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ƒ¥μ³¥É·¨Î¥¸± Ö É¥μ·¨Ö ËÊ´¤ ³¥´É ²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°.
ƒ· ¢¨¤¨´ ³¨± 

„ ´  ³ É¥³ É¨Î¥¸± Ö Ëμ·³Ê²¨·μ¢±  μ¸´μ¢´ÒÌ ±μ´Í¥¶Í¨° ¥¤¨´μ° £¥μ³¥É·¨-
Î¥¸±μ° É¥μ·¨¨ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°, Ê¶μ³¨´ ¥³μ° ± ± μ¡Ð Ö ±¢ ´-
Éμ¢ Ö ³¥Ì ´¨± . ‚¢¥¤¥´μ ¶μ´ÖÉ¨¥ ¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, ¢Ò¢¥¤¥´Ò
Ê· ¢´¥´¨Ö £· ¢¨¤¨´ ³¨±¨, ´ °¤¥´Ò ¢Ò· ¦¥´¨Ö ¤²Ö ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨, ¶μ-
É¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ ¨ ¢¥±Éμ·  ¶μÉμ±  Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. “¸É ´μ-
¢²¥´  ´ ¨¡μ²¥¥ μ¡Ð Ö Ëμ·³  § ±μ´  ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨, ¨§ ±μÉμ·μ£μ ¸²¥¤Ê¥É,
ÎÉμ Ô´¥·£¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¥¸ÉÓ £¨¶μÉ¥É¨Î¥¸± Ö É¥³´ Ö Ô´¥·£¨Ö. �·¥¤Ñ-
Ö¢²¥´Ò Ì · ±É¥·´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° £· ¢¨¤¨´ ³¨±¨, ¨ ¤ ´  ¨Ì Ë¨§¨Î¥¸± Ö
¨´É¥·¶·¥É Í¨Ö.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¨³. �.�. �μ£μ²Õ-
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Geometric Theory of Fundamental Interactions.
Gravidynamics

In this report a mathematical formulation of fundamental concepts of uniˇed geo-
metrical theory of fundamental interactions is given. A concept of momentum of the
gravitational ˇeld is introduced, equations of gravidynamics are derived, expressions
for kinetic energy, potential energy and energy 	ow vector of the gravitational ˇeld
are found. A most general form of the law of energy conservation is established,
from which it follows that the hypothetical dark energy is the energy of the gravita-
tional ˇeld. Two exact solutions of the equations of gravidynamics are obtained and
their physical interpretation is given.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.

Communication of the Joint Institute for Nuclear Research. Dubna, 2012



‚‚…„…�ˆ…

‚ ÔÉμ³ ¸μμ¡Ð¥´¨¨, ¶μ¸¢ÖÐ¥´´μ³ £² ¢´Ò³ μ¡· §μ³ ¤¨´ ³¨Î¥¸±μ° É¥μ·¨¨
£· ¢¨É Í¨μ´´ÒÌ ¶·μÍ¥¸¸μ¢ ± ± · §¤¥²  μ¡Ð¥° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨, ¢¢¥¤¥´Ò
¢ ¦´Ò¥ ¤²Ö É¥μ·¨¨ ¢ Í¥²μ³ Ë¨§¨Î¥¸±¨¥ ±μ´Í¥¶Í¨¨: ¶μ´ÖÉ¨¥ Ë¨§¨Î¥¸±μ£μ
³´μ£μμ¡· §¨Ö, ¶μ´ÖÉ¨¥ ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±μ° ¶μ²¥¢μ° ¢¥²¨Î¨´Ò, ´μ¢ Ö
±μ´Í¥¶Í¨Ö ¢·¥³¥´¨, ±μÉμ· Ö · ¸±·Ò¢ ¥É ³´μ£μ£· ´´μ¸ÉÓ ¢·¥³¥´¨ ± ± Í¥´-
É· ²Ó´μ£μ ¶μ´ÖÉ¨Ö ¥¤¨´μ° Ë¨§¨±¨, ¶μ´ÖÉ¨¥ ²μ± ²Ó´μ° £¥μ³¥É·¨Î¥¸±μ° ¢´Ê-
É·¥´´¥° ¸¨³³¥É·¨¨, ¶μ´ÖÉ¨¥ ¡¨² É¥· ²Ó´μ° ¨²¨ ¤¢ÊÌ¸Éμ·μ´´¥° ¸¨³³¥É·¨¨,
±μÉμ· Ö ¶μ§¢μ²Ö¥É ¨¤¥Õ §¥·± ²Ó´μ° ¸¨³³¥É·¨¨, ¸¨³³¥É·¨¨ ¶· ¢μ£μ ¨ ²¥¢μ£μ,
¶¥·¥´¥¸É¨ ¢ É¥μ·¨Õ ¶μ²Ö. ‘μ¢μ±Ê¶´μ¸ÉÓ ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±¨Ì ¶μ²¥-
¢ÒÌ ¢¥²¨Î¨´ μ¡· §Ê¥É ¸É·Ê±ÉÊ·´μ¥ ¶μ²¥. ”Ê´¤ ³¥´É ²Ó´Ò³¨ ¸μ¸É ¢²ÖÕÐ¨³¨
¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö Ö¢²ÖÕÉ¸Ö £· ¢¨É Í¨μ´´μ¥ ¶μ²¥, ¸¶¨´μ¢μ¥ ¶μ²¥ ¨ μ¡μ¡Ð¥´-
´μ¥ Ô²¥±É·μ³ £´¨É´μ¥ ¶μ²¥, ´ §¢ ´´μ¥ É ± ¶μÉμ³Ê, ÎÉμ ¸¨´£²¥É´μ¥ ¸μ¸ÉμÖ-
´¨¥ ÔÉμ£μ ¶μ²Ö ¸μμÉ¢¥É¸É¢Ê¥É Ô²¥±É·μ³ £´¨É´μ³Ê ¶μ²Õ. � §²¨Î´Ò¥  ¸¶¥±ÉÒ
¶·¨·μ¤Ò ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° · §²¨Î´Ò¥  ¸¶¥±ÉÒ ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö, ¶¥·¥-
´μ¸ÖÐ¥£μ Ô´¥·£¨Õ ¨ ¨³¶Ê²Ó¸, ÎÉμ μ¡¥¸¶¥Î¨¢ ¥É ¥¤¨´Ò° ¶μ¤Ìμ¤ ± ËÊ´¤ ³¥´-
É ²Ó´Ò³ ¢§ ¨³μ¤¥°¸É¢¨Ö³ ¨ ¶μ§¢μ²Ö¥É · ¸¸³ É·¨¢ ÉÓ ³¨±·μ³¨· ¨ ³ ±·μ³¨·
¸ ¥¤¨´ÒÌ ¶μ§¨Í¨°. �¥·¢Ò³ ¨´É¥£· ²μ³ Ê· ¢´¥´¨° ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö, μ¡Ñ-
¥¤¨´ÖÕÐ¨Ì ¢¸¥ Ô´¥·£¨¨ ¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ ¶·¨·μ¤¥, ¡Ê¤¥É Éμ²Ó±μ ¶²μÉ´μ¸ÉÓ
Ô´¥·£¨¨ ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö, · ¢´ Ö ¸Ê³³¥ ¢±² ¤μ¢ μÉ ± ¦¤μ° ¨§ ¥£μ ¸μ¸É ¢²Ö-
ÕÐ¨Ì.

‚ μ¡Ð¥° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ £· ¢¨É Í¨μ´´μ³Ê ¶μ²Õ ± ± μ¤´μ° ¨§ ¸μ-
¸É ¢²ÖÕÐ¨Ì ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥-
¤¥²¥´´ Ö ·¨³ ´μ¢  ³¥É·¨±  ± ± ËÊ´¤ ³¥´É ²Ó´μ¥ ¶μ´ÖÉ¨¥. �¸¥¢¤μ·¨³ ´μ¢ 
³¥É·¨±  ²μ·¥´Í¥¢μ° ¸¨£´ ÉÊ·Ò, ¶μ²μ¦¥´´ Ö ¢ μ¸´μ¢Ê μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨-
É¥²Ó´μ¸É¨, ¢¢μ¤¨É¸Ö ¢ £· ¢¨¤¨´ ³¨±¥ ± ± ¶·¨Î¨´´ Ö ¸É·Ê±ÉÊ· , É¥¸´μ ¸¢Ö§ ´-
´ Ö ¸ ¤¨¸±·¥É´μ° ¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¥°, Ê¶μ³¨´ ¥³μ° ± ± ¤¢ÊÌ¸Éμ·μ´´ÖÖ
¨²¨ ¡¨² É¥· ²Ó´ Ö ¸¨³³¥É·¨Ö. 
Éμ ¶μ§¢μ²Ö¥É ¶μ´ÖÉÓ £¥μ³¥É·¨Î¥¸±¨¥ ¨ ¸¨³-
³¥É·¨°´Ò¥  ¸¶¥±ÉÒ ¶·μ¨¸Ìμ¦¤¥´¨Ö ±μ´Í¥¶Í¨¨ ¶¸¥¢¤μ·¨³ ´μ¢μ° ³¥É·¨±¨ ´ 
μ¸´μ¢¥ ¨¸É¨´´μ° ·¨³ ´μ¢μ° ³¥É·¨±¨ ¨ · ¸±·ÒÉÓ ¶·¨Î¨´´ÊÕ ¸É·Ê±ÉÊ·Ê Ê· ¢-
´¥´¨° £· ¢¨¤¨´ ³¨±¨, É. ¥. ¶·¥¤¸É ¢¨ÉÓ ¨Ì ¢ ¸²¥¤ÊÕÐ¥° μ¡Ð¥±μ¢ ·¨ ´É´μ°
¤¨´ ³¨Î¥¸±μ° Ëμ·³¥: ¸±μ·μ¸ÉÓ ¨§³¥´¥´¨Ö ¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö
¸μ ¢·¥³¥´¥³ · ¢´  ·¥§Ê²ÓÉ ÉÊ ¤¥°¸É¢¨Ö ´  ¶μÉ¥´Í¨ ² £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö
´¥±μÉμ·μ£μ ´¥²¨´¥°´μ£μ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ μ¶¥· Éμ· .

“¸É ´μ¢²¥´¨¥ ¸¨³³¥É·¨¨, μÉ¢¥Î ÕÐ¥° §  § ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ ¢
´ ¨¡μ²¥¥ μ¡Ð¥° Ëμ·³¥, μ¤´μ§´ Î´μ¥ μ¶·¥¤¥²¥´¨¥ Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ
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¶μ²Ö ¨ ¢¥±Éμ·  ¶μÉμ±  Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö,   É ±¦¥ ·¥Ï¥´¨¥ Ê· ¢-
´¥´¨° £· ¢¨¤¨´ ³¨±¨ ¶μ§¢μ²ÖÕÉ ·¥Ï¨ÉÓ ¶·μ¡²¥³Ê É ± ´ §Ò¢ ¥³μ° É¥³´μ°
Ô´¥·£¨¨, ±μÉμ· Ö ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Ô´¥·£¨Õ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. �¸μ¡ Ö
·μ²Ó £· ¢¨É Í¨μ´´μ° ¸μ¸É ¢²ÖÕÐ¥° ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö ¶·μÖ¢²Ö¥É¸Ö ¢ ¶·¨´-
Í¨¶¥ ·¥¶ · ³¥É·¨§ Í¨μ´´μ° ¨´¢ ·¨ ´É´μ¸É¨ ¨ ¢ ³¥Ì ´¨§³¥ £¥´¥· Í¨¨ Ë¨§¨-
Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö, ±μÉμ·Ò° ¶μ§¢μ²Ö¥É ± ¦¤μ³Ê ¸μ¸ÉμÖ´¨Õ ¸É·Ê±ÉÊ·´μ£μ
¶μ²Ö ¶μ¸É ¢¨ÉÓ ¢ ¸μμÉ¢¥É¸É¢¨¥ ¸¢μ¥ Ë¨§¨Î¥¸±μ¥ ³´μ£μμ¡· §¨¥.

1. Š��–…�–ˆŸ ”ˆ‡ˆ—…‘Š�ƒ� Œ��ƒ�����‡ˆŸ

� ¶μ³´¨³, ÎÉμ ¶¥·¢μμ¸´μ¢μ° μ¡Ð¥° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ± ± É¥μ·¨¨
¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö ¸²Ê¦¨É £¨¶μÉ¥§  £¥μ³¥É·¨§ Í¨¨: ¢¸¥ ¢ ¶μ´ÖÉ¨¨ ¶·μ¸É· ´-
¸É¢  ¨ ¶μ´ÖÉ¨¥ ¶·μ¸É· ´¸É¢  ¢μ ¢¸¥³. 
ÉμÉ · §¤¥² ¶μ¸¢ÖÐ¥´ ³ É¥³ É¨Î¥¸±μ³Ê
μ¡μ¸´μ¢ ´¨Õ É· ±Éμ¢±¨ ¶·μ¸É· ´¸É¢  ± ± £² ¤±μ£μ ³´μ£μμ¡· §¨Ö ¨ ¨§²μ¦¥-
´¨Õ ±μ´Í¥¶Í¨¨ Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö. ‘ÊÉÓ ¥¥ ¸μ¸Éμ¨É ¢ ¸²¥¤ÊÕÐ¥³.
…¸²¨ · ¸¸³ É·¨¢ ÉÓ ³´μ£μμ¡· §¨¥ ± ± § · ´¥¥ § ¤ ´´μ¥, Éμ μ´μ ¡Ê¤¥É ¢´¥Ï-
´¨³ ¶μ μÉ´μÏ¥´¨Õ ± Ë¨§¨Î¥¸±μ° ¸¨¸É¥³¥, ¨ ¨§³¥´¥´¨¥ Ì · ±É¥·¨¸É¨± ³´μ-
£μμ¡· §¨Ö ¡Ê¤¥É ¢²¨ÖÉÓ ´  ¶μ¢¥¤¥´¨¥ ¨§ÊÎ ¥³μ° ¸¨¸É¥³Ò. �¡· É´μ¥ ¶·¨ ÔÉμ³
¶μ²´μ¸ÉÓÕ ¨¸±²ÕÎ ¥É¸Ö. ’ ± ± ± μ¡Ð Ö ±¢ ´Éμ¢ Ö ³¥Ì ´¨±  ¥¸ÉÓ É¥μ·¨Ö ·¥-
 ²Ó´ÒÌ Ë¨§¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ¢, ¶·μÉ¥± ÕÐ¨Ì ¡¥§ ¢¸Ö±μ£μ μÉ´μÏ¥´¨Ö ± Î¥³Ê-
²¨¡μ ¢´¥Ï´¥³Ê, Éμ ¢ ´¥° ³´μ£μμ¡· §¨¥ ´¥ ³μ¦¥É ¡ÒÉÓ § ¤ ´´Ò³ § · ´¥¥, ± ±
ÔÉμ μ¡ÒÎ´μ ¶· ±É¨±Ê¥É¸Ö ¢ £¥μ³¥É·¨¨ ¨ Ë¨§¨±¥. �¥μ¡Ìμ¤¨³μ Ê± § ÉÓ ³¥Ì -
´¨§³ £¥´¥· Í¨¨ ³´μ£μμ¡· §¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ± ¦¤μ³Ê ¸μ¸ÉμÖ´¨Õ ¶μ²´μ°
¸¨¸É¥³Ò ¶μ²¥°. Œ´μ£μμ¡· §¨¥, ±μÉμ·μ¥ ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ ± ¦¤μ³Ê ·¥-
Ï¥´¨Õ Ê· ¢´¥´¨° ¶μ²´μ° ¸¨¸É¥³Ò ¶μ²¥°, ´ §Ò¢ ¥É¸Ö Ë¨§¨Î¥¸±¨³ ³´μ£μμ¡· -
§¨¥³. �·¥¦¤¥ Î¥³ Ê¸É ´μ¢¨ÉÓ ³¥Ì ´¨§³ £¥´¥· Í¨¨ Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö,
¡Ê¤¥É ¤μ± § ´μ, ÎÉμ ¶·¨´Í¨¶Ò μ¡Ð¥° ±μ¢ ·¨ ´É´μ¸É¨ ¨ ·¥¶ · ³¥É·¨§ Í¨μ´-
´μ° ¨´¢ ·¨ ´É´μ¸É¨ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¢±²ÕÎ¥´Ò ¢ ¶μ´ÖÉ¨¥ ³´μ£μμ¡· -
§¨Ö,   É ±¦¥ ¡Ê¤¥É ¢¢¥¤¥´  ±μ´Í¥¶Í¨Ö ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±μ° ¶μ²¥¢μ°
¢¥²¨Î¨´Ò ¨ · ¸¸³μÉ·¥´Ò ´¥±μÉμ·Ò¥ ¤·Ê£¨¥ ¢μ¶·μ¸Ò.

Œ´μ£μμ¡· §¨¥ ´¥ Ö¢²Ö¥É¸Ö Éμ¶μ²μ£¨Î¥¸±¨ É·¨¢¨ ²Ó´Ò³, ¥¸²¨ μ´μ ´¥ ³μ-
¦¥É ¡ÒÉÓ μ¡¸²Ê¦¥´μ μ¤´μ° ¸¨¸É¥³μ° ±μμ·¤¨´ É. „²Ö ¶·μ¸ÉμÉÒ ¶·¥¤¶μ²μ¦¨³,
ÎÉμ ¤μ¸É ÉμÎ´μ ¤¢ÊÌ ¸¨¸É¥³ ±μμ·¤¨´ É. ’ ±¨³ μ¡· §μ³, ¨³¥ÕÉ¸Ö ¤¢¥ μÉ-
±·ÒÉÒ¥ μ¡² ¸É¨ U ¨ Ū , μ¡Ñ¥¤¨´¥´¨¥ ±μÉμ·ÒÌ ¤ ¥É ¢¸¥ ³´μ£μμ¡· §¨¥, ¨ ¤¢ 
μÉμ¡· ¦¥´¨Ö, Ê¸É ´ ¢²¨¢ ÕÐ¨¥ ¢§ ¨³´μ-μ¤´μ§´ Î´Ò¥ ¸μμÉ¢¥É¸É¢¨Ö ³¥¦¤Ê U
¨ μ¡² ¸ÉÓÕ ¶·μ¸É· ´¸É¢  Rn ¨, ¸μμÉ¢¥É¸É¢¥´´μ, ³¥¦¤Ê Ū ¨ ¤·Ê£μ° μ¡² ¸ÉÓÕ
¶·μ¸É· ´¸É¢  Rn. ‚ μ¡² ¸É¨ ¶¥·¥±·ÒÉ¨Ö U ¨ Ū ¤¥°¸É¢ÊÕÉ ¤¢¥ ¸¨¸É¥³Ò ±μμ·-
¤¨´ É u1, u2, . . . , un ¨ ū1, ū2, . . . , ūn, ³¥¦¤Ê ±μÉμ·Ò³¨ ¨³¥¥É¸Ö ¸¢Ö§Ó ¢ ¢¨¤¥
ËÊ´±Í¨μ´ ²Ó´ÒÌ ¸μμÉ´μÏ¥´¨°

ūi = ūi(u1, u2, . . . , un), ui = ui(ū1, ū2, . . . , ūn), i = 1, 2, . . . , n,
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±μÉμ·Ò¥ ´ §Ò¢ ÕÉ¸Ö ¶·¥μ¡· §μ¢ ´¨¥³ ±μμ·¤¨´ É. �Ê¸ÉÓ ´ ¡μ·Ò ËÊ´±Í¨°

gij(u1, u2, . . . , un), gij(ū
1, ū2, . . . , ūn)

§ ¤ ÕÉ ·¨³ ´μ¢Ê ³¥É·¨±Ê ¸μμÉ¢¥É¸É¢¥´´μ ¢ μ¡² ¸ÉÖÌ U ¨ Ū . ’μ£¤  ¢ ¶·μ¸É¥°-
Ï¥³ ¸²ÊÎ ¥ ¢ μ¡² ¸É¨ ¶¥·¥±·ÒÉ¨Ö V ³¥¦¤Ê ÔÉ¨³¨ ËÊ´±Í¨Ö³¨ ¸ÊÐ¥¸É¢ÊÕÉ
¸μμÉ´μÏ¥´¨Ö ¢¨¤ 

gij =
∂uk

∂ūi

∂ul

∂ūj
gkl,

±μÉμ·Ò¥ ¥¸ÉÓ Ê¸²μ¢¨Ö ¸Ï¨¢±¨. ’ ± ± ± Ê¸²μ¢¨Ö ¸Ï¨¢±¨ ¤μ²¦´Ò ¢Ò¶μ²´ÖÉÓ¸Ö
¤²Ö ¢¸¥Ì ¶μ²¥°, Éμ Ê· ¢´¥´¨Ö ¶μ²´μ° ¸¨¸É¥³Ò ¶μ²¥° ¤μ²¦´Ò ¡ÒÉÓ μ¡Ð¥±μ¢ -
·¨ ´É´Ò³¨ ¨²¨, ¨´ Î¥ £μ¢μ·Ö, É¥´§μ·´Ò³¨.

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ³μ¦¥É ¶·μ¨§μ°É¨ ¸²¥¤ÊÕÐ¥¥. �·¥¤¶μ²μ¦¨³, ÎÉμ ´ °-
¤¥´μ ·¥Ï¥´¨¥ Ê· ¢´¥´¨°, ¶·¥¤¸É ¢²ÖÕÐ¨Ì μ¤´μ ¨ Éμ ¦¥ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥
¢ μ¡¥¨Ì μ¡² ¸ÉÖÌ, μ¤´ ±μ Ê¸²μ¢¨¥ ¸Ï¨¢±¨ ¢ μ¡² ¸É¨ ¶¥·¥¸¥Î¥´¨Ö ´¥ ¢Ò¶μ²-
´Ö¥É¸Ö. ‚ÒÌμ¤ ¨§ ÔÉμ£μ ¶μ²μ¦¥´¨Ö ³μ¦¥É ¡ÒÉÓ ¸²¥¤ÊÕÐ¨³. � ¸¸³μÉ·¨³ μÉμ-
¡· ¦¥´¨¥ ϕ μ¡² ¸É¨ U ´  ¸¥¡Ö, ±μÉμ·μ¥ ¢ ¸¨¸É¥³¥ ±μμ·¤¨´ É u1, u2, . . . , un

μ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ϕ : ui ⇒ ϕi(u1, u2, . . . , un), ϕ−1 : ui ⇒ θi(u1, u2, . . . , un),

ϕi(θ1(u), θ2(u), . . . , θn(u)) = ui, θi(ϕ1(u), ϕ2(u), . . . , ϕn(u)) = ui.

�Éμ¡· ¦¥´¨¥ ϕ § ¤ ¥É μÉμ¡· ¦¥´¨¥ g̃ = ϕg, ±μÉμ·μ¥ ¨³¥¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

g̃ij(u) = gkl(θ(u))θk
i (u)θl

j(u),

£¤¥ θl
j(u) = ∂jθ

l(u). …¸²¨ ¢ · ¸¸³ É·¨¢ ¥³μ° μ¡² ¸É¨ ¢¢¥¸É¨ ´μ¢Ò¥ ±μμ·¤¨-
´ ÉÒ ¨ § ¶¨¸ ÉÓ μÉμ¡· ¦¥´¨¥ ϕ ¢ ´μ¢ÒÌ ±μμ·¤¨´ É Ì, Éμ ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö,
ÎÉμ ¶·¨ ¶·¥μ¡· §μ¢ ´¨¨ ±μμ·¤¨´ É g̃ij(u) ¶·¥μ¡· §ÊÕÉ¸Ö ± ± ±μ³¶μ´¥´ÉÒ
¸¨³³¥É·¨Î´μ£μ É¥´§μ·´μ£μ ¶μ²Ö. …¸²¨ gij(u) ¨ g̃ij(u) ¶·¥¤¸É ¢²ÖÕÉ · §²¨Î-
´Ò¥ ·¥Ï¥´¨Ö μ¤´μ£μ ¨ Éμ£μ ¦¥ Ê· ¢´¥´¨Ö, Éμ ÔÉμ Ê· ¢´¥´¨¥ ´ §Ò¢ ¥É¸Ö ¨´-
¢ ·¨ ´É´Ò³ μÉ´μ¸¨É¥²Ó´μ ·¥¶ · ³¥É·¨§ Í¨¨, ±μÉμ· Ö § ¤ ¥É¸Ö μÉμ¡· ¦¥´¨¥³
ϕ. �¡· É´μ, ¥¸²¨ Ê· ¢´¥´¨Ö ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ ·¥¶ · ³¥É·¨§ Í¨¨, Éμ
¶μ ¤ ´´μ³Ê ·¥Ï¥´¨Õ ÔÉ¨Ì Ê· ¢´¥´¨° ³μ¦´μ ¶μ¸É·μ¨ÉÓ ±² ¸¸ ´μ¢ÒÌ ·¥Ï¥´¨°
É¥Ì ¦¥ ¸ ³ÒÌ Ê· ¢´¥´¨°. ’ ±¨³ μ¡· §μ³, ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¤²Ö Ê¸É ´μ¢²¥´¨Ö
¸¢Ö§¨ ³¥¦¤Ê g ¨ g ³μ¦¥É ¶μÉ·¥¡μ¢ ÉÓ¸Ö ¨ ¶μ²¥ g̃, Ô±¢¨¢ ²¥´É´μ¥ g. �É¸Õ¤ 
¸²¥¤Ê¥É, ÎÉμ Ê· ¢´¥´¨Ö ¶μ²´μ° ¸¨¸É¥³Ò ¶μ²¥° ´  Éμ¶μ²μ£¨Î¥¸±¨ ´¥É·¨¢¨ ²Ó-
´ÒÌ ³´μ£μμ¡· §¨ÖÌ ¤μ²¦´Ò ¡ÒÉÓ ´¥ Éμ²Ó±μ μ¡Ð¥±μ¢ ·¨ ´É´Ò³¨, ´μ ¨ ¨¢ -
·¨ ´É´Ò³¨ μÉ´μ¸¨É¥²Ó´μ ·¥¶ · ³¥É·¨§ Í¨¨. …¸²¨ ¢§ÖÉÓ μ¤´μ £· ¢¨É Í¨μ´´μ¥
¶μ²¥, Éμ Éμ²Ó±μ ¤²Ö ´¥£μ ³μ¦´μ § ¶¨¸ ÉÓ Ê· ¢´¥´¨Ö ¨ μ¡Ð¥±μ¢ ·¨ ´É´Ò¥, ¨
¨´¢ ·¨ ´É´Ò¥ μÉ´μ¸¨É¥²Ó´μ ·¥¶ · ³¥É·¨§ Í¨¨. � ¶·¨³¥·, Ê· ¢´¥´¨Ö Œ ±¸-
¢¥²²  μ¡Ð¥±μ¢ ·¨ ´É´Ò, ´μ μ´¨ ´¥ ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ ·¥¶ · ³¥É·¨-
§ Í¨¨. „²Ö ¡μ²¥¥ ´ £²Ö¤´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ·¥¶ · ³¥É·¨§ Í¨¨ · ¸¸³μÉ·¨³
¥Ð¥ μ¤´Ê ¸¨ÉÊ Í¨Õ.
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‚¢¥¤¥³ ±² ¸¸ ËÊ´±Í¨° τ = α(t), μ¡² ¸ÉÓ μ¶·¥¤¥²¥´¨Ö ¨ μ¡² ¸ÉÓ §´ Î¥´¨°
±μÉμ·ÒÌ ¸μ¢¶ ¤ ÕÉ. …¸²¨ t ∈ [a, b], Éμ ¨ τ ∈ [a, b]. Š ¦¤ Ö ¨§ ÔÉ¨Ì ËÊ´±Í¨°
§ ¤ ¥É É· ¥±Éμ·¨Õ ¤¢¨¦¥´¨Ö ¢ ¢¨¤¥ ui = ϕ(α(t)), i = 1, 2, . . . , n, ´μ ¢¸¥³
É· ¥±Éμ·¨Ö³ ¸μμÉ¢¥É¸É¢Ê¥É μ¤´μ ¨ Éμ ¦¥ £¥μ³¥É·¨Î¥¸±μ¥ ³¥¸Éμ ÉμÎ¥±. …¸²¨
¸²¥¤¨ÉÓ §  ¤¢¨¦¥´¨¥³ ÉμÎ±¨ ¢¤μ²Ó · §²¨Î´ÒÌ É· ¥±Éμ·¨°, Éμ ¶·¨ ¶¥·¥Ìμ¤¥ ¸
μ¤´μ° É· ¥±Éμ·¨¨ ´  ¤·Ê£ÊÕ ÉμÎ±  ¡Ê¤¥É ¤¢¨£ ÉÓ¸Ö ´  μ¤´μ³ ¨ Éμ³ ¦¥ ÊÎ ¸É±¥
³¥¤²¥´´¥° ¨²¨ ¡Ò¸É·¥°. ƒ· Ë¨Î¥¸±¨ · ¸¸³ É·¨¢ ¥³Ò° ±² ¸¸ ËÊ´±Í¨° ³μ¦´μ
¶·¥¤¸É ¢¨ÉÓ ´  ¶²μ¸±μ¸É¨ t, τ, μÉ³¥É¨¢ ´  ´¥° ÉμÎ±¨ (a, a), (a, b), (b, b), (b, a).
“¡Ò¢ ÕÐ¨¥ ËÊ´±Í¨¨ ¸μ¥¤¨´ÖÕÉ ÉμÎ±¨ (a, b), (b, a),   ¢μ§· ¸É ÕÐ¨¥ ËÊ´±Í¨¨
¸μ¥¤¨´ÖÕÉ ÉμÎ±¨ (a, a), (b, b). Š · ¸¸³ É·¨¢ ¥³μ³Ê ±² ¸¸Ê ËÊ´±Í¨° ¶·¨´ ¤-
²¥¦ É, ¢ Î ¸É´μ¸É¨, μÉ·¥§±¨ ¶·Ö³ÒÌ τ = t, τ − b = −(t − a). ”Ê´±Í¨¨ α(t)
Ê¤μ¢²¥É¢μ·ÖÕÉ μ¤´μ³Ê ¨§ ¤¢ÊÌ Ê¸²μ¢¨°

dα

dt
> 0,

dα

dt
< 0,

±μÉμ·Ò¥ § ¤ ÕÉ μ·¨¥´É Í¨Õ É· ¥±Éμ·¨¨ ¤¢¨¦¥´¨Ö. “· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö
ÉμÎ±¨ ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ ·¥¶ · ³¥É·¨§ Í¨¨, ¥¸²¨ ± ¦¤ Ö É· ¥±Éμ-
·¨Ö ¥¸ÉÓ ·¥Ï¥´¨¥ μ¤´μ° ¨ Éμ° ¦¥ ¸¨¸É¥³Ò Ê· ¢´¥´¨°. ”Ê´±Í¨Ö ‹ £· ´¦ 
L(u, du/dt), Ê¤μ¢²¥É¢μ·ÖÕÐ Ö Ê· ¢´¥´¨Õ

L

(
u,

du

dt

)
dt = L

(
u,

du

dτ

dτ

dt

)
dt = L

(
u,

du

dτ

)
dτ,

¤ ¥É Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ÉμÎ±¨, ¨´¢ ·¨ ´É´Ò¥ μÉ´μ¸¨É¥²Ó´μ ·¥¶ · ³¥É·¨§ -
Í¨¨.

