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SLIPM Å ¶·μ£· ³³  ´  Ö§Ò±¥ MAPLE ¤²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö
Î ¸É¨Î´μ° ¶·μ¡²¥³Ò ˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö ´  μ¸´μ¢¥ ´¥¶·¥·Ò¢´μ£μ
 ´ ²μ£  ³¥Éμ¤  �ÓÕÉμ´ . I. �²£μ·¨É³

SLIPM (The SturmÄLIouville Problem in Maple) Å ¶·μ£· ³³  ´  Ö§Ò±¥ ¸¨-
¸É¥³Ò ±μ³¶ÓÕÉ¥·´μ°  ²£¥¡·Ò MAPLE, ¶·¥¤´ §´ Î¥´´ Ö ¤²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö
¸ ¶μ³μÐÓÕ ´¥¶·¥·Ò¢´μ£μ  ´ ²μ£  ³¥Éμ¤  �ÓÕÉμ´  (��Œ�) Î ¸É¨Î´μ° ¶·μ¡²¥³Ò
˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö, É. ¥. ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ´¥±μÉμ·μ£μ ¸μ¡¸É¢¥´´μ£μ §´ Î¥´¨Ö ²¨-
´¥°´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ μ¶¥· Éμ·  ¢Éμ·μ£μ ¶μ·Ö¤±  ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸μ¡-
¸É¢¥´´μ° ËÊ´±Í¨¨, Ê¤μ¢²¥É¢μ·ÖÕÐ¥° μ¤´μ·μ¤´Ò³ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³. SLIPM
Ö¢²Ö¥É¸Ö · §¢¨É¨¥³ ´ ¶¨¸ ´´ÒÌ ´  Ö§Ò±¥ Ëμ·É· ´ ¶·μ£· ³³ SLIP1 ¨ SLIPH4:
μ´  ¤μ¶μ²´¥´  ´μ¢μ° ¶·μÍ¥¤Ê·μ° ¢ÒÎ¨¸²¥´¨Ö ´ Î ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö ± ·¥Ï¥-
´¨Õ {λ0, y0} ¨ ´μ¢Ò³¨ ¸¶μ¸μ¡ ³¨ ¢ÒÎ¨¸²¥´¨Ö ´ Î ²Ó´μ£μ §´ Î¥´¨Ö ¨É¥· Í¨μ´-
´μ£μ ¶ · ³¥É·  τ0.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.
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SLIPM Å a MAPLE Package for Numerical Solution
of SturmÄLiouville Partial Problems Based on a Continuous
Analog of Newton's Method. I. Algorithm

We present the SLIPM (SturmÄLIouville Problem in MAPLE), a program in the
language of system computer algebras MAPLE, intended for the numerical solution
with the help of continuous analogue of Newton's method (CANM) of SturmÄ
Liouville partial problems, i.e., for calculating some eigenvalue of linear second-
order differential operator and corresponding eigenfunction satisfying homogeneous
boundary conditions. SLIPM is development written in the Fortran language of
programs SLIP1 and SLIPH4: it is added by a new procedure of calculation of
initial approach to the solution {λ0, y0} and new ways of calculating the initial value
of iterative parameter τ0.
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nologies, JINR.
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1. ��‘’���‚Š� ‡�„�—ˆ

„²Ö ²¨´¥°´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö

ϕ(1)(λ, y) ≡ y′′(x) + 2p(x)y′(x) + (q(x)− λr(x))y(x) = 0, a � x � b, (1.1)

É·¥¡Ê¥É¸Ö ¢ÒÎ¨¸²¨ÉÓ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ λ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¸μ¡¸É¢¥´´μ¥
·¥Ï¥´¨¥ y(x), Ê¤μ¢²¥É¢μ·ÖÕÐ¥¥ μ¤´μ·μ¤´Ò³ ±· ¥¢Ò³ Ê¸²μ¢¨Ö³

ϕ(2)(λ, y) ≡ d1(λ, a)y′(a) + f1(λ, a)y(a) = 0, (1.2)

ϕ(3)(λ, y) ≡ d2(λ, b)y′(b) + f2(λ, b)y(b) = 0. (1.3)

„²Ö ¨¸±²ÕÎ¥´¨Ö É·¨¢¨ ²Ó´ÒÌ ·¥Ï¥´¨° y(x) ≡ 0 ¢¢μ¤¨É¸Ö Ê¸²μ¢¨¥ ´μ·-
³¨·μ¢±¨

ϕ(4)(λ, y) ≡
∫ b

a

y2(x) dx = 1. (1.4)

‡¤¥¸Ó p(x), q(x), r(x) Å § ¤ ´´Ò¥ ËÊ´±Í¨¨, μ¡¥¸¶¥Î¨¢ ÕÐ¨¥ ¸ÊÐ¥¸É¢μ¢ ´¨¥
´¥É·¨¢¨ ²Ó´ÒÌ ¸μ¡¸É¢¥´´ÒÌ ·¥Ï¥´¨° y = yn(x) £· ´¨Î´μ° § ¤ Î¨ (1.1)Ä(1.4),
±μÉμ·Ò³ ¸μμÉ¢¥É¸É¢ÊÕÉ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¶ · ³¥É·  λ = λn. ”Ê´±Í¨¨
dj , fj ´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê¥³Ò ¶μ λ ¨ d2

j + f2
j > 0, j = 1, 2.

