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OBID;A.H XAPAKTEPMCTMKA PABOTbI 

06'beKT HCCJJe,D;OBaHIUI M aKTyaJibHOCTb TeMbl. 

0,n,HOH 1!3 Ba:/KHbIX 3a,zi:aq COBPCMCHHOH MaTCMaTll'-IeCKOH cp1I31IK1l 5IBJUie'l'C5I llC

CJIC,L\OBaHHe HHTerpHpyeMbIX CHCTeM. KoHe"IHOMepHbIMH HHTerpHpyeMhIMH CH

CTeMaMH KaK npaBHJIO Ha3hIBa!OTC5! raMHJibTOHOBhI CllCTCMbI, B KOTOpbIX "IHC

JIO KOMMYTHpy10rn;nx HH'rerpa.rroB ,L\BH)KCHH5I paBHO "lllCJIY CTeneHeli CB060,IJ,bI. 

B CJiyqae 6ecKOHC'-IHOMepHb!X IIOJlCBbIX raMHJibTOHOBh!X CHCTCM HH'rerpHpye

MOCTb BIIepBbie HCCJle,D,OBaJiaCb JI.,IJ,. <I>a,n,eeBb!M 1l B.E. 3axapOBbIM npll H3y

"!eHHll ypaBI-reHHH K,n;B. 

licTOpH"!eCKll llHTepec K llHTerpttpyeMbIM MO,D,eJI5IM B03HHK npH HCCJie,D,O

BaHHll TeOpllll xx x 1/2 CIIHHOBOH u;enO"IKH fe:i13ett6epra H MO,D,CJIH lI3HHra. 

Kor,n,a KBaHTOBMI TeopH5I Ha'raJia CBOe pa3BHTHe H ,zi:o6ttJiacb rrepBbIX ycrrexoB, 

TO MO,!l;CJih }farrnra, 5IBJI5I5ICh KJlaCCH'-ICCKOH, 6bIJia rrpH3HaHa Heyp;OBJieTBOpH

TCJihHOH. B 1928 ro,n;y feli3err6epr rrpep;JIO)KHJI KBaHTOBYIO CIIHHOBYIO MO,!l;eJib, 

B KOTOpOH KJiaccwrecrmli CIIHH MO,D,CJIH lI3HHra, rrpHHHMaIOI!IHH TOJibKO p;Ba 

B03MQ)KHbIX COCT05IHirn, 6bIJI 3aMeHeH Ha MaTpHIJ;bl IlayJIH, COOTBCTCTBYIOI!IHC 

CITHHY 1/2. 0,D,HOMepna.H Bepcrrn 3TOH MO,n;emr 1IMCIOIIJ;a5I Ha3BaHHC CIIHHOBa5! 

ri;erro'-rKa feft3en6epra 6hIJia peillerra BeTe B 1931, rrpll rroMOI!IH r<OHCTPYKIJ;Hll 

Hhrne H3BCCTHOH, KaK BeTe att3ari;. 

B Te"!eHHe ,D,OJiroro BpeMeHH rrocJie 3Toro Teoprrn HHTerpttpyeMhIX CHCTeM 

ne pa3BHBanach, ,n,o Tex rrop, rroKa 0Hcarep He HallieJI B 1944 ro,n;y peillenue 

MO,D,eJIH lI3HHra. tho pellieHue llMCJIO orpOMHOe 3Ha"!eHHe ,!l;JI5I CTaTHCTH"!e

CKllX MOp;eJie:ti, B t.IaCTHOCTll ,L\JUI ITOHHMaHH.H cpll31IKH r<pHTH"ICCI<HX .HBJICHHH. 

CJie,n;cTBHeM 3Toro peille:mrn 5IBHJIOCh ITO.HBJieHHe B 50-x ro,D,ax 60JihIIIOro "IHC

Jia pa6oT ITO TO"!HO pelllaCMbIM MO,[\CJI5IM, KOTOpbre BCKOpe BKJIIO"IHJIH B cefo:r 

pa6oTy BeTe H B CKOpOM BpeMeHH HHTerpHpyeMbie CHCTCMbI CTaJIH o6'beKTOM 

rrpucTaJibHOI'O BHHMaHml CpH3HKOB H MaTeMaTHKOB. 

B t.racTHOCTH, B TeopHH rroJI.H O,Il;HHM H3 naH6oJiee I-I3BeCTHhrx rrpnMepoB 

HHTerpMpyeMoli Mo,n;eJI11 5IBJI5ICTC5! ypaBHeHHe Sine-Gordon 

,IJ;JI5! CKaJI5IpHOI'O rrom1 cp(x,t), KOTOpoe rro.rraraeTC5I peJI.HTllBHCTCKHM H HCJIH

HeHHbIM. 

1 



KaK xoporno H3BeCTHO, npo6neMhI TeopeTHKo-rroJieBbIX MO,ll,eJieil co B3aII

Mo,n:elicTBHeM CB5I3aHbI c HaJIII'lll8lvl paCXO,ll,IIMOCTeli II neo6XO,ll,IIMO BBO,II;l!Tb pe

ry.rrnpn3a1IIIH. ~ncKpeTn3au,nR rrpoC'rpaHCTBa, mm ,n;pyrm.rn cJIOBaMn, rrepexo.z:i: 

K perneTO"IHbI!vl MO,II;e.Trnlvl, 5IBJI5!8TC5l O,ll,Hlllvl l:l3 crroco6oB TaKofi pery.TI5IpH3a1IIIII. 

9TOT IIO,ll,XO,II; CBO,ll,HT IIOJieByIO MO,ll,8.Tib B KOH8'-IHOM ofrheMe K CHCTeMe c KOH8'.!

HbIM '.!HCJIOM CTerrerrefi CB060,ll,bl. 

