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�±¢¨¢ ²¥´É´Ò¥ ¤¦μ§¥Ë¸μ´μ¢¸±¨¥ ±μ´É ±ÉÒ

	·¨ ¶μ³μÐ¨ μ¤´μ¶ · ³¥É·¨Î¥¸±μ£μ ¸¥³¥°¸É¢  ¶·¥μ¡· §μ¢ ´¨° ±μμ·¤¨´ ÉÒ
Ê¸É ´ ¢²¨¢ ¥É¸Ö ¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ±² ¸¸ ³¨ ¤¦μ§¥Ë¸μ´μ¢¸±¨Ì ±μ´É ±Éμ¢ ¸ Ô±¸-
¶μ´¥´Í¨ ²Ó´μ ¨§³¥´ÖÕÐ¥°¸Ö Ï¨·¨´μ° ¨ ±¢ §¨μ¤´μ³¥·´Ò³¨ ¶·Ö³μÊ£μ²Ó´Ò³¨
±μ´É ±É ³¨ ¸ ¶¥·¥³¥´´μ° Éμ²Ð¨´μ° ¡ ·Ó¥·´μ£μ ¸²μÖ. —¨¸²¥´´μ ¨¸¸²¥¤ÊÕÉ¸Ö
§ ¢¨¸¨³μ¸É¨ ®±·¨É¨Î¥¸±¨° Éμ± Ä ³ £´¨É´μ¥ ¶μ²¥¯ ¤²Ö ³μ¤¥²¥° ¤¦μ§¥Ë¸μ´μ¢-
¸±¨Ì ±μ´É ±Éμ¢ ¸ ÏÊ´Éμ¢μ° ¨ ·¥§¨¸É¨¢´μ° ³¨±·μ´¥μ¤´μ·μ¤´μ¸ÉÖ³¨ ¨ ±μ´É ±É 
¸ Ô±¸¶μ´¥´Í¨ ²Ó´μ ¨§³¥´ÖÕÐ¥°¸Ö Ï¨·¨´μ°. ‘μ¶μ¸É ¢²¥´¨¥ ±·¨É¨Î¥¸±¨Ì ±·¨-
¢ÒÌ ¤¥³μ´¸É·¨·Ê¥É ¢μ§³μ¦´μ¸ÉÓ § ³¥´Ò · ¸¶·¥¤¥²¥´´μ° ´¥μ¤´μ·μ¤´μ¸É¨ ¢ ±μ´-
É ±É¥ ²μ± ²Ó´μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ ´  μ¤´μ³ ¨§ ¥£μ ±μ´Íμ¢, ÎÉμ ¸ É¥Ì´μ²μ£¨-
Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ³μ¦¥É ¨³¥ÉÓ μ¶·¥¤¥²¥´´Ò¥ ¶·¥¨³ÊÐ¥¸É¢ . 	μ± § ´μ, ÎÉμ
±·¨É¨Î¥¸±¨¥ ±·¨¢Ò¥ ±μ´É ±Éμ¢ ¸ ´¥μ¤´μ·μ¤´μ¸ÉÖ³¨ ´  ±μ´Í Ì ¨ ¸ Ô±¸¶μ´¥´Í¨-
 ²Ó´μ ¨§³¥´ÖÕÐ¥°¸Ö Ï¨·¨´μ° ´¥ ¸μ¤¥·¦ É ÊÎ ¸É±μ¢, μ¡Ê¸²μ¢²¥´´ÒÌ ¸³¥Ï ´-
´Ò³¨ Ë²Õ±¸μ´- ´É¨Ë²Õ±¸μ´´Ò³¨ · ¸¶·¥¤¥²¥´¨Ö³¨ ³ £´¨É´μ£μ ¶μÉμ± . ‚μ§-
³μ¦´μ, ÔÉμÉ Ë ±É μ¡ÑÖ¸´Ö¥É μÉ³¥Î¥´´μ¥ ¢ · ¡μÉ Ì ·Ö¤   ¢Éμ·μ¢ Ê³¥´ÓÏ¥´¨¥
Ï¨·¨´Ò ²¨´¨¨ ¨§²ÊÎ¥´¨Ö μ¸Í¨²²ÖÉμ·  ´  ¤¢¨¦ÊÐ¨Ì¸Ö Ë²Õ±¸μ´ Ì (
ux 
ow
oscillator).

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.
	·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2006
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Equivalent Josephson Junctions

The correspondence between classes of Josephson junctions with exponentially
varying width and quasi 1D rectangular junctions with varying thickness of barrier
layer is established by one-parametric group of coordinate transformation. The
dependencies ®critical current Ä magnetic ˇeld¯ for models of Josephson junction
with shunt and resistive inhomogeneities and junction with exponentially varying
width are investigated numerically. Comparison of the critical curves demonstrates
the possibility to replace distributed inhomogeneity by local inhomogeneity at the
end of junction. It might have some advantage from technological point of view. It's
shown that critical curves of junctions with inhomogeneities at the ends of junctions
and junctions with exponentially varying width have not the parts created by mixed

uxon-anti
uxon distributions of magnetic 
ux. Probably this fact explains the
narrowing of radiation linewidth of the 
ux 
ow oscillator noted in some papers.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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�¤´¨³ ¨§ ¨´É¥·¥¸´ÒÌ ± ± ¸ É¥μ·¥É¨Î¥¸±μ°, É ± ¨ ¸ ÉμÎ±¨ §·¥´¨Ö ¶·¨-
²μ¦¥´¨° ´ ¶· ¢²¥´¨° ¢ Ë¨§¨±¥ ¤²¨´´ÒÌ ¤¦μ§¥Ë¸μ´μ¢¸±¨Ì ±μ´É ±Éμ¢ („Š),
· §¢¨¢ ¥³Ò³ ¨´É¥´¸¨¢´μ ¢ ¶μ¸²¥¤´¨¥ £μ¤Ò, Ö¢²Ö¥É¸Ö ¨¸¸²¥¤μ¢ ´¨¥ ¢²¨Ö´¨Ö
Éμ±μ¢, μ¡Ê¸²μ¢²¥´´ÒÌ ¢´¥Ï´¨³ ¶μ²¥³ ¨²¨ £¥μ³¥É·¨¥°, ´  ¤¢¨¦¥´¨¥ ¢¨Ì·¥°
¢ ±μ´É ±É Ì. ’ ±¨¥ Éμ±¨ ¢μ§´¨± ÕÉ, ´ ¶·¨³¥·, ¢ „Š ¸ ¶¥·¥³¥´´μ° ¢ ¶²μ¸±μ-
¸É¨ ¡ ·Ó¥·´μ£μ ¸²μÖ Ï¨·¨´μ° [1Ä8]. �¤´μ´ ¶· ¢²¥´´μ¥ ¤¢¨¦¥´¨¥ Ë²Õ±¸μ-
´μ¢, ¢Ò§¢ ´´μ¥ ¤μ¶μ²´¨É¥²Ó´Ò³ ®£¥μ³¥É·¨Î¥¸±¨³¯ Éμ±μ³, μ¡² ¤ ¥É μ¶·¥¤¥-
²¥´´Ò³¨ ¶·¥¨³ÊÐ¥¸É¢ ³¨ ¶·¨ ¸μ§¤ ´¨¨ μ¸Í¨²²ÖÉμ·μ¢, μ¸´μ¢ ´´ÒÌ ´  ¤¢¨¦¥-
´¨¨ Ë²Õ±¸μ´μ¢ [1, 2, 9Ä11]. ‚ Î ¸É´μ¸É¨ [1, 2], Ô±¸¶μ´¥´Í¨ ²Ó´μ¥ ¨§³¥´¥´¨¥
Ï¨·¨´Ò ±μ´É ±É  μ¡¥¸¶¥Î¨¢ ¥É ²ÊÎÏ¥¥ ¸μ£² ¸μ¢ ´¨¥ ¨³¶¥¤ ´¸  ¸ ¢ÒÌμ¤´μ°
´ £·Ê§±μ° ¨ ¶μ§¢μ²Ö¥É ¨§¡¥¦ ÉÓ Ì μÉ¨Î¥¸±¨Ì ·¥¦¨³μ¢, ¶·¨¸ÊÐ¨Ì ¶·Ö³μÊ£μ²Ó-
´Ò³ ±μ´É ±É ³.

