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‚‚…„…�ˆ…

‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ · ¡μÉ ³¨ [1Ä3] ¶μ² £ ¥³, ÎÉμ ¶·μ¸Éμ° ¡¨´ ·´Ò° ÔË¨·-
´Ò° μ¡Ñ¥±É ¸μ¸Éμ¨É ¨§ ÔË¨·´μ° ³ ¸¸Ò, μ£· ´¨Î¥´´μ° ÔË¨·´μ° £¨¶¥·¶²¥´±μ°.
‚¥¸Ó μ¡Ñ¥±É · ¸¸³ É·¨¢ ¥³ ¢ (n+1)-³¥·´μ³ ¶¸¥¢¤μ¥¢±²¨¤μ¢μ³ ³¨·¥ ¸μ¡ÒÉ¨°
¸ ³¥É·¨±μ° Œ¨´±μ¢¸±μ£μ

ds2 = ημνdxμdxν = −c2dx0dx0 + dx1dx1 + . . . + dxndxn, (1)

£¤¥ c Å ¸±μ·μ¸ÉÓ ¸¢¥É ; x0 Å ¢·¥³Ö; x1, . . . , xn Å ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ.
�  · §³¥·´μ¸ÉÓ ³¨·  ´ ±² ¤Ò¢ ¥³ Ê¸²μ¢¨¥ n � 2.

‚ ± ¦¤Ò° ³μ³¥´É ¢·¥³¥´¨ x0 = t ÔË¨·´ Ö ³ ¸¸  § ´¨³ ¥É ¢ (n + 1)-
³¥·´μ³ ³¨·¥ Œ¨´±μ¢¸±μ£μ n-³¥·´ÊÕ ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´ÊÕ μ¤´μ¸¢Ö§´ÊÕ
μ¡² ¸ÉÓ ωn(t), μ£· ´¨Î¥´´ÊÕ (n − 1)-³¥·´μ° μ¡² ¸ÉÓÕ ωn−1(t), § ´¨³ ¥³μ°
ÔË¨·´μ° £¨¶¥·¶²¥´±μ°.

‡  ¢¸¥ ¢·¥³Ö ¸¢μ¥£μ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ÔË¨·´ Ö ³ ¸¸  § ³¥É ¥É ¢ ³¨·¥ Œ¨´-
±μ¢¸±μ£μ (n + 1)-³¥·´ÊÕ μ¤´μ¸¢Ö§´ÊÕ μ¡² ¸ÉÓ Ωn+1, μ£· ´¨Î¥´´ÊÕ ¢·¥³¥´¨-
¶μ¤μ¡´μ° ³¨·μ¢μ° £¨¶¥·¶μ¢¥·Ì´μ¸ÉÓÕ Ωn, § ³¥É ¥³μ° ÔË¨·´μ° £¨¶¥·¶²¥´-
±μ°. ƒ¨¶¥·¶μ¢¥·Ì´μ¸ÉÓ Ωn ¥¸ÉÓ £· ´¨Í  ¶·μ¸Éμ£μ ¡¨´ ·´μ£μ ÔË¨·´μ£μ μ¡Ñ-
¥±É .

�¥·¥¸¥Î¥´¨¥ μ¡² ¸É¨ Ωn+1 ¸ £¨¶¥·¶²μ¸±μ¸ÉÓÕ x0 = t ¥¸ÉÓ μ¡² ¸ÉÓ ωn(t),
  ¶¥·¥¸¥Î¥´¨¥ £¨¶¥·¶μ¢¥·Ì´μ¸É¨ Ωn ¸ £¨¶¥·¶²μ¸±μ¸ÉÓÕ x0 = t ¥¸ÉÓ μ¡² ¸ÉÓ
ωn−1(t).

�¥·¥¸¥Î¥´¨¥ μ¡² ¸É¨ Ωn+1 ¸ ¶μ²μ¸μ° 0 � x0 � t μ¡μ§´ Î¨³ Î¥·¥§ Ω̄n+1,
  ¶¥·¥¸¥Î¥´¨¥ £¨¶¥·¶μ¢¥·Ì´μ¸É¨ Ωn ¸ ¶μ²μ¸μ° 0 � x0 � t Å Î¥·¥§ Ω̄n.

„¥°¸É¢¨¥ ¶·μ¸Éμ£μ ¡¨´ ·´μ£μ ÔË¨·´μ£μ μ¡Ñ¥±É  ¶μ² £ ¥³ · ¢´Ò³

S = Gn−1

∫
Ω̄n

dVn + Gn

∫
Ω̄n+1

dVn+1, (2)

£¤¥ dVn Å Ô²¥³¥´É ¶²μÐ ¤¨ ¶μ¢¥·Ì´μ¸É¨ Ω̄n; dVn+1 Å Ô²¥³¥´É μ¡Ñ¥³ 
μ¡² ¸É¨ Ω̄n+1. �¡¥ ±μ´¸É ´ÉÒ ¢§ ¨³μ¤¥°¸É¢¨Ö Gn ¨ Gn+1 ´¥ · ¢´Ò ´Ê²Õ.

