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Œ¥Éμ¤ ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢
¢ § ¤ Î Ì ¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨ ¨ ¸£² ¦¨¢ ´¨Ö

�·¥¤² £ ¥É¸Ö ³¥Éμ¤ · §²μ¦¥´¨Ö  ²£¥¡· ¨Î¥¸±μ£μ ³´μ£μÎ²¥´  ¶μ ¡ §¨¸´Ò³
Ô²¥³¥´É ³ (Œ��) Å É·¥³ ±¢ ¤· É¨Î´Ò³ ¨ μ¤´μ° ±Ê¡¨Î¥¸±μ° ¶ · ¡μ² ³. ‚ § ¤ -
Î Ì ¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨ ¨ ¸£² ¦¨¢ ´¨Ö Œ��-¶·¥¤¸É ¢²¥´¨¥ ¶μ§¢μ-
²Ö¥É ¶μ´¨§¨ÉÓ ¢ÒÎ¨¸²¨É¥²Ó´ÊÕ ¸²μ¦´μ¸ÉÓ  ²£μ·¨É³μ¢ ¨ ¶μ¢Ò¸¨ÉÓ ¨Ì Ê¸Éμ°Î¨-
¢μ¸ÉÓ ± μÏ¨¡± ³ §  ¸Î¥É ¢Ò¡μ·  ¸É·Ê±ÉÊ·Ò ¢´ÊÉ·¥´´¥° ¸¢Ö§¨ ³¥¦¤Ê ¶¥·¥³¥´´μ°
¨ Ê¶· ¢²ÖÕÐ¨³¨ ¶ · ³¥É· ³¨. �·¨³¥´¥´¨¥ Œ�� μÉ±·Ò¢ ¥É ´μ¢Ò¥ ¢μ§³μ¦´μ-
¸É¨ ¤²Ö ¶μ¢ÒÏ¥´¨Ö ÔËË¥±É¨¢´μ¸É¨ ¶·μÍ¥¤Ê· ³¥Éμ¤  ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éμ¢ ¶·¨
·¥Ï¥´¨¨ § ¤ Î ¶μ²¨´μ³¨ ²Ó´μ° ·¥£·¥¸¸¨¨.

	 ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.
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The Basic Element Method
in Polynomial Approximation and Smoothing Problems

A basic element method (BEM) for decomposition of the algebraic polynomial
via three quadratic and one cubic parabolas (basic elements) is presented. In the
polynomial approximation and smoothing problems, the BEM presentation allows
one to decrease the computing complexity of algorithms and increase their stability
to errors by choosing the internal relationship structure between a variable and
controlling parameters. The use of BEM opens new possibilities for increasing the
efˇciency of LSM procedures when resolving polynomial regression problems.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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�μ¢ÒÏ¥´¨¥ ÔËË¥±É¨¢´μ¸É¨ ³¥Éμ¤μ¢  ¶¶·μ±¸¨³ Í¨¨ (¸£² ¦¨¢ ´¨Ö) ¤ ´-
´ÒÌ  ±ÉÊ ²Ó´μ ¢ ¶² ´¥ · §¢¨É¨Ö ¸μ¢·¥³¥´´ÒÌ É¥Ì´μ²μ£¨°, É·¥¡ÊÕÐ¨Ì ± -
Î¥¸É¢¥´´μ° μ¡· ¡μÉ±¨ ¡μ²ÓÏ¨Ì ¶μÉμ±μ¢ ¨´Ëμ·³ Í¨¨ §  ³ ²Ò¥ ¶·μ³¥¦ÊÉ±¨
¢·¥³¥´¨.

‚ § ¤ Î Ì  ¶¶·μ±¸¨³ Í¨¨ ¤¨¸±·¥É´μ£μ ´ ¡μ·  ¤ ´´ÒÌ, ´ ·Ö¤Ê ¸ ± ´μ´¨-
Î¥¸±¨³ ¶·¥¤¸É ¢²¥´¨¥³ ¶μ²¨´μ³  Î¥·¥§ ³μ´μ³Ò {xk}n

k=0, ¨¸¶μ²Ó§ÊÕÉ · §-
²¨Î´Ò¥ Ëμ·³Ò ³´μ£μÎ²¥´μ¢, ±μÉμ·Ò¥ É¥μ·¥É¨Î¥¸±¨ · ¢´μ¸¨²Ó´Ò. �Éμ ¨´É¥·-
¶μ²ÖÍ¨μ´´Ò¥ Ëμ·³Ê²Ò ‹ £· ´¦ , �ÓÕÉμ´ , �·³¨É , ¶μ²¨´μ³Ò —¥¡ÒÏ¥¢ ,
‹¥¦ ´¤· , �¥·´ÏÉ¥°´  ¨ ¤·. ‚Ò¡μ· Éμ£μ ¨²¨ ¨´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¸¢Ö§ ´,
± ± ¶· ¢¨²μ, ¸ Ê¸Éμ°Î¨¢μ¸ÉÓÕ ¨ ÉμÎ´μ¸ÉÓÕ ¢ÒÎ¨¸²¥´¨° ¨²¨ ¸ ¶μ¢ÒÏ¥´¨¥³
μ¡Ð¥° ÔËË¥±É¨¢´μ¸É¨  ²£μ·¨É³μ¢. �·¨ ÔÉμ³ ± Î¥¸É¢μ ·¥§Ê²ÓÉ Éμ¢ ¢ §´ Î¨-
É¥²Ó´μ° ³¥·¥ § ¢¨¸¨É μÉ ¢Ò¡μ·  ¡ §¨¸´ÒÌ  ¶¶·μ±¸¨³ ´É.

�μ´ÖÉ¨¥ μ¡Ê¸²μ¢²¥´´μ¸É¨ Ö¢²Ö¥É¸Ö ±²ÕÎ¥¢Ò³ ¶·¨ · ¡μÉ¥ ¸ ¶μ²¨´μ³ ³¨.
ˆ§¢¥¸É´μ, ÎÉμ ¶·¨ ¢Ò¶μ²´¥´¨¨ μ¶¥· Í¨° ¸ ¶μ²¨´μ³ ³¨ ¢Ò¸μ±μ° ¸É¥¶¥´¨ ¢μ§-
´¨± ¥É ¶μÉ¥·Ö ÉμÎ´μ¸É¨, μ¡¥¸Í¥´¨¢ ÕÐ Ö ·¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨° [1]. � -
¶·¨³¥·, ¶·¨ ·¥Ï¥´¨¨ § ¤ Î ²¨´¥°´μ° ·¥£·¥¸¸¨¨ ¢Ò¸μ±μ£μ ¶μ·Ö¤±  (n > 5)
³¥Éμ¤μ³ ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éμ¢ (Œ�Š) ³ É·¨Í  ´μ·³ ²Ó´ÒÌ Ê· ¢´¥´¨° ¸É -
´μ¢¨É¸Ö ¶²μÌμ μ¡Ê¸²μ¢²¥´´μ° [2Ä4], ¨ É ±μ£μ ·μ¤  É·Ê¤´μ¸É¨ μ¡ÒÎ´μ Ê¸É· ´Ö-
ÕÉ¸Ö ¸ ¶μ³μÐÓÕ ¶μ²¨´μ³μ¢ —¥¡ÒÏ¥¢ , ³¥Éμ¤μ¢ μ·Éμ£μ´ ²¨§ Í¨¨ ¨ ¤·. [2,4,5].
�μÔÉμ³Ê · §· ¡μÉ±  ³¥Éμ¤μ¢, ³¥´¥¥ ÎÊ¢¸É¢¨É¥²Ó´ÒÌ ± μ¡Ê¸²μ¢²¥´´μ¸É¨ § -
¤ Î¨, μ¸É ¥É¸Ö ¢¥¸Ó³   ±ÉÊ ²Ó´μ°.

‘ÊÉÓ ¶·¥¤² £ ¥³μ£μ ³¥Éμ¤  ¸μ¸Éμ¨É ¢ ¶·¥¤¸É ¢²¥´¨¨ ± ´μ´¨Î¥¸±μ£μ ¶μ-
²¨´μ³  Pn(x;a) ¢ Ëμ·³¥ · §²μ¦¥´¨Ö ¶μ É·¥³ ±¢ ¤· É¨Î´Ò³ ¨ μ¤´μ° ±Ê¡¨-
Î¥¸±μ° ¶ · ¡μ² ³ Å ¡ §¨¸´Ò³ Ô²¥³¥´É ³ (Œ��-¶·¥¤¸É ¢²¥´¨¥). ‚ § ¤ Î Ì
¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨ ¨ ¸£² ¦¨¢ ´¨Ö Œ�� ¶μ§¢μ²Ö¥É ¶μ´¨§¨ÉÓ ¢Ò-
Î¨¸²¨É¥²Ó´ÊÕ ¸²μ¦´μ¸ÉÓ  ²£μ·¨É³μ¢ ¨ ¶μ¢Ò¸¨ÉÓ ¨Ì Ê¸Éμ°Î¨¢μ¸ÉÓ ± μÏ¨¡± ³
§  ¸Î¥É ¢Ò¡μ·  ¸É·Ê±ÉÊ·Ò ¢´ÊÉ·¥´´¥° ¸¢Ö§¨ ³¥¦¤Ê ¶¥·¥³¥´´μ° ¨ Ê¶· ¢²ÖÕ-
Ð¨³¨ ¶ · ³¥É· ³¨. ’ ±μ° ¶μ¤Ìμ¤ ¶μ§¢μ²Ö¥É · ¸Ï¨·¨ÉÓ £· ´¨ÍÒ ¶·¨³¥´¨³μ-
¸É¨ ±² ¸¸¨Î¥¸±¨Ì ³¥Éμ¤μ¢ ¢ ¶² ´¥ ´μ¢ÒÌ ¢μ§³μ¦´μ¸É¥° ± ± ¤²Ö ¶· ±É¨Î¥¸±¨Ì
¶·¨³¥´¥´¨°, É ± ¨ ¤²Ö ¤ ²Ó´¥°Ï¨Ì É¥μ·¥É¨Î¥¸±¨Ì ¨¸¸²¥¤μ¢ ´¨°.

� §¨¸´Ò¥ Ô²¥³¥´ÉÒ μ¶·¥¤¥²ÖÕÉ¸Ö Î¥·¥§ x-±μμ·¤¨´ ÉÒ Î¥ÉÒ·¥Ì ÉμÎ¥±,
¸¢Ö§ ´´ÒÌ ¸¶¥Í¨ ²Ó´Ò³ ¶· ¢¨²μ³ ¸²μ¦´μ£μ μÉ´μÏ¥´¨Ö. ‚ ±μ´¸É·Ê±Í¨¨
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Œ��-¶μ²¨´μ³μ¢ ¨¸¶μ²Ó§Ê¥É¸Ö ¶ · ³¥É·¨§ Í¨Ö ËÊ´±Í¨° {xk} ¨ ¨Ì · §²μ¦¥-
´¨¥ ´  ¸Ê³³Ê ±¢ ¤· É¨Î´μ° ¶ · ¡μ²Ò (Π) ¨ Ô²¥³¥´É ·´μ£μ ¸¨³³¥É·¨Î¥¸±μ£μ
³´μ£μÎ²¥´  uk−3 ¸É¥¶¥´¨ k − 3 μÉ´μ¸¨É¥²Ó´μ x, Ê³´μ¦¥´´μ£μ ´  ®§ ´Ê²ÖÕ-
ÐÊÕ¯ ±Ê¡¨Î¥¸±ÊÕ ¶ · ¡μ²Ê Q (Ëμ·³Ê²Ò (9), (10) ¨§ [6]):

xk = Π(x; α, β) + Q(x; α, β)uk−3(x; α, β), u1 = u2 = 0, (1)

£¤¥ ËÊ´±Í¨¨ uk μ¶·¥¤¥²ÖÕÉ¸Ö ·¥±Ê··¥´É´μ° Ëμ·³Ê²μ°

uk = (x + α)uk−1 − αxuk−2 + βk−3, u1 = u2 = 0; k = 3, n, (2)

  α, β ∈ R, α �= β �= 0 Å ´¥¶·¥·Ò¢´Ò¥ ¶ · ³¥É·Ò 4-ÉμÎ¥Î´ÒÌ ¨²¨ ¤¨¸±·¥É´ÒÌ
¶·μ¥±É¨¢´ÒÌ ¶·¥μ¡· §μ¢ ´¨° („��) [7,8].

Œ¥Éμ¤Ò, μ¸´μ¢ ´´Ò¥ ´  4-ÉμÎ¥Î´ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ [9Ä13,15,16], ¡Ò²¨
¨¸¶μ²Ó§μ¢ ´Ò ¶·¨ · §· ¡μÉ±¥ ¨ ¶·μ£· ³³´μ° ·¥ ²¨§ Í¨¨  ¤ ¶É¨¢´μ£μ  ²-
£μ·¨É³  ±Ê¸μÎ´μ-±Ê¡¨Î¥¸±μ°  ¶¶·μ±¸¨³ Í¨¨ ¨ ¸£² ¦¨¢ ´¨Ö,   É ±¦¥  ²£μ-
·¨É³   ¢Éμ³ É¨Î¥¸±μ£μ μ¡´ ·Ê¦¥´¨Ö Ê§²μ¢ ±Ê¡¨Î¥¸±¨Ì ¸¥£³¥´Éμ¢ ´  ±·¨-
¢μ° [11,12].

� ¶·¨³¥·, ¢ · ¡μÉ¥ [11] ±Ê¡¨Î¥¸± Ö ³μ¤¥²Ó y = a0 + a1x + a2x
2 + a3x

3

É· ´¸Ëμ·³¨·Ê¥É¸Ö ¢ Œ��-³μ¤¥²Ó ¸ μ¤´¨³ ¸¢μ¡μ¤´Ò³ ¶ · ³¥É·μ³ θ:

S = Π(x; α, β, r) + θQ(x; α, β), x, α, β ∈ R, (3)

£¤¥ Π Å ¶ · ¡μ² , ¸μ¤¥·¦ Ð Ö É·¨ ·¥¶¥·´Ò¥ μ·¤¨´ ÉÒ r = [Sα, Sβ, S0]T .
„²Ö μÍ¥´±¨ θ ¨¸¶μ²Ó§μ¢ ²¸Ö ¤¨´ ³¨Î¥¸±¨° ·¥¦¨³ ³μ¤¥²¨ (3) ¨  ²£μ·¨É³
·¥±Ê·¸¨¢´μ£μ ³¥Éμ¤  ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éμ¢ (	�Š) ¶¥·¢μ£μ ¶μ·Ö¤± :

θ̂n = θ̂n−1 + Kn[f̃n − Π̂n(xn; αn, βn, rn) − θ̂n−1Qn(xn; αn, βn)],

θ̂0 = 0, n = 1, 2..., (4)

£¤¥ f̃n Å ¨§³¥·¥´¨¥ ¢ É¥±ÊÐ¥° ÉμÎ±¥, Π̂n + θ̂n−1Qn Å ¥£μ μÍ¥´±  ´  n-³
Ï £¥  ¤ ¶É Í¨¨,   Kn Å ±μÔËË¨Í¨¥´É ¶μ¤ ¢²¥´¨Ö μÏ¨¡±¨.

Œ�� μ¸´μ¢ ´ ´  ¶·¥μ¡· §μ¢ ´¨¨ ± ´μ´¨Î¥¸±μ£μ ³´μ£μÎ²¥´ 

Pn(x;a) = a0 + a1x + a2x
2 + ... + anxn (5)

± ¢¨¤Ê Pn↓k(x; α, β, ri) =
k∑

i=0

QiwT ri, £¤¥ Q(x; α, β) Å ±Ê¡¨Î¥¸± Ö,   wT =

[w1, w2, w3], wj = wj (x; α, β) Å ±¢ ¤· É¨Î´Ò¥ ¶ · ¡μ²Ò μÉ´μ¸¨É¥²Ó´μ x.
ŠμÔËË¨Í¨¥´ÉÒ ri = [riα, riβ , ri0]T Å ¸ÊÉÓ μ·¤¨´ ÉÒ ÉμÎ¥±, · ¸¶μ²μ¦¥´´ÒÌ
´  ²¨´¨ÖÌ x = x0, x = xα ¨ x = xβ ; k = �n/3�, �a� Å ´ ¨¡μ²ÓÏ¥¥ Í¥²μ¥
� a.

