¤¥´Ò ¢ÒÎ¨¸²¥´´Ò¥ ¶·μË¨²¨ ±μ´Í¥´É· Í¨¨ ¢² £¨ ¶·¨ ¤ ´´μ³ ´ ¡μ·¥
¶ · ³¥É·μ¢ ±μÔËË¨Í¨¥´É  ¶¥·¥´μ¸  ¢² £¨ (¶Ê´±É¨·´Ò¥ ²¨´¨¨) ¨ Ô±¸¶¥·¨-
³¥´É ²Ó´Ò¥ ¶·μË¨²¨ (¸¶²μÏ´Ò¥ ²¨´¨¨), É. ¥. ¤²Ö ¸²ÊÎ Ö, ±μ£¤  ¶ · ³¥É·Ò
P = [p0, e0, e1, t0] ¥Ð¥ ´¥ ÊÉμÎ´Ö²¨¸Ó ¶μ ³¥Éμ¤Ê �ÓÕÉμ´ .

Š ± ¢¨¤´μ, ¢ÒÎ¨¸²¥´´Ò¥ ¶·μË¨²¨ ¶²μÌμ ¸μ¢¶ ¤ ÕÉ ¸ ¨Ì Ô±¸¶¥·¨³¥´-
É ²Ó´Ò³¨ ¶·μË¨²Ö³¨, μ¤´ ±μ ¤²Ö ÔÉμ£μ ´ ¡μ·  ¶μ²ÊÎ ¥É¸Ö Ìμ·μÏ¥¥ ¸μ¢¶ ¤¥-
´¨¥ ¢ÒÎ¨¸²¥´´ÒÌ ¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¶·μË¨²¥° μ±μ²μ £· ´¨ÍÒ x = 1 ¤²Ö
14-Ì ¨ 21-Ì ¸ÊÉ. �Éμ ¸μ¢¶ ¤¥´¨¥ ¶μ²ÊÎ ¥É¸Ö ¡² £μ¤ ·Ö ¶· ¢¨²Ó´μ³Ê ¢Ò¡μ·Ê
¶ · ³¥É·μ¢ μ = 150 ¨ A = 1,5. •μ·μÏ¥¥ ¸μ¢¶ ¤¥´¨¥ ¢ÒÎ¨¸²¥´´ÒÌ ¨ Ô±¸¶¥-
·¨³¥´É ²Ó´ÒÌ ¶·μË¨²¥° ¢μ ¢¸¥ ¢·¥³¥´  ¨ ¢μ ¢¸¥Ì ÉμÎ± Ì ¤μ¸É¨£ ¥É¸Ö ¶μ¸²¥
³¨´¨³¨§ Í¨¨ ËÊ´±Í¨μ´ ²  ¶μ ¶ · ³¥É· ³ [p0, e0, e1, t0].

�μ¸²¥ ¶·¨³¥´¥´¨Ö ³¥Éμ¤  �ÓÕÉμ´  ¶μ²ÊÎ ¥³ ¤²Ö μÉ¤¥²Ó´ÒÌ ¨É¥· Í¨°
it É ¡². 1 §´ Î¥´¨° ¶ · ³¥É·μ¢ [p0, e0, e1, t0],   É ±¦¥ É ¡². 2 §´ Î¥´¨° S
ËÊ´±Í¨μ´ ²  (5) ³ ±¸¨³ ²Ó´μ° ´μ·³Ò

||S1|| = max
[∣∣∣∣ ∂S

∂P0

∣∣∣∣ ,
∣∣∣∣ ∂S

∂P1

∣∣∣∣ ,
∣∣∣∣ ∂S

∂P2

∣∣∣∣ ,

∣∣∣∣ ∂S

∂P3

∣∣∣∣
]

(16)

¨ §´ Î¥´¨° μ¶·¥¤¥²¨É¥²Ö |S2| ³ É·¨ÍÒ ƒ¥¸¸¥. ˆ§ É ¡². 2 ¢¨¤´μ, ÎÉμ ³¥-
Éμ¤ �ÓÕÉμ´  ¸Ìμ¤¨É¸Ö. � ¡μ· ¨¸Ìμ¤´ÒÌ ¶ · ³¥É·μ¢ [p0, e0, e1, t0] =
[40, 2, 4, 4] ¸Ìμ¤¨É¸Ö ± ¶·¥¤¥²Ó´μ³Ê ´ ¡μ·Ê

