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� Î¨¸²¥´´μ³ ·¥Ï¥´¨¨ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 
¢ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° § ¤ Î¥ É·¥Ì É¥²
¸ ¶μ³μÐÓÕ ¡ §¨¸  £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨°

�¥Ë¥· É¨¢´μ, ´  ¶·¨³¥·¥ ·Ö¤  § ¤ Î ¤²Ö É·¥ÌÎ ¸É¨Î´ÒÌ ¸¨¸É¥³ ¢ ±¢ ´Éμ-
¢μ° ³¥Ì ´¨±¥ ´¨§±¨Ì Ô´¥·£¨°, · ¸¸³ É·¨¢ ¥É¸Ö μ¡Ð Ö ¢ ·¨ Í¨μ´´ Ö ¸Ì¥³  Î¨-
¸²¥´´μ£μ ·¥Ï¥´¨Ö ³´μ£μ³¥·´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ´  μ¸´μ¢¥ ¶μ¸É·μ¥´¨Ö
£¨¶¥·¸Ë¥·¨Î¥¸±μ£μ ¡ §¨¸ . �¥Ï¥´¨¥ · §¡¨¢ ¥É¸Ö ´  ¤¢  ÔÉ ¶ : 1) ´ Ìμ¦¤¥´¨¥ £¨-
¶¥·¸Ë¥·¨Î¥¸±μ£μ ¡ §¨¸  ¨ 2) μ¶·¥¤¥²¥´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψ. �μ²¥¥ ¶μ¤·μ¡´μ
· ¸¸³μÉ·¥´  ²£μ·¨É³ ¢ÒÎ¨¸²¥´¨Ö Ô´¥·£¨¨ E μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò É·¥Ì
§ ·Ö¦¥´´ÒÌ Î ¸É¨Í ´  μ¸´μ¢¥ ¸Ì¥³Ò, μ¶¨¸ ´´μ°  ¢Éμ·μ³.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

‘μμ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2006
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On Numerical Calculation of Many-Dimensional
Schréodinger Equation in Quantum Mechanical Three-Body Problem
by Means of Basic Hyperspherical Functions

Based on an example of quantum mechanical low energy three-body systems, the
common variational scheme that allows solving the many-dimensional Schréodinger
equation numerically by constructing hyperspherical functions is considered. The
numerical solution is derived in two stages: 1) determination of the hyperspherical
functions and 2) calculation of the wave-function Ψ. The detailed algorithm for
determination of the bound state energy E of three charged particles is described.
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‚‚…„…�ˆ…

Œ¥Éμ¤ ¶μ¢¥·Ì´μ¸É´ÒÌ ËÊ´±Í¨°, ¨²¨ ³¥Éμ¤ £¨¶¥·¸Ë¥·¨Î¥¸±μ£μ ¡ §¨¸ ,
Ê¸¶¥Ï´μ ¶·¨³¥´Ö¥É¸Ö ¤²Ö · ¸Î¥Éμ¢ É·¥ÌÎ ¸É¨Î´ÒÌ ¸¨¸É¥³ ¢ ±¢ ´Éμ¢μ-³¥Ì ´¨-
Î¥¸±¨Ì § ¤ Î Ì, ´ Î¨´ Ö ¸ ¶¨μ´¥·¸±¨Ì · ¡μÉ [1Ä2].

‚ ¸¥±Éμ·¥ ³ ²μÎ ¸É¨Î´ÒÌ ¸¨¸É¥³ ‹’” �ˆŸˆ ¸ 1991 £. ¸ ¶μ³μÐÓÕ ³¥-
Éμ¤  £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨° ¡Ò²¨ ¶·μ¢¥¤¥´Ò ¶μ ¸μ¸É ¢²¥´´Ò³ ´  μ¸´μ¢¥
· §· ¡μÉ ´´ÒÌ  ²£μ·¨É³μ¢ ¶·μ£· ³³ ³ ¤²Ö 
‚Œ · ¸Î¥ÉÒ É¥·³μ¢ ¤²Ö ¸¨¸É¥³Ò
H− ¨ ¤²Ö ¸¨¸É¥³ ZHμ (z Å ²¥£±μ¥ Ö¤·μ ¸ § ·Ö¤μ³ 1 ÷ 3; � Å μ¤´μ ¨§ Ö¤¥·
p, d, t ¨ μ−μ-³¥§μ´). �·¨ ÔÉμ³ ¢ § ¤ Î Ì ´  ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö · ¸¸Î¨ÉÒ-
¢ ²¨¸Ó ¸¨¸É¥³Ò É·¥Ì Î ¸É¨Í É ±¨¥, ± ± dtμ, 3,4Hedμ, 3,4Hepμ, 3,4Hetμ, e+H ,
Hede [3Ä5].