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¶·¨ ¶μ³μÐ¨ Î¨¸²¥´´μ£μ Ô±¸¶¥·¨³¥´É  ¶μ¸É·μ¥´Ò ¨
¸· ¢´¨¢ ÕÉ¸Ö § ¢¨¸¨³μ¸É¨ ®±·¨É¨Î¥¸±¨° Éμ±-³ £´¨É´μ¥ ¶μ²¥¯ ¤²Ö ¤²¨´´ÒÌ
„Š ¸ Ô±¸¶μ´¥´Í¨ ²Ó´μ ¨§³¥´ÖÕÐ¥°¸Ö Ï¨·¨´μ° (EJJ) ¨ ¶·Ö³μÊ£μ²Ó´ÒÌ „Š
²¨¡μ ¸ ·¥§¨¸É¨¢´μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ (RJJ) ´  ¶· ¢μ³ ±μ´Í¥, ²¨¡μ ¸ ÏÊ´Éμ¢μ°
´¥μ¤´μ·μ¤´μ¸ÉÓÕ (SJJ) ´  ²¥¢μ³ ±μ´Í¥. ‚ RJJ-±μ´É ±É Ì c ´¥μ¤´μ·μ¤´μ¸ÉÓÕ,
· ¸¶μ²μ¦¥´´μ° ¢ μ±·¥¸É´μ¸É¨ Í¥´É· , ¸³¥Ï ´´Ò¥ Ë²Õ±¸μ´- ´É¨Ë²Õ±¸μ´´Ò¥
· ¸¶·¥¤¥²¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ Ê¸Éμ°Î¨¢Ò³¨ §  ¸Î¥É ¶¨´´¨´£  ´  ´¥μ¤´μ·μ¤´μ¸É¨
[12]. ’ ±μ° ¶¨´´¨´£ ¶·¨¢μ¤¨É ± ´ ·ÊÏ¥´¨Õ ³μ´μÉμ´´μ¸É¨ Ê¡Ò¢ ´¨Ö Ô±¸-
É·¥³Ê³μ¢ ±·¨É¨Î¥¸±μ° ±·¨¢μ° c Ê¢¥²¨Î¥´¨¥³ ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö, ÎÉμ
´ ¡²Õ¤ ²μ¸Ó Ô±¸¶¥·¨³¥´É ²Ó´μ, ´ ¶·¨³¥·, ¢ [13, 14] ¤²Ö „Š ¸ ·¥Ï¥É±μ°
´¥μ¤´μ·μ¤´μ¸É¥° ¢ ¡ ·Ó¥·´μ³ ¸²μ¥. �¤´ ±μ ¢ EJJ-±μ´É ±É Ì ¸³¥Ï ´´Ò¥ · ¸-
¶·¥¤¥²¥´¨Ö μ± §Ò¢ ÕÉ¸Ö ¢¸¥£¤  ´¥Ê¸Éμ°Î¨¢Ò³¨,   Ô±¸É·¥³Ê³Ò ±·¨É¨Î¥¸±μ°
±·¨¢μ° Ê¡Ò¢ ÕÉ · ¢´μ³¥·´μ, ÎÉμ ¢¨¤´μ ¨§ ·¥§Ê²ÓÉ Éμ¢ ± ± Î¨¸²¥´´μ£μ, É ± ¨
Ë¨§¨Î¥¸±μ£μ Ô±¸¶¥·¨³¥´Éμ¢. 	μ-¢¨¤¨³μ³Ê, μÉ¸ÊÉ¸É¢¨¥ ¢±² ¤  ¢ ±·¨É¨Î¥¸±¨¥
±·¨¢Ò¥ ¸³¥Ï ´´ÒÌ · ¸¶·¥¤¥²¥´¨° ¢ EJJ-±μ´É ±É Ì μ¡ÑÖ¸´Ö¥É Ê²ÊÎÏ¥´´Ò°
¸¶¥±É· ¨§²ÊÎ¥´¨Ö [1, 2] É ±¨Ì „Š ¢ ¸· ¢´¥´¨¨ ¸ ¶·Ö³μÊ£μ²Ó´Ò³¨. �¥§Ê²ÓÉ ÉÒ
· ¡μÉÒ [15] ¶μ± §Ò¢ ÕÉ, ÎÉμ ±·¨É¨Î¥¸±¨¥ ±·¨¢Ò¥ ¶·Ö³μÊ£μ²Ó´ÒÌ ±μ´É ±Éμ¢ ¸
·¥§¨¸É¨¢´μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ ´  ±μ´Í¥ μ¡² ¤ ÕÉ  ´ ²μ£¨Î´Ò³¨ ¸¢μ°¸É¢ ³¨.

� ¸¸³μÉ·¨³ ¤²¨´´Ò° „Š ¸ Ô±¸¶μ´¥´Í¨ ²Ó´μ ¨§³¥´ÖÕÐ¥°¸Ö ´  μÉ·¥§±¥
x ∈ [0, L] Ï¨·¨´μ°. ‡¤¥¸Ó L Å ¤²¨´  ±μ´É ±É  (¢¸¥ ¨¸¶μ²Ó§Ê¥³Ò¥ ¢¥²¨Î¨´Ò
¸É ´¤ ·É´Ò³ μ¡· §μ³ ¶·¨¢¥¤¥´Ò ± ¡¥§· §³¥·´μ³Ê ¢¨¤Ê [16]). Š· ¥¢ Ö § ¤ Î 
¤²Ö ¸É É¨Î¥¸±μ£μ ³ £´¨É´μ£μ ¶μÉμ±  ϕ(x), x ∈ [0, L], ¢ É ±μ³ „Š ¢ ¸²ÊÎ ¥
²¨´¥°´μ° (in-line) £¥μ³¥É·¨¨ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

−ϕxx + σ (ϕx − he) + sinϕ = 0, (0.1a)

ϕx(0) = he − κlLγ, ϕx(L) = he + κrLγ. (0.1b)
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�¨¦´¨³ ¨´¤¥±¸μ³ §¤¥¸Ó ¨ ¢ ¤ ²Ó´¥°Ï¥³ μ¡μ§´ Î¥´μ ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¶μ
´¥§ ¢¨¸¨³μ° ¶¥·¥³¥´´μ° x. —¥·¥§ σ, 0 � σ � 1, μ¡μ§´ Î¥´ ±μÔËË¨Í¨¥´É,
Ì · ±É¥·¨§ÊÕÐ¨° Ô±¸¶μ´¥´Í¨ ²Ó´μ¥ ¨§³¥´¥´¨¥ Ï¨·¨´Ò [2], he Å ¢´¥Ï´¥¥
³ £´¨É´μ¥ ¶μ²¥ ¢ ¶²μ¸±μ¸É¨ ¡ ·Ó¥·´μ£μ ¸²μÖ,   κl ¨ κr Å ¤μ²¨ ¢´¥Ï´¥£μ
Éμ±  γ Î¥·¥§ ²¥¢Ò° (l) ¨ ¶· ¢Ò° (r) ±μ´ÍÒ, ¶·¨Î¥³ κl + κr = 1. ‚ μ¡Ð¥³
¸²ÊÎ ¥ ¢Ò¢μ¤ Ê· ¢´¥´¨Ö (0.1a) ¶·¨¢¥¤¥´, ´ ¶·¨³¥·, ¢ · ¡μÉ¥ [3].

