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�¥´μ·³-£·Ê¶¶  �μ£μ²Õ¡μ¢ 

‘É ÉÓÖ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° μÉ¤¥²Ó´ÊÕ ¶Ê¡²¨± Í¨Õ „μ¶μ²´¥´¨Ö ± Éμ³Ê X 12-Éμ³´μ£μ ‘μ¡· ´¨Ö
É·Ê¤μ¢ �.�. �μ£μ²Õ¡μ¢ , ¨§¤ ¢ ¥³μ£μ ± ¥£μ 100-²¥É¨Õ. �´  ¸μ¤¥·¦¨É ¶¥¤ £μ£¨Î¥¸±¨° μ¡§μ· ¶μ
μ¸´μ¢ ³ ·¥´μ·³ ²¨§ Í¨μ´´μ° £·Ê¶¶Ò ¢ Ëμ·³Ê²¨·μ¢±¥, ¢μ¸Ìμ¤ÖÐ¥° ± É·Ê¤ ³ Œ ·¨Ê¸  ‘μËÊ¸  ‹¨
±μ´Í  XIX ¸Éμ²¥É¨Ö. �¥´μ·³-£·Ê¶¶  É· ±ÉÊ¥É¸Ö ± ± £·Ê¶¶  ±μ´¥Î´ÒÌ ´¥¶·¥·Ò¢´ÒÌ ¶·¥μ¡· §μ¢ ´¨°
‹¨,   ²¥¦ Ð Ö ¢ ¥¥ μ¸´μ¢¥ ¸¨³³¥É·¨Ö Å ± ± ÉμÎ´ Ö ¸¨³³¥É·¨Ö Î ¸É´μ£μ ·¥Ï¥´¨Ö. ˆ³¥´´μ É ± Ö
ÉμÎ±  §·¥´¨Ö ¡Ò²  μ¸´μ¢μ° · ¡μÉ �.�. �μ£μ²Õ¡μ¢  ¸¥·¥¤¨´Ò 1950-Ì ££., ¨ ³Ò ¨¸¶μ²Ó§Ê¥³ É¥·³¨´
®¡μ£μ²Õ¡μ¢¸± Ö ·¥´μ·³-£·Ê¶¶ ¯.

�μ¤μ¡´Ò° ¢§£²Ö¤ ´  ·¥´μ·³-£·Ê¶¶Ê, μ¸¢μ¡μ¦¤ Ö ¥¥ μÉ  ¸¸μÍ¨ Í¨° ¸ ¶·μÍ¥¤Ê·μ° ¶¥·¥´μ·³¨·μ¢±¨
Ê²ÓÉ· Ë¨μ²¥Éμ¢ÒÌ · ¸Ìμ¤¨³μ¸É¥°, μ¡²¥£Î ¥É ¢μ¸¶·¨ÖÉ¨¥ μ¸´μ¢ ¨ ³¥Éμ¤  ·¥´μ·³-£·Ê¶¶Ò �μ£μ²Õ¡μ¢ 
¢ ±¢ ´Éμ¢μ° É¥μ·¨¨,   É ±¦¥ ¶μ³μ£ ¥É ÊÖ¸´¨ÉÓ ¥¥ ¸·μ¤¸É¢μ ¨ · §²¨Î¨¥ ¸ ¶·¨¡²¨¦¥´´μ° ¶μ²Ê£·Ê¶-
¶μ° ‚¨²Ó¸μ´  ¢ É¥μ·¨¨ ±·¨É¨Î¥¸±¨Ì Ö¢²¥´¨° ¨ ¤·Ê£¨³¨ ¶μ¸É·μ¥´¨Ö³¨, Ê¶μÉ·¥¡²ÖÕÐ¨³¨ ¸Ìμ¤´ÊÕ
É¥·³¨´μ²μ£¨Õ. �·¨¢μ¤ÖÉ¸Ö ´¥¸±μ²Ó±μ ¶·μ¸ÉÒÌ ¶·¨³¥·μ¢ ¨§ ±² ¸¸¨Î¥¸±μ° Ë¨§¨±¨.

‡ ±²ÕÎ¨É¥²Ó´Ò° · §¤¥² ¸μ¤¥·¦¨É ±μ´¸¶¥±É¨¢´Ò° μ¡§μ· É·¥Ì ´¥¤ ¢´μ (¢ 1980-¥Ä1990-¥ ££.) ¢μ§-
´¨±Ï¨Ì ´ ¶· ¢²¥´¨° · §¢¨É¨Ö ¡μ£μ²Õ¡μ¢¸±μ° ·¥´μ·³-£·Ê¶¶Ò:

Å ³ ¸¸-§ ¢¨¸¨³μ° ·¥´μ·³-£·Ê¶¶Ò ¢ μ±·¥¸É´μ¸É¨ ¶μ·μ£μ¢ ¶·¨³¥´¨É¥²Ó´μ ± ´Ê¦¤ ³ ‘É ´¤ ·É´μ°
³μ¤¥²¨,

Å ¸¢μ¡μ¤´μ° μÉ ´¥Ë¨§¨Î¥¸±¨Ì ¸¨´£Ê²Ö·´μ¸É¥°  ´ ²¨É¨Î¥¸±μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¢ ±¢ ´Éμ¢μ°
Ì·μ³μ¤¨´ ³¨±¥,

Å ³¥Éμ¤  ·¥´μ·³-£·Ê¶¶μ¢ÒÌ ¸¨³³¥É·¨° ¤²Ö Ê²ÊÎÏ¥´¨Ö ·¥Ï¥´¨° ±· ¥¢ÒÌ § ¤ Î ³ É¥³ É¨Î¥¸±μ°
Ë¨§¨±¨.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¨³. �.�. �μ£μ²Õ¡μ¢  �ˆŸˆ.

‘μμ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2008

�¥·¥¢μ¤  ¢Éμ· 

Shirkov D.V. P2-2008-107
The Bogoliubov Renorm-Group

This is a separate publication of the Supplement to volume X of ‘ollected Works (in 12 volumes)
by N.N. Bogoliubov devoted to his 100th birthday. The paper contains a propaedeutic review of the
renormalization group fundamentals in the form ascending to Marius Sophus Lie treatise of the end
of the 19th century. This standpoint treats renormalization group as a continuous Lie group of ˇnite
transformations, with the underlying symmetry being an exact symmetry of a partial solution. Just this
interpretation was put by Bogoliubov as a base of his papers of the mid-1950s. That is the reason that
we use the name ®the Bogoliubov Renorm-Group¯.

Such an approach releases the renormalization group from any association with subtracting ultraviolet
divergencies. In turn, it lightens the appreciation of foundations of the renormalization group and of the
renormalization group method in quantum theory. At the same time it helps to realize its afˇnity and
differences with approximate Wilson's semigroup in the theory of critical phenomena and with some other
constructions that employ the related terminology. We give a few simple examples from the classical
physics.

The last Section contains an overview of three recently (1980sÄ1990s) devised ˇelds of application
of the Bogoliubov Renorm-Group:

Å mass-dependent renorm-group in the threshold vicinity in the context of the Standard Model,
Å Analytic Perturbation Theory in Quantum Chromodynamics free of unphysical singularities, and
Å the ®Renorm-Group Symmetries¯ method for improvement of boundary value problem solution in

mathematical physics.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical Physics, JINR.

Communication of the Joint Institute for Nuclear Research. Dubna, 2008



1. �…���Œ-ƒ�“��� Š�Š ƒ�“��� ‹ˆ ��…����‡�‚��ˆ‰

1.1. �·μ¨¸Ìμ¦¤¥´¨¥ ¨¤¥°. ˆ¸Éμ·¨Î¥¸±μ¥ ¢¢¥¤¥´¨¥, �ƒ ¢ Š’�. �¥´μ·-
³ ²¨§ Í¨μ´´ Ö £·Ê¶¶  (�ƒ) ¡Ò²  μ¡´ ·Ê¦¥´  ¡μ²¥¥ ¶μ²Ê¢¥±  ´ § ¤ ˜ÉÕ-
±¥²Ó¡¥·£μ³ ¨ �¥É¥·³ ´μ³ [1] ¢ ´¥¤· Ì ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö (Š’�) ¶·¨
¨§ÊÎ¥´¨¨ ´¥μ¶·¥¤¥²¥´´μ¸É¥°, ¢μ§´¨± ÕÐ¨Ì ¢ ¶¥·¥´μ·³¨·μ¢ ´´ÒÌ ·¥§Ê²ÓÉ -
É Ì ¢ÒÎ¨¸²¥´¨° ¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°. �μ¸²¥¤´¨¥ ¶μ²ÊÎ ÕÉ ¢ ¨Éμ£¥ ¸²μ¦´μ°
¶·μÍ¥¤Ê·Ò ¶¥·¥´μ·³¨·μ¢μ±, ´ ¶· ¢²¥´´μ° ´  Ê¸É· ´¥´¨¥ Ê²ÓÉ· Ë¨μ²¥Éμ¢ÒÌ
(“”) · ¸Ìμ¤¨³μ¸É¥°. �  μ¸´μ¢¥ Ê¸É ´μ¢²¥´´μ° £·Ê¶¶μ¢μ° ¸É·Ê±ÉÊ·Ò ¢ ¸²¥-
¤ÊÕÐ¥° · ¡μÉ¥ [2] É¥Ì ¦¥  ¢Éμ·μ¢ ¡Ò²μ § ¶¨¸ ´μ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ £·Ê¶-
¶μ¢μ¥ Ê· ¢´¥´¨¥ ‹¨ ¢ ¸ ³μ³ μ¡Ð¥³ ¢¨¤¥. Š ¸μ¦ ²¥´¨Õ, ÔÉ¨ ¶¨μ´¥·¸±¨¥
· ¡μÉÒ ´¥ ¢Ò§¢ ²¨ ± ±μ£μ-²¨¡μ μÉ±²¨± ∗. �´¨ μ¸É ¢ ²¨¸Ó ´¥§ ³¥Î¥´´Ò³¨
¢¶²μÉÓ ¤μ ¶μÖ¢²¥´¨Ö ´¥§ ¢¨¸¨³μ£μ ¨¸¸²¥¤μ¢ ´¨Ö [3], ¢ ±μÉμ·μ³ ¡Ò²  Ê± § ´ 
£·Ê¶¶μ¢ Ö ¶·¨·μ¤  ±μ´¥Î´ÒÌ ¶¥·¥´μ·³¨·μ¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨° „ °¸μ´ 
¨ ¸Ëμ·³Ê²¨·μ¢ ´Ò £·Ê¶¶μ¢Ò¥ ËÊ´±Í¨μ´ ²Ó´Ò¥ Ê· ¢´¥´¨Ö∗∗ ¤²Ö ¶·μ¶ £ Éμ-
·μ¢ ±¢ ´Éμ¢μ° Ô²¥±É·μ¤¨´ ³¨±¨ (Š
„). ‚ Ëμ·³Ê²¨·μ¢±¥ �μ£μ²Õ¡μ¢ Ä˜ÉÕ-
±¥²Ó¡¥·£  ²¥¦ Ð Ö ¢ μ¸´μ¢¥ ·¥´μ·³-£·Ê¶¶Ò ¸¨³³¥É·¨Ö ¥¸ÉÓ ÉμÎ´μ¥ ¸¢μ°¸É¢μ
¶¥·¥´μ·³¨·μ¢ ´´μ£μ ±¢ ´Éμ¢μ-¶μ²¥¢μ£μ ·¥Ï¥´¨Ö ¤²Ö ËÊ´±Í¨° ƒ·¨´ .

�· ±É¨Î¥¸±μ¥ ¨¸¶μ²Ó§μ¢ ´¨¥ �ƒ μ± § ²μ¸Ó ¢μ§³μ¦´Ò³ ¶μ¸²¥ Éμ£μ, ± ±
�μ£μ²Õ¡μ¢Ò³ ¨ ˜¨·±μ¢Ò³ ¡Ò² ¶·¥¤²μ¦¥´ [5] ±μ´¸É·Ê±É¨¢´Ò° ³¥Éμ¤, ³¥Éμ¤
·¥´μ·³ ²¨§ Í¨μ´´μ° £·Ê¶¶Ò (Œ�ƒ), ¤μ¸É ¢²ÖÕÐ¨° ± ± ¸·¥¤¸É¢μ μ¶·¥¤¥²¥-
´¨Ö ¨¸É¨´´μ° ¸É·Ê±ÉÊ·Ò ¸¨´£Ê²Ö·´μ¸É¨ ·¥Ï¥´¨Ö, É ± ¨ ·¥£Ê²Ö·´Ò°  ²£μ·¨É³
Ê²ÊÎÏ¥´¨Ö  ¶¶·μ±¸¨³ Í¨μ´´ÒÌ ¸¢μ°¸É¢ ´μ¢μ£μ ®�ƒ-¨´¢ ·¨ ´É´μ£μ ¶¥·ÉÊ·¡ -
É¨¢´μ£μ¯ ·¥Ï¥´¨Ö ¢ μ±·¥¸É´μ¸É¨ ¸¨´£Ê²Ö·´μ¸É¨.

�  ÔÉμ° μ¸´μ¢¥ ¢ ¸¥·¥¤¨´¥ 1950-Ì ££. ¢ · ¡μÉ Ì ¤¢ÊÌ ¶μ¸²¥¤´¨Ì  ¢Éμ-
·μ¢ [5, 6] ³¥Éμ¤ ·¥´μ·³-£·Ê¶¶Ò ¡Ò² Ê¸¶¥Ï´μ ¶·¨³¥´¥´ ± ¨§ÊÎ¥´¨Õ “” ¨
¨´Ë· ±· ¸´ÒÌ (ˆŠ)  ¸¨³¶ÉμÉ¨± ±¢ ´Éμ¢μ° Ô²¥±É·μ¤¨´ ³¨±¨,   É ±¦¥ “”-
 ¸¨³¶ÉμÉ¨± [7,8] ¤¢ÊÌ§ ·Ö¤´μ° ³μ¤¥²¨ ¶¨μ´-´Ê±²μ´´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö.

‚ ¸¥³¨¤¥¸ÖÉÒÌ £μ¤ Ì •• ¢¥± , ¢¸²¥¤ §  · ¡μÉμ° ‚¨²Ó¸μ´  [9] ¶μ ¸¶¨´μ¢μ°
·¥Ï¥É±¥, ¡Ò²μ ¶μ± § ´μ, ÎÉμ �ƒ-¶μ¤Ìμ¤ ¶μ²¥§¥´ É ±¦¥ ¨ ¢ ·Ö¤¥ ¤·Ê£¨Ì · §¤¥-

∗�¥·¢ Ö ¶·¥¤¸É ¢²Ö¥É ±μ·μÉ±ÊÕ  ´´μÉ Í¨Õ,   ¢Éμ· Ö ´ ¶¨¸ ´  ´  Ë· ´ÍÊ§¸±μ³ Ö§Ò±¥.
∗∗�μ¤¸É¢¥´´Ò¥ ¶μ²ÊÎ¥´´Ò³ ƒ¥²²-Œ ´´μ³ ¨ ‹μÊ [4] ´  μ¸´μ¢¥ ¶·¨¡²¨¦¥´´μ£μ ¶μ¸É·μ¥´¨Ö,

¸¶· ¢¥¤²¨¢μ£μ ²¨ÏÓ ´  ³ ²ÒÌ · ¸¸ÉμÖ´¨ÖÌ, É. ¥. ¢ Ê²ÓÉ· Ë¨μ²¥Éμ¢μ³ ¶·¥¤¥²¥.
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²μ¢ Ë¨§¨±¨: É¥μ·¨¨ Ë §μ¢ÒÌ ¶¥·¥Ìμ¤μ¢ ¤²Ö ¡μ²ÓÏ¨Ì ¸É É¨¸É¨Î¥¸±¨Ì ¸¨¸É¥³,
É¥μ·¨¨ ¶μ²¨³¥·μ¢, ÉÊ·¡Ê²¥´É´μ¸É¨ ¨ ¶·. �¤´ ±μ ¢ ÔÉ¨Ì μ¡² ¸ÉÖÌ ¢ ¡μ²Ó-
Ï¨´¸É¢¥ ¸²ÊÎ ¥¢ ¸μ£² ¸´μ ¤ÊÌÊ · ¡μÉ ƒ¥²²-Œ ´´ Ä‹μÊ ¨ ‚¨²Ó¸μ´ , ¢ μÉ²¨Î¨¥
μÉ ÉμÎ´μ° ¸¨³³¥É·¨¨, ²¥¦ Ð¥° ¢ μ¸´μ¢¥ �ƒ ¢ Š’�, ± ± ¶· ¢¨²μ, ¨¸¶μ²Ó§μ-
¢ ² ¸Ó ¶·¨¡²¨¦¥´´ Ö ¸¨³³¥É·¨Ö; μÉ¢¥Î ÕÐ¨¥ ¥° ¶·¥μ¡· §μ¢ ´¨Ö μ¡· §ÊÕÉ
¶·¨¡²¨¦¥´´ÊÕ ¶μ²Ê£·Ê¶¶Ê∗. ‚ ´ Ï¥³ ¨§²μ¦¥´¨¨, ¤²Ö Éμ£μ ÎÉμ¡Ò ¶·μ¢¥¸É¨
Î¥É±μ¥ · §²¨Î¨¥, É¥·³¨´Ò ®·¥´μ·³-£·Ê¶¶ ¯ ¨ ®·¥´μ·³-£·Ê¶¶μ¢ Ö ¸¨³³¥É·¨Ö¯
¢¸¥£¤  μÉ´μ¸ÖÉ¸Ö ± ÉμÎ´μ³Ê ¸¢μ°¸É¢Ê ·¥Ï¥´¨Ö∗∗, ± ± ÔÉμ ¡Ò²μ Ö¸´μ ¸Ëμ·-
³Ê²¨·μ¢ ´μ ¢ · ¡μÉ Ì [3, 6] (¸³. £² ¢Ê IX ¢ ±´¨£¥ [10]) ¤²Ö Š’� ´  μ¸´μ¢¥
±μ´¥Î´ÒÌ ¶·¥μ¡· §μ¢ ´¨° „ °¸μ´ .

� ¨¡μ²¥¥ ¢ ¦´Ò³ Ë¨§¨Î¥¸±¨³ ¶μ´ÖÉ¨¥³, ¢μ§´¨±Ï¨³ ¢ · ¡μÉ Ì �μ£μ²Õ-
¡μ¢  ¨ ¥£μ ¸μÉ·Ê¤´¨±μ¢ ¢ ¸¥·¥¤¨´¥ 1950-Ì ££., μ± § ²μ¸Ó ¶·¥¤¸É ¢²¥´¨¥ μ¡ ¨´-
¢ ·¨ ´É´μ³ § ·Ö¤¥ Ô²¥±É·μ´  [3, 6] ᾱ(Q2, α),   É ±¦¥ ¡μ²¥¥ μ¡Ð¥¥ ¶μ´ÖÉ¨¥
¨´¢ ·¨ ´É´μ° (¡¥£ÊÐ¥°) ËÊ´±Í¨¨ ¸¢Ö§¨ ḡ(Q2, g). ˜¨·μ±μ ¨§¢¥¸É´Ò³ ¶·¨³¥-
´¥´¨¥³ ÔÉμ£μ ¶μ¸²¥¤´¥£μ Ö¢¨²μ¸Ó μÉ±·ÒÉ¨¥ Ë¥´μ³¥´   ¸¨³¶ÉμÉ¨Î¥¸±μ° ¸¢μ-
¡μ¤Ò [11] ¢ ´¥ ¡¥²¥¢ÒÌ ± ²¨¡·μ¢μÎ´ÒÌ É¥μ·¨ÖÌ, ¶·¨¢¥¤Ï¥¥ ± ¸μ§¤ ´¨Õ ±¢ ´-
Éμ¢μ° Ì·μ³μ¤¨´ ³¨±¨ (Š•„) ± ± μ¸´μ¢Ò ¤¨´ ³¨±¨ ±¢ ·±-£²Õμ´´μ£μ Ê·μ¢´Ö
³ É¥·¨¨. ‚Éμ· Ö ¢ ¦´ Ö ±μ´Í¥¶Í¨Ö Å ¶·¥¤¸É ¢²¥´¨¥ μ ‚¥²¨±μ³ μ¡Ñ¥¤¨´¥-
´¨¨ ¢§ ¨³μ¤¥°¸É¢¨° [12], ¸ÊÐ¥¸É¢¥´´μ ¨¸¶μ²Ó§ÊÕÐ¥¥ ¸Í¥´ ·¨° ¸Ìμ¦¤¥´¨Ö
Î¨¸²¥´´ÒÌ §´ Î¥´¨° É·¥Ì ¨´¢ ·¨ ´É´ÒÌ ËÊ´±Í¨° ¸¢Ö§¨ ᾱi(Q2) ¶·¨ ¶·¨¡²¨-
¦¥´¨¨ ± μ¡² ¸É¨ Q ∼ 1017 ŒÔ‚ ∼ 1014 MP .

‚ ¤ ²Ó´¥°Ï¥³ ¸¨³³¥É·¨Ö É¨¶  ·¥´μ·³-£·Ê¶¶μ¢μ° ¡Ò² , ¸ μ¤´μ° ¸Éμ·μ´Ò,
´ °¤¥´  [13, 14] ¢ ·Ö¤¥ ¶·μ¸ÉÒÌ § ¤ Î ¨§ · §¤¥²μ¢ ³ ±·μ¸±μ¶¨Î¥¸±μ° Ë¨-
§¨±¨, É ±¨Ì ± ± ¸É É¨± , É¥μ·¨Ö ¶¥·¥´μ¸ , £¨¤·μ¤¨´ ³¨± , £¤¥ ¡Ò²μ Ê¸É ´μ-
¢²¥´μ [15] ¡²¨§±μ¥ ¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê �ƒ-¸¨³³¥É·¨¥° ¨  ¢Éμ³μ¤¥²Ó´μ¸ÉÓÕ
(¸É¥¶¥´´Ò³ ¸ ³μ¶μ¤μ¡¨¥³),   ¸ ¤·Ê£μ° Å ¢ ±² ¸¸¨Î¥¸±μ° ³ É¥³ É¨Î¥¸±μ°
Ë¨§¨±¥, £¤¥ ¡Ò² · §¢¨É [16Ä18] ·¥£Ê²Ö·´Ò°  ²£μ·¨É³∗∗∗ Ê²ÊÎÏ¥´¨Ö  ¶¶·μ±-
¸¨³ Í¨μ´´ÒÌ ¸¢μ°¸É¢ ¶·¨¡²¨¦¥´´ÒÌ ·¥Ï¥´¨° ±· ¥¢ÒÌ § ¤ Î ¢ μ±·¥¸É´μ¸É¨
¸¨´£Ê²Ö·´μ¸É¨.

�¥´μ·³-£·Ê¶¶μ¢μ° Ëμ²Ó±²μ· ¢ Š’�. � Î´¥³ ¸ ´¥±μÉμ·ÒÌ ¶·μ¸ÉÒÌ ÊÉ¢¥·-
¦¤¥´¨°, Ìμ·μÏμ ¨§¢¥¸É´ÒÌ ¶· ±É¨± ³ ¢ É¥μ·¨¨ Î ¸É¨Í. ‚ Š’� ·¥´μ·³-
£·Ê¶¶Ê, ± ± ¶· ¢¨²μ,  ¸¸μÍ¨¨·ÊÕÉ ¸ ¢μ§³μ¦´μ¸ÉÓÕ ¶·¥¤¸É ¢¨ÉÓ ´¥±μÉμ·ÊÕ
´ ¡²Õ¤ ¥³ÊÕ ¢¥²¨Î¨´Ê, ´ ¶·¨³¥· ±¢ ¤· É ³ É·¨Î´μ£μ Ô²¥³¥´É  F , ¢ÒÎ¨-
¸²¥´´ÊÕ ¸μ£² ¸´μ μ¶·¥¤¥²¥´´μ³Ê ¶¥·¥´μ·³¨·μ¢μÎ´μ³Ê ¶·¥¤¶¨¸ ´¨Õ ¢ Ëμ·³¥
ËÊ´±Í¨¨ (¶μ ±· °´¥° ³¥·¥) ¤¢ÊÌ  ·£Ê³¥´Éμ¢ F (q2/μ2, gμ) (¤²Ö ¶·μ¸ÉμÉÒ · ¸-

∗’¥·³¨´ ®·¥´μ·³ ²¨§ Í¨μ´´ Ö £·Ê¶¶  ‚¨²Ó¸μ´ ¯ ´¥ μÉ¢¥Î ¥É £·Ê¶¶¥ ¶·¥μ¡· §μ¢ ´¨° ¢ ³ -
É¥³ É¨Î¥¸±μ³ ¸³Ò¸²¥.

∗∗’¥·³¨´Ò ®·¥´μ·³-£·Ê¶¶  �μ£μ²Õ¡μ¢ ¯ ¨ ®±¢ ´Éμ¢μ-¶μ²¥¢ Ö ·¥´μ·³-£·Ê¶¶ ¯ ¨¸¶μ²Ó§Ê-
ÕÉ¸Ö ´¨¦¥ ± ± ¸¨´μ´¨³Ò.

∗∗∗�  μ¸´μ¢¥ ¶·¥¤¸É ¢²¥´¨Ö ·¥´μ·³-£·Ê¶¶Ò �μ£μ²Õ¡μ¢  ± ± £·Ê¶¶Ò ‹¨ ¶·¥μ¡· §μ¢ -
´¨° [19], ¨¸¶μ²Ó§ÊÕÐ¨° ¸μ¢·¥³¥´´ÊÕ ¢¥·¸¨Õ É¥μ·¨¨ £·Ê¶¶ ‹¨.
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¸³ É·¨¢ ¥³ ¡¥§³ ¸¸μ¢Ò° ¸²ÊÎ °, É. ¥. “”- ¸¨³¶ÉμÉ¨±Ê). ‡¤¥¸Ó q2 Å ²μ·¥´Í-
¨´¢ ·¨ ´É´ Ö ±¨´¥³ É¨Î¥¸± Ö ¶¥·¥³¥´´ Ö, ¶μ¤μ¡´ Ö ±¢ ¤· ÉÊ ¶μ²´μ° Ô´¥·-
£¨¨ ¢ ¸. Í. ³. q2 = s ¨²¨ ±¢ ¤· ÉÊ ¶¥·¥¤ ´´μ£μ ¨³¶Ê²Ó¸  q2 = Q2, gμ Å
¶¥·¥´μ·³¨·μ¢ ´´ Ö ±μ´¸É ´É  ¸¢Ö§¨, μÉ´¥¸¥´´ Ö ± ´¥±μÉμ·μ° ÉμÎ±¥ ¢ÒÎ¨É -
´¨Ö (³ ¸ÏÉ ¡Ê ¢ ¨³¶Ê²Ó¸´μ° Ï± ²¥, ¸¢Ö§ ´´μ³Ê ¸μ ¸Ì¥³μ° ¶¥·¥´μ·³¨·μ¢±¨)√

Q2 = μ, § ¢¨¸¨³μ¸ÉÓ ±μÉμ·μ° μÉ ¨³¶Ê²Ó¸  ´μ·³¨·μ¢±¨ μ μ¶¨¸Ò¢ ¥É¸Ö μ¸μ-
¡μ° ËÊ´±Í¨¥°, ÔËË¥±É¨¢´μ° ËÊ´±Í¨¥° (±μ´¸É ´Éμ°) ¸¢Ö§¨ gμ = ḡ(μ2).

�·¨ ÔÉμ³ ¶μ² £ ÕÉ∗, ÎÉμ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ �ƒ-Ê· ¢´¥´¨¥ ¸²¥¤Ê¥É ¨§
Ê¸²μ¢¨Ö, ÎÉμ ¶¥·¥´μ·³¨·μ¢ ´´ Ö F ± ± ´ ¡²Õ¤ ¥³ Ö ´¥ ³μ¦¥É § ¢¨¸¥ÉÓ μÉ ¢Ò-
¡μ·  Ï± ²Ò ¶¥·¥´μ·³¨·μ¢±¨∗∗

dF

dμ
= 0. (1)


Éμ Ê¸²μ¢¨¥ ³μ¦¥É ¡ÒÉÓ ·¥ ²¨§μ¢ ´μ ¢ ¢¨¤¥ ²¨´¥°´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó-
´μ£μ Ê· ¢´¥´¨Ö („“) ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ[

x
∂

∂x
− β(g)

∂

∂g

]
F (x, g) = 0, (2)

£¤¥ x = q2/μ2, g = gμ,   ±μÔËË¨Í¨¥´É β(g), É ± ´ §Ò¢ ¥³ Ö ¡¥É -ËÊ´±Í¨Ö∗∗∗,
μ¶·¥¤¥²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥³

β(gμ) = z
∂ḡ(z)
∂z

¶·¨ z = μ2. (3)

“¤μ¡´μ ¶·¥¤¸É ¢¨ÉÓ ÔËË¥±É¨¢´ÊÕ ËÊ´±Í¨Õ ¸¢Ö§¨ ḡ ± ± ËÊ´±Í¨Õ ¤¢ÊÌ  ·-
£Ê³¥´Éμ¢: q2/μ2 = x ¨ gμ ¸μ ¸¢μ°¸É¢μ³ ḡ(1, g) = g. ’μ£¤  ḡ Ê¤μ¢²¥É¢μ·Ö¥É
Ê· ¢´¥´¨Ö³ (1) ¨ (2). �μÔÉμ³Ê ¥¥ É ±¦¥ ´ §Ò¢ ÕÉ ¨´¢ ·¨ ´É´μ° ËÊ´±Í¨¥°
¸¢Ö§¨. �μ³¨³μ Éμ£μ, ḡ Ê¤μ¢²¥É¢μ·Ö¥É ´¥²¨´¥°´μ³Ê „“

x
∂ḡ(x, g)

∂x
= β(ḡ(x, g)). (4)

‚ Éμ ¦¥ ¢·¥³Ö ¤²Ö ´¥±μÉμ·ÒÌ ¤·Ê£¨Ì ±¢ ´Éμ¢μ-¶μ²¥¢ÒÌ ¢¥²¨Î¨´ s(x, g),
§ ¢¨¸ÖÐ¨Ì Éμ²Ó±μ μÉ μ¤´μ£μ ¨´¢ ·¨ ´É´μ£μ ±¨´¥³ É¨Î¥¸±μ£μ  ·£Ê³¥´É , É¨¶ 
¸± ²Ö·´μ°  ³¶²¨ÉÊ¤Ò ¶·μ¶ £ Éμ·  ¨²¨ ³μ³¥´É  ¸É·Ê±ÉÊ·´μ° ËÊ´±Í¨¨, ¨ ´¥
¨´¢ ·¨ ´É´ÒÌ μÉ´μ¸¨É¥²Ó´μ ¤¥°¸É¢¨Ö ·¥´μ·³-£·Ê¶¶Ò, ¤¨ËË¥·¥´Í¨ ²Ó´μ¥
Ê· ¢´¥´¨¥ Î ¸Éμ ¶¨ÏÊÉ ¢ ¢¨¤¥

∗‘³., ´ ¶·¨³¥·, ¶·μ¸ÉÒ¥ ÊÎ¥¡´¨±¨ ¶μ Š’� [20].
∗∗’¥³ ¸ ³Ò³ ¸ ³μ ´ ²¨Î¨¥ �ƒ-¸¨³³¥É·¨¨ μÏ¨¡μÎ´μ ¸¢Ö§Ò¢ ¥É¸Ö ¸ ´ ²¨Î¨¥³ “”-

· ¸Ìμ¤¨³μ¸É¥°.
∗∗∗‚ Ë¨§¨Î¥¸±μ³ ¸²μ¢ ·¥ μ´  Ë¨£Ê·¨·Ê¥É ± ± £¥´¥· Éμ· £·Ê¶¶Ò, Éμ£¤  ± ± ¢ ³ É¥³ É¨Î¥-

¸±μ³ Å ± ± ±μμ·¤¨´ É  μ¶¥· Éμ·  ‹¨.
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[
x

∂

∂x
− β(g)

∂

∂g
− γs(g)

]
s(x, g) = 0, (5)

£¤¥ γs(g) ¨³¥´ÊÕÉ  ´μ³ ²Ó´μ° · §³¥·´μ¸ÉÓÕ ËÊ´±Í¨¨ s(x, g).
�·¨ ¶·¨³¥´¥´¨¨ ÔÉμ£μ Ëμ·³ ²¨§³  ¢ ¶· ±É¨Î¥¸±¨Ì Í¥²ÖÌ ´¥μ¡Ìμ¤¨³μ

§ ¤ ÉÓ β(g) ¨ γ(g). „²Ö ÔÉμ£μ ¨¸¶μ²Ó§ÊÕÉ ¶¥·¥´μ·³¨·μ¢ ´´ÊÕ É¥μ·¨Õ ¢μ§³Ê-
Ð¥´¨°, É. ¥. · §²μ¦¥´¨¥ ¶μ ¸É¥¶¥´Ö³ g.

ˆ§²μ¦¥´´μ¥ ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ®·¥´μ·³-£·Ê¶¶μ¢μ° Ëμ²Ó±²μ·¯.
1.2. Œ É¥³ É¨Î¥¸±¨¥ μ¸´μ¢Ò. ”Ê´±Í¨μ´ ²Ó´Ò¥ ¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥

Ê· ¢´¥´¨Ö. �¡· É¨³¸Ö ± ¡μ²¥¥ ¶μ¸²¥¤μ¢ É¥²Ó´μ³Ê ¨§²μ¦¥´¨Õ ´  ¶·¨³¥·¥
Éμ£μ ¦¥ ¡¥§³ ¸¸μ¢μ£μ ¸²ÊÎ Ö, μÉ¢¥Î ÕÐ¥£μ “”-¶·¥¤¥²Ê ¶¥·¥´μ·³¨·Ê¥³μ° ³μ-
¤¥²¨ Š’� ¸ μ¤´μ° ±μ´¸É ´Éμ° ¸¢Ö§¨. � Î´¥³ ¸ Ëμ·³Ê²¨·μ¢±¨, ¨¸¶μ²Ó§ÊÕÐ¥°
ËÊ´±Í¨μ´ ²Ó´Ò¥ Ê· ¢´¥´¨Ö (”“), ¢ÒÉ¥± ÕÐ¨¥∗ ¨§ ±μ´¥Î´ÒÌ ¶¥·¥´μ·³¨·μ-
¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨° „ °¸μ´ . –¥´É· ²Ó´μ¥ ³¥¸Éμ § ´¨³ ¥É ”“ ¤²Ö ¨´¢ -
·¨ ´É´μ° ËÊ´±Í¨¨ ¸¢Ö§¨

ḡ(x, g) = ḡ
(x

t
, ḡ(t, g)

)
. (6)

ˆ§¢¥¸É´μ¥ ´¥²¨´¥°´μ¥ „“ (4) ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ ¨§ ´¥£μ ¤¨ËË¥·¥´Í¨·μ-
¢ ´¨¥³ ¶μ x ¸ ¶μ¸²¥¤ÊÕÐ¨³ ´ ²μ¦¥´¨¥³ Ê¸²μ¢¨Ö t = x. ‚ Éμ ¦¥ ¢·¥³Ö,
¤¨ËË¥·¥´Í¨·ÊÖ (6) ¶μ t, ¶·¨ t = 1 ¶·¨Ìμ¤¨³ ± „“ ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ,
 ´ ²μ£¨Î´μ³Ê (2) ¨ ¸μ¤¥·¦ Ð¥³Ê É ± ´ §Ò¢ ¥³Ò° μ¶¥· Éμ· ‹¨∗∗ L(x, g):

L(x, g) ḡ(x, g) = 0; L(x, g) =
[
x

∂

∂x
− β(g)

∂

∂g

]
. (7)

�μÔÉμ³Ê ”“ (6), ´ · ¢´¥ ¸μ  ´ ²μ£¨Î´Ò³ Ê· ¢´¥´¨¥³∗∗∗

s̄(x, g) = s̄(t, g) s̄
(x

t
, ḡ(t, g)

)
(8)

¤²Ö  ³¶²¨ÉÊ¤ μ¤¥ÉÒÌ ¶·μ¶ £ Éμ·μ¢ ¨ ¢¥·Ï¨´´ÒÌ ËÊ´±Í¨°, ¸²¥¤Ê¥É ¶·¨´ÖÉÓ
± ± ´ ¨¡μ²¥¥  ¤¥±¢ É´ÊÕ ¨ μ¡ÐÊÕ Ëμ·³Ê²¨·μ¢±Ê �ƒ-¸¨³³¥É·¨¨ ¢ Š’�.
ˆ³¥´´μ ¨§ ”“ (6), (8) μ¤´μ¢·¥³¥´´μ ¸²¥¤ÊÕÉ ± ± £·Ê¶¶μ¢Ò¥ ´¥²¨´¥°´Ò¥
„“ (4) ¨

x
∂s(x, g)

∂x
= s(x, g) γs (ḡ(x, g)), (9)

É ± ¨ ²¨´¥°´Ò¥ „“ ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ (5) ¨ (7).