E¸²¨ Gn = 0, Éμ ³Ò ¨³¥¥³ ¤¥²μ ¸ μ¤¨´μ±μ° ÔË¨·´μ° £¨¶¥·¶²¥´±μ°,
  ´¥ ¸ ¡¨´ ·´Ò³ μ¡Ñ¥±Éμ³. …¸²¨ Gn = 0, Éμ ³Ò ¨³¥¥³ ¤¥²μ ¸ μ¤¨´μ±μ°
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ÔË¨·´μ° ³ ¸¸μ°, § ³¥É ÕÐ¥° ¢¸¥ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö,   ´¥ ¸ ¡¨´ ·´Ò³ μ¡Ñ-
¥±Éμ³ (¸³. [3]). …¸²¨ μ¡¥ ±μ´¸É ´ÉÒ ¢§ ¨³μ¤¥°¸É¢¨Ö Gn ¨ Gn+1 · ¢´Ò ´Ê²Õ,
Éμ μ¡Ñ¥±É ¤²Ö · ¸¸³μÉ·¥´¨Ö μÉ¸ÊÉ¸É¢Ê¥É.

‚ ·¨ Í¨Ö ¤¥°¸É¢¨Ö (2) · ¢´ 

δS = Gn−1

∫
Ω̄n

δdVn + Gn

∫
Ω̄n+1

δdVn+1. (3)

“¸²μ¢¨¥ δS = 0 Ô±¢¨¢ ²¥´É´μ ¢Ò¢μ¤¨³μ° §¤¥¸Ó ¸¨¸É¥³¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ¤²Ö £· ´¨ÍÒ Ωn ¶·μ¸Éμ£μ ¡¨´ ·´μ£μ ÔË¨·´μ£μ μ¡Ñ¥±É , ¸¢μ¡μ¤´μ£μ
μÉ ¤¥°¸É¢¨Ö ¢´¥Ï´¨Ì ¸¨².

1. �‹…Œ…�’ dVm+1 �‹�™�„ˆ (m + 1)-Œ…���‰ ��‚…�•��‘’ˆ
ˆ …ƒ� ‚��ˆ�–ˆŸ

…¸²¨ (m+1)-³¥·´ Ö ¢·¥³¥´¨¶μ¤μ¡´ Ö ¶μ¢¥·Ì´μ¸ÉÓ § ¤ ¥É¸Ö Ê· ¢´¥´¨Ö³¨

xα = xα(u0, u1, . . . , um), (4)

Éμ ³¥É·¨±  (1) ´  ´¥° ¶·¨´¨³ ¥É ¢¨¤

ds2 = fkldukdul, £¤¥ fkl = ημνξμ
k ξν

l , ξμ
k =

∂xμ

∂uk
, (5)

  Ô²¥³¥´É ¥¥ ¶²μÐ ¤¨ · ¢´Ö¥É¸Ö

dVm+1 =
1
c

√
−fmdu0du1 . . . dum, £¤¥ fm = det (fkl). (6)

‚¸Õ¤Ê §¤¥¸Ó É¥´§μ·´Ò¥ ² É¨´¸±¨¥ ¨´¤¥±¸Ò ¶·¨´¨³ ÕÉ §´ Î¥´¨Ö μÉ 0 ¤μ
m,   É¥´§μ·´Ò¥ £·¥Î¥¸±¨¥ ¨´¤¥±¸Ò Å 0 ¤μ n.

—Éμ¡Ò ´ °É¨ ¢ ·¨ Í¨Õ δdVm+1, § ³¥É¨³, ÎÉμ

∂
√
−fm

∂xα
= 0,

∂
√
−fm

∂ξα
k

= ηαν

√
−fmfklξν

l , (7)

£¤¥ ³ É·¨Í  (fkl) μ¡· É´  ± ³ É·¨Í¥ (fkl). �μÔÉμ³Ê

δ
√
−fm = ηαν

√
−fmfklξν

l δξα
k = ηαν

√
−fmfklξν

l

∂

∂uk
δxα. (8)

‘²¥¤μ¢ É¥²Ó´μ,

δ
√
−fm = −δxα ∂

∂uk
(ηαν

√
−fmfklξν

l ) +
∂

∂uk
(ηαν

√
−fmfklξν

l δxα), (9)

c δdVm+1 = −δxα ∂

∂uk
(ηαν

√
−fmfklξν

l )du0du1 . . . dum+

+
∂

∂uk
(ηαν

√
−fmfklξν

l δxα)du0du1 . . . dum. (10)
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2. �‹…Œ…�’ dVn+1 ��š…Œ� (n + 1)-Œ…���‰ ��‹�‘’ˆ
ˆ …ƒ� ‚��ˆ�–ˆŸ

�·¨ m = n ¢¸¥ ¸¨²Ó´μ Ê¶·μÐ ¥É¸Ö. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢³¥¸Éμ Ê· ¢´¥´¨° (4)
´ ¶¨Ï¥³ Ê· ¢´¥´¨Ö

xα = fα(v0, v1, . . . , vn) (11)

¶¥·¥Ìμ¤  μÉ  ËË¨´´ÒÌ ±μμ·¤¨´ É xα ± ±μμ·¤¨´ É ³ vκ ±·¨¢μ²¨´¥°´Ò³,  
¢³¥¸Éμ ¶·μ¨§¢μ¤´ÒÌ ξμ

k ¢¢¥¤¥³ ¶·μ¨§¢μ¤´Ò¥

ζμ
κ =

∂xμ

∂vκ
. (12)

�μÔÉμ³Ê ¢ ¸²ÊÎ ¥ m = n, ¢μ-¶¥·¢ÒÌ,

fκλ = ημνζμ
κ ζν

λ , fn = −c2J2,

√
−fn

c
= J = det (ζκ

λ ), (13)

  ¢μ-¢Éμ·ÒÌ,

fκλ =
∂vκ

∂xα
ηαβ ∂vλ

∂xβ
, ηανfκλζν

λ =
∂vκ

∂xα
. (14)

�μ¤¸É ¢²ÖÖ (13) ¨ (14) ¢ · ¢¥´¸É¢μ (9), ¶μ²ÊÎ ¥³

δJ =
∂

∂vκ
(J

∂vκ

∂xα
δxα) − δxα ∂

∂vκ
(J

∂vκ

∂xα
). (15)

�μ¸²¥¤´¨° ·¥§Ê²ÓÉ É ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨ ´¥¶μ¸·¥¤¸É¢¥´´μ: É ± ± ±
∂J

∂ζα
κ

= J
∂vκ

∂xα
, Éμ δJ = J

∂vκ

∂xα
δζα

κ , μÉ±Ê¤  ¸²¥¤Ê¥É · ¢¥´¸É¢μ (15).