[54, 570104474089; 2, 644214925718; 6, 05922987825; 3, 39386031925].
(17)

‡´ Î¥´¨Ö S ËÊ´±Í¨μ´ ²  (5) ¶μ¸²¥ 12 ¨É¥· Í¨° ¶μ´¨¦ ÕÉ¸Ö ¤μ S =
0,00069508216989, ¸²¥¤μ¢ É¥²Ó´μ, ¨¸Ìμ¤´μ¥ §´ Î¥´¨¥ 0,01158937915096 Ê³¥´Ó-
Ï ¥É¸Ö ¶·¨³¥·´μ ¢ 16 · §. �μ·³  ||S1|| ¸É·¥³¨É¸Ö ± ´Ê²Õ, ¶μÔÉμ³Ê £· ¤¨¥´É
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’ ¡²¨Í  1. „¨´ ³¨±  ¨§³¥´¥´¨Ö ¶ · ³¥É·μ¢ [p0, e0, e1, t0] μÉ ¨É¥· Í¨¨ ± ¨É¥· Í¨¨
¶·¨ ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨μ´ ²  ¶μ ³¥Éμ¤Ê �ÓÕÉμ´ 

it p0 e0 e1 t0
0 40,000000000000 2,000000000000 4,000000000000 4,000000000000
1 45,897953029587 2,471819011470 4,907060733852 3,652008350024
2 48,147788167516 2,561556053494 5,546198172161 3,403421908937
3 41,996471117789 2,491158550930 5,551147207920 3,283609804021
4 47,775778020372 2,569923112223 5,817763291408 3,333800258886
5 51,363492583927 2,609622858440 5,946988829901 3,366397470221
6 53,803759741997 2,636398857536 6,033716165344 3,387904496349
7 54,501770797589 2,643515806078 6,056949521286 3,393318626290
8 54,570010319609 2,644214418853 6,059228027818 3,393859984287
9 54,570105074654 2,644214932391 6,059229899760 3,393860324353
10 54,570104469678 2,644214925669 6,059229878094 3,393860319213
11 54,570104474251 2,644214925721 6,059229878258 3,393860319252
12 54,570104474089 2,644214925718 6,059229878252 3,393860319251

’ ¡²¨Í  2. „¨´ ³¨±  ¨§³¥´¥´¨Ö §´ Î¥´¨Ö S ËÊ´±Í¨μ´ ²  (5), ´μ·³Ò ||S1|| (16)
¨ μ¶·¥¤¥²¨É¥²Ö |S2| ³ É·¨ÍÒ ƒ¥¸¸¥ μÉ ¨É¥· Í¨¨ ± ¨É¥· Í¨¨ ¶·¨ ³¨´¨³¨§ Í¨¨
ËÊ´±Í¨μ´ ²  ¶μ ³¥Éμ¤Ê �ÓÕÉμ´ 

it S ||S1|| |S2|
0 0,01158937915096 − −
1 0,00176840315096 0,03174279324876 −0,00000000001780
2 0,00078912933326 0,00337524428210 −0,00000000000162
3 0,00072372543631 0,70230017773797e − 3 −0,00000000007741e − 3
4 0,00070326985936 0,52868751453547e − 3 0,00000000024972e − 3
5 0,00069640903909 0,47268459030834e − 3 0,00000000015911e − 3
6 0,00069513120527 0,14996738810649e − 3 0,00000000009542e − 3
7 0,00069507801252 0,57958079002451e − 4 0,00000000072293e − 4
8 0,00069508216497 0,44630036296668e − 5 0,00000000642000e − 5
9 0,00069508216994 0,43373377399446e − 7 0,00000063500432e − 7
10 0,00069508216989 0,26527716655289e − 11 0,00634963960712e − 11
11 0,00069508216989 0,18661829893907e − 13 0,63496398795644e − 13
12 0,00069508216989 0,00542101086243e − 13 0,63496398799835e − 13

S′ ∼ 0. ‘É ¡¨²¨§¨·Ê¥É¸Ö É ±¦¥ §´ Î¥´¨¥ μ¶·¥¤¥²¨É¥²Ö ³ É·¨ÍÒ ƒ¥¸¸¥. �´μ
· ¢´μ |S2| = 0,63496398799835 · 10−13.

