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Examination of Unitarity Condition (Positive Deˇniteness
of Expression for Transition Probabilities) at Three Neutrino
Oscillations in Vacuum

This work has shown that at strict fulˇlment of condition Δm2
13 = Δm2

12 +
Δm2

23 the expression for probability of νe → νe transitions Pνe→νe(t) is positively
deˇned at every value of θ and β, while at any arbitrarily small deviation from this
condition it becomes negative. In order to make this expression positively deˇned
for probability transitions, it is necessary to put a limitation on angle mixing β at
ˇxed value of θ = 32.45◦ (i. e., the value for β must be β � 15 ÷ 17◦).

The investigation has been performed at the Laboratory of Particle Physics, JINR.
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INTRODUCTION

The suggestion that in analogy with K0, K̄0 oscillations there could be
neutrinoÄantineutrino oscillations (ν → ν̄), was considered by Pontecorvo [1]
in 1957. It was subsequently considered by Maki et al. [2] and Pontecorvo [3]
that there could be mixings (and oscillations) of neutrinos of different �avors
(i. e., νe → νμ transitions).

In the general case there can be two schemes (types) of neutrino mixings
(oscillations): mass mixing schemes and charge mixings scheme (as it takes
place in the vector dominance model or vector boson mixings in the standard
model of electroweak interactions) [4].

In the scheme of charge mixings the oscillation parameters are expressed
through weak interaction couple constants (charges) and neutrino masses [4].

In the both cases the neutrino mixing matrix V can be given [4] in the
following convenient form proposed by Maiani [6] (θ = θ12, β = θ13, γ = θ23):

V =

⎛
⎝

1 0 0
0 cγ sγ

0 −sγ cγ

⎞
⎠

⎛
⎝

cβ 0 sβ exp(−iδ)
0 1 0

−sβ exp(iδ) 0 cβ

⎞
⎠

⎛
⎝

cθ sθ 0
−sθ cθ 0
0 0 1

⎞
⎠,

(1)
where

ceμ = cos θ, seμ = sin θ, c2
eμ + s2

eμ = 1;

ceτ = cosβ, seτ = sinβ, c2
eτ + s2

eτ = 1;

cμτ = cos γ, sμτ = sinγ, c2
μτ + s2

μτ = 1;

exp(iδ) = cos δ + i sin δ.

Using the above matrix V , we can connect the wave functions of physical
neutrino states Ψνe , Ψνμ , Ψντ with the wave functions of intermediate neutrino
states Ψν1 , Ψν2 , Ψν3 and write it down in a component-wise form [5]:

Ψνl
=

3∑
k=1

V ∗
νlνk

Ψνk
,

Ψνk
=

3∑
k=l

Vνkνl
Ψνl

, l = e, μ, τ, k = 1 ÷ 3, (2)
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where Ψνk
is a wave function of neutrino with momentum p and mass mk.

We suppose that neutrino mixings (oscillations) are virtual if neutrinos have
different masses (if we suppose that these transitions are real, as it is supposed
in the standard theory of neutrino oscillations, then it is necessary to accept that
expression (2) is based on a supposition that masses difference of νk neutrinos
is so small that coherent neutrino states are formed in the weak interactions
(computation has shown that this condition is not fulˇlled, i. e., neutrino as wave
packet is unstable and decays)).

Ψνk
(t) = e−iEktΨνk

(0). (3)

Then

Ψνl(t) =
3∑

k=1

e−iEktV ∗
νlνk

Ψνk
(0). (4)

Using unitarity of matrix V or expression (2) we can rewrite expression (4) in
the following form:

Ψνl
(t) =

∑
l′=e,μ,τ

3∑
k=1

Vνl′νk
e−iEktV ∗

νlνk
Ψνl′(0)

, (5)

and introducing symbol bνlνl′ (t)

bνlνl′ (t) =
3∑

k=1

Vνl′νk
e−iEktV ∗

νlνk
, (6)

we obtain

Ψνl
(t) =

∑
l′=e,μ,τ

bνlνl′ (t)Ψνl′ (0), (7)

where bνlνl′ (t) is the amplitude of transition probability Ψνl
→ Ψνl′ .