B Ha'IaJie 80-bIX ro.n:oB, B ocHOBHOM 6Jiaro.n:ap5I pa60Te Ifaepnrna n Kope

mrna, 6hIJIO OC03HaHO, "ITO l:!IITerpnpyeMbie IIOJI8Bbre MO,ll,8.TIII CB5I3aHbI c perne

TO'-!HbIMH IIHTerpnpyeMbIMII lv!O,ll,8JI.5IMII, KOTOpbie B H€KOTOpbIX CJIJ"Ia5IX MOryT 

6bITb llHTeprrpeTHpOBaHbl KaK MO,ll,8.TIH KBaHTOBbIX CIIHHOBbIX IIeIIO'.!€K. ,Upyrn

Mll rrpIIM8H8HHZ!lvlll MO/J;e.Tie:H CIUIHOBbIX 1IeII0'.!8K B COBpeMeHHbIX Teop1rnx rro

JIZI, 5IBJIZ!IOTC5I BbI'-IllCJI€HII71 anoMaJJbHbIX pa3!v18pHOCT8H KOMII03HTHbIX IIOJI€H B 

N = 4 cyrrepcnMMeTpW-IHbIX Teop1rn:x 5IHr-M1mnca II rrpl:l II3J'.!8HIIH BbICOKO

::inepreTII'-IecKoro npe,n;ena TeopIIli KX~. 

Bo3BpaIIIa5ICb K CTaTHCTl:l'-1€CKIIM TeOpII5IM, CTOI:!T ynOM5IHJTb TaKne MO

,n;eJil:l, KaK aCCIIMeTpH'.!Hbie rrpou;eccbI c lICKJIIO'.!eHl'Ielvl, KOTOpbre cpl:l3l:l'.!€CKI:l 

MQ)KHO paccMaTpIIBaTb, KaK CTOXaCTl:l'.!eCKYIO Cl:!CTeMy '.!aCTIII1, COBeprnaIOIIIHX 

CI<a'.!KII B coce.n:mrn Y3Jibl no TaKl:llvl rrpaBl:!JiaM, '-ITO ,[\Be '-IaCTII!J,bI He MOryT Ha

XO,II;l:!TbC5I B O,ll,HOM J3Jie H He MoryT o6orHaTb .z:i:pyr .z:i:pyra, H HaXO,ll,.HIIIJIOC5I 

ITO,[\ BJIH5IHIIeM BHeIIInero rromr, KOTOpoe ,ll,Bll)KeT '-IaCTH!J,bI B HeKOTOpOM BbI,ll,e

J1€HHO!vl rranpaBJI8HHH. ~HHaMllKY ,n;aHHOH CHCT8lvlbl OIIllCbIBae'r raMHJibTOHHaH 

XXZ1;2 aHH30TpOIIHOH lv!O,[\€JIH re:IT3eH6epra, HMeIOIIIllH BH,ll, 

n-1 + -1 -1 
H -~xx +YY +q q zz +q-q (z z) 

- L...., si si+l si si+l 2 Si si+l 4 s1 - sn ' 
i=l 

r.z:i:e q cpopMaJibHbIH rrapaMeTp, cyMrvrnpoBaHn:e 6epeTC5I rro n Y3JiaM I18ITO'IKH, a 

sx, sY, sz - MaTPHI1aMH IIayJIH. 

0,ll,HH!vl ll3 M8TO,ll,OB HCCJI€,II;OBamrn TaKHX raMHJibTOHOBbIX CHCTeM 5IBJI5I8T

C5I KBaHTOBbIH lvl8TO,II; o6panroPi: 3a,n;a'.!ll pacce5!HII5I, ll CB5I3aHHb!H c HUM anre6-

palI'.!8CKllH aH3aI1 BeTe. AJire6pan'.!ecKHH aH3aI1 BeTe, pa3BHBaIOIIIHH rro.z:i:xo,n; 

BeTe, 6brn pa3pa6oTaH JJ.~. <PaMeeBhIM n ero ll!KOJIOii. l1crroJib30BaHne aH3a

IIa BeTe rro3BOJIZieT ll;OCTIIrrryTh MHO;.KeCTBa HHTepecHbIX pe3yJibTaToB, o.z:i:rraKo, 
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IIOMHMO KBaHTOBOro M8TO,Il,a o6paTHOH 3a,Il,a'-rn pacce5!Hll5l cyru;eCTByeT llHTepec 

K aJibTepnaTHBHbIM ¢opMaM ll3Y'l8Hll5! no,n:o6HbIX KBaHTOBbIX raMttJibTOHOBbIX 

CHCT€M. 

cho CB5l3atl0 C T€M, '-ITO nptt ll3J'l€HHll KOHKpeTHbIX CHCT8M He TaK IIpO

CTO orrpe,n:eJittTh, 5lBJI5lIOTCl'l. Jitt OHtt HHTerpupyeMbIMll llJill HeT. HeKoTopyro llH

¢opMarruro, KOTOpal'l. II03BOJI5l.€T OTB€THTb :ua 3TOT BOIIpoc, MOlKHO 110JIJ'-IliTb 

HCIIOJib3J5l aJire6pawrecKHe cBo:iicTna JIOKaJibHhrx MaTpm\ B3attMo,n:e:iicTBll5l. B 

'IaCTHOM cJiy<Jae, ecmI BBeCTII R MaTpnrry mr,n:a 

A ( ~ R= 
0 

0 

0 

q - q-1 

1 

0 

0 

1 

0 

0 

') 2 ' 
KOTopa5l ,n:e:iicTByeT B rrpocTpaHCTBe (<C> )® , 11 orrpe,n:eJIIITb onepaTop Ri ,I1,e:ii-

CTBYI01I!H:ii Ha i, i + 1 J3Jiax CillIHOBOH rrerrO'-IKH, TO KaK 6bIJIO IIOI<a3aHO B pa-