‚ ¶μ¸²¥¤´¥¥ ¢·¥³Ö, ¢ 2001Ä2004 ££., ¤²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 
¢ § ¤ Î¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö ¢ ¸¨¸É¥³¥ É·¥Ì α-Î ¸É¨Í  ¢Éμ·μ³
¸μ¢³¥¸É´μ ¸ ¸μÉ·Ê¤´¨± ³¨ ‹’” �ˆŸˆ �.ˆ.Š ·É ¢Í¥¢Ò³ ¨ ‘.ˆ.”¥¤μÉμ¢Ò³
¡Ò²¨ · §· ¡μÉ ´Ò  ²£μ·¨É³Ò [6] ¨ ¸μ§¤ ´  Ëμ·É· ´-¶·μ£· ³³  (α), ¢ ±μ-
Éμ·μ° ¢³¥¸É¥ ¸ · ¸Î¥Éμ³ ¢ ·¨ Í¨μ´´Ò³ ³¥Éμ¤μ³ £¨¶¥·¸Ë¥·¨Î¥¸±μ£μ ¡ §¨¸ 
¶μ²ÊÎ ÕÉ¸Ö ¢¸¥ ´¥μ¡Ìμ¤¨³Ò¥ ¢¥²¨Î¨´Ò, ±μÔËË¨Í¨¥´ÉÒ ¨ É¥·³Ò ¤²Ö ·¥Ï¥´¨Ö
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶·¨ Î¨¸²¥´´μ³ μ¶·¥¤¥²¥´¨¨ ¢μ²´μ¢μ° ËÊ´±-
Í¨¨ ¨§ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¤²Ö É·¥Ì α-Î ¸É¨Í, ±·μ³¥ Ô´¥·£¨¨ E ¸¢Ö§ ´´μ£μ
¸μ¸ÉμÖ´¨Ö 3α (Ö¤·μ  Éμ³  C12), ¤²Ö ±μÉμ·μ°, ¢μμ¡Ð¥ £μ¢μ·Ö, ¥¸ÉÓ Ô±¸¶¥·¨-
³¥´É ²Ó´μ¥ §´ Î¥´¨¥ [7]. „ ´´μ¥ ¸μμ¡Ð¥´¨¥ ¶·¥¤² £ ¥É ¸¶μ¸μ¡ Î¨¸²¥´´μ£μ
μ¶·¥¤¥²¥´¨Ö E (¶·μ£· ³³  (β)) ´  μ¸´μ¢¥ ·¥§Ê²ÓÉ Éμ¢, ¶μ²ÊÎ¥´´ÒÌ ¶·μ£· ³-
³μ° (α).

1. �‘��‚�›… “��‚�…�ˆŸ

� ¸¸³μÉ·¨³ μ¸´μ¢´Ò¥ Ê· ¢´¥´¨Ö, ±μÉμ·Ò¥ ·¥Ï ²¨¸Ó ´  
‚Œ.
1) „²Ö ¸¨¸É¥³Ò H− (¶·¨ ¶μ²´μ³ Ê£²μ¢μ³ ³μ³¥´É¥ L = 0) É·¨ § ·Ö¦¥´-

´Ò¥ Î ¸É¨ÍÒ Z2e (z Å ¶·μÉμ´, 2e Å ¤¢  Ô²¥±É·μ´ ) ¢ ±μμ·¤¨´ É Ì Ÿ±μ¡¨
Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¨³¥¥É ¢¨¤ [3]:(

−Δr1 − Δr2 −
Z

r1
− Z

r2
+

1
|r1 − r2|

+ E

)
ψ = 0. (1)

1



‚ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ρ, α, θ ¶·¨

r1 = ρ cos
α

2
, r2 = ρ sin

α

2
, cos θ =

(r1 r2)
r1 · r2

Ê· ¢´¥´¨¥ (1) ¡Ê¤¥É[
1
ρ5

∂

∂ρ

(
ρ5 ∂

∂ρ

)
+

4
ρ2

� + 2E +
2
ρ
U

]
ψ = 0,

� =
1

sin2 α

(
∂

∂α
sin2 α

∂

∂α
+

1
sin θ

∂

∂θ
sin θ

∂

∂θ

)
, (1′)

U = −1
2
ρV, V = −Z

r1
− Z

r2
+

1
|r1 − r2|

.