�·μ£· ³³  SLIPM ¶μ § ¤ ´´μ³Ê ´ Î ²Ó´μ³Ê ¶·¨¡²¨¦¥´¨Õ {λ0
n, y0

n(x)}
¢ÒÎ¨¸²Ö¥É Î ¸É¨Î´μ¥ ·¥Ï¥´¨¥ {λ∗

n, y∗
n(x)} § ¤ Î¨ (1.1)Ä(1.4), £¤¥ n Ë¨±¸¨-

·μ¢ ´μ, x ∈ ωh, ωh Å · ¢´μ³¥·´ Ö · §´μ¸É´ Ö ¸¥É±  ´  μÉ·¥§±¥ a� x � b ¸
Ï £μ³ h. �²£μ·¨É³Ò Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö § ¤ Î¨, ¢§ÖÉÒ¥ ´ ³¨ §  μ¸´μ¢Ê, ·¥ -
²¨§μ¢ ´Ò ¢ SLIP1 ¨ SLIPH4 [1] ¨ Ìμ·μÏμ § ·¥±μ³¥´¤μ¢ ²¨ ¸¥¡Ö ¶·¨ ·¥Ï¥´¨¨
³´μ£¨Ì ¸²μ¦´ÒÌ Ë¨§¨Î¥¸±¨Ì § ¤ Î [2, 3].

2. Œ…’�„ �…˜…�ˆŸ (��Œ�)

2.1. �²£μ·¨É³ ¢ÒÎ¨¸²¥´¨Ö ´ Î ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö. �²£μ·¨É³ ¢ÒÎ¨-
¸²¥´¨Ö ´ Î ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö μ¸´μ¢ ´ ´  ·¥Ï¥´¨¨ ¤¢ÊÌ ®¢¸É·¥Î´ÒÌ¯ § ¤ Î
ŠμÏ¨. „²Ö ¶¥·¢μ° § ¤ Î¨ ŠμÏ¨ (x � a) ¸É ¢ÖÉ¸Ö ´ Î ²Ó´Ò¥ Ê¸²μ¢¨Ö ¢ ÉμÎ±¥
x = a, £¤¥ Ê¸²μ¢¨¥ (1.2) ¤μ¶μ²´Ö¥É¸Ö Ê¸²μ¢¨¥³ ´  ¶·μ¨§¢μ¤´ÊÕ, ¥¸²¨ d1 = 0.
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�´ ²μ£¨Î´μ¥ Ê¸²μ¢¨¥ ¤²Ö ¢Éμ·μ° § ¤ Î¨ (x � b) ¸É ¢¨É¸Ö ¢ ÉμÎ±¥ x = b. ‡ -
¤ Î  μ¡ μÉÒ¸± ´¨¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¸¢μ¤¨É¸Ö Éμ£¤  ± μÉÒ¸± ´¨Õ ±μ·´¥°
ËÊ´±Í¨¨

T (λ)≡ y′
n(xm)²¥¢ yn(xm)¶· ¢ − yn(xm)²¥¢ y′

n(xm)¶· ¢ = 0, (2.1)

¶μÖ¢²ÖÕÐ¥°¸Ö ¨§ Ê¸²μ¢¨Ö · ¢¥´¸É¢  ²μ£ ·¨Ë³¨Î¥¸±¨Ì ¶·μ¨§¢μ¤´ÒÌ ¤²Ö ·¥-
Ï¥´¨° ¤¢ÊÌ § ¤ Î ŠμÏ¨ ¢ ´¥±μÉμ·μ° ¢´ÊÉ·¥´´¥° ÉμÎ±¥ μÉ·¥§±  xm ∈ [a, b]

y′
n(xm)²¥¢

yn(xm)²¥¢
=

y′
n(xm)¶· ¢

yn(xm)¶· ¢
. (2.2)

…¸²¨ § ¤ Î¨ ŠμÏ¨ ·¥Ï ÉÓ ¶·¨¡²¨¦¥´´μ ¸ ¶μ³μÐÓÕ É·¥ÌÉμÎ¥Î´μ° · §-
´μ¸É´μ° ¸Ì¥³Ò ÉμÎ´μ¸É¨ O(h2), £¤¥ h Å Ï £ · ¢´μ³¥·´μ° ¸¥É±¨ ωh,   ËÊ´±-
Í¨¨ dj(λ), fj(λ) Å ¶μ²¨´μ³Ò ¸É¥¶¥´¨

√
λ, ÎÉμ ¸¶· ¢¥¤²¨¢μ ¤²Ö Ï¨·μ±μ£μ

±·Ê£  ¶· ±É¨Î¥¸±¨Ì § ¤ Î, Éμ ËÊ´±Í¨Ö T (λ) Ö¢²Ö¥É¸Ö ¶μ²¨´μ³μ³. …£μ ±μ·´¨
λn ´ Ìμ¤ÖÉ¸Ö ¶μ ³¥Éμ¤Ê �ÓÕÉμ´  ¸ ¨¸±²ÕÎ¥´¨¥³ Ê¦¥ ´ °¤¥´´ÒÌ ±μ·´¥° [4, 5]
(k Å ´μ³¥· ¨É¥· Í¨¨):

λk+1
n = λk

n − T (λk
n)

T ′
λ(λk

n) − T (λk
n)

∑n−1
j=1

1
λk

n−λj

. (2.3)

ˆÉ¥· Í¨μ´´Ò° ¶·μÍ¥¸¸ (2.3) ¶·¥±· Ð ¥É¸Ö ¶·¨ μ¤´μ¢·¥³¥´´μ³ ¢Ò¶μ²´¥´¨¨
¤¢ÊÌ Ê¸²μ¢¨°:

|λk+1
n − λk

n| � εT ¨ |T (λk+1
n )| � εT , (2.4)

£¤¥ εT > 0 Å § ¤ ´´μ¥ ³ ²μ¥ Î¨¸²μ. �μ¸²¥ μ¶·¥¤¥²¥´¨Ö λn ¸ § ¤ ´´μ° ÉμÎ´μ-
¸ÉÓÕ ³Ò μ¤´μ¢·¥³¥´´μ ¶μ²ÊÎ ¥³ ¨ ¶·¨¡²¨¦¥´´μ¥ §´ Î¥´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥°
¸¥ÉμÎ´μ° ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¨ yn(xi). ‚ SLIPM ÔÉμÉ  ²£μ·¨É³ ·¥ ²¨§μ¢ ´ ¢
¶·μÍ¥¤Ê·¥ NEWTON0.