6oTaX ~)!(IIM60 3TOT onepaTop J,Il,OBJI€TBOp5IeT COOTHOI1I€Hll5IM aJire6pbI feKKe 

Ii -JI~ 2, 

kRH1k = RH1RiRi+1, 

(Ri - q)(Ri + q-1) = o, 

KOTOpbre rroKa3bIBaIOT, 'ITO MaTPHI!bI Ri peaJIH3YIOT HeKoTopoe npe,n:cTaBJieHHe 

aJire6pbr feKKe. ,II:aHnoe MaTpH'IHOe rrpe,D,CTaBJieHHe II03BOJI5leT neperrIIcaTb ra

MHJibTOI-rnan XX Z1; 2 MO,IJ,eJIII c OTKpbrTbIMH rpaHH'-IHbIMII ycJIOBl15IMl1 B cJie

,IJ,y10ru;e:ii rrpOCTOH ¢opMe 

MmKHO c¢opMyJIHponaTb 6oJiee o61I!yio 3a,Il,a'-ry rroIICKa cneKTpa ,IJ,JI5I pa3JIII'l

HbIX rrpe,IJ,CTaBJieHHH CII8I!liaJibHOro 3JI€M8HTa aJire6pbl feKKe, KOTOphIH IIMeeT 

Ty Me ¢opMy 
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r,n;e Ti o6pa3yI:a;He a.rrre6pbI reKKe. Ba)KHbIM CJie,D;CTBMeM ,n;aHHOro Ha6mo,n;eHM.H 

.HBJI.HeTC.H CJie,n;y10m,ee YTBep)K,n;eHHe: JII06o:H CTOXaCTFI'IeCKHH npo:u;ecc OIIMCbIBa

eMbIH cyMMOH JIOKaJibHbIX MaTpMI! B3aHMO,n;e:i1:CTBHH, y,n;OBJieTBOp.HIOIIIHX COOT

HOIIIeHM.HM aJire6pbI reKKe, HBJIHeTC.H HHTerpHpyeMbIM npo:u.eccoM. BoJiee Toro, 

JII060e npe,n;CTaBJieHHe p aJire6pbI I'eKKe ,n;afa HHTerpnpyeMyIO CHCTeMy, THIIa 

CTOxacTH'IeCKoro nop:u;ecca, c raMHJibTOHHaHOM p(H). TaKHM o6pa3oM Ba.JKHOH 

3a,n;aqe:i1: .HBJIH€TCH HCCJie,D;OBaHHe CIIeKTpa raMHJihTOHHaHa aJire6pbI I'eKKe B 

pa3JIH'-IHhIX ee npe,n;CTaBJieHH.HX. ,lJ;aHHa.8'. 3a,D;aqa O'-IeBH,ll;HO CBO,D;HTC.H K H3y'-Ie

HHIO cneKTpa HenpHBO,ll;FIMbIX npe,n;cTaBJI€HHH. 

IJ;eJib pa6oTbI. 

:UeJiblO HaCTO.HI:a;eH ,D;HCCepTa:a;nH .HBJI.8'.eTca: IIOCTp0€HFie cneKTpa raMHJibTOHHa

Ha :u;enO'IKH reKKe,0606m;a10I:a;ero raMHJibTOHFiaH xx Z1;2 KBaHTOBOH CIIHHOBOH 

:u;eno'-IKFI, ,D;JI.8: pa3JIH'IHhIX HenpHBO,D;HMbIX rrpe,n;cTaBJieHHH anre6p reKKe A TM

na, a TaK)Ke ,n;eTaJibHOe HCCJie,D;OBaHHe CaMHX anre6p I'eKKe ,D;JI.8: CJiy<-Ia.H q He 

.8'.BJI.8'.IO:ru;eroc.a KOpHeM H3 e,n;MHM:u;hI. 

Hay-<J:Hrui HOBH3Ha H npaKTIPieCKMI ~eHHOCTb. 

BbIJI pa3pa6oTaH H rrpHMeHeH ,D;JI.8: KOHKpeTHbIX Bbl'IHCJI€HHH M€TO,D; IIOHCKa 

cneKTpa raMHJihTOHHaHa ,n;Jia: HeKOTOphrx cne:u;HaJihHhIX npe,n;cTaBJieHHH. IIoJiy

qeHbI YCJIOBHH ,D;JI.8: Bbipa)l(eHH.8: H€IIpMBO,D;HMbIX npe,n;CTaBJieHHH aJire6pbI I'eK

Ke O,D;HOro BH,n;a qepe3 orpaHH'IeHH.H TeH30pHbIX npOM3Be,n;eHMH HeIIpHBO,D;HMbIX 

npe,n;cTaBJI€HifH ,n;pyroro BM,D;a, '-ITO II03BOJI.HeT BBeCTM Ha HeKOTOpbIX npe,n;cTaB

JieHH.8'.X aJire6pbI I'eKKe KOHCTPYKIIMIO aHaJIOrH'-IHYlO KOHCTpyK:a;HH KOyMHO)l(e

HM.8:. TeM caMbIM B03HMKaeT B03MO)KHOCTh BbI'-IMCJI.HTh cneKTphr raMMJibTOHHa

Ha u;enO'-IKM I'eKKe ,D;JI.8: 6oJiee CJIO)KHbIX npe,n;cTaBJieHHH, '-ITO ,n;aeT B03MO)l(HOCTb 

paccMaTpHBaTb HOBbie MHTerpHpyeMbie CIIHHOBhie FI CTOXaCTH'-IeCKHe MO,D;€JIM. 

