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The FermiÄWatson theorem is generalized to the case of two coupled channels
with different masses and applied to ˇnal state interaction in Ke4 decays. The impact
of the considered effect on the phase of ππ scattering is estimated and it is shown
that it can be crucial for the scattering lengths extraction from experimental data on
Ke4 decays.
The investigation has been performed at the Veksler and Baldin Laboratory of
High Energy Physics, JINR.
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1. INTRODUCTION
The ππ scattering at low energies provides a testing ground for strong interaction study [1]. As the free pion targets cannot be created, the experimental
evaluation of ππ scattering characteristics is restricted to the study of a dipion
system in a ˇnal state of more complicated reactions. One of the most suitable
processes for such a study is the Ke4 decays:
K ± → π + π − e± ν,
K

±

(1)

0 0 ±

→ π π e ν.

(2)

For many years [2, 3], the decay (1) was considered as the cleanest method to
determine the s-wave isospin zero scattering length a00 . At present its value is
predicted by Chiral Perturbation Theory with high precision [4] a00 = 0.220 ±
0.005, thus the extraction of this quantity from experimental data with highest
possible accuracy becomes an urgent problem. The appearance of new precise
experimental data [5Ä7] requires the relevant theoretical approaches, taking into
account the effects neglected up to now in comparison of experimental data with
theoretical models predictions.
The usual method used in the scattering length extraction from decays (1) and
(2) is based on the classical works [8,9]. The Ke4 decay rates are determined by
three axial form factors∗ F , G, R and vector form factor H. Making the partialwave expansion of the hadronic current with respect to the angular momentum of
the dipion system and restricted to s- and p-waves∗∗ , the hadronic form factors
can be written in the following form:
F = fs eiδs (s) + fp eiδp (s) cos θπ ;

G = gp eiδp (s) ;

H = hp eiδp (s) .

(3)

2
is the square of the dipion invariant mass and θπ is the polar angle
Here s = Mππ
of pion in the dipion rest frame measured with respect to the ight direction
of dipion in the K-meson rest frame. The coefˇcients fs , fp , gp , hp can be

m2e
and can't be determined from Ke4 decay.
Se
∗∗ As was shown in [10], the contribution of higher waves are small and can be safely neglected.
∗ The

form factor R is suppressed by a factor

1

parameterized as functions of pions momenta q in dipion rest system and invariant
mass of lepton pair seν . It is widely accepted that the s- and p-wave phases δs
and δp of dipion system due to FermiÄWatson theorem [11] coincide with the
corresponding phase shifts in elastic ππ scattering. Nevertheless, this statement is
true if the isospin symmetry takes place. On the other hand, in the real world the
isospin symmetry breaking effects [12Ä14] would play an important part leading
to corrections, which can be essential in scattering length extraction from Ke4
decays∗ .
Recently, in experiment NA48/2 at CERN [16] in the π 0 π 0 mass distribution
from the decay K ± → π ± π 0 π 0 the effect of cusp was observed, which, as was
pointed by N. Cabibbo [17], is the result of isospin symmetry breaking in ˇnalstate π 0 π 0 interaction, provided by inelastic ππ reactions and difference in masses
of neutral and charged pions∗∗ .
The same effects can take place in Ke4 decays. Usually the ˇnal-state
interaction of two pions in Ke4 decay is considered using the FermiÄWatson
theorem [11], which is valid only in the isospin symmetry limit, i.e., at mc = m0 .
The main result of the present work is the generalization of accepted approach
to Ke4 decays, taking into account the inelastic processes in the ˇnal state and
different masses of neutral and charged pions.

2. FINAL-STATE INTERACTIONS AND ISOSPIN SYMMETRY
BREAKING
The s-wave phase shift δs has impact only on hadronic form factor F ,
whereas the form factors G and H depend only on p-wave phase shift δp . If one
conˇnes oneself to s- and p-waves contributions, the charge exchange process
π + π − → π 0 π 0 and vice versa are forbidden for ππ system in the state with
l = 1 (p-wave) due to identity of neutral pions. Thus, the inelastic transitions can
change only the ˇrst (s-wave) term in the hadronic form factor F .
Keeping this in mind, let us denote by Tc the decay amplitude corresponding
to two charged s-wave pions in the ˇnal state, whereas the s-wave amplitude
for K-meson decay to two neutral pions is Tn . In one loop approximation of
nonperturbative effective ˇeld theory (see, e.g., [19]), these amplitudes take the
form
Tn = T̃n (1 + ikn an (s)) + ikc ax (s)T̃c ;
(4)
Tc = T̃c (1 + ikc ac (s)) + ikn ax (s)T̃n .