2.2. ˆÉ¥· Í¨μ´´Ò¥ ¸Ì¥³Ò ´  μ¸´μ¢¥ ��Œ�. ‡ ¤ Î  (1.1)Ä(1.4) Ö¢²Ö¥É¸Ö
´¥²¨´¥°´Ò³ ËÊ´±Í¨μ´ ²Ó´Ò³ Ê· ¢´¥´¨¥³

ϕ(z) = 0, z = (λ, y(x)),

£¤¥ ϕ Å ¸μ¢μ±Ê¶´μ¸ÉÓ ËÊ´±Í¨° ϕ(j), j = 1, 2, 3, 4. ‘μ£² ¸´μ ��Œ� [2, 3],
§ ¤ Î  (1.1)Ä(1.4) § ³¥´Ö¥É¸Ö Ô¢μ²ÕÍ¨μ´´Ò³ Ê· ¢´¥´¨¥³

ϕ′(z(t))z′(t) = −ϕ(z(t)), 0 � t < ∞, (2.5)

¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³

z(0) = z0 = (λ0, y0(x)). (2.6)
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‡¤¥¸Ó ϕ′ Å ¶·μ¨§¢μ¤´ Ö ”·¥Ï¥ μ¶¥· Éμ·  ϕ, z′(t) = (μ(t), v(x, t)), £¤¥

μ(t) = λ′(t), v(x, t) = y′
t(x, t). (2.7)

�·¨ ¤μ¸É ÉμÎ´μ μ¡Ð¨Ì ¶·¥¤¶μ²μ¦¥´¨ÖÌ ´  ϕ(z) ¨³¥¥³ limt→∞ ‖z(t) −
z∗‖ = 0, £¤¥ z∗ = (λ∗, y∗(x)) Å ·¥Ï¥´¨¥ § ¤ Î¨ (1.1)Ä(1.4), ¡²¨¦ °Ï¥¥ ±
z0. „²Ö ¶·¨¡²¨¦¥´´μ£μ ·¥Ï¥´¨Ö § ¤ Î¨ (2.5), (2.6) ³¥Éμ¤μ³ 
°²¥·  ¢¢¥¤¥³
¤¨¸±·¥É´μ¥ ³´μ¦¥¸É¢μ Ê§²μ¢ {tk} = {τk = tk+1− tk, k = 0, 1, 2...} ¨ § ¶¨Ï¥³
¶·¨¡²¨¦¥´´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¸μμÉ´μÏ¥´¨° (2.7):⎧⎪⎪⎨

⎪⎪⎩
dy(x, t)

dt

∣∣∣∣
t=tk

≈ v(tk) =
y(x, tk+1) − y(x, tk)

τk
,

dλ(t)
dt

∣∣∣∣
t=tk

≈ μ(tk) =
λ(tk+1) − λ(tk)

τk
.

(2.8)

‚¢¥¤¥³ μ¡μ§´ Î¥´¨Ö

λk = λ(tk), yk = y(x, tk), μk = μ(tk), vk = v(x, tk).

�·¨ ¤¨¸±·¥É´μ°  ¶¶·μ±¸¨³ Í¨¨ ¶μ ¶¥·¥³¥´´μ° x Ô¢μ²ÕÍ¨μ´´μ£μ Ê· ¢´¥-
´¨Ö (2.5) ¨¸¶μ²Ó§μ¢ ²¨¸Ó É·¥ÌÉμÎ¥Î´Ò¥ · §´μ¸É´Ò¥ ¨ ±¢ ¤· ÉÊ·´Ò¥ Ëμ·³Ê²Ò
¸ ÉμÎ´μ¸ÉÓÕ  ¶¶·μ±¸¨³ Í¨¨ ¶μ·Ö¤±  O(h2) ´  · ¢´μ³¥·´μ° ¸¥É±¥ ωh ∈ [a, b].
„²Ö ¢ÒÎ¨¸²¥´¨Ö λk+1, yk+1 ¶·¨ ¨§¢¥¸É´ÒÌ λk, yk ´  ± ¦¤μ³ Ï £¥ ¨É¥· Í¨¨
´¥μ¡Ìμ¤¨³μ:
 ) ·¥Ï¨ÉÓ μÉ´μ¸¨É¥²Ó´μ wk Ê· ¢´¥´¨¥

ϕ(j)(λk, yk)wk = −ϕ
(j)′

λ yk, j = 1, 2, 3; (2.9)

¡) ¢ÒÎ¨¸²¨ÉÓ §´ Î¥´¨¥ μk ¨§ Ê· ¢´¥´¨Ö

μk =
1 + (yk, yk)
2(yk, wk)

, (2.10)

£¤¥ (·, ·) =
∫ b

a
(·, ·)dx;

¢) ´ °É¨ ´μ¢Ò¥ ¶·¨¡²¨¦¥´¨Ö λk+1 ¨ yk+1, ¨¸¶μ²Ó§ÊÖ (2.8), É. ¥.