IIoJiy'-IeHHOe rrpe,n;cTaBJieHHe H,D;eMIIOTeHTOB anre6pbI reKKe B BH,n;e npo

H3Be,n;eHM.H 6aKCTepnsoBaHHbIX aJieMeHTOB ,n;aeT rrpocTyro KOHCTpyKu;Hro npo

:u;e,n;ypbr CJIH.8'.HMH. Pe3yJihTaTOM aToro .aBJia:eTca:, B qacTHOCTH, B03MO)l(HOCTh 

IIOJIY'I€HH.8'. HOBhIX pellieHHH ,D;JI.H aJire6paH'-1€CKOro aHanora ypaBHeHHH 0Tpa

)K€HHH. TaK)l(e rroa:BJI.HeTc.H B03MO)KHOCTh 3a1mcaTb cooTHOllieHHa: ,n;JI.a: aJieMeH

TOB anre6phr I'eKKe, KOTOpbre B R-MaTpH'-IHOM npe,n;cTaBJieHHH coBna,n;aroT c TQ 
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ypaBnenmrMH BaKcTepa, 'ITO B CBoro oqepe,n;b rro3BOJIHT rroJiy'IaTb cneKTpbr ra

MHJibTOHHanoB pa3JIH'1HbIX ¢n:3H'IeCKHX MO,n;e.rreli Ha OCHOBe anaJIHTH'IeCKOro 

an3an;a BeTe. 

Arrpo6an;1rn: pa6oTbI. 

Pe3yJibTaTbI ,n;n:ccepTau;n:n: ,n;oKJia,D;brna.rrncb na: 

1. Me>K,D;yHapo,n;noM COBern;aHHH "CyrrepCHMMeTpHH H KBaHTOBbie CHMMeT

pHH'', 2007, OH.HH, r . .IJ:y6Ha; 

2. XVI International Colloquium on Integrable Systems (ISQS-16), Prague, 

2007; 

3. CeMHHapax TeMbl "CoBpeMeHHaa: MaTeMaTH'IeCKM cPH3HKa", JIT<I>, 

OH.HH, r.,IJ;y6na; 

4. XIII Kon¢epenn;Hn MOJIO,I.J;bIX yqeHbIX H cneu;n:ann:cTOB, 2009, OH.HH, r . 

.IJ:y6na. 

IlyfiJIHKaD;HH • 

.IJ:HccepTan;Ha: narrncana rro MaTepHaJiaM 4 pa6oT. 

CTpyKTypa H o6'beM ,n;HccepTan;HH • 

.IJ:n:ccepTan;mr COCTOHT H3 BBe,n;emra:, Tpex rnaB H 3aKJII0'16HHR. 06II.J;HH o6'beM 

,n;nccepTaIIHH 112 CTpaHHI.J; MaillHHOTIHCHOro TeKCTa, BKJIIO'IM CIIHCOK JIHTepa

TYPbI H3 59 naHMeHoBaHnli. 
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OCHOBHOE CO).J;EP:>KAHIIE PABOTbl 

Bo BBe,n;eHIIII rrpe,II,CTaBJieH KpaTKHM ofoop OCHOBHbIX pa6oT H pe3yJibTa

TOB ITO TeMe HHTerpnpyeMbIX CHCTeM H aJire6p I'eKI<e. TaM .>Ke KpaTKO orurcaHbI 

OCHOBHhie pe3yJibTaTbI, COCTaBmuorn;ne ,II,amryro )J,MCcepTa:!J,M!O. 

E rrepBoM: rJiaBe "Arftrjju'li'Hibte zpynn'bt noc" - orrnchrnaeTrn Teopmr 

rpyrrn KOC, COOTB8TCTBYIOIIJ,HX a¢¢nHiihIM H Hea¢¢nHHbIM rpa¢aM ,ll;bIHKH

Ha. ,II,mr cJiy-qaa rpyrm KOC A Tuna H3JiaraeTca KOHCTpyKr~H5I TaK H&"3bIBaeMo

ro "3JieMeHTapHoro rOMOMOPcPH3Ma" ( COOTBeTCTBYIOIIJ,HM aHrJIHMCKHM TepMHH 

"evaluation homomorphism" He HMeeT 60.rree a,n;eKBaTHoro rrepeBO,II,a Ha pyccKHH 

5!3bIK), rrpH IIOMOIIJ,H KOTOporo y;:i;aeTCR CHCTeMaTH"IeCKH OITHCaTb CBOMCTBa crre

IJ,HaJibHb!X o6'beKTOB COOTB8TCTByIOIIJ,eM anre6pbI fer<Ke, KOTOpbie Ha3bIBaIOTCR 

:=meMeHTaMH lOIJ,HCa-Mep¢H H 6hIJIH BhIBe,n;eHhI ,D;nrrrrepoM H ,ll;:>KeHMCOM rrpH 

o6o6rn;eHHH pe3yJihTaTOB lOIJ,nca n Mep¢n ,IJ;JIR CHMMeTpn-qecKo:H rpyrrrrhI. 

I'pyrrrra KOC cooTBeTCTBYIOIIJ,a5I ttea¢n:mrnMy rpa¢y AhIHKnaa A nma rro

po)!{,n;aeTCR Ha6opoM o6pa3yIOIIJ,HX T1, ... , Tn, KOTOpbre y,II,OBJI8TBOp5IIOT cooT

HOJIIeHH5IM 

Ii - .ii ) 2, 

9neMeHTbI lOIJ,HCa-Mep¢n orrpe,n;eJIRIOTCR rrpH 3TOM H3 CJie)J;yIOIIJ,HX peKKY

p€HTHbIX COOTHOIII8HHH 

Yr= 1, 

OcHOBHazr 11,1J;e5I rrocTpoeHHR 3JieMeHTapttoro roMOMOPcPH3Ma 3aKJIIO"IaeT

ca B TOM, 'ITO B a¢¢nHHOH rpyrrrre KOC y)J;aeTCR BbIITOJIHHTb O)J;HOBpeMeHHO 

l!eCKOJihKO ycJIOBHH. CaMa no ce6e a¢¢nHHazr rpynrra KOC (Boo6rn;e roBOp5I 

pacnrnpeHHa5I, HO B TeKCTe )J;JI.H yrrporn;emrn 3TO CJIOBO 6y,1J;eM orrycKaTb) MO

lKeT 6bITb onpe)J;eJieHa HeCKOJibKHMH pa3HbIMH 3KBHBaJI8HTHbIMH crroco6aMH. 