‚¢¥¤¥³ ¶μ´ÖÉ¨¥ ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±μ° ¶μ²¥¢μ° ¢¥²¨Î¨´Ò. ƒ¥μ-
³¥É·¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê ³´μ£μμ¡· §¨Ö ¸μ¸É ¢²ÖÕÉ ÉμÎ±¨, ±·¨¢Ò¥, ±μ´£·ÊÔ´-
Í¨¨ ±·¨¢ÒÌ, ¸¥³¥°¸É¢  ±·¨¢ÒÌ (¶μ¤³´μ£μμ¡· §¨Ö). ‚¥²¨Î¨´Ò, ´¥¶μ¸·¥¤-
¸É¢¥´´μ ¸¢Ö§ ´´Ò¥ ¸ £¥μ³¥É·¨Î¥¸±μ° ¸É·Ê±ÉÊ·μ° ³´μ£μμ¡· §¨Ö, ´ §Ò¢ ÕÉ¸Ö
¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±¨³¨ ¶μ²¥¢Ò³¨ ¢¥²¨Î¨´ ³¨. “¸É ´μ¢¨³ ´ ¡μ· ¸μ¡-
¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±¨Ì ¶μ²¥¢ÒÌ ¢¥²¨Î¨´ ¸ É¥³, ÎÉμ¡Ò ¶·¨ · ¸¸³μÉ·¥´¨¨ ¢¸¥Ì
¡¥§ ¨¸±²ÕÎ¥´¨Ö ¢μ¶·μ¸μ¢ ´¥ ¢ÒÌμ¤¨ÉÓ §  · ³±¨ ÔÉμ£μ ³´μ¦¥¸É¢  ¢¥²¨Î¨´, ± ±
Éμ£μ É·¥¡Ê¥É £¨¶μÉ¥§  £¥μ³¥É·¨§ Í¨¨. ” ±É¨Î¥¸±¨ ÔÉμ ¥¸ÉÓ ·¥Ï¥´¨¥ ¶·μ¡²¥³Ò
£¥μ³¥É·¨§ Í¨¨ Ë¨§¨Î¥¸±¨Ì ¶μ²¥° ¢ ³ É¥³ É¨Î¥¸±¨ ¸É·μ£μ³ ¨ ÉμÎ´μ³ ¸³Ò¸²¥,
μ¡¥¸¶¥Î¨¢ ÕÐ¥¥ Ô¢·¨¸É¨Î¥¸±ÊÕ Í¥´´μ¸ÉÓ ¸ ³μ° ¨¤¥¨ £¥μ³¥É·¨§ Í¨¨.

‘± ²Ö·´μ¥ ¶μ²¥ Ö¢²Ö¥É¸Ö ¶·μ¸É¥°Ï¥° ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±μ° ¶μ²¥-
¢μ° ¢¥²¨Î¨´μ°, ±μÉμ· Ö ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± μÉμ¡· ¦¥´¨¥, ±μÉμ·μ¥
± ¦¤μ° ÉμÎ±¥ ³´μ£μμ¡· §¨Ö ¸É ¢¨É ¢ ¸μμÉ¢¥É¸É¢¨¥ Î¨¸²μ. � ¸¸³μÉ·¨³ ¤ ²¥¥
ËÊ´±Í¨μ´ ²Ò ´  ³´μ¦¥¸É¢¥ ±·¨¢ÒÌ ¨ ¶μ¤³´μ£μμ¡· §¨°. Š·¨¢ Ö ´  ³´μ£μ-
μ¡· §¨¨ ¥¸ÉÓ £¥μ³¥É·¨Î¥¸±μ¥ ³¥¸Éμ ÉμÎ¥±, ±μÉμ·μ¥ μ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨Ö³¨

γ : ui = ϕi(t).
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‘¥³¥°¸É¢μ ±·¨¢ÒÌ (¶μ¤³´μ£μμ¡· §¨¥ Sp) μ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨Ö³¨

Sp : ui = ϕi(t1, t2, . . . , tp), p = 2, 3, . . . , n.

Š·¨¢μ²¨´¥°´Ò° ¨´É¥£· ²∫
aidui =

∫
ai

dui

dt
dt

¨ ¥£μ μ¡μ¡Ð¥´¨¥ ´  ¸¥³¥°¸É¢  ±·¨¢ÒÌ ¢ ¢¨¤¥ ±· É´ÒÌ ¨´É¥£· ²μ¢∫
ai1...ip

∂ui1

∂t1
. . .

∂uip

∂tp
dt1 . . . dtp,

£¤¥ ai Å ±μ³¶μ´¥´ÉÒ ±μ¢¥±Éμ·´μ£μ ¶μ²Ö,   ai1...ip Å ±μ³¶μ´¥´ÉÒ  ´É¨¸¨³-
³¥É·¨Î´μ£μ É¥´§μ·´μ£μ ¶μ²Ö · ´£  p, ¤ ¥É Í¥²Ò° ±² ¸¸ ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨-
Î¥¸±¨Ì ¶μ²¥¢ÒÌ ¢¥²¨Î¨´. ‚ ÔÉμÉ ±² ¸¸ ¢Ìμ¤ÖÉ ¸± ²Ö·´μ¥ ¶μ²¥, ±μ¢ ·¨ ´É´μ¥
¢¥±Éμ·´μ¥ ¶μ²¥ ¨  ´É¨¸¨³³¥É·¨Î´Ò¥ É¥´§μ·´Ò¥ ¶μ²Ö. ’¥μ·¥³Ê ‘Éμ±¸  ¸²¥-
¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ± ± ¢ ¦´ÊÕ ¤μ¶μ²´¨É¥²Ó´ÊÕ Ì · ±É¥·¨¸É¨±Ê ÔÉμ£μ ±² ¸¸ 
¢¥²¨Î¨´.

‘μ£² ¸´μ ƒ Ê¸¸Ê ¨ �¨³ ´Ê ËÊ´±Í¨μ´ ²

l(γ, g) =

t1∫
t0

√
gij

dui

dt

duj

dt
dt

´  ³´μ£μμ¡· §¨¨ ´ §Ò¢ ¥É¸Ö ¤²¨´μ° ±·¨¢μ° γ. ’ ±¨³ μ¡· §μ³, ËÊ´±Í¨μ´ ²
¤²¨´Ò ¸¢Ö§ ´ ¸ ¸¨³³¥É·¨Î´Ò³ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´Ò³ É¥´§μ·´Ò³ ¶μ²¥³
¢Éμ·μ£μ · ´£  gij , ±μÉμ·μ¥, É ±¨³ μ¡· §μ³, ¥¸ÉÓ ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸± Ö
¶μ²¥¢ Ö ¢¥²¨Î¨´ , ¢¶¥·¢Ò¥ ¢¢¥¤¥´´ Ö �¨³ ´μ³.

Šμ´£·ÊÔ´Í¨Ö ±·¨¢ÒÌ (¶μÉμ± ´  ³´μ£μμ¡· §¨¨) § ¤ ¥É¸Ö ¸¨¸É¥³μ° μ¡ÒÎ-
´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢μ£μ ¨²¨ ¢Éμ·μ£μ ¶μ·Ö¤± . ‚ ¶¥·¢μ³
¸²ÊÎ ¥ ÔÉ  ¸¨¸É¥³  ¨³¥¥É ¢¨¤

dui

dt
= vi(u1(t), u2(t), . . . , un(t)).

�· ¢ Ö ¸Éμ·μ´  ÔÉμ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° ´ §Ò¢ ¥É¸Ö ¢¥±Éμ·´Ò³ ¶μ²¥³ ´ 
³´μ£μμ¡· §¨¨, ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¢¥±Éμ·´μ¥ ¶μ²¥ ¶·¨´ ¤²¥¦¨É ³´μ¦¥¸É¢Ê ¸μ¡-
¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±¨Ì ¶μ²¥¢ÒÌ ¢¥²¨Î¨´. ‚ ¤·Ê£μ³ ¸²ÊÎ ¥ ¸¨¸É¥³  Ê· ¢´¥´¨°

d2ui

dt2
+ P i

jk

duj

dt

duk

dt
= 0

¤μ¸É ¢²Ö¥É ¥Ð¥ μ¤´Ê ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±ÊÕ ¶μ²¥¢ÊÕ ¢¥²¨Î¨´Ê ¸ ±μ³-
¶μ´¥´É ³¨ P i

jk, ¨§¢¥¸É´ÊÕ ± ± ²¨´¥°´ Ö ¸¢Ö§´μ¸ÉÓ. ‹¨´¥°´ Ö ¸¢Ö§´μ¸ÉÓ § -
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¤ ¥É É ±¦¥ Ê· ¢´¥´¨Ö ¶ · ²²¥²Ó´μ£μ ¶¥·¥´μ¸  ¢¥±Éμ·´μ£μ ¶μ²Ö ¢¤μ²Ó ¤ ´´μ°
±·¨¢μ° γ:

dvi

dt
+ P i

jkvk duj

dt
= 0.

�¥·¥Î¨¸²¨³ ¢¸¥ ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±¨¥ ¶μ²¥¢Ò¥ ¢¥²¨Î¨´Ò:
1) ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ¥ ¸¨³³¥É·¨Î´μ¥ É¥´§μ·´μ¥ ¶μ²¥ gij ;
2) ¢¥±Éμ·´μ¥ ¶μ²¥ vi;
3) ²¨´¥°´ Ö ¸¢Ö§´μ¸ÉÓ P i

jk;
4) ¸± ²Ö·´μ¥ ¶μ²¥ ¨ ±μ¢ ·¨ ´É´μ¥ ¢¥±Éμ·´μ¥ ¶μ²¥,  ´É¨¸¨³³¥É·¨Î´Ò¥ ±μ¢ -
·¨ ´É´Ò¥ É¥´§μ·´Ò¥ ¶μ²Ö, ±μÉμ·Ò¥ ³μ£ÊÉ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò ± ± 2n-¸É·μ± :

(a, ai, aij , . . . , aijk...l).

�μ¸²¥¤ÊÕÐ¥¥ · §¢¨É¨¥ É¥μ·¨¨ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò ¢Ò¢¥¸É¨ Ê· ¢´¥´¨Ö ¤²Ö
¸μ¸É ¢²ÖÕÐ¨Ì ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö. �·¨ · ¡μÉ¥ ¸μ ¸É·Ê±ÉÊ·´Ò³ ¶μ²¥³ ´Ê¦´μ
¢¸¥£¤  ¨³¥ÉÓ ¢ ¢¨¤Ê, ÎÉμ ¶·¨·μ¤  ´¥ ¨³¥¥É ¤¥²  ¸ μÉ¤¥²Ó´Ò³¨ ¸μ¸É ¢²ÖÕÐ¨³¨
¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö, μ¤´ ±μ Ê ´ ¸ ¥¸ÉÓ ¢μ§³μ¦´μ¸ÉÓ μÉ¢²¥± ÉÓ¸Ö μÉ ¥¤¨´μ£μ Í¥-
²μ£μ ¨ ¸μ¸·¥¤μÉμÎ¨¢ ÉÓ¸Ö ´  ¥£μ μÉ¤¥²Ó´ÒÌ ¸μ¸É ¢²ÖÕÐ¨Ì, ÎÉμ¡Ò ¢ ±μ´¥Î´μ³
¨Éμ£¥ ¶·¨´ÖÉÓ ¢μ ¢´¨³ ´¨¥ ¢¸¥ Éμ, ÎÉμ ¢·¥³¥´´μ ´¥ ÊÎ¨ÉÒ¢ ²μ¸Ó, ¨ ¢´¥¸É¨
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¤μ¶μ²´¥´¨Ö ¨ ÊÉμÎ´¥´¨Ö. —Éμ¡Ò Ìμ·μÏμ μ·¨¥´É¨·μ¢ ÉÓ¸Ö
¢ ¶μÉμ±¥ Ö¢²¥´¨°, ´ ³ ¤ ´  Ê´¨± ²Ó´ Ö ¸¶μ¸μ¡´μ¸ÉÓ ¢¨¤¥ÉÓ Ë¨§¨Î¥¸±¨° ³¨·
¢ μ¡· § Ì ³ É¥³ É¨Î¥¸±μ£μ ³¨· , ± ± ¡Ò ¢ Î¥·É¥¦ Ì. ‡ ¤ Î  ¸μ¸Éμ¨É ¢ Éμ³,
ÎÉμ¡Ò ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ÔÉμ° § ³¥Î É¥²Ó´μ° ¢μ§³μ¦´μ¸ÉÓÕ ¨ ´ °É¨ Î¥·É¥¦¨,
ÎÉμ¡Ò ·¥±μ´¸É·Ê¨·μ¢ ÉÓ Ë¨§¨Î¥¸±¨° ³¨· ¶μ-¸¢μ¥³Ê.

�μ´ÖÉ¨¥ ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±μ° ¶μ²¥¢μ° ¢¥²¨Î¨´Ò É¥¸´μ ¸¢Ö§ ´μ ¸
¶·¨´Í¨¶μ³ ³¨´¨³ ²Ó´μ¸É¨ £· ¢¨É Í¨μ´´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¨ Î¥·¥§ ´¥£μ ¸
μ¡Ð¨³ ¶μ´ÖÉ¨¥³ ¶μÉ¥´Í¨ ²Ó´μ£μ ¶μ²Ö. �·¨´Í¨¶ ³¨´¨³ ²Ó´μ¸É¨ £· ¢¨É Í¨-
μ´´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° μ§´ Î ¥É, ÎÉμ ² £· ´¦¨ ´Ò Ë¨§¨Î¥¸±¨Ì ¶μ²¥°, μÉ²¨Î-
´ÒÌ μÉ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, § ¢¨¸ÖÉ Éμ²Ó±μ μÉ §´ Î¥´¨° £· ¢¨É Í¨μ´´μ£μ
¶μÉ¥´Í¨ ²  ¢ ÉμÎ±¥, É. ¥. ¢ ² £· ´¦¨ ´Ò Ë¨§¨Î¥¸±¨Ì ¶μ²¥° ´¥ ¤μ²¦´Ò ¢Ìμ¤¨ÉÓ
±μ¢ ·¨ ´É´Ò¥ ¶·μ¨§¢μ¤´Ò¥. �¶·¥¤¥²¥´¨¥ ¶μÉ¥´Í¨ ²Ó´μ£μ ¶μ²Ö ¡Ê¤¥É ¤ ´μ ¢
· §¤¥²¥, ¶μ¸¢ÖÐ¥´´μ³ É¥μ·¨¨ μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö.

ˆ§¢¥¸É´μ, ÎÉμ Éμ¶μ²μ£¨Î¥¸±μ¥ ³´μ£μμ¡· §¨¥ ¢¸¥£¤  ¤μ¶Ê¸± ¥É ¤¨ËË¥·¥´-
Í¨ ²Ó´ÊÕ ¸É·Ê±ÉÊ·Ê, ¥¸²¨ ¥£μ · §³¥·´μ¸ÉÓ ´¥ ¡μ²ÓÏ¥ Î¥ÉÒ·¥Ì ¨, ¸²¥¤μ¢ -
É¥²Ó´μ, ¢ ¸²ÊÎ ¥ μ¡Ð¥£μ ¶μ²μ¦¥´¨Ö n = 1, 2, 3, 4. � §³¥·´μ¸É¨ É·¨ ¨ Î¥ÉÒ·¥
´¥³¥¤²¥´´μ μ¡Ñ¥¤¨´ÖÕÉ¸Ö, ¶μ¸±μ²Ó±Ê Ë¨§¨Î¥¸±μ¥ ¶·μ¸É· ´¸É¢μ ¥¸É¥¸É¢¥´´μ
· ¸¸³ É·¨¢ ÉÓ ± ± É·¥Ì³¥·´μ¥ ¤¨ËË¥·¥´Í¨·Ê¥³μ¥ ³´μ£μμ¡· §¨¥ ¢ ¸É É¨Î¥-
¸±μ° É¥μ·¨¨ Ë¨§¨Î¥¸±¨Ì ¶μ²¥° ¨ Î¥ÉÒ·¥Ì³¥·´μ¥ £² ¤±μ¥ ³´μ£μμ¡· §¨¥ ¢
¤¨´ ³¨Î¥¸±μ° É¥μ·¨¨ Ë¨§¨Î¥¸±¨Ì ¶μ²¥°. ‘ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö
¶¥·¥Ìμ¤ μÉ ¶μ±μÖ ± ¤¢¨¦¥´¨Õ μ§´ Î ¥É ¢ÒÌμ¤ ¢ ¤μ¶μ²´¨É¥²Ó´μ¥ ¨§³¥·¥´¨¥.
‚ · §³¥·´μ¸É¨ É·¨ É¥´§μ· ±·¨¢¨§´Ò �¨³ ´  Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° É¥´§μ·  �¨ÎÎ¨
¨ ¸± ²Ö·´μ° ±·¨¢¨§´Ò, ¶μÔÉμ³Ê Ê· ¢´¥´¨Ö 
°´ÏÉ¥°´  Î¨¸Éμ° £· ¢¨¸É É¨±¨
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¨³¥ÕÉ Éμ²Ó±μ É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥. � §³¥·´μ¸ÉÓ ¤¢  ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³
μ¡Ñ¥¤¨´Ö¥É¸Ö ¸ · §³¥·´μ¸ÉÓÕ ¥¤¨´¨Í  ¨ É·¨. 
É¨ ¨´É¥·¥¸´Ò¥ ¸ ÉμÎ±¨ §·¥´¨Ö
£μ²μ£· Ë¨Î¥¸±μ£μ ¶·¨´Í¨¶  ¨ É¥μ·¨¨ ¸É·Ê´ ¢μ§³μ¦´μ¸É¨ §¤¥¸Ó ´¥ · ¸¸³ -
É·¨¢ ÕÉ¸Ö, É ± ± ± É·¥¡ÊÕÉ μÉ¤¥²Ó´μ£μ ¨§ÊÎ¥´¨Ö. �É³¥É¨³ É ±¦¥, ÎÉμ ¢
· §³¥·´μ¸É¨ ¤¢  É¥´§μ· ±·¨¢¨§´Ò μ¶·¥¤¥²Ö¥É¸Ö ¸± ²Ö·´μ° ±·¨¢¨§´μ°.

� ¸¸³μÉ·¨³ É¥¶¥·Ó ³¥Ì ´¨§³ £¥´¥· Í¨¨ Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö, ±μ-
Éμ·Ò° ± ¦¤μ³Ê ¸μ¸ÉμÖ´¨Õ ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö ¸É ¢¨É ¢ ¸μμÉ¢¥É¸É¢¨¥ £² ¤±μ¥
³´μ£μμ¡· §¨¥. �¡¸É· ±É´μ¥ ³´μ£μμ¡· §¨¥ ³μ¦¥É ¡ÒÉÓ ·¥ ²¨§μ¢ ´μ ± ± ¶μ-
¢¥·Ì´μ¸ÉÓ ¢ ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ£μ Î¨¸²  ¨§³¥·¥´¨°.
�¡Ð´μ¸ÉÓ ¶·¨ ÔÉμ³ ´¥ É¥·Ö¥É¸Ö, ¶μ¸±μ²Ó±Ê ±² ¸¸  ¡¸É· ±É´ÒÌ ¤¨ËË¥·¥´-
Í¨·Ê¥³ÒÌ ³´μ£μμ¡· §¨° ´¥ Ï¨·¥ ±² ¸¸  ¶μ¤³´μ£μμ¡· §¨° ¥¢±²¨¤μ¢ÒÌ ¶·μ-
¸É· ´¸É¢. Œ´μ£μ³¥·´μ¥ ¥¢±²¨¤μ¢μ ¶·μ¸É· ´¸É¢μ Rn Ö¢²Ö¥É¸Ö ²¨´¥°´μ° ¸É·Ê±-
ÉÊ·μ° ´  ³´μ¦¥¸É¢¥ n-¸É·μ± (¢¥±Éμ·μ¢)

x = (x1, . . . , xn),

±μÉμ· Ö μ¶·¥¤¥²Ö¥É¸Ö ¥¸É¥¸É¢¥´´Ò³¨ Ê¸²μ¢¨Ö³¨

λx = (λx1, λx2, . . . , λxn),

x + y = (x1 + y1, . . . , xn + yn),

£¤¥ λ ¥¸ÉÓ ¤¥°¸É¢¨É¥²Ó´μ¥ Î¨¸²μ,   xa Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨ ¤¥°¸É¢¨É¥²Ó-
´Ò³¨ ¶¥·¥³¥´´Ò³¨ (±μμ·¤¨´ É ³¨ ÉμÎ¥± ¢ Rn). Š ¦¤Ò° ¢¥±Éμ· x =
(x1, . . . , xn) ¸μμÉ¢¥É¸É¢Ê¥É μ¶·¥¤¥²¥´´μ³Ê ¶μ²μ¦¥´¨Õ ¢ Rn, ±μÉμ·μ¥ ¤μ¶Ê¸-
± ¥É ¢¨§Ê ²Ó´μ¥ ¢μ¸¶·¨ÖÉ¨¥ ¢ · §³¥·´μ¸ÉÖÌ n = 1, 2, 3. ”Ê´±Í¨Ö · ¸¸ÉμÖ´¨Ö
¤ ¥É¸Ö μ¡ÒÎ´Ò³ ¢Ò· ¦¥´¨¥³

d(x,y) =
√

(x1 − y1)2 + . . . + (xn − yn)2.

ˆ§ ¨§¢¥¸É´μ° Ëμ·³Ê²Ò d2(y, z) = d2(x,y) + d2(x, z) − 2d(x,y)d(x, z) cos ϕ
²¥£±μ ´ Ìμ¤¨É¸Ö  ²£¥¡· ¨Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ± ± ¤²Ö cosϕ, É ± ¨ ¤²Ö ¸± -
²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö

(x · y) = x1y1 + . . . + xnyn.