	ÉμÉ ¢Ò¢μ¤ μ¸´μ¢ ´ ´  ¶· ¢¨²¥ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö μ¶·¥¤¥²¨É¥²¥°:

d|ζν
κ | = Zκ

ν dζν
κ , (16)

£¤¥ Zκ
ν Å  ²£¥¡· ¨Î¥¸±μ¥ ¤μ¶μ²´¥´¨¥ Ô²¥³¥´É  ζν

κ . ‚ ¤ ´´μ³ ¸²ÊÎ ¥

Zκ
ν = J

∂vκ

∂xν
. (17)

’¥¶¥·Ó ¤μ± ¦¥³, ÎÉμ
∂

∂vκ
(J

∂vκ

∂xα
) = 0. (18)

‚μ-¶¥·¢ÒÌ, ¨³¥¥³ · ¢¥´¸É¢μ

∂

∂vκ
(J

∂vκ

∂xα
) =

∂vκ

∂xα

∂J

∂vκ
+ J

∂

∂vκ

∂vκ

∂xα
=

∂J

∂xα
+ J

∂xμ

∂xα

∂2vκ

∂xμ∂xα
.
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‚μ-¢Éμ·ÒÌ, ¶·¨³¥´ÖÖ ¶· ¢¨²μ (16) ¢³¥¸É¥ ¸ · ¢¥´¸É¢μ³ (17), ´ Ìμ¤¨³ ¤·Ê£μ¥,
  ¨³¥´´μ:

∂J

∂xα
=

∂J

∂ζμ
κ

∂

∂xα
ζμ
κ = J

∂vκ

∂xμ

∂

∂xα
ζμ
κ = J

∂vκ

∂xμ

∂

∂xα

∂xμ

∂vκ
= −J

∂xμ

∂vκ

∂

∂xα

∂vκ

∂xμ
.

�μ¤¸É ¢²ÖÖ ÔÉμ ¢ ¶·¥¤Ò¤ÊÐ¥¥ · ¢¥´¸É¢μ, ¶μ²ÊÎ ¥³ · ¢¥´¸É¢μ (18).
�μ¤¸É ¢²ÖÖ · ¢¥´¸É¢μ (18) ¢ (15), ¶μ²ÊÎ ¥³ ¢ ·¨ Í¨Õ μ¶·¥¤¥²¨É¥²Ö J ¢

¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

δJ =
∂

∂vκ
(J

∂vκ

∂xα
δxα). (19)

�μ² £ Ö J > 0, ´ Ìμ¤¨³ Ô²¥³¥´É μ¡Ñ¥³ 

dVn+1 = Jdv0dv1 . . . dvn = dx0dx1 . . . dxn (20)

¨ ¥£μ ¢ ·¨ Í¨Õ

δdVn+1 =
∂

∂vκ
(J

∂vκ

∂xα
δxα)dv0dv1 . . . dvn. (21)

3. ‚��ˆ�–ˆŸ ��š…Œ� Vn+1 ��‹�‘’ˆ Ω̄n+1

�·¨³¥´ÖÖ ¨´É¥£· ²Ó´ÊÕ É¥μ·¥³Ê (ƒ Ê¸¸ , �¸É·μ£· ¤¸±μ£μ, ‘Éμ±¸ )
(¸³. [4Ä6]), ´  μ¸´μ¢ ´¨¨ · ¢¥´¸É¢  (21) ¶μ²ÊÎ ¥³ ¢ ·¨ Í¨Õ

δVn+1 =
∫

Ω̄n+1

δdVn+1 (22)

μ¡Ñ¥³  Vn+1 μ¡² ¸É¨ Ω̄n+1 ¢ ¢¨¤¥ ¨´É¥£· ²  ¶μ ¥¥ £· ´¨Í¥

∂Ω̄n+1 = Ω̄n ∪ ωn(t) ∪ ωn(0), (23)

· ¢´μ° Ê± § ´´μ° ¸Ê³³¥ ´¥¶¥·¥¸¥± ÕÐ¨Ì¸Ö μ¡² ¸É¥°. 	ÉμÉ ¨´É¥£· ² · ¢¥´
¸²¥¤ÊÕÐ¥° ¸Ê³³¥ ¨´É¥£· ²μ¢:

δVn+1 =
∫

Ω̄n

NκJ
∂vκ

∂xα
δxαdu0du1 . . . dum+

+ ¨´É¥£· ² ¶μ μ¡² ¸É¨ ωn(t) ∪ ωn(0). (24)

‡¤¥¸Ó ¨ ¤ ²ÓÏ¥ m = n − 1,

NκJ
∂vκ

∂xα
δxα =

∣∣∣∣∣∣∣∣∣∣∣

δx0 δx1 · · · δxn

ξ0
0 ξ1

0 · · · ξn
0

ξ0
1 ξ1

1 · · · ξn
1

. . · · · .