� ¸¸³μÉ·¨³ ¸¥³¥°¸É¢μ ¶·¥μ¡· §μ¢ ´¨° ¶·μ¸É· ´¸É¢¥´´μ° ±μμ·¤¨´ ÉÒ

x = u(ξ) =
1
σ

ln (1 + aξ) , (0.2)

§ ¢¨¸ÖÐ¥¥ μÉ ¤¥°¸É¢¨É¥²Ó´μ£μ ¶ · ³¥É·  a > 0. ‡¤¥¸Ó ´μ¢ Ö ¶¥·¥³¥´´ Ö
ξ ∈ [0, l], ¸¢Ö§Ó ³¥¦¤Ê ¶ · ³¥É· ³¨ l ¨ L ¤ ¥É¸Ö μ¡· É´Ò³ ¶·¥μ¡· §μ¢ ´¨¥³
l =

(
eσL − 1

)
/a. ‘ ´μ¢μ° ´¥§ ¢¨¸¨³μ° ¶¥·¥³¥´´μ° ξ ±· ¥¢ Ö § ¤ Î  (0.1)

¶·¨´¨³ ¥É ¸ ³μ¸μ¶·Ö¦¥´´Ò° ¢¨¤

−ϕξξ + jC(ξ) sin ϕ + g(ξ) = 0, (0.3a)

ϕξ(0) =
√

jm [he − κlLγ] ,

ϕξ(l) =
√

jm

1 + σl
[he + κrLγ] . (0.3b)

‡¤¥¸Ó ËÊ´±Í¨Ö jC(ξ) ≡ u2
ξ(ξ) = jm (1 + aξ)−2,   ¶ · ³¥É· jm = (a/σ)2.

‘ Ëμ·³ ²Ó´μ° ÉμÎ±¨ §·¥´¨Ö Ê· ¢´¥´¨¥ μ¶¨¸Ò¢ ¥É · ¸¶·¥¤¥²¥´¨Ö ³ £´¨É-
´μ£μ ¶μÉμ±  ¢ μ¤´μ³¥·´μ³ „Š ¸ ¶¥·¥³¥´´μ°  ³¶²¨ÉÊ¤μ° jC(ξ) ¤¦μ§¥Ë¸μ-
´μ¢¸±μ£μ Éμ±  ¶·¨ ´ ²¨Î¨¨ ¤μ¶μ²´¨É¥²Ó´μ£μ · ¸¶·¥¤¥²¥´´μ£μ Éμ±  g(ξ) =
−jmσhe/(1+aξ)−2. ”¨§¨Î¥¸±¨ ¶¥·¥³¥´´ÊÕ  ³¶²¨ÉÊ¤Ê ³μ¦´μ μÉμ¦¤¥¸É¢¨ÉÓ ¸
¶¥·¥³¥´´μ° Éμ²Ð¨´μ° ¡ ·Ó¥·´μ£μ ¸²μÖ ¢¤μ²Ó ±μ´É ±É . 	·¨ ÔÉμ³ ³ ±¸¨³ ²Ó-
´μ³Ê §´ Î¥´¨Õ Éμ±  jm ¶·¨ ξ = 0 μÉ¢¥Î ¥É ³¨´¨³ ²Ó´ Ö Éμ²Ð¨´  ¡ ·Ó¥·´μ£μ
¸²μÖ. ‘μμÉ¢¥É¸É¢¥´´μ, ´  ¶· ¢μ° £· ´¨Í¥ ξ = l Éμ± ³¨´¨³ ²¥´,   Éμ²Ð¨´ 
¡ ·Ó¥·  ³ ±¸¨³ ²Ó´ . ‚ § ¢¨¸¨³μ¸É¨ μÉ §´ Î¥´¨Ö Éμ±  jm, É. ¥. ¸μμÉ´μÏ¥´¨Ö
³¥¦¤Ê ¶ · ³¥É·μ³ ¶·¥μ¡· §μ¢ ´¨Ö a ¨ ¶ · ³¥É·μ³ σ, · ¸¶·¥¤¥²¥´´ÊÕ ¢¤μ²Ó
„Š ´¥μ¤´μ·μ¤´μ¸ÉÓ ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ²¨¡μ ± ± ·¥§¨¸É¨¢´ÊÕ, ²¨¡μ
± ± ÏÊ´Éμ¢ÊÕ, ²¨¡μ ± ± ¨Ì ±μ³¡¨´ Í¨Õ. ’μÎ´¥¥, ¶·¨ 0 < jm � 1 (a � σ)
´¥μ¤´μ·μ¤´μ¸ÉÓ Ö¢²Ö¥É¸Ö ·¥§¨¸Éμ·μ³. ‚ ¸²ÊÎ ¥ jm � e2σL £· Ë¨±  ³¶²¨ÉÊ¤Ò
²¥¦¨É ¢ÒÏ¥ £μ·¨§μ´É ²Ó´μ° ¶·Ö³μ° jC = 1, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É · ¸¶·¥¤¥²¥´-
´μ° ÏÊ´Éμ¢μ° ´¥μ¤´μ·μ¤´μ¸É¨. ‚ ¶·μ³¥¦ÊÉμÎ´μ³ ¸²ÊÎ ¥ 1 < jm < e2σL