�¡² ¸ÉÓ Î¥ÉÒ·¥Ì³¥·´μ£μ Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö (± ± ¶μ¢¥·Ì´μ¸É¨ ¢ μ¡Ñ-
¥³²ÕÐ¥³ ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥ ´¥±μÉμ·μ£μ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ£μ Î¨¸² 
¨§³¥·¥´¨°)  ´ ²¨É¨Î¥¸±¨ μ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨Ö³¨ ¶μ£·Ê¦¥´¨Ö

xa = F a(u1, u2, u3, u4),

£¤¥ ËÊ´±Í¨¨ F a(u1, u2, u3, u4) Î¥ÉÒ·¥Ì ´¥§ ¢¨¸¨³ÒÌ ¶ · ³¥É·μ¢ u1, u2, u3, u4

(£ Ê¸¸μ¢ÒÌ ±μμ·¤¨´ É) ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ·¥Ï¥´¨¥ Ì · ±É¥·¨¸É¨Î¥¸±μ° ¸¨-
¸É¥³Ò ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ

δab
∂F a

∂ui

∂F b

∂uj
= gij(u1, u2, u3, u4), a, b = 1, . . . , 4 + k, k � 0. (1)
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ˆ§¢¥¸É´Ò¥ ËÊ´±Í¨¨ gij(u1, u2, u3, u4) ¢ ¶· ¢μ° ¸Éμ·μ´¥ Ê· ¢´¥´¨° (1) ¶·¥¤-
¸É ¢²ÖÕÉ ¶μÉ¥´Í¨ ² £· ¢¨É Í¨μ´´μ° ¸μ¸É ¢²ÖÕÐ¥° ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö, Ê¤μ-
¢²¥É¢μ·ÖÕÐ¥£μ Ê· ¢´¥´¨Ö³ ÔÉμ£μ ¶μ²Ö. “· ¢´¥´¨Ö ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö ¢Ò· -
¦ ÕÉ § ¢¨¸¨³μ¸ÉÓ ¸μ¸É ¢²ÖÕÐ¨Ì ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö ¤·Ê£ μÉ ¤·Ê£  ¨, ± ± ¶μ-
± § ´μ, §´ Ö ÔÉÊ § ¢¨¸¨³μ¸ÉÓ, ³μ¦´μ ± ¦¤μ³Ê ¸μ¸ÉμÖ´¨Õ ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö
¶μ¸É ¢¨ÉÓ ¢ ¸μμÉ¢¥É¸É¢¨¥ ¸¢μ¥ Ë¨§¨Î¥¸±μ¥ ³´μ£μμ¡· §¨¥. �¥Ï¥´¨¥³ Ê· ¢´¥-
´¨° (1) μËμ·³²Ö¥É¸Ö Ë¨§¨Î¥¸±μ¥ ³´μ£μμ¡· §¨¥ ¨ μ¤´μ¢·¥³¥´´μ Ë¨±¸¨·Ê¥É¸Ö
³¨´¨³ ²Ó´ Ö · §³¥·´μ¸ÉÓ μ¡Ñ¥³²ÕÐ¥£μ ¥¢±²¨¤μ¢  ¶·μ¸É· ´¸É¢ . �¸μ¡Ò° ¸É -
ÉÊ¸ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢ É¥μ·¨¨ ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö μ¶·¥¤¥²Ö¥É¸Ö ·¥¶ · -
³¥É·¨§ Í¨μ´´μ° ¨´¢ ·¨ ´É´μ¸ÉÓÕ ¨ ÔÉμ° ¸¨¸É¥³μ° Ê· ¢´¥´¨°. �Ê¦´μ μÉ³¥-
É¨ÉÓ, ÎÉμ ´¥²Ó§Ö ¨¸±²ÕÎ¨ÉÓ ¨§ · ¸¸³μÉ·¥´¨Ö £· ¢¨É Í¨μ´´Ò° ¶μÉ¥´Í¨ ² gij

± ± ´¥§ ¢¨¸¨³ÊÕ ¢¥²¨Î¨´Ê ¨ · ¡μÉ ÉÓ Éμ²Ó±μ ¸ ËÊ´±Í¨Ö³¨ F a(u1, . . . , u4),
É ± ± ± ¢ ÔÉμ³ ¸²ÊÎ ¥ É·¥¡Ê¥É¸Ö § · ´¥¥ § Ë¨±¸¨·μ¢ ÉÓ · §³¥·´μ¸ÉÓ μ¡Ñ¥³-
²ÕÐ¥£μ ¥¢±²¨¤μ¢  ¶·μ¸É· ´¸É¢ , ÎÉμ ¶·μÉ¨¢μ·¥Î¨É £¨¶μÉ¥§¥ £¥μ³¥É·¨§ Í¨¨.
ƒ· ¢¨É Í¨μ´´ Ö ¸μ¸É ¢²ÖÕÐ Ö ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö Î ¸Éμ Ê¶μ³¨´ ¥É¸Ö ± ± ¶μ-
²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´ Ö ±¢ ¤· É¨Î´ Ö ¤¨ËË¥·¥´Í¨ ²Ó´ Ö Ëμ·³ 

ds2 = gijduiduj . (2)

�¡² ¸ÉÓ É·¥Ì³¥·´μ£μ Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö ¢ É¥μ·¨¨ ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö
¢´¥ ¢·¥³¥´¨ ¨²¨ ¢ ¸É É¨±¥ μ¶·¥¤¥²Ö¥É¸Ö ¸μ¢¥·Ï¥´´μ  ´ ²μ£¨Î´μ. ’ ±¨³
μ¡· §μ³, ±μ´Í¥¶Í¨Ö Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö μÌ · ±É¥·¨§μ¢ ´  ¤μ¸É ÉμÎ´μ
¶μ²´μ. �·¨ · ¸¸³μÉ·¥´¨¨ ±μ´Í¥¶Í¨¨ Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö ¥¸É¥¸É¢¥´-
´Ò³ μ¡· §μ³ ¢μ§´¨± ¥É ¢μ¶·μ¸ μ Éμ³, ¸μ£² ¸ÊÕÉ¸Ö ²¨ Éμ¶μ²μ£¨Î¥¸±¨¥  ¸¶¥±ÉÒ
¸ £¨¶μÉ¥§μ° £¥μ³¥É·¨§ Í¨¨. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ μÉ³¥É¨³ ¸²¥¤ÊÕÐ¥¥. �¤´  ¨§ ¢ ¦-
´ÒÌ ³ É¥³ É¨Î¥¸±¨Ì ¶·μ¡²¥³ ¡Ò²  ·¥Ï¥´  ƒ·¨£μ·¨¥³ �¥·¥²Ó³ ´μ³ ¸ ¶μ³μ-
ÐÓÕ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°, ¢¶¥·¢Ò¥ ¢¢¥¤¥´´ÒÌ ¢ Éμ¶μ²μ£¨Õ �¨Î ·-
¤μ³ ƒ ³¨²ÓÉμ´μ³ ¨ ´ §¢ ´´ÒÌ ¶μÉμ± ³¨ �¨ÎÎ¨. ‘ ÉμÎ±¨ §·¥´¨Ö μ¡Ð¥° ±¢ ´-
Éμ¢μ° ³¥Ì ´¨±¨ ÔÉ¨ Ê· ¢´¥´¨Ö Ê¸É ´ ¢²¨¢ ÕÉ  ²£¥¡· ¨Î¥¸±ÊÕ ¸¢Ö§Ó ³¥¦¤Ê
¨³¶Ê²Ó¸μ³ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨ É¥´§μ·μ³ �¨ÎÎ¨. “· ¢´¥´¨Ö £· ¢¨¤¨´ -
³¨±¨ Ê¸É ´ ¢²¨¢ ÕÉ ¸¢Ö§Ó ³¥¦¤Ê ¸±μ·μ¸ÉÓÕ ¨§³¥´¥´¨Ö ¨³¶Ê²Ó¸  £· ¢¨É Í¨-
μ´´μ£μ ¶μ²Ö ¸μ ¢·¥³¥´¥³ ¨ É¥´§μ·μ³ �¨ÎÎ¨. —Éμ¡Ò μ¡Ñ¥¤¨´¨ÉÓ £¥μ³¥É·¨Õ,
Éμ¶μ²μ£¨Õ ¨ Ë¨§¨±Ê, ¶·¥¤² £ ¥É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ ¢³¥¸Éμ ¶μÉμ±μ¢ �¨ÎÎ¨ Ê· ¢-
´¥´¨Ö £· ¢¨¤¨´ ³¨±¨, ¢Ò¢μ¤ ±μÉμ·ÒÌ ¡Ê¤¥É ¤ ´ ¢ ¶μ¸²¥¤ÊÕÐ¥³.

�μ²¥§´μ μÉ³¥É¨ÉÓ, ÎÉμ Ë¨§¨Î¥¸±μ¥ ³´μ£μμ¡· §¨¥ ´¥ μ¶·¥¤¥²Ö¥É μ¤´μ-
§´ Î´μ ¸¢μ¥ ¶ · ³¥É·¨Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥. � · ³¥É·Ò u1, u2, u3, u4 ³μ£ÊÉ
¡ÒÉÓ ¶μ¤¢¥·£´ÊÉÒ ²Õ¡μ³Ê ¶·μ¨§¢μ²Ó´μ³Ê ´¥¶·¥·Ò¢´μ³Ê ¶·¥μ¡· §μ¢ ´¨Õ, ±μ-
Éμ·μ¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¢§ ¨³´μ-μ¤´μ§´ Î´μ¥ μÉμ¡· ¦¥´¨¥ μ¡² ¸É¨ ¨§³¥´¥-
´¨Ö ¶ · ³¥É·μ¢ ´  ¸¥¡Ö, ÎÉμ ¸´μ¢  ¶·¨¢μ¤¨É ± ¶·¨´Í¨¶Ê ·¥¶ · ³¥É·¨§ Í¨-
μ´´μ° ¨´¢ ·¨ ´É´μ¸É¨, ¸μ£² ¸´μ ±μÉμ·μ³Ê ¢¸¥ ÊÉ¢¥·¦¤¥´¨Ö É¥μ·¨¨ ¤μ²¦´Ò
¡ÒÉÓ ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ ·¥¶ · ³¥É·¨§ Í¨¨.
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2. Š��–…�–ˆŸ ƒ…�Œ…’�ˆ—…‘Š�‰ ‚�“’�…��…‰ ‘ˆŒŒ…’�ˆˆ

�·¨´Í¨¶Ò ¸¨³³¥É·¨¨ ¶μÖ¢¨²¨¸Ó ¢ Ë¨§¨±¥ ¢ ¸¢Ö§¨ ¸ μÉ±·ÒÉ¨¥³ £·Ê¶¶Ò
¨´¢ ·¨ ´É´μ¸É¨ Ê· ¢´¥´¨° Œ ±¸¢¥²² . ‘ ÔÉ¨³ ¶·¥Í¥¤¥´Éμ³ ¸¨³³¥É·¨¨ ¶·¨-
μ¡·¥²¨ ¢ ¦´μ¥ Ô¢·¨¸É¨Î¥¸±μ¥ §´ Î¥´¨¥. …¤¨´¸É¢¥´´μ¸ÉÓ ¨ μ¤´μ§´ Î´μ¸ÉÓ μ¡-
Ð¥° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ μ¶·¥¤¥²Ö¥É¸Ö ¢ Î ¸É´μ¸É¨ É¥³, ÎÉμ ¥¥ § ±μ´Ò ¸¢Ö-
§ ´Ò ¸ ´ ¨¡μ²¥¥ Ï¨·μ±¨³¨ £·Ê¶¶ ³¨ ¶·¥μ¡· §μ¢ ´¨°. �¥¶ · ³¥É·¨§ Í¨μ´´ Ö
¨´¢ ·¨ ´É´μ¸ÉÓ, ± ± μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, μ·£ ´¨Î¥¸±¨ ¢Ìμ¤¨É ¢ ¸É·Ê±ÉÊ·Ê É¥μ-
·¨¨, μ¤´ ±μ ¥¥ ´¥¤μ¸É ÉμÎ´μ, ÎÉμ¡Ò μ¤´μ§´ Î´μ ¶·¥¤¸É ¢¨ÉÓ ¢¸¥ § ±μ´Ò ± ±
μ¤´Ê μ¡ÐÊÕ ¸É·Ê±ÉÊ·Ê. ‚ ¦´Ò³¨ Ô²¥³¥´É ³¨ É ±μ° ¸É·Ê±ÉÊ·Ò Ö¢²ÖÕÉ¸Ö ¢
£¥μ³¥É·¨Î¥¸±μ° É¥μ·¨¨ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¸μ¡¸É¢¥´´μ £¥μ³¥-
É·¨Î¥¸±¨¥ ¶μ²¥¢Ò¥ ¢¥²¨Î¨´Ò ¨ £¥μ³¥É·¨Î¥¸± Ö ¢´ÊÉ·¥´´ÖÖ ¸¨³³¥É·¨Ö. ƒ¥μ-
³¥É·¨Î¥¸± Ö ¢´ÊÉ·¥´´ÖÖ ¸¨³³¥É·¨Ö ¨£· ¥É ¨¸±²ÕÎ¨É¥²Ó´ÊÕ ·μ²Ó ¢ É¥μ·¨¨
¸¶¨´μ¢μ£μ ¶μ²Ö ¨ μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö.

�¶·¥¤¥²¥´¨¥ £¥μ³¥É·¨Î¥¸±μ° ¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨. ƒ¥μ³¥É·¨Î¥¸±¨¥ ¢´Ê-
É·¥´´¨¥ ¶·¥μ¡· §μ¢ ´¨Ö μÉ´μ¸ÖÉ¸Ö Éμ²Ó±μ ± ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±¨³
¶μ²¥¢Ò³ ¢¥²¨Î¨´ ³. �μ¤¢¥·£ Ö¸Ó ¶·¥μ¡· §μ¢ ´¨Õ, ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥-
¸± Ö ¶μ²¥¢ Ö ¢¥²¨Î¨´  ¶¥·¥Ìμ¤¨É ¢ ¤·Ê£ÊÕ ¢¥²¨Î¨´Ê É ±μ£μ ¦¥ É¨¶ , É. ¥.
¨§³¥´Ö¥É¸Ö. ƒ¥μ³¥É·¨Î¥¸±¨¥ ¢´ÊÉ·¥´´¨¥ ¶·¥μ¡· §μ¢ ´¨Ö ± ¸ ÕÉ¸Ö Éμ²Ó±μ
ËÊ´±Í¨° ¶μ²Ö ¨ ´¥ § É· £¨¢ ÕÉ ±μμ·¤¨´ É. �·¥μ¡· §μ¢ ´¨Ö £¥μ³¥É·¨Î¥¸±μ°
¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨ μ¶·¥¤¥²ÖÕÉ¸Ö Éμ²Ó±μ É ±¨³¨ ¶μ²¥¢Ò³¨ ¢¥²¨Î¨´ ³¨,
±μÉμ·Ò¥ μÉ´μ¸ÖÉ¸Ö ± ±² ¸¸Ê ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±¨Ì ¶μ²¥¢ÒÌ ¢¥²¨Î¨´,
μ¶·¥¤¥²¥´´μ³Ê ¢ÒÏ¥.

”¨§¨Î¥¸±¨¥ £·Ê¶¶Ò £¥μ³¥É·¨Î¥¸±μ° ¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨ μ± §Ò¢ ÕÉ¸Ö
¢ É¥μ·¨¨ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¨²¨ ³ ±¸¨³ ²Ó´μ Ï¨·μ±¨³¨, ¨²¨
¸μ¤¥·¦ Ð¨³¨ Éμ²Ó±μ ¤¢  Ô²¥³¥´É , ÎÉμ ¸¢¨¤¥É¥²Ó¸É¢Ê¥É μ ´ ¨¡μ²ÓÏ¥° μ¡Ð-
´μ¸É¨ ¸¢Ö§ ´´ÒÌ ¸ ´¨³¨ Ë¨§¨Î¥¸±¨Ì § ±μ´μ¢. —Éμ¡Ò ¡ÒÉÓ ´ ¡²Õ¤ ¥³μ°, £¥μ-
³¥É·¨Î¥¸± Ö ¢´ÊÉ·¥´´ÖÖ ¸¨³³¥É·¨Ö ¤μ²¦´  ¡ÒÉÓ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ´ ·Ê-
Ï¥´´μ°. Šμ´±·¥É¨§¨·Ê¥³ ¸± § ´´μ¥ ´  ¶·¨³¥·¥ £¥μ³¥É·¨Î¥¸±μ° ¢´ÊÉ·¥´´¥°
¸¨³³¥É·¨¨, ¢¶¥·¢Ò¥ ¢¢¥¤¥´´μ° ¨ ¨§ÊÎ¥´´μ° ‚¥°²¥³. ‚¥°²Ó ¨¸¸²¥¤μ¢ ² ¶·¥-
μ¡· §μ¢ ´¨¥, ¶·¨ ±μÉμ·μ³ ¶μÉ¥´Í¨ ² gij § ³¥´Ö¥É¸Ö ¶μÉ¥´Í¨ ²μ³ gij = λgij ,
£¤¥ λ ¥¸ÉÓ ¶·μ¨§¢μ²Ó´ Ö ¶μ²μ¦¨É¥²Ó´ Ö ËÊ´±Í¨Ö ¶μ²μ¦¥´¨Ö. ‘· ¢´¨³ ·¥¶ -
· ³¥É·¨§ Í¨μ´´ÊÕ ¨´¢ ·¨ ´É´μ¸ÉÓ ¸ £·Ê¶¶μ° ¶·¥μ¡· §μ¢ ´¨° ‚¥°²Ö. Ÿ¸´μ,
ÎÉμ ¶·¥μ¡· §μ¢ ´¨¥ ‚¥°²Ö gij = λgij ¨´¤ÊÍ¨·Ê¥É¸Ö ·¥¶ · ³¥É·¨§ Í¨¥°, ¥¸²¨
Éμ²Ó±μ

g̃ij(u) = gkl(θ(u))θk
i (u)θl

j(u) = λ(u)gij(u),

´μ ÔÉ¨ Ê· ¢´¥´¨Ö ¨³¥ÕÉ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ Éμ²Ó±μ É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥. ‘μ-
£² ¸´μ (1) gij ¨ gij = λgij ¡Ê¤ÊÉ μËμ·³²ÖÉÓ, ¢μμ¡Ð¥ £μ¢μ·Ö, · §²¨Î´Ò¥ Ë¨§¨-
Î¥¸±¨¥ ³´μ£μμ¡· §¨Ö. 
Éμ μ§´ Î ¥É, ÎÉμ ¥¸²¨ · ¸¸³ É·¨¢ ÉÓ É¥μ·¨Õ, ±μÉμ· Ö
¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ‚¥°²Ö gij = λgij , Éμ ³¥É·¨±  gij

É¥·Ö¥É ¸¢μ¥ ËÊ´¤ ³¥´É ²Ó´μ¥ Ë¨§¨Î¥¸±μ¥ ¨ £¥μ³¥É·¨Î¥¸±μ¥ §´ Î¥´¨¥, ¨ ¶μ-
ÔÉμ³Ê £¥μ³¥É·¨Î¥¸± Ö ¢´ÊÉ·¥´´ÖÖ ¸¨³³¥É·¨Ö ‚¥°²Ö ¤μ²¦´  ¡ÒÉÓ ´ ·ÊÏ¥´ ,
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´ ¶·¨³¥·, Ê· ¢´¥´¨Ö³¨ ¤²Ö ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±¨Ì ¶μ²¥¢ÒÌ ¢¥²¨Î¨´ ¢
É¥μ·¨¨ ‚¥°²Ö. � ¸¸³μÉ·¨³ ÔÉÊ ¸¨ÉÊ Í¨Õ ¡μ²¥¥ ¤¥É ²Ó´μ, ÎÉμ¡Ò ¶·¨¤ ÉÓ ÉμÎ-
´Ò° ¨ ±μ´±·¥É´Ò° ¸³Ò¸² ´ Ï¥³Ê ¶μ¸²¥¤´¥³Ê ÊÉ¢¥·¦¤¥´¨Õ. �Ê¸ÉÓ

W i
jk = Γi

jk + T i
jk, T i

jk = δi
jφk + δi

kφj − gjkφi

¥¸ÉÓ ¸¢Ö§´μ¸ÉÓ ‚¥°²Ö, ¢ ±μÉμ·μ° Γi
jk Å ¸¨³¢μ²Ò Š·¨¸ÉμËË¥²Ö ³¥É·¨±¨ gij .

„²Ö É¥´§μ·  �¨³ ´  Bijk
l ¸¢Ö§´μ¸É¨ ‚¥°²Ö ¶μ²ÊÎ ¥³ É ±μ¥ ¢Ò· ¦¥´¨¥:

Bijk
l = Rijk

l + ∇iT
l
jk −∇jT

l
ik + T l

imT m
jk − T l

jmT m
ik ,

£¤¥ Rijk
l ¥¸ÉÓ É¥´§μ· ±·¨¢¨§´Ò,   ∇i Å ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¶μ μÉ-

´μÏ¥´¨Õ ± ¸¢Ö§´μ¸É¨ Γi
jk. �μ¸±μ²Ó±Ê ¸¢Ö§´μ¸ÉÓ ‚¥°²Ö W i

jk ¨´¢ ·¨ ´É´  ¶μ
μÉ´μÏ¥´¨Õ ± ¶·¥μ¡· §μ¢ ´¨Ö³, ¶·¨ ±μÉμ·ÒÌ φi, gij § ³¥Ð ÕÉ¸Ö ´ 

φi −
1
λ

∂iλ, λgij

¸μμÉ¢¥É¸É¢¥´´μ, Éμ É¥´§μ· Bijk
l É ±¦¥ Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´Éμ³ ¨, ¸²¥¤μ¢ -

É¥²Ó´μ, Éμ ¦¥ ¸ ³μ¥ ¨³¥¥É ³¥¸Éμ ¤²Ö É¥´§μ·μ¢

Bjk = Bljk
l = Rjk + ∇lT

l
jk −∇jT

l
lk + T l

lmT m
jk − T l

jmT m
lk

¨
Hij = Bijl

l = n(∇iφj −∇jφi),

£¤¥ Rjk ¥¸ÉÓ É¥´§μ· �¨ÎÎ¨. �μ¸±μ²Ó±Ê ¦¥² É¥²Ó´μ ¶μ²ÊÎ¨ÉÓ ¤²Ö φi, gij ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¢Éμ·μ£μ ¶μ·Ö¤± , Éμ ´ ·ÊÏ¥´¨¥ £¥μ³¥É·¨Î¥¸±μ°
¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨ ‚¥°²Ö ¸É ´μ¢¨É¸Ö μÎ¥´Ó ¥¸É¥¸É¢¥´´Ò³. �μ² £ Ö

B = gjkBjk = R − (n − 1)(n − 2)φlφ
l + ∇lS

l, Sl = T l
jkgjk − T m

mkgkl,

³Ò ¢¨¤¨³, ÎÉμ ¢¢¥¤¥´´ Ö ‚¥°²¥³ ± ²¨¡·μ¢μÎ´ Ö ¨´¢ ·¨ ´É´μ¸ÉÓ, ¡Ê¤ÊÎ¨ ´ -
·ÊÏ¥´´μ°, μ¸É ¢²Ö¥É ¸²¥¤ ¢ ¢¨¤¥ Ê· ¢´¥´¨° 
°´ÏÉ¥°´  ¤²Ö £· ¢¨É Í¨É Í¨-
μ´´μ£μ ¶μ²Ö ¨ Ê· ¢´¥´¨° ³ ¸¸¨¢´μ£μ ¢¥±Éμ·´μ£μ ¶μ²Ö. 
É¨ Ê· ¢´¥´¨Ö ³μ£ÊÉ
¡ÒÉÓ ¢Ò¢¥¤¥´Ò ¨§ £¥μ³¥É·¨Î¥¸±μ£μ ² £· ´¦¨ ´  L = aB + bHijH

ij ¸ ¶μ¸Éμ-
Ö´´Ò³¨ a ¨ b.

ƒ² ¢´ Ö § ¤ Î  μ¡Ð¥° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¸μ¸Éμ¨É Éμ£¤  ¢ Éμ³, ÎÉμ¡Ò
´ °É¨ ¨ ¨¸¸²¥¤μ¢ ÉÓ ±μ´±·¥É´Ò¥ ¥¸É¥¸É¢¥´´Ò¥ ·¥ ²¨§ Í¨¨ μ¡Ð¥° ±μ´Í¥¶Í¨¨
£¥μ³¥É·¨Î¥¸±μ° ¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨ ¨ § É¥³ Ê¸É ´μ¢¨ÉÓ ¶μ²´ÊÕ ¸¨¸É¥³Ê
ËÊ´¤ ³¥´É ²Ó´ÒÌ Ê· ¢´¥´¨°, ¸μ£² ¸μ¢ ´´ÊÕ ¸ ÔÉμ° ¸¨³³¥É·¨¥°. �·¥¤¶μ² -
£ ¥É¸Ö, ÎÉμ ± ¦¤μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ ¸μμÉ¢¥É¸É¢Ê¥É ¸¢μÖ ²μ± ²Ó´ Ö ¢´ÊÉ·¥´-
´ÖÖ ¸¨³³¥É·¨Ö, ÎÉμ ¶μ¤Î¥·±¨¢ ¥É ËÊ´¤ ³¥´É ²Ó´μ¥ §´ Î¥´¨¥ ¢´ÊÉ·¥´´¥° ¸¨³-
³¥É·¨¨.
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3. Š��–…�–ˆŸ ’…Œ����‹œ��ƒ� ��‹Ÿ
ˆ „ˆ‘Š�…’�›… ‘ˆŒŒ…’�ˆˆ

�μ¸É·μ¥´¨¥ μ¡Ð¥±μ¢ ·¨ ´É´μ° ¤¨´ ³¨Î¥¸±μ° É¥μ·¨¨ ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö
´¥¢μ§³μ¦´μ ¡¥§ ·¥Ï¥´¨Ö ¶·μ¡²¥³Ò ¢·¥³¥´¨, ¶μ§¢μ²ÖÕÐ¥£μ ¸¢Ö§ ÉÓ £¥μ³¥-
É·¨Õ ¸ ¤¨´ ³¨±μ°. �É¢¥É ´  ¢μ¶·μ¸ μ Éμ³, ± ±μ£μ ·μ¤  ¢·¥³Ö ¢Ìμ¤¨É ¢ ±μ´-
¸É·Ê±Í¨Õ ¥¤¨´μ£μ Ë¨§¨Î¥¸±μ£μ ³¨· , ¤ ¥É £¨¶μÉ¥§  £¥μ³¥É·¨§ Í¨¨: ¶μ´ÖÉ¨¥
Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö ¢μ ¢¸¥³ ¨ ¢¸¥ ¢ ¶μ´ÖÉ¨¨ Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· -
§¨Ö. ‚ ÔÉμ³ · §¤¥²¥ ¤ ´  ÉμÎ´ Ö ³ É¥³ É¨Î¥¸± Ö Ëμ·³Ê²¨·μ¢±  μ¸´μ¢´ÒÌ
¸¢μ°¸É¢ ¢·¥³¥´¨, · ¸±·Ò¢ ÕÐ¨Ì ¥£μ ¸ÊÐ´μ¸ÉÓ ¨ §´ Î¥´¨¥ ± ± ±²ÕÎ  ± ¶μ´¨-
³ ´¨Õ μ¡Ð¥° ¸É·Ê±ÉÊ·Ò ¥¤¨´μ° Ë¨§¨±¨.

�μ²¥ ¢·¥³¥´¨ ¥¸ÉÓ ¸± ²Ö·´μ¥ ¶μ²¥, ±μÉμ·μ¥ ¢ ¸¨¸É¥³¥ ±μμ·¤¨´ É u1, u2,
u3, u4 μ¡² ¸É¨ U Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö μ¡μ§´ Î ¥É¸Ö

f(u) = f(u1, u2, u3, u4).

‘± ²Ö·´Ò° Ì · ±É¥· ¶μ²Ö ¢·¥³¥´¨ ¢¶¥·¢Ò¥ ¡Ò² μ¡´ ·Ê¦¥´ ¶·¨ ¢Ò¢μ¤¥ μ¡-
Ð¥±μ¢ ·¨ ´É´ÒÌ Ê· ¢´¥´¨° Œ ±¸¢¥²²  ¤²Ö Ô²¥±É·¨Î¥¸±μ£μ ¨ ³ £´¨É´μ£μ ¶μ-
²¥° ¨ ¡Ò² ¸¢Ö§ ´ ¸ Ê¸²μ¢¨¥³, ÎÉμ¡Ò ÔÉ¨ Ê· ¢´¥´¨Ö ¢Ò£²Ö¤¥²¨ ± ± ³μ¦´μ
¶·μÐ¥. �·μ¸É· ´¸É¢¥´´μ¥ ¸¥Î¥´¨¥ Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö μ¶·¥¤¥²Ö¥É¸Ö
É¥³¶μ· ²Ó´Ò³ ¶μ²¥³ ± ± ¶μ¢¥·Ì´μ¸ÉÓ Ê·μ¢´Ö ËÊ´±Í¨¨ f(u1, u2, u3, u4). „²Ö
¤¥°¸É¢¨É¥²Ó´μ£μ Î¨¸²  t ¶·μ¸É· ´¸É¢¥´´μ¥ ¸¥Î¥´¨¥ ¤ ¥É¸Ö Ê· ¢´¥´¨¥³

f(u1, u2, u3, u4) = t. (3)

’ ± ± ± É¥³¶μ· ²Ó´μ¥ ¶μ²¥ ¸ÊÉÓ ¸± ²Ö·´μ¥ ¶μ²¥, ¥£μ Î ¸É´Ò¥ ¶·μ¨§-
¢μ¤´Ò¥ μ¶·¥¤¥²ÖÕÉ ±μ¢¥±Éμ·´μ¥ ¶μ²¥ ti = ∂if, ±μÉμ·μ¥ ´ §Ò¢ ¥É¸Ö £· ¤¨-
¥´Éμ³ É¥³¶μ· ²Ó´μ£μ ¶μ²Ö ¨²¨ ¶μÉμ±μ³ ¢·¥³¥´¨. ƒ· ¤¨¥´É É¥³¶μ· ²Ó´μ£μ
¶μ²Ö μ¶·¥¤¥²Ö¥É ´ ¶· ¢²¥´¨¥ ¡Ò¸É·¥°Ï¥£μ ¢μ§· ¸É ´¨Ö (Ê¡Ò¢ ´¨Ö) É¥³¶μ-
· ²Ó´μ£μ ¶μ²Ö.