ξ0
m ξ1

m · · · ξn
m

∣∣∣∣∣∣∣∣∣∣∣
. (25)
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4. ‚��ˆ�–ˆŸ ��š…Œ� Vn ��‹�‘’ˆ Ω̄n

�·¨³¥´ÖÖ ÉÊ ¦¥ ¨´É¥£· ²Ó´ÊÕ É¥μ·¥³Ê, ´  μ¸´μ¢ ´¨¨ · ¢¥´¸É¢  (10) ¶μ-
²ÊÎ ¥³ ¢ ·¨ Í¨Õ

δVn =
∫

Ω̄n

δdVn (26)

μ¡Ñ¥³  Vn μ¡² ¸É¨ Ω̄n ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¥° ¸Ê³³Ò ¨´É¥£· ²μ¢:

δVn = −1
c

∫
Ω̄n

δxα ∂

∂uk

(
ηαν

√
−fmfklξν

l

)
du0du1 . . . dum+

+ ¨´É¥£· ² ¶μ μ¡² ¸É¨ ωn−1(t) ∪ ωn−1(0) = ∂Ω̄n. (27)

5. Cˆ‘’…Œ� „ˆ””…�…�–ˆ�‹œ�›• “��‚�…�ˆ‰
„‹Ÿ ƒ���ˆ–› ��‘‘Œ�’�ˆ‚�…Œ�ƒ� �”ˆ���ƒ� ��š…Š’�

�·¨ ¢Ò¢μ¤¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö £· ´¨ÍÒ · ¸¸³ É·¨¢ ¥-
³μ£μ ÔË¨·´μ£μ μ¡Ñ¥±É  ¨´É¥£· ²Ò ´  ÊÎ ¸É± Ì x0 = t ¨ x0 = 0 ¢ ¸Î¥É ´¥
¨¤ÊÉ.

‘μ£² ¸´μ (3), (24) ¨ (27) Ê¸²μ¢¨¥ δS = 0 ¶·¨ ¶·μ¨§¢μ²Ó´ÒÌ ¢ ·¨ Í¨ÖÌ δxα

´  ÊÎ ¸É±¥ 0 < x0 < t Ô±¢¨¢ ²¥´É´μ ¸¨¸É¥³¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°

Gn−1
1
c

∂

∂uk
(ηαν

√
−fmfklξν

l ) = Gn

∣∣∣∣∣∣∣∣∣∣∣

δ0
α δ1

α · · · δn
α

ξ0
0 ξ1

0 · · · ξn
0

ξ0
1 ξ1

1 · · · ξn
1

. . · · · .
ξ0
m ξ1

m · · · ξn
m

∣∣∣∣∣∣∣∣∣∣∣
(28)

¤²Ö £· ´¨ÍÒ Ωn ¶·μ¸Éμ£μ ¡¨´ ·´μ£μ ÔË¨·´μ£μ μ¡Ñ¥±É  ¢ μÉ¸ÊÉ¸É¢¨¥ ¢´¥Ï-
´¨Ì ¸¨².

6. Š�“ƒ‹�Ÿ �”ˆ���Ÿ �‹�‘’ˆ�Š�

‚ ÔÉμ³ ¸²ÊÎ ¥ n = 2, m = 1. �¥Ï¥´¨¥ ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥

x0 = t = u0, x1 = x = r(t) cos ϕ, x2 = y = r(t) sin ϕ, ϕ = u1. (29)

�  ¶μ¢¥·Ì´μ¸É¨ (29) ³¥É·¨±  (1) · ¢´Ö¥É¸Ö

ds2 = (ṙ2 − c2)dt2 + r2dϕ2, (30)

  Ô²¥³¥´É ¶²μÐ ¤¨ ¶μ¢¥·Ì´μ¸É¨ (29)

dV2 = r
√

1 − ṙ2/c2 dtdϕ, (31)
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É ± ÎÉμ

ṙ2 < c2,
1
c

√
−f1 = r

√
1 − ṙ2/c2. (32)

‚Ìμ¤ÖÐ¨° ¢ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (28) μ¶·¥¤¥²¨É¥²Ó · ¢´Ö¥É¸Ö∣∣∣∣∣∣∣
δ0
α δ1

α δ2
α

ξ0
0 ξ1

0 ξ2
0

ξ0
1 ξ1

1 ξ2
1

∣∣∣∣∣∣∣
= rṙδ0

α − xδ1
α − yδ2

α.

‘ ¤·Ê£μ° ¸Éμ·μ´Ò,

1
c

∂

∂uk
(ηαν

√
−fmfklξν

l ) =

=

⎧⎪⎪⎨
⎪⎪⎩

d

dt

r√
1 − ṙ2/c2

, ¥¸²¨ α = 0,

−xα

r

( 1
c2

rṙ√
1 − ṙ2/c2

+
√

1 − ṙ2/c2
)
, ¥¸²¨ α = 1, 2.