Œμ¤¥²Ó f ∼ Pn↓k(x; α, β, ri) ¨¸¶μ²Ó§Ê¥É ³¥´ÓÏ¨¥ ¶μ·Ö¤±¨ ¶·μ¨§¢μ¤´ÒÌ
¶·¨  ¶¶·μ±¸¨³ Í¨¨ £² ¤±μ° ËÊ´±Í¨¨ ¶μ²¨´μ³μ³ n-° ¸É¥¶¥´¨ ¶μ ¸· ¢´¥´¨Õ ¸
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¶·¨¡²¨¦¥´¨¥³ ¶μ²¨´μ³μ³ ’¥°²μ· ,   ´¥¶·¥·Ò¢´Ò¥ ¶ · ³¥É·Ò α ¨ β ¢´μ¸ÖÉ
¤μ¶μ²´¨É¥²Ó´Ò¥ ¢μ§³μ¦´μ¸É¨ ¶·¨ · §· ¡μÉ±¥ ¡μ²¥¥ ÔËË¥±É¨¢´ÒÌ ¨ Ê¸Éμ°-
Î¨¢ÒÌ ± μÏ¨¡± ³  ²£μ·¨É³μ¢ ¸£² ¦¨¢ ´¨Ö ¢ · ³± Ì § ¤ Î ¶μ²¨´μ³¨ ²Ó´μ°
·¥£·¥¸¸¨¨.

‚ μ¡Ð¥° ¶μ¸É ´μ¢±¥ § ¤ Î¨ ¶μ²¨´μ³¨ ²Ó´μ° ·¥£·¥¸¸¨¨ ´  μ¸´μ¢¥ § ¤ ´-
´μ° ¢Ò¡μ·±¨ μ¡Ñ¥³  N ,

{f̃(xi) = f(xi) + ei; xi < xi+1}N
i=1, ei ∼ N(0, σ), (6)

¨Ð¥É¸Ö É ± Ö (´¥¶·¥·Ò¢´ Ö) ËÊ´±Í¨Ö Gf (x), ÎÉμ Gf (xi) = ŷi, £¤¥ ŷi Å
μÍ¥´±  y.

�¡ÒÎ´μ ËÊ´±Í¨Ö Gf § ¤ ¥É¸Ö ¢ ¢¨¤¥ ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ ´¥±μÉμ·ÒÌ
¡ §¨¸´ÒÌ ËÊ´±Í¨° Bk(x):

Gf (x) =
m∑

k=1

ckBk(x).

	¥Ï¥´¨¥ § ¤ Î¨ ³¥Éμ¤μ³ ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éμ¢ ¸¢μ¤¨É¸Ö ± ·¥Ï¥´¨Õ ¸¨¸É¥³Ò
´μ·³ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢¨¤  AT Ac = AT f̃ , £¤¥ Aik = Bk(xi), i = 1, N, k =
1, m, c = [c1...cm]T , f̃ = [f̃1...f̃N ]T , m < N .

‚ ¸²ÊÎ ¥ ± ´μ´¨Î¥¸±μ° ³μ¤¥²¨

f(x) = Pn(x; a) + e, e ∼ N(0, σ), (7)

μÍ¥´±  ¢¥±Éμ·  ±μÔËË¨Í¨¥´Éμ¢ a = [a0, a1...an]T μ¶·¥¤¥²Ö¥É¸Ö ¢ ¢¨¤¥

â = (XT X)−1XT f̃ , (8)

£¤¥ f̃ = [f̃1, f̃2...f̃N ]T Å ¢¥±Éμ· ¨§³¥·¥´¨°,   X Å ·¥£·¥¸¸¨μ´´ Ö ³ É·¨Í 
· §³¥·´μ¸É¨ N × (n + 1) ¸ Ô²¥³¥´É ³¨ xk

i , i = 1, N ; k = 0, n, n < N [3].
�·μÍ¥¸¸ ¢ÒÎ¨¸²¥´¨Ö μÍ¥´±¨ â ¶μ Ëμ·³Ê²¥ (8) Ê¸²μ¦´Ö¥É¸Ö ± ± ¸ ·μ¸Éμ³

n (¶·μ¡²¥³  ®¶²μÌμ° μ¡Ê¸²μ¢²¥´´μ¸É¨¯), É ± ¨ ¸ Ê¢¥²¨Î¥´¨¥³ σ2. „²Ö Ê¸É· -
´¥´¨Ö É·Ê¤´μ¸É¥°, ¸¢Ö§ ´´ÒÌ ¸ μÏ¨¡± ³¨, ¨¸¶μ²Ó§ÊÕÉ¸Ö ´¥¶ · ³¥É·¨Î¥¸±¨¥
³¥Éμ¤Ò [17] ¨ ³¥Éμ¤Ò ¸ÉμÌ ¸É¨Î¥¸±μ°  ¶¶·μ±¸¨³ Í¨¨ [18],   ¶·μ¡²¥³Ò, ¸¢Ö-
§ ´´Ò¥ ¸ ¢Ò¸μ±¨³ ¶μ·Ö¤±μ³ ³μ¤¥²¨, ·¥Ï ÕÉ¸Ö ¶·¨ ¶μ³μÐ¨ ¸¶² °´μ¢ ¨²¨
±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨ [19, 20]. „²Ö · §·¥Ï¥´¨Ö ¶·μ¡²¥³
¶²μÌμ° μ¡Ê¸²μ¢²¥´´μ¸É¨ Î ¸Éμ ¨¸¶μ²Ó§ÊÕÉ ³¥Éμ¤Ò ·¥£Ê²Ö·¨§ Í¨¨ [1, 5],   ¢
·¥£·¥¸¸¨μ´´μ³  ´ ²¨§¥ ¤²Ö ÔÉ¨Ì Í¥²¥° ¶·¨³¥´Ö¥É¸Ö É ±¦¥ ³¥Éμ¤ £·¥¡´¥¢μ°
·¥£·¥¸¸¨¨ [21]. �μ²ÓÏμ¥ Î¨¸²μ ³¥Éμ¤μ¢ ·¥ ²¨§μ¢ ´μ ¢ ¸μ¢·¥³¥´´ÒÌ ¶·μ-
£· ³³´ÒÌ ¶ ±¥É Ì ¶μ ¢ÒÎ¨¸²¨É¥²Ó´Ò³ ¨ ¸É É¨¸É¨Î¥¸±¨³ ³¥Éμ¤ ³ μ¡· ¡μÉ±¨
¤ ´´ÒÌ [22,23].

…¸²¨ ¤ ´´Ò¥ μ¡· §ÊÕÉ ¢·¥³¥´´ÊÕ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ¸ ´¥¨§¢¥¸É´Ò³ § -
· ´¥¥ μ¡Ñ¥³μ³ ¢Ò¡μ·±¨ N , Éμ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö â ¶·¨³¥´ÖÕÉ ·¥±Ê··¥´É´Ò¥

3



³¥Éμ¤Ò, ¢ Éμ³ Î¨¸²¥ 	�Š. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢¥±Éμ· â ¨ μ¡· É´ Ö ³ É·¨Í 
(XT X)−1 μ¶·¥¤¥²ÖÕÉ¸Ö ·¥±Ê·¸¨¢´Ò³¨ ¶·μÍ¥¤Ê· ³¨ [14].

Œ É¥·¨ ² ¸É ÉÓ¨ ¨§² £ ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¶μ·Ö¤±¥: ¢ ¶¥·¢μ³ · §¤¥²¥ ´ 
μ¸´μ¢¥ ¶Ê¡²¨± Í¨° [6,7] ¸É·μÖÉ¸Ö ¡ §¨¸´Ò¥ Ô²¥³¥´ÉÒ, ¶·¨¢μ¤¨É¸Ö ¸Ì¥³  ¶μ-
¸É·μ¥´¨Ö Œ��-¶μ²¨´μ³  ¨ Ëμ·³Ê²¨·Ê¥É¸Ö É¥μ·¥³  μ ¶·¥¤¸É ¢²¥´¨¨ ¶μ²¨-
´μ³  Î¥·¥§ ¡ §¨¸´Ò¥ Ô²¥³¥´ÉÒ, ¤ ¥É¸Ö ¥£μ £¥μ³¥É·¨Î¥¸±¨° ¸³Ò¸². 	 §¤¥² ¢Éμ-
·μ° ¶μ¸¢ÖÐ¥´ Œ��- ¶¶·μ±¸¨³ Í¨¨ ´¥¶·¥·Ò¢´μ°, k · § ¤¨ËË¥·¥´Í¨·Ê¥³μ°
ËÊ´±Í¨¨ ¨ ¸· ¢´¥´¨Õ ¸  ¶¶·μ±¸¨³ Í¨¥° ¶μ Ëμ·³Ê²¥ ’¥°²μ· . ‚ · §¤¥²¥ É·¥-
ÉÓ¥³ μ¡¸Ê¦¤ ÕÉ¸Ö ¸É·Ê±ÉÊ·  ¨ ¸¢μ°¸É¢  Œ��-³μ¤¥²¨. ‚ Î¥É¢¥·Éμ³ ¶·¨¢μ¤ÖÉ¸Ö
·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¶μ ¸£² ¦¨¢ ´¨Õ ¤ ´´ÒÌ, ¶μ¤É¢¥·¦¤ -
ÕÐ¨Ì ÔËË¥±É¨¢´μ¸ÉÓ ¢ÒÎ¨¸²¥´¨° ¨ Ê¸Éμ°Î¨¢μ¸ÉÓ Œ��-³μ¤¥²¨ ± μÏ¨¡± ³,  
É ±¦¥ ¸· ¢´¥´¨¥ Œ�Š-μÍ¥´μ± ¨ Î¨¸¥² μ¡Ê¸²μ¢²¥´´μ¸É¨ ³ É·¨Í ´μ·³ ²Ó´ÒÌ
Ê· ¢´¥´¨° ¤²Ö · §²¨Î´ÒÌ ³μ¤¥²¥° 6-£μ ¨ 12-£μ ¶μ·Ö¤±μ¢. ‚ ¶ÖÉμ³ · §¤¥²¥
· ¸¸³μÉ·¥´  § ¤ Î  ·¥±Ê·¸¨¢´μ£μ μÍ¥´¨¢ ´¨Ö ¶ · ³¥É·μ¢ ¶μ²¨´μ³  ¸ ¶·¥¤-
¢ ·¨É¥²Ó´μ° É· ´¸Ëμ·³ Í¨¥° ¤ ´´ÒÌ ¨ ¶μ´¨¦¥´¨¥³ ¶μ·Ö¤±  ³μ¤¥²¨. �·¨¢μ-
¤ÖÉ¸Ö 	�Š- ²£μ·¨É³ ¨ ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ ¤²Ö ·¥¤ÊÍ¨·μ¢ ´´μ° ³μ¤¥²¨ 6-£μ
¶μ·Ö¤± . ‚ § ±²ÕÎ¥´¨¨ ¤ ÕÉ¸Ö ·¥±μ³¥´¤ Í¨¨ μÉ´μ¸¨É¥²Ó´μ ¶· ±É¨Î¥¸±μ£μ
¶·¨³¥´¥´¨Ö Œ��-³μ¤¥²¨.

1. ��…„‘’�‚‹…�ˆ… Pn(x) —…�…‡ ��‡ˆ‘�›… �‹…Œ…�’›

1.1. � §¨¸´Ò¥ Ô²¥³¥´ÉÒ. � · ³¥É·¨§ Í¨Ö ËÊ´±Í¨¨ f(x) ∈ C[a,b] ¢
· ³± Ì „�� [8] ¨¸¶μ²Ó§Ê¥É · ¸¶μ²μ¦¥´´ÊÕ ´  f Î¥É¢¥·±Ê ´¥¸μ¢¶ ¤ ÕÐ¨Ì
ÉμÎ¥± {Mτ , Mα, Mβ, M0}, ¢ ±μÉμ·μ° ¢¥²¨Î¨´Ò τ = xτ −x0, α = xα−x0, β =
xβ − x0 ¨ 0 = x0 − x0 ¸¢Ö§ ´Ò ¸¶¥Í¨ ²Ó´Ò³ ¶· ¢¨²μ³ ¸²μ¦´μ£μ μÉ´μÏ¥´¨Ö
Î¥ÉÒ·¥Ì ÉμÎ¥±: [13] : [24]/[23] : [14], £¤¥ [ij] = xj −xi. ’·μ°±  {Mα, Mβ, M0}
´ §Ò¢ ¥É¸Ö ·¥¶¥·μ³,   α ¨ β Å ¶ · ³¥É· ³¨.

„²Ö ´ ¡μ·  {xτ , xα, xβ , x0} ¶· ¢¨²μ, Ê± § ´´μ¥ ¢ÒÏ¥, ¶μ·μ¦¤ ¥É É·¨
ËÊ´±Í¨¨: wj Å ±¢ ¤· É¨Î´Ò¥ μÉ´μ¸¨É¥²Ó´μ τ ¨ ¤·μ¡´μ-· Í¨μ´ ²Ó´Ò¥ μÉ-
´μ¸¨É¥²Ó´μ α ¨ β, (α �= β �= 0):

w1 =
−τ(τ − β)
α(β − α)

, w2 =
τ(τ − α)
β(β − α)

, w3 =
(τ − α)(τ − β)

αβ
,

3∑
j=1

wj = 1.

(9)
“³´μ¦ Ö w3 ´  αβτ , ¶μ²ÊÎ¨³ ¥Ð¥ μ¤´Ê ËÊ´±Í¨Õ Å ®§ ´Ê²ÖÕÐÊÕ¯ ±Ê¡¨Î¥-
¸±ÊÕ ¶ · ¡μ²Ê ¸ ´Ê²Ö³¨ ¢ ÉμÎ± Ì 0, α ¨ β:

Q(τ ; α, β) = τ(τ − α)(τ − β). (10)

”Ê´±Í¨¨ w1, w2, w3 ¨ Q ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¡ §¨¸´Ò³¨ Ô²¥³¥´É ³¨ (£¥μ³¥É·¨Î¥-
¸±¨³¨ ¶·¨³¨É¨¢ ³¨) ¢ ±μ´¸É·Ê±Í¨¨ Œ��-¶μ²¨´μ³ . ’ ±, ¶μ²¨´μ³Ò 0-°, 1-°
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¨ 2-° ¸É¥¶¥´¥°, ¶·μÌμ¤ÖÐ¨¥ Î¥·¥§ μ·¤¨´ ÉÒ r = [rα, rβ , r0]T ¸  ¡¸Í¨¸¸ ³¨
xα, xβ ¨ x0, ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ Î¥·¥§ Ô²¥³¥´ÉÒ wj ¢ ¢¨¤¥

Π(x; α, β, r) = wT r = rαw1 + rβw2 + r0w3, (11)

£¤¥ w = [w1, w2, w3]T ,   Π(ν; α, β, r) = rν . ‚ § ¢¨¸¨³μ¸É¨ μÉ · ¸¶μ²μ-
¦¥´¨Ö rν , ν = α, β, 0, ´  ¶²μ¸±μ¸É¨ Ê· ¢´¥´¨¥ (11) μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É
±μ´¸É ´ÉÊ, ¶·Ö³ÊÕ ¨²¨ ±¢ ¤· É¨Î´ÊÕ ¶ · ¡μ²Ê. “· ¢´¥´¨¥ (3) ¶·¥¤¸É ¢²Ö¥É
Œ��-±μ´¸É·Ê±Í¨Õ ¤²Ö ±Ê¡¨Î¥¸±μ° ¶ · ¡μ²Ò P3(x) = a0 + a1x+ a2x

2 + a3x
3

¸ É·¥³Ö Ë¨±¸¨·μ¢ ´´Ò³¨ r ¨ μ¤´¨³ ¸¢μ¡μ¤´Ò³ ¶ · ³¥É·μ³ θ ≡ a3. 	 ¸¸³μ-
É·¨³ ¡μ²¥¥ ¶μ¤·μ¡´μ ¸Ì¥³Ê ¶μ¸É·μ¥´¨Ö Œ��-¶μ²¨´μ³  ¤²Ö n > 3.