�μÉμ±μ³ ¢·¥³¥´¨ μ¶·¥¤¥²Ö¥É¸Ö ËÊ´¤ ³¥´É ²Ó´μ¥ ¶μ´ÖÉ¨¥ ¸±μ·μ¸É¨ ¨§-
³¥´¥´¨Ö ¸μ ¢·¥³¥´¥³ ´¥±μÉμ·μ° ¢¥²¨Î¨´Ò ± ± ¶·μ¨§¢μ¤´μ° ‹¨ ¨²¨ ±μ¢ ·¨-
 ´É´μ° ¶·μ¨§¢μ¤´μ° ¢ ´ ¶· ¢²¥´¨¨ ¶μÉμ±  ¢·¥³¥´¨. 
É¨ ¶·μ¨§¢μ¤´Ò¥ μ¶·¥-
¤¥²ÖÕÉ¸Ö ±μ´É· ¢ ·¨ ´É´Ò³¨ ±μ³¶μ´¥´É ³¨ ¶μÉμ±  ¢·¥³¥´¨

ti = (∇f)i = gij ∂f

∂uj
= gij∂jf = gijtj ,

£¤¥ gij Å ÔÉμ ±μ´É· ¢ ·¨ ´É´Ò¥ ±μ³¶μ´¥´ÉÒ ¶μÉ¥´Í¨ ²  £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö (2). ‘¨³¢μ²Ò Dt ¨ ∇t = ti∇i μ¡μ§´ Î ÕÉ ÔÉ¨ μ¶¥· Í¨¨, £¤¥ ∇i ¥¸ÉÓ
±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö, ¶·¨´ ¤²¥¦ Ð Ö £· ¢¨É Í¨μ´´μ³Ê ¶μÉ¥´Í¨ ²Ê gij .

‘±μ·μ¸ÉÓ ¨§³¥´¥´¨Ö ¸μ ¢·¥³¥´¥³ ¸ ³μ£μ É¥³¶μ· ²Ó´μ£μ ¶μ²Ö ¤ ¥É¸Ö Ëμ·-
³Ê²μ° Dtf = ∇tf = ti∂if = gij∂if ∂jf. ’¥³¶μ· ²Ó´μ¥ ¶μ²¥ ¶μ¤Î¨´Ö¥É¸Ö
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ËÊ´¤ ³¥´É ²Ó´μ³Ê Ê· ¢´¥´¨Õ

Dtf = gij ∂f

∂uj

∂f

∂uj
= 1, (4)

¢Ò· ¦ ÕÐ¥³Ê ÉμÉ Ë ±É, ÎÉμ ¢·¥³Ö É¥Î¥É · ¢´μ³¥·´μ, É. ¥. ¸ ¶μ¸ÉμÖ´´μ° ¸±μ-
·μ¸ÉÓÕ. �¸´μ¢´μ¥ Ê· ¢´¥´¨¥ ¶μ²Ö ¢·¥³¥´¨ ¨³¥¥É μ¡Ð¥¥ ·¥Ï¥´¨¥, ±μÉμ·μ¥
§ ¢¨¸¨É μÉ Î¥ÉÒ·¥Ì ¶ · ³¥É·μ¢ (¢ · §³¥·´μ¸É¨ Î¥ÉÒ·¥), ¨ ¸¶¥Í¨ ²Ó´μ¥ ·¥-
Ï¥´¨¥, ±μÉμ·μ¥ Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° £¥μ¤¥§¨Î¥¸±μ£μ · ¸¸ÉμÖ´¨Ö. �μ¸É·μ¥´¨¥
ËÊ´±Í¨¨ £¥μ¤¥§¨Î¥¸±μ£μ · ¸¸ÉμÖ´¨Ö ¶·¨¢¥¤¥´μ ¢ [1]. …¸²¨ Ë¨§¨Î¥¸±μ¥ ³´μ£μ-
μ¡· §¨¥ ¥¸ÉÓ ¥¢±²¨¤μ¢μ ¶·μ¸É· ´¸É¢μ, Éμ μ¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (3) ¡Ê¤¥É
¤ ¢ ÉÓ ¶·μ¸É· ´¸É¢¥´´Ò¥ ¸¥Î¥´¨Ö ¢ ¢¨¤¥ ¶²μ¸±μ¸É¥°,   ¸¶¥Í¨ ²Ó´μ¥ ·¥Ï¥´¨¥
¡Ê¤¥É ¤ ¢ ÉÓ ¸Ë¥·Ò. Š·¨¢¨§´  ¶·μ¸É· ´¸É¢¥´´μ£μ ¸¥Î¥´¨Ö ¢ ¶¥·¢μ³ ¸²ÊÎ ¥
¡Ê¤¥É · ¢´  ´Ê²Õ, Éμ£¤  ± ± ¢μ ¢Éμ·μ³ ¸²ÊÎ ¥ ±·¨¢¨§´  ¶·μ¸É· ´¸É¢¥´´μ£μ
¸¥Î¥´¨Ö ¡Ê¤¥É μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´  ±¢ ¤· ÉÊ · ¤¨Ê¸  ¸Ë¥·Ò. �·μ¸É· ´-
¸É¢¥´´ Ö ±·¨¢¨§´  ‚¸¥²¥´´μ° ³ ² , ¶μÔÉμ³Ê ¥¸É¥¸É¢¥´´μ ¶·¨´ÖÉÓ, ÎÉμ ´ 
¡μ²ÓÏ¨Ì ³ ¸ÏÉ ¡ Ì ¢ ¦´ÊÕ ·μ²Ó ¨£· ¥É ¶·¨Î¨´´ Ö ¸É·Ê±ÉÊ· , μ¶·¥¤¥²Ö¥³ Ö
μ¡Ð¨³ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö ¶μ²Ö ¢·¥³¥´¨. ’μ£¤  ± ± ´  μÉ´μ¸¨É¥²Ó´μ ³ ²ÒÌ
· ¸¸ÉμÖ´¨ÖÌ £² ¢´ÊÕ ·μ²Ó ¨£· ¥É ¶·¨Î¨´´ Ö ¸É·Ê±ÉÊ· , μ¶·¥¤¥²Ö¥³ Ö μ¸μ¡Ò³
·¥Ï¥´¨¥³.

‘±μ·μ¸ÉÓ ¨§³¥´¥´¨Ö ¸μ ¢·¥³¥´¥³ £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ²  gij ¤ ¥É¸Ö
¢Ò· ¦¥´¨¥³

Dtgij = tk
∂gij

∂uk
+ gkj

∂tk

∂ui
+ gik

∂tk

∂uj
.

„²Ö  ´É¨¸¨³³¥É·¨Î´μ£μ ±μ¢ ·¨ ´É´μ£μ É¥´§μ·´μ£μ ¶μ²Ö aij...k ¨³¥¥³

Dtaij...l = tk∂kaij...l + pak[j...l∂i]t
k.

�μ¤μ¡´Ò¥ Ëμ·³Ê²Ò ¡Ê¤ÊÉ ¶·¥¤ÑÖ¢²¥´Ò ¨ ¤²Ö ¤·Ê£¨Ì ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥-
¸±¨Ì ¶μ²¥¢ÒÌ ¢¥²¨Î¨´ ¶·¨ ¤¥¤Ê±É¨¢´μ³ ¢Ò¢μ¤¥ μ¸´μ¢´ÒÌ Ê· ¢´¥´¨° μ¡Ð¥°
±¢ ´Éμ¢μ° ³¥Ì ´¨±¨.

�¶¥· Éμ· ∇t ´¥ ¨³¥¥É ¸³Ò¸²  ¶·¨³¥´ÖÉÓ ± ¶μÉ¥´Í¨ ² ³ £· ¢¨É Í¨μ´-
´μ£μ ¨ μ¡Ð¥£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²¥°, É ± ± ± ∇tgij = 0 Éμ¦¤¥¸É¢¥´´μ,  
¶μÉ¥´Í¨ ² μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¸ ³ ¶μ ¸¥¡¥ ¥¸ÉÓ ²¨´¥°´ Ö
¸¢Ö§´μ¸ÉÓ. Š ± μ± § ²μ¸Ó, μ¶¥· Éμ· ∇t ¢μ§´¨± ¥É ¢ ¸¶¨´¤¨´ ³¨±¥.

�μÉμ± ¢·¥³¥´¨ ¶μ§¢μ²Ö¥É μ¶·¥¤¥²¨ÉÓ ¢ £¥μ³¥É·¨Î¥¸±μ°, ±μμ·¤¨´ É´μ-
´¥§ ¢¨¸¨³μ° Ëμ·³¥ ¸²¥¤ÊÕÐ¨¥ ËÊ´¤ ³¥´É ²Ó´Ò¥ ¤¨¸±·¥É´Ò¥ ¸¨³³¥É·¨¨:
μ¡· Ð¥´¨¥ ¢·¥³¥´¨ ¨ ¤¢ÊÌ¸Éμ·μ´´ÕÕ ¨²¨ ¡¨² É¥· ²Ó´ÊÕ ¸¨³³¥É·¨Õ. ‚ £¥μ-
³¥É·¨Î¥¸±μ° Ëμ·³¥ ¨´¢ ·¨ ´É´μ¸ÉÓ μÉ´μ¸¨É¥²Ó´μ μ¡· Ð¥´¨Ö ¢·¥³¥´¨ μ§´ -
Î ¥É, ÎÉμ É¥μ·¨Ö ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨Ö

T : ti → −ti.
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Ÿ¸´μ, ÎÉμ É¥μ·¨Ö ¡Ê¤¥É ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ μ¡· Ð¥´¨Ö ¢·¥³¥´¨, ¥¸²¨
£· ¤¨¥´É É¥³¶μ· ²Ó´μ£μ ¶μ²Ö ¡Ê¤¥É ¢Ìμ¤¨ÉÓ ¢μ ¢¸¥ Ëμ·³Ê²Ò Î¥É´μ¥ Î¨¸²μ · §,
¶μ¤μ¡´μ titj . Š ± ¡Ê¤¥É ¶μ± § ´μ, μ¤¨´ ¨§ ² £· ´¦¨ ´μ¢ ¸¶¨´¤¨´ ³¨±¨ ´¥
¨´¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ μ¡· Ð¥´¨Ö ¢·¥³¥´¨. „ ´´μ¥ μ¶·¥¤¥²¥´¨¥ μ¶¥· -
Í¨¨ μ¡· Ð¥´¨Ö ¢·¥³¥´¨ É·¥¡Ê¥É ´¥±μÉμ·ÒÌ ¶μÖ¸´¥´¨° ¸ ÉμÎ±¨ §·¥´¨Ö ¶·¨´-
Í¨¶  ¸μμÉ¢¥É¸É¢¨Ö. �¶·¥¤¥²¥´¨¥ ¨ ¸¢μ°¸É¢  ¥¸É¥¸É¢¥´´μ° ¸¨¸É¥³Ò ±μμ·¤¨´ É
x1, x2, x3, t ¡Ê¤ÊÉ ¤ ´Ò ´¨¦¥. ‚ ¥¸É¥¸É¢¥´´ÒÌ ±μμ·¤¨´ É Ì ¤²Ö ¶μ²Ö ¢·¥³¥´¨
¨³¥¥³ f(x1, x2, x3, t) = t,   ¶μÉμ± ¢·¥³¥´¨ ¶·¨´¨³ ¥É ¸μ¢¸¥³ ¶·μ¸Éμ° ¢¨¤:
ti = (0, 0, 0, 1). ’ ±¨³ μ¡· §μ³, ¢ ¥¸É¥¸É¢¥´´ÒÌ ±μμ·¤¨´ É Ì ¸±μ·μ¸ÉÓ ¨§-
³¥´¥´¨Ö ¸μ ¢·¥³¥´¥³ ²Õ¡μ£μ ¶μ²Ö ¶·μ¸Éμ · ¢´  Î ¸É´μ° ¶·μ¨§¢μ¤´μ° ¶μ
¶¥·¥³¥´´μ° t, É. ¥. Dt = ∂/∂t (¤²Ö ¶·¨³¥·  ³μ¦´μ ¢§ÖÉÓ Ëμ·³Ê²Ê ¸±μ·μ¸É¨
¨§³¥´¥´¨Ö ¸μ ¢·¥³¥´¥³ £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ² , ¤ ´´ÊÕ ¢ÒÏ¥). …¸²¨
³Ò μ¡· É¨³ ¢·¥³Ö, ¶μ² £ Ö t̃i = −ti, Éμ ²¨´¨¨ ¢·¥³¥´¨ ¶ · ³¥É·¨§ÊÕÉ¸Ö
´μ¢μ° ¶¥·¥³¥´´μ° t̃. �¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ ¨³¥¥É¸Ö ¢§ ¨³´μ-μ¤´μ§´ Î´μ¥
¨ ¢§ ¨³´μ-´¥¶·¥·Ò¢´μ¥ ¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ¶ · ³¥É· ³¨ t ¨ t̃, ¤ ¢ ¥³μ¥ ¸μ-
μÉ´μÏ¥´¨¥³ t̃ = −t. �É¸Õ¤  Ö¸´μ, ÎÉμ ¢ ¸¨¸É¥³¥ ±μμ·¤¨´ É, μ¶·¥¤¥²Ö¥³μ°
μ¡· Ð¥´´Ò³ ¢·¥³¥´¥³, ¶¥·¥³¥´´ Ö −t ¡Ê¤¥É ¨£· ÉÓ ·μ²Ó ±μμ·¤¨´ ÉÒ ¢·¥-
³¥´¨. ’ ±¨³ μ¡· §μ³, £¥μ³¥É·¨Î¥¸±μ¥ μ¶·¥¤¥²¥´¨¥ μ¡· Ð¥´¨Ö ¢·¥³¥´¨ ¸μ£² -
¸Ê¥É¸Ö ¸ ¨§¢¥¸É´Ò³ μ¶·¥¤¥²¥´¨¥³ μ¶¥· Í¨¨ μ¡· Ð¥´¨Ö ¢·¥³¥´¨, ¸¢Ö§ ´´Ò³ ¸
¶·¥μ¡· §μ¢ ´¨¥³ ±μμ·¤¨´ É.

„ ¤¨³ É¥¶¥·Ó μ¶·¥¤¥²¥´¨¥ ¡¨² É¥· ²Ó´μ° ¸¨³³¥É·¨¨. � ·  ¢¥±Éμ·´ÒÌ
¶μ²¥° v ¨ v μ¡² ¤ ¥É ¤¢ÊÌ¸Éμ·μ´´¥° ¸¨³³¥É·¨¥° ¶μ μÉ´μÏ¥´¨Õ ± ¶μÉμ±Ê
¢·¥³¥´¨, ¥¸²¨ ¸Ê³³  ÔÉ¨Ì ¶μ²¥° ±μ²²¨´¥ ·´  £· ¤¨¥´ÉÊ É¥³¶μ· ²Ó´μ£μ ¶μ²Ö,
  ¨Ì · §´μ¸ÉÓ μ·Éμ£μ´ ²Ó´  ¥³Ê,

v + v = λt, (v, t) = (v, t),

£¤¥ (v,w) = gijv
iwj = viwi ¥¸ÉÓ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥. ‚ ±μ³¶μ´¥´É Ì

¨³¥¥³
vi + vi = λti, (vi − vi)ti = 0

¨, ¸²¥¤μ¢ É¥²Ó´μ,

vi = 2(v,n)ni − vi = (2ninj − δi
j)v

j , vi = (2ninj − δi
j)v

j , ni =
ti√
(t, t)

.

�·¨ ¢Ò¢μ¤¥ Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ´¥μ¡Ìμ¤¨³μ · ¸¸³ É·¨¢ ÉÓ Ê· ¢-
´¥´¨¥ (4) ± ± ¸¢Ö§Ó, ¨ ¨³¥´´μ ¶μ ÔÉμ° ¶·¨Î¨´¥ ¢¢¥¤¥´μ ¢ · ¸¸³μÉ·¥´¨¥ ¢¥±-
Éμ·´μ¥ ¶μ²¥ ni. …¸²¨ ¢¥±Éμ·´μ¥ ¶μ²¥ vi ´ §¢ ÉÓ ¶· ¢Ò³, Éμ ¢¥±Éμ·´μ¥ ¶μ²¥
vi ¡Ê¤¥É ²¥¢Ò³. ‚Ò¡μ·, ± ±μ¥ ¢¥±Éμ·´μ¥ ¶μ²¥ Ö¢²Ö¥É¸Ö ¶· ¢Ò³,   ± ±μ¥ ²¥-
¢Ò³, ¤¥² ¥É¸Ö ¶·μ¨§¢μ²Ó´μ. …¸²¨ ¤ ´´μ¥ ¢¥±Éμ·´μ¥ ¶μ²¥ μ·Éμ£μ´ ²Ó´μ ¶μ²Õ
¢·¥³¥´¨, (v, t) = 0, Éμ ¥£μ §¥·± ²Ó´Ò° ¤¢μ°´¨± μÉ²¨Î ¥É¸Ö μÉ ´¥£μ Éμ²Ó±μ
´ ¶· ¢²¥´¨¥³ vi = −vi. ‘¨³³¥É·¨Ö ¶· ¢μ£μ ¨ ²¥¢μ£μ ¸μ¸Éμ¨É ¢ · ¸¸³ É·¨¢ -
¥³μ³ ¸²ÊÎ ¥ ¢ Éμ³, ÎÉμ § ³¥´  ¶· ¢μ£μ ¶μ²Ö ´  ²¥¢μ¥ ¨ ²¥¢μ£μ ¶μ²Ö ´  ¶· ¢μ¥
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´¥ ¶·¨¢μ¤¨É ± ´ ¡²Õ¤ ¥³Ò³ ÔËË¥±É ³. ‚¸Ö±μ¥ ¢¥±Éμ·´μ¥ ¶μ²¥ ¢Ò¸ÉÊ¶ ¥É ¢
¶ ·¥ ¸ ¢¥±Éμ·´Ò³ ¶μ²¥³, ¥³Ê §¥·± ²Ó´μ ¸¨³³¥É·¨Î´Ò³. �·μÍ¥¸¸ ´ Ìμ¦¤¥´¨Ö
¤²Ö ± ¦¤μ£μ ¢¥±Éμ·´μ£μ ¶μ²Ö §¥·± ²Ó´μ° ¥³Ê ¶ ·Ò ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´
¢ Ëμ·³¥ ²¨´¥°´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö vi = Ri

jv
j , £¤¥

Ri
j = 2ninj − δi

j , Ri
kRk

j = δi
j Det (Ri

j) = −1.


Éμ ¶·¥μ¡· §μ¢ ´¨¥ ¥¸É¥¸É¢¥´´μ ´ §¢ ÉÓ μÉ· ¦¥´¨¥³. ’ ±¨³ μ¡· §μ³, ¤²Ö
¤·Ê£¨Ì ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±¨Ì ¶μ²¥¢ÒÌ ¢¥²¨Î¨´ ´ Ìμ¦¤¥´¨¥ ¨Ì §¥·± ²Ó-
´ÒÌ ¤¢μ°´¨±μ¢ ³μ¦¥É ¡ÒÉÓ ·¥ ²¨§μ¢ ´μ ± ± ¶·¥¤¸É ¢²¥´¨¥ μ¶¥· Í¨¨ μÉ· ¦¥-
´¨Ö. ’ ± ± ± vi = Ri

jv
j , μÉ¸Õ¤  ¶μ²ÊÎ ¥³ gij = gklR

k
i Rl

j = gij , ¨, ¸²¥¤μ¢ -
É¥²Ó´μ, £· ¢¨É Í¨μ´´Ò° ¶μÉ¥´Í¨ ² gij ¨´¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ μÉ· ¦¥´¨Ö.
’μ ¦¥ ¸ ³μ¥ ¸¶· ¢¥¤²¨¢μ ¨ ¤²Ö ¶μÉμ±  ¢·¥³¥´¨. ‘± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¨´-
¢ ·¨ ´É´μ ¶μ μÉ´μÏ¥´¨Õ ± μÉ· ¦¥´¨Õ. „¥°¸É¢¨É¥²Ó´μ, (v,w) = (v,w), É ±
± ± ³¥É·¨±  gij ¨´¢ ·¨ ´É´  ¶μ μÉ´μÏ¥´¨Õ ± μÉ· ¦¥´¨Õ.

‚ ¦´Ò° ¢Ò¢μ¤ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¸ ¶μ²¥³ ¢·¥³¥´¨ É¥¸´μ ¸¢Ö§ ´Ò ´¥
Éμ²Ó±μ ¤¢¨¦¥´¨¥ ¨ ¨§³¥´¥´¨¥, ±μÉμ·Ò¥ ¶·¨μ¡·¥É ÕÉ  ¡¸μ²ÕÉ´Ò° Ì · ±É¥·
¨  ¤¥±¢ É´μ¥ ³ É¥³ É¨Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥, ´μ É ±¦¥ ¨ ¶μ´ÖÉ¨¥ ¶· ¢μ£μ ¨
²¥¢μ£μ. � ¢´μ¸¨²Ó´μ¸ÉÓ ¶· ¢μ£μ ¨ ²¥¢μ£μ Ö¢²Ö¥É¸Ö ¢ É¥μ·¨¨ ËÊ´¤ ³¥´É ²Ó-
´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ±· ¥Ê£μ²Ó´Ò³ ¶·¨´Í¨¶μ³, μ¶·¥¤¥²ÖÕÐ¨³ ¶·¨Î¨´´μ¸ÉÓ.
Šμ´±·¥É´μ ÔÉμ μ§´ Î ¥É, ÎÉμ ¢¸Ö± Ö ¢¥²¨Î¨´  ¢¸¥£¤  ¢Ò¸ÉÊ¶ ¥É ¢ ¶ ·¥ ¸ §¥·-
± ²Ó´μ ¸¨³³¥É·¨Î´μ° ¥° ¢¥²¨Î¨´μ°.

�¨² É¥· ²Ó´ Ö ¸¨³³¥É·¨Ö μ¶·¥¤¥²Ö¥É ¶·¨Î¨´´μ¸ÉÓ ± ±  ¸¸μÍ¨¨·μ¢ ´´μ¥
¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥, ±μÉμ·μ¥ ¨³¥¥É ¢¨¤

〈v,w〉 = (v,w).

�¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ  ¸¸μÍ¨¨·μ¢ ´´μ¥ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¨´¢ ·¨-
 ´É´μ μÉ´μ¸¨É¥²Ó´μ μÉ· ¦¥´¨Ö: 〈v,w〉 = 〈v,w〉. � ¸¸³μÉ·¨³ Ë¨§¨Î¥¸±¨°
¸³Ò¸²  ¸¸μÍ¨¨·μ¢ ´´μ£μ ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö 〈v,w〉. ’ ± ± ±

〈v,v〉 = (v,v) = 2(v,n)2 − (v,v) = |v|2(2 cos2 ϕ − 1) = |v|2 cos 2ϕ,

£¤¥ ϕ ¥¸ÉÓ Ê£μ² ³¥¦¤Ê ¢¥±Éμ· ³¨ vi ¨ ti, Éμ  ¸¸μÍ¨¨·μ¢ ´´μ¥ ¸± ²Ö·´μ¥
¶·μ¨§¢¥¤¥´¨¥ Ö¢²Ö¥É¸Ö ¨´¤¥Ë¨´¨É´Ò³ ¨ ³μ¦¥É ¡ÒÉÓ ¶μ²μ¦¨É¥²Ó´Ò³, μÉ·¨-
Í É¥²Ó´Ò³ ¨²¨ · ¢´Ò³ ´Ê²Õ ¢ § ¢¨¸¨³μ¸É¨ μÉ §´ Î¥´¨Ö Ê£²  ϕ. ‚ Î ¸É´μ-
¸É¨, (v,v) = 0, ¥¸²¨ ϕ = π/4. ’ ±¨³ μ¡· §μ³,  ¸¸μÍ¨¨·μ¢ ´´μ¥ ¸± ²Ö·´μ¥
¶·μ¨§¢¥¤¥´¨¥ 〈v,w〉 ¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ μ¡· Ð¥´¨Ö ¢·¥³¥´¨ ¨ ¶μ-
§¢μ²Ö¥É ±² ¸¸¨Ë¨Í¨·μ¢ ÉÓ ¢¸¥ ¢¥±Éμ·Ò ¢ § ¢¨¸¨³μ¸É¨ μÉ Éμ£μ, ± ±μ° Ê£μ²
μ´¨ ¸μ¸É ¢²ÖÕÉ ¶μ μÉ´μÏ¥´¨Õ ± ¶μÉμ±Ê ¢·¥³¥´¨. Š ± ¢¨¤´μ ¨§ Ëμ·³Ê²Ò
(v,v) = gijv

ivj , £¤¥

gij = 2ninj − gij = gikRk
j , (5)
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 ¸¸μÍ¨¨·μ¢ ´´μ¥ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ³μ¦¥É ¡ÒÉÓ Ëμ·³ ²¨§μ¢ ´μ ¸ ¶μ-
³μÐÓÕ ¢¸¶μ³μ£ É¥²Ó´μ° ³¥É·¨±¨ gij ± ± ³¥É·¨±¨ ´μ·³ ²Ó´μ£μ £¨¶¥·¡μ²¨-
Î¥¸±μ£μ É¨¶ , μ¶·¥¤¥²Ö¥³μ° É¥³¶μ· ²Ó´Ò³ ¶μ²¥³ ¨ ¤¢ÊÌ¸Éμ·μ´´¥° ¸¨³³¥-
É·¨¥°. 
É  ¶¸¥¢¤μ·¨³ ´μ¢  ³¥É·¨±  ¤ ¥É ±μ´±·¥É´μ¥ ¸μ¤¥·¦ ´¨¥ ¸²μ¢Ê ¶·¨-
Î¨´´μ¸ÉÓ. Šμ´É· ¢ ·¨ ´É´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·´μ£μ ¶μ²Ö gij ¤ ÕÉ¸Ö ¢Ò· -
¦¥´¨¥³ gij = 2ninj − gij . „²Ö ¶μ²´μ° Ö¸´μ¸É¨ · ¸¸³μÉ·¨³ ¢μ¶·μ¸ μ ¶·¨·μ¤¥
¨ ¶·μ¨¸Ìμ¦¤¥´¨¨ ¶¸¥¢¤μ·¨³ ´μ¢ÒÌ ³¥É·¨± ¢ ¸ ³μ³ μ¡Ð¥³ ¢¨¤¥. �¸¥¢¤μ·¨-
³ ´μ¢  ³¥É·¨±  Ì · ±É¥·¨§Ê¥É¸Ö ±¢ ¤· É¨Î´μ° Ëμ·³μ°

ϕ = gijv
ivj ,

±μÉμ· Ö ´¥ Ö¢²Ö¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ°. �Ê¸ÉÓ

ϕ = gijv
ivj

¥¸ÉÓ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´ Ö ±¢ ¤· É¨Î´ Ö Ëμ·³ . ’μ£¤  É¥´§μ· gij ³μ¦¥É
¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: gij = gikSk

j , £¤¥ É¥´§μ·´μ¥ ¶μ²¥ Sk
j

¶·¥¤¸É ¢²Ö¥É ¸ ³μ¸μ¶·Ö¦¥´´Ò° ²¨´¥°´Ò° μ¶¥· Éμ· μÉ´μ¸¨É¥²Ó´μ μ¡ÒÎ´μ£μ
¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö. �É¸Õ¤  ¶μ²ÊÎ ¥³

ϕ = gijv
ivj = gikvivjSk

j = gikviwk,

£¤¥ wk = vjSk
j . �Î¥¢¨¤´μ, ÎÉμ ¶¸¥¢¤μ·¨³ ´μ¢  ±¢ ¤· É¨Î´ Ö Ëμ·³  ¨³¥¥É

£¥μ³¥É·¨Î¥¸±¨° ¸³Ò¸² Ê£²  ³¥¦¤Ê ¤¢Ê³Ö ´ ¶· ¢²¥´¨Ö³¨ ¶μ μÉ´μÏ¥´¨Õ ± ¨¸-
É¨´´μ ·¨³ ´μ¢μ° ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ° ³¥É·¨±¥. ”¨§¨Î¥¸±¨° ¸³Ò¸²
¸ ³μ¸μ¶·Ö¦¥´´μ£μ μ¶¥· Éμ·  Si

j , ± ± ¶μ± § ´μ ¢ÒÏ¥, ¨³¥¥É ¶·Ö³μ¥ μÉ´μÏ¥-
´¨¥ ± ¶·¨·μ¤¥ ¢·¥³¥´¨ ¨ ¤¢ÊÌ¸Éμ·μ´´¥° ¸¨³³¥É·¨¨. ‘²¥¤μ¢ É¥²Ó´μ, ¤¢ÊÌ¸Éμ-
·μ´´ÖÖ ¸¨³³¥É·¨Ö μ¶·¥¤¥²Ö¥É ¥¸É¥¸É¢¥´´ÊÕ ¶·¨Î¨´´ÊÕ ¸É·Ê±ÉÊ·Ê ¢ ¢¨¤¥ ¶¸¥¢-
¤μ·¨³ ´μ¢μ° ³¥É·¨±¨ ²μ·¥´Í¥¢μ° ¸¨£´ ÉÊ·Ò ¨ ³μ¦¥É ¡ÒÉÓ μÉμ¦¤¥¸É¢²¥´  ¸
´¥°. ’ ±¨³ μ¡· §μ³, ¶·¨·μ¤  ¨ ¶·μ¨¸Ìμ¦¤¥´¨¥ ³¥É·¨±¨ ²μ·¥´Í¥¢μ° ¸¨£´ -
ÉÊ·Ò Ê¸É ´μ¢²¥´Ò.