’ ±¨³ μ¡· §μ³, ¸¨¸É¥³  Ê· ¢´¥´¨° (28) ¸¢¥² ¸Ó ± ¤¢Ê³ ¸²¥¤ÊÕÐ¨³ Ê· ¢-
´¥´¨Ö³:

G1
d

dt

r√
1 − ṙ2/c2

= G2rṙ, (33)

G1

(
1
c2

rṙ√
1 − ṙ2/c2

+
√

1 − ṙ2/c2

)
, = G2r. (34)

“· ¢´¥´¨¥ (34) Ê¤μ¢²¥É¢μ·Ö¥É¸Ö, ¥¸²¨ Ê¤μ¢²¥É¢μ·Ö¥É¸Ö Ê· ¢´¥´¨¥ (33),
É ± ± ±

d

dt

rṙ√
1 − ṙ2/c2

+ c2
√

1 − ṙ2/c2 =
c2

ṙ

d

dt

r√
1 − ṙ/c2

. (35)

“· ¢´¥´¨¥ (33) μ¤¨´ · § ¨´É¥£·¨·Ê¥É¸Ö:

G1
r√

1 − ṙ2/c2
=

1
2
G2r

2 + C, (36)

£¤¥ C Å ±μ´¸É ´É  ¨´É¥£·¨·μ¢ ´¨Ö.
�μ² £ Ö C = 0, ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥

r
√

1 − ṙ2/c2 = 2
G1

G2
. (37)

’¥¶¥·Ó § ³¥É¨³, ÎÉμ ¢ ¸μ£² ¸¨¨ ¸ £¥μ³¥É·¨Î¥¸±¨³ ¸³Ò¸²μ³ · ¤¨ ²Ó´ Ö
±μμ·¤¨´ É  r ´¥ ³μ¦¥É ¶·¨´¨³ ÉÓ μÉ·¨Í É¥²Ó´ÒÌ §´ Î¥´¨°. ‚ ¸μμÉ¢¥É¸É¢¨¨
¸ ÔÉ¨³ ´ Ìμ¤¨É¸Ö μ¸μ¡μ¥ ·¥Ï¥´¨¥

r = 2
G1

G2
(38)
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¶·¨ Ê¸²μ¢¨¨
G1

G2
> 0, (39)

  É ±¦¥ ¨ μ¡Ð¥¥ ·¥Ï¥´¨¥

r =
√

A2 + c2(t − t1)2 (40)

Ê· ¢´¥´¨Ö (37), £¤¥ A = 2G1/G2,   t1 Å ±μ´¸É ´É  ¨´É¥£·¨·μ¢ ´¨Ö.
—Éμ¡Ò ¢Ò¡· ÉÓ ´Ê¦´μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (37), ¶μ¤¸Î¨É ¥³ Ô´¥·£¨Õ ¶² -

¸É¨´±¨. �´  · ¢´Ö¥É¸Ö ¨´É¥£· ²Ê

E =
∫

T 0
0 (t0, x, y)dxdy (41)

μÉ ±μ³¶μ´¥´ÉÒ T 0
0 É¥´§μ·  T αβ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¶² ¸É¨´±¨, ¢§ÖÉμ³Ê ¶μ ¢¸¥°

¶²μ¸±μ¸É¨ É·¥Ì³¥·´μ£μ ³¨·  Œ¨´±μ¢¸±μ£μ ¢ ³μ³¥´É ¢·¥³¥´¨ t = t0.
�·¥¦¤¥ Î¥³ ¢ÒÎ¨¸²ÖÉÓ ¨´É¥£· ² (41), ÊÉμÎ´¨³ ¸³Ò¸² · ¢¥´¸É¢ (29). � -

· ³¥É·¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö £· ´¨ÍÒ ³Ò ¨Ð¥³ ¢ ¢¨¤¥

t = u0, x = ρ(u0) cos u, y = ρ(u0) sin u (42)

¢ ¤¥± ·Éμ¢ÒÌ ±μμ·¤¨´ É Ì,   §´ Î¨É, ¢ ¢¨¤¥

t = u0, r = ρ(u0), ϕ = u (43)

¢ Í¨²¨´¤·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì É·¥Ì³¥·´μ£μ ³¨·  Œ¨´±μ¢¸±μ£μ.
’¥´§μ· T αβ = T αβ

(1) + T αβ
(2) ÔË¨·´μ° ¶² ¸É¨´±¨ ¸±² ¤Ò¢ ¥É¸Ö ¨§ É¥´§μ· 

T αβ
(1) ÔË¨·´μ° £¨¶¥·¶²¥´±¨ ¨ É¥´§μ·  T αβ

(2) ÔË¨·´μ° ³ ¸¸Ò. ‘μ£² ¸´μ Ëμ·³Ê-

² ³ (44), (16) · ¡μÉÒ [2] ¨³¥¥³

T αβ
(1) = C1

∫
δ(t0 − u0)δ(x − ρ(u0) cos u)δ(y − ρ(u0) sin u)(ηαβ − nαnβ)dV2,

T αβ
(2) = C2η

αβ , ¥¸²¨ r < ρ(t0), T αβ
(2) = 0, ¥¸²¨ r > ρ(t0). (44)

‘μμÉ¢¥É¸É¢¥´´μ, ¨ Ô´¥·£¨Ö E = E1 + E2 ¸±² ¤Ò¢ ¥É¸Ö ¨§ Ô´¥·£¨¨ E1

ÔË¨·´μ° £¨¶¥·¶²¥´±¨ ¨ Ô´¥·£¨¨ E2 ÔË¨·´μ° ³ ¸¸Ò.
‘· §Ê ´ Ìμ¤¨³

E2 = πρ2(t0)G2. (45)

—Éμ¡Ò ¢ÒÎ¨¸²¨ÉÓ E1, · ¸¸³μÉ·¨³ ¤¢  ·¥Ï¥´¨Ö Å μ¸μ¡μ¥, ±μ£¤  ρ(t0) =
2G1/G2 > 0, ¨ ± ±μ¥-´¨¡Ê¤Ó Î ¸É´μ¥ (´ ¶·¨³¥·, ¶μ²ÊÎ ÕÐ¥¥¸Ö ¨§ μ¡Ð¥£μ
¶·¨ t1 = 0, ±μ£¤  ρ(t0) =