´¥μ¤´μ·μ¤´μ¸ÉÓ ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ± ± ±μ³¡¨´ Í¨Õ μ¡μ¨Ì ¢¨¤μ¢ · ¸¶·¥-
¤¥²¥´´ÒÌ ´¥μ¤´μ·μ¤´μ¸É¥° Å ÏÊ´Éμ¢μ°, ¸ ³ ±¸¨³ ²Ó´μ°  ³¶²¨ÉÊ¤μ° ¤¦μ-
§¥Ë¸μ´μ¢¸±μ£μ Éμ±  ´  ²¥¢μ³ ±μ´Í¥ ±μ´É ±É , ¨ ·¥§¨¸É¨¢´μ°, ¸ ³¨´¨³ ²Ó´μ°
 ³¶²¨ÉÊ¤μ° ¤¦μ§¥Ë¸μ´μ¢¸±μ£μ Éμ±  ´  ¶· ¢μ³ ±μ´Í¥. 	·¨ ÔÉμ³  ³¶²¨ÉÊ¤ 
Éμ±  „¦μ§¥Ë¸μ´  jC(ξ1) = 1 ¢ ¥¤¨´¸É¢¥´´μ° ÉμÎ±¥ ξ1 = (a − σ)/(aσ). •μ-
·μÏμ ¨§¢¥¸É´μ, ÎÉμ ·¥§¨¸É¨¢´ Ö ´¥μ¤´μ·μ¤´μ¸ÉÓ ¶·¨ÉÖ£¨¢ ¥É Ë²Õ±¸μ´Ò ±
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¶· ¢μ³Ê ±μ´ÍÊ, ÎÉμ ´ ¡²Õ¤ ¥É¸Ö Ô±¸¶¥·¨³¥´É ²Ó´μ [2] ¨ ¶μ¤É¢¥·¦¤ ¥É¸Ö ¶·¨
Î¨¸²¥´´μ³ ³μ¤¥²¨·μ¢ ´¨¨ [2, 7, 8]. ˜Ê´Éμ¢ Ö ´¥μ¤´μ·μ¤´μ¸ÉÓ, ¢ ¸¢μÕ μÎ¥-
·¥¤Ó, ¢ÒÉ ²±¨¢ ¥É Ë²Õ±¸μ´Ò ¸ ²¥¢μ£μ ±μ´Í  ±μ´É ±É  ´ ¶· ¢μ.

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ´  ·¨¸. 1 ¤¥³μ´¸É·¨·ÊÕÉ¸Ö £· Ë¨±¨  ³¶²¨ÉÊ¤Ò jC(ξ)
¤²Ö „Š, Ô±¢¨¢ ²¥´É´ÒÌ EJJ-±μ´É ±ÉÊ ¤²¨´μ° L = 10 ¨ σ = 0,07. Š·¨¢ Ö 1
¶μ¸É·μ¥´  ¤²Ö a = σ = 0,07 ¨ É¥³ ¸ ³Ò³ ¸μμÉ¢¥É¸É¢Ê¥É ±μ´É ±ÉÊ ¸ · ¸¶·¥-

�¨¸. 1. � ¸¶·¥¤¥²¥´¨¥  ³¶²¨ÉÊ¤Ò ¤¦μ§¥Ë¸μ´μ¢¸±μ£μ Éμ±  ¤²Ö ¤¢ÊÌ ±μ´É ±Éμ¢, Ô±¢¨-
¢ ²¥´É´ÒÌ EJJ. Š·¨¢ Ö 1 ¸ ¶ · ³¥É·μ³ ¶·¥μ¡· §μ¢ ´¨Ö a = 0,07 ¸μμÉ¢¥É¸É¢Ê¥É RJJ,
±·¨¢ Ö 2 ¸ ¶ · ³¥É·μ³ ¶·¥μ¡· §μ¢ ´¨Ö a = 0,1 ¸μμÉ¢¥É¸É¢Ê¥É ±μ³¡¨´ Í¨¨ SJJ ¨ RJJ

¤¥²¥´´μ° ·¥§¨¸É¨¢´μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ ¶·¨ ξ > 0; ¶·¨ ÔÉμ³ ¤²¨´  ±μ´É ±É 
l1 ≈ 14,48. Š·¨¢ Ö 2 (a = 0,1) ¸μμÉ¢¥É¸É¢Ê¥É Ô±¢¨¢ ²¥´É´μ³Ê ±μ´É ±ÉÊ, ¢
¡ ·Ó¥·´μ³ ¸²μ¥ ±μÉμ·μ£μ · ¸¶μ²μ¦¥´Ò ± ± ÏÊ´Éμ¢ Ö (¶·¨ ξ ∈ [0, ξ1), ξ1 ≈
4,29), É ± ¨ ·¥§¨¸É¨¢´ Ö (ξ ∈ (ξ1, l]) · ¸¶·¥¤¥²¥´´Ò¥ ´¥μ¤´μ·μ¤´μ¸É¨. ’ ±μ°
±μ´É ±É ¨³¥¥É ¤²¨´Ê l2 ≈ 11,83.

� ¸¸³μÉ·¨³ ¢μ§³μ¦´μ¸ÉÓ § ³¥´Ò ´¥μ¤´μ·μ¤´μ¸É¨, · ¸¶·¥¤¥²¥´´μ° ¶μ
¢¸¥° ¤²¨´¥ ±μ´É ±É , ´¥μ¤´μ·μ¤´μ¸ÉÖ³¨, ²μ± ²¨§μ¢ ´´Ò³¨ ¢ μ±·¥¸É´μ¸ÉÖÌ
±μ´Íμ¢ „Š. ‚ Î ¸É´μ³ ¸²ÊÎ ¥ jm = 1 É ± Ö § ¤ Î  · ¸¸³ É·¨¢ ² ¸Ó ¢ · -
¡μÉ¥ [15], £¤¥ ¡Ò²μ ¶μ± § ´μ, ÎÉμ ´ ²¨Î¨¥ ÉμÎ¥Î´μ° ¨²¨ ¶·Ö³μÊ£μ²Ó´μ° ·¥-
§¨¸É¨¢´μ° ´¥μ¤´μ·μ¤´μ¸É¨ ´  ¶· ¢μ³ ±μ´Í¥ ¶·Ö³μÊ£μ²Ó´μ£μ „Š ± Î¥¸É¢¥´´μ
´¥ ³¥´Ö¥É ±·¨É¨Î¥¸±¨¥ ±·¨¢Ò¥ ¢¨¤  ®Éμ±Ä³ £´¨É´μ¥ ¶μ²¥¯ ¶μ ¸· ¢´¥´¨Õ
¸μ ¸²ÊÎ ¥³ EJJ-³μ¤¥²¨. 	μ± ¦¥³, ÎÉμ  ´ ²μ£¨Î´Ò¥ ¢Ò¢μ¤Ò ³μ¦´μ ¸¤¥² ÉÓ
¨ ¤²Ö SJJ-±μ´É ±É  ¸ μ¤´μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ ´  ²¥¢μ³ ±μ´Í¥. 	·μ¸É¥°Ï Ö
³μ¤¥²Ó ³¨±·μ´¥μ¤´μ·μ¤´μ¸É¨ ¢ ¢¨¤¥ Ê§±μ° ¶·Ö³μÊ£μ²Ó´μ° Ö³Ò/¢Ò¸ÉÊ¶  ¢ ¡ -
·Ó¥·´μ³ ¸²μ¥ Ì · ±É¥·¨§Ê¥É¸Ö É·¥³Ö ¶ · ³¥É· ³¨: Ï¨·¨´μ° Δ < L, Í¥´É·μ³
ζ ∈ [Δ/2, L − Δ/2] ¨ ¤μ²¥° Éμ±  „¦μ§¥Ë¸μ´  κ Î¥·¥§ ´¥μ¤´μ·μ¤´μ¸ÉÓ. � -
²¨Î¨¥ ´¥μ¤´μ·μ¤´μ¸É¨ ¶·¨¢μ¤¨É ± ²μ± ²Ó´μ³Ê ¨§³¥´¥´¨Õ Éμ±  „¦μ§¥Ë¸μ´ ,
ÎÉμ μ¶¨¸Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ ¢Ò· ¦¥´¨¥³ ¤²Ö  ³¶²¨ÉÊ¤Ò:
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jC(x) =
{

1 + κ, x ∈ Δ,
1, x /∈ Δ.