λk+1 = λk + τkμk, yk+1 = (1 − τk)yk + τkμkwk, (2.11)

£¤¥ τk μ¶·¥¤¥²Ö¥É¸Ö ¸¶¥Í¨ ²Ó´Ò³¨  ²£μ·¨É³ ³¨. ˆÉ¥· Í¨¨ ¶·¥±· Ð ÕÉ¸Ö ¶·¨
¢Ò¶μ²´¥´¨¨ Ê¸²μ¢¨Ö

δk < ε, (2.12)

£¤¥ δk μ¶·¥¤¥²Ö¥É¸Ö ¶μ μ¤´μ° ¨§ Ëμ·³Ê²:

δk = max
j

max
x

|ϕ(j)(λk, yk(x))|, j = 1, 2, 3, (2.13)

δk = [
∫ b

a

ϕ(1)2(λk, yk(x))dx], (2.14)

x ∈ ωh, ε > 0 Å § ¤ ´´μ¥ ³ ²μ¥ Î¨¸²μ.
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2.3. �²£μ·¨É³Ò ¢ÒÎ¨¸²¥´¨Ö ¨É¥· Í¨μ´´μ£μ ¶ · ³¥É·  τk. ‚ÒÎ¨¸²¥´¨¥
¨É¥· Í¨μ´´μ£μ ¶ · ³¥É·  τk ¸¢Ö§ ´μ ¸ ¨§³¥´¥´¨¥³ ´¥¢Ö§±¨ δk ¢ Ìμ¤¥ ¨É¥-
· Í¨°. �¨¦¥ ¶·¨¢μ¤ÖÉ¸Ö ¸²¥¤ÊÕÐ¨¥  ²£μ·¨É³Ò ¢Ò¡μ·  τk, ¢ ±μÉμ·ÒÌ τ0 Å
´¥±μÉμ·μ¥ § ¤ ´´μ¥ §´ Î¥´¨¥: 0 < τ0 � 1.

1) τk ≡ τ0. (2.15)


ÉμÉ  ²£μ·¨É³ ¶·¨ ¤μ¸É ÉμÎ´μ ³ ²μ³ τ0 μ¡ÒÎ´μ ¶·¨³¥´Ö¥É¸Ö ¶·¨ ¶²μÌ¨Ì
´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥´¨ÖÌ ¸ Í¥²ÓÕ ¶·μ¢¥·¨ÉÓ ¢μ§³μ¦´μ¸ÉÓ ¸Ìμ¤¨³μ¸É¨ μÉ ÔÉ¨Ì
¶·¨¡²¨¦¥´¨°. ‘Ìμ¤¨³μ¸ÉÓ ¶·¨ ÔÉμ³ μÎ¥´Ó ³¥¤²¥´´ Ö. �·¨ τk ≡ 1 ¶μ²ÊÎ ¥É¸Ö
±² ¸¸¨Î¥¸± Ö ¸Ì¥³  �ÓÕÉμ´ .

2) τk =
{

min (1, 2τk−1), ¥¸²¨ δk < δk−1,
max (τ0, τk−1/2), ¥¸²¨ δk � δk−1,

(2.16)

£¤¥ δk μ¶·¥¤¥²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥ (2.13). 
ÉμÉ  ²£μ·¨É³  ´ ²μ£¨Î¥´ Ï¨·μ±μ
· ¸¶·μ¸É· ´¥´´μ³Ê ¸¶μ¸μ¡Ê ¢Ò¡μ·  Ï £  ¨´É¥£·¨·μ¢ ´¨Ö ¢ ¸É ´¤ ·É´ÒÌ ¶·μ-
£· ³³ Ì ·¥Ï¥´¨Ö § ¤ Î¨ ŠμÏ¨, ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²μ¢.

�²£μ·¨É³ ·¥±μ³¥´¤Ê¥É¸Ö ¶·¨³¥´ÖÉÓ ¶·¨ Ìμ·μÏ¨Ì ´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥-
´¨ÖÌ. �´ μ¡¥¸¶¥Î¨¢ ¥É ¡Ò¸É·ÊÕ ¸Ìμ¤¨³μ¸ÉÓ, μ¤´ ±μ ´¥ ¢¸¥£¤  Ê¸Éμ°Î¨¢.

3) τk =

{
min (1, τk−1

δk−1
δk

), ¥¸²¨ δk < δk−1,

max (τ0, τk−1
δk−1
δk

), ¥¸²¨ δk � δk−1,
(2.17)

£¤¥ δk μ¶·¥¤¥²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥ (2.13). 
ÉμÉ  ²£μ·¨É³ ¡μ²¥¥ Ê¸Éμ°Î¨¢ ¨ μ¡¥¸-
¶¥Î¨¢ ¥É ¸Ìμ¤¨³μ¸ÉÓ ¢ ¤μ¸É ÉμÎ´μ Ï¨·μ±μ° μ¡² ¸É¨ ´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°,
μ¤´ ±μ § ¢¨¸¨É μÉ § ¤ ´¨Ö τ0.

4) τk =
δk−1

δk−1 + δk(1)
, (2.18)

£¤¥ δk μ¶·¥¤¥²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥ (2.14), δk(1) Å ´¥¢Ö§±  ´  k-° ¨É¥· Í¨¨ ¤²Ö
τk = 1. 
Éμ  ²£μ·¨É³ μ¶É¨³ ²Ó´μ£μ ¢Ò¡μ·  τk [6].

5) �  · ¢´μ³¥·´μ° ¸¥É±¥ ωτ ´  μÉ·¥§±¥ [0, 1] ¸ Ï £μ³ Δτ ¢ÒÎ¨¸²Ö¥É¸Ö É -
±μ¥ §´ Î¥´¨¥ τk, ±μÉμ·μ³Ê ¸μμÉ¢¥É¸É¢Ê¥É ³¨´¨³ ²Ó´ Ö ´¥¢Ö§± . 
ÉμÉ  ²£μ·¨É³
¡μ²¥¥ μ¡Ð¨°, Î¥³ ¢ ¶. 4, ÌμÉÖ ¨ É·¥¡Ê¥É ¡μ²ÓÏ¥£μ μ¡Ñ¥³  ¢ÒÎ¨¸²¥´¨°.