√
A2 + (ct0)2).
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‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ

dV2 = 2
G1

G2
du0du, η0

0 − n0n0 =
(

G2

2G1
ρ(t0)

)2

,

  §´ Î¨É,

T 0
0(1) =

1
2
G2ρ

2

∫ 2π

0

δ(x − ρ cos u)δ(y − ρ sin u)du, (46)

£¤¥ ρ = ρ(t0).
„ ²¥¥, ¨³¥¥³ · ¢¥´¸É¢μ

δ(x − ρ cos u)δ(y − ρ sin u) =
1
r
δ(ρ − r)δ(u − arctg

y

x
), (47)

É ± ÎÉμ ∫ 2π

0

δ(x − ρ cos u)δ(y − ρ sin u)du =
1
r
δ(ρ − r). (48)

‘²¥¤μ¢ É¥²Ó´μ,

T 0
0(1) =

1
2
G2ρδ(ρ − r), (49)

  §´ Î¨É,

E1 =
∫ ∞

0

∫ 2π

0

T 0
0(1)rdrdϕ = πρ2G2. (50)

‘μ£² ¸´μ (45) ¨ (50) E1 = E2.
‡ ³¥Î É¥²Ó´μ, ÎÉμ Ô´¥·£¨Ö ÔË¨·´μ° £¨¶¥·¶²¥´±¨ (μÎ¥¢¨¤´μ, · ¢´μ³¥·´μ

· ¸¶·¥¤¥²¥´´ Ö ´  μ±·Ê¦´μ¸É¨ r = ρ) · ¢´  Ô´¥·£¨¨ ÔË¨·´μ° ³ ¸¸Ò (· ¢´μ-
³¥·´μ · ¸¶·¥¤¥²¥´´μ° ¢ ±·Ê£¥ r < ρ).

�μ¸±μ²Ó±Ê ¢´¥Ï´¨¥ ¸¨²Ò ´  ¶² ¸É¨´±Ê ´¥ ¤¥°¸É¢ÊÕÉ, ¢´ÊÉ·¥´´ÖÖ Ô´¥·£¨Ö
¶² ¸É¨´±¨ ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨. ‘²¥¤μ¢ É¥²Ó´μ, · ¤¨Ê¸ ÔË¨·´μ° ¶² ¸É¨´±¨
Éμ¦¥ ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨ ¨ · ¢´Ö¥É¸Ö

ρ = 2
G1

G2
, (51)

¶·¨Î¥³ G1/G2 > 0. ’ ± ± ± Ô´¥·£¨Ö ¶² ¸É¨´±¨

E = 2E1 = 2E2 = 8πG2

(G1

G2

)2

(52)

¶μ²μ¦¨É¥²Ó´ , Éμ G2 > 0,   ¢³¥¸É¥ ¸ É¥³ ¨ G1 > 0.
’ ± ± ± ´  · ¸¸³ É·¨¢ ¥³ÊÕ ¶² ¸É¨´±Ê ¢´¥Ï´¨¥ ¸¨²Ò ´¥ ¤¥°¸É¢ÊÕÉ, Éμ

¥¥ Ô´¥·£¨Ö ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨ t,   ¢³¥¸É¥ ¸ ´¥° ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨ ¨ ¥¥
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· ¤¨Ê¸, ¶·¨Î¥³ G2 > 0. ’ ± ± ± ¶² ¸É¨´±  ¶μ±μ¨É¸Ö, Éμ ¥¥ Ô´¥·£¨Ö Ö¢²Ö¥É¸Ö
¢´ÊÉ·¥´´¥°.

ˆÉ ±, ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ë¨§¨Î¥¸±¨³ ¸³Ò¸²μ³ · ¤¨Ê¸ ÔË¨·´μ° ¶² ¸É¨´±¨
· ¢´Ö¥É¸Ö (38) ¶·¨ ´¥¶·¥³¥´´μ³ Ê¸²μ¢¨¨ (39).

—Éμ ¤μ μ¡Ð¥£μ ·¥Ï¥´¨Ö (40) Ê· ¢´¥´¨Ö (37), Éμ ¢ · ¡μÉ¥ [7] ¶·¥¤²μ¦¥´μ
¨´μ¥ ¥£μ Éμ²±μ¢ ´¨¥: μ¤´μ¶μ²Ò° £¨¶¥·¡μ²μ¨¤, μ¶¨¸Ò¢ ¥³Ò° ¢¸Ö±¨³ Î ¸É´Ò³
·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (37), ¶μ²ÊÎ ÕÐ¨³¸Ö ¨§ μ¡Ð¥£μ ·¥Ï¥´¨Ö (40) ¶·¨ ± ±μ³-
´¨¡Ê¤Ó ¢Ò¡μ·¥ ±μ´¸É ´ÉÒ ¨´É¥£·¨·μ¢ ´¨Ö (´ ¶·¨³¥·, £¨¶¥·¡μ²μ¨¤ r2−c2t2 =
A2 ¶·¨ t1 = 0), ¶·¥¤¸É ¢²Ö¥É ¸μ¡μÕ ¤¢Ê³¥·´Ò° ³¨· ¤¥ ‘¨ÉÉ¥· , ¢²μ¦¥´´Ò°
¢ É·¥Ì³¥·´Ò° ³¨· Œ¨´±μ¢¸±μ£μ.