�¥μ¤´μ·μ¤´μ¸ÉÓ Ö¢²Ö¥É¸Ö ÏÊ´Éμ¢μ° ¶·¨ §´ Î¥´¨ÖÌ κ > 0. ‚Ò¡μ· κ = 0
μ§´ Î ¥É, ÎÉμ Éμ²Ð¨´  ¡ ·Ó¥·´μ£μ ¸²μÖ ±μ´É ±É  ¶μ¸ÉμÖ´´ ,    ³¶²¨ÉÊ¤ 
jC(x) = 1 ¶·¨ x ∈ [0, L] (μ¤´μ·μ¤´Ò° ±μ´É ±É). 	·¨ κ ∈ [−1, 0) ´¥μ¤´μ-
·μ¤´μ¸ÉÓ Ö¢²Ö¥É¸Ö ³¨±·μ·¥§¨¸Éμ·μ³ [17]. ‘μμÉ¢¥É¸É¢ÊÕÐ Ö ±· ¥¢ Ö § ¤ Î 
¤²Ö ¸É É¨Î¥¸±μ£μ ³ £´¨É´μ£μ ¶μÉμ±  ϕ(x) ¢ ¸²ÊÎ ¥ in-line-£¥μ³¥É·¨¨ § ¶¨¸Ò-
¢ ¥É¸Ö ¢ ¢¨¤¥

−ϕxx + jC(x) sin ϕ = 0, (0.4a)
ϕx(0) = he − κl Lγ, ϕx(l) = he + κr Lγ. (0.4b)

	·¨ Î¨¸²¥´´μ³ ³μ¤¥²¨·μ¢ ´¨¨ § ¢¨¸¨³μ¸É¨ ±·¨É¨Î¥¸±μ£μ Éμ±  μÉ ³ £-
´¨É´μ£μ ¶μ²Ö ¶¥·¥Ìμ¤Ò ¨§ ¸¢¥·Ì¶·μ¢μ¤ÖÐ¥£μ ¢ ·¥§¨¸É¨¢´Ò° ·¥¦¨³ ³ É¥³ -
É¨Î¥¸±¨ ¨´É¥·¶·¥É¨·ÊÕÉ¸Ö ± ± ¡¨ËÊ·± Í¨¨ ³ £´¨É´μ£μ ¶μÉμ±  ¢ ±μ´É ±É¥
¶·¨ ¨§³¥´¥´¨¨ ¶ · ³¥É·μ¢ [17]. ‚ · ³± Ì ²¨´¥°´μ° É¥μ·¨¨ Ê¸Éμ°Î¨¢μ¸É¨
± ¦¤μ³Ê ·¥Ï¥´¨Õ ϕ(x) ±· ¥¢μ° § ¤ Î¨ (0.4) ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ ·¥£Ê²Ö·-
´ Ö § ¤ Î  ˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö (‡˜É‹)

−ψxx + q(x)ψ = λψ, (0.5a)

ψx(0) = 0, ψx(l) = 0, (0.5b)
L∫

0

ψ2(x) dx − 1 = 0, (0.5c)

¸ ¶μÉ¥´Í¨ ²μ³ q(x) = jC(x) cosϕ(x), § ¢¨¸ÖÐ¨³ μÉ ±μ´±·¥É´μ£μ ·¥Ï¥´¨Ö.
Œ¨´¨³ ²Ó´μ¥ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ (‘‡) ‡˜É‹ ¶μ§¢μ²Ö¥É ¸Ê¤¨ÉÓ μ¡ Ê¸Éμ°-
Î¨¢μ¸É¨ ¨²¨ ´¥Ê¸Éμ°Î¨¢μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö ϕ(x) (¸³. ¶μ¤·μ¡´μ¸É¨ ¢ · ¡μÉ Ì
[12Ä18]. �É³¥É¨³, ÎÉμ § ¤ Î  (0.5) ¨³¥¥É ¤¨¸±·¥É´Ò°, ´¥¢Ò·μ¦¤¥´´Ò°, μ£· -
´¨Î¥´´Ò° ¸´¨§Ê ¸¶¥±É· {λn}, n = 0, 1, . . ., λ0 � −1.

’ ± ± ± ·¥Ï¥´¨Ö ±· ¥¢μ° § ¤ Î¨ (0.4) § ¢¨¸ÖÉ £² ¤±¨³ μ¡· §μ³ μÉ ¶ · -
³¥É·μ¢ he ¨ γ, Éμ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ (0.5) É ±¦¥
§ ¢¨¸ÖÉ μÉ ÔÉ¨Ì ¶ · ³¥É·μ¢. 	Ê¸ÉÓ λ0(he, γ) Å ³¨´¨³ ²Ó´μ¥ ¸μ¡¸É¢¥´´μ¥
§´ Î¥´¨¥, ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ´¥±μÉμ·μ³Ê · ¸¶·¥¤¥²¥´¨Õ ϕ(x). ’μÎ±  ¸ ±μμ·-
¤¨´ É ³¨ he ¨ γ ´  ¶²μ¸±μ¸É¨ (he, γ) ´ §Ò¢ ¥É¸Ö [17] ÉμÎ±μ° ¡¨ËÊ·± Í¨¨
ϕ(x), ¥¸²¨ ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥

λ0(he, γ) = 0. (0.6)

ƒ¥μ³¥É·¨Î¥¸±μ¥ ³¥¸Éμ ÉμÎ¥± ¡¨ËÊ·± Í¨° ±μ´±·¥É´μ£μ ¢¨Ì·Ö ¶·¥¤¸É -
¢²Ö¥É ¸μ¡μ° ¡¨ËÊ·± Í¨μ´´ÊÕ ±·¨¢ÊÕ ÔÉμ£μ ¢¨Ì·Ö. Š·¨É¨Î¥¸± Ö ±·¨¢ Ö ±μ´-
É ±É  ®¢ Í¥²μ³¯ ¸É·μ¨É¸Ö ± ± μ£¨¡ ÕÐ Ö ¡¨ËÊ·± Í¨μ´´ÒÌ ±·¨¢ÒÌ, ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨Ì · §²¨Î´Ò³ ·¥Ï¥´¨Ö³ ±· ¥¢μ° § ¤ Î¨ (0.4). ˆ´Ò³¨ ¸²μ¢ ³¨, ±·¨É¨-
Î¥¸± Ö ±·¨¢ Ö ¸μ¸Éμ¨É ¨§ ±Ê¸±μ¢ ¡¨ËÊ·± Í¨μ´´ÒÌ ±·¨¢ÒÌ, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
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· §²¨Î´Ò³ · ¸¶·¥¤¥²¥´¨Ö³ ¸ ´ ¨¡μ²ÓÏ¨³ ¶·¨ § ¤ ´´μ³ ¶μ²¥ he ±·¨É¨Î¥¸±¨³
Éμ±μ³ γ. „²Ö Î¨¸²¥´´μ£μ ³μ¤¥²¨·μ¢ ´¨Ö § ¢¨¸¨³μ¸É¨ (0.6) ¨¸¶μ²Ó§Ê¥É¸Ö ³¥-
Éμ¤, ¶·¥¤²μ¦¥´´Ò° ¢ · ¡μÉ Ì [18]: ¸¨¸É¥³  (0.4), (0.5) ¶·¨ § ¤ ´´μ³ λ ¨ ¶μ²¥
he (¨²¨ Éμ±¥ γ) ·¥Ï ¥É¸Ö ± ± ´¥²¨´¥°´ Ö § ¤ Î  ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¸μ
¸¶¥±É· ²Ó´Ò³ ¶ · ³¥É·μ³ γ (¸μμÉ¢¥É¸É¢¥´´μ, he). �ÉμÉ ³¥Éμ¤ μÉÒ¸± ´¨Ö Éμ-
Î¥± ¡¨ËÊ·± Í¨¨ (  É ±¦¥ ¥£μ μ¡μ¡Ð¥´¨Ö) ¶·¨³¥´Ö²¸Ö ¢ [12] ¤²Ö ·¥Ï¥´¨Ö
Ï¨·μ±μ£μ ±² ¸¸  ¶·μ¡²¥³ ´¥²¨´¥°´μ° Ë¨§¨±¨.