∗‘³. £² ¢Ê ®�¥´μ·³ ²¨§ Í¨μ´´ Ö £·Ê¶¶ ¯ ¢ ±´¨£¥ [10] ¨ ¶·¨²μ¦¥´¨¥ IX ¢ ÊÎ¥¡´¨±¥ [21].
∗∗‚ É¥μ·¨¨ £·Ê¶¶ ‹¨ ¶·¥μ¡· §μ¢ ´¨° ±μÔËË¨Í¨¥´ÉÒ ¶·¨ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¢ L(x, g)

¨³¥´ÊÕÉ¸Ö ±μμ·¤¨´ É ³¨ μ¶¥· Éμ·  ‹¨.
∗∗∗ˆ§ ±μÉμ·μ£μ ¸²¥¤Ê¥É Ê· ¢´¥´¨¥ (5).
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Œ¥¦¤Ê É¥³ ÔÉ¨ ËÊ´±Í¨μ´ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ´¥ ¨³¥ÕÉ Ë¨§¨Î¥¸±μ£μ ¸³Ò-
¸²  ¨ μÉ· ¦ ÕÉ ²¨ÏÓ £·Ê¶¶μ¢μ° § ±μ´ ¸²μ¦¥´¨Ö!

ˆ³¥¥É¸Ö ¢ ¢¨¤Ê ±μ³¶μ§¨Í¨Ö ¶·¥μ¡· §μ¢ ´¨°, ¸¢Ö§ ´´ÒÌ ¸ ¨§³¥´¥´¨¥³ ¶ -
· ³¥É·  μ, ¢Ìμ¤ÖÐ¥£μ ¢ μ¶·¥¤¥²¥´¨¥ ±μ´¸É ´ÉÒ gμ. ‘²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ
¨§³¥´¥´¨¥ ÉμÎ±¨ ¶·¨¢Ö§±¨ μ ¨ §´ Î¥´¨Ö ±μ´¸É ´ÉÒ ¸¢Ö§¨ gμ ± ± μ¶¥· Í¨Õ
μi → μk, gi → gk, § ¢¨¸ÖÐÊÕ μÉ ¢¥Ð¥¸É¢¥´´μ£μ ´¥¶·¥·Ò¢´μ£μ ¶μ²μ¦¨É¥²Ó-
´μ£μ Î¨¸²μ¢μ£μ ¶ · ³¥É·  t, ´ ¤ Ô²¥³¥´Éμ³ £·Ê¶¶Ò Gi = G(μi, gi), Ì · ±É¥-
·¨§Ê¥³Ò³ ¤¢Ê³Ö ¶ · ³¥É· ³¨. �¶¥· Í¨Ö Rt

Rt Gi = Gk ∼ Rt

{
μ2

i → μ2
k = t μ2

i , gi → gk = ḡ(t, gi)
}

(10)

¸μ¤¥·¦¨É · ¸ÉÖ¦¥´¨¥ ¶¥·¢μ£μ  ·£Ê³¥´É  ËÊ´±Í¨¨ G ¨ ¡μ²¥¥ ¸²μ¦´μ¥ ËÊ´±-
Í¨μ´ ²Ó´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ¢Éμ·μ£μ.

ƒ·Ê¶¶μ¢ Ö ¸É·Ê±ÉÊ·  μ¶¥· Í¨¨ · ¸ÉÖ¦¥´¨Ö (É ± ´ §Ò¢ ¥³μ£μ ¸±¥°²¨´£ )
 ·£Ê³¥´É  μ μÎ¥¢¨¤´ ,   ¶μ ¶μ¢μ¤Ê ¢Éμ·μ£μ ±μ³¶μ´¥´É  ¶·¥μ¡· §μ¢ ´¨Ö Rt

§ ³¥É¨³, ÎÉμ ¥¸²¨ ¢ (6) ¶μ²μ¦¨ÉÓ x = τ t, Éμ ¥£μ ²¥¢ Ö Î ¸ÉÓ μÉ¢¥Î ¥É ¶·¨³¥-
´¥´¨Õ Rτt ± g, ¢ Éμ ¢·¥³Ö ± ± ¶· ¢ Ö∗ Å Rτ ⊗ Rt g:

Rτ t g = ḡ(τt, g); Rτ ⊗ Rt g = Rτ ḡ(t, g) = ḡ (τ, ḡ(t, g)) .

’¥³ ¸ ³Ò³ Ê· ¢´¥´¨¥ (6) μ¡¥¸¶¥Î¨¢ ¥É ¢Ò¶μ²´¥´¨¥ £·Ê¶¶μ¢μ£μ § ±μ´ 
±μ³¶μ§¨Í¨¨ (Ê³´μ¦¥´¨Ö) Rτt = Rτ ⊗ Rt,   ¥£μ ¸ÊÉÓ ¸¢μ¤¨É¸Ö ± Ê¸²μ¢¨Õ, ÎÉμ
¶·¥μ¡· §μ¢ ´¨Ö Rt (10) μ¡· §ÊÕÉ∗∗ ´¥¶·¥·Ò¢´ÊÕ £·Ê¶¶Ê ‹¨ ¶·¥μ¡· §μ¢ ´¨°.

�¡¸É· ±É´ Ö Ëμ·³Ê²¨·μ¢±  § ±μ´  ±μ³¶μ§¨Í¨¨. —Éμ¡Ò ¸¤¥² ÉÓ ÔÉμ ÊÉ¢¥·-
¦¤¥´¨¥ ¡μ²¥¥ ¶·μ§· Î´Ò³, ¶μ± ¦¥³, ÎÉμ ”“ (6) ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ ´¥¶μ-
¸·¥¤¸É¢¥´´μ ¨§ £·Ê¶¶μ¢μ£μ § ±μ´ .

‘ ÔÉμ° Í¥²ÓÕ · ¸¸³μÉ·¨³ ¶·¥μ¡· §μ¢ ´¨¥ T (l) ´¥±μÉμ·μ£μ  ¡¸É· ±É´μ£μ
´ ¡μ·  M Ô²¥³¥´Éμ¢ Mi ¢ ¸¥¡Ö, § ¢¨¸ÖÐ¥¥ μÉ ´¥¶·¥·Ò¢´μ£μ ¢¥Ð¥¸É¢¥´´μ£μ
¶ · ³¥É·  l, ¶·¨´¨³ ÕÐ¥£μ §´ Î¥´¨Ö ´  ¢¸¥° Î¨¸²μ¢μ° μ¸¨ (−∞ < l < ∞),
É ±μ¥, ÎÉμ ¤²Ö ± ¦¤μ£μ Ô²¥³¥´É  M ¨³¥¥É ³¥¸Éμ ¸μμÉ´μÏ¥´¨¥

T (l)M = M ′ (M, M ′ ⊂ M).

„μ¶Ê¸É¨³, ÎÉμ ³´μ¦¥¸É¢μ M ³μ¦¥É ¡ÒÉÓ ¸¶·μ¥±É¨·μ¢ ´μ ´  Î¨¸²μ¢ÊÕ μ¸Ó,
É. ¥. ÎÉμ ± ¦¤μ³Ê Ô²¥³¥´ÉÊ Mi ¸μμÉ¢¥É¸É¢Ê¥É ¢¥Ð¥¸É¢¥´´μ¥ Î¨¸²μ gi. ’μ£¤ 
¶·¥μ¡· §μ¢ ´¨¥ § ¶¨¸Ò¢ ¥É¸Ö ¢ Ö¢´μ³  ´ ²¨É¨Î¥¸±μ³ ¢¨¤¥

T (l)g = g′ = G(l, g),

∗‡¤¥¸Ó ¸¨³¢μ²μ³ ⊗ μ¡μ§´ Î¥´  ±μ³¶μ§¨Í¨Ö ¤¢ÊÌ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¥μ¡· §μ¢ ´¨°.
∗∗“· ¢´¥´¨¥ (6) Ö¢²Ö¥É¸Ö ¶·μ¸ÉÒ³ Î ¸É´Ò³ ¸²ÊÎ ¥³ μ¡Ð¥£μ ¶·¥¤²μ¦¥´¨Ö ‘μËÊ¸  ‹¨ [19]

(¸³. É ±¦¥ ¸É ÉÓÕ ®‹¨-£·Ê¶¶  ¶·¥μ¡· §μ¢ ´¨°¯ ¢ [22]) ¡μ²¥¥ Î¥³ ¢¥±μ¢μ° ¤ ¢´μ¸É¨.
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£¤¥ G Å ´¥¶·¥·Ò¢´ Ö ËÊ´±Í¨Ö ¤¢ÊÌ  ·£Ê³¥´Éμ¢, Ê¤μ¢²¥É¢μ·ÖÕÐ Ö Ê¸²μ¢¨Õ
G(0, g) = g, μÉ¢¥Î ÕÐ¥³Ê ¥¤¨´¨Î´μ³Ê ¶·¥μ¡· §μ¢ ´¨Õ T (0) = E.

�·¥μ¡· §μ¢ ´¨Ö T (l) μ¡· §ÊÕÉ £·Ê¶¶Ê, ¥¸²¨ Ê¤μ¢²¥É¢μ·ÖÕÉ § ±μ´Ê ±μ³-
¶μ§¨Í¨¨

T (λ) ⊕ T (l) = T (λ + l),

±μÉμ·μ³Ê ¸μμÉ¢¥É¸É¢Ê¥É ËÊ´±Í¨μ´ ²Ó´μ¥ Ê· ¢´¥´¨¥ ¤²Ö G:

G{λ, G(l, g)} = G(λ + l, g). (11)

‘μ£² ¸´μ É¥μ·¨¨ £·Ê¶¶ ‹¨ ¶·¥μ¡· §μ¢ ´¨°, ¤μ¸É ÉμÎ´μ · ¸¸³μÉ·¥ÉÓ ¨´-
Ë¨´¨É¥§¨³ ²Ó´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ (¶·¨ λ � 1), É. ¥. ¶¥·¥°É¨ ± „“

∂G(l, g)
∂l

= β{G(l, g)}. (12)

‡¤¥¸Ó £¥´¥· Éμ· μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ¶·μ¨§¢μ¤´ÊÕ

β(g) =
∂G(ε, g)

∂ε
¶·¨ ε = 0.

‚Ò¶μ²´ÖÖ ²μ£ ·¨Ë³¨Î¥¸±ÊÕ § ³¥´Ê ¶¥·¥³¥´´ÒÌ

l = lnx, λ = ln t, G(l, g) = ḡ(x, g), T (ln t) = Rt, (13)

¢§ ³¥´ (11) ¨ (12) ¶μ²ÊÎ ¥³ (6) ¨ (4).

�·¥μ¡· §μ¢ ´¨¥ ·¥¶ · ³¥É·¨§ Í¨¨. �·μ¸Éμ° ¢ ·¨ ´É ·¥´μ·³ ²¨§ Í¨μ´-
´μ° £·Ê¶¶Ò ³μ¦¥É ¡ÒÉÓ μ¶·¥¤¥²¥´ ± ± ´¥¶·¥·Ò¢´ Ö μ¤´μ¶ · ³¥É·¨Î¥¸± Ö
£·Ê¶¶  ¸¶¥Í¨Ë¨Î¥¸±¨Ì ¶·¥μ¡· §μ¢ ´¨°, ¶·¥μ¡· §μ¢ ´¨° ·¥¶ · ³¥É·¨§ Í¨¨
Rt ´¥±μÉμ·μ£μ Î ¸É´μ£μ ·¥Ï¥´¨Ö ±· ¥¢μ° § ¤ Î¨ (Š‡), ±μ£¤  ÔÉμ ·¥Ï¥-
´¨¥ Ë¨±¸¨·Ê¥É¸Ö ±· ¥¢Ò³¨ (£· ´¨Î´Ò³¨) Ê¸²μ¢¨Ö³¨. 
Éμ ¶·¥μ¡· §μ¢ ´¨¥
¢±²ÕÎ ¥É ¶ · ³¥É·Ò £· ´¨Î´ÒÌ Ê¸²μ¢¨° ¨ μÉ¢¥Î ¥É ¨§³¥´¥´¨Õ ¸¶μ¸μ¡  ´ -
²μ¦¥´¨Ö ÔÉ¨Ì Ê¸²μ¢¨°.

„²Ö ¶·¨³¥·  · ¸¸³μÉ·¨³ ËÊ´±Í¨Õ μ¤´μ£μ  ·£Ê³¥´É  f(x), Ì · ±É¥·¨§Ê-
ÕÐÊÕ ´¥±μÉμ·μ¥ Î ¸É´μ¥ ·¥Ï¥´¨¥ Š‡. „μ¶Ê¸É¨³, ÎÉμ ÔÉ  Ì · ±É¥·¨¸É¨± ∗

Ë¨±¸¨·Ê¥É¸Ö ¸¢μ¨³ Î¨¸²μ¢Ò³ £· ´¨Î´Ò³ §´ Î¥´¨¥³ f(x0) = f0. ”μ·³ ²Ó´μ
¢±²ÕÎ¨³ ¢ Î¨¸²μ  ·£Ê³¥´Éμ¢ £· ´¨Î´Ò¥ ¶ · ³¥É·Ò f(x) = f(x, x0, f0) (ÔÉμÉ
Ï £ ¶·¥¤¸É ¢²Ö¥É μ¶¥· Í¨Õ ¶μ£·Ê¦¥´¨Ö). �ƒ-¶·¥μ¡· §μ¢ ´¨¥ μÉ¢¥Î ¥É É¥-
¶¥·Ó ¨§³¥´¥´¨Õ ¸¶μ¸μ¡  ¶ · ³¥É·¨§ Í¨¨ ·¥Ï¥´¨Ö; ¢³¥¸Éμ ¶ ·Ò {x0, f0} ¤²Ö
´¥¥ ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤·Ê£ÊÕ {xi, fi}. ˆ´Ò³¨ ¸²μ¢ ³¨, £· ´¨Î´μ¥ Ê¸²μ-
¢¨¥ ´¥ μ¡Ö§ É¥²Ó´μ ´ ² £ ÉÓ ¶·¨ §´ Î¥´¨¨ x = x0; ¢³¥¸Éμ ´¥£μ ³μ¦´μ ¢§ÖÉÓ
²Õ¡ÊÕ ÉμÎ±Ê xi.

∗�·¨³¥·Ò É ±¨Ì Ì · ±É¥·¨¸É¨± ¶·¨¢¥¤¥´Ò ´¨¦¥, ¢ ¶. 2.2.
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…¸²¨ § ¶¨¸ ÉÓ f ¢ ¢¨¤¥ ËÊ´±Í¨¨ ¤¢ÊÌ ¡¥§· §³¥·´ÒÌ  ·£Ê³¥´Éμ¢
F (x/x0, f0) ¸μ ¸¢μ°¸É¢μ³ F (1, γ) = γ, Éμ ¸μμÉ´μÏ¥´¨¥ F (x/x0, f0) =
F (x/x1, f1) μÉ· ¦ ¥É Éμ£¤  ÉμÉ Ë ±É, ÎÉμ ¶·¨ ¨§³¥´¥´¨¨ ¸¶μ¸μ¡  ´ ²μ¦¥´¨Ö
£· ´¨Î´μ£μ Ê¸²μ¢¨Ö Ëμ·³  ËÊ´±Í¨¨ F ´¥ ³¥´Ö¥É¸Ö (± ±, ´ ¶·¨³¥·, ¢ ¸²Ê-
Î ¥ F (x, γ) = Φ(lnx + γ)). ‡ ³¥Î Ö ¥Ð¥, ÎÉμ f1 = F (x1/x0, f0), ¨ ¢¢μ¤Ö
μ¡μ§´ Î¥´¨Ö: ξ = x/x0 ¨ t = x1/x0, ¶μ²ÊÎ ¥³ ËÊ´±Í¨μ´ ²Ó´μ¥ Ê· ¢´¥´¨¥

F (ξ, f0) = F
(ξ

t
, F (t, f0)

)
,

¸μ¢¶ ¤ ÕÐ¥¥ ¸ (6). ˆ¸¶μ²Ó§μ¢ ´´ Ö μ¶¥· Í¨Ö Ô±¢¨¢ ²¥´É´  (10):

Rt : {ξ → ξ/t, f0 → f1 = F (t, f0)}.

�·μ¸É¥°Ï¨°  ´ ²μ£ �ƒ-¶·¥μ¡· §μ¢ ´¨Ö ¢ Ëμ·³¥, μÉ¢¥Î ÕÐ¥° Ê· ¢´¥-
´¨Õ (11), É¥¶¥·Ó ¶·¥¤¸É ¢�̈³ μ¤´μ¢·¥³¥´´Ò³ ¨§³¥´¥´¨¥³ ¤¢ÊÌ Ì · ±É¥·¨¸É¨±
Î ¸É´μ£μ ·¥Ï¥´¨Ö ±· ¥¢μ° § ¤ Î¨, ¸± ¦¥³, q = λ + l ¨ g:

R(l) : {q → q′ = q − l, g → g′ = G(l, g)} , (14)

¶·¨Î¥³ ¶·¥μ¡· §μ¢ ´¨¥ ¶¥·¢μ° ¨§ ´¨Ì Ö¢²Ö¥É¸Ö É· ´¸²ÖÍ¨¥°,   ¢Éμ·μ° Å
¨³¥¥É ¡μ²¥¥ ¸²μ¦´Ò° ËÊ´±Í¨μ´ ²Ó´Ò° ¢¨¤. “· ¢´¥´¨¥ (11) ´  ËÊ´±Í¨Õ G
μ¡¥¸¶¥Î¨¢ ¥É ¢Ò¶μ²´¥´¨¥ £·Ê¶¶μ¢μ£μ ¸¢μ°¸É¢  ¶·¥μ¡· §μ¢ ´¨Ö R(l), § ¤ ´-
´μ£μ (14).

‚Ò¶μ²´ÖÖ § ³¥´Ê ¶¥·¥³¥´´ÒÌ q → x = eq , l → t = el ¨ ËÊ´±Í¨¨ ¶·¥-
μ¡· §μ¢ ´¨Ö ¸μ£² ¸´μ (13), ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨Ö (4), (6) ¨ ¶·¥μ¡· §μ¢ ´¨¥

Rt : {x′ = x/t, g′ = ḡ(t, g)} (15)

¢³¥¸Éμ Ê· ¢´¥´¨° (12), (11) ¨ (14). Œμ¦´μ £μ¢μ·¨ÉÓ μ ¸μμÉ´μÏ¥´¨ÖÌ (4), (6)
¨ (15) ± ± μ ³Ê²ÓÉ¨¶²¨± É¨¢´μ° ¢¥·¸¨¨ �ƒ-Ê· ¢´¥´¨° (¨³¥Ö ¢ ¢¨¤Ê, ÎÉμ ¶·¥-
¤Ò¤ÊÐ¨¥ Ê· ¢´¥´¨Ö μÉ¢¥Î ÕÉ  ¤¤¨É¨¢´μ° Ëμ·³¥). �μ¸²¥¤´¨¥ ¶·¥¤¸É ¢²ÖÕÉ
·¥´μ·³-£·Ê¶¶μ¢μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ¨ Ê· ¢´¥´¨Ö ¤²Ö ÔËË¥±É¨¢´μ° ËÊ´±Í¨¨
¸¢Ö§¨ ¢ ¡¥§³ ¸¸μ¢μ° Š’� ¸ μ¤´μ° ±μ´¸É ´Éμ° ¸¢Ö§¨ g. ‡¤¥¸Ó x = Q2/μ2

¥¸ÉÓ μÉ´μÏ¥´¨¥ ±¢ ¤· É  4-¢¥±Éμ·  ¨³¶Ê²Ó¸  Q ± ±¢ ¤· ÉÊ 4-¨³¶Ê²Ó¸  μ,
¢ ±μÉμ·μ³ ¶·μ¨§¢¥¤¥´  ´μ·³¨·μ¢± .

�·¥¤¸É ¢²ÖÕÉ É ±¦¥ ¨´É¥·¥¸ ËÊ´±Í¨¨ φ(q, g), ±μÉμ·Ò¥ ¶·¥μ¡· §ÊÕÉ¸Ö
¶μ ²¨´¥°´μ³Ê ¶·¥¤¸É ¢²¥´¨Õ ·¥´μ·³ ²¨§ Í¨μ´´μ° £·Ê¶¶Ò

φ(q, g) → R(l)φ = z(l, g)φ(q′, g′), (16)

¸μμÉ¢¥É¸É¢ÊÕÐ¥³Ê (8).
�¨¦¥, ¢ ¶. 2.2, ¶·¨¢¥¤¥´Ò ´¥±μÉμ·Ò¥ ¶·μ¸É¥°Ï¨¥ μ¡μ¡Ð¥´¨Ö ¶·¥μ¡· §μ-

¢ ´¨Ö (15).
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2. �…���Œ-ƒ�“��� ˆ ”“�Š–ˆ���‹œ��… ‘�Œ���„��ˆ…

2.1. ”Ê´±Í¨μ´ ²Ó´μ¥ ¸ ³μ¶μ¤μ¡¨¥. ‘ ³μ¶μ¤μ¡¨¥. �¥´μ·³-£·Ê¶¶μ¢Ò¥
¶·¥μ¡· §μ¢ ´¨Ö, μ¡¸Ê¦¤ ¢Ï¨¥¸Ö ¢ÒÏ¥, ´¥¶μ¸·¥¤¸É¢¥´´μ ¸¢Ö§ ´Ò ¸μ ¸¢μ°-
¸É¢μ³ ¸ ³μ¶μ¤μ¡¨Ö (‘�), Ìμ·μÏμ ¨§¢¥¸É´Ò³ ¢ ±² ¸¸¨Î¥¸±μ° ³ É¥³ É¨Î¥¸±μ°
Ë¨§¨±¥. �·¥μ¡· §μ¢ ´¨¥ ¸ ³μ¶μ¤μ¡¨Ö, § ¶¨¸ ´´μ¥ ¤²Ö ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ
„“, Ê¦¥ ¡μ²¥¥ ¸É  ²¥É ¨¸¶μ²Ó§Ê¥É¸Ö ¢ ¤¨´ ³¨±¥ ¦¨¤±μ¸É¥° ¨ £ §μ¢. 
Éμ μ¤-
´μ¶ · ³¥É·¨Î¥¸±μ¥ ¶·¥μ¡· §μ¢ ´¨¥ (¶ · ³¥É· λ), μ¶·¥¤¥²Ö¥³μ¥ ± ± μ¤´μ¢·¥-
³¥´´μ¥ ¸É¥¶¥´´μ¥ · ¸ÉÖ¦¥´¨¥ (¸±¥°²¨´£)  ·£Ê³¥´Éμ¢ z = {x, t, . . .} ¨ ËÊ´±Í¨°
Vi(x, t, . . .):

Sλ : {x → xλ, t → tλa, Vi(z) → V ′
i (z′) = λνiVi(z′)} .

�μ¤Î¥·±¨¢ Ö ¸É¥¶¥´´ÊÕ ¸É·Ê±ÉÊ·Ê É ±μ£μ ¶·¥μ¡· §μ¢ ´¨Ö, ¡Ê¤¥³ ´ §Ò-
¢ ÉÓ ¥£μ ¸É¥¶¥´´Ò³ ¸ ³μ¶μ¤μ¡¨¥³ (‘‘�). ‘μ£² ¸´μ ‡¥²Ó¤μ¢¨ÎÊ ¨ � ·¥´-
¡² ÉÉÊ [23] ¸É¥¶¥´´μ¥ ¸ ³μ¶μ¤μ¡¨¥ ³μ¦¥É ¡ÒÉÓ · §¤¥²¥´μ ´  ¤¢  ±² ¸¸ :

 ) ‘‘� ¶¥·¢μ£μ ±² ¸¸ , ±μ£¤  ¸É¥¶¥´¨ a, ν, . . . Ö¢²ÖÕÉ¸Ö Í¥²Ò³¨ ¨²¨ · -
Í¨μ´ ²Ó´Ò³¨ Î¨¸² ³¨; μ¡ÒÎ´μ ¨Ì §´ Î¥´¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ ¸μμ¡· ¦¥´¨°
· §³¥·´μ¸É¨ (· Í¨μ´ ²Ó´μ¥ ¸É¥¶¥´´μ¥ ¸ ³μ¶μ¤μ¡¨¥);

¡) ‘‘� ¢Éμ·μ£μ ±² ¸¸ , ¶·¨ ±μÉμ·μ³ ´¥±μÉμ·Ò¥ ¨§ ¸É¥¶¥´¥° ¨·· Í¨-
μ´ ²Ó´Ò, ¨Ì §´ Î¥´¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ ¤¨´ ³¨±¨ (Ë· ±É ²Ó´μ¥ ¸É¥¶¥´´μ¥
¸ ³μ¶μ¤μ¡¨¥).

�¥´μ·³-£·Ê¶¶  ¨ ¸É¥¶¥´´μ¥ ¸ ³μ¶μ¤μ¡¨¥. —Éμ¡Ò ¸¢Ö§ ÉÓ �ƒ-¶·¥μ¡· §μ¢ -
´¨¥ ¸μ ¸É¥¶¥´´Ò³ ¸ ³μ¶μ¤μ¡¨¥³, μ¡· É¨³¸Ö ± ”“ ¤²Ö ¨´¢ ·¨ ´É´μ£μ § ·Ö¤ ,
±μÉμ·μ¥ § ¶¨Ï¥³ ¢ ¢¨¤¥

ḡ(xt, g) = ḡ(x, ḡ(t, g)). (6′)

…£μ μ¡Ð¥¥ ·¥Ï¥´¨¥ § ¢¨¸¨É μÉ ´¥±μÉμ·μ° ¶·μ¨§¢μ²Ó´μ° ËÊ´±Í¨¨ μ¤´μ£μ  ·-
£Ê³¥´É , ¸³. ´¨¦¥ Ê· ¢´¥´¨¥ (48) ¢ ¶. 4.1. �¤´ ±μ ¸¥°Î ¸ · ¸¸³μÉ·¨³ ¸¶¥Í¨-
 ²Ó´μ¥ Î ¸É´μ¥ ·¥Ï¥´¨¥, ²¨´¥°´μ¥ ¶μ ¢Éμ·μ³Ê  ·£Ê³¥´ÉÊ

ḡ(x, g) = gϕ(x).

‡¤¥¸Ó ¢ ¸¨²Ê (6) ËÊ´±Í¨Ö ϕ(x) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ϕ(xt) = ϕ(x)ϕ(t),
μ¡Ð¥¥ ·¥Ï¥´¨¥ ±μÉμ·μ£μ ¨³¥¥É ¢¨¤ ϕ(x) = xν . �μÔÉμ³Ê

ḡ(x, t) = gxν ,

¨ �ƒ-¶·¥μ¡· §μ¢ ´¨¥ (15) ¸¢μ¤¨É¸Ö ± ¶·¥μ¡· §μ¢ ´¨Õ ¸É¥¶¥´´μ£μ ¸ ³μ¶μ-
¤μ¡¨Ö:

Rt : {x → xt−1, g → gtν} = St. (17)

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (6) ¢³¥¸Éμ ¸É¥¶¥´´μ° § ¢¨¸¨³μ¸É¨
¸μ¤¥·¦¨É ¶·μ¨§¢μ²Ó´ÊÕ ËÊ´±Í¨Õ. �μÔÉμ³Ê ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ¶·¥μ¡· -
§μ¢ ´¨Ö (14)Ä(16) ± ± μ¡μ¡Ð¥´¨Ö ¸É¥¶¥´´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¸ ³μ¶μ¤μ¡¨Ö
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´  ¸²ÊÎ ° ¶·¥μ¡· §μ¢ ´¨°, ¸μ¤¥·¦ Ð¨Ì ËÊ´±Í¨μ´ ²Ó´ÊÕ § ¢¨¸¨³μ¸ÉÓ. …¸É¥-
¸É¢¥´´μ ¨³¥´μ¢ ÉÓ ¶μ¸²¥¤´¨¥ ¶·¥μ¡· §μ¢ ´¨Ö³¨ ËÊ´±Í¨μ´ ²Ó´μ£μ ¸ ³μ¶μ¤μ-
¡¨Ö (”‘�). ˆÉ ±, �ƒ = ”‘�.

�¸´μ¢  �ƒ = ”‘� ¸¨³³¥É·¨¨. ’¥¶¥·Ó ³μ¦´μ μÉ¢¥É¨ÉÓ ´  ¢μ¶·μ¸

—Éμ É ±μ¥ �ƒ = ”‘�?

μ ¶·¨·μ¤¥ ¸¨³³¥É·¨¨, ²¥¦ Ð¥° ¢ μ¸´μ¢¥ ËÊ´±Í¨μ´ ²Ó´μ£μ ¸ ³μ¶μ¤μ¡¨Ö ¨
·¥´μ·³-£·Ê¶¶μ¢ÒÌ ¶·¥μ¡· §μ¢ ´¨°.

Š ± ²¥£±μ ¢¨¤¥ÉÓ ´  ¶·¨³¥· Ì, ¶·¥¤¸É ¢²¥´´ÒÌ ¢ÒÏ¥, ÔÉμ ´¥ ¸¨³³¥É·¨Ö
Ê· ¢´¥´¨° ¤ ´´μ° Ë¨§¨Î¥¸±μ° § ¤ Î¨,  

¸¨³³¥É·¨Ö ¥¥ Î ¸É´μ£μ ·¥Ï¥´¨Ö, · ¸¸³ É·¨¢ ¥³μ£μ ± ± ËÊ´±-
Í¨Ö ¸ÊÐ¥¸É¢¥´´ÒÌ ¶¥·¥³¥´´ÒÌ, ¢±²ÕÎ ÕÐ¨Ì ¶ · ³¥É·Ò £· ´¨Î-
´ÒÌ Ê¸²μ¢¨°.

�ƒ-¸¨³³¥É·¨Õ ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ± ± ¸¢μ°¸É¢μ ¨´¢ ·¨ ´É´μ¸É¨ (¨²¨ ±μ-
¢ ·¨ ´É´μ¸É¨) ´¥±μÉμ·μ° ¢¥²¨Î¨´Ò, ¸¢Ö§ ´´μ° ¸ Î ¸É´Ò³ ·¥Ï¥´¨¥³, μÉ´μ¸¨-
É¥²Ó´μ ¸¶μ¸μ¡  § ¤ ´¨Ö £· ´¨Î´μ£μ §´ Î¥´¨Ö ÔÉμ£μ ·¥Ï¥´¨Ö.

‘²¥¤Ê¥É É ±¦¥ μÉ³¥É¨ÉÓ, ÎÉμ ¢ ¦´Ò³ ¶μ¤²¥¦ Ð¨³ ¸¢μ°¸É¢μ³ Ë¨§¨Î¥¸±μ°
¸¨¸É¥³Ò Ö¢²Ö¥É¸Ö μ¤´μ·μ¤´μ¸ÉÓ, ±μÉμ· Ö, μ¤´ ±μ, ³μ¦¥É ¡ÒÉÓ ´ ·ÊÏ¥´ ∗ ¤¨¸-
±·¥É´Ò³ μ¡· §μ³.

2.2. Š² ¸¸¨Î¥¸±¨¥ ¨²²Õ¸É· Í¨¨. ‘¨³³¥É·¨Ö ËÊ´±Í¨μ´ ²Ó´μ£μ ¸ ³μ¶μ-
¤μ¡¨Ö Ö¢²Ö¥É¸Ö ¶·μ¸ÉÒ³ ¨ · ¸¶·μ¸É· ´¥´´Ò³ ¸¢μ°¸É¢μ³ Ë¨§¨Î¥¸±¨Ì Ö¢²¥-
´¨°. �´  ¶·¨¸ÊÐ  ·¥Ï¥´¨Ö³ § ¤ Î ¨§ · §²¨Î´ÒÌ μ¡² ¸É¥° Ë¨§¨±¨.

�¨¸. 1. “¶·Ê£¨° ¶·ÊÉ

“¶·Ê£¨° ¶·ÊÉ. � Î´¥³ ¸ ¶·¨³¥· 
¨§ ¸É É¨±¨. �·¥¤¸É ¢¨³ ¸¥¡¥ Ê¶·Ê£¨°
¶·ÊÉ, Ë¨±¸¨·μ¢ ´´Ò° ¶μ¤ ´¥±μÉμ·Ò³
Ê£²μ³ g0 ¢ § ¤ ´´μ° ÉμÎ±¥ (ÉμÎ±  0
´  ·¨¸. 1) ¨ ¨¸±·¨¢²¥´´Ò° ± ±μ°-
²¨¡μ ¢´¥Ï´¥° ¸¨²μ°, ´ ¶·¨³¥·, ¸¨-
²μ° ÉÖ¦¥¸É¨, ¤ ¢²¥´¨¥³ ¤¢¨¦ÊÐ¥£μ¸Ö
£ §  ¨²¨ ¦¨¤±μ¸É¨. ”μ·³  ¶·ÊÉ  ³μ-
¦¥É ¡ÒÉÓ μ¶¨¸ ´  Ê£²μ³ ³¥¦¤Ê ± ¸ -
É¥²Ó´μ° ± ¶·ÊÉÊ ¨ ¢¥·É¨± ²ÓÕ, ±μÉμ-
·Ò° ¡Ê¤¥³ ¸Î¨É ÉÓ ËÊ´±Í¨¥° g = g(l)
· ¸¸ÉμÖ´¨Ö l ¢¤μ²Ó ¶·ÊÉ  μÉ ÉμÎ±¨
Ë¨±¸ Í¨¨ 0. �·¨ μ¤´μ·μ¤´μ¸É¨ ¶·ÊÉ 
¨ ¶μ²Ö ¢´¥Ï´¨Ì ¸¨² ¢¤μ²Ó ¤²¨´Ò
¶·ÊÉ  (É. ¥. ¶·¨ ´¥§ ¢¨¸¨³μ¸É¨ μÉ l)
Ê£μ² g(l) ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥ ËÊ´±Í¨¨ G(l, g0), ¸ÊÐ¥¸É¢¥´´μ § -
¢¨¸ÖÐ¥° μÉ ´ Î ²Ó´μ£μ §´ Î¥´¨Ö Ê£²  g0, ±μÉμ·Ò° § ¤ ´ ¢ ÉμÎ±¥ ±·¥¶²¥´¨Ö

∗‘³. ´¨¦¥ ·¨¸. 3.
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¶·ÊÉ . …¸É¥¸É¢¥´´μ, G ¡Ê¤¥É § ¢¨¸¥ÉÓ É ±¦¥ ¨ μÉ ¤·Ê£¨Ì  ·£Ê³¥´Éμ¢ Å ¢´¥Ï-
´¨Ì ¸¨² ¨ ¶ · ³¥É·μ¢ ³ É¥·¨ ² , ¨§ ±μÉμ·μ£μ ¸¤¥² ´ ¶·ÊÉ, μ¤´ ±μ ¢ ¤ ´´μ³

�¨¸. 2. ƒ·Ê¶¶μ¢ Ö μ¶¥· Í¨Ö ¤²Ö ¶·ÊÉ 

±μ´É¥±¸É¥ μ´¨ ¶μ¸ÉμÖ´´Ò ¢ ¶·μ-
Í¥¸¸¥ · ¸¸Ê¦¤¥´¨Ö ¨ ¶μÉμ³Ê ´¥¸ÊÐ¥-
¸É¢¥´´Ò.