1.2. �¥¤ÊÍ¨·μ¢ ´´Ò¥ ³´μ£μÎ²¥´Ò Ui(x). “· ¢´¥´¨¥ (3) ³μ¦´μ § ¶¨¸ ÉÓ
¢ ¢¨¤¥ S = Π(x; α, β, r0) + Q(x; α, β)Π1(x; α, β, r1), £¤¥ r1 = [θ, θ, θ]T . �Éμ
Ê· ¢´¥´¨¥ ¶·¨ r1α �= r1β �= r10 ¶·¥¤¸É ¢²Ö¥É ¶μ²¨´μ³ 5-° ¸É¥¶¥´¨. ‚ μ¡-
Ð¥³ ¸²ÊÎ ¥, ¶μ¸²¥ ¶μ¤¸É ´μ¢±¨ ¶· ¢μ° Î ¸É¨ (1) ¢³¥¸Éμ xk ¢ (5) ¨ ¸ ÊÎ¥Éμ³
· ¢¥´¸É¢ (2), (10) ¨ (11) (¶·¨ x0 = 0) ¶μ²¨´μ³ (5) § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥ [6]

Pn(x) = Π0(x; α, β, r0) + Q(x; α, β)U1(x), (12)

£¤¥ U1(x) Å ³´μ£μÎ²¥´ ¸É¥¶¥´¨ n−3 μÉ´μ¸¨É¥²Ó´μ x, a r0 = [Pn(α), Pn(β),
Pn(0)]T .

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ §´ Î¥´¨Ö U1 ¢ ÉμÎ± Ì x = α, x = β ¨ x = 0, ¢
¶·¨´Í¨¶¥, ¶μ§¢μ²ÖÕÉ ¶μ¸É·μ¨ÉÓ r1 = [U1(α), U1(β), U1(0)]T ¨ ¶μ  ´ ²μ£¨¨
¸ (12) ¶μ²ÊÎ¨ÉÓ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö U1(x) ¢ ¢¨¤¥

U1(x; α, β) = Π1(x; α, β, r1) + Q(x; α, β)U2(x),

£¤¥ Π1(x; α, β, r1) = wT r1,   ¸É¥¶¥´Ó U2(x) ´  3 ³¥´ÓÏ¥ ¸É¥¶¥´¨ U1(x). �μ-
²ÊÎ¥´´Ò¥ ¢ É ±μ³ ¶·μÍ¥¸¸¥ ³´μ£μÎ²¥´Ò Ui(x) = Πi(x; α, β, ri)+Q(x)Ui+1(x),
£¤¥ ri = [Ui(α), Ui(β), Ui(0)]T , i = 1, k, ¡Ê¤¥³ ´ §Ò¢ ÉÓ ·¥¤ÊÍ¨·μ¢ ´´Ò³¨,
É ± ± ± ´  ± ¦¤μ³ Ï £¥ ¨Ì ¸É¥¶¥´Ó Ê³¥´ÓÏ ¥É¸Ö ´  É·¨. �Î¥¢¨¤´μ, ÎÉμ
Uk(x) = Πk(x; α, β, rk), £¤¥ k = �n/3�.

�μ¤¸É ¢²ÖÖ ¶μ¸²¥¤μ¢ É¥²Ó´μ ¶· ¢Ò¥ Î ¸É¨ Uk(x) ¢ ¢Ò· ¦¥´¨Ö ¤²Ö Uk−1(x),
Uk−1(x) ¢ Uk−2(x)...U1(x) ¢ Pn(x), ¶μ²ÊÎ¨³ Œ��-¶·¥¤¸É ¢²¥´¨¥ Pn(x) ¢
¢¨¤¥

Pn↓k(x) = Π0 + QΠ1 + Q2Π2 + ... + QkΠk =
k∑

i=0

QiwT ri,

£¤¥ riν ≡ Ui(ν) Å ±μÔËË¨Í¨¥´ÉÒ ¤²Ö Πi, ν = α, β, 0.
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‹¥³³ . ‡´ Î¥´¨Ö U1 ¢ ÉμÎ± Ì x = α, x = β, x = 0 μ¶·¥¤¥²ÖÕÉ¸Ö ¢ ¢¨¤¥

U1(α) = −P
′

n(α)
αγ

+
Pn(β)
βγ2

− Pn(0)
α2β

,

U1(β) =
Pn(α)
αγ2

+
P

′

n(β)
βγ

− Pn(0)
αβ2

,

U1(0) = −Pn(α)
α2γ

+
Pn(β)
β2γ

+
P

′

n(0)
αβ

,

(13)

£¤¥ γ = β − α.
„μ± § É¥²Ó¸É¢μ ²¥³³Ò ¸²¥¤Ê¥É ´¥¶μ¸·¥¤¸É¢¥´´μ ¨§ (12) ¨ ´ Ìμ¦¤¥´¨Ö

¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶·¥¤¥² :

U1(ν) = lim
x→ν

{[Pn(x) − Π0(x; α, β, r0))]/Q(x; α, β)}, ν = α, β, 0. �

‡´ Î¥´¨Ö riν , i = 2, 3..., μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ (13) ¶·¨ § ³¥´¥ Pn ¨ P
′

n ´  Ui−1(x)
¨ U

′

i−1(x). �μ¤·μ¡´μ ¶·μÍ¥¸¸ ¢ÒÎ¨¸²¥´¨Ö riν · ¸¸³ É·¨¢ ¥É¸Ö ¢ ¶. 1.3.

�·¨³¥Î ´¨¥ 1. ”μ·³Ê²Ò (13), ¶·¥¤¸É ¢²ÖÕÐ¨¥ r(i+1)ν Î¥·¥§ Ui ¨ U
′

i ,
³μ¦´μ ¢Ò· §¨ÉÓ ¸ ¶μ³μÐÓÕ ¸± ²Ö·´ÒÌ ¶·μ¨§¢¥¤¥´¨° ¢¥±Éμ·μ¢ cν ¨ uiν , ν =
α, β, 0:

rT
i+1 = [cT

αuiα, cT
β uiβ , cT

0 ui0], £¤¥ (14)

cT
α = [− 1

αγ
,

1
βγ2

,− 1
α2β

], cT
β = [

1
αγ2

,
1

βγ
,− 1

αβ2
], cT

0 = [− 1
α2γ

,
1

β2γ
,

1
αβ

];

uT
iα = [U

′

iα, riβ , ri0],uT
iβ = [riα, U

′

iβ , ri0],uT
i0 = [riα, riβ , U

′

i0].

1.3. ‚ÒÎ¨¸²¥´¨¥ μ·¤¨´ É riν . ‚¥±Éμ·Ò r0 ¨ r1 ¶μ²ÊÎ¥´Ò ¶μ Pnν ¨ P
′

nν .
„¥É ²¨ ¶·μÍ¥¸¸  ¢ÒÎ¨¸²¥´¨Ö ri ¶μ± ¦¥³ ¤²Ö i = 2, 3, 4. „ ²¥¥ ¤²Ö Ê¶·μÐ¥´¨Ö
Ëμ·³Ê² ¶ · ³¥É·Ò α, β ¨ ¶¥·¥³¥´´ÊÕ x ¡Ê¤¥³ μ¶Ê¸± ÉÓ.

‡´ Î¥´¨Ö U
′

i (ν) ´ °¤¥³ ¸ ¶μ³μÐÓÕ Ëμ·³Ê²Ò ‹¥°¡´¨Í  ¤²Ö i-° ¶·μ¨§¢μ¤-
´μ° μÉ ¶·μ¨§¢¥¤¥´¨°, ¢Ìμ¤ÖÐ¨Ì ¢ · ¢¥´¸É¢μ

(Qi−1Ui−1)(i) = (Pn −
i−2∑
j=0

QjΠj)(i), i = 2, k. (15)

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¶·¨ · §²μ¦¥´¨¨ ¶μ Ëμ·³Ê²¥ ‹¥°¡´¨Í  Î²¥´Ò, ¸μ¤¥·¦ Ð¨¥

³´μ¦¨É¥²¨ Q(x), Q2(x)... Q(4)(x), Q(5)(x)... Π
′′′

i (x), Π(4)
i (x)... ¢ ÉμÎ± Ì x =

α, β, 0 μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó, ¸ÊÐ¥¸É¢¥´´μ Ê¶·μÐ Ö ´ Ìμ¦¤¥´¨¥ U
′

i (ν), i =
1, k.
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� ¶·¨³¥·, ¢Ò· ¦¥´¨¥ ¤²Ö U
′

1ν ¶μ²ÊÎ ¥É¸Ö ¨§ Ê· ¢´¥´¨Ö (15) ¶·¨ i = 2:
(Pn − Π0)

′′
= Q

′′
U1 + 2Q

′
U

′

1 + QU
′′

1 . ‘ ÊÎ¥Éμ³ Qν = 0 ´ °¤¥³

U
′

1ν = (P
′′

nν − Π
′′

0ν − Q
′′

νU1ν)/(2Q
′

ν), Q
′

ν �= 0,

£¤¥ U1ν μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ (13)Ä(14). �μ¸²¥ ¶μ¤¸É ´μ¢±¨ Q
′

ν = 3ν2−2(α+β)ν+
αβ, Q

′′

ν = 6ν−2(α+β) ¨ Π
′′

0ν ≡ Cαβo = 2(−r0α/(αγ)+r0β/(βγ)+r00/(αβ))
¶μ²ÊÎ¨³

U
′

1ν = (P
′′

nν +Cαβo−(6ν−2(α+β))U1ν)/(6ν2−4(α+β)ν+αβ), ν = α, β, 0.

�μ²ÊÎ¥´´Ò¥ U
′

1ν ¨ r1ν ¨¸¶μ²Ó§Ê¥³ ¤²Ö Ëμ·³¨·μ¢ ´¨Ö u1ν ¢ (14), ÎÉμ¡Ò ´ °É¨
r2. „²Ö ¶μ¸É·μ¥´¨Ö r3 ¨¸¶μ²Ó§Ê¥³ r2ν ¨ U

′

2ν . �μ  ´ ²μ£¨¨ ´ °¤¥³ U
′

2 ¨§
Ê¸²μ¢¨Ö (Q2U2)

′′′
= (Pn − Π0 − QΠ1)

′′′
:

U
′

2 = (P
′′′

n − Q
′′′

Π1 − 3Q
′′
Π

′

1 − 3Q
′
Π

′′

1 − 6Q
′′
Q

′
U2)/(6Q

′2).

�μ² £ Ö i = 4, 5 ¢ (15), ¶μ²ÊÎ¨³ Ëμ·³Ê²Ò ¤²Ö ¢ÒÎ¨¸²¥´¨Ö U
′

3 ¨ U
′

4:

U
′

3 = (P (4)
n − 4Q

′′′
Π

′

1 − 6Q
′′2Π2 − 6Q

′′
Π

′′

1 − 8Q′′′Q
′
Π2−

− 12Q
′2Π

′′

2 − 24Q
′′
Q

′
Π

′

2 − 36Q
′′
Q

′2U3)/(24Q
′3),

U
′

4 = (P (5)
n − 10Q

′′′
Π

′′

1 − 20Q
′′′

Q
′′
Π2 − 30Q

′′2Π
′

2−
− 40Q

′′′
Q

′
Π

′

2 − 60Q
′3Π

′′

3 − 60Q
′′
Q

′
Π

′′

2 − 60Q
′′′

Q
′2Π3−

− 90Q
′′2Q

′
Π3 − 180Q

′′
Q

′2Π
′

3 − 180Q
′′
Q

′
Π

′′

3 − 240Q
′′
Q

′3U4)/(120Q
′4).

Πi(ν) = riν ,   ËÊ´±Í¨¨ Π
′

i = w
′T ri, Π

′′

i = w
′′T ri, Q

′
, Q

′′
¨ Q

′′′
²¥£±μ § É -

¡Ê²¨·μ¢ ÉÓ ¶μ §´ Î¥´¨Ö³ ¶·μ¨§¢μ¤´ÒÌ ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢ ¢ ÉμÎ± Ì α, β, 0,
£¤¥ w

′T = [w
′

1, w
′

2, w
′

3], w
′′T = [w

′′

1 , w
′′

2 , w
′′

3 ] (¸³. É ¡². 1).
	 ¢¥´¸É¢  (13), (14) ¨ Ëμ·³Ê²Ò, ¶μ²ÊÎ¥´´Ò¥ ´  μ¸´μ¢ ´¨¨ (15), ¸μ¸É -

¢²ÖÕÉ μ¸´μ¢Ê ¶·μÍ¥¤Ê·Ò ¢ÒÎ¨¸²¥´¨Ö ri Å ±μÔËË¨Í¨¥´Éμ¢ ¢ ±μ´¸É·Ê±Í¨¨
Œ��-¶μ²¨´μ³ . � ¶·¨³¥·, ¶μ Ëμ·³Ê² ³ ¤²Ö U

′

i , i = 0, 4, ¨ É ¡². 1 ¶μ²ÊÎ¨³
15 §´ Î¥´¨° riν ¤²Ö ¶ÖÉ¨ ¢¥±Éμ·μ¢ ri, ¸ ¶μ³μÐÓÕ ±μÉμ·ÒÌ ¶μ²¨´μ³ 14-°
¸É¥¶¥´¨ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

P14(x; a) =
4∑

i=0

QiwT ri.

�·¨³¥Î ´¨¥ 2. ˆ§ ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥ Ëμ·³Ê² ¨ É ¡². 1 ¸²¥¤Ê¥É, ÎÉμ ¤²Ö ¶·¨-
¡²¨¦¥´¨Ö ËÊ´±Í¨¨ ¶μ²¨´μ³μ³ n-° ¸É¥¶¥´¨ É·¥¡Ê¥É¸Ö ¢ÒÎ¨¸²ÖÉÓ Éμ²Ó±μ �n/3�
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’ ¡²¨Í  1.

ν w
′
1 w

′
2 w

′
3 w

′′
1 w

′′
2 w

′′
3 Q

′
Q

′′
Q

′′′

α γ−α
αγ

α/βγ −γ/αβ −2/αγ 2/βγ 2/αβ −αγ 4α − 2β 6

β −β/αγ β+γ
βγ

γ/αβ −2/αγ 2/βγ 2/αβ βγ 4β − 2α 6

0 β/αγ −α/βγ −(α+β)
αβ

−2/αγ 2/βγ 2/αβ αβ −2(α + β) 6

¥¥ ¶·μ¨§¢μ¤´ÒÌ ¨ ¶·μ¨§¢μ¤´Ò¥ Î¥ÉÒ·¥Ì ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢ ¤μ ¢Éμ·μ£μ-
É·¥ÉÓ¥£μ ¶μ·Ö¤±μ¢.

‘É¥¶¥´Ó ·¥¤ÊÍ¨·μ¢ ´´ÒÌ ¶μ²¨´μ³μ¢ ¶μ´¨¦ ¥É¸Ö ´  É·¨ ´  ± ¦¤μ³ Ï £¥
¢ÒÎ¨¸²¥´¨Ö ri. �μ¸²¥¤´¨° ¢ ÔÉμ³ ·Ö¤Ê ¶μ²¨´μ³ ¡Ê¤¥É ²¨¡μ ±¢ ¤· É¨Î´μ°
¶ · ¡μ²μ°, ²¨¡μ ¶·Ö³μ° ²¨´¨¥° ¨²¨ ±μ´¸É ´Éμ°. ‚ ¨Éμ£¥, ¨¸Ìμ¤´Ò° ¶μ²¨´μ³
§ ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

Pn↓k(x; ri) =

= Π0(r0) + Q[

U1︷ ︸︸ ︷
Π1(r1) + Q[Π2(r2) + Q[...[Πk−1(rk−1) + Q Πk(rk)︸ ︷︷ ︸

Uk

]...]