‘· ¢´¨³ ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¶μ ¶μ¸É·μ¥´¨Õ ±·¨É¨Î¥-
¸±¨Ì ±·¨¢ÒÌ ¤²Ö ³μ¤¥²¨ „Š ¢ in-line-£¥μ³¥É·¨¨ ¸ Ô±¸¶μ´¥´Í¨ ²Ó´μ ³¥´ÖÕ-
Ð¥°¸Ö Ï¨·¨´μ° ¨ ³μ¤¥²¥° ¶·Ö³μÊ£μ²Ó´ÒÌ „Š ¸ ´¥μ¤´μ·μ¤´μ¸ÉÖ³¨ ´  ±μ´Í Ì
¶·¨ L = 7, Δ = 0,7, κl = 1 ¨ κr = 0. �É³¥É¨³, ÎÉμ ´ Ï  Í¥²Ó § ±²ÕÎ ¥É¸Ö
®Éμ²Ó±μ¯ ¢ ¤μ± § É¥²Ó¸É¢¥ ± Î¥¸É¢¥´´μ£μ ¸μμÉ¢¥É¸É¢¨Ö ±·¨É¨Î¥¸±¨Ì ±·¨¢ÒÌ
¢ É·¥Ì ³μ¤¥²ÖÌ. �  ·¨¸. 2 ¶μ± § ´μ · ¸¶·¥¤¥²¥´¨¥ ¢´ÊÉ·¥´´¥£μ ³ £´¨É´μ£μ
¶μ²Ö ϕx(x) ¤²Ö μ¤´μË²Õ±¸μ´´μ£μ ¢¨Ì·Ö Φ1 ¢¤μ²Ó ±μ´É ±É  ¶·¨ he = 1,4

�¨¸. 2. � ¸¶·¥¤¥²¥´¨¥ ¢´ÊÉ·¥´´¥£μ ³ £´¨É´μ£μ ¶μ²Ö ϕx(x) ¢¤μ²Ó ±μ´É ±É  ¤²Ö μ¸´μ¢-
´μ£μ Ë²Õ±¸μ´  Φ1 ¶·¨ he = 1,4 ¤²Ö É·¥Ì in-line-³μ¤¥²¥° „Š (EJJ, RJJ ¨ SJJ) ¶·¨
λ0 = 10−4

¤²Ö É·¥Ì in-line-³μ¤¥²¥° „Š Å (EJJ, RJJ ¨ SJJ) ¶·¨ λ0 = 10−4, É. ¥. ¶¥·¥¤
· §·ÊÏ¥´¨¥³ Ë²Õ±¸μ´  ¢´¥Ï´¨³ Éμ±μ³ γ. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ · ¸¶·¥¤¥²¥´¨Ö
¤¦μ§¥Ë¸μ´μ¢¸±μ£μ Éμ±  jC(x) sin ϕ(x) ¢ „Š ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 3.

�É³¥É¨³ ± Î¥¸É¢¥´´μ¥ ¸μ¢¶ ¤¥´¨¥ μ¡¥¨Ì Ê± § ´´ÒÌ § ¢¨¸¨³μ¸É¥°. ‘Ê-
Ð¥¸É¢¥´´Ò¥ ±μ²¨Î¥¸É¢¥´´Ò¥ μÉ²¨Î¨Ö ±·¨¢ÒÌ ¨³¥ÕÉ ³¥¸Éμ ¶·¥¨³ÊÐ¥¸É¢¥´´μ
¢ μ±·¥¸É´μ¸É¨ ±μ´Íμ¢, £¤¥  ³¶²¨ÉÊ¤  ¤¦μ§¥Ë¸μ´μ¢¸±μ£μ Éμ±  ¢ RJJ- ¨ SJJ-
³μ¤¥²ÖÌ ·¥§±μ ³¥´Ö¥É¸Ö. � °¤¥´´Ò¥ ¢ Î¨¸²¥´´μ³ Ô±¸¶¥·¨³¥´É¥ ¶·¨ he = 1,4
§´ Î¥´¨Ö ±·¨É¨Î¥¸±¨Ì Éμ±μ¢ · ¸¶·¥¤¥²¥´¨° γcr(EJJ) ≈ 0,126, γcr(RJJ) ≈
0,121, γcr(SJJ) ≈ 0,134 ¤μ¸É ÉμÎ´μ ¡²¨§±¨.

�  ·¨¸. 4 ¤¥³μ´¸É·¨·ÊÕÉ¸Ö ¡¨ËÊ·± Í¨μ´´Ò¥ ±·¨¢Ò¥ ¢¨¤  (0.6), ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨¥ Ê¸Éμ°Î¨¢Ò³ μ¤´μË²Õ±¸μ´´Ò³ ·¥Ï¥´¨Ö³ Φ1 ±· ¥¢ÒÌ § ¤ Î (0.1) ¨
(0.4). ‘¶²μÏ´ Ö ±·¨¢ Ö ¸μμÉ¢¥É¸É¢Ê¥É Φ1-· ¸¶·¥¤¥²¥´¨Ö³ ¢ EJJ-³μ¤¥²¨ „Š
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�¨¸. 3. ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ·¨¸. 1 · ¸¶·¥¤¥²¥´¨¥ ¤¦μ§¥Ë¸μ´μ¢¸±μ£μ Éμ±  jC(x) sin ϕ(x)

�¨¸. 4. �¨ËÊ·± Í¨μ´´Ò¥ ±·¨¢Ò¥ μ¤´μË²Õ±¸μ´´μ£μ ¸μ¸ÉμÖ´¨Ö Φ1. ‘¶²μÏ´ Ö ±·¨-
¢ Ö ¸μμÉ¢¥É¸É¢Ê¥É EJJ-³μ¤¥²¨ „Š ¸ ±μÔËË¨Í¨¥´Éμ³ Ëμ·³Ò σ = 0,03, ¶Ê´±É¨·´ Ö Å
SJJ-³μ¤¥²¨ ¸ ¶·Ö³μÊ£μ²Ó´μ° ÏÊ´Éμ¢μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ (Δ = 0,7, κ = 0,5),   ÏÉ·¨Ì-
¶Ê´±É¨·´ Ö Å RJJ-³μ¤¥²¨ ¸ ¶·Ö³μÊ£μ²Ó´Ò³ ³¨±·μ·¥§¨¸Éμ·μ³ (Δ = 0,7, κ = Ä0,5)