� ¸¸³μÉ·¨³ ¤¢¥ ¶·μ¨§¢μ²Ó´Ò¥
ÉμÎ±¨ ´  ¶·ÊÉ¥, 1 ¨ 2 (·¨¸. 1), ¸ ±μμ·-
¤¨´ É ³¨ l1 = λ ¨ l2 = λ+ l. “£²Ò gi

¢ ÉμÎ± Ì 0, 1 ¨ 2 ³μ£ÊÉ ¡ÒÉÓ ¸¢Ö§ ´Ò
¸ ¶μ³μÐÓÕ ËÊ´±Í¨¨ G ¸μμÉ´μÏ¥´¨-
Ö³¨

g1 = G(λ, g0),
g2 = G(λ + l, g0) = G(l, g1).

(18)

—Éμ¡Ò ¶μ²ÊÎ¨ÉÓ ¶μ¸²¥¤´ÕÕ Ëμ·-
³Ê ¶· ¢μ° Î ¸É¨ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö,

¸²¥¤Ê¥É ¢μμ¡· §¨ÉÓ, ÎÉμ Ë¨±¸¨·Ê¥É¸Ö ÉμÎ±  1 ¢³¥¸Éμ ÉμÎ±¨ 0, ± ± ´  ·¨¸. 2.
Šμ³¡¨´¨·ÊÖ ÔÉ¨ Ê· ¢´¥´¨Ö, ¶·¨Ìμ¤¨³ ± § ±μ´Ê ±μ³¶μ§¨Í¨¨ (11) ¤²Ö ËÊ´±-
Í¨¨ G(l, g).

�·¨ ¢Ò¡μ·¥ Ëμ·³Ò § ¶¨¸¨ ¢ (18) ¶μ¤· §Ê³¥¢ ²μ¸Ó, ÎÉμ ¶·ÊÉ ¨³¥¥É ¡¥¸±μ-
´¥Î´ÊÕ ¤²¨´Ê. …¸²¨ ¦¥ ¢¢¥¸É¨ ±μ´¥Î´ÊÕ ¤²¨´Ê L, ·¨¸. 3, Éμ ËÊ´±Í¨Õ G(l, g)
¸²¥¤Ê¥É § ³¥´¨ÉÓ ´  ËÊ´±Í¨Õ G(l, L, g) É·¥Ì ¸ÊÐ¥¸É¢¥´´ÒÌ  ·£Ê³¥´Éμ¢, £¤¥
¢Éμ·μ° ¨§ ´¨Ì μ¶¨¸Ò¢ ¥É · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ÉμÎ±μ° Ë¨±¸ Í¨¨, ¢ ±μÉμ·μ° § ¤ ´
®´ Î ²Ó´Ò°¯ Ê£μ², ¨ ¸¢μ¡μ¤´Ò³ ±μ´Íμ³.

�¨¸. 3. �·ÊÉ ±μ´¥Î´μ° ¤²¨´Ò L ¨²¨ ¸ ¤¨¸±·¥É´μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ

Šμ³¡¨´¨·ÊÖ ¸μμÉ´μÏ¥´¨Ö

g1 = G(λ, L, g0), g2 = G(λ + l, L, g0) = G(l, L − λ, g1), (19)

¶μ²ÊÎ ¥³ ¡μ²¥¥ ¸²μ¦´Ò° § ±μ´ ±μ³¶μ§¨Í¨¨

G(l + λ, L, g) = G(l, L − λ, G(λ, L, g)). (20)
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�É³¥É¨³, ÎÉμ ¢ (19) ¨ (20)  ·£Ê³¥´É L ´¥μ¡Ö§ É¥²Ó´μ Ö¢²Ö¥É¸Ö ¤²¨´μ°
¶·ÊÉ . �´ ³μ¦¥É μÉ¢¥Î ÉÓ · ¸¸ÉμÖ´¨Õ ³¥¦¤Ê Ë¨±¸¨·μ¢ ´´μ° ÉμÎ±μ° ¨ ÉμÎ-
±μ°, ¢ ±μÉμ·μ° ¤¨¸±·¥É´μ ³¥´ÖÕÉ¸Ö ¸ÊÐ¥¸É¢¥´´Ò¥ ¸¢μ°¸É¢  ¶·ÊÉ  (´ ¶·¨³¥·,
Éμ²Ð¨´  ¶·ÊÉ  ¨²¨ ¥£μ Ê¶·Ê£μ¸ÉÓ). ‚μμ¡Ð¥ £μ¢μ·Ö,  ·£Ê³¥´É L μ¶¨¸Ò¢ ¥É
¤¨¸±·¥É´μ¥ ´ ·ÊÏ¥´¨¥ μ¤´μ·μ¤´μ¸É¨ ¸¢μ°¸É¢ · ¸¸³ É·¨¢ ¥³μ° ¸¨¸É¥³Ò. ’ -
±μ¥ ´ ·ÊÏ¥´¨¥ ³μ¦¥É ¨³¥ÉÓ ³¥¸Éμ ¢ ´¥¸±μ²Ó±¨Ì ÉμÎ± Ì. ˆÌ ±μμ·¤¨´ ÉÒ
¤μ²¦´Ò ¡ÒÉÓ ¢¢¥¤¥´Ò ± ± ¤μ¶μ²´¨É¥²Ó´Ò¥  ·£Ê³¥´ÉÒ G: L → {L}. ‚ Š’�
ÔÉμ ¸μμÉ¢¥É¸É¢Ê¥É ¢¢¥¤¥´¨Õ ³ ¸¸ Î ¸É¨Í.

‘² ¡ Ö Ê¤ ·´ Ö ¢μ²´ . „·Ê£μ° ¶·μ¸Éμ° ¶·¨³¥· ³μ¦´μ ¢§ÖÉÓ ¨§ £¨¤·μ-
¤¨´ ³¨±¨. � ¸¸³μÉ·¨³ ¸² ¡ÊÕ Ê¤ ·´ÊÕ ¢μ²´Ê ¢ μ¤´μ³¥·´μ³ ¸²ÊÎ ¥. ƒ· Ë¨±
§ ¢¨¸¨³μ¸É¨ ¸±μ·μ¸É¨ μÉ · ¸¸ÉμÖ´¨Ö ¤μ ¨¸ÉμÎ´¨±  ¢ § ¤ ´´Ò° ³μ³¥´É ¢·¥-
³¥´¨ ¨³¥¥É É·¥Ê£μ²Ó´ÊÕ Ëμ·³Ê, ¶μ± § ´´ÊÕ ´  ·¨¸. 4, ¨ ³μ¦¥É ¡ÒÉÓ μ¶¨¸ ´
¢Ò· ¦¥´¨¥³

v(l) =

⎧⎨
⎩

lV /L ¶·¨ l � x;

0 ¶·¨ l > x,
(21)

£¤¥ x = x(t) Å ¶μ²μ¦¥´¨¥ Ë·μ´É  ¨ V = v(t) Å ¸±μ·μ¸ÉÓ Ë·μ´É . ‚ μÉ¸ÊÉ-
¸É¢¨¥ ¢Ö§±μ¸É¨ ¢Ò¶μ²´Ö¥É¸Ö ¸¢μ¥μ¡· §´Ò° ®§ ±μ´ ¸μÌ· ´¥´¨Ö¯

LV = const,

£¤¥ L ¨ V Å ±μμ·¤¨´ É  ¨ ¸±μ·μ¸ÉÓ ´  Ë·μ´É¥ Ê¤ ·´μ° ¢μ²´Ò, § ¢¨¸ÖÐ¨¥
μÉ ¢·¥³¥´¨, ±μÉμ·Ò¥ Ê¤μ¡´μ ¶·¥¤¸É ¢²ÖÉÓ ± ± ËÊ´±Í¨¨ ¶μ²μ¦¥´¨Ö Ë·μ´É 
L = x, V = V (x). ‚ ¸²ÊÎ ¥ μ¤´μ·μ¤´μ° Ë¨§¨Î¥¸±μ° ¸·¥¤Ò ¸±μ·μ¸ÉÓ Ë·μ´É 
V (x) ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ± ± ËÊ´±Í¨Õ ¤¢ÊÌ ¸ÊÐ¥¸É¢¥´´ÒÌ  ·£Ê³¥´Éμ¢ Å
§´ Î¥´¨Ö ¸±μ·μ¸É¨ V0 = V (x0) ¢ ´¥±μÉμ·μ° ¶·¥¤Ï¥¸É¢ÊÕÐ¥° ÉμÎ±¥ (x0 < x)
¨ ±μμ·¤¨´ ÉÒ x0. …¥ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

V (x) = G(x/x0, V0).

…¸²¨ ¢Ò¡· ÉÓ É·¨ ÉμÎ±¨ x0, x1 ¨ x2, ± ± ¶μ± § ´μ ´  ·¨¸. 5, Éμ ¶·¨ Ê¸²μ¢¨¨
μ¤´μ·μ¤´μ¸É¨ ´ Î ²Ó´μ¥ Ê¸²μ¢¨¥ ³μ¦¥É ¡ÒÉÓ § ¤ ´μ ± ± ¢ x0, É ± ¨ ¢ x1.

�¨¸. 4. ‘² ¡ Ö Ê¤ ·´ Ö ¢μ²´  �¨¸. 5. 
¢μ²ÕÍ¨Ö ¸² ¡μ° Ê¤ ·´μ° ¢μ²´Ò
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’ ±¨³ μ¡· §μ³, ¶·¨Ìμ¤¨³ ± Ê· ¢´¥´¨Õ ”‘�,  ´ ²μ£¨Î´μ³Ê (6):

V2 = G(x2/x0, V0) = G(x2/x1, V1) = G(x2/x1, G(x1/x0, V0)).

’¥μ·¨Ö ¶¥·¥´μ¸ . ‘Ìμ¤´μ¥ · ¸¸Ê¦¤¥´¨¥ ¡Ò²μ ¶·μ¢¥¤¥´μ [13] ¶·¨  ´ ²¨§¥
μ¤´μ³¥·´μ° ¶·μ¡²¥³Ò ¶¥·¥´μ¸ . � ¸¸³μÉ·¨³ ¶μ²Ê¶·μ¸É· ´¸É¢μ, § ¶μ²´¥´´μ¥
μ¤´μ·μ¤´μ° ¸·¥¤μ°, ´  ¶μ¢¥·Ì´μ¸ÉÓ ±μÉμ·μ£μ ¸²¥¢  ¶ ¤ ¥É ¶μÉμ± (¨§²ÊÎ¥´¨Ö
¨²¨ Î ¸É¨Í) ¨´É¥´¸¨¢´μ¸É¨ g0, ·¨¸. 6. �·μ¸²¥¤¨³ §  ¢¥²¨Î¨´μ° ¶μÉμ± 

�¨¸. 6. �¤´μ³¥·´Ò° ¶¥·¥´μ¸

¢´ÊÉ·Ó ¸·¥¤Ò ´  · ¸¸ÉμÖ´¨¨ l μÉ £· ´¨ÍÒ. ‚¸²¥¤¸É¢¨¥ μ¤´μ·μ¤´μ¸É¨ ¢¤μ²Ó
±μμ·¤¨´ ÉÒ l ¨´É¥´¸¨¢´μ¸ÉÓ ¶μÉμ±  g(l) ¸²¥¤Ê¥É § ¶¨¸ ÉÓ ¢ ¢¨¤¥ ËÊ´±Í¨¨
¤¢ÊÌ ¸ÊÐ¥¸É¢¥´´ÒÌ  ·£Ê³¥´Éμ¢, g(l) = G(l, g0). ‚¥²¨Î¨´Ò ¶μÉμ±  ¢ ÉμÎ± Ì
0, 1 ¨ 2, ¶μ± § ´´ÒÌ ´  ·¨¸. 6, ³μ£ÊÉ ¡ÒÉÓ É¥¶¥·Ó ¸¢Ö§ ´Ò ¤·Ê£ ¸ ¤·Ê£μ³

�¨¸. 7. �¥·¥´μ¸ ¢ ¸·¥¤¥ ¸ ¢´ÊÉ·¥´´¥°
£· ´¨Í¥°

¸μμÉ´μÏ¥´¨Ö³¨ É· ´§¨É¨¢´μ¸É¨:

g1 = G(λ, g0),
g2 = G(λ + l, g0) = G(l, g1),

ÎÉμ ¶·¨¢μ¤¨É ± Ê· ¢´¥´¨Õ (11), É. ¥.
±  ¤¤¨É¨¢´μ° ¢¥·¸¨¨ ËÊ´±Í¨μ´ ²Ó´μ£μ
Ê· ¢´¥´¨Ö ¸ ³μ¶μ¤μ¡¨Ö.


É  ¶μ¸É ´μ¢±  ¤μ¶Ê¸± ¥É μ¡μ¡Ð¥-
´¨Ö, ¸¢Ö§ ´´Ò¥ ¸ ¤¨¸±·¥É´μ° ´¥μ¤´μ-
·μ¤´μ¸ÉÓÕ. �¡· É¨³¸Ö ± ¸¨¸É¥³¥ ¤¢ÊÌ

· §´ÒÌ μ¤´μ·μ¤´ÒÌ ¸·¥¤, · §¤¥²¥´´ÒÌ ¢´ÊÉ·¥´´¥° ¶μ¢¥·Ì´μ¸ÉÓÕ l = L, ± ±
ÔÉμ ¶μ± § ´μ ´  ·¨¸. 7.

Š ± ¨ ¤²Ö Ê¶·Ê£μ£μ ¶·ÊÉ , ÉμÎ±  l = L, ´ ·ÊÏ ÕÐ Ö ¸¢μ°¸É¢μ μ¤´μ-
·μ¤´μ¸É¨, ³μ¦¥É μÉ¢¥Î ÉÓ £· ´¨Í¥ ¸ ¶Ê¸ÉÒ³ ¶μ²Ê¶·μ¸É· ´¸É¢μ³ ¸¶· ¢ , ¨
·¥§Ê²ÓÉ¨·ÊÕÐ¥¥ Ê· ¢´¥´¨¥ ¸μ¢¶ ¤¥É ¸ (20).
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�·μ¡²¥³  ¶¥·¥´μ¸  ¤μ¶Ê¸± ¥É ¨ ¤·Ê£¨¥ μ¡μ¡Ð¥´¨Ö, μ¶¨¸Ò¢ ¥³Ò¥ ®· §-
³´μ¦¥´¨¥³¯ ¶μ¸²¥¤´¥£μ  ·£Ê³¥´É ∗. � ¸¸³μÉ·¨³ ¶¥·¥´μ¸ ¨§²ÊÎ¥´¨Ö ¤¢ÊÌ · §-
²¨Î´ÒÌ Î ¸ÉμÉ ω1 ¨ ω2 (¨²¨ ¶¥·¥´μ¸ Î ¸É¨Í ¤¢ÊÌ · §´ÒÌ Ô´¥·£¨° ¨²¨ ¸μ·-
Éμ¢), ± ± ¶μ± § ´μ ´  ·¨¸. 8. �·¥¤¶μ²μ¦¨³, ÎÉμ ³ É¥·¨ ² ¸·¥¤Ò μ¡² ¤ ¥É
É ±¨³¨ ¸¢μ°¸É¢ ³¨, ÎÉμ ¶·μÍ¥¸¸Ò ¶¥·¥´μ¸  ¤¢ÊÌ ¶μÉμ±μ¢ ´¥ Ö¢²ÖÕÉ¸Ö ´¥-
§ ¢¨¸¨³Ò³¨. ’μ£¤  Ì · ±É¥·¨¸É¨Î¥¸±¨¥ ËÊ´±Í¨¨ ÔÉ¨Ì ¶μÉμ±μ¢ g(l) ¨ h(l),
¡Ê¤ÊÎ¨ § ¢¨¸¨³Ò³¨ μÉ μ¡μ¨Ì £· ´¨Î´ÒÌ §´ Î¥´¨° g0, h0, ¤μ²¦´Ò ¡ÒÉÓ ¶·¥¤-
¸É ¢²¥´Ò ± ± ËÊ´±Í¨¨ É·¥Ì ¸ÊÐ¥¸É¢¥´´ÒÌ  ·£Ê³¥´Éμ¢ g(l) = G(l, g0, h0),
h(l) = H(l, g0, h0). �μ¸²¥ ¶·¨³¥´¥´¨Ö £·Ê¶¶μ¢μ° μ¶¥· Í¨¨ l → l−λ ¶·¨Ìμ-
¤¨³ ± ¸¨¸É¥³¥ ¤¢ÊÌ ”“:

G(l + λ, g, h) = G(l, gλ, hλ), H(l + λ, g, h) = H(l, gλ, hλ); (22)

gλ ≡ G(λ, g, h), hλ ≡ H(λ, g, h),

±μÉμ· Ö Ö¢²Ö¥É¸Ö  ¤¤¨É¨¢´μ° ¢¥·¸¨¥° ¸¨¸É¥³Ò (29) (¸³. ´¨¦¥) ¶·¨ k = 2.

�¨¸. 8. „¢ÊÌ±μ³¶μ´¥´É´Ò° ¶¥·¥´μ¸

’¥¶¥·Ó ³μ¦´μ ¸¤¥² ÉÓ ¢ ¦´Ò° ¢Ò¢μ¤, ÎÉμ μ¡Ð¨³ ¸¢μ°¸É¢μ³, ¶·¨¢μ¤ÖÐ¨³
± ËÊ´±Í¨μ´ ²Ó´Ò³ £·Ê¶¶μ¢Ò³ Ê· ¢´¥´¨Ö³, Ö¢²Ö¥É¸Ö ¸¢μ°¸É¢μ É· ´§¨É¨¢´μ¸É¨
´¥±μÉμ·μ° Ë¨§¨Î¥¸±μ° ¢¥²¨Î¨´Ò μÉ´μ¸¨É¥²Ó´μ ¸¶μ¸μ¡  § ¤ ´¨Ö ¥¥ £· ´¨Î´ÒÌ
¨²¨ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨°.

�É³¥É¨³ ¥Ð¥ · §, ÎÉμ �ƒ = ”‘� ¸¨³³¥É·¨Ö Ö¢²Ö¥É¸Ö ´¥ ¸¨³³¥É·¨¥°
Ê· ¢´¥´¨°, ´μ ¸¨³³¥É·¨¥° ·¥Ï¥´¨° (¨²¨ Ê· ¢´¥´¨° ¨ £· ´¨Î´ÒÌ Ê¸²μ¢¨°,
· ¸¸³ É·¨¢ ¥³ÒÌ ± ± Í¥²μ¥).

3. �…���Œ-ƒ�“��� ‚ Š’�

3.1. �¥´μ·³-£·Ê¶¶μ¢μ° Ëμ·³ ²¨§³ ¢ Š’�. ”Ê´±Í¨μ´ ²Ó´Ò¥ Ê· ¢´¥´¨Ö.
…¸²¨ ´¥ ¶·¥´¥¡·¥£ ÉÓ ³ ¸¸μ° Î ¸É¨ÍÒ m, Éμ ¢ ÔËË¥±É¨¢´ÊÕ ËÊ´±Í¨Õ ¸¢Ö§¨
ḡ ¸²¥¤Ê¥É ¢¢¥¸É¨ ¤μ¶μ²´¨É¥²Ó´Ò°  ·£Ê³¥´É ¨ · ¸¸³ É·¨¢ ÉÓ ¥¥ ± ± ËÊ´±Í¨Õ
É·¥Ì ¶¥·¥³¥´´ÒÌ.

∗—Éμ ¢ ±¢ ´Éμ¢μ-¶μ²¥¢μ³ ±μ´É¥±¸É¥ μÉ¢¥Î ¥É ¸²ÊÎ Õ ¸ ´¥¸±μ²Ó±¨³¨ ±μ´¸É ´É ³¨ ¸¢Ö§¨ ¨
μ¶¨¸Ò¢ ¥É¸Ö Ê· ¢´¥´¨Ö³¨ (28)Ä(30).
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�¥ ¸μ¸É ¢²Ö¥É É·Ê¤  Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ¨§¢¥¸É´μ¥ ËÊ´±Í¨μ´ ²Ó´μ¥ Ê· ¢´¥´¨¥
�μ£μ²Õ¡μ¢ Ä˜¨·±μ¢  [3]∗ ¤²Ö ¨´¢ ·¨ ´É´μ£μ § ·Ö¤  ¢ ³ ¸¸μ¢μ³ ¸²ÊÎ ¥

ḡ(x, y; g) = ḡ
(x

t
,
y

t
; ḡ(t, y; g)

)
(23)

³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ¢ ± Î¥¸É¢¥ ³Ê²ÓÉ¨¶²¨± É¨¢´μ£μ  ´ ²μ£  Ê· ¢´¥´¨Ö
(20), μÉ· ¦ ÕÐ¥£μ ¤¨¸±·¥É´μ¥ ´ ·ÊÏ¥´¨¥ μ¤´μ·μ¤´μ¸É¨. ‚ Š’� §  É ±μ¥
´ ·ÊÏ¥´¨¥ μÉ¢¥É¸É¢¥´´  ³ ¸¸  Î ¸É¨ÍÒ.

„μ¡ ¢²¥´¨¥ É·¥ÉÓ¥£μ  ·£Ê³¥´É ∗∗ y = m2/μ2 Ê¸²μ¦´Ö¥É £·Ê¶¶μ¢μ¥ ¶·¥-
μ¡· §μ¢ ´¨¥ (15):

Rt : {x′ = x/t, y′ = y/t, g′ = ḡ(t, y; g)}, (24)

´μ μ¸É ¢²Ö¥É ´¥¨§³¥´´Ò³ ¶·¥μ¡· §μ¢ ´¨¥ ¢ Ëμ·³¥ (10).
‘ÊÐ¥¸É¢¥´´μ, ÎÉμ ´μ¢Ò° ®³ ¸¸μ¢Ò°¯  ·£Ê³¥´É y (±μÉμ·Ò° ¶μ ¸¢μ¥° ¶·¨-

·μ¤¥ ¤μ²¦¥´ ¡ÒÉÓ ¡²¨§μ± ¶¥·¥³¥´´μ° x, É ± ± ± μ´ ¶·¥μ¡· §Ê¥É¸Ö ¶μ¤μ¡´μ
¥°) ¢Ìμ¤¨É ¢ § ±μ´ ¶·¥μ¡· §μ¢ ´¨Ö ¤²Ö g. �¶¥· Éμ· ‹¨ É¥¶¥·Ó

L(x, y; g) =
{

x
∂

∂x
+ y

∂

∂y
− β(y, g)

∂

∂g

}
(25)

¸μ¤¥·¦¨É ±μμ·¤¨´ ÉÒ, § ¢¨¸ÖÐ¨¥ μÉ y.
�É³¥É¨³, ÎÉμ ¥£μ ³μ¦´μ É ±¦¥ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

L(ln μ; g) =
{

μ2 ∂

∂μ2
− β̃(μ, g)

∂

∂g

}
, (26)

¸¶· ¢¥¤²¨¢μ³ ± ± ¢ ³ ¸¸μ¢μ³, É ± ¨ ¢ ¡¥§³ ¸¸μ¢μ³ ¸²ÊÎ ¥.
…¸²¨ ¢ · ¸¸³ É·¨¢ ¥³μ° ³μ¤¥²¨ Š’� ¨³¥¥É¸Ö ´¥¸±μ²Ó±μ ³ ¸¸ (± ±, ´ -

¶·¨³¥·, ¢ Š•„), Éμ ¶μÖ¢²Ö¥É¸Ö ´¥¸±μ²Ó±μ ³ ¸¸μ¢ÒÌ  ·£Ê³¥´Éμ¢

y → {y} = y1, y2, . . . , yn. (27)

‚ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ Ê· ¢´¥´¨Ö (24), (25), ¨³¥Ö ¢ ¢¨¤Ê ¢μ§³μ¦-
´ÊÕ ³μ¤¨Ë¨± Í¨Õ (27) ¨ ®¸¥³¥°´μ¥¯ μ¡μ§´ Î¥´¨¥ {y}.

‚ ®³´μ£μ§ ·Ö¤´μ³ ¸²ÊÎ ¥¯ (É. ¥. ¶·¨ ´ ²¨Î¨¨ ´¥¸±μ²Ó±¨Ì ±μ´¸É ´É ¸¢Ö§¨)
g → {g} = g1, . . . , gk ¢μ§´¨± ¥É ®¸¥³¥°¸É¢μ¯ ÔËË¥±É¨¢´ÒÌ ËÊ´±Í¨° ¸¢Ö§¨:

ḡ → {ḡ}, ḡi = ḡi(x, y; {g}), i = 1, 2, . . . , k, (28)

∗‘³. É ±¦¥ Ëμ·³Ê²Ò (47.32) ¨ (48.5) ¢ [10].
∗∗ˆ³¥´´μ É ±μ¥ ¢¢¥¤¥´¨¥ ³ ¸¸μ¢μ£μ  ·£Ê³¥´É  Ê¤μ¡´μ ¶·¨ ¶¥·¥Ìμ¤¥ ± ¡¥§³ ¸¸μ¢μ³Ê ¸²Ê-

Î Õ y → 0.
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Ê¤μ¢²¥É¢μ·ÖÕÐ¥¥ ¸¨¸É¥³¥ ¸¢Ö§ ´´ÒÌ ËÊ´±Í¨μ´ ²Ó´ÒÌ Ê· ¢´¥´¨°

ḡi(x, y; {g}) = ḡi (x/t, y/t; . . . ḡj(t, y; {g}) . . .) , (29)

¶·¥¤¸É ¢²ÖÕÐ¥° μ¡μ¡Ð¥´¨¥∗ (6). ‡¤¥¸Ó �ƒ-¶·¥μ¡· §μ¢ ´¨¥ ¶·¨´¨³ ¥É ¢¨¤

Rt : {x → x/t, y → y/t, {g} → {ḡ(t)}} , ḡi(t) = ḡi(t, y; {g}). (30)

„¨ËË¥·¥´Í¨ ²Ó´ Ö Ëμ·³Ê²¨·μ¢±  �ƒ. “· ¢´¥´¨Ö, μÉ¢¥Î ÕÐ¨¥ ¨´Ë¨-
´¨É¥§¨³ ²Ó´Ò³ ¶·¥μ¡· §μ¢ ´¨Ö³, ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¤¢Ê³Ö · §²¨Î´Ò³¨
¶ÊÉÖ³¨. „¨ËË¥·¥´Í¨·ÊÖ ”“

ḡ(x, y; g) = ḡ
(x

t
,
y

t
; ḡ(t, y; g)

)
(23)

¶μ x ¨ ¶μ² £ Ö ¶μ¸²¥ ÔÉμ£μ t = x, ¶μ²ÊÎ ¥³

x
∂ḡ(x, y; g)

∂x
= β
( y

x
, ḡ(x, y; g)

)
, (31)

£¤¥

β(y, g) =
∂ḡ(t, y; g)

∂t

∣∣∣∣
t=1

. (32)

�¥²¨´¥°´μ¥ Ê· ¢´¥´¨¥ (31) Ö¢²Ö¥É¸Ö μ¡μ¡Ð¥´¨¥³ (4) ´  ³ ¸¸μ¢Ò° ¸²ÊÎ °.
‚ Éμ ¦¥ ¢·¥³Ö, ¶·μ¤¨ËË¥·¥´Í¨·μ¢ ¢ Ê· ¢´¥´¨¥ (23) ¶μ t ¢ ÉμÎ±¥ t = 1,

¶μ²ÊÎ ¥³ ²¨´¥°´μ¥ Ê· ¢´¥´¨¥ ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¸ μ¶¥· Éμ·μ³ (25):[
x

∂

∂x
+ y

∂

∂y
− β(y, g)

∂

∂g

]
ḡ(x, y; g) = 0. (33)

�·¨³¥´¥´¨¥ ÔÉ¨Ì μ¶¥· Í¨° ± ®³ ¸¸μ¢μ³Ê¯ ”“ ¤²Ö μ¤´μ ·£Ê³¥´É´μ° ËÊ´±Í¨¨

s(x, y; g) = s(t, y; g) s
(x

t
,

y

t
; ḡ(t, y; g)

)
, (34)

(¸³. É ±¦¥ ´¨¦¥ Ê· ¢´¥´¨¥ (41)) ¤ ¥É

∂s(x, y; g)
∂ ln x

= γs

[y
x

, g(x, y; g)
]
s(x, y; g); γs(y, g) =

∂s(t, y; g)
∂t

∣∣∣∣
t=1

(35)

¨ {
x

∂

∂x
+ y

∂

∂y
− β(y, g)

∂

∂g
− γs(y, g)

}
s(x, y; g) = 0, (36)

∗‚  ¡¸É· ±É´μ° Ëμ·³Ê²¨·μ¢±¥ ¶. 1.2 ÔÉμ³Ê μÉ¢¥Î ¥É ¸²ÊÎ °, ±μ£¤  Ô²¥³¥´É Mi ¨§ M ¶·¥¤-
¸É ¢²¥´ ¸ ¶μ³μÐÓÕ k Î¨¸¥², É. ¥. ÉμÎ±μ° {g} ¢ k-³¥·´μ³ ¢¥Ð¥¸É¢¥´´μ³ ¶·μ¸É· ´¸É¢¥ ¶ · ³¥É·μ¢.
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¶·¨Î¥³ γs ¨³¥´Ê¥É¸Ö  ´μ³ ²Ó´μ° · §³¥·´μ¸ÉÓÕ s. „²Ö ³ É·¨Î´μ£μ Ô²¥³¥´É 
M , Ê¤μ¢²¥É¢μ·ÖÕÐ¥£μ ”“ (43), ¶·¨¢¥¤¥´´Ò³ ´¨¦¥, ÔÉ  · §³¥·´μ¸ÉÓ · ¢´Ö-
¥É¸Ö ´Ê²Õ. ‘μμÉ¢¥É¸É¢¥´´μ{∑

i

xi
∂

∂x i
− y

∂

∂y
− β(y, g)

∂

∂g

}
M(x, y; g) = 0. (37)

“· ¢´¥´¨Ö (33), (36) ¨ (37) ¢Ò· ¦ ÕÉ ´¥§ ¢¨¸¨³μ¸ÉÓ ²¥¢ÒÌ Î ¸É¥° ”“ μÉ ¶¥-
·¥³¥´´μ° t, É. ¥. ¢§ ¨³´ÊÕ ±μ³¶¥´¸ Í¨Õ § ¢¨¸¨³μ¸É¥° μÉ t Î¥·¥§ É·¨ (¨,
¢μ§³μ¦´μ, ¡μ²ÓÏ¥¥ Î¨¸²μ)  ·£Ê³¥´É . �´¨ ³μ£ÊÉ ¡ÒÉÓ ´ §¢ ´Ò ±μ³¶¥´¸ Í¨-
μ´´Ò³¨ Ê· ¢´¥´¨Ö³¨, ¢ μÉ²¨Î¨¥ μÉ ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¢¨¤  (31), (35),
±μÉμ·Ò¥ ¨´μ£¤  ¨³¥´ÊÕÉ Ô¢μ²ÕÍ¨μ´´Ò³¨∗.

�μ¤Î¥·±´¥³, ÎÉμ ±μ³¶¥´¸ Í¨μ´´Ò¥, · ¢´μ ± ± ¨ Ô¢μ²ÕÍ¨μ´´Ò¥, „“, ¢§Ö-
ÉÒ¥ ¸μ¢³¥¸É´μ ¸ ´μ·³ ²¨§ Í¨μ´´Ò³¨ (£· ´¨Î´Ò³¨) Ê¸²μ¢¨Ö³¨ (42), ´ ¶·¨-
³¥·, ḡ(1, g) = g, Ô±¢¨¢ ²¥´É´Ò ”“ ¨ ¤·Ê£ ¤·Ê£Ê. ‚ Éμ ¦¥ ¢·¥³Ö Ô¢μ²ÕÍ¨μ´-
´Ò¥ Ê· ¢´¥´¨Ö ¡μ²¥¥ Ê¤μ¡´Ò ¤²Ö ¶· ±É¨Î¥¸±μ£μ ¶μ¸É·μ¥´¨Ö ·¥Ï¥´¨°, ¥¸²¨
¨§¢¥¸É´Ò £¥´¥· Éμ·Ò β, γ.