︸ ︷︷ ︸
U2

]], (16)

£¤¥ k = �n/3�,   Πi ¨ Q § ¢¨¸ÖÉ É ±¦¥ μÉ x, α, β.
’ ±¨³ μ¡· §μ³, ´ °¤¥´´Ò¥ ri ¶μ§¢μ²ÖÕÉ ¢Ò· §¨ÉÓ ¶μ²¨´μ³ Pn(x) Î¥·¥§

±¢ ¤· É¨Î´Ò¥ ¨ ±Ê¡¨Î¥¸±¨¥ Ô²¥³¥´ÉÒ ¢ ¢¨¤¥ (16), ÎÉμ ¸²Ê¦¨É μ¸´μ¢μ° ¤²Ö
¤μ± § É¥²Ó¸É¢  ¸²¥¤ÊÕÐ¥° É¥μ·¥³Ò.

’¥μ·¥³  I. „²Ö § ¤ ´´μ° É·μ°±¨ Î¨¸¥² {xα, xβ , x0} ∈ R ¨ Î¥É¢¥·±¨ ¡ -
§¨¸´ÒÌ Ô²¥³¥´Éμ¢ {w1, w2, w3, Q}, μ¶·¥¤¥²¥´´ÒÌ Ëμ·³Ê² ³¨ (9) ¨ (10), ³´μ-
£μÎ²¥´

Pn(x; a) =
n∑

j=0

ajx
j

³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¢ ¢¨¤¥

Pn↓k(x; ri) =
k∑

i=0

QiwT ri, (17)

8



£¤¥ k = �n/3�, τ = x−x0, α = xα − x0, β = xβ − x0,   ri = [riα, riβ , ri0]T Å
¢¥±Éμ·, μ¡· §μ¢ ´´Ò° ¨§ μ·¤¨´ É, · ¸¶μ²μ¦¥´´ÒÌ ´  ²¨´¨ÖÌ τ = α, τ = β ¨
τ = 0. �

1.4. ƒ¥μ³¥É·¨Î¥¸± Ö ¨´É¥·¶·¥É Í¨Ö Œ��. —Éμ¡Ò ¨§¡¥¦ ÉÓ μ£μ¢μ·μ±,
·¥§Ê²ÓÉ É ¶·¥μ¡· §μ¢ ´¨Ö Pn(x; a) ¢ ¸Ê³³Ê ¶·μ¨§¢¥¤¥´¨° ΠiQ

i, i = 0, k, k =
�n/3�, · ´¥¥ ¡Ò² μ¡μ§´ Î¥´ Î¥·¥§ Pn↓k, £¤¥ n ¨ k Å ³ ±¸¨³ ²Ó´Ò¥ ¸É¥¶¥´¨
¸μμÉ¢¥É¸É¢¥´´μ ¤²Ö x ¨ Q:

Pn↓k(Q, w; ri) =
k∑

i=0

QiwT ri. (18)

�·¥¤¸É ¢²¥´¨¥ (18) ¨³¥¥É Ö¸´ÊÕ £¥μ³¥É·¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ. ‚ § ¢¨-
¸¨³μ¸É¨ μÉ · ¸¶μ²μ¦¥´¨Ö μ·¤¨´ É riν ´  ±μμ·¤¨´ É´μ° ¶²μ¸±μ¸É¨ ²¨´¨¨
Πi μ¤´μ§´ Î´μ μ¶·¥¤¥²ÖÕÉ¸Ö μ¤´μ°, ¤¢Ê³Ö ¨²¨ É·¥³Ö μ·¤¨´ É ³¨ Å £μ·¨§μ´-
É ²Ó´ Ö ¶·Ö³ Ö, ´ ±²μ´´ Ö ¶·Ö³ Ö ¨²¨ ±¢ ¤· É¨Î´ Ö ¶ · ¡μ²  ¸μμÉ¢¥É¸É¢¥´´μ
(·¨¸. 1, ¸¶· ¢ ).

	¨¸. 1. ƒ· Ë¨±¨ ËÊ´±Í¨° wj(τ ;α, β), Q(τ ;α, β) (¸²¥¢ ) ¨ ¢ ·¨ ´ÉÒ · ¸¶μ²μ¦¥´¨Ö
μ·¤¨´ É ´  ±μμ·¤¨´ É´μ° ¶²μ¸±μ¸É¨ ¤²Ö Πi = riαw1 + riβw2 + ri0w3 (¸¶· ¢ )

1.5. ‘²¥¤¸É¢¨Ö ¨§ É¥μ·¥³Ò I.
1. 	¥±Ê·¸¨¢´μ¥ ¢ÒÎ¨¸²¥´¨¥ ¡ §¨¸´ÒÌ ËÊ´±Í¨°:
bi = Qbi−1, £¤¥ bi−1 = Qi−1w, i = 1, k.
2. …¸²¨ ¢ ÉμÎ± Ì α, 0, β § ¤ ´Ò §´ Î¥´¨Ö ËÊ´±Í¨¨ f ∈ C[a,b] ¨ ¥¥ ¶·μ¨§¢μ¤´μ°

f
′
, Éμ Ê· ¢´¥´¨¥ Œ��-¶μ²¨´μ³  5-° ¸É¥¶¥´¨, ¶·μÌμ¤ÖÐ¥£μ Î¥·¥§ ÔÉ¨ ÉμÎ±¨,

§ ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

P5↓1(τ) = (fα + QUα)w1 + (fβ + QUβ)w2 + (f0 + QU0)w3,
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£¤¥ Uα, Uβ, U0 ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ (13) ¸ § ³¥´μ° Pn(x) ¨ P
′

n(x) ´  f(x) ¨ f
′
(x)

¸μμÉ¢¥É¸É¢¥´´μ.

3. ’ ± ± ± ¤²Ö ∀λ ∈ R, λ �= 0, λ < ∞,

wj(λτ ; λα, λβ) = wj(τ ; α, β), a Q(λτ ; λα, λβ) = λ3Q(τ ; α, β),

Éμ Pn↓k(λτ) =
k∑

i=0

λi3Qi(τ ; α, β)Πi(τ ; α, β, r(λ)
i ), £¤¥ r(λ)

i = [r(λ)
i1 , r

(λ)
i2 , r

(λ)
i3 ]T .

� ¶·¨³¥·, ¶·¨ n = 5 §´ Î¥´¨¥ k = �5/3� = 1. ’μ£¤ 

P5↓1(λτ) = Π0(τ ; α, β, r(λ)
0 ) + λ3Q(τ ; α, β)Π1(τ ; α, β, r(λ)),

ÎÉμ ¶μ§¢μ²Ö¥É ¢ λ3 · § ¶μ¤ ¢²ÖÉÓ μÏ¨¡±¨ ¤²Ö ¶·μ·¥¦¥´´ÒÌ ¤ ´´ÒÌ (¢ μ¡· -
¡μÉ±Ê ¢±²ÕÎ ¥É¸Ö ± ¦¤ Ö λ-Ö ÉμÎ± ):

λ−3{f̃(x) − Π0(τ ; α, β, r̂(λ)
0 )} = Q(τ ; α, β)Π1(τ ; α, β, r(λ)).

�·¨³¥· 1. �  ·¨¸. 2 ¸²¥¢  ¶μ± § ´Ò £· Ë¨±¨ ³´μ£μÎ²¥´μ¢ P5(x) =
−0,15x5 + 0,3x4 + 3x3 − 5x2 − 12x + 18, x ∈ [−5, 5,5], P5↓1(Q,w; r) =
wT r0 + QwT r1, £¤¥ rT

0 = [−2,480256, 4,3429563, 18], rT
1 = [−1,828999028,

−0,5183500329, 0,886108067],   É ±¦¥ £· Ë¨±¨ ¶ · ¡μ² Π0, Π1 ¨ Q ¸ ¶ · -
³¥É· ³¨ x0 = 0, α = −3,6, β = 4,0.

	¨¸. 2. �·¥¤¸É ¢²¥´¨¥ ³´μ£μÎ²¥´  5-° ¸É¥¶¥´¨ Î¥·¥§ ¡ §¨¸´Ò¥ Ô²¥³¥´ÉÒ. ƒ· Ë¨±¨
Π0(x), Π1(x),Q(x), ³´μ£μÎ²¥´  P5↓1(x) = Π0(x) + Q(x)Π1(x) (¸²¥¢ ) ¨ ¡ §¨¸´ÒÌ
ËÊ´±Í¨° b(x; α, β) (¸¶· ¢ )

1.6. ‚¥±Éμ·´ Ö § ¶¨¸Ó Œ��-¶μ²¨´μ³ . ‡ ¶¨Ï¥³ Ëμ·³Ê²Ê (17) ¢ ¢¥±-
Éμ·´μ° Ëμ·³¥

Pn↓k(x; ri) =
�n/3�∑
i=0

bT
i ri =

�n/3�∑
i=0

3∑
j=1

bij(x; α, β)rij , (19)
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£¤¥ bi = QiwT = [Qiw1, Q
iw2, Q

iw3] = [bi1, bi2, bi3]T ,   rT
i = [ri1, ri2, ri3] Å

·¥¶¥·´Ò¥ μ·¤¨´ ÉÒ ´  ¶ · ¡μ² Ì Πi(x; α, β, ri), £¤¥ ri1 ≡ riα, ri2 ≡ riβ , ri3 ≡
ri0.

2. ����	Š‘ˆŒ�–ˆŸ ”“�Š–ˆ‰ Œ��-�	‹ˆ�	Œ�Œˆ

ˆ¸¶μ²Ó§μ¢ ´¨¥ Œ��-³´μ£μÎ²¥´  (18) ¤²Ö ²μ± ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö f(x) ∈
C

(k)
[a,b] ¨³¥¥É ¸¢μ¨ μ¸μ¡¥´´μ¸É¨. ‘É·Ê±ÉÊ·  · §²μ¦¥´¨Ö f(x) ¶μ ¸É¥¶¥´Ö³ Q =

(x − x0)(x − xα)(x − xβ) (18)  ´ ²μ£¨Î´  ¸É·Ê±ÉÊ·¥ ËÊ·³Ê²Ò É¥°²μ·μ¢¸±μ£μ
· §²μ¦¥´¨Ö f(x) ¶μ ¸É¥¶¥´Ö³ (x − x0), ¢ ±μÉμ·μ° §´ Î¥´¨Ö ËÊ´±Í¨¨ ¨ ¥¥
¶·μ¨§¢μ¤´ÒÌ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¢ ÉμÎ±¥ x = x0. �·¨ · §²μ¦¥´¨¨ f(x) ¶μ ¸É¥-
¶¥´Ö³ Q ¨¸¶μ²Ó§ÊÕÉ¸Ö Ëμ·³Ê²Ò (13)Ä(15), É ¡². 1 ¨ Ëμ·³Ê²Ò ¢ÒÎ¨¸²¥´¨Ö
ËÊ´±Í¨¨ ¨ ¥¥ ¶·μ¨§¢μ¤´ÒÌ ¤μ k-£μ ¶μ·Ö¤±  ¢±²ÕÎ¨É¥²Ó´μ ¢ É·¥Ì ÉμÎ± Ì
x = xν , ν = α, β, 0 (·¨¸. 1). �·¨ ÔÉμ³ ¢¥¸Ó³  ¢ ¦´μ ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ Ô²¥-
³¥´ÉÒ Q ¨ wj , j = 1, 3, § ¢¨¸ÖÉ μÉ ¶ · ³¥É·μ¢ α ¨ β, ¨§³¥´ÖÕÐ¨Ì ¡ §¨¸,
Éμ£¤  ± ± ¢ É¥°²μ·μ¢¸±μ³ · §²μ¦¥´¨¨ ¡ §¨¸ Ë¨±¸¨·μ¢ ´. 	 ¸¸Ê¦¤¥´¨Ö, ¶μ-
¤μ¡´Ò¥ É¥³, ÎÉμ ¡Ò²¨ ¨¸¶μ²Ó§μ¢ ´Ò ¶·¨ ¤μ± § É¥²Ó¸É¢¥ É¥μ·¥³Ò I, ¶μ§¢μ²ÖÕÉ
¸Ëμ·³Ê²¨·μ¢ ÉÓ ¸²¥¤ÊÕÐÊÕ É¥μ·¥³Ê.

’¥μ·¥³  II. …¸²¨ ¤¥°¸É¢¨É¥²Ó´ Ö ËÊ´±Í¨Ö f(x), x ∈ [a, b], μ¤´μ£μ ¶¥·¥-
³¥´´μ£μ ¨³¥¥É k ´¥¶·¥·Ò¢´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ¢ ÉμÎ± Ì x0, xα xβ , xα < x0 <
xβ , ¶·¨Î¥³ xα ¨ xβ ´ Ìμ¤ÖÉ¸Ö ¢¡²¨§¨ a ¨ b ¸μμÉ¢¥É¸É¢¥´´μ, Éμ f(x) ³μ¦¥É
¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥

f(x) =
k∑

i=0

QiwT ri + Rk+1, k = �n/3�, (20)

£¤¥ ri ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³ (13)Ä(15) ´  μ¸´μ¢¥ f(x),w(x; α, β) ¨
Q(x; α, β). �·¨ ÔÉμ³ μ¸É ÉμÎ´Ò° Î²¥´ · ¢¥´ Rk+1 = Qk+1Uk+1(x; α, β).

�·¨³¥Î ´¨¥ 3. ‚ · §²μ¦¥´¨¨ (20) ¡ §¨¸´Ò¥ Ô²¥³¥´ÉÒ § ¢¨¸ÖÉ μÉ ¶ · -
³¥É·μ¢, ¨§³¥´¥´¨¥ ±μÉμ·ÒÌ ¢²¨Ö¥É ´  ¢¥²¨Î¨´Ê μ¸É ÉμÎ´μ£μ Î²¥´ . ‚ ÔÉμ³
¸²ÊÎ ¥ α ¨ β Ö¢²ÖÕÉ¸Ö ¶ · ³¥É· ³¨ ·¥£Ê²¨·μ¢ ´¨Ö (Ê¶· ¢²¥´¨Ö) ¨ μÉ ¨Ì
¢Ò¡μ·  § ¢¨¸¨É ÉμÎ´μ¸ÉÓ  ¶¶·μ±¸¨³ Í¨¨. ‚μ¶·μ¸ μ¶É¨³ ²Ó´μ£μ ¢Ò¡μ·  Ê¶· -
¢²ÖÕÐ¨Ì ¶ · ³¥É·μ¢ ¶·¥¤¸É ¢²Ö¥É μÉ¤¥²Ó´ÊÕ § ¤ ÎÊ ¨ ¢ ¤ ´´μ° · ¡μÉ¥ ´¥
· ¸¸³ É·¨¢ ¥É¸Ö.

�·¨³¥· 2. � °¤¥³ Œ��-¶μ²¨´μ³ 5-£μ ¶μ·Ö¤±  (k = 1) ¤²Ö ¶·¨¡²¨-
¦¥´¨Ö sin(x), x ∈ [−π, π], (α = −π, x0 = 0, β = π, γ = 2π). ’ ± ± ±

r0 = [0, 0, 0]T , sin
′

−π = sin
′

π = −1 ¨ sin
′

0 = 1, Éμ ¶μ Ëμ·³Ê² ³ (13)
´ °¤¥³ r1 = −π−2[1/2, 1/2, 1]T . �μ¸²¥ ¶μ¤¸É ´μ¢±¨ ÔÉ¨Ì §´ Î¥´¨° ¢ (12)
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¸ ÊÎ¥Éμ³ (9) ¶μ²ÊÎ¨³

sin (x) ≈ wT r0 + QwT r1 = −Q(w1 + w2 + 2w3)/(2π2) =

= −Q(1 + w3)/(2π2), ¨²¨

sin (x) ≈ −x(x2 − π2)(2π2 − x2)/(2π4).

