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[ToK 3 HO, YTO NPU CTPOTOM BHINONHEHUU ycioBus Ami, = Am?y+Am3, Bep -
Xenue st BepostHoctd P, ., (t) 1pu v, — V. nepexojie SBISETCs MOJI0XUTENBHO
OIpeNeSICHHOW BEJIMYUHOUN IpH JIIOOBIX 3H YeHHSX 6 u [3, XOTs MpH JI0OBIX CKOJIb-
HUOYIIb M JIBIX OTKJIOHEHHSAX OT 3TOTO YCJIOBHS OH CT HOBHTCS OTPHI] TEIbHON BEJH-
yuHOU. Tora , Iy1st TOro 4ToObI CIeNT Th TO BBIP XEHUE JUIs BEPOSITHOCTH MEPEXOI0B
MOJIOXHUTENBLHO OIPE/IeSICHHON BEJIMYMHOM, HEOOXOIUMO H JIOXKHUTh OTp HUYEHHE H
yroj 3 mpu YCT HOBJIGHHOM 3H YeHuH mid yr1 6 = 32,45° (T.e. 3H YeHHe Juisd yri
cMemuB HUsd [ JOIKHO ObiTh B < 15+ 17°).
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Examination of Unitarity Condition (Positive Definiteness

of Expression for Transition Probabilities) at Three Neutrino

Oscillations in Vacuum

This work has shown that at strict fulfilment of condition Am?; = Am?, +
Am3, the expression for probability of v, — v, transitions P, ., (t) is positively
defined at every value of # and (3, while at any arbitrarily small deviation from this
condition it becomes negative. In order to make this expression positively defined
for probability transitions, it is necessary to put a limitation on angle mixing 3 at
fixed value of 6 = 32.45° (i.e., the value for 8 must be § < 15+ 17°).

The investigation has been performed at the Laboratory of Particle Physics, JINR.
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INTRODUCTION

The suggestion that in analogy with K°, K° oscillations there could be
neutrino—antineutrino oscillations (v — v), was considered by Pontecorvo [1]
in 1957. It was subsequently considered by Maki et al. [2] and Pontecorvo [3]
that there could be mixings (and oscillations) of neutrinos of different flavors
(i.e., v, — v, transitions).

In the general case there can be two schemes (types) of neutrino mixings
(oscillations): mass mixing schemes and charge mixings scheme (as it takes
place in the vector dominance model or vector boson mixings in the standard
model of electroweak interactions) [4].

In the scheme of charge mixings the oscillation parameters are expressed
through weak interaction couple constants (charges) and neutrino masses [4].

In the both cases the neutrino mixing matrix V' can be given [4] in the
following convenient form proposed by Maiani [6] (6 = 012, 3 = 613,77 = O23):

1 0 0 cs 0 sgexp(—id) co s9 0
V= 0 Cy Sry 0 1 0 —Sp Cp 0 y
0 —sy cy —sgexp(id) O cg 0 0 1

(1)

where
Cep = €088, Sy =sind, cgu + sgu =1;
Cor = €083, Ser =sinfl, 2 +s2 =1,
Cyr = COS7Y, Sur = sinvy, cf” + sf” =1;
exp(id) = cosd + isind.

Using the above matrix V, we can connect the wave functions of physical
neutrino states ¥, , ¥, W, with the wave functions of intermediate neutrino
states ¥, , ¥,,, ¥,, and write it down in a component-wise form [5]:

3
*
\IIVL = E Vyluk\:[ll/w
k=1

3
vy, = Zvukuz\pvw l=ep,T, k=1=+3, (2)
k=l



where W, is a wave function of neutrino with momentum p and mass my.
We suppose that neutrino mixings (oscillations) are virtual if neutrinos have
different masses (if we suppose that these transitions are real, as it is supposed
in the standard theory of neutrino oscillations, then it is necessary to accept that
expression (2) is based on a supposition that masses difference of v}, neutrinos
is so small that coherent neutrino states are formed in the weak interactions
(computation has shown that this condition is not fulfilled, i.e., neutrino as wave
packet is unstable and decays)).

U, (t) = e P, (0). (3)
Then 5
\IIVz(t) = ZeiiEktVth/k\Iij (0) (4)
k=1

Using unitarity of matrix V' or expression (2) we can rewrite expression (4) in
the following form:

3
V()= 3 > Veone VL W), (5)
U'=e,pu,m k=1

and introducing symbol b,,,,, (t)

szl/u (t) = Z Vvlwke_iEktVu’:ukv (6)

3
k=1

we obtain

\I/l/l (t) - Z bul vyr (t)\pul/ (0)7 (7)
U'=e,pu,T
where b,,,,, (t) is the amplitude of transition probability ¥,, — ¥,,,.
And the corresponding expression for transition probability ¥, — ¥, is

3
Plfll’l/(t) :| ZVV{VkeizEktVVtuk |2 . (8)
k=1

Using expression (8) in work [6] the amplitudes and expression for probability
of three neutrino transitions (oscillations) for all interesting cases (i.e., for v, —
Ve, Uy, Vry Vy = Ve, Vpy, Vr, Uy — Ve, Vy, Vr) Were obtained. In these works, an
examination was done: is the expression for probability of v, < v, neutrino
transitions P,

Py, ... (1) =1 — cos*(B)sin?(20)sin?(—t(E; — E2)/2)—



—cos?()sin? (283)sin? (—t(Ey — F3)/2)— (9)
—sin?()sin?(283)sin? (—t(Ey — F3)/2)

positive definite value at all values for (3,0, F1, Fo, E5 and t? It was shown
that at arbitrary values of the parameters this expression for probability is not a
positive definite value. Then, to make this expression for probability positively
defined, it is necessary to put limitation on values of these parameters.

This work continues the study of this question.