C O,II,HOM cTopOHhI OHa orrpe)J;eJI.HeTC.H tta6opoM o6pa3yIOn~Hx {To, ... , Tn}, KO

TOphre y)J;OBJI8TB0p.HIOT COOTHOIII€HI15IM KOC, H 3JI8M€HTaMH 7r E S1, r,n;e D cPYH

,IJ,aMeHTaJibHaR rpyrrrra )J;aHHOH aJire6pbl Jin, MJIH, ,!J;pyrHMH CJIOBaMH, rpyrrrra 

6 



aBTOMop¢H3MOB cooTBeTCTByro~ero a¢¢nmroro rpa¢a ,Il;hIHKHHa. C ,n;pyroil 

CTOpOHhI, ,Il,Jrn a¢¢ttHHhlX rpynrr KOC ecTeCTBeHHhIM o6pa30!vl onpe,n;eJI5IeTC5I 

no,n;rpynna c,n;mrroB Y, H30Mop¢Ha5I peIIIeTKe KOBecoB, H a¢¢umra5I rpynna 

KOC OIIHCbIBaeTC5I B 3TOM CJiy'lae 3JI8M8HTaMH IIO,IJ,rpynIIhl C,Il,BHrOB H 06pa3y

IO~HMH {T1, ... , Tn}, KOTOphre caMu no ce6e 5IB.JI5IIOTC5I 06pa3yrorr~HMH y:tKe 

ttea¢¢rrHHOH rpyrrrrhr KOC. Tar< KaK no,n;rpyrrrra Y 5IBJI5IeTC5I o6pa30M peIIIeTKH 

KOBeCOB, TO TeM caMhIM OHa HrpaeT Ba:tKHyIO pOJib B TeopHH npe,n,cTaBJICHHH 

rpyrm KOC H COOTBeTCTBYIO~HX acp¢HHHbIX aJire6p feKKe. IlocKOJihKY 3TO ,IJ,Ba 

pa3Jiff'-!HhIX onncaHHl'I O,Il,HOH H TOH :>Ke a¢¢muIOH aJire6pbI, TO Me:t1<,n;y HH

!v!H cy~eCTByeT CB5I3h, KOTOpaa OIIHChIBaeTC5I npn IIOMO~H IIOH5ITH5I ,IJ,JIHHhI. 

9TO IIOCTpOeHHe B CJiy'lae a¢¢:mIHhIX rpyrrrr 5IBJI5I8TC5I BCero JIHIIIh paCIIIHpe

HHeM KJiaCCH'!eCKOro IIOH5ITH5I H IIOTOMY MHOrHe TeopeMbI rrepeHOC5ITCl'I rrpaK

Tlf<JeCKH 6e3 H3MeHeHni1:. C HCIIOJih30BaHneM KOHCTPYKI\HH ,IJ,JIHHhI B cny-qae A 

cepHH ,I\JI5I KOBeca COOTBCTCTBYIOII\ero C'l'apIIIeMy KOBecy aHTHcPYH,Il,aMeHTaJib

HOrO rrpe,n;cTaBneHHl'I nony-qaeTC5I Bhrpa:tKerrne BH,IJ,a yb,, = rrnT1T2 ... Tn, r,n;e 

rrnTo = Tn1rn. 0,n;Harw, c ,I\pyroil CTOpOHhI, B rrea¢¢rrmroil rpyrrrre KOC, cy~e

CTByeT BHyTpeHHHH aBTOMop¢H3M, nopO:tK,.[\aeMbIH 3JieMeHTOM X = Tn ... T1 

KOTOpbIH ,Il,8HCTByeT CXO:tl<HM o6pa30M. HaHBHO MO:tKHO CKa3aTb, 'ITO cy~eCTBy

eT r0MOMop¢H3M a¢¢HmIOll rpynnhI KOC Ha Heacf><PnHHYIO rpyrrrry c HCIIOJib30-

BaHH8M OTO:IK,IJ,eCTBJ18HH5I 7r f-t x. 9TO He COBCeM TO'IHO, TaK KaK ,n;a1rnoe OT06-

pa:tKeHHe He 5IBJI5I8TC5I KOppeKTHO orrpe,.[\eJieHHbIM, O,I\l-IaKO, KaK OKa3hIBaeTC5I B 

,.[\aJibHeiiIIIeM, H8TO'IHOCTb, KOTOpa5I ,n;orrycKaeTC5I rrpH TaKOM OTO:tK,,IJ,eCTBJieHHH 

He 5IBJI5IeTC5I cy~ecTBeHHOil. C Y'IeTOM 3Toro 3aMe'!aHH5I nony'!aeTCH, 'ITO 3Jie

MeHTY yb,. cooTBeTCTByeT HeKOTOpbIH 3JieMeHT lOI1nca-Mep¢n. PaccMaTp1rnaH 

,n;pyrne KOBeca, H HCIIOJib3Y5I TO :>Ke OT06pa:tK8HHe, ,I\J15I 1-i:ea¢¢nHHOH aJire6pb! 

feKKe IIOJiy'laeTC5I BCe ceMeHCTBO onepaTopoB lOI\HCa-Mep¢n, KOTOphre, Ta

KHM o6pa30M 5IBJil'IIOTC5I o6pa30M peIIIeTKH KOB8COB H HaCJI8,,Il,JIOT ee CBOHCTBa. 