∗ The

isospin breaking effects in photoproduction were considered in [15].
possibility of cusp in π 0 π 0 scattering due to different pion masses in charge exchange
reaction π + π − → π 0 π 0 was ˇrst predicted in [18].
∗∗ The
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Here, T̃
[17,21] ®unperturbed¯ amplitudes of decays (1) and (2);
c , T̃n are so-called
s − 4m2c
s − 4m20
kn =
, kc =
are the neutral and charged pions momenta
2
2
0 0
+ −
2
in π π and π π systems with the same invariant mass s = Mππ
. The real
functions [17,21] an (s), ac (s), ax (s) in the isospin symmetry limit (k1 = k2 = k)
can be expressed through the s-wave pion-pion ®amplitudes¯ with deˇnite isospin,
which at the threshold coincide with relevant scattering lengths a00 , a20 ∗ :
an (s) =

a0 (s) + 2a2 (s)
2a0 (s) + a2 (s)
; ac (s) =
;
3
3
√
2
ax (s) =
(a0 (s) − a2 (s)).
3

(5)

On the other hand, these functions are connected with s-wave phases with certain
isospin:
tan δ00 (s)
tan δ20 (s)
a0 (s) =
; a2 (s) =
.
(6)
k
k
In the isospin symmetry limit, from the rule ΔI = 1/2 for semileptonic √
decays
follows the simple relation between the ®unperturbed¯ amplitudes T̃c = 2T̃n .
Substituting these relations in (4), one gets

0
Tn = T̃c (1 + ika0 (s)) = T̃n 1 + k 2 a20 (s)eiδ0 (s) ;
(7)

0
Tc = T̃c (1 + ika0 (s)) = T̃c 1 + k 2 a20 (s)eiδ0 (s) .
These equations are nothing else than FermiÄWatson theorem for the pionÄpion
interaction in ˇnal states.
But in the real world, where mc = m0 , the FermiÄWatson theorem in its
original form is not valid and the two-channel problem in this case demands a
special consideration.
The considered picture can be generalized [22] to all orders in aj (s):
Tn = T̃n (1 + ikn fn ) + ikc fx T̃c ;

(8)

Tc = T̃c (1 + ikc fc ) + ikn fx T̃n .
Here fx , fc , fn are the amplitudes of the processes π + π − → π 0 π 0 ; π + π − →
π + π − ; π 0 π 0 → π 0 π 0 accounting for different masses of charged and neutral
pions. These amplitudes can be expressed through the real functions ax , ac , an

∗ Our deˇnition of amplitudes coincides with the one adopted in [20] and differs from that
accepted in [19, 21].

3

and relevant S-matrix elements:
√
√
ax (s)
;
Sx = 2i kc kn fx = 2i kc kn
D
Sn = 1 + 2ikn fn =
Sc = 1 + 2ikc fc =

(1 + ikn an (s))(1 − ikc ac (s)) − kn kc a2x (s)
;
D

(1 − ikn an (s))(1 + ikc ac (s)) −
D

kn kc a2x (s)

(9)

;

D = (1 − ikn an (s))(1 − ikc ac (s)) + kn kc a2x (s).
In the isospin symmetry limit (kn = kc = k) using the expressions (8), (9) and
relations between S-matrix elements with certain isospin:
Sc =

2
1
S0 + S2 ;
3
3

Sn =

1
2
S0 + S2 ,
3
3

(10)

after a bit algebra we obtain
S0 =

1 + ika0
a0 (s)
;
= e2iδ0 ; f0 =
1 − ika0
1 − ika0 (s)

1 + ika2
a2 (s)
S2 =
.
= e2iδ2 ; f2 =
1 − ika2
1 − ika2 (s)

(11)

In the real world where the isospin symmetry breaking takes place, equations (8)
can be rewritten in the following form:

Tn =


√
T̃n 1 + kc2 (ac (s) − 2ax (s))2
|D|

T̃c
Tc =

eiδn ;