� ¤ ·¨¸. 4 ¶·¨¢¥¤¥´Ò ¢ÒÎ¨¸²¥´´Ò¥ ¶·μË¨²¨ ±μ´Í¥´É· Í¨¨ ¢² £¨ ¤²Ö ¶·¥-
¤¥²Ó´μ£μ ´ ¡μ·  ¶ · ³¥É·μ¢ (ÏÉ·¨Ì¶Ê´±É¨·´Ò¥ ²¨´¨¨) ¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥
¶·μË¨²¨ (¸¶²μÏ´Ò¥ ²¨´¨¨). Š ± ¢¨¤´μ, ÔÉ¨ ¶·μË¨²¨ ´¥¶²μÌμ ¸μ¢¶ ¤ ÕÉ.
‡ ³¥É¨³, ÎÉμ ¨³¥¥É¸Ö É ±¦¥ μÎ¥´Ó Ìμ·μÏ Ö ¸Ìμ¤¨³μ¸ÉÓ ¢ÒÎ¨¸²¥´´ÒÌ ¶·μË¨-
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�¨¸. 4. ‚ÒÎ¨¸²¥´´Ò¥ ¶·μË¨²¨ ±μ´Í¥´É· Í¨¨ ¢² £¨ ¤²Ö ±μÔËË¨Í¨¥´É  ¶¥·¥´μ¸  ¢² £¨
¸ ´ ¡μ·μ³ ¶ · ³¥É·μ¢ μ = 150; A = 1, 5; B = 30; p0 = 40; e0 = 4; e1 =
2; t0 = 4 ¶μ¸²¥ ³¨´¨³¨§ Í¨¨ ¶μ �ÓÕÉμ´Ê ¤²Ö 2, 7, 14 ¨ 21-Ì ¸ÊÉ (t = 0,05; 0,3;
0,65; 1) (ÏÉ·¨Ì¶Ê´±É¨·´Ò¥ ²¨´¨¨) ¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¶·μË¨²¨ ±μ´Í¥´É· Í¨¨ ¢² £¨
(¸¶²μÏ´Ò¥ ²¨´¨¨) ¢ ÔÉ¨ ¦¥ ¤´¨. ‡´ Î¥´¨¥ ËÊ´±Í¨μ´ ²  (5) S = 0,0007

²¥° ± Ô±¸¶¥·¨³¥´É ²Ó´Ò³ ¶·μË¨²Ö³ ¢¡²¨§¨ £· ´¨ÍÒ x = 1, ±μÉμ· Ö ¤μ¸É¨£ -
¥É¸Ö ¡² £μ¤ ·Ö ¤μ¡ ¢²¥´¨Õ Î²¥´  Ae−μ(w−v0) ¢ Ëμ·³Ê²¥ (2).

‡ ±μ´ ¸μÌ· ´¥´¨Ö ¢ ¨´É¥£· ²Ó´μ° Ëμ·³¥ (6) ¶·¨ T1 = 0, 65 (14-¥ ¸ÊÉ) ¨
T1 = 1 (21-¥ ¸ÊÉ) ¢Ò¶μ²´Ö¥É¸Ö ¸ ÉμÎ´μ¸ÉÓÕ 1,32 · 10−6.

�¨¸. 5 μÉ· ¦ ¥É ¨§³¥´¥´¨Ö ¶·μË¨²¥° D(w, t) ¨ D(x, t) ¶μ ¢·¥³¥´¨ ¤²Ö
¶·¥¤¥²Ó´μ£μ ´ ¡μ·  ±μÔËË¨Í¨¥´Éμ¢. �¥μ¡ÒÎ´μ¥ ¶μ¢¥¤¥´¨¥ D(w, t) ¨ ¶·μ-

�¨¸. 5. „¨´ ³¨±  ¨§³¥´¥´¨Ö D(w, t) (a) ¨ D(x, t) (¡) ¶μ ¢·¥³¥´¨, ±μÉμ· Ö ¸μμÉ¢¥É-
¸É¢Ê¥É 2, 4, 7 ¨ 21-³ ¸ÊÉ. �  £· Ë¨±¥ ( ) ±·¨¢Ò¥, μÉ¢¥Î ÕÐ¨¥ 7, 14 ¨ 21-³ ¸ÊÉ, ³ ²μ
μÉ²¨Î ÕÉ¸Ö ¤·Ê£ μÉ ¤·Ê£ 