A HMeHHO, OHM o6pa3yIOT MaKCHMaJibHYIO KOMMyTaTHBHYIO IIO,I\rpyrrny, a TaK

)K8 B IIOCJie,n;yro~eM c HX IIOMO~hIO OIIHCbIBaeTC5I TeOpH5I rrpe,n;cTaB.JiemrU: COOT

BeTCTBYIO~eU: aJire6pbI feKKe. ,IJ;pyroil rro,n;xo,n; K BbI'IHCJieHHIO 3JI8MeHTapHoro 

rOMOMOPcPH3Ma y:t1<e B aJire6pax feKKe, CB5I3aH c HCIIOJib30BaHH8lvI KBaHTOBbIX 

rpyrrrr H 6bIJI OIIHCaH B pa60Te 11. 'llepe,IJ,HHKa. 
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Bo BTopoii r.rrnBe - "A.JL2e6pa I'e1'1'C u ee npeocmaB.JLC1t'UJl" orrpe,n;emI-

IOTC5I aJire6pbl I'eKKe n, IIpH TIOMOIIJ;H BBe,n;eHHbIX 9JieMeHTOB lOIIHCa-Mcpqm: Yi, 

CTpowrc:;r HX TeOpI15I rrpe,n;cTaB.JieHH5I. ,.Umrna5I TeOpH5I, B ClIJIY rrpHqHH YIIOM5IHY

TbIX BbIIIIe, OKa3hIBaeTC5I CB5I3amroi1 c TCOpHeH rrpe,n;cTaBJiemrn aJire6p .Jl:H s(n· 

l103TOMY B o6eHX Teoprrnx I1CTIOJib3yeTC5I CXO,Il;HbIM 5I3bIK, a HMemro 5I3bIK ,D;IIa

rpaMM lOHra. Bee B03MOJKHhre npe,n;cTaBJiemrn aJire6p feKKe IIpH 3TOM OIIHChr

BaIOTC5I OKpaIIIeHHhIM rpacpoM I0Hra, B BepIIIHHax KOTOporo CT05IT ,n;rrnrpaMMbI 

IOnra. Ka:>K,n;oli ,n;uarpaMMe IOnra rrpM 3TOM cTaBHTC5I B cooTBeTCTBHe Ha6op 

CTaH,n;apTHbIX Ta6mm, lOHra T, KOTOpbre CB5I3aHbl co CII8IIHaJibHbIMlI 3JieMeHTa

MH Er aJire6phr I'eKKe, Ha3bIBaIOru;HxC5I M,n;eMrroTeHTaMM, TO eCTb y,n;oBJieTBOp5I

IOIIIHX cooTHOIIIeHH5IM E'f = Ey. H,n;eMIIOTeHTbI 06Jia,n;a10T p5I,n;oM CBOHCTB, BO

rrepBhrx mrn 5IBJI5IIOTC5I co6cTBeHHbIMH "BeKTOpaMH" 3JieMCHTOB lOIIMCa-Mepq:rn 

YiEr = ET'Yi = ciEr, r,n;e ci - "co,n;ep)KHMoe" KJieTKH c Koop,n;rrHaTaMH (n, m), 

Ci = q2(n-rn). Bo-BTOphrx, n,n;eMnoTeHTbI MOfKHO 3arnrcaTb KaK cpyHKIIHII 3TIIX 

)Ke 3JreMeHTOB IOu;ttca-MepcpH. Bonee Toro, cyIIIeCTByeT aJibTepHaTHBHa5I cpop

Ma HX 3aIIHCH "Iepe3 6aKC'I'epII30BaHHbie 9JieMeHTbI 

x,y EC, 

KOTOpa5I IICCJie,n;yeTC5I B ,n;rrccepTaIJ;IIH H 5IBJI5IeTC5I o6o6IIIeHIICM aHaJIOrliqHOH 

KOHCTPYKIIIIII ,n;.rrn CHMMeTprrqecKOH rpynrrhI. 

lOu;HCOM 6bIJIO 3aMeqeuo, qTo IIpHMIITIIBHbIC rr,n;eMIIOTeHTbI CIIMMCTpIIqe

CKOM rpyrrrrhr, MOryT 6hITb noJiyqeHbI KaK HCKOTOpbIH IIpe,n;eJI cPYHKIJ;HH MHO

rux IIepeMeHHbIX CII€IIHaJ1bHOro BH,n;a, c pau;noHaJihHbIMII K03cp¢nu;neHTaMH H 

co 3HaqeHH5IMlI B CHMMeTpnqeCKOH rpyIIIIe. To"IKa B KOTOpoil 6ep8TC5I IIpe

,n;eJI orrpe,n;eJI5ICTC5I co,n;epfKIIMbIM COOTBCTCTBYIOIIIIIX KJICTOK 3a,n;aHHOM Ta6JIIIIJ;bl 

lOHra, ,Il;Jl5I KOTOpoil HIIIeTrn II,Il;CMITOTCHT. 9Ta ¢YHKIJ;H5I HMeeT BII,II; 

r,n;e U1' ... 'Un 5IBJI5IIOTC.H KOMTIJICKCHbIMII rrepeMeHHblMII II IIpOII3Be,n;eHIIe Bbl

qrrCJI5IeTc.a B rpyrmoBoil ame6pe C[6n] c JieKCIIKOrpa¢IIqecKIIM yrrop.a,D;O"IIIBa

HIIeM no rrapaM (i,j). 
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Cxo,n;HaH KOHCTpyKu;mr, Ha3hIBaeMaH ''npo:u;e,rzypa CJIH.amrn" ( opHrHHaJih