�¥¤μ¸É É±μ³  ²£μ·¨É³μ¢ 1Ä3 Ö¢²Ö¥É¸Ö Ô³¶¨·¨Î¥¸±μ¥ § ¤ ´¨¥ ´ Î ²Ó´μ£μ
§´ Î¥´¨Ö ¶ · ³¥É·  τ0.

2.4. �²£μ·¨É³Ò ¢ÒÎ¨¸²¥´¨Ö §´ Î¥´¨Ö ¶ · ³¥É·  τ0. ‚ ¶·¥¤¸É ¢²¥´´μ°
· ¡μÉ¥ ¶·¥¤²μ¦¥´Ò ¨ ¶·μ£· ³³´μ ·¥ ²¨§μ¢ ´Ò ¤¢  ´μ¢ÒÌ  ²£μ·¨É³  ¢ÒÎ¨-
¸²¥´¨Ö τ0:

τ0 =
δ0

2δ1(1)
, (2.19)
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τ0 =
1
2
|1 − δ1(1)

δ0
|, (2.20)

£¤¥ ´¥¢Ö§±  δk μ¶·¥¤¥²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥ (2.13), δ1(1) Å ´¥¢Ö§±  ´  ¶¥·¢μ°
¨É¥· Í¨¨ (k = 1) ¤²Ö τ = 1. �£· ´¨Î¥´¨¥: 0,1 � τ0 � 1.

ˆÌ ¶·¨³¥´¥´¨¥ ¶μ§¢μ²Ö¥É ¸μ±· É¨ÉÓ Î¨¸²μ ¨É¥· Í¨° ¶·¨ ·¥Ï¥´¨¨ ±μ´-
±·¥É´ÒÌ § ¤ Î, ÎÉμ ¢¨¤´μ ¨§ ¸· ¢´¥´¨Ö ·¥§Ê²ÓÉ Éμ¢, ¶·¥¤¸É ¢²¥´´ÒÌ ¢ ¸²¥¤Ê-
ÕÐ¥³ · §¤¥²¥ ¢ É ¡². 1 ¤²Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ ¶μÉ¥´Í¨ ²μ³ Œμ·§¥ ¨
É ¡². 2 ¶·¨ ·¥Ï¥´¨¨ Ê· ¢´¥´¨Ö ‹¥¦ ´¤· .

3. —ˆ‘‹…��›… �…‡“‹œ’�’›

�·μ£· ³³  SLIPM ¶·μ¢¥·¥´  ´  ·Ö¤¥ É¥¸Éμ¢ [7]. ‡¤¥¸Ó ¶·¨¢¥¤¥´Ò ·¥-
§Ê²ÓÉ ÉÒ ¥¥ ¶·¨³¥´¥´¨Ö ¤²Ö ·¥Ï¥´¨Ö É·¥Ì § ¤ Î.

�·¨³¥· 1. “· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸ ¶μÉ¥´Í¨ ²μ³ Œμ·§¥ [1]. ‚ ÔÉμ³
¶·¨³¥·¥ § ¤ Î  (1.1)Ä(1.4) ¨³¥¥É ±μÔËË¨Í¨¥´ÉÒ Ê· ¢´¥´¨Ö p(x) ≡ 0, r(x) ≡
1, q(x) = −2MD(e−2a1(x−x0) − 2e−a1(x−x0)) ´  ¨´É¥·¢ ²¥ (a, b) ¨ £· ´¨Î´Ò¥
Ê¸²μ¢¨Ö d1 = d2 = 1, f1 =

√
λ −

√
2MDea1x0 , f2 =

√
λ −

√
2MDe−a1(b−x0),

£¤¥ §´ Î¥´¨Ö ±μ´¸É ´É a1 = 0,67, x0 = 2,15, M = 4,69, D = 0,1005.
�´ ²¨É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ ¸ ¡¥§Ê§²μ¢μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥° (Î¨¸²μ Ê§²μ¢

n = 0) ¨³¥¥É ¢¨¤ λ = 2MD[1 − a1/2
√

2MD]2, y(x) = Cξρe−
ξ
2 , £¤¥ ξ =

2δe−a1(x−xa), δ =
√

2MD/a1, ρ =
√

λ/a1. „²Ö Ê± § ´´μ£μ ´ ¡μ·  ±μ´¸É ´É
a1, x0, M, D  ´ ²¨É¨Î¥¸±μ¥ §´ Î¥´¨¥ λa = 0,4353114734.

‚ ¶¥·¢μ° Î ¸É¨ É ¡². 1 ¶·¨¢¥¤¥´Ò ¢ÒÎ¨¸²¥´´Ò¥ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨
yh(x) ¨ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö λh ´  ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ Δh = (h, h/2, h/4)
¢¤¢μ¥ ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥Éμ± ¶·¨ §´ Î¥´¨ÖÌ a = 0, b = 20, h = 0,008333 (N =
2401), ε = 0, 0001. � · ³¥É· τk μ¶·¥¤¥²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥ (2.17), ´¥¢Ö§± 
δk Å ¶μ Ëμ·³Ê²¥ (2.13).