�¥¸²μ¦´μ ¸Ëμ·³Ê²¨·μ¢ ÉÓ £·Ê¶¶μ¢Ò¥ „“ ¤²Ö ¸²ÊÎ Ö ¸ ´¥¸±μ²Ó±¨³¨ ±μ´-
¸É ´É ³¨ ¸¢Ö§¨ (³´μ£μ§ ·Ö¤´ Ö ³μ¤¥²Ó) ¶ÊÉ¥³ ¶μ¤Ìμ¤ÖÐ¥£μ ¤¨ËË¥·¥´Í¨·μ¢ -
´¨Ö Ê· ¢´¥´¨° (29). � ¶·¨³¥·, ¸¨¸É¥³  Ô¢μ²ÕÍ¨μ´´ÒÌ Ê· ¢´¥´¨° ¶·¨´¨³ ¥É
¢¨¤

x
∂ḡi(x, y, {g})

∂x
= βi

(y

x
, {ḡj(x, y; {g})}

)
. (38)

‡ ³¥É¨³ É ±¦¥, ÎÉμ “”-¶·¥¤¥² ±μ³¶¥´¸ Í¨μ´´ÒÌ „“, ´ ¶·¨³¥·,

{
x

∂

∂x
− β(g)

∂

∂g
− γ(g)

}
s(x, g) = 0, (39)

¸μ¢¶ ¤ ¥É ¸ “”-¶·¥¤¥²μ³ ¸¶¥Í¨ ²Ó´ÒÌ ´¥§ ³±´ÊÉÒÌ Ê· ¢´¥´¨°

{
x

∂

∂x
− β(g)

∂

∂g
− γ(g)

}
s(x, g) = ΔS, (CÄS)

¶μ²ÊÎ¥´´ÒÌ ¢ ´ Î ²¥ 1970-Ì ££. Š ²² ´μ³ ¨ ‘¨³ ´Î¨±μ³ [24]. �· ¢ Ö Î ¸ÉÓ ÔÉμ£μ
Ê· ¢´¥´¨Ö ΔS ¸μ¤¥·¦¨É ·¥§Ê²ÓÉ É ¢¸É ¢±¨ ³ ¸¸μ¢μ£μ ±μ´É·Î²¥´  ¢μ ¢¸¥ ¢´ÊÉ·¥´-
´¨¥ ²¨´¨¨ ¤¨ £· ³³ ¤²Ö · ¸¸³ É·¨¢ ¥³μ° ËÊ´±Í¨¨ s. �μ ÔÉμ° ¶·¨Î¨´¥ ¢ ²¨É¥· ÉÊ·¥
±μ³¶¥´¸ Í¨μ´´Ò¥ Ê· ¢´¥´¨Ö Î ¸Éμ ´ §Ò¢ ÕÉ Ê· ¢´¥´¨Ö³¨ Š ²² ´ Ä‘¨³ ´Î¨± . �¤-
´ ±μ ÔÉ¨ Ê· ¢´¥´¨Ö ¢ Ëμ·³¥ (33), (36) ¡Ò²¨ ¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´Ò �¢¸Ö´´¨±μ¢Ò³ [25] ¶·¨
·¥Ï¥´¨¨ ËÊ´±Í¨μ´ ²Ó´ÒÌ ·¥´μ·³-£·Ê¶¶μ¢ÒÌ Ê· ¢´¥´¨°. �μÔÉμ³Ê ³Ò ¸Î¨É ¥³ Ê³¥¸É-
´Ò³ ¸¢Ö§Ò¢ ÉÓ ±μ³¶¥´¸ Í¨μ´´Ò¥ „“ ¸ ¨³¥´¥³ �¢¸Ö´´¨±μ¢ .

∗�μ¸²¥¤´¨¥ Ö¢²ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³¨ Ì · ±É¥·¨¸É¨± ¤²Ö ±μ³¶¥´¸ Í¨μ´´ÒÌ Ê· ¢´¥´¨°.
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3.2. �ƒ ¢ Š	„. �μ²Ö·¨§ Í¨Ö ¢ ±ÊÊ³  ¢ Š’�. ‘ÊÐ¥¸É¢¥´´μ° Î¥·Éμ°
±¢ ´Éμ¢μ° É¥μ·¨¨ Ö¢²Ö¥É¸Ö ¶·¨¸ÊÉ¸É¢¨¥ ¢¨·ÉÊ ²Ó´ÒÌ ¸μ¸ÉμÖ´¨° ¨ ¢¨·ÉÊ ²Ó-
´ÒÌ ¶¥·¥Ìμ¤μ¢. ’ ±, ¢ Š
„ ¨³¥¥É ³¥¸Éμ ¶·μÍ¥¸¸ ¢¨·ÉÊ ²Ó´μ£μ ¶·¥¢· Ð¥´¨Ö
ËμÉμ´  ¢ Ô²¥±É·μ´-¶μ§¨É·μ´´ÊÕ ¶ ·Ê ¨ μ¡· É´μ: γ ↔ e+ + e−. �μ¸²¥¤μ¢ -
É¥²Ó´μ¸ÉÓ ¤¢ÊÌ É ±¨Ì ¶¥·¥Ìμ¤μ¢: γ → e++e− → γ, ¸μ£² ¸´μ ”¥°´³ ´Ê ³μ¦¥É
¡ÒÉÓ ¶·¥¤¸É ¢²¥´  £· Ë¨Î¥¸±¨ ¢ ¢¨¤¥ μ¤´μ¶¥É²¥¢μ° ¤¨ £· ³³Ò ¶μ²Ö·¨§ Í¨¨
¢ ±ÊÊ³ , ¨§μ¡· ¦¥´´μ° ´  ·¨¸. 9 (¶¥·¢ Ö ¤¨ £· ³³  ¶· ¢μ° Î ¸É¨).

�¨¸. 9. �μ²Ö·¨§ Í¨Ö ¢ ±ÊÊ³  ¢ Š
„

�·μÍ¥¸¸Ò ¶μ²Ö·¨§ Í¨¨ ¢ ±ÊÊ³  ¶·¨¢μ¤ÖÉ ± ´¥±μÉμ·Ò³ ¸¶¥Í¨Ë¨Î¥¸±¨³
Ö¢²¥´¨Ö³ ¨, ¢ Î ¸É´μ¸É¨, ± ¶μ´ÖÉ¨Õ ÔËË¥±É¨¢´μ£μ § ·Ö¤  Ô²¥±É·μ´ . —Éμ¡Ò
μ¡ÑÖ¸´¨ÉÓ ÔÉμ ¶μ´ÖÉ¨¥, μ¡· É¨³¸Ö ± ±² ¸¸¨Î¥¸±μ°  ´ ²μ£¨¨.

� ¸¸³μÉ·¨³ ¶μ²Ö·¨§Ê¥³ÊÕ ¸·¥¤Ê, ¸μ¸ÉμÖÐÊÕ ¨§ ³μ²¥±Ê², ±μÉμ·Ò¥ ³μ¦´μ
¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ³¨´¨ ÉÕ·´ÒÌ Ô²¥±É·¨Î¥¸±¨Ì ¤¨¶μ²¥°. �μ£·Ê§¨³ ¢ ÔÉÊ
¸·¥¤Ê ¸Éμ·μ´´¨° Ô²¥±É·¨Î¥¸±¨° § ·Ö¤ E. ‚¸²¥¤¸É¢¨¥ ¶·¨ÉÖ¦¥´¨Ö § ·Ö¤μ¢
¶·μÉ¨¢μ¶μ²μ¦´ÒÌ §´ ±μ¢ Ô²¥³¥´É ·´Ò¥ ¤¨¶μ²¨ ¨§³¥´ÖÕÉ ¸¢μ¨ ¶μ²μ¦¥´¨Ö
É ±, ÎÉμ ¥£μ § ·Ö¤ Q0 μ± ¦¥É¸Ö Î ¸É¨Î´μ § Ô±· ´¨·μ¢ ´´Ò³. ‚ ·¥§Ê²ÓÉ É¥
´  · ¸¸ÉμÖ´¨¨ r μÉ § ·Ö¤  E Ô²¥±É·¨Î¥¸±¨° ¶μÉ¥´Í¨ ² ¡Ê¤¥É ³¥´ÓÏ¥, Î¥³
¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ±Ê²μ´μ¢¸±μ¥ §´ Î¥´¨¥ Q0/r ¢ ¢ ±ÊÊ³¥, μ´ ³μ¦¥É ¡ÒÉÓ ¶·¥¤-
¸É ¢²¥´ ¢ ¢¨¤¥ Q(r)/r, £¤¥, ¢μμ¡Ð¥ £μ¢μ·Ö, Q(r) � Q0. ‚¢¥¤¥´´ Ö ¢¥²¨Î¨´ 
Q(r) ´ §Ò¢ ¥É¸Ö ÔËË¥±É¨¢´Ò³ § ·Ö¤μ³, ±μÉμ·Ò° ¶·¨ Ê³¥´ÓÏ¥´¨¨ r ¢μ§· -
¸É ¥É ¨ ¸É·¥³¨É¸Ö ± Q0 ¶·¨ r → 0, ± ± ¶μ± § ´μ ´¨¦¥, ´  ·¨¸. 11,  .

‚ Š’� É ±μ° ®¶μ²Ö·¨§Ê¥³μ° ¸·¥¤¥¯ μÉ¢¥Î ¥É ±¢ ´Éμ¢Ò° ¢ ±ÊÊ³, É. ¥. ³¥¦-
Î ¸É¨Î´μ¥ ¶·μ¸É· ´¸É¢μ. �´ ´¥ Ö¢²Ö¥É¸Ö ¶Ê¸ÉÒ³, ¡Ê¤ÊÎ¨ § ¶μ²´¥´ ¢ ±ÊÊ³´Ò³¨
Ë²Ê±ÉÊ Í¨Ö³¨, É. ¥. ¢¨·ÉÊ ²Ó´Ò³¨ Î ¸É¨Í ³¨. �μ¤μ¡´Ò¥ ®´Ê²¥¢Ò¥ Ë²Ê±ÉÊ -
Í¨¨¯ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° Ìμ·μÏμ ¨§¢¥¸É´μ¥ ¸¢μ°¸É¢μ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö
±¢ ´Éμ¢ÒÌ ¸¨¸É¥³. �Ê²¥¢Ò¥ μ¸Í¨²²ÖÍ¨¨ ¢ Š
„ ¢ μ¸´μ¢´μ³ ¸μ¸ÉμÖÉ ¨§ ±μ-
·μÉ±μ¦¨¢ÊÐ¨Ì ¢¨·ÉÊ ²Ó´ÒÌ ¶ · (e+, e−), ±μÉμ·Ò¥ ¢ ´ Ï¥°  ´ ²μ£¨¨ ¨£· ÕÉ
·μ²Ó ³ ²¥´Ó±¨Ì Ô²¥±É·¨Î¥¸±¨Ì ¤¨¶μ²¥°. � ¸¸³μÉ·¨³ ¢²¨Ö´¨¥ ÔÉ¨Ì Ë²Ê±ÉÊ -
Í¨° ¶μ¤·μ¡´¥¥.

�  ·¨¸. 10 ¶μ± § ´Ò Ë¥°´³ ´μ¢¸±¨¥ ¤¨ £· ³³Ò, ¸Ì¥³ É¨Î¥¸±¨ μ¶¨¸Ò¢ -
ÕÐ¨¥ ¶·μÍ¥¸¸ ¨§³¥·¥´¨Ö § ·Ö¤  ¸Éμ·μ´´¥£μ Ô²¥±É·μ´ , μ¡μ§´ Î¥´´μ£μ ¸¨³-
¢μ²μ³ E. ˆ§³¥·¥´¨¥ ¶·μ¨§¢μ¤¨É¸Ö ¸ ¶μ³μÐÓÕ ¢´¥Ï´¥£μ Ô²¥±É·μ³ £´¨É´μ£μ
¶μ²Ö Aext. �¨¸. 10,   μÉ¢¥Î ¥É ±² ¸¸¨Î¥¸±μ° ± ·É¨´¥ ¡¥§ ±¢ ´Éμ¢ÒÌ ÔËË¥±-
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�¨¸. 10. ˆ§³¥·¥´¨¥ § ·Ö¤  Ô²¥±É·μ´ :   Å ±² ¸¸¨Î¥¸±μ¥, ¡ Å ±¢ ´Éμ¢μ¥

Éμ¢. �  ·¨¸. 10, ¡ ¶·¥¤¸É ¢²¥´ ¸²ÊÎ °, ±μ£¤  ¶·μ¡´Ò° ËμÉμ´ (±¢ ´É ¢´¥Ï´¥£μ
¶μ²Ö) ¢¨·ÉÊ ²Ó´μ · ¸¶ ¤ ¥É¸Ö ´  (e+, e−)-¶ ·Ê. � ·  μ¡· §Ê¥É ¢¨·ÉÊ ²Ó´Ò°
¤¨¶μ²Ó (μÉ³¥Î¥´´Ò° ¶Ê´±É¨·μ³), ÎÉμ ¶·¨¢μ¤¨É ± Î ¸É¨Î´μ° Ô±· ´¨·μ¢±¥ ¨§-
³¥·Ö¥³μ£μ § ·Ö¤ . �μ¸±μ²Ó±Ê ÔÉμÉ ¶·μÍ¥¸¸ ¢±²ÕÎ ¥É ¤¢  Ô²¥³¥´É ·´ÒÌ Ô²¥±-
É·μ³ £´¨É´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨Ö, ¥£μ ¢±² ¤ ¢ ÔËË¥±É¨¢´Ò° § ·Ö¤ ¶·μ¶μ·Í¨μ´ -
²¥´ ³ ²μ³Ê Î¨¸²Ê e2 ≡ α � 1/137; ¨ ÔÉμÉ ¢±² ¤ § ¢¨¸¨É μÉ · ¸¸ÉμÖ´¨Ö r!
‡ ¢¨¸¨³μ¸ÉÓ μ± §Ò¢ ¥É¸Ö ²μ£ ·¨Ë³¨Î¥¸±μ° ¢ μ¡² ¸É¨, £¤¥ §´ Î¥´¨Ö r ¸ÊÐ¥-
¸É¢¥´´μ ³¥´ÓÏ¥ ±μ³¶Éμ´μ¢¸±μ° ¤²¨´Ò Ô²¥±É·μ´  re = h/mc � 3,9 ·10−11 ¸³,
¨ μ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

e → e(r) = e

{
1 − α

3π
ln

r

re
+ O(α2)

}
.

‡¤¥¸Ó Î²¥´Ò ∼ α2 ¸¢Ö§ ´Ò ¸ ¶·μÍ¥¸¸ ³¨, ¶·¥¤¸É ¢²¥´´Ò³¨ ´  ·¨¸. 10, ¢, £,
¨ É. ¤.

�¨¸. 11. 
ËË¥±É¨¢´Ò° § ·Ö¤ Ô²¥±É·μ´  ¢ ±² ¸¸¨Î¥¸±μ³ ( ) ¨ ±¢ ´Éμ¢μ³ (¡) ¸²ÊÎ ÖÌ

�ËË¥±É¨¢´Ò° § ·Ö¤ Ô²¥±É·μ´ . ‚ ¦´μ μÉ³¥É¨ÉÓ, ÎÉμ Ö¢²¥´¨¥ § ¢¨¸¨³μ-
¸É¨ ¨§³¥·Ö¥³μ£μ § ·Ö¤  Ô²¥±É·μ´  μÉ · ¸¸ÉμÖ´¨Ö ¨³¥¥É Î¨¸Éμ ±¢ ´Éμ¢μ¥ ¶·μ-
¨¸Ìμ¦¤¥´¨¥ (ÎÉμ ¢¶¥·¢Ò¥ μ¡¸Ê¦¤ ²μ¸Ó „¨· ±μ³ ¢ ¸¥·¥¤¨´¥ 1930-Ì ££. [26]).
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‘ ·μ¸Éμ³ r §´ Î¥´¨¥ e(r) Ê¡Ò¢ ¥É. ’ ±¨³ μ¡· §μ³, ± Î¥¸É¢¥´´μ ¶μ¢¥¤¥´¨¥ ÔË-
Ë¥±É¨¢´μ£μ § ·Ö¤  ¢ Š
„ ¸μμÉ¢¥É¸É¢Ê¥É ±² ¸¸¨Î¥¸±μ° ± ·É¨´¥ Ô±· ´¨·μ¢±¨.

É  § ¢¨¸¨³μ¸ÉÓ ¶·¥¤¸É ¢²¥´  ´  ·¨¸. 11, ¡ ´ ¡μ·μ³ ±·¨¢ÒÌ. Š ¦¤ Ö ±·¨¢ Ö
μÉ¢¥Î ¥É ¢μ§³μ¦´μ³Ê ¶μ¢¥¤¥´¨Õ ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ § ·Ö¤  e(r), ¶μ²Ê-
Î¥´´μ³Ê ¨§ É¥μ·¨¨ ¡¥§μÉ´μ¸¨É¥²Ó´μ ± Ô±¸¶¥·¨³¥´ÉÊ (É. ¥. ±μ£¤  Î¨¸²¥´´μ¥
§´ Î¥´¨¥ ¶ · ³¥É·  e, α = e2 ´¥ Ë¨±¸¨·μ¢ ´μ).

‘ÊÐ¥¸É¢¥´´μ, ÎÉμ ¢ ±² ¸¸¨Î¥¸±μ°  ´ ²μ£¨¨ §´ Î¥´¨¥ ¸Éμ·μ´´¥£μ Ô²¥±-
É·¨Î¥¸±μ£μ § ·Ö¤  Q0 Î ¸É¨ÍÒ E, ¢´¥¸¥´´μ° ¢ ¶μ²Ö·¨§Ê¥³ÊÕ ¸·¥¤Ê, ¨§¢¥¸É´μ
§ · ´¥¥ (¶μ ·¥§Ê²ÓÉ É ³ ´¥§ ¢¨¸¨³μ£μ ¨§³¥·¥´¨Ö). ‚ ±¢ ´Éμ¢μ³ ¸²ÊÎ ¥ ÔÉμ
´¥ É ±, ¨ ¢¥²¨Î¨´  § ·Ö¤  ³μ¦¥É ¡ÒÉÓ ¨§³¥·¥´  Éμ²Ó±μ ´¥ ´  μÎ¥´Ó ³ ²ÒÌ
· ¸¸ÉμÖ´¨ÖÌ. ‚μμ¡Ð¥ £μ¢μ·Ö, ·¥§Ê²ÓÉ É Ô±¸¶¥·¨³¥´É  ¤μ²¦¥´ ¡ÒÉÓ μ¶¨¸ ´
¤¢Ê³Ö ¢¥²¨Î¨´ ³¨: ®· ¸¸ÉμÖ´¨¥³ ¨§³¥·¥´¨Ö¯ ri ¨ ¨§³¥·¥´´Ò³ §´ Î¥´¨¥³ § -
·Ö¤  ei. ’ ±¨³ μ¡· §μ³, ÎÉμ¡Ò ¸¤¥² ÉÓ ¢Ò¡μ· ¨§ ´ ¡μ·  ±·¨¢ÒÌ ´  ·¨¸. 11, ¡,
¸²¥¤Ê¥É Ë¨±¸¨·μ¢ ÉÓ ÉμÎ±Ê ´  ¶²μ¸±μ¸É¨ ¸ ±μμ·¤¨´ É ³¨ r = ri, e(r) = ei.
�μÔÉμ³Ê ¤²Ö ¢Ò¡· ´´μ° ±·¨¢μ° e(ri) = ei. ‡ ³¥É¨³, ÎÉμ μ¡ÒÎ´μ¥ μ¶·¥¤¥²¥-
´¨¥ § ·Ö¤  Ô²¥±É·μ´  ¨§ ³ ±·μ¸±μ¶¨Î¥¸±μ£μ Ô±¸¶¥·¨³¥´É  (´ ¶·¨³¥·, μ¶ÒÉ 
Œ¨²²¨±¥´ ) ¸μμÉ¢¥É¸É¢Ê¥É §¤¥¸Ó μÎ¥´Ó ¡μ²ÓÏ¨³ · ¸¸ÉμÖ´¨Ö³ r � re, É. ¥.

�¨¸. 12. ˆ§³¥´¥´¨¥ ¶ · ³¥É·¨§ -
Í¨¨ ᾱQED

1/137 = e2(r = ∞).

Š ± ¨§¢¥¸É´μ, ¢ ³¨±·μË¨§¨±¥ μ¡ÒÎ´μ
Ê¶μÉ·¥¡²Ö¥É¸Ö ¨³¶Ê²Ó¸´μ¥ ¶·¥¤¸É ¢²¥´¨¥,  
´¥ ±μμ·¤¨´ É´μ¥. �μÔÉμ³Ê ¢³¥¸Éμ e(r) ¨¸-
¶μ²Ó§ÊÕÉ ËÊ´±Í¨Õ ᾱ(Q2), É. ¥. μ¡· § ”Ê·Ó¥
±¢ ¤· É  e(r). �´  Ö¢²Ö¥É¸Ö ³μ´μÉμ´´μ ¢μ§-
· ¸É ÕÐ¥° ËÊ´±Í¨¥° ¸¢μ¥£μ  ·£Ê³¥´É  Q2 =
q2 − q2

0 , ±¢ ¤· É  ¶¥·¥¤ ´´μ£μ 4-¨³¶Ê²Ó¸ .
‡¤¥¸Ó ¨ ´¨¦¥ Î¥·É  ¸¢¥·ÌÊ μ§´ Î ¥É ËÊ´±Í¨Õ
(¢ μÉ²¨Î¨¥ μÉ ¥¥ Î¨¸²¥´´ÒÌ §´ Î¥´¨° Å α,
αμ, αi Å ¶·¨ ´¥±μÉμ·μ³ § ¤ ´´μ³ §´ Î¥´¨¨
 ·£Ê³¥´É  Q2). “¸²μ¢¨¥ ¸μμÉ¢¥É¸É¢¨Ö ¸ ±² ¸-
¸¨Î¥¸±μ° Ô²¥±É·μ¤¨´ ³¨±μ° ¶·¨´¨³ ¥É É¥¶¥·Ó ¢¨¤ ᾱ(0) = 1/137, ¶μ¸±μ²Ó±Ê
¢ · ¸¸³ É·¨¢ ¥³ÒÌ ³ ¸ÏÉ ¡ Ì ±² ¸¸¨Î¥¸±μ¥ ¶μ²¥ μÉ¢¥Î ¥É ËμÉμ´Ê ¸ ¶· ±-
É¨Î¥¸±¨ ´Ê²¥¢Ò³ 4-¨³¶Ê²Ó¸μ³. ‡¤¥¸Ó, ± ± ¨ ¢ÒÏ¥, ¤²Ö Éμ£μ ÎÉμ¡Ò ¢Ò¡· ÉÓ
μ¤´Ê ¨§ ¢μ§³μ¦´ÒÌ ±·¨¢ÒÌ ´  ¶²μ¸±μ¸É¨ (Q, ᾱ), ´Ê¦´μ § ¤ ÉÓ ÉμÎ±Ê Q = μ,
ᾱ = αμ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¤²Ö ¢Ò¡· ´´μ° ±·¨¢μ°, ¶·¥¤¸É ¢²¥´´μ° ´  ·¨¸. 12,
¨³¥¥³ ᾱ(μ2) = αμ.


ËË¥±É¨¢´ Ö ËÊ´±Í¨Ö ¢§ ¨³μ¤¥°¸É¢¨Ö ᾱ(Q2) μ¶¨¸Ò¢ ¥É § ¢¨¸¨³μ¸ÉÓ §´ -
Î¥´¨Ö § ·Ö¤  Ô²¥±É·μ´  μÉ Ê¸²μ¢¨° Ô±¸¶¥·¨³¥´É . �É³¥É¨³, ÎÉμ ¶μ¶· ¢±¨
± ³¨²²¨±¥´μ¢¸±μ³Ê §´ Î¥´¨Õ, ´  ³ ¸ÏÉ ¡¥ ¶μ·Ö¤±  100 ƒÔ‚ ¤μ¸É¨£ ÕÐ¨¥
¶μÎÉ¨ ¤¥¸ÖÉ±  ¶·μÍ¥´Éμ¢, ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¨§³¥·ÖÕÉ¸Ö ´  ¡μ²ÓÏ¨Ì Ê¸±μ·¨-
É¥²ÖÌ Å ¸³. ´¨¦¥ ·¨¸. 13.

19



‚¥²¨Î¨´Ê μ Î ¸Éμ ´ §Ò¢ ÕÉ ³ ¸ÏÉ ¡´Ò³ ¶ · ³¥É·μ³, ¨²¨ ¶ · ³¥É·μ³
Ï± ²Ò. Ÿ¸´μ, ÎÉμ μ´ μ¶·¥¤¥²Ö¥É¸Ö §´ Î¥´¨¥³ ¨³¶Ê²Ó¸  ËμÉμ´ , ¨¸¶μ²Ó§μ¢ ´-
´μ£μ ¤²Ö ¨§³¥·¥´¨Ö § ·Ö¤ . 
ÉμÉ ¶ · ³¥É· ´¥ ¨³¥¥É  ´ ²μ£  ¢ ±² ¸¸¨Î¥¸±μ³
² £· ´¦¨ ´¥. …£μ ¢μ§´¨±´μ¢¥´¨¥ ¢ ¶¥·¥´μ·³¨·μ¢ ´´μ° Š’� £·μ³±μ ¨³¥´ÊÕÉ
®Ë¥´μ³¥´μ³ · §³¥·´μ° É· ´¸³ÊÉ Í¨¨¯. Œ¥¦¤Ê É¥³, ± ± ¡Ò²μ ¶μ± § ´μ ¢ÒÏ¥,
¥£μ ¶μÖ¢²¥´¨¥ μÎ¥´Ó ¥¸É¥¸É¢¥´´μ.

“³¥¸É´μ ¢¸¶μ³´¨ÉÓ ¨§¢¥¸É´Ò¥ ¨¤¥¨, ¸Ëμ·³Ê²¨·μ¢ ´´Ò¥ �¨²Ó¸μ³ �μ·μ³
¢ ¸¥·¥¤¨´¥ 1930-Ì ££. [27], ¸¢Ö§ ´´Ò¥ ¸ ¶·¨´Í¨¶μ³ ¤μ¶μ²´¨É¥²Ó´μ¸É¨. „¥²μ
¢ Éμ³, ÎÉμ ¸μ£² ¸´μ �μ·Ê ¤²Ö μ¶¨¸ ´¨Ö ±¢ ´Éμ¢μ° ¸¨¸É¥³Ò ´¥μ¡Ìμ¤¨³μ Ë¨±-
¸¨·μ¢ ÉÓ ¥¥ ®³ ±·μ¸±μ¶¨Î¥¸±μ¥ μ±·Ê¦¥´¨¥¯, É. ¥. § ¤ ÉÓ ¸¢μ°¸É¢  ¶·¨¡μ· ,
¨¸¶μ²Ó§Ê¥³μ£μ ¢ ¶·μÍ¥¸¸¥ ¨§³¥·¥´¨Ö. ˆ³¥´´μ Ì · ±É¥·¨¸É¨±¨ ±² ¸¸¨Î¥¸±μ£μ
³ ±·μ¸±μ¶¨Î¥¸±μ£μ ¶·¨¡μ·  ¨ μ¶¨¸Ò¢ ÕÉ¸Ö ¤μ¶μ²´¨É¥²Ó´Ò³¨ ¶ · ³¥É· ³¨.
�¤´ ±μ ÔÉμ ¥Ð¥ ´¥ ±μ´¥Í ¨¸Éμ·¨¨ ¸ ¡μ·μ¢¸±¨³ (É. ¥. ³ ¸ÏÉ ¡´Ò³) ¶ · ³¥-
É·μ³ μ. Š ± ³μ¦´μ ¶μ± § ÉÓ, ¨³¥´´μ ¢μ§³μ¦´μ¸ÉÓ ¥£μ ¢ ·¨ Í¨¨ ¶·¨¢μ¤¨É
± ´μ¢μ° ¸¨³³¥É·¨¨, ²¥¦ Ð¥° ¢ μ¸´μ¢¥ ·¥´μ·³ ²¨§ Í¨μ´´μ° £·Ê¶¶Ò.

‘ ÔÉμ° Í¥²ÓÕ ¢´μ¢Ó μ¡· É¨³¸Ö ± ·¨¸. 12, ¨³¥Ö ¢ ¢¨¤Ê, ÎÉμ ¢Ò¡μ· μ¤-
´μ° ±·¨¢μ° ¡Ò² ¸¤¥² ´ Ê¸²μ¢¨¥³ ᾱ(Q2 = μ2) = αμ. „²Ö ¶·μ¸ÉμÉÒ É ±¦¥
¶·¥¤¶μ²μ¦¨³, ÎÉμ · ¸¸³ É·¨¢ ¥³ ¡¥§³ ¸¸μ¢ÊÕ Š
„, ÉμÎ´¥¥, ¶·¨¡²¨¦¥´¨¥
| Q |� mec, ±μÉμ·μ¥ μÉ¢¥Î ¥É Ô´¥·£¥É¨Î¥¸±μ° Ï± ²¥ ¢ ´¥¸±μ²Ó±μ ƒÔ‚ ¨²¨
· ¸¸ÉμÖ´¨Ö³ r ∼ 10−14 ¸³ � re. ‚ ÔÉμ° μ¡² ¸É¨ ¡¥§· §³¥·´ Ö ÔËË¥±É¨¢´ Ö
ËÊ´±Í¨Ö § ·Ö¤  ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ± ± ËÊ´±Í¨Ö ¤¢ÊÌ ¡¥§· §³¥·´ÒÌ
 ·£Ê³¥´Éμ¢ ᾱ(Q2) = ᾱ(Q2/μ2, αμ). �·¨³¥³ É¥¶¥·Ó ¢μ ¢´¨³ ´¨¥, ÎÉμ ¶ · 
¶ · ³¥É·μ¢ μ, αμ, ¨¸¶μ²Ó§Ê¥³ Ö ¤²Ö ¢Ò¡μ·  ´¥±μÉμ·μ° ±·¨¢μ°, ³μ¦¥É, ¢μ-
μ¡Ð¥ £μ¢μ·Ö, ¸μμÉ¢¥É¸É¢μ¢ ÉÓ ²Õ¡μ° ÉμÎ±¥ ´  ±·¨¢μ°. � ¸¸³μÉ·¨³ ¤¢¥ ÉμÎ±¨,
1 ¨ 2, ÔÉμ° ±·¨¢μ° ¸ ±μμ·¤¨´ É ³¨ μ1, α1 ¨ μ2, α2 ¸μμÉ¢¥É¸É¢¥´´μ. �Î¥¢¨¤´μ,
ÎÉμ ¤ ´´ Ö ±·¨¢ Ö ¤²Ö ᾱ ³μ¦¥É ¡ÒÉÓ ¶ · ³¥É·¨§μ¢ ´  ²Õ¡μ° ¨§ ¶ · μi, αi;
i = 1, 2, . . . �μÔÉμ³Ê ¤²Ö ²Õ¡μ£μ Q2 ¢Ò¶μ²´Ö¥É¸Ö Éμ¦¤¥¸É¢μ

ᾱ(Q2/μ2
1, α1) = ᾱ(Q2/μ2

2, α2).

‚ Éμ ¦¥ ¢·¥³Ö ¢Éμ·μ°  ·£Ê³¥´É α2 ¢ ¶· ¢μ° Î ¸É¨, ±μÉμ·Ò° ¶μ μ¶·¥¤¥²¥´¨Õ
· ¢¥´ §´ Î¥´¨Õ ᾱ ¶·¨ Q2 = μ2

2, ³μ¦´μ ¢Ò· §¨ÉÓ, ¨¸¶μ²Ó§ÊÖ ᾱ ¢ ¶ · ³¥É·¨-
§ Í¨¨ ¸ ¶μ³μÐÓÕ ±μμ·¤¨´ É ÉμÎ±¨ 1, É. ¥. α2 = ᾱ(μ2

2/μ2
1, α1). Šμ³¡¨´¨·ÊÖ

¤¢  ¶μ¸²¥¤´¨Ì ¸μμÉ´μÏ¥´¨Ö ¨ ¢¢μ¤Ö μ¡μ§´ Î¥´¨Ö

Q2/μ2 = x, α1 = α, μ2
2/μ2

1 = t,

¶·¨Ìμ¤¨³ ± ËÊ´±Í¨μ´ ²Ó´μ³Ê Ê· ¢´¥´¨Õ

ᾱ(x, α) = ᾱ(x/t, ᾱ(t, α)),

¨¤¥´É¨Î´μ³Ê Ê· ¢´¥´¨Õ (6), ±μÉμ·μ¥, ± ± ¡Ò²μ μÉ³¥Î¥´μ ¢ÒÏ¥, ²¥¦¨É ¢ μ¸´μ-
¢¥ Ëμ·³ ²¨§³  ·¥´μ·³ ²¨§ Í¨μ´´μ° £·Ê¶¶Ò.
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‡ ³¥É¨³, ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ μ¤´μ¶ · ³¥É·¨Î¥¸±μ¥ ¶·¥μ¡· §μ¢ ´¨¥ μÉ-
¢¥Î ¥É ¨§³¥´¥´¨Õ ÉμÎ±¨ ¶ · ³¥É·¨§ Í¨¨ (1 → 2) ¢¨¤  (10):

Rt : {μ1 → μ2 =
√

tμ1, α1 → α2 = ᾱ(t, α1)}, (40)

± ± ÔÉμ Ö¢´μ ¶μ± § ´μ ´  ·¨¸. 12.
’¥³ ¸ ³Ò³ Ê¸É ´μ¢²¥´μ, ÎÉμ ¢ ¶¥·¥´μ·³¨·Ê¥³μ° Š
„ ¨³¥¥É¸Ö ¨´¢ ·¨ ´É-

´μ¸ÉÓ μÉ´μ¸¨É¥²Ó´μ ´¥¶·¥·Ò¢´ÒÌ ¶·¥μ¡· §μ¢ ´¨° £·Ê¶¶μ¢μ£μ É¨¶ , ¢±²ÕÎ -
ÕÐ¨Ì ¤¢¥ ¢¥²¨Î¨´Ò ¨ ¸μ¤¥·¦ Ð¨Ì ËÊ´±Í¨μ´ ²Ó´ÊÕ § ¢¨¸¨³μ¸ÉÓ.

Œμ¦´μ ¶μ± § ÉÓ∗, ÎÉμ ÔËË¥±É¨¢´Ò° § ·Ö¤ Š
„ ᾱ · ¢¥´ ¶·μ¨§¢¥¤¥´¨Õ
α ¨ ¡¥§· §³¥·´μ° ¶μ¶¥·¥Î´μ°  ³¶²¨ÉÊ¤Ò d(x, α) μ¤¥Éμ£μ ËμÉμ´´μ£μ ¶·μ-
¶ £ Éμ· , ¢±²ÕÎ ÕÐ¥£μ ¢ ±ÊÊ³´Ò¥ ¶μ²Ö·¨§ Í¨μ´´Ò¥ ÔËË¥±ÉÒ. ‚ ¶¥·¥´μ·-
³¨·Ê¥³ÒÌ ³μ¤¥²ÖÌ Š’� ¸ μ¤´μ° ±μ´¸É ´Éμ° ¸¢Ö§¨ ÔËË¥±É¨¢´μ¥ ¢§ ¨³μ¤¥°-
¸É¢¨¥ ḡ(x, g) ¢Ò· ¦ ¥É¸Ö∗∗ Î¥·¥§ ¶·μ¨§¢¥¤¥´¨¥ g ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¢¥·Ï¨´´μ°
ËÊ´±Í¨¨ ¨  ³¶²¨ÉÊ¤ ¶·μ¶ £ Éμ·μ¢ ´ ¤²¥¦ Ð¨Ì ¶μ²¥°. �¡ÒÎ´μ ÔÉμÉ ¢Ò¢μ¤ ¤¥-
² ÕÉ ´  μ¸´μ¢¥ ±μ´¥Î´μ£μ ¶¥·¥´μ·³¨·μ¢μÎ´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö „ °¸μ´ .

�·¥μ¡· §μ¢ ´¨¥ „ °¸μ´ . ˆ§ É¥μ·¨¨ ¶¥·¥´μ·³¨·μ¢μ± ¢ ±¢ ´Éμ¢μ° É¥μ-
·¨¨ ¶μ²Ö Ìμ·μÏμ ¨§¢¥¸É´μ, ÎÉμ ¶¥·¥Ìμ¤ μÉ μ¤´μ° ¸Ì¥³Ò ¶¥·¥´μ·³¨·μ¢±¨
(‘�) ± ¤·Ê£μ° ³μ¦¥É ¡ÒÉÓ ¸Ëμ·³Ê²¨·μ¢ ´ ¢ É¥·³¨´ Ì ³Ê²ÓÉ¨¶²¨± É¨¢´μ£μ
¶·¥μ¡· §μ¢ ´¨Ö „ °¸μ´  ¤²Ö ¢¥·Ï¨´´ÒÌ ËÊ´±Í¨° Vi ¨ ¶·μ¶ £ Éμ·μ¢ Dk:

Vi → V ′
i = z−1

i Vi,

Dk → D′
k = zkDk.