2) „²Ö ¸¨¸É¥³Ò ZHμ · ¸¸³ É·¨¢ ÕÉ¸Ö É·¨ § ·Ö¦¥´´Ò¥ Î ¸É¨ÍÒ ¸ ³ ¸¸ ³¨
m1, m2, m3 ¨ § ·Ö¤ ³¨ Z1, Z2, Z3; Éμ£¤  Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¢ ¸²ÊÎ ¥
±Ê²μ´μ¢¸±μ° § ¤ Î¨ ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ ¢¨¤¥⎛⎝− �

2

2μ2
Δρ3 −− �

2

2μ1
Δr3 + e2

∑
i�=j

ZiZj

rij
− E

⎞⎠ψ = 0. (2)

‚¢¥¤¥³ ±μμ·¤¨´ ÉÒ Ÿ±μ¡¨ (¸³. ·¨¸Ê´μ±):

xi =
√

mjmk

m1(mj + mk)
· (rk + rj),

(2′)

yi =

√
mi(mj + mk)

m1(m1 + m2 + m3)
·
(

ri −
mjrj + mkrk

mj + mk

)
, (i j k);

ri Å · ¤¨Ê¸-¢¥±Éμ· i-° Î ¸É¨ÍÒ, ¶μ²´Ò° μ·¡¨É ²Ó´Ò° ³μ³¥´É L=0.
“· ¢´¥´¨¥ (2) ¢ ±μμ·¤¨´ É Ì Ÿ±μ¡¨ ¶·¨³¥É ¢¨¤ [4]:(

−Δxi − Δyi +
3∑

m=1

qm

|xm| − E

)
ψ = 0, (3)

qi = 2ZjZk

√
mjmk

m1 (mj + mk)
, i = 1, 2, 3;

μ1 =
m3 (m1 + m2)
m1 + m2 + m3

; μ2 =
m1m2

m1 + m2
.

‚ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì ρ, αi, θi ¶·¨

|xi| = ρ cos
αi

2
, |yi| = ρ sin

αi

2
, cos θi =

(xiyi)
|xi| |yi|
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Ê· ¢´¥´¨¥ (3) § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥[
− 1

ρ5

∂

∂ρ

(
ρ5 ∂

∂ρ

)
− 4

ρ2
�∗ +

1
ρ

3∑
m=1

qm

cos (αm/2)
− E

]
ψ = 0. (4)

‡¤¥¸Ó ¨¸¶μ²Ó§ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¥¤¨´¨ÍÒ Ô´¥·£¨¨, ¤²¨´Ò ¨ ³ ¸¸Ò:

E0 =
m̃e4

2�2
, L0 =

�
2

m̃e2
, m̃ = m1,

�∗ =
1

sin2 αi

(
∂

∂αi

(
sin2 αi

∂

∂αi

)
+

1
sin θi

∂

∂θi

(
sin θi

∂

∂θi

))
.

3) � ±μ´¥Í, ¢ § ¤ Î¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö É·¥Ì α-Î ¸É¨Í ¢
³ ¸ÏÉ ¡¨·μ¢ ´´ÒÌ ±μμ·¤¨´ É Ì Ÿ±μ¡¨ · ¸¸³ É·¨¢ ¥É¸Ö Ê· ¢´¥´¨¥ ˜·¥¤¨´-
£¥·  ¸¨¸É¥³Ò É·¥Ì § ·Ö¦¥´´ÒÌ Éμ¦¤¥¸É¢¥´´ÒÌ ¡¥¸¸¶¨´μ¢ÒÌ Î ¸É¨Í [6, 8]:⎛⎝−ΔXi − ΔYi +

3∑
j=1

V (xj) + V3(ρ) − E

⎞⎠ψ = 0, (5)

É ± ± ± ³ ¸¸Ò ¢ ÔÉμ³ ¸²ÊÎ ¥ · ¢´Ò, Éμ ¢Ò· ¦¥´¨Ö (2′) ¡Ê¤ÊÉ

Xi = rj − rk,

Yi =
2√
3
·
(

ri −
rj + rk

2

)
, i = j = k = 1, 2, 3;

ri, rj , rk ¥¸ÉÓ · ¤¨Ê¸Ò-¢¥±Éμ·Ò · ¸¸ÉμÖ´¨° ³¥¦¤Ê Î ¸É¨Í ³¨;∣∣Xi

∣∣ = xi,
∣∣Y i

∣∣ = yi.

‚ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ ρ, α, θ Ê· ¢´¥´¨¥ (5) ¡Ê¤¥É:

⎡⎣− 1
ρ5

∂

∂ρ

(
ρ5 ∂

∂ρ

)
− 4

ρ2
�∗ +

3∑
j=1

V
(
ρ cos

αi

2

)
+ V3(ρ) − E

⎤⎦ψ = 0, (5′)

0 � ρ < ∞; 0 � α, θ � π;

xi = ρ cos
αi

2
, yi = ρ sin

αi

2
, cos θi =

(
XiY i

)
xiyi

,

V (x) = VS(x) + q/x, É. ¥. ÔÉμ ¸Ê³³  ±Ê²μ´μ¢¸±μ£μ ¨ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ
¶μÉ¥´Í¨ ²μ¢, ¨²¨ ÔËË¥±É¨¢´Ò° ¤¢ÊÌÎ ¸É¨Î´Ò° ¶μÉ¥´Í¨ ².