„²Ö ´ Î ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö yNewt
0 , λNewt

0 , ¶μ²ÊÎ¥´´μ£μ ¸ ¶μ³μÐÓÕ ¶·μ-
Í¥¤Ê·Ò NEWTON0, ´¥¢Ö§±  δ0 < ε μÎ¥´Ó ³ ²¥´Ó± Ö ¨ ¢ÒÌμ¤ ¨§ ¨É¥· Í¨μ´´μ£μ
¶·μÍ¥¸¸  ¶·μ¨¸Ìμ¤¨É ¶μ¸²¥ 0 ¨É¥· Í¨°.

„²Ö ¶·μ¢¥·±¨ μ¡² ¸É¨ ¸Ìμ¤¨³μ¸É¨ ³¥Éμ¤  ¨ ¤μ¸Éμ¨´¸É¢ ´μ¢ÒÌ  ²£μ·¨É-
³μ¢ ¢Ò¡μ·  τ0 ´ Î ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥ z0 ¸¤¥² ´μ ¶²μÌ¨³: y0 = (C1 yNewt

0 +
C2; C1 = 1, C2 = 0,3); λ0 = 1000,435. ‚ É ¡². 1 ¶μ± § ´μ ´ Î ²Ó´μ¥ §´ Î¥-
´¨¥ ´¥¢Ö§±¨ δ0 ≈ 60, ±μ²¨Î¥¸É¢μ ¨É¥· Í¨° k ¨ §´ Î¥´¨Ö δk ¶μ¸²¥ μ±μ´Î -
´¨Ö ¨É¥· Í¨μ´´μ£μ ¶·μÍ¥¸¸  ¶μ Ê¸²μ¢¨Õ (2.12). ‚ ¶μ¸²¥¤´¥³ ¸Éμ²¡Í¥ ¶¥·-
¢μ° Î ¸É¨ É ¡²¨ÍÒ ¶·¨¢μ¤ÖÉ¸Ö §´ Î¥´¨Ö μÉ´μÏ¥´¨Ö �Ê´£¥ ¤²Ö z = z(t) =
(λ(t), y(x, t)):

σ =
zh − zh/2

zh/2 − zh/4
. (3.1)
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’ ¡²¨Í  1.

x
λh = 0.435312 λh/2 = 0.435312 λh/4 = 0.435312 σλ � 4.

yh yh/2 yh/4 σy(3.1)

0 .188079e-1 .188090e-1 .188092e-1 3.996
4 .461810 .461811 .461811 3.999
8 .492263e-1 .492265e-1 .492266e-1 4.0
12 .3613786e-2 .361380e-2 .361380e-2 4.0
16 .258596e-3 .258597e-3 .258597e-3 4.001
20 .184721e-4 .184723e-4 .184723e-4 4.004

δ0 60.097359 60.172738 62.171030
τ0 = 0.1 k = 13

δ13 1.23e-11 1.35e-11 1.37e-11
τ0 = 1 (2.19) k = 3

δ3 2.604e-8 1.551e-8 1.362e-8
τ0 = 0.4499 (2.20) k = 5

δ5 2.877e-13 2.671e-13 3.063e-13

‚¥²¨Î¨´  ¢Ò· ¦¥´¨Ö (3.1) ¤μ²¦´  ¡ÒÉÓ ¶μ·Ö¤±  O(2p), £¤¥ p Å ÉμÎ´μ¸ÉÓ
¤¨¸±·¥É´μ°  ¶¶·μ±¸¨³ Í¨¨ § ¤ Î¨ (1.1)Ä(1.4). ‚¨¤´μ, ÎÉμ ÉμÎ´μ¸ÉÓ ¶μ²ÊÎ¥´-
´μ£μ · §´μ¸É´μ£μ ·¥Ï¥´¨Ö § ¤ Î¨ (1.1)Ä(1.4) ¨³¥¥É ¶μ·Ö¤μ± O(h2).

‚μ ¢Éμ·μ° Î ¸É¨ É ¡². 1 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ É·¥Ì · ¸Î¥Éμ¢, μÉ²¨-
Î ÕÐ¨Ì¸Ö ¸¶μ¸μ¡μ³ ¸Î¥É  ´ Î ²Ó´μ£μ §´ Î¥´¨Ö τ0: τ0 = 0,1 ¨ ¶μ Ëμ·³Ê-
² ³ (2.19), (2.20). ‡¤¥¸Ó k Ê± §Ò¢ ¥É ±μ²¨Î¥¸É¢μ ¨É¥· Í¨°, ¶μÉ·¥¡μ¢ ¢Ï¨Ì¸Ö
¤²Ö ¢ÒÎ¨¸²¥´¨Ö É·¥¡Ê¥³ÒÌ ·¥Ï¥´¨° ¸ § ¤ ´´μ° ÉμÎ´μ¸ÉÓÕ ε. ‚¨¤´μ, ÎÉμ
¨¸¶μ²Ó§μ¢ ´¨¥  ²£μ·¨É³μ¢ (2.19), (2.20) ¶·¨¢¥²μ ± ¸μ±· Ð¥´¨Õ Î¨¸²  ¨É¥-
· Í¨° ¸ 13 ¤²Ö τ0 = 0,1 ¤μ 3 ¨ 5 ¸μμÉ¢¥É¸É¢¥´´μ. �  ·¨¸. 1 ¶μ± § ´ Ìμ¤
¨É¥· Í¨μ´´μ£μ ¶·μÍ¥¸¸ .

�·¨³¥· 2. “· ¢´¥´¨¥ ‹¥¦ ´¤· . ‚ ÔÉμ³ ¶·¨³¥·¥ p(x) �= 0. ‡ ¤ Î  (1.1)Ä
(1.4) ¨³¥¥É ¢¨¤

y′′(x) − 2x

1 − x2
y′(x) − λ

1 − x2
y(x) = 0, x ∈ (−1, 1),

£· ´¨Î´Ò¥ Ê¸²μ¢¨Ö

y′(x) − λ
2 y(x) = 0, x = −1;

y′(x) + λ
2 y(x) = 0, x = +1.