7. �”ˆ��›‰ ˜��

‚ ÔÉμ³ ¸²ÊÎ ¥ n = 3, m = 2. �¥Ï¥´¨¥ ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥

x0 = t = u0, x1 = r sin θ cos ϕ, x2 = r cos θ sin ϕ, x3 = r cos θ, (53)

θ = u1, ϕ = u2,

£¤¥ r = r(t).
�  ¶μ¢¥·Ì´μ¸É¨ (53) ³¥É·¨±  (1) · ¢´Ö¥É¸Ö

ds2 = (ṙ2 − c2)dt2 + r2dθ2 + r2sin2θdϕ2, (54)

  Ô²¥³¥´É ¶²μÐ ¤¨ ¶μ¢¥·Ì´μ¸É¨ (53) · ¢´Ö¥É¸Ö

dV3 = r2
√

1 − ṙ2/c2 sin θdtdθdϕ, (55)

É ± ÎÉμ

ṙ2 < c2,
1
c

√
−f2 = r2

√
1 − ṙ2/c2 sin θ. (56)

‚Ìμ¤ÖÐ¨° ¢ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (28) μ¶·¥¤¥²¨É¥²Ó ¨³¥¥É ¢¨¤

∣∣∣∣∣∣∣∣∣

δ0
α δ1

α δ2
α δ3

α

ξ0
0 ξ1

0 ξ2
0 ξ3

0

ξ0
1 ξ1

1 ξ2
1 ξ3

1

ξ0
2 ξ1

2 ξ2
2 ξ3

2

∣∣∣∣∣∣∣∣∣
= r sin θ(rṙδ0

α − xδ1
α − yδ2

α − zδ3
0).
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‘ ¤·Ê£μ° ¸Éμ·μ´Ò,

1
c

∂

∂uk
(ηαν

√
−fmfklξν

l ) =

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

d

dt

r2√
1 − ṙ2/c2

, ¥¸²¨ α = 0,

−xα

r

( 1
c2

r2ṙ√
1 − ṙ2/c2

+ 2r
√

1 − ṙ2/c2
)
, ¥¸²¨ α = 1, 2, 3.

’ ±¨³ μ¡· §μ³, ¸¨¸É¥³  Ê· ¢´¥´¨° (28) ¸¢¥² ¸Ó ± ¤¢Ê³ ¸²¥¤ÊÕÐ¨³ Ê· ¢-
´¥´¨Ö³:

G2
d

dt

r2√
1 − ṙ2/c2

= G3r
2ṙ, (57)

G2

(
1
c2

r2ṙ√
1 − ṙ2/c2

+ 2r
√

1 − ṙ2/c2

)
= G3r

2. (58)

“· ¢´¥´¨¥ (58) Ê¤μ¢²¥É¢μ·Ö¥É¸Ö, ¥¸²¨ Ê¤μ¢²¥É¢μ·Ö¥É¸Ö Ê· ¢´¥´¨¥ (57), É ±
± ± ¶·¨ ²Õ¡μ³ m

d

dt

rmṙ√
1 − ṙ2/c2

+ mc2rm−1
√

1 − ṙ2/c2 =
c2

ṙ

d

dt

rm√
1 − ṙ2/c2

. (59)

“· ¢´¥´¨¥ (57) μ¤¨´ · § ¨´É¥£·¨·Ê¥É¸Ö:

G2
r2√

1 − ṙ2/c2
=

1
3
G3r

3 + C, (60)

£¤¥ C Å ±μ´¸É ´É  ¨´É¥£·¨·μ¢ ´¨Ö.
�μ² £ Ö C = 0, ¶μ²ÊÎ ¥³

r
√

1 − ṙ2/c2 = 3
G2

G3
. (61)

�μ¢Éμ·ÖÖ · ¸¸Ê¦¤¥´¨Ö ¶·¥¤Ò¤ÊÐ¥£μ · §¤¥² , § ±²ÕÎ ¥³, ÎÉμ · ¤¨Ê¸ ÔË¨·-
´μ£μ Ï ·  ¸²¥¤ÊÕÐ¨°:

r = 3
G2

G3
, (62)

¶·¨Î¥³
G2

G3
> 0. (63)

‚´ÊÉ·¥´´ÖÖ Ô´¥·£¨Ö ÔË¨·´μ£μ Ï ·  · ¢´Ö¥É¸Ö ¨´É¥£· ²Ê

E = 2E1 = 2E2 =
∫

T 0
0 (t0, x, y, z)dxdydz (64)
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μÉ ±μ³¶μ´¥´ÉÒ T 0
0 É¥´§μ·  T αβ Ô´¥·£¨¨-¨³¶Ê²Ó¸  Ï · , ¢§ÖÉμ³Ê ¶μ É·¥Ì-

³¥·´μ³Ê ¶·μ¸É· ´¸É¢Ê Î¥ÉÒ·¥Ì³¥·´μ£μ ³¨·  Œ¨´±μ¢¸±μ£μ ¢ ³μ³¥´É ¢·¥³¥´¨
t = t0.

�´ ²μ£¨Î´μ (44) ¨³¥¥³

T αβ
(2) = C3η

αβ , ¥¸²¨ r < ρ, T αβ
(2) = 0, r > ρ. (65)

T αβ
(1) = C2

∫
δ(t0 − u0)δ(x − ρ1)δ(y − ρ2)δ(z − ρ3)(ηαβ − nαnβ)dV3,

£¤¥

ρ = 3
G2

G3
, dV3 = 3

G2

G3
sin u1du1du2,

ρ1 = ρ sin u1 cos u2, ρ2 = ρ sin u1 sin u2, ρ3 = ρ cos u1.