‡¤¥¸Ó V ¨ D Å ¶¥·¥´μ·³¨·μ¢ ´´Ò¥ ¢¥·Ï¨´´Ò¥ ËÊ´±Í¨¨ ¨ ¶·μ¶ £ Éμ·Ò,
  ¢¸¥ z Å ±μ´¥Î´Ò¥ ¢¥Ð¥¸É¢¥´´Ò¥ Î¨¸² . 
É¨ ±μ´¥Î´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö
„ °¸μ´ , ¢μμ¡Ð¥ £μ¢μ·Ö, Ô±¢¨¢ ²¥´É´Ò ´¥±μÉμ·μ³Ê ¨§³¥´¥´¨Õ ´μ·³¨·μ¢±¨
¶μ²¥¢ÒÌ μ¶¥· Éμ·μ¢ ¨, ¢ ±μ´¥Î´μ³ ¸Î¥É¥, ±μ´¸É ´É ¢§ ¨³μ¤¥°¸É¢¨Ö, ¤²Ö ´¥¶μ-
¸·¥¤¸É¢¥´´μ£μ μ¶·¥¤¥²¥´¨Ö ±μÉμ·ÒÌ ¸²¥¤Ê¥É § ¤ ÉÓ ±¨´¥³ É¨Î¥¸±¨¥ Ê¸²μ¢¨Ö
¨Ì ¢μ§³μ¦´μ£μ ¨§³¥·¥´¨Ö. 
Éμ μ§´ Î ¥É, ÎÉμ ¢¥·Ï¨´´Ò¥ ËÊ´±Í¨¨ ¨ ¶·μ¶ £ -
Éμ·Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ · §²¨Î´Ò³ ·¥´μ·³¨·μ¢μÎ´Ò³ ¶·¥¤¶¨¸ ´¨Ö³, ¸¢Ö§ ´Ò
³¥¦¤Ê ¸μ¡μ° ¶μ¤Ìμ¤ÖÐ¨³ ¨§³¥´¥´¨¥³ ¨³¶Ê²Ó¸´ÒÌ  ·£Ê³¥´Éμ¢.

‚¸²¥¤¸É¢¨¥ ÔÉμ£μ ¶·μÍ¥¤Ê·Ê ¨§³¥´¥´¨Ö ³ ¸ÏÉ ¡  ¨³¶Ê²Ó¸μ¢ ³μ¦´μ ¢Ò-
· §¨ÉÓ ¸ ¶μ³μÐÓÕ ¸²¥¤ÊÕÐ¨Ì ¤ °¸μ´μ¢¸±¨Ì ¶·¥μ¡· §μ¢ ´¨° ¢ ¨³¶Ê²Ó¸´μ³
¶·¥¤¸É ¢²¥´¨¨ (¸³., ´ ¶·¨³¥·, § 47 ¢ [10] ¨²¨ ¶·¨²μ¦¥´¨¥ IX ¢ [21]):

si

(
k2

λ2
2

,
m2

λ2
2

, g2

)
= zi si

(
k2

λ2
1

,
m2

λ2
1

, g1

)
,

∗‘³. § 48.1 ¢ [10].
∗∗‘³. § 47.4 ¢ [10].
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Vj

({
k2

λ2
2

}
,
m2

λ2
2

, g2

)
= z−1

j Vj

({
k2

λ2
1

}
,
m2

λ2
1

, g1

)
,

£¤¥ g2 = zvΠi{z−1/2
i }g1 ¨ {k2} = k2

1 , k
2
2 , . . . , k

2
n.

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥, ÎÉμ Ê¸²μ¢¨Ö ´μ·³¨·μ¢±¨ ¸± ²Ö·´ÒÌ ËÊ´±Í¨°
si, Vj ¢ ¸Ì¥³¥ ¢ÒÎ¨É ´¨Ö ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨ (MOM-¸Ì¥³ ) § ¶¨¸Ò-
¢ ÕÉ¸Ö ¢ ¶·μ¸Éμ³ ¢¨¤¥:

si

(
1,

m2

λ2
, g

)
= Vj

(
{1}, m2

λ2
, g

)
= 1,

³μ¦´μ μ¶·¥¤¥²¨ÉÓ ±μ´¸É ´ÉÒ ¶¥·¥´μ·³¨·μ¢±¨ zi, zj ¢ É¥·³¨´ Ì ¸ ³¨Ì si

¨ Vj . ˆ¸¶μ²Ó§ÊÖ ¶μ²ÊÎ¥´´Ò¥ É ±¨³ μ¡· §μ³ ¢Ò· ¦¥´¨Ö, ²¥£±μ ¶μ²ÊÎ¨ÉÓ
”“ É¨¶  [¸·. ¸ (8)]

si(x, y; g) = si(t, y; g) si

(x

t
,

y

t
; ḡ(t, y; g)

)
, (41)

�¨¸. 13. � §²¨Î´Ò¥ ¸¶μ¸μ¡Ò ¶ · ³¥É·¨-
§ Í¨¨ § ·Ö¤  ¢ Š
„

£¤¥ ḡ Å É ± ´ §Ò¢ ¥³Ò° ¨´¢ ·¨ ´É-
´Ò° § ·Ö¤, Ê¤μ¢²¥É¢μ·ÖÕÐ¨° ¡μ²¥¥
¶·μ¸Éμ³Ê § ³±´ÊÉμ³Ê Ê· ¢´¥´¨Õ

ḡ(x, y; g) = ḡ
(x

t
,

y

t
; ḡ(t, y; g)

)
. (23)

�É³¥É¨³ §¤¥¸Ó, ÎÉμ Ê¸²μ¢¨Ö ´μ·³¨-
·μ¢±¨

si(1, y, g) = 1 ¨ ḡ(1, y, g) = g (42)

®§ Ï¨ÉÒ¯ ¢ ËÊ´±Í¨μ´ ²Ó´Ò¥ Ê· ¢´¥-
´¨Ö (41) ¨ (23).

‡ ³¥É¨³ É ±¦¥, ÎÉμ £·Ê¶¶μ¢Ò¥
ËÊ´±Í¨μ´ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ¨³¥ÕÉ ¢¨¤

M({x}, y; g) = M
({x

t

}
,
y

t
, ḡ(t, y; g)

)
, (43)

μÉ· ¦ ÕÐ¨° ¨Ì ´¥§ ¢¨¸¨³μ¸ÉÓ μÉ ¤¥É ²¥° ¶¥·¥´μ·³¨·μ¢±¨.
�μÔÉμ³Ê ·¥´μ·³-£·Ê¶¶μ¢ Ö ¨´¢ ·¨ ´É´μ¸ÉÓ Ö¢²Ö¥É ¸μ¡μ° ´¥ ÎÉμ ¨´μ¥, ± ±

´¥§ ¢¨¸¨³μ¸ÉÓ μÉ ¸¶μ¸μ¡  ¶ · ³¥É·¨§ Í¨¨∗.

∗� ¶·¨³¥·, ¶·¨ μ¡· ¡μÉ±¥ ¤ ´´ÒÌ, ¶μ²ÊÎ¥´´ÒÌ ´  É ± ´ §Ò¢ ¥³μ° Z-Ë ¡·¨±¥ ¢ –…��,
¢³¥¸Éμ ¨§¢¥¸É´μ° ®³¨²²¨±¥´μ¢¸±μ° ±μ´¸É ´ÉÒ¯ ᾱ(0) = 1/137,04 ¨¸¶μ²Ó§ÊÕÉ ¤·Ê£μ¥, Ë¨§¨Î¥¸±¨
¡μ²¥¥  ¤¥±¢ É´μ¥ §´ Î¥´¨¥ αZ0 = ᾱ

(
M2

Z

)
= 1/127,92 ∼ 2−7, ¸³. ·¨¸. 13.
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4. Œ…’�„ �…���Œ-ƒ�“��›

4.1. ”μ·³Ê²¨·μ¢±  ³¥Éμ¤ . �¸´μ¢´ Ö ¨¤¥Ö. �·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨¥
Ë¨§¨Î¥¸±μ° § ¤ Î¨, μ¡² ¤ ÕÐ¥¥ ¸¨³³¥É·¨¥° ËÊ´±Í¨μ´ ²Ó´μ£μ ¸ ³μ¶μ¤μ¡¨Ö
(”‘�), μ¡ÒÎ´μ ´¥ μ¡² ¤ ¥É ÔÉμ° ¸¨³³¥É·¨¥°, ±μÉμ· Ö ´ ·ÊÏ ¥É¸Ö  ¶¶·μ±¸¨-
³ Í¨¥°. 
Éμ ¸ÊÐ¥¸É¢¥´´μ, ±μ£¤  ·¥Ï¥´¨¥ ¸μ¤¥·¦¨É ¸¨´£Ê²Ö·´μ¸ÉÓ, ¨¡μ ¸É·Ê±-
ÉÊ·  ¶μ¸²¥¤´¥°, ± ± ¶· ¢¨²μ, · §·ÊÏ ¥É¸Ö ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ¶·¨¡²¨¦¥´¨Ö.
’ ±, ¢ Š’� μ¡ÒÎ´Ò° ³¥Éμ¤ · ¸Î¥Éμ¢ ¨¸¶μ²Ó§Ê¥É É¥μ·¨Õ ¢μ§³ÊÐ¥´¨° (’‚)
¢ ¢¨¤¥ ¸É¥¶¥´´μ£μ · §²μ¦¥´¨Ö ¢ ·Ö¤ ¶μ ±μ´¸É ´É¥ ¸¢Ö§¨ g. �¤´ ±μ ±μ´¥Î´Ò¥
¸Ê³³Ò ÔÉμ£μ ·Ö¤  ´¥ Ê¤μ¢²¥É¢μ·ÖÕÉ ”‘�.

‚ ± Î¥¸É¢¥ ¨²²Õ¸É· Í¨¨ ¢μ§Ó³¥³ ÔËË¥±É¨¢´ÊÕ ±μ´¸É ´ÉÊ ¸¢Ö§¨ ḡ
¢ “”-μ¡² ¸É¨, £¤¥ μ¤´μ¶¥É²¥¢μ° ¢±² ¤ ¨³¥¥É ²μ£ ·¨Ë³¨Î¥¸±¨° ¢¨¤∗:

ḡPT,1(x, g) = g − g2β ln x, β > 0. (44)

�μ¤¸É ¢²ÖÖ ÔÉμ ¢Ò· ¦¥´¨¥ ¢ ËÊ´±Í¨μ´ ²Ó´μ¥ Ê· ¢´¥´¨¥ (6), ¶μ¸²¥ ¶·μcÉÒÌ
¶·¥μ¡· §μ¢ ´¨° ¶·¨Ìμ¤¨³ ± ´¥¢Ö§±¥

ḡPT,1(x, g) − ḡPT,1

(x

t
, ḡPT,1(t, g)

)
=

= [g − g2β ln x] −
[
g + g2β ln x − 2g3β2 ln t ln

x

t

]
=

= −2g3β2 ln t ln
x

t
,

±μÉμ· Ö ³μ¦¥É ¡ÒÉÓ Ê¸É· ´¥´  ¤μ¡ ¢²¥´¨¥³ Î²¥´  ∼ g3 ¢ ¶· ¢ÊÕ Î ¸ÉÓ (44):

ḡPT,1(2) = g − g2β ln x + g3β2 ln2 x.


Éμ ®Ê²ÊÎÏ¥´´μ¥¯ ¢Ò· ¦¥´¨¥ ¶·¨ ¶μ¤¸É ´μ¢±¥ ¢ (6) ¤ ¸É ´¥¢Ö§±Ê ¶μ·Ö¤± 
g4, μÉ ±μÉμ·μ° § É¥³ ³μ¦´μ ¨§¡ ¢¨ÉÓ¸Ö ¶ÊÉ¥³ ¤μ¡ ¢²¥´¨Ö Î²¥´  ∼ g4 ln3,
¨ É. ¤. ’ ±¨³ μ¡· §μ³, ¢¨¤´μ, ÎÉμ, ¸ μ¤´μ° ¸Éμ·μ´Ò, ±μ´¥Î´Ò¥ ³´μ£μÎ²¥´Ò
´¥ Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ �ƒ-¨´¢ ·¨ ´É´μ¸É¨. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, Ö¸´μ, ÎÉμ
ËÊ´±Í¨μ´ ²Ó´μ¥ £·Ê¶¶μ¢μ¥ Ê· ¢´¥´¨¥ ¤μ¸É ¢²Ö¥É ¸·¥¤¸É¢μ ¶μ¸²¥¤μ¢ É¥²Ó´μ£μ
¢μ¸¸É ´μ¢²¥´¨Ö ·¥´μ·³-¨´¢ ·¨ ´É´μ£μ ¢Ò· ¦¥´¨Ö. �μ¸²¥¤´¥¥ ¨³¥¥É ¢¨¤ ±μ-
´¥Î´μ° ¸Ê³³Ò ¡¥¸±μ´¥Î´μ£μ ·Ö¤ 

ḡPT,1(k) = g

(
1 +

k∑
m=1

[−g β ln x]m
)

,

∗‚Ò¡μ· §´ ±  ±μÔËË¨Í¨¥´É  β μÉ¢¥Î ¥É ¸²ÊÎ Õ Š•„.
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¶·¥¤¸É ¢²ÖÕÐ¥£μ £¥μ³¥É·¨Î¥¸±ÊÕ ¶·μ£·¥¸¸¨Õ. �¥§Ê²ÓÉ É ´¥μ£· ´¨Î¥´´μ ¢μ§-
· ¸É ÕÐ¥£μ Î¨¸²  ¨É¥· Í¨° ¸É·¥³¨É¸Ö ± ¶·μ¸Éμ³Ê ¢Ò· ¦¥´¨Õ

ḡPT,1(∞) = ḡRG,1 =
g

1 + g β ln x
, (45)

±μÉμ·μ¥ ¢ ÉμÎ´μ¸É¨ Ê¤μ¢²¥É¢μ·Ö¥É ”“ (6), É. ¥. Ö¢²Ö¥É¸Ö �ƒ-¨´¢ ·¨ ´É´Ò³.
„·Ê£μ° ¨²²Õ¸É· Í¨¥° ³μ¦¥É ¸²Ê¦¨ÉÓ μ¤´μ³¥·´ Ö § ¤ Î  ¶¥·¥´μ¸ , ±μÉμ-

· Ö μ¡¸Ê¦¤ ² ¸Ó ¢ ¶. 2.2. ‡¤¥¸Ó ³μ¦´μ ¤μ¸É ÉμÎ´μ ¶·μ¸Éμ ¶μ²ÊÎ¨ÉÓ ¶·¨¡²¨-
¦¥´´μ¥ ¶μ¢¥¤¥´¨¥ ·¥Ï¥´¨Ö ·Ö¤μ³ ¸ £· ´¨Í¥°:

GPT (l, g) = g − l B, B l � 1, £¤¥ B = −G′(0, g) > 0, (46)

±μÉμ·μ¥ ´¥ μ¡² ¤ ¥É ¸¨³³¥É·¨¥° ”‘�. �μ¢Éμ·ÖÖ μ¶¨¸ ´´ÊÕ ¨É¥· Í¨μ´-
´ÊÕ ¶·μÍ¥¤Ê·Ê ¢μ¸¸É ´μ¢²¥´¨Ö ¸¨³³¥É·¨¨, ¶μ²ÊÎ ¥³ ”‘�-¨´¢ ·¨ ´É´μ¥ ¢Ò-
· ¦¥´¨¥

GRG(l, g) =
g

1 + g B l
.


É¨ ¶·¨³¥·Ò ¨²²Õ¸É·¨·ÊÕÉ μ¡ÐÊÕ ¸¨ÉÊ Í¨Õ. ‘É¥¶¥´´μ° ·Ö¤ É¥μ·¨¨ ¢μ§-
³ÊÐ¥´¨° ¢ ²Õ¡μ³ ±μ´¥Î´μ³ ¶μ·Ö¤±¥ ¶μ ¶ · ³¥É·Ê g ¤ ¥É ¸É¥¶¥´´ÊÕ  ¸¨³-
¶ÉμÉ¨±Ê ¶μ ¶¥·¥³¥´´μ° l (= lnx), ´¥ ¸μ¢³¥¸É¨³ÊÕ ¸ �ƒ = ”‘� ¸¨³³¥É·¨¥°.
‚ Éμ ¦¥ ¢·¥³Ö ·¥§Ê²ÓÉ É ¨É¥· Í¨μ´´μ£μ Ê²ÊÎÏ¥´¨Ö ¶·¨¢μ¤¨É ± ¶ ¤ ÕÐ¥°
 ¸¨³¶ÉμÉ¨±¥∗ ∼ 1/l, ¸μ¢³¥¸É´μ° ¸ ¸¨³³¥É·¨¥°.

�  ÔÉμ° μ¸´μ¢¥ ³μ¦´μ ¶μ¸É ¢¨ÉÓ § ¤ ÎÊ ®�ƒ-Ê²ÊÎÏ¥´¨Ö¯ ·¥§Ê²ÓÉ Éμ¢ É¥-
μ·¨¨ ¢μ§³ÊÐ¥´¨°. Š²ÕÎ¥¢μ° Ô²¥³¥´É ¸μ¸Éμ¨É ¢ ¸μÎ¥É ´¨¨ ¶¥·ÉÊ·¡ É¨¢´μ£μ
·¥Ï¥´¨Ö ¸ £·Ê¶¶μ¢Ò³¨ Ê· ¢´¥´¨Ö³¨. � ¨¡μ²¥¥ ¶·μ¸ÉÒ³ ¨ Ê¤μ¡´Ò³ ¸¶μ¸μ¡μ³
É ±μ£μ ¸¨´É¥§  μ± §Ò¢ ¥É¸Ö ¨¸¶μ²Ó§μ¢ ´¨¥ £·Ê¶¶μ¢ÒÌ „“.

�¡Ð¥¥ ·¥Ï¥´¨¥. �¡Ð¥¥ ·¥Ï¥´¨¥ £·Ê¶¶μ¢μ£μ ”“ ¡Ò²μ ¶μ²ÊÎ¥´μ �¢¸Ö´-
´¨±μ¢Ò³ [25] ¶ÊÉ¥³ ¶·¨³¥´¥´¨Ö μ¡Ð¥° É¥μ·¨¨ „“ ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ
± ±μ³¶¥´¸ Í¨μ´´Ò³ Ê· ¢´¥´¨Ö³ (33) ¨ (36). ‡  ¶μ¤·μ¡´μ¸ÉÖ³¨ μÉ¸Ò² ¥³
Î¨É É¥²Ö ± § 48.3 ³μ´μ£· Ë¨¨ [10]. �μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ Ëμ·³Ê²¨·ÊÕÉ¸Ö
¸²¥¤ÊÕÐ¨³ μ¡· §μ³.

Š ¦¤μ³Ê ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö (33) ¸μμÉ¢¥É¸É¢Ê¥É ´¥±μÉμ· Ö ËÊ´±Í¨Ö ¤¢ÊÌ
 ·£Ê³¥´Éμ¢ F (y, g), μ¡· É¨³ Ö ¶μ μÉ´μÏ¥´¨Õ ±μ ¢Éμ·μ³Ê  ·£Ê³¥´ÉÊ ¨ ¸¢Ö§ ´-
´ Ö ¸ ḡ ¸μμÉ´μÏ¥´¨¥³

F (y, g) = F
(y

x
, ḡ(x, y; g)

)
, (47)

±μÉμ·μ¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° μ¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (33), · ¢´μ ± ± ¨ (23).
‚ Ö¢´μ° Ëμ·³¥ ḡ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´  μÉ¸Õ¤  ¶ÊÉ¥³ μ¡· Ð¥´¨Ö ¶· ¢μ°

∗‚ ±¢ ´Éμ¢μ-¶μ²¥¢μ³ ¸²ÊÎ ¥ Š•„  ´ ²μ£ ¶μ¸²¥¤´¥£μ ¢Ò· ¦¥´¨Ö
(
¶·¨ l → ln

(
Q2/Λ2

))

μ¶¨¸Ò¢ ¥É Ë¥´μ³¥´  ¸¨³¶ÉμÉ¨Î¥¸±μ° ¸¢μ¡μ¤Ò. ‘³. É ±¦¥ § 53.4 [10].
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Î ¸É¨:
ḡ(x, y; g) = F−1

(2) [y/x, F (y, g)].

�· ±É¨Î¥¸±¨ ¤²Ö Ë¨±¸¨·μ¢ ´¨Ö F ¤μ¸É ÉμÎ´μ § ¤ ÉÓ β(y, g).
‡ ³¥É¨³, ÎÉμ ¤²Ö ¶¥·¥Ìμ¤  μÉ ®³ ¸¸μ¢μ£μ¯ ·¥Ï¥´¨Ö �¢¸Ö´´¨±μ¢  (47)

± ·¥Ï¥´¨Õ ¢ “”-¶·¥¤¥²¥, É. ¥. ± ¡¥§³ ¸¸μ¢μ³Ê ¸²ÊÎ Õ, ¸²¥¤Ê¥É ¶·¨´ÖÉÓ ¤²Ö
F ¸¶¥Í¨ ²Ó´ÊÕ Ëμ·³Ê ¶·¥¤¥²Ó´μ£μ ¶μ¢¥¤¥´¨Ö:

F (y, g) = y exp[f(g)] (¨²¨ = ln y + f(g)) ¶·¨ y → 0.

’μ£¤ ∗

f{ḡ(x, g)} − f(g) = lnx ¨ ḡ = f−1{ln x + f(g)}. (48)

‚ ¸¢μÕ μÎ¥·¥¤Ó ± ¦¤μ³Ê ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö (35) ¤²Ö ËÊ´±Í¨¨ s É·¥Ì  ·£Ê-
³¥´Éμ¢ μÉ¢¥Î ¥É ´¥±μÉμ· Ö ËÊ´±Í¨Ö Σ(y, g), ¸¢Ö§ ´´ Ö ¸ s ¸μμÉ´μÏ¥´¨¥³

s(x, y; g) =
Σ(y/x, ḡ(x, y; g))

Σ(y, g)
. (49)

�·¨¢¥¤¥³ É ±¦¥ μ¡Ð¥¥ ·¥Ï¥´¨¥  ´ ²μ£¨Î´μ£μ É¨¶  ¸¨¸É¥³Ò Ê· ¢´¥´¨°
(29) ¤²Ö k-§ ·Ö¤´μ£μ ¸²ÊÎ Ö. …£μ ³μ¦´μ § ¶¨¸ ÉÓ Î¥·¥§ k ¶·μ¨§¢μ²Ó´ÒÌ
(k + 1)- ·£Ê³¥´É´ÒÌ ËÊ´±Í¨° Fi(y, {g}), ±μÉμ·Ò¥ ¤μ²¦´Ò ¡ÒÉÓ μ¤´μ§´ Î´μ
μ¡· É¨³Ò³¨ ¶μ μÉ´μÏ¥´¨Õ ± k ¸¢μ¨³ ¶μ¸²¥¤´¨³  ·£Ê³¥´É ³ ¨ μ¶·¥¤¥²ÖÉÓ¸Ö
´  μ¸´μ¢¥ ¸¨¸É¥³Ò ”“:

Fi(y, {g}) = Fi

(y

x
, {ḡ(x, y; {g})}

)
, (50)

£¤¥
{g} = g1, . . . , gk ¨ i = 1, . . . , k.

‡ ³¥É¨³, ÎÉμ ¢¸¥ ·¥Ï¥´¨Ö (47)Ä(50) Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Ö³ ´μ·³¨·μ¢±¨
É¨¶  (42).

�¥·¥Ìμ¤ ± ¡¥§³ ¸¸μ¢μ³Ê ¶·¥¤¥²Ê ¢ Ê· ¢´¥´¨ÖÌ (47) ¨ (50) ³μ¦¥É ¡ÒÉÓ
μ¸ÊÐ¥¸É¢²¥´ ¸ ¶μ³μÐÓÕ ¶·¨¥³ , ¶μ¤μ¡´μ£μ Ê± § ´´μ³Ê ¢ÒÏ¥. ’μ£¤ , ´ ¶·¨-
³¥·,

s(x, g) = xσ Σ(ḡ(x, g))
Σ(g)

. (51)

�·¨¢¥¤¥³ É ±¦¥ ·¥Ï¥´¨¥ ¤²Ö ¤¢ÊÌ§ ·Ö¤´μ£μ ¸²ÊÎ Ö g1 = g, g2 = h ¢ ¡¥§³ ¸-
¸μ¢μ³ ¶·¥¤¥²¥ ¢ Ëμ·³¥,  ´ ²μ£¨Î´μ° ¢Ò· ¦¥´¨Õ (48):

fi(ḡ, h̄) = fi(g, h) + lnx, i = 1, 2. (52)

∗�¥Ï¥´¨¥ (48) ¡Ò²μ ¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´μ T. „. ‹¨ Å ¸³. ¶·¨²μ¦¥´¨¥ ± [4].
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�¡μ¡Ð¥´¨¥ ÔÉμ° ¸¨¸É¥³Ò μÎ¥¢¨¤´μ. ˆ§ ¶·¨¢¥¤¥´´ÒÌ ·¥Ï¥´¨° ¸²¥¤Ê¥É, ÎÉμ
´ ²μ¦¥´¨¥ £·Ê¶¶μ¢ÒÌ ¸¢μ°¸É¢ ¶μ´¨¦ ¥É Î¨¸²μ ´¥§ ¢¨¸¨³ÒÌ  ·£Ê³¥´Éμ¢ ´ 
¥¤¨´¨ÍÊ.

’¥Ì´μ²μ£¨Ö ·¥´μ·³-£·Ê¶¶μ¢μ£μ ³¥Éμ¤ . ˆ¤¥Ö μ¡Ñ¥¤¨´¥´¨Ö ¶·¨¡²¨¦¥´-
´μ£μ ·¥Ï¥´¨Ö ¸ £·Ê¶¶μ¢μ° ¸¨³³¥É·¨¥° ³μ¦¥É ¡ÒÉÓ ·¥ ²¨§μ¢ ´  ¸ ¶μ³μÐÓÕ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ‹¨. …¸²¨ μ¶·¥¤¥²¨ÉÓ £¥´¥· Éμ·Ò £·Ê¶¶Ò β, γ
¨§ ´¥±μÉμ·μ£μ ¶·¨¡²¨¦¥´´μ£μ ·¥Ï¥´¨Ö ¨ § É¥³ ·¥Ï¨ÉÓ Ô¢μ²ÕÍ¨μ´´Ò¥ „“,
Éμ ¶μ²ÊÎ¨³ Ê²ÊÎÏ¥´´Ò¥ ¶ÊÉ¥³ ¶·¨³¥´¥´¨Ö �ƒ ·¥Ï¥´¨Ö, ±μÉμ·Ò¥ Ê¤μ¢²¥É-
¢μ·ÖÕÉ £·Ê¶¶μ¢μ° ¸¨³³¥É·¨¨ ¨ ¸μμÉ¢¥É¸É¢ÊÕÉ ¨¸Ìμ¤´μ³Ê ¶·¨¡²¨¦¥´´μ³Ê
·¥Ï¥´¨Õ.

’¥¶¥·Ó ¸Ëμ·³Ê²¨·Ê¥³  ²£μ·¨É³ Ê²ÊÎÏ¥´¨Ö ¶·¨¡²¨¦¥´´ÒÌ ·¥Ï¥´¨°, É. ¥.
³¥Éμ¤ �ƒ. �·μÍ¥¤Ê·  ¤ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ ·¥Í¥¶Éμ³, ±μÉμ·Ò° ¢ Ö¢´μ³ ¢¨¤¥
¶·¨¢μ¤¨É¸Ö ¤²Ö “”-¸²ÊÎ Ö.

�·¥¤¶μ²μ¦¨³, ÎÉμ ¨§¢¥¸É´μ ¶·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨¥ ḡappr, sappr.

1. �  μ¸´μ¢¥ Ê· ¢´¥´¨° (32) ¨ (35) μ¶·¥¤¥²¨³ £¥´¥· Éμ·Ò β ¨ γ ¸ ¶μ³μ-
ÐÓÕ ¤ ´´μ£μ ·¥Ï¥´¨Ö:

β(y, g) =
∂

∂ξ
ḡappr(ξ, g)

∣∣∣∣
ξ=1

; γs =
∂sappr(t, g)

∂t

∣∣∣∣
t=1

. (53)

2. �·μ¨´É¥£·¨·Ê¥³ Ê· ¢´¥´¨¥ (31), É. ¥. ¶μ¸É·μ¨³ ËÊ´±Í¨Õ

Φ(g) =
∫ g dγ

β(γ)
. (54)

3. � °¤¥³ ¨´¢ ·¨ ´É´Ò° § ·Ö¤ ḡ ¨§ ¸μμÉ´μÏ¥´¨Ö

ḡRG(x, g) = Φ−1{Φ(g) + lnx}. (55)

4. ‘ ¶μ³μÐÓÕ ¶¥·¢μ£μ Ê· ¢´¥´¨Ö (35), ¨¸¶μ²Ó§ÊÖ ¶μ²ÊÎ¥´´μ¥ ¢Ò· ¦¥-
´¨¥ (55), μ¶·¥¤¥²¨³ sRG(x, g).

� °¤¥´´Ò¥ É ±¨³ μ¡· §μ³ ¢Ò· ¦¥´¨Ö ḡRG, sRG μ¡² ¤ ÕÉ ¸¢μ°¸É¢μ³
�ƒ-¸¨³³¥É·¨¨, Ö¢²ÖÕÉ¸Ö ÉμÎ´Ò³ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨° (23), (34) ¨, ¢ ´ ¤-
²¥¦ Ð¥³ ¶·¨¡²¨¦¥´¨¨, ¶¥·¥Ìμ¤ÖÉ ¢ ḡappr, sappr.

ˆ¸¶μ²Ó§μ¢ ´¨¥ ÔÉμ£μ ·¥Í¥¶É  ¤²Ö ³ ¸¸μ¢μ£μ ¸²ÊÎ Ö ¶·¨¢¥¤¥´μ ¢ ¶. 5.1.

4.2. �·¨³¥´¥´¨¥ ³¥Éμ¤  ·¥´μ·³-£·Ê¶¶Ò. “”- ¸¨³¶ÉμÉ¨±  ¢ Š’�. Š ±
¡Ò²μ ¶μ± § ´μ ¢ÒÏ¥ ¢ ¶. 4.1, ±¢ ´Éμ¢μ-¶μ²¥¢μ¥ ¢Ò· ¦¥´¨¥, ¶μ²ÊÎ¥´´μ¥ ´ 
μ¸´μ¢¥ ±μ´¥Î´μ£μ ¶μ·Ö¤±  É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°, ´¥ μ¡² ¤ ¥É ¸¢μ°¸É¢μ³
�ƒ-¸¨³³¥É·¨¨. �´μ, μ¤´ ±μ, ³μ¦¥É ¡ÒÉÓ Ê²ÊÎÏ¥´μ ³¥Éμ¤μ³ ·¥´μ·³-£·Ê¶¶Ò.

„²Ö ¨²²Õ¸É· Í¨¨ ¢μ§Ó³¥³ ÉμÉ ¦¥ ¸ ³Ò° ¶·¨³¥· (44), ¢μ§´¨± ÕÐ¨° ¢ ¶¥·-
¢μ³ (μ¤´μ¶¥É²¥¢μ³) “”-¶·¨¡²¨¦¥´¨¨ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¤²Ö ÔËË¥±É¨¢´μ°
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ËÊ´±Í¨¨ ¸¢Ö§¨ ¢ ¡¥§³ ¸¸μ¢μ° ¶¥·¥´μ·³¨·Ê¥³μ° ³μ¤¥²¨ Š’� ¸ μ¤´μ° ±μ´-
¸É ´Éμ° ¸¢Ö§¨:

ḡ(1)
appr(x, g) = g − β0g

2 ln x. (56)

’μ£¤  β(1)(g) = −β0g
2 ¨ ·¥Ï¥´¨¥ ´¥³¥¤²¥´´μ ¶μ²ÊÎ ¥É¸Ö ¨§ ±¢ ¤· ÉÊ·Ò∫ ḡ

g

dg

β(1)(g)
= Φ1(ḡ) − Φ1(g) = lnx; Φ1(g) =

1
β0 g

¢ ¢¨¤¥ (45):
ḡ
(1)
RG(x, g) =

g

1 + gβ0 ln x
. (57)


Éμ �ƒ-¨´¢ ·¨ ´É´μ¥ ¢Ò· ¦¥´¨¥ ¶·¨ · §²μ¦¥´¨¨ ¢ ·Ö¤ ¶μ ³ ²μ³Ê g
¢μ¸¶·μ¨§¢μ¤¨É ¨¸Ìμ¤´μ¥ ·¥Ï¥´¨¥ (56). ‚ Éμ ¦¥ ¢·¥³Ö μ´μ ¤ ¥É “”- ¸¨³¶Éμ-
É¨±Ê ·¥Ï¥´¨Ö∗

ḡ
(1)
RG(x, g) → 1

β0 ln x
, (58)

¸μ¢³¥¸É´ÊÕ ¸ �ƒ-¸¨³³¥É·¨¥°. �¥ ¸μ¸É ¢²Ö¥É É·Ê¤  Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ¢Ò· ¦¥-
´¨¥ (57) Ê¤μ¢²¥É¢μ·Ö¥É ”“ (6)∗∗.