‚ μ¡Ð¥° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ £· ¢¨É Í¨¨ ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ ¶μ-
²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ¥ ´¥¢Ò·μ¦¤¥´´μ¥ ¸¨³³¥É·¨Î´μ¥ É¥´§μ·´μ¥ ¶μ²¥ ¢Éμ-
·μ£μ · ´£ , ±μÉμ·μ¥ Ê¶μ³¨´ ¥É¸Ö ± ± ¶μÉ¥´Í¨ ² £· ¢¨É Í¨μ´´´μ£μ ¶μ²Ö. Šμ³-
¶μ´¥´ÉÒ £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ²  μ¡μ§´ Î ÕÉ¸Ö gij . „ ´´μ¥ μ¶·¥¤¥²¥´¨¥
£· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ²  ¥¸ÉÓ Éμ ´μ¢μ¥, ÎÉμ μ¡Ð Ö ±¢ ´Éμ¢ Ö ³¥Ì ´¨± 
¨§´ Î ²Ó´μ ¢´μ¸¨É ¢ É¥μ·¨Õ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. ‚ ¶μ¸²¥¤ÊÕÐ¥³ ¡Ê¤¥É
¤μ± § ´μ, ÎÉμ É ± μ¶·¥¤¥²¥´´μ¥ £· ¢¨É Í¨μ´´μ¥ ¶μ²¥ ¶¥·¥´μ¸¨É Ô´¥·£¨Õ ¨
¨³¶Ê²Ó¸, É. ¥. ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Ë¨§¨Î¥¸±μ¥ ¶μ²¥. 
´¥·£¨Ö £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö ¨ ¢¥±Éμ· ¶μÉμ±  Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö μ¶·¥¤¥²ÖÕÉ¸Ö ¶·¨ ÔÉμ³
μ¤´μ§´ Î´μ. �·μ¸É¥°Ï¨° ¶¥·¥Ìμ¤ μÉ ¸É É¨±¨ ± ¤¨´ ³¨±¥ ³μ¦¥É ¡ÒÉÓ ·¥ -
²¨§μ¢ ´ ± ± Ê¢¥²¨Î¥´¨¥ · §³¥·´μ¸É¨ Ë¨§¨Î¥¸±μ£μ ¶·μ¸É· ´¸É¢  ¸ § ³¥´μ°
¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ° ·¨³ ´μ¢μ° ³¥É·¨±¨ ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·μ° ¨²¨
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¢¸¶μ³μ£ É¥²Ó´μ° ³¥É·¨±μ° (5). ’ ±¨³ μ¡· §μ³, ¤¢ÊÌ¸Éμ·μ´´ÖÖ ¸¨³³¥É·¨Ö
¤ ¥É μ¤´μ§´ Î´Ò° ¸¶μ¸μ¡ ¢¢¥¤¥´¨Ö É¥³¶μ· ²Ó´μ£μ ¶μ²Ö (¶·¨Î¨´´μ° ¸É·Ê±-
ÉÊ·Ò) ¢ ² £· ´¦¨ ´Ò μ¡Ð¥° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨.

ƒ¥μ³¥É·¨Î¥¸± Ö Ëμ·³  ¤¨´ ³¨Î¥¸±¨Ì Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö
§ ±μ¤¨·μ¢ ´  ¢ ² £· ´¦¨ ´¥ L = R, £¤¥ R ¥¸ÉÓ ¸± ²Ö·, ±μÉμ·Ò° ¸É·μ¨É¸Ö ¨§
¢¸¶μ³μ£ É¥²Ó´μ° ³¥É·¨±¨ (5) ¶μ ¨§¢¥¸É´Ò³ Ëμ·³Ê² ³ ·¨³ ´μ¢μ° £¥μ³¥É·¨¨.
’ ± ± ± ¢¸¶μ³μ£ É¥²Ó´ Ö ³¥É·¨±  (5) μ¶·¥¤¥²Ö¥É¸Ö ¤¢Ê³Ö ¶μ²Ö³¨, ¸¢Ö§ ´´Ò³¨
Ê· ¢´¥´¨¥³ (4), Éμ ´  ÔÉμ ´¥μ¡Ìμ¤¨³μ μ¡· É¨ÉÓ μ¸μ¡μ¥ ¢´¨³ ´¨¥ ¶·¨ ¢Ò¢μ¤¥
Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. ‘É ´¤ ·É´Ò° ³¥Éμ¤ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò
¢¢¥¸É¨ ¸¢Ö§Ó (4) ¸ ¶μ³μÐÓÕ ³´μ¦¨É¥²Ö ‹ £· ´¦  ε = ε(u), ¶¥·¥¶¨¸ ÉÓ ¤¥°-
¸É¢¨¥ ¤²Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢ ¢¨¤¥ Lg = R+ε(gijtitj−1) ¨ · ¸¸³ É·¨¢ ÉÓ
±μ³¶μ´¥´ÉÒ gij ¨ f ± ± ´¥§ ¢¨¸¨³Ò¥ ¶¥·¥³¥´´Ò¥. Œμ¦´μ ¶μ°É¨ ¶μ ¤·Ê£μ³Ê
¶ÊÉ¨: ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ gij ´ ±² ¤Ò¢ ÉÓ ´  ¢ ·¨ Í¨¨ Ê¸²μ¢¨¥ δgijtitj = 0,
  ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ f ´ ±² ¤Ò¢ ÉÓ ´  ¢ ·¨ Í¨¨ Ê¸²μ¢¨¥ ti∂iδf = 0. ’ ±¨³
μ¡· §μ³, ´¥μ¡Ìμ¤¨³μ ¢ ·Ó¨·μ¢ ÉÓ ¤¥°¸É¢¨¥

A =
1
2

∫
R
√

g d4u +
∫

Lm(g, F )
√

g d4u +
1
2

∫
ε (gijtitj − 1)

√
g d4u, (6)

£¤¥ g = Det (gij) > 0 ¨ Lm(g, F ) ¥¸ÉÓ ² £· ´¦¥¢  ¶²μÉ´μ¸ÉÓ ¤·Ê£¨Ì Ë¨-
§¨Î¥¸±¨Ì ¶μ²¥° F, ±μÉμ· Ö ¢±²ÕÎ ¥É ¢·¥³Ö Î¥·¥§ ¢¸¶μ³μ£ É¥²Ó´ÊÕ ³¥É·¨±Ê
(5) ¢ ¶μ¤Ìμ¤ÖÐ¥° Ëμ·³¥ (² £· ´¦¨ ´ Lm(g, F ) § ¢¨¸¨É Éμ²Ó±μ μÉ §´ Î¥´¨°
gij ¢ ÉμÎ±¥). 
Éμ μÎ¥´Ó ¢ ¦´μ¥ Ê¸²μ¢¨¥, É ± ± ± ¶·¨ ÔÉμ³ ¶·¥¤¶μ² £ ¥É¸Ö
³¨´¨³ ²Ó´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¤¨´ ³¨Î¥¸±¨Ì ¶μ²¥° ¸ £· ¢¨É Í¨¥°. Šμ´Í¥¶Í¨Ö
¶μÉ¥´Í¨ ²Ó´μ£μ ¶μ²Ö, ±μÉμ· Ö ¡Ê¤¥É ¢¢¥¤¥´  ¢ Î¥É¢¥·Éμ³ ¸μμ¡Ð¥´¨¨, ¸²Ê¦¨É
ÉμÎ´μ° ·¥ ²¨§ Í¨¥° ÔÉμ£μ ¶·¨´Í¨¶ . Š ± μ± § ²μ¸Ó, ±μ´Í¥¶Í¨Ö ¶μÉ¥´Í¨ ²Ó-
´μ£μ ¶μ²Ö ¨ ±μ´Í¥¶Í¨Ö ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±μ° ¶μ²¥¢μ° ¢¥²¨Î¨´Ò μÎ¥·Î¨-
¢ ÕÉ Ë ±É¨Î¥¸±¨ μ¤´μ ¨ Éμ ¦¥ ³´μ¦¥¸É¢μ £¥μ³¥É·¨Î¥¸±¨Ì ¶μ²¥¢ÒÌ ¢¥²¨Î¨´.
Œ¥Éμ¤ ¢¢¥¤¥´¨Ö ¶·¨Î¨´´μ¸É¨ ¸ ¶μ³μÐÓÕ ¢¸¶μ³μ£ É¥²Ó´μ° ³¥É·¨±¨ (5) ¨²¨
§¥·± ²Ó´μ° ¸¨³³¥É·¨¨ Ö¢²Ö¥É¸Ö μ¤´μ§´ Î´Ò³, ´μ ¶·¨ ÔÉμ³ ´¥ μÎ¥¢¨¤´μ, ± ±
¢Ò¢¥¸É¨ ¤¨´ ³¨Î¥¸±¨¥ § ±μ´Ò, ¥¸²¨ μ´¨ § ¶¨¸ ´Ò ¢ £¥μ³¥É·¨Î¥¸±μ° Ëμ·³¥.

É  § ¤ Î  ¡Ê¤¥É ·¥Ï¥´  §¤¥¸Ó ¤²Ö ¸²ÊÎ Ö £· ¢¨¤¨´ ³¨±¨. �  ¶¥·¢μ³ ÔÉ ¶¥
´ Ï  ¸É· É¥£¨Ö ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò ¢Ò¢¥¸É¨ Ê· ¢´¥´¨Ö £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö ¢ £¥μ³¥É·¨Î¥¸±μ° Ëμ·³¥, ´ ¨¡μ²¥¥ ¡²¨§±μ° ± Ëμ·³¥ Ê· ¢´¥´¨° 
°´-
ÏÉ¥°´  ¤²Ö ¶¸¥¢¤μ·¨³ ´μ¢μ° ³¥É·¨±¨ ²μ·¥´Í¥¢μ° ¸¨£´ ÉÊ·Ò μ¡Ð¥£μ ¢¨¤ .
’μ²Ó±μ § É¥³ ¡Ê¤¥É ¢¢¥¤¥´ ¨³¶Ê²Ó¸ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨ ¤ ´ ¢Ò¢μ¤ Ê· ¢-
´¥´¨° £· ¢¨¤¨´ ³¨±¨. ‚ § ±²ÕÎ¥´¨¥ ÔÉμ£μ · §¤¥²  ¶·¨¢¥¤¥³ ¢¸¥ μ¸´μ¢´Ò¥
¸¢μ°¸É¢  ¢·¥³¥´¨ μÉ¤¥²Ó´μ° ¸É·μ±μ°.

‚´ÊÉ·¥´´¥¥ ¢·¥³Ö Å ÔÉμ ¸± ²Ö·´μ¥ ¶μ²¥, ´μ¸¨É¥²Ó ËÊ´¤ ³¥´É ²Ó´μ° ¢´Ê-
É·¥´´¥° ¸¨³³¥É·¨¨

f(u1, u2, u3, u4) → f(u1, u2, u3, u4) + a,
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£¤¥ a ¥¸ÉÓ ¶μ¸ÉμÖ´´ Ö. ˆ´¢ ·¨ ´É´μ¸ÉÓ ¢¸¥Ì Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´ μÉ´μ¸¨-
É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨°

f(u1, u2, u3, u4) → f(u1, u2, u3, u4) + a

μ¶·¥¤¥²Ö¥É ¸¨³³¥É·¨Õ, ±μÉμ· Ö ¶·¨¢μ¤¨É ± ´ ¨¡μ²¥¥ μ¡Ð¥° Ëμ·³¥ § ±μ´ 
¸μÌ· ´¥´¨Ö Ô´¥·£¨¨.

ƒ· ¤¨¥´É ¶μ²Ö ¢·¥³¥´¨ μ¶·¥¤¥²Ö¥É ¤²¨É¥²Ó´μ¸ÉÓ ¢ ¢¨¤¥ ±·¨¢μ²¨´¥°´μ£μ
¨´É¥£· ²  ³¥¦¤Ê ¤¢Ê³Ö ÉμÎ± ³¨ Ë¨§¨Î¥¸±μ£μ ¶·μ¸É· ´¸É¢ 

ti = ∂if(u), tpq = f(q) − f(p) =

q∫
p

tidui.

‚¥±Éμ·´μ¥ ¶μ²¥ ti = gijtj ¶μ§¢μ²Ö¥É ¶μ¸É ¢¨ÉÓ ¢ ¸μμÉ¢¥É¸É¢¨¥ ¶μÉμ±Ê
¢·¥³¥´¨ ²¨´¥°´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° μ¶¥· Éμ·

Dt = ti
∂

∂ui

¨ ¢ ±μ´¥Î´μ³ ¨Éμ£¥ μ¶·¥¤¥²¨ÉÓ ¸±μ·μ¸ÉÓ ¨§³¥´¥´¨Ö ¢¸¥Ì Ë¨§¨Î¥¸±¨Ì ¶μ²¥¢ÒÌ
¢¥²¨Î¨´ ¸μ ¢·¥³¥´¥³, ¢ Éμ³ Î¨¸²¥ ¨ ¸±μ·μ¸ÉÓ ¨§³¥´¥´¨Ö ¸ ³μ£μ ¶μ²Ö ¢·¥³¥´¨.

�μÉμ± ¢·¥³¥´¨ μ¶·¥¤¥²Ö¥É ¤¨¸±·¥É´ÊÕ ¢´ÊÉ·¥´´ÕÕ ¸¨³³¥É·¨Õ, ´ §Ò-
¢ ¥³ÊÕ ¤¢ÊÌ¸Éμ·μ´´¥° ¸¨³³¥É·¨¥°, ±μÉμ· Ö § ¤ ¥É ¶·¨Î¨´´ÊÕ ¸É·Ê±ÉÊ·Ê ¢
É¥μ·¨¨ ¶μ²Ö ¨, ± ± ¡Ê¤¥É ¶μ± § ´μ ¢ ¶μ¸²¥¤ÊÕÐ¥³, μ¤´μ ¨§ ¶·¥¤¸É ¢²¥´¨°
ÔÉμ° ¸¨³³¥É·¨¨ μ¶·¥¤¥²Ö¥É μ¶¥· Éμ· Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤ .

�¸´μ¢´μ¥ Ê· ¢´¥´¨¥ ¶μ²Ö ¢·¥³¥´¨ (3) ¨³¥¥É ¤¢  ± Î¥¸É¢¥´´μ · §²¨Î-
´ÒÌ ·¥Ï¥´¨Ö, ÎÉμ μ§´ Î ¥É ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¢ ³¨·¥ ¤¢ÊÌ · §²¨Î´ÒÌ ¶·¨Î¨´´ÒÌ
¸É·Ê±ÉÊ·. ‘ÊÐ¥¸É¢μ¢ ´¨¥ ¢Éμ·μ° ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·Ò ³μ¦´μ ¨´É¥·¶·¥É¨·μ-
¢ ÉÓ ± ± ´ ·ÊÏ¥´¨¥ ¨´¢ ·¨ ´É´μ¸É¨ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ‹μ·¥´Í .
�μÉμ± · ¡μÉ, ¶μ¸¢ÖÐ¥´´Ò° ÔÉμ° É¥³¥, ¢ ¶μ¸²¥¤´¥¥ ¢·¥³Ö ¸É·¥³¨É¥²Ó´μ ´ · -
¸É ¥É ¨ ³μ¦¥É ¡ÒÉÓ ´ ¶· ¢²¥´ ¢ ´Ê¦´μ¥ ·Ê¸²μ. �μ¸²¥ ¢¢¥¤¥´¨Ö ¥¸É¥¸É¢¥´´μ°
¸¨¸É¥³Ò ±μμ·¤¨´ É ¡Ê¤¥É ¤ ´ ±μ´±·¥É´Ò° ¶·¨³¥· ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö É¥³¶μ-
· ²Ó´μ£μ ¶μ²Ö, ±μÉμ·Ò° · ¸±·Ò¢ ¥É ¸ÊÉÓ É¥μ·¨¨ ¸¶¥Í¨ ²Ó´μ° μÉ´μ¸¨É¥²Ó´μ-
¸É¨ ¨ ¤¥³μ´¸É·¨·Ê¥É ¢Éμ·ÊÕ ¶·¨Î¨´´ÊÕ ¸É·Ê±ÉÊ·Ê.

4. “��‚�…�ˆŸ ƒ��‚ˆ’�–ˆ����ƒ� ��‹Ÿ
‚ ƒ…�Œ…’�ˆ—…‘Š�‰ ”��Œ…

‚ É¥μ·¨¨ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° § ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨
μ§´ Î ¥É, ÎÉμ · ¢´  ´Ê²Õ ¸±μ·μ¸ÉÓ ¨§³¥´¥´¨Ö ¸μ ¢·¥³¥´¥³ ¸Ê³³ ·´μ° ¶²μÉ-
´μ¸É¨ Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨ ¢¸¥Ì ¤·Ê£¨Ì Ë¨§¨Î¥¸±¨Ì ¶μ²¥°. ‘²¥-
¤μ¢ É¥²Ó´μ, ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ Ö¢²Ö¥É¸Ö ¶¥·¢Ò³ ¨´É¥£· ²μ³ · ¸¸³ É·¨¢ ¥³μ°
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¶μ²´μ° ¸¨¸É¥³Ò ¶μ²¥°. —Éμ¡Ò ¤μ± § ÉÓ ÔÉμ ¢ ¦´μ¥ ÊÉ¢¥·¦¤¥´¨¥, ´¥μ¡Ìμ¤¨³μ
¶·¥¦¤¥ ¢Ò¢¥¸É¨ Ê· ¢´¥´¨Ö £· ¢¨¤¨´ ³¨±¨ ¨§ ¤¥°¸É¢¨Ö (6).

’ ± ± ± ¢¸¶μ³μ£ É¥²Ó´ Ö ³¥É·¨±  (5) Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° gij ¨ f , Éμ
Ê¤μ¡´μ ¨¸¶μ²Ó§μ¢ ÉÓ Í¥¶´μ¥ ¶· ¢¨²μ. ˆ³¥¥³ δR = gijδRij + Rijδg

ij . „ ²¥¥

μ¡μ§´ Î ¥³ Γi
jk, Γ

i

jk ¸¨³¢μ²Ò Š·¨¸ÉμËË¥²Ö, ¶·¨´ ¤²¥¦ Ð¨¥ ¸μμÉ¢¥É¸É¢¥´´μ
gij ¨ gij . ˆ§ (5) ¶μ¸²¥ ´¥±μÉμ·ÒÌ ¢ÒÎ¨¸²¥´¨° ¶μ²ÊÎ ¥³

Γ
i

jk = Γi
jk + Hi

jk, (7)

£¤¥

Hi
jk = ni(∇jnk + ∇knj) + (2ninl − gil)(njδ

m
k + nkδm

j )(∇mnl −∇lnm).

‚ ¶μ¸²¥¤´¥° Ëμ·³Ê²¥ ∇j ¥¸ÉÓ ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¶μ μÉ´μÏ¥´¨Õ ±

¸¢Ö§´μ¸É¨ Γi
jk. ˆ§ (7) ²¥£±μ ¢Ò¢¥¸É¨, ÎÉμ Γ

j

jk = Γj
jk, ¨, ¸²¥¤μ¢ É¥²Ó´μ, gijδRij

³μ¦¥É ¡ÒÉÓ μ¶ÊÐ¥´  ± ± ¶μ²´ Ö ¶·μ¨§¢μ¤´ Ö. ‚ ·Ó¨·ÊÖ gij , ¶μ²ÊÎ ¥³

δgij = δgij + P ij
kl δg

kl + Qijk∂kδf,

£¤¥
P ij

kl = 2ninjnknl − ni(nkδj
l + nlδ

j
k) − nj(nkδi

l + nlδ
i
k),

Qijk =
2√
(t, t)

(2ninjnk − nigjk − njgik).

’¥´§μ·´μ¥ ¶μ²¥ P ij
kl Ö¢²Ö¥É¸Ö ¸¨³³¥É·¨Î´Ò³ μÉ´μ¸¨É¥²Ó´μ ±μ¢ ·¨ ´É´ÒÌ ¨

±μ´É· ¢ ·¨ ´É´ÒÌ ¨´¤¥±¸μ¢.
�Ê¸ÉÓ

Gij = Rij −
1
2
gijR

¥¸ÉÓ É¥´§μ· 
°´ÏÉ¥°´  ¢¸¶μ³μ£ É¥²Ó´μ° ³¥É·¨±¨. „ ²¥¥ ¶μ² £ ¥³ δLF =
1
2
Mijδg

ij ¨ ¢¢μ¤¨³ ¸É ´¤ ·É´Ò³ ¶ÊÉ¥³ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸ 

Tij = Mij − gijLF .

‡ ³¥Î Ö, ÎÉμ

gij + gklP
kl
ij = gij , gijQ

ijk = ninjQ
ijk = 0,

²¥£±μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ¶μ²´ Ö ¢ ·¨ Í¨Ö ¤¥°¸É¢¨Ö (¥¸²¨ μ¶Ê¸É¨ÉÓ ¶μ²´Ò¥ ¶·μ-
¨§¢μ¤´Ò¥) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

δA =
1
2

∫ (
Aijδg

ij + Bδf + δε (gijtitj − 1)
) √

gd4u, (8)
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£¤¥

Aij = Gij + GklP
kl
ij + Tij + TklP

kl
ij + ε titj −

1
2
ε (gkltktl − 1)gij ,

B = −∇k

(
(Gij + Tij − εtitj)Qijk

)
− 2∇k(εtk).

’¥´§μ· P kl
ij ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± μ¶¥· Éμ·, ¤¥°¸É¢ÊÕÐ¨° ¢ ¶·μ¸É· ´¸É¢¥

¸¨³³¥É·¨Î´ÒÌ É¥´§μ·´ÒÌ ¶μ²¥°. • · ±É¥·¨¸É¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ ÔÉμ£μ μ¶¥· -
Éμ·  ¨³¥¥É ¢¨¤ P 2 + 2P = 0 ¨, ¸²¥¤μ¢ É¥²Ó´μ, (P + 1)2 = 1. ’ ±¨³ μ¡· §μ³,
μ¶¥· Éμ· P + 1 ¨ ¥³Ê μ¡· É´Ò° ¸μ¢¶ ¤ ÕÉ. ’ ± ± ± titj + tktlP

kl
ij = −titj ,

¨§ (8) ¸²¥¤Ê¥É, ÎÉμ Ê· ¢´¥´¨Ö £· ¢¨¤¨´ ³¨±¨ ¨³¥ÕÉ ¢¨¤

Gij + Tij = ε∂if ∂jf, gij∂if ∂jf = 1, (9)

∇k(εtk) = 0. (10)

’ ±¨³ μ¡· §μ³, ¨§ £¨¶μÉ¥§Ò £¥μ³¥É·¨§ Í¨¨ ¢ÒÉ¥± ¥É ¶μ²´ Ö ¸¨¸É¥³  Ê· ¢-
´¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö (9), ±μÉμ· Ö ¶·¥¤¸É ¢²¥´  §¤¥¸Ó ¢ £¥μ³¥É·¨Î¥-
¸±μ° Ëμ·³¥. “· ¢´¥´¨¥ (10) ¢Ò· ¦ ¥É μ¡Ð¥±μ¢ ·¨ ´É´Ò° § ±μ´ ¸μÌ· ´¥´¨Ö
Ô´¥·£¨¨ ¢ μ¡Ð¥° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥. —Éμ¡Ò Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ³Ò ¤¥°¸É¢¨-
É¥²Ó´μ ¨³¥¥³ ¤¥²μ ¸ § ±μ´μ³ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨, ¤μ¸É ÉμÎ´μ ¶μ´ÖÉÓ, ÎÉμ
¤¥°¸É¢¨¥ (6) ¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° f → f + a, £¤¥ a Å
¶μ¸ÉμÖ´´ Ö. ’ ±¨³ μ¡· §μ³, Ê· ¢´¥´¨¥ (10) ¢Ò¢μ¤¨É¸Ö É ±¦¥ ¨§ É¥μ·¥³Ò
�¥É¥· ± ± ¸²¥¤¸É¢¨¥ Ê´¨¢¥·¸ ²Ó´μ° ¸¨³³¥É·¨¨, ¸¢Ö§ ´´μ° ¸ ´¥§ ¢¨¸¨³μ¸ÉÓÕ
¢¸¥Ì ¢¥²¨Î¨´ É¥μ·¨¨ μÉ ¢Ò¡μ·  ¶·μ¸É· ´¸É¢¥´´μ£μ ¸¥Î¥´¨Ö Ë¨§¨Î¥¸±μ£μ ³´μ-
£μμ¡· §¨Ö. Ÿ¸´μ, ÎÉμ ³´μ¦¨É¥²Ó ‹ £· ´¦  ε ¨³¥¥É Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¶²μÉ-
´μ¸É¨ Ô´¥·£¨¨ · ¸¸³ É·¨¢ ¥³μ° Ë¨§¨Î¥¸±μ° ¸¨¸É¥³Ò. ˆ§ (9) ¸²¥¤Ê¥É, ÎÉμ

ε = Gijt
itj + Tijt

itj = εg + εm, (11)

£¤¥ εg = Gijt
itj =

1
2
Rijg

ij Å ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨

εm = Tijt
itj Å ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¤·Ê£¨Ì Ë¨§¨Î¥¸±¨Ì ¶μ²¥°. � ¸¸³μÉ·¨³

§ ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ ¸ · §²¨Î´ÒÌ ÉμÎ¥± §·¥´¨Ö. �·¥¦¤¥ ¢¸¥£μ · ¸-
¸³μÉ·¨³ ¸¢Ö§Ó ³¥¦¤Ê Ê· ¢´¥´¨Ö³¨ (9) ¨ (10). ’ ± ´ §Ò¢ ¥³Ò° ²μ± ²Ó´Ò°
§ ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ § ¶¨¸Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ∇iT

ij = 0, £¤¥

T ij = Tklg
ikgjl ¨ ∇i ¥¸ÉÓ ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¶μ μÉ´μÏ¥´¨Õ ± Γ

i

jk.

É¨ Ê· ¢´¥´¨Ö ¢Ò¶μ²´ÖÕÉ¸Ö ´  ·¥Ï¥´¨ÖÌ Ê· ¢´¥´¨° ¤²Ö ¶μ²¥° F, ¤ ÕÐ¨Ì
¢±² ¤ ¢ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸ . ’ ± ± ± ∇iG

ij = 0 Éμ¦¤¥¸É¢¥´´μ, Éμ ¨§
Ê· ¢´¥´¨° (9) ¸²¥¤Ê¥É, ÎÉμ

∇iT
ij = εti(∇it

j) + tj∇i(εti).