¸ ±μÔËË¨Í¨¥´Éμ³ Ëμ·³Ò σ = 0,03, ¶Ê´±É¨·´ Ö Å SJJ-³μ¤¥²¨ ¸ ¶·Ö³μÊ£μ²Ó-
´μ° ÏÊ´Éμ¢μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ ¸²¥¢  (κ = 0,5, ζ = 0,35),   ÏÉ·¨Ì¶Ê´±É¨·-
´ Ö Å RJJ-³μ¤¥²¨ ¸ ¶·Ö³μÊ£μ²Ó´Ò³ ³¨±·μ·¥§¨¸Éμ·μ³ ¸¶· ¢  (κ = Ä0,5, ζ =
6,65). � ¡²Õ¤ ¥É¸Ö ± Î¥¸É¢¥´´μ¥ ¸μ¢¶ ¤¥´¨¥ É·¥Ì ¡¨ËÊ·± Í¨μ´´ÒÌ ±·¨¢ÒÌ.
Š ¦¤ Ö ¡¨ËÊ·± Í¨μ´´ Ö ±·¨¢ Ö μ£· ¦¤ ¥É ´¥±μÉμ·ÊÕ § ³±´ÊÉÊÕ Ë¨£Ê·Ê ´ 
¶²μ¸±μ¸É¨ (he, γ), ¶·¨Î¥³ ÉμÎ±¨ he = hmin ¨ he = hmax ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ°
´¨¦´¥¥ ¨ ¢¥·Ì´¥¥ ±·¨É¨Î¥¸±¨¥ ³ £´¨É´Ò¥ ¶μ²Ö ¤²Ö · ¸¸³ É·¨¢ ¥³μ£μ ¢¨-
Ì·Ö. ˆ§-§  ´ ²¨Î¨Ö ¤μ¶μ²´¨É¥²Ó´μ£μ ®£¥μ³¥É·¨Î¥¸±μ£μ¯ Éμ±  σ [ϕx(x) − he]
¢ EJJ-³μ¤¥²¨,   É ±¦¥ Éμ±  κ sinϕ ¢ ³μ¤¥²ÖÌ ¸ ´¥μ¤´μ·μ¤´μ¸ÉÖ³¨, ±·¨É¨Î¥-
¸±¨¥ §´ Î¥´¨Ö ¢´¥Ï´¥£μ Éμ±  γ, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ê± § ´´Ò³ §´ Î¥´¨Ö³ he,
μÉ²¨Î´Ò μÉ ´Ê²Ö. �Éμ μ§´ Î ¥É, ÎÉμ ²¥¢¥¥ (¶· ¢¥¥) ¤¢ÊÌ ÉμÎ¥± γcr(Φ1) = 0
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Ë²Õ±¸μ´ Φ1 ¨³¥¥É Éμ± ®·μ¦¤¥´¨Ö¯ γb ¨ Éμ± ®Ê´¨ÎÉμ¦¥´¨Ö¯ γcr. � ¶·¨³¥·,
¶·¨ he = 0,6 ¤²Ö EJJ-³μ¤¥²¨ (σ = 0,03) ¨³¥¥³ γb ≈ 0,026 ¨ γcr ≈ 0,082,  
¶·¨ he = 2.31 ¸μμÉ¢¥É¸É¢¥´´μ γb ≈ Ä0,006 ¨ γcr ≈ Ä0,011.

�´ ²μ£¨Î´Ò° ÔËË¥±É ´ ¡²Õ¤ ¥É¸Ö ¨ ¤²Ö ®¢Ò¸Ï¨Ì¯ ¢¨Ì·¥° ¢¨¤  Φn ¶·¨
n > 1 ¢μ ¢¸¥Ì É·¥Ì ³μ¤¥²ÖÌ.

�  ·¨¸. 5 ¸· ¢´¨¢ ÕÉ¸Ö ¶μ²ÊÎ¥´´Ò¥ Î¨¸²¥´´Ò³ ¶ÊÉ¥³ ±·¨É¨Î¥¸±¨¥ § ¢¨-
¸¨³μ¸É¨ ®±·¨É¨Î¥¸±¨° Éμ± Ä ³ £´¨É´μ¥ ¶μ²¥¯ ¤²Ö · ¸¸³μÉ·¥´´ÒÌ ¢ÒÏ¥ EJJ-
¨ SJJ-±μ´É ±Éμ¢. Š·¨É¨Î¥¸±¨¥ ±·¨¢Ò¥ ¤²Ö ÔÉ¨Ì ¤¢ÊÌ ³μ¤¥²¥° ± Î¥¸É¢¥´´μ
¸μ¢¶ ¤ ÕÉ.

�¨¸. 5. Š·¨É¨Î¥¸± Ö § ¢¨¸¨³μ¸ÉÓ ®±·¨É¨Î¥¸±¨° Éμ± Ä ³ £´¨É´μ¥ ¶μ²¥¯. ‘¶²μÏ´ Ö
±·¨¢ Ö ¸μμÉ¢¥É¸É¢Ê¥É EJJ-³μ¤¥²¨ „Š ¸ σ = 0,07, ¶Ê´±É¨·´ Ö Å SJJ-³μ¤¥²¨ ¸ ¶·Ö³μ-
Ê£μ²Ó´μ° ÏÊ´Éμ¢μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ (Δ = 0,7, κ = 0,1)

—¨¸²¥´´Ò° Ô±¸¶¥·¨³¥´É ¶μ± §Ò¢ ¥É (¸³. ·¨¸. 6), ÎÉμ ¢ ±μ´É ±É Ì ¸ ·¥-
§¨¸É¨¢´μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ ¢ μ±·¥¸É´μ¸É¨ Í¥´É·  L/2 §  ¸Î¥É ¶¨´´¨´£  ´ 
´¥μ¤´μ·μ¤´μ¸É¨ Ê¸Éμ°Î¨¢Ò³¨ ¸É ´μ¢ÖÉ¸Ö ¸³¥Ï ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ³ £´¨É-
´μ£μ ¶μÉμ±  ϕ(x) ¢ ±μ´É ±É¥, ®¸μ¸É ¢²¥´´Ò¥¯ ¨§ ¢¨Ì·¥° ¶·μÉ¨¢μ¶μ²μ¦´μ° ¶μ-
²Ö·´μ¸É¨. Šμ´±·¥É´Ò° ¶·¨³¥· · ¸¶·¥¤¥²¥´¨Ö ¢¨¤  Φ1Φ−1 (Ë²Õ±¸μ´ ¸²¥¢ ,
 ´É¨Ë²Õ±¸μ´ ¸¶· ¢ ) ¤¥³μ´¸É·¨·Ê¥É¸Ö ¶·¨ he = 2,2, ζ = 3,5 ¨ κ = −1
´  ·¨¸. 7 (¸¶²μÏ´ Ö ±·¨¢ Ö). ’ ³ ¦¥ ¤²Ö ¸· ¢´¥´¨Ö ¶μ± § ´Ò Î¨¸ÉÒ¥ Φ1-
· ¸¶·¥¤¥²¥´¨¥ (¶Ê´±É¨·´ Ö ±·¨¢ Ö) ¨ Φ2-· ¸¶·¥¤¥²¥´¨¥ (ÏÉ·¨Ì¶Ê´±É¨·´ Ö
±·¨¢ Ö).