�·¡¨É ²Ó´Ò° ³μ³¥´É L = 0, VS = Vre−μ2
rx2 − Vae−μ2

ax2
(³μ¤¨Ë¨Í¨·μ-

¢ ´´Ò° ¶μÉ¥´Í¨ ² �²¨Ä�μ¤³¥· );
V3(ρ) Å ËÊ´±Í¨Ö £¨¶¥·· ¤¨Ê¸  ρ;

V3(ρ) = V0e−(ρ/b)2 ; V0, b Å const. (5′′)
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2. ��‘’��…�ˆ… ��‚…�•��‘’�›• ”“�Š–ˆ‰

“· ¢´¥´¨Ö (1′), (4), (5′) ¢ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì ρ, α, θ · ¸-
¸³μÉ·¨³ ¢³¥¸É¥:[

1
ρ5

∂

∂ρ

(
ρ5 ∂

∂ρ

)
+

4
ρ2

� + 2E +
2
ρ
U

]
ψ = 0, (1′)[

− 1
ρ5

∂

∂ρ

(
ρ5 ∂

∂ρ

)
− 4

ρ2
�∗ +

1
ρ

3∑
m=1

qm

cos (αm/2)
− E

]
ψ = 0, (4)⎡⎣− 1

ρ5

∂

∂ρ

(
ρ5 ∂

∂ρ

)
− 4

ρ2
�∗ +

3∑
j=1

V
(
ρ cos

αi

2

)
+ V3(ρ) − E

⎤⎦ψ = 0. (5′)

ˆ¤¥Ö ³¥Éμ¤  ®¶μ¢¥·Ì´μ¸É´ÒÌ¯ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨° ¸μ¸Éμ¨É ¢ ¸²¥¤ÊÕ-
Ð¥³: ¢ Ê· ¢´¥´¨ÖÌ (1′), (4), (5′) μÉ¤¥²Ö¥É¸Ö · ¤¨ ²Ó´ Ö (±¨´¥É¨Î¥¸± Ö) Î ¸ÉÓ
ÔÉ¨Ì Ê· ¢´¥´¨° μÉ Ê£²μ¢μ° ¨ ¶μÉ¥´Í¨ ²Ó´μ° Î ¸É¥° ¨ ¶μ²ÊÎ ÕÉ¸Ö Ê· ¢´¥´¨Ö:

(� + ρU + λn) ϕn = 0, (61)(
� − 1

4
ρ

3∑
m=1

qm

cos (αm/2)
+ λn

)
ϕn = 0, (62)(

� − ρ2

4

3∑
j=1

V
(
ρ cos

αj

2

)
+ λn(ρ)

)
ϕn (α, θ, ρ) = 0. (63)

� ¤¨ ²Ó´ Ö ¶¥·¥³¥´´ Ö ρ ¢ Ê· ¢´¥´¨ÖÌ (61), (62), (63) ¸É ´μ¢¨É¸Ö ¶ -
· ³¥É·μ³, 0 � ρ < ∞; 0 � α, θ � π. �μ¢¥·Ì´μ¸É´Ò¥ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥
ËÊ´±Í¨¨ ϕn Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨° (61), (62), (63), Î¨¸²¥´´μ ´ -
Ìμ¤ÖÉ¸Ö ¢ ·¨ Í¨μ´´Ò³ ³¥Éμ¤μ³, ¶ · ³¥É·¨Î¥¸±¨ § ¢¨¸ÖÉ μÉ · ¤¨Ê¸  ρ ¨ ¤²Ö
± ¦¤μ£μ §´ Î¥´¨Ö ρ ¢ÒÎ¨¸²ÖÕÉ¸Ö μÉ¤¥²Ó´μ (¡¥·¥É¸Ö ±μ´¥Î´μ¥ Î¨¸²μ §´ Î¥´¨°
ρ (ρ1, ρ2, . . . , ρN ) ¸ Ï £μ³ Δρ = (ρn+1 − ρn)).