1. EXAMINATION OF POSITIVE DEFINITENESS OF THE EXPRESSION
FOR PROBABILITY P, _., (t) TRANSITIONS

The aim of this work is to examine positive definiteness of the expression
for probability P, _.,, (t) transitions (expr. (9)). For this purpose, we will fulfill
graphical modelling of this function. This expression contains 7 parameters —
0, 3, Am3,, Am3,, Am3,, t, E,, =~ p,.c. There is one connection between
neutrino masses Am?; = Am?, + Am3;, therefore this expression contains
only 6 independent parameters. Obtaining the extremums of this expression in
the general case is a serious problem. Instead of it we decided to simplify this
problem and used the following values for parameters obtained in the experiments:

sin®(20,,,,) =2 0.83, 0 =232.45°, Ami, =83 10 eV, (10)

in [7] and
T

47

12

sin® (29,0, ) 21, v Am3, =2.5-107%eV?, (11)
in [8]. Value for E,, is free. We expressed all lengths of oscillations through
the length of oscillations determined by v, masses. The values of Am?2; =
Am?, + Am3, are 2.583 - 107 %eV?, and 2.417 - 10~ 3eV>.

Thus, in expression (9) there is remained dependence only of two parameters
(3 and t, and then for the first case Am?; = 2.583 - 10~3eV? this expression can
be rewritten in the following form:

P, ... (t) =1 — cos*(B)sin*(20)sin® (R/L12)—

—cos?(0)sin?(23)sin?(30.120R/ L12)— (12)
—sin?()sin?(23)sin?(31.120R/ L12),

CPu.
Am?3,
trino masses, and then lengths of oscillations determined by v1,v3 and vs, v

where L5 = 1.27

is the length of oscillations determined by v, 5 neu-
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Fig. 2. P, ., (t) at 6 = 32.45°, 3 = 25°

neutrino masses are expressed through L5 oscillations length of v, v neutrinos
(2.51073/8.310~° = 30.120, 2.5831073/8.310~5 = 31.120), and R is a distance
from the neutrino source.
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Fig. 4. P, ., (t) at 0 = 32.45°, 3 = 45°

We fulfilled modelling of this expression for § = 10, 15, 20, 25, 30, 35, 40,
45, 50, 55° for t = 0 + 47 for the two above-mentioned cases when Am?, =
2.583-1073eV?, and 2.417 - 10~3eV?2. The check has confirmed that for all the
above cases the unitarity condition is fulfilled (i.e., P, _.,,_(t) > 0).
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Fig. 5. Py, .. (1) at § = 32.45° 8 = 45°, (31.120 — 31.320)
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Fig. 6. P(ve — ve)(t) at 6 = 32.45°, 8 = 10°, (L13/L12 = 0.12)

Figures 1-4 show modelling of probability of P, _,,.(t) for § = 15,25, 35,
45° at Am?, = 2.583 - 103eV? . From these figures it is seen that the unitarity
condition is fulfilled when we take precision values (relations) for lengths of
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Fig. 8. P(ve — ve)(t) at 0 = 32.45°, 3 = 10°, (L1s/L12 = 0.69)

oscillations (i. e., the condition Am?; = Am3, + Am3, is strongly fulfilled). At
an arbitrary small deviation from the precision values (relations) for lengths of
oscillations the unitarity condition is violated as it is well seen in Fig. 5 (8 = 45°,
31.120 — 31.320), and then to fulfil this condition, it is necessary to apply the
limitation on angle .
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Fig. 10. P(l/e — I/e)(t) at 0 = 32.45O,ﬁ = 1007 (L13/L12 = 10)

In the previous work [9] there was graphical modelling of this function
(9) by using the following values for [7] § = 32.45°, Am?, = 8.3 - 10 %eV?
and for [8] Am3; = 2.5 107%eV?, for the cases when Am?, = 10~ %eV?
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Fig. 11. P(Z/E — Z/E)(t) at 0 = 32.45o,ﬁ = 300, (L13/L12 = 10)

(Li3/L1a = 0.12), 5.7:107%eV? (L13/L12 = 0.69), 8.3:10~%eV? (L13/L1s =
10) (for checking) for different values of § = 10 <+ 45° and it was established

that the value for P,__,,, (t) becomes a positively defined value at § < 15+ 17°

(P, -, (t) ~ 0 at some values of t). Figures 6-11 show results of modelling for

B =10°, 8 = 30° for the above-indicated three cases. From these figures we see

that at 5 = 10° the unitarity condition is fulfilled, while this condition is violated

at § = 30°.

So, we see that at strict fulfillment of condition Am?; = Am?, + Am3,,
the expression for probability of v, — v, transitions P(v, — v.)(t) is positively
defined, while at any deviation from this condition in order to make this expression
for probability positively defined, it is necessary to put a limitation on angle
mixing (3 (i.e., the value for § must be 3 < 15 = 17°).

CONCLUSION

The numeral value of sum Sum of coefficients in expression (9) connected
with mixings

Sum = cos*()sin?(26) + cos?()sin?(23) + sin’(6)sin?(23)

is larger than one (for example, for § = 32.45°, 3 = 45°, Sum = 1.2053). In
order to do the values of P, _,,, (t) positively defined, the maxima of oscillation

9



components of this expression do not have to coincide. Examination has shown
that for all the considered cases this condition is fulfilled.

This work has shown that at strict fulfillment of condition Am?; = Am?, +
Am3, the expression for probability of v, — v, transitions P, ., (t) is positively
defined at every value of # and 3, while at any arbitrarily small deviation from
this condition it becomes negative, and then in order to make this expression for
probability positively defined it is necessary to put a limitation on angle mixing
0 at fixed value of 6§ = 32.45° (i.e., the value for 8 must be § < 15+ 17°).
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