And the corresponding expression for transition probability Ψνl
→ Ψνl′ is

Pνlνl′ (t) =|
3∑

k=1

Vν′
l
νk

e−iEktV ∗
νlνk

|2 . (8)

Using expression (8) in work [6] the amplitudes and expression for probability
of three neutrino transitions (oscillations) for all interesting cases (i. e., for νe →
νe, νμ, ντ , νμ → νe, νμ, ντ , ντ → νe, νμ, ντ ) were obtained. In these works, an
examination was done: is the expression for probability of νe ↔ νe neutrino
transitions Pνeνe

Pνe→νe(t) = 1 − cos4(β)sin2(2θ)sin2(−t(E1 − E2)/2)−
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−cos2(θ)sin2(2β)sin2(−t(E1 − E3)/2)− (9)

−sin2(θ)sin2(2β)sin2(−t(E2 − E3)/2)

positive deˇnite value at all values for β, θ, E1, E2, E3 and t? It was shown
that at arbitrary values of the parameters this expression for probability is not a
positive deˇnite value. Then, to make this expression for probability positively
deˇned, it is necessary to put limitation on values of these parameters.

This work continues the study of this question.

1. EXAMINATION OF POSITIVE DEFINITENESS OF THE EXPRESSION
FOR PROBABILITY Pνe→νe(t) TRANSITIONS

The aim of this work is to examine positive deˇniteness of the expression
for probability Pνe→νe(t) transitions (expr. (9)). For this purpose, we will fulˇll
graphical modelling of this function. This expression contains 7 parameters Å
θ, β, Δm2

12, Δm2
23, Δm2

13, t, Eνe � pνec. There is one connection between
neutrino masses Δm2

13 = Δm2
12 + Δm2

23, therefore this expression contains
only 6 independent parameters. Obtaining the extremums of this expression in
the general case is a serious problem. Instead of it we decided to simplify this
problem and used the following values for parameters obtained in the experiments:

sin2(2θνeνμ) ∼= 0.83, θ = 32.45◦, Δm2
12 = 8.3 · 10−5eV2, (10)

in [7] and

sin2(2γνμντ ) ∼= 1, γ ∼=
π

4
, Δm2

23 = 2.5 · 10−3eV2, (11)

in [8]. Value for Eνe is free. We expressed all lengths of oscillations through
the length of oscillations determined by ν1, ν2 masses. The values of Δm2

13 =
Δm2

12 + Δm2
23 are 2.583 · 10−3eV2, and 2.417 · 10−3eV2.

Thus, in expression (9) there is remained dependence only of two parameters
β and t, and then for the ˇrst case Δm2

13 = 2.583 · 10−3eV2 this expression can
be rewritten in the following form:

Pνe→νe(t) = 1 − cos4(β)sin2(2θ)sin2(R/L12)−

−cos2(θ)sin2(2β)sin2(30.120R/L12)− (12)

−sin2(θ)sin2(2β)sin2(31.120R/L12),

where L12 = 1.27
cpνe

Δm2
12

is the length of oscillations determined by ν1, ν2 neu-

trino masses, and then lengths of oscillations determined by ν1, ν3 and ν2, ν3
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Fig. 1. Pνe→νe(t) at θ = 32.45◦, β = 15◦

Fig. 2. Pνe→νe(t) at θ = 32.45◦, β = 25◦

neutrino masses are expressed through L12 oscillations length of ν1, ν2 neutrinos
(2.510−3/8.310−5 = 30.120, 2.58310−3/8.310−5 = 31.120), and R is a distance
from the neutrino source.
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Fig. 3. Pνe→νe(t) at θ = 32.45◦, β = 35◦

Fig. 4. Pνe→νe(t) at θ = 32.45◦, β = 45◦

We fulˇlled modelling of this expression for β = 10, 15, 20, 25, 30, 35, 40,
45, 50, 55◦ for t = 0 ÷ 4π for the two above-mentioned cases when Δm2