‘· §Ê ´ Ìμ¤¨³ ¢´ÊÉ·¥´´ÕÕ Ô´¥·£¨Õ E2 ÔË¨·´μ° ³ ¸¸Ò. �´  · ¢´ 

E2 =
4
3
π

(
3
G2

G3

)3

G3. (66)

’μ³Ê ¦¥ · ¢´Ö¥É¸Ö ¢´ÊÉ·¥´´ÖÖ Ô´¥·£¨Ö ÔË¨·´μ° £¨¶¥·¶²¥´±¨. —Éμ¡Ò ¤μ-
± § ÉÓ ÔÉμ, ´ ¤μ ÊÎ¥¸Ó ¸²¥¤ÊÕÐ¨¥ ¤¢  · ¢¥´¸É¢ :

δ(x − ρ1)δ(y − ρ2)δ(z − ρ3) =
1
r2

δ(ρ − r)δ(μ − cos
z

r
)δ(u2 − arctg

y

x
),

∫ 1

−1

dμ

∫ 2π

0

δ(x − ρ1)δ(y − ρ2)δ(z − ρ3)du2 =
1
r2

δ(ρ − r).

‘μ£² ¸´μ ¶·¥¤²μ¦¥´´μ° ¢ · ¡μÉ¥ [7] ¨´É¥·¶·¥É Í¨¨ μ¤´μ¶μ²Ò° £¨¶¥·¡μ-
²μ¨¤, μ¶¨¸Ò¢ ¥³Ò° Î ¸É´Ò³ ·¥Ï¥´¨¥³

r =
√

A2 + c2t2, £¤¥ A = 3
G2

G3
, (67)

Ê· ¢´¥´¨Ö (61), ¶·¥¤¸É ¢²Ö¥É ¸μ¡μÕ É·¥Ì³¥·´Ò° ³¨· ¤¥ ‘¨ÉÉ¥· , ¢²μ¦¥´´Ò°
¢ Î¥ÉÒ·¥Ì³¥·´Ò° ³¨· Œ¨´±μ¢¸±μ£μ.

8. Œ��ƒ�Œ…��›‰ �”ˆ��›‰ ˜��

‚ ·¥£Ê²Ö·´μ³ μ¡Ð¥³ ¸²ÊÎ ¥ m = n − 1, n � 2, ¶μ²ÊÎ ¥É¸Ö Ê· ¢´¥´¨¥

Gm
rm√

1 − ṙ2/c2
=

1
n

Gnrn + C. (68)
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�μ² £ Ö C = 0, ¶μ²ÊÎ ¥³

r
√

1 − ṙ2/c2 = n
Gm

Gn
. (69)

�μ¢Éμ·ÖÖ ¢ÒÏ¥¨§²μ¦¥´´Ò¥ · ¸¸Ê¦¤¥´¨Ö, § ±²ÕÎ ¥³, ÎÉμ · ¤¨Ê¸ n-³¥·´μ£μ
ÔË¨·´μ£μ Ï ·  · ¢´Ö¥É¸Ö

r = n
Gm

Gn
, (70)

¶·¨Î¥³
Gm

Gn
> 0. (71)

’¥¶¥·Ó Ê¦¥ ´¥É·Ê¤´μ ¤μ± § ÉÓ, ÎÉμ ¢´ÊÉ·¥´´ÖÖ Ô´¥·£¨Ö E1 ÔË¨·´μ° £¨-
¶¥·¶²¥´±¨ · ¢´  ¢´ÊÉ·¥´´¥° Ô´¥·£¨¨ E2 ÔË¨·´μ° ³ ¸¸Ò ¨ ¢ μ¡Ð¥³ ¸²ÊÎ ¥
n-³¥·´μ£μ ÔË¨·´μ£μ Ï · ,   ¨³¥´´μ:

E2 = M(Vn)Gn = E1 = M(∂Vn)Gm, (72)

£¤¥ M(Vn) Å μ¡Ñ¥³ n-³¥·´μ£μ Ï ·  · ¤¨Ê¸  ρ,   M(∂Vn) Å ¶²μÐ ¤Ó ¥£μ
£· ´¨ÍÒ Å ¸Ë¥·Ò Éμ£μ ¦¥ · ¤¨Ê¸ .

‘μ£² ¸´μ ¶·¥¤²μ¦¥´´μ° ¢ · ¡μÉ¥ [7] ¨´É¥·¶·¥É Í¨¨ μ¤´μ¶μ²Ò° £¨¶¥·¡μ-
²μ¨¤, μ¶¨¸Ò¢ ¥³Ò° Î ¸É´Ò³ ·¥Ï¥´¨¥³

r =
√

A2 + c2t2, £¤¥ A = n
Gm

Gn
, (73)

Ê· ¢´¥´¨Ö (69), ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° n-³¥·´Ò° ³¨· ¤¥ ‘¨ÉÉ¥· , ¢²μ¦¥´´Ò° ¢
(n + 1)-³¥·´Ò° ³¨· Œ¨´±μ¢¸±μ£μ.

‚ ¨¸±²ÕÎ¨É¥²Ó´μ³ ¸²ÊÎ ¥ m = 0, n = 1 § ¤ Î  μ · ¤¨Ê¸¥ ÔË¨·´μ£μ Ï · 
¶¥·¥Ìμ¤¨É ¢ · ¸¸³μÉ·¥´´ÊÕ ¢ · ¡μÉ¥ [8] § ¤ ÎÊ μ¡ ÔË¨·´μ° ´¨É¨, ¸ÉÖ£¨¢ Õ-
Ð¥° ¤¢¥ μ¤¨´ ±μ¢Ò¥ ³ É¥·¨ ²Ó´Ò¥ ÉμÎ±¨. ‚ · ¡μÉ¥ [3] ¢Ò¢¥¤¥´ ² £· ´¦¨ ´
É ±μ° ¸¨¸É¥³Ò.
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