HhIH aHrJIHHCKHH TepMHH ''fusion procedure")' 6bIJia pa3pa6oTaHa 1:.Jepe,n;HHKOM 

n nonHoe ,n;oKa3aTeJihCTBO 6hIJIO BnepBbie ,n;aHo Ha3apOBhIM. Ilo3,n;Hee 3Ta KOH

CTpyKu;H.a 6bIJia IIOCTpOeHa ,LJ;JI.H CJiy<Ja.H anre6p reKKe, B <JaCTHOCTH rpaHMOM 

6hma HCIIOJih30BaHa Bepc1rn ocHosaHHa.H Ha rnaBHhIX KpIOKax pa36HeHH.H. O.n;

HaKo MoneBhIM He,n;aBHO 6hIJIO Ha:H,n;eHo ropa3.ri;o 6onee npocTa.H sepc1rn p,oKa-

3aTeJihCTBa 3TO:i1: KOHCTPYKIJ;HH s cnyqae CHMMeTpH<JecKoli rpynnhr. B ,ri;Hccep

Tan;HH 6bIJIO IIOCTpOeHO o6o6r:u;eHH6 3TOrO ,LJ;OKa3aT6JibCTBa ,11,Jl.H aJire6p reKKe, 

'ITO I103BOJIHJIO IIOJIJ'IHTb IIpOCTYIO KOHCTPYKIJ;HIO CJIH.HHH.H. A HM6HHO, ,11,JI.H 

rrpOH3BOJihHOH cTaHp,apTHOH Ta6JIHD;hI I0Hra T ,zwarpaMMbI >. = (>.i, ... , >.1), 

COOTB6TCTBYIOID;HH HP,eMITOTeHT Er' ITOJiy<JaeTC.H B pe3yJibTaTe IIOCJie,n;osaTeJib

HOrO BhI'IHCJieHH.H cPYHKIJ;HH 

r,n;e 

Yk(c1, c2, ... , ck; u) = Twk Tk(c1, u)Tk-1(c2, u) ... T1(ck, u) T;k~ 1 , 

Twk = (T1 ... Ti-2 Ti-1)(T1 ... Ti-2) · · · (T1 T2) Ti, i = 2, ... , n. 

HopMHpOBO"!HhIH K03cPcPHD;HeHT F(>.) BbPrncn.aeTc.a B npou;ecce rrocTpoe

HH.H H,ll;eMIIOTeHTOB. c 0,11,HOH CTOpOHhI, OH paBeH 

r,n;e npOH3Be,ri;eHHe 6epeTC.H ITO BCeM KJieTKaM a= (i,j) P,HarpaMMhI >., ,n;narpaM

Ma >.' = (>.~, ... , >.D .HBJI.HeTc.a conp.H)[(eHHOli K >.. KproK ha. orrpep,eJI.HeTC.H KaK 

m -m l 
ha. =Ai+ >.j - i - j + 1, q-"IHCJIO (m)q = \~q-i , 'IHCJIO n(>.) = .E (i -1) Ai. 

q i=l 

c ,n;pyro:H CTOpOHbI, 3TOT HOpMHPOBO'IHbIH K03cPcPHIJ;HeHT OKa3bIBaeTC.H CB5I-

3aHHhIM c TaK Ha3bIBaeMOH q-paa.Mep'H.OCm'b'lo CTaHp,apTHhIX Ta6JIHD; H CJie,LJ;OM 

0KHeaHy-MapKOBa OT COOTB6TCTBJIOID;HX H,ll;eMIIOTeHTOB. 

B TpeTbeii rJiaBe - "A.ii2e6pa I'e-x;ice u unmeepupye.M'bte .Moae.iiu" - BhI

'IHCJI.HeTC.H crreKTP raMHJihTOHHaHa u;enO"IKH reKKe, ,LJ;JI5I CJIJ"la.H cneu;HaJibHhIX 
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rrpe,o;cTaBJiettn:H: anre6p feKKe, cooTBeTCTByrom;nx ,o;narpaMMaM IOttra yrJIOBO

ro nrna. licxo,n:HO B ,D,aHHOH rJiaBe OIIHCbIBaeTC5! KOHCTPYKD;H5! cneu;naJibHbIX 

aJieMeHTOB aJire6pbI feKKe attanorIFIHhIX MaTpnu;aM MOtto,n:poMHH CKJI51HHHa. 

I10JIY"'-18HHbie orrepaTOpHbie MaTpHD;bf MOHO,n:pOMHH 5!BJI5!IOTC5! npOH3BO,Il,5IID;HMI1 

¢YHKIJ;H5!MI1 ceMeilcTBa KOMMYTHpyroru;nx 3JieMeHTOB aJrre6pbI feKKe, 0,Il,HHM 

H3 KOTOpbIX H 51BJI51eTC51 co6CTBeHHO raMHJibTOHHaH u;errO'-IKH feKKe. ,]J;aHnaa 

KOMMyTaTHBHa51 no,n:aJire6pa tta3hmaeTC5! no,n:aJire6po:H: BeTe. TeM caMbIM ycTa

HaBJUIBaeTca CB713b Me)KlJ:Y HHTerp11pyeMhIMH M0,1J,8Jl51MH CB513aHHbIMH c xx z 
MO,Il;6JI51MH HCCJie,II;OBaHfibIMH BeTe H HHTerpnpyeMbIMH CHCTeMaMH, OIIHCbIBae

MbIMil raMH.11hTOHnarraMH rro,D,anre6pbr BeTe. B pe3yJihTaTe, 3a,n:a'!a nccJie,o;oBa

HHR crreKTpa raMHJibTOHIIaHa CBO,Il,HTC51 K IICCJie,)J;OBaHIIIO co6CTBeHHbIX 3tia"'-Ie

HHH cooTBeTCTByroru;nx aJieMeHTOB no,o;aJire6pbr BeTe B pa3JIH'-!Hhrx HerrpnBo,o;n

MhIX npe,o;cTaBJI8HH51X. 