„²Ö Ê· ¢´¥´¨° (61), (62), (63) ¶μ¢¥·Ì´μ¸É´Ò¥ ËÊ´±Í¨¨ ¡Ê¤ÊÉ · §²¨Î´Ò,
´μ ¶μ Ëμ·³¥ μ¤¨´ ±μ¢Ò:

1a) ϕn (α, x) =
N1∑
i=1

c
(n)
i χi (α, x),

2a) ϕn (α, θ) =
N1∑
i=1

c
(n)
i χi (α, θ),

3a) Φn (α, θ, ρ) =
N1∑
i=1

c
(n)
i χi (α, θ, ρ),

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
(7)

x = cos θ, χi (α, x) Å ¶·μ¡´Ò¥ ËÊ´±Í¨¨ (§ ¤ ÕÉ¸Ö ¢ · ¸Î¥É¥).

4



‚ 1-³ ¨ 2-³ ¸²ÊÎ ÖÌ ¶·μ¡´Ò¥ ËÊ´±Í¨¨ χi ¸É·μÖÉ¸Ö ¨§ ¶μ± § É¥²Ó´μ°,
¸É¥¶¥´´μ° ËÊ´±Í¨¨ ¨ ¢±²ÕÎ ÕÉ ¢ ¸¥¡Ö μ·Éμ£μ´ ²Ó´Ò¥ ³´μ£μÎ²¥´Ò ‹¥¦ ´¤· ,
‹ £¥··  ¨ ƒ¥£¥´¡ ÊÔ· . ‚ 3-³ ¸²ÊÎ ¥ ¢ ¸¨¸É¥³Ê ¶·μ¡´ÒÌ ËÊ´±Í¨° ¢Ìμ¤ÖÉ
³´μ£μÎ²¥´Ò —¥¡ÒÏ¥¢ , Ÿ±μ¡¨ ¨ Ô±¸¶μ´¥´ÉÒ.

�μ ¢ ·¨ Í¨μ´´μ° ¶·μÍ¥¤Ê·¥ Ê· ¢´¥´¨Ö (61), (62), (63) ¸ ¶μ³μÐÓÕ ¢Ò-
· ¦¥´¨° (7) ¶¥·¥Ìμ¤ÖÉ ¢ ¸¨¸É¥³Ò ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¤²Ö
μ¶·¥¤¥²¥´¨Ö ´¥¨§¢¥¸É´ÒÌ λn, cn

i . ’ ± ¤²Ö Ê· ¢´¥´¨Ö {61} ¡Ê¤¥É ¸²¥¤ÊÕÐ Ö
¸¨¸É¥³  [3]:

N∑
i=1

(Dni + ρUni + λSni) c
(n)
i = 0,

Sni = 〈χn | χi〉 ; Uni = 〈χn |U | χi〉 ; Dni = 〈χn |�| χi〉 ,
i, n = 1, . . . , N.

(8)


²¥³¥´ÉÒ ³ É·¨Í ¢ÒÎ¨¸²ÖÕÉ¸Ö ± ± ¤¢μ°´Ò¥ ¨´É¥£· ²Ò μÉ ¶·μ¡´ÒÌ ËÊ´±Í¨°.
�¡μ§´ Î¨³ A = (Dni + ρUni) , S = (−Sni); ¶μ²ÊÎ¨³ ³ É·¨Î´μ¥ Ê· ¢´¥-

´¨¥
Az = λSz, (9)

±μÉμ·μ¥ ¥¸ÉÓ μ¡μ¡Ð¥´´ Ö § ¤ Î  ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö.
�·¨ ·¥Ï¥´¨¨ ¸¨¸É¥³Ò (9) ¤²Ö ± ¦¤μ£μ §´ Î¥´¨Ö ρ (ρ1, ρ2, . . . , ρk, . . .)

¸É·μÖÉ¸Ö ³ É·¨ÍÒ A, S ¨ ¶·¨ ·¥Ï¥´¨¨ μ¡μ¡Ð¥´´μ° § ¤ Î¨ ´  ¸μ¡¸É¢¥´´Ò¥
§´ Î¥´¨Ö ´ Ìμ¤¨É¸Ö ·μ¢´μ ¸Éμ²Ó±μ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° λ, ± ±μ¢  · §³¥·-
´μ¸ÉÓ ³ É·¨Í A ¨ S:

ρ = ρ1
¨³¥¥³−−−→

ρ = ρ2 −→
...

ρ = ρ2 −→

∣∣∣∣∣∣∣∣∣
λ1 (ρ1) , λ2 (ρ1) , . . . , λN (ρ1)
λ1 (ρ2) , λ2 (ρ2) , . . . , λN (ρ2)

...
...