¸É· ´¸É¢¥´´ÒÌ ¶·μË¨²¥° ±μÔËË¨Í¨¥´É  ¶¥·¥´μ¸  ¢² £¨ D(x, t) ¢ · §´Ò¥ ³μ-
³¥´ÉÒ ¢·¥³¥´¨ ¢¡²¨§¨ £· ´¨ÍÒ x = 1 ¸¢Ö§ ´μ ¸ ´ ²¨Î¨¥³ Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ
Î²¥´  ¢ Ëμ·³Ê²¥ (2).
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�  ·¨¸. 6 ¶·¨¢¥¤¥´Ò £· Ë¨±¨ ¨§³¥´¥´¨Ö ¶μ ¢·¥³¥´¨ ±μ´Í¥´É· Í¨¨ ¢² £¨

w(1, t) ¨ ¥¥ ¶·μ¸É· ´¸É¢¥´´μ° ¶·μ¨§¢μ¤´μ°
∂w

∂x
(1, t) ´  £· ´¨Í¥ x = 1.

�¨¸. 6. ‡ ¢¨¸¨³μ¸ÉÓ μÉ ¢·¥³¥´¨ ±μ´Í¥´É· Í¨¨ ¢² £¨ w(1, t) ¨ ¥¥ ¶·μ¸É· ´¸É¢¥´´μ°

¶·μ¨§¢μ¤´μ°
∂w

∂x
(1, t) ´  £· ´¨Í¥ x = 1

�¨¸. 7 ¨§μ¡· ¦ ¥É ¤¨´ ³¨±Ê ¶μ ¢·¥³¥´¨ ±μÔËË¨Í¨¥´É  ¶¥·¥´μ¸  ¢² £¨ ¨

¶μÉμ±  −D(w(1, t), t)
∂w

∂x
(1, t) ¢ ÉμÎ±¥ x = 1, £¤¥ ¨³¥¥É ³¥¸Éμ ¶¥·¥Ìμ¤ ¢² £¨

¨§ μ¡· §Í  ³ É¥·¨ ²  ¢  É³μ¸Ë¥·Ê.

�¨¸. 7. ‡ ¢¨¸¨³μ¸ÉÓ μÉ ¢·¥³¥´¨ ±μÔËË¨Í¨¥´É  ¶¥·¥´μ¸  ¢² £¨ D(1, t) ¨ ¶μÉμ±  ¢² £¨

−D(w(1, t), t)
∂w

∂t
(1, t) ´  £· ´¨Í¥ x = 1

‘²¥¤Ê¥É ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ¡μ²ÓÏμ¥ §´ Î¥´¨¥ β (β = 1500) ¢ £· ´¨Î´μ³
Ê¸²μ¢¨¨ (2) Ê± §Ò¢ ¥É ´  Éμ, ÎÉμ ·¥Ï¥´¨¥ § ¤ Î¨ (1)Ä(5) ¤μ²¦´μ ¸² ¡μ μÉ²¨-
Î ÉÓ¸Ö μÉ ·¥Ï¥´¨Ö ÔÉμ£μ ¦¥ Ê· ¢´¥´¨Ö ¸ £· ´¨Î´Ò³ Ê¸²μ¢¨¥³ ¶¥·¢μ£μ ·μ¤ 
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´  £· ´¨Í¥ x = 1, É. ¥. w(1, t) = v0. —¨¸²¥´´Ò³ Ô±¸¶¥·¨³¥´Éμ³ Ê¸É ´μ¢²¥´μ,
ÎÉμ ¶μ¢¥¤¥´¨¥ ¶μÉμ±μ¢, ¶·μË¨²¥° ¢² £¨ ¤²Ö ÔÉ¨Ì ¤¢ÊÌ ¸²ÊÎ ¥¢ ¤¥°¸É¢¨É¥²Ó´μ
¸² ¡μ μÉ²¨Î ¥É¸Ö.