ˆ§ (4) ¨ (7) ¸²¥¤Ê¥É, ÎÉμ Γ
i

jk = Γi
jk + 2ti∇jtk, ¨ ¢ ±μ´¥Î´μ³ ¨Éμ£¥ ¶μ²ÊÎ ¥³

∇iT
ij = tj∇i(εti).
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‚¢¨¤Ê ÔÉμ£μ § ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ ³μ¦´μ É· ±Éμ¢ ÉÓ ± ± Ê¸²μ¢¨¥ ¸μ-
¢³¥¸É´μ¸É¨ Ê· ¢´¥´¨° £· ¢¨¤¨´ ³¨±¨. ‚ ÔÉμ³ ¸³Ò¸²¥ § ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·-
£¨¨ ¢¶μ²´¥  ´ ²μ£¨Î¥´ § ±μ´Ê ¸μÌ· ´¥´¨Ö § ·Ö¤ ,   ·¥¶ · ³¥É·¨§ Í¨μ´´ Ö
¨´¢ ·¨ ´É´μ¸ÉÓ  ´ ²μ£¨Î´  ± ²¨¡·μ¢μÎ´μ° ¨´¢ ·¨ ´É´μ¸É¨.

�μ± ¦¥³, ÎÉμ ¸±μ·μ¸ÉÓ ¨§³¥´¥´¨Ö ¸μ ¢·¥³¥´¥³ ¶²μÉ´μ¸É¨ Ô´¥·£¨¨
Dt(

√
gε) · ¢´  ´Ê²Õ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ÔÉ  ¢¥²¨Î¨´  Ö¢²Ö¥É¸Ö ¶¥·¢Ò³ ¨´-

É¥£· ²μ³. ˆ³¥¥³ Dt(
√

gε) = ti∂i(
√

gε) +
√

gε∂it
i = ∂i(

√
gεti). ’ ± ± ±√

g∇k(εtk) = ∂i(
√

gεti), ¨§ § ±μ´  ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ (10) ¸²¥¤Ê¥É, ÎÉμ
¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ Ö¢²Ö¥É¸Ö ¶¥·¢Ò³ ¨´É¥£· ²μ³

Dt(
√

gε) = 0. (12)

„ ¤¨³ ¥Ð¥ μ¤´Ê Ëμ·³Ê²¨·μ¢±Ê § ±μ´  ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨. �Ê¸ÉÓ eijkl

¥¸ÉÓ μ·¨¥´É Í¨Ö Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö. ’ ± ± ±

Dteijkl = ϕeijkl ,

Éμ μÉ¸Õ¤  ¨ ¨§ Ê· ¢´¥´¨Ö (10) ¸²¥¤Ê¥É, ÎÉμ § ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ ³μ¦´μ
§ ¶¨¸ ÉÓ ¢ ¸²¥¤ÊÕÐ¥° Ëμ·³¥:

Dt(εeijkl) = 0.

‚¢μ¤Ö μ·¨¥´É Í¨Õ ¶·μ¸É· ´¸É¢¥´´μ£μ ¸¥Î¥´¨Ö Ê· ¢´¥´¨¥³

ηijk = tleijkl,

¶μ²ÊÎ ¥³ ¥Ð¥ μ¤´Ê Ëμ·³Ê § ±μ´  ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨:

Dt(εηijk) = 0.

�É³¥É¨³, ´ ±μ´¥Í, ÎÉμ ¤¨ËË¥·¥´Í¨ ²Ó´ Ö Ëμ·³  Ô´¥·£¨¨ ω = εηijkdui ∧
duj ∧ duk Ö¢²Ö¥É¸Ö § ³±´ÊÉμ°:

dω = 0.

‚ ¥¸É¥¸É¢¥´´ÒÌ ±μμ·¤¨´ É Ì x1, x2, x3, t, μ¶·¥¤¥²¥´´ÒÌ ´¨¦¥, t = (0, 0, 0, 1),
¨ ¶μÔÉμ³Ê Ê· ¢´¥´¨¥ (12) ¶·¨μ¡·¥É ¥É ¡μ²¥¥ ¶·¨¢ÒÎ´Ò° ¢¨¤:

∂

∂t
(
√

gε) = 0.

‘· ¢´¨³ § ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ ¸ § ±μ´μ³ ¸μÌ· ´¥´¨Ö § ·Ö¤ , ±μÉμ-
·Ò° ¢ μ¡Ð¥±μ¢ ·¨ ´É´μ° Ëμ·³¥ ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:
∇iJ

i = 0. �μ² £ Ö J i = ti(t, J) + J i − ti(t, J) = ρti + P i, ´ Ìμ¤¨³, ÎÉμ
Dt(

√
gρ) + ∂i(

√
gP i) = 0. ’ ±¨³ μ¡· §μ³, ¢ μ¡Ð¥³ ¸²ÊÎ ¥ § ·Ö¤μ¢ Ö ¶²μÉ-

´μ¸ÉÓ ´¥ Ö¢²Ö¥É¸Ö ¶¥·¢Ò³ ¨´É¥£· ²μ³, ¢ Éμ ¢·¥³Ö ± ± ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¢¸¥-
£¤  ¥¸ÉÓ ¶¥·¢Ò° ¨´É¥£· ². 
Éμ ËÊ´¤ ³¥´É ²Ó´μ¥ μÉ²¨Î¨¥ ³μ¦´μ ¶μ´ÖÉÓ, ¥¸²¨
¢¢¥¸É¨ ´μ¢μ¥ μ¡Ð¥±μ¢ ·¨ ´É´μ¥ Ë¨§¨Î¥¸±μ¥ ¶μ´ÖÉ¨¥ ¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´-
´μ£μ ¶μ²Ö ¨ ¢Ò¢¥¸É¨ Ê· ¢´¥´¨Ö £· ¢¨¤¨´ ³¨±¨ ± ± Ê· ¢´¥´¨Ö ¤²Ö ¨³¶Ê²Ó¸ 
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö.
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5. ‚›‚�„ “��‚�…�ˆ‰ ƒ��‚ˆ„ˆ��ŒˆŠˆ

“· ¢´¥´¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° Ê· ¢´¥´¨Ö ¢Éμ·μ£μ
¶μ·Ö¤± , ¶μÔÉμ³Ê ¶·¨Î¨´´ Ö ¸É·Ê±ÉÊ·  ÔÉ¨Ì Ê· ¢´¥´¨° ³μ¦¥É ¡ÒÉÓ · ¸±·ÒÉ ,
¥¸²¨ ¨Ì Ê¤ ¸É¸Ö § ¶¨¸ ÉÓ ± ± Ê· ¢´¥´¨Ö ¤²Ö ¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö.
�¥É·¨¢¨ ²Ó´Ò³ ³μ³¥´Éμ³ Ö¢²Ö¥É¸Ö μ¶·¥¤¥²¥´¨¥ ¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö. ‡¤¥¸Ó § · ´¥¥ Ö¸´μ Éμ²Ó±μ μ¤´μ, ÎÉμ ¨³¶Ê²Ó¸ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö
¸¢Ö§ ´ ¸μ ¸±μ·μ¸ÉÓÕ ¨§³¥´¥´¨Ö ¸μ ¢·¥³¥´¥³ £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ² .
Š Í¥²¨ ¢¥¤¥É ¸²¥¤ÊÕÐ¥¥ μ¶·¥¤¥²¥´¨¥. ’¥´§μ·´μ¥ ¶μ²¥ É¨¶  (1,1)

P i
j =

1
2
gikDtgjk =

1
2
gik(∇jtk + ∇ktj) = gik∇jtk = ∇jt

i

´ §Ò¢ ¥É¸Ö ¨³¶Ê²Ó¸μ³ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. �·¨¢¥¤¥³ ´ ¨¡μ²¥¥ ¢ ¦´Ò¥
Ì · ±É¥·¨¸É¨±¨ ¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. ‘μμÉ´μÏ¥´¨Ö

tiP
i
j = 0, tjP i

j = 0, gikP l
kglj = P i

j

μ§´ Î ÕÉ, ÎÉμ ¨³¶Ê²Ó¸ Ö¢²Ö¥É¸Ö Ë¨§¨Î¥¸±μ° ¢¥²¨Î¨´μ° ¨ ¸ ³μ¸μ¶·Ö¦¥´´Ò³
μ¶¥· Éμ·μ³. “· ¢´¥´¨Ö

∇iP
k
j −∇jP

k
i = Rijl

ktl, ∇kP k
j −∇jP

k
k = Rkjl

ktl = Rjlt
l

Ê¸É ´ ¢²¨¢ ÕÉ ¸¢Ö§Ó ³¥¦¤Ê ¨³¶Ê²Ó¸μ³ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨ É¥§μ· ³¨ �¨-
³ ´  ¨ �¨ÎÎ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. �·¨¢¥¤¥³ É ±¦¥ ¸²¥¤ÊÕÐ¨¥ Ëμ·³Ê²Ò,
±Ê¤  ¢Ìμ¤¨É ¨³¶Ê²Ó¸ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö:

DtP
i
j = tl∇lP

i
j , DtΓi

jk = ∇jP
i
k + ∇kP i

j − gilgkm∇lP
m
j ,

Dtg = ggikDtgik = 2gP i
i .

‚Ò¢¥¤¥³ É¥¶¥·Ó Ê· ¢´¥´¨Ö £· ¢¨¤¨´ ³¨±¨ ± ± Ê· ¢´¥´¨Ö ¤²Ö ¨³¶Ê²Ó¸ 
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, ÎÉμ ¶μ§¢μ²Ö¥É ¢¢¥¸É¨ ËÊ´¤ ³¥´É ²Ó´μ¥ ¶μ´ÖÉ¨¥ ¢¥±-
Éμ·  ¶μÉμ±  Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨ ¶·¥¤¸É ¢¨ÉÓ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ± ± ¸Ê³³Ê ¶²μÉ´μ¸É¥° ±¨´¥É¨Î¥¸±μ° ¨ ¶μÉ¥´Í¨ ²Ó´μ°
Ô´¥·£¨¨ ÔÉμ£μ ¶μ²Ö. ‘ ÔÉμ° Í¥²ÓÕ ¶·¥¤¸É ¢¨³ ¸´ Î ²  Ê· ¢´¥´¨Ö (9) ¢ ´¥-
¸±μ²Ó±μ ¨´μ° Ëμ·³¥, μ¤´ ±μ Ô±¢¨¢ ²¥´É´μ° ¨¸Ìμ¤´μ°. ‘¢μ· Î¨¢ Ö Ê· ¢´¥´¨Ö
(9) ¸ gij ¨ ¶μ² £ Ö T = Tijg

ij , ¶μ²ÊÎ¨³ ¸μμÉ´μÏ¥´¨¥ R = T − ε, ¶μ¤¸É ¢²ÖÖ
±μÉμ·μ¥ ¢ ¨¸Ìμ¤´μ¥ Ê· ¢´¥´¨¥, ¶·¨¤¥³ ± Ô±¢¨¢ ²¥´É´μ³Ê Ê· ¢´¥´¨Õ

Rij + Tij −
1
2
gijT =

1
2
gij ε. (13)

Œμ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ (9) ¨²¨ (13) ± ± μ¸´μ¢´Ò¥ Ê· ¢´¥´¨Ö. �μ²μ¦¨³

Lij = Rij + Tij −
1
2
gijT, Li

j = gikLkj .
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’ ± ± ± TrL = 2ε, Éμ Ê· ¢´¥´¨Ö (13) ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ Ê· ¢´¥´¨Ö ¤²Ö
¸ ³μ¸μ¶·Ö¦¥´´μ£μ μ¶¥· Éμ· 

Li
j , Li

j = gimLk
mgkj ,

Li
j =

1
4
TrLδi

j . (14)

�μ± ¦¥³, ÎÉμ Ê· ¢´¥´¨¥ (14) Ô±¢¨¢ ²¥´É´μ ¤¢Ê³ Ê· ¢´¥´¨Ö³

hk
i Li

jh
j
l =

1
4
TrLhk

l (15)

¨
tjLi

jh
k
i = 0, (16)

£¤¥ hi
j = δi

j − titj ¥¸ÉÓ ¶·μ¥±Í¨μ´´Ò° μ¶¥· Éμ·, hi
khk

j = hi
j. ˆ§ Ê· ¢´¥´¨Ö (14)

²¥£±μ ¢Ò¢¥¸É¨ Ê· ¢´¥´¨Ö (15) ¨ (16). ‚Ò¢¥¤¥³ ¨§ (15) ¨ (16) Ê· ¢´¥´¨¥ (14).
‘¢μ· Î¨¢ Ö ¶μ ¨´¤¥±¸ ³ k ¨ l, ¶μ²ÊÎ ¥³ ¨§ (15)

tiL
i
jt

j =
1
4
Tr L. (17)

„μ± ¦¥³, ÎÉμ

tiL
i
l =

1
4
Tr Ltl.

‡ ¶¨Ï¥³ Ê· ¢´¥´¨¥ (16) ¢ ¢¨¤¥

tjLk
j = tjLitit

k.

’ ± ± ± Lk
j = gkmLn

mgnj , Éμ ¶μ¸²¥ ¶μ¤¸É ´μ¢±¨ ¢ ¶μ¸²¥¤´¥¥ ¸μμÉ´μÏ¥´¨¥
¢Ò¢μ¤¨³ ¶μ¸²¥¤μ¢ É¥²Ó´μ

tjgkmLn
mgnj = tjgimLn

mgnjtit
k, gkmLn

mtn = tmLn
mtntk.

�É¸Õ¤ , ÊÎ¨ÉÒ¢ Ö (17), ¶μ²ÊÎ ¥³ ¨¸±μ³μ¥ · ¢¥´¸É¢μ. ‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¤μ-
± § ´´μ£μ ¸μμÉ´μÏ¥´¨Ö ¨§ (15) ¨ (16) ²¥£±μ ¢Ò¢μ¤¨É¸Ö Ê· ¢´¥´¨¥ (14).

‘²¥¤ÊÕÐ Ö § ¤ Î  ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò ¢ ¶·¨¢¥¤¥´´μ³ ¢ÒÏ¥ ¢Ò· ¦¥´¨¨
¤²Ö Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö μÉ¤¥²¨ÉÓ ¶μÉ¥´Í¨ ²Ó´ÊÕ ¨ ±¨´¥É¨Î¥¸±ÊÕ
Ô´¥·£¨Õ ¨ § ¶¨¸ ÉÓ Ê· ¢´¥´¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ± ± Ê· ¢´¥´¨Ö ¤²Ö ¨³-
¶Ê²Ó¸  ÔÉμ£μ ¶μ²Ö, ±μÉμ·Ò¥ ¶μ± §Ò¢ ÕÉ, ± ± ¸±μ·μ¸ÉÓ ¨§³¥´¥´¨Ö ¨³¶Ê²Ó¸ 
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¤·Ê£¨¥ Ì · ±É¥·¨¸É¨±¨ ¸ ³μ£μ £· ¢¨-
É Í¨μ´´μ£μ ¶μ²Ö ¨ ¤·Ê£¨Ì Ë¨§¨Î¥¸±¨Ì ¶μ²¥°. ”¨§¨Î¥¸±¨³ É¥´§μ·μ³ ±·¨¢¨§´Ò
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ´ §μ¢¥³ É¥´§μ· Sl

ijk , ±μÉμ·Ò° ´¥ ¸μ¤¥·¦¨É ±μ³¶μ´¥´É
¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. ˆ§ ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥ ¸μμÉ´μÏ¥´¨° ¤²Ö
¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¸²¥¤Ê¥É, ÎÉμ É¥´§μ· ±·¨¢¨§´Ò Rl

ijk ¸μ¤¥·¦¨É

22



±μ³¶μ´¥´ÉÒ ¨³¶Ê²Ó¸ . 
Éμ ¦¥ μÉ´μ¸¨É¸Ö ¨ ± ´ ¶·Ö¦¥´´μ¸É¨ £· ¢¨É Í¨μ´-
´μ£μ ¶μ²Ö. „²Ö ´ Ìμ¦¤¥´¨Ö Ë¨§¨Î¥¸±μ£μ É¥´§μ·  ±·¨¢¨§´Ò ¶μ¸É·μ¨³ ¶·¥¦¤¥
¸¢Ö§´μ¸ÉÓ, ±μÉμ· Ö ´¥ ¸μ¤¥·¦¨É ±μ³¶μ´¥´É ¨³¶Ê²Ó¸ . ‚¢¥¤¥³ ¸¨³³¥É·¨Î´μ¥
¶μ ´¨¦´¨³ ¨´¤¥±¸ ³ É¥´§μ·´μ¥ ¶μ²¥

T i
jk = ti∇jtk − tj∇kti − tk∇jt

i.

�μ¢ Ö ¸¢Ö§´μ¸ÉÓ
Γ̃i

jk = Γi
jk + T i

jk

Ê¤μ¢²¥É¢μ·Ö¥É ¶μ¸É ¢²¥´´Ò³ Ê¸²μ¢¨Ö³. „¥°¸É¢¨É¥²Ó´μ, ¥¸²¨ ∇̃i ¥¸ÉÓ ±μ¢ ·¨-
 ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¢ ¸¢Ö§´μ¸É¨ Γ̃ = Γ + T, Éμ ¢Ò¶μ²´ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö

∇̃it
j = 0, ∇̃itj = 0, ∇̃igjk = tiDtgjk, ∇̃tgjk = Dtgjk.

’¥´§μ· ±·¨¢¨§´Ò ¸¢Ö§´μ¸É¨ Γ̃ μ¡μ§´ Î¨³ R̃ijk
l. „²Ö ÔÉμ£μ É¥´§μ·  ¶μ²ÊÎ ¥³

¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

R̃ijk
l = Rijk

l + ∇iT
l
jk −∇jT

l
ik + T l

imT m
jk − T l

jmT m
ik .

’ ± ± ±

∇̃i∇̃jt
l − ∇̃j∇̃it

l = tkR̃ijk
l, ∇̃i∇̃jtk − ∇̃j∇̃itk = tlR̃ijk

l,

Éμ
tkR̃ijk

l = 0, tlR̃ijk
l = 0.

�¤´ ±μ ÔÉμ ¥Ð¥ ´¥ ·¥Ï ¥É μ±μ´Î É¥²Ó´μ § ¤ ÎÊ ´ Ìμ¦¤¥´¨Ö Ë¨§¨Î¥¸±μ£μ
É¥´§μ·  ±·¨¢¨§´Ò, ¶μ¸±μ²Ó±Ê ¤²Ö · ¸¸³ É·¨¢ ¥³μ£μ É¥´§μ·  ´¥ ¢Ò¶μ²´Ö¥É¸Ö
Ê· ¢´¥´¨¥ tiR̃ijk

l = 0 ¨, ±·μ³¥ Éμ£μ, ¥£μ É¥´§μ· �¨ÎÎ¨ ´¥ Ö¢²Ö¥É¸Ö ¸¨³³¥-
É·¨Î´Ò³, É ± ± ± ¤²Ö

R̃jk = R̃ljk
l

R̃jk − R̃kj = tk∇jϕ − tj∇kϕ, ϕ = ∇lt
l.

„²Ö Ë¨§¨Î¥¸±μ£μ É¥´§μ·  ±·¨¢¨§´Ò ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥:

Sijk
l = R̃ijk

l + tit
mR̃jmk

l − tjt
mR̃imk

l.

„²Ö Sijk
l ¸¶· ¢¥¤²¨¢μ Éμ¦¤¥¸É¢μ

Sijk
l + Sjki

l + Skij
l = 0.

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ É¥´§μ· �¨ÎÎ¨ Sjk = Sljk
l ¸¨³³¥É·¨Î¥´, É ± ± ± Sijl

l = 0.
„²Ö ¸³¥Ï ´´ÒÌ ±μ³¶μ´¥´É ¶μ²ÊÎ ¥³

Si
j = hi

kRk
l hl

j + DtP
i
j + ϕP i

j . (18)
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’¥´§μ· Si
j Ê¶μ³¨´ ¥É¸Ö ± ± É¥´§μ· ´ ¶·Ö¦¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. „²Ö

¸± ²Ö·´μ° ±·¨¢¨§´Ò £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¶μ²ÊÎ ¥³ μÉ¸Õ¤  ¸²¥¤ÊÕÐ¥¥ ¶·¥¤-
¸É ¢²¥´¨¥:

S = TrS = R + 2Dtϕ + ϕ2 + P i
j P j

i . (19)

ˆ§ (4) ¨ (7) ´ Ìμ¤¨³

Rij = Rij + ∇l(tlDtgij)

¨, ¸²¥¤μ¢ É¥²Ó´μ,
gikRjk = Ri

j + 2DtP
i
j + 2ϕP i

j .

’¥¶¥·Ó ¥¸ÉÓ ¢¸¥ ´¥μ¡Ìμ¤¨³μ¥, ÎÉμ¡Ò ¸É·Ê±ÉÊ·¨·μ¢ ÉÓ  ³μ·Ë´μ¥ ¶·¥¤¸É -
¢²¥´¨¥ Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨ § ¶¨¸ ÉÓ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ £· ¢¨-
É Í¨μ´´μ£μ ¶μ²Ö ± ± ¸Ê³³Ê ¶²μÉ´μ¸É¨ ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨ ¨ ¶²μÉ´μ¸É¨
¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨. ˆ§ ¶μ¸²¥¤´¥° Ëμ·³Ê²Ò ¸²¥¤Ê¥É, ÎÉμ

εg =
1
2
R + ϕ2 + tl∇lϕ.

‘μ£² ¸´μ (18)

1
2
S =

1
2
R + ϕ2 + tl∇lϕ − 1

2
ϕ2 +

1
2
P i

jP
j
i .

�É¸Õ¤  ´ Ìμ¤¨³, ÎÉμ ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨³¥¥É ¸²¥¤Ê-
ÕÐÊÕ ¸É·Ê±ÉÊ·Ê:

εg =
1
2
ϕ2 − 1

2
P i

j P j
i +

1
2
S = T + U,

£¤¥

T =
1
2
(P i

i )2 − 1
2
P i

j P j
i =

1
2
(TrP )2 − 1

2
Tr(P 2) (20)

¥¸ÉÓ ¶²μÉ´μ¸ÉÓ ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨ ¨

U =
1
2
S (21)

¥¸ÉÓ ¶²μÉ´μ¸ÉÓ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö.
Š ± ¨§¢¥¸É´μ, ¢ ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¥ ËÊ´±Í¨Ö ‹ £· ´¦  · ¢´  · §´μ-

¸É¨ ±¨´¥É¨Î¥¸±μ° ¨ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨. � ¸¸³μÉ·¨³ ¸ ÔÉμ° ÉμÎ±¨ §·¥´¨Ö
² £· ´¦¨ ´ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. ’ ± ± ±

Rij = Rij + 2ϕ∇jtk + 2tl∇l∇jtk, ∇lt
k∇jtk + tk∇l∇jtk = 0,

Éμ
1
2
R =

1
2
gjkRjk = tjtkRjk − εg.
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ˆ³¥¥³
tjtkRjk = tj(∇lP

l
j −∇jϕ) = 2T −∇j(ϕtj).

’ ±¨³ μ¡· §μ³,
1
2
R = T − U −∇j(ϕtj).

Š ± ¢¨¤´μ, · ¸¸³μÉ·¥´´Ò° ´ ³¨ ² £· ´¦¨ ´ μÉ²¨Î ¥É¸Ö μÉ ± ´μ´¨Î¥¸±μ£μ
´  ¶μ²´ÊÕ ¤¨¢¥·£¥´Í¨Õ. 
Éμ Ö¢²Ö¥É¸Ö ¢ ¦´Ò³ ¤μ¶μ²´¨É¥²Ó´Ò³ ¸¢¨¤¥É¥²Ó-
¸É¢μ³ ±μ··¥±É´μ¸É¨ ¤ ´´μ£μ ¢ÒÏ¥ μ¶·¥¤¥²¥´¨Ö ¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö ¨ ¥¸É¥¸É¢¥´´μ¸É¨ ¢¢¥¤¥´´ÒÌ Ô´¥·£¥É¨Î¥¸±¨Ì Ì · ±É¥·¨¸É¨± £· ¢¨É Í¨-
μ´´μ£μ ¶μ²Ö. Š ± ¢¨¤´μ, ¶μ²´ Ö Ô´¥·£¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö Ö¢²Ö¥É¸Ö ±¢ -
¤· É¨Î´μ° ËÊ´±Í¨¥° ¨³¶Ê²Ó¸μ¢, ÎÉμ ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ ¢ ¸¢Ö§¨ ¸ ¶·μ¡²¥³μ°
±¢ ´Éμ¢ ´¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö.

‡ ¶¨Ï¥³ Ê· ¢´¥´¨Ö (16) ¨ (17) ± ± Ê· ¢´¥´¨Ö ¤²Ö ¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´-
´μ£μ ¶μ²Ö. ‚¢¥¤¥³ μ¡μ¡Ð¥´´Ò° ³ ±¸¢¥²²μ¢¸±¨° É¥´§μ· ´ ¶·Ö¦¥´¨° Ë¨§¨Î¥-
¸±¨Ì ¶μ²¥°, μÉ²¨Î´ÒÌ μÉ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö:

N i
j = hi

kT k
l hl

j −
1
2
Thi

j,

£¤¥ hi
j = δi

j − titj ¥¸ÉÓ ¶·μ¥±Í¨μ´´Ò° μ¶¥· Éμ·, hi
khk

j = hi
j . �É¸Õ¤  ¸²¥¤Ê¥É,

ÎÉμ ¶¥·¢ Ö £·Ê¶¶  Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨³¥¥É ¢¨¤

DtP
i
j + ϕP i

j + Si
j + N i

j =
1
2
εhi

j. (22)

Š ± ¢¨¤´μ ¨§ ÔÉμ° ¸¨¸É¥³Ò Ê· ¢´¥´¨°, ¸±μ·μ¸ÉÓ ¨§³¥´¥´¨Ö ¨³¶Ê²Ó¸  £· -
¢¨É Í¨μ´´μ£μ ¶μ²Ö ¸μ ¢·¥³¥´¥³ μ¶·¥¤¥²Ö¥É¸Ö É¥´§μ·μ³ ´ ¶·Ö¦¥´¨° ¶μ²´μ°
¸¨¸É¥³Ò ¶μ²¥° ¨ ¥¥ ¶²μÉ´μ¸ÉÓÕ Ô´¥·£¨¨. ’ ± ± ± ¢¸Ö±¨° ¤¨´ ³¨Î¥¸±¨° ·¥-
¦¨³ ´ Î¨´ ¥É¸Ö ¸  ¡¸μ²ÕÉ´μ£μ ¶μ±μÖ, Éμ ¢ ´ Î ²Ó´μ³ ¸μ¸ÉμÖ´¨¨ ¨³¶Ê²Ó¸
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö · ¢¥´ ´Ê²Õ.

�¥·¥°¤¥³ ± · ¸¸³μÉ·¥´¨Õ ¢Éμ·μ° £·Ê¶¶Ò Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö. ˆ³¥¥³

gikRjktj = Ri
jt

j = gik(∇lP
l
k −∇kP l

l ),

gil(Tjl −
1
2
gjlT )tjhk

i = (gkl − tktl)Tjlt
j = gklTjlt

j − εmtk.