‚ ¸²¥¤ÊÕÐ¥³, ¢Éμ·μ³ (É. ¥. ¤¢ÊÌ¶¥É²¥¢μ³) ¶·¨¡²¨¦¥´¨¨

ḡ(2)
appr(x, g) = g

(
1 − β0g ln x + β2

0g2 ln2 x − β1g
2 ln x

)
, (59)

¡¥É -ËÊ´±Í¨Ö ¥¸ÉÓ ¤¢ÊÎ²¥´ β(2) = −β0g
2−β1g

3 = −g2β0 (1+b1g), b1 = β1/β0

¨ ±¢ ¤· ÉÊ· ∫ ḡ

g

dg

β(2)(g)
= Φ2(ḡ) − Φ2(g) = ln x; β0 Φ2(g) = −1

g
+ b1 ln

(
1
g

+ b1

)

¶·¨¢μ¤¨É ± É· ´¸Í¥´¤¥´É´μ³Ê Ê· ¢´¥´¨Õ ¤²Ö ḡ, ·¥Ï¥´¨¥ ±μÉμ·μ£μ ³μ¦¥É
¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ Î¥·¥§ ³ ²μ¨§¢¥¸É´ÊÕ ¸¶¥Í¨ ²Ó´ÊÕ ËÊ´±Í¨Õ ‹ ³¡¥·É .
„²Ö ´ Ï¨Ì Í¥²¥° ¤μ¸É ÉμÎ´μ · ¸¸³μÉ·¥ÉÓ “”- ¸¨³¶ÉμÉ¨±Ê, ±μÉμ·μ° μÉ¢¥Î ¥É
¢Ò· ¦¥´¨¥

ḡ
(2)
RG(x, g) → g

1 + gβ0 ln x + g b1 ln lnx
. (60)

�´μ ¸μμÉ¢¥É¸É¢Ê¥É  ¸¨³¶ÉμÉ¨±¥ ÉμÎ´μ£μ ·¥Ï¥´¨Ö ¨ ³μ¦¥É ¡ÒÉÓ É ±¦¥ ¶μ-
²ÊÎ¥´μ ¶ÊÉ¥³ ¨É¥· É¨¢´μ£μ ·¥Ï¥´¨Ö, ¤²Ö ±μÉμ·μ£μ ¶μ² £ ÕÉ ¢Éμ·μ°, ²μ£ -
·¨Ë³¨Î¥¸±¨° ¢±² ¤ ¢ Φ2(g) ³ ²μ° ¶μ¶· ¢±μ° ¶μ ¸· ¢´¥´¨Õ ¸ ¶¥·¢Ò³ ¶·¨

∗‘Î¨É ¥³ §¤¥¸Ó, ÎÉμ β0 > 0, ± ± ÔÉμ ¨³¥¥É ³¥¸Éμ ¢ ±¢ ´Éμ¢μ° Ì·μ³μ¤¨´ ³¨±¥, £¤¥ ÔÉμ
¢Ò· ¦¥´¨¥ μ¶¨¸Ò¢ ¥É ¢ ¦´¥°Ï¥¥ ¸¢μ°¸É¢μ μ¸² ¡²¥´¨Ö ¢§ ¨³μ¤¥°¸É¢¨Ö ´  ³ ²ÒÌ · ¸¸ÉμÖ´¨ÖÌ
(É. ¥. ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ¶¥·¥¤ ´´μ£μ ¨³¶Ê²Ó¸  q2), Å ¸¢μ°¸É¢μ  ¸¨³¶ÉμÉ¨Î¥¸±μ° ¸¢μ¡μ¤Ò,
Ì · ±É¥·´μ¥ ¤²Ö ´¥ ¡¥²¥¢ÒÌ ± ²¨¡·μ¢μÎ´ÒÌ É¥μ·¨°.

∗∗�·¥¤² £ ¥³ Î¨É É¥²Õ ¸ ³μ¸ÉμÖÉ¥²Ó´μ ¶·μ¢¥·¨ÉÓ ÔÉμÉ Ë ±É.
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b1 g � 1. �μ¤¸É ¢²ÖÖ ¢ ÔÉμÉ ¢±² ¤ μ¤´μ¶¥É²¥¢μ¥ �ƒ-·¥Ï¥´¨¥ (57), ¶·¨Ìμ¤¨³
± ¢Ò· ¦¥´¨Õ

ḡ
(2)
RG =

g

1 + β1gl + b1g ln(1 + g β0l)
, l = lnx, (61)

±μÉμ·μ¥ ¶·¨ g β0 l � 1 Ô±¢¨¢ ²¥´É´μ (60).
�¥§Ê²ÓÉ É (61), ¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´´Ò° ¢ ¸¥·¥¤¨´¥ 1950-Ì ££. [3] ¢ ±μ´É¥±¸É¥

Š
„, ¨´É¥·¥¸¥´ ¢ ´¥¸±μ²Ó±¨Ì μÉ´μÏ¥´¨ÖÌ.
‚μ-¶¥·¢ÒÌ, ¡Ê¤ÊÎ¨ · §²μ¦¥´ ¶μ ¸É¥¶¥´Ö³ g ¨ gl, μ´ ¶μ·μ¦¤ ¥É ¡¥¸±μ´¥Î-

´Ò° ·Ö¤, ¸μ¤¥·¦ Ð¨° ± ± ®¢¥¤ÊÐ¨¥¯ “”-²μ£ ·¨Ë³¨Î¥¸±¨¥ ¢±² ¤Ò ∼ gn+1ln,
É ± ¨ ®¸²¥¤ÊÕÐ¨¥-§ -¢¥¤ÊÐ¨³¨¯ ¢±² ¤Ò ∼ gn+2 ln.

‚μ-¢Éμ·ÒÌ, μ´ ¸μ¤¥·¦¨É ´¥É·¨¢¨ ²Ó´ÊÕ  ´ ²¨É¨Î¥¸±ÊÕ § ¢¨¸¨³μ¸ÉÓ
ln (lnQ2), ±μÉμ· Ö μÉ¸ÊÉ¸É¢Ê¥É ¢ ¨¸Ìμ¤´μ° ¶¥·¥´μ·³¨·μ¢ ´´μ° É¥μ·¨¨ ¢μ§-
³ÊÐ¥´¨°.

� ±μ´¥Í, μ´ ¤¥³μ´¸É·¨·Ê¥É  ²£μ·¨É³ ¶μ¸²¥¤μ¢ É¥²Ó´μ£μ Ê²ÊÎÏ¥´¨Ö ÉμÎ-
´μ¸É¨, É. ¥. ·¥£Ê²Ö·´μ¸ÉÓ ·¥´μ·³-£·Ê¶¶μ¢μ£μ ³¥Éμ¤ . ‚ ¸ ³μ³ ¤¥²¥, ¢Éμ·μ¥
 ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¢Ò· ¦¥´¨¥ (60) ¨³¥¥É ÉÊ ¦¥ ¶·¥¤¥²Ó´ÊÕ Ëμ·³Ê (58), ÎÉμ ¨
¶¥·¢μ¥ (57). ’ ±¨³ μ¡· §μ³, Ê¦¥ ¶¥·¢μ¥ �ƒ-¶·¨¡²¨¦¥´¨¥ ¶·¨¢μ¤¨É ± ¶· -
¢¨²Ó´μ³Ê ¢¨¤Ê  ¸¨³¶ÉμÉ¨±¨ ·¥Ï¥´¨Ö,   Î²¥´ ∼ b1 ²¨ÏÓ ÊÉμÎ´Ö¥É ¶·¥¤ ¸¨³-
¶ÉμÉ¨±Ê.

�μ¤μ¡´Ò³ μ¡· §μ³ ¢ § ¢¨¸ÖÐ¥³ μÉ ³ ¸¸Ò ¸²ÊÎ ¥ Š
„ ¶·¨  ´ ²¨§¥ ˆŠ-
μ¸μ¡¥´´μ¸É¨ ¶·μ¶ £ Éμ·  Ô²¥±É·μ´  �ƒ-·¥Ï¥´¨¥, ¶μ¸É·μ¥´´μ¥ ´  ¶¥·¢μ³ ²μ-
£ ·¨Ë³¨Î¥¸±μ³ ¶·¨¡²¨¦¥´¨¨, ¸· §Ê ¤ ¥É [5, 6] ¸É¥¶¥´´ÊÕ μ¸μ¡¥´´μ¸ÉÓ.

‡ ¤ Î  ¶¥·¥´μ¸ . � ¸¸³μÉ·¨³ μ¤´μ³¥·´ÊÕ § ¤ ÎÊ ¶¥·¥´μ¸ . ƒ·Ê¶¶μ¢μ¥
„“ ¤²Ö ´¥¥ ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

∂Ḡ(l, g)
∂l

= β(Ḡ), β(g) =
∂Ḡ(l, g)

∂l

∣∣∣∣
l=0

, (62)

¶·¨Î¥³ £¥´¥· Éμ· β(g) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¨´Ë¨´¨É¥§¨³ ²Ó´Ò° μÉ±²¨± ¢ μ±-
·¥¸É´μ¸É¨ £· ´¨ÍÒ

Ḡ(ε, g) = g + β(g) ε.

„μ¶Ê¸É¨³, ÎÉμ ³μ¦´μ μ¶·¥¤¥²¨ÉÓ μÉ±²¨± ¨§ ± ±¨Ì-²¨¡μ ¶·μ¸ÉÒÌ ¸μμ¡· -
¦¥´¨°, ´¥ ·¥Ï Ö ±¨´¥É¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö �μ²ÓÍ³ ´ . � ¸¸³μÉ·¨³ ¤¢  ¸²Ê-
Î Ö: ¶Ê¸ÉÓ ¢ μ¤´μ³ ¨§ ´¨Ì ( ) μÉ±²¨± ²¨´¥¥´ (± ± ËÊ´±Í¨Ö £· ´¨Î´μ° ¶²μÉ-
´μ¸É¨ g),   ¢ ¤·Ê£μ³ (¡) Å ±¢ ¤· É¨Î¥´:

Ḡappr(ε, g) =

{
g − εkg, ε � 1 (¸²ÊÎ ° a),
g − εκg2, ε � 1 (¸²ÊÎ ° ¡).
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�É¸Õ¤ 

B(g) =

{
−kg (a)

−κg2 (¡)
¨ ḠRG(l, g) =

⎧⎨
⎩

ge−kl ( )
g

1 + κgl
(¡).

(63)


É¨ ¢Ò· ¦¥´¨Ö ḠRG, μ¡² ¤ Ö ¸¢μ°¸É¢μ³ ËÊ´±Í¨μ´ ²Ó´μ£μ ¸ ³μ¶μ¤μ¡¨Ö, É. ¥.
Ö¢²ÖÖ¸Ó ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨Ö (11), ¶·¨ ³ ²ÒÌ l ¸μ¢¶ ¤ ÕÉ ¸ ¨¸Ìμ¤´Ò³¨
¶·¨¡²¨¦¥´´Ò³¨ Ḡappr. ‚ Éμ ¦¥ ¢·¥³Ö μ´¨ μ¶¨¸Ò¢ ÕÉ ·¥Ï¥´¨¥ ´  ¢¸¥³ ¶μ-
²μ¦¨É¥²Ó´μ³ ¶μ²Ê¡¥¸±μ´¥Î´μ³ ¨´É¥·¢ ²¥, ¢±²ÕÎ Ö  ¸¨³¶ÉμÉ¨Î¥¸±ÊÕ μ¡² ¸ÉÓ
l → ∞, ± ± ÔÉμ ¶μ± § ´μ ´  ·¨¸. 14.

�¨¸. 14. �¥Ï¥´¨¥ § ¤ Î¨ ¶¥·¥´μ¸  �¨¸. 15. 
¢μ²ÕÍ¨Ö ¸² ¡μ° Ê¤ ·´μ° ¢μ²´Ò

‘² ¡ Ö Ê¤ ·´ Ö ¢μ²´ . „·Ê£¨³ ¶·¨³¥·μ³ ¶·¨³¥´¥´¨Ö ³¥Éμ¤  ·¥´μ·³-
£·Ê¶¶Ò ¢ ±² ¸¸¨Î¥¸±μ° Ë¨§¨±¥ ³μ¦¥É ¸²Ê¦¨ÉÓ ¶·μ¸É Ö § ¤ Î  Ô¢μ²ÕÍ¨¨ μ¤-
´μ³¥·´μ° ¸² ¡μ° Ê¤ ·´μ° ¢μ²´Ò. Šμ£¤  ¢μ²´  ¶·¨Ìμ¤¨É ¢ ÉμÎ±Ê l = l0 + ε,
± ± ¶μ± § ´μ ´  ·¨¸. 15, ¢Ò· ¦¥´¨¥ ¤²Ö ¸±μ·μ¸É¨ Ë·μ´É  V (ε) ¶·¨´¨³ ¥É
¸²¥¤ÊÕÐ¨° ¢¨¤:

V (ε) = V0 −
a

2V0
ε. (64)

�É¸Õ¤  μ¶·¥¤¥²Ö¥³ £¥´¥· Éμ· ¨ ´ Ìμ¤¨³ ·¥Ï¥´¨¥

B(V ) = − a

2V
, V (l) =

√
V 2

0 − a(l − l0), (65)

Ìμ·μÏμ ¨§¢¥¸É´μ¥ ¢ £¨¤·μ¤¨´ ³¨±¥.
4.3. ‘ÊÐ´μ¸ÉÓ ·¥´μ·³-£·Ê¶¶μ¢μ£μ ³¥Éμ¤ . ’¥¶¥·Ó ³μ¦´μ ¶μ¤ÒÉμ¦¨ÉÓ

¸¢μ°¸É¢  ³¥Éμ¤  ·¥´μ·³-£·Ê¶¶Ò. �¥´μ·³-£·Ê¶¶μ¢μ° ³¥Éμ¤ ¥¸ÉÓ ·¥£Ê²Ö·´ Ö
¶·μÍ¥¤Ê·  ¸μÎ¥É ´¨Ö ¤¨´ ³¨Î¥¸±μ° ¨´Ëμ·³ Í¨¨, ¶μ²ÊÎ ¥³μ° ¨§ ± ±μ£μ-²¨¡μ
¶·¨¡²¨¦¥´´μ£μ ·¥Ï¥´¨Ö ´¥±μÉμ·μ° § ¤ Î¨, ¸μ ¸¢μ°¸É¢μ³ £·Ê¶¶μ¢μ° ¸¨³³¥-
É·¨¨ ËÊ´±Í¨μ´ ²Ó´μ£μ ¸ ³μ¶μ¤μ¡¨Ö, ±μÉμ·Ò³ μ¡² ¤ ¥É ÉμÎ´μ¥ ·¥Ï¥´¨¥.

1) Œ É¥³ É¨Î¥¸±¨³ ¨´¸É·Ê³¥´Éμ³, ¨¸¶μ²Ó§Ê¥³Ò³ ¢ ·¥´μ·³-£·Ê¶¶μ¢μ³ ³¥-
Éμ¤¥, Ö¢²ÖÕÉ¸Ö ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ‹¨.

2) Š²ÕÎ¥¢μ° Ô²¥³¥´É ³¥Éμ¤  ¸μ¸Éμ¨É ¢ ¢μ§³μ¦´μ¸É¨ (¶·¨¡²¨¦¥´´μ£μ)
μ¶·¥¤¥²¥´¨Ö £¥´¥· Éμ·μ¢ £·Ê¶¶Ò ¨§ ¤¨´ ³¨±¨.
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3) �ƒŒ · ¡μÉ ¥É ´ ¨¡μ²¥¥ ÔËË¥±É¨¢´μ ¢ Éμ³ ¸²ÊÎ ¥, ±μ£¤  ·¥Ï¥´¨¥ μ¡² -
¤ ¥É ¸¨´£Ê²Ö·´Ò³ ¶μ¢¥¤¥´¨¥³,   ¶·¨¡²¨¦¥´¨¥ · §·ÊÏ ¥É ¸É·Ê±ÉÊ·Ê ¸¨´£Ê²Ö·-
´μ¸É¨. Œ¥Éμ¤ ¢μ¸¸É ´ ¢²¨¢ ¥É ¶· ¢¨²Ó´ÊÕ ¸É·Ê±ÉÊ·Ê ¸¨´£Ê²Ö·´μ¸É¨.

5. �…���Œ-ƒ�“��� ��ƒ�‹
��‚� 50 ‹…’ ‘�“‘’Ÿ

‚ ÔÉμ³ · §¤¥²¥ ¶·¨¢¥¤¥´ ±· É±¨°  ¡·¨¸ É·¥Ì ´ ¶· ¢²¥´¨°, ¢ ±μÉμ·ÒÌ
¡μ£μ²Õ¡μ¢¸± Ö ·¥´μ·³-£·Ê¶¶  Ê¸¶¥Ï´μ · §¢¨¢ ² ¸Ó ¢ É¥Î¥´¨¥ ¶μ¸²¥¤´¥° Î¥-
É¢¥·É¨ ¢¥± :

• Œ ¸¸-§ ¢¨¸¨³ Ö �ƒ ¢ μ±·¥¸É´μ¸É¨ ¶μ·μ£μ¢ ¢ ±μ´É¥±¸É¥ ‘É ´¤ ·É´μ°
³μ¤¥²¨.

• �´ ²¨É¨Î¥¸± Ö É¥μ·¨Ö ¢μ§³ÊÐ¥´¨° ¢ Š•„.
• Œ¥Éμ¤ ·¥´μ·³-£·Ê¶¶μ¢ÒÌ ¸¨³³¥É·¨° ¤²Ö Ê²ÊÎÏ¥´¨Ö ·¥Ï¥´¨° ±· ¥¢ÒÌ

§ ¤ Î ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¨.
5.1. Œ ¸¸-§ ¢¨¸¨³ Ö �ƒ ¢ μ±·¥¸É´μ¸É¨ ¶μ·μ£μ¢. �μ¸É ´μ¢±  § ¤ Î¨.

‚ ¸μ¢·¥³¥´´μ° É¥μ·¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ±¢ ´Éμ¢ÒÌ ¶μ²¥° ¶·¨Ìμ¤¨É¸Ö ¨³¥ÉÓ
¤¥²μ ¸ ±¢ ´É ³¨ ÔÉ¨Ì ¶μ²¥° Å Î ¸É¨Í ³¨ ¸ ¸¨²Ó´μ · §´ÖÐ¨³¨¸Ö §´ Î¥´¨Ö³¨
³ ¸¸. ’ ±, ¢ Š•„ ´ ¨¡μ²¥¥ ²¥£±¨¥ ±¢ ·±¨ ¨³¥ÕÉ ³ ¸¸Ò ¶μ·Ö¤±  ´¥¸±μ²Ó±¨Ì
ŒÔ‚, Éμ£¤  ± ± ´ ¨¡μ²¥¥ ÉÖ¦¥²Ò¥ Å ´¥¸±μ²Ó±¨Ì ¸μÉ¥´ ƒÔ‚. �μ¸±μ²Ó±Ê ÉÖ¦¥-
²Ò¥ Î ¸É¨ÍÒ ´¥ μ± §Ò¢ ÕÉ ¢²¨Ö´¨Ö ´  ¤¨´ ³¨±Ê ²¥£±¨Ì, ¢ μ¡² ¸É¨ ¤μ¸É ÉμÎ´μ
´¨§±¨Ì Ô´¥·£¨° ¨Ì,   É ±¦¥ μÉ¢¥Î ÕÐ¨¥ ¨³ ±¢ ´Éμ¢Ò¥ ¶μ²Ö, ´¥ ÊÎ¨ÉÒ¢ ÕÉ.

‚ ·¥§Ê²ÓÉ É¥ ¢μ§´¨± ¥É ¸¢μ¥μ¡· §´ Ö ¨¥· ·Ì¨Ö ±¢ ´Éμ¢μ-¶μ²¥¢ÒÌ ³μ¤¥²¥°
¨ § ¤ Î  ¨Ì ¸μ¶·Ö¦¥´¨Ö. ’ ±, ¢ Š
„ ¶·¨ Ô´¥·£¨ÖÌ ´¨¦¥ 10 ŒÔ‚ ³μ¦´μ μ£· -
´¨Î¨ÉÓ¸Ö ²¨ÏÓ ¢§ ¨³μ¤¥°¸É¢¨¥³ Ô²¥±É·μ´μ¢, ¶μ§¨É·μ´μ¢ ¨ ËμÉμ´μ¢. �μ²Ó
¡μ²¥¥ ÉÖ¦¥²ÒÌ Ô²¥±É·¨Î¥¸±¨ § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ÔÉμ° μ¡² ¸É¨ ¶μ¤ ¢²¥´ .
ˆ§¢¥¸É´μ° ¨²²Õ¸É· Í¨¥° ¸²Ê¦¨É  ´μ³ ²Ó´Ò° ³ £´¨É´Ò° ³μ³¥´É Ô²¥±É·μ´ .
‚ Éμ ¦¥ ¢·¥³Ö ¢ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ° Š•„ μ£· ´¨Î¨¢ ÕÉ¸Ö ¢§ ¨³μ¤¥°¸É¢¨¥³
£²Õμ´´μ£μ ¶μ²Ö ¸ ±¢ ·±μ¢Ò³¨ ¶μ²Ö³¨ É·¥Ì ®¸ ³ÒÌ ²¥£±¨Ì¯  ·μ³ Éμ¢, Éμ£¤ 
± ± ¢ μ¡² ¸É¨ ¶μ·Ö¤±  100 ƒÔ‚ ¨ ¢ÒÏ¥ ¢ ² £· ´¦¨ ´ ¨ ¶· ¢¨²  ”¥°´³ ´ 
¢±²ÕÎ ÕÉ ¶ÖÉÓ ¨ ¤ ¦¥ Ï¥¸ÉÓ ±¢ ·±μ¢ÒÌ Ë¥·³¨μ´´ÒÌ ¶μ²¥°. ’ ±¨³ μ¡· §μ³, ¢
· §²¨Î´ÒÌ μ¡² ¸ÉÖÌ ¨¸¶μ²Ó§ÊÕÉ¸Ö ³μ¤¥²¨ ¸ · §´Ò³ ´ ¡μ·μ³ ±¢ ´Éμ¢ÒÌ ¶μ-
²¥°.

‡ ¤ Î  Î¨¸²¥´´μ£μ ¸μ¶·Ö¦¥´¨Ö ·¥Ï¥´¨° ÔÉ¨Ì · §´ÒÌ Š’�-³μ¤¥²¥° μ¸-
²μ¦´Ö¥É¸Ö É¥³, ÎÉμ ¢ Š•„ μ¡ÒÎ´μ ¨¸¶μ²Ó§ÊÕÉ ²μ£ ·¨Ë³¨Î¥¸±¨¥  ¸¨³¶Éμ-
É¨±¨, É. ¥. ¶·¥´¥¡·¥£ ÕÉ ³ ¸¸ ³¨ ±¢ ·±μ¢. Œ¥¦¤Ê É¥³ ¸μ¶·Ö¦¥´¨Ö ¸²¥¤Ê¥É
¶·μ¢μ¤¨ÉÓ ± ± · § ¢ μ±·¥¸É´μ¸É¨ ¶μ·μ£μ¢ ·μ¦¤¥´¨Ö μÎ¥·¥¤´ÒÌ ®ÉÖ¦¥²ÒÌ
±¢ ·±μ¢¯, É. ¥. ¶·¨ Ô´¥·£¨ÖÌ, ¡²¨§±¨Ì ± ³ ¸¸ ³ ÔÉ¨Ì ±¢ ·±μ¢.

Œ ¸¸-§ ¢¨¸¨³ Ö ±¢ ´Éμ¢μ-¶μ²¥¢ Ö ·¥´μ·³-£·Ê¶¶  �μ£μ²Õ¡μ¢  ¤μ¸É ¢²Ö¥É
¥¸É¥¸É¢¥´´Ò°  ²£μ·¨É³ ¤²Ö  ´ ²¨§  ¶¥·¥Ìμ¤  Î¥·¥§ ¶μ·μ£¨ ¨ ¶μ²ÊÎ¥´¨Ö  ±-
±Ê· É´ÒÌ Ëμ·³Ê² Î¨¸²¥´´μ£μ ¸μ¶·Ö¦¥´¨Ö ¡¥§³ ¸¸μ¢ÒÌ ²μ£ ·¨Ë³¨Î¥¸±¨Ì ¢Ò-
· ¦¥´¨° ¸ · §²¨Î´Ò³ Î¨¸²μ³  ·μ³ Éμ¢. ‚ ÔÉμ³ · §¤¥²¥ ¶·¨¢μ¤¨É¸Ö ¸¢μ¤± 
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·¥§Ê²ÓÉ Éμ¢, ¶μ²ÊÎ¥´´ÒÌ ¢ 1980Ä1990-Ì ££. ¶·¨³¥´¨É¥²Ó´μ ± Š•„ ¨ ‘É ´-
¤ ·É´μ° ³μ¤¥²¨.

„¢ÊÌ¶¥É²¥¢ Ö Ëμ·³Ê²  ¤²Ö ᾱ. �¡Ð¥¥ ·¥Ï¥´¨¥ ËÊ´±Í¨μ´ ²Ó´ÒÌ �ƒ-
Ê· ¢´¥´¨° ¢ ³ ¸¸μ¢μ³ ¸²ÊÎ ¥ ¡Ò²μ ¸Ëμ·³Ê²¨·μ¢ ´μ∗ �μ£μ²Õ¡μ¢Ò³ ¨  ¢Éμ-
·μ³ ¢ ¸¥·¥¤¨´¥ 1950-Ì ££. ’μ£¤  ¦¥ ¡Ò²μ Ê¸É ´μ¢²¥´μ, ÎÉμ ÉμÎ´μ¥ ·¥Ï¥´¨¥
¤²Ö ¨´¢ ·¨ ´É´μ£μ § ·Ö¤ , ¶μ²ÊÎ¥´´μ¥ ¨§ μ¤´μ¶¥É²¥¢μ£μ ¶·¨¡²¨¦¥´¨Ö É¥μ·¨¨
¢μ§³ÊÐ¥´¨°, ¶μ¤μ¡´μ ¡¥§³ ¸¸μ¢μ³Ê ²μ£ ·¨Ë³¨Î¥¸±μ³Ê ¶·¥¤¥²Ê, ¸Ê³³¨·Ê¥É¸Ö
¢ §´ ³¥´ É¥²Ó∗∗. ‚¶μ¸²¥¤¸É¢¨¨ ¡Ò²μ ¶μ± § ´μ [28], ÎÉμ ¨ ¤¢ÊÌ¶¥É²¥¢μ¥ ³ ¸-
¸μ¢μ¥ ¶·¨¡²¨¦¥´¨¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°

ḡ
(2)
PT (x, y; g) = g − g2 A1(x, y) + g3

[
A2

1 − A2(x, y)
]
+ O(g4) (66)

¸¢μ· Î¨¢ ¥É¸Ö ¢ §´ ³¥´ É¥²Ó, ¢ ¢Ò· ¦¥´¨¥

ḡ2(x, y; g) =
g

1 + g A1(x, y) + g A2
A1

ln (1 + g A1)
. (67)

�´ ²μ£¨Î´Ò° ·¥§Ê²ÓÉ É ¡Ò² ¶μ²ÊÎ¥´ ¤²Ö μ¤´μ ·£Ê³¥´É´μ° �ƒ-±μ¢ ·¨ ´É´μ°
ËÊ´±Í¨¨

s(2)(x, y; g) =
(

g

ḡ2(x, y; g)

)ν1(x,y)

exp {(g − ḡ1(x, y; g)) ν2(x, y)} , (68)

£¤¥ ν1(x, y) = S1/A1, ν2 = (A1S2 − A2S1)/A2
q ,   ËÊ´±Í¨¨ Si ¢Ìμ¤ÖÉ ¢ ¶¥·-

ÉÊ·¡ É¨¢´μ¥ · §²μ¦¥´¨¥ ¤²Ö s ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

s
(2)
pt (x, y; g) = 1 + g S1(x, y) + g2

(
S2 + S1(S1−A1)

2

)
+ O(g3).

‚¸¥ ÔÉ¨ ¢Ò· ¦¥´¨Ö ¢ “”-¶·¥¤¥²¥ Ak → βk−1 ln x, Sj → γj−1 ln x ¶¥·¥Ìμ¤ÖÉ
¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ëμ·³Ê²Ò ²μ£ ·¨Ë³¨Î¥¸±μ£μ ¶·¨¡²¨¦¥´¨Ö.

‚ ¶μ¸²¥¤ÊÕÐ¥³ ¨¸¸²¥¤μ¢ ´¨¨ [29] ÔÉ¨ ·¥§Ê²ÓÉ ÉÒ ¡Ò²¨ μ¡μ¡Ð¥´Ò ´  3-
¨ 4-¶¥É²¥¢Ò¥ ¸²ÊÎ ¨, ÎÉμ ¶μ§¢μ²¨²μ, ¢ Î ¸É´μ¸É¨, ¶μ²ÊÎ¨ÉÓ Ö¢´ÊÕ μÍ¥´±Ê
ÉμÎ´μ¸É¨ ¤¢ÊÌ¶¥É²¥¢ÒÌ Ëμ·³Ê².

„¢ÊÌ¶¥É²¥¢Ò¥ ËÊ´±Í¨¨ ¸¢Ö§¨ ‘É ´¤ ·É´μ° ³μ¤¥²¨. ‚¸²¥¤ §  É¥³ ¡Ò²¨
¶μ²ÊÎ¥´Ò [30] ¤¢ÊÌ¶¥É²¥¢Ò¥ Ëμ·³Ê²Ò ¤²Ö É·¥Ì ¨´¢ ·¨ ´É´ÒÌ ËÊ´±Í¨° ¸¢Ö§¨
ᾱi ‘É ´¤ ·É´μ° ³μ¤¥²¨:

1
αi(Q)

=
1
αi

+ Ai(Q) +
∑

j

Aij(Q)
Aj(Q)

ln [1 + αjAj(Q)] , (69)

∗‘³. § 48.3 ¢ [10].
∗∗‘³. Ëμ·³Ê²Ê (48.40) ¢ [10].
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£¤¥ Ai ¨ Aij ¸ÊÉÓ μ¤´μ- ¨ ¤¢ÊÌ¶¥É²¥¢Ò¥ ³ ¸¸μ¢Ò¥ ¢±² ¤Ò ¢ ᾱi, ¢ÒÎ¨¸²¥´´Ò¥
¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°

αi(Q) � αi − α2
i Ai(Q) + α3

i A
2
i (Q) − α2

i

∑
j

αjAij(Q)

¸ ¶μ³μÐÓÕ μ¡ÒÎ´ÒÌ ¤¨ £· ³³ ”¥°´³ ´ .

É¨ ¨¸¸²¥¤μ¢ ´¨Ö ¡Ò²¨ ¢Ò§¢ ´Ò ¸É·¥³²¥´¨¥³ ¶μ²ÊÎ¨ÉÓ Ö¢´Ò¥  ´ ²¨É¨-

Î¥¸±¨¥ Ëμ·³Ê²Ò ¤²Ö ¶·μÍ¥¤Ê·Ò ¶¥·¥Ìμ¤  Î¥·¥§ ¶μ·μ£¨ ·μ¦¤¥´¨Ö ÉÖ¦¥²ÒÌ Î -
¸É¨Í, ¢ Î ¸É´μ¸É¨, ¤²Ö ÊÉμÎ´¥´¨Ö Ëμ·³Ê² ¸μ¶·Ö¦¥´¨Ö μ¡² ¸É¥° ¸ · §²¨Î´Ò³
Î¨¸²μ³  ·μ³ Éμ¢ ¢ Š•„,   É ±¦¥ ¤²Ö ¡μ²¥¥  ±±Ê· É´μ° μÍ¥´±¨ ¢μ§³μ¦´ÒÌ
¸Í¥´ ·¨¥¢ ‚¥²¨±μ£μ μ¡Ñ¥¤¨´¥´¨Ö ¢§ ¨³μ¤¥°¸É¢¨°.

�μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¶μ ´ Ï¥³Ê ³´¥´¨Õ, ¨³¥ÕÉ ¡μ²¥¥ μ¡Ð¥¥ §´ Î¥´¨¥
¨ ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò ¶·¨ μ¡¸Ê¦¤¥´¨¨ ± ± ¸Ì¥³´μ° § ¢¨¸¨³μ¸É¨ Ëμ·³Ê²
¸μ¶·Ö¦¥´¨Ö ¢ Š’�, É ± ¨ ¢ ±μ´É¥±¸É¥ ´ ·ÊÏ¥´¨Ö μ¤´μ·μ¤´μ¸É¨ ¢ ¤·Ê£¨Ì
μ¡² ¸ÉÖÌ, É ±¨Ì, ± ±, ´ ¶·¨³¥·, ÊÎ¥É ±μ´¥Î´ÒÌ · §³¥·μ¢ ¸¨¸É¥³Ò (ˇnite-size
scaling) ¢ ±·¨É¨Î¥¸±¨Ì Ö¢²¥´¨ÖÌ ¨ ¶·μ¡²¥³  ¨¸±²ÕÎ¥´´μ£μ μ¡Ñ¥³  ¢ É¥μ·¨¨
¶μ²¨³¥·μ¢.

5.2. �´ ²¨É¨Î¥¸± Ö É¥μ·¨Ö ¢μ§³ÊÐ¥´¨° ¢ Š•„. Œμ¤¨Ë¨± Í¨Ö ·Ö¤  É¥-
μ·¨¨ ¢μ§³ÊÐ¥´¨°, ¢Ò¶μ²´¥´´ Ö ³¥Éμ¤μ³ ·¥´μ·³-£·Ê¶¶Ò, ¶μ§¢μ²Ö¥É Ê²ÊÎÏ¨ÉÓ
¸¢μ°¸É¢  · §²μ¦¥´¨Ö ¢ Ê²ÓÉ· Ë¨μ²¥Éμ¢μ° μ¡² ¸É¨, μ¤´ ±μ ¶·¨¢μ¤¨É ± ´¥Ë¨-
§¨Î¥¸±¨³ μ¸μ¡¥´´μ¸ÉÖ³.

’ ±, ¸Ê³³Ê μ¤´μ¶¥É²¥¢ÒÌ Ê²ÓÉ· Ë¨μ²¥Éμ¢ÒÌ (“”) ²μ£ ·¨Ë³μ¢ ¤²Ö ®¨´-
¢ ·¨ ´É´μ£μ § ·Ö¤ ¯ Š•„ (57) μ¡ÒÎ´μ § ¶¨¸Ò¢ ÕÉ ¢ É¥·³¨´ Ì

ᾱ(�=1)
s (Q2) =

αμ

1 + αμβ0 ln (Q2/μ2)
=

1
β0 ln (Q2/Λ2)

,

β0(nf ) =
11 − 2nf/3

4π

(70)

³ ¸ÏÉ ¡´μ£μ ¶ · ³¥É·  Š•„ Λ = μ e−1/(2αμβ0).
”Ê´±Í¨Ö (70) ¨³¥¥É ¶ · §¨É´ÊÕ ¸¨´£Ê²Ö·´μ¸ÉÓ ¢ ¨´Ë· ±· ¸´μ° (ˆŠ)

μ¡² ¸É¨ ¶·¨ Q2 = Λ2. �·μ¡²¥³  μ¸μ¡¥´´μ¸É¥° É ±μ£μ ¸μ·É  ´¥ ³μ¦¥É ¡ÒÉÓ
·¥Ï¥´  (¸³. § 50.2 ¢ [10]) §  ¸Î¥É ÊÎ¥É  ²Õ¡μ£μ ±μ´¥Î´μ£μ Î¨¸²  ³´μ£μ¶¥É²¥-
¢ÒÌ ¢±² ¤μ¢. ‹μ¦´Ò¥ ¸¨´£Ê²Ö·´μ¸É¨ ¶·¨ ÔÉμ³ ´¥ ¨¸Î¥§ ÕÉ,   ²¨ÏÓ ³¥´ÖÕÉ
Ì · ±É¥·. ’ ±, μ¡ÒÎ´μ¥ ¶¥·ÉÊ·¡ É¨¢´μ¥ ¤¢ÊÌ¶¥É²¥¢μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ᾱs

ᾱ(2)
s (Q2) =

1
β0 l

[
1 − β1

β2
0

ln l

l

]
+ O

(
ln2 l

l3

)
; l = ln

Q2

Λ2
,

¶·¥¤¸É ¢²ÖÕÐ¥¥ ¸μ¡μ° · §²μ¦¥´¨¥ Ëμ·³Ê²Ò (60), ¶μ³¨³μ ¶μ²Õ¸  μ¡² ¤ ¥É
´¥Ë¨§¨Î¥¸±¨³ · §·¥§μ³, μ¡Ê¸²μ¢²¥´´Ò³ ¤¢μ°´μ° ²μ£ ·¨Ë³¨Î¥¸±μ° § ¢¨¸¨-
³μ¸ÉÓÕ μÉ Q2.
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�μ¤μ¡´ Ö É·Ê¤´μ¸ÉÓ ¢¶¥·¢Ò¥ ¢μ§´¨±²  ¢ Š
„∗ ¢ 1950-Ì ££. ‚¸±μ·¥ ¢ · -
¡μÉ¥ �μ£μ²Õ¡μ¢  ¸ ¸μ ¢Éμ· ³¨ [31] ¡Ò²μ ¶·¥¤²μ¦¥´μ Ö¢´μ¥ ³μ¤¥²Ó´μ¥ ·¥Ï¥-
´¨¥ ¶·μ¡²¥³Ò ´  ¶ÊÉ¨ ¸¨´É¥§  ³¥Éμ¤  �ƒ ¨ Ë¨§¨Î¥¸±μ£μ Ê¸²μ¢¨Ö ¶·¨Î¨´´μ¸É¨
¢ ¢¨¤¥ ¸¶¥±É· ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö —¥²²¥´ Ä‹¥³ ´  ¤²Ö ËμÉμ´´μ£μ ¶·μ¶ -
£ Éμ· .