’μÎ´Ò¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤ ´´μ° § ¤ Î¨ μ¶·¥¤¥²ÖÕÉ¸Ö  ´ ²¨É¨Î¥¸±¨ ¶μ
Ëμ·³Ê²¥ λn = −n(n + 1),   ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ³μ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò, ´ -
¶·¨³¥·, ¶μ ¸²¥¤ÊÕÐ¥°  ´ ²¨É¨Î¥¸±μ° Ëμ·³Ê²¥ ¢ ¸¨¸É¥³¥ MAPLE:

pn := LegendreP[n, x]; p0 = 1, p1 = x, p2 =
1
2
(3x2 − 1)...
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�¨¸. 1. �´ ²¨É¨±  ya, λa = 0,4353114; k = 0 Å y0, λ0 = 1000,435; k = 8 Å y8,
λ8 = 270,779; k = 13 Å y13, λ13 = 0,4353125 (y13 ¨ ya ¸μ¢¶ ¤ ÕÉ); k Å ´μ³¥·
¨É¥· Í¨¨, τ0 = 0,1, τk μ¶·¥¤¥²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥ (2.17)

’ ¡²¨Í  2.

x
λh = −6.00 λh/2 = −6.00 λh/4 = −6.00 λa = −6.0

yh yh/2 yh/4 σ(3.1)

Ä1.0 1.581136 1.581138 1.581138 4.0
Ä0.6 .632454e-1 .632455e-1 .632455e-1 4.0
Ä0.4 Ä.411095 Ä.411096 Ä.411096 4.001
0.0 Ä.790568 Ä.790569 Ä.790569 4.0

δ0 39.847 79.521 158.869
τ0 = 0,1 k = 13

δ13 8.85e-11 1.78e-10 3.57e-10
τ0 = 1 (2.19) k = 4

δ4 2.63e-9 5.26e-9 1.05e-8
τ0 = 0.45 (2.20) k = 4

δ2 2.63e-9 9.01e-13 2.07e-11

‚ ¶¥·¢μ° Î ¸É¨ É ¡². 2 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ ¤²Ö x ∈ (−1, 0) ¢ÒÎ¨¸²¥´¨Ö
·¥Ï¥´¨Ö ¶·¨ n = 2, ¶μ²ÊÎ¥´´Ò¥ ´  ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ Δh = (h, h/2, h/4)
¢¤¢μ¥ ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥Éμ±, h = 0,0125 (N = 1601), ¶μ¤É¢¥·¦¤ ÕÐ¨¥ ¶μ·Ö¤μ±
O(h2) ¸Ìμ¤¨³μ¸É¨ ¶·¨¡²¨¦¥´´μ£μ ·¥Ï¥´¨Ö § ¤ Î¨ (1.1)Ä(1.4). ‚ ± Î¥¸É¢¥
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´ Î ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö ¢§ÖÉμ ¸¶¥Í¨ ²Ó´μ ÊÌÊ¤Ï¥´´μ¥ ¨§¢¥¸É´μ¥  ´ ²¨É¨-
Î¥¸±μ¥ ¨²¨ ¶μ²ÊÎ¥´´μ¥ ¸ ¶μ³μÐÓÕ ¶·μÍ¥¤Ê·Ò NEWTON0 ·¥Ï¥´¨¥: y0 =
(C1 yNewt

0 + C2; C1 = 2, C2 = 0,1); λ0 = −5. ‚ É ¡². 2 ¶μ± § ´μ ´ Î ²Ó-
´μ¥ §´ Î¥´¨¥ ´¥¢Ö§±¨ δ0 ≈ 40, ±μ²¨Î¥¸É¢μ ¨É¥· Í¨° k, §´ Î¥´¨Ö δk ¶μ¸²¥
μ±μ´Î ´¨Ö ¨É¥· Í¨μ´´μ£μ ¶·μÍ¥¸¸  ¶μ Ê¸²μ¢¨Õ (2.12), ε = 0,0001.

‚μ ¢Éμ·μ° Î ¸É¨ É ¡². 2 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ É·¥Ì · ¸Î¥Éμ¢, μÉ²¨-
Î ÕÐ¨Ì¸Ö ¸¶μ¸μ¡μ³ ¸Î¥É  ´ Î ²Ó´μ£μ §´ Î¥´¨Ö τ0: τ0 = 0,1 ¨ ¶μ Ëμ·³Ê-
² ³ (2.19), (2.20). ‡¤¥¸Ó k Ê± §Ò¢ ¥É ±μ²¨Î¥¸É¢μ ¨É¥· Í¨°, ¶μÉ·¥¡μ¢ ¢Ï¨Ì¸Ö
¤²Ö ¢ÒÎ¨¸²¥´¨Ö É·¥¡Ê¥³ÒÌ ·¥Ï¥´¨° ¸ § ¤ ´´μ° ÉμÎ´μ¸ÉÓÕ ε. ‚¨¤´μ, ÎÉμ ¨¸-
¶μ²Ó§μ¢ ´¨¥  ²£μ·¨É³μ¢ (2.19), (2.20) ¶·¨¢¥²μ ± ¸μ±· Ð¥´¨Õ Î¨¸²  ¨É¥· Í¨°
¸ 13 ¤²Ö τ0 = 0,1 ¤μ 4 ¤²Ö μ¡μ¨Ì ´μ¢ÒÌ  ²£μ·¨É³μ¢. ‡´ Î¥´¨Ö ¶ · ³¥É·  τk