Co6cTBeHHO rrocTpoerrne cner<Tpa raMHJihTOHHaHa u;eno<IKH fer<Ke ,D,JI51 

rrpe).\CTaBJieHIIH, COOTBGTCTBYIOID;HX yr.TIOBbIM ,n:narpaMMaM, COCTOHT II3 .I\BYX 

'!acrePi:. Bna~iaJie rrpoH3BO,D:HTC51 BhI'·IHCJienne cneKTpa ,n:JI51 npe,n:cTaBJieHnil co

OTBeTCTByroru;nx yrJIOBbIM ,n:narpaMMaM rrpocTePi:ruero TIIrra, a HMeHHO ,n:narpaM

MaM BH,o;a { k, 1}' TO 8CTb COCT051ID;IIX H3 ,D:Byx p51,D:OB, npW·IeM BO BTOpOM p>I,n:y 

HaXO,U:HTC5! JUIIIIb o,n;Ha KJieTKa. ,]J;anee, 6oJiee CJIO)KHbie npe,D,CTaBJIGHH51 CTpO

RTC5! II3 npocTeiinmx Kar< aHTHCIIMMeTpH3au;rrn HX TGH30pHbIX npOH3Be,n:eHIIM. 

Boo6m;e roBOp51, ame6pa feKr<e He 5!BJI5!eTC5! 6naJire6poii: H noaToMy, B o6ru;eM 

CJiy'!ae, KOYMHQ)K8HI'.le B HGM He onpe,n:eJieHO. 9TO 3Ha'!IIT, qTo npou;e,n:ypa TeH-

30pHoro npOH3Be,n;eHII5! ,LI;BYX npe,n:cTaBJIGHIIii aJire6pbI fer<Ke He npIIBO.IJ;HT K 

HOBOMY npe,o;cTaBJieHmo. 0,n;HaKo, B pa6oTe ¢opMynIIpyeTC5! o6ru;Hil pe3yJih

TaT, KOTOpbIH yr<a3bIBaeT ycJIOBH5! npII KOTOpbIX ,n:aHHYIO npou;e,n:ypy npoBeCTH 

MWKHO. B '!aCTHOCTH y,n:aeTC5! IIOCTpOHTb npe,n:cTaBJieHH5! COOTBGTCTByIOm;He 

npoH3BOJihHOPi: ,n;narpaMMe lOHra yrnoBoro Trma, H yr<a3aTb KOYMHO)J{ettIIe ,n:Jia 

06pa3y1oru;11x anre6pi,r feKKe B ,n:aHHOM npe,n:cTaBJieHHH. B CIIJIY yr<a3aHHO:i1 

KOHCTpyr<u;nrr, crreKTp raMIIJihTOHHaHa H(k,l) rroJiyqaeTC5l r<ar< cyMMa co6cTBeH

HhIX 3HaqeHllii raMHJibTOHl'IaHOB COOTB8TCTBYIOID;HX yrJIOBbIM ,LI;IIarpaMMaM TH-
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rra {k, 1} II paBeH 

l 
~ 7r7ni 

Spec(H(A:,l)) = {L...., 2cos k + l + 1 , 1:;:; m1 < rn2 · · · < rn1:::;; k + l}. 
i=l 

,I(aHHbIH pe3y.JihTaT 5IBJUI€TC5I cneKTpOM CB060,D,HbIX ¢epMIIOHOB 

B 3aKmo-qeH1u1 KpaTKO c¢opMy.rrIIpoBaHbI rro.rryqeHHbre B ;:i,rrccepTa~rrrr 

pe3yJibTaTbI, KOTOpbre H BbIHOC5ITC}I Ha 3aU~HTy. 

Ha 3arn;11Ty BhI,D;BFiraroTca cJie,n;yrorn;ne pe3yJihTaTbI: 

• ,I(.rr5I raMHJihTOHHaHa ~erIO'iKH feKKe rro.rryqeH TOqHbIH crreKTp 9Heprrrrr, 

B c.rryqae nerrprrBOll,HMbIX npe,n,cTaB.rrenIIli a.rrre6p feKKe A Trrrra, cooT

BeTCTByro~rrx yrrrOBhIM ;:i,rrarpaMMaM IOura. 

• ,I(.rr5I a.rrre6p feKKe A Tima rro.rryqenbr yc.rromrn, npII KOTOphrx o,n:urr npe,n,

CTaB.TieHIIR, MOIBHO Bbipa)KaTb qepe3 cne~IIa.JibHbie KOM6IIna~IIII T€H30p

HhIX npOII3B€,D,€HIIll ;:i,pyrn:x npe,ri;cTaBJieHIIH . 

• ,I(.rr5I rrpIIMIITIIBHbIX H,D,€MIIOT€HTOB aJire6pbI feKKe (KBaHTOBbIX ar-ra.rro

rOB CIIMMeTpH3aTopoB IOnra) rroJiy<-IeHbI IIX ¢aKTOpII30BaHHbre ¢opMhI, 

33TIIICaHHbie B T€pMHHax peIIIeHIIH ypaBH€HII5I .Hnra-BaKCTepa, 3aTIIICaH

HbI€ B TepMHHaX o6pa3yIO~HX anre6pbI feKKe. 

• ,I(JI5I yKa3aHHOH ¢opMbI npHMIITHBHbIX H,D,€MTIOT€HTOB BbiqJICJI€HbI BbI

paM€HH5I ,n:mr HOpMIIpOBOqHbIX K09cPcPII~H€HTOB, KOTOpbre Bbipa:II<aIOTC5I 

qepe3 q-pa3MepnocTH nenprrBO,D,IIMbIX npe,n;cTaBJieHIIiI rpynn SUq(N). 
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