É  ¨¤¥Ö ¶μ²ÊÎ¨²  · §¢¨É¨¥ [32,33] ¢ ¸¥·¥¤¨´¥ 1990-Ì ££. ¶·¨³¥´¨É¥²Ó´μ
± Š•„, £¤¥ ¢ ¸¨²Ê ¸¢μ°¸É¢   ¸¨³¶ÉμÉ¨Î¥¸±μ° ¸¢μ¡μ¤Ò ´¥Ë¨§¨Î¥¸±¨¥ μ¸μ¡¥´-
´μ¸É¨ ´ Ìμ¤ÖÉ¸Ö ¢ Ë¨§¨Î¥¸±¨ ¤μ¸É¨¦¨³μ° ¨´Ë· ±· ¸´μ° μ¡² ¸É¨ (¢¥²¨Î¨´ 
¶ · ³¥É·  Λ ¸μ¸É ¢²Ö¥É ´¥¸±μ²Ó±μ ¸μÉ¥´ ŒÔ‚) ¨ ¸ÊÐ¥¸É¢¥´´μ § É·Ê¤´ÖÕÉ
μ¡· ¡μÉ±Ê ¤ ´´ÒÌ μ¶ÒÉ .

�·¨¢²¥± Ö μ¡Ð¥¥ É·¥¡μ¢ ´¨¥ ¶·¨Î¨´´μ¸É¨ ¢ Ëμ·³¥ Ê¸²μ¢¨°  ´ ²¨É¨Î-
´μ¸É¨ ¶·μ¶ £ Éμ·μ¢ (¶·¥¤¸É ¢²¥´¨¥ —¥²²¥´ Ä‹¥³ ´ ) ¨  ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö
(¸¶¥±É· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ‰μ¸É Ä‹¥³ ´ ∗∗), Ê¤ ²μ¸Ó ¶μ¸É·μ¨ÉÓ ·¥£Ê²Ö·-
´Ò° ³¥Éμ¤  ´ ²¨É¨Î¥¸±μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° (�’‚), ·¥ ²¨§ÊÕÐ¨° ¸²¥¤ÊÕ-
Ð¨° Ï £ ¢ ³μ¤¥·´¨§ Í¨¨ �ƒ-¨´¢ ·¨ ´É´ÒÌ ¶¥·ÉÊ·¡ É¨¢´ÒÌ  ¶¶·μ±¸¨³ Í¨°,
μ¸¢μ¡μ¦¤ Ö ¨Ì μÉ μ¸μ¡¥´´μ¸É¥° ¨ ¤¥² Ö ¸É ¡¨²Ó´Ò³¨ ± ¶μ¶· ¢± ³ ¢Ò¸Ï¨Ì
¶μ·Ö¤±μ¢ ¨ ¢Ò¡μ·Ê ¸Ì¥³Ò ¶¥·¥´μ·³¨·μ¢±¨.

�μ²ÊÎ¥´´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö  ´ ²¨É¨Î¥¸±μ£μ ¨´¢ ·¨ ´É´μ£μ § ·Ö¤ 
ᾱ(Q2, α) ¢ Š
„ [31, 34, 35] ¨ ᾱs(Q2, αs) ¢ Š•„ [32, 33] μ¡² ¤ ÕÉ ¸²¥¤ÊÕ-
Ð¨³¨ ¢ ¦´Ò³¨ ¸¢μ°¸É¢ ³¨:

Å μÉ¸ÊÉ¸É¢¨¥ ¶·¨§· Î´μ£μ ¶μ²Õ¸ ;
Å ± ± ËÊ´±Í¨¨ ±μ´¸É ´ÉÒ ¸¢Ö§¨ (α, αs) ÔÉ¨ ¢Ò· ¦¥´¨Ö ¨³¥ÕÉ ¢ ´ Î ²¥

±μμ·¤¨´ É ¸ÊÐ¥¸É¢¥´´ÊÕ μ¸μ¡¥´´μ¸ÉÓ ¢¨¤  exp (−1/α);
Å ¤²Ö ¢¥Ð¥¸É¢¥´´ÒÌ ¶μ²μ¦¨É¥²Ó´ÒÌ α, αs ¤μ¶Ê¸± ÕÉ ¸É¥¶¥´´μ¥ · §²μ-

¦¥´¨¥, ¸μ¢¶ ¤ ÕÐ¥¥ ¸ ¶¥·ÉÊ·¡ É¨¢´Ò³;
Å ¢ Š
„ ᾱ ¨³¥¥É ±μ´¥Î´Ò° “”-¶·¥¤¥², · ¢´Ò° 3π, ´¥ § ¢¨¸ÖÐ¨°

μÉ Ô±¸¶¥·¨³¥´É ²Ó´μ£μ §´ Î¥´¨Ö α � 1/137,    ´ ²¨É¨Î¥¸± Ö ËÊ´±Í¨Ö ¸¢Ö§¨
Š•„ Å ±μ´¥Î´Ò° ˆŠ-¶·¥¤¥² ᾱs(Q2 = 0, αs) = 1/β0 ∼ 1,4.

�¨¦¥ ¤ ¥É¸Ö ±· É±¨° μ¡§μ· μ¸´μ¢´ÒÌ ÔÉ ¶μ¢ · §· ¡μÉ±¨  ´ ²¨É¨Î¥¸±μ°
É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¢ Š•„, ¢±²ÕÎ Ö ¶·¨²μ¦¥´¨Ö ± μ¶¨¸ ´¨Õ  ¤·μ´´ÒÌ ¶·μ-
Í¥¸¸μ¢.

�¸´μ¢Ò �’‚. �´ ²¨É¨Î¥¸± Ö É¥μ·¨Ö ¢μ§³ÊÐ¥´¨° μ¸´μ¢ ´  ´  ¸²¥¤ÊÕÐ¨Ì
¶·¨´Í¨¶ Ì:

• �´ ²¨É¨Î´μ¸ÉÓ ÔËË¥±É¨¢´μ° ËÊ´±Í¨¨ ¸¢Ö§¨ ¢ ±μ³¶²¥±¸´μ° Q2-¶²μ¸-
±μ¸É¨ ¸μ£² ¸´μ ¶·¥¤¸É ¢²¥´¨Õ —¥²²¥´ Ä‹¥³ ´ :

ᾱs(Q2) → αE(Q2) =
1
π

∫ ∞

0

dσ
ρ(σ)

σ + Q2 − iε
.

∗‡¤¥¸Ó ¶·¨§· Î´Ò¥ ¸¨´£Ê²Ö·´μ¸É¨ μÉ¢¥Î ÕÉ μ£·μ³´Ò³ ³ ¸ÏÉ ¡ ³, ²¨Ï¥´´Ò³ Ë¨§¨Î¥¸±μ£μ
¸³Ò¸² .

∗∗‘³. § 55.1 ¢ [10].
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Éμ É·¥¡μ¢ ´¨¥, μÉ· ¦ ÕÐ¥¥ Ê¸²μ¢¨¥ ¶·¨Î¨´´μ¸É¨, μ¡¥¸¶¥Î¨¢ ¥É μÉ¸ÊÉ¸É¢¨¥
´¥Ë¨§¨Î¥¸±¨Ì ¸¨´£Ê²Ö·´μ¸É¥°.

• ‘μμÉ¢¥É¸É¢¨¥ ¸ ·¥§Ê²ÓÉ Éμ³ �ƒ-Ê²ÊÎÏ¥´´μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°
ᾱs(Q2) ¶ÊÉ¥³ ´ ¤²¥¦ Ð¥£μ μ¶·¥¤¥²¥´¨Ö ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸É¨ ρ(σ) =
Im ᾱs(−σ).

• ’· ´¸Ëμ·³ Í¨μ´´ Ö ±μ¢ ·¨ ´É´μ¸ÉÓ, É. e. ¸μ¢³¥¸É´μ¸ÉÓ ¸ ²¨´¥°´Ò³¨
¨´É¥£· ²Ó´Ò³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨, É ±¨³¨, ± ± ¶¥·¥Ìμ¤ μÉ (¥¢±²¨¤μ¢ ) ¶·¥¤-
¸É ¢²¥´¨Ö ¶¥·¥¤ ´´μ£μ ¨³¶Ê²Ó¸  ± (³¨´±μ¢¸±μ³Ê) ¶·¥¤¸É ¢²¥´¨Õ Ô´¥·£¨¨
¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸:

αE(Q2) = Q2

∫ ∞

0

αM (s) ds

(s + Q2)2
,

¨²¨ ± ± ¶·¥μ¡· §μ¢ ´¨¥ ”Ê·Ó¥ μÉ ¥¢±²¨¤μ¢μ° αE(Q) ± ¥¥ μ¡· §Ê αD(r),
§ ¢¨¸ÖÐ¥³Ê μÉ · ¸¸ÉμÖ´¨Ö r.

�μ¸²¥¤´¥¥ É·¥¡μ¢ ´¨¥ ¶·¨¢μ¤¨É ± ´¥¸É¥¶¥´´Ò³ ËÊ´±Í¨μ´ ²Ó´Ò³ · §²μ-
¦¥´¨Ö³ ¤²Ö ´ ¡²Õ¤ ¥³ÒÌ ¢³¥¸Éμ μ¡ÒÎ´ÒÌ · §²μ¦¥´¨° ¶μ ¸É¥¶¥´Ö³ ÔËË¥±-
É¨¢´μ° ËÊ´±Í¨¨ ¸¢Ö§¨ Š•„ ᾱs. ’ ±, ´ ¶·¨³¥·, ¤²Ö ËÊ´±Í¨¨ �¤²¥· 

DPT (Q2) =
∑

n

dn ᾱn
s (Q2) → DAPT (Q2) =

∑
n

dn An(Q2). (71)

‘¢μ°¸É¢   ²£μ·¨É³  �’‚. ‘¢μ¡μ¤´Ò¥ μÉ ´¥Ë¨§¨Î¥¸±¨Ì μ¸μ¡¥´´μ¸É¥°
¥¢±²¨¤μ¢Ò ËÊ´±Í¨¨ · §²μ¦¥´¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö Ëμ·³Ê² ³¨

An(Q2) =
∫ ∞

0

ρn(σ)
σ + Q2

dσ, ρn(σ) =
1
π

Im [ᾱs(−σ − iε)]n . (72)

�´¨ μ¡· §ÊÕÉ ´¥¸É¥¶¥´´μ° ´ ¡μ· {Ak(Q2)}, ±μÉμ·Ò° ¸²Ê¦¨É ¡ §¨¸μ³ ³μ-
¤¨Ë¨Í¨·μ¢ ´´μ£μ ¶¥·ÉÊ·¡ É¨¢´μ£μ · §²μ¦¥´¨Ö ´ ¡²Õ¤ ¥³ÒÌ ¢ Q2-¶·¥¤¸É ¢-
²¥´¨¨, ´ ¶·¨³¥·, ¤²Ö D-ËÊ´±Í¨¨ �¤²¥·  (71). �¥·¢ Ö ¨§ ´¨Ì, ÔËË¥±É¨¢´ Ö
¥¢±²¨¤μ¢  ËÊ´±Í¨Ö ¸¢Ö§¨ αE(Q2) = A1(Q2) ¢ μ¤´μ¶¥É²¥¢μ³ ¸²ÊÎ ¥

α
(1)
E (Q2) =

1
β0

[
1

ln (Q2/Λ2)
+

Λ2

Λ2 − Q2

]
(73)

μÉ²¨Î ¥É¸Ö μÉ μ¡ÒÎ´μ° αs(Q2) Î²¥´μ³ ∼ Λ2/(Λ2 − Q2), ¢ÒÎ¨É ÕÐ¨³ ¸¨´-
£Ê²Ö·´μ¸ÉÓ. 
ÉμÉ Î²¥´ ¢ ¶ · ³¥É·¨§ Í¨¨ (μ, αμ) (¸³. (70)) ¨³¥¥É ¢¨¤ ∼
e−1/β0 αμ/Q2, É. ¥. ¸μ¤¥·¦¨É ¸ÊÐ¥¸É¢¥´´ÊÕ μ¸μ¡¥´´μ¸ÉÓ ¶μ ³ ²μ³Ê αμ, ´¥ · §-
² £ ¥³ÊÕ ¶μ ¥£μ ¸É¥¶¥´Ö³.

‚Ò¸Ï¨¥ ËÊ´±Í¨¨ · §²μ¦¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¨§ ´¨§Ï¥° ·¥±Ê·-
·¥´É´Ò³ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³ ¸μμÉ´μÏ¥´¨¥³, ±μÉμ·μ¥ ¢ μ¤´μ¶¥É²¥¢μ³ ¸²ÊÎ ¥
¨³¥¥É ¢¨¤

A(1)
n+1(Q

2) = − 1
nβ0

dA(1)
n (Q2)

d ln Q2
. (74)
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Œ¨´±μ¢¸±¨¥ ËÊ´±Í¨¨ · §²μ¦¥´¨Ö ¸¢Ö§ ´Ò ¸ ¥¢±²¨¤μ¢Ò³¨ ¨´É¥£· ²Ó´Ò³¨
¶·¥μ¡· §μ¢ ´¨Ö³¨

Ak(s) =
i

2π

∫ s+iε

s−iε

dz

z
Ak(−z) =

1
π

∫ ∞

s

dσ

σ
ρk(σ);

Ak(Q2) = Q2

∫ ∞

0

A(s) ds

(s + Q2)2
.

(75)

Œ¨´±μ¢¸± Ö ËÊ´±Í¨Ö ¸¢Ö§¨ αM (s) = A1(s) ¢ μ¤´μ¶¥É²¥¢μ³ ¸²ÊÎ ¥

α
(1)
M (s) =

1
πβ0

arccos
L√

L2 + π2

∣∣∣∣
L>0

=
1

πβ0
arctg

π

L
; L = ln (s/Λ2) (76)

±μ²¨Î¥¸É¢¥´´μ ¡²¨§±  ± ¥¢±²¨¤μ¢μ° Å ¸³. ·¨¸. 16. ‚ Éμ ¦¥ ¢·¥³Ö μ¡¥ μ´¨
Ê¦¥ ¢ μ¡² ¸É¨ 1,5Ä2 ƒÔ‚ ¸ÊÐ¥¸É¢¥´´μ μÉ²¨Î ÕÉ¸Ö μÉ μ¡ÒÎ´μ° ¸¨´£Ê²Ö·´μ°
ËÊ´±Í¨¨ ¸¢Ö§¨ Š•„ ᾱs.

�¨¸. 16. ‘· ¢´¥´¨¥ μ¡ÒÎ´μ° ¸¨´£Ê²Ö·´μ° ËÊ´±Í¨¨ ¸¢Ö§¨ Š•„ ᾱs ¸ ¥¢±²¨¤μ¢μ° αE ¨
³¨´±μ¢¸±μ° αM ¢ μ¡² ¸É¨ ´¥¸±μ²Ó±¨Ì ƒÔ‚

�¥É²¥¢ Ö ¨ ¸Ì¥³´ Ö ¸É ¡¨²Ó´μ¸ÉÓ. �  ¸²¥¤ÊÕÐ¥³ ·¨¸. 17 ¶·¨¢¥¤¥´  ¥¢-
±²¨¤μ¢  ËÊ´±Í¨Ö ¸¢Ö§¨ ¢ μ¤´μ-, ¤¢ÊÌ- ¨ É·¥Ì¶¥É²¥¢μ³ ¶·¨¡²¨¦¥´¨ÖÌ
¢ MS-¸Ì¥³¥ ¢ÒÎ¨É ´¨°. Š ± ¢¨¤´μ, § ³¥Î É¥²Ó´Ò³ ¸¢μ°¸É¢μ³ ±·¨¢ÒÌ μ± -
§Ò¢ ¥É¸Ö ¨Ì ¶¥É²¥¢ Ö ¸É ¡¨²Ó´μ¸ÉÓ. „¢ÊÌ- ¨ É·¥Ì¶¥É²¥¢Ò¥ ËÊ´±Í¨¨ ¢ μ¡² ¸É¨
Q ∼ Λ μÉ²¨Î ÕÉ¸Ö ¤·Ê£ μÉ ¤·Ê£  ´¥ ¡μ²¥¥, Î¥³ ´  3%, μ´¨ ¨§μ¡· ¦¥´Ò μ¤´μ°
¶Ê´±É¨·´μ° ±·¨¢μ°.

„¥²μ ¢ Éμ³, ÎÉμ ¢ ¶·μÉ¨¢μ¶μ²μ¦´μ¸ÉÓ ¸²ÊÎ Õ �ƒ-Ê²ÊÎÏ¥´´μ° É¥μ·¨¨ ¢μ§-
³ÊÐ¥´¨°,  ´ ²¨É¨Î´μ¸ÉÓ, ¢ÒÉ¥± ÕÐ Ö ¨§ ¶·¨Î¨´´μ¸É¨, ¶·¨¢μ¤¨É ± ¸É ¡¨²¨§ -
Í¨¨ ¶μ¢¥¤¥´¨Ö ¨´¢ ·¨ ´É´μ£μ § ·Ö¤  �’‚ ¢ ˆŠ-μ¡² ¸É¨. ‚ ¦´Ò³ ¸¢μ°¸É¢μ³
¢¸¥Ì ±·¨¢ÒÌ Ö¢²Ö¥É¸Ö ¸Ìμ¦¤¥´¨¥ ± Ê´¨¢¥·¸ ²Ó´μ³Ê ˆŠ-¶·¥¤¥²Ê αE(Q2 =
0) = 1/β0, ÎÉμ ¨ ¶·¨¢μ¤¨É ± ¸É ¡¨²¨§ Í¨¨ ± ·É¨´Ò. �·¨ ÔÉμ³ Ê¸Éμ°Î¨¢μ¸ÉÓ
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�¨¸. 17. …¢±²¨¤μ¢Ò �’‚-ËÊ´±Í¨¨ αE 1-, 2- ¨ 3-¶¥É²¥¢ÒÌ ¶·¨¡²¨¦¥´¨° ¢ MS-¸Ì¥³¥

¢ “”-μ¡² ¸É¨ (´ Î¨´ Ö ¸ ¤¢ÊÌ¶¥É²¥¢μ£μ Ê·μ¢´Ö), ± ± ¨ μ¡ÒÎ´μ, μ¶·¥¤¥²Ö¥É¸Ö
¸¢μ°¸É¢μ³  ¸¨³¶ÉμÉ¨Î¥¸±μ° ¸¢μ¡μ¤Ò. ‚μ§´¨± ¥É ¢¶¥Î É²¥´¨¥, ÎÉμ, ¸ ´¥±μ-
Éμ·Ò³¨ μ£μ¢μ·± ³¨, ¤¢ÊÌ¶¥É²¥¢μ¥ �’‚-¶·¨¡²¨¦¥´¨¥ ¢¶μ²´¥ ¤μ¸É ÉμÎ´μ ¤²Ö
¡�μ²ÓÏ¥° Î ¸É¨ ¶· ±É¨Î¥¸±¨Ì ´Ê¦¤ ´  ¢¸¥³ ¨´É¥·¢ ²¥ Ô´¥·£¨°.

‚ ¦´Ò³ ¤μ¶μ²´¨É¥²Ó´Ò³ ¡μ´Ê¸μ³ μ± §Ò¢ ¥É¸Ö ±μ²¨Î¥¸É¢¥´´ Ö ¸Ì¥³´ Ö
¸É ¡¨²Ó´μ¸ÉÓ. Š ± ¨§¢¥¸É´μ, ¸Ì¥³´ Ö § ¢¨¸¨³μ¸ÉÓ ´ Î¨´ ¥É¸Ö ²¨ÏÓ ¸ É·¥Ì-
¶¥É²¥¢μ£μ ±μÔËË¨Í¨¥´É  ¡¥É -ËÊ´±Í¨¨. �μÔÉμ³Ê ¸Ì¥³´ Ö ¸É ¡¨²Ó´μ¸ÉÓ Ö¢²Ö-
¥É¸Ö ¸²¥¤¸É¢¨¥³ ¶¥É²¥¢μ°.

‚Ò¸Ï¨¥ ��’-ËÊ´±Í¨¨ ¢ μ¡² ¸É¨ ´¨§±¨Ì Ô´¥·£¨°, ¢§ÖÉÒ¥ ± ± ¢ ¥¢±²¨¤μ¢μ°,
É ± ¨ ¢ ³¨´±μ¢¸±μ° ¢¥·¸¨ÖÌ, ± Î¥¸É¢¥´´μ ¤μ¢μ²Ó´μ ¡²¨§±¨∗ ¤·Ê£ ± ¤·Ê£Ê, ± ±
ÔÉμ ¢¨¤´μ ¨§ ·¨¸. 18.

�¨¸. 18.  ) …¢±²¨¤μ¢  αE = A1 ¨ ³¨´±μ¢¸± Ö αE = A1 ËÊ´±Í¨¨ ¸¢Ö§¨ Š•„ ¤²Ö
Λ(3) = 350 ŒÔ‚. ¡) ®ˆ¸±·¨¢²¥´´μ¥ §¥·± ²μ¯, ¤¥³μ´¸É·¨·ÊÕÐ¥¥ ¸²¥£±   ¸¨³³¥É·¨Î-
´μ¥ ¶μ¢¥¤¥´¨¥ ¢Ò¸Ï¨Ì ¥¢±²¨¤μ¢ÒÌ ¨ ³¨´±μ¢¸±¨Ì ËÊ´±Í¨°

∗
É  ¡²¨§μ¸ÉÓ ¨³¥¥É ³¥¸Éμ ¨ ¢ ±μμ·¤¨´ É´μ³ ¶·¥¤¸É ¢²¥´¨¨, É. ¥. ¤²Ö ËÊ·Ó¥-μ¡· §μ¢, § ¢¨-
¸ÖÐ¨Ì μÉ · ¸¸ÉμÖ´¨Ö r.
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‚ μ¤´μ¶¥É²¥¢μ³ ¸²ÊÎ ¥ (β��1 = 0) Ëμ·³Ê²Ò �’‚ ¶·μ¸ÉÒ ¨ Ô²¥£ ´É´Ò.
�É¶· ¢²ÖÖ¸Ó μÉ ¶¥·¢ÒÌ ËÊ´±Í¨° (73) ¨ (76) ¸ ¶μ³μÐÓÕ ¸μμÉ´μÏ¥´¨Ö (74)
¶μ²ÊÎ ¥³

A(1)
2 (l) =

1
β2

0

(
1
l2

− el

(el − 1)2

)
,

A
(1)
2 (L) =

1
β2

0

1
L2 + π2

, l = ln (Q2/Λ2);

A(1)
3 (l) =

1
β3

0

(
1
l3

− 1
2

el + e2l

(el − 1)3

)
,

A
(1)
3 (L) =

1
β3

0

L

(L2 + π2)2
, L = ln (s/Λ2).

(77)

„¢ÊÌ¶¥É²¥¢μ° ¸²ÊÎ ° É¥Ì´¨Î¥¸±¨ ¡μ²¥¥ ¸²μ¦¥´. „¥²μ ¢ Éμ³, ÎÉμ ÉμÎ´μ¥
·¥Ï¥´¨¥ ¤²Ö αs §¤¥¸Ó ¢Ò· ¦ ¥É¸Ö ²¨ÏÓ Î¥·¥§ ¸¶¥Í¨ ²Ó´ÊÕ ËÊ´±Í¨Õ ‹ ³-
¡¥·É , ÎÉμ ¶·¨¢μ¤¨É ± £·μ³μ§¤±¨³ [36] Ö¢´Ò³ ¢Ò· ¦¥´¨Ö³ ¤²Ö Ak ¨ Ak.

�¤´ ±μ ´¥§ ¢¨¸¨³μ μÉ Ê·μ¢´Ö ¶·¨¡²¨¦¥´¨Ö ¢¸¥ �’‚-ËÊ´±Í¨¨ μ¡² ¤ ÕÉ
¢ ¦´Ò³¨ ± Î¥¸É¢¥´´Ò³¨ ¸¢μ°¸É¢ ³¨:

• ¨§¡ ¢²¥´¨¥ μÉ ´¥Ë¨§¨Î¥¸±¨Ì μ¸μ¡¥´´μ¸É¥° ¶μ²ÊÎ¥´μ ¡¥§ μ¡· Ð¥´¨Ö
± ± ±¨³-²¨¡μ ³μ¤¥²Ó´Ò³ ¶·¥¤¸É ¢²¥´¨Ö³ ¨ ¢¢¥¤¥´¨Ö ´μ¢ÒÌ ¶ · ³¥É·μ¢;

• ¢Ò¸Ï¨¥ ËÊ´±Í¨¨ (77) ¨ É. ¤. μÉ²¨Î ÕÉ¸Ö μÉ ¸É¥¶¥´¥° ¶¥·¢ÒÌ ËÊ´±-
Í¨° (73), (76) ¨ μ¸Í¨²²¨·ÊÕÉ ¢ μ±·¥¸É´μ¸É¨ s, Q2 ∼ Λ2, μ¡· Ð Ö¸Ó ¢ ´Ê²Ó
¢ ˆŠ-¶·¥¤¥²¥ Å ¸³. ·¨¸. 18, ¡. ‚ Éμ ¦¥ ¢·¥³Ö ¢ “”-¶·¥¤¥²¥ μ´¨ ¶¥·¥Ìμ¤ÖÉ
¢ ¸É¥¶¥´¨ αs;

• · §²μ¦¥´¨Ö ´ ¡²Õ¤ ¥³ÒÌ ¶μ ¸É¥¶¥´Ö³
(
αs

(
Q2
))n

¢ ¥¢±²¨¤μ¢μ³ ¨ ¶μ
(αs(s))n ¢ ³¨´±μ¢¸±μ³ ¸²ÊÎ ÖÌ § ³¥´ÖÕÉ¸Ö ËÊ´±Í¨μ´ ²Ó´Ò³¨ · §²μ¦¥´¨Ö³¨
¶μ ´¥¸É¥¶¥´´Ò³ ´ ¡μ· ³∗ {Ak(Q2)

}
¨ {Ak(s)}, μ¡² ¤ ÕÐ¨³¨ ²ÊÎÏ¥° ¸Ìμ-

¤¨³μ¸ÉÓÕ.

ƒ²μ¡ ²Ó´ Ö �’‚. �·¨  ´ ²¨§¥ ¶·μÍ¥¸¸μ¢ ¢ · §²¨Î´ÒÌ Ô´¥·£¥É¨Î¥¸±¨Ì
μ¡² ¸ÉÖÌ ¸²¥¤Ê¥É ÊÎ¨ÉÒ¢ ÉÓ § ¢¨¸¨³μ¸ÉÓ É¥μ·¥É¨Î¥¸±¨Ì ·¥§Ê²ÓÉ Éμ¢ μÉ Î¨-
¸²   ±É¨¢´ÒÌ ±¢ ·±μ¢ÒÌ  ·μ³ Éμ¢ nf . ‚ ¡¥§³ ¸¸μ¢ÒÌ ¸Ì¥³ Ì ¶·¨³¥´Ö¥É¸Ö
¶·μÍ¥¤Ê·  ¸Ï¨¢±¨ ²μ£ ·¨Ë³¨Î¥¸±¨Ì Ëμ·³Ê² ¤²Ö ÔËË¥±É¨¢´μ° ËÊ´±Í¨¨ (¡¥-
£ÊÐ¥° ±μ´¸É ´ÉÒ) ¸¢Ö§¨ ´  ®¥¢±²¨¤μ¢ÒÌ ¶μ·μ£ Ì¯. ’ ±μ° ¸¶μ¸μ¡ ´ ·ÊÏ ¥É
£² ¤±μ¸ÉÓ ¥¢±²¨¤μ¢μ° ËÊ´±Í¨¨,   ¸²¥¤μ¢ É¥²Ó´μ, ´¥ ¶μ¤¤¥·¦¨¢ ¥É ¨ ¥¥  ´ -
²¨É¨Î´μ¸ÉÓ.

‚ [37,38] ¡Ò² · §· ¡μÉ ´  ²£μ·¨É³ £² ¤±μ° ¸Ï¨¢±¨, μ¸´μ¢ ´´Ò° ´  ¢μ¸-
Ìμ¤ÖÐ¥³ ± �μ£μ²Õ¡μ¢Ê ³ ¸¸-§ ¢¨¸ÖÐ¥³ ·¥´μ·³-£·Ê¶¶μ¢μ³ Ëμ·³ ²¨§³¥. Œ¥-
Éμ¤ �’‚ μÉ±·Ò¢ ¥É ´μ¢ÊÕ ¢μ§³μ¦´μ¸ÉÓ ¸μ£² ¸μ¢ ´´μ£μ μ¶¨¸ ´¨Ö μ¡² ¸É¥°,

∗Š ±, ´ ¶·¨³¥·, ¢ ¶· ¢μ° Î ¸É¨ Ê· ¢´¥´¨Ö (71).
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μÉ¢¥Î ÕÐ¨Ì · §²¨Î´μ³Ê Î¨¸²Ê  ±É¨¢´ÒÌ ±¢ ·±μ¢ÒÌ  ·μ³ Éμ¢ nf [39,40]. �É-
¶· ¢²ÖÖ¸Ó μÉ μ¡ÒÎ´μ° ¸Ï¨¢±¨, μ¶·¥¤¥²ÖÕÉ ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ ρ(σ, nf ),
±μÉμ·Ò¥ § É¥³ ¨¸¶μ²Ó§ÊÕÉ ¢ Ëμ·³Ê² Ì (72) ¨ (75). �·¨ ÔÉμ³ ¸¢μ°¸É¢μ
 ´ ²¨É¨Î´μ¸É¨ ¥¢±²¨¤μ¢ÒÌ ËÊ´±Í¨° ´¥ ´ ·ÊÏ ¥É¸Ö,   ³¨´±μ¢¸±¨¥ ËÊ´±-
Í¨¨ μ± §Ò¢ ÕÉ¸Ö ±Ê¸μÎ´μ-£² ¤±¨³¨. ‚ ·¥§Ê²ÓÉ É¥ ¢μ§´¨± ÕÉ ®£²μ¡ ²Ó´Ò¥¯
�’‚-ËÊ´±Í¨¨, ±μÉμ·Ò¥ ®§´ ÕÉ¯ μ ¢¸¥Ì ±¢ ·±μ¢ÒÌ ¶μ·μ£ Ì.

”· ±É ²Ó´ Ö �’‚. �·¨  ´ ²¨§¥ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´, μ¡² ¤ ÕÐ¨Ì  ´μ-
³ ²Ó´Ò³¨ · §³¥·´μ¸ÉÖ³¨ (´ ¶·¨³¥·, ³μ³¥´Éμ¢ ¸É·Ê±ÉÊ·´ÒÌ ËÊ´±Í¨°), ¨³¥ÕÉ
¤¥²μ ¸ ´¥Í¥²Ò³¨ ¸É¥¶¥´Ö³¨ ËÊ´±Í¨¨ ¸¢Ö§¨ ᾱs.

‚¢¨¤Ê ÔÉμ£μ ¢ · ³± Ì �’‚ ¡Ò² · §· ¡μÉ ´ [41, 42] μ¸μ¡Ò° É¥Ì´¨Î¥¸±¨°
¶·¨¥³ ¸ Í¥²ÓÕ ¶μ²ÊÎ¥´¨Ö ËÊ´±Í¨° �’‚ Aκ

(
Q2
)
, Aν(s) ¸ ¶·μ¨§¢μ²Ó´Ò³¨

(Ë· ±É ²Ó´Ò³¨) ¨´¤¥±¸ ³¨ κ, ν, £² ¤±μ ¨´É¥·¶μ²¨·ÊÕÐ¨³¨ ¢ÒÏ¥μ¶¨¸ ´´Ò¥
ËÊ´±Í¨¨ · §²μ¦¥´¨Ö ³¥¦¤Ê Í¥²Ò³¨ §´ Î¥´¨Ö³¨ ¨Ì ¨´¤¥±¸μ¢.

�¥±μÉμ·Ò¥ Ë¨§¨Î¥¸±¨¥ ¶·¨³¥´¥´¨Ö �’‚. �´ ²¨É¨Î¥¸±¨° ¶μ¤Ìμ¤ ¡Ò² ¨¸-
¶μ²Ó§μ¢ ´ ¤²Ö μ¶¨¸ ´¨Ö ³´μ£¨Ì  ¤·μ´´ÒÌ ¶·μÍ¥¸¸μ¢. ‹¨É¥· ÉÊ· , ¶μ¸¢ÖÐ¥´-
´ Ö ¶·¨³¥´¥´¨Õ �’‚, ¤μ¸É ÉμÎ´μ μ¡Ï¨·´ , ¨ ³Ò μÉ³¥É¨³ ²¨ÏÓ ´ ¨¡μ²¥¥
¢ ¦´Ò¥ ·¥§Ê²ÓÉ ÉÒ, μÉμ¸² ¢ Î¨É É¥²Ö ± ¨³¥ÕÐ¨³¸Ö μ¡§μ· ³ [40,43].

‘·¥¤¨ Ê¸¶¥Ï´ÒÌ ¶·¨²μ¦¥´¨° �’‚ ¢ μ¡² ¸É¨ ¤μ¸É ÉμÎ´μ ´¨§±¨Ì Ô´¥·£¨°
μÉ³¥É¨³

Å ¨´±²Õ§¨¢´Ò° · ¸¶ ¤ τ -²¥¶Éμ´ ,
Å e+e−- ´´¨£¨²ÖÍ¨Ö ¢  ¤·μ´Ò,
Å  ¤·μ´´Ò° ¢±² ¤ ¢ g-Ë ±Éμ· ³Õμ´  ¨ ¢ ¶μ¸ÉμÖ´´ÊÕ Éμ´±μ° ¸É·Ê±ÉÊ·Ò,
Å  ´ ²¨§ ¸¶¥±É·μ¸±μ¶¨¨ ²¥£±¨Ì ³¥§μ´μ¢,
Å Ô²¥±É·μ³ £´¨É´Ò° Ëμ·³Ë ±Éμ· ¶¨μ´ ,
Å ³μ³¥´ÉÒ ¸É·Ê±ÉÊ·´ÒÌ ËÊ´±Í¨° ´¥Ê¶·Ê£μ£μ ²¥¶Éμ´Ä ¤·μ´´μ£μ · ¸-

¸¥Ö´¨Ö.