...
λ1 (ρN ) , λ2 (ρN ) , . . . , λN (ρN )

∣∣∣∣∣∣∣∣∣
. (9′)

‚ μ¡μ¡Ð¥´´μ° § ¤ Î¥ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ± ¦¤μ£μ λi ¥¸ÉÓ ¸¢μ°
¸μ¡¸É¢¥´´Ò° ¢¥±Éμ·, É. ¥. ¤²Ö ± ¦¤μ£μ §´ Î¥´¨Ö ¶ · ³¥É·  ρk ¨³¥¥³ ¸É·μ±Ê
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° λi (ρk) ¨ ³ É·¨ÍÊ ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢∣∣∣∣∣∣∣∣∣

c1
1 (ρk) , c1

2 (ρk) , . . . , c1
N (ρk)

c2
1 (ρk) , c2

2 (ρk) , . . . , c2
N (ρk)

...
...

...
cN
1 (ρk) , cN

2 (ρk) , . . . , cN
N (ρk)

∣∣∣∣∣∣∣∣∣
. (9′′)

”μ·³Ê²  (9′) ¶·¨ ¸μμÉ´μÏ¥´¨¨

εi (ρn) =
4
ρ2

n

λi (ρn)
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¶¥·¥Ìμ¤¨É ¢ Ê¶μ·Ö¤μÎ¥´´ÊÕ § ¶¨¸Ó∣∣∣∣∣∣∣∣∣
ε1 (ρ1) , ε2 (ρ1) , . . . , εn (ρ1)
ε1 (ρ2) , ε2 (ρ2) , . . . , εn (ρ2)

...
...

...
ε1 (ρn) , ε2 (ρn) , . . . , εn (ρn)

∣∣∣∣∣∣∣∣∣
. (9′′′)

‚Ò· ¦¥´¨Ö (9′′′) ¡Ê¤ÊÉ ¨¸¶μ²Ó§μ¢ ´Ò ¢ ¤ ²Ó´¥°Ï¥³.
”μ·³Ê²Ò (7) ¶μ¸²¥ ¢Ò¡μ·  ¶·μ¡´ÒÌ ËÊ´±Í¨° χi ¨ ´ Ìμ¦¤¥´¨Ö ´¥¨§-

¢¥¸É´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ c
(n)
i ¶μ²´μ¸ÉÓÕ μ¶·¥¤¥²ÖÕÉ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (61),

(62), (63) ¤²Ö £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨° ¨ É¥³ ¸ ³Ò³ £¨¶¥·¸Ë¥·¨Î¥¸±¨°
¡ §¨¸ · ¸¸³ É·¨¢ ¥³ÒÌ § ¤ Î ¡Ê¤¥É μ¶·¥¤¥²¥´.

3. ���…„…‹…�ˆ… ‚�‹��‚›• ”“�Š–ˆ‰ ψ

Š ¦¤μ¥ ¨§ Ê· ¢´¥´¨° (1′), (4), (5′) ¸ ¶μ³μÐÓÕ ¸¢μ¥£μ £¨¶¥·¸Ë¥·¨Î¥¸±μ£μ
¡ §¨¸  ·¥Ï ¥É¸Ö ¶ÊÉ¥³ ¶·¥¤¸É ¢²¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ ψ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö
¶μ ÔÉμ³Ê ¡ §¨¸Ê ¸ ´¥¨§¢¥¸É´Ò³¨ · ¤¨ ²Ó´Ò³¨ ËÊ´±Í¨Ö³¨ υn(ρ) [3, 4, 6]:

1¡) ψ =
N∑

n=1
υn (ρ) ϕn (α, x) , x = cos θ

2¡) ψ = ρ−5/2
N∑

n=1
υn(ρ) ϕn (α, θ) ,

3¡) ψ = ρ−5/2
N∑

n=1
υn(ρ) Φn (α, θ, ρ) , N < ∞.

�μ¤¸É ´μ¢± , ´ ¶·¨³¥·, ¢Ò· ¦¥´¨° 2¡, 3¡ ¢ Ê· ¢´¥´¨Ö (4), (5′) ¸· §Ê ¤ ¥É ¸²¥-
¤ÊÕÐ¨¥ ¸¨¸É¥³Ò μ¤´μ³¥·´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ¢ μÉ¤¥²Ó´μ¸É¨
¤²Ö (4) ¨ (5′):(

∂2

∂ρ2
− 15

4ρ2
− εn(ρ) + E

)
υn (ρ) +

+
N1∑
i=1

(
Qni (ρ)

∂

∂ρ
+

∂

∂ρ
Qni(ρ) − Pni(ρ)

)
υi(ρ) = 0, (10)

n = 1, 2, . . . , N1; N1 < ∞,(
∂2

∂ρ2
− 1

ρ2

(
4λn(ρ) +

15
4

)
− V3 (ρ) + E

)
υn(ρ)+

+
N1∑
i=1

(
Qni(ρ)

∂

∂ρ
+

∂

∂ρ
Qni (ρ) − Pni(ρ)

)
υi(ρ) = 0. (11)
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‚ Ê· ¢´¥´¨ÖÌ (10), (11)

Qni =
〈
ϕn

∣∣∣∂ϕi

∂ρ

〉
; Pni =

〈∂ϕn

∂ρ

∣∣∣∂ϕi

∂ρ

〉
; εn =

4
ρ2

λn.