¨ ´¥¢Ö§±¨ δk μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³ (2.13) ¨ (2.17).
�  ·¨¸. 2 ¶μ± § ´ Ìμ¤ ¨É¥· Í¨μ´´μ£μ ¶·μÍ¥¸¸ .
�·¨³¥· 3. “· ¢´¥´¨¥ ˜·¥¤¨´£¥· 

y′′(x) + (
2
x
− λ)y(x) = 0, x ∈ (0,∞), (3.2)

¸ ±· ¥¢Ò³¨ Ê¸²μ¢¨Ö³¨ y(0) = 0, y(∞) = 0. ˆ¸¶μ²Ó§μ¢ ´¨¥ ¶·μÍ¥¤Ê·Ò SLIPM
μÉ ´ Î ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö λ0 = 0,9 ´  ¨´É¥·¢ ²¥ (0, 20) ¤ ¥É ¸μ¡¸É¢¥´´μ¥
§´ Î¥´¨¥ λ = 1. ‘μμÉ¢¥É¸É¢ÊÕÐ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¢Ò¤ ¥É¸Ö ¢ ¤¨¸±·¥É´μ³
¢¨¤¥ ´  ¸¥É±¥ ¶μ x. �É³¥É¨³, ÎÉμ ¨¸¶μ²Ó§μ¢ ´¨¥ ¶·μÍ¥¤Ê·Ò dsolve ¢ ‘Š�
Maple ¤²Ö ·¥Ï¥´¨Ö ÔÉμ£μ Ê· ¢´¥´¨Ö ¤ ¥É μ¡Ð¥¥ ·¥Ï¥´¨¥ ¢  ´ ²¨É¨Î¥¸±μ³

�¨¸. 2. �´ ²¨É¨±  ya, λa = −6; k = 0 Å y0, λ0 = −5; k = 4 Å y4, λ4 = −5,381;
k = 13 Å y13, λ13 = −6,0 (y13 ¨ ya ¸μ¢¶ ¤ ÕÉ); k Å ´μ³¥· ¨É¥· Í¨¨, τ0 = 0,1, τk

μ¶·¥¤¥²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥ (2.17)
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¢¨¤¥, § ¢¨¸ÖÐ¥³ μÉ λ, Î¥·¥§ ËÊ´±Í¨¨ “¨ÉÉ¥±¥· :

y(x) = C1WhittakerM(
1

λ1/2
, 1/2, 2λ1/2x)+

+ C2WhittakerW(
1

λ1/2
, 1/2, 2λ1/2x). (3.3)

�μ¤¸É ´μ¢±  §´ Î¥´¨Ö λ = 1 ¢ dsolve ¤ ¥É  ´ ²¨É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ y(x) =
xe−x.

‡�Š‹�—…�ˆ…

• �  ¡ §¥ ��Œ� ¸μ§¤ ´  ¶·μ£· ³³  SLIPM ´  Ö§Ò±¥ MAPLE, ¶·¥¤-
´ §´ Î¥´´ Ö ¤²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö Î ¸É¨Î´μ° ¶·μ¡²¥³Ò ˜ÉÊ·³ Ä
‹¨Ê¢¨²²Ö ¤²Ö ²¨´¥°´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ μ¶¥· Éμ·  ¢Éμ·μ£μ ¶μ-
·Ö¤±  ¸ μ¤´μ·μ¤´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨.

• �·¥¤²μ¦¥´Ò ¨ ¶·μ£· ³³´μ ·¥ ²¨§μ¢ ´Ò ¤¢  ´μ¢ÒÌ  ²£μ·¨É³  ¢ÒÎ¨¸²¥-
´¨Ö ´ Î ²Ó´μ£μ §´ Î¥´¨Ö ¨É¥· Í¨μ´´μ£μ ¶ · ³¥É·  τ0. �  ¶·¨¢¥¤¥´´ÒÌ
¶·¨³¥· Ì ¶·μ¤¥³μ´¸É·¨·μ¢ ´μ ¸μ±· Ð¥´¨¥ ±μ²¨Î¥¸É¢  ¨É¥· Í¨° ¶·¨
¨Ì ¨¸¶μ²Ó§μ¢ ´¨¨.

• �  ·Ö¤¥ É¥¸Éμ¢ ¶·μ¤¥³μ´¸É·¨·μ¢ ´  § ¤ ´´ Ö ÉμÎ´μ¸ÉÓ ¶μ·Ö¤±  O(h2)
¨É¥· Í¨μ´´ÒÌ ´ÓÕÉμ´μ¢¸±¨Ì ¸Ì¥³ (h Å Ï £ ¤¨¸±·¥É´μ° ¸¥É±¨ ¶μ x).
ˆ¸¶μ²Ó§μ¢ ´¨¥ Ô±¸É· ¶μ²ÖÍ¨¨ ¶μ �¨Î ·¤¸μ´Ê ¤²Ö ·¥§Ê²ÓÉ Éμ¢ ´  ¶μ¸²¥-
¤μ¢ É¥²Ó´μ¸É¨ É·¥Ì ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥Éμ± ¶μ§¢μ²Ö¥É ¶μ¢Ò¸¨ÉÓ ÉμÎ´μ¸ÉÓ
¤μ ¶μ·Ö¤±  O(h4).

• ‚μ§³μ¦´μ¸É¨ £· Ë¨Î¥¸±¨Ì ¶ ±¥Éμ¢ ‘Š� MAPLE ¶μ§¢μ²ÖÕÉ μ·£ ´¨§μ-
¢ ÉÓ ¢¨§Ê ²¨§ Í¨Õ ¨É¥· Í¨μ´´μ£μ ¶·μÍ¥¸¸  ¢ SLIPM.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ �””ˆ, £· ´É 09-01-00770- .
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