‡ É¥³ μ¶·¥¤¥²Ö¥³ ¢¥±Éμ· ¶μÉμ±  Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö

Gj = hi
j(∇lP

l
i − ∂iP

l
l )

¨ ¢¥±Éμ· ¶μÉμ±  Ô´¥·£¨¨ ¤·Ê£¨Ì Ë¨§¨Î¥¸±¨Ì ¶μ²¥°

Πi = εm ti − Tiktk.
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�Î¥¢¨¤´μ, ÎÉμ (t,G) = (t,Π) = 0. ‚Éμ· Ö £·Ê¶¶  Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö ¶·¨´¨³ ¥É ¢¨¤

Gi = Πi. (23)

‚Éμ· Ö £·Ê¶¶  Ê· ¢´¥´¨° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨³¥¥É μÎ¥´Ó ¶·μ¸Éμ° Ë¨-
§¨Î¥¸±¨° ¸³Ò¸², μ§´ Î ÕÐ¨°, ÎÉμ ¢¥±Éμ· ¶μÉμ±  £· ¢¨É Í¨μ´´μ° Ô´¥·£¨¨ ¢
ÉμÎ´μ¸É¨ · ¢¥´ ¢¥±Éμ·Ê ¶μÉμ±  Ô´¥·£¨¨ ¤·Ê£¨Ì Ë¨§¨Î¥¸±¨Ì ¶μ²¥°. �É¸Õ¤ 
¶μ´ÖÉ´μ, ¶μÎ¥³Ê ¸Ê³³ ·´ Ö ¶²μÉ´μ¸ÉÓ Ô´¥·£¨¨ ¢¸¥Ì Ë¨§¨Î¥¸±¨Ì ¶μ²¥° ¸μ¸É -
¢²Ö¥É ¶¥·¢Ò° ¨´É¥£· ². ’ ±¨³ μ¡· §μ³, ¶μÉμ± £· ¢¨É Í¨μ´´μ° Ô´¥·£¨¨ É¥Î¥É
¢ ´ ¶· ¢²¥´¨¨, ¶·μÉ¨¢μ¶μ²μ¦´μ³ ¶μÉμ±Ê ¤·Ê£¨Ì Ëμ·³ Ô´¥·£¨¨, ¨ ¢ ÉμÎ´μ¸É¨
· ¢¥´ ¥³Ê ¶μ ¢¥²¨Î¨´¥. Š ± ¨§¢¥¸É´μ, ¸μ²´Í¥ Ö¢²Ö¥É¸Ö Ê¤¨¢¨É¥²Ó´μ ³μÐ´Ò³
¶μÉμ±μ³ ²ÊÎ¨¸Éμ° Ô´¥·£¨¨. …¸²¨ ¡Ê¤¥É μ¡´ ·Ê¦¥´ É ±μ° ¦¥ ¶μÉμ± £· ¢¨É -
Í¨μ´´μ° Ô´¥·£¨¨, É¥±ÊÐ¨° ¶μ ´ ¶· ¢²¥´¨Õ ± ¸μ²´ÍÊ, Éμ ¸μ²´Í¥ ³μ¦´μ · ¸-
¸³ É·¨¢ ÉÓ ± ± ¶·¥μ¡· §μ¢ É¥²Ó £· ¢¨É Í¨μ´´μ° Ô´¥·£¨¨ ¢ Ô²¥±É·μ³ £´¨É´ÊÕ
Ô´¥·£¨Õ.

‡ ¶¨Ï¥³ Ê· ¢´¥´¨Ö (20) ¢ ¢¨¤¥

1
√

g
Dt(

√
gP i

j ) + Si
j + N i

j =
1
2
ε hi

j

¨ μÉ³¥É¨³, ÎÉμ ¨§ (20) ¸²¥¤Ê¥É

1
√

g
Dt(

√
g(Gi − Πi)) = 0.

�μ¸²¥¤´¥¥ Ê· ¢´¥´¨¥ μ§´ Î ¥É ¸μ¢³¥¸É´μ¸ÉÓ ¶¥·¢μ° ¨ ¢Éμ·μ° £·Ê¶¶ Ê· ¢´¥´¨°
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. �´ ²μ£¨Î´μ¥ Ê¸²μ¢¨¥ ¸μ¢³¥¸É´μ¸É¨ ¸μ¤¥·¦¨É¸Ö ¨ ¢
Ê· ¢´¥´¨ÖÌ Œ ±¸¢¥²² .

’¥¶¥·Ó ¶·¥¤¸É ¢²Ö¥É¸Ö Ê³¥¸É´Ò³ · ¸¸³μÉ·¥ÉÓ μ¡Ð¥±μ¢ ·¨ ´É´Ò¥ ¤¨´ ³¨-
Î¥¸±¨¥ § ±μ´Ò £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¢ ¥¸É¥¸É¢¥´´ÒÌ ±μμ·¤¨´ É Ì, μ¶·¥¤¥²Ö-
¥³ÒÌ ¶μÉμ±μ³ ¢·¥³¥´¨. ”Ê´¤ ³¥´É ²Ó´μ¥ §´ Î¥´¨¥ ¥¸É¥¸É¢¥´´ÒÌ ±μμ·¤¨´ É
¸μ¸Éμ¨É ¢ ¸²¥¤ÊÕÐ¥³. ’¥μ·¨Ö ËÊ´¤ ³¥´É ²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¨´¢ ·¨ ´É´ 
μÉ´μ¸¨É¥²Ó´μ ·¥¶ · ³¥É·¨§ Í¨¨. �μÔÉμ³Ê ¶μ²´ Ö ¸¨¸É¥³  ËÊ´¤ ³¥´É ²Ó´ÒÌ
Ê· ¢´¥´¨° μ¡Ð¥° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ ¸μ¤¥·¦¨É ËÊ´±Í¨μ´ ²Ó´Ò° ¶·μ¨§¢μ²,
¨, ¶·¥¦¤¥ Î¥³ ¨Ì ·¥Ï ÉÓ, ´Ê¦´μ ¨§¡ ¢¨ÉÓ¸Ö μÉ ÔÉμ£μ ËÊ´±Í¨μ´ ²Ó´μ£μ ¶·μ-
¨§¢μ² . �¶·¥¤¥²ÖÖ ¥¸É¥¸É¢¥´´Ò¥ ±μμ·¤¨´ ÉÒ, ¶μÉμ± ¢·¥³¥´¨ ¤ ¥É ·¥£Ê²Ö·´μ¥
¢´ÊÉ·¥´´¥¥ ·¥Ï¥´¨¥ ÔÉμ° § ¤ Î¨. „μ± ¦¥³, ÎÉμ ¢ ¥¸É¥¸É¢¥´´ÒÌ ±μμ·¤¨´ É Ì
¶·¨Î¨´´ Ö ¸É·Ê±ÉÊ·  (£· ¤¨¥´É É¥³¶μ· ²Ó´μ£μ ¶μ²Ö) ¶·¨μ¡·¥É ¥É ¶·μ¸É¥°Ï¨°
¢¨¤ t = (0, 0, 0, 1).

ƒ¥μ³¥É·¨Î¥¸±¨ ¶μÉμ± ¢·¥³¥´¨ μ¶·¥¤¥²Ö¥É¸Ö ± ± ±μ´£·ÊÔ´Í¨Ö ±·¨¢ÒÌ
(²¨´¨° ¢·¥³¥´¨) ´  ³´μ£μμ¡· §¨¨. �´ ²¨É¨Î¥¸±¨ ²¨´¨¨ ¢·¥³¥´¨ ´ Ìμ¤ÖÉ¸Ö
± ± ·¥Ï¥´¨Ö  ¢Éμ´μ³´μ° ¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°

dui

dt
= gij ∂f

∂uj
= gij∂jf = (∇f)i, i = 1, 2, 3, 4. (24)
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�Ê¸ÉÓ
ui(t) = ϕi(u1

0, u2
0, u3

0, u4
0, t) = ϕi(u0, t) (25)

¥¸ÉÓ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° (18) ¸ ´ Î ²Ó´Ò³¨ ¤ ´´Ò³¨ ϕi(u0, t0) = ui
0. �μ¤¸É -

¢²ÖÖ ui(t) = ϕi(u0, t) ¢ ËÊ´±Í¨Õ f(u1, u2, u3, u4), ¶μ²ÊÎ ¥³ p(t) = f(ϕ(u0, t)).
‘ ÊÎ¥Éμ³ (4) ¨ (18) ´ Ìμ¤¨³

dp(t)
dt

=
∂f

∂ui

dui

dt
= gij ∂f

∂ui

∂f

∂uj
= 1.


Éμ ¤ ¥É f(ϕ(u0, t)) = t − t0 + f(u0). �·¥¤¶μ²μ¦¨³, ÎÉμ ¢¸¥ ´ Î ²Ó´Ò¥ ¤ ´-
´Ò¥ ¶·¨´ ¤²¥¦ É ¶·μ¸É· ´¸É¢¥´´μ³Ê ¸¥Î¥´¨Õ f(u1

0, u2
0, u3

0, u4
0) = t0. …¸²¨

§ ¶¨¸ ÉÓ ÔÉμ ¸μμÉ´μÏ¥´¨¥ ¢ ¶ · ³¥É·¨Î¥¸±μ° Ëμ·³¥ ui
0 = ψi(x1, x2, x3), Éμ

Ê· ¢´¥´¨Ö (19) ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

ui = φi(x1, x2, x3, t). (26)

”Ê´±Í¨¨ (20) ¨³¥ÕÉ ´¥¶·¥·Ò¢´Ò¥ Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¶μ μÉ´μÏ¥´¨Õ ±
¶ · ³¥É· ³ x1, x2, x3, t, ¨ ¨Ì ËÊ´±Í¨μ´ ²Ó´Ò° μ¶·¥¤¥²¨É¥²Ó ´¥ · ¢¥´ ´Ê²Õ.
’ ± ± ± ¢ ±μμ·¤¨´ É Ì x1, x2, x3, t É¥³¶μ· ²Ó´μ¥ ¶μ²¥ ¨³¥¥É ¶·μ¸Éμ° ¢¨¤
f(x1, x2, x3, t) = f(φ(x, t)) = t, Éμ ¢ ÔÉ¨Ì ±μμ·¤¨´ É Ì ti = ∂if = (0, 0, 0, 1).
’ ± ± ± ±μμ·¤¨´ ÉÒ x1, x2, x3 ´¥ ¨§³¥´ÖÕÉ¸Ö ¢¤μ²Ó ²¨´¨° ¢·¥³¥´¨, Éμ

dxμ

dt
= gμ4 = 0, μ = 1, 2, 3,

dt

dt
= g44 = 1.

‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨¨ φi(x1, x2, x3, t) μËμ·³²ÖÕÉ ¥¸É¥¸É¢¥´´Ò¥ ±μμ·¤¨-
´ ÉÒ ¢ μ¡Ð¥° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥. �μ μÉ´μÏ¥´¨Õ ± ¥¸É¥¸É¢¥´´Ò³ ±μμ·-
¤¨´ É ³

ti = (0, 0, 0, 1), gμ4 = 0, g44 = 1, ti = gijtj = gi4 = (0, 0, 0, 1),

ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ. ‚ ¥¸É¥¸É¢¥´´ÒÌ ±μμ·¤¨´ É Ì ³¥É·¨±  (2) § ¶¨-
¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

ds2 = gμν(x1, x2, x3, t)dxμdxν + (dt)2, μ, ν = 1, 2, 3, (27)

¶μ¸±μ²Ó±Ê ti = gijt
j = gi4. 
É¨ μ¡Ð¨¥ · ¸¸Ê¦¤¥´¨Ö ¶μ¤±·¥¶¨³ ¨§ÊÎ¥´¨¥³

¢ ¦´μ£μ ±μ´±·¥É´μ£μ ¸²ÊÎ Ö.
� ¸¸³μÉ·¨³ ¢ ± Î¥¸É¢¥ Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö Î¥ÉÒ·¥Ì³¥·´μ¥ ¥¢±²¨-

¤μ¢μ ¶·μ¸É· ´¸É¢μ R4, ¢ ±μÉμ·μ³ ¢Ò¡· ´Ò ¨ Ë¨±¸¨·μ¢ ´Ò ¤¥± ·Éμ¢Ò ±μμ·-
¤¨´ ÉÒ. ‘¨³¢μ² u μ¡μ§´ Î ¥É ¢¥±Éμ· ¢ R4 ¸ ±μ³¶μ´¥´É ³¨ (u1, u2, u3, u4);
¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¨ ËÊ´±Í¨Ö · ¸¸ÉμÖ´¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö, ± ± μ¡ÒÎ´μ,

u · v := u1v1 + u2v2 + u3v3 + u4v4,
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d(u,v) =
√

(u − v) · (u − v), d(u, 0) = |u|.

�·¨Î¨´´ Ö ¸É·Ê±ÉÊ·  ¢ R4 § ¤ ¥É¸Ö ³¥É·¨±μ° gij = δij ¨ É¥³¶μ· ²Ó´Ò³ ¶μ²¥³
f(u1, u2, u3, u4), ±μÉμ·μ¥ ¶μ¤Î¨´Ö¥É¸Ö Ê· ¢´¥´¨Õ(

∂f

∂u1

)2

+
(

∂f

∂u2

)2

+
(

∂f

∂u3

)2

+
(

∂f

∂u4

)2

= 1.


Éμ Ê· ¢´¥´¨¥ ¨³¥¥É ·¥Ï¥´¨¥ f(u1, u2, u3, u4) = a ·u, £¤¥ a = (a1, a2, a3, a4)
¥¸ÉÓ ¶μ¸ÉμÖ´´Ò° ´μ·³¨·μ¢ ´´Ò° ¢¥±Éμ· a · a = 1. ‹¨´¨¨ ¢·¥³¥´¨ ´ Ìμ¤ÖÉ¸Ö
¢ ¤ ´´μ³ ¸²ÊÎ ¥ ·¥Ï¥´¨¥³  ¢Éμ´μ³´μ° ¸¨¸É¥³Ò Ê· ¢´¥´¨°

dui

dt
= gij ∂f

∂uj
= ti = ai.

�¡Ð¥¥ ·¥Ï¥´¨¥ ¥¸ÉÓ ¶·Ö³ Ö ²¨´¨Ö, ¶·μÌμ¤ÖÐ Ö Î¥·¥§ Ë¨±¸¨·μ¢ ´´ÊÕ
ÉμÎ±Ê u0:

u(t) = a(t − t0) + u0.

� ¸¸³ É·¨¢ ¥³ Ö ¶·¨Î¨´´ Ö ¸É·Ê±ÉÊ·  μ¶·¥¤¥²Ö¥É ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¨´É¥·¢ ²
¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �Ê¸ÉÓ

ua = 2a(a · u) − u

¥¸ÉÓ ¢¥±Éμ·, §¥·± ²Ó´μ ¸¨³³¥É·¨Î´Ò° u ¶μ μÉ´μÏ¥´¨Õ ± ¶μÉμ±Ê ¢·¥³¥´¨ a.
’μ£¤  ¢ ±μμ·¤¨´ É Ì u1, u2, u3, u4 ¨´É¥·¢ ² ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ¸²¥¤Ê-
ÕÐ¨³ μ¡· §μ³:

s2 = u · ua = 2(a · u)2 − u · u = |u|2 cos 2θ,

£¤¥ θ ¥¸ÉÓ Ê£μ² ³¥¦¤Ê ¶μÉμ±μ³ ¢·¥³¥´¨ a ¨ u. —Éμ¡Ò Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ s ¥¸ÉÓ
¤¥°¸É¢¨É¥²Ó´μ Ìμ·μÏμ ¨§¢¥¸É´Ò° ¨´É¥·¢ ², ¢¢¥¤¥³ ¥¸É¥¸É¢¥´´ÊÕ ¸¨¸É¥³Ê ±μ-
μ·¤¨´ É,  ¸¸μÍ¨¨·μ¢ ´´ÊÕ ¸ · ¸¸³ É·¨¢ ¥³μ° ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·μ°. ‘ ÔÉμ°
Í¥²ÓÕ ¶·¥¤¶μ²μ¦¨³, ÎÉμ ¢¸¥ ´ Î ²Ó´Ò¥ ¤ ´´Ò¥ ±μ´£·ÊÔ´Í¨¨ ²¨´¨° ¢·¥³¥´¨
¶·¨´ ¤²¥¦ É ¶·μ¸É· ´¸É¢¥´´μ³Ê ¸¥Î¥´¨Õ

a · u0 = t0.

—Éμ¡Ò ·¥Ï¨ÉÓ ÔÉμ  ²£¥¡· ¨Î¥¸±μ¥ Ê· ¢´¥´¨¥, ¢¢¥¤¥³ ¸¨¸É¥³Ê μ·Éμ£μ´ ²Ó´ÒÌ
¥¤¨´¨Î´ÒÌ ¢¥±Éμ·μ¢

E0 = (a1, a2, a3, a4), E1 = (−a4, −a3, a2, a1),

E2 = (a3, −a4, −a1, a2), E3 = (−a2, a1, −a4, a3),
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E0 = a. ’μ£¤  μ¡Ð¥¥ ·¥Ï¥´¨¥ · ¸¸³ É·¨¢ ¥³μ£μ Ê· ¢´¥´¨Ö ¨³¥¥É ¢¨¤

u0 = t0E0 + xE1 + yE2 + zE3,

£¤¥ x, y, z ¥¸ÉÓ ¤¥± ·Éμ¢Ò ±μμ·¤¨´ ÉÒ ´  · ¸¸³ É·¨¢ ¥³μ³ ¶·μ¸É· ´¸É¢¥´´μ³
¸¥Î¥´¨¨. „²Ö ±μ´£·ÊÔ´Í¨¨ ²¨´¨° ¢·¥³¥´¨ ¶μ²ÊÎ ¥³ ¸ ÊÎ¥Éμ³ ÔÉμ£μ ¸²¥¤ÊÕÐ¥¥
¶·¥¤¸É ¢²¥´¨¥:

u(t) = tE0 + xE1 + yE2 + zE3.

�¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ¢ ±μμ·¤¨´ É Ì t, x, y, z ¨´É¥·¢ ² ¨³¥¥É §´ ±μ-
³Ò° ¢¨¤:

s2 = t2 − x2 − y2 − z2.

’ ±¨³ μ¡· §μ³, ¸ÊÐ´μ¸ÉÓ ¸¶¥Í¨ ²Ó´μ° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨ ¸μ¸Éμ¨É ´¥
Éμ²Ó±μ ¢ ¨´¢ ·¨ ´É´μ¸É¨ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ‹μ·¥´Í , ´μ ¨ ¢ Éμ³,
ÎÉμ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ¨³¥¥É ³¥¸Éμ ¸¢μ¥μ¡· §´μ¥ ¢Ò·μ¦¤¥´¨¥. ‚³¥¸Éμ
¢¥±Éμ·  a ³μ¦´μ ¢§ÖÉÓ ²Õ¡μ° ¤·Ê£μ° ¢¥±Éμ· b, μ¤´ ±μ Ö¸´μ, ÎÉμ Ë¨§¨Î¥¸±¨¥
·¥§Ê²ÓÉ ÉÒ ´¥ ¤μ²¦´Ò § ¢¨¸¥ÉÓ μÉ ¢Ò¡μ·  ´ ¶· ¢²¥´¨Ö ¶μÉμ±  ¢·¥³¥´¨. 
ÉμÉ
¢ ¦´Ò° ³μ³¥´É É·¥¡Ê¥É μ¸μ¡μ£μ · ¸¸³μÉ·¥´¨Ö, ´μ ³Ò ´  ´¥³ μ¸É ´ ¢²¨¢ ÉÓ¸Ö
´¥ ¡Ê¤¥³ ¨ ¶¥·¥°¤¥³ ± · ¸¸³μÉ·¥´¨Õ ¢Éμ·μ° ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·Ò ´  Ë¨§¨-
Î¥¸±μ³ ³´μ£μμ¡· §¨¨ R4.

Š ± ¡Ò²μ μÉ³¥Î¥´μ ¢ÒÏ¥, ¢Éμ· Ö ¶·¨Î¨´´ Ö ¸É·Ê±ÉÊ·  μ¶·¥¤¥²Ö¥É¸Ö ËÊ´±-
Í¨¥° £¥μ¤¥§¨Î¥¸±μ£μ · ¸¸ÉμÖ´¨Ö. ‚ ¤ ´´μ³ ¸²ÊÎ ¥ μ´  ¨³¥¥É ¢¨¤

f(u1, u2, u3, u4) =
√

(u · u) =
√

(u1)2 + (u2)2 + (u3)2 + (u4)2.

�¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ÔÉ  ËÊ´±Í¨Ö É ±¦¥ Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ É¥³¶μ-
· ²Ó´μ£μ ¶μ²Ö. ‚ ÔÉμ³ ¸²ÊÎ ¥ ²¨´¨¨ ¢·¥³¥´¨ ¥¸ÉÓ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢-
´¥´¨°

dui

dτ
=

∂f

∂ui
=

ui

f
=

ui√
(u1)2 + (u2)2 + (u3)2 + (u4)2

.

Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ μ¡Ð¥¥ ·¥Ï¥´¨¥ ÔÉμ° ¸¨¸É¥³Ò ¨³¥¥É ¢¨¤

ui(τ) = ui
0

τ

τ0
,

¶·¨Î¥³ ´ Î ²Ó´Ò¥ ¤ ´´Ò¥ ¶·¨´ ¤²¥¦ É ¶·μ¸É· ´¸É¢¥´´μ³Ê ¸¥Î¥´¨Õ

u0 · u0 = τ0
2,

±μÉμ·μ¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° É·¥Ì³¥·´ÊÕ ¸Ë¥·Ê · ¤¨Ê¸μ³ τ0. ’ ±¨³ μ¡· §μ³,
¢ · ¸¸³ É·¨¢ ¥³μ° ¸¨ÉÊ Í¨¨ ¶μÉμ± ¢·¥³¥´¨ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ±μ´£·ÊÔ´Í¨Õ
²ÊÎ¥°, ¨¸Ìμ¤ÖÐ¨Ì ¨§ μ¤´μ° ÉμÎ±¨ (0, 0, 0, 0). ‚Éμ· Ö ¶·¨Î¨´´ Ö ¸É·Ê±ÉÊ· 
³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¶¸¥¢¤μ·¨³ ´μ¢μ° ³¥É·¨±μ° ¢¨¤ 

gij = 2
ui

f

uj

f
− δij .
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�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ¤¥°¸É¢¨¥ ¤²Ö ÉμÎ¥Î´μ° Î ¸É¨ÍÒ, ´ £·Ê¦¥´´μ° ³ ¸¸μ°,
¨³¥¥É ¢ ¸²ÊÎ ¥ ¢Éμ·μ° ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·Ò ¸²¥¤ÊÕÐ¨° ¢¨¤:

S = −mc

q∫
p

√
1 − τ2ω2dτ,

£¤¥ ω = dl/dτ ¨ dl ¥¸ÉÓ Ô²¥³¥´É ¤²¨´Ò ´  ¥¤¨´¨Î´μ° É·¥Ì³¥·´μ° ¸Ë¥·¥.
„¥°¸É¢¨É¥²Ó´μ, du · du = dτ2 + τ2dl2 ¨ u · du = τdτ. ‚¢¥¤¥³ ¥¸É¥¸É¢¥´-
´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É ¤²Ö ¢Éμ·μ° ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·Ò. � · ³¥É·¨§Ê¥³
¶·μ¸É· ´¸É¢¥´´μ¥ ¸¥Î¥´¨¥ ¸ ¶μ³μÐÓÕ ¸μμÉ´μÏ¥´¨°

u1
0 = τ0 sin α sin β cos γ, u2

0 = τ0 sin α sinβ sin γ,

u3
0 = τ0 sin α cosβ, u4

0 = τ0 cosα,

£¤¥ 0 � α, β � π, 0 � γ � 2π. �·¨ É ±μ° ¶ · ³¥É·¨§ Í¨¨ ±μ´£·ÊÔ´Í¨Ö ²¨´¨°
¢·¥³¥´¨ § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥

u1
0 = τ sin α sin β cos γ, u2

0 = τ sinα sinβ sinγ,

u3
0 = τ sin α cosβ, u4

0 = τ cosα,

‚ ±μμ·¤¨´ É Ì (τ, α, β, γ) ¶¸¥¢¤μ·¨³ ´μ¢  ³¥É·¨±  ¨³¥¥É ¢¨¤

ds2 = dτ2 − τ2
[
dα2 + sin2 α

(
dβ2 + sin2 βdγ2

)]
,

¨
√
−g = τ3 sin2 α sin β,   £· ¤¨¥´É É¥³¶μ· ²Ó´μ£μ ¶μ²Ö ¨³¥¥É ¨§¢¥¸É´Ò¥

±μ³¶μ´¥´ÉÒ ti = (0, 0, 0, 1).
’ ±¨³ μ¡· §μ³, Ë¨§¨Î¥¸±μ¥ ³´μ£μμ¡· §¨¥ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ · ¸-

¸² ¨¢ ¥É¸Ö ´  ¶ · ²²¥²Ó´Ò¥ ¶²μ¸±μ¸É¨ ¨ ¸Ë¥·Ò.
‚ ¥¸É¥¸É¢¥´´ÒÌ ±μμ·¤¨´ É Ì ¶μ²¥¢Ò¥ Ê· ¢´¥´¨Ö ¨³¥ÕÉ ´ ¨¡μ²¥¥ ¶·μ¸Éμ°

¢¨¤ ¢ Éμ³ ¸³Ò¸²¥, ÎÉμ ¢¸¥ ±μ³¶μ´¥´ÉÒ £· ¤¨¥´É  É¥³¶μ· ²Ó´μ£μ ¶μ²Ö ¨ Î¥ÉÒ·¥
±μ³¶μ´¥´ÉÒ £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ²  ¶·¨´¨³ ÕÉ ¶·μ¸ÉÒ¥ Î¨¸²μ¢Ò¥ §´ -
Î¥´¨Ö. �Î¥´Ó ¢ ¦´μ¥ §´ Î¥´¨¥ ¥¸É¥¸É¢¥´´ÒÌ ±μμ·¤¨´ É ¶μ¤Î¥·±¨¢ ¥É É ±¦¥
Éμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ, ÎÉμ μ´¨ ¶μ¤μ¡´Ò ±μμ·¤¨´ É ³ „ ·¡Ê ¢ É¥μ·¨¨ ¸¨³¶²¥±-
É¨Î¥¸±¨Ì ³´μ£μμ¡· §¨°, ¸μ¸É ¢²ÖÕÐ¨Ì £¥μ³¥É·¨Î¥¸±¨° ¡ §¨¸ £ ³¨²ÓÉμ´μ¢μ°
³¥Ì ´¨±¨. �·¨Î¨´´ Ö ¸É·Ê±ÉÊ·  μ¡Ð¥° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨  ´ ²μ£¨Î´  ¸¨³-
¶²¥±É¨Î¥¸±μ° ¸É·Ê±ÉÊ·¥ £ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±¨.

ˆ§ ¶·μ¢¥¤¥´´μ£μ · ¸¸³μÉ·¥´¨Ö ¸²¥¤Ê¥É, ÎÉμ ¶¥·¥³¥´´ Ö t, ¶ · ³¥É·¨-
§ÊÕÐ Ö ²¨´¨¨ ¢·¥³¥´¨, ³μ¦¥É ¡ÒÉÓ · ¸¸³μÉ·¥´  ± ± ±μμ·¤¨´ É  ¢·¥³¥´¨
Ë¨§¨Î¥¸±μ° ¸¨¸É¥³Ò. 
Éμ ´ §¢ ´¨¥ ¸μ£² ¸Ê¥É¸Ö ¸ É¥³ Ë ±Éμ³, ÎÉμ ¸±μ·μ¸ÉÓ
¨§³¥´¥´¨Ö ¸μ ¢·¥³¥´¥³, ´ ¶·¨³¥·, £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö · ¢´  Î ¸É´μ° ¶·μ-
¨§¢μ¤´μ° ¶μ μÉ´μÏ¥´¨Õ ± t, É. ¥. Dt = ∂/∂t ¢ ¥¸É¥¸É¢¥´´ÒÌ ±μμ·¤¨´ É Ì.

’ ±¨³ μ¡· §μ³, ¨§ (16) ¨ (17) ¤²Ö ¶²μÉ´μ¸É¨ ±¨´¥É¨Î¥¸±μ° ¨ ¶μÉ¥´Í¨-
 ²Ó´μ° Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥
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¢ ¥¸É¥¸É¢¥´´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É:

T =
1
2
(P σ

σ )2 − 1
2
Pμ

ν P ν
μ , U =

1
2
S.