�·¨ ÔÉμ³ max | sin (x) − QwT r1| < max | sin (x) − (x − x3/6 + x5/120)|,
x ∈ [−π, π].

�·¨³¥· 3. �  ·¨¸. 3, 4 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ ¶·¨¡²¨¦¥´¨Ö ¸¨´Ê¸  ´ 
μÉ·¥§±¥ x ∈ [−4, 4] Ëμ·³Ê²μ° (20) ¤²Ö k = 3 ¸ ¶ · ³¥É· ³¨ α = −π − δ, β =
−α. �μ± § ´Ò £· Ë¨±¨ μÏ¨¡μ± ¨ μ¶μ·´Ò¥ ÉμÎ±¨ ¤²Ö Ui(x), i = 0, 4. „²Ö

	¨¸. 3. �¶¶·μ±¸¨³ Í¨Ö sin (x) ³´μ£μÎ²¥´ ³¨ ’¥°²μ·  ¨ Œ��-¶μ²¨´μ³ ³¨ ¸ ¶ · ³¥-
É· ³¨ α = −π − δ, β = −α, £¤¥ δ = 0,015 ¶μ²ÊÎ¥´μ ¶μ¤¡μ·μ³ ¶ · ³¥É·  α. ‘¶· ¢ 
¶μ± § ´Ò £· Ë¨±¨ ËÊ´±Í¨° Qi(x)Πi(x), i = 1, 3

	¨¸. 4. Œμ¤Ê²¨ μÏ¨¡μ±  ¶¶·μ±¸¨³ Í¨¨ (¸²¥¢ ) ¨ £· Ë¨±¨ Πk(x), ¶·μÌμ¤ÖÐ¨¥ Î¥·¥§
ÉμÎ±¨ riν ´  ¶¥·¶¥´¤¨±Ê²Ö· Ì x = ν (¸¶· ¢ ). ƒ· Ë¨±¨ Π1(x), Π2(x),Π3(x) ¨ Π4(x)
Ê³´μ¦¥´Ò ´  1/3, 100, 3000 ¨ 7000 ¸μμÉ¢¥É¸É¢¥´´μ
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¸· ¢´¥´¨Ö ¶μ± § ´Ò É ±¦¥ £· Ë¨±¨ ¶·¨¡²¨¦¥´¨° ¸¨´Ê¸  Ëμ·³Ê²μ° ’¥°²μ· 
¤²Ö 5-£μ, 7-£μ ¨ 9-£μ ¶μ·Ö¤±μ¢. � · ³¥É·Ò α ¨ β ¶μ¤¡¨· ²¨¸Ó Ô±¸¶¥·¨³¥´-
É ²Ó´μ.

�¨¦¥ ¶·¨¢¥¤¥´Ò μ·¤¨´ ÉÒ riν , · ¸¸Î¨É ´´Ò¥ ¶μ Ëμ·³Ê² ³ (13), (15) ¨
¶μ± § ´´Ò¥ ´  ·¨¸. 4 ¸¶· ¢ :

rT
0 = [0, 01499943751,−0, 01499943751, 0],

rT
1 = [−0, 05029383927,−0, 05029383927,−0, 1008374145],

rT
2 = [0, 00038881521,−0, 00038881521, 0],

rT
3 = [−8, 227677 · 10−6,−8, 227677 · 10−6,−3, 089631 · 10−6].

ˆ§ ·¨¸. 3 ¢¨¤´μ, ÎÉμ £· Ë¨± P11↓3 = Π0+QΠ1+Q2Π2+Q3Π3 ´  £· ´¨Í Ì
μÉ·¥§±  ´ Ìμ¤¨É¸Ö ³¥¦¤Ê T7(x) ¨ T9(x),   max |P11↓3(x)| < max |T9(x)|, x ∈
[−4, 4] (·¨¸. 4). �·¨ ÔÉμ³ ¸²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉμ ¤²Ö ¶μ²ÊÎ¥´¨Ö P11↓3 ¨¸¶μ²Ó§μ-
¢ ²¨¸Ó §´ Î¥´¨Ö Éμ²Ó±μ f, f

′
, f

′′
¨ f

′′′
¢ É·¥Ì ·¥¶¥·´ÒÌ ÉμÎ± Ì, Éμ£¤  ± ± ¤²Ö

¶·¨¡²¨¦¥´¨Ö Ëμ·³Ê²μ° ’¥°²μ·  ¨¸¶μ²Ó§μ¢ ²¨¸Ó §´ Î¥´¨Ö ¶·μ¨§¢μ¤´ÒÌ ¤μ
9-£μ ¶μ·Ö¤±  ¢±²ÕÎ¨É¥²Ó´μ, ÎÉμ ¶μ¤É¢¥·¦¤ ¥É ¢Ò£μ¤Ê Œ�� ¢ ¶² ´¥ ¶μ´¨¦¥-
´¨Ö ¶μ·Ö¤±  ¶·μ¨§¢μ¤´ÒÌ ¨ · ¸Ï¨·¥´¨Ö ¨´É¥·¢ ²   ¶¶·μ±¸¨³ Í¨¨.

3. ‘’�“Š’“�� ˆ ‘‚	‰‘’‚� Œ��-Œ	„…‹ˆ

ˆ¸¶μ²Ó§μ¢ ´¨¥ ¶μ²¨´μ³¨ ²Ó´μ° Œ��-³μ¤¥²¨ Pn↓k(x; α, β; r0, ri) ¢ § ¤ -
Î Ì ¸£² ¦¨¢ ´¨Ö ¤ ´´ÒÌ ¨  ¶¶·μ±¸¨³ Í¨¨ ËÊ´±Í¨° f(x) ∈ C[a,b]:

f(x) ≈ wT r0 +
�n/3�∑
i=1

bT
i ri (21)

¤ ¥É ·Ö¤ ¶·¥¨³ÊÐ¥¸É¢ ¤²Ö ¶· ±É¨Î¥¸±μ° ·¥ ²¨§ Í¨¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·μÍ¥-
¤Ê·, É ± ± ± (21) ±μ´¸É·Ê±É¨¢´μ ¨ ± Î¥¸É¢¥´´μ μÉ²¨Î ¥É¸Ö μÉ (5).

‚μ-¶¥·¢ÒÌ, Ê¶· ¢²ÖÕÐ¨¥ ¶ · ³¥É·Ò α ¨ β ¶μ§¢μ²ÖÕÉ ¨§³¥´ÖÉÓ §´ Î¥-
´¨Ö ¡ §¨¸´ÒÌ ËÊ´±Í¨°. �  ·¨¸. 5 ¶·¨¢¥¤¥´Ò £· Ë¨±¨ ËÊ´±Í¨° Qiw3, (α =
−0,95, β = 0,75) ¨ xi ´  μÉ·¥§±¥ [−1, 1], ¶·¥¤¸É ¢²ÖÕÐ¨Ì ¸É¥¶¥´¨ 3, 5, 8 ¨
11,   É ±¦¥ £· Ë¨±¨ ¤¥¸ÖÉ¨Î´ÒÌ ²μ£ ·¨Ë³μ¢ ³μ¤Ê²¥° μÉ´μÏ¥´¨° ¨Ì §´ Î¥´¨°
¤²Ö x ∈ [−1, 1] (·¨¸. 5, ¸¶· ¢ ). ƒ· Ë¨±¨ ËÊ´±Í¨° {Qiwj} É· ´¸Ëμ·³¨·ÊÕÉ¸Ö
¢ § ¢¨¸¨³μ¸É¨ μÉ §´ Î¥´¨° α ¨ β.

‚μ-¢Éμ·ÒÌ, Œ��-³μ¤¥²Ó · ¸Î²¥´Ö¥É¸Ö ´  ¤¢¥ ¸μ¸É ¢²ÖÕÐ¨¥ Å ·¥¶¥·´ÊÕ
(Π0 = wT r0) ¨ ¸¢μ¡μ¤´ÊÕ (bT

i ri).
”¨±¸¨·μ¢ ´´ Ö ¸μ¸É ¢²ÖÕÐ Ö ³μ¤¥²¨ (®·¥¶¥·´ Ö ¶ · ¡μ² ¯ Π0) ¨¸¶μ²Ó-

§Ê¥É ¤ ´´Ò¥ ¢³¥¸Éμ ±μÔËË¨Í¨¥´Éμ¢ ¶·¨ ³¥´ÓÏ¨Ì ¸É¥¶¥´ÖÌ x ¸ ¢μ§³μ¦´μ¸ÉÓÕ
¢ÒÎ¨¸²¥´¨° ¶μ ¶ · ³¥É· ³ α ¨ β, ÎÉμ ¸ÊÐ¥¸É¢¥´´μ · ¸Ï¨·Ö¥É · ³±¨  ²£μ-
·¨É³¨§ Í¨¨ · ¸Î¥Éμ¢. � ¶·¨³¥·, ¢ § ¢¨¸¨³μ¸É¨ μÉ ¢Ò¡μ·  ¶ · ³¥É·μ¢ x0, α
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	¨¸. 5. ƒ· Ë¨±¨ ¡ §¨¸´ÒÌ ËÊ´±Í¨° xi ¨ Qiw3(x; α, β), i = 3, 5, 8, 11 (¸²¥¢ ).
‘¶· ¢  Å £· Ë¨±¨ lg|xi/Qiw3|; x ∈ [−1, 1] (³ ¸ÏÉ ¡ £· Ë¨±μ¢ 8 ¨ 11 ¸²¥¢  Ê¢¥-
²¨Î¥´ ¢ 2 ¨ 4 · §  ¸μμÉ¢¥É¸É¢¥´´μ)

¨ β ³μ¤¥²Ó (21) ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ± ± ¢ ¸É É¨Î¥¸±μ³ (¢¸¥ É·¨ ¶ · ³¥É· 
Ë¨±¸¨·μ¢ ´Ò), É ± ¨ ¢ ¤¨´ ³¨Î¥¸±μ³ (ÌμÉÖ ¡Ò μ¤¨´ ¨§ ¶ · ³¥É·μ¢ ¨§³¥´Ö¥É¸Ö
¸¨´Ì·μ´´μ ¸ É¥±ÊÐ¥° ¶¥·¥³¥´´μ°) ·¥¦¨³ Ì [11].

‚-É·¥ÉÓ¨Ì, ¢Ò¡μ· ®¸μ¶·μ¢μ¦¤ ÕÐ¨Ì É·μ¥±¯ ¨§ ¢Ìμ¤´ÒÌ ¤ ´´ÒÌ
{(xν , r0ν)}, ν = α, β, 0, r0ν = f̃ν , μ¡¥¸¶¥Î¨¢ ¥É ¥¸É¥¸É¢¥´´ÊÕ ¶·¨¢Ö§±Ê ± ±·¨-
¢μ° f . ‚ § ¢¨¸¨³μ¸É¨ μÉ ¤¨¸¶¥·¸¨¨ ¢Ìμ¤´ÒÌ μÏ¨¡μ± μ·¤¨´ ÉÒ r0ν ¶·¨· ¢´¨-
¢ ÕÉ¸Ö ²¨¡μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ §´ Î¥´¨Ö³ ËÊ´±Í¨¨ (r0ν ≡ fν), ²¨¡μ ¨Ì μÍ¥´-
± ³, ¶μ²ÊÎ¥´´Ò³ Ê¸·¥¤´¥´¨¥³ ¶μ ´¥¸±μ²Ó±¨³ ¸μ¸¥¤´¨³ ÉμÎ± ³
(r0ν = f̂ν).

‚-Î¥É¢¥·ÉÒÌ, ¤·μ¡´μ-· Í¨μ´ ²Ó´ Ö § ¢¨¸¨³μ¸ÉÓ ¡ §¨¸´ÒÌ ËÊ´±Í¨° μÉ
¶ · ³¥É·μ¢ ¶μ§¢μ²Ö¥É ¶μ¢ÒÏ ÉÓ Ê¸Éμ°Î¨¢μ¸ÉÓ ± μÏ¨¡± ³ ¨ ¶μ´¨¦ ÉÓ ¢ÒÎ¨-
¸²¨É¥²Ó´ÊÕ ¸²μ¦´μ¸ÉÓ  ¶¶·μ±¸¨³ Í¨μ´´ÒÌ  ²£μ·¨É³μ¢ (¤²Ö ¶μ¤Ìμ¤ÖÐ¨Ì α ¨
β §´ ³¥´ É¥²¨ ¢ wj Ê³¥´ÓÏ ÕÉ μÏ¨¡±¨ ¢ ·¥¶¥·´ÒÌ μ·¤¨´ É Ì, ÎÉμ μ¡¥¸¶¥Î¨-
¢ ¥É Ê¸Éμ°Î¨¢μ¸ÉÓ É· ´¸Ëμ·³ Í¨¨ ¤ ´´ÒÌ). � ¶·¨³¥·, ³μ¤¥²Ó c ¶μ²¨´μ³μ³
5-° ¸É¥¶¥´¨ ³μ¦´μ ¶·¥μ¡· §μ¢ ÉÓ ± ¢¨¤Ê

f̃(x) − wT (x; α, β)r̂0 ≈ bT (x; α, β)r1,

£¤¥ r̂0 Å μÍ¥´±  ·¥¶¥·´ÒÌ μ·¤¨´ É, b Å ´μ¢Ò° ¡ §¨¸ 5-° ¸É¥¶¥´¨ (·¨¸. 2,
¸¶· ¢ ),   r1 Å ´¥¨§¢¥¸É´Ò¥ μ·¤¨´ ÉÒ.

�·¨ ÔÉμ³ ¶·μ¨¸Ìμ¤¨É Ê¸Éμ°Î¨¢μ¥ ¶·¥μ¡· §μ¢ ´¨¥ μÏ¨¡±¨ e(x) e0−→ eu(x),
£¤¥ eT

0 = [eα, eβ, e0] Å μÏ¨¡±¨ r̂0,   Î¨¸²μ ±μÔËË¨Í¨¥´Éμ¢ (r1) ¸μ±· Ð ¥É¸Ö
¤μ É·¥Ì:

ũ(x) = bT (x; α, β)r1 + eu(x). (22)

’ ±¨³ μ¡· §μ³, ¶·¨ · ¡μÉ¥ ¸ ³ É·¨Í ³¨ Î¨¸²μ  ·¨Ë³¥É¨Î¥¸±¨Ì μ¶¥· Í¨°
¤²Ö  ¶¶·μ±¸¨³ Í¨¨ ¤ ´´ÒÌ ũ(x) = f(x) − wT r̂0 − e(x) ¸· ¢´¨³μ ¸ Î¨¸²μ³
μ¶¥· Í¨° ¢ ¸²ÊÎ ¥ ±¢ ¤· É¨Î´μ° ³μ¤¥²¨.
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4. ��ˆŒ…�…�ˆ… Œ�� „‹Ÿ ‘ƒ‹�†ˆ‚��ˆŸ „���›•

‚ ÔÉμ³ · §¤¥²¥ ´  μ¸´μ¢¥ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¶μ± § ´  ÔË-
Ë¥±É¨¢´μ¸ÉÓ Œ��-³μ¤¥²¨ ¶ÊÉ¥³ ¸· ¢´¥´¨Ö ·¥§Ê²ÓÉ Éμ¢ Œ�Š-¸£² ¦¨¢ ´¨Ö
®μÍ¨Ë·μ¢ ´´μ£μ¯ £ Ê¸¸μ¶μ¤μ¡´μ£μ ¸¨£´ ²  ¶μ²¨´μ³ ³¨ ¶ÖÉμ° ¨ ¢ÒÏ¥ ¸É¥¶¥-
´¥° ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ Œ��- ¨ ± ´μ´¨Î¥¸±μ° (C) ³μ¤¥²¨.