1
1 + kn2 (an (s) − √ ax (s))2
2
eiδc ;
|D|
kn an (s) + kc ac (s)
−
1 + kn kn (a2x (s) − an (s)ac (s))
√
− arctan kc (ac (s) − 2ax (s));

δn = arctan

δc = arctan

kn an (s) + kc ac (s)
−
1 + kn kc (a2x (s) − an (s)ac (s))
1
− arctan kn (an (s) − √ ax (s)).
2
4

(12)

In the case of exact isospin symmetry (mc = m0 )
0
T̃n
Tn = 
eiδ0 ;
1 + k 2 a20 (s)

0
T̃c
Tc = 
eiδ0 ,
1 + k 2 a20 (s)

(13)

which is the manifestation of the FermiÄWatson theorem.
Let us note that, unlike the common wisdom, the generalized phases (12) depend
not only on a0 (s), but also on a2 (s).
The obtained relations are valid in the region above the charged pions production threshold Mππ = 2mc . To go under charged pions threshold in reaction (2),
one has to make the simple substitution kn → iκ in the expression for Tn with
the result
√
T̃n [1 + κ(ac − 2ax )] iδn
Tn =
e ;
D
(14)


κa2x
δn = arctan κ an −
.
1 + κac
Thus, as in the case of K → 3π [16], in the decay (2) the cusp phenomenon
also takes place.
The above expressions completely solve the problem of generalization of
the FermiÄWatson theorem to the case of two coupled channels with different
masses in the ˇnal state. To estimate the numerical difference of the proposed
approach from usually accepted, we use the fact that at the leading order in chiral
perturbation theory [19, 23] the isospin breaking changes the relations (5) in the
following way:
a0 (s) + 2a2 (s)
(1 − η);
3
2a0 (s) + a2 (s)
ac (s) =
(1 + η);
3
√


2
η
ax (s) =
(a0 (s) − a2 (s)) 1 +
;
3
3
m2 − m2
η = c 2 0.
mc
an (s) =

(15)

The relations (6) are valid also in the case of isospin symmetry breaking, with
simple replacement [19] k → kc . Substituting these relations in the expression
5

(12) for phase shift relevant to decay (1), we obtain




A tan δ00 + B tan δ20
δc = arctan
+ arctan C tan δ00 + D tan δ20 ;
1 + λW
2(1 + η) + λ(1 − η)
(1 + η) + 2λ(1 − η)
; B=
;
3
3
4ηλ
(3 − η)λ
kn
C=
; D=−
; λ=
;
9
3
kc

2
2
η
W =
(tan δ00 − tan δ20 )2 −
1+
9
3
A=

(16)

1
− (1 − η 2 )(2 tan δ00 + tan δ20 )(2 tan δ20 + tan δ00 ).
9
In Fig. 1 we depicted the dependence of phase δc (s) obtained by expression
(16) (solid line) and in the case of exact isospin symmetry (dotted curve). The
phases δ00 , δ20 were calculated according to the Appendix D of the review [24]
for the values of scattering lengths a00 = 0.225mc−1 , a20 = −0.03706mc−1 . The
isospin breaking effect provided by different masses of neutral and charged pions
increase the s-wave phase and hence would has impact on the value of scattering
lengths extracted from Ke4 decays.

Fig. 1. The dependence of s-wave phase
δc (s) on invariant mass of π + π − pair in
the case of isospin symmetry (dotted line)
and isospin breaking case (solid line)

Fig. 2. The dependence of s-wave phase
shifts ratios (17) for π + π − (upper curve)
and π 0 π 0 (lower curve) on invariant
mass of the pion pair

In Fig. 2 we show the invariant mass dependence of ratios
Rn =

tan δn (s)
;
kn a0 (s)

Rc =

6

tan δc (s)
.
kc a0 (s)

(17)

The proposed approach allows one to extract from decays (1) and (2) besides
the scattering length a00 the scattering length a20 , the challenge which is absent
in common approach. At present the high-quality data on Ke4 from NA48/2
experiment at CERN are published [6] and their ˇtting by the expressions of the
present work would be very useful and can shed light not only on the true values
of scattering lengths a00 , a20 , but also help to understand the limits and validity of
the proposed approach.
It is a pleasure to thank V. D. Kekelidze and D. T. Madigozhin for useful
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