‚ μÉ²¨Î¨¥ μÉ ÔÉμ£μ ¸²ÊÎ Ö, ¢ ±μ´É ±É Ì ¸ ´¥μ¤´μ·μ¤´μ¸ÉÓÕ ¢ μ±·¥¸É-
´μ¸É¨ ±μ´Íμ¢ ¤ ¦¥ ¶·¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ he (Î¨¸²¥´´μ ¶·μ¢¥-
·Ö²¨¸Ó ·¥Ï¥´¨Ö ¢¶²μÉÓ ¤μ he = 10) ´¥É Ê¸Éμ°Î¨¢ÒÌ ¸³¥Ï ´´ÒÌ Ë²Õ±¸μ´-
 ´É¨Ë²Õ±¸μ´´ÒÌ ¢¨Ì·¥°, ¤ ÕÐ¨Ì ¢±² ¤ ¢ ±·¨É¨Î¥¸±ÊÕ ±·¨¢ÊÕ. 	μÔÉμ³Ê
±·¨É¨Î¥¸±¨¥ ±·¨¢Ò¥ ±μ´É ±É  ®¢ Í¥²μ³¯ ¸μ¸É ¢²¥´Ò Éμ²Ó±μ ¨§ ±Ê¸±μ¢ ¡¨-
ËÊ·± Í¨μ´´ÒÌ ±·¨¢ÒÌ ¤²Ö ³¥°¸¸´¥·μ¢¸±μ£μ (M ) · ¸¶·¥¤¥²¥´¨Ö ¨ Î¨¸ÉÒÌ
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�¨¸. 6. Š·¨É¨Î¥¸± Ö § ¢¨¸¨³μ¸ÉÓ ®±·¨É¨Î¥¸±¨° Éμ± Ä ³ £´¨É´μ¥ ¶μ²¥¯ ¤²Ö „Š ¸
·¥§¨¸É¨¢´μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ ¢ Í¥´É·¥ ±μ´É ±É 

�¨¸. 7. Φ1-, Φ2- ¨ Φ1Φ−1-· ¸¶·¥¤¥²¥´¨Ö ¢ „Š ¸ ·¥§¨¸É¨¢´μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ ¢
Í¥´É·¥ ±μ´É ±É 

n-Ë²Õ±¸μ´´ÒÌ ¢¨Ì·¥° Φn, n = 1, 2, . . . Œ ±¸¨³Ê³Ò ±·¨É¨Î¥¸±¨Ì ±·¨¢ÒÌ Ê¡Ò-
¢ ÕÉ ³μ´μÉμ´´μ ¸ ¢μ§· ¸É ´¨¥³ ¶μ²Ö he (¢ ±μ´É ±É Ì ¸ ¢´ÊÉ·¥´´¥° ´¥μ¤´μ-
·μ¤´μ¸ÉÓÕ ³ ±¸¨³Ê³Ò ±·¨É¨Î¥¸±¨Ì ±·¨¢ÒÌ Ê¡Ò¢ ÕÉ ´¥³μ´μÉμ´´Ò³ μ¡· §μ³
¨§-§  ¸É ¡¨²¨§¨·ÊÕÐ¥£μ ¢²¨Ö´¨Ö ´¥μ¤´μ·μ¤´μ¸É¨ ´  ¸³¥Ï ´´Ò¥ Ë²Õ±¸μ´-
 ´É¨Ë²Õ±¸μ´´Ò¥ ¶ ·Ò ¢¨Ì·¥° [12]). 	μ-¢¨¤¨³μ³Ê, μÉ¸ÊÉ¸É¢¨¥ Ê¸Éμ°Î¨¢ÒÌ
¸³¥Ï ´´ÒÌ · ¸¶·¥¤¥²¥´¨° ¢ EJJ μ¡ÑÖ¸´Ö¥É Ê²ÊÎÏ¥´´Ò° ¸¶¥±É· ¨§²ÊÎ¥´¨Ö
É ±¨Ì „Š ¢ ¸· ¢´¥´¨¨ ¸ ¶·Ö³μÊ£μ²Ó´Ò³¨ „Š [2]. �¥§Ê²ÓÉ ÉÒ ´ ¸ÉμÖÐ¥° · -
¡μÉÒ ¶μ± §Ò¢ ÕÉ, ÎÉμ ³μ¤¥²¨ ¶·Ö³μÊ£μ²Ó´ÒÌ ±μ´É ±Éμ¢ ¸ ´¥μ¤´μ·μ¤´μ¸ÉÖ³¨
¢ μ±·¥¸É´μ¸É¨ ±μ´Íμ¢ μ¡² ¤ ÕÉ  ´ ²μ£¨Î´Ò³ ¸¢μ°¸É¢μ³.

‚ § ±²ÕÎ¥´¨¥ μÉ³¥É¨³, ÎÉμ ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¤¥³μ´-
¸É·¨·ÊÕÉ ¢μ§³μ¦´μ¸ÉÓ § ³¥´Ò · ¸¶·¥¤¥²¥´´μ° ¢¤μ²Ó ±μ´É ±É  ´¥μ¤´μ·μ¤´μ-
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¸É¨ ²μ± ²Ó´μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ ·¥§¨¸É¨¢´μ£μ ¨²¨ ÏÊ´Éμ¢μ£μ ¢¨¤ , ÎÉμ ¸ É¥Ì-
´μ²μ£¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ³μ¦¥É ¨³¥ÉÓ μ¶·¥¤¥²¥´´Ò¥ ¶·¥¨³ÊÐ¥¸É¢ . Š·¨-
É¨Î¥¸±¨¥ ±·¨¢Ò¥ ±μ´É ±Éμ¢ ¸ ´¥μ¤´μ·μ¤´μ¸ÉÖ³¨ ´  ±μ´Í¥ ´¥ ¸μ¤¥·¦ É ±Ê¸±μ¢
¡¨ËÊ·± Í¨μ´´ÒÌ ±·¨¢ÒÌ ¸³¥Ï ´´ÒÌ Ë²Õ±¸μ´- ´É¨Ë²Õ±¸μ´´ÒÌ ¢¨Ì·¥° ³ £-
´¨É´μ£μ ¶μÉμ± , ÎÉμ ¶μ§¢μ²Ö¥É μ¦¨¤ ÉÓ ¸Ê¦¥´¨¥ Ï¨·¨´Ò ²¨´¨¨ ¨§²ÊÎ¥´¨Ö
μ¸Í¨²²ÖÉμ·  ´  ¤¢¨¦ÊÐ¨Ì¸Ö Ë²Õ±¸μ´ Ì ¤²Ö É ±¨Ì „Š,  ´ ²μ£¨Î´μ¥ Éμ³Ê,
±μÉμ·μ¥ ¨³¥¥É ³¥¸Éμ ¢ EJJ.

�¢Éμ·Ò ¢Ò· ¦ ÕÉ ¡² £μ¤ ·´μ¸ÉÓ ¶·μË. ˆ. ‚.	Ê§Ò´¨´Ê ¨ �.Œ.	² ±¨¤¥
§  ¸É¨³Ê²¨·ÊÕÐ¨¥ ¤¨¸±Ê¸¸¨¨ ¨ ¶μ¤¤¥·¦±Ê · ¡μÉÒ.
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