�É³¥É¨³, ÎÉμ ³μ¤¥²Ó (5) ¶·¨ n = 5 ¸μ¤¥·¦¨É Ï¥¸ÉÓ ´¥¨§¢¥¸É´ÒÌ ±μÔË-
Ë¨Í¨¥´Éμ¢ (a0, a1...a5). �¡μ§´ Î¨³ ¥¥ ´μ·³ ²Ó´ÊÕ ³ É·¨ÍÊ Î¥·¥§ C6×6. „²Ö
Œ��-³μ¤¥²¨ ³ É·¨Í  ´μ·³ ²Ó´ÒÌ Ê· ¢´¥´¨° ³μ¦¥É ¨³¥ÉÓ · §³¥·´μ¸ÉÓ 6× 6
¸ ¡ §¨¸μ³ {w,b} ¨ ´¥¨§¢¥¸É´Ò³¨ r0, r ¨²¨ 3 × 3 c ¡ §¨¸μ³ b, ¨§¢¥¸É´μ°
μÍ¥´±¥ r̂0 ¨ ´¥¨§¢¥¸É´μ³ r (B6×6 ¨ B3×3 ¸μμÉ¢¥É¸É¢¥´´μ).

Œ��- ²£μ·¨É³ ¸£² ¦¨¢ ´¨Ö. ‚ ¸²ÊÎ ¥ ³ É·¨ÍÒ B6×6 ¨ÐÊÉ¸Ö μÍ¥´±¨
r̂0 ¨ r ¶μ ¸É ´¤ ·É´μ° ¸Ì¥³¥ Œ�Š,   ¢ ¸²ÊÎ ¥ B3×3  ²£μ·¨É³ ¢Ò¶μ²´Ö¥É¸Ö ¢
É·¨ ÔÉ ¶ :
1o. �Í¥´±  ·¥¶¥·´ÒÌ μ·¤¨´ É r̂0 ¶μ 2J + 1 ¸μ¸¥¤´¨³ μ·¤¨´ É ³ ¨ ¶·¥μ¡· -

§μ¢ ´¨¥ ¤ ´´ÒÌ f̃i
r̂0−→ ũi:

r̂0ν =
1

2J + 1

J∑
j=−J

f̃j; ũi = f̃i − Π̂0i, i = 1, N ; ν = α, β, 0. (23)

2o. ”μ·³¨·μ¢ ´¨¥ ³ É·¨ÍÒ ´μ·³ ²Ó´ÒÌ Ê· ¢´¥´¨° ¨ ¢ÒÎ¨¸²¥´¨¥ Œ�Š-μÍ¥´±¨
r̂ ´  μ¸´μ¢¥ ¤ ´´ÒÌ ũ = [ũ1, ũ2...ũN ]T ¨ ¡ §¨¸´ÒÌ ËÊ´±Í¨° b = Qw, ¶μ ±μ-
Éμ·Ò³ ¢ÒÎ¨¸²ÖÕÉ¸Ö Ô²¥³¥´ÉÒ ³ É·¨ÍÒ B ¨ r̂:

r̂ = [BT B]−1BT ũ. (24)

3o. ‚ÒÎ¨¸²¥´¨¥ μÍ¥´±¨ f̂(x) ¶μ Ëμ·³Ê²¥ ¢μ¸¸É ´μ¢²¥´¨Ö (21):

f̂(x; α, β, r̂0, r̂) = wT r̂0 + bT r̂.

�·¨³¥· 4. 	 ¸¸³μÉ·¨³ Œ�Š-¸£² ¦¨¢ ´¨¥ ¶μ²¨´μ³ ³¨ 5-° ¨ 11-° ¸É¥-
¶¥´¥° ¤²Ö ¤¢ÊÌ ³μ¤¥²¥° Å ± ´μ´¨Î¥¸±μ° (³ É·¨Í  C6×6) ¨ Œ��-³μ¤¥²¨
¸ ³ É·¨Í ³¨ B3×3, B6×6 ¨ B12×12 ¤²Ö É·¥Ì ´ ¡μ·μ¢ ¤ ´´ÒÌ, ¶μ²ÊÎ¥´´ÒÌ
®μÍ¨Ë·μ¢±μ°¯ £ Ê¸¸μ¶μ¤μ¡´μ° ËÊ´±Í¨¨

S(x) = A exp
(
− (x − m)2

2(s + ω(x − m))2

)
.

”Ê´±Í¨Ö S(x) ³μ¤¥²¨·Ê¥É Ëμ·³Ê ¸¨£´ ²μ¢ ¢ · ¤¨ Í¨μ´´ÒÌ ¤¥É¥±Éμ· Ì [25].
„²Ö ¸· ¢´¥´¨Ö ³μ¤¥²¥° ¸¤¥² ´Ò · ¸Î¥ÉÒ ¶μ ¤ ´´Ò³ {S̃i}, i = 1, N , ¸£¥´¥·¨-
·μ¢ ´´Ò³ ¤²Ö É·¥Ì ´ ¡μ·μ¢ ¶ · ³¥É·μ¢ ¸ μÏ¨¡± ³¨ ei ∼ N(0, σ) (É ¡². 2).

‘É É¨¸É¨Î¥¸±¨¥ μÍ¥´±¨ §´ Î¥´¨° Ŝ(xi) ¤²Ö μ¡¥¨Ì ³μ¤¥²¥° ¤ ÕÉ Ìμ·μÏ¥¥
¸μ£² ¸¨¥ (·¨¸. 6, 7), ÌμÉÖ §´ Î¥´¨Ö μ¶·¥¤¥²¨É¥²¥° ¨ Î¨¸¥² μ¡Ê¸²μ¢²¥´´μ¸É¨ ¨Ì
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’ ¡²¨Í  2. � · ³¥É·Ò ¸¨£´ ²  ¨ Œ��-³μ¤¥²¨ ¤²Ö É·¥Ì ´ ¡μ·μ¢ ¤ ´´ÒÌ

� ¡μ· N A m s ω [a, b] σ x0 α, β

I 120 1 1 1 0,1 [−1,4, 4,5] 0,15 1,4 −2,2, 2,3
II 120 1 −0,23 0,35 0,3 [−1, 1] 0,05 −0,25 −0,5, 1,2
III 300 1 1,7 0,8 0,15 [0, 7,0] 0,1 3,7 −3,3, 3,1

	¨¸. 6. ‘¨£´ ² S(x), ¥£μ ®μÍ¨Ë·μ¢± ¯ S̃ ¨ ¤ ´´Ò¥ ũ = S̃ − Π̂0. ‘¶· ¢  Å ¨¸Ìμ¤´Ò°
¸¨£´ ² S, ¥£μ μÍ¥´±¨ ŜB = Π̂0 + QΠ̂1, ŜC , £¨¸Éμ£· ³³Ò μ¸É É±μ¢ ¨ ´¥¢Ö§±¨ S − Ŝ∗,
  É ±¦¥ Π̂0, Π̂1 (´ ¡μ· ¤ ´´ÒÌ I)

	¨¸. 7. ‘¨£´ ² S̃i ¨ ¤ ´´Ò¥ ũi. ‘¶· ¢  Å ¨¸Ìμ¤´Ò° ¸¨£´ ² S, ¥£μ μÍ¥´±¨ ŜB3×3 ,

ŜB6×6 , ŜC6×6 , £¨¸Éμ£· ³³Ò μ¸É É±μ¢ ¨ ´¥¢Ö§±¨ S − ŜB6×6 (´ ¡μ· ¤ ´´ÒÌ II)

´μ·³ ²Ó´ÒÌ ³ É·¨Í ¸ÊÐ¥¸É¢¥´´μ · §²¨Î´Ò (É ¡². 3, 4). „ ²¥¥ ´  £· Ë¨± Ì
¨ ¢ É¥±¸É¥ Œ�Š-μÍ¥´±¨ Ŝ ¤²Ö Œ��-³μ¤¥²¨ μ¡μ§´ Î¥´Ò ± ± ŜB ,   μÍ¥´±¨,
¶μ²ÊÎ¥´´Ò¥ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ± ´μ´¨Î¥¸±μ° ³μ¤¥²¨, ± ± ŜC .

�Í¥´±¨ ·¥¶¥·´ÒÌ μ·¤¨´ É r̂T
0 = [r̂0α, r̂0β , r̂00] ¢ÒÎ¨¸²¥´Ò Ê¸·¥¤´¥´¨¥³

¶μ ¸¥³¨ ¡²¨¦ °Ï¨³ ÉμÎ± ³ ¸ μÏ¨¡± ³¨ eT
0 = [0,0053, 0,0043,−0,0238] ¤²Ö

¶¥·¢μ£μ ´ ¡μ·  ¨ eT
0 = [−0,005,−0,011, 0,030] ¤²Ö ¢Éμ·μ£μ.
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’ ¡²¨Í  3. �¥§Ê²ÓÉ ÉÒ ¤²Ö ¶¥·¢μ£μ ´ ¡μ·  ¤ ´´ÒÌ (x ∈ [−1,4, 4,5])

�¶¥· Í¨Ö C6×6 B6×6 B3×3

det (A) 2,717895053 · 1017 1,011068478 · 1012 4,376978762 · 104

det (A−1) 3,67931793 · 10−18 9,89052693 · 10−13 2,28468095 · 10−5

μ(A) 43933,21348 165,1123553 3,087489426
ρe 0,2389887152 0,2389887164 0,2396251877

|dev|max 0,1169980906 0,1169981224 0,1155876900

’ ¡²¨Í  4. �¥§Ê²ÓÉ ÉÒ ¤²Ö ¢Éμ·μ£μ ´ ¡μ·  ¤ ´´ÒÌ (x ∈ [−1, 1])

�¶¥· Í¨Ö C6×6 B6×6 B3×3

det (A) 17083,41889 28486,83940 2,638593740
det (A−1) 5,8536292 · 10−5 3,5103930 · 10−5 0,378989757

μ(A) 4823,689752 200,5616621 9,401765301
ρe 0,1019066494 0,1019066503 0,1019066504

|dev|max 0,1185953608 0,1185953664 0,1185953659

�·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ³μ¤¥²¥° ¸ Ï¥¸ÉÓÕ ±μÔËË¨Í¨¥´É ³¨ ¢Ò¡μ·±  {S̃i}
μ¡· ¡ ÉÒ¢ ² ¸Ó ¶·μÍ¥¤Ê·μ° ¨§ ¶ ±¥É  Maple LeastSquares(·). Š·¨¢ Ö ·¥-
£·¥¸¸¨¨ Ŝ(x) ¸ ³ É·¨Í¥° B3×3 ¡Ò²  ¢μ¸¸É ´μ¢²¥´  ¶μ Ëμ·³Ê²¥ Ŝ(x; α, β) =
Π̂0(x; α, β; r̂0)+Q(x; α, β)Π̂1(x; α, β; r̂). �μ¢¥¤¥´¨¥ ´¥¢Ö§±¨ S(x)− Ŝ(x; α, β)
¤²Ö ± ¦¤μ° ³μ¤¥²¨ ¶μ± § ´μ ¸¶· ¢ , ¢ ´¨¦´¥° Î ¸É¨ ·¨¸. 6, 7. ’ ±¦¥ ¶·¨-
¢¥¤¥´Ò £· Ë¨±¨ S(x), ŜB3×3 , ŜB6×6 ¨ ŜC6×6 (¤¢  ¶μ¸²¥¤´¨Ì £· Ë¨±  ¸μ¢¶ -

¤ ÕÉ). Š ± ¶μ ¸ ³μ³Ê £· Ë¨±Ê, É ± ¨ ¶μ ´¥¢Ö§±¥ ¢¨¤´μ, ÎÉμ μÍ¥´±  ŜB3×3

´ Ìμ¤¨É¸Ö ¡²¨¦¥ ± ¨¸É¨´´μ° ±·¨¢μ°. ’ ±μ° ·¥§Ê²ÓÉ É ¶μ²ÊÎ ¥É¸Ö §  ¸Î¥É
·¥¶¥·´μ° ¶·¨¢Ö§±¨ ³μ¤¥²¨ ± ¤ ´´Ò³, μ¤´ ±μ μ´ ¢Ò§Ò¢ ¥É ´¥§´ Î¨É¥²Ó´μ¥
¸³¥Ð¥´¨¥ Í¥´É·  £¨¸Éμ£· ³³Ò μ¸É É±μ¢.

‚ É ¡². 2 ¶·¨¢¥¤¥´Ò §´ Î¥´¨Ö μ¶·¥¤¥²¨É¥²¥° det (A), det (A−1) ¨ Î¨-
¸¥² μ¡Ê¸²μ¢²¥´´μ¸É¨ μ(A) = ||A||2 · ||A−1||2 ³ É·¨Í ´μ·³ ²Ó´ÒÌ Ê· ¢´¥´¨°
¸μμÉ¢¥É¸É¢ÊÕÐ¥° ³μ¤¥²¨. ‚ ¶μ¸²¥¤´¨Ì ¤¢ÊÌ ¸É·μ± Ì É ¡². 3, 4, 5 ¶·¨¢¥¤¥´Ò
§´ Î¥´¨Ö £²μ¡ ²Ó´μ° μÉ´μ¸¨É¥²Ó´μ° μÏ¨¡±¨

ρe =

√√√√ N∑
i=1

(S̃i − Ŝi)2/

√√√√ N∑
i=1

S̃2
i ,

¨ ³μ¤Ê²Ó ³ ±¸¨³ ²Ó´μ£μ μÉ±²μ´¥´¨Ö |dev|max = max{|Si − Ŝi|)}N
i=1 ¤²Ö ± -

¦¤μ° ³μ¤¥²¨. ‚¨¤´μ, ÎÉμ μÏ¨¡±¨ ¢ μÍ¥´± Ì ŜC6×6 ¨ ŜB6×6 ¶· ±É¨Î¥¸±¨ ¸μ-
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¢¶ ¤ ÕÉ, Éμ£¤  ± ± §´ Î¥´¨Ö μ¶·¥¤¥²¨É¥²¥° ¨Ì ´μ·³ ²Ó´ÒÌ ³ É·¨Í (¶·Ö³μ° ¨
μ¡· É´μ°) · §²¨Î ÕÉ¸Ö ´  5 ¶μ·Ö¤±μ¢ ¶·¨ μÉ´μÏ¥´¨¨ ¨Ì Î¨¸¥² μ¡Ê¸²μ¢²¥´-
´μ¸É¨ μ(C6×6)/μ(B6×6) > 265.

�  ·¨¸. 7 ¨ ¢ É ¡². 4 ¶·¨¢¥¤¥´Ò  ´ ²μ£¨Î´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

�Í¥´±  Ŝ (¢ ·¨ ´É B3×3) ¢ÒÎ¨¸²Ö² ¸Ó ¢ ¢¨¤¥ Ŝ = wT r̂0 + bT r̂1 = Π̂0 +
Q̂Π1, £¤¥ r̂T

0 = [0,03251752380, 0,2884184664, 0,9687460471] ¶μ²ÊÎ¥´ Ê¸·¥¤-
´¥´¨¥³ ¶μ ¸¥³¨ ¸μ¸¥¤´¨³ ÉμÎ± ³ (23),   Œ��-μÍ¥´±  r̂T

1 = [−0,9787216345,
0,9828752736, 0,9231061073] ¶μ²ÊÎ¥´  ´  μ¸´μ¢¥ ¶·¥μ¡· §μ¢ ´´ÒÌ ¤ ´´ÒÌ ¶μ
Ëμ·³Ê²¥ (24).

�Í¥´±¨ μ¶μ·´ÒÌ μ·¤¨´ É r̂0, r̂1 (¢ ·¨ ´É B6×6): r̂T
0 = [0,0447019517,

0,305538972, 0,967090115] ¨ r̂T
1 = [−0,978721637, 0,982875274, 0,923106105].