5.3. �¥´μ·³-£·Ê¶¶μ¢Ò¥ ¸¨³³¥É·¨¨ ¢ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¥. ‚ § ±²Õ-
Î¥´¨¥ ±μ¸´¥³¸Ö ¸Õ¦¥É , ¢ÒÌμ¤ÖÐ¥£μ §  · ³±¨ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö. ’¥³
´¥ ³¥´¥¥ μ´ ´ Ìμ¤¨É¸Ö ¢ ¡²¨§μ¸É¨ ¸ μ¸´μ¢´Ò³ ²¥°É³μÉ¨¢μ³ ÔÉμ£μ μÎ¥·±  Å
μ¡Ð¥° ¶·¨·μ¤μ° ¡μ£μ²Õ¡μ¢¸±μ° ·¥´μ·³-£·Ê¶¶Ò, ´¥ ¸¢Ö§ ´´μ° μ·£ ´¨Î¥¸±¨
¸ ¶¥·¥´μ·³¨·μ¢± ³¨ ¨ ¶·μ¡²¥³μ° ¢ÒÎ¨É ´¨Ö Ê²ÓÉ· Ë¨μ²¥Éμ¢ÒÌ · ¸Ìμ¤¨-
³μ¸É¥°. �¥ÎÓ ¨¤¥É μ ´μ¢μ³ ´ ¶· ¢²¥´¨¨, § ·μ¤¨¢Ï¥³¸Ö (¸³. μ¡§μ· [16]) ¢
1980-Ì ££. ¨ ¸¢Ö§ ´´μ³ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¸¶¥Í¨Ë¨Î¥¸±μ° ¸¨³³¥É·¨¨ μÉ´μ¸¨-
É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨Ö ·¥¶ · ³¥É·¨§ Í¨¨ Î ¸É´μ£μ ·¥Ï¥´¨Ö ±· ¥¢μ° § ¤ Î¨.

�ƒ‘-¸¨³³¥É·¨¨ ·¥Ï¥´¨° ±· ¥¢ÒÌ § ¤ Î. �·¨ ¶¥·¥´μ¸¥ ·¥´μ·³-£·Ê¶¶μ-
¢ÒÌ ¶·¥¤¸É ¢²¥´¨° ¢ § ¤ Î¨ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¨ ¸É ¢¨² ¸Ó É  ¦¥ Í¥²Ó,
ÎÉμ ¨ ¢ Š’� Å ®¨¸¶· ¢²¥´¨¥¯ ¶μ¢¥¤¥´¨Ö Î ¸É´μ£μ ·¥Ï¥´¨Ö ¢ μ±·¥¸É´μ¸É¨
¸¨´£Ê²Ö·´μ¸É¨.

Š ± ¨§¢¥¸É´μ, ¸¨³³¥É·¨¨ ¸¨¸É¥³ „“ ³μ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò ¸ ¶μ³μÐÓÕ
³¥Éμ¤μ¢ £·Ê¶¶μ¢μ£μ  ´ ²¨§ , · §¢¨Éμ£μ ‘μËÊ¸μ³ ‹¨ ¢ ±μ´Í¥ XIX ¸Éμ²¥É¨Ö.
’¥Ì´¨±  ‹¨ ¡Ò²  ¨¸¶μ²Ó§μ¢ ´  [44] ¶·¨ ¸μ§¤ ´¨¨ ®�ƒ- ²£μ·¨É³ ¯, ±μÉμ·Ò°
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μ¡Ñ¥¤¨´¨² ¥¥ ¸ �ƒ-¨¤¥μ²μ£¨¥° ¨§ Š’�, ÎÉμ ¶·¨¢¥²μ ± ¸μ§¤ ´¨Õ ·¥£Ê²Ö·´μ£μ
¸¶μ¸μ¡  ¶μ¸É·μ¥´¨Ö ¸¨³³¥É·¨° ·¥Ï¥´¨° ±· ¥¢μ° § ¤ Î¨ (Š‡), É ± ´ §Ò¢ ¥-
³μ£μ ³¥Éμ¤  ·¥´μ·³-£·Ê¶¶μ¢ÒÌ ¸¨³³¥É·¨° (�ƒ‘).

‘¢¥·Ì Éμ£μ, ¢ ¸ ³μ¥ ¶μ¸²¥¤´¥¥ ¢·¥³Ö Ê¤ ²μ¸Ó · ¸Ï¨·¨ÉÓ [18] ¶·¨²μ¦¥´¨¥
 ²£μ·¨É³  �ƒ‘ ± ±· ¥¢Ò³ § ¤ Î ³, ¨¸¶μ²Ó§ÊÕÐ¨³ ¨´É¥£· ²Ó´Ò¥ Ê· ¢´¥´¨Ö.

‚ ¸²ÊÎ ÖÌ, μ¶¨¸Ò¢ ¥³ÒÌ ¸²μ¦´Ò³¨ Ê· ¢´¥´¨Ö³¨, ´ ¶·¨³¥·, ¢ É¥μ·¨¨ ¶¥-
·¥´μ¸  (¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ �μ²ÓÍ³ ´ ) ¨²¨ Š’� (¡¥¸±μ-
´¥Î´ Ö § Í¥¶²ÖÕÐ Ö¸Ö Í¥¶μÎ±  ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° „ °-
¸μ´ Ä˜¢¨´£¥· ) ¶·μ¸Éμ° ¸¨³³¥É·¨¥° μ¡² ¤ ÕÉ ²¨ÏÓ ´¥±μÉμ·Ò¥ ¸μ¸É ¢²ÖÕ-
Ð¨¥ (±μ³¶μ´¥´ÉÒ) ·¥Ï¥´¨Ö ¨²¨ ¨Ì ¨´É¥£· ²Ó´Ò¥ Ì · ±É¥·¨¸É¨±¨.

‚ ¸ ³μ³ ¤¥²¥, ¨ ¢ Š’� Í¥´É· ²Ó´Ò³ μ¡Ñ¥±Éμ³ �ƒ-Ëμ·³ ²¨§³  Ö¢²Ö¥É¸Ö
®ËÊ´±Í¨Ö ¨´¢ ·¨ ´É´μ£μ § ·Ö¤ ¯ ᾱ (¨´ Î¥ Å ®¡¥£ÊÐ Ö ±μ´¸É ´É  ¸¢Ö§¨¯),
¶·¥¤¸É ¢²ÖÕÐ Ö ¸μ¡μ° ¸¶¥Í¨Ë¨Î¥¸±μ¥ ¶·μ¨§¢¥¤¥´¨¥ ²μ·¥´Í-¨´¢ ·¨ ´É´ÒÌ
 ³¶²¨ÉÊ¤ ¶·μ¶ £ Éμ·μ¢ di, ¢¥·É¥±¸μ¢ Γk ¨ ¶ · ³¥É·  · §²μ¦¥´¨Ö α : ᾱ =
α Γ2

∏
i

di. �·¨ ÔÉμ³ ¢ Ê· ¢´¥´¨Ö „ °¸μ´ Ä˜¢¨´£¥·  ¢Ìμ¤ÖÉ ²¨ÏÓ ËÊ´±Í¨¨

di, Γk ¨ ±μ´¸É ´É  α ¶μ μÉ¤¥²Ó´μ¸É¨, ´μ ´¥ ¨Ì ¶·μ¨§¢¥¤¥´¨¥ ᾱ.
ˆ´μ£¤  Ë¨§¨Î¥¸±¨° ¨´É¥·¥¸ ¶·¥¤¸É ¢²Ö¥É ´¥ ¸ ³μ ·¥Ï¥´¨¥,   ¥£μ ¨´É¥-

£· ²Ó´ Ö Ì · ±É¥·¨¸É¨±  Å ËÊ´±Í¨μ´ ² μÉ ·¥Ï¥´¨Ö. �´  ³μ¦¥É ¶μÖ¢²ÖÉÓ¸Ö
¶ÊÉ¥³ Ê¸·¥¤´¥´¨Ö (¨´É¥£·¨·μ¢ ´¨Ö) ¶μ μ¤´μ° ¨§ ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ
¨²¨ ¢ ·¥§Ê²ÓÉ É¥ ¶¥·¥Ìμ¤  ± ´μ¢μ³Ê ¨´É¥£· ²Ó´μ³Ê ¶·¥¤¸É ¢²¥´¨Õ, ´ ¶·¨-
³¥·, ¶·¥¤¸É ¢²¥´¨Õ ”Ê·Ó¥. ‚ ÔÉμ³ ¸²ÊÎ ¥ �ƒ- ²£μ·¨É³ ³μ¦¥É ¡ÒÉÓ ¶·¨³¥´¥´
¤²Ö Ê²ÊÎÏ¥´¨Ö ¶μ¢¥¤¥´¨Ö ËÊ´±Í¨μ´ ²  μÉ ¶·¨¡²¨¦¥´´μ£μ ·¥Ï¥´¨Ö.

’ ±, ´ ¶·¨³¥·, ¢ ¶·μ¸É¥°Ï¥° ¶²μ¸±μ° μ¤´μ¸±μ·μ¸É´μ° § ¤ Î¥ ¶¥·¥´μ¸ 
¸¢μ°¸É¢μ³ �ƒ-¨´¢ ·¨ ´É´μ¸É¨ μ¡² ¤ ¥É ËÊ´±Í¨Ö ®¶²μÉ´μ¸É¨ Î ¸É¨Í, ¤¢¨¦Ê-
Ð¨Ì¸Ö ¢£²Ê¡Ó ¸·¥¤Ò¯ n+(x), ´¥ ¢Ìμ¤ÖÐ Ö ¢ Ê· ¢´¥´¨¥ �μ²ÓÍ³ ´  ¨ ¶·¥¤¸É -

¢¨³ Ö ¢ ¢¨¤¥ ¨´É¥£· ² 
1∫
0

n(x, ϑ) d cos ϑ μÉ ·¥Ï¥´¨Ö ±¨´¥É¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö

n(x, ϑ).
�²£μ·¨É³ ¶μ¸É·μ¥´¨Ö �ƒC. ‚ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¥ ·¥Ï¥´¨¥ Ë¨§¨Î¥-

¸±μ° § ¤ Î¨ μ¡ÒÎ´μ ¸¢μ¤¨É¸Ö ± ·¥Ï¥´¨Õ ±· ¥¢μ° § ¤ Î¨. �Ê¸ÉÓ, ´ ¶·¨³¥·,
¤²Ö ¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¶¥·¢μ£μ
¶μ·Ö¤±  ¸Ëμ·³Ê²¨·μ¢ ´  § ¤ Î  ŠμÏ¨:

yt = F (t, x, y, yx) , y|t=0 = ψ(x), (78)

¨ ¤²Ö ´¥¥ μ¶·¥¤¥²¥´  £·Ê¶¶  ‹¨ G ¸ μ¶¥· Éμ·μ³

X = ξt∂t + ξx∂x + η∂y. (79)

ˆ§¢¥¸É´μ (¸³. § 29 ¢ [45]), ÎÉμ ·¥Ï¥´¨¥ § ¤ Î¨ ŠμÏ¨ Ö¢²Ö¥É¸Ö G-¨´¢ ·¨ ´É-
´Ò³, ¥¸²¨ ¤²Ö ²Õ¡μ£μ μ¶¥· Éμ·  (79) ËÊ´±Í¨Ö ψ Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ

η(0, x, ψ) − ξx(0, x, ψ)∂xψ − ξt(0, x, ψ)F (0, x, ψ, ∂xψ) = 0. (80)
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�¥Ï¥´¨¥ § ¤ Î¨ ŠμÏ¨ (78) ¸μ¢¶ ¤ ¥É ¸ μ·¡¨Éμ° £·Ê¶¶Ò G, ´μ £· ´¨Î´μ¥ ³´μ-
£μμ¡· §¨¥ t = 0, y − ψ(x) = 0 ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥ Ö¢²Ö¥É¸Ö ¥¥ ¨´¢ ·¨ ´É´Ò³
³´μ£μμ¡· §¨¥³. 
ÉμÉ ¶·¨³¥· Ê± §Ò¢ ¥É ´  ¨¤¥Õ ¶μ¸É·μ¥´¨Ö ´ ¤²¥¦ Ð¥£μ �ƒ-
¶·¥μ¡· §μ¢ ´¨Ö ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ £·Ê¶¶Ò ¸¨³³¥É·¨¨, ¸¢Ö§ ´´μ° ¸ ¤ ´´μ°
Š‡ ¶·¨ ¢μ¢²¥Î¥´¨¨ ±· ¥¢ÒÌ Ê¸²μ¢¨° ¢ £·Ê¶¶μ¢Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö. Š²ÕÎ¥¢Ò³
³μ³¥´Éμ³ Ö¢²Ö¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ ¢ÒÎ¨¸²¥´¨Ö £·Ê¶¶Ò ¶·¥μ¡· §μ¢ ´¨° ¸ ¶μ³μ-
ÐÓÕ ·¥£Ê²Ö·´μ° ¶·μÍ¥¤Ê·Ò, ¨¸¶μ²Ó§ÊÕÐ¥° É¥Ì´¨±Ê ¸μ¢·¥³¥´´μ£μ £·Ê¶¶μ¢μ£μ
 ´ ²¨§ , ¶·¨ Ê¸²μ¢¨¨, ÎÉμ § ¤ Î  ¸Ëμ·³Ê²¨·μ¢ ´  ¸ ¶μ³μÐÓÕ ¤¨ËË¥·¥´Í¨-
 ²Ó´ÒÌ ¨²¨ ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ¨ ¶·μ¢¥·±¨ Ê¸²μ¢¨Ö ¨´-
¢ ·¨ ´É´μ¸É¨, ¸Ìμ¤´μ£μ ¶μ Ëμ·³¥ ¸ (80), ¤²Ö ¢Ò¤¥²¥´¨Ö £·Ê¶¶Ò ¸¨³³¥É·¨¨,
μ·¡¨É  ±μÉμ·μ° ¸μ¢¶ ¤ ¥É ¸ ·¥Ï¥´¨¥³ Š‡.

„¥É ²Ó´μ¥ μ¶¨¸ ´¨¥  ²£μ·¨É³  ¶μ¸É·μ¥´¨Ö ¨ ¨¸¶μ²Ó§μ¢ ´¨Ö �ƒ‘ ¤²Ö Š‡
´  μ¸´μ¢¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ³μ¦´μ ´ °É¨ ¢ μ¡§μ· Ì [16,17],  
¥£μ μ¡μ¡Ð¥´¨¥ ¤²Ö ´¥²μ± ²Ó´ÒÌ § ¤ Î Å ¢ [18,46]. �É³¥É¨³ §¤¥¸Ó μ¸´μ¢´Ò¥
ÔÉ ¶Ò  ²£μ·¨É³ .

‚ ± Î¥¸É¢¥ ¨¸Ìμ¤´μ° · ¸¸³ É·¨¢ ¥É¸Ö ¸¨¸É¥³  ¨§ ¨´É¥£·μ¤¨ËË¥·¥´Í¨-
 ²Ó´ÒÌ (¢ Éμ³ Î¨¸²¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ ¨ ¨´É¥£· ²Ó´ÒÌ) Ê· ¢´¥´¨°, ¤μ¶μ²-
´¥´´ Ö ±· ¥¢Ò³¨ (£· ´¨Î´Ò³¨ ¨²¨ ´ Î ²Ó´Ò³¨) Ê¸²μ¢¨Ö³¨. �·¥¤¶μ² £ ¥É¸Ö
É ±¦¥ ¨§¢¥¸É´Ò³ ´¥±μÉμ·μ¥ ¶·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨¥, ´ ¶·¨³¥·, ¶·¥¤¸É ¢²¥´-
´μ¥ μÉ·¥§±μ³ ·Ö¤  ’‚ ¶μ ¸É¥¶¥´Ö³ ³ ²μ£μ ¶ · ³¥É· .

’μ£¤  ¸Ì¥³  ·¥ ²¨§ Í¨¨ �ƒ- ²£μ·¨É³  ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥
¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ Î¥ÉÒ·¥Ì Ï £μ¢:

(I) ¶μ¸É·μ¥´¨¥ ¨¸Ìμ¤´μ£μ ³´μ£μ-
μ¡· §¨Ö RM,

(II) ´ Ìμ¦¤¥´¨¥ ¤μ¶Ê¸± ¥³μ° ¨³
£·Ê¶¶Ò ¸¨³³¥É·¨° G ¨

(III) ¥¥ ¸Ê¦¥´¨¥ ´  Î ¸É´μ³ ·¥Ï¥-
´¨¨ Š‡ ¨ ´ Ìμ¦¤¥´¨¥ �ƒ‘,  
É ±¦¥

(IV) μÉÒ¸± ´¨¥ μÉ¢¥Î ÕÐ¥£μ �ƒ‘
 ´ ²¨É¨Î¥¸±μ£μ ·¥Ï¥´¨Ö.

�¥·¢Ò° Ï £ (I) ¸μ¸Éμ¨É ¢ ¢μ¢²¥Î¥´¨¨ ¢ £·Ê¶¶μ¢Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ¶ · -
³¥É·μ¢, ¢Ìμ¤ÖÐ¨Ì ¢ Ê· ¢´¥´¨Ö § ¤ Î¨ ¨/¨²¨ ¢ ±· ¥¢Ò¥ Ê¸²μ¢¨Ö, μÉ ±μÉμ·ÒÌ
§ ¢¨¸¨É ¤ ´´μ¥ Î ¸É´μ¥ ·¥Ï¥´¨¥.

‚Ò¡μ· ±μ´±·¥É´μ° ·¥ ²¨§ Í¨¨ Ï £  (I) μ¶·¥¤¥²Ö¥É¸Ö ± ± ¢¨¤μ³ Ê· ¢´¥-
´¨° ¨ ±· ¥¢ÒÌ Ê¸²μ¢¨°, É ± ¨ ¢¨¤μ³ ¶·¨¡²¨¦¥´´μ£μ ·¥Ï¥´¨Ö. �μ¤μ¡´ Ö
³´μ£μ¢ ·¨ ´É´μ¸ÉÓ ¶·¨¸ÊÐ  Éμ²Ó±μ ¶¥·¢μ³Ê Ï £Ê  ²£μ·¨É³ .
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‘²¥¤ÊÕÐ¨° Ï £ (II), ¸μ¸ÉμÖÐ¨° ¢ ¢ÒÎ¨¸²¥´¨¨ ´ ¨¡μ²¥¥ Ï¨·μ±μ° ¤μ¶Ê¸-
± ¥³μ° £·Ê¶¶Ò ¸¨³³¥É·¨¨ G, ¢Ò¶μ²´Ö¥É¸Ö c ¶μ³μÐÓÕ Ìμ·μÏμ · §· ¡μÉ ´´ÒÌ
É¥μ·¥É¨±μ-£·Ê¶¶μ¢ÒÌ ³¥Éμ¤μ¢. �¤´ ±μ ¶·¨ ¶μ¸É·μ¥´¨¨ �ƒ- ²£μ·¨É³  ¢ ´¥²μ-
± ²Ó´ÒÌ § ¤ Î Ì, £¤¥ ´¥É  ´ ²μ£  ±² ¸¸¨Î¥¸±μ£μ  ²£μ·¨É³  ‹¨, ¶μÉ·¥¡μ¢ ² ¸Ó
¸ÊÐ¥¸É¢¥´´ Ö ³μ¤¨Ë¨± Í¨Ö [18] ¨§¢¥¸É´ÒÌ ¶·¨¥³μ¢.

�μ¸±μ²Ó±Ê ´ °¤¥´´ Ö ´  ¢Éμ·μ³ Ï £¥ £·Ê¶¶  G ¢ μ¡Ð¥³ ¸²ÊÎ ¥ Ö¢²Ö-
¥É¸Ö ¡μ²¥¥ Ï¨·μ±μ°, Î¥³ ¨´É¥·¥¸ÊÕÐ Ö ´ ¸ ·¥´μ·³-£·Ê¶¶ , Éμ ¤²Ö ¶μ²ÊÎ¥´¨Ö
�ƒ‘ ¸²¥¤Ê¥É ¸¤¥² ÉÓ É·¥É¨° Ï £ (III), § ±²ÕÎ ÕÐ¨°¸Ö ¢ ¸Ê¦¥´¨¨ £·Ê¶¶Ò G
´  ³´μ£μμ¡· §¨¨, § ¤ ¢ ¥³μ³ ¤ ´´Ò³ Î ¸É´Ò³ ·¥Ï¥´¨¥³. Œ É¥³ É¨Î¥¸± Ö
¶·μÍ¥¤Ê·  ¸μ¸Éμ¨É ¢ ¶·μ¢¥·±¥ Ê¸²μ¢¨Ö ¨´¢ ·¨ ´É´μ¸É¨, ¡²¨§±μ³ ¶μ Ëμ·³¥
± (80), ´  ´¥±μÉμ·μ³ Î ¸É´μ³ ·¥Ï¥´¨¨ ±· ¥¢μ° § ¤ Î¨.

‚ ·¥§Ê²ÓÉ É¥ É·¥ÉÓ¥£μ Ï £  ¢μ§´¨± ¥É ´ ¡μ· μ¶¥· Éμ·μ¢ (£¥´¥· Éμ·μ¢),
μ¶·¥¤¥²ÖÕÐ¨Ì £·Ê¶¶Ê ¶·¥μ¡· §μ¢ ´¨°, ´ §¢ ´´ÊÕ ·¥´μ·³-£·Ê¶¶μ°. 
É  £·Ê¶-
¶ , ¨³¥ÕÐ Ö ±μ´¥Î´ÊÕ ¨²¨ ¡¥¸±μ´¥Î´ÊÕ · §³¥·´μ¸ÉÓ, ¶μ ¸É·Ê±ÉÊ·¥ μ± -
§Ò¢ ¥É¸Ö Ï¨·¥, Î¥³ �ƒ ¢ Š’�, ±μÉμ· Ö Ö¢²Ö¥É¸Ö ÉμÎ¥Î´μ° μ¤´μ¶ · ³¥É·¨-
Î¥¸±μ° £·Ê¶¶μ°. Š·μ³¥ Éμ£μ, �ƒ ¢ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¥ Ì · ±É¥·¨§Ê¥É¸Ö
¡�μ²ÓÏ¨³ · §´μμ¡· §¨¥³ É¨¶μ¢ �ƒ‘, ¢±²ÕÎ ÕÐ¨Ì ¶μ³¨³μ ÉμÎ¥Î´ÒÌ ¨ ¤·Ê£¨¥
¸¨³³¥É·¨¨.

�É¢²¥± Ö¸Ó μÉ ¢¨¤  ¶μ²ÊÎ ¥³μ° �ƒ‘, μÉ³¥É¨³ ± ± μ¡Ð¨¥, É ± ¨ μÉ-
²¨Î´Ò¥ Î¥·ÉÒ ¢ ³¥Éμ¤ Ì ¶μ¸É·μ¥´¨Ö �ƒ ¢ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¥ ¨ Š’�.
�ƒ-¶·¥μ¡· §μ¢ ´¨Ö ¢ Š’� μ¶·¥¤¥²ÖÕÉ¸Ö ± ± ¶·¥μ¡· §μ¢ ´¨Ö · ¸ÉÖ¦¥´¨Ö ¶ -
· ³¥É·μ¢ ¨ ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ ¨ ¡μ²¥¥ ¸²μ¦´Ò¥ ËÊ´±Í¨μ´ ²Ó´Ò¥ ¶·¥-
μ¡· §μ¢ ´¨Ö Ì · ±É¥·¨¸É¨±(¨) ·¥Ï¥´¨Ö, ¶μ¤Î¨´ÖÕÐ¨Ì¸Ö £·Ê¶¶μ¢μ³Ê § ±μ´Ê
¸²μ¦¥´¨Ö ¢ Ëμ·³¥ ËÊ´±Í¨μ´ ²Ó´ÒÌ Ê· ¢´¥´¨°. „¨ËË¥·¥´Í¨·μ¢ ´¨¥ ÔÉ¨Ì
Ê· ¢´¥´¨° ¶μ ¶ · ³¥É·Ê £·Ê¶¶Ò ¤ ¥É ¨´Ë¨´¨É¥§¨³ ²Ó´ÊÕ Ëμ·³Ê²¨·μ¢±Ê ¸ ¶μ-
³μÐÓÕ É ± ´ §Ò¢ ¥³μ° β-ËÊ´±Í¨¨ (¨²¨ ®£¥´¥· Éμ·  �ƒ¯ ¢ ¶·¨´ÖÉμ° ¢ Š’�
É¥·³¨´μ²μ£¨¨). Ÿ¢´Ò° ¢¨¤ β-ËÊ´±Í¨¨ ´ Ìμ¤¨É¸Ö ¶ÊÉ¥³ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö
¶·¨¡²¨¦¥´´μ£μ ·¥Ï¥´¨Ö ¶μ ± ´μ´¨Î¥¸±μ³Ê ¶ · ³¥É·Ê �ƒ ¢ ÉμÎ±¥, £¤¥ ÔÉμÉ ¶ -
· ³¥É· μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó. 
É  μ¶¥· Í¨Ö Ö¢²Ö¥É¸Ö  ´ ²μ£μ³ ¶·μÍ¥¤Ê·Ò ¸Ê¦¥-
´¨Ö £·Ê¶¶Ò ´  ·¥Ï¥´¨¨ ¢ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¥. �É³¥É¨³, ÎÉμ ¢ Š’� É¥·-
³¨´ ®·¥´μ·³-£·Ê¶¶ ¯ ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö μ¡μ§´ Î¥´¨Ö £·Ê¶¶Ò ¶·¥μ¡· §μ¢ ´¨°
¥Ð¥ ¤μ μ¶·¥¤¥²¥´¨Ö ±μ´±·¥É´μ° ·¥ ²¨§ Í¨¨ β-ËÊ´±Í¨¨ (É. ¥. ¤μ ¶·μ¢¥¤¥´¨Ö
μ¶¥· Í¨¨ ¸Ê¦¥´¨Ö £·Ê¶¶Ò ´  Î ¸É´μ³ ·¥Ï¥´¨¨). 
Éμ μ¡Ê¸²μ¢²¥´μ μ¡Ð¨³ ¢¨-
¤μ³ �ƒ-μ¶¥· Éμ· , ±μÉμ·Ò° μ¤¨´ ±μ¢ ¤²Ö Ï¨·μ±μ£μ ±·Ê£  § ¤ Î ¢ Š’�. ‚ ³ -
É¥³ É¨Î¥¸±μ° Ë¨§¨±¥, ¢¢¨¤Ê ´¥¢μ§³μ¦´μ¸É¨ ¶μ¸É·μ¥´¨Ö �ƒ‘ ¢ ¤μ¸É ÉμÎ´μ
μ¡Ð¥³ ¢¨¤¥, É¥·³¨´ ®·¥´μ·³-£·Ê¶¶ ¯ ¨¸¶μ²Ó§μ¢ ´ ¤²Ö μ¡μ§´ Î¥´¨Ö  ²£¥¡·Ò
¸¨³³¥É·¨¨, ±μÉμ· Ö ¶μ²ÊÎ ¥É¸Ö ¶μ¸²¥ ¶·μÍ¥¤Ê·Ò ¸Ê¦¥´¨Ö £·Ê¶¶Ò ´  ·¥Ï¥´¨¨.

’·¥É¨° Ï £  ²£μ·¨É³  § ¢¥·Ï ¥É ¶·μÍ¥¤Ê·Ê ¶μ¸É·μ¥´¨Ö �ƒ‘, μ¤´ ±μ ¤²Ö
¤μ¸É¨¦¥´¨Ö ±μ´¥Î´μ° Í¥²¨ �ƒ- ²£μ·¨É³  Å Ê²ÊÎÏ¥´¨Ö ¶·¨¡²¨¦¥´´μ£μ ·¥-
Ï¥´¨Ö Å ´¥μ¡Ìμ¤¨³ ¥Ð¥ μ¤¨´, § ±²ÕÎ¨É¥²Ó´Ò° (IV), Ï £. �´ ¸μ¸Éμ¨É ¢ ¨¸-
¶μ²Ó§μ¢ ´¨¨ μ¶¥· Éμ·μ¢ �ƒ‘ ¤²Ö ´ Ìμ¦¤¥´¨Ö  ´ ²¨É¨Î¥¸±¨Ì ¢Ò· ¦¥´¨° ¤²Ö
´μ¢ÒÌ, Ê²ÊÎÏ¥´´ÒÌ (¶μ ¸· ¢´¥´¨Õ ¸ ¨¸Ìμ¤´Ò³¨) ·¥Ï¥´¨° Š‡. Œ É¥³ -
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É¨Î¥¸± Ö ·¥ ²¨§ Í¨Ö ÔÉμ£μ Ï £  ¸μ¸Éμ¨É ¢ ¨¸¶μ²Ó§μ¢ ´¨¨ Ê¸²μ¢¨° ·¥´μ·³-
£·Ê¶¶μ¢μ° ¨´¢ ·¨ ´É´μ¸É¨ ( ´ ²μ£¨Î´μ° ¶μ´ÖÉ¨Õ ËÊ´±Í¨μ´ ²Ó´μ£μ ¸ ³μ¶μ-
¤μ¡¨Ö). Šμ£¤  ¢ ·μ²¨ �ƒ ¢Ò¸ÉÊ¶ ¥É μ¤´μ¶ · ³¥É·¨Î¥¸± Ö ÉμÎ¥Î´ Ö £·Ê¶¶ 
‹¨, Ê¸²μ¢¨¥ �ƒ-¨´¢ ·¨ ´É´μ¸É¨ ¥¸ÉÓ Ê· ¢´¥´¨Ö ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¶¥·-
¢μ£μ ¶μ·Ö¤± . �¥Ï¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¨³ Ì · ±É¥·¨¸É¨Î¥¸±¨Ì Ê· ¢´¥´¨°
¤ ÕÉ £·Ê¶¶μ¢Ò¥ ¨´¢ ·¨ ´ÉÒ (¶μ¤μ¡´Ò¥ ¨´¢ ·¨ ´É´Ò³ § ·Ö¤ ³ ¢ Š’�), Î¥·¥§
±μÉμ·Ò¥ ¢Ò· ¦ ¥É¸Ö ¨¸±μ³μ¥ ·¥Ï¥´¨¥ Š‡.

‚ μ¡Ð¥³ ¸²ÊÎ ¥ �ƒ-¨´¢ ·¨ ´É´μ¥ ·¥Ï¥´¨¥ Š‡ § ¶¨¸Ò¢ ¥É¸Ö Î¥·¥§ £·Ê¶-
¶μ¢Ò¥ ¨´¢ ·¨ ´ÉÒ § ¤ Î¨. 
Éμ ÊÉ¢¥·¦¤¥´¨¥ ´μ¸¨É μ¡Ð¨° Ì · ±É¥· ¨ Ëμ·³Ê-
²¨·Ê¥É¸Ö [46] ¢ ¢¨¤¥ Φ-É¥μ·¥³Ò, Ö¢²ÖÕÐ¥°¸Ö ËÊ´±Í¨μ´ ²Ó´Ò³ μ¡μ¡Ð¥´¨¥³
¨§¢¥¸É´μ° Π-É¥μ·¥³Ò.

�·¨²μ¦¥´¨Ö �ƒ‘ ¢ ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¥. �¡· É¨³¸Ö ± ¶·¨³¥· ³ ¶·¨-
³¥´¥´¨Ö �ƒ- ²£μ·¨É³ , ¢ ±μÉμ·ÒÌ ¨¸¶μ²Ó§μ¢ ´¨¥ �ƒ‘ ¶·¨¢μ¤¨É ± ´μ¢Ò³  ´ -
²¨É¨Î¥¸±¨³ ·¥§Ê²ÓÉ É ³. �¥·¢Ò³ ¨§ ´¨Ì Ö¢¨²μ¸Ó ·¥Ï¥´¨¥ £· ´¨Î´μ° ´¥²¨´¥°-
´μ° § ¤ Î¨ ¢§ ¨³μ¤¥°¸É¢¨Ö p-¶μ²Ö·¨§μ¢ ´´μ° Ô²¥±É·μ³ £´¨É´μ° ¢μ²´Ò ¸ ´¥-
μ¤´μ·μ¤´μ° ¶² §³μ° [44]. “¶μ³Ö´¥³ É ±¦¥ ±· ¥¢Ò¥ § ¤ Î¨ ¤²Ö ±² ¸¸  Ê· ¢-
´¥´¨°, μ¡Ñ¥¤¨´¥´´ÒÌ É¥·³¨´μ³ ®Ê· ¢´¥´¨Ö ±¢ §¨Î ¶²Ò£¨´¸±¨Ì ¸·¥¤¯ [47].
‡¤¥¸Ó c ¶μ³μÐÓÕ �ƒ‘ ´ °¤¥´Ò ´μ¢Ò¥ ÉμÎ´Ò¥ ¨ ¶·¨¡²¨¦¥´´Ò¥ ·¥Ï¥´¨Ö § -
¤ Î¨ μ · ¸¶·μ¸É· ´¥´¨¨ ³μÐ´μ£μ ¨§²ÊÎ¥´¨Ö ¢ ´¥²¨´¥°´μ° ¸·¥¤¥ ¢ ¶·¨¡²¨¦¥-
´¨¨ £¥μ³¥É·¨Î¥¸±μ° μ¶É¨±¨ [48,49]. ‚ ¤ ²Ó´¥°Ï¥³ ÉμÎ´Ò¥ ¨ ¶·¨¡²¨¦¥´´Ò¥
�ƒ‘ ¶·¨ ´ ²¨Î¨¨ ¤¢ÊÌ ³ ²ÒÌ ¶ · ³¥É·μ¢ ¡Ò²¨ ¨¸¶μ²Ó§μ¢ ´Ò ¤²Ö ´ Ìμ¦¤¥´¨Ö
´μ¢ÒÌ ·¥Ï¥´¨° ±· ¥¢μ° § ¤ Î¨ ¸ ³μËμ±Ê¸¨·μ¢±¨ ¢μ²´μ¢μ£μ ¶ÊÎ±  [50].

� ¸¶·μ¸É· ´¥´¨¥ ¤¥°¸É¢¨Ö �ƒ- ²£μ·¨É³  ´  ±· ¥¢Ò¥ § ¤ Î¨, ¨¸¶μ²Ó§ÊÕ-
Ð¨¥ ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö, ¶μ§¢μ²¨²μ ¸ÊÐ¥¸É¢¥´´μ · ¸Ï¨-
·¨ÉÓ ±·Ê£ ¶·¨²μ¦¥´¨°. ‚ ±¨´¥É¨Î¥¸±μ° É¥μ·¨¨ ¶² §³Ò (Ê· ¢´¥´¨Ö ‚² ¸μ¢ Ä
Œ ±¸¢¥²² ), ¶·¨³¥´ÖÖ �ƒ‘, Ê¤ ²μ¸Ó ·¥Ï¨ÉÓ ·Ö¤ § ¤ Î μ ¤¨´ ³¨±¥ ¶² §³¥´´ÒÌ
¸£Ê¸É±μ¢ ¨ ±² ¸É¥·μ¢ [18,51].

�μ²¥¥ ¶μ¤·μ¡´μ¥ μ¡¸Ê¦¤¥´¨¥ ¢μ¶·μ¸μ¢ ¶·¨²μ¦¥´¨Ö �ƒ‘ ³μ¦´μ ´ °É¨
¢ μ¡§μ· Ì [16Ä18,52].
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