‡�Š‹	—…�ˆ…

�  μ¸´μ¢¥ ³¥Éμ¤  ·¥Ï¥´¨Ö ´¥²¨´¥°´μ£μ Ê· ¢´¥´¨Ö ¤¨ËËÊ§¨¨ ¸ ´ Î ²Ó-
´Ò³ ¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨, ¶ÊÉ¥³ ·¥Ï¥´¨Ö ¶·Ö³μ° § ¤ Î¨ ¢¶¥·¢Ò¥ ¶·¥¤-
²μ¦¥´ ³¥Éμ¤ ¶μ¨¸±  ¢¨¤  ËÊ´±Í¨¨ ±μÔËË¨Í¨¥´É  ¶¥·¥´μ¸  ¢² £¨ D(w, t) ¢
¢¨¤¥ ¸Ê³³Ò ¸É¥¶¥´´μ° ¨ Ô±¸¶μ´¥´Í¨ ²Ó´μ° ËÊ´±Í¨° μÉ ±μ´Í¥´É· Í¨¨ ¢² £¨
w, ¢ ±μÉμ·μ³ ¶μ± § É¥²Ó ¸É¥¶¥´´μ° ËÊ´±Í¨¨ Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° ¢·¥³¥´¨ p(t).
�·¨ ÔÉμ³ ¶μ¸²¥ ¢Ò¡μ·  §´ Î¥´¨° ¶ · ³¥É·μ¢ p0, A, μ, e0, e1, B, t0 μ¡¥¸-
¶¥Î¨¢ ¥É¸Ö ²ÊÎÏ¥¥ ¸μ¢¶ ¤¥´¨¥ ¢ÒÎ¨¸²¥´´ÒÌ ¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¶·μË¨²¥°
±μ´Í¥´É· Í¨¨ ¢² ¦´μ¸É¨. ‚Ò¡μ· ´¥±μÉμ·ÒÌ ¶ · ³¥É·μ¢ ¶·μ¨§¢μ¤¨É¸Ö ¶ÊÉ¥³
·¥Ï¥´¨Ö ¶·Ö³μ° § ¤ Î¨ ¤¨ËËÊ§¨¨,   μ¸É ²Ó´Ò¥ ¶ · ³¥É·Ò μ¶·¥¤¥²ÖÕÉ¸Ö ¶Ê-
É¥³ ³¨´¨³¨§ Í¨¨ ËÊ´±Í¨μ´ ²  ¶μ ÔÉ¨³ ¶ · ³¥É· ³.

�¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¶μ§¢μ²ÖÕÉ ¸¤¥² ÉÓ ¸²¥¤ÊÕÐ¨¥ ¢Ò-
¢μ¤Ò:

1. „²Ö §´ Î¥´¨° ¶ · ³¥É·μ¢ A = 1, 5; B = 30; μ = 150 ¨ ¶·¥¤¥²Ó´ÒÌ
§´ Î¥´¨° ¶ · ³¥É·μ¢ p0, e0, e1, t0

[54, 57010447408928; 2, 64421492571830;

6, 05922987825184; 3, 39386031925092]

¶μ²ÊÎ ¥É¸Ö ²ÊÎÏ¥¥ ¸μ¢¶ ¤¥´¨¥ ¢ÒÎ¨¸²¥´´ÒÌ ¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¶·μË¨²¥°
±μ´Í¥´É· Í¨¨ ¢² ¦´μ¸É¨.

2. ‹ÊÎÏ¥¥ ¸μ¢¶ ¤¥´¨¥ ¢ÒÎ¨¸²¥´´ÒÌ ¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¶·μË¨²¥° ±μ´-
Í¥´É· Í¨¨ ¢² ¦´μ¸É¨ ¢¡²¨§¨ £· ´¨ÍÒ x = 1 μ¶¨¸Ò¢ ¥É¸Ö ¡² £μ¤ ·Ö ¶·¨¸ÊÉ-
¸É¢¨Õ Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ ¸² £ ¥³μ£μ ¢ ¢Ò· ¦¥´¨¨ ¤²Ö D(w, t).

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ �””ˆ, £· ´ÉÒ º 03-01-
00657, º 05-01-00645-a ¨ VEGA, £· ´ÉÒ 1/2647/05, 1/1006/04, 1/1089/04.
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