� · ¡μ²Ò Π̂0 ¨ Π̂1 ¶μ± § ´Ò ´  ·¨¸. 7 ¸¶· ¢ . ‚¥±Éμ· μÍ¥´μ± ±μÔËË¨Í¨¥´Éμ¢
¤²Ö ³ É·¨ÍÒ C6×6 · ¢¥´ âT = [−2,343326201, 4,037989719, 0,6327394797,
−3,530327311, 0,5726347, 0,9670901765].

�·¨ μ¡· ¡μÉ±¥ É·¥ÉÓ¥£μ ´ ¡μ·  ¤ ´´ÒÌ ¨¸¶μ²Ó§μ¢ ² ¸Ó Œ��-³μ¤¥²Ó ¸ 12
±μÔËË¨Í¨¥´É ³¨ r̂i:

S(x) = Π0(x; r0) + QΠ1(x; r1) + Q2Π2(x; r2) + Q3Π3(x; r3) + e(x).

Œ�Š-μÍ¥´±¨ r̂ij ¶μ²ÊÎ¥´Ò ¨§ Ê¸²μ¢¨Ö (¸³. Ëμ·³Ê²Ê (19))

∂

∂r̂ij

N∑
k=1

[S̃k −
3∑

i=0

3∑
j=1

bijk r̂ij ]2 = 0,

£¤¥ bijk = Qi(τk)wj(τk), τk = xk − x0. ‚ É ¡². 5 ¶·¨¢¥¤¥´Ò §´ Î¥´¨Ö μ¶·¥¤¥-
²¨É¥²¥°, Î¨¸¥² μ¡Ê¸²μ¢²¥´´μ¸É¨ ³ É·¨Í ´μ·³ ²Ó´ÒÌ Ê· ¢´¥´¨° ¨ £²μ¡ ²Ó´Ò¥
μÍ¥´±¨ ÉμÎ´μ¸É¨ ¤²Ö Œ��- ¨ C-³μ¤¥²¥°.

	¥§Ê²ÓÉ ÉÒ ¸£² ¦¨¢ ´¨Ö ¨ ¶·μ³¥¦ÊÉμÎ´Ò¥ ·¥§Ê²ÓÉ ÉÒ (¢±²ÕÎ Ö ¡ §¨¸-
´Ò¥ ËÊ´±Í¨¨ ¨ Ô²¥³¥´ÉÒ) ¶·¨¢¥¤¥´Ò ´  ·¨¸. 8, 9. �Í¥´±¨ μ¶μ·´ÒÌ μ·¤¨´ É
r̂i ¤²Ö ±¢ ¤· É¨Î´ÒÌ ¶ · ¡μ² Πi, i = 0, 3, ¶μ± § ´Ò ¸¶· ¢  ´  ·¨¸. 8,   ¨Ì

’ ¡²¨Í  5. �¥§Ê²ÓÉ ÉÒ ¤²Ö É·¥ÉÓ¥£μ ´ ¡μ·  ¤ ´´ÒÌ (x ∈ [0, 7])

‚¥²¨Î¨´  C12×12 B12×12 ” ±Éμ·

det (A) 4,956460145 · 1063 1,455147291 · 1049 3,406157009 · 1014

det (A−1) 2,015242586 · 10−64 6,872156500 · 10−50 2,932474815 · 10−15

μ(A) 9,025308527 · 1012 1,656274031 · 107 5,449163821 · 105

ρe 0,02647408101 0,02647406692 1,000000532
|dev|max 0,3807327671 0,3807322134 1,000001454
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	¨¸. 8. ‘£² ¦¨¢ ´¨¥ ¸¨£´ ²  S̃(x), x ∈ [0, 7] ¶μ²¨´μ³μ³ 11-° ¸É¥¶¥´¨; ¢¢¥·ÌÊ Å
£¨¸Éμ£· ³³Ò ¢Ìμ¤´ÒÌ μÏ¨¡μ± ¨ μ¸É É±μ¢; ¢´¨§Ê Å μÉ±²μ´¥´¨¥ S(x)−Ŝ(x). ‘¶· ¢  Å
£· Ë¨±¨ ¶ · ¡μ² Π̂i(x), i = 0, 3, ¨ Q(x) ¸ ³´μ¦¨É¥²Ö³¨ 0,03, 1, 5, 50 ¨ 0,0005
¸μμÉ¢¥É¸É¢¥´´μ (´ ¡μ· ¤ ´´ÒÌ III)

	¨¸. 9. ‘²¥¢  Å £· Ë¨±¨ ¡ §¨¸´ÒÌ ËÊ´±Í¨° bji (ËÊ´±Í¨¨ b13, b23 ¨ b33 Ê³¥´ÓÏ¥´Ò ¢
É·¨ · § ); ¸¶· ¢  Å · §´μ¸ÉÓ μÍ¥´μ± ŜB(x) − ŜC(x)

§´ Î¥´¨Ö · ¢´Ò

r̂T
0 = [0, 0920750834, 0, 0410621063, 0, 188424410],

r̂T
1 = [0, 0178529547, 0, 0101572284, 0, 020526047],

r̂T
2 = [0, 0026828853, 0, 0004179276, 0, 001036583],

r̂T
3 = [0, 0001866736, 0, 0000137170, 0, 000017215].

�  ·¨¸. 10 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ ¸£² ¦¨¢ ´¨Ö μ¤´μ£μ ¨ Éμ£μ ¦¥ ´ ¡μ· 
¤ ´´ÒÌ (N = 1000) (£· Ë¨± ¸²¥¢ ) ¨§¢¥¸É´Ò³ ¶ ±¥Éμ³ ®ƒÊ¸¥´¨Í ¯ [26] ¨
Œ�Š ¸ Œ��-¶μ²¨´μ³¨ ²Ó´μ° ³μ¤¥²ÓÕ ¸ 12 ±μÔËË¨Í¨¥´É ³¨ ¨ ³ É·¨Í¥°
B12×12. ‚ ¢¥·Ì´¥° Î ¸É¨ ¶· ¢μ£μ ·¨¸Ê´±  ¶μ± § ´ £· Ë¨± ÉμÎ¥Î´ÒÌ μÍ¥´μ±
¢ ¸¨¸É¥³¥ μ¸¥° (Œ��, ƒ“‘).
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	¨¸. 10. ‘²¥¢  Å  ¤¤¨É¨¢´μ ¨¸± ¦¥´´Ò° ¸¨£´ ² ´  ¢Ìμ¤¥; ¸¶· ¢  Å ·¥§Ê²ÓÉ ÉÒ ¸£² -
¦¨¢ ´¨Ö ¤¢Ê³Ö ³¥Éμ¤ ³¨ ¨ · §´μ¸ÉÓ μÍ¥´μ± ŜŒ��(x) − Ŝƒ“‘(x)

5. �…Š“�‘ˆ‚�	… ‚›—ˆ‘‹…�ˆ… r̂

�  ¶·¨³¥·¥ ³μ¤¥²¨ ¸ Ï¥¸ÉÓÕ ¶ · ³¥É· ³¨ ¶μ± ¦¥³, ± ± ³μ¦´μ ¶μ´¨-
§¨ÉÓ ¢ÒÎ¨¸²¨É¥²Ó´ÊÕ ¸²μ¦´μ¸ÉÓ ·¥±Ê·¸¨¢´μ£μ ³¥Éμ¤  ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éμ¢
(	�Š), ¨¸¶μ²Ó§ÊÖ ·¥¶¥·´Ò¥ μ·¤¨´ ÉÒ ¨ Œ��-³μ¤¥²Ó (22) ¸ ³ É·¨Í¥° B3×3.

‘ ÊÎ¥Éμ³ É· ´¸Ëμ·³ Í¨¨ f̃i
r̂0−→ ũi ¨¸Ìμ¤´ Ö ³μ¤¥²Ó ¸ Ï¥¸ÉÓÕ ±μÔËË¨-

Í¨¥´É ³¨ ·¥¤ÊÍ¨·Ê¥É¸Ö ± ³μ¤¥²¨ (22) ¸ É·¥³Ö ´¥¨§¢¥¸É´Ò³¨ ±μÔËË¨Í¨¥´É ³¨
rj :

u(x) ≈
3∑

j=1

bjrj , £¤¥ bj = Qwj . (25)

�·¨ ¢ÒÎ¨¸²¥´¨¨ μÍ¥´±¨ r̂ ¶μ 	�Š- ²£μ·¨É³Ê ´  ¢Ìμ¤ ¶μ¤ ¥É¸Ö ¢·¥³¥´´ Ö
¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ÉμÎ¥± {f̃i}i=1,2..., Ê¶μ·Ö¤μÎ¥´´ÒÌ ¶μ x (xi < xi+1), ¸
´¥¨§¢¥¸É´Ò³ § · ´¥¥ N .

‚ · ¡μÉ¥ [11] ¤²Ö μÍ¥´±¨ ¸¢μ¡μ¤´μ£μ ¶ · ³¥É·  θ ¢ ±Ê¡¨Î¥¸±μ° 4-ÉμÎ¥Î´μ°
³μ¤¥²¨ ¨¸¶μ²Ó§μ¢ ²¸Ö ·¥¦¨³ ¢ÒÎ¨¸²¥´¨Ö ¶μ ¶ · ³¥É· ³, £¤¥ β ¸¨´Ì·μ´´μ ¨§-
³¥´Ö²¸Ö ¸ xn ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ α ¨ x0. ‡¤¥¸Ó · ¸¸³ É·¨¢ ¥É¸Ö ¸Ì¥³ , ¢
±μÉμ·μ° ¢¸¥ ¶ · ³¥É·Ò Ë¨±¸¨·μ¢ ´Ò,   μÍ¥´±¨ ·¥¶¥·´ÒÌ μ·¤¨´ É ¶·¥¤¢ ·¨-
É¥²Ó´μ ´ °¤¥´Ò, ÎÉμ ¶μ§¢μ²Ö¥É ¢ÒÎ¨¸²ÖÉÓ ũi ¸ μÏ¨¡± ³¨ eui = (ei − eαw1i −
eβw2i − e0w3i), £¤¥ ei Å μÏ¨¡±  fi,   eα, eβ ¨ e0 Å μÏ¨¡±¨ ¢ μÍ¥´± Ì
·¥¶¥·´ÒÌ μ·¤¨´ É (23).

”μ·³Ê²  (24) ¤ ¥É μÍ¥´±Ê r̂T = [r̂1, r̂2, r̂3] ¤²Ö ³μ¤¥²¨ (25) ¢ ³ É·¨Î´μ°
Ëμ·³¥. ‚ ¶·¨´Í¨¶¥, r̂ ³μ¦´μ ¢ÒÎ¨¸²ÖÉÓ ¤²Ö ± ¦¤μ° ÉμÎ±¨ (xn, ũn) ¶μ ³¥·¥
¨Ì ¶μ¸ÉÊ¶²¥´¨Ö. �¤´ ±μ ¤²Ö ÔÉμ£μ ¶μÉ·¥¡Ê¥É¸Ö ¡μ²ÓÏμ° μ¡Ñ¥³ ¢ÒÎ¨¸²¥´¨°,
É ± ± ± ±μÔËË¨Í¨¥´ÉÒ r̂j ¡Ê¤ÊÉ ± ¦¤Ò° · § ¶¥·¥¸¸Î¨ÉÒ¢ ÉÓ¸Ö § ´μ¢μ.

‚  ¤ ¶É¨¢´μ° ¶·μÍ¥¤Ê·¥ ¢ÒÎ¨¸²¥´¨Ö r̂(n) ´  É¥±ÊÐ¥³ Ï £¥ ¨¸¶μ²Ó§Ê¥É¸Ö
§´ Î¥´¨¥ μÏ¨¡±¨ εn = ũn − bT

n r̂(n−1), ¶μ²ÊÎ¥´´μ¥ ´  ¶·¥¤Ò¤ÊÐ¥³ Ï £¥.
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‚ ÔÉμ³ ¸²ÊÎ ¥ É·¥¡Ê¥É¸Ö Éμ²Ó±μ Ê¢¥²¨Î¥´¨¥ μ¡Ñ¥³  ¢ÒÎ¨¸²¥´¨° ´  ± ¦¤μ³
Ï £¥, ÎÉμ, ¶μ ¸ÊÐ¥¸É¢Ê,  ´ ²μ£¨Î´μ ¸Ì¥³¥ ± ²³ ´μ¢¸±μ£μ ¶·μÍ¥¸¸ .

	 §· ¡μÉ±Ê 	�Š- ²£μ·¨É³  ¤²Ö ¢ÒÎ¨¸²¥´¨Ö r̂(n) · ¸¸³μÉ·¨³ ¶μ ¸Ì¥³¥
· ¡μÉÒ [14]. Š ± μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, ´  ¢Ìμ¤  ²£μ·¨É³  ¶μ¸ÉÊ¶ ¥É ¶μ¸²¥¤μ¢ -
É¥²Ó´μ¸ÉÓ {ũ1, ũ2...} ¸ μÏ¨¡±μ° ´  ¢ÒÌμ¤¥ n-£μ Ï £ :

εn = ũn − bT
n r̂(n−1), n = 1, 2...

�¶É¨³ ²Ó´ Ö μÍ¥´±  r̂n ¨Ð¥É¸Ö ¨§ Ê¸²μ¢¨Ö ³¨´¨³Ê³  ¸Ê³³Ò ±¢ ¤· Éμ¢ μÏ¨-
¡μ±

n∑
k=1

ε2
k → min

r̂
.

	¥Ï¥´¨¥ r̂n ¤²Ö ³μ¤¥²¨ (22) § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥ (24), £¤¥ Bn Å ³ É·¨Í  §´ Î¥-
´¨° ¡ §¨¸´ÒÌ ËÊ´±Í¨° · §³¥·´μ¸É¨ n× 3, ũn Å ¢¥±Éμ· ¤ ´´ÒÌ · §³¥·´μ¸É¨
n × 1 ¨ [BT

nBn]−1 Å · §³¥·´μ¸É¨ 3 × 3. �¡μ§´ Î¨³ Ωn = [BT
nBn]−1 ¨

§ ¶¨Ï¥³ (24) ¤²Ö (n − 1) ÉμÎ¥±:

r̂(n−1) = Ωn−1BT
n−1ũn−1.

�·¨ ¶¥·¥Ìμ¤¥ μÉ (n− 1) ± n ¸É·Ê±ÉÊ·  μ¡· É´μ° ³ É·¨ÍÒ Ωn ¶·¨´¨³ ¥É ¢¨¤

Ωn = [BT
n−1Bn−1 + bnbT

n ]−1, (26)

£¤¥ bT
n = [Qnw1n, Qnw2n, Qnw3n] ¢ÒÎ¨¸²Ö¥É¸Ö ¢ ÉμÎ±¥ τn.