“· ¢´¥´¨Ö (10) ¨ (11) ¥¸ÉÓ μ¸´μ¢´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö μ¶·¥¤¥²¥´¨Ö §´ Î¥´¨°
´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° υn(ρ).

� ¸¸³μÉ·¨³ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (11), μ´  ¨³¥¥É É ±μ° ¦¥ ¢¨¤, ± ± ¨ ¸¨-
¸É¥³  (10), ¸ ´¥¡μ²ÓÏ¨³¨ ¨§³¥´¥´¨Ö³¨

( ∂2

∂ρ2
−
( 15

4ρ2
+ εn(ρ) + V3(ρ)

)
+ E

)
υn(ρ)+

+
N1∑
i=1

(
Qni(ρ)

∂

∂ρ
+

∂

∂ρ
Qni (ρ) − Pni(ρ)

)
υi(ρ) = 0, (12)

n = 1, 2, . . . , N1; N1 < ∞.

‘¨¸É¥³  Ê· ¢´¥´¨° (12) ¤²Ö ± ¦¤μ£μ n ·¥Ï ¥É¸Ö μÉ¤¥²Ó´μ, ´ Î¨´ Ö ¸ n = 1
¨ É. ¤. ‚Éμ· Ö ¶·μ¨§¢μ¤´ Ö (∂2υn (ρ))/∂ρ2 § ³¥´Ö¥É¸Ö ±μ´¥Î´μ° · §´μ¸ÉÓÕ:

∂2υn(ρ)
∂ρ2

= (υn+1 − 2υn + υn−1) /h2, (12′)

h = ρk−1 − ρk, ρk+1 = ρk + h, ρk = ρ1 + (k − 1)h,

ρ1 � ρk � ρN ,

εn(ρk) § ¤ ´μ É ¡²¨Î´μ; Qni (ρk) ¨ Pni(ρk) Å É ¡²¨ÍÒ.
„²Ö n = 1, N1 = 1, Ô±¸É·¥³μ- ¤¨ ¡ É¨Î¥¸±μ¥ ¶·¨¡²¨¦¥´¨¥[ d2

dρ2
− 15

4ρ2
− ε1(ρ) − P11(ρ) − V3(ρ) + E

]
υ1(ρ) = 0; Q11(ρ) = 0. (13)

„²Ö n = 2, N1 = 1,[ d2

dρ2
− 15

4ρ2
− ε2(ρ) − P22(ρ) − V3(ρ) + E

]
υ2(ρ) = 0 (14)

¶·¨ υ2 (0) = υ2(∞) = 0. (14′)
„²Ö n = 3[ d2

dρ2
− 15

4ρ2
− ε3(ρ) − V3(ρ) + E

]
υ3(ρ)+

[−6pt] +
N1∑
i=1

(
Q3i(ρ)

d

dρ
+

∂

∂ρ
Q3i(ρ) − P3i(ρ)

)
υi(ρ) = 0 (15)

¨ É. ¤. ¤²Ö n = 4, . . . ¶·¨ Ê¸²μ¢¨¨ (14′)
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ˆ§ Ê· ¢´¥´¨Ö (14) μ¶·¥¤¥²Ö¥³ E, ± ± ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥, ¨ · ¤¨ ²Ó´ÊÕ
ËÊ´±Í¨Õ υ2(ρ) ¤²Ö ¤¨¸±·¥É´ÒÌ §´ Î¥´¨° ρk.

‘Éμ²¡ÍÒ ³ É·¨ÍÒ (9′′′) μ¡· §ÊÕÉ ´¥μ¡Ìμ¤¨³Ò¥ Î¨¸²¥´´Ò¥ §´ Î¥´¨Ö É¥·-
³μ¢ εn(ρ). ˆ§ Ê· ¢´¥´¨Ö (14) ¶·¨ μ¡μ§´ Î¥´¨¨ υ2 (ρk) = υk, ¨¸¶μ²Ó§ÊÖ
§ ³¥´Ê (12′), ¶μ²ÊÎ ¥³ ±μ´¥Î´μ-· §´μ¸É´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ´¥¨§¢¥¸É´ÒÌ υk ¨
¤²Ö μ¶·¥¤¥²¥´¨Ö E:

− [υk+1 − 2υk + υk−1] /h2+
[
15
4

1
ρ2

k

+ ε2 (ρk) + P22 (ρk) + V3 (ρk)
]

υk = Eυk.

(16)
�μ¸²¥ ¶·¨¢¥¤¥´¨Ö ¶μ¤μ¡´ÒÌ Î²¥´μ¢ Ê· ¢´¥´¨¥ (16) ¶·¨´¨³ ¥É ¢¨¤

−υk−1 +
[(

15
4

1
ρ2

k

+ εk
2 + P k

22 + V k
3

)
h2 + 2

]
υk − υk+1 = λh2υk, (17)

£¤¥ μ¡μ§´ Î¥´μ εk
2 = ε2 (ρk) ; P k

22 = P22 (ρk) ; V k
3 = V3 (ρk) ¨[(

15
4

1
ρ2

k

+ εk
2 + P k

22 + V k
3

)
h2 + 2

]
= ck, E = λ.

„²Ö k = 1, . . . , N ¨³¥¥³ ¸¨¸É¥³Ê ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°:

k = 1 −→
k = 2 −→
k = 3 −→

. . .
k = N −→

∣∣∣∣∣∣∣∣∣∣
c1υ1 − υ2 = λh2υ1,

−υ1 + c2υ2 − υ3 = λh2υ2,
−υ2 + c3υ3 − υ4 = λh2υ3,

. . . . . . . . . . . .
−υN−1 + cNυN = λh2υN .

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
. (18)

„²Ö ¸¨¸É¥³Ò (18) ¢¥±Éμ· υ = (υ1, υ2, . . . , υN ) ¨ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö λ
Ö¢²ÖÕÉ¸Ö ´¥¨§¢¥¸É´Ò³¨.

…¸²¨ ¢¢¥¸É¨ μ¡μ§´ Î¥´¨Ö:

A =

∣∣∣∣∣∣∣∣∣∣
c1, −1, 0 . . . , 0
−1, c2, −1, . . . , 0
0, −1, c3, . . . , 0
. . . . . . . . .
0, 0, . . . ,−1, cN

∣∣∣∣∣∣∣∣∣∣
, S =

∣∣∣∣∣∣∣∣∣∣
h2, 0, 0, . . . , 0
0, h2, 0, . . . , 0
0, 0, h2 . . . , 0
. . . . . . . . .
0, 0, 0, . . . , h2

∣∣∣∣∣∣∣∣∣∣
, (19)

Éμ ¸¨¸É¥³  (18) ¡Ê¤¥É
Aυ = λSυ, (20)

A Å É·¥Ì¤¨ £μ´ ²Ó´ Ö ³ É·¨Í ; S Å ¥¤¨´¨Î´ Ö ¤¨ £μ´ ²Ó´ Ö ³ É·¨Í ; λ Å
¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö.

Œ É·¨Î´μ¥ Ê· ¢´¥´¨¥ (20) ¥¸ÉÓ μ¡μ¡Ð¥´´ Ö  ²£¥¡· ¨Î¥¸± Ö § ¤ Î  ´ 
¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö.
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Œ¨´¨³ ²Ó´μ¥ §´ Î¥´¨¥ λ ¥¸ÉÓ ¨¸±μ³ Ö ¢¥²¨Î¨´  E ¤²Ö Ê· ¢´¥´¨Ö (5′), ¨
¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¸μ¡¸É¢¥´´Ò° ¢¥±Éμ· υ2 ¥¸ÉÓ Î¨¸²¥´´μ¥ §´ Î¥´¨¥ υ2(ρ) =
(υ2 (ρ1) , υ2 (ρ2) , . . . , υ2 (ρN )). �·¨ ·¥Ï¥´¨¨ Ê· ¢´¥´¨Ö (20) ¨¸¶μ²Ó§μ¢ ² ¸Ó
¸¨¸É¥³  ¸É. ¶/¶ IMSL [9].

�¢Éμ· ¢Ò· ¦ ¥É ¨¸±·¥´´ÕÕ ¡² £μ¤ ·´μ¸ÉÓ §  ¢´¨³ ´¨¥ ± · ¡μÉ¥ �. ‚. Œ -
²ÒÌ, ‘.ˆ. ”¥¤μÉμ¢Ê, �.ˆ. Š ·É ¢Í¥¢Ê,   É ±¦¥ ¢¸¥³ ¸²ÊÏ É¥²Ö³ ¸¥³¨´ · 
¶μ ¢ÒÎ¨¸²¨É¥²Ó´μ° ³ É¥³ É¨±¥ ‹ˆ’ �ˆŸˆ.
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