13 =
2.583 · 10−3eV2, and 2.417 · 10−3eV2. The check has conˇrmed that for all the
above cases the unitarity condition is fulˇlled (i. e., Pνe→νe(t) � 0).
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Fig. 5. Pνe→νe(t) at θ = 32.45◦, β = 45◦, (31.120 → 31.320)

Fig. 6. P (νe → νe)(t) at θ = 32.45◦, β = 10◦, (L13/L12 = 0.12)

Figures 1Ä4 show modelling of probability of Pνe→νe(t) for β = 15, 25, 35,
45◦ at Δm2

13 = 2.583 · 10−3eV2 . From these ˇgures it is seen that the unitarity
condition is fulˇlled when we take precision values (relations) for lengths of
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Fig. 7. P (νe → νe)(t) at θ = 32.45◦, β = 30◦, (L13/L12 = 0.12)

Fig. 8. P (νe → νe)(t) at θ = 32.45◦, β = 10◦, (L13/L12 = 0.69)

oscillations (i. e., the condition Δm2
13 = Δm2

12 + Δm2
23 is strongly fulˇlled). At

an arbitrary small deviation from the precision values (relations) for lengths of
oscillations the unitarity condition is violated as it is well seen in Fig. 5 (β = 45◦,
31.120 → 31.320), and then to fulˇl this condition, it is necessary to apply the
limitation on angle β.
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Fig. 9. P (νe → νe)(t) at θ = 32.45◦, β = 30◦, (L13/L12 = 0.69)

Fig. 10. P (νe → νe)(t) at θ = 32.45◦, β = 10◦, (L13/L12 = 10)

In the previous work [9] there was graphical modelling of this function
(9) by using the following values for [7] θ = 32.45◦, Δm2

12 = 8.3 · 10−5eV2

and for [8] Δm2
23 = 2.5 · 10−3eV2, for the cases when Δm2

13 = 10−5eV2
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Fig. 11. P (νe → νe)(t) at θ = 32.45◦, β = 30◦, (L13/L12 = 10)

(L13/L12 = 0.12), 5.7·10−5eV2 (L13/L12 = 0.69), 8.3·10−4eV2 (L13/L12 =
10) (for checking) for different values of β = 10 ÷ 45◦ and it was established
that the value for Pνe→νe(t) becomes a positively deˇned value at β � 15 ÷ 17◦

(Pνe→νe(t) � 0 at some values of t). Figures 6Ä11 show results of modelling for
β = 10◦, β = 30◦ for the above-indicated three cases. From these ˇgures we see
that at β = 10◦ the unitarity condition is fulˇlled, while this condition is violated
at β = 30◦.

So, we see that at strict fulˇllment of condition Δm2
13 = Δm2

12 + Δm2
23,

the expression for probability of νe → νe transitions P (νe → νe)(t) is positively
deˇned, while at any deviation from this condition in order to make this expression
for probability positively deˇned, it is necessary to put a limitation on angle
mixing β (i. e., the value for β must be β � 15 ÷ 17◦).

CONCLUSION

The numeral value of sum Sum of coefˇcients in expression (9) connected
with mixings

Sum = cos4(β)sin2(2θ) + cos2(θ)sin2(2β) + sin2(θ)sin2(2β)

is larger than one (for example, for θ = 32.45◦, β = 45◦, Sum = 1.2053). In
order to do the values of Pνe→νe(t) positively deˇned, the maxima of oscillation
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components of this expression do not have to coincide. Examination has shown
that for all the considered cases this condition is fulˇlled.

This work has shown that at strict fulˇllment of condition Δm2
13 = Δm2

12 +
Δm2

23 the expression for probability of νe → νe transitions Pνe→νe(t) is positively
deˇned at every value of θ and β, while at any arbitrarily small deviation from
this condition it becomes negative, and then in order to make this expression for
probability positively deˇned it is necessary to put a limitation on angle mixing
β at ˇxed value of θ = 32.45◦ (i. e., the value for β must be β � 15 ÷ 17◦).
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