�·¨³¥´ÖÖ ± ¶· ¢μ° Î ¸É¨ (26) ²¥³³Ê μ¡ μ¡· Ð¥´¨¨ ³ É·¨Í [24], ¶μ²ÊÎ¨³
Ëμ·³Ê²Ê ¤²Ö ¢ÒÎ¨¸²¥´¨Ö μ¡· É´μ° ³ É·¨ÍÒ Ωn Î¥·¥§ Ωn−1:

Ωn = Ωn−1 − Ωn−1bn[1 + bT
nΩn−1bn]−1︸ ︷︷ ︸

kn

bT
nΩn−1, (27)

£¤¥ ³´μ¦¨É¥²Ó

kn = Ωn−1bn[1 + bT
nΩn−1bn]−1 (28)

´ §Ò¢ ¥É¸Ö ±μÔËË¨Í¨¥´Éμ³ Ê¸¨²¥´¨Ö.
‡ ¶¨Ï¥³ ¢Ò· ¦¥´¨¥ ¤²Ö r̂(n):

r̂(n) = ΩnBT
n ũn = Ωn[BT

n−1ũn−1 + bnũn]. (29)

�μ¸²¥ ¶μ¤¸É ´μ¢±¨ ¶· ¢μ° Î ¸É¨ (27) ¢ (29) ¢³¥¸Éμ Ωn, · ¸±·ÒÉ¨Ö ¸±μ¡μ± ¨
¶·¨¢¥¤¥´¨Ö ¶μ¤μ¡´ÒÌ ¶μ²ÊÎ¨³ ·¥±Ê··¥´É´ÊÕ Ëμ·³Ê²Ê ¤²Ö ¢ÒÎ¨¸²¥´¨Ö r̂(n):

r̂(n) = r̂(n−1) + kn[ũn − bT
n r̂(n−1)]. (30)
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	�Š- ²£μ·¨É³ ¢ÒÎ¨¸²¥´¨Ö μÍ¥´±¨ r̂(n) ¤²Ö ·¥¤ÊÍ¨·μ¢ ´´μ° ³μ¤¥²¨, ¢±²ÕÎ Ö
Ëμ·³Ê²Ò (27), (28) ¨ (30), μ±μ´Î É¥²Ó´μ ¶·¨´¨³ ¥É ¢¨¤

kn = Ωn−1bn[1 + bT
nΩn−1bn]−1,

ûn = bT
n r̂(n−1), εn = ũn − ûn,

r̂(n) = r̂(n−1) + knεn,

Ωn = Ωn−1 − knbT
nΩn−1,

(31)

£¤¥ Ω0 = σI, I Å ¥¤¨´¨Î´ Ö ³ É·¨Í , r̂(0) = 0, n = 1, 2 . . .
�·¨³¥· 5. �ËË¥±É¨¢´μ¸ÉÓ 	�Š- ²£μ·¨É³  (31) ¶μ± § ´  ´  ¶·¨³¥·¥

¸£² ¦¨¢ ´¨Ö ¢Ò¡μ·±¨ ÉμÎ¥± {S̃i}500
i=1, σ = 0,3, h = 0,0088, · ¸¸¥Ö´´ÒÌ ¢μ±·Ê£

¶μ²¨´μ³  P5 = 0,03(x5 + 3,5x4 − 12,71x3 − 22,725x2 + 29,325x+ 46,41), x ∈
[−1,7, 2,7], ´  μ¸´μ¢¥ ³μ¤¥²¨ (25) ¸ ¶ · ³¥É· ³¨ α = −1,55, x0 = 0,01, β =
2,1 (·¨¸. 11Ä13) ¨ ·¥¶¥·μ³ r̂T

0 = [0,1976281418,−0,06080134616, 1,312190607],
Ê¸·¥¤´¥´´Ò³ ¶μ 11 ¸μ¸¥¤´¨³ ÉμÎ± ³. �·μÍ¥¸¸ ¢ÒÎ¨¸²¥´¨Ö 	�Š-μÍ¥´±¨ r̂ ¶μ-
± § ´ ´  £· Ë¨± Ì É· ¥±Éμ·¨° rj , j = 1, 3 (·¨¸. 12).

�  ·¨¸. 13 ¶μ± § ´Ò £· Ë¨±¨ ±μ··¥±Í¨¨ μÏ¨¡μ± εn = ũn− ûn ¶·¨ ¢ÒÎ¨-
¸²¥´¨¨ r̂T = [−0,2780076451, 0,1681186476,−0,2507904166]. �±μ´Î É¥²Ó´μ,
¸ ÊÎ¥Éμ³ r̂0 ¨ r̂, Î¨¸²¥´´μ¥ ·¥Ï¥´¨¥ ¶·¨³¥·  5 § ¶¨Ï¥É¸Ö Î¥·¥§ ¡ §¨¸´Ò¥
Ô²¥³¥´ÉÒ Q ¨ wj , j = 1, 3, ¢ ¢¨¤¥ Ŝ = 0,1976281418w1 − 0,06080134616w2 +
1,312190607w3− Q(0,2780076451w1 − 0,1681186476w2 − 0,2507904166w3).

Š ± μÉ³¥Î ¥É¸Ö ¢ [14], μÍ¥´±  ¢ÒÎ¨¸²¨É¥²Ó´μ° ¸²μ¦´μ¸É¨ ¶μ²ÊÎ¥´´μ£μ
 ²£μ·¨É³  ¸μ¸É ¢²Ö¥É 2,5m2 + 4m  ·¨Ë³¥É¨Î¥¸±¨Ì μ¶¥· Í¨° ´  μ¤¨´ Ï £
¨É¥· Í¨¨ (m Å Î¨¸²μ ±μÔËË¨Í¨¥´Éμ¢ ¶μ²¨´μ³ ), É. ¥. ¢ÒÎ¨¸²¨É¥²Ó´ Ö ¸²μ¦-
´μ¸ÉÓ ¢μ§· ¸É ¥É ¶·μ¶μ·Í¨μ´ ²Ó´μ ±¢ ¤· ÉÊ ¶μ·Ö¤±  ³μ¤¥²¨, ÎÉμ ´¥¶·¨¥³-
²¥³μ ¤²Ö ¶· ±É¨±¨ ¢ ¸²ÊÎ ¥  ¶¶·μ±¸¨³ Í¨¨ ¶μ²¨´μ³ ³¨ ¸É¥¶¥´¨ ¢ÒÏ¥ É·¥Ì.

	¨¸. 11. ‘²¥¢  Å S̃(xi), ũ(τi), ¨Ì 	�Š-μÍ¥´±¨ ¨ ¶ · ¡μ²  Π̂0(τ ; α, β). ‘¶· ¢  Å
Ô²¥³¥´ÉÒ bj = Qwj , j = 1, 3, ¨ ´ ²μ¦¥´¨¥ £¨¸Éμ£· ³³ μÏ¨¡μ± eui ¨ ei
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	¨¸. 12. ‘²¥¢  Å É· ¥±Éμ·¨¨ 	�Š-μÍ¥´μ± r̂j . ‘¶· ¢  Å ±μÔËË¨Í¨¥´ÉÒ Ê¸¨²¥´¨Ö
Kj , j = 1, 3, ¨ £¨¸Éμ£· ³³Ò μ¸É É±μ¢ S̃i − Ŝi ¨ ũi − ûi

	¨¸. 13. Šμ··¥±Í¨Ö μÏ¨¡μ± εn ±μÔËË¨Í¨¥´É ³¨ Ê¸¨²¥´¨Ö Kjn, j = 1, 3

‚ ´ Ï¥³ ¶·¨³¥·¥ ¶ÊÉ¥³ ·¥¤Ê±Í¨¨ ³μ¤¥²Ó 6-£μ ¶μ·Ö¤±  ¶·¨¢¥¤¥´  ± ³μ-
¤¥²¨ ¸ É·¥³Ö ´¥¨§¢¥¸É´Ò³¨ ±μÔËË¨Í¨¥´É ³¨ ¨ μÍ¥´±  ¥¥ ¢ÒÎ¨¸²¨É¥²Ó´μ°
¸²μ¦´μ¸É¨ ¸μ¸É ¢²Ö¥É 2,5×32 +4×3 ≈ 35 μ¶¥· Í¨° ´  μ¤¨´ Ï £ ¶·μÉ¨¢ 114
¤²Ö ³μ¤¥²¨ ¸ 6 ±μÔËË¨Í¨¥´É ³¨, É. ¥. Î¨¸²μ μ¶¥· Í¨° Ê³¥´ÓÏ ¥É¸Ö ¡μ²¥¥ Î¥³
¢ 3 · § , ÎÉμ ¤¥² ¥É  ²£μ·¨É³ ¶·¨£μ¤´Ò³ ¤²Ö ¶· ±É¨Î¥¸±¨Ì ¶·¨³¥´¥´¨°.

�μ²ÊÎ¥´´ÊÕ μÍ¥´±Ê r̂ ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ´μ¢μ° É· ´¸Ëμ·³ Í¨¨ ¤ ´-
´ÒÌ, ÎÉμ ¶μ§¢μ²Ö¥É ¨É¥· Í¨Ö³¨ ÊÉμÎ´ÖÉÓ ¢¥±Éμ· ·¥¶¥·´ÒÌ μ·¤¨´ É.

‡�Š‹
—…�ˆ…

�·¥¤²μ¦¥´´Ò° ¢ · ¡μÉ¥ ³¥Éμ¤ ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢ ¶μ¢ÒÏ ¥É ¢ÒÎ¨¸²¨-
É¥²Ó´ÊÕ ÔËË¥±É¨¢´μ¸ÉÓ ¶·¨ ·¥Ï¥´¨¨ § ¤ Î ¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨
ËÊ´±Í¨° ¨ ¸£² ¦¨¢ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ. ˆ¤¥Ö Œ�� ¸μ¸Éμ¨É ¢
´μ¢μ³ ±μμ·¤¨´ É´μ-¶ · ³¥É·¨Î¥¸±μ³ ¶·¥¤¸É ¢²¥´¨¨ ¶μ²¨´μ³  É·¥³Ö ±¢ ¤· -
É¨Î´Ò³¨ (w1, w2, w3) ¨ μ¤´μ° ±Ê¡¨Î¥¸±μ° (Q) ¶ · ¡μ² ³¨ Å ¡ §¨¸´Ò³¨ Ô²¥-
³¥´É ³¨. —¥ÉÒ·¥ ¡ §¨¸´ÒÌ Ô²¥³¥´É  μ¶·¥¤¥²ÖÕÉ¸Ö ±μμ·¤¨´ É ³¨ Î¥ÉÒ·¥Ì
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ÉμÎ¥± ¶μ ¸¶¥Í¨ ²Ó´μ³Ê ¶· ¢¨²Ê ¸²μ¦´μ£μ μÉ´μÏ¥´¨Ö ¨ § ¢¨¸ÖÉ μÉ ¶ · ³¥É·μ¢
α, β, x0. ŠμÔËË¨Í¨¥´ÉÒ Œ��-³μ¤¥²¨ μ¶·¥¤¥²ÖÕÉ¸Ö ± ± ¶μ ¸ ³μ° ËÊ´±Í¨¨,
É ± ¨ ¶μ ¥¥ ¶·μ¨§¢μ¤´Ò³. Œ¥Éμ¤ ¨¸¶μ²Ó§Ê¥É ³¥´ÓÏ¨° ¶μ·Ö¤μ± ¶·μ¨§¢μ¤´ÒÌ
¶·¨ ¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨ ËÊ´±Í¨° ¶μ ¸· ¢´¥´¨Õ ¸ Ëμ·³Ê²μ° ’¥°-
²μ· , μ¡¥¸¶¥Î¨¢ ¥É ´¥μ¡Ìμ¤¨³ÊÕ ÉμÎ´μ¸ÉÓ ¢ÒÎ¨¸²¥´¨° ¨ · ¸Ï¨·Ö¥É £· ´¨ÍÒ
¶·¨³¥´¥´¨Ö ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ³¥Éμ¤μ¢ ¶·¨ ¸μ§¤ ´¨¨  ²£μ·¨É³μ¢ μ¡· ¡μÉ±¨ ¤ ´-
´ÒÌ §  ¸Î¥É:
• ¨§³¥´¥´¨Ö ±μ´¸É·Ê±Í¨¨ ¶μ²¨´μ³  (± Î¥¸É¢μ ³μ¤¥²¨);
• ¢¢¥¤¥´¨Ö Ê¶· ¢²ÖÕÐ¨Ì ¶ · ³¥É·μ¢ (£¨¡±μ¸ÉÓ);
• Ê¸Éμ°Î¨¢μ° É· ´¸Ëμ·³ Í¨¨ § ÏÊ³²¥´´ÒÌ ¤ ´´ÒÌ (¶μ´¨¦¥´¨¥ ¸²μ¦´μ¸É¨);
• Ê³¥´ÓÏ¥´¨Ö ¸¢μ¡μ¤´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ ¶μ²¨´μ³  (·¥¤Ê±Í¨Ö ¶μ·Ö¤±  ³μ-
¤¥²¨);
• Ê³¥´ÓÏ¥´¨Ö Î¨¸²  μ¡Ê¸²μ¢²¥´´μ¸É¨ ´μ·³ ²Ó´μ° ³ É·¨ÍÒ (Ê¸Éμ°Î¨¢μ¸ÉÓ ¢Ò-
Î¨¸²¥´¨°);
• ·¥¤Ê±Í¨¨ ¶μ·Ö¤±  ³μ¤¥²¨ ¢ ³¥Éμ¤¥ 	�Š (¸±μ·μ¸ÉÓ ¢ÒÎ¨¸²¥´¨°);
• ¢μ§³μ¦´μ¸É¨ ¢ÒÎ¨¸²¥´¨° ¶μ ¶ · ³¥É· ³ (¢Ò¡μ· ·¥¦¨³ ) ¨ ¤·.

�¥·¥Î¨¸²¥´´Ò¥ ¢μ§³μ¦´μ¸É¨ ³¥Éμ¤  ¶μ¤É¢¥·¦¤¥´Ò Î¨¸²¥´´Ò³¨ Ô±¸¶¥-
·¨³¥´É ³¨ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ Œ�Š- ¨ 	�Š-· ¸Î¥Éμ¢ ¨ ¸· ¢´¥´¨¥³ μ¸´μ¢´ÒÌ
Ì · ±É¥·¨¸É¨±, ¶μ²ÊÎ¥´´ÒÌ ¶·¨ É ±¨Ì · ¸Î¥É Ì ¤²Ö Œ�� ¨ ± ´μ´¨Î¥¸±μ°
³μ¤¥²¥°.

Š²ÕÎ¥¢μ° ³μ³¥´É ¨¸¶μ²Ó§μ¢ ´¨Ö Œ�� ´  ¶· ±É¨±¥ ¸μ¸Éμ¨É ¢  ¤¥±¢ É´μ³
¢Ò¡μ·¥ ¶ · ³¥É·μ¢ α, β, x0. � · ³¥É· ¸¤¢¨£  x0 ¶μ§¢μ²Ö¥É ¢Ò¡¨· ÉÓ ¶μ²μ¦¥-
´¨¥ ®μ±´ ¯ ¸ ¤ ´´Ò³¨, Éμ£¤  ± ± ¥£μ Ï¨·¨´  (¡ § ) μ¶·¥¤¥²Ö¥É¸Ö ¶ · ³¥É· ³¨
α ¨ β, μÉ ±μÉμ·ÒÌ § ¢¨¸ÖÉ ¡ §¨¸´Ò¥ Ô²¥³¥´ÉÒ ¨ ¨Ì ¶·μ¨§¢μ¤´Ò¥, ¢²¨ÖÕÐ¨¥
´  Ê·μ¢¥´Ó ¶μ¤ ¢²¥´¨Ö μÏ¨¡μ± ¶·¨ É· ´¸Ëμ·³ Í¨¨ ¤ ´´ÒÌ ¨ ´  ÉμÎ´μ¸ÉÓ
 ¶¶·μ±¸¨³ Í¨¨. ‚μ¶·μ¸ μ¶É¨³ ²Ó´μ£μ ¢Ò¡μ·  ¶ · ³¥É·μ¢ ¢ · ¡μÉ¥ ´¥ μ¡¸Ê-
¦¤ ¥É¸Ö ¨ ¶μ±  μ¸É ¥É¸Ö μÉ±·ÒÉÒ³. 	¥±μ³¥´¤Ê¥É¸Ö ¢Ò¡¨· ÉÓ α ¨ β ¶μ · §´Ò¥
¸Éμ·μ´Ò μÉ x0 ¨ ¢¡²¨§¨ £· ´¨Í ¶·μ³¥¦ÊÉ±  (®μ±´ ¯).

	 ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ £· ´É  ¶μ²´μ³μÎ´μ£μ ¶·¥¤¸É ¢¨É¥²Ö
�· ¢¨É¥²Ó¸É¢  ‘²μ¢ ±¨¨ ¢ �ˆŸˆ.
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