‡ ¶¨Ï¥³ Ê· ¢´¥´¨Ö £· ¢¨¤¨´ ³¨±¨ (14) ¨ (15) ¢ ¥¸É¥¸É¢¥´´ÒÌ ±μμ·¤¨´ É Ì
¶·¨ Ê¸²μ¢¨¨, ÎÉμ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸  Tij · ¢¥´ ´Ê²Õ. ˆ³¥¥³

Ṗμ
ν + P σ

σ Pμ
ν + Sμ

ν =
1
2
ε δμ

ν , (28)

Gμ = ∇νP ν
μ − ∂μP σ

σ = 0, (29)

£¤¥ ÉμÎ±  μ¡μ§´ Î ¥É Î ¸É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ¶μ μÉ´μÏ¥´¨Õ ± ¶¥·¥³¥´´μ° t.
�μ¸±μ²Ó±Ê

Ṗμ
ν + P σ

σ Pμ
ν =

1
√

g

∂

∂t
(
√

g Pμ
ν ),

Ê· ¢´¥´¨Ö (22) ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ ¸²¥¤ÊÕÐ¥° Ëμ·³¥:

∂

∂t
(
√

g Pμ
ν ) +

√
gSμ

ν =
1
2
√

g ε δμ
ν .

‚¢¨¤Ê ÔÉμ£μ ¨ ¸ ÊÎ¥Éμ³ Éμ£μ, ÎÉμ

∂

∂t
(
√

gε) = 0,

´ Ìμ¤¨³
∂2

∂t2
(
√

g Pμ
ν ) = − ∂

∂t
(
√

g Sμ
ν ).

�μ¸²¥¤´¥¥ ¸μμÉ´μÏ¥´¨¥ ¶μ± §Ò¢ ¥É, ÎÉμ ¶·μ¡²¥³  ŠμÏ¨ ¤²Ö £· ¢¨É Í¨μ´-
´μ£μ ¶μ²Ö ´¥ ´ ³´μ£μ É·Ê¤´¥°, Î¥³ ¶·μ¡²¥³  ŠμÏ¨ ¤²Ö Ô²¥±É·μ³ £´¨É´μ£μ
¶μ²Ö.

�¡Ð¨° ¢Ò¢μ¤ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¸ÊÐ´μ¸ÉÓÕ £· ¢¨É Í¨¨ Ö¢²Ö¥É¸Ö ´μ-
¢ Ö ¶μ²¥¢ Ö ±μ´Í¥¶Í¨Ö ¢·¥³¥´¨ ¨ § ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨, ¨§ ±μÉμ·μ£μ, ¢
Î ¸É´μ¸É¨, ¢ÒÉ¥± ¥É, ÎÉμ É ± ´ §Ò¢ ¥³ Ö É¥³´ Ö Ô´¥·£¨Ö Ö¢²Ö¥É¸Ö ¶·μ-
¸Éμ Ô´¥·£¨¥° £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. “¸±μ·¥´´μ¥ · §¡¥£ ´¨¥ £ ² ±É¨± μ§´ -
Î ¥É ³μÐ´Ò° ¶·¨Éμ± £· ¢¨É Í¨μ´´μ° Ô´¥·£¨¨ ¢ · ¸¸³ É·¨¢ ¥³ÊÕ μ¡² ¸ÉÓ.

6. „‚� ’�—�›• �…˜…�ˆŸ

� ¸¸³μÉ·¨³ ¢μ¶·μ¸ μ ÉμÎ´ÒÌ ·¥Ï¥´¨ÖÌ Ê· ¢´¥´¨° £· ¢¨¤¨´ ³¨±¨ (22)
¨ (23). �É¶· ¢´Ò³ ¶Ê´±Éμ³ ´ Ï¥£μ · ¸¸³μÉ·¥´¨Ö Ö¢²Ö¥É¸Ö £¥μ³¥É·¨Î¥¸±μ¥,
±μμ·¤¨´ É´μ-´¥§ ¢¨¸¨³μ¥ μ¶·¥¤¥²¥´¨¥ ¸É É¨Î¥¸±μ£μ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö.
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ƒ· ¢¨É Í¨μ´´μ¥ ¶μ²¥ Ö¢²Ö¥É¸Ö ¸É É¨Î¥¸±¨³, ¥¸²¨ ¸±μ·μ¸ÉÓ ¨§³¥´¥´¨Ö £· ¢¨-
É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ²  ¸μ ¢·¥³¥´¥³ · ¢´  ´Ê²Õ,

Dtgij = tk
∂gij

∂uk
+ gkj

∂tk

∂ui
+ gik

∂tk

∂uj
= 0.

…¸²¨ ¸±μ·μ¸ÉÓ ¨§³¥´¥´¨Ö ¸μ ¢·¥³¥´¥³ £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ²  · ¢´ 
´Ê²Õ ¢ μ¤´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É, Éμ μ´  ¡Ê¤¥É · ¢´  ´Ê²Õ ¨ ¢ ²Õ¡μ° ¤·Ê£μ°
¸¨¸É¥³¥ ±μμ·¤¨´ É. ‘²¥¤μ¢ É¥²Ó´μ, μ¶·¥¤¥²¥´¨¥ ¸É É¨Î¥¸±μ£μ £· ¢¨É Í¨μ´-
´μ£μ ¶μ²Ö μ¡Ð¥±μ¢ ·¨ ´É´μ.

„²Ö ¸É É¨Î¥¸±μ£μ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨³¶Ê²Ó¸ ÔÉμ£μ ¶μ²Ö · ¢¥´ ´Ê²Õ,
¨ ÔÉμ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¤·Ê£μ¥, Ô±¢¨¢ ²¥´É´μ¥ μ¶·¥¤¥²¥´¨¥ ¸É É¨Î¥-
¸±μ£μ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. �μ¸±μ²Ó±Ê

Dtgij = ∇itj + ∇jti, ∇itj −∇jti = 0,

Ê· ¢´¥´¨Ö
∇itj = 0

³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¥Ð¥ μ¤´μ μ¶·¥¤¥²¥´¨¥ ¸É É¨Î¥¸±μ£μ £· ¢¨É Í¨μ´-
´μ£μ ¶μ²Ö.

ˆ§ Ê· ¢´¥´¨° (14) ¨ (15) ´¥É·Ê¤´μ ¢Ò¢¥¸É¨, ÎÉμ ´¥É·¨¢¨ ²Ó´μ¥ £· ¢¨É -
Í¨μ´´μ¥ ¶μ²¥ ¸ ³μ ¶μ ¸¥¡¥ ´¥ ³μ¦¥É ¡ÒÉÓ ¸É É¨Î¥¸±¨³. 
ÉμÉ Ë ±É Ö¢²Ö¥É¸Ö
¢ ¦´μ° ³μÉ¨¢ Í¨¥° ¤²Ö · ¸¸³μÉ·¥´¨Ö Ô¢·¨¸É¨Î¥¸±¨Ì, ¢´¥Ï´¨Ì ¶·¥¤¸É ¢²¥-
´¨° μ ¸Ë¥·¨Î¥¸±μ° ¸¨³³¥É·¨¨ ¨ ¸Ë¥·¨Î¥¸±μ° £· ¢¨É Í¨μ´´μ° ¢μ²´¥. ŒÒ
¶·¥¤¶μ² £ ¥³, ÎÉμ ¶·¨ μÉ¸ÊÉ¸É¢¨¨ ¤·Ê£¨Ì Ë¨§¨Î¥¸±¨Ì ¶μ²¥° Ê· ¢´¥´¨Ö £· ¢¨-
¤¨´ ³¨±¨ ³μ£ÊÉ ¨³¥ÉÓ ·¥Ï¥´¨¥ ¢ ¢¨¤¥ Ê¤ ·´μ° ¸Ë¥·¨Î¥¸±μ° £· ¢¨É Í¨μ´´μ°
¢μ²´Ò, Ô´¥·£¨Ö ±μÉμ·μ° ¸μ¸·¥¤μÉμÎ¥´  ´  Ë·μ´É¥ ¢μ²´Ò. ‚ ¥¸É¥¸É¢¥´´ÒÌ
±μμ·¤¨´ É Ì ÔÉ  ¢μ²´  ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

dl2 = A2dr2 + B2(dθ2 + sin2 θ dφ2),

£¤¥ A = A(r ± t), B = B(r ± t). „²Ö ´¥ · ¢´ÒÌ ´Ê²Õ ±μ³¶μ´¥´É É¥´§μ· 
�¨ÎÎ¨ ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¢Ò· ¦¥´¨Ö:

S11 =
2

AB
(A

′
B

′ − AB
′′
), S22 =

B

A3
(A

′
B

′ − AB
′′
) + 1 − B

′2

A2

¨ S33 = S22 sin2 θ, £¤¥ ÏÉ·¨Ì μ§´ Î ¥É ¶·μ¨§¢μ¤´ÊÕ ¶μ ¶¥·¥³¥´´μ° r. ‘²¥¤μ-
¢ É¥²Ó´μ, ¤²Ö ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ ÔÉμ° ±μ´Ë¨£Ê· Í¨¨¨ ¨³¥¥³

U =
1
2
S =

2
A3B

(A
′
B

′ − AB
′′
) +

1
B2

(
1 − B

′2

A2

)
.

—Éμ¡Ò μ¶·¥¤¥²¨ÉÓ, £¤¥ U = 0, ´¥³¥¤²¥´´μ ¶μ² £ ¥³ B
′
= A.
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„²Ö μÉ²¨Î´ÒÌ μÉ ´Ê²Ö ±μ³¶μ´¥´É ¨³¶Ê²Ó¸  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö
´ Ìμ¤¨³

P 1
1 =

Ȧ

A
, P 2

2 = P 3
3 =

Ḃ

B
,

£¤¥ ÉμÎ±  μ§´ Î ¥É ¶·μ¨§¢μ¤´ÊÕ ¶μ ¶¥·¥³¥´´μ° t. ‚¥±Éμ· ¶μÉμ±  Ô´¥·£¨¨
£· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨³¥¥É Éμ²Ó±μ μ¤´Ê ´¥É·¨¢¨ ²Ó´ÊÕ ±μ³¶μ´¥´ÉÊ

G1 =
2

AB
(ȦB

′
− AḂ

′
),

¨ ¸μ£² ¸´μ ¸μμÉ´μÏ¥´¨Õ A = B
′

Ê· ¢´¥´¨¥ Gi = 0 Ê¤μ¢²¥É¢μ·Ö¥É¸Ö. ‚ ·¥-
§Ê²ÓÉ É¥ μ¸É ÕÉ¸Ö ¤¢  Ê· ¢´¥´¨Ö

2BB̈ + Ḃ2 = 0, ÄB2 + ȦḂB =
1
2
AḂ2.

�μ¸±μ²Ó±Ê A = A(r ± t), B = B(r ± t), ¨§ Ê· ¢´¥´¨Ö, ¸μ¤¥·¦ Ð¥£μ Éμ²Ó±μ
´¥¨§¢¥¸É´ÊÕ ËÊ´±Í¨Õ B, ´ Ìμ¤¨³, ÎÉμ BḂ2 = m, m Å ÔÉμ ¶μ¸ÉμÖ´´ Ö
¨´É¥£·¨·μ¢ ´¨Ö. ‘²¥¤μ¢ É¥²Ó´μ,

B = m

[
3
2

(r ± t)
m

]2/3

.

�μ¸±μ²Ó±Ê A = B
′
, Éμ

A−1 =
[
3
2

(r ± t)
m

]1/3

.

�¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ¢Éμ·μ¥ Ê· ¢´¥´¨¥ ¤²Ö A ¨ B ¶·¨ ÔÉμ³ É ±¦¥ Ê¤μ¢²¥-
É¢μ·Ö¥É¸Ö. ’ ±¨³ μ¡· §μ³, ·¥Ï¥´¨¥ Ê· ¢´¥´¨° £· ¢¨¤¨´ ³¨±¨, ¨´¢ ·¨ ´É´μ¥
μÉ´μ¸¨É¥²Ó´μ μ¡· Ð¥´¨Ö ¢·¥³¥´¨, ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¸²¥¤ÊÕÐ¥°
Ëμ·³¥:

ds2 = dt2 +
dr2[

3
2

(r − t)
m

]2/3
+

[
3
2

(r − t)
m

]4/3

m2(dθ2 + sin2 θdφ2)

¤²Ö t � 0 ¨

ds2 = dt2 +
dr2[

3
2

(r + t)
m

]2/3
+

[
3
2

(r + t)
m

]4/3

m2(dθ2 + sin2 θdφ2)

¤²Ö t � 0.
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’ ± ± ± ±¨´¥É¨Î¥¸± Ö Ô´¥·£¨Ö T = 0 ¤²Ö r ± t 
= 0, Éμ ³μ¦´μ § ±²ÕÎ¨ÉÓ,
ÎÉμ ´ °¤¥´´μ¥ ·¥Ï¥´¨¥ ¨³¥¥É ¸¨´£Ê²Ö·´μ¸ÉÓ ´  Ë·μ´É¥ ¢μ²´Ò, £¤¥ ¸μ¸·¥¤μÉμ-
Î¥´  Ô´¥·£¨Ö Ê¤ ·´μ° ¸Ë¥·¨Î¥¸±μ° £· ¢¨É Í¨μ´´μ° ¢μ²´Ò. —Éμ¡Ò ¸· ¢´¨ÉÓ
¶μ²ÊÎ¥´´μ¥ ·¥Ï¥´¨¥ ¸ ·¥Ï¥´¨¥³ ˜¢ ·ÍÏ¨²Ó¤  ¨§ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨-
É¥²Ó´μ¸É¨, É ±¦¥ μ¡² ¤ ÕÐ¨³ ¸Ë¥·¨Î¥¸±μ° ¸¨³³¥É·¨¥°, ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ
¶·¥μ¡· §μ¢ ´¨¥ ±μμ·¤¨´ É [2]. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³, ÎÉμ Ê¤ ·´ Ö ¸Ë¥·¨-
Î¥¸± Ö £· ¢¨É Í¨μ´´ Ö ¢μ²´  · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¸É É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ ¢
μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨ ¶·¨ Éμ³, ÎÉμ μ¡Ð¥±μ¢ ·¨ ´É´μ¥ μ¶·¥¤¥²¥´¨¥
¸É É¨Î¥¸±μ£μ ¶μ²Ö §¤¥¸Ó μÉ¸ÊÉ¸É¢Ê¥É. 
Éμ ²¨Ï ¥É ¤ ¢ ¥³ÊÕ É ³ Ë¨§¨Î¥¸±ÊÕ
¨´É¥·¶·¥É Í¨Õ ¤μ¸É ÉμÎ´μ£μ μ¸´μ¢ ´¨Ö. ’ ±¨³ μ¡· §μ³, ¤ ¢ ¥³ Ö μ¡Ð¥° É¥-
μ·¨¥° μÉ´μ¸¨É¥²Ó´μ¸É¨ Ë¨±É¨¢´ Ö ®¸É É¨Î¥¸± Ö¯ ± ·É¨´  Ö¢²¥´¨Ö ¸±·Ò-
¢ ¥É ¤¥°¸É¢¨É¥²Ó´Ò° ¤¨´ ³¨Î¥¸±¨° ¶·μÍ¥¸¸, ¨, ¸²¥¤μ¢ É¥²Ó´μ, Ô±¸¶¥·¨³¥´-
É ²Ó´Ò¥ ¨¸¸²¥¤μ¢ ´¨Ö ¤μ²¦´Ò ¡ÒÉÓ μ·¨¥´É¨·μ¢ ´Ò ´  ¶μ¤É¢¥·¦¤¥´¨¥ ¨²¨
μ¶·μ¢¥·¦¥´¨¥ Éμ° ¨²¨ ¨´μ° Ë¨§¨Î¥¸±μ° ¸¨ÉÊ Í¨¨.

�μ¸±μ²Ó±Ê É ± ´ §Ò¢ ¥³ Ö É¥³´ Ö Ô´¥·£¨Ö Ö¢²Ö¥É¸Ö ¶·μ¸Éμ Ô´¥·£¨¥° £· -
¢¨É Í¨μ´´μ£μ ¶μ²Ö, Éμ ÔÉμ ¤ ¥É ¶μ¢μ¤ · ¸¸³μÉ·¥ÉÓ ¥Ð¥ μ¤´Ê ¢¥¸Ó³  ¶·μ¸ÉÊÕ,
´μ ¢ ¦´ÊÕ Ë¨§¨Î¥¸±ÊÕ § ¤ ÎÊ. ˆ¤¥Ö μ ‚¸¥²¥´´μ° ¸ μ¤´μ·μ¤´Ò³ ¨ ¨§μ-
É·μ¶´Ò³ · ¸¶·¥¤¥²¥´¨¥³ £· ¢¨É Í¨μ´´μ° Ô´¥·£¨¨ ³μ¦¥É ¡ÒÉÓ ·¥ ²¨§μ¢ ´  ¢
¥¸É¥¸É¢¥´´ÒÌ ±μμ·¤¨´ É Ì μ¤´μ¶ · ³¥É·¨Î¥¸±¨³ ±² ¸¸μ³ ³¥É·¨±

dl2 = a2(t)dσ2,

£¤¥ dσ2 ¥¸ÉÓ ³¥É·¨±  ¥¤¨´¨Î´μ° É·¥Ì³¥·´μ° ¸Ë¥·Ò, ±μÉμ· Ö ¢ Î¥ÉÒ·¥Ì³¥·´ÒÌ
¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì ¨³¥¥É ¢¨¤

dσ2 = dψ2 + sin2 ψ(dθ2 + sin2 θdφ2).

‡ ¤ Î  ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò ´ °É¨ ËÊ´±Í¨Õ a(t). ˆ³¥¥³

Sμ
ν =

2
a2

δμ
ν , Pμ

ν =
ȧ

a
δμ
ν ,

¨, ¸²¥¤μ¢ É¥²Ó´μ, ¤²Ö ¶²μÉ´μ¸É¨ £· ¢¨É Í¨μ´´μ° Ô´¥·£¨¨ ¶μ²ÊÎ ¥É¸Ö É ±μ¥
¢Ò· ¦¥´¨¥:

εg =
3
a2

(ȧ2 + 1).

ŒÒ §´ ¥³, ÎÉμ ∂(
√

g εg)/∂t = 0. ’ ± ± ±
√

g = a3 sin2 ψ sin θ, Éμ, ¨´É¥£·¨·ÊÖ
¶μ ¶¥·¥³¥´´Ò³ ψ, θ, φ, ¨§ § ±μ´  ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥
¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ¤²Ö a(t):

a(ȧ2 + 1) = 2a0 = const.

‚ ´μ¢μ° ¶¥·¥³¥´´μ° η, É ±μ°, ÎÉμ dt = aη, ·¥Ï¥´¨¥ ÔÉμ£μ Ê· ¢´¥´¨Ö ³μ-
¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥ a = a0(1 − cos η). ’ ±¨³ μ¡· §μ³, Ô¢μ²ÕÍ¨Ö
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‚¸¥²¥´´μ° ¸ μ¤´μ·μ¤´Ò³ ¨ ¨§μÉ·μ¶´Ò³ · ¸¶·¥¤¥²¥´¨¥³ μ¤´μ° Éμ²Ó±μ £· -
¢¨É Í¨μ´´μ° Ô´¥·£¨¨ μ¶¨¸Ò¢ ¥É¸Ö ¢ ¶ · ³¥É·¨Î¥¸±μ° Ëμ·³¥ ¸²¥¤ÊÕÐ¨³¨
Ê· ¢´¥´¨Ö³¨:

a = a0(1 − cos η), t = a0(η − sin η).


Éμ ·¥Ï¥´¨¥ ¨³¥¥É ¸³Ò¸², ¥¸²¨ a � a0 ¨ ¨³¥¥É ³¥¸Éμ ¨´¢ ·¨ ´É´μ¸ÉÓ μÉ´μ-

¸¨É¥²Ó´μ μ¡· Ð¥´¨Ö ¢·¥³¥´¨. ’ ±¨³ μ¡· §μ³, −3π

2
� η < −π

2
,

π

2
< η � 3π

2
.

� °¤¥´´μ¥ ·¥Ï¥´¨¥ ¶·¥¤¶μ² £ ¥É, ÎÉμ ‚¸¥²¥´´ Ö § ¶μ²´¥´  Éμ²Ó±μ £· -
¢¨É Í¨μ´´μ° Ô´¥·£¨¥°. ”μ·³ ²Ó´μ É ±μ¥ ¦¥ ·¥Ï¥´¨¥, ¨§¢¥¸É´μ¥ ± ± ·¥Ï¥-
´¨¥ ”·¨¤³ ´ , ´ °¤¥´μ ¢ μ¡Ð¥° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨ ¶·¨ Ê¸²μ¢¨¨, ÎÉμ
‚¸¥²¥´´ Ö § ¶μ²´¥´  ´¥±μÉμ·μ° ¶¥·¢μ·μ¤´μ° ¶Ò²ÓÕ ´¥¨§¢¥¸É´μ° ¶·¨·μ¤Ò
(®É¥³´μ° ³ É¥·¨¥°¯). ˆ§ £¨¶μÉ¥§Ò £¥μ³¥É·¨§ Í¨¨ ¸²¥¤Ê¥É, ÎÉμ ³ É¥·¨Ö ¢μ
‚¸¥²¥´´μ° ¨³¥¥É ¶μ²¥¢ÊÕ ¶·¨·μ¤Ê ¨ ± ·É¨´  ‚¸¥²¥´´μ°, § ¶μ²´¥´´μ° Éμ²Ó±μ
£· ¢¨É Í¨μ´´μ° Ô´¥·£¨¥°, Ö¢²Ö¥É¸Ö ¸ · §²¨Î´ÒÌ ÉμÎ¥± §·¥´¨Ö Ìμ·μÏ¨³ ¶·¨-
¡²¨¦¥´¨¥³. �¤´ ±μ ÔÉμ Éμ²Ó±μ ¶·¨¡²¨¦¥´¨¥ ± ¤¥°¸É¢¨É¥²Ó´μ¸É¨, É ± ± ±
´¥μ¡Ìμ¤¨³μ ÊÎ¨ÉÒ¢ ÉÓ ¨ ¤·Ê£¨¥ Ëμ·³Ò Ô´¥·£¨¨. ‚ · ³± Ì μ¡Ð¥° ±¢ ´Éμ¢μ°
³¥Ì ´¨±¨ É ±μ° Ëμ·³μ° Ô´¥·£¨¨ ³μ¦¥É ¡ÒÉÓ Éμ²Ó±μ Ô´¥·£¨Ö μ¡μ¡Ð¥´´μ£μ
Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö. „²Ö ¶·¥¤¸É ¢²¥´¨° μ ®�μ²ÓÏμ³ ¢§·Ò¢¥¯ ´¥É ¤μ-
¸É ÉμÎ´μ£μ μ¸´μ¢ ´¨Ö ´¨ ¸ Ë¨§¨Î¥¸±μ°, ´¨ ¸ ³ É¥³ É¨Î¥¸±μ° ÉμÎ¥± §·¥´¨Ö.

‡�Š‹�—…�ˆ…

‚ § ±²ÕÎ¥´¨¥ ¶μ¤¢¥¤¥³ ´¥±μÉμ·Ò¥ ¨Éμ£¨. ‘Ëμ·³Ê²¨·μ¢ ´Ò μ¸´μ¢´Ò¥ ¶μ-
´ÖÉ¨Ö ¨ ¶·¨´Í¨¶Ò £· ¢¨¤¨´ ³¨±¨ ± ± · §¤¥²  ¥¤¨´μ° £¥μ³¥É·¨Î¥¸±μ° É¥-
μ·¨¨ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°. �É±·ÒÉ   ¡¸μ²ÕÉ´ Ö Ëμ·³  § ±μ´ 
¸μÌ· ´¥´¨Ö Ô´¥·£¨¨, Ê¸É ´μ¢²¥´Ò ËÊ´¤ ³¥´É ²Ó´Ò¥ Ê· ¢´¥´¨Ö, μ¶¨¸Ò¢ ÕÐ¨¥
Í¨·±Ê²ÖÍ¨Õ Ô´¥·£¥É¨Î¥¸±¨Ì ¶μÉμ±μ¢, ÎÉμ μ§´ Î ¥É ·¥ ²Ó´μ¸ÉÓ μ¡´ ·Ê¦¥´¨Ö
¨ ¶· ±É¨Î¥¸±μ£μ ¨¸¶μ²Ó§μ¢ ´¨Ö Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. �É±·ÒÉ¨¥
Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö Ö¢²Ö¥É¸Ö ¢ ¦´Ò³, ´μ ¥¸É¥¸É¢¥´´Ò³ ·¥§Ê²ÓÉ -
Éμ³ μ¡Ð¥° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨, É ± ± ± ¢ ¥¸É¥¸É¢¥´´ÒÌ Ë¨§¨Î¥¸±¨Ì ¶·μÍ¥¸-
¸ Ì ¶·μ¨¸Ìμ¤¨É ¶¥·¥· ¸¶·¥¤¥²¥´¨¥ · §²¨Î´ÒÌ Ëμ·³ Ô´¥·£¨¨, ¨ ÔÉμ Ö¢²Ö¥É¸Ö
μ¡Ð¥° ¨ ´ ¨¡μ²¥¥ ¢ ¦´μ° Ì · ±É¥·¨¸É¨±μ° ÔÉ¨Ì ¶·μÍ¥¸¸μ¢. „²Ö ¥¸É¥¸É¢¥´-
´ÒÌ Ë¨§¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ¢ ´¥ ³μ¦¥É ¡ÒÉÓ ¨Ì ¢´¥Ï´¥° ¶·¨Î¨´Ò. �·¨¢μ¤Ö ¢
¸μμÉ¢¥É¸É¢¨¥ £· ¢¨É Í¨μ´´ÊÕ Ô´¥·£¨Õ ¸ É¥³´μ° Ô´¥·£¨¥° ¨ É¥³´ÊÕ ³ É¥·¨Õ
¸ μ¡μ¡Ð¥´´Ò³ Ô²¥±É·μ³ £´¨É´Ò³ ¶μ²¥³ (ÉÖ¦¥²Ò³ ¸¢¥Éμ³), μ¡Ð Ö ±¢ ´Éμ¢ Ö
³¥Ì ´¨±  ¤ ¥É ·¥Ï¥´¨¥ ¶·μ¡²¥³Ò ³ É¥·¨¨ ¨, É ±¨³ μ¡· §μ³, μÉ±·Ò¢ ¥É ¢μ§-
³μ¦´μ¸ÉÓ · §¢¨É¨Ö É¥μ·¥É¨Î¥¸±μ° ±μ¸³μ²μ£¨¨ ´  ¸μ¢¥·Ï¥´´μ ´μ¢ÒÌ μ¸´μ¢ -
´¨ÖÌ. ‚ ¥¸É¥¸É¢¥´´ÒÌ ¶·μÍ¥¸¸ Ì, μ¶¨¸Ò¢ ¥³ÒÌ μ¡Ð¥° ±¢ ´Éμ¢μ° ³¥Ì ´¨±μ°,
¶μÉμ±¨ £· ¢¨É Í¨μ´´μ° Ô´¥·£¨¨ ¨£· ÕÉ μÎ¥´Ó ¢ ¦´ÊÕ ·μ²Ó ± ± ¸μ¢¥·Ï¥´´μ
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μ¡ÒÎ´μ¥ ¨ Ê´¨¢¥·¸ ²Ó´μ¥ Ö¢²¥´¨¥, ¶μÔÉμ³Ê ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¦´Ò³ ¨ ¨´É¥-
·¥¸´Ò³ ´ °É¨ ¶·μ¸ÉÒ¥ ³¥Éμ¤Ò ¨Ì ¤¥É¥±É¨·μ¢ ´¨Ö ¨ ¨¸¶μ²Ó§μ¢ ´¨Ö. „²Ö ÔÉμ£μ
´¥μ¡Ìμ¤¨³μ ¶·¥¦¤¥ ¢¸¥£μ ¸¨¸É¥³ É¨§¨·μ¢ ÉÓ ¨ ¶·μ ´ ²¨§¨·μ¢ ÉÓ ¢¸¥ Ë ±ÉÒ,
±μÉμ·Ò¥ ³μ£ÊÉ ¡ÒÉÓ ¨¸Éμ²±μ¢ ´Ò ± ± ¨³¥ÕÐ¨¥ μÉ´μÏ¥´¨¥ ± ¶μÉμ± ³ £· ¢¨-
É Í¨μ´´μ° Ô´